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VOLATILITY MODELS AND THEIR APPLICATION TO OPTIONS
PRICING AND RISK MANAGEMENT

A. B. Sharapov, M.S.

University of Pittsburgh, 2012

We look at various volatility models and their applications. Starting from a basic linear
GARCH model we proceed to more advanced linear GARCH models involving leverage ef-
fects and asymmetry. We also look at some examples of non-linear GARCH models such
as TGARCH, smooth transition GARCH and NNGARCH.ML estimation technique is con-
sidered. Some applications to options pricing and risk management are presented. Next we
turn our attention to discrete and continuous stochastic volatility models. Filtering tech-
niques such as Kalman filter, particle filter are presented and estimation approaches based
on filtering as well as efficient method of moments are elaborated on in details. Finally we

take a look at the implied volatility surface and some ways of its estimation.
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1.0 INTRODUCTION

For the last 20 — 30 years the science of financial modeling has drastically developed. These
days in order to become a financial modeler it is sometimes required to have a PhD degree
from a top university and a highly numerate subject. This is due to a very high complexity of
financial models. Different aspects of the behavior of financial returns, volatility or pricing
should be taken into account. Nonetheless people are still unable to fully explain some
features attributed to very complex derivatives and the ongoing research will continue for
years to come.

In this thesis we take a look at one of the most important feature of any derivative
security and any financial instrument in general - volatility. Being one of most researched
subjects in finance these days it is still not fully understood and new models of volatility
appear every year in abundance. To give the reader a sense of breadth of the usage of
volatility forecasts let us list a few reasons why finance practitioners make such a big deal
out of it.

Firstly, all sorts of derivative securities prices strongly depend on the volatility. Take a
simple example of a call option of a stock. The famous Black-Scholes formula says that be-
sides some other factors the price of the option depends on volatility. Being a very simplistic
model the BS model is unable to give accurate results for options prices, but nonetheless it
gives a great deal of information on what is importance what is not. Being able to predict
volatility one can price options more accurately.

Secondly, risk managers look at volatility forecasts on a daily basis. The most popular
risk measure VaR depends on volatility, so the ability to quantify risk in directly related to
the volatility forecasting.

In this thesis we will look at two types of volatility models: the generalized autoregressive



conditional heteroscedasticity models (GARCH) and stochastic volatility models (SV). We
well present some theory underlying these models as well as some estimation techniques. We
do not claim to cover all aspects of volatility modeling here, since the body of research on
this subject is enormous.

We start our presentation with some features of financial returns called stylized facts.
For the most part volatility models try to reproduce some of them and the quality of a model

sometimes depends of whether a certain fact in explained or not.



2.0 STYLIZED FACTS AND PROPERTIES OF FINANCIAL TIME SERIES

The study of statistical properties of financial time series has revealed a wealth of interesting
stylized facts [1] which seem to be common to a wide variety of markets, instrument and

periods:

1. Absence of autocorrelations: autocorrelations of asset returns are often insignificant,
except for very small intraday time scales (~ 20 minutes) for which microstructure effects

come into play.

2. Heavy tails: the (unconditional) distribution of returns seems to display a power-law or
Pareto-like tail, with a tail index which is finite, higher than two and less than five for
most data sets studied. In particular this excludes stable laws with infinite variance and

the normal distribution. However, the precise form of the tails is difficult to determine.

3. Gain/loss asymmetry: one observes a large drawdowns in stock prices and stock index

values but not equally large upward movement.

4. Aggregational Gaussianity: as one increases the time scale over which returns are calcu-
lated, their distribution looks more and more like a normal distribution. In particular,

the shape of the distribution is not the same at different time scales.

5. Intermittency: returns display, at any time scale, a high degree of variability. This is
quantified by the presence of irregular bursts in time series of a wide variety of volatility

estimators.

6. Volatility clustering: different measures of volatility display a positive autocorrelation
over several days, which is quantifies the fact that high-volatility events tend to cluster

n time.
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. Conditional heavy tails: even after correcting returns for volatility clustering, the resid-

ual time series still exhibit heavy tails. However, the tails are less heavy than in the

unconditional distribution of returns.

. Slow decay of autocorrelation in absolute returns: the autocorrelation function of abso-

lute returns decays slowly as a function of the time lag, roughly as a power law with an

exponent 5 € [0.2,0.4]. This is sometimes interpreted as a sign of long range dependence.

. Leverage effect: most measures of volatility of an asset are negatively correlated with

the returns of the asset.
Volume/volatility correlation: trading volume is correlated with all measures of volatility.
Asymmetry in time scales: coarse-grained measures of volatility predict fine-scale volatil-

ity better than the other round.

In the following chapters we attempt to present various models that have been developed for

the last several decades. These models range from simple univariate GARCH(p,q) model to

non-linear GARCH model, multivariate GARCH models and finally the Stochastic volatility

models. We will also look at some aspect of asset pricing based on those models as well as

risk management.



3.0 CONDITIONAL HETEROSCEDASTICITY MODELS OF VOLATILITY

3.1 LINEAR MODELS FOR CONDITIONAL HETEROSCEDASTICITY.

3.1.1 Univariate GARCH.

Autoregressive conditional heteroscedastic models were introduced by Engle (1982) and their
GARCH extension is due to Bollerslev. In these models, the key concept is the conditional
variance or put in other words, the variance conditional on past information. In the classical
GARCH models, the conditional variance is given as a linear function of the squared past
values of the series.This particular form is able to capture most of the stylized facts intrinsic to
financial time series. At the same time, this model is simple enough to allow for a thorough
study of the solutions. In the next section we present the general theory underlying the

GARCH models closely following Francq and Zakoian [40, 4].

3.1.1.1 General theory. We start with a definition of GARCH processes based on the

first two conditional moments.

Definition. A process (¢;) is called a GARCH(p,q) precess if its first two conditional mo-

ments exist and satisfy:

o E(ele,u<t)=0,teZ

e There exist constants w, a;,% = 1,...,¢q and 3;,j = 1,..., p such that

q p
ol = Var(ele,u <t) =w+ Z i€l + Z Bjaf_j (3.1)

i=1 j=1



Equation (3.1) can be written in a a more compact way as

0? = w+ a(B)e + B(B)o? (3.2)

where B is the standard backshift operator and a and S are polynomials of degree ¢ and p,

respectively:

a(B) =) oB', B(B)=Y"_ BB
=1

If B(z) = 0 we have

q
ol =w+ Z i€l (3.3)
i=1

and the precess is called an ARCH(q) precess. By definition, the innovation of the process
€} is the variable v, = € — ¢7. Substituting in (3.1) the variables o7 ;by € ; — v,_;, we get

the representation

T p
e =w+ Z(O‘i +B)€E + v — Z Bivi—; (3.4)
i=1 =1

where r = max(p, ¢), with the convention o; = 0, (8; = 0) if ¢ > ¢,(j > p). This equation
has the linear structure of an ARMA model, allowing for simple computation of the linear
predictions.The ARMA representation will be useful for estimation and identification of
GARCH processes.

The above definition does not directly provide a solution process satisfying those con-
ditions. The next definition is more restrictive but allows explicit solutions to be obtained.

Let n denote a probability distribution with null expectation and unit variance.

Definition. Strong GARCH(p,q) process.
Let (1) be an iid sequence with distribution 1. The process () is called a strong

GARCH(p,q) (with resprect to the sequence (1)) if

€ = Ot



q P
2 _ 2 2
o =w+ E Qi€ + E Bioi_;

i=1 j=1

where the o; and 3; are nonnegative constants and w is a strictly positive constant.

(3.5)

Next we turn to stationarity study and identify stationarity conditions without proving

them. For detailed proof the reader is advised to refer to the above mentioned reference by

Francq and Zakoian. We first consider the GARCH(1,1) model which can be studied more

explicitly.
When p = g = 1 the model (3.5) has the form

€ = Ot

2 _ 2 2
o; =w+ ae;_q + fo;_4

with w >0, @ >0, 3> 0. Let a(z) = az® + B.

Theorem 3.1.1. Strict stationarity of the strong GARCH(1,1) process.

If

—oo < 7 := Ellog{an; + 8}] <0

then the infinite sum

he = {1+ ZCL(nt_l)...a(nt_i)}w

(3.6)

(3.7)

(3.8)

converges almost surely and the process (e;) defined by e, = /hyn, is the unique strictly

stationary solution of model (3.6). This solution is nonanticipative and ergodic. If v > 0

and w > 0, then there exists no strictly stationary solution.

Remark. Condition (3.7) implies § < 1. Now, if

a+pB<1

then (3.7) is satisfied since by application of Jensen inequality

Eflog{a(n.)}] <log(E{a(m)}) = log(a + ) <0



Theorem 3.1.2. Second-order stationarity of the GARCH(1,1) process.

Let w > 0. If a+ 8 > 1, a nonanticipative and second-order stationary solution to
the GARCH(1,1) mode does not exist. If o+ 3 < 1, the process €, = /hyn; is second-
order stationary. More precisely, €; is a weak white noise. Moreover, there exists no other

second-order stationary and nonanticipative solution.

Proof. 1f (&) is a GARCH(1,1) process, in the sense of definition 1, which is second-order

stationary and nonanticipative, we have

E(&) = E{E(¢/leu,u < 1)} = E(07) = w+ (a + B) E(ef_y)

that is,

(1-a=MEE) =w

Hence, we must have o + 8 < 1. In addition , we get E(e?) > 0. Conversely, suppose
a+ f < 1. By Remark 1, the strict stationarity condition is satisfied. It is thus sufficient
to show the strictly stationary solution defined in €, = v/h;n; admits a finite variance. The
variable h; being an increasing limit of positive random variables, the infinite sum and the

expectation can be permuted to give

E(¢) = E(h) = [L+ ) E{a(n-1)-a(ni-n)}w] =

w

= (14 3 {Ba(m)} o = [+ (o +8)lw = 7=

This proves the second-order stationarity of the solution. Moreover, this solution is a white
noise because E(e;) = 0 and for all h > 0, Cov(e, ;) = 0. One can also prove uniqueness

but we refer the reader to the book by Francq and Zakoian. O

Now we turn to the general case of a strong GARCH(p,q) process. We use the following

vector representation.

Zt = bt + Atzt—l (39)



where

wn
t &
0 .
€t2— +1
bt = w € Rerq 2t = 1 € Rp-‘rq
o}
0 .
0 07 p
and
an; agn; Bt Bynti
1 0 0 0 0
0 1 0 0 0
0 1 0 0 0 0
At —
(03] Oy Bl ﬁp
0 0 1 0 0
0 0 0 1 0
0 ... 0 0 0 ... 1 0

is a (p+q) X (p+ q) matrix.Equation (3.9) defines a first-order vector autoregressive model,
with positive and iid matrix coefficients. The distribution of z; conditional on its infinite past
coincides with its distribution of conditional on z;_; only, which means that (z;) is a Markov

process. Model (3.9) is thus called the Markov representation of the GARCH(p,q) model.
Iterating (3.9) gives

Zt = bt + Z AtAtfl---Atkarlbtfk (310)

k=1

provided that the series exists almost surely.



The main tool for studying strict stationarity is the concept of the Lyapunov exponent.
Let A be a (p+ ¢q) x (p+ ¢) matrix. The spectral radius of A , denoted by p(A), is defined
ad the greatest modulus of its eigenvalues. Let || - || denote any norm on the space of the

(p+ q) X (p+ q) matrices.We have the following algebra result:

.1 ¢
Jim + log || = log(p(4)) (3.11)
This property has the following extension to random matrices.

Theorem 3.1.3. Let {A;,t € Z} be a strictly stationary end ergodic sequence of random
matrices, such that E(log™ || Ay||) is finite. We have

.1 .. 1
tlg& ;E(log |AtAi—1. Agl]) = v = tlerll\lf* ;E(log [|AtAi_1...Adl]) (3.12)
v is called the top Lyapunov exponent and exp(y) is called the spectral radius of the sequence

of matrices {As, t€ Z}. Moreover,

) 1
v = lim a.s- log || AtAi—1... A1l (3.13)

The next theorem which goes without proof states the necessary conditions for the strict

stationarity of GARCH(p,q).

Theorem 3.1.4. Strict stationarity of the GARCH(p,q) model.
A necessary and sufficient condition for the existence of a strictly stationary solution to

the GARCH(p,q) model is that

v <0

where 7 is the top Lyaponov exponent of the sequence { Ay, t€ Z}. When the strictly stationary

solution exists, it 1s unique, nonanticipative and ergodic.

Theorem 3.1.5. Second order stationarity.

If there exists a GARCH(p,q) process, in the sense of Definition 1, which is second-order

10



stationary and nonanticipative, and if w > 0, then

q p
dai+) Bi<1 (3.14)
i=1 j=1

Conversely, if (3.14) holds, the unique strictly stationary solution of model (3.5) is a

weak white noise. In addition, there exists no other second-order stationary solution.

When

q p
St 3=
i=1 j=1
the model is called an integrated GARCH(p,q) or IGARCH(p,q) model. This name is
comes from the unit root in the autoregressive part of representation (3.4) and is introduced
by analogy with the integrated ARMA models, ARIMA. However, this analogy can be

misleading since there exists no stationary solution of an ARIMA model, whereas in IGARCH

model admits a strictly stationary solution under very general conditions.

Corollary 3.1.6. Suppose that the distribution of n; has an unbounded support and has no
mass at 0. Then if Y 1, o + Z?:l B; =1, model (3.5) admits a unique strictly stationary

solution.

3.1.1.2 Identification. Here we consider the problem of selecting an appropriate GAR-
CH or ARMA-GARCH model for given observations of a centered stationary process. A large
part of the finance theory rests on the assumption that prices follow a random walk. The
price variation process, X = (X;), should thus constitute a martingale difference sequence,
and should coincide with its innovation process,e = (¢;). The first question addressed here
will be the test of this property, at least a consequence of it: absence of correlation. The
problem is far from trivial because standard tests for non-correlation are actually valid under
an independence assumption. Such an assumption is too strong for GARCH processes which
are dependent though uncorrelated.

If significant sample autocorrelations are detected in the price variations- in other words,
if the random walk assumption cannot be sustained- the practitioner will try to fit an

ARMA (P,QQ) model to data before using a GARCH(p,q) model for the residuals.

11



Consider the GARCH(p,q) model

€ = O¢7]

2 _ 2 2
Op =W+ Zgzl Qi€ _; + Z?:l Bjatfj

with 7, a sequence of iid centered variables with unit variance. We saw that, whatever

(3.15)

the orders p and ¢, the non-anticipative second-order stationary solution of (3.15) is a white
noise, that is, a centered process whose theoretical autocorrelation p(h) = 0 for all h # 0.
Given observations ey, ..., €,, the theoretical autocorrelations of centered process (¢;) are

generally estimated by the sample autocorrelations (SACRs)

plh) = =5 A(h) = A(=h) =7 00 evern

for h =0,1,...,n — 1. If (¢) is an iid sequence of centered random variables with finite

variance then

Vrp(h) — N(0,1) (3.16)

for all A # 0. For a strong white noise, the SACRs thus lie between the confidence bounds
+1.96/+/n with a probability of approximately 95% when n is large. These significance bands
are not valid for a weak white noise, in particular, for a GARCH process. Here we show
valid asymptotic bands.

Let pm = (p(1), ..., p(m))" denote the vector of the first m SACRs, based on n observations
of the GARCH(p,q) process defined in (3.15). Let 4,, = (3(1),...,4(m))" denote a vector of

sample autocovariances (SACVs).

Theorem 3.1.7. Asymptotic distributions of the SACVs and SACRs
If (&) is the nonanticipative and stationary solution of the GARCH(p,q) model (3.15)

and E(e}) < oo, then, when n — oo,

ViAm — N(0,54,)) and /npm — N(0,3,,, == {E(e})} °%5,),

12



where

2 2
Eetet 1 Eeiep_ 169 -+ Eeje 16,
s Eee; 161 o Eéee?
Ym
2
Eeier_ 1€, EeXe?

is nonsingular. If law of (n;) is symmetric then ¥5,, is diagonal.

A consistent estimator of 2% of X5 is obtained by replacing the generic term of X5,

3

2
€1 €t—i€t—j
i=1

with, by convention, €, = 0 for s < 1. Clearly, ¥ := 47 2%;, is a consistent estimator

m 77",
of ¥;,. and is almost surely invertible for n large enough. This can be used to construct
asymptotic significance bands for the SACRs of a GARCH process.

The standard portmanteau test for checking that the data is a realization of a strong

where noise is that of Ljung and Box (1978). It involves computing the statistic

QLB = n+22m: )/ (n — 1)

and rejecting the strong white noise hypothesis if QL7 is greater than the (1—«)-quantile
of x2,.

