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ABSTRACT
COMPLEXITY OF FAMILIES OF COMPACT SETS IN RV
Merve Kovan-Bakan, PhD

University of Pittsburgh, 2012

The space of all compact subsets of RY with the Vietoris topology, denoted KC(RY), is a Polish
space, i.e. separable and completely metrizable. It is naturally stratified by dimension. In
this work, we study the zero and one dimensional compact subsets of RY | and two equivalence
relations on K(RY): the homeomorphism relation and the embedding relation induced by
the action of autohomeomorphisms of R¥.

Among the zero dimensional compact subsets, Cantor sets are generic and form a Polish
subspace. We study the topological properties of this space as well as the structure with
respect to the embedding relation. Moreover, we show that the classification of Cantor sets
up to embedding relation is at least as complex as the classification of countable structures.

Next, we look into one dimensional compact subsets, particularly those that are con-
nected, i.e. curves. The curves also form a Polish subspace. We introduce a new connected-
ness property, namely strong arcwise connectedness. We study the complexity of curves with
this property using descriptive set theory tools, and show that the space of all curves which
are strong arcwise connected, is not Borel, and is exactly at the second level of the projec-
tive hierarchy. In addition, we examine the classification of curves up to either equivalence

relation and show that the curves are not classifiable by countable structures.

Keywords: Cantor sets, embedding, classification, turbulence, curves, Borel hierarchy, dif-
ference hierarchy, Projective hierarchy, strong arcwise connectedness, rational continuum
b ) ) )

dendrites, dendroids.
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0.0 INTRODUCTION

Embeddings of a space into another space is a major research topic in topology. Circles em-
bedded in R? are knots. While Antoine’s famous necklace is an example of a wild embedding
of the Cantor set in R3. Most results on this topic has been achieved by studying examples
one—by—one. My research has been on a method of taking a big—picture view of all embed-
dings simultaneously. We use tools from topology and descriptive set theory, and actions
of Polish groups to understand how hard it is to characterize certain important classes of

embeddings.

A topological space X is Polish if it is separable and completely metrizable, and it is a
Polish group if it is a topological group and the topology is Polish. Lie groups, separable
Banach spaces, automorphism groups of certain countable objects (trees, groups, and so on)
are examples of Polish spaces or groups. In a Polish space the Borel sets are those that
can be defined from the open sets in countably many steps. These countable steps form a
hierarchy of Borel classes; at the first level are the classes of open and closed sets, at the
second level the classes of F, and G sets, at the third level the classes of F,s and (G5, and
so on. Intuitively, Borel sets are those that are ‘computable’, and the sets in higher levels of
this hierarchy are more complex (‘harder to compute’) than the sets in lower levels. Between
levels of the Borel hierarchy lies the difference hierarchy, which gives a construction of the

intersection of Borel classes of the same level.

Throughout this work, we study the hyperspace of RY consisting of all compact subsets
of RY, denoted K(RY), and its various subspaces. The topology of this hyperspace is the
Vietoris topology, which is the same as the topology induced by the Hausdorff metric. This

space is separable, and Hausdorff metric complete, hence K(RY) is Polish.



On the hyperspace K(RY), there are two kinds of natural equivalence relations. One
is the homeomorphism relation, i.e. two compact sets are equivalent if and only if there
is a homeomorphism that takes one set to the other. The other is induced by the action
of the group of autohomeomorphisms of RY, denoted by Aut(R"), on K(RY). Under the
compact—open topology, Aut(RY) is a Polish group. The standard action of this group on
RY | defined by taking a homeomorphism and an element in R" to the image of this element
under the homeomorphism, is continuous. Moreover, this action extends in the obvious way
to the space of all compact subsets, K(RY), by taking a compact set to its image under the
homeomorphism.

Under this action there are two kinds of natural invariant subsets:

o Kp(RYM): the set of all compact subsets of RY with the topological property P,
for example connectedness, perfectness, being m-dimensional, etc.
o Kx(RY): all homeomorphic copies of compact set K in RY | where K is a specific

compact set like Cantor space C, circle S, the unit interval I, etc.

Using the Borel hierarchy, we can give upper and lower bounds on the complexity of
these invariant sets. Thus we can prove that the problem, for example, of deciding if a given
compact subset of RY is homeomorphic to the circle is of a certain complexity (not higher,

and — provably — not lower).

It is clear that the space of all compact subsets of RY stratifies under this action by
dimension. So our strategy towards understanding the action of Aut(RY) on K(RY) is to
work our way up through the dimensions. We start with the zero—dimensional compact
subsets of RY which we verify is a complete G5 subset in K(RY). On the other hand,
we have shown that the class of one-dimensional compact sets is a little more complicated
than that, namely it is in the difference hierarchy of Dy(39) (for N > 3). While the set of
N-dimensional compact subsets of RY, K (RY), is a complete F, set. We also show that
for any m with 1 < m < N, the space of m-dimensional compact subsets, K,,,(R") is in the

same difference class.

Among the zero—dimensional compact subsets, the class of Cantor subsets, denoted

C(RY), form a Gj subset of K(RY). We have unraveled topological properties as well as



Borel structure of this space. For example, we know that it is separable, completely metriz-
able, path connected and locally path connected but not locally compact. On the space
of Cantor subsets, the homeomorphism relation is not interesting since all Cantor sets are
homeomorphic. However, the action of Aut(RY) induces a non—trivial equivalence relation
on Cantor sets, which is the same as the equivalence relation defined in earlier studies of
Cantor sets, [2, 20, 21]. Two Cantor sets are equivalent if there is a homeomorphism of RY
which takes one Cantor set to the other. A Cantor set equivalent to the standard Cantor
set is called tame, and otherwise it is called wild. We have shown that tame Cantor sets are

generic in the space C(R”) in Theorem 3.2.3.

A very important class in K(RY) is the set of all compact connected subsets of RY,
namely the space of all subcontinua, denoted C(RY). This is a closed subset of IC(RY) and
hence it is Polish as well. Moreover, being an invariant subspace, the induced action also
stratifies C(R”Y) by dimension. In this case, the zero-dimensional compact connected sets
are exactly the one point sets, and this class is a closed set. One dimensional subcontinua
of RY are called curves. We show that the curves form a G; subset of C(RY), see Theorem

2.2.1.

For many subclasses of curves, including some homeomorphism classes, the Borel com-
plexity of the class has been determined, see [3]. These examples use descriptive set theory
methods to classify previously studied topological objects. In this work, we will examine
new classes of curves, namely the class of n—sac and w-sac curves, and use both topological

and descriptive set theoretic methods to characterize them.

A continuum X is called n-sac (n strongly arc-connected) if for any n points xy, ..., x,
X there is an arc in X that visits the points in the given order. It is called w-sac if for
any n, X is n-sac. In the case of finite graphs, which is a subclass of curves, being 3-sac has
been characterized in section 4.1 and we know that no finite graph is 4-sac. Additionally,
we know that regular curves are never n-sac for all n. The next natural class is the rational
curves, and we prove that it is essentially impossible to characterize rational w-sac curves
by showing that the subspace of rational w-sac curves in K(RY) is very complex, indeed

not even Borel. This relies on being able to construct many widely different rational w-sac



curves.

Throughout this work, we not only study the Borel complexity of classes of sets arising
from the two equivalence relations defined above but also the complexity of the classification
up to these equivalences. For example, the classification of curves up to either equivalence re-
lation is strictly more complex than that of classifying countable groups. While classification

of Cantor sets is at least as complex as the classification of countable groups.

Chapter 1 provides fundamental definitions and facts on the Polish spaces, Borel and
projective hierarchy as well as on Polish groups and actions, which will be needed in the
following chapters.

In Chapter 2 we develop the general setting for the complexity questions we will answer
later on. We prove that the class of m-dimensional compact subsets of R is in the difference
hierarchy Dy(X9) for 1 < m < N, and it is simpler for m = 0 or m = N. Additionally, in
Section 2.2 we introduce the space of all subcontinua of RY and some important examples
of continua.

Chapter 3 is on zero dimensional compact subsets of RV, It turns out most of these
are Cantor sets. We will examine the space of Cantor sets in R? in detail, in Section 3.1.
Section 3.2 is devoted to complexity of classes of Cantor sets, whereas Section 3.3 is on the
complexity of classification of Cantor sets.

The natural successor to the zero dimensional compact subsets are the one dimensional
compact subsets in RY, which is discussed in Chapter 4. The organization of this chapter is
similar to the previous chapter. First we discuss the classes of n-strongly arc connected and
w-strongly arc connected curves in Section 4.1 and their complexity in Section 4.2. Then
in Section 4.3, we discover complexity of classification problems of curves and some of its

subclasses.



1.0 BOREL HIERARCHY AND BOREL EQUIVALENCE RELATIONS

This chapter gives some background in classical descriptive set theory and equivalence rela-
tions. This includes basic notions and facts about Polish spaces and groups. Most of these
can be found in [15] and [12], which are our main references on descriptive set theory and

equivalence relations.

1.1 POLISH SPACES

A topological space is Polish if it is separable and completely metrizable. R, C, RV, 2N RN
are some examples of Polish spaces.

Given a topological space X, Borel sets is the smallest collection containing the open
sets that is closed under complements, countable unions and intersections, and is denoted
by B(X). For metrizable space X, this class can be analyzed in a transfinite hierarchy of
length wq, called the Borel hierarchy. It consists of classes of subsets of the space and these

classes are defined inductively from the open sets with the following rules:

e 3Y is the class of open subsets
e IT° consists of complements of 32
e A set A is in the class 3

(s3]

A, is chi for some a; < v and A = J; 4,

a > 1 if there is a sequence of sets (4;);en such that

In the first level are the open sets (2?) and closed sets (II9), in the second level F,’s
(X9) and Gs’s (I19), in the third level we have Gs,’s (X3) and F,s’s (I13), etc. We can also

consider the ambiguous classes, denoted AY where A? = 39 NTI2. So the AY is the class



of both open and closed subsets, AY is the set of both G5 and F, sets, etc. Hence B(X)

ramifies as follows:

»0 g 0 0
AY AY AL A?
L m ... m ... vy

where every class is contained in any class to the right of it. We think of sets in higher levels
as more ‘complex’, as their definitions in terms of open sets are more complex.

Beyond the Borel sets we have projective sets, these are obtained by continuous images
and complementation from Borel sets. A subset A of Polish space X is analytic (denoted X7)
if it is the continuous image of a Borel subset of a Polish space. Borel subsets are analytic,
but the converse is not true. A set is co-analytic (I1}) if its complement is analytic. The

class of projective sets ramifies in an infinite hierarchy of length w:

% o
B(X)
I 1L, I, 1L,

where every class is contained in any class to the right of it. Moreover, a set A is in the class
3! if it is continuous image of a set from the class II! ;. and II! consists of complements
of the sets in X}.

Another hierarchy that is interesting is the difference hierarchy, which gives a construction
of the ambiguous class Al | from the class X2. We will only use the first levels of this
hierarchy, mainly Dy(39) and Dy(22). A set is in Do(X9) if it is the intersection of a X0
set and a T2 set. And a set is in Dy(39) if the complement is in Dy(X2). Also note that

Dy(29) = X0 and Dy(X0) = I19.

Example 1. Let Q> = {(z,)nen € 2V | 3m,Vn > m(z, = 0)}. It is a known % (F,) set,
hence the complement Q5 is TI3 (Gs) in 2V, And thus the product Q; x Q5 is in the difference
hierarchy -Dy(X9)- of 2 x 2N,

Note that a basic neighborhood of an element z = (,,)nen € 2" is denoted by N(z | m)

for some m € N, where it is the following set {y = (yn)nen € 2V | y; = z;, Vi < m}.



It is important to know the hierarchy of a natural set, not only because it is a beautiful
result of descriptive set theory, but also because it can lead us to learn more about the
topological properties. So it is important to place a given set in the lowest possible level of

Borel or projective hierarchies.

1.2 WADGE HIERARCHY

Wadge hierarchy is another hierarchy of sets which extends the Borel hierarchy and gives us
a way to decide which sets belong to which level of the hierarchy. Knowing the exact level
for a certain set may lead to nicer characterizations.

Let X,Y be topological spaces and A C X, B C Y. Ais Wadge reducible to B, denoted
A <y B, if there is a continuous reduction of A to B, i.e. there is a continuous map
f:X =Y with f~1(B) = A. We denote this continuous reduction by f: (X, A) — (Y, B).
Intuitively, if A <y B, then A is ‘simpler’ than B. This reduction leads to an equivalence
relation: A=y B < A<y Band B<y A

It turns out the Borel hierarchy forms the initial segment of the Wadge hierarchy given
by <w. If B is Eg set and A <y B, then A is Eg set. The same holds for Hg.

Let T be a class of sets like X, and Y be a Polish space. Then a set B C Y is called
[-hard if A <y B for any A € I'(X), where X is a zero dimensional Polish space. If
additionally, B € I'(Y), then B is called I'-complete.

Let ' denote the class of sets which are complements of those in I'.

Facts. 1. If r # ' on zero dimensional Polish spaces and T is closed under continuous
preimages, then no I'-hard set is in r.

2. If A is I'-hard then A€ is [-hard.

3. If B is I'-hard and A <y B, then A is I'-hard.
This gives us a very common method to show that a given set B is I'-hard: choose a

known I'-hard set A and show A <y, B. Though for the Borel sets there is another good

way:



Theorem 1.2.1. Let X be a Polish space, and A C X. If A € X%\ IIY, then A is X0-
complete. (Similarly, interchanging X2 and T1°).

This theorem also holds for the difference hierarchy Do(X9) and its complement Dy(X2),
3]
Example 2. @y x Q5 in Example 1 is actually Do(3X9)-complete since Q5 is a X5-complete.

Example 3. Let S5 = {a € 2N : 3JVj > J 3k a(j, k) = 0}, it is a known X3-complete set.
Also let Py = {5 € 2N : Vi 3IK Vk > K B(j, k) = 0}, which is known to be TI3-complete in
2NN Thus Si x Py is a Dy(3) subset of (2V<N)?.

1.2.1 TREES

A tree is a basic tool in descriptive set theory. However, it is not the same notion as the one
used in graph theory.

Let A be a nonempty set, by A<N we denote the set of all finite sequences on A. Let
s € AN 50 s = (ag,...,a, 1) for some n € N. Then we denote the length of s by length(s)
which is n, and for m < n, the restriction is s [ m = (ag,...,an,_1). For finite sequences
s and t on A, we say s is initial segment of ¢ if s = t | m for some m < length(t).
The concatenation of the finite sequences s = (a;)i<, and t = (b;)j<, is the sequence
s7t=(ag,...,apn-1,b0, -, bm_1).

A tree on a set A is a subset 7 of A<N, which is closed under initial segments, i.e. if t € 7
and s is an initial segment of ¢, then s € T. An infinite branch of T is a sequence z € AN
such that x [ n € 7 for all n € N.

A tree is well-founded if it has no infinite branches. If, on the other hand, 7" has an
infinite branch then it is called an #ll-founded tree. We will denote the space of all trees on
N by Tr, the space of all well-founded trees on N by WF and the space of all ill-founded
trees on N by IF. It turns out Tr is a Polish space, being a closed subset of the Polish space
{0, 139, see [15].

For a tree T on a product of sets, for example in the form A = B x C, we will identify
elements of T" with pairs of finite sequences. So if s € T, then s = (s;);<, for some n, and

s;i = (bi,¢;) € B x C, and we will write s = (¢,7) where t = (b;);<, is a finite sequence on



B and 7 = (¢;)i<, is a finite sequence on C. For such a tree T, and an infinite sequence

r € BN, T(x) ={s € CN: (z | length(s),s) € T} is called the section tree on C.

Fact. IF is X{-complete, hence WF is IIi-complete. (See [15])

1.3 POLISH GROUPS AND BOREL EQUIVALENCE RELATIONS

A topological group is Polish group if the topology is Polish. Countable groups with discrete
topology, separable Banach spaces and locally compact second countable groups are examples
of Polish groups.

Let GG be a Polish group and X be a Polish space, X is called a Polish G-space if G acts
continuously on X, i.e. there is a continuous map a : G x X — X defined by a(g,z) =g -z

with the following properties:

e g-(h-z)=(gh)-x

e ¢-x = x, where e is identity of G

This action induces an equivalence relation on X - orbit equivalence relation, denoted

EZ | given by:

tEYy <= g€ Gg-r=1y)

The orbit of x, denoted [z, is the set {g-2 | g € G}. Theset G, ={g€ G| g -z ==z}
is the stabilizer of x.

