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This work reports theoretical studies and experimental proofs of the propulsion of mini-/microscale floating objects that propel on air-liquid interface by using two different principles. The
devices are extremely simple and do not include any moving parts.
The first principle takes advantage of three-phase contact line oscillation that is activated
by AC electrowetting on dielectric (EWOD) to propel the floating object. The capillary wave that
is generated by the free surface oscillation is visualized by using the Free-Surface Synthetic
Schlieren (FS-SS) method. A 3-D flow field sketch is constructed based on the flow visualizations
and PIV measurements. The flow field and trajectories of seeded particles suggest that Stokes drift
is the responsible mechanism for the propulsion. The propulsion speed of the floating object highly
depends on the amplitude, frequency, and shape of the EWOD signal. These phenomena are also
explained by the measured oscillation amplitudes and Stokes drift relations. Additionally, it is
shown that a wider EWOD electrode generates a faster propelling speed. Finally, with stacked
planar receiver coils and an amplitude modulated signal, a wirelessly powered AC EWOD
propulsion is realized.
The second principle of floating object propulsion is the Cheerios effect, which is also
generally known as lateral capillary force. Four common physical configurations (interactions
between two infinite vertical walls, two vertical circular cylinders, two spheres, and a sphere and
a vertical wall) are reviewed. Through theoretical analysis, it has been revealed that not the
wettability of the surface but the slope angle of the object is the most important parameter for the
iv

Cheerios effect. A general rule for this effect is that the lateral capillary force is attractive if the
slope angles of the interacting objects have the same sign, otherwise the force is repulsive. In
addition to the surface wettability, the size and the density of floating spheres are also important
for the slope angle. Active control of the Cheerios effect is achieved by implementing EWOD and
dielectrowetting methods to adjust the surface wettability. By sequentially activating microfabricated EWOD/dielectrowetting electrodes, linear translations of floating objects in the small
scale channel are accomplished. A continuous rotational motion of the floating rod is achieved in
a circular container by the EWOD method.
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1.0

INTRODUCTION

Around 70 percent of the surface area of our planet is covered by water. People utilize creeks,
rivers, lakes and oceans for a wide variety of living activities, such as transportation, fishing, and
entertainment. However, human beings cannot survive in the water without tools. To be able to
float on the water and move freely, people contrive and manufacture vessels in a wide size range,
from tiny to huge, and equip them with propulsion devices, such as oar, sail, propeller, and air fan.
Recently, interest has been increasing in using small floating robots for environment monitoring
systems[1], surveillance security systems[2], educational robots, and toys.
In nature, there are a number of animals living or spending part of their lives at the surface
of water, and many of these animals are able to walk on water. Recently, as the floating and
propulsion mechanisms of these animals have been elucidated and the demand for small floating
robots is increased, there has been an increasing interest in designing bio-inspired min/microrobots to achieve certain goals, such as power efficiency, high speed, and silent movement[3].

1.1

PROPULSION OF NATURAL CREATURES

Depending on the ratio of the body weight 𝑀𝑀𝑀𝑀 and the interfacial force 𝛾𝛾𝑃𝑃𝑐𝑐 , where 𝑀𝑀 is the body
mass of the water-walker, 𝑔𝑔 the gravitational acceleration, 𝛾𝛾 the air-water surface tension, and 𝑃𝑃𝑐𝑐
1

the contact perimeter of the water-walker, walking and propelling of different animals on water
𝑀𝑀𝑀𝑀

can be divided into two categories[4]: water-walkers, characterized by 𝛾𝛾𝑃𝑃 > 1, which are typically
𝑐𝑐

in decimeter or millimeter scale, such as sea birds and basilisk lizards, rely on the buoyancy force
or the force generated by their feet repeatedly slapping and stroking downwards to support their
𝑀𝑀𝑔𝑔

body weight[5]; smaller creatures with 𝛾𝛾𝑃𝑃 < 1, such as water striders, are supported by the surface
𝑐𝑐

tension[6] and use various propulsion methods.

1.1.1

Mg/(γPc) > 1

Creatures such as ducks and sea birds that live at the air-water interface and have a large ratio of
body weight to interfacial force generally support their body weight by the buoyant force. These
animals typically propel themselves by paddling. Some other animals, such as basilisk lizards, lift
themselves by repeatedly striking the water surface with their feet. Figure 1 shows high-speed
snapshots of water walking behavior of a basilisk lizard. Each stride of the lizard can be divided
into four phases[7]: slap, stroke, recovery-up and recovery-down. An in-depth study[5] and timeaveraged force measurements[8] showed that the majority of the weight support of basilisk lizards

Figure 1. Side and top view images of a basilisk lizard running across free surface[7].

2

comes from stroking the foot vertically downwards into the water and expanding an underwater
air cavity, rather than from slapping the water surface. Glasheen and McMahon[9] studied the
relationship between the size of a basilisk lizard body and its water-walking ability. They found
that large lizards can just barely support their body weight, but much smaller lizards can generate
the upward force twice as much as their body weight.

1.1.2

Mg/(γPc) < 1

For water-walkers with small mass 𝑀𝑀, the body weight can be counterbalanced by surface tension[6].

As one of the most common examples, water striders can stand effortlessly due to water repellency
and move quickly on water. Recent research showed that the water repellency is mainly created not
by the wax that covers legs[10], but by the superhydrophobic effect caused by a large number of

Figure 2. Flow generated by the stroke of a water strider[4]. (a) & (b) Side and top view images
of a stroke; (c) Schematic illustration of the flow structures generated by the driving stroke.

3

oriented tiny hairs (micro-setae) with fine nano-structures[11-13]. Flexibility of the legs[14], adhesion
energy[15], and hair density[15] were found to be important for the water repellency of the legs. Tilted,
flexible hairs can facilitate locomotion by interacting with the water surface and generating
directionally anisotropic adhesive forces[16].
Water striders perform two kinds of movements at the air-water interface: gliding and
leaping[17]. By studying the flow generated by the driven stroke of the water strider, as shown in Fig.
2, Hu et al. [4] found that the strider transfers momentum to the underlying fluid not primarily through
capillary waves, but rather through hemispherical vortices shed by its driving legs. Nevertheless, by
simplifying the leg stroke into an impulsive point force, Bühler[18] found that both wave momentum
and vortices momentum are significant, and share the horizontal momentum by 1/3 and 2/3,
respectively. Gao and Feng[19] suggested that small water striders rely on vortices, whereas large
ones may rely more on surface waves. Hu and Bush[20] proposed two principal modes of propulsion
available to small water-walkers: (1) when driving leg speed is greater than the capillary wave speed,
interfacial forces are generated by the deformed water surface for the surface locomotion; (2) for the
slower leg speed, the propulsion force comes from the contact or viscous forces acting on the leg hairs
when legs brush the water surface.
Fishing spiders propel themselves across the water surface using two gaits[21]: rowing with
four legs at speed below 20 cm/s and galloping with six legs at speed above 30 cm/s. Suter and
Wildman[21] concluded that hydrodynamic and anatomical constraints, including disintegration of
the dimple, the weight of spider, and the substantial drag experienced by the spider during the glide
interval between power strokes, confine rowing spiders to sustained velocities lower than 30 cm/s,
and that galloping allows spiders to move considerably faster due to the freedom from these
constraints.

4

Fishing spiders sometimes jump to avoid predators[22, 23]. Jumping height and duration were
found to be similar for fishing spiders with different mass[22]. Fishing spiders also sometimes take
advantage of air movement to ‘sail’ on the water surface[24, 25]. They extend their bodies and elevate
themselves to appropriate height above the free surface depending on the air speed to utilize the
aerodynamics forces for propulsion[25].
Terrestrial snails transmit waves of shear stress through a thin layer of mucus to walk on solid
surface[26]. Since a free surface cannot support such shear stress, water snails use a different
mechanism to crawl upside down on the surface. They deform the water surface with their foot to
generate curvature pressures and lubrication flows inside the mucus layer at the free surface to crawl
beneath it[27].
A lot of water-walking animals spend not entire but some of their lives in or on water. When
they want to move from water to land, they need to pass the meniscus at the bank. However,
millimeter-scale water-walkers are unable to climb menisci using their typical propulsion methods
such as sliding their limbs[6]. Normally these small animals climb meniscus by capillary force, which
is created by deformed water surface with their certain body postures, such as arching the back, as
shown in Fig. 3, and thus do not need to move their appendages to achieve movement[28]. This
phenomenon, which is also known as the Cheerios effect, will be discussed in detail in Chapter 3.

Figure 3. Meniscus climbing behavior of the water lily leaf beetle[28].
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There are some insects, such as Microvelia[29], that can release some surfactant to create a
surface tension gradient at the three-phase contact line and realize mass transfer, which is called the
Marangoni effect. As a result, they can propel themselves at the free surface in emergency
situations[29].

1.2

BIO-INSPIRED DEVICES

Since nature is the best teacher, the uncovered propulsion principles from the natural creatures may
facilitate the development of the water-walking robots. Fast, durable, high load capacity, untethered
and remote controllability, and high power efficiency are desirable properties for the future devices.
To date, a large number of attempts have been made to mimic the propulsion methods of natural
creatures mentioned in the previous section. Figure 4 shows some of the works on development of
bio-inspired propelling devices in the domain of the Reynolds number (= propelling speed ×

Figure 4. Artificial water-walkers. Re is the Reynolds number.
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𝑴𝑴𝑴𝑴
characteristic dimension / kinematic viscosity of water) and 𝜸𝜸𝑷𝑷
. Roughly, the developed devices fall
𝒄𝒄

𝑴𝑴𝑴𝑴
𝑴𝑴𝑴𝑴
. Interestingly, 𝜸𝜸𝑷𝑷
in the majority of the devices is
in the range of 1-1000 in Re and 0.01 – 10 in 𝜸𝜸𝑷𝑷
𝒄𝒄

𝒄𝒄

𝑴𝑴𝑴𝑴
smaller than 1. This may be because the case of 𝜸𝜸𝑷𝑷
> 1 requires more precise dynamic and complex
𝒄𝒄

structures and sophisticated control algorithms to overcome the gravity and drowning.
𝑴𝑴𝑴𝑴
One of the representative devices for 𝜸𝜸𝑷𝑷
> 1 is to mimic the walking manner of basilisk lizards.
𝒄𝒄

Floyd et al. [30] introduced a robot prototype that can run on the water surface by two or four feet
slapping and stroking into the water. They later optimized the foot design[31] and suggested the use
of a four-legged robot instead of two-legged one for better stability and higher lift-to-power ratio[32].
Park et al. [33, 34] built a dynamic model for the previous robot and analyzed the effects of running
frequency and tail types for stability. Park et al. [35] later improved the robot with a circular tail,
which is shown in Fig. 5(a), and achieved stable running on water.
𝑴𝑴𝑴𝑴
It is easy to find numerous water walking devices for 𝜸𝜸𝑷𝑷
< 1. Takonobu et al. [39] studied the
𝒄𝒄

muscle arrangement of water striders and designed a walking robot based on the water strider’s
internal structure. It had similar leg motions to those of the real insect. However, due to the complexity
of the structure, the robot was not small or light enough. As a result, it was supported not by surface
tension but by buoyance force. Compared with partially submerged floating objects, robots supported