Portmanteau tests are constructed for checking noncorrelation, but the asymptotic dis-
tribution of the statistics is no longer x2, when the series departs from the strong white
noise assumption. For instance, these tests are not robust to conditional heteroscedastic-
ity. In the GARCH framework, we may wish to simultaneously test the nullity of the first

autocorrelations using more robust portmanteau statistics.

Theorem 3.1.8. Corrected portmanteau test in the presence of ARCH

Under the assumption of Theorem 5. the portmanteau statistic

Qm = 125 bm

13



has an asymptotic X2, distribution.

Denote by 7, (7,) the vector of the m first partial autocorrelations (sample partial
autocorrelations (SPACs)) of the process (¢;). We know that for a weak white noise, the
SACRs and SPACs have the same asymptotic distribution. This applies in particular to a
GARCH process. Consequently, under the hypothesis of GARCH white noise with a finite

fourth-moment, consistent estimators of X are

SO_% o SO 5

m Tm m?

where .J,, is the matrix obtained by replacing px (1), ..., px(m) by px(1), ..., px(m) in the
Jacobian matrix J,, of the mapping p,, — 7, and X, is the consistent estimator of iﬁm.
One can test the simultaneous nullity of several theoretical partial autocorrelations using

portmanteau tests based on the statistics

N
rBP __ A A ro_ A (%) N
Q7" =nr,,tm and Q, =nr,, (Z 5 ,0) T'm,

m

The statistics QmP" QB QLB have the same 2, asymptotic distribution. Under the
hypothesis of a pure GARCH process, the statistics Q", and @Q,, also have the same \2,
asymptotic distribution.

In case of the weak white noise the standard Barlett formulas are no longer valid. As-

suming that the law of 7, is symmetric the generalized Barlett formulas are given by

Tim nCov{px (i), px(J)} = vij + v}

where

and

14



wi(l) = {2px(1)px (1) — px (I +2) — px (I —4)}

Francq and Zakoian proposed the following algorithm for estimation of generalized Bar-

lett bands.

1. Fit an AR(py) model to the data using an information criterion for the selection of the
order pg.

2. Compute the autocorrelations py(h), h = 1,2, ..., of this AR(py) model.

3. Compute the residuals e, i1, ..., €, of this AR(po)

4. Fit an AR(p1) model to the squared residuals €2, ., ..., 5 using an information criterion
for p;.

5. Compute the autocorrelations py(h), h = 1,2, ..., of this AR(p;) model.

6. Estimate lim,, o nCov{p(i), p(j)} by vi; + vj; where

bij = mz p1(D)[2p1(0)p1(3)pr (D) = 2p1 (D) pr(I+7) = 2p1(F) pr (14 8) + pr (145 — i) +pr (1= — 1)),

l=—lmax

iy =220 S DR Om ()R-

l=—lmaz

=2p1(7)pr(D)pr (L + 1) = 2p1(0) pr(Dpr (L + 7) + pr(L+ D) {pr (L + 5) + pr(l = 5) ],

1

n—Ppo,

el =520), A20) = 23 €

=po+1

;5/62 (O) =

where lq, is a truncation parameter, numerically determined so as to have |p;(l)| and
|p2(1)| less than a certain tolerance for all I > 4,

In cases when distribution of 7; is not symmetric, generalized Barlett formulas do not
work. The following theorem gives asymptotic results for behavior of SACVs and SACRs

for very general linear processes whose innovation is a weak white noise.
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Theorem 3.1.9. Let (X;)iez be a real stationary process satisfying

Xe= ) ey 2t ooyl < oo

j=—o0

where (€;)iezis a weak white noise such that Ee; < oo. Let Ty = Xy ( Xy, Xyy1, o X)),
Tr(h) = EY:Y! and

e—ihAFT (h),

=—00

fre(A) : !

the spectral density of the process Y* = (Y7), Y7 =Y, — EY,. Then we have

lim nVaryo., = 3s,.,, = 27 fr«(0).

n—o0

Francq and Zakoian propose the following algorithm for its estimation

1. Fit AR(r) model, with » = 0,1,..., R, to the data Ty — T, ..., Tppy — T,, , where
T = (n—m) S0 T
2. Select a value roby minimizing an information criterion.

3. Take

where for a vector AR(r),

ABY, =Y, — Y AYii =2
i=1

and Z; is white noise with variance Y.

Next we consider order determination for ARMA(P,Q). Executing this task by means of
SACRs and SPACs is not an easy task. We present here an alternative method called the
corner method.

Denote by D(i, ) the j x j Toepliz matrix
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px (i) px(i—1) px(i—j+1)

o px(i+1)
D(i, j) = _
px(i+j—1) - px(+1) px (i)

and let A(i,) denote its determinant. Since px(h) = Y1, aipx(h — i) = 0, for all
h > @, it is clear that D(i, ) is not a full-rank matrix if ¢ > @ and j > P. In other words,
P and Q are minimal orders if and only if A(é,j) = 0, Vi > @ and Vj > P, A(i,P) # 0
Vi>Q, A(Q,)) £0j > P,

The minimal orders P and ) can be illustrated by the following table
N | 1] 2]...]Q]Q+L

L ofpr|p2|---|Pg| Pgt1
P X X X X X X
P+1 X 0 0000

X 0 0000
where A(j,1) is at intersection if row ¢ and column j,and x denotes a nonzero element.

The entries in this table can be obtained by the following recursive formula

A*(i,5) = AG+1,)AG —1,5) + A, j + 1)A®G, 5 — 1)

and letting A(7,0) = 1, A(4,1) = px(]7]).

Replacing theoretical values by its estimates the orders P and Q are characterized by a
corner of small values in the table. However, the notion of ’small’ is not precise enough.

It is preferable to consider the studentized statistics defined, for i = —K, ..., K and
j=0,..,K—|i|+1, by

- (4,7) .o OA(i) & OAG)
t(i,§) = V/n—"22L, 0%, = TRy ]
( J) \/_ 6A(i,j) Alin) opt. TPK Opx
where f],gK is a consistent estimator of the asymptotic covariance matrix of the first K

SACRs, and where
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=0 i=-K—-1,.,K—1 k=1,..K

):[{k}(m) i=-K—-1,.,K—1 k=1,...K

N Als NOAGT) A (s N OA(—14) A -\ OA(i+1,5)
0AG,j+1) _ 280050 — AU+ L) T — A - 1.0) %50

dpx(k) A(i,j— 1)

Y NA A1V OA(L—1)
{AG ) =A@+ 1,5)AG—1,5)} Ipx (k)

~

Adi,j—1)2

When A(i, j) = 0 the statistic ¢(4, j) is asyr(npjtoticz)ﬂly distributed as N(0, 1).If, in contrast,
A(i,j) # 0 then /n|t(i,j)| = oo a.s. when n — 0o.We can reject the hypothesis of nullity
of A(i,7) at level « if |¢(4, j)| is beyond the (1 — a/2)-quantile of a N(0,1).

To identify the orders of a GARCH(p,q) process, one can use the fact that € follows an
ARMA(P, Q) with P = max(p, q), and Q = p.

To test linear restrictions on the parameters of a model the most popular tests are the
Wald test,the Lagrange multiplier test, and likelihood ration test. Here we present the LM
test.

Consider a parametric model, with true parameter value 6, € R?, and a null hypothesis

H()IRQOZT

where R is a given s X d matrix of full rank s, and r is a give s x 1 vector. Under H the

test statistic is given by

where

1P,(6°)
n 0000

~

0 = argsup,(0) 0° = argsupg.pe_, ln(0) J =
0

asymptotically follows a x2.
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3.1.1.3 Estimation. The quasi-likelihood method is particularly relevant for GARCH
models because it provides consistent and asymptotically normal estimators for strictly sta-
tionary GARCH processes under mild regularity conditions, but with no moment assump-
tions on the observed process. In this section we study QML method and give explicit
formulas for derivatives of likelihood function and the optimization algorithm.

Assume that the observations €y, ..., €, constitute a realization of a GARCH(p,q) process,

more precisely a non-anticipative strictly stationary solution of

€ = \/Fﬂ]t

he = wo + Yoy aviel_; + 325 Bojhu—;

where (7;) is a sequence of iid variables of variance 1, wy > 0, ag; > 0, Bp; > 0. The orders

(3.17)

p and q are assumed known. The vector of parameters

’ ’

0 = (917 couy 6p+q+1) = ((,L), aig, ..., Oy, ﬁh couy 6},) (318)
belongs to a parameter space of the form
O C (0, +00) x [0, 00)P*1 (3.19)
The true value of the parameter is unknown, and is denoted by
90 = (w()aa(]la"')&Oqaﬁola”'?ﬁ(]p)l (320)

To write the likelihood of the model,a distribution must be specified for the iid variable
1;. Here we do not make any assumption on the distribution of these variables, but work
with a function, called the (Gaussian) quasi-likelihood, which, conditionally in some initial
values, coincides with the likelihood when the n; are distributed as standard Gaussian. Later
in the discussion we also show how to work with t-distributed 7;. Given the initial values
€05 ey E1—qy Tgy wemy 5%_1) to be specified below, the conditional Gaussian quasi-likelihood is given

by




where the 2 are recursively defined, for ¢t > 1, by

q p
Gi=0i0)=w+ Y e+ Biot, (3.21)
i=1 =1

For a given value of §, under the second-order stationarity assumption, the unconditional

variance is a reasonable choice for the unknown initial values:

2 2 W

— UO — ... = 0-1_ —
Pl ai - ?:1 B

Such initial values are, however, not suitable for IGARCH models, in particular, and

(3.22)

more generally when the second-order stationarity is not imposed. Indeed, the constant
(3.22) would then take negative values for some values of §. In such a case, suitable initial

values are

G=..=¢€ ,=0p=..=01_ =w (3.23)

or

=0p=..=0] =¢ (3.24)

A QMLE of @ is defined as any measurable solution 6,, of

~

0, = argmax(L,(0))

Taking the logarithm, it is seen that maximizing the likelihood is equivalent to minimizing,

with respect to 6

L,(0) = % i l (3.25)

where

2
€ ~
lt = lt(ﬁ) = _6'1; + 10g(0't2)
t
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and

q p
Gl=5H0) =w+ > el + > BieE (3.26)
i=1 j=1

A QMLE is thus a measurable solution of the equation

0, = argmin(1,,(0)) (3.27)

Theorem 3.1.10. Strong consistency of the QMLE
Let (6,) be a sequence of QMLEs satisfying (3.27), with initial conditions (3.23) or
(3.24). Under assumptions

1. 6y € © and © is compact

2. v(Ag) <0 and for all0 € ©,>7_ 5; <1

3. n? has a nondegenerate distribution and E(n?) =1

4. Ifp > 0, Agy(2) = D21 iz and By,(2) = 1 — 32", 8;2) have no common roots,
Ap, (1) # 1, and gy + Pop # 0.

almost surely

~

0, — 0y, as n — oo

Theorem 3.1.11. Asymptotic normality of the QMLE

Under assumptions 1-4 and

1. 0y € OV, where ©%denotes the interior of ©.

2. ky = E(n}) < cc.

V8, — 6o) = N(0, (k, — 1)J7Y)

where

82lt(90) 1 80'?(60> 80,52((90)
/ 90( 9006’ ) % (af(eo) 90 o0 ) (3:28)

s a positive definite matriz.
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For more details and the proof of these theorems the an interested reader may refer to

the book by Francq and Zakoian.

3.2 MULTIVARIATE GARCH.

As in the univariate case, we can define multivariate GARCH models by specifying their first
two conditional moments. An R™ -valued GARCH process €;, with ¢; = (€14, ..., €,,,¢), must

then satisfy, for all ¢,

E(een,u < t) =0,Var(ele,u <t) = H,

The multivariate extension of the notion of the strong GARCH process is based on an

equation of the form

e = H*n, (3.29)

where 7, is a sequence of iid R™-valued variables with zero mean and identity covariance
matrix. The matrix Ht1 /2can be chosen to be symmetric and positive definite but it can
also be chose to be triangular, with positive diagonal elements. The latter choice may be of
interest because if, for instance, Htl/ 2, is chosen to be lower triangular, the first component

of ¢; only depends on the first component of 17,. When m = 2, we can thus set

1/2
€1 = hy\

_ hiag hll,th?Q,t*hfz,t 1/2
€2t = 15t + 7 T2t
hit’ 11,¢

Choosing a specification for H; is obviously more delicate than in the univariate frame-
work because: (i) H; should be symmetric, and positive definite for all ¢; (ii) the specification
should be simple enough, while being of sufficient generality; (iii) the specification should be

parsimonious enough to enable feasible estimation.
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3.2.1 Vector GARCH model.

The vector GARCH model is the most direct generalization of univariate GARCH: every
conditional covariance is a function of lagged conditional variances as well as lagged cross-
products of all components. Denote by vech(-) the operator that stacks the columns of
the lower triangular part of its argument square matrix. The next definition is a natural

extension of the standard GARCH(p,q) specification.

Definition. Let 7; be a sequence of iid variables with distribution 7. The process ¢, is said

to admit a VEC-GARCH(p,q) representation if it satisfies

€ = Ht1/277t
vech(H;) = w + >0 ADvech(e;_ie,_;) + > BYWvech(H;_;)
where w is a vector of size m(m 4 1)/2 x 1, and AWand BY) are matrices of dimension

m(m+1)/2 x m(m +1)/2.

The VEC model potentially has an enormous number of parameters, which can make

estimation of the parameters computationally infeasible.

3.2.2 Constant conditional correlation models.

Suppose that, for a multivariate GARCH process of the form (3.29), all the past information
on €, involving all the variables € ;_; is summarized in the variable hyy; with Ehyy; = Eeit.
Then, letting 7, = h,;klfekt, we define for all k£ a sequence of iid variables with zero mean
and unit variance. The variables 7jx,are generally correlated, so let R = Var(7,) = pp, where
Nt = (Mt -, Tme). The conditional variance of

€ = dz’ag(h}ft, e hrlr{fnt) e

is the written as

H, = diag(hyys, ... ham ) Rdiag(hyls, ..., hate, )

) o'mm,t ) U mm,t
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By construction, the conditional correlation between the components of €are time-

invariant:

P+

1/2 ,1/2
hkk,thll,t

= Pkl

To complete the specification, the dynamics of the conditional variances hyy+, has to be
defined. The simplest constant conditional correlations (CCC) model relies on the following

univariate GARCH specification:

q p
hike =W + Y aricry i+ Y bl (3.30)

i=1 j=1
In the multivariate framework it seems natural to extend specification (3.30) by allowing

hir: to depend not only on its own past, but also on the past of all variables €. Set

Vhie 00 L 0 )
by .

_ 0 .
hy = : . Dy = _ . € =

hmm,t €

0 [ —

Definition. Let 7, be a sequence of iid variables with distribution 7. A process ¢, is called

CCC-GARCH(p,q) if it satisfies

€ = Ht1/277t

Ht - DtRDt

q p
Bt =W + Z Aigtfi + Z Bjilt,j
i=1 J=1

where R is a correlation matrix, @w is an m x 1 vector with positive coefficients, and the

A; and B; are m x m matrices with nonnegative coefficients.
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One advantage of this specification is that a simple condition ensuring the positive def-
initeness of H; os obtained though the positive coefficients for the matrices A; and B; and

the choice of a positive definite matrix R.

3.2.3 Dynamic conditional correlation models.

Dynamic conditional correlations GARCH (DCC-GARCH) models are an extension of CCC-
GARCH, obtained by introducing a dynamic for the conditional correlation. Hence, the
constant matrix R is replaced by a matrix R;. Different DCC models are obtained depending

on the specification of R;. A simple example is

Ry =01R+ 0,9V, 1 + 0314

where the 6; are positive weights summing to 1, R is a constant correlation matrix,
and W,_;is empirical correlation matrix of €¢;_1, ..., ¢,_p;. The matrix R;is thus a correlation
matrix.

Another way of specifying the dynamics of R; is by setting

Ry = diag(Q;)""*Qidiag(Q,)*/*

where diag(Qy) is the diagonal matrix constructed with diagonal elements of @Q);, and @

is a sequence of covariance matrices. A natural parametrization is

Q= 0,Q + 92€t—1€;,1 + 03Q¢—1

where () is a covariance matrix.

3.2.4 BEKK-GARCH model.

Definition. BEKK-GARCH(p,q))
Let 7; denote an iid sequence with common distribution 7. The process ¢; is called a

strong GARCH(p,q) with respect to the sequence 7, if it satisfies
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€ = Hf/Zm

o q K / / P K /
Hy=Q+ Zi:l Zk:l Aikq*iﬁt—iAik + Zj:l Zk:l Bijtijjk
where K is an integer, 2,4; and Bj, are square m X m matrices, and 2 is positive

definite.

The specification obviously ensures that if the matrices H;_; are almost surely positive defi-

nite, then so is H;.