For a subset A C X, g-A = {g-x |z € A}, and A is invariant if for each g € G,
g-A=A.

For a Polish space X, an equivalence relation £ on X is Borel if it is Borel subset of
the product space X x X. For example, the equality relation on R, denoted id(R), is the
set {(z,z) € R? | x € R} and it is a closed subset of R x R, thus it is a Borel equivalence
relation.

Equivalence relations give us a way to classify elements of the set we work on. Classifi-

cation of objects up to some notion of equivalence is an important problem in many areas



of mathematics. However, it is also important to be able to understand how complicated
this classification is. For equivalence relations we have a way to compare them, namely the
Borel reduction.

A function f : X — Y is Borel if the inverse image of any open set in Y is Borel in X.
f is called a Borel isomorphism if it is a bijection and both f and f~! are Borel maps.

Given equivalence relations £ and F' on X and Y, we say that E is Borel reducible to
F, denoted E <p F, if there is a Borel function f : X — Y so that for all z1,2, € X,
r1Exy <= f(x1)F f(x3). We write E <. F'if there is a continuous reduction and F <p F
if & <p F holds and F <p F fails. Intuitively, if £ <g F, then E has a classification
problem which is at most as difficult as that of F.

An equivalence relation E is called smooth if E <pid(R). If E' is a smooth equivalence
relation, and F' is any other equivalence relation which is Borel reducible to F, then F'is
also smooth.

Let LO be the set of all linear orderings, i.e. for any element o € LO, there is a relation
<4 on N which is a linear order. Two elements «, v € LO are equivalent if there is a bijection
f:N—=Nwithn <, m <= f(n) <, f(m) for each m,n € N, such an f is called an order
1somorphism. Let ~po denote the equivalence relation on linear orders. An equivalence
relation F is said to admit classification by countable structures if E <g~ro. If additionally,

~ro<p FE, then F is called Sy -universal.

Theorem 1.3.1 (Becker, Kechris). S, is the group of all permutations of N. Let G be
a closed subgroup of Ss and X be a Polish G-space. Then EJ admits classification by

countable structures.

It turns out there are classification problems that are beyond the level of countable
structures. A tool to show that a given classification problem is beyond this level or not
comparable is called turbulence.

Let G be Polish group and X be a Polish G-space. The action of G on X is called

turbulent if:

1. every orbit is dense

2. every orbit is meager

10



3. forall z,y € X, U C X,V C G open with z € U, 1 € V, there is yy € [y]g and
(gi)ien TV, ()ien C U with zg = z, 2,41 = ¢; - x; and for some subsequence (z,,)en,

T, — Yo

A turbulent orbit equivalence relation refuses classification by countable structures. Ac-

tually, turbulence is necessary for non-classification.

Theorem 1.3.2 (Hjorth, [12]). Let G be a Polish group and X a Polish G-space. Then
exactly one of the following holds:

1. the orbit equivalence relation is reducible to isomorphism on countable models

2. there is a turbulent Polish G-space Y and a continuous G-embedding from Y to X.

A common method for showing a given equivalence relation £ is turbulent is to find a
known turbulent equivalence relation F' and find a Borel reduction from F' to E. One such

example is:

Example 4. The space ¢y = {(xn)neN eRY |z, — 0} with the sup norm acts on the am-
bient space RY by translation. RY is a Polish cy-space as the inclusion map from ¢y to RY is

continuous. This action is one of the simplest examples of a turbulent action. (see [12], p.

52)

11



2.0 SPACE OF COMPACT SUBSETS

In this chapter, we will define the space of all compact subsets of a metric space X and its
topology, and then we will study the case when X = RV,

Let X be a separable metric space, and K(X) be the space of all non-empty compact
subsets of the space X with the Vietoris topology. A basic open set in C(X) has the form:

B(Ul,Ug,,Un):{KEK(XHKQUUZ and KDUZ%Q,\V/Z},

where Uy, ..., U, are open sets in X.

The topology arising from the Hausdorff metric gives us the same topology [7], which is

defined as:

d(K, L) = max{supd(a, L),supd(b, K)}

acK bel

where d is the metric on X. If the metric d is complete then so is the induced Hausdorff
metric on K(X). Moreover, K(X) is second countable metric space hence separable since X
is a separable metric space. Hence for a Polish space X, the space of all compact subsets,

K(X), is also Polish.

On the space of compact subsets of X we can talk about two kind of equivalence relations:

(~p) The equivalence relation induced by homeomorphism defined by:
K ~py L <= there is a homeomorphism h : K — L
(~) The equivalence relation induced by the action of Aut(X) on K(X) defined by:

K ~ L <= there is a homeomorphism h € Aut(X) such that h(K) =L

12



We will look into Borel complexity of certain invariant subspaces as well as some classifi-

cation problems arising from these equivalence relations on some of the invariant subspaces

of K(RY).

2.1 COMPACT SUBSETS OF RY

In this section, we will examine certain subspaces of K(RY) for a fixed natural number N.
We will see that the space of at most m-dimensional compact subsets form a dense G,
whereas the space of all m-dimensional subsets form a provably more complex class, and
they are in the difference hierarchy Dy(39).

The topological dimension of a space X is the minimal number n such that any finite
open cover of X has a finite open refinement in which no point of X is included in more

than n + 1 elements.

Lemma 2.1.1 (Lebesgue Covering Lemma). Let (X,d) be a compact metric space. For any
open cover of X, there is a d > 0 such that any subset of X with diameter < § is contained

in some member of the cover. § is called the Lebesgue number.

The space K(RY) stratifies with dimension. Let
Kam( RN {AE/CRNH d1mA<m}

Theorem 2.1.2. K<,,,(RY) is a G5 subset of K(RY).

Proof. Consider the sets:
U, = J{BW1,....U) | r €N, diamU; < 1/n,U;, NUi, ... O Us, oy = 0,Vir # ... # inan}

where U; C RY are open sets. Obviously, each U, is an open set in (RY). We will show
that the intersection of these U,,’s is the set K<, (RY).
Let A C RY be compact and dim A < m. Fix s € N arbitrary. Then {B(x,1/(35))}sca

covers A, so it has a finite subcover { B(z;,1/(3s))}%_,. Then since dim A < m there is a finite
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open refinement {V;}!_, of the finite cover { B(z;,1/(3s))}F_; such that V;, NV, ...NV, ., =0
for distinct i;’s and diam V; < 1/s for each ¢ <t. Thus A € U,.

For the converse, suppose A € (), Us. Let {Vi}._; be a finite open cover for A. By
Lebesgue Covering Lemma, there is » > 0 such that for any £ C A with diam E' < r, there
is ¢ such that £ C V;. Take s € N so that 1/s < r. For this s, there is B(Uy,...,U) in
Us with A € B(Uy,...,Ux). Let E; = ANU;, so A=, E;, and diam E; < 1/s < r, hence
there exists j; such that E; C V.. Set W; = U;NVj, fori =1,..., k. {W;}f_| is a finite open
refinement of {V;}._; because A = |J, E; C U;(U; NV},) = U, Wi. Moreover, {W;}¥_, is of

order < m as:

Wi n...nW, ,=U,nV;)n...0U,,NV;, )CU,n...00,, =0
for i1 # iy ... # imao. Hence dim A < m.
Thus K<,n(RY) =, U O

Consider the m-dimensional subsets: K, (RY) = K<, (RY) \ K<yt (RY).

Corollary. K,,(RY) is dense, but not a Gs.

Proof. Let B(Uy,...,Ux) be a basic open set. Since each U; # (), we can find open balls
B; C U; such that B; N B; = 0, i # j. Then take F; a homeomorphic copy of I in B;. So
F =, F; meets each U;, dim F' = m and it is compact. Hence any basic open set meets
K, (RY),

If KC,,,(RY) were a G5 subset, then by Baire Category theorem, /C,,(RY) N K<, 1 (RY) is

dense, but this intersection is empty. O

Now since for each m < n, KC,,,(RY) is the difference of two Gj sets, it is in the difference

hierarchy: Dy(X9). However, some of these sets are simpler.

Corollary. o K, (RY) is F,-complete.
[ J ICQ(RN) 18 G(g.

It turns out the set of all m dimensional compact subsets K,,,(RY), for 1 < m < n, is

not simpler.

14



Theorem 2.1.3. K,,,(RY) is Dy(X9)-complete, forn >1 and 1 < m < n.

Proof. We will use a known Do (X9)-complete set, Qo x Q5 which was described in Chapter
1 Example 1. We need a continuous reduction F': (2¥ x 2V Q5 x Q5) — (K(RY), K,,,(RY))
so that:

(o, B) € Q2 X Q5 <= F(a,p) is m dimensional.

Recall that such a continuous reduction is a continuous map F : 2% x 2V — KC(RY) with
FHKm(RY)) = Q2 x Q5.

For any n > m, R™"! embeds in RY so it is enough to show this for n = m + 1. F will
still be continuous reduction from (2% x 2N, Qy x Q5) to (K(RY), K,,,(RY)) when considered
for other n.

Fix a sequence (S, ),en of disjoint cubes (isometric copies of I™) in RY that converge to
the origin. And let (K, ),en be a sequence of curves that converge to a space filling curve
in the unit square I x I. And let (C},),en be a sequence of Cantor sets such that for each
n, C, C K, and dg(C,, K,) < 1/n. We can find such a sequence of Cantor sets, since the
Cantor sets are dense in K(RY).

Let L,, be the isometric copy of C), x ™! in the cube S, and M, be the isometric copy
of K, x I"™"! in the cube S,. Since (K,,)nen and (C,)nen both converge to the square I x I,

the sequences (C,, x I 1),ey and (K,, x I™™1), oy converge to the unit cube ™1,

Lp11 Mp22

Figure 2.1: F(«, ) for some « and 3

We define F' as follows:
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p

Sq if B(n) =0,Vn > g,

L, if3m>qg> a(m)=1where p, = min{m > q| a(m) =1}

F(a,8) =
¢ | My, ifVn>gq,a(n)=0and

Im >q > f(m) =1 where s, =min{m > ¢ | f(m) = 1}

Claim 1. F is a reduction of Qs x Q5 to K,,(RY).

If « € Q2 and S € Q, then there is ¢ € N with Vn > ¢, a(n) = 0 and there is m > ¢
with f(m) = 1. Thus F(a, ) is a disjoint union of finitely many L,,’s, the origin and M,,’s
in cubes after the ¢ cube. Hence it is m dimensional.

If o ¢ @, then for each ¢, there is m > ¢ with a(m) = 1, hence F(a, ) is a union of
disjoint sets L,, and the origin. Hence it is m — 1 dimensional.

If B € 9, then there is ¢ such that VYn > ¢, f(n) = 0, hence F(«, ) includes the cubes

after S;, hence it is m + 1 dimensional.
Claim 2. F is continuous.

Fix ¢ > 0 and (a, 3) € 2Y x 2. Take a neighborhood B = B(Uy,...,U,) of F(«a, ),
where U; = B(z;,¢) for some x; € F(a, ). Without loss of generality suppose z, is the
origin. Since S, — x,, there is m such that V¢ > m, S, C U,. Also, for arbitrary g, there is
k such that Vp > k, du(Lyy, S;) < €/2 and dy(M,,, S,) < /2.

We need to show that there is a neighborhood A of («, 3) such that F(N) C B.

1. a,f € Qs implies that there are my, my with Vn > my, a(n) = 0 and Vn > ms, B(n) = 0.
Let my, my be smallest such integers so that a(m) = 1 and S(ms) = 1. Also let M =
max{m, k,my,ms} and N = {a} x N(B | M), recall that the set N (8 | M) is a basic
neighborhood of 8 which includes all the sequences that start with the same first M values

in the sequence 3. Let (o, 0) € N. Then F(«, 8) = U s, SeUU 2 M, UM, L

g=m1+1 q= Pqq-

If ¢ < max{my,ms}, then F(a,0) NS, = F(a,B) NSy if ¢ > max{my, my}, then
F(a,B8)N Sy =8, D F(o,0) N S,. Hence F(«,0) C |, U.
We also need, F(«,0) NU; # O for each i. For z; € F(a, f) NS,, we have the following

cases:
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- if ¢ < max{mq, my}, then x; € F(c,0) NS, hence U; N F(a, 0) # 0.

- if ¢ > max{m;, ms}, then F(a, )N S, is either M,, for some p > M, or it is the whole
cube S,. In either case, dy(F (o, 0) N S,, S,;) < e/2. Hence F(a,0) NU; # 0.

Thus F(«a,0) € B and F(N) C B.

. € Qg and 5 ¢ @y implies there is m; with Vn > my, a(n) = 0.
Then F(a, ) = Uq>m1 M, qU U;n:ll Lp,q-
Let M = max{m, k,m;} and N’ = {a} x N(B | M), and take («,0) € N.

If ¢ < M, then F(a,0) NSy = F(a,B) N Sg; if ¢ > M, then F(a,0) NSy = M, 4 or S,
in either case F(a,§) C U,. Hence F(«,0) C |, U..

For z; € F(a, ) NS, we have the following cases:
- if ¢ < M, then x; € F(a,0) NSy, hence U; N F(a,0) # 0.

-if ¢ > M, then F(«,0) NS, is either M, for some p > M, or it is the whole cube S,,.
In either case, dy(F(a,0) N Sy, Sy) < €/2. Also, dg(Ms,q,5,) < €/2, so dgy(F(a, ) N
Sqs F(a,0) N'S,) < e. Hence F(a,0) NU; # 0.

Thus F(«,0) € B and F(N) C B.

. a ¢ @y and [ € @y implies that there is mg with Vn > my, S(n) = 0.
Then F(a, 8) = U, Ly,q-

Let M = max{m,k,my} and N' = {a} x N(8 | M), and take (a,0) € N. Then
F(a,0) = F(a,8). Hence F(N) C B.

., 8 ¢ Qy. Then F(a, 8) = U, Lp,g- Let M = max{m, k} and N' = {a} x N(B | M).
For (a,0) € N, F(a,0) = F(a, ). Hence F(N) C B.
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2.2 SUBCONTINUA OF RY

In this section, we will introduce the space of all subcontinua of R and some important
classes of continua, like Peano continuum, dendrites and dendroids. Later in Chapter 4 we
will see some complexity results on these classes.

The space of subcontinua of R consists of all connected compact subsets of RY, denoted
C(RY). Being a closed subset of K(RY) it is also a Polish space with Vietoris topology.

Similar to I(RY), C(RY) also stratifies with dimension under the action of Aut(R").
Let C<,,(RY) be the set of all subcontinua of dimension < m and C,,(RY) be the set of all
subcontinua of dimension m. Then Cy(RY) consists of all one point subsets of RY, which is

known to be a closed subset. And for m > 1;

Corollary. o C.,,(RY) is a Gs set.
o C,(RY) is an F, set.

Proof. Now C<,, = K<,,, N C(R"), so intersection of a G5 (by Theorem 2.1.2) and a closed
set, hence is a Gy.

Being the complement of the G; set C<,,_;(RY), C,(RY) is F,. O
Theorem 2.2.1. The class of curves in RY is a G5 in C(RY).

Proof. The set of all curves is the difference of the sets C<(RY) and Cy(RY), where the

first one is a G5 and the second is a closed set. Hence the difference is Gj. O

Let K C RY be a non-degenerate continuum, i.e. it has more than one element, and let
H(K) = {X € C(RY) | X is homeomorphic to K }. It is well known that H(K) is dense in
C(RY). In particular, C,,(R") is dense in C(R") for 1 < m < n.

A Peano continuum is a continuum which is locally connected. An arc is a continuum
homeomorhic to the closed interval.

A graph is a continuum which can be written as the union of finitely many arcs which
pairwise intersect only in their end points. A dendrite is a locally connected compact con-

nected set (continuum) which does not include a subcontinuum homeomorphic to the circle.
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A continuum is X a dendroid if it is arcwise connected and hereditarily unicoherent,
where X is arcwise connected if for all x # y € X there is an arc contained in X with the
end points x, y and it is unicoherent if whenever it is written as the union of two subcontinua
then their intersection is a continuum.