Figure 5. Bio-inspired water walkers. (a), [35]; (b), [4]; (c), [36]; (d), [3]; (e), [37]; (f), [38].
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by surface tension experience much smaller drag resistance and thus can achieve higher power
efficiency. As shown in Fig. 5(b), Hu et al. [4, 38] designed a water-walking device that is sufficiently
light to be supported by surface tension. The robot had two rowing legs and was powered by an elastic
thread. However, it could travel only for a short time. Figure 5(e) shows a 6-legged elliptical leg
rotation robot actuated by three piezoelectric unimorph actuators to mimic the walking behavior of
water striders, which was proposed and fabricated by Suhr et al. [37]. By setting the vibrational
motion of the legs in phase or out of phase, the robot could go forward or backward and steer. Song
and Sitti[1] continued Suhr et al.’s work[37] and fabricated a similar piezoelectric unimorph actuated
robot. The maximum forward speed of the robot was measured to be 3 cm/s, and the rotational speed
was 0.5 rad/s. Figure 5(d) shows a DC motor actuated device designed by Ozcan et al. [3]. The driving
leg motion was also elliptical. The maximum forward and turning speeds of the robot were measured
to be 7.15 cm/s and 0.21 rad/s, respectively. As shown in Fig. 5(c), Zhang et al. [36] fabricated a
water strider robot that was driven by two DC (direct current) motors and had 10 supporting legs and
two activating legs. Its maximum speed was 15 cm/s.
Song et al. [40] first introduced an untethered water strider robot with 12 supporting legs. One
Li-Polymer battery was mounted on the robot to supply power. It could achieve a linear speed of 8.7
cm/s and a rotational motion of 0.8 rad/s. Suzuki et al. [41] also fabricated an untethered, single motor
driving walking robot. They used the different resonant frequencies of the legs, which were adjusted
by slightly changing the length of legs, to control movements in the forward, left, or right direction.
Hu et al. [38] introduced another untethered device that had a thermal actuator. However, the linear
speed was only 2 mm/s, which was one or two orders of magnitude lower than other devices. Wu et
al. [42, 43] focused on the control of the floating water strider robot. They successfully used infrared
signals to remotely control the robot’s direction and to change the propulsion speed.
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Hu et al. [38] introduced a leaping device inspired by Podura aquatica, which could catapult
itself by striking the free surface with its tail. As shown in Fig. 5(f), the device consisted of a curved
leaf spring latched by hand. As soon as the latch was released by heating with a soldering iron, the
leaf struck the water surface and catapulted the device upward. The jump height was about 10 cm.
Shin et al. [44] designed a 6-legged water jumping robot using a shape memory alloy. The robot was
capable of jumping to a maximum height of 2.6 cm.
Inspired by the meniscus climbing insects, Hu et al. [38] reported a meniscus climbing device
that consisted of a rectangular plastic sheet with a thermally actuated Nitinol muscle wire stretching
along its midline and attaching to both ends. Ohmic dissipation resulted from passing current causing
the wire to contract and the sheet to bend, which created a lateral force for propulsion.
Inspired by surfactant releasing insects, Luo et al. [45] utilized the Marangoni effect by
applying fluid with low surface tension to the stern to propel the floating boat. Japanese scholars [46]
proposed a self-propelling system powered by a redox reaction. The benzoquinone disk could
spontaneously move in different modes: continuous, intermittent (repetition between rest and rapid
motion), and velocity-decay motions. Since the movements highly depend on the species and
concentration of the reductant, the application is limited only to specific conditions. Moreover, this
method may bring contamination to the surrounding fluid. The temperature gradient can also generate
the Marangoni effect, which is more specifically known as thermocapillarity. Hendarto and
Gianchandani [47] generated a Marangoni flow by suspending a heat source above the fluid surface
to rotate a micro-motor immersed in silicone oil.
There are also some other propulsion methods that may not be directly adopted from the
propulsion mechanisms of natural creatures. Won et al. [48] utilized microstreaming flows created
by acoustic energized bubbles to propel a water floating mini-boat. Mita et al. [49] designed a floating
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object propulsion system that utilized bubble movements on the system. The bubble was moved by
electrowetting-on-dielectric (EWOD) actuation that was wirelessly powered by the radio frequency
power transfer. The immersed air bubble was attached to the dielectric-covered EWOD electrodes
that were placed on the exterior surface of the object’s bottom. When the voltage was applied to the
EWOD electrode, the bubble moved one step. The bubble movement generated the displacement of
the surrounding liquid and thus the floating object moved in the opposite direction to the bubble
movement based on the action and reaction principle. In order to generate continuous movement,
once the bubble moves from one end to the other, a new bubble should be provided at the initial
position. However, this system did not have a bubble generation mechanism, so no continuous
movements could be achieved.
Chung et al. [2] used EWOD to propel a floating object but in a different way. AC (alternating
current) signal was applied to the EWOD electrode. The structure was extremely simple and included
no moving mechanical parts. However, the propulsion mechanism was not revealed at that time. A
following research uncovering the detailed mechanism and studying parameter effects will be
illustrated in Chapter 2.
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2.0

2.1

2.1.1

AC EWOD PROPULSION

ELECTROWETTING ON DIELECTRIC (EWOD)

EWOD principle

In 1875, Lippmann first recognized that capillary force can be modified by adding electrostatic
charge[50]. It didn’t draw extensive attention before it was introduced into the MEMS community
in the early 1990s. However, from theory to practice, it was necessary to avoid electrolysis of the
solution at high voltage. This principle was later proved to be validated in the configuration where
the electrode is covered with a thin layer of dielectric layer[51, 52], which can overcome the
electrolysis to a great extent. This phenomenon, which is named electrowetting on dielectric
(EWOD), has outstanding MEMS devices’ favorable features, such as excellent reversibility and
low power consumption.
Figure 6 shows a typical configuration of EWOD. An aqueous sessile droplet sits on an
EWOD substrate that consists of a dielectric layer and a conductive electrode. In case the dielectric
layer is not hydrophobic, another thin layer of hydrophobic material, such as Teflon, is deposited
onto the dielectric layer. When a DC potential 𝑉𝑉𝑑𝑑 is applied at the dielectric layer, the electric

charge changes the surface energy of the dielectric layer, inducing a change in surface wettability
and the contact angle 𝜃𝜃. Typically, the contact angle 𝜃𝜃 decreases with increase of voltage 𝑉𝑉𝑑𝑑 . As a
11

Figure 6. Principle of electrowetting on dielectric. (a) Schematic configuration. The dashed
line represents the droplet original shape; the solid line denotes the droplet shape after
actuation. (b) Snapshots of basic electrowetting demonstration on a sessile drop.

result, the droplet spontaneously spreads out on the dielectric surface. When the external signal is
cut off, the contact angle returns to its initial state 𝜃𝜃0 , which brings the droplet to its original shape.
Equation (2-1), which is known as Lippmann’s equation, describes the relation between

solid-liquid interfacial tension 𝛾𝛾𝑠𝑠𝑠𝑠 and applied electric potential 𝑉𝑉𝑑𝑑 :
0
𝛾𝛾𝑠𝑠𝑠𝑠 = 𝛾𝛾𝑠𝑠𝑠𝑠
−

𝐶𝐶𝑑𝑑
2

𝑉𝑉𝑑𝑑 2

(2-1)

0
where 𝐶𝐶𝑑𝑑 (F/m2) is the specific capacitance of the dielectric layer, and 𝛾𝛾𝑠𝑠𝑠𝑠
the solid-liquid

interfacial tension at no external voltage. The relation between contact angle 𝜃𝜃 and interfacial
tensions at the three-phase contact line is given by Young’s equation:
cos𝜃𝜃 =

𝛾𝛾𝑠𝑠𝑠𝑠 −𝛾𝛾𝑠𝑠𝑠𝑠

(2-2)

𝛾𝛾𝑔𝑔𝑔𝑔

where 𝛾𝛾𝑠𝑠𝑠𝑠 is the solid-gas interfacial tension, and 𝛾𝛾𝑔𝑔𝑔𝑔 the gas-liquid interfacial tension.

By substituting Eqn. (2-2) into Eqn. (2-1), one can derive the relation between the contact

angle 𝜃𝜃 and the externally applied voltage across the dielectric layer 𝑉𝑉𝑑𝑑 , which is known as the
Lippmann-Young equation:

cos𝜃𝜃 = cos𝜃𝜃0 +

𝜀𝜀𝑟𝑟 𝜀𝜀0 𝑉𝑉𝑑𝑑 2
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2𝛾𝛾𝑔𝑔𝑔𝑔 𝑡𝑡𝑑𝑑

(2-3)

Figure 7. Equivalent circuit diagram for sessile droplet EWOD setup.

where 𝜃𝜃0 is initial contact angle with no external voltage, ε𝑟𝑟 the relative permittivity of the
dielectric layer, ε0 vacuum permittivity (8.854×10−12 F/m), and 𝑡𝑡𝑑𝑑 the thickness of the dielectric

layer. This equation shows that cosine value of contact angle 𝜃𝜃 changes parabolically with applied
voltage. Because the voltage term 𝑉𝑉𝑑𝑑 in Eqn. (2-3) is squared, the sign or direction of electrical

signal does not affect the contact angle value. As a result, the larger absolute value of 𝑉𝑉𝑑𝑑 results in

larger cos𝜃𝜃 and smaller contact angle 𝜃𝜃. It is worth mentioning that voltage 𝑉𝑉𝑑𝑑 in Eqn. (2-3) does
not necessarily equal total voltage applied to the system 𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 . A commonly used equivalent
circuit diagram for sessile droplet EWOD is shown in Fig. 7[54, 55]. Since the electric current at

Figure 8. Contact angle of a sessile droplet under DC or AC electrowetting[53]. The
rectangular and circular symbols correspond to the cases of DC and AC (f = 10 kHz),
respectively. The solid line represents the Lippmann-Young equation (Eqn. (2-3)).
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steady state is negligible due to the existence of capacitance of dielectric layer 𝐶𝐶𝑑𝑑 , one can assume

that voltage across the dielectric layer 𝑉𝑉𝑑𝑑 equals total applied source potential 𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 for the DC
case.

Contact angle can only be manipulated in a certain range. When 𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 exceeds critical

value, the contact angle no longer follows the voltage change and becomes saturated, which is
known as contact angle saturation phenomenon[56, 57]. It’s clearly shown in Fig. 8 that for DC
case (rectangular symbols), at low voltage, the contact angle is coincident with the LippmannYoung equation, but in high voltage range, the contact angle deviates from the theoretical curve at
some point and remains constant for even higher voltage 𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .
2.1.2

AC EWOD

According to Eqn. (2-3), when an AC electric field is applied, the contact angle should vary with
alternating voltage, which will induce an oscillation of three-phase contact line and, as a result,
oscillation of the droplet. But the droplet can only vibrate at a finite range of frequency[58]. At
high frequency range (typically higher than several kHz), the amplitude of contact line oscillation
becomes very small due to two possible reasons. (1) The voltage 𝑉𝑉𝑑𝑑 decreases as frequency
increases if the total voltage applied to the system 𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 remains the same. This is because, in the

AC case, the current is no longer zero, which means there’s a voltage drop across the droplet. So
the total voltage is divided and only part of it is applied across the dielectric layer. As a result, 𝑉𝑉𝑑𝑑

is less than 𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 and decreases as frequency increases. (2) The contact line cannot follow the

microscopic contact angle change mechanically. As a result, the overall shape of the droplet
doesn’t oscillate and appears to be deformed at a certain macroscopic contact angle at high
frequency.
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Figure 9. Patterns of droplet oscillation that are obtained by overlapping more than 50 images
at 100 V for resonance frequencies[59].

The circular symbols in Fig. 8 show macroscopic contact angle change at high frequency
(10 kHz) versus total applied AC voltage 𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 . The contact angle deviates from the Lippmann-

Young equation at much lower voltage compared to the DC case, which is caused by the voltage
drop across the droplet.
AC EWOD is commonly used to overcome or reduce the resistance in droplet
transportation and to enhance fluid mixing. Oh et al. [59] studied frequency dependent oscillation
resonance of droplet under AC potential, as shown in Fig. 9. Li and Mugele[60] found that contact
angle hysteresis almost disappears with increasing AC voltage, whereas for direct voltage it
remains constant. Based on this finding, Mannetje et al. [61] proposed and demonstrated a
prototype of wiper-free windscreen.
Miraghaie et al. [62] reported that the mixing rate of a sessile droplet was significantly
enhanced by AC EWOD at a frequency range of 30 to 300 Hz. Mugele et al. [63] triggered self-

excited oscillations of a millimeter-sized droplet by low frequency AC signal (10-125 Hz) and
found that the mixing rate was accelerated by approximately two orders of magnitude comparing
with that of pure diffusion. Malk et al. [64] observed two pairs of vortex flows inside an oscillating
droplet and found that the vortex location could be controlled by adjusting signal frequency. Ko et
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Figure 10. Frequency dependence of flow pattern under AC electrowetting[53].

al. [53] characterized this kind of flow into two types by frequency (Fig. 10). A quite fast flow
was observed in a low frequency range of 10 Hz to 15 kHz. In a higher frequency range about 35
to 256 kHz, the flow changes direction. They found that in the low frequency range, flow is
insensitive to conductivity of the solution. However, the flow at high frequency is very sensitive
to the conductivity of the solution and electrode position. It was suggested that the shape oscillation
of a droplet is responsible for the low-frequency flow[53, 59]. Mugele et al. [65] explained the
strength and frequency dependence for the low-frequency flow by Stokes drift driven by capillary
waves that emanate from the oscillating contact line. The high-frequency flow was found to be
caused by electrothermal effect[66, 67].
There have also been some other interesting AC EWOD experiments reported. Chung et
al. [68] developed micro-bubble tweezers that used bubbles actuated by AC EWOD to carry microparticles. Ko et al. [69] found that the oscillation of a sessile bubble in aqueous solution could
produce a steady streaming jet within the solution. Jet velocity is proportional to oscillation
amplitude and is greatest at natural oscillation frequencies. Chung et al. [2] utilized AC EWOD to
propel floating objects. The structure was extremely simple and included no moving mechanical
parts. A following research uncovering the detail propulsion mechanism and studying parameter
effects will be illustrated in the next sections.
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2.2

EXPERIMENTAL SETUP

Figure 11. EWOD electrode at vertical wall. θ0 is the initial contact angle at the wall; θ denotes
the contact angle after DC signal applied. Another electrode without dielectric layer covered
is inserted into water to form a closed electric circuit.