3.2.5 Factor GARCH models.

3.2.5.1 Factor models with idiosyncratic noise. A very popular model factor model

links individual returns €; to the market return f; thought a regression model

€t = Bift + Nt

The parameter ; can be interpreted as a sensitivity to the factor, and the noise 7n;; as a
specific risk which is conditionally uncorrelated with f;. It follows that H; = Q438 where
B is the vector of sensitivities, ); is the conditional variance of f; and €2 is the covariance
matrix of the idiosyncratic terms. More generally, assuming the existence of r conditionally

uncorrelated factors, we obtain the decomposition

Hy=Q+ Z )\jtﬁj/g;
j=1

It is not restrictive to assume that the factors are linear combinations of the components
of . If, in addition, the conditional variances \;; are specified as univariate GARCH, the
model remains parsimonious in terms of unknown parameters and the above equation can

be reduced to a particular BEKK model.

3.2.5.2 Principle component GARCH model. The concept of factor is central to
principal component analysis (PCA) and to other methods of exploratory data analysis. PCA

relies on decomposing the covariance matrix V' of m quantitative variables as V = PAP’,
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where A is a diagonal matrix whose elements are the eigenvalues A\ > Ay > ... > \0of V,
and where P is the orthogonal matrix of the corresponding eigenvectors. The first principal
component is the linear combination of the m variables, with weights given by the first column
of P, which, in some sense, is the factor which best summarizes the set of m variables. There
exists m principal components, which are uncorrelated and whose variances Ay, ..., Ay are in
decreasing order. It is natural considering this method for extracting the key factors of the
volatilities of the m components of ¢;.

We obtain a principal component GARCH (PC-GARCH) or orthogonal GARCH (O-
GARCH) model by assuming that

H, = PAP' (3.31)

where P is an orthogonal matrix and A; = diag(Ay, ..., Ame) , where the \; are the
volatilities, which can be obtained from univariate GARCH-type models. This is equivalent

to assuming

Et:Pft

where f, = P'¢ is the pricipal component vector, whose components are orthogonal

factors. If univariate GARCH(1,1) models are used of the factors fi; = > 7", P(j,4)€;; then

Nit = wi + i iy + Bidie—1

3.3 NON-LINEAR MODELS FOR CONDITIONAL
HETEROSCEDASTICITY.

In this section, we will review some popular nonlinear GARCH models following Terasvirta.
We start off with models which are linear in parameters but can be made nonlinear by
assuming a certain unknown quantity in them to be an unknown variable. The most fre-

quently used models of this type are the GJR-GARCH model by Glosten et al. (1993) and
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the threshold generalized autoregressive conditional heteroscedasticity (TGARCH) model by
Rabemananjara and Zakoian (1993) and Zakoian (1994). In applications, the GJR-GARCH
model is typically assumed to be a first order GARCH model. It can be generalized to have
higher order lags, although is practice, this almost never happens. The model for conditional

variance looks like:

Yo = pt + €
€& = Zthtl/g
q p
ht = qp + Z {O{] + /{j](ﬁt_j < O)} G?_j + Z ﬁjht—j (332)
j=1 j=1

where I(A) is an indicator function. The idea of this model is to capture the leverage
effect present in stock return series. This effect creates asymmetry: a negative shock has
a greater impact on the conditional variance than the positive one with the same absolute
value.

The GJR-GARCH model can be generalized by extending the asymmetry to the other
components of the model. The volatility-switching GARCH or VS-GARCH model by Fornani

and Mele (1997) is such an extension. The first order version of this model looks like:

hy = ag + osgn(e,_1) + {oq +Pisgn(e,1)} €2 | + {B1 + wasgn(e,_1)} hyy (3.33)

The TGARCH model is similar to (3.33) with one difference: what is being modeled is
the conditional standard deviation and not the conditional variance. The model is defined

by replacing h; by its square root and each €7 ; by the corresponding absolute value [e; .
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3.3.1 Nonlinear ARCH and GARCH models.

3.3.1.1 Engle’s nonlinear GARCH model. The conditional variance in this model

has the following form:

he = ap + o (-1 — )\)2 + Brhi—1

When A = 0, this model collapses into the standard GARCH(1,1) model. These models

share the same weak stationarity condition oy + 3; < 1, and the above equation has Fe? =

(a1 + A /(1 — a1 — Br).

3.3.1.2 Nonlinear ARCH model. Higgins and Bera (1992) introduced a nonlinear
ARCH model (NLARCH) that nests both the standard ARCH model and the logarithmic
GARCH model of Pantula (1986) and Geweke (1986). It is an ARCH model with Box-Cox
transformed variables:

%f = aowa(s_ ! + o 6,52515— ! + ...+ Oéqegi%_ 1
where 0 <6 <1, w >0, a9 > 0,0; > 0 and 3 7 a; = 1.

(3.34)

This model has been very rarely used in practice.

3.3.1.3 Asymmetric power GARCH model. Dinget al. (1993) introduced the asum-
metric power GARCH or (APGARCH) model. The first-order APGARCH model has the

following form:

hf = Qg + Oél(|€t,1‘ — )\6,571)25 -+ ﬁ1hf,1 (335)

where o > 0,04 > 0,6 > 0,0 > 0, and |A| < 1, so it is nonlinear in parameters. Meitz

and Saikkonen (2011) considered the special case § = 1 and called the model the asymmetric
GARCH (AGARCH) model. Using the indicator variable, they showed that in this case
(3.32) can be rewritten as a GJR-GARCH(1,1) model

hy = ag+ oy (1 — A€l | +4 ol (e < 0)e2 | + Bihy (3.36)
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Considering a number of long daily return series,it was found that the autocorrelations
p(|€2, e;—;]1%) were maximized for § = 1/2. Fittin the APGARCH model to a long daily
S&P 500 return series yielded 5 =0.72.

3.3.1.4 Smooth transition GARCH model. A generalization can be done to the
GJR-GARCH model by replacing the indicator function by a continuous function of its

argument and extending the transition to also include the intercept.

q q p
ht = (X190 + Z O{leE_j + (O./Qo + Z OszG?_j) GK(’}/, C; Et—j) + Z 6jht—j (337)

J=1 J=1 J=1

where the transition function

Gk(v,ce—;) = (1 + exp {—7 H(Et—j - ck)}> (3.38)

Here v > 0 and ¢ = (¢4, ..., ck).

Smooth transition GARCH models are useful in situations where the assumption of two
distinct regimes is too rough an approximation to the asymmetric behavior of conditional
variance.

The standard GARCH model has the undesirable property that the estimated model
often exaggerates the persistence in volatility. This means that the estimated sum of the
aand f coefficients is close to 1. Overestimated persistence results in poor volatility forecasts
in the sense that following a large shock, the forecasts indicated too low a decrease if the
conditional variance to more normal levels. In order to find a remedy for this problem, Lanne
and Saikkonen (2005) proposed a smooth transition GARCH model, whose first-order version

has the form:

he = g + arer + 61G1(0; hy—1) + Brhy 1 (3.39)

In this equation, G (0; hy—1) is a continuous, monotonically increasing bounded function
of hy_y. Since hy;_; > 0 almost surely, Lanne and Saikkonen used the cumulative distribution
function of the Gamma distribution as the transition function. In empirical examples given

in the paper, this parametrization clearly alleviates the problem of exaggerated persistence.
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3.3.1.5 Neural network ARCH and GARCH models. The literature on nonlinear
GARCH models also comprises models based on artificial neural networks (ANN) type of
specification. The ANN-GARCH model of Donaldson and Kamstra (1997) has the following

form:

q p S
ht = Qg+ Z Oéjﬁ?_j + Z thtfj —+ Z ¢jG(U}t7j, Fj)
j=1 Jj=1 Jj=1

where the hidden units are defined as follows:

G(wi—j, ;) = (1 + exp {'Y[)j + Z(w;_ﬂﬁ)})

i=1
For a user of this model, specification of p,q,s, and u is an important issue, and the
authors suggest the use of BIC criterion for this purpose.
A simpler ANN-GARCH model can be obtained by defining the hidden units as in Caulet
and Peguin-Feissolle (2000). They give the following ANN-GARCH model:

q p S
hy = ap + Z ozjef,j + Zﬁjht,j + Z ;G (Y05 + €75)
j=1 j=1 J=1

where

G(v0; + €75) = (L + exp{yo; + 7;})

3.3.1.6 Time-varying GARCH. It has been argued that the assumption of the stan-
dard GARCH model having constant parameters may not hold in practice unless the series
to be modeled are sufficiently short. On can model such a behavior using the smooth tran-
sition GARCH model to fit such a situation. It is done assuming the transition function is

a function of time:

Gr(y,6t") = (1 + exp {—7 H(t* - ck)}>

where t* = t/T is rescaled time and 7T is the number of observations. The resulting

time-varying parameter GARCH or TV-GARCH model has the form:

31



he = aot) + ) a(D)el; + > Bi(D)hiy
j=1 j=1

where ao(t) = an + anG(y,ct), a;j(t) = aj + 0 Gy, 6 t"), and B;(t) = B +
BjQG(fy’ G, t*>
The TV-GARCH model is non-stationary as the unconditional variance of ¢, varies de-

terministically over time.

3.3.1.7 Testing standard GARCH against nonlinear GARCH. The leading test-
ing principle is the score or Lagrange multiplier principle, because then only the null model
has to be estimated. These tests can be carried out in the so-called T'R? form, and under
the null hypothesis the test statistic has an asymptotic x?—distribution. When the null
hypothesis is the standard GARCH model, the test can be carried out in several stages:

1. Estimate the parameters of the GARCH model and compute the residual sum of squares
SSRy = Zle(e% /hy — 1)? where h,is the estimated conditional variance at t.

2. Regress %2 = ¢2/h, on the gradient of the log-likelihood function and the new variables,

and compute the residual sum of squares SSR; from this auxiliary regression.

3. Form the test statistic

SSRo—SSR
SS R, Xm

under the null hypothesis of dimension m. When the null model is the standard GARCH,

the gradient equals §; = izt_l(aht/é?w)o, where w = (o, a1, ..., Bi..., Bp), and

(ﬁht/&u)o == INLt -+ Z Bl‘(aht_i/aw)o
i=1

with a; = (1,62 4, ..., ef_q, Byt ..., iLt_p). The subscript 0 indicates that the partial deriva-

tives are evaluated under H,. The auxiliary regression is thus

23 = a+§;50—|—7j/51 +
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3.4 REGIME-SWITCHING GARCH.

The idea of the RS approach to modeling asset returns is that the distribution of returns
depends on a state of the market. For example, both the level and the time series properties

of expected returns and variances may be different in bull and bear markets.

3.4.1 The RS-GARCH framework.

Assume that there are k different market regimes and that of the market is in regime j at time
t, the conditional mean and variance of the return, r;,are given by pu;; and a?t, respectively.

The RS-GARCH model can the be written in the following form:

Tt = UAgt T OAg

where A; € {1,...,k} is a variable indicating the market regime at time ¢, and 7, is a
sequence of i.i.d. random variables with zero mean and unit variance. In many applications,
the distribution of n; is taken to be Gaussian, so that the distribution of r; based on the

information that we are in regime j at time ¢, is likewise normal
. 1 (re — p3e)° }
(re Ay = g) = o(r py, 02) = ———exp { ———— T 3.40
Je1(re| Ay = j) = oy g j) \/%th P{ 20]2‘1: ( )
where f; denotes a conditional density based on the return history up to time ¢.

Suppose that the conditional probability for the market being in regime j at time ¢ is

Tjt, that is

pt—l(At = j) = Tt (3-41)

Then the conditional distribution of r; is a k-component finite normal mixture distribu-

tion, with density

.
froalre) = mu0(res e, 03) (3.42)

J=1
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where 7, are the mixing weights, and ¢(r; pe, sz-t) are the component densities, with
component means p;; and component variances 0]2~t.

The class of finite mixture distributions is known to exhibit considerable flexibility with
respect to skewness and excess kurtosis, which are important features of financial return
data. Moreover, and in contrast to many other flexible distributions used for that purpose,
normal mixtures often provide an economically plausible disaggregation of the stochastic
mechanism generating returns, such as the distinction between the bull and bear market

dynamics.

3.4.2 Modeling the mixing weights.

A particular popular approach to modeling the dynamics of market regimes is the Markov-
switching (MS) technique. It formalizes the intuition that market regimes may be persistent;
for example, if we are in a bull market currently, then the probability of being in a bull market
in the next period will be larger than that if the current regime were a bear market.

It is assumed that the regime process {A;} follows a Markov chain with finite state space

S =A{1,...,k} and k x k transition matrix P,

P11 -+ Dkl

Pik - Pkk
where the transition probabilities p;; = p(A; = j|A—1 = 4). Let m = (714, ..., Tj) denote
the distribution of the Markov chain at time ¢. It follows from the law of probability that
forj=1,..,k
k

k
Tjt+1 = P(Ap1 =j) = Zp(At =)p(Ap = 1A =1) = Zﬂitpij
i=1

i=1

or in matrix form, and then by iteration,

T =Py m, =P 721,
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so that the elements of P7 are the 7—step transition probabilities. Moreover, under gen-
eral conditions, there exists a stationary and long-run distribution.If regimes are persistent,
this will be reflected in rather large diagonal elements of P. The degree of persistence can
be measured by the magnitude of the second largest eigenvalue of the transition matrix P.
A further possibility to model the dynamics of the mixing weights is to make them
depend on a set of predetermined variables. For example, in the two-component logistic

mixture model, the weight if the first component is determined by

exp{y @i}

Ty — ————————F
] + exp(v'zy)

where v = (70, 71, .-, Yp—1) 1S & vector of parameters and z; is a vector of p predetermined
variables.

This can be generalized to more that two components which can lead to

k-1

Ot .
Ty =——7— Jj=1,... k=1 mp=1— it
’ 1+Zf:19it gz—; !

where

0 = exp (’Yo]' + Z Vij€t—i T Z KijTjt—i + Z 5ij|€ti’d>
i=1 i=1 i=1

3.4.3 RS-GARCH specification.

There exists different specifications of RS-GARCH models. These have in common that the
coefficients of the GARCH equation and thus the conditional variance at time t depend o
the current regime A;, and they differ in the way the lagged variance term in the regime-
switching GARCH recursions is specified.

In the first version, this term is taken to be the lagged variance conditional on the

previous regime, that is, the time series shocks, {¢ }, is modeled as

€t = OA T

where the regime-specific conditional variances are
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2 2 2
Ot = Wj + Q€ 1 + O, ;41

However, it was observed that maximum likelihood estimation of this specification is not
feasible because of the path dependence, and thus MS-ARCH was used rather than MS-
GARCH. To see the problem, suppose we want to calculate the likelihood function for the
above model. We face the problem that A;_jand therefore oit_htfl is not observable, and so
we have to integrate it out. However, ait*t_l likewise depends on the previous regime, A; s,
so that in the end, the conditional variance at time ¢ depends on the entire regime history
up to time ¢. Thus the evaluation of the likelihood for a sample of T" observations requires
integration over all k7 possible regime paths. Recently, it was shown that the MS-GARCH
model can be estimated using GMM or MCMC methods.

To circumvent the path dependence, Gray (1996) replaced o3, |, ; with the conditional
variance of €¢;_1, given only the observable information up to time t—2. With this information,

the conditional distribution of ¢_; is a k-component mixture with variance

k
hi_1 = Zpt—Z(At—l = j>o-g2‘,t71

j=1
where p;_o(A;_1 = j) are the conditional regime probabilities implied by the model for
the regime process. This quantity h;_iis then used instead of o3, | ,_; in the regime-specific

GARCH equation.

3.4.4 Estimation of RS-GARCH.

Since the regimes are not observable, we cannot use the transition probabilities p;; to directly
forecast future regimes. However, we can use return history to compute regime inferences
once we have estimated the parameters of an MS-GARCH process. These probabilities are
also required for the likelihood function. To this end, we define, for each point of time, ¢ , a

k-dimensional random vector z; = (21, ..., zx) With elements z;; such that

I Ay=y
0 Ay #j

th =

36



Moreover, let €, = {€,,€6,_1,...} denote the process up to time 7, and let Zitlr = (25t =
1|e;), be out probability inference of being in state j and time ¢, based on the process up to

. ! . o .
time 7, and let z;, = (th|T7 e zkt‘T) . Then assuming conditional normality we have

Zi-1 © [y
1(200-1 © 1)

Zt|T -

241t = Pzt|t

where ® denotes element wise multiplication of conformable matrices, and

d(er; 1, 03,) oy, exp{—(& — pu)?/(20%,)}
= 0 |=enn '

Sers 1k, o) o exp{—(er — m)?/(207,)}

These equations can be used to calculate regime inferences recursively, and 7-step ahead

regime probabilities are obtained as z,,; = P2y

To initialize the the recursion, the stationary distribution of the chain may be used.
However, for reasonable long time series, as usually available in financial applications, the
choice of the initial distribution will have a negligible impact on actual out-of-sample regime

forecasts. The conditional density of €,,1, given the process up to time t, is

k
f(€t+1|€t) = Z Zj,t+1|t¢(€t+1; g, 0—32',15-1-1) = 1;(Zt+1\t O] ft+1) (3-43)

j=1

and the likelihood function for a sample of size T is

T T
log L ="> log f(eiler—1) = > _log[Ly(zy1-1 @ £,)]
t=1 t=1
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Figure 3.1: Ford stock returns

3.5 PRACTICAL ISSUES WITH GARCH.

3.6 APPLICATIONS.

3.6.1 Analysis of stock data.

In this example, we examine the daily series of Ford stock returns. Although there is little
serial correlation in the time series itself, it seems that both large changes and small changes
are clustered together, which is typical of many high-frequency macroeconomic and financial
time series. To confirm this, we look at the autocorrelation function of Ford returns and its
squared returns.