It is known that dendrites form a IT3-complete set, whereas dendroids are more complex
and the class of dendroids is IT{-complete, see [3].

A continuum is regular if for every point there is a local base where each element of the
base has a finite boundary. A continuum is rational if for every point there is a local base
where each element of the base has a countable boundary.

Any regular or rational continuum is a curve. Dendrites are regular, and dendroids are
rational curves. In [6], the authors show that the set of regular continua is a II-complete
set. Also, the set of rational continua is IT}-hard, however the complete classification is not

known.
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3.0 ZERO DIMENSIONAL COMPACT SUBSETS

For a given zero dimensional compact subset K of RY, by Cantor-Bendixson theorem, there
are unique subsets P and C' of K where P is a perfect and C'is countable such that K = PUC
(see [15]). Furthermore, if K is uncountable then P is a Cantor set, since it is compact perfect
and zero dimensional. So the two natural classes of zero dimensional compact subsets are:
countable compact subsets and Cantor subsets.

The set of all countable compact subsets of RY is a ITj-complete set in C(RY) (see [15],
p.210). Moreover, it is an invariant subset of X(R") under both equivalence relations ~g
and ~.

In the rest of this chapter, we will examine the class of Cantor subsets of R3, which is
denoted by C(R?). We will show that C(R?) is a G subset of K(R?), hence it is a Polish
space itself. Since all Cantor sets are homeomorphic, we will only consider the equivalence

relation ~ on C(R?).

3.1 CANTOR SETS IN R3

This section will introduce the space of Cantor subsets of R? and its topology, which is
induced from K(R?).

A set C C R? is a Cantor set if and only if it is totally disconnected, perfect, compact
metric space. For a Cantor set C' in R?® a sequence (C),),en of compact 3-manifolds with

boundary is a defining sequence for C' if and only if:

1. for each ¢ € N, (; is the union of a finite number of mutually exclusive polyhedral cubes
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with handles,
2. for each i € N, C;1 C Int(C;), and
3.C=N,Cy

Two Cantor sets K, K’ C R? are equivalent if there is a homeomorphism A : R® — R3
such that h(K) = K’. This is the equivalence relation induced by the action of Aut(R?). A
Cantor set K is tame if it is equivalent to standard Cantor set, E)/3. Otherwise, it is called
wild. A well known example for wild Cantor sets is the Antoine’s necklace, [1].

It is known that, every Cantor set has a defining sequence. Moreover, two Cantor sets K
and L are equivalent if and only if there are equivalent defining sequences {M;} and {N;} for
K and L respectively, where {M;} and {N;} are equivalent means that for each i, there is a
homeomorphism h; € Aut(R?) such that h;(M;) = N; and h;q | (R®—M;) = h; | (R®— M;).
[Sher, [20]]

We will show below that the space of Cantor subsets of R? is Polish itself, and then
we will discover that some of the natural subclasses are in the first few levels of the Borel
hierarchy of this space. The following lemma is a well-known result, we will include the proof

here for completeness.

Lemma 3.1.1. 1. Kp(R3) = {K € K(R?) | K is perfect} is a dense G5 set in K(R?).
2. Kc(R?) = {K € K(R?) | K is a Cantor set} is a (dense) Gs, and thus Polish.

Proof. 1. Let
U, = J{BW:,....U,) | r €N, diam(U;) < 1/n, Vi, 3j # i, s.t. Ui\ U; # 0}

where U;’s are open disks (ie homeomorphic to open ball in R?).

Claim 1. (U, = Kp(R?)

Suppose K is not perfect, we will show it is not in the intersection. There is an isolated
point = € K, so d(x, K\{z}) > 0. So there is N € N with d(z, K\{z}) > 1/N > 0.
Let n = 2N, then K ¢ U, because, for each open disk U with x € U, diam(U) < 1/n,
and for any open disk U’ with diam(U") < 1/n & (K\{z}) N U’ # (), the intersection
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UNU' is empty. (Since otherwise, there is y € UNU’ and z € K NU’, and d(z, z) <
d(xz,y) +d(y,z) < 1/N contradicting the choice of N).

For the converse, suppose K is perfect compact set. Fix n. We need to show K € U,,.
Take the open cover {B(x,1/(2n))}.ck, then since K is compact there are finitely many
z; € K such that {U; = B(z;,1/(2n))}¥_, covers K. Now if for some i, U; N U; = 0, for
all j # i, then there exist = € U; such that x # x;, as otherwise K N U; = {z;} and so z;
is an isolated point, which is not possible. Then take Uy, = B(x,1/(2n)). Now for the
new finite open cover {U;}¥! if there is U; which does not meet other U;’s, then we can
repeat as above and add finitely many more open sets of diameter < 1/n. Hence after
finitely many steps we have {U;}!_,, such that K € B(Uy,...,U,), diamU; < 1/n and
for any 1 <i <, there is j # i with U;NU; # 0. Thus K € U,.
For denseness, take a basic open set in K(R3), B(Uy,...,U,). Then for any i, take
z; € U;. Then there is € > 0 with B(x;,¢) C U; for each i. Take K = J,_, C1 B(z;,£/2).
Then K € B(Uy,...,U,). Moreover, K is perfect, since otherwise an isolated point of
K would be isolated in one of the closed balls B(z;,¢), which can not happen. Thus
Kp(RY) is dense in L(RY).

2. By 2.1.2, when m = 0, we get all zero dimensional subsets of R?, which is a G5 and
C(R?) = Kp(R3) N Ky(R3?), hence it is a G5 subset as well.

O

Lemma 3.1.2. If K € C(R?) has defining sequence {M, }nen, then K has the following as
a local base in K(R?):

{B(Vln, SV )V, Vi are interiors of the components of Mn}

m

Proof. Let B(Uy,...,U) be a basic open set containing K.
K=N,M, C Ule Ui, so for some l; € N, M;, C Ule U;, since otherwise we get a
sequence of compact non-empty sets C,, = M,, — Ule U;, whose intersection is non-empty

subset of K but not a subset of Ule U;, hence gives us a contradiction.
Let S = {(i,j) : V'NU;NK # 0,1 <i < k1 <j<my}. Foreach (i,§) in S fix
Lij € Vfl F‘lUZﬁK
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Then, for each (i,j) € S, since z;; is in open U;, and using the definition of defining
sequence, there is an /;; such that the component of M, containing z;; in its interior is a
subset of Uj.

Let ¢ = max(ly, 4;; : (1,7) € 9).

We will show that K € B(V{,..., V{5 ) C B(Uy,...,Ux) — as required.

As the Vf are the interiors of the components of My, by definition of defining sequence,
Kisin B(V{,..., V).

Now take any K’ in B(V{,... V. ). Since £ > ¢, K' C ™", VI € M, € My, € UL, Ui

It remains to show that K’ NU; # () for all i. So fix 1.

Since U; N K # (), and K C Uj Vfl, for some j; we have U; N V;fl N K # (0. Thus (i, ;)
is in .S, and some component of Mgm_ containing x;;, in its interior is a subset of U;. Since

¢ > l;;,, it follows that some Vj‘f is contained in U;. As K’ meets this Vj‘f it meets U;. O

From now on a basic open set for a Cantor set K will refer to a set B(Uy, . .., U,,) where

each U; is an open set and C1U; N ClU; = () when i # j.

3.1.1 PROPERTIES OF C(R?)

A Cantor set K in R3 is n-decomposable if there are n topological open balls Uy, ..., U, in
R? with pairwise disjoint closures such that K C I, U; and K NU; # 0 for all i. A Cantor
set which is n-decomposable for each n is w-decomposable. Clearly, all tame Cantor sets are

w-decomposable. A Cantor set which is not 2-decomposable is indecomposable.

Lemma 3.1.3. The orbit of a Cantor set K —under the equivalence relation ~— is dense if

and only if K is w-decomposable.

Proof. Suppose the orbit of K is dense in C(R?). Fix n € N. Let K’ be an n-decomposable
Cantor set, so there are n topological open balls Uy, ...,U, C R3 with B(Uy,...,U,) a
basic open neigborhood of K’. And there is a homeomorphism h : R3> — R3 such that
h(K) € B(Uy,...,U,). Then K C U, h ' (U;), and h*(U;) N K # 0, Vi. Moreover
K € B(h"Y(Uy),...,h Y(U,)), and h~1(U;)’s are topological open balls with pairwise disjoint
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closures (as h is homeomorphism). Hence K is n-decomposable. Since n is arbitrary, K is
w-decomposable.

On the other hand, let K be w-decomposable. Let L be arbitrary Cantor set, and
let B(V1,...,V,,) be a basic open set containing L. Since K is w-decomposable, it is m-
decomposable and there are topological open balls Uy, ..., U,, such that B(Uy,...,Uy,) is
a basic open neighborhood of K. Now there is a homeomorphism h : R* — R? such that
h(CLU;) C V;. But then A(K) is in the orbit of K and in B(V4,...,V,,). Hence the orbit is
dense. 0

So the space of Cantor subsets of R? is connected, as it contains a dense connected

subspace - the equivalence class of tame Cantor sets. Actually more is true:

Theorem 3.1.4. C(R?) is path connected.

Proof. We will prove a more general statement below:

Lemma 3.1.5. Let U C R? be an open subset. And let K be a Cantor set in U. And let C
be a tame Cantor set in U. Then there is a path from C to K that lies in U.

Proof: K has a defining sequence (K, ),en, where each K, is finite disjoint union of handle-
bodies. Without loss of generality, K,, C U for each n. Let K,, have ¢, components.

We can cover C' with ¢q disjoint open balls, say BY, ..., Bgo, which are subsets of U. Let
K, ... ,Kgo be a listing of components of Ky. There is an isotopy H" : R? x [0,1/2] — R3,
such that HY is an autohomeomorphism of R? for each ¢t € [0,1/2], and HJ = id and
Hf/Q(BZQ) C Int(K?). Let C° = H?/z(C’), so CY C Int(Ky) and is a tame Cantor set.

Now in each component K? of Ky, there is a piece of C°, which is in the topological ball
HY,(BY). Since it is tame, we can cover the piece in HY,(B}) with ¢i-many disjoint open
balls, say B% S ,B;l’i, which are subsets of the interior of corresponding component K
(hence of U). Let Kll’i, cee K;l’i be a listing of components of K; in K. There is an isotopy
H':R3x [1/2,3/4] — R? such that H} is an autohomeomorphism of R?, H! | (R* — K) =
idgs_r,, Hi,, =id and Hj ,(B;") C Int(K;"). Let C' = H; ,(C%), so C' C Int(K,) and is

a tame Cantor set.
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Continuing this way we get an isotopy H" : R® x [1 —1/2",1 — 1/2""!] — R3, for each
n, where at each n, only points in K,, are moved.

Now let define a path as follows: p: [0,1] — C(R?),

HY(C" '), 1—1/2"<t<1-—1/2""!
K, t=1

p(t) =

This is a continuous path from C' to K in U. p is obviously continuous for ¢t < 1. We only
need to check continuity at ¢ = 1. Take basic open neighborhood of K, B(Uy, ..., Uy, ), where
U,’s are interiors of the components of some K,,. So C" = Hf_l/Qn,l (e ¢ Uf;l U;, and by
definition C"NU; # 0, for each i. And foreacht > 1— =, (t <1)1-1/2m < ¢ <1-1/2mH
for some m > n, p(t) = H™(C™ ', t) € K,, ¢ U, U;, and by definition C™ N U; # 0, for
each i. Hence for each t > 1 — -, p(t) € B(Uy, ..., Uy,). =

Now suppose K and L are Cantor sets, and let C' be a tame Cantor set. Then by taking
U = R3, we get a path from K C R? to C and a path from L to C. Now following the path
from K to C' and then the second one backwards from C to L we get a path from K to

L. [l
Theorem 3.1.6. C(R?) is locally path connected.

Proof. Fix Cantor set K and basic open neighborhood B = B(Uy, ..., U,). For each i select
a tame Cantor set C; C U;. Let C = U?:l C;. Then C is a tame Cantor set in the basic
neighborhood B.

Take any other L in B, we want to define a path inside B which takes K to L. Let
L =U;,NL = ClU; N L, so it is a Cantor set. Then by Lemma 3.1.5 there are paths
p; from C; to L; inside U;. Now let p : I — C(R?) be defined as p(t) = U, pi(t), then
p(0) = Ui pi(0) = UL, € = C, p(1) = UL pi(1) = U, Li = L and each p(?) is a
Cantor set in B = B(Uy,...,U,), as it is a finite union of Cantor sets. So we only need
to show p is continuous: To this end, fix ¢t € [0,1], let B(V4,...,V;,) be a basic open set
including p(t) = U, pi(t). Now for each i, let V;,,...,Vj , be the ones that intersect
pilt), so pi(t) € B(Viy,...,Vi,,)). Now let U = L, p; "(B(Viy, ..., Vi

ik(i)))’ then U is open
neighborhood of t. And p(U) C B(V4,..., Vi), as for any s € U, p;(s) € B(V;,, .. "‘/;;k(i))7
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and the union p(s) = |J, pi(s) is a Cantor set which is a subset of | JI", V; and meets each

one of V;’s. O

3.2 STRUCTURE OF CANTOR SETS

Recall that a Cantor set is called n-decomposable if there are n disjoint topological open
balls covering the Cantor set, where each of them intersects the Cantor set. We know that
such open balls will form a basic open neighborhood for a Cantor set in C(R3). Also, a

Cantor set is called w-decomposable if it is n-decomposable for each n. Thus we have:

Proposition 3.2.1. o The set of n-decomposable Cantor sets form a dense open
subset of C(R?).

o The set of w-decomposable Cantor sets form a dense Gy subset of C(R3).

Proof. Let D, = |J{B(Uy,...,U,) basic open|U,’s are topological open balls}. Then K €
C(R?) is n-decomposable if and only if K is in D,,, and clearly D, is a dense open subset of
C(R?). Also let D =, D,, then D is a dense G5. Moreover, K is in D if and only if K is

w-decomposable. O

Now consider the Cantor sets which can be decomposed with open sets homeomorphic
to the interior of solid n-tori. We call a Cantor set K to be (g,> n)-decomposable if there
are n open sets Uy, ..., U, each homeomorphic to the interior of g-tori with disjoint closures
such that K C |J; U; and K NU; # 0 for each i. K is (g,n)-decomposable if it is (g,> n)-
decomposable but not (g,> n + 1)-decomposable. And K is (g,w)-decomposable if for
each n, it is (g, > n)-decomposable. A Cantor set which is not (g,2)-decomposable is g-
indecomposable.

A Cantor set has genus less than or equal g if and only if it has a defining sequence so
that the genus of each component at each level is less than or equal to ¢g. It has genus g if
and only if it has genus < g but not < (¢ — 1). Note that a genus zero Cantor set is tame,

[23].
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Let B(Uy,...,U,) and B(Vi,...,V,,) be basic open sets in C(R?). Write
B(Uy,...,Uy) < B(Vi,..., V)

if and only if for each U; there is a V; so that C1U; C V;.

Lemma 3.2.2. The following statements are equivalent:
a) A Cantor set K in R3 has genus g,
(a) genus g
(b) it has a defining sequence where all the components in the sequence are genus-g handle-
bodies whose diameters — 0,
(¢) K has a sequence of open neighborhoods (B(Uy,™ ..., Uy, ), such that
(i) for each n,j, Cl U is a genus g handlebody whose diameter — 0 with n,
1) the closures of distinct UT and U]' are disjoint,
J k ]
(iii) B(UY,...Un ) < B(UY,...U» ) if n>n', and
(iv) (B(UY, ..., U} ) is a local base at K.

Proof. K has genus-g if and only if it has a defining sequence so that the genus of each
component at each level is ¢ if and only if (a).

(c) = (b): Let K,, = ;> C1U}", then (K, ),en is a defining sequence for K where each
K, is a disjoint union of genus-g handlebodies whose diameter — 0 (as n — o).