In traditional droplet or bubble microfluidics (for example, Fig. 6), the EWOD electrode is always
arranged horizontally, which results in lateral movements of contact line. If the EWOD electrode
is vertically inserted into water and penetrates the interface as shown in Fig. 11, a three-phase
contact line is formed. Since water is electrically conductive, the EWOD circuit is closed through
water. When there is no electrical potential applied, the contact angle is 𝜃𝜃0 (> 90° due to
hydrophobic surface), which makes the meniscus below the infinite free level. When DC voltage
𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 is applied to the system, the contact angle reduces to 𝜃𝜃 (assume 𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 is high enough and 𝜃𝜃

< 90°), which brings the meniscus above the infinite free surface level. When an AC electric signal
(frequency is not very high) is applied, the contact angle will oscillate following the signal, which
results in the oscillation of the contact line.
This AC EWOD setup can be implemented in a floating object on a free surface, as shown
in Fig. 12. An electrode covered with a dielectric layer is attached to the side surface of the floating
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Figure 12. Illustration of AC EWOD propulsion. The EWOD and bare ground electrodes are installed
at the stern and bottom of the boat, separately.

object and an additional bare electrode is submerged in water (a possible position of the latter
electrode would be the exterior surface of the object’s bottom as shown in Fig. 12). In case multiple
EWOD electrodes are needed for rotational and steering motions, they can be attached to the other
side surfaces normal to the propulsion direction. When an AC voltage is applied to the electrodes,
the contact angle oscillates and the free surface in contact with the EWOD electrode(s) also
oscillates. These oscillations eventually generate ripples (waves) and propel the floating object.
Figure 13(a) shows how the EWOD electrodes are made. A thin, flexible sheet with a Cu
layer of 18 μm in thickness (Dupont Pyralux® flexible Cu product) is coated with a 2.5 μm thick
parylene layer as a dielectric layer. To make the final surface hydrophobic, a thin layer (~ 2000Å
thick) of Teflon AF® is dip-coated. Figure 13(b) is the photo of a fabricated device showing how
the EWOD and ground (bare aluminum foil) electrodes are installed separately at the stern and
bottom of the centimeter-sized test foam boat. The test boat is made out of foam board. The total
weight of the test boat with electrodes is 0.27 grams. The dimensions of the boat are 35 (L) × 25
(W) × 8 (H) mm3. The boat is tested in a pool filled with deionized (DI) water (conductivity of 2
μS/cm). In order to minimize mechanical disturbance and resistance to the boat, very thin Cu wires
(30 μm in diameter) are used to transmit the AC signal to the electrodes.
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Figure 13. (a) EWOD electrode configuration; (b) Fabricated boat with EWOD and ground electrodes
installed. The inset shows the side and bottom of the boat. (c) Experimental setup of AC EWOD
propulsion.

2.3

2.3.1

PROPULSION AND MECHANISM

Propulsion test

A variety of boat propelling motions is shown in Fig. 14. The sinusoidal AC input signal is fixed
at 100 Hz in frequency and 100 VRMS in amplitude. The water depth ℎ is 10 mm. The EWOD
electrode is 10 mm wide. Figure 14(a) shows a linear boat motion when the EWOD electrode is
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Figure 14. AC EWOD propulsion in stationary water. Two snapshots before and after
actuation are overlapped to compare the positions. (a) Linear motion; (b) Rotation; (c)
Steering. A boat with a rectangular shape (30 (L) × 10 (W) × 10 (H) mm3) is used for (b)&(c).

installed at the stern and the ground electrode is mounted on the exterior part of the bottom. The
measured maximum linear speed is around 40 mm/s. When multiple EWOD electrodes are
installed at different locations on the boat side surface and activated in a combined fashion,
propulsion direction can be controlled. The two simplest cases are shown in Figs. 14(b) and 14(c).
When two EWOD electrodes are installed diagonally, the boat generates a rotational motion, as
shown in Fig. 14(b). The boat can also be steered along a curvilinear path, shown in Fig. 14(c),
when one EWOD electrode is placed at the stern and another is at the sidewall. When two or more
EWOD electrodes are installed, no ground electrode is needed because the electric circuit can be
closed via EWOD electrodes.
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Figure 15. AC EWOD propulsion in a wave tank. (a) Wave tank and stepper motor; (b)
Snapshot superposition of boat propulsion on wave surface. A standing wave is generated in
the water tank. Dashed lines show overlapped profiles of the standing wave.

The above experiments were performed on quiescent water. In addition, the boat can be
propelled on wavy water, as shown in Fig. 15. A standing wave is generated by a flap type wave
maker in a tank of dimensions 768 (L) × 318 (W) × 330 (H) mm3 (Fig. 15(a)). The water depth is
35 mm. The wave amplitude in the tank is around 5 mm. The wave oscillation frequency of 2.75
Hz is carefully chosen based on the dimension of the wave tank and wave amplitude. Figure 15(b)
is overlapped images showing the boat moving from a wave node, passing the anti-node, and
finally arriving at another node. Dashed lines in Fig. 15(c) show overlapped profiles of the standing
wave.
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2.3.2

Flow visualizations and propulsion mechanism

In order to understand how the propelling force is generated, the surface waves generated by
vertical oscillation of the three-phase contact line are first visualized with the Free-Surface
Synthetic Schlieren (FS-SS) method[70]. A random dot pattern is prepared and attached to the
bottom of the water tank. A digital camera (Canon XTi) takes top views of the dot pattern through
the water before and after the AC EWOD is on. When an electrical signal is applied to the EWOD
electrode, generated waves distort the free surface and the pattern image. The camera exposure
time is 1/1600 s. The 2-D displacements of individual dots due to refraction of light are computed
by the digital image correlation algorithm (freeware Ncorr). Then Surfaceheight Script (PIVMat
toolbox for Matlab) is used to reconstruct the surface height based on the displacement field. The
error of obtained surface height is less than 10%. Figure 16 shows surface waves near the activated
EWOD electrode when an electrical signal of 100 VRMS and 10 Hz is applied to the EWOD system.
The water depth is maintained at 10 mm. A periodic pattern of the wave can be observed.

Figure 16. Visualization of surface waves close to the EWOD electrode by FS-SS method (f
= 10 Hz, V = 100 VRMS).
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Figure 17. (a) Surface flow visualization (top view, exposure time = 0.6 s); (b) Trajectories of
two particle tracers in the center plane behind the boat recorded by a high-speed camera. The
amplitude of the wave is not scaled. The inset shows magnified and digitized traces.

Additionally, the overall flow pattern on the free surface is visualized, as shown in Fig.
17(a). Polyethylene microspheres (50 µm in diameter, 𝜌𝜌 = 1.0 g/cm3) are seeded on the free surface.
The camera exposure time is 0.6 s long. Note that the visualization shows the streaks of the
particles during this exposure time, which represent the time-averaged flow field. The flow comes
from either side of the electrode and is ejected out normally to the electrode. This ejected flow
generates a pushing force that propels the boat in the opposite direction to that of the ejected flow.
Figure 17(b) shows trajectories of particle tracers in the centerline in the wake of the boat that are
recorded by a high-speed camera (Vision Research Phantom V7.3). Four sequential images are
overlapped. These trajectories show the instantaneous velocity of tracers under the oscillating free
surface. The AC EWOD signal applied is sinusoidal at 10 Hz in frequency and 100 VRMS in
amplitude. The inset shows magnified and digitized trajectories of two tracers. When the free
surface is oscillated by EWOD, the tracers follow elliptical orbits. Interestingly and importantly,
however, the tracers have net displacements (drift) moving away from the EWOD electrode after
finishing one period of oscillation. The ejecting flow in the flow visualization on the free surface
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results from these net displacements. The tracers near the free surface have a larger orbit and
displacement than the tracers farther from the free surface do.
Figures 18(a) and 18(b) show time-averaged velocity fields in the center and crosssectional planes of the wake region that are measured by PIV (particle image velocimetry). 532
nm YAG laser (New Wave SoloIII-15) is diverged into a laser sheet. A camera (Powerview Plus
4MP) is located perpendicularly to the laser sheet. The synchronizer (TSI 610034) coordinates the
timing between the laser and the camera. The image acquisition is accomplished by Insight 3GTM
software platform (TSI Inc.) that deals with all timing coordination and phase triggering settings
and generates velocity vectors over the entire field of view. One can clearly see an outgoing flow
ejected normally to the electrode near the free surface in the center plane (Fig. 18(a)), which is
consistent with the flow visualization in Fig. 17(a). This outgoing flow, in turn, exerts a momentum
to the boat, which is responsible for propulsion of the boat. The flow is fastest on the free surface
and decays very quickly as the depth increases. Near the electrode, the flow has a horizontal

Figure 18. Velocity field measurement: (a) PIV measurement in the centerline of the wake;
(b) PIV measurement 10 mm downstream from the EWOD electrode (boat stern).
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Figure 19. 3-D flow field sketch based on the measurements.

component (outgoing from the electrode) as well as a vertical (downward) component. The crosssectional velocity measurement is made 10 mm downstream from the boat stern (Fig. 18(b)). At
this point, there exist two counter-rotating vortices. Based on all these results, an overall 3-D flow
pattern is sketched, as shown in Fig. 19. A flow (non-zero time-averaged flow) with two counterrotating spiral vortices is generated by a free surface oscillation near the electrode.
Previously, Hocking reported a similar wave that was produced by a vertically oscillating
plate partially immersed in water [71], even though the associated drift flow was not investigated.
The above trajectories in Fig. 17(b) resemble the Stokes drift in capillary waves [72, 73], which
describes the phenomenon that fluid particles just below the free surface experience a net
displacement along the wave propagation direction after a period of time when surface waves
travel by. The Stokes drift (net displacement) is mathematically interpreted as the difference
between the second order terms in the Eulerian and Lagrangian mean velocities [74, 75]. Note that
the first order terms in the Eulerian and Lagrangian mean velocities are identical. In addition, the
counter-rotating vortices in Fig. 18(b) are similar to the Langmuir circulation [76] that is the result
of interactions between the Stokes drift current induced by surface waves and the mean current
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[77]. All these flow visualization results are consistent with the flow behaviors associated with the
Stokes drift, which is the responsible mechanism for the present AC EWOD propulsion.
The drift velocity 𝑢𝑢𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (= net displacement/time) in the Stokes drift can be represented

by the wave theory [73, 78]:

𝑢𝑢𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (𝑧𝑧) = 𝑘𝑘𝑘𝑘𝐴𝐴2 𝑒𝑒 2𝑘𝑘𝑘𝑘 ,

(2-4)

where 𝑘𝑘 is the wavenumber of oscillation, 𝜔𝜔 the angular frequency, 𝐴𝐴 the wave amplitude, and 𝑧𝑧

the vertical distance from the free surface. The drift velocity depends on the properties of the
surface wave (𝑘𝑘, 𝐴𝐴 and ω). In addition, the velocity decays as 𝑧𝑧 increases, which is in qualitative
agreement with the above tracer trajectories. Mugele et al. [65] observed a similar Stokes drift in
the capillary wave when a sessile droplet was oscillated by AC EWOD at a low frequency. This
work showed that the Stokes drift was responsible for the enhancement of fluid mixing within the
droplet. In the capillary wave, the wave frequency 𝜔𝜔 can be related with the wavenumber 𝑘𝑘 by the
gravity-capillary wave dispersion relation [79]:
𝜸𝜸

𝜔𝜔2 = �𝑔𝑔 + 𝜌𝜌 𝑘𝑘 2 � 𝑘𝑘 tanh(𝑘𝑘ℎ),

(2-5)

𝑢𝑢𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (0) = 𝑘𝑘𝑘𝑘𝐴𝐴2 .