Obviously, there is no autocorrelation in the return series itself, while the squared returns
exhibit significant autocorrelation at least up to lag 5. We see that time series of Ford stock
returns exhibits time varying conditional heteroscedasticity or volatility clustering.

Testing for ARCH effects using the Langrange Multiplier Test we get p-value which is

smaller than the conventional 5% level, so we reject the null hypothesis that there are no
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Figure 3.2: Autocorrelation function

ARCH effects.

The model we are going to estimate generally looks like

yy:C+Et

€t = 20y

p q
2 _ 2 2
oy =ap+ E ai€;_; + E bjat—j
i=1 j=1

Let us fit the GARCH(1,1) model to the Ford series. We get values for our parameters
¢ = 7.70e — 04, ay = 6.534e — 06, a; = 7.45e¢ — 02 , and b; = 9.102¢ — 01.
of a; + b; = 0.985 which indicates a covariance stationary model with a high degree of
persistence on the conditional variance. If the model is successful at modeling the serial
correlation structure in the conditional mean and conditional variance, then there should

be no autocorrelation left in the standardized residuals and squared standardized residuals.
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Figure 3.3: QQ plot of residuals when models with the normal distribution

This can be done using Ljung-Box Test. In both cases, the null hypothesis that there are no
autocorrelation left cannot be rejected because the p-values in both cases are greater than

the conventional 5% level.

The basic GARCH model assumes a normal distribution for the errors ¢;. If the model
is correctly specified then the estimated standardized residuals ¢;/o; should behave like a
standard normal random variable. We can run the Jarque-Bera or Shapiro-Wilks test for
the standardized residuals. However, in this case these tests give opposite conclusions. To

get a more decisive conclusion we can use the qqg-plot.

In the above example, a normal error distribution has been used. However, given the well
known fat tails in financial time series, it may be more desirable to use a distribution which
has fatter tails than the normal distribution. We can try to use the Student’s t distribution
and the Generalized Error Distribution. We estimate the GARCH(1,1) model for the Ford

series using the above distributions. The results look much better for Student’s Distribution.
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Figure 3.4: QQ plot of residuals when modeled with Student’s t distribution

3.6.2 Option pricing.

The GARCH process and its variants have gained increasing prominence for modeling finan-
cial time series. In this section we discuss the GARCH options pricing approach developed
by Duan (1995). The GARCH option pricing model has three distinctive features. First, the
GARCH option price is a function of the risk premium embedded in the underlying asset.
This contrasts with the standard preference-free option pricing result. Second, the GARCH
option pricing model is non-Markovian. In the option pricing literature, the underlying asset
value is usually assumed to follow a diffusion process. The standard approach is thus Marko-
vian. Third, the GARCH option pricing model can potentially explain some well-documented
systematic biases associated with Black-Scholes model. These biases include underpricing of
the OTM options, underpricing of options on low-volatility securities,underpricing of short-
maturity options, and the U-shaped implied volatility curve.The GARCH option pricing
model also subsumes the Black-Scholes model because the homoscedastic asset return pro-

cess is a special case of the GARCH model.

Due to complex nature of the GARCH process, a generalized version of risk neutraliza-

41



tion, referred to as the local risk-neutral valuation relationship (LRNVR), is called for. The
LRNVR stipulates that the one-period ahead conditional variance is invariant with respect
to a change to the risk-neutralized pricing measure. This is important because, in the con-
text of the GARCH process, the unconditional variance or any conditional variance beyond

one period is not invariant to the change on measures caused by risk neutralization.

3.6.2.1 The GARCH option pricing model. Consider a discrete-time economy and
let X; be the asset price at time ¢. Its one-period rate of return is assumed to be conditionally

log-normally distributed under probability measure P. That is,

X
log(——=) = r 4+ MAhi — =hi + €
Xi-1

where ¢; has mean zero and conditional variance h; under measure P; r is a constant
one-period risk-free rate of return (continuously compounded) and Athe constant unit risk
premium. Under conditional log-normality, one plus the conditionally expected return equals
exp(r + A/hy). It thus suggests that Acan be interpreted as the unit risk premium.

We also assume that ¢, follows a GARCH(p,q) process under measure P. Formally

€t|¢t—1 ~ N(O, ht)

q p
hy = ag + Z e + Z Bihi—i
i=1 i=1

where ¢; is the information set of all information up to and including time ¢. Using an
alternative specification for h; will not change the basic option pricing results as long as
conditional normality remains in place.

In order to develop the GARCH option pricing model, the conventional risk-neutral
valuation relationship has to be generalized to accommodate heteroscedasticity of the asset

return process. We thus introduce a generalized version of this principle.

Definition. A pricing measure () is said to satisfy the locally risk-neutral valuation rela-
tionship (LRNVR) if measure ) is mutually absolutely continuous with respect to measure

P, X;/X;_1|¢;_1distributes log-normally under @),
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EQ(Xt/thll(btfl) =e"

and

Var®(log(Xe/X;1)|¢r1) = Var® (log(X;/ X, 1)[¢r-1)
almost surely with respect to measure P.

In the above definition of the LRNVR, the conditional variances under the two measures
are required to be equal. This is desirable because on can observe and hence estimate the
conditional variance under P.

The implication of LRNVR is presented in the following theorem.

Theorem 3.6.1. The LRNVR implies that, under pricing measure @),

X 1
log(thl) =7 — §ht + &,
where
£t|¢t—1 ~ N(Oa ht)
and

q P
hy = ag + Z(ft—i — AV ht—i)2 + Z Bihi—;
i=1 i=1

Proof. Since X;/X;_; distributes log-normally under measure @, it can be written as

t p—
Xt_]_) =l + gt

log(
where 1, is the conditional mean and &; is a ()-normal random variable. The conditional
mean of & equals zero and its conditional variance is to be determined. First, we prove that

1
v =1 — 5.

X
EQ ( t |¢t_1> _ EQ(eut+§t|¢t_1) — €Vt+ht/2
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where h; = Varf (log(X:/X; 1)|¢i—1) = Var@(log(X:/X;_1)|¢:—1) by LRNVR. Since
E9(X;/X; 1]|¢:—1) = €" by LRNVR, it follows that v, = r — %ht.It remains to prove that
hican indeed be expressed as stated in the above theorem. By the preceding result, r +

M hy — %ht +e=1r— %ht + &. This implies that e, = & — A\/hs. O

This theorem implied the the form of the GARCH(p,q) process remains largely intact
with respect to local risk neutralization. The conditional variance process under risk-
neutralized pricing measure, in not a GARCH process. The variance innovation is gov-
erned by ¢ noncentral chi-square random variables with one degree of freedom, where as the
GARCH process under P can be seen as the process governed by ¢ central chi-square innova-
tions. The theorem suggests that the unit risk premium A,influences the conditional variance
process globally although the risk has been locally neutralized under the pricing measure Q).
In other words, local risk neutralization is not equivalent to global risk neutralization.

Pricing contingent payoffs requires temporally aggregating one-period asset returns to
arrive at a random terminal asset price at some future point in time. The terminal asset

price is derived in the following corollary:
Corollary 3.6.2.

T T
1
Xp=Xeexp [(T=t)r—5 > hat D &

s=t+1 s=t+1

Corollary 3.6.3. The discounted asset price process e "' X, is a Q-martingale.

Corollary 3.6.4. The option price is given by

CiM = e T EQ[( Xy — K)V|¢]

Corollary 3.6.5. The options delta is given by

AGH — (T pe [);T

~ l(xr>K3] ¢t:|
t
3.6.3 Risk management.

VaR has to do with the possible loss of a portfolio in a given time horizon. VaR should

be computed using the predictive distribution of future losses, that is, the conditional dis-

44



tribution of the future losses using current information. However, for horizon h > 1, this
conditional distribution may be hard to obtain.
To be more specific, consider a portfolio whose value at time ¢ is a random variable

denoted V;. At horizon h, the loss is denoted

Lt,t-i—h = _(V;H—h - Vt)

The distribution of L;;4 is called the loss distribution. This distribution is used to

compute the regulatory capital which allows certain risks to be covered.

Definition. The (1 — a)-quantile of the conditional loss distribution is called the VaR at

the level a:

VaRt,h(a) = ZNf{x € R‘Pt[Ltﬂg_;’_h S .T] Z 1-— Oé},
when this quantile is positive. By convention VaR;,(«) = 0 otherwise.

Let introduce the first two moments of L,y conditional on the information available at

time ¢:

Mygrh = E(Ligyn), U§t+h = Var(Litn)

Suppose that

*
Ligin = myprn + 0reinly,

where Lj is a random variable with cumulative distribution function Fj,. Denote by
Fy~the quantile function of the variable L;, defined as the generalized inverse of F},:
Fy (o) =inf{zr € R|F,(z) > a}

If Fis continuous and strictly increasing, we simply have Fj~(a) = F}, '(a), where F}, !

is the ordinary inverse of Fj,. In follows that
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1 —a=P[VaRyp(a) > myn + oripnly] = Fi (
Ott+h

VCLRt,h(Oé) — My +h )

Consequently,

VCLRtﬁ(Of) = Mt t+h -+ O-t,t-i-hF]i_(l — G{)

Consider the price of a portfolio, defined as a combination of the prices of d assets,
Dy = a P, and denote price variation AP, = P, — P,_;.
h
Ligrn = —(Peyn — i) = —a Z APy
i=1

Example. If the AP,,; are iid N(m, X) distributed, the law of L., is N(—d'mh,a Sah).
It follows then that

VaRy(a) = —a'mh + Va' SavVhd (1 — a)

Example. Suppose now that

AP, —m=A(AP,_y —m)+U; U~ N(0,%)

where A is a matrix whose eigenvalues have modulus strictly less than 1. The process AP,

is then stationary with expectation m. It can be verified that

VaRyp(a) = a'pes + Va' Sha® (1 — )

where A; = (I — A (I — A)7!,

pp = —mh — AA (AP, —m) X, = 2?21 An—j1 B4,

If is often more convenient to work with log-returns r, = Alog(p;), assumed to be sta-
tionary, than with the price variations. Letting ¢;(h, «) be the a -quantile of the conditional

distribution of of the future returns ryyq + -+ 4+ rp
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VaR (o) = {1 — eq’f(h“)}pt

Even if VaR is the most widely used risk measure, the choice of an adequate risk measure
is an open issue. Var is often criticized for not satisfying, for any distribution of the price
variation, the subadditivity property. Subadditivity means that the VaR of two portfolios
after they have been merged should be no greater than the sum of their VaRs before they

were merged. In other words VaR does not favor diversification.

The simplest estimation method os based on the K last returns at horizon h. that is,
Tern—i(h) = log(pirn—i/pi—i), for i = h...h + K — 1. These K returns are viewed as scenario
for future returns. The nonparametric historical VaR is simply obtained by replacing ¢;(h, o)
by the empirical a-quantile of the last K returns. A parametric version is obtained by fitting
a particular distribution to the returns, for example, a Gaussian which amounts to replacing
q:(h, @) by i + 6@~ !(a). These methods have little theoretical justification.

One can use more sophisticated GARCH-type models.The estimate VaR;(1, «) it suffices
to estimate ¢(1,a) by 61 F'(a), where 62 is the conditional variance estimated by a
GARCH-type model, and F' is an estimate of the distribution of the normalized residuals.
It is important to note that even for a simple Gaussian GARCH(1,1), there is no explicit
available formula for computing ¢;(h, @) when h > 1. In that case one has to use simulations

to evaluate the quantile. The follwing procedure may be used:

e Fit a model, for instance GARCH(1,1), on the observed returns r, = ¢; and deduce the
estimate volatility 62 for t = 1,...,n + 1.
e Simulate a large number N of scenarios for €,,1, ..., €, by iterating independently for

1=1,..., N, the following steps.

1. simulate the values nﬂl, s nﬁh iid with distribution F.
2. set 07(11421 = Gy and Q(Brl = Uﬁiﬂlﬂr
3. for k=2 h, set <o(i) )2 =w+a (e(i) >2 +B (a(i) )2 and ) =g p®
: Ik R n+k - n+k—1 n+k—1 n+k n—i—knn—i-k

(@)

e Determine the empirical quantile of the simulations €,
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4.0 DISCRETE STOCHASTIC VOLATILITY MODELS

4.1 STATE-SPACE REPRESENTATION. LINEAR, GAUSSIAN MODELS.

4.1.1 Filtering.

The linear Gaussian state space model looks like

Y = Zioy + &
i1 = Ty + Ry

where ¢, ~ N(0, Hy), s ~ N(0,Q;),and oy ~ N(ay, P)

Let Y;_1 denote the set of past observations yy, ..., y;_1. Starting at £ = 1 and building up
the distributions of ay and y; recursively, it is easy to show that p(y|aq, ..., ay, Vi) = p(ye|on)
and p(agy1|on, ..., o, Yy) = p(asgr]oy).In this section we derive the Kalman filter for this
model for the case where the initial state ay is N (a1, P;) where a; and P; are known. Our goal
is to calculate the conditional distribution of a1 given Y;. Since all distributions are normal,
conditional distributions of subsets of variables given other subsets of variables are also
normal; the required distribution is therefore determined by knowledge of a;11 = E(c11|Y;)
and Py1 = Var(au1]Y;). Assume that a4 given Y, is N(ay, P;). We now show how to
calculate a; 1 and P,y ifrom a; and P, recursively.

Since oy 1 = Tiay + Ryny, we have

a1 = E(Tyou + Rny|Yy) = TLE(au|Yy) (4.1)

/

Pt+1 = VCL?“(TtOét + Rﬂ?t|Yt) = TtVClT(OKHY;t)Tt/ + RtQth (4-2)
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Let

Ut = Yt — E(yt\Yt_l) =Y — E(Ztat + €t|Y;t—1) =Yy — Zyay (4-3)

Then v; is the one-step forecast error of y; given Y;_;.When Y;_; and v; are fixed then Y}
is fixed and vice versa. Thus E(o|Y;) = E(oy|Yi_1,v¢). But E(v|Yi1) = E(yy— Zsas|Yy1) =
E(Zioy+e—Zyay|Y;—1) = 0. Consequently, E(v;) = 0 and Cov(y;,v;) = 0with j =1, ...,t—1.

Using regression we have

Cov(ay, vy)

E(au|Y:) = E(ou|Yi1,v) = E(oy|Yi—1) + Var(v,)

UV = Q¢ + MtFt_l’Ut (44)

where M; = Cov(ay|vy), Fy = Var(v) and E(ay|Y;—1) = a; by definition of a;.

Here,

Mt = CO'U(Oét,'Ut) = E(E{at(Ztat + €t — Zt(lt)lD/;_l}) = E(E{at(at — at)/Z;D/;—l}) = PtZ;
(4.5)

and
F, = Var(Zwoy + ¢ — Zyay) = Z,P,Z, + H, (4.6)
We assume that F; is nonsingular; this assumption is normally valid in well-formulated

models. Combining the above equations one gets

ar1 = Tiay + T,MF oy = Thay + Koy (4.7)

with

K, =T,M,F;* = T,P,Z, F! (4.8)

We observe that a;y; has been obtained as a linear function of the previous value a; and

vy, the forecast error of y; given Y, ;.
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Likewise, using regression approach we can compute the variance. We have

Var(oy|Y;) = Var(ay|Yi_1,v) = Var(a|Yi—i) — Cov(oy, v))Var(v) "'Cov(ag, v;) = (4.9)

= P, — M,F7'M, = P, — P,Z,F ' Z,P, (4.10)

and
Py = T,P.L, + R\QR, (4.11)

with
Lt - E - KtZt (412)

These recursion formulas constitute the celebrated Kalman filter for out model. They
enable us to update out knowledge of the system each time a new observation comes in.