(b) = (¢): Conversely let (K, ),en as in (a). Without loss of generality, we can assume
that for each n, diam( components of K,,) < % (We can make sure this happens by removing
some levels from the original defining sequence)

Now let {U7,...,U;, } be a listing of interiors of the handlebodies at level n of the
defining sequence. So (B(U},...,U )) is a sequence of basic open neighborhoods of K

which satisfies (i), (ii) and (iii) by definition of the defining sequence. Also by Lemma 3.1.2,

this forms a local base. O

Theorem 3.2.3. For any genus g;

1. The set of genus-g Cantor sets are dense in (g — 1)-indecomposables.
2. The set of genus-g Cantor sets are a Gy.

3. The set of (g, > n)-decomposable Cantor sets is an open (invariant) set.
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4. The set of (g,w)-decomposable Cantor sets is a Gs set, containing genus-g ones, hence

it 1s dense.

5. The set of all g-indecomposable Cantor sets is closed and nowhere dense in (g — 1)-

indecomposables.

Proof. We set all Cantor subsets to be —1-indecomposable.

1. Take any (g — 1)-indecomposable Cantor set K, and a basic neighborhood B(Vi, ..., V,,),
without loss of generality V;’s are interior of handlebodies.
Since K is (g — 1)-indecomposable, V;’s must be linked.
Now shrink the handlebody V; to a ‘skeleton’ .S;, so S;’s are linked as V;’s. On each 5,
add skeletons of tori, so that they are linked and they cover S;. Now replacing each torus

with a genus g, (¢ — 1)-indecomposable Cantor set, will give us a genus g Cantor set in

the basic neighborhood B(Vy, ..., V).

2. Let T,, = U{B(U,...,U,) basic : the closures of the U;’s are handlebodies of genus
g with diameters < 1/n}. Let T' = (0, 1,. Then every genus g Cantor set is in 7.
Moreover, we will show that every K € T has genus g.

Since K is in T', for each n there is a B(U},..., U}, ) from T,, which contains K. We
will prove: (%) given any basic neighborhood B(Vj,...,V,,) of K, there is an n such
that B(UT,...,U; ) < B(Vi,...,Vn).

Applying this claim recursively we can easily find a subsequence (ng)reny such that
B(U{l’“,...,UTZ’;k) < B(UIR;“, ce 2,’;2) if and only if £ > £&’. Then Lemma 3.2.2 com-
pletes the proof.

To prove (x) fix a basic neighborhood B(Vi,...,V,,) of K. Let € to be the minimum of
d(K,R3\ |, Vi) and d(C1V;,C1V;) for all © # j. Pick n so that 1/n < € and, by the
Lebesgue Covering Lemma, so that if z, 2" are in K and d(z,2') < 1/n then x and «’ are
in some V;.

We check that each ClUj" is contained in some V;. To this end take any Uj'. Let
K'= KNUj = KNCIU}. Then (by the second condition on n) K’ is contained in
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some V;, and further CI U} meets only this V; (otherwise ur would meet V; and Vj,
contradicting diam(U}') < 1/n < e and d(C1V;, C1Vyy) > e).

Suppose, for a contradiction, that ClU*  V;. Then thereisayin CLU\V; C R\, Vi
So d(K',y) > €. Pick z in K’ so that d(z,y) > e. Now we see that x and y are in C1U},

and the diameter of Cl Uj” < 1/n < e, contradiction.

. Let D,, = \U{B(T1,...,T,,) basic |T;’s are open sets homeomorphic to the interior of
solid g-torus}. Then K is in D,, if and only if K is (g, > m)-decomposable. Clearly each

D,, is an open set.
. Let D =, D», then D is G5 and K is in D if and only if K is (g, w)-decomposable.

A genus-g, (g — 1)-indecomposable Cantor set is necessarily (g, w)-decomposable. Hence

(g, w)-decomposable Cantor sets are dense in (g — 1)-indecomposables.

. Let Z =), DS (complements of D,’s), hence Z is a closed nowhere dense subset of

C(R3). Also K € Z if and only if K is g-indecomposable.

3.3 COMPLEXITY OF CLASSIFICATION

In this section, we consider the classification of Cantor sets up to the equivalence ~ as

defined in Chapter 2. In the previous section, we have seen that there are many different

Cantor sets, but some of those may be equivalent. In this section we will show that there

are many inequivalent classes of Cantor sets by showing that there are at least as many as

the countable linear orders have.

Lemma 3.3.1. For a given linear order o, we can construct a sequence of pairwise disjoint

open intervals (P, Gn)nen with end points in (0,1) and with the following properties:

1. The order of {p, | n € N} is isomorphic to the order coded by «,
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2. inf,, p, = 0 if and only if the order has no smallest element,

3. sup,, ¢, = 1 if and only if the order has no largest element,

4. For any © ¢ U, (Pn, @n), sup{an | ¢n <z} = inf{p, | p, > x} if and only if there is no

biggest q, below x and no smallest p, above x,

5'|pn _'Qn"< %

Moreover, we can assign a collection of intervals {(p%,q%) | n € N} to each linear order
a € LO such that if a and (3 agree on the order of 1,...,N then (p%,q%) = (p2,4¢2) for all
n=1,...,N.

See the proof in [11] by Gartside and Pejic, the only difference is that we use the interval
(0,1) rather than (0,1/2).

Note. Any Antoine’s necklace can be embedded into the closed standard double cone, which
is the set {(z,y,2) € R3|\/y?+ 22 + |z| < 1}, such that the intersection of the Antoine
set and the boundary of the cone is precisely the set {(£1,0,0)}, which are called the end

points, (see Figure 3.1).

(0,0,1)

(0,0,-1)

Figure 3.1: Standard double cone

Theorem 3.3.2. The classification problem of Cantor sets up to equivalence is at least as

complicated as classification of countable linear orders.

Proof. We will define a Borel map f : LO — C(R?) such that two linear orders o,y € LO
are equivalent if and only if f(«), f(7y) are equivalent Cantor sets.

Let A be a rigid Antoine necklace. Now given a linear order «, we will define a corre-
sponding Cantor set C,, as follows:

Let {(p%,q%)}nen be the intervals from the Lemma 3.3.1. For each n, let us put an

isometric copy of the closed standard double cone in (p2, ¢%) with end points being the end
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Figure 3.2: Cantor cones in the intervals

points of the interval, then we embed the Cantor set A into this cone, and will call it AS.
(see Figure 3.2)

Also for every consecutive m, k € N with respect «, put an isometric copy of the closed
standard double cone in (g, px) with end points being the end points of the interval, then

we embed the Cantor set A into this cone, and will call it A7 ,

Figure 3.3: Construction of Cantor Set for given «

Then let C, = f(a) = U, A3 UU < Amr» Where m, k in the second union are consec-

utive with respect to a. (see Figure 3.3)
Claim 1. C, is a Cantor set.

C, is obviously perfect, as none of the points will be isolated. It is bounded as it is a
subset of [0, 1]3.

Let x € R*\ C,. If x ¢ [0,1]?, then we can find an open ball including z and not
intersecting C,. For x = (z1, 29, 73) € [0,1]3, (21,0,0) is in at least one of the cones along
[0,1], say the one including Aj. Let Aj, , be the necklace preceding Aj,, and A, be the
succeeding necklace. Since © ¢ C,, v ¢ Aj U Ay, U Aj . Since these are compact sets,
e = min(d(z, A3, ), d(z, Ay), d(z, A3 ) > 0. Hence B.(x) NCy, = ). Hence it is closed (thus
compact).

Suppose C' C C,, is a connected component, let z € C. Then without loss of generality

x € A% for some n. If C' C A%, then C' must be a one point set. Suppose for a contradiction

that y # x in C' and in some other Antoine necklace. Then:

e cither y is in Antoine necklace right next to Ay, so in one of A7, . Ay, say the

m,n’
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second. Then there are open sets U’, V' C R?® with A%, C U'UV’, A% ,nU'NV' =)
and (¢2,0,0) e U, ye V',

,.\V/

Figure 3.4: Disjoint open sets containing x and y, case |

e or there is at least one Antoine necklace between AS and the Antoine necklace
including y, say Ajy. Without loss of generality, suppose n <, k are consecutive.
Then there are open sets U’, V' C R?® with A%, C U'UV’, A2, NU'NV’' = and
(¢,0,0) € U’, (pg,0,0) € V.

Figure 3.5: Disjoint open sets containing x and y, case II

Also in either case, U’ does not intersect any Antoine necklace after Ay, and V' does
not intersect any Antoine necklace before A%,. Take U = U’ U {Z € R® | #; < ¢}} and
V=VU{zeR |z >pi},thenzeU,yeV,C, CUUV and UNV NC = (). Hence C

is not connected. Thus C' must be a one-point set.

Claim 2. f is Borel.

To show f is Borel, it is enough to work with subbasic open sets in C(R?), which are:
Bi(U)={K | K CcU} and By(U) ={K | KNU # (0}, where U C R3 is open.

We will show that S; = f~1(B;(U)) is closed and Sy = f~1(By(U)) open.

Consider S} = {a € LO | f(a) C U}, so S = {a € LO| f(a)NU® # P}. For o € Sf,
f(a) N U # 0, hence for some n, U¢N A% # (.

Now take the basic open set M = {y € LO | «,y agree on the order of 1,...,n} in LO.
Then (p%,q%) = (p),q)) for all v € M. In particular, A) = A% for all v € M, hence f(7v)
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meets U¢, and thus M C Sf is a neighborhood of a. Thus S is closed. (If U°N A5, # 0,
then take M to be linear orders that agree on the order of 1,..., max(n,m)).

Consider Sy = 7Y By(U)) = {a € LO | f(a) NU # 0}. For a € Ss, f(a)NU # (), hence
for some n, U N AY # ().

Now take the basic open set N = {v € LO : a,~ agree on the order of 1,...,n} in LO.
Then (p%,q%) = (p},q}) for all v € N. In particular, AY = A% for all v € N, hence f(7v)
meets U, and thus N C S; is a neighborhood of «. Thus S5 is open.

Claim 3. «, are equivalent if and only if C,, C, are equivalent Cantor sets.

(=) Suppose «,v are equivalent linear orders. Then there is an order preserving map
g:{pyIneN}t = {p) [n €N} (ie. n <a m <= py <pj < g;) < g(p},) and g is
bijection). Now define h : C, — C, as follows:

h|A% is homeomorphism of AY and A] where h(p2) = g(p%) = p}, thus h(¢%) = ¢/, and

h|As, . is homeomorphism of A5, and A}, where h(p),) = g(py,) = p/

Now h is a homeomorphism of the Cantor sets C, and C,. The only problem can occur at
the intersection points, but for a sequence (x,),en € C, converging to an intersection end
point p%, without loss of generality for infinitely many n, z,, € A%, so h(z,) € h(A%). his a
homeomorphism on A%, hence h(x,) converges to h(p2).

We can easily extend this homeomorphism to the cones including the Antoine necklaces,

which in turn can be extended to the whole R3.
(<) Suppose there is a homeomorphism h : R* — R* with h(C,) = C,. Consider g =
h|{p% | n € N}. Since h is a homeomorphism and the points p¢, ¢S are different from the
other points on the Antoine necklaces Ay, A5, A7, (as well as the corresponding ones for
7), g({p% | n € N}) C {p},q} | n € N}. Moreover, it is a bijection.

Enough to show that: if n <, m (so p? < p2) then g(p%) < g(p%), hence v is an
equivalent order. Suppose not, then g(p%) < g(p%) (they are not equal since bijection).
Then we have two cases:

(1) For each k # m,n either k <, n or m <, k (i.e. m,n are consecutive wrt «)

Then h(Aj,,) is in the cone with end points h(qy) and g(pf,) and should be right after
h(A%) but also right before h(AS,), which is not possible since g(pS,) < g(p%).
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(77) There is k € N with n <, k <, m, then by (i), the image of Antoine necklace
consecutive to A% should be consecutive to h(A?). Following each Antoine necklace in the
middle of A% and A2 one by one, we get h(A2) should come after h(A%), but g(p2) < g(p2)
means h(A%) comes before.

Thus either case leads to a contradiction. O

Now this tells us that the classification of all Cantor subsets is complicated, however the
following question remains:

Question 1. Is Cantor sets classifiable by countable structures?

We know, by the work of Curtis and van Mill in [5], that the problem of classifying
Cantor sets in R? is the same as the problem of classifying open submanifolds of R®. Thus

by the above theorem, we have:

Corollary. Classifying open 3-manifolds is at least as complex as classifying countable

groups.

In comparison, the recently completed classification of compact 3-manifolds is a simpler

classification.
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4.0 ONE DIMENSIONAL COMPACT SUBSETS

The most interesting class in the space of all one dimensional compact subsets is the space of
curves. This includes many important classes of continua, like dendrites, dendroids, regular
and rational continua.

Let € (RY) denote the class of all curves in K(RY), N > 2. Then ¢(R") c C(R") and
it is a G set (see Theorem 2.2.1).

In this chapter we will explore curves with additional connectedness properties, namely
strongly arc connected (sac) curves. We will characterize 3-sac graphs, find the Borel com-
plexity and show that the w-sac curves cannot be characterized simpler than the definition.
In the last section, we will look into the classification problem of dendroids and dendrites,
and show that the classification of dendroids up to equivalence is provably more complex

than classifying countable structures.

4.1 STRONGLY ARC-CONNECTED CURVES

A space X is n—strongly arc connected (n—sac) if for every distinct z1,...,z, in X there is
an arc « : [0,1] — X such that o((i — 1)/(n — 1)) = a; for i = 1,...,n — in other words,
the arc « ‘visits’ the points in order. Further, call a space w—sac if it is n—sac for every n.

Note that being 2-sac is the same as being arc-connected.

Lemma 4.1.1. Let X be a space.
If there is a finite F' such that X \ F is disconnected, then X is not (|F| + 2)-sac.

Proof. It F'is empty then X is disconnected and hence not 2-sac. So suppose F' has n
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elments, say 1, ...,z,, for n > 1. Let U and V' be an open partition of X \ F. Pick z,,4; in
U and z,,5 in V. Consider an arc « in X visiting zq, ..., x,, and then z,,;. Then o ends
in U and cannot enter V' without passing through F'. Thus no arc extending « can end at

Tnio — and X is not n + 2-sac, as claimed. O

Corollary. Let X be a space.

(1) If there is an open set U with non—empty but finite boundary, then X is not (|OU|+2)—
sac.

(2) No regular continuum is w—sac.

(8) A continuum containing a free arc is not 4—sac.

(4) No compact continuous image of an interval is 4—sac.

Proof. (1) is simply a restatement of Lemma 4.1.1. Then (2) is immediate from (1). For (3),
apply (1) to an open interval inside the free arc. While for (4) note that, by Baire Category,

a compact continuous image of an interval contains a free arc, so apply (3). O

Call an arc o in a space X a ‘no exit” arc if every arc 8 containing the endpoints of «,

and meeting «’s interior must contain all of a.

Lemma 4.1.2. If a space contains a no exit arc then it is not 4-sac.

Proof. Let x1 and x5 be the endpoints of a. Pick x3 and x4 so that xy, x3, x4, x5 are in order
along «. Suppose, for a contradiction, 8 is an arc visiting the x; in order. Since x3 and x4
are in the interior of «, by hypothesis, g contains a. Now we see that if 5 enters the interior
of o from x7 then it visits x3 before xo. While if 3 enters the interior of « from x5 it visits

x4 before x3. Either case leads to a contradiction. O
Proposition 4.1.3. No planar continuum is 4-sac.

Proof. Let K be a plane continuum. If it is not arc connected then it is not 2—sac, so suppose
K is arc connected. Pick x_ (respectively, x;) in K to have minimal x—coordinate (resp.,
maximal z—coordinate). If x_ and x; have the same x—coordinate, then X is an arc, and so

not 3-sac.
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Otherwise, translating the mid point between x_ and x, to the origin, shearing in the
y—coordinate only to move x_ and x, onto the x—axis, and then scaling, we can assume
without loss of generality that x_ = (—1,0), x; = (+1,0) and K C [-1,1] x R.

There is an arc « in K from x_ to x;. Some sub-arc, o, of o meets {—1} x R and
{+1} x R in just one point (each). If for every z in (—1,1) the vertical line {x} x R meets
o’ in just one point, then o is a free arc, and K is not 4-sac, as claimed.