(2-6)

𝑤𝑤

where 𝜌𝜌𝑤𝑤 is density of water. The drift velocity at the free surface (𝑧𝑧 = 0) is

Note that the frequency of the EWOD input signal is not necessarily equal to the wave
frequency. If one assumes that Eqn. (2-3) is still valid for EWOD motions oscillating at the fairly
low frequency, the major frequency of the contact angle (or contact line) oscillation would be
double that of the EWOD signal frequency as the cosine of the contact angle is related to the square
of the EWOD signal. That is, for the sinusoidal AC signal with frequency 𝑓𝑓, the contact line
oscillates at frequency 2𝑓𝑓 with two peaks in oscillation amplitude during one signal period. In
addition to the frequency doubling, the dynamic response of the contact line movement comes into
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play. Some previous studies [65, 80] on the droplet configuration reported that the time-varying
contact angle does not necessarily have two identical peaks in one signal period. This means that
the contact angle and possibly the wave generated in the free surface may have fundamental,
subharmonic and harmonic frequencies. When the EWOD frequency was set at 𝑓𝑓 in the present
experiment, it was observed by high-speed images that the major frequency component in the
contact line oscillation was the second harmonic (i.e. 2𝑓𝑓). The visualization of free surface by the
FS-SS method also confirms that the major frequency of the surface wave is 2𝑓𝑓 and not the signal
frequency 𝑓𝑓. Based on this, it is inferred that the major component of 𝜔𝜔 in Eqn. (2-6) is 4𝜋𝜋𝜋𝜋.
2.3.3

Stokes drift and parameter effects

There are many parameters that influence the EWOD boat propulsion. According to Eqns. (2-5)
and (2-6), the drift velocity, which is critical to the EWOD boat propulsion, depends on the
frequency and the amplitude of the generated wave, which are determined by the change in the AC
EWOD contact angle. According to Eqn. (2-3), the change in the contact angle is a function of the
dielectric constant and thickness of the dielectric layer, the initial contact angle, the surface tension,
and the voltage applied to the dielectric layer. Throughout the experiments for the parameter
effects study, the thickness of the dielectric layer is fixed at 2 μm. In addition, DI water
(conductivity of 2 μS/cm) at room temperature is used for the working fluid, and the water depth
is fixed at 10 mm. As a consequence, the remaining parameters affecting propulsion are the
amplitude and the frequency of the applied EWOD signal. In addition, it turns out that the EWOD
electrode width 𝑏𝑏 and the shape (sinusoidal, triangular, square waves) of the EWOD signal also
affect the propulsion. In the following subsections, the effects of these parameters on the Stokes
drift and propulsion speed will be presented and discussed.
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2.3.3.1 Effect of signal frequency
Figure 20(a) shows experimental results of contact line oscillation amplitude vs. EWOD signal
frequency when the amplitude of the EWOD signal is fixed at 𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 100 VRMS. High-speed

images are used for measurement of contact line oscillation amplitude. The oscillation amplitude
quickly decreases as the frequency increases and is undetectable when the frequency reaches 1

Figure 20. (a) Oscillation amplitude of the contact line vs. EWOD frequency (the broken line
is a power series fit, Vtotal = 100 VRMS, h = 10 mm, b = 10 mm with sinusoidal EWOD signal);
(b) Boat speed vs. frequency (the broken line is a curve fit by Eqn. (2-10), Vtotal = 100 VRMS,
h = 10 mm, b = 10 mm with sinusoidal EWOD signal); (c) Response of the contact line to an
EWOD step voltage; and (d) Positions of the contact line when an AC EWOD is applied. The
right figure is the magnified image to show the position and movement of the contact lines.
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kHz. A curve fit with power series is shown as a broken line in Fig. 20(a). Experimental
measurements of boat propulsion speed at different frequencies are shown in Fig. 20(b). The boat
speed increases until the frequency increases up to 𝑓𝑓 = 100 Hz. However, the speed decreases

when 𝑓𝑓 > 100 Hz and reaches almost zero at 1 kHz. This overall trend can be explained by the

Stokes drift. In the constant-speed boat propelling, the propulsion force is balanced by the drag
force on the boat:
𝐹𝐹𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 𝐹𝐹𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 .

(2-7)

If the Stokes drift generates the majority of momentum exchange with the boat, the propulsion
force can be roughly estimated by integrating the momentum induced by the Stokes drift velocity
near the wake region:
0

𝐹𝐹𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 ≈ ∫−ℎ 𝜌𝜌𝑤𝑤 𝑢𝑢𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (𝑧𝑧)2 𝑏𝑏d𝑧𝑧 =

𝜌𝜌𝑤𝑤 𝑘𝑘𝜔𝜔 2 𝐴𝐴4 𝑏𝑏
4

.

(2-8)

Note that resistance by the tethered powering wires (30 μm in diameter Cu wires) is neglected and
the pressure is assumed to be uniform). In the meantime, the drag force may be expressed as:
1

𝐹𝐹𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 2 𝐶𝐶𝐷𝐷 𝜌𝜌𝑤𝑤 𝑢𝑢𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 2 𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ,

(2-9)

where 𝐶𝐶𝐷𝐷 is drag coefficient, 𝑢𝑢𝑏𝑏𝑏𝑏𝑎𝑎𝑎𝑎 propulsion speed of the boat, and 𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 the projected area of

submerged boat part. Substitution of Eqns. (2-8) and (2-9) into Eqn. (2-7) yields a relation of the
boat speed:
𝑢𝑢𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ≈ �

𝑏𝑏

2𝐶𝐶𝐷𝐷 𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

√𝑘𝑘𝜔𝜔𝐴𝐴2 .

(2-10)

Using Eqn. (2-10), the propulsion speed is curve-fitted (broken line in Fig. 20(b)). In this
fitting, 4𝜋𝜋𝜋𝜋 is used for 𝜔𝜔, 𝑘𝑘 is obtained from Eqn. (2-5), and 𝐶𝐶𝐷𝐷 = 0.0065 is determined by the
curve fitting. In addition, it is assumed that the wave amplitude is equal to the oscillation amplitude

of the contact line. That is, the curve fit result in Fig. 20(a) is used for 𝐴𝐴. The curve fit of propulsion
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speed in Fig. 20(b) matches the experimental result very well. The increasing trend for 𝑓𝑓 < 100 Hz
is mainly attributed to the product term √𝑘𝑘𝜔𝜔 in Eqn. (2-10). The decreasing trend for 𝑓𝑓 > 100 Hz

is due mainly to the fast decrease in oscillation amplitude 𝐴𝐴 at high frequency. A similar decrease

in oscillation amplitude at high frequency was observed in a sessile droplet configuration [80].
During the experiments, it was observed that the contact line on the EWOD electrode advanced
(moved up) quickly but receded (moved down) slowly, as Fig. 20(c) shows the response of the
contact line to a step signal of EWOD. This is a main reason for the decrease in the amplitude of
contact line oscillation as the frequency increases. The high frequency EWOD signal does not
allow sufficient time for the contact line to completely return to the initial position, thus, the
averaged position of the contact line during oscillation stays higher than the original position
without a full swing between the initial and highest positions of the contact line, as shown in Fig.
20(d). This behavior becomes more prominent as the frequency increases, as reflected in the
decreasing oscillation amplitude shown in Fig. 20(a). Another possible reason for the decrease in
oscillation amplitude is that the voltage across the dielectric layer decreases as the frequency
increases, even though the total voltage applied to the EWOD system 𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 maintains the same.
This is due to the increase in the electrical impedance of the water as the frequency increases. That
is, the water acts as a voltage divider and the voltage drop across the water becomes larger as
frequency increases.

2.3.3.2 Effect of signal amplitude
The effect of the amplitude of the EWOD signal to the contact line oscillation amplitude is shown
in Fig. 21(a). The signal frequency is fixed at 𝑓𝑓 = 100 Hz. The oscillation amplitude increases until
the voltage amplitude increases (Fig. 21(a)) up to 140 VRMS. Note that there is a threshold voltage
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(~50V) to initiate the movement of the contact line. The threshold voltage is related to contact
angle hysteresis[81, 82], which is common in contact line movements. To initiate advancing of the
contact line, an excessive change in the contact angle is required to overcome resistance forces.
After the peak, the oscillation amplitude decreases as the voltage further increases. The broken
line in Fig. 21(a) is a Fourier series fit. The experimental measurements of propulsion speed at
different applied voltages are shown in Fig. 21(b). The overall trend is similar to that of the contact

Figure 21. (a) Oscillation amplitude of the contact line vs. EWOD voltage Vtotal (the broken
line is a Fourier series fit, f = 100 Hz, h = 10mm, b = 10 mm with sinusoidal EWOD signal);
(b) Boat speed vs. signal voltage (the broken line is a curve fit by Eqn. (2-10), f = 100 Hz, h =
10mm, b = 10 mm with sinusoidal EWOD signal); and (c) Contact angle saturations for two
sinusoidal signals with different amplitude.
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line oscillation amplitude. Again, using Eqn. (2-10) the propulsion speed is curve-fitted (𝐶𝐶𝐷𝐷 =
0.02), as shown by the broken line in Fig. 21(b).

These overall trends of the contact line oscillation amplitude may be qualitatively
explained as follows. According to Eqn. (2-3), the cosine of the contact angle is proportional to
the squared voltage. As the voltage increases, the oscillation amplitude of the contact angle and
contact line also increase. As a result, the drift speed and the propulsion speed increase. The
decreasing trend in propulsion speed after the peak voltage results from the well-known
phenomenon in EWOD, called contact angle saturation, where there is no further decrease in the
contact angle above a certain voltage[56, 57]. This explanation can be further detailed as follows.
For example, consider two sinusoidal EWOD signals (Input signals I and II) in Fig. 21(c). Let the
amplitude of Input signal II be higher than that of Input signal I and let the voltage of contact angle
saturation equal to the peak of Input signal I. The contact angle saturation for Input signal II would
start earlier and stay longer within each oscillation period than that of Input signal I would. The
longer saturation time results in a shorter time for the contact line to recede (in Fig. 21(c), 𝑡𝑡1 is
longer than 𝑡𝑡2 ). That is, the contact line would not move down much. This eventually leads to

smaller oscillation amplitudes of the contact line. This is the reason why the contact line oscillation
amplitude and the boat speed both decrease when the applied voltage increases over a certain

voltage.

2.3.3.3 Effect of EWOD signal shape
The EWOD signal shape significantly affects the propulsion speed. Figure 22(a) shows the effect
of the EWOD signal shape on the oscillation amplitude of the contact line. Three different signals
at the fixed EWOD voltage amplitude (𝑉𝑉𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 100 VRMS) were examined: sinusoidal, triangular,

and modified square signals. The reason the modified square signal (3rd signal in Figure 22(a)),
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not regular square signal, is examined is as follows. According to Eqn. (2-3), EWOD does not
respond to the polarity of the applied signal. That is, the regular square signal would be rectified
to a DC signal by EWOD and would not oscillate the contact line. The modified square signal,
which has two peaks (positive and negative) within the signal period and stays a zero level between
the peaks, will generate oscillations in the contact line. All three signals have two peaks (positive
and negative) within the period, so the wave oscillation frequencies for three signals are the same.
One can see in Figure 22(a) that the oscillation amplitude for all three signals monotonically
decreases as the frequency increases. The sinusoidal and triangular signals have similar oscillation
amplitudes in the entire range while the modified square signal generates much larger amplitude,
especially in the low frequency range. The measured propulsion speeds for three signal shapes are
shown in Figure 22(b). The overall trends for these three signals are similar: they all initially
increase as the frequency increases, and decrease after the peaks. These trends are also well curvefitted by Eqn. (2-10) (𝐶𝐶𝐷𝐷 = 0.0065). The sinusoidal and triangular signals generate the similar

propulsion speed, while the modified square signal generates much faster propulsion than the
sinusoidal and triangular signals throughout the entire frequency range.