For convenience we collect these filtering equations one more time

ve=y— Zay Fy=2PZ,+H t=1,..,n

K, =T, PZ,F ' L =T —KZ

arr1 = Tiay + Koy Poyy = T;EPtL; + RtQthlf

with a; and P; as the mean vector and variance matrix of the initial state vector.
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4.1.2 State smoothing.

We now consider the estimation of «; given the entire series yy,...,y,. Let us denote the
stacked vector (y;, ...,y;l) by y; thus y is Y, represented as a vector. We shall estimate a4
by its conditional mean &; = F(a|y) and we shall also calculate the error variance matrix
Vi = Var(oy — &;). Our approach is to construct recursion for é&; and V; on the assumption
that ay ~ N(ay, P;) where a; and P; are known.

The vector y is fixed when Y;_; and v, ..., v,are fixed. We therefore have

Gy = E(only) = E(aw|Yie1, vty ooy Un) = ap + ZCov(at,vj)Fj_lvj (4.13)

j=t

for t =1,...,n, with Cov(ay,v;) = E(atv;). It follows from () that

’ ’

E(aw;) = Eloy(Zx; + )] = E(az;)Z; (4.14)

Moreover,
E(oyz,) = BIE(yz,|y)] = ElE{ou(cr — a)) |[y}] = P, (4.15)
E(auxyy,) = E[E{ay(Liz + Ry — Kiey) [y} = PL, (4.16)

E(awy,,) = PL,L,,, (4.17)

E(ar,) = PL,...L,_,
Substituting it back gives
b = an + PoZ, F 0, (4.18)
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Gy = p_y + Po1Z, \F vy 1+ PoyL,Z, F 0,

n—m-n

&y = a; + PZ,F; v+ PLZ,  Fh v + ..+ PLy... L, 7, F: o,

fort =n—2,n—3,...,1. We can express the smoothed state vector as

CA‘»’t =a;+ PtTt,l (4.19)

/ _ ! —1 / ! _
where r,_y = Z, F, Y, 10 =Z, (F, a1+ L, 1Z,F; v, and

re1 = ZF e+ LiZy  F v + oo+ Ll Loy 20 F b, (4.20)

or

r1 = Z,F Y, + Ly (4.21)

with r,, = 0.

Collecting these results gives the recursion for state smoothing,

e ’ N
Tri—1 = ZtFt Uy + Ltrt Qy = a + Pf/?”t,1 t= n,.., 1

with r,, = 0.
Alternative algorithms for state smoothing have also been proposed. For example, An-
derson and Moore (1979) present the so-called classical fixed interval smoother which for our

state space model is given by

N ! 5—1 7/~
& = ay + Py P (G — an)  t=m,.01

where

ay = a;+ PZF vy Py =P — RZ,F ' Z,P,
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A recursion formula for calculating V; = Var(a;|y) will now be derived. Using regression

we get

Vi = Var(aw|Yi—1, vty ooy n) = P — Z Cov(ay, vj)Fj_lCov(ozt,vj)/ (4.22)
j=t
Using our previous results we obtain

Vi=PF — PN Py

where

Ney=Z,F ' Z+ L Z,  F Ze Lo + oo+ Ly Ly 2, F 2 Ly L

Using these results we obtain the recursion formula

N,y = Z,F7'Z, + L,N,L,

Collecting together all of the previous results we get

re = ZF o+ Ly Nyoy = Z,F7 2+ LN Ly

Gy = ar + Poryy Vi=PF — BN, P,

4.1.3 Forecasting.

Suppose we have a vector of observations ¥, ..., y, which follow the state space model and
we wish to forecast y,,; for 7 = 1,...,J. For that purpose let us choose the estimate
Uns;which has minimum mean square error matrix given Y,,, that is, F,o; = E[(§ny; —
Ynii) Tnsj — Ynsy) |y] is @ minimum in the matrix sense for all estimates of y,,;.It follows
that the minimum mean square error forecast of y,; given Y, is the conditional mean
Unt1 = E(Ynijly)

For j =1 the forecast is straightforward. We have y,,.1 = Z, 1 1011 + €21 SO
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Ynt1 = Zn+1E<05n+1’y) = Zn+1an+1

The error variance matrix or mean square error matrix

— /

Foi1 = El(Unt1 — Ynt1) Unt1 — Ynt1) | = Zn+1Pn+1Z;L+1 + Hpp

is produced by the Kalman filter relation.We now demonstrate that we can generate

the forecasts ,; for j = 2,...,J merely by treating y,1,..., Ynts as missing values. Let

Anj = Blanigly) and Posj = E[(@nsj—nij) (@nsj — anrj) [y]. Since yoj = Zogjnsj+ensy

we have

Yntj = Zn+jE(Qntjly) = Zntjng;

with mean square error matrix

’

Fn+j - Zn—i—gpn—‘,—]Z

n+j + HTH—j

We now derive recursions for calculating a,;and P, ;. We have ay 41 = Thyjomij +

Ry j1ntj SO

Uptj+1 = Tn-l—jdn-i-j

for j=1,...,J — 1 and with @,y = a,41.Also
Poyjsr = TosgPariTopy + RutQui i Ry
4.2 STATE SPACE REPRESENTATION. NON-LINEAR AND
NON-GAUSSIAN MODELS.

In this section we are closely follow the tutorial on particle filtering by Doucet and Johansen

(2008).
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4.2.1 General setup.

Consider an x - valued discrete-time Markov process { X, },>1 such that

Xy~ p(z1) (4.23)

X|(Xn-1 = zp-1) ~ f(@n|2n-1) (4.24)

All the densities are with respect to a dominating measure. We are interested in esti-
mating { X, },>1 but only have access to the {Y,,},>1 . We assume that, given {X,,},>1 the

observations {Y,,},>1 are statistically independent and their marginal densities are given by

Yol(Xn = 2n) ~ g(ynlzs) (4.25)

Models compatible with the above description are known as hidden Markov models
(HMM) or general state-space models. These equations define a Bayesian model in which
(4.23),(4.24) define the prior distribution of the process of interest { X, },>; and (4.26) defines
the likelihood function, that is:

p(®1:0) = p(z1) H f(xr|re1) (4.26)
and

In such a context, inference about Xj., given a realization of the observations Y., = y1.,

relies upon the posterior distribution

p(%;n,ym)
(T1:n|Y1:m) ) (4.28)
where
p(xlznaylzn) = p(xlzn)p(y1:n|xl:n) (429)
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p<y1:n> = /p(thym)dﬂﬁm (430)

However, for most non-linear non-Gaussian models, it is not possible to compute these
distributions in closed form. Particle methods are a set of flexible and powerful simulation-
based algorithms which provide samples approximately distributed according to posterior

distributions of the form p(z1.,|y1.,) and facilitate the approximate calculation of p(y.,).

The unnormalized posterior distribution p(z1.,, y1.,) satisfies

p(xl:na yl:n) = p(xl:n—b yl:n—l)f($n|$n—l)g<yn‘xn) (431)

Consequently, the posterior p(z1.,, y1.,) satisfies the following recursion

f(@n|Tn1)9(YnlTn)

Tin|Y1:n) = P\ T1:n— m— 4.32
p( . |y1 ) p< ' 1|y1 1) p<yn|y1:n—l) ( )

where
p(ynlylcn—l) = /p(xn—l’yl:n—l)f(xn’xn—l)g(yn‘xn)dxn—lcn (433)

It is straightforward to check that we have
9(WYnl20)p(Tn|Y1m—1)

P(Tn|Y1n) = 4.34
( ‘ ' ) p(yn|y1:n—1) ( )

where
p($n’yl:n—1> = /f(xn’xn—l)p<xn—l|y1:n—l)dxn—1 (435)

Equation (4.35) is known as the prediction step and (4.34) is known as the updating
step.
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4.2.2 Sequential Monte Carlo.

SMC methods are a general class of Monte Carlo methods that sample sequentially from a

sequence of target probability densities {m,(x1.,)} of increasing dimensions. Writing

_ Vo (T1:n)
Tn(T1:0) = 7 (4.36)

we require only that v, : Y — R is known pointwise; the normalizing constant

Z, = /’yn(xlzn)dxl;n (4.37)

might be unknown. SMC provides an approximation of 7 (z1) and an estimate of Z; at
time 1 then an approximation of my(x1.2) and an estimate of Z; and so on.

For example, in the context of filtering, we could have v,(x1.,) = p(T1m, Y1m), Zn =

p(yl:n) SO 7Tn(l‘l:n) - p($1:n|y1:n)~

4.2.2.1 Basics of Monte Carlo Methods. Initially, consider approximating a generic
pobability density m,(z1.,) for some fixed n. If we sample N independent random variables,
Xi,, ~ mp(x1,) fori =1,..., N | then the Monte Carlo method approximates ,(x1.,) by the

empirical measure

:Eln = Z(sz .fEln (438)

Based on this approximation, it is possible to approximate any marginal, say m,(zx),

easily using

xk NZ(SXz iEk

and the expectation of any test function given by

I,(6)) = / G (21 )T (1) AT 1

is estimated by
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IMC¢ _ii
n- N:

Problem.

If 7,(z1.,) is a complex high-dimensional probability distribution, then we cannot sample

from it.

4.2.2.2 Importance Sampling. This is a fundamental Monte Carlo method and the
basis of all algorithms developed later on. IS relies on the introduction of an importance

density g, (z1.,) such that
71-n(ml:n) >0= qn(l'l:n) >0
In this case we have the following IS identities

wn(xlzn)qn<x1:n>
Zn

(4.39)

Tn(T1m) =

Zn = /wn(xlzn)Qn(xlzn)dmlzn (44())
where wy,(21.,) is the unnormalized weight function

Tn <x1:n>

wn<5’71:n> - Qn(Il;n>

In particular, we can select an importance density g,(z1.,) from which it is easy to
draw samples; e.g. a multivariate Gaussian. Assume we draw N independent samples
X, ~ qu(r1.,) then by inserting the Monte Carlo approximation of ¢, (z1.,) - that is the

empirical measure of the samples X7, - into (4.39) and (4.40) we obtain

o (T1m) ZW Oxi (T1m) (4.41)

5 1 X
In= g (4.42)
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where

Zj:l wn(Xi.)
If we are interested in computing I,,(¢,) , we can also use the estimate

(4.43)

N
=1

Unlike IM%(¢,,), this estimate is biased for finite N.

For a given test function, ¢,(z1.,), it is easy to establish the importance distribution
minimizing the asymptotic variance of I}%(¢,). However, such a result is of minimal interest
in a filtering context as this distribution depends on ¢, (x1.,) and we are typically interested
in the expectations of several test functions. Moreover, even of we were interested in a single
test function, say ¢, (x1.,) = x,, then selecting the optimal importance distribution at time n
would have detrimental effects when will try to obtain a sequential version of the algorithms.

A more appropriate approach in this context is to attempt to select the g, (z1.,) which
minimizes the variance of the importance weights. Clearly, this variance is minimized for
Gn(21.0) = Tp(21.). We cannot select g, (21.,) = m,(21.,) as this is the reason we used US in
the first place. However, this simple result indicates that we should aim at selecting an IS

distribution which is as close as possible to the target.

4.2.2.3 Sequential importance Sampling. We are now going to present an algorithm
that admits a fixed computational complexity at each time step in important scenarios. Thus

solution involves selecting an importance distribution which has the following structure

n

gn(@10) = o1 (T101)gn(@nlzn 1) = q1(21) | [ ae@elrn) (4.44)

Practically, this means that to obtain particles X{  ~ ¢,(z1.,) at time n, we sample
Xi ~ qi(z1) at time 1 then X} ~ g.(zx| X%, ;) at time k for k = 2,...,n. The associated

unnormalized weights can be computed recursively using the decomposition

o (i) = Yo (T1:0) _ Y1 (Tpn_1) V(1)
n( 1:n) Qn(xl:n) qn,l(xlm,l) ’y"*l(xltnfl)Qn(xnlxl;nfl) (445)
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which can be written in the form

n

Wn(Z1m) = Wn-1(T1m—1)n(T1.0) = wi(x7) H ag (1)

where the incremental importance weight function o, (xy.,) is given by

771(1'1:71)
'771—1(xlzn—l)Qn(xn‘xlzn—l)

ap(r15) = (4.46)

4.2.2.4 Resampling. Resampling is a very intuitive idea which has major practical and
theoretical benefits. Consider first an IS approximation 7, (x;.,) of the target distribution
Tn(Z1.,). This approximation is based ion weighted samples from ¢,(x1.,) and does not
provide samples approximately distributed according to m,(z1.,). To obtain approximate
samples from m,(z1.,) , we can simply sample from its IS approximation 7,(x1.,) ; that is
we select X}, with probability /. This operation is called resampling as it corresponds to
sampling from an approximation 7,(x;.,) which was itself obtained by sampling. If we are
interested in obtaining N samples from 7, (z1.,) , then we can simply resample N times from
7n(21.). This is equivalent to associating a number of offsprings N! with each particle X7
in such a way that NN = (N} ..., NN) follow a multinomial distribution with parameter
vector (N, WIN) and associating a weight of 1/N with each offspring. We approximate

7n(T1.,) by the resampled empirical measure

N i
To(T1m) = ; 0% (1) (4.47)

where E[N!|WN] = NW¢. Hence 7,(71.,) is an unbiased approximation of 7, (x1.,) -
Improved unbiased resampling schemes have been proposed in the literature. These are
methods of selecting N such that the unbiasedness property is preserved, and such that
E[N}|W YN is smaller than that obtained via the multinomial resampling scheme described

above. The three most popular algorithms are presented below:

1. Systematic resampling. Sample U; ~ U|0, %] and define U; = Uy + % forv=2,..., N,

then set N} = | {Uj S wWE<U; <3 Wjj} | with the convention S0_ := 0.
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2. Residual resampling. Set N? = [NW!], sample N from a multinomial of parameters
(N, WEN) where Wi oc Wi — N7'N' | then set N? = Ni + N
3. Multinomial resampling. Sample N!*¥from a multinomial of parameters (N, [W V).

Resampling allows us to obtain samples distributed approximately according to 7, (Z1.,),
but it should be clear that if we are interested in estimating I,,(¢,) then we will obtain an
estimate with lower variance using 7, (x1.,) that that which we would have obtained by using
Tn(Z1.) - By resampling we indeed add some extra noise. However, an important advantage

of resampling is that it allows us to remove particles with low weights.

4.2.2.5 A generic SMC algorithm. SMC methods are a combination of SIS and re-
sampling. At time 1, we compute the IS approximation 71 (z1) of 7 (z1) which is weighted
collection of particles {W{, X{}. Then we use a resampling step to eliminate those parti-
cles with low weights and multiply those with high weights. We denote by {%,)_{{} the
collection of equally-weighted resampled particles. Remember that each original particle
X} has Nj offsprings so there exists N{distinct indices j; # j» # ... # jy; such that
X = XP = = XfN% = X}. After the resampling step, we follow the SIS strat-
egy and sample X: ~ go(79|X?).Thus (X?, X3) is approximately distributed according to
m1(21)q2(xe|z1). Hence the corresponding importance weights in this case are simply equal
to the incremental weights ao(z1.2). We then resample the particles with respect to the

normalized weights and so on.

At any time n, this algorithm provides two approximations of ,(z1.,). we obtain

N
fn(@1n) = > Wibxi (1) (4.48)
i=1
after sampling
| N
77—71(m1:n) = N Z 5)?{:" (xlzn) (449)
i=1

after the resampling step.
As we have already mentioned, resampling has the effect of removing particles with

low weights and multiplying particles with high weights. However, this is at the cost of

61



immediately introducing some additional variance. If particles have unnormalized weights
with a small variance then the resampling step might be unnecessary. Consequently, in
practice, it is more sensible to resample only when the variance of the unnormalized weights
is superior to a pre-specified threshold. This is often assessed by looking at the variability

of the weights using the so-called Effective Sample Size (ESS) criterion which is given by

ESS = (i(w:f) (4.50)

i=1
4.2.3 Particle Filtering.

Remember that is the filtering context, we want to be able to compute a numerical approxi-
mation of the distribution {p(z1.,|y1.n) }n>1 sequentially in time. A direct application of the
SMC methods described earlier to the sequence of target distributions 7, (z1.,) = p(T1.n|Y1:0)
yields a popular class of particle filters. More elaborate sequences of target and proposal

distributions yield various more advanced algorithms.