Otherwise there is an x5 € (—1,1) such that there are two distinct points x3 and x4 in
KN ({zo} x R). We can suppose x3 has minimal y—coordinate, y3, while x4 has maximal
y—coordinate, y4. Assume, for a contradiction, that there is an arc # from x; = x_ to x4
visiting x, = x, and x3 in order. Let 8, be the sub—arc from x; to x5 and 3 be the sub—arc
from x5 to x4. Note that 5; N B3 = 0, and so 51 meets {zo} X R only inside {z¢} X (y3, y4)-
Hence the line L = (=00, —1) x {0} U 51 U (+1, +00) x {0} splits the plane into two disjoint
open sets, Us containing x3, and Uy containing x4. However (3 is supposed, on the one hand,
to be an arc from x3 to x4, and so must cross L, and on the other hand, is forced to be disjoint
from each part of L: (31 (by choice of §) and both (—oo,—1) x {0} and (+1,400) x {0}
(since K C [—1,1] x R) — contradiction. O

So many continua are not even 4-sac. But some curves are w-sac.

Example 5. The Menger curve is w-sac.

Since graphs are never 4-sac, regular continua are not w-sac and the Menger curve is not

rational, the following questions are natural.

Question 2. 1. Which graphs are 3-sac? Can we characterize them?

2. Is there a rational w-sac curve? Can we characterize w-sac continua?

The circle and theta curve are 3-sacs. Three points, p, q,r, on the theta curve below in
figure 4.1 do not lie on any simple closed curve.

It turns out, these characterize the 3-sac graphs:
Proposition 4.1.4. Suppose G is a finite graph. Then the following are equivalent:

1. G is 3-sac.
2. G has no cut point.
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Figure 4.1: Circle and Theta curve with points p, ¢, r

3. Any three points in G are contained in either a simple closed curve or a theta curve.

Notation: If a: [0,1] — G is an arc, then for t < [,¢,1 € [0, 1], ay; will denote a sub-arc of

a from a(t) to a(l).

Lemma 4.1.5. Suppose G is a finite graph with possibly a vertex taken out. Suppose K and
L are non-empty, disjoint (connected) subgraphs of G. Then there is an arc « : [0,1] — G
such that «(0) € K, a(1) € L, a((0,1)) N (K U L) = 0.

Proof. Pick a € K,b € L. Since G is arc-connected there is an arc 5 : [0,1] — G such that
B(0) = a, (1) = b. Since K, L,G are finite graphs, there are vertices ¢ = (t;) € L and
d = B(tg) € K, such that 5([0,¢1)) N L = 0 and B((tp,t1)) N K = ). Since K, L are disjoint
to # t1. If s is a homeomorphism from [0, 1] to [to, 1] mapping 0 to o, then o = fy, 4, © s is

desired arc. O

Lemma 4.1.6. Suppose G is a finite graph without any cut points. Suppose K and L
are non-empty, disjoint (connected) subgraphs of G. Then there exist disjoint arcs «, 3 in
cl(G—(KUL)) with endpoints a1, as and by, by respectively such that a1, by € K and az, by € L.
If K (L) contains only one point then a; = by (as = by).

Proof. Induction on n, number of edges in c/(G — (K U L)).
If n = 1 then the only edge in ¢l(G — (K U L)) will be connecting K and L and any point

on it will be a cut point. Hence n > 1.
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If n = 2, suppose a,  are the two edges in cl(G — (K U L)) with endpoints a;,as and

b1, by respectively. Then without loss of generality we have the following cases:

e a1 € K,a, =01,b; ¢ KU L,by € L and all points on o and [ are cut points.

e a; € K as,by,by € L and any point on « is a cut point.

® a1,by € K,ay € L,by € L, then there is a cut point on a.

e a1,b; € K, as,by € L and without loss of generality a; = b;. If K is a point then
Lemma 2 holds otherwise a; is a cut point.

e a;,by € K,as,by € L and aq, by, as, by are distinct points. Then we have two

disjoint arcs starting at K and ending at L.

So Lemma 4.1.6 holds for n = 2.

Now suppose the lemma holds for n and c¢l/(G — (K U L)) has n 4+ 1 edges. Then there

are the following cases:

1. Each edge starts in K and ends in L: if there are two edges that start at distinct points
and end at distinct points then lemma holds. If without loss of generality all edges end
at the same point of L, say ¢, then either L is a point and Lemma 4.1.6 holds or c is a
cut point.

2. There is an edge, say v that starts at ¢ € K and ends at d ¢ L (so it does not intersect
L). Then let K U~y = K" and yU o/ = 4/, which is an arc starting at ¢ and ending at
as. Then K, L satisfy hypothesis of Lemma 4.1.6 and /(G — (K’ U L)) has n edges.
Hence by induction hypothesis there exists a pair of disjoint arcs o/, 3’ with endpoints
ay,ay and b}, by such that a},b] € K’ and as,by € L and if L contains only one point
then ay = by. Subcases:

2.1. If a/, b} € K then let « = o/, 5 = ' and Lemma 4.1.6 holds.

2.2. If without loss of generality a} € K’ — K,V € K — {c} then only possibility is
ay =d. If welet o« =+, =p', Lemma 4.1.6 holds.

2.3. Say a} = d, b} = c. Since cis not a cut point G—{c} is arc-connected (G is a finite
graph). Apply Lemma 4.1.5 to K —{c} and (LU~'Uf’) —{c} to obtain an arc ¢ : [0, 1] —
G —{c} such that §(0) € K—{c},0(1) € (LU~y'UB")—{c},d((0,1))N(KULU~'US") = 0.
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Now if 6(1) € L, let « = ¢ and 8 = (' or o’ whichever does not have §(1) as an endpoint,
Lemma 4.1.6 holds.

If (1) € B, hence 6(1) = '(t) for some t € (0,1]. Let « =+, =36 U B, and Lemma
4.1.6 holds.

If (1) € o/, hence 0(1) = ~/(t) for some t € (0,1]. Let a« =0 U~;,,8 = " and Lemma
4.1.6 holds.

Proof. (Proposition 4.1.4)

“(1) = (2)” follows immediately from Lemma 4.1.1.

“(2) = (3)” let p,q,r € G be any three points. Apply Lemma 4.1.6 to {p} = K,{q} = L
and resulting o U § gives a simple closed curve containing p,q. If » € o U 3 then all three
lie on a simple closed curve. If r € U f then apply Lemma 4.1.6 to K = a U, L = {r}
to obtain two disjoint arcs connecting o U 8 and r, say o, 5/ then a U U o’ U [’ is a theta
curve that contains all three of p, ¢, r.

“(3) = (1)” obvious. O

Lemma 4.1.7 (Finite Gluing). If X and Y are 2n — 1-sac, and Z is obtained from X and
Y by identifying pairwise n — 1 points of X and Y, then Z is n-sac (but not n + 1-sac by
Lemma /.1.1).

Proof. Pick any 21, 29,...,2,in Z. Foreachi,if z; € X =Y and z;;,;, € Y =X orz; e Y — X
and zi1 € X =Y, pick 2i,41) € (X NY) — {21, 22, .-+, 20y 2(1,2)5 2(2,3) 5 - - - Z(i—1,) } (if these
2(1,2), 2(2,3)s - - - » Z(i—1,i) were picked). This is possible since | X NY| = n — 1. Let Z be a
sequence of z;’s with z(;;41)’s inserted between z; and z;;; whenever they exist. And let Zy
be a sequence derived from Z by deleting terms that do not belong to X. Define Zy similarly.
Since elements of Zy come either from {21, 29, ..., z,} or from XNY, | Zx| < 2n—1. Similarly,
|Zy| < 2n — 1. Let § be an arc in X going through elements of Zy in order and 7 be an
arc in Y going through elements of Zy in order. Let a;,as, ..., ar be 212y, 223): - - - s Zn—1,n)
whenever they exist, respectively. Without loss of generality, suppose z; € X. Define a to

be the arc consisting of the following parts:
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part of 5 from z; to ay;

part of v from a; to ay;

part of 8 from as to as ...

part of 8 or v (depending on whether k is even or odd) from ay to z,.

Now we turn to our second question, and give an example of a rational w-sac curve.

Theorem 4.1.8. There is a rational continuum which is w—sac.

Proof. Write B(x,r) for the open disk in the plane of radius r centered at x. Write S(x,r)
for the boundary circle of B(x,7). Pick any sequence (Zy)nenugoy in (0,1) increasing to 1.
Let co =0, 19 = 29 and ¢, = (¥ + Tp—1)/2, 70y = (T, — xp_1)/2 for n > 1. Let 6 be rotation
of the plane by 90° clockwise.

Let U= U, 0 (U2, B((¢n,0),7,)), and T = [—1, +1]*\ U.

Let S be the geometric boundary of T, so S = >, 6 (U2, S((¢n,0),7,)). Let S—
and St be the two circles in S immediately to the left and right of the center circle, i.e.
S™ = S((-=21,0),7m) and ST = S((x1,0),r1). For i=0 (respectively, i=1) pick a two sided
sequence of points, (p;w)mez, on the top (respectively, bottom) edge of S~ converging on the
left to (—x1—71,0) (the leftmost point of S7) and on the right to (—x1+7r1,0) (the rightmost
point of S7). Find a corresponding pair, (p;i)me, for + = 0, and 1 of double sequences on
the top and bottom edges of St converging to the leftmost and rightmost points of S*. Let
T; =0"([0,1]*NT) for i = 0,1,2,3. Note that each T} is a topological rectangle with natural

‘corners’ and ‘midpoints’ of the sides.

Let X1 =T, Ry =T; and S; = S. Let k) be a homeomorphism of [—1,4+1]* with T,
carrying top-right corner to top-right corner etc, and midpoints to midpoints. Let h) =
0" o hy for i = 1,2,3.

Inductively, suppose we have continuum X,,, geometric boundary S,,, and for each o €
¥, = {0,1,2,3}" a rectangle R, and a homeomorphism h, of [-1,+1]*> with R,. Fix a
o for a moment. Then R, has four subrectangles h,(7;). For i = 0,1,2,3 let h,~; be a
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Figure 4.2: T and X,

homeomorphism of [—1,+1]* with h,(7;) taking corners to corners etcetera. Let R,.; =
he(T;) = Ro \ hori(U). Let Xpi1 = U, ex, U?:o R, ;= Uaezn+1 R,. Let S,1 be the natural
geometric boundary.

Let X =), Xs. Then X is a variant of Charatonik’s description of Urysohn’s locally
connected, rational continuum in which every point has countably infinite order, see [4].
Thus X is rational (and locally connected). Since it is planar it is not 4-sac. Note that each
R, N X has a countable boundary contained in the sides of R,. Call a side of R, ‘finite’ if
it contains only finitely many boundary points. A side containing infinitely many boundary
points, is said to be ‘infinite’.

For each n and o in X, there are two circles, h,(S™) and h,(ST). Identify, for all m € Z
and ¢ € {0,1}, the points hy(p;,,) and h,(p}, ;) (creating a ‘rational bridge’ between the
circles). Note that the diameters of the circles shrink to zero with n. It follows that the
resulting quotient space, Y, is a locally connected, rational continuum. We show that Y is
w-sac.

Fix distinct points x1,...,x, in Y. The diameters of the rectangles, R, for ¢ € ¥,,,
shrink to zero with m, so we can find an N such that if 7 # j, z; € R,, and z; € R, where

o,7 € Xy then R, and R, are disjoint. For each i, let R; be the unique R, containing z;.

Subdivide the square r = [—1,41]* into four subsquares r¢; = 6" ([0, 1]*). And continue
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subdividing to get a final subdivision of [—1, +1]? into subsquares r, for o € ¥y. Note that
two squares r, and r, are adjacent if and only if the corresponding rectangles R, and R, are
adjacent. For each o in Xy, consider R,. It has four sides, at most two are ‘finite’ sides. For
each finite side remove the line segment in r which is the corresponding side in r,. The result
r’ is an open, connected subset of the plane. It follows that r’ is w—sac. Hence there is an arc
o/ which visits the interior of the squares r; in order: rq,79,...,r, (indeed we can suppose
o/ visits the centers of the r; in turn). Further, we can suppose that o/ consists of a finite
union of horizontal or vertical line segments of the form {p/q} x J or J x {p/q} where p € Z,
g € N and J is a closed interval. Let M be a common denominator of all the denominators
(¢’s) used. Then o is an arc on the grid ' N ((Upez{p/i\/[} X R) U (UpEZR X {p/M}))
Consider X;. There is a connected chain of circles, Vj, in X; from the bottom edge to
the top, and a connected chain of circles, Hy, from the left side to the right. Note that Vj
and Hy are in X. Now consider X5,. There is a connected chain of circles to the right of Vj
from the top edge to a circle in Hy, and another to the right of V from the bottom edge to
a circle in Hy. By construction, both chains end at the same circle of Hy. Call the union of
these two chains, along with the circle they connect to, V;. It is a vertical connected chain
of circles from the top edge to the bottom. Similarly, there is a vertical connected chain
of circles, V_; from the top edge to the bottom, lying to the left of V4. Further there are
two horizontal connected chains of circles, H; and H_;, above and, respectively, below, Hj.
Observe that V and V4 are disjoint, as are Hy and Hi;. Together these six chains form a
three—by—three ‘grid” in X. Repeating, we find a ‘grid’ of horizontal, Hy, and vertical, V.,
chains, all in X, where the H.,, converges to the left and right sides, {1} x [—1, 1] and V.,

converges to the top and bottom edges [—1,1] x {£1}.

Now consider a rectangle R, for some ¢ in Xy. It has at least two ‘infinite’ sides. For
concreteness let us suppose that the bottom and right sides of R, are infinite, with the limit
point on the bottom edge being to the right, and the limit along the right edge being at
the top (all other cases are very similar). The vertical chains, V,, in X, for n € N, have
analogues in R,. By construction, each V,, meets the bottom edge of R, in an arc of a circle
whose ends are points in the R, ‘below’ R,. Extend V,, to include this arc. Repeat at the
top edge, if it is infinite. Apply the same procedure to the horizontal chains, H,, for n € N.
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The horizontal chains, and respectively the vertical chains, remain disjoint. Note that, by
construction, if R, is the rectangle ‘below’ R,, then the nth vertical chain in R, connects
to the nth vertical chain in R, (and similarly for the rectangle to the right of R,). If x; is
in R, but not on the geometric boundary of R,, then let P, be sufficiently large that x; is
to the left of Vp, and below Hp,.

Now let P be the maximum of the P;. Return to an individual rectangle, R,, as in the
previous paragraph. Take the union of the vertical chains, Vp, ..., Vp, s, and the horizontal
chains, Hp, ..., Hpy . Take the union now over all o in ¥ . This gives a ‘grid’, G, naturally
containing an isomorphic copy of the grid G’ in r’. Think of the grid, G’, as a graph, and o/
as an edge arc in this graph. Then we can realize the arc o/ in G’ as a connected chain of
circles in X. Evidently (by traveling along the ‘top” or ‘bottom’ edges of the circles in the
union) we can extract an arc, «., contained in this union. The arc a visits the R; in order.
Note that a, is not (necessarily) an arc in Y, but it can easily be modified to be so, call this
arc, ag.

To complete the proof, we modify ag, to another arc v in Y, which visits the points z;
in order. As g visits the R; in turn, there are sub-arcs j3; of oy, where 3; comes before f3; if
i < j, such that §; crosses from one infinite edge of R; to another (along the ‘grid’ G inside
R;). We will replace §; in ag by another sub—arc, visiting x;, contained inside R;, with the
same start and end as f;, but otherwise disjoint from the ‘grid” G. Doing this for all 7, gives

the arc o in Y.

Fix i. Again for concreteness, orient R; = R, as above. Suppose that ; enters R; at y;, a
point on the bottom edge, and exits at z;, a point on the right edge. Pick @) in N sufficiently
large that, Vj is to the right of the rightmost vertical chain in G N R;, above the highest
horizontal chain in G N R; (i.e. @ > P+ M) and if z; is not on the geometric boundary of
R;, the vertical chain V_g is to the left of z; and the horizontal chain H_g is below z;. The
union of Vi and H.y¢ contains an obvious ‘ring’, a connected cycle of circles, just interior to
the geometric boundary of R;. Observe that this ring meets each arc component of ayN R; in
two circles, which are bridges. Select a simple closed curve (in Y'), S, contained in this ring,
which connects with §; at two points (one, call it ¢, near y;, and another, call it 2}, near z;),

but which uses the bridges to prevent intersection with any other (arc component of) ay.
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We will modify S so that it visits x;. If this is possible then either the arc ‘travel along 3;
from y; to y;, then clockwise along S until we reach z., followed by traveling along the arc f;
to z;’; or the arc obtained by following S anti—clockwise, is the required modification of f;.