Figure 22. (a) Oscillation amplitude of the contact line for three signal shapes vs. frequency.
(Vtotal = 100 VRMS, h = 10 mm, b = 10 mm); and (b) Boat speed for three signal shapes vs.
frequency. The lines are curve fits by Eqn. (2-10).
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The effects of these three signal shapes can be understood as follows. The sinusoidal and
triangular signal profiles in time domain are not very different when they have the same RMS
value. Thus the oscillation amplitudes and propulsion speeds for these two signals are very similar.
In addition, the sinusoidal and triangle signals do not decrease quickly after they reach their peaks,
compared to the modified square signal. This may retard recession of the contact line at a similar
rate and result in smaller amplitudes in the contact line oscillation. However, the modified square
signal sharply drops to zero after peaks, which means retracting of the contact line is not hampered
by the electrowetting force but is immediately drawn by other forces (e.g., gravity). The contact
line moves further down and the oscillation amplitude of the contact line is larger. As a result, the
propulsion speed becomes larger, even though the modified square signal does not have a higher
peak (141 VPeak) than the sinusoidal (141 VPeak) and triangular (173 VPeak) signals for the same
RMS value.

2.3.3.4 Effect of electrode width
When the EWOD electrode becomes wider, the propulsion speed becomes faster, as shown in Fig.
23. During the experiment, the same boat was used with the exception of the width of the EWOD
electrodes. As seen in Fig. 23, the boat speed with the 20 mm wide electrode is approximately

Figure 23. Effect of electrode width. (Sinusoidal signal, Vtotal = 100 VRMS, h = 10 mm)
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twice as fast as that with the 10 mm wide electrode. In addition, it was observed in the surface
flow visualization that the width of the Stokes drift flow is approximately doubled when the
electrode width changes from 10 mm to 20 mm (not shown). According to the wave theory, the
energy carried by waves is linearly proportional to the length of the wave crest[78]. A wider
oscillating contact line generates higher wave energy and, accordingly, more momentum in the
Stokes drift.

2.4

WIRELESS PROPULSION

Except for the controllable parameters introduced in the previous section, such as AC frequency,
voltage amplitude, dielectric layer thickness, and water conductivity, that may affect the
propulsion speed, some other factors, such as environment air flow and force from bended
connection thin wires, can also strongly influence the propulsion because the propulsion force is
very small. In the conventional boat propulsion system (Fig. 13(c)), 30 μm in diameter copper
wires have been used to minimize the effect of wire bending to the boat motion. However, the
wires not only generate large force comparing with the propulsion force, but also limit the extent

Figure 24. Sketch of wireless AC EWOD propulsion system.
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of the propulsion area that the boat can reach. Instead of employing thinner wire in the mini-boat
propulsion system, a wirelessly operated system (Fig. 24) is introduced to avoid adverse effects
that are brought by connection wires.
In this configuration, a wireless power transmitting system is employed. A planar receiver
coil is integrated with an EWOD electrode and installed on the boat. A spool type inductor coil
acting as a transmitter is put under the water container and can be moved to align with the receiver
coil to transmit an AC electrical signal.

2.4.1

Wireless EWOD

Mita et al. [49] first presented a wireless EWOD operation using a commercial inductive coupling
chip. They used a very thin dielectric layer to achieve low voltage EWOD operation. Driving
voltage at the receiver side was around 15 V.

Figure 25. Wireless EWOD principle[83]. (a) Schematic of EWOD wireless powering using
inductive coupling; (b) The receiver coil and the transmitter coil; (c) Voltage at the receiver.

36

However, voltage for a typical EWOD application needs to be higher than 50 V. As shown
in Fig. 25, Byun and Cho[84] reported a wireless EWOD droplet setup using a homemade spool
type inductor coil. According to theory, a high transmission frequency (> 100 kHz) is desirable in
order to achieve higher transmission efficiency, in other words, higher voltage. But, as already
discussed in subsection 2.1.2, a three-phase contact line cannot follow high frequency (> 1 kHz),
which implies that it is very difficult for a contact line to directly oscillate in harmony with the
transmitted frequency. They thus introduced an amplitude modulated signal at the transmitter side.
A low frequency envelop signal that is favorable for the EWOD system was carried by a high
frequency carrier frequency, which can be adjusted according to the transmission efficiency. A
demodulator at the receiver side, or self-demodulated droplet[85], was used to separate the envelop
signal from the carrier signal. Thus, high transmission efficiency and low EWOD signal frequency
can be achieved simultaneously. Voltage at the receiver side could easily climb up to several

Figure 26. Planar type wireless EWOD[84]. (a) Planar type receiver together with EWOD
electrodes; (b) Voltage at the receiver side without droplet.

37

hundred volts. Although there was a lot of energy consumption by additional electric components,
due to the high transmission frequency, voltage directly applied across the dielectric layer was still
much greater than the required EWOD operation voltage.
In order to easily integrate with traditional planar type EWOD devices, Byun et al. [84]
fabricated receiver coils on a planar PCB board but kept the spool type transmitter. The
performance of the planar receiver coil is similar to that of a spool type coil except that the
frequency shifts to a higher frequency range. Figure 26 shows the photo of the planar coil and
voltage output at the receiver side.

2.4.2

Experiment

The microfabrication process flow of the planar receiver coils is shown in Fig. 27(a). Figure 27(b)
shows a single receiver coil on a PCB board. In this experiment, two planar receiver coils, having

Figure 27. (a) Microfabrication process flow of planar coils on PCB. Cu layer (15 µm) on top
of 1.5 mm of board thickness is patterned by photolithography process and wet-etched. (b) A
photo of fabricated planar coils. (c) A photo of transmitter coil. The wire (diameter ~250 µm)
is wound around air-cored ferrite rings.
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Figure 28. Boat for wireless EWOD propulsion. (a) EWOD electrodes and ground electrode
installed on boat; (b) Photo of wireless EWOD boat with receiver circuit installed.

20 and 42 winding-turns, are connected and stacked in series. A single wire (diameter ~250 µm)
winding around air-cored ferrite rings acts as a transmitter (Fig. 27(c)). As shown in Fig. 28, a
transparent box-type mini boat with an open top (38 (L) × 32 (W) × 10 (H) mm3) is prepared, and
two flexible Cu EWOD electrodes that are same as those introduced in Fig. 13 are prepared and
glued at the stern of the boat. The ground electrode is also installed on the external bottom side of
the boat. The total weight of the wireless boat is approximately 7.1 grams after all the devices and
electrodes are installed.

Figure 29. An equivalent electric circuit using magnetic induction. Ltr and Ctr is the inductance
and capacitance of the transmitter. Lre and Cre is the inductance and capacitance of the receiver.
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Figure 30. Photo of wireless boat propulsion setup.

An equivalent electric circuit is illustrated in Fig. 29. The inductance of the transmitter coil
𝐿𝐿𝑡𝑡𝑡𝑡 is about 0.5 µH. The transmitter is connected to a capacitor (𝐶𝐶𝑡𝑡𝑡𝑡 = 4700 pF) in parallel. The
receiver circuit is also composed of two stacked planar coils in series with the capacitor (𝐶𝐶𝑟𝑟𝑟𝑟 = 22
pF) in parallel, and a demodulation circuit is also installed in front of the EWOD and ground

electrodes. The demodulation circuit is composed of single diode (IN5399-E3/54, Vishay General
Semiconductor) and ceramic capacitor (1500 pF). Overall experimental setup for the wireless
EWOD boat propulsion is pictured in Fig. 30. The wireless boat is tested in a pool filled with 10
mm depth of DI water (2 μS/cm). The transmitter coil sitting on the position controller is placed
under the water pool in which a center to center alignment is manually achieved between the
transmitter coil and receiver coils.

Figure 31. Snapshot superposition of wireless EWOD propulsion. The inset represents the
signal applied to wireless boat.
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The demonstration of wireless EWOD boat propulsion is shown in Fig. 31. When the
wireless transmitted voltage shown in the inset in Fig. 31 is applied at the EWOD electrodes, the
boat is propelled and moves forward. The transmission carrier frequency is 3.5 MHz with 50 Hz
of low frequency envelope. The overlaid images clearly demonstrate the propulsion. The
maximum propulsion speed is approximately 5 mm/s. This speed is much lower than that
introduced in section 2.3 (about 40 mm/s) because the boat with a wireless powering circuit is
much heavier than that in the previous case.

2.5

SUMMARY

This chapter describes a propulsion mechanism of the centimeter sized floating object utilizing AC
EWOD and investigates the effects of many parameters including the frequency, amplitude and
shape of the applied EWOD signal and the width of the EWOD electrode on propulsion. The
floating object is propelled by vertically oscillating the free surface using AC EWOD. The
oscillating free surface generates a Stokes drift that is responsible for propulsion. The wave
patterns are visualized using the Free-Surface Synthetic Schlieren (FS-SS) method, and the overall
velocity field in the wake region of the floating object is visualized and measured by a PIV system.
A 3-D flow field sketch is constructed based on the flow visualizations and PIV measurements,
which show that near a free surface a streaming flow outgoing from the electrode is generated and
below the free surface two counter-rotating spiral vortices are generated. These flows induce a
momentum exchange with the floating object and generate a propulsion force. The propulsion
speed of the floating object highly depends on the amplitude, frequency, and shape of the EWOD
signal. There exists an optimal frequency and amplitude that maximizes the propulsion speed.
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These behaviors can be qualitatively explained using a scaling analysis between the propulsion
speed and Stokes drift, although the complete mathematical model is still open. Among the three
signal shapes (sinusoidal, triangular, and modified square signals) of the same RMS value, the
modified square signal shows the fastest propulsion speed throughout the tested frequency range
(10 Hz ~ 1 kHz). These phenomena are also explained by the measured oscillation amplitudes and
Stokes drift relations. Additionally, it is shown that a wider EWOD electrode generates a faster
propelling speed. Finally, a wireless powering method for EWOD is introduced. With stacked
planar receiver coils and an amplitude modulated signal, a wirelessly powered EWOD propulsion
is realized.
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3.0

PROPULSION BY CHEERIOS EFFECT

The Cheerios effect is an everyday phenomenon named after observations of cereal flakes floating
in milk tending to aggregate and stick to the sidewall of the bowl[86, 87]. This phenomenon is not
restricted to cereal flakes only. In fact, most small floating objects have a tendency to move away
from or toward the sidewall depending on the surface wettability and other properties. The
Cheerios effect is also generally known as lateral capillary force. In the presence of the floating
objects, the air-liquid interface is distorted from its original shape, which generates a lateral force
enabling the floating objects to move. As mentioned in subsection 1.1.2, some water-dwelling
creatures harness this phenomenon to climb up the inclined meniscus forming at the water bank[28,
88]. By using only typical propulsion methods, such as sliding their limbs, these creatures are
unable to climb the slippery meniscus[6]. Instead, these small animals have developed special
tricks whereby they change their posture and distort the adjacent interfaces to generate a lateral
force. In Fig. 3, for example, the waterlily leaf beetle simply bends its back and distorts the adjacent
interfaces to climb the slippery meniscus[28]. In addition, the Cheerios effect governs a variety of
interaction behaviors between floating objects in the processes of 2-dimensional array or
monolayer self-assembly on the fluid-fluid interface[89-91].
In this chapter, theoretical models for the capillary interactions (Cheerios effect) in four
configurations are reviewed. Numerical calculations for the case of two cylinders at small
separation are compared with an asymptotic solution and experimental data. The effects of
wettability and density are discussed. In addition, on-demand controlling methods (electrowetting
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and dielectrowetting principles) are used to alter wettability in order to achieve active control of
the Cheerios effect.