4.2.3.1 SMC for filtering. First, consider the simplest case in which the joint density

V(1) = P(T1m, Y1) 18 chosen, yielding m,(z1.,) = p(T1.m|v1) and Z, = p(y1.,). Practi-
cally, it is only necessary to select the importance distribution g, (x,|z1.,—1). We have seen

that in order to minimize the variance of the importance weights at time n, we should select

opt

QP (Tp|T1m—1) = Tn(Tn|T1:m—1) Where

Wn(xn‘xlsn—l) = p(xn|ynaxn—l) = g<ynl9x(21{m(jnla;nl> (451)

and the associated incremental weight is ay,(21.,) = p(yn|Tn—1). In many scenarios, it is

not possible to sample from this distribution but we should aim to approximate it. In any

case, it shows that we should use an importance distribution of the form

qn(xn’xlznfl) = Q<xn‘yn7 $n,1) (452)

and that there is nothing to be gained from building importance distribution depending

also upon (y1.,—1, T1.n—2) -although, at least in principle, in some settings there may be ad-
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vantages to using information from subsequent observations if they are available. Incremental

weight is given then by

G(WYn|Tn) (20|70 1)
Q("EN|yn7$n—1)

A (T1:0) = @ (Tp_1m) =

We obtain at time n

p 1. n‘yln ZW 5XL Z1: n)

yn‘yln 1 Z 1Oén n— 1n)

Many techniques have been proposed to de&gn importance distributions q¢(z,|yn, Tn_1)
which approximate p(z,|yn,Z,—1). In particular the use of standard suboptimal filtering
techniques such as the Extended Kalman Filter or the Unscented Kalman Filter to obtain
importance distributions is very popular in the literature. The use of local optimization
techniques to design q(x,|yn, ©,—1) centered around the mode of p(x,|y,, x,—1) has also been

advocated.

4.2.4 Auxiliary Particle Filtering.

As was discussed above, the optimal proposal distribution when performing standard particle
filtering is ¢(xn|Yn, Tn-1) = P(Tn|Yn, Tn—1). Indeed, a(x,_1.,) is independent of z,, in this case
so it is possible to interchange the order of the sampling and resampling steps. Intuitively,
this yields a better approximation of the distribution as it provides a greater number of
distinct particles to approximate the target. This is an example of a general principle:
resampling, if it is to be applied in a particular iteration, should be performed before, rather
than after, any operation that does not influence the importance weights in order to minimize
the loss of information.

It is clear that if importance weights are independent of the new state and the proposal
distribution corresponds to the marginal distribution of the proposed states then weighting,
resampling and then sampling corresponds to a reweighing to correct for the discrepancy

between the old and new marginal distribution of the earlier states, resampling to produce
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an unweighted sample and then generation of the new state from its conditional distribution.
This intuition can easily be formalized.

However, in general, the incremental importance weights do depend upon the new states
and this straightforward change of order becomes impossible. In a sense, this interchange of
sampling and resampling produces an algorithm in which information from the next obser-
vation is used to determine which particles should survive resampling at a given time. It is
desirable to find methods for making use of this future information in a more general setting,
so that we can obtain the same advantage in situations in which it is not possible to make
use of the optimal proposal distribution.

The Auxiliary Particle Filter (APF) is an alternative algorithm which does essentially
this.It can be shown that the APF can be interpreted as a standard SMC algorithm applied

to the following sequence of target distributions

’Yn(xlzn) = p<x1:my1:n)]§(yn+l|xn) (453)

with p(y,+1|T,) chosen as an approximation of the predictive likelihood p(y,11|z,) if it is

not known analytically. It follows that m,(z1.,) is an approximation of p(z1.,|y1.n+1) denoted

p(xlzn |y1:n+1) given by

7Tn<xlzn> = ﬁ(xlzn‘ylzn+1) X p(xlznlylzn)ﬁ(yn—o—ﬂxn) (454>

In the APF we also use an importance distribution g, (x,|z1.,—1) of the form (4.52) which
is typically an approximation of (4.51) . Note that (4.51) is different from 7, (x,|z1.,-1) in
this scenario. Even if we could sample from 7, (2, |%1.,—1), one should remember that in this
case the object of inference is not m,(z1.,) = P(T1n|Y1:ne1) but p(z1.|y1.n). The associated

incremental weight is given by

Vn(xl:n) _ g(yn|$n)f(xn|xn—l)ﬁ(yn+1|‘r”>
f)/nfl('lenfl)Qn(xn|x1:n71) ﬁ(yn|$nfl>Q(xn‘ynu xnfl)

(4.55)

Ctn<xn71:n) =
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Keeping in mind that this algorithm does not approximate the distributions {p(1.,|y1.n)}
but the distributions {p(z1.,|¥1.:n+1)}, We use IS to obtain an approximation of p(x1.,|y1.m)

with

7Tn71(xl:nfl)Qn(xn|xl:nfl> = ﬁ($1:n71|y1:n)Q(l’n’yn, xn71> (456>

as the importance distribution. A Monte Carlo approximation of this importance dis-

tribution is obtained after the sampling step in the APF and the associated unnormalized
weights are given by

On(Tn-1in) = PTum; Y1) _ _ alon)f @nlwn-n) (4.57)

V-1 (T1:0-1) @ (Tn|T1m—1)  D(Yn|Tn-1)q(@n|Yn, Tn-1)

It follows that we obtain

.731 n‘yln ZWZ(S)@ I'ln (458)
1 N
Pn) = 5 D @n( X 1.0) (4.59)

where

sz X (Dn(XrlL—lzn)

or Wi oc Wi_ . @,(X: ,.) if resampling was not performed at the end of the previous
iteration. Selecting ¢, (zn|T1.n—1) = P(Tn|Yn, Tn—1) and p(y,|r,—1) = p(yn|n — 1), when it is
possible to do so, leads to so-called “perfect adaption” case. In this case, the APF takes
a particularly simple form as a,(T,—1.,) = P(Yn|Tn_1) and &, (x,_1.,) = 1. This is similar
to the algorithm discusses in the previous subsection where the order of the sampling and
resampling steps are interchanged.

This simple reinterpretation of the APF shows us several things:

e We should select a distribution p(z1.,|y1.,) with thicker tails than p(x1.,|y1.m)-
o Setting p(yn|Tn-1) = g(yn|u(zn_1)) where u denotes some point estimate is perhaps

unwise as this will not generally satisfy that requirement.
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e We should use an approximation of the predictive likelihood which is compatible with the
model we are using in the sense that it encodes at least the same degree of uncertainty

as the exact model.

4.2.5 Limitation of Particle Filters.

The algorithms described earlier suffer from several limitations. It is important to emphasis
at this point that, even if the optimal importance distribution p(x,|y,,z,_1) can be used,
this does not guarantee that the SMC algorithms will be efficient. Indeed, if the variance
of p(yn|zn—1) is high, then the variance of the resulting approximation will be high. Con-
sequently, it will be necessary to resample very frequently and the particle approximation
P(Z1:0|Y1.0) of the joint distribution p(x1.,|y1.,) will be unreliable. In particular, for k < n the
marginal distribution p(x1.|y1.,) will only by approximated by a few if not a single unique
particle because the algorithm will have resampled many times between times k andn. One
major problem with the approaches discussed above is that only the variables { X!} are sam-
pled at time n but the path values {X {:n_l}remain fixed. An obvious way to improve upon
these algorithms would involve not only sampling {X’} at time n, but also modifying the
values of the paths over a fixed lag {X’_, . ..} for L > 1 in light of the new observation
yn; L being fixed or upper bounded to ensure that we have a sequential algorithm. These
limitation can be overcome using SMC filtering with MCMC moves or SMC Block Sampling

for Filtering. We do not describe these algorithms in the current work.

4.2.6 Smoothing.

One problem, which is closely related to filtering, but computationally more challenging for
reason which will be apparent later, is known as smoothing. Whereas filtering corresponds
estimating the distribution of the current state based upon the observations received up
until the current time, smoothing corresponds to estimating the distribution of the state at
a particular time given all of the observations up to some later time. The trajectory estimates
obtained by such methods, as a result of the additional information available, tend to be

smoother than those obtained by filtering. It is intuitive that if estimates of the state at time
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n are not required instantly, then better estimation performance is likely to be obtained by
taking advantage of a few later observations. Designing efficient sequential algorithms for
the solution of this problem is not quite a straightforward as it might seem, but a number
of effective strategies have been developed and are described below.

More formally: assume that we have access to the data y;.r, and we wish to compute
the marginal distribution {p(z,|y1.7)}where n = 1,....T or to sample from p(z1.7|y1.7). In
principle, the marginals {p(z,|y1.7)} could be obtained directly by considering the joint
distribution p(x1.7|y1.7) and integrating out the variables (1., 1, Zn1.7) - Extending this
reasoning in the context of particle methods, one can simply use the identity p(x,|y1.r) =
[ p(z1.rly17)de1n—1dz, 1.7 and take the same approach which is used in particle filtering:
use Monte Carlo algorithms to obtain an approximate characterization of the joint distri-
bution and then use the associated marginal distribution to approximate the distributions
of interest. Unfortunately, as is detained below, when n < T this strategy id doomed to
failure: the marginal distribution p(z,|y1.,) occupies a privileged role within the particle
filter framework as it is, in some sense, better characterized than any of the other marginal
distributions.

For this reason, it is necessary to develop more sophisticated strategies in order to obtain
good smoothing algorithms.There has been much progress in this direction over the past
decade. Below, we present two alternative recursions that will prove useful when numerical
approximations are required. The key to the success of these recursions is that they rely

upon only the marginal filtering distributions {p(z,|y1..)}-

4.2.6.1 Forward-Backward Recursions. The following decomposition of the joint dis-

tribution p(x1.7|y1.7)

T-1 T-1
p(zrrlyir) = p(ar|yir) H p(Tn|Tnt1, yr7) = p(er|yir) H P(Tn|Tnt1, Y1n) (4.60)

n=1 n=1

shows that, conditional on yi.7, {X,,} is an inhomogeneous Markov process.
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Equation (4.60) suggests the following algorithm to sample from p(zq.r|y1.r). First
compute and store the marginal distributions {p(z,|y1.n)} for n = 1,...,;T. Then sample

Xr ~ p(xr|y1) and for n =T — 1, T — 2, .., 1, sample X, ~ p(z,,| X1, Y1.n) Where

f(anrl‘xn)p(:En’yl:n)

p(xn|mn 17y1:n) - (461)
" p($n+1|y1:n)
It also follows, by integrating out (z1.,_1, Znt1.7) in equation (4.60), that
f xn+1|xn
p(@nlyrr) = p(Tn|yim) P(@ns1|yrr)dzng (4.62)
xn+1 |y1 n

So to compute {p(z,|y1.7)} ,we simply modify the backward pass and,instead of sampling

from p(z,|Tni1, Y1.n), we compute p(z,|yr.7) from (4.62).

4.2.6.2 Forward Filtering-Backward Smoothing. It is possible to obtain an SMC
approximation of the forward filering-backward sampling procedure directly by noting that

for

P(Tn|y1n) Z Wzéxl () (4.63)

we have

F (X1 20)P(@n]Y1n) iww X1 X000 (2)

T, Xn Yi:n — 4.64
( | I ) ff n+1|xn (xn‘y1n>dxn i—1 Zj 1W] (Xn+1 Xj) ( )

Consequently, the following algorithm generates a sample approximately distributed ac-
cording to p(xy.7|yi.7): first sample X7 ~ p(zr|yr.r) and for n =T — 1,7 — 2,..., 1, sample
X ~ P(@n| Xnt1, Y1n)-

Similarly, we can also provide an SMC approximation of the forward filtering-backward

smoothing procedure by direct means. If we denote by

N
p(@nlyrr) = Z Weiroxi () (4.65)
=1
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the particle approximation of p(x,|y1.7) then, by inserting (4.65) in (4.62), we obtain

A( | ) i\f: Wz‘ i\f: Wj f(ererl’XZz) Z S (4 66)
P\Tn|Y1:T) = n n - X;ul |T Xi CCn .
= L WG LX)

4.3 APPLICATION TO SV MODELS.

4.3.1 Particle filter with SV model.

Recall the state-space model formulation. It consists of two equations: the observation

equation and the transition equation which are given by

Yn = My (Tn, €,) (4.67)

Ty, = hp(Tp_1,Mn) (4.68)

It is assumed that the distributions of the observations and state variables admit density
functions with respect to appropriate dominating measures. These densities p(y,|z,;6) and
p(xp|T,—1;0) correspond to (4.67) and (4.68) respectively.

Here we call

~ p(yn|$n7 e)p(xn|$n—1; 9)
" gn($n|%—1,yn;@/))

(4.69)

the incremental weights and ¢, (x,|z,_1, yn; ©) is the importance density.
Using the ideas described in the previous paragraphs we can write a particle filter for

the SV model

Yn = e;rn/QEn (470)

=p+ ¢($n—1 - :u) + Oyn (4-71)
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where €, ~ N(0,1) and 7, ~ N(0,1). We generate an SV model with parameters chosen
as = 0.5, ¢ = 0.985, and 03 = 0.04 and try to use SISR and auxiliary particle filters with
this model. To implement the SISR algorithm we select the conditional proposal distribution
at each iteration to be the transition density g,(,|To.n—1,Y1.n; %) = p(ay|Tn_1;0) implied by
the dynamics of the model. This means that the incremental weight function is equal to the
measurement density &, = p(y,|z,;0). We use multinomial resampling at each iteration.

We also show the application of the auxiliary particle filter. It is a popular algorithm
that is simple to implement and works well in many cases. When proposing new particles
at the beginning of each iteration, we would like to use information available in the current
observation y,. One calls particles filters that incorporate y, into their proposal adapted
particle filters. In addition, since particles carried over from last period form part of this
period’s proposal distribution, some of the old particles provide more information about z,,
than others.

Pitt and Shepard (1999, 2001) approximate the incremental target distribution in

P(Yn|xn; 0)p(2n|20_1;0)
Lo:n m) —
P&only1n) WY1 0)

p(To:n—1|y1:0-1;0) (4.72)

p(yn|$na e)p(xn’xnfl; 9) ~ gl,n(yn|xn; w>g2,n<xn‘xnfl; w> = (473>

- 91,n(yn|$n—1; 2b)g2,n(1‘n|xn—1; ¢7 yn)

This proposal distribution is decomposed into two parts implying that the sampling of
new values {:L‘,(f) }N : from this distribution can be performed in two steps.
i=
Many economic models have a special structure with non-Gaussian measurement den-
sities and linear, Gaussian transition densities. In this case if the measurement density is
log-concave, Pitt and Shephard suggest taking ¢i ,(yn|zn—1;6) to be the Taylor series ex-

pansion of log(p(y,|z,;0)) around a point p, and combining it with the transition density

gQ,n(In|xn—1; 9) yn) = p($n|$n_1; 97 yn)
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SISR particle filter
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Observation

Figure 4.1: SISR filter for SV model

In the settings where one can evaluate p(yn|z,—1;6),0ne can select g1, (Yn|Tn—1;¢) =
P(Yn|Tn-1;0) and 92,n<xn‘xn715 0,yn) = p(Tn|Tn-150, Yn).
We apply this algorithm to our SV model.

The results are given in the chart below.

4.3.1.1 Likelihood-based parameter estimation. The two major issues to consider
are computing the maximum likelihood estimator in a computationally efficient way ad its
statistical properties once it is computed. Although the particle filter’s approximation of
the likelihood function at a point 6 is consistent asymptotically in the number of particles,
the log-likelihood function is nota continuous function of the parameters. The log-likelihood

function is given by

T T N
log L(6lyrr) = log p(y1, -, yr; 0) = _10g p(yn|y1n-156) = »_log [Z wnzlcbn“] (4.74)

n=1 n=1
This discontinuity is created from the resampling stage within a particle filter and can

cause problems for gradient-based optimizers.
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Auxiliary particle filter
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Figure 4.2: Auxiliary filter for SV model

Most of the work on ML estimation using particle filters has focused on using approaches
other than gradient-based optimization that avoids the discontinuity problem. These meth-
ods include stochastic gradient-based methods, recursive maximum likelihood methods and
EM methods.

The main difficulty when using this method is the right choice of the gain sequence.

Parameters should also be of the same order of magnitude.

4.3.2 SV estimation by the efficient method of moments.

A stochastic volatility model in its basic discrete-time format reads:

Y = 06 (4.75)

o} =w+ylnop ; + o, (4.76)

where €;,7; ~ N(0,1). This model has served as the benchmark and starting point of the

bulk of the econometric literature on stochastic volatility models. This model is in discrete
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form. Many variations of this model are possible. Here we consider a broad range of models

as in van der Sluis (1997), namely:

Yt = O¢€y (477)

P q
Ino? =w+ Z%Li Ino} + o, (1 + Z §ij) M (4.78)

i=1 j=1

1 A
~ NIID |0, (4.79)
Te+1 Al

where —1 < A < 1.