Two cases arise. If x; is on the geometric boundary of R;, we can find two arcs starting
at x;, and otherwise disjoint, both meeting S (but disjoint from the grid G). The required
modification of S is now obvious (follow S, then the first arc met, to z;, back to S along the
second arc, and finish following S). If x; is not on the geometric boundary, then it is to the
left and below the grid. It is also in some rectangle, R., 7 from some Xy where N’ > N,
where R, is disjoint from the geometric boundary of R;. Following S anticlockwise we can
get to a point, a;, below the lowest horizontal line of the grid, but above and to the left of
the top—left corner of R,. Following S clockwise we can get to a point, b;, left of the leftmost
vertical line of the grid G N R;, but below and to the right of the bottom-right corner of
R.. We can now find disjoint arcs from a; to the top—left corner of R,, and from b; to the
bottom-right corner of R.. And these can be extended to disjoint (except at z;) arcs a; to

x; and b; to x;. Again, using these arcs, we can modify S to detour through z;. n

4.2 COMPLEXITY OF 3-SAC GRAPHS AND w-SAC CONTINUA

In this section we will examine the complexity of 3-sac graphs and w-sac rational curves.

4.2.1 3-SAC GRAPHS

Lemma 4.2.1. Let G be any collection of graphs and N € N a fized number. Then H(G),
the set of all subcontinua of IV homeomorphic to some member of G, is XI3—hard and in the

difference hierarchy Dy(39).

Proof. That H(G) is II3-hard is immediate from Theorem 7.3 of [3]. It remains to show it
is in Dq(X9).
For spaces X and Y, write X <Y if X is Y -like, which means that for each £ > 0 there

is a continuous map f : X — Y such that f is onto and {x € X | f(x) = y} has diameter

45



less than € for each y € Y. We also write X <Y if X <Y butY £ Xand X ~Y if X <Y
and Y < X. Further write Lx ={Y : Y < X} and Q(X)={YV : X ~ Y}

Up to homeomorphism there are only countably many graphs. So enumerate G = {G,, :
m € N}. According to Theorem 1.7 of [3], for a graph G and Peano continuum, P, we have
that P is G-like if and only if P is a graph obtained from G by identifying to points disjoint
(connected) subgraphs. For a fixed graph G, then, there are, up to homeomorphism, only
finitely many G-like graphs. For each G,, in G pick graphs G,,; for i = 1,..., k,, such that
each G,,; is G-like but G is not G,, ;- like, i.e. G,,; < G, and if G’ is a graph such that
G’ < G then for some i we have H(G') = H(G,, ;).

For a graph G, H(G) = Q(G) ([14]). Hence, writing P, for the class of Peano continua,
we have that H(G) = U, Q(Gy) = PN (U, Rm), where R,, = La,, \ U™, La,.. = La, N
(oMU L.,

By Corollary 5.4 of [3], for a graph G, the set L is IT9. Hence each R,,, as the intersection
of a IT§ and a X9, is X9, and so is their countable union. Since P is I3, we see that H(G)

is indeed the intersection of a ITJ set and a XY set. O

Proposition 4.2.2. Let SG5 be the set of subcontinua of IN which are 3—sac graphs. Then
SG3 is Dy(X9)~complete.

Proof. According to Lemma 4.2.1 SG3 is Do(X9), so it suffices to show that it is Dy(X9)-
hard. To show that SGj is Do(X9)-hard it suffices to show that there is a continuous map
F: (2NXN)2 — C'(IN) such that F~*(SG3) = S5 x P3. We do the construction for N = 2.
Since R? embeds naturally in general RY, the proof obviously extends to all N > 2.

For z,y in R?, let Clzy be the straight line segment from z to y. Set O = (0,0), T =
(3,1), By = (1,0), By = (4/3,0), B3 = (5/3,0), By = (2,0) and T} = (1,1), T, = (4/3,1),
T3 =(5/3,1), Ty = (2,1). Let Ky = ClOB4yUCIB,TUCITT,UCIT;0UU Cl BT, UCI1 B3T3.
Then Kj is a 3-sac graph. Define b; = (1/5,0), t; = (1/5,1/j), t; = (1/5,1/ — 1/(kj)) and
st =(1/7—1/(kj(j +1)),0). Then K; = Ko U szl Clb;t; — for each J — is also a 3-sac
graph.

Let K{ be K with the interior of the line from O to By, and the interior of the line from
Ty to T, deleted.
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F(a, 8)

Figure 4.3: Graph of F(«, 3)

We now define F' at some o and 3 in 2N Fix j. If a(j,k) = 1 for all k, then
let R; = Clbjt; U Clbjbjyq. Otherwise, let ky = min{k : «a(j,k) = 0}, and let R; =
Clb;the U Cl50 55 U CLsiob; .

For any j,k set p; = 3 —1/j, ¢f = 1 —1/(j + k), ¢; = p; + (1/8)(pj+1 — p;) and
vy =y + (7/9)(pys1 — py). Fix j. Define

S; = Cl(p;, )(p;, q;) UCL(p;,q;)(t5, ;) UCL{;, 1) (D11, 1)
u ey g, ) < Bl k) = 0}
U (O, ) (rgf) U CL(ry, d8) (4, ) < B k) = 1}

Let F(a, 8) = Ky UU;(R; U S;). Then it is straightforward to check I maps (QNXN)2
continuously into C([0, 4]%).

Take any «. For any j, the set R; connects the bottom edge ClOB; with the diagonal
edge C1OTy if a(j, k) = 1 for all k, and otherwise is an arc from b; to ;1. Hence |J; R; is
a free arc from B to O if « is in S}, and otherwise can’t be a subspace of a graph (because
it contains infinitely many points of order 3).

Take any . For any j, S; is an arc from (p;,1) to (pj41,1) if B(j,k) = 0 for all but
finitely many k&, but contains a ‘topologists sine curve’ if 5(j,k) = 1 for infinitely many k.
Thus Uj S; is a free arc from T to T'if B is in P3, and otherwise can’t be a subspace of a

graph (because it contains a ‘topologists sine curve’).
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Hence if (o, 5) is in S5 x P3, F(a, ) is homeomorphic to some K ;, which in turn means
it is a graph which is 3-sac. On the other hand, if either « is not in S3 or /3 is not in Ps, then
F(a, B) contains subspaces which can’t be subspaces of a graph — and so is not a graph.

Thus F~1(SG3) = S; x Py as required. O

4.2.2 w-SAC CONTINUA

From now on we will look into w-sac curves. First we will define examples of rational w-sac
curves, then we will show that the set of such curves is very complex - not Borel.

We will build examples of spaces by laying out ‘tiles’. A ‘tile’ is simply any space T'
which is (i) a subspace of the solid square pyramid in R? with base S = [—1,+1]? x {0} and
vertex at (0,0, 1) (so it has height 1) and (ii) contains the four corner points of the base, (i, )
for i, 5 = £1. Call the intersection of a tile T" with .S, the base of T'. Call the intersection of
T with the boundary B = ([—1,1] x {—1,1} x {0}) U ({—1,1} x [—1,1] x {0}) of the base
S, the boundary of T'. Call the point (—1,1,0) the top-left corner of the base.

Lemma 4.2.3. There are (homeomorphic) subspaces Ty and Ty of [—1,+1]*> x R such
that: (i) Ty and Ty are w-sac rational curves, (i) Ty and Ty are contained in the pyra-
mid with base [—1,4+1]2 x {0} and with height 1, (i) Ty contains the boundary of the square
[—1,41]*x {0}, and (iv) the intersection of Ty and the boundary of the square [—1,+1]* x {0}
is (Ax {=1,1} x {0HhU({—1,1} x A x {0}) where A is a sequence on [—1,0] converging to
0 along with —1 and 0.

Proof. The example, Y, of an w-sac rational curve given in Theorem 4.1.8 is derived from
a space X. This space X is a subspace of [—1,+1]?>. We may suppose that X is in fact
a subspace of the square S = [—1,+1]*> x {0} € R3. The space Y is obtained from X by
identifying a sequence of pairs of double sequences. These double sequences all are disjoint
from the boundary, B, of the square S, and the diameters and distance between pairs of
sequences converges to zero. This identification process can be repeated in (—1,+1)? x R,
keeping the boundary, B, of the square, S, fixed, to get a space Tj] homeomorphic to Y.
Applying a homeomorphism of [—1,+1]> x R fixing B, the boundary of the square, and

changing only the z—coordinates, to T, we get a space T, also homeomorphic to Y and
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containing B, and which is contained in the pyramid with base [—1,+1]* x {0} and height
1.

Scaling R? around the center point of the the base square, S, we can shrink Tj away from
the boundary B of S and still have it inside the required pyramid. Instead of doing this trans-
formation, shrink Tj, while keeping fixed the set (A x {—1,1} x {0})U ({—1,1} x A x {0}).
This gives T7. O]

Let X be a space and A an infinite subset. We say that X is w-sac™ (with respect to A)
if for any points x4, ..., 2z, in X there is an arc « in X visiting the z; in order, such that «
meets A only in a finite set. Observe that if X is w-sac™ with respect to A, and A’ is an

infinite subset of A, then X is w-sac™ with respect to A’.

Lemma 4.2.4 (w-Gluing). Let Z = X UY, where X, Y and A= X NY are infinite. If X

is w-sacT with respect to A, and Y is w-sac, then Z is w-sac.

Proof. Take any finite sequence of points zq,...,2zy in Z. By adding points to the start

and end of the sequence, if necessary, we can suppose that zy and zy are in X. Group

the sequence, 21, ..., Zn,, Znid1y -« -5 Zngs -« - Znp_1s Fnp_q+1s - - - 5 Zng, Where 21, ..., 2z, arein X,
Zny41y- -5 20y are in Y \ X, and so on, until z,, ,41,...,2,, = 2y are in X. Pick tf, . ,tf
in A \ {zi}i§N~

Using the fact that X is w-sac™, pick arc o~ in X visiting in order, 21, ..., z,,, 1, t],
Zngtly s Zngaly -+ -5 Znss by t5 and so on, ending with z,,, such that o~ meets A only in a
finite set F.

Using the fact that Y is w—sac, pick an arc o™ in Y visiting in order the points, t], z,, 11,
oy Znyy t1, ty and so on, avoiding F\ {t,... tF}.

Now we can interleave a~ and a™ to get an arc, «, visiting all the specified points in

order. So we start « by following o~ to visit zq,...,t;, then pick up a™ at ¢] to visit
Znials - - s Zny, U1, and back to o~ from ¢, and so on. O
Lemma 4.2.5.

(i) The tile Ty is w-sac™ with respect to any infinite discrete subset of its boundary.

(i1) The tile Ty is w-sac™ with respect to its boundary.
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Proof. Recall that T, and 77 are both homeomorphic. In turn, 7} is a homeomorph of Y
from Theorem 4.1.8 with the boundary square for both not just homeomorphic but identical
(when we identify the plane, R?, with R? x {0}). So we argue this for Y only. Looking at the
proof that Y is w—sac it is clear that the arc, «g, visiting some specified points, x1,...,x,,
in order, need only touch the boundary in an arbitrarily small neighborhood of any x; which
happens to be on the boundary. This immediately gives the first claim — Y (and so Tp) is
w-sacT with respect to infinite discrete subsets of the boundary square.

Further, the point (0, —1) can be reached from the interior of Y (away from the boundary
square) by two disjoint arcs which meet the set (A x {—1,1})U({—1,1} x A) only at (0, —1)
— for one arc, a~, follow one side of the sequence of circles converging to (0, —1) and for
the other, a™, start at (0, —1) go right along the boundary edge a short way, and then go
into the interior. The same is true for the points (0,1),(—1,0), and (1,0).

Now to get the desired arc, if every z; is not one of (0,—1),(0,1),(—1,0), or (1,0), then
just use ap. While if x;, is say, (0,—1), then pick ag to visit z1,..., 2z 1,7, tT, 2401, . . .,
where ¢, t* are points close to (0, —1) on @~ and a respectively. Now let a be the arc that
follows aq to t~, then follows a~ to x; = (0,—1), then o™ to t*, and then resumes along

Q. ]

For any tile T', x = (z,y) in R? and a,b > 0, denote by T'(x,a,b) the space T scaled in
the x and y coordinates so its base has length a and width b, then scaled in the z coordinate
so that the pyramid containing it has height no more than the smaller of a and b, and then
translated in the x, y-plane so that the top-left corner is at (xz,y,0).

From Lemma 4.2.4, part (ii) of Lemma 4.2.5, and an easy induction argument, the

following is clear.

Lemma 4.2.6. Any space obtained by gluing along matching edges a finite family of trans-

lated and scaled copies of T1 is a rational w-sac curve.

Proof. Let S be a space obtained by gluing along matching edges a finite family of translated
and scaled copies of T7. Fix a point z € S, then z is in one of the tiles say t;. Then there
are two cases, either there is another tile £, which meets t; at one side of its base, and x is

in this intersection. Then since each t; is rational, there is a neighborhood base B; for x in
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t;, for each i = 1,2. Let B = {By U By | B; € B;}. Then B is a neighborhood base at z in
t1 U ty, since for any open set U including x, U Nt; is open in t; and includes x, so there
is B; € B; with B; C UNt;, and thus x € B; U By C U. Also each B € B has countably
many boundary points, because when we combine two sets we add at most countably many
more points to the boundary as the intersection of two tiles is a sequence of points in the
boundary. Otherwise, there is a neighborhood base of = in ¢; such that all elements of this
base has countably infinite boundary.

Let now, {z1,...,z,} C S. We want to find an arc a through these points in order. If
all of these points are in one tile, we have such an arc since each tile is w-sac. Otherwise,
there are at least two different tiles in which the points lie, and we need a finite number of
tiles from S to have a connected subset of it including the points. Say we need at least m
tiles, then we will proceed by induction on m:

m = 1 is the first case. Suppose m = 2, so the points lie in two tiles ¢; and t,, and the
tiles intersect along one edge of their bases. Then by using w-gluing lemma, t; U 5 is also
w-sac, hence we can find an arc through the points in the given order. Suppose now, for
any m — 1 tiles that form a connected subset of S, this subset is w-sac. Then for m tiles
that form a connected subset, there is at least one tile £ such that when we remove this tile
the rest of them are still connected, call the union of the rest Y. Then again using w-gluing

lemma for X =t and Y, we get that the union is w-sac. O

We define recursively a sequence of tiles. The first in the sequence is T from above. Given
tile 7},, where n > 1, define T},41 to be T,,((—1,1),1,1) UT,((-1,0),1,1) UT,((0,1),1,1) U
T,((0,0),1,1) scaled in the z—coordinate only so as to fit inside the pyramid with base S

and height 1. Then all the tiles T}, are rational w-sac continua.

Theorem 4.2.7. Fix N > 3. Forn > 2 orn = w, let R, be the set of rational n-sac
continua, and let R, 11y be the set of rational continua which are n-sac but not n + 1-sac.

Then all the sets R, and R, ~(,4+1) are 2%-ha7”d subsets of the space IC(RN).

Proof. We prove that there is a continuous map K of the space T of all trees on N into the
space K(R?) such that: if the tree 7 has no infinite branch then K, is a rational continuum

which is not arc-connected (in other words, 2-sac), while if 7 has an infinite branch, then K,
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Generic tile Tile T}

Figure 4.4: Examples of Tiles

is an w-sac rational continuum. The claim that R, is a $1-hard subset of the space K(RY),
follows simultaneously for all n and N. We then give the minor modifications necessary to
have that K is n-sac but not n+ 1-sac when 7 has an infinite branch. The remaining claims
follows immediately.

A basic building block for K is S(T') a variant of the topologist’s sine-curve based on a
tile T'. This sine-curve lies in the rectangular box

{(x,9,2) eR®:0<2<13/3,0<y<5/2,0<2<1}.

We call the point (0,5/2,0) the top left corner of S(T).