3.1

THEORETICAL MODELS

Current studies have been performed to understand the Cheerios effect phenomenon in different
configurations. Four common physical configurations are interactions between (1) two infinite
vertical walls, (2) two vertical circular cylinders, (3) two spheres, and (4) a sphere and a vertical
wall. A simple and common understanding in these configurations is that attraction or repulsion
solely depends on the surface wetting property[91-94]. For example, objects with similar
wettability (i.e., both interacting objects are lyophobic or lyophilic) attract each other; otherwise,
they repel away. However, this understanding is true for the case where two infinite vertical walls
or vertical cylinders are not very close to each other. It may not be true for other configurations,
such as interaction between a floating object and a vertical wall or between two floating objects.
Vella and Mahadevan[86] challenged the theory with a simple experiment. By maintaining a
similar surface wettability of two floating objects but changing the weight of one object, it was
shown that the force between the objects could be reversed.
To better understand the Cheerios effect in these configurations, many theoretical models
have been reported. One of the simplest models may be for the configuration between two infinite
vertical walls[86, 95]. Since the walls are infinitely wide and high, the calculation is relatively
simple with no vertical forces considered. When two vertical cylinders are submerged into a liquid,
a 3-dimensional model is needed to describe the contact line on the cylinders. Using the YoungLaplace equation and the matched asymptotic expansions[96], Kralchevsky et al.[97] obtained an
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asymptotic solution for the capillary force. The solution reduces to a simple expression when the
separation distance is large. In this model, the vertical force balance is not required either. When
two spherical objects are floating at the interface, the vertical force balance becomes important.
Although the contact angle is fixed, the slope angle (the angle between the interface near the
spheres and horizontal plane, which is critical to calculating the lateral force) can be different
depending on the contact line position. Once the contact line position is determined from the
vertical force balance, the calculation of the capillary force using the Nicolson superposition
approximation is quite similar to that in the case of the two vertical cylinders[97-99]. Direct
measurements of the lateral capillary force between vertical cylinders and between spheres agree
well with theory[100, 101]. A theoretical model for the capillary interaction between a single
spherical particle floating in the vicinity of an infinite vertical wall (which is the closest model to
many Cheerios effect observations) was also developed[102]. This theory was partially verified
by measuring the equilibrium position of the floating particle[103]. Moreover, Mansfield et
al.[104] studied mutual attraction or repulsion of 2-dimensional strips. Some researchers[99, 105,
106] studied the configuration of horizontally floating two infinite cylinders where the vertical
force balance becomes important to determine the contact line around the cylinder surfaces,
although the capillary interaction can be described by a 2-dimensional model. The interaction
between small, floating, horizontal cylinders with a finite length was also investigated[107].
The Cheerios effect occurs due to the horizontal component of the capillary force generated
by the interface distortion. In order to find the horizontal component, the shape of the air-liquid
interface deformed by objects or walls needs to be first determined. Let 𝜉𝜉 be a function describing
the shape (vertical position) of the interface:

𝑧𝑧 = 𝜉𝜉(𝑥𝑥, 𝑦𝑦).

(3-1)
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The interface shape obeys the Young-Laplace equation:

𝜕𝜕

𝜕𝜕

∇II �

∇II 𝜉𝜉

�1+|∇II 𝜉𝜉|2

∆𝑃𝑃

� = 𝛾𝛾

𝑎𝑎𝑎𝑎

(3-2)

where ∇II ≡ 𝜕𝜕𝜕𝜕 𝒆𝒆𝒙𝒙 + 𝜕𝜕𝜕𝜕 𝒆𝒆𝒚𝒚 is the two-dimensional gradient operator, ∆𝑃𝑃 is the pressure difference
across the air-liquid interface, and 𝛾𝛾𝑎𝑎𝑎𝑎 the air-liquid interfacial tension. For a small interfacial slope
|∇II 𝜉𝜉|2 ≪ 1,

(3-3)

Eqn. (3-2) can be linearized to yield[108]
∇2II 𝜉𝜉 =

∆𝜌𝜌𝜌𝜌
𝛾𝛾𝑎𝑎𝑎𝑎

𝜉𝜉 = 𝑞𝑞 2 𝜉𝜉,

(3-4)

where the density difference is ∆𝜌𝜌 = 𝜌𝜌𝑙𝑙 − 𝜌𝜌𝑎𝑎 ≈ 𝜌𝜌𝑙𝑙 and 𝑞𝑞 −1 = 𝐿𝐿𝑐𝑐 ≈ �𝛾𝛾𝑎𝑎𝑎𝑎 ⁄𝜌𝜌𝑙𝑙 𝑔𝑔 is the characteristic

capillary length. For the air-water interface at room temperature, 𝐿𝐿𝑐𝑐 is about 2.7 mm.

Once the interface shape is determined from Eqn. (3-4) along with the boundary conditions,

the capillary force can be calculated by integrating the interfacial tension along the contact line
and the hydrostatic pressure on the object:

where

𝑭𝑭 = 𝑭𝑭(𝛾𝛾) + 𝑭𝑭(𝑃𝑃) ,
𝑭𝑭(𝛾𝛾) = ∮𝐿𝐿 𝜸𝜸𝒂𝒂𝒂𝒂 d𝑙𝑙 ,

3.1.1

𝑭𝑭(𝑃𝑃) = ∮𝑠𝑠 𝑷𝑷d𝑠𝑠.

(3-5)

(3-6)

Model of two infinite vertical plates

Figure 32 illustrates the configuration of two infinite vertical plates at the air-liquid interface[86,
95]. The plate thickness is neglected for simplicity. The presence of the plates distorts the airliquid interface. The plates have contact angles 𝜃𝜃1 and 𝜃𝜃2 and are apart in a horizontal distance 𝐿𝐿.

The three regions divided by the two plates are labeled as i = 1, 2, and 3. Note that the liquid in
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Figure 32. Configuration of two infinite vertical plates partially submerged in liquid[86]. The
contact angles on the two plates are θ1 and θ2. The separation distance between the two plates
is L.

the three regions is connected. Equation (3-4) can be simplified to a 2-dimensional equation[86]
𝑑𝑑2 𝜉𝜉

𝑑𝑑𝑥𝑥 2

A general solution of Eqn. (3-7) is:

= 𝑞𝑞 2 𝜉𝜉.

(3-7)

𝜉𝜉𝑖𝑖 (𝑥𝑥) = 𝐴𝐴𝑖𝑖 𝑒𝑒 𝑥𝑥/𝐿𝐿𝑐𝑐 + 𝐵𝐵𝑖𝑖 𝑒𝑒 −𝑥𝑥/𝐿𝐿𝑐𝑐 .

(3-8)

𝜉𝜉1 (−∞) = 𝜉𝜉3 (∞) = 0.

(3-9)

In regions 1 and 3, the interface level as

is 0, i.e.,

The boundary conditions at the plate walls are given by the contact angles as
𝜉𝜉1′ (0) = cot 𝜃𝜃1 ,

𝜉𝜉3′ (𝐿𝐿) = −cot 𝜃𝜃2 .

(3-10)

Combining Eqns. (3-8), (3-9) and (3-10), one can obtain the interface profiles in regions 1 and 3
as
𝜉𝜉1 (𝑥𝑥) = 𝐿𝐿𝑐𝑐 cot 𝜃𝜃1 𝑒𝑒 𝑥𝑥/𝐿𝐿𝑐𝑐 ,

𝜉𝜉3 (𝑥𝑥) = 𝐿𝐿𝑐𝑐 cot 𝜃𝜃2 𝑒𝑒 (𝐿𝐿−𝑥𝑥)/𝐿𝐿𝑐𝑐 .

In region 2, the boundary conditions at the walls are
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(3-11)
(3-12)

𝜉𝜉2′ (0) = −cot 𝜃𝜃1 ,

𝜉𝜉2′ (𝐿𝐿) = cot 𝜃𝜃2 ,

(3-13)

which give an interface profile between the two plates as:
𝜉𝜉2 (𝑥𝑥) = 𝐿𝐿𝑐𝑐

cot 𝜃𝜃1 cosh

𝐿𝐿−𝑥𝑥
𝑥𝑥
+cot 𝜃𝜃2 cosh
𝐿𝐿𝑐𝑐
𝐿𝐿𝑐𝑐
𝐿𝐿
sinh
𝐿𝐿𝑐𝑐

.

(3-14)

Due to the same contact angles on both sides of each plate, the horizontal components of
the surface tension force on both sides of the plate cancel out (𝐹𝐹 (𝛾𝛾) = 0). So the horizontal force

is caused only by the hydrostatic pressure difference across the plate. The horizontal force acting
on each plate can be calculated according to Eqn. (3-6) by integrating the hydrostatic pressure on
the plate[86, 94]. For example, the force on the left plate in Fig. 32 is given as:
𝜉𝜉 (0)

𝜉𝜉 (0)

𝜉𝜉 (0)

1
2
𝐹𝐹𝑥𝑥 = ∫−∞
𝜌𝜌𝑙𝑙 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 − ∫−∞
𝜌𝜌𝑙𝑙 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = ∫𝜉𝜉 1(0) 𝜌𝜌𝑙𝑙 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔
2

1

= 2 𝜌𝜌𝑙𝑙 𝑔𝑔[𝜉𝜉1 (0)2 − 𝜉𝜉2 (0)2 ].

(3-15)

By substituting Eqns. (3-11) and (3-14) into Eqn. (3-15), one has the horizontal force as:
𝐹𝐹𝑥𝑥 = −

𝐿𝐿

𝛾𝛾𝑎𝑎𝑎𝑎 �cot 𝜃𝜃1 cosh𝐿𝐿𝑐𝑐 +cot 𝜃𝜃2 �
2

�

𝐿𝐿
𝐿𝐿𝑐𝑐

sinh2 ( )

2

− cot 2 𝜃𝜃1 �.

(3-16)

Figure 33 shows the calculated interface profiles and horizontal force for two plates
submerged in water. Both plates are hydrophilic or hydrophobic. In Fig. 33(a), both plates are
hydrophilic with contact angles 𝜃𝜃1 and 𝜃𝜃2 ( 𝜃𝜃1 < 90° and 𝜃𝜃2 < 90°). The air-water interface
(water level) in region 2 is higher than that at infinity (

), i.e., 𝐻𝐻2 > 0. The water weight

in region 2 is balanced by the upward vertical component of the capillary force at the contact line.
This phenomenon is commonly known as capillary action or capillarity. Using the Young-Laplace
equation, one can easily find that the water pressure 𝑃𝑃 between the plates is smaller than the
atmospheric pressure 𝑃𝑃𝑎𝑎 . In region 2, the water surface is higher (𝐻𝐻2 (0) > 𝐻𝐻1 (0) and 𝐻𝐻2 (𝐿𝐿) >

𝐻𝐻3 (𝐿𝐿)) and the pressure is smaller (𝑃𝑃 < 𝑃𝑃𝑎𝑎 ), so the plates are pushed toward each other (attracting
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each other). In Fig. 33(b), on the contrary, the interface in region 2 is lower than the zero level
(𝐻𝐻2 < 0) when both plates are hydrophobic ( 𝜃𝜃1 > 90° and 𝜃𝜃2 > 90°). The cavity between the

plates creates an upward, buoyancy-like force that is balanced by the downward vertical
component of the capillary force at the contact line. Similarly to the hydrophilic case in region 2,

𝑃𝑃𝑎𝑎 < 𝑃𝑃 can be obtained from the Young-Laplace equation. Since the water level in region 2 is
lower (𝐻𝐻2 (0) < 𝐻𝐻1 (0) and 𝐻𝐻2 (𝐿𝐿) < 𝐻𝐻3 (𝐿𝐿)) and the pressure in regions 1 and 3 is greater than 𝑃𝑃𝑎𝑎

(𝑃𝑃 > 𝑃𝑃𝑎𝑎 ), the two plates also attract each other. Figure 33(c) shows the horizontal force vs. the

separation for the plates with similar wettability, which is calculated from Eqn. (3-16). Positive