4.3.2.1 Efficient method of Moments. Gallant and Tauchen (1996) solve the effi-
ciency problems that moment-based techniques generally have by proposing the efficient
method of moments (EMM) technique. The structural model is estimated by using an auxil-
iary model. The connection between the auxiliary model and the structural model is achieved
by means of scores of the auxiliary model, where strict guidelines are given for the choice of
the auxiliary model such that maximum likelihood efficiency is attained. In short the EMM

methods is as follows. The sequence of densities for the structural model is denoted:

{p1(2110), {pe (el 1, 0) 12, } (4.80)

The sequence of densities for the auxiliary process is denoted as:

{fi(wi]B), { fe(yelwr, B) } 21} (4.81)

where x;and w; are observable endogenous variables. In particular, the x; will be a vector
of lagged y;, and thew;will also be a vector of lagged y;. We impose Assumptions 1 and 2
in Gallant and Long (1997) on the structural model. These are technical assumptions that

imply standard properties of quasi-likelihood estimator and properties of of estimators based
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on Hermite expansions, which will be explained below. It is important that the structural

model is stationary and ergodic. Define

/ / In £ (ylw, B)p(yl, O)p(z|9)dyda (4.82)

which is the expected value score of the auxiliary model under dynamic model. This

integral can be approximated by MC techniques:

Zlnf Y- (0)|w (0), B) (4.83)

where y,(0) are drawings from the structural model. Let n denote the sample size. The

EMM estimator is defined as:

~

On(1,) = argminmy (0, ) (1)~ mu (0, 5,)

where [,, is a weighting matrix and Bn denotes an estimator for the parameter of the

auxiliary model. The optimal weighting matrix here is

%Z {%lnft(ytlwt,ﬁ*)}]

where 5* is a (pseudo) true value. The small sample pendant is:

1 [0 A
I, =V, [% ; {% In ft(yt|wt,5n)}]

The auxiliary model is built as follows. The process y;(6) is the process under inves-

Iy = lim Vj

n—oo

tigation, u;(3*) = F;_1[y:(0)] is the conditional mean of the auxiliary model, o?(3*) =
Var,_1(y(6p) — 1 (%)) is the conditional variance, and z,(8*) = [y:(6o) — pe(5%)] /00 (5*) is
the standardized process. The SNP density now takes the following form:

oL [Pr(z,x)]Po(2)
Flyys B) = o2 JTPx (w26 (u)du

where ¢ denoted the standard normal density, * = (y;_1, ..., %) and the polynomials

(4.84)

Py (z,x) = zz: [i aijm{] 2 (4.85)

t=1 |j=0
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4.3.2.2 Example of EMM estimation. We consider the SV model similar to the one

considered by Andersen and Sorensen (1997). This model is of the form:

Yt = 0tz (4.86)

Inof =w+ Blno} + o,u (4.87)

where (zy,uy) is iid N(0,Iy). This model was estimated by GMM using twenty four
moments. The return series 3, is assumed to be demeaned. For —1 < § < 1 and o, > 0 the
return series, vy, is strictly stationary and ergodic, and conditional moments of any order

wt /2

exist. Let w; = Ino? so that o, = /2. Then the model can be rewritten as

e = ez (4.88)

Wy = W+ PBwi_1 + oyu (4.89)

To impose stationarity on the log volatility process, the logistic transformation is used
to define the autoregressive parameter J from the unrestricted parameter 3*
e’

S 4.90
o (4.90)

The logistic transformation restricts 8 to the interval (0, 1). This restriction is reasonable
since negative values of 3 are not empirically relevant for asset returns. The unconditional
mean of the log volatility process is p = w/(1 — f3)

We simulate a sample of size N = 4000 from the model using parameters a = —0.147,
B =0.98 and o, = 0.166. taken from Andersen, Chung and Sorensen (1999). The parameters
are calibrated to match typical daily return data.

Andersen, Chung and Sorensen (1999) study the EMM estimation of this model using an
extensive Monte Carlo study. They find that EMM performs substantially better than GMM,
and comparably to direct likelihood-based inference procedure. For samples of size 1000 or
less they find that a simple Gaussian GARCH(1,1) SNP model is a good choice for a score

generator. Only for much larger samples do they find that adding Hermite polynomial terms
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to the SNP model improves efficiency. Regarding inference, the find that EMM objective

function test for overidentifying restriction is remarkably reliable.

The quasi-maximum likelihood estimation of the SNP model utilizes random restarts of
the optimizer to avoid getting stuck at a potentia local minimum. EMM converges with high
objective function p-value indicating that the data do not reject the single overidentifying
restriction implied by the GARCH(1,1) score generator. The estimates are w = —0.2631,
o, = 0.1950 and g = 0.9652. They are reasonably close to their true values.

GMM and EMM estimates are remarkably similar. However, based on the extensive MC
study the above mentioned authors recommend EMM over GMM for the following reasons:
(1) EMM estimates are numerically more stable; (2) EMM estimates have smaller root mean
square errors; (3) the problems associated with the choice of weighting matrices in the case of
GMM are absent in EMM; (4) the EMM test for overidentifying restrictions is more stable;

(5) inference regarding the parameters based on EMM t-statistics is more reliable.

Next, we consider EMM estimation of our model for the S&P 500 daily returns using the
best fitting score generator. The small p-value p = 1.916e — 11 of the final EMM objective
value indicates that the SV model is rejected by the S&P 500 returns.

Gallant, Hsieh and Tauchen (1997) consider the general univariate SV model

p
Ye =+ Z OiYp—j + ewt/zazzt (4.91)
j=1
q
W= Biwi—j+ out (4.92)
j=1

where z; and u; are iid Gaussian random variables with mean zero, unit variance and
correlation coefficient p. The model allows for autoregressive effects in the mean and log
volatility. A negative correlation between the innovations to the level and log-volatility

allow for the so-called leverage effect.

Fitting this model with leverage to the S&P data produces much better results. In case

when p=1 and ¢ = 4 we get a p-value of almost 0.2. So the model makes sense.
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4.3.3 Sequential parameter learning.

Assume a Markovian dynamic model for sequentially observed data vector 1, in which the
state vector at time t is x; and the fixed parameter vector is §. The model is specified at

each time ¢ by the observation equation defining the observation density

p(yelwe, 0) (4.93)

and the Markovian evolution equation, or state equation, defining the transition density

p(xe|wi1,0) (4.94)

Sequential Monte Carlo methods aim to sequentially update Monte Carlo sample ap-
proximation to the sequence of posterior distributions p(xz, 0|D;) where Dy = {D;_1,y:} is
the information set at time ¢. On observing the new observation ¥, it is desired to produce
a sample from the current posterior p(zyy1,0|Dyi1).

We have already considered model where fwas assumed known, so that the focus was
entirely on filtering for the state vector. As time evolves to t + 1 we observe 3,1, and want

to generate a sample from the posterior p(z;.1|Dys1). Theoretically

p($t+1 \Dt+1) X P(Yi41 |33t+1)P(33t+1|Dt) (4-95)

where p(x;41|D;) is the prior density of x4y and p(ys11|z:+1) is the likelihood function.

In the general model, standing at time ¢, we now have a combined sample

{x,ﬁj),et@ =1, N} (4.96)

and associated weights

(WP j=1,..,N} (4.97)

representing an importance sample approximation to the time ¢ posterior p(x, 8| D;) for

both parameter and state. Note that the t suffix on the # samples here indicate that they
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are from the time ¢ posterior, not that @ is time-varying. Time evolves to t 4+ 1, we observe

Yi+1,and now want to generate a sample from p(x;41,6|D;y1). Bayes’ theorem gives us

p(fEt+1, 9|Dt+1) X p(yt+1 |:Bt+17 e)p($t+1 |9a Dt)p<9|Dt) (4-98)

where p(6|D;) is now an important ingredient.
Consider briefly a model in which € is replaced by 6;at time ¢, and simply include 6; in
the augmented state vector. Then add an independent, zero-mean normal increment to the

parameter at each time. That is,

Opp1 = 0 + & (4.99)

Eip1 ~ N(0, Wipq) (4.100)

for some specified variance matrix W;,; and where 6, and & are conditionally indepen-
dent given D,. With this model, the standard filtering methods for state alone now apply.
Among the various issues and drawbacks of this approach, the key on is simply that fixed
model parameters are, well, fixed. Pretending that they are in fact time-varying implied an
artificial loss of information, resulting in posteriors that are eventually too diffuse.

Understanding the imperative to develop some method of smoothing for approximation of
the required density p(6|D;), West (1993) developed kernel smoothing methods that provided
the basis for rather effective adaptive importance sampling techniques.

Standing at time ¢, suppose we have current posterior parameter samples Qt(j Jand weights

wt(j ),providing discrete MC approximation to p(8]D;). Write §; and V; for the MC posterior

mean and variance matrix of p(0|D;), computed from the MC sample ng )with weights w,gj ).

The smooth kernel density form of West (1993) is given by

N
p(01Dy) = Y W N(m{” 12V, (4.101)
=1

with the following components. First, N(:|m,S) is a multivariate normal density mean

m and variance S, so that the above density is a mixture of N(6]m{”, h2V;) distributions
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weighted by the sample weights wt ) Kernel rotation and scaling uses V;, the MC posterior
variance, and the overall scale of kernels is a function of the smoothing parameter h > 0.

(4)

The kernel locations m,”’are specified using shrinkage rule introduced by West (1993).

West introduced the novel idea of shrinkage kernel locations. Take

m? = ab? + (1 - a)6, (4.102)

where a = v/1 — h2. With these kernel locations, the resulting normal mixture retains
the mean 6;,and now has the correct variance V;.

The loss of information is explicitly represented by the component of W, ;. Now, there
is close tie between (159) and (160) and the kernel smoothing approach. To see this, note
that the MC approximation to p(6;41]|D;) implied by equation (159) is also a kernel form,

namely

9t+1 |Dt Z wt 6t+1 |9t s Wt+1) (4103)

and this is over-dispersed relative to the required variance V;.
There is a way to correct this Liu and West by introducing A,41 = I—W,1V; /2, so that
in the case of approximate joint normality of (6;,&;.1|D;), this would imply the conditional

normal evolution in which

P(0:4110:) = N(Opa|Aaby + (I — Ay)8, (1 — AZ)VE) (4.104)

The resulting MC approximation to p(6;41|D;) is then a generalized kernel form with
complicated shrinkage patterns. If one restricts here to the very special case in which the
evolution variance matrix is specified using a standard discount factor technique. We can

take

1
Werr = Vil5 — 1) (4.105)
where 0 is a discount factor, typically around 0.95 — 0.99. In this case, A;y; = al with
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a = (30 —1)/26 and the conditional evolution density becomes

p<6t+1|9t) ~ N(9t+1]a9t -+ (1 — a)@t, Ez‘/t) (4106)

where h? =1 — ((36 — 1)/26)%.

4.3.3.1 Application of Liu and West filter to SV model. Let y;,fort =1,....,n be

modeled as

Yelze ~ N(0,e™) (4.107)

(z4]2i-1,0) ~ N(a + Bry_q1,77) (4.108)

where 6 = (a, 3, 7%)
We are going to simulate n = 500 points, with o = —0.0031, 8 = 0.9951 and 72 = 0.0074
and 1 = a/(1 — B) = —0.632653.

Prior setup:

Ty ~ N(mo, Co)

B ~ N(B(% VB)

a~ N(w, V,)

72~ IG(ny/2, n0702/2)

where mo = 0.0, Cy = 0.1, ap = —0.0031, V,, = 0.01, By = 0.9951, V3 = 0.01, ny = 3,
and 73 = 0.0074.
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Figure 4.3: Liu and West parameter learning of SV model
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5.0 CONTINUOUS STOCHASTIC VOLATILITY MODELS.

Stochastic volatility (SV) models are useful because they explain in a self-consistent way why
options with different strikes and expirations have different Black-Scholes implied volatilities-
that is, the volatility smile. Moreover, unlike alternative models that can fit the smile(such
as local volatility model), SV models assume realistic dynamics for the underlying. From
hedging perspective, traders who use Black-Scholes model must continuously change the
volatility assumption in order to match market prices. Their hedge ratios change accordingly
in an uncontrolled way: SV models bring some order into this chaos. Distributions of real
returns are highly peaked and fat-tailed relative to the Gaussian distribution. Fat tails and
high central peak are characteristics of a mixture of distributions with different variances.

That is way variance is modeled as a random variable.

5.1 FIRST LOOK AT CONTINUOUS SV MODELS.

Suppose that the stock with the price S and its variance v = o2 are driven by the following

stochastic differential equations:

dSt = ,LLtStdt + \/Ftstdwl (51)
dUt = (X(St,vt,t)dt—i— T]ﬁ(st,’l]t,t>\/1}_tdW2 (52)

with
< dWldWQ >= pt (53)
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where p; is the deterministic drift, n is the volatility of volatility and pis the correlation
coefficient between random stock returns. dWiand dWsare Brownian motions or sometimes
called Wiener processes.

In the Black-Scholes case, there is only one source of randomness, the stock price, which
can be hedged with a stock. In this case, not only the stock price is random but also its
volatility which needs hedging as well. So we set a portfolio II containing the option being
priced, whose value is V(S,v,t), a quantity —A of the stock and quantity —A; of asset
whose value V) also depends on volatility.

We have

M=V -AS—AW (5.4)

The change in portfolio is given then by

_fov 1 0%V o?V 282
dH—{E—F Usw—i-pnvﬁsa 6S+ 77 vf }dt

oV 1 L0 PV L Qa v1
M {E*i”s ggz TP G ag Tyl

oV oVi ov 8V1

To make the portfolio instantaneously risk-free, we must choose

v i
a5 Mg A0
and
v o
o0 S, 0

This gives us

fov 1 0%V 0*V 282
dH—{E —Sw—l—pn BSa 8S+ n v }dt
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ot 052

A, {av 15232v1 A

0?Vy
v
v558 85 ﬁ }dt =rlldt =r(V — AS — A V})dt

where we explicitly made our portfolio risk by introducing the risk free rate. After some

rearrangements one can obtain

BV + USQ 352 v o+ pnvﬁSavas + 277 vﬁz%v‘rj + rS —rV

oV
v

2
_ G+ 3uSP G+ pnBS TR + gnPoB SR + 1S — 1V 6.5
o ovy :

ov
The left-hand side is a function of only V' and the right-hand side is the function of only

V. Either side should then be equal to some function of S,v and t.

av 1 o2 , O*V ?v 1 0*V ov

ov
- — 2_ - — i -
8t+ v 8S2+pnvﬁ 885+ —n*up +rSaS rV = —(a gbﬂ\/ﬂ)a

¢(S,v,t) is called the market price of volatility risk.

5.1.1 Heston model.

The Heston model corresponds to choosing «(S, v, t) = —A(v; — ) and B(s,v,t) = 1. Then

our stochastic processes become

dSt == ,LLtStdt + \/U_tStdW1 (56)
with
< dW1dWy >= pt (58)

The process followed by the instantaneous variance v; may be recognized as as version
of the square root process described by Cox, Ingersoll, and Ross (CIR process).We can now

substitute the above values for into the general valuation equation to obtain:
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av 1 0*V 0*V 0*V oV oV
— —52——1— S——— n’ 2—+S——V Aoy —
ot g57 TS G Tl g5~V =AUy

We also show the original derivation done by Heston of the solution of the above PDE
for the European options.

Before solving this equation with appropriate boundary conditions, we can simplify it by
making a series of changes of variables. Let K be the strike price of the option, T" time to
expiration, Fyr the time 7' forward price of the stock and « = log(F;r/K). Let denote by
C' the future value to expiration of the option and 7 =T —t is time to expiration. Then the
above PDE can be rewritten as

oCc 1

1
—E —UCH —UCl + 577211022 + pnv012 — /\(U — @)Cg =0

where by subscripts 1 and 2 we refer to differentiation with respect to  and v respectively.

According to Duffie, Pan and Singleton (2000), the solution has the form

C(z,v,7) = K{e"Pi(z,v,7) — Py(z,v,7)} (5.9)
Substituting this anzats into the our PDE we get
or; 1 0°P; 1 or; 1, 0°P; 0*P;

~or Talar Qg TRl t g, e b5 =0

for = 0,1 where

a=AN0 bj=X—jmm

subject to terminal conditions

lim Pj(z,v,7) =1 (5.10)

T—0
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for x > 0 and

lim P;(z,v,7) =0 (5.11)
70

for x < 0.
We solve our equations using Fourier transform technique. Without loading the reader

with complex derivations we simply show the final solution.

1 1 [~ ; v+ D; )
Pievr) = L4 _/ JuRe {exp{C](u,T)v —|—. i (u, T)v + zux}} (5.12)
2 7mJ w
where
1 — —dr
D(u,7)=r_ ——°
1 — ge—dT

B 2 1—ge ¥
C(u,T)—)\{rT—n2log( - >}

:Bid:ﬁi\/ﬁ2—4a’y

==
n? 2y
r_
g=—
T+
u? zu+,
a=————+iju
9 o Y
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5.2 LOCAL VOLATILITY.