Explicitly S(7T') is (Do U ABy U Uy U ATp) U Un21(Dn uC,UAB,UU,U AT,) where

D, = UT(lO/(3-4”),1/2+@'/4”,1/4”),

C, = T(10/(3-4™),1/2 — 1/4*, 1/4"YUT(10/(3-47),1/2,1/4") (n > 1),

AB, = T((7/(3-4"),1/2+1/4"),1/4%),

U, = U_ T((4/(3-4"),1/2 +1i/4™),1/4")
ul}’((4/(3 4™),5/2 — 1/4™F 174" 3/4")
UT((4/(3-4"),5/2,1/4™ 1/4™),  and

AT, = T((4/(3-4™) —1/4™"1 5/2,1/4" 1/4"+h).

For each m > 1, let ¢,, = T(10/(3 - 4™),1/2 — 1/4",1/4™) be the tile in S(T) at the
bottom of the mth connector, C,,.

For any point y in R, and any a > 0, let S(y,a,T’) be the sine curve S(7T') scaled (in all
directions) by a, and translated so that its top left corner is at (0,y,0).
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Figure 4.5: Sine-curve made of tiles

Next, given a tree 7 and a tile 7', we define a ‘branch space’, B(T,7), lying in the
rectangular box,
{(x,y,2) eER*:0< 2 <13/3,0<y <10/3,0 < 2 <1},
which is (J{Ss : s € 7}, where each S; is defined with the aid of some connecting tiles, cs,

and numbers, y,, by induction on the length of s, as follows:

Step 1: Let yy =5/2+5/6 = 10/3, and let Sy = S(y(y,1,T) (i.e. the sine-curve defined
above based on 7', translated along the y-axis by 5/6).

Step 2: The sine curve, Sy has a family of connecting tiles c,,. Set cu,) = c,. Let
Ym) = Yo — 2/4° —2/4™ and let Sy = S(Yom), 7=, ). Note, critically, that the
top-tight tile of this sine-curve, Sy, is such that its top edge coincides with the
bottom edge of c(,).

Step n + 1: Fix an s € 7 with length n. We again will have connecting tiles, ¢,,, from the
sine-curve Ss. Set Cs~m = . Let ys—m = ys — 2/4% — 2/457™ where L =377 | s,
and let S, = S(Ys~m, 1/4¥7™). Again note that the top-right tile of Ss~,, has

its top edge coinciding with the bottom edge of cs—,,.
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Assume, for this paragraph only, that 7 = 7. is the complete tree, and T is the solid tile.
For any s in 7, let 7, = {s’ € 7 : &’ extends s}, and let B; = | J{S; : s € 75}. By construction,
By is a 1/4th copy of B(T,7) = B, and By is a 1/16th copy. It is easy to check that the
height (in the y-coordinate) of By is exactly 10/3. So the height of By is 1/16th of this,
which is 5/24. The gap between the top edge of B(;) and the top edge of By is 9/24. Thus
B9 is disjoint from B(;). By self-similarity it follows that B, and B, meet if and only if one
of s and t is an immediate successor of the other. This all shows that, for any tree and any
tile, B(T, 1) is well defined, and is the edge connected union of tiles meeting along matching

edges.

10/3 ¢

- X
a2 712 10121/124/3 7/3 10/3 13/3

Figure 4.6: Branch space B(T,T)

We call the point (0,10/3,0) the top left corner of B(T,7). For y in R and a > 0, let
B(y,a,T,7) be B(T, 1) scaled in the y-coordinate only by a, and translated so its top left
corner is at (0,y,0).

Now our K, will consist of Unzo B,ULUS, where B,, = B(y,,1/2",T,+1,7), for y, =
7/2™, and the two pieces L and S are defined as follows.

The set L is a homeomorphic copy of the tile Tj, bent in the middle so that its base is

o4



contained in the L-shaped area
{(x,y,O)ER3:—2/3§x§0,—1§y§70r0§x§23—2,—1§y§0}
and the boundary of the base of the tile is the boundary of this area.
The set S is a sine curve variant based on the tile T}, which connects the branch spaces

B,,, and converges down to the z-axis. Concretely, S = U@o(ARn UD,UAL,UC,) where

34n—1
AR, = Ty((13/3 + i /4", 7/2"),1/4™),

=0

D, = 32LJ1T1((13/3—|—3—1/4”,7/2”—2'/4"),1/4”),

2:4™ -2
AL, = |J Ti((13/3+14i/4",7/2" 4 1/4" — 3/2"),1/4",1/4")
=1
UTy((13/3 +1,7/2" + 1/4™ — 3/2"),1/4"+1 1/4™)

UT((13/3 + 14 1/4",7/2" + 1/4» — 3/2"),3/4"*1 1/4™), and

2n+1

Co = |JT(3/3+1,7/27 " +ijart! 174w,

=1

Claim 1. K is a rational continuum.

Proof: Let R=J, B,US.

Let L' = {(x,9,0) e R : 2 =0,-1 <y <Tor —2/3 <x<22/3,y =0}, be the inner
boundary of the base of L.

Since cl(R) C RU L', K, is clearly compact. Since L and R are connected, and S is a
variant topologists sine curve, clearly K is connected.

For all the points of K, except those on L', we have a natural neighborhood base at the
point for which each element has a countable boundary (which comes from the tile(s) the
point is in).

Take any point x in L'. We suppose now, x = (0,0,0) (the other case is similar).
Because B, is based on the tile T,,, combined with the fact that the T}’s in the connecting
sine curve, S, have size shrinking to zero, the set M of all z-components of the left and right

edges of the base of tiles in R is dense in [0, 22/3].
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Figure 4.7: Construction of rational continuum K,

Let U be a rectangular neighborhood of x in R?, and r,,;, = min{z : (z,0,0) € U}
and 7,4, = max{x : (2,0,0) € U}. Without loss of generality, if ¥4, is the value of the
maximum y-component in U then {(x,y,2) € U | ¥ = Ymaz} do not intersect with any of the

B, i.e. the top of U is in between B, and B, for some n.

The set U N L includes a neighborhood N of z which has countable boundary. Let
a = min{z : (2,0,0) € N} and b = max{z : (x,0,0) € N}. Since M is dense there are
sequences (a,)neny and (by)neny in M such that a,, increases to a, b, decreases to b, and for
each n, Tin < a, < a <b<b, <rpe. Let m; > n be such that both of the lines z = a;
and z = by intersect the zy-projection of B,,, U {(z,y,2) € S :y < 7/2™} along edges of
tiles only. Let S, = {(z,y,2) € S :y < 7/2"}. And inductively, let m; > m;_; such that
the lines v = a; and x = b; intersect the zy-projection of B,,, U S,,, along edges of tiles only.

Now take N’ = U;((Sm; \ Smiiy U Uk tmicmeyy Brotk) N {(2,9,2) 1 a; < 2 < b}).

Here for each 7, we cut B, along edges of finitely many tiles, hence the boundary is
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Figure 4.8: A neighborhood with countable boundary in K,

at most countable. And similarly for S,,, \ Sy,.,, we cut along the edges of finitely many

i1

tiles. Thus N’ has countable boundary. Moreover, N U N’ C R is a neighborhood of x with

countable boundary. .

Claim 2. If 7 has an infinite branch (i.e. 7 € IF) then K is w-sac.

Proof: Suppose 7 has an infinite branch. Note that if T" is any tile, then there is a branch
of edge connected tiles in B(T,7) which converges to a point y, on the y-axis.

We first show that for any m > 1, the branch space B(T,,,7) U {y.} is w-sac. To do
so we only need to check that if y, is one of the n-points x1,...,z, in B(T,,,7) U{y,},
then we can find an arc joining them in that order. Suppose z; = y,. Then the points
Tlyevy Tho1, Thtl, - -, Ty are in some finite family of edge connected tiles of B(T),, 7). Let
t be a tile in the branch space B(T,,,T) such that none of the z;’s is in the tiles to the left
and bottom of this tile except for xp = y,. Let y; be the bottom left corner of ¢, and ys be
the top left corner of t. Then by Lemma 4.2.6 there is an arc «g in B(7},,7) through the
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points x1,...,%k_1,¥Y1,¥Y2, Tkt1, - - -, Tpn 0 the given order. Let a; be the part of o through
xr1,...,Tx_1,y1. Let (1 be the arc starting at y; and ending at y, obtained by traveling
along the right and bottom edges of tiles of the branch converging to y.. Similarly, let oy be
the part of o through yo, xg11,...,2,. And let S5 be the arc starting at y,, and following
the left and top edges of tiles of the branch converging to y., back to y,. Then the arc «
obtained by following a, (1, B2 and then as, is the desired arc through the points 1, ..., x,
in the given order.

Back now to K, when 7 has an infinite branch. For each n, B, a has a corresponding
branch converging to a point y, on the y-axis. An easy modification of the argument for
B(T,,,7) U{y.} shows that the space RU {y, : n € N} is w-sac.

Since R U {yn}n is w-sac, (RU{y,}n) N L = {yn}n, and L is w-sac™ with respect to
discrete sets (Lemma 4.2.5, part (i)), it follows from the w—Gluing Lemma that K, = RU L

is indeed w-sac. n

Claim 3. If 7 has no infinite branch (i.e. 7 € WF) then K, is not 2-sac.

Proof: If 7 does not have any infinite branches, then there are no arcs connecting L to R.
This is clear because, without infinite branches, any path starting in R and attempting to

reach L is forced to travel along a topologist’s sine curve variant — which is impossible. =
Claim 4. The map 7 — K, is continuous.

Proof: Let K : Tr — K(R?) given by K(7) = K. Let s be in N<N_and write [s] for the set
of all trees containing s. Then [s] is a closed and open subset of Tr. Subbasic open sets in
IC(R?) are of one of two forms: (i) (U) ={C : C C U} and (ii) (X;V) ={C: CNV # 0},
where U and V' are open subsets of R®. We show inverse images under K of both types of
subbasic open set are open in Tr, thus confirming continuity of the map 7 +— K.

For subbasic sets of type (ii), the sets V may be taken to come from any basis for R?; we
will take for V' open balls in R? which either meet, or have closure disjoint from, L U S. Fix
such a V. If V meets LU S, then K~'{X;V) = Tr. If the closure of V is disjoint from L,

then for any tree 7, V' meets only finitely many B, (7), and in each of these branch spaces,

o8



meets only finitely many sine curves. Suppose V' meets sine curves labelled by sy, ..., s.
Then K~1X; V) =J{[si] : 1 <i <k}, which is open (each [s;] is open).

For subbasic sets of type (i), if L U S is not contained in U, then K~YU) = . So
suppose, LU S C U. Let 7. be the complete tree. Then all but finitely many of the sine
curves making up the B, (7.)’s are contained in U. Let them be labelled by s1, ..., sx. Then
K~HU) = K(R3) \ U{[si] : 1 <i <k}, which is open (each [s;] is closed). =

Claims 1-4 show that 7 — K, is a continuous reduction (7,IF) — (K(R?), R,,) where
K. is a rational continuum which is w-sac if 7 has an infinite branch, but is not even 2-sac

when 7 has no infinite branches.

We now turn to the case for R, —(,11). To start fix n > 2. Select n —2 points ai, ..., a,—2
from the interior of the right hand edge of the base of Tj. Similarly to the definition of T,
shrink 7 while keeping fixed the set {ay,...,a,_2} and the top edge of the base. This gives
a tile 7},. Now consider the map 7 — K" where K is K, along with the tile 7},(22/3,0,1).
Then it is easy to see (given our previous work) that K is a rational continuum and the
map 7 — K" is continuous. Because the extra tile, 7},(22/3,0, 1), meets the rest of K" in
exactly n — 1 points (namely ay, ..., a,_» and the topleft corner of the base of the tile), K
is never n + 1-sac. When 7 has no infinite branch, then K7 is not 2-sac, so definitely not
in R, (nt1)- But when 7 has an infinite branch, both fn(22/3, 0,1) and the rest of K are

w-sac, and (again) meet in n — 1 points — so by Lemma 4.1.7, K is n-sac. ]

Theorem 4.2.8. The sets S, of n-sac continua, for a natural number n > 2 orn = w, are

1L -complete subsets of the space K(RY), where N > 4.

Proof. First note that the definition of n-sac is a II} statement. Thus each S, is a IT set.
Also, note that in the case of n = 2, S, is the set of all arc connected continua, and this was
proved to be ITi-complete by Ajtai and Becker, see [15] for details.

We prove the claim, for all n and N simultaneously, by proving that there is a continuous
map @ from the space NV into the space K(R*) such that: given a IT} set A C NN if z € A
then ®(x) = P, is a continuum which is not arc—connected (i.e. 2-sac), while if z € A, then

P, is an w-sac continuum. (See [15] 37.11 for a similar argument).
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Let A be a IT} subset of N¥ and B be a X} subset of N¥ x 2V with x € A if and only if
for each y € 2, (z,y) € B. Now let 7 be a tree on N x 2 x N with

B = {(z,y) | 32 € N¥(z,y,2) is a branch of 7} = {(z,y) | 7(z,y) ¢ WF}. Recall that
T(z,y) = {s: (z | length(s),y | length(s),s) € T} is a tree on N.

Now for each = € NY, we will construct a continuum P, C R* as follows:
First, we identify the Cantor space 2N C NY with the standard Cantor set in [0,1]. Then
for each y € 2V, let L,, = K (44, as described in Theorem 4.2.7, placed in the cube
{(a, bc,d) | — % <a< 2—32,—1 <b<T7,c>0,d= y}. Thus the outside edges of the tile L
in K %
a= —% with Menger cube M which is placed in the cube {(a,b,c,d)] —2 < a < —%, -1<

b<T,c=00<d<1}.

yisona = —3 or b= —1. Now we will connect the continua L, , along the edges on

x?y

Now let P, = Uye2N L,,UM.

Then, P, is a continuum and the map x +— P, from NN — KC(R*) is continuous. Moreover,
r € A if and only if for each y € 2V, 7(x,y) € IF. Thus if x ¢ A, then there is y € 2V
with 7(x,y) € WF, so the corresponding rational w-sac continua L, = K.(,,) is not 2-sac,
hence the union P, = M U, con Ly is not 2-sac.

On the other hand, if # € A, then for each y € 2V, L, , is w-sac by Theorem 4.2.7.
We also know that the cube M is w-sac. To show P, is w-sac, we will only go through one
example, all other cases will be similar:

Let z1,...,x, be points in F,. Suppose that for all odd indices k < n, 3 € L,,, for
some fixed yo € 2. Also suppose that for each even index m < n, x,, € L,,,, for some
Ym € 2N so that y; # y; for i # j. Then choose distinct z; € Ly, N M for odd numbers
k < n and choose distinct 2}, 22, € L,,, N M for even numbers m < n. Since L, ,, is w-sac,
there is an arc « through the points 1, 21, 3, 23, . . ., Tk, 2 (where K is the largest odd
integer less than or equal to n). Similarly, for each even m less than or equal to n, there
is an arc a, through the points 2, x,, 22,. Additionally, as M is w-sac there is an arc (3
through the points 21, 23, 22, 23, 21, 2%, 25, - - -, 2K, 2, 22 (without loss of generality n is even).
Now we define an arc in P, as follows:

Starting at x; follow a until 21, then we switch to 8 and follow until 23, then switch to

ay and follow until 22, then switch back to 8 until 23, and switch to a to follow until 2},
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etc. In this way, we will go through all x;’s in the given order, which gives us an arc inside

P,. [l

4.3 COMPLEXITY OF CLASSIFICATION

In [3], Camerlo, Darji and Marcone have shown that the classification problem for homeo-

morphism on dendrites is S,.-universal, hence classifiable by countable structures.
Question 3. Are dendrites up to equivalent embedding classifiable by countable structures?

In this section we show that the dendroids have very complicated classification problem,

hence the classification of all curves is very complicated.

4.3.1 DENDROIDS

Since the dendroids include all dendrites, the classification problem of dendroids up to home-
omorphism is at least S .-universal. However, it is not classifiable by countable linear orders,
in fact it is strictly more complex than the classification of any countable structures. Let &

denote the set of all dendroids.

Theorem 4.3.1. Homeomorphism on dendroids is a turbulent equivalence relation.

Proof. It’s known that the equivalence on ZY defined as (z,)nen and (yn)nen are equiva-

lent if In = Yn

— 0, is a turbulent one. We will reduce this equivalence relation to the
homeomorphism relation on dendroids.