Figure 33. Two vertical plates submerged in water with similar wettability. (a) Interface
profiles near two hydrophilic plates; and (b) two hydrophobic plates. (c) Horizontal component
of the dimensionless force between the plates vs. separation (θ1 = 45° and θ2 = 60°). In (a) and
(b), the thick solid lines represent the plates; the black dashed line denotes the water level at
infinity; and the thin solid lines denote the distorted air-water interface.
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means repulsive while negative means attractive. No matter what the separation distance is, the
force is always attractive. In particular, it increases quickly as the two plates come closer.
For the plates with opposite wettability (i.e., one plate is lyophilic and the other is
lyophobic), the force behavior is much more complicated. Figure 34(a) shows the interface profiles
for 𝜃𝜃1 < 90° , 𝜃𝜃2 > 90° and 𝜃𝜃1 + 𝜃𝜃2 < 180° when the two plates submerged in water are a
moderate distance apart. The left contact line in region 2 is a little lower than the contact line in
region 1 (𝐻𝐻2 (0) < 𝐻𝐻1 (0)) but the right contact line is higher than the contact line in region 3

Figure 34. Two vertical plates with opposite surface wettability and θ1 + θ2 ≠ 180°. Interface
profiles for (a) a moderate separation; and (b) a small separation between the plates. (c)
Horizontal component of the dimensionless force between the plates vs. separation (θ1 = 45°
and θ1 = 120°). In (a) and (b), the thick solid lines represent the plates; the black dashed line
indicates the liquid level at infinity; and the thin solid lines denote the distorted air-water
interface.
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(𝐻𝐻2 (𝐿𝐿) > 𝐻𝐻3 (𝐿𝐿)). One can easily find that 𝑃𝑃𝑎𝑎 > 𝑃𝑃1 and 𝑃𝑃2𝐿𝐿 > 𝑃𝑃𝑎𝑎 . On the left plate, in the small

vertical gap between 𝐻𝐻1 (0) and 𝐻𝐻2 (0), 𝑃𝑃1 is smaller than 𝑃𝑃𝑎𝑎 . This generates a net force toward the

left. Similarly, on the right plate, 𝑃𝑃2𝐿𝐿 is larger than 𝑃𝑃𝑎𝑎 such that a net force toward the right is
generated. As a result, the two plates repel each other. When the two plates become very close
(Fig. 34(b)), the interface in region 2 becomes much higher (𝐻𝐻2 (0) > 𝐻𝐻1 (0) and 𝐻𝐻2 (𝐿𝐿) > 𝐻𝐻3 (𝐿𝐿)).

The two plates push each other because the pressures in regions 1 and 3 are larger than the pressure
between the plates (𝑃𝑃𝑎𝑎 > 𝑃𝑃2 ). Note that when the two plates have opposite wettability and 𝜃𝜃1 +

𝜃𝜃2 > 180°, the interface in region 2 will be lowered. This results in repulsion at a large separation
and attraction at a small separation. Figure 34(c) is the force curve for the plates with opposite

wettability ( 𝜃𝜃1 < 90° , 𝜃𝜃2 > 90° , and 𝜃𝜃1 + 𝜃𝜃2 ≠ 180° ). In the large separation, the force is
repulsive and small. It increases as the separation 𝐿𝐿 decreases. Once the repulsive force reaches a

peak, it decreases rapidly and becomes attractive when the distance becomes very small. There
exists a zero force point at 𝐿𝐿 = 𝐿𝐿0 , which depends on the contact angles on the two plates.

Figure 35. Two vertical plates submerged in water with opposite surface wettability and θ1 +
θ2 = 180°. (a) Interface profile; (b) horizontal component of the dimensionless force vs.
separation (θ1 = 45° and θ2 = 135°). In (a), the thick solid lines represent the plates; the black
dashed line indicates the liquid level at infinity; and the thin solid lines denote the distorted
air-water interface.
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𝜃𝜃1 + 𝜃𝜃2 = 180° is a special case where the middle point of the interface in region 2 always

stays at the zero level no matter how close the two plates are (Fig. 35(a)). Because the pressure in

region 2 is always greater than that in regions 1 and 3 (𝑃𝑃𝑎𝑎 > 𝑃𝑃1 for the left plate and 𝑃𝑃2 > 𝑃𝑃𝑎𝑎 for

the right plate), the plates always repel each other (Fig. 35(b)). The repulsive force is small when

the two plates are far apart. It increases as the separation 𝐿𝐿 becomes smaller. However, it does not
change the sign of the force even when 𝐿𝐿 approaches zero.

In summary, two infinite plates attract each other when both of them are lyophilic or

lyophobic, while they repel each other when the surface wettability is opposite and the distance
between plates is not very small.

3.1.2

Model of two vertical cylinders

Figure 36. (a) Configuration of two vertical cylinders partially submerged in liquid[97]; (b)
Bipolar coordinates on plane xy[96].

When two cylinders are vertically submerged into liquid, as shown in Fig. 36(a), Eqn. (3-4) can
be written as
𝑑𝑑2 𝜉𝜉

𝑑𝑑2 𝜉𝜉

+ 𝑑𝑑𝑦𝑦 2 = 𝑞𝑞 2 𝜉𝜉.
𝑑𝑑𝑥𝑥 2
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(3-17)

Due to the capillary interaction between the cylinders, the contact lines on the cylinders are not
horizontal. Otherwise, no horizontal force could be generated because the integrals in Eqn. (3-6)
would be zero. The capillary force calculation can be performed in the following two regimes
based on the separation distance between the cylinders: small or moderate separation and large
separation.

3.1.2.1 Cylinders spaced at a small or moderate separation
The geometry of the system suggests the use of the bipolar coordinates (𝜏𝜏, 𝜔𝜔, 𝑧𝑧) ([96], Fig. 36(b)):
sinh 𝜏𝜏

sin 𝜔𝜔

𝑥𝑥 = 𝑎𝑎 cosh 𝜏𝜏−cos 𝜔𝜔,

where

𝑦𝑦 = 𝑎𝑎 cosh 𝜏𝜏−cos 𝜔𝜔,

𝑎𝑎2 = 𝑠𝑠12 − 𝑟𝑟12 = 𝑠𝑠22 − 𝑟𝑟22.

(3-18)

(3-19)

In the bipolar coordinates, Eqn. (3-17) is converted to
(cosh 𝜏𝜏 − cos 𝜔𝜔)2 �

𝜕𝜕2 𝜉𝜉
𝜕𝜕𝜏𝜏2

𝜕𝜕2 𝜉𝜉

+ 𝜕𝜕𝜔𝜔2� = (𝑞𝑞𝑞𝑞)2 𝜉𝜉(𝜏𝜏, 𝜔𝜔).

(3-20)

Note that τ is mathematically defined in Eqn. (3-18), though it is not easy to show it
graphically in Fig. 36. Since only the interface profiles on the cylinder surfaces are required to
calculate the lateral capillary force, one can only look for a solution of Eqn. (3-20) in the region
close to the cylinders with ignoring the far field.
When two cylinders are spaced at a small or moderate distance ((𝑞𝑞𝑞𝑞)2 ≪ 1), the following

mathematical description is valid [97]:

Now Eqn. (3-20) reduces to

(cosh 𝜏𝜏 − cos 𝜔𝜔)2 ≫ (𝑞𝑞𝑞𝑞)2.
𝜕𝜕2 𝜉𝜉

𝜕𝜕2 𝜉𝜉

+ 𝜕𝜕𝜔𝜔2 = 0.
𝜕𝜕𝜏𝜏2

(3-21)

(3-22)
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On the cylinder surfaces, the boundary conditions in the bipolar coordinates can be
expressed as[96]
𝜕𝜕𝜕𝜕

�
𝜕𝜕𝜕𝜕

𝜏𝜏=−𝜏𝜏𝑖𝑖

𝑎𝑎

= (−1)𝑖𝑖 cosh 𝜏𝜏−cos 𝜔𝜔�

𝜏𝜏=−𝜏𝜏𝑖𝑖

sin 𝜓𝜓𝑖𝑖 , 𝑖𝑖 = 1,2

(3-23)

where 𝜓𝜓𝑖𝑖 is the slope angle. For the vertical cylinders, 𝜓𝜓𝑖𝑖 equals (90° − 𝜃𝜃𝑖𝑖 ) which is positive
when 𝜃𝜃𝑖𝑖 < 90° and is negative when 𝜃𝜃𝑖𝑖 > 90°. One can obtain a solution of Eqn. (3-22) with Eqn.

(3-23) in the form of the Fourier series [97]:

𝜉𝜉𝑖𝑖 (𝜏𝜏, 𝜔𝜔) = 𝐶𝐶0 + 𝑄𝑄𝑖𝑖 ln(2 cosh 𝜏𝜏 − 2 cos 𝜔𝜔 )
(𝑖𝑖)

𝑖𝑖
+ ∑∞
𝑛𝑛=1 𝐶𝐶𝑛𝑛 cosh 𝑛𝑛�𝜏𝜏 − (−1) 𝜏𝜏𝑖𝑖 � cos 𝑛𝑛𝑛𝑛 , 𝑖𝑖 = 1,2

where

(3-24)

𝐶𝐶0 = (𝑄𝑄1 − 𝑄𝑄2 )𝐴𝐴 − (𝑄𝑄1 + 𝑄𝑄2 ) ln(𝛾𝛾𝑒𝑒 𝑞𝑞𝑞𝑞)

(3-25)

𝑄𝑄𝑖𝑖 = 𝑟𝑟𝑖𝑖 sin 𝜓𝜓𝑖𝑖

(3-27)

1 sinh 𝑛𝑛(𝜏𝜏1 −𝜏𝜏2 )
sinh 𝑛𝑛(𝜏𝜏1 +𝜏𝜏2 )

𝐴𝐴 = ∑∞
𝑛𝑛=1 𝑛𝑛
(𝑖𝑖)

𝐶𝐶𝑛𝑛 =

2(𝑄𝑄2 −𝑄𝑄1 ) (−1)𝑖𝑖 sinh 𝑛𝑛𝜏𝜏𝑗𝑗
𝑛𝑛

sinh 𝑛𝑛(𝜏𝜏1 +𝜏𝜏2 )

, 𝑖𝑖, 𝑗𝑗 = 1,2; 𝑖𝑖 ≠ 𝑗𝑗, 𝑛𝑛 = 1,2,3, ⋯.

(3-26)

(3-28)

In Eqn. (3-25) the Euler-Mascheroni constant is 𝛾𝛾𝑒𝑒 = 1.781… [109].

As shown in Fig. 37[97], let 𝑧𝑧 = 𝜉𝜉(𝜑𝜑) be the vertical position of the contact line on the

cylinder surface, where 𝜑𝜑 is the azimuthal angle on the 𝑥𝑥𝑥𝑥 plane. The position vector to the contact
line is

𝑹𝑹(𝜑𝜑) = 𝑟𝑟𝑖𝑖 cos 𝜑𝜑 𝒆𝒆𝒙𝒙 + 𝑟𝑟𝑖𝑖 sin 𝜑𝜑 𝒆𝒆𝒚𝒚 + 𝜉𝜉(𝜑𝜑)𝒆𝒆𝒛𝒛 .

In the bipolar coordinates, 𝜏𝜏 is constant on the cylinder surface. 𝜔𝜔 and 𝜑𝜑 are related as
tan 𝜔𝜔 = 𝑟𝑟 ⁄(𝑠𝑠

The line element along the contact line is

𝑖𝑖

sin 𝜑𝜑

1 +𝑠𝑠2 )−cos 𝜑𝜑
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.

(3-29)

(3-30)

Figure 37. Contact line on the left cylinder when the separation between the two cylinders is
small[97]. The second cylinder is located on the right (not shown).

𝑑𝑑𝑑𝑑 2

𝑑𝑑𝑹𝑹

𝑑𝑑𝑑𝑑 = 𝜒𝜒𝜒𝜒𝜒𝜒, where 𝜒𝜒 = �𝑑𝑑𝑑𝑑� = �𝑟𝑟𝑖𝑖2 + �𝑑𝑑𝑑𝑑� .