Given the computational complexity of stochastic volatility models and the difficulty of
fitting parameters of the current prices of vanilla options,practitioners sought a simpler way
of pricing exotic options consistently with the volatility skew. The breakthrough came when
Dupire (1994) and Dernan and Kani (1994) noted that under the risk-neutrality, there was
a unique diffusion process consistent with the distribution of marker prices of options. The
correspoding unique state-dependent diffusion coefficient o (S,t), consistent with current

European options prices, is known as the local volatility function.

5.2.1 A review of Dupire’s work.

For a given expiration 7" and current stock price Sp,the collection {C(Sy, K,T)} of undis-
counted option prices of different strikes yields the risk-neutral probability density function

¢ of the final spot S through the relationship

(e}

C(So, K, T) / dSré(Sr, T: So) (Sy — K) (5.13)

K

Differentiating twice with respect to K we get

o*C
¢<K7 T7 SO) - aKQ

Given the distribution of final spot prices for each time T conditional of some starting
spot price Sy, Dupire was able to show that there is a unique risk neutral diffusion process
which generates these distributions.

Suppose the stock price diffuses with risk-neutral drift p; = ry — Dy where r; is the free

interest rate and D;is the dividend yield and local volatility o (S, t) according to the equation:

The pseudo-probability density function ¢(Sz,T"Sy) of the final spot at time 7" evolves
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according to the Fokker-Planck equation:

1o* ., 0 ¢
2052 (0757¢) — SE(MST@ =97 (5.15)
Differentiating (5.13) with respect to T' gives
oC o 2 0
- - - — K 1
o= [ s 07510) - sr-wsio) b (s - ) (5.16)
Integrating by parts gives:
oC  o’K?9°C oC

which is the Dupire equation when the underlying stock has risk-neutral drift g. That

is, the forward price of the stock at time 7" is given by

T
Fr = Syexp {/ dt,ut}
0

Were we to express the option price as a function of the forward Fr = Sy exp { fOT dtp(t) },

we would get the same expression minus the drift term. That is,

oc o’K? 9*C
or 2 0K>2
where C' now represents C'(Fr, K,T). Inverting this gives

ac
o*(K,T,Sy) = le;TBQC (5.18)
27 BK?

We can view this expression as a definition of local volatility function regardless of what

kind of process governs the evolution of volatility.

5.2.2 Local volatility in terms of implied volatility.

Market prices of options are quoted in terms of Black-Scholes implied volatility ogs (K, T'; Sp).

In other words, we may write

C(S()a K7 T) = 035(507 K7 UBS(Sﬂa K7 T)v T)
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It will be more convenient to work in terms of two dimensionless variables:

w(S(), K, T = UBS(K; T; SO)T

] K
Yy = log Fr

In terms of these variables, the Black-Scholes formula becomes

Cps(Fr,y,w) = Fr {N (—% + g) —e'N (—i - @) } (5.19)

and

and the Dupire equation becomes

oC v [(0*°C  0C
ﬁ == ? {a—yQ - 8_y} + ,U(T)O (520)

where v, = 0%(Sy, K, T). After some manipulation with derivatives of the Black-Scholes

price and prices of options in terms the implied volatility we arrive at the following result

ow

vy = T . (5.21)
Sw 1 1 1 2 dw 192w
1—%a—y+z<—z z+%><a—y> + 27

5.3 STOCHASTIC VOLATILITY WITH JUMPS.

Assume the stock price follows the SDE

dS = pSdt + o SdW + (J — 1)dq (5.22)

where the dq is the Poisson process.

So, once again we, we set up a portfolio Il containing the option being priced whose value

we denote by V(S,v,t) , a quantity —A of the stock and a quantity —A; of another asset

whose value V; depends on the jump.

We have

I=V-AS—A W (5.23)
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The change on this portfolio can be found using the Ito’s lemma and is given by

o 737 o5 ar 1277 992 99

2 2
dll = {(‘3\/ L 0 V}dt—Al{%—{—lJQSz—a Vl}dt—i—{a—v—Al%—A}dSc—i—
{V(IS,6) = V(S,1) = A(A(JS, ) = VA(S,0) — AT — 1)S}dg

where S¢(¢) is the continuous part of S(t).

To make the portfolio risk free, we must choose

NG N

oS oS
V(JS,t) = V(S,t) — A (VA(JS,y) — Vi(S, 1)) — A(J —1)S =0
This leaves us with

2 2
dll = {av + 102528—‘/} dt — Ay {% + 10252%} dt = rIldt = r(V — AS — A V})dt

ot 2 052 ot 2
(5.24)

Collecting all terms with V' on one side and terms with Vjon the other side we get

%_\; - 50252% + TSg—g —rV _ % + %0232%25‘21 + TS% —rV;
SV —(J —1)S%% Vi —(J—1)S%2

where we have defined 0V = V(JS,t) — V(S,1).

The only way the above expression can be true if each side is equal to a function of S

and t, which we denote by —A.

vV 1 ,,0°V OV v
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5.3.1 Risk management.

Volatility is a measure of risk involved in financial and economic decision making and it
is a key part of modern financial theory. So far, we have looked at the volatility modeling
through time series prism where GARCH and SV models prevail as the cornerstones. Another
prospective on volatility modeling can be gained by looking at financial mathematics and in
particular derivatives pricing. The celebrated result by Black and Scholes (BS) in 1973 offers
a framework for valuation of European style derivatives within a simple set of assumptions.
Six parameters enter the pricing formula: the current underlying asset price, the strike price,
the expiry date of the option, the riskless interest rate, the dividend yield, and a constant
volatility parameter that describes the instantaneous standard deviation of the returns of
the log-asset price. The application of the formula, however, faces an obstacle: only its five

parameters are known quantities. The last one, the volatility parameter, is unknown.

Going back to our second perspective we can estimate the volatility from option prices.
In other words we recover the volatility that the market has priced into a given option. We
are interested in what volatility is implied in observed option prices, if the BS model is valid
description of market conditions? This reverse perspective is called BS implied volatility.
IV exhibits a pronounced curvature across strikes and is also curved across time to maturity
but not as much. For a given time to maturity this function has been named smile, and the

entire curved surface is called the implied volatility surface (IVS).

IV popularity can be explained for two reasons. One of them is simplicity of BS formula
and easiness of communication. Another reason is more fundamental and says that the
option implied volatility is a forward looking variable (because option are bets on future
development of the underlying asset). IV reflects market expectations on volatility over the

remaining life time of the option.
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5.4 IMPLIED VOLATILITY SURFACE.

Let’s recall the form of the BS formula. The price C(S;,t) of a plain vanilla call is the
solution to the PDE with the boundary condition C'(S7,T) = (Sr — K)T. The explicit

solution is known as the Black and Scholes formula for calls:

CB5(8,t, K, T,0,r,0) = e S, ®(dy) — e " K®(dy) (5.25)

where

4 — In(S;/K) +U(\7‘/F— 6+ 20%)T (5.26)

d2 == d1 - O'\/F (527)

and where ®(u) = [* ¢(z)dz is the cdf of standard normal distribution. 7 is time to
maturity.

It is obvious that the BS formula is derived under assumptions that are not likely to
be met in reality: frictionless markets, not transaction costs, no price jumps, and constant
volatility. Due to the simplicity of the model, any deviation from these assumptions is
summarized in one parameter: the IV smile and IVS.

The only unknown parameter in the BS pricing formula is the volatility. Given observed

market prices Cy, it is therefore natural to define the implied volatility (IV):

g: CP3S,t,K,T,6)—C,=0

IV is the empirically determined parameter that makes the BS formula fit market prices
of options. Since the BS is monotone in o, there exists a unique solution ¢ > 0. In the
derivation of of the BS formula it is assumed that the volatility is constant. IV &, however,
is a curve across options strikes K and across expiry date 7. Thus IV is in fact a mapping

from time,strike price and expiry days to R™:
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5: (tLK,T)— 6,(KT)

The mapping is called the implied volatility surface (IVS).

Often it is not convenient to work in absolute variables as expiry dates and strikes. Rather
one prefers relative variables, since the analysis becomes independent of expiry effects and
movement of the underlying. As a new scale, one typically uses time to maturity 7 =T — ¢

and moneyness. A stock price moneyness can be defined by:

k=K/S, (5.28)

We say that an option is at-the-money (ATM) when x ~ 1.A call option is called out-of-
the-money, OTM, (in-the-money,(ITM)), if k > 1(k < 1) with the reverse applying to puts.
The most fundamental conclusion is that OTM puts and I'TM calls are traded at higher
prices that the corresponding ATM options. Obviously, the BS model does not properly

capture the probability of of large downward movements of the underlying asset price.

5.4.1 Static stylized facts.

1. For short time to maturities the smile is very pronounced, while the smile becomes more
and more shallow for longer time to maturities.

2. The smile function achieves its minimum in the neighborhood of ATM to near OTM call
options.

3. OTM put regions display higher levels of IV than OTM call regions.

4. The volatility of IV is biggest for short maturity options and monotonically declining
with time to maturity.

5. Returns of the underlying asset and returns of IV are negatively correlated indicating a
leverage effect.

6. IV appears to be mean-reverting.

7. Shocks across the IV are highly correlated.
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5.4.2 Hedging and risk management.

In the presence of smile, a first obvious challenge is the computation of the relevant hedge
ratios. At first glance, an answer may be to insert IV into the BS derivatives in order to
compute the hedge ratios for some option positions. This strategy is called an IV compen-
sated BS hedge. However, one should be aware that this strategy can be erroneous, since IV
is not necessarily equal to the hedging volatility. Analogously to IV, the hedging volatility,
for instance for the delta, is defined by:

oCB5 (S, t, K, T,5,)  9C,
op - — =0,

oS oS

which is the volatility that equates the BS delta with the delta of the true model. The
hedging volatility is not directly observable.

One can prove that the bias in this approximation is systematic. The bias translates
into the following errors in the hedge ratios: for ITM options the use of IV to compute the
hedge ratios leads to an underhedge position in the delta, while for OTM options it leads an
overhedge position. Only for ATM options this type of a hedge is perfect.

A better strategy due to Lee (2001) includes the stochastic volatility case. Consider

oC, 9CPB5(S,,t,K,T,5) O8CPS(S, t,K,T,5) 06

oK 0K + 9 0K (5:29)

and

0C,  9CPS(S,t, K, T,5)  9CP9(S,,t, K, T,5) 05

95 95 - i 95 (5.30)
Using the second equation we can find that
06 K 0c
Thus the corrected hedge ration is:
oC,  9CP5(S,t, K, T,6) OCP%(S,,t, K, T,5) K 95 (5:32)

oS oS 0o Sy 0K
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This delta-hedge can be implemented without estimating an underlying stochastic volatil-
ity model.

For risk management, other difficulties appear, especially when IV compensated hedge
ratios are used. When different BS models apply for different strikes, one may question
whether delta and vega risks across different strikes can simply be adds to assess the overall
risk in the option book: being a certain amount of dollars delta long in hight strike options,
and the same amount delta short in low strike options, need not necessarily imply that the

book is delta-neutral.

5.4.3 Pricing.

A next challenge is valuing exotic options. The reason is that even the simplest path depen-
dent options, like barrier option, require sophisticated volatility specification. In some cases
one knows the explicit formula for the price. However, which IV should we use for pricing.
One could use the IV at the strike K, the one at the barrier L, or some average of both.
The problem is the more virulent the more sensitive the exotic option is to volatility.

At this point it becomes clear that, in the presence of the IV, pricing is not sensible
without a self-consistent and reliable model. One can use the stochastic volatility models.
Another way, which is much closer to the concept of the IVS, is offered by the smile consistent
local volatility models. These models rely on a volatility function that is directly backed out
of prices of plain vanilla options observed in the market. Thus, the exotic option is priced
consistently with the entire IVS. This is a natural approach, especially when the exotic

option is to be hedged with plain vanilla options.

5.4.4 Predictive capabilities of IV.

In an efficient market, options instantaneously adjust to new information. Thus, IV predic-
tions do not depend on the historical price or volatility series in an adaptive sense. This may
be viewed as an advantage of IV type of models. There are two caveats though. First, the
test on the forecasting ability of IV is always a joint test of option market efficiency and the

option pricing model. Second, given the presence of the smile, one either has to restrict the
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analysis to ATM options or to find an appropriate weighting scheme of IV across different
strikes. The overall consensus of the literature is that IV based predictions do contain a
substantial amount of information on future volatility and are better than (only) time series

based methods. At the same time, most authors conclude the IV is a biased predictor.

5.5 ESTIMATION OF IVS.

Parametric attempts to model the IVS along the strike profile usually employ quadratic spec-
ification. However, it seems that these parametric approaches are not capable of capturing
the salient features of IVS patterns, and produce biased estimates.

Recently, non- and semi-parametric smoothing techniques for estimating the IVS have
been used more and more. The main idea of these methods can be stated as follows: suppose
we are given a data set {(z;,y;)}" ;. In the context of IVS estimation, this would be some
moneyness measures and time to maturity, or either of them, and IV respectively. The goal

is to estimate the regression relationship
yi = m(x;) + ¢ (5.33)

5.5.1 Nadaraya-Watson estimator.

For simplicity, consider the univariate model

Y=m(X)+e (5.34)

with unknown regression function m. The explanatory variable X and the response
variable Y take value in R, have the joint pdf f(z,y) and are independent of . The error
has the properties F(g|x) = 0 and E(e%|z) = o?(x).

Using the definition of conditional expectation we can write

m(z) =EY|X =x)= W (5.35)
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where f,is the marginal pdf. This form shows that the regression function can be esti-
mated using kernel density estimates of the joint and marginal density.
Suppose we are given the randomly sampled iid data set {(z;,v;)}!~;. Then the Nadaraya-

Watson estimator is given by:
'Y Ky (= x)ys
7 = = 5.36
S Sy ATy (230

where K (u) is a kernel function satisfying [ K (u)du = 1, Kj(u) =
the bandwidth.

K(3) and h is called

1
h

One can rewrite the above result as

m(e) =~ 3 win(@)y (5.37)

where
Kp(x — ;)
“inl®) = S Rl — )

(5.38)

Under some regularity conditions, the Nadaraya-Watson estimator is consistent, i.e.

m(z) — m(x) (5.39)

in probability.

5.5.2 Local polynomial smoothing.

Another view on the Nadaraya-Watson estimator can be taken by noting that it can be

written as the minimizer of

mmz m)? Ky (x — ;) (5.40)

Computing the normal equations leads (60) as a solution for m. This reveals that

Nadaraya-Watson estimator is a special case of fitting a constant in a local neighborhood of
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x. In local polynomial smoothing this idea is generalized to fitting locally a polynomial of

order p. This estimator can be formulated in terms of quadratic minimization problem

min Z(yZ — Bo— bilx — ;) — ... — Bplz — ;)P) Kp(x — ;) (5.41)

The solution to this problem looks like

Blz) = (XTWX) X Wy (5.42)
where
| w—m1 (r—2)? .. (r—m1)
| e (. —22)2 ... (z—ab) (5.43)
U o—ay (=) o (2 —an)P
and
Kn(z — 71) 0 0
W 9 Kh(x.—xQ) 9 (5.44)
: 0 K-

An important byproduct of local polynomial estimators is that they provide an easy and

efficient way for computing derivatives up to order (p + 1) of the regression function:

M (z) = j16;(x) (5.45)
Another important difficulty with kernel estimator is bandwidth selection. We are not

touching this subject here since it is a vast topic. We can only add that it is usually done

using cross validation techniques or penalization approaches based on information criteria.

5.5.3 Least squares kernel smoothing.

In this section, we discuss a special smoother designed to estimate the IVS. It is a one-

step procedure based on a least squares kernel estimator that smoothes IV in the space of
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option prices. There is no need to invert the BS formula in order to extract [V observations.
The LSK estimator is a special case of a general class of estimators, the so-called kernel
M-estimators, that has been introduced by Gourieoux.

We first rewrite the BS formula in terms of moneyness metric:

CP5(8,,t, K, T,0,r,0) = SicP5(ky, 7,0,7,0) (5.46)

BS (50,7, 0,7, 8) = D(dy) — kee " TB(dy), and dy = —2EUEZT g g 6 /7

where ¢ G
The LSK estimator for the IVS is defined by:

oo, 7) = argming 3 {6, = oVt Koo (S5 ) o (T2) @

Kqnyand Ky are univariate kernels, and w(-) is a weight function, which allows for
differential weights of observed option prices. The reason why one incorporated these weights
is explained by he fact that I'TM options contain a liquidity premium and should be used to
a lesser extent.

One can prove using certain assumptions that this IVS estimator is consistent and has

asymptotic normality.
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