We will define a Borel map f : Z — 2 so that
to f(y)-

Let L be the following set: {0} x {0} x [—1,1]U[0, 1] x {0} x {0}uUl,{1/n} x {0} x[-1,1].
It is a dendroid.

xn_yn

— 0 < f(x) is homeomorphic

Fix two sequences of distinct prime numbers (p,)nez and (¢, )nen. Also fix a countable
dense subset (d,)nen of [—1,1], say dy = 0. Let g : [-7/2,7/2] — [-1,1] be the map

g(z) = 2
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Fix a sequence (x,)nen € ZN and consider the following set:

On L put branches at the point x,, = (1/2n,0, g(arctan(z,))) so it is a branching point
of order p,, where the new branches meet the set L only at branching point x,,.

Also put branches on the line x = 1/n, for n = 2k + 1, at the points x,; = (1/n,0,d;)
for¢=1,...,k so that x,; is of order ¢;. And the new branches meet the modified compact

set only at the branching point. Call this set L(z,). (See Figure 4.9)
Claim 1. L(z,) is a dendroid.

L(z,) is closed and bounded subset of R?, and it is a countable union of connected sets
with non-empty intersection. So it is a continuum.

It is arcwise connected as there are only finitely many branches at each branching point.

To show it is also hereditarily unicoherent, it is enough to show that L(z,) is unicoherent,
since the possible subcontinua are: points, arcs, finite trees or copies of L(z,). If A, B are
two subcontinua with AUB = L(z,), then possible intersections are: a point, an arc, a finite

graph or a dendroid, which are continua.

Claim 2. (z,)nen is equivalent to (y,)nen if and only if L(x,) ~y L(y,)
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Suppose there is a homeomorphism % : L(x,) — L(y,). Since a homeomorphism should
map a branching point of order p to a branching point of the same order, h(x,) = y, and

h(x;,i) = ¥ni. Hence the line [ = {0} x {0} x [—1, 1] is fixed.

Tn

—Yn 7@07

n
so g(arctan(®*)) — g(arctan(**)) /4 0. So that x, —y, # (0,0,0). So for some £ > 0 there is

For a contradiction, suppose (x,)nen and (¥, )nen are not equivalent, then

a subsequence with |x,, —h(x,,)| > €, Vk. But there is a convergent subsequence (Xnki )ien of
(X, Jren, say to x. Then h(x,, ) — h(x) = x, as the line [ is fixed by any homeomorphism.
Thus we get a contradiction, as k(X ) — Xn,, | < [A(Xn, ) — X| + [x, — %[ < & will be true
for sufficiently large i.

For the other direction, suppose (2, )neny and (Y, )nen are equivalent sequences in ZY, i.e.
LTn — Yn

n
h:R3 — R3 as follows:

h(x,) = yn, and h(x,;) = y,,;. And h fixes the line /. To have h(L(z,)) = L(yn), we

— 0 <= g(arctan(®»)) — g(arctan(¥*)) — 0. Let x,, and y, be as above. Define

can make sure h is defined continuously between branching points, as in both sets they are
copies of unit interval. We need to check continuity on the line [. Let z = (0,0,z) € [ be
fixed, we know h(z) = z.

If z is a cluster point of (X,)nen, then there exist a subsequence (X, );en that converges

T, T Y

g
ng

1)) — z and g(arctan(

ng

to z. Then we have g(arctan( )) — g(arctan(="%)) — 0, hence

g

n;

Yn,
U

g(arctan(=+)) — z. Thus h(x,,) = yu, — h(z) = z.
If z is not a cluster point of (x,)nen, then there is some € > 0 so that B(e,z) does
not include any of the branching points x, (n > 0) in the definition of L(x,). Suppose

for a contradiction z is a cluster point for y,, say y,, — z. Then g(arctan(%)) — z

Yny

ng

and g(arctan(=*)) — g(arctan(+)) — 0, hence g(arctan(=*)) — z. So for large enough i,

X, € B(g,Z). Thus z can not be a cluster point of y,,. O

This proves that curves up to homeomorphism are not classifiable by countable structures

as well, since curves include all the dendroids.

Theorem 4.3.2. Fquivalence of dendroids is a turbulent equivalence relation.

Proof. The construction in Theorem 4.3.1 works for equivalence as well. Also the proof with

minor modifications will work here. For a given sequence (x,),en € ZY, we use L(x,) as

63



defined in previous proof. (See Figure 4.9).

If there is a homeomorphism h : R* — R3 with h(L(x,)) = L(y,), then proving that
(Zn)nen and (Y, )nen are equivalent is exactly the same.

If on the other hand, we have equivalent sequences (z,)nen, (Yn)nen, then we modify the
definition of the homeomorphism by extending continuously to all R? (since the homeomor-
phism is defined inside the cube [0, 1] x [—1,1] x [—1, 1], we can define h as identity outside
this cube and extend continuously in between). And the only set we have to check continuity

is still the line [, which follows from previous proof. n

4.3.2 EQUIVALENCE ON AN ORBIT OF HOMEOMORPHISM

Let &€ be a set of curves all of which are homeomorphic. We know that this is a Borel subset

of I(I™). Although they are all homeomorphic, they are not necessarily equivalent.
Question 4. How complex is the classification problem of £ under equivalence?

One class we can look into is the class of all Warsaw circles, denoted W, i.e. all circles
homeomorphic to the standard Warsaw circle. It turns out this classification is very complex
as well. To prove that we will use a sequence of inequivalent prime knots. A prime knot is a
knot which can not be decomposed into non-trivial knots as a connected sum of knots. For
example, trefoil knot, figure-eight knot are prime knots. It is known that there are infinitely

many prime knots which are not equivalent under the equivalence relation ~.
Theorem 4.3.3. The equivalence on W is a turbulent equivalence relation.

Proof. Will define a Borel map f : ZY — W so that T~ Yn

to f(yn)

For n € Z, fix a prime knot K,, which is not equivalent to any of the previous ones.

— 0 < f(x,) is equivalent

Let 0 < € < 1/2. Also fix a countable dense subset (d,) of [—1,1], say dy = 0. Let
2
g:[—m/2,7/2] = [—1,1] be the map g(z) = il
T
Now fix a sequence z = (2, )nen € ZY. Consider the set S = {(x,0,sin(1/z)) | x € (0,1]}

and L = {(0,0,¢) | t € [-1,1]}. And let W be the usual Warsaw circle. Let
Su = {(,0,5n(1/2)) € § | 2z <o < 2z b and
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Figure 4.10: Tying a knot inside given ball

2l € [w M‘";l] be such that sin(z)) = g(arctan(z,/n)), and
d,, € [Unsr Un-Dm) for 1 < <n be such that sin(d,;) = d;_

And then put a ball B,, with center at z,, = (1/z],0, g(arctan(z,/n))) € S, so that B,NS,, =
() for m # n and diam B,, < 5io7- Also put balls Bf, e B,’j on Soi_1 as follows: Bf has
center dy; = (1/d},;,0,d;_1) so that Bf” N Sy, = 0 for m # k and diam BF < m

Now we will tie copies of knots in the following way (see Figure 4.10): The copy of the
knot will be in the interior of the ball specified. Cut the knot K, at some point so we have
two end points and remove the piece Sy, N B(z,,e"*!) from S, which is in the interior of
the ball B,,, then identify the end points of the knot K,, with the end points in the line .S5,,.
We will call Sy, with the attached knot K,, to be S,

Also tie a copy of K; to Sg,_1 where i < 0 and 0 < |i| < k as explained above, denote it
as K¥ so that K lies inside the ball Bﬁ‘. Let S, , denote the set Sg_1 together with the

attached knots on it.

Now let C(z) = WU, S, (See Figure 4.11).
Claim 1. C(z) is a Warsaw circle.

Two knots are always homeomorphic, so adding knots to a standard Warsaw circle we

still get a Warsaw circle.

Claim 2. z and y are equivalent sequences if and only if C'(z) ~ C(y)
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Figure 4.11: Construction of curve C(z)

Suppose there is a homeomorphism h : R® — R3 with h(C(z)) = C(y). Since each knot
K, in the definition of these curves are inequivalent knots, h should map each to itself. So
in particular, h fixes L and |h(z,) — y,| — 0, where y,, is defined accordingly.

o e . Zn — Yn
For a COIltI‘&dlCthl’l, suppose z and Yy are non—equlvalent sequences, SO

# 0, and
g(arctan(®2)) — g(arctan(“*)) 4 0. Then z, —y, # (0,0,0). So for some € > 0 there is a
subsequence with |z, —y,,| > €, Yk (*). But there is a convergent subsequence (ani)ieN of
(Zny Jren, say to z. Then h(z,, ) — h(z) = z, as the line L is fixed by any homeomorphism.
Thus we get a contradiction, as [y, — 2Zn, | < |P(2Zn,,) — Yy, | + [P(2Zny,) — Zn,, | < € will be
true for sufficiently large i, contradicting (*).

Zn — Yn
n
and thus g(arctan(2)) — g(arctan(%:)) — 0. Let 2, and g, be as above. Define h : R* — R?

For the other direction, suppose z and y are equivalent sequences in Z, i.e.

— 0,

as follows:

h maps corresponding knots as expected, and h fixes the line L, and the curves from
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the first knot to the point (0,0, —1) is extended homeomorphically. Thus h(C(2)) = C(y).
Moreover, h is identity outside the box [—1,1] x [—1,1] x [—1,1].

As the balls are disjoint we can make sure h is defined continuously outside C'(z) and
inside the box (start with first and second balls of C'(z) and C(y) we can extend definition
of h between the planes x = 1/z] and = = 1/2} using the definition of h given above,
and then proceed in order...). Thus we need to only check continuity on the line L. Let
z = (0,0, 2) € L be fixed. We know h(z) = z. Moreover, since the corresponding knots are
mapped to each other, |h(z,) — y,| — 0 (**).

If z is a cluster point of (z,)nen, then there exist a subsequence (z,,);en that converges

zZ ¥4

)) — gl(arctan(®*)) — 0, hence

to z. Then we have g(arctan(=-)) — z and g(arctan(

g g
ng Uz

g(arctan(%)) — 2. Thus y,, — h(z) = z, hence by (**) h(z,,) — z.

ng

If z is not a cluster point of (z,)nen, then there is some € > 0 so that B(e,z) does not
intersect any of the knots K,, (n > 0) in the definition of C'(z). Suppose for a contradiction z
)

is a cluster point for h(z,), say h(z,,) — z. Then by (**), y,, — z. Then g(arctan(2%)) — 2

Yn,
;g

and g(arctan(Z%)) — g(arctan(

K,, N B(g,2) # 0. Thus z can not be a cluster point of (h(z,))nen- O

)) — 0, hence g(arctan(=*)) — z. So for large enough 1,

This theorem tells us that Warsaw circles are not classifiable by countable structures but

it might be true that they are not comparable.
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APPENDIX

EMBEDDINGS OF A COMPACT METRIC SPACE

Let K be a compact metric space, consider the following space of functions:

Emb(K,RY) = {e: K — R"|e is an embedding}.
It is known that the space of continuous functions from K to RY, C(K,RY) is a Polish
space, (see [15], p. 24). Moreover, Emb(K,RY) is a G5 subset of C'(K,RY) (see [13], p.56),
hence Emb(K, RY) is a Polish space.

A.1 RELATION OF Emb(K,RY) AND Ky (R")

Let @ : Emb(K,RY) — Kx(RY) - all copies of K in RY- be defined as ®(h) = h(K).

Obviously, ® is onto but not one to one.

Proposition A.1.1. ¢ is continuous.

Proof. Fix e € Emb(K,R") and ¢ > 0. There are elements zy,...,z, € 2% such that
{B(e,e(x;))}, cover e(K). Let V = B(B(2¢,e(x1)),...,B(2e,e(x,))) is an open neighbor-
hood of ®(e) = e(K). Any open neighborhood of ®(e) contains an open set in the form of
V.

Let v < e, and W = B(v,e) = {g € Emb(K,RY) | |g(z) — e(z)| < 7,Vz € K}, then

- for x € K, there is i such that e(x) € B(e, e(x;)), for this ¢ and any g € W,

lg(z) — e(z;)| < |g(x) — e(x)] + |e(x) — e(x;)] < 2¢
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- Since |g(z;) — e(x;)] < e, ®(g) N B(2¢,e(x;)) # 0
Hence ®(g) € V. And since g is arbitrary, (W) C V. O

Now, fix a compact set K € K(RY). Consider the group G = Aut(K) acting on
Emb(K,R™) by (h,e) — (eo h). This is a continuous Polish group action.

Moreover, we have the continuous map ® : Emb(K,RY) — Kx(RY), which satisfies all
the requirements of a theorem by Ryll-Nardzewski in [19] as a level set of ® is &~!(L) =
{e € Emb(K,RY) | e(K) = L}, where L = eo(K) and the orbit of e is {eg o h | h € Aut(K)}
are equal sets. The reverse inclusion is clear by definition of the action. Suppose e € ®71(L),
then e(K) = L. Define h : L — L by h(z) = ey (e(z)), then h € Aut(L) and e = ¢g o h.

Thus we have,

Theorem A.1.2. For any K € K(RY), the set of all instances of K in RN, K (RY) is an

absolutely Borel set.

Theorem A.1.3. ¢ is an open map, for K =C and n = 3.

Proof. Fix e € Emb(C,R3) and £ > 0. We will show that ®(B(e, ¢)) includes a neighborhood
of K = ®(e).

Since K is a Cantor set, it has a defining sequence {M,,},. And there is n € N such that
the diameters of components of M,, < e. Let Fi,..., F,, be the components of M,,.

Now take L € B(F},...,F,). Let K; = KNF; and L; = LNF;, they are also Cantor sets.
Also let C; = e (K;), which is Cantor and clopen subset of C. Define f; on C; as embedding
of C; onto L;, and let f = f; on C;. Then f(C) = L, C;’s are disjoint, so f is a well defined
embedding. Morevoer, for x € C, x € C; for some i, so |e(z) — f(x)| < diam F; < ¢, as both
K; and L; are subsets of Fj.

Now K € B(Int(F)),...,Int(F,)) C B(FL,...,Fn) C ®(B(e, ). O

Thus all the structure we have on Cantor sets can be moved to the embedding space
Emb(C,R3). In particular, most embeddings of Cantor set in R® are tame. On the other
hand, it is known that most embeddings of the circle in RY (N > 4) are unknotted (tame),

while most embeddings of circle in R? are wildly knotted by Milnor [17].

Remark. ® is not open when K = [- unit interval.
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Consider the embedding e(z) = (2,0,0) and fix 0 < v < 1/4. Let W = B(y,e). If (W)
were open, then in particular it includes a basic open neighborhood of e(I). So there exist
e > 0 so that z; = (0,0,0) and z; = (1,0,0) are connected by a simple chain consisting of
open sets of the form B(e,z), say Uy, ...,Upn. So (U;)!, is a finite open cover for e(I) and
without loss of generality ¢ < v. Let V' = B(Uy,...,U,) be that basic open neighborhood
in ®(WW). Now consider the compact set C' defined as follows: C' = h([), where

(22,51 = 22,0) 0<z<1/2

(2—20,—52r—1,0) 1/2<z<1
C e V,but C ¢ &(W): Note that the non-cut points 0, 1 of I should map to the non-cut

h(z) =

points of C' and e([). Suppose for a contradiction g € W with g(I) = C, then without
loss of generality g(0) = (0,5,0) and g(1) = (0,—5,0). But then |g(1) —e(1)] > 1 > 7,

contradicting g € W.
Question 5. What about when K = S'? K =1 x I?

The Polish group G = Aut(R3) acts on X = Emb(C,R?) by h-e = hoe. Thisis a
continuous action. The image of an orbit of this equivalence relation under the map & is an
orbit of the action of G on K¢ (RY).

Let K C R? be a Cantor set, consider the fiber of K in Emb(C, R?),

Fix = {e € Emb(C,R?) | e(C) = K}
Proposition A.1.4. Fx is closed nowhere dense.

Proof. Fix = ®1(K), so closed.

Suppose for a contradiction e € Int(Fk), so there is ¢ > 0 such that B(e,e) C Fk. If
K is wild, then since tame Cantor sets is dense there is g € B(e,e) with g(C) is tame, so
g ¢ Fi. If K is tame, then there is an w-decomposable non-tame Cantor set in this open

set, hence in either case there is g € B(g,e) with ¢(C) # K. O
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