(3-31)

The unit vector tangential to the contact line is described as
1 𝑑𝑑𝑹𝑹

1

𝑑𝑑𝑑𝑑

𝒕𝒕 = 𝜒𝜒 𝑑𝑑𝑑𝑑 = 𝜒𝜒 �−𝑟𝑟𝑖𝑖 sin 𝜑𝜑 𝒆𝒆𝒙𝒙 + 𝑟𝑟𝑖𝑖 cos 𝜑𝜑 𝒆𝒆𝒚𝒚 + 𝑑𝑑𝑑𝑑 𝒆𝒆𝒛𝒛 �,

(3-32)

𝒏𝒏 = cos 𝜑𝜑 𝒆𝒆𝒙𝒙 + sin 𝜑𝜑 𝒆𝒆𝒚𝒚 ,

(3-33)

and the unit vector 𝒃𝒃 that is normal to the 𝑛𝑛𝑡𝑡 plane can be defined as
𝒃𝒃 = 𝒕𝒕 × 𝒏𝒏.

(3-34)

The vector form of surface tension 𝛾𝛾𝑎𝑎𝑎𝑎 , which is placed on the 𝑏𝑏𝑏𝑏 plane, can be written as
𝜸𝜸𝑎𝑎𝑎𝑎 = 𝛾𝛾𝑎𝑎𝑎𝑎 (sin 𝜓𝜓𝑖𝑖 𝒃𝒃 + cos 𝜓𝜓𝑖𝑖 𝒏𝒏).

(3-35)

the unit vector normal to the cylinder surface is

Then the horizontal surface tension is

1 𝑑𝑑𝑑𝑑

(𝛾𝛾𝑎𝑎𝑎𝑎 )𝑥𝑥 = 𝜸𝜸𝑎𝑎𝑎𝑎 ∙ 𝒆𝒆𝒙𝒙 = 𝛾𝛾𝑎𝑎𝑎𝑎 �cos 𝜑𝜑 cos 𝜓𝜓𝑖𝑖 −
sin 𝜑𝜑 sin 𝜓𝜓𝑖𝑖 �.
𝜒𝜒 𝑑𝑑𝑑𝑑

(3-36)

Substituting Eqn. (3-36) into Eqn. (3-6), one can derive
(𝛾𝛾)

𝐹𝐹𝑥𝑥

𝜋𝜋 𝑑𝑑𝑑𝑑

= −2𝛾𝛾𝑎𝑎𝑎𝑎 sin 𝜓𝜓𝑖𝑖 ∫0

𝑑𝑑𝑑𝑑

55

𝜋𝜋

sin 𝜑𝜑 𝑑𝑑𝑑𝑑 + 2𝛾𝛾𝑎𝑎𝑎𝑎 cos 𝜓𝜓𝑖𝑖 ∫0 𝜒𝜒 cos 𝜑𝜑 𝑑𝑑𝑑𝑑. (3-37)

A numerical calculation shows that for small cylinders ((𝑞𝑞𝑟𝑟𝑖𝑖 )2 ≪ 1), the second integral

on the right-hand side of Eqn. (3-37) is much smaller than the first integral[97]. By substituting
(𝛾𝛾)

Eqn. (3-24) into Eqn. (3-37), one may obtain 𝐹𝐹𝑥𝑥
(𝑃𝑃)

due to hydrostatic pressure 𝐹𝐹𝑥𝑥

for the small or moderate separation. The force

also needs to be calculated in order to obtain the total horizontal

force. The hydrostatic pressure is given as
𝑃𝑃 = 𝑃𝑃𝑎𝑎 − 𝜌𝜌𝑙𝑙 𝑔𝑔𝑔𝑔,

(3-38)

where 𝑃𝑃𝑎𝑎 is the atmospheric pressure. Substituting Eqn. (3-38) into Eqn. (3-6), one can obtain
(𝑃𝑃)

𝐹𝐹𝑥𝑥

𝜋𝜋

= −𝜌𝜌𝑙𝑙 𝑔𝑔𝑟𝑟𝑖𝑖 ∫0 𝜉𝜉 2 (𝜑𝜑) cos 𝜑𝜑𝜑𝜑𝜑𝜑.

(3-39)

Finally, the horizontal force between two vertical cylinders can be expressed as:
𝜋𝜋 𝑑𝑑𝑑𝑑

𝐹𝐹𝑥𝑥 = −2𝛾𝛾𝑎𝑎𝑎𝑎 sin 𝜓𝜓𝑖𝑖 ∫0

𝑑𝑑𝑑𝑑

𝜋𝜋

sin 𝜑𝜑 𝑑𝑑𝑑𝑑

𝜋𝜋

+2𝛾𝛾𝑎𝑎𝑎𝑎 cos 𝜓𝜓𝑖𝑖 ∫0 𝜒𝜒 cos 𝜑𝜑 𝑑𝑑𝑑𝑑−𝜌𝜌𝑙𝑙 𝑔𝑔𝑟𝑟𝑖𝑖 ∫0 𝜉𝜉 2 (𝜑𝜑) cos 𝜑𝜑𝜑𝜑𝜑𝜑.

(3-40)

Kralchevsky et al.[97] compared the contributions of hydrostatic pressure and surface tension,
and concluded that for small cylinders ((𝑞𝑞𝑟𝑟𝑖𝑖 )2 ≪ 1), the ratio below is small:
(𝑃𝑃)

(𝛾𝛾)

𝐹𝐹𝑥𝑥 �𝐹𝐹𝑥𝑥

≪ 1.

(3-41)

3.1.2.2 Cylinders spaced at a large separation
When two cylinders are apart at a large separation, the capillary interaction between the two
cylinders is weak. One can assume that the interface on the cylinder surface is modeled by a linear
equation and is a superposition of the interfaces distorted by the two isolated cylinders [98]:
𝜉𝜉 = 𝜉𝜉1 + 𝜉𝜉2 .

(3-42)

When a single vertical cylinder is isolated, the interface profile can be obtained by solving Eqn.
(3-4), which yields a modified Bessel function solution in the cylindrical coordinates as
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𝜉𝜉𝑖𝑖 = 𝑄𝑄𝑖𝑖 𝐾𝐾0 (𝑞𝑞𝑞𝑞),

(3-43)

where 𝐾𝐾0 is the modified Bessel function of zeroth order and 𝑑𝑑 is the distance from the cylinder

axis. When 𝑑𝑑 = 𝑟𝑟𝑖𝑖 , 𝜉𝜉𝑖𝑖0 denotes the contact line on the cylinder surface. When the two cylinders
are far from each other,

𝑎𝑎 ≫ 𝑟𝑟𝑖𝑖 and 𝑠𝑠𝑖𝑖 ≫ 𝑟𝑟𝑖𝑖 .

Thus,

(3-44)

𝐿𝐿

𝑠𝑠1 ≈ 𝑠𝑠2 = 𝑠𝑠 = 2.

(3-45)

𝜉𝜉2 = 𝜉𝜉20 + 𝑄𝑄1 𝐾𝐾0 (𝑞𝑞𝑞𝑞),

(3-46)

So the interface profile on a single cylinder surface (for example, for cylinder 2) is

where 𝜉𝜉20 is the elevation of the contact line on isolated cylinder 2 and 𝐿𝐿 the distance from the
axis of cylinder 1. On the cylinder surface, one can derive
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑

= 2𝑞𝑞𝑟𝑟1 𝑟𝑟2 sin 𝜓𝜓1 𝐾𝐾1 (𝑞𝑞𝑞𝑞) sin 𝜑𝜑.
(𝑃𝑃)

By substituting Eqn. (3-47) into Eqn. (3-40) and neglecting 𝐹𝐹𝑥𝑥
(𝛾𝛾)

an expression for 𝐹𝐹𝑥𝑥

can be obtained as[99]:
(𝛾𝛾)

𝐹𝐹𝑥𝑥 ≈ 𝐹𝐹𝑥𝑥

(3-47)

for small cylinders ((𝑞𝑞𝑟𝑟𝑖𝑖 )2 ≪ 1),

≈ −2𝜋𝜋𝛾𝛾𝑎𝑎𝑎𝑎 𝑞𝑞𝑄𝑄1 𝑄𝑄2 𝐾𝐾1 (𝑞𝑞𝑞𝑞).

(3-48)

Figures 38 and 39 show comparisons between experimental results[100] and numerical
calculations based on Eqns. (3-24), (3-40) and (3-48). As capillary interactions between the two
lyophilic cylinders partially submerged into water are shown in Fig. 38(a), the numerical
calculation from Eqn. (3-48) fits perfectly at the large separation, and deviates as the separation
decreases. The results from Eqns. (3-24) and (3-40), which are obtained with the assumption of
small separation distances, fit better when the two cylinders are close to each other. In Fig. 38(b),
however, when the two cylinders are in an 8×10-2 M sodium dodecyl sulfate (SDS) solution (𝛾𝛾𝑆𝑆𝑆𝑆𝑆𝑆
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Figure 38. Comparison of theoretical predictions with experimental data for the dimensionless
horizontal force between two vertical cylinders. Both cylinders are lyophilic (a) Both cylinders
are partially submerged in water; (b) Both cylinders are partially submerged in an 8×10-2 M
SDS solution. The dash-dot lines show the lower limit for possible separation between the
cylinder centers. (θ1 = θ2 = 0°, r1 = 370 μm, r2 = 315 μm, γw = 72.4 mN/m, ρw = 1.0 g/cm3, γSDS
= 36.8 mN/m, and ρSDS = 1.01 g/cm3)

= 36.8 mN/m, and 𝜌𝜌𝑆𝑆𝑆𝑆𝑆𝑆 = 1.01 g/cm3), Eqn. (3-48) works only for the large separation and Eqns.

(3-24) and (3-40) do not fit very well. Velev et al. suggested that this large deviation with the
8×10-2 M SDS solution may be caused by a nonlinear effect associated with the dimensionless
radii 𝑞𝑞𝑟𝑟𝑖𝑖 , which are larger than those in pure water[100].

Figure 39 shows force-separation curves for the two cylinders having opposite wettability

(𝜃𝜃1 = 0° and 𝜃𝜃2 = 99°). Equation (3-48) agrees well with the experimental data for the large

separation. Velev et al. found that the measured horizontal force decreases at the small separation
and predicted that the force might change from repulsion to attraction at a much smaller
separation[100]. However, Eqn. (3-48) does not change sign at any separation because it uses a
linear approximation and neglects the contact line elevation caused by the capillary interaction
between the cylinders. The numerical calculation using Eqns. (3-24) and (3-40) fairly predicts the
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Figure 39. Comparison of theoretical predictions and experimental data for the horizontal
force between two vertical cylinders partially submerged in water. The two cylinders have the
opposite wettability. The dash-dot line shows the lower limit for possible separation between
the cylinder centers. (θ1 = 0°, θ2 = 99°, r1 = 370 μm, r2 = 315 μm, γw = 72.4 mN/m)

capillary force at small separation. Furthermore, the calculation predicts that the force direction is
reversed when the two cylinders come very close to each other.
Comparing Fig. 38 with Fig. 33(c) and Fig. 39 with Fig. 34(c), one can find that the overall
trends for the vertical walls model and vertical cylinders model are very similar: objects with
similar wettability (lyophilic-lyophilic or lyophobic-lyophobic) attract each other; objects with
opposite wettability repel each other at large separation but attract at small or moderate separation.
Similar to the results shown in Fig. 35(b), the numerical calculation shows that when 𝜃𝜃1 + 𝜃𝜃2 =
180° the force between the two cylinders is always repulsive and does not change its direction no
matter how close the two cylinders are.

59

3.1.3

Model of two floating spherical particles

Consider two small spherical particles with radii of 𝑅𝑅1 and 𝑅𝑅2 floating at the air-liquid interface

([97], Fig. 40(a)). The radii of the contact lines on the particle surfaces are 𝑟𝑟1and 𝑟𝑟2 . Similar to the
(𝑃𝑃)

(𝛾𝛾)

aforementioned two-cylinder model, 𝐹𝐹𝑥𝑥 �𝐹𝐹𝑥𝑥

(𝑃𝑃)

is small for small spheres ((𝑞𝑞𝑅𝑅𝑖𝑖 )2 ≪ 1), so 𝐹𝐹𝑥𝑥

can be neglected. If two spherical particles generate the same contact line shape as the cylinders
do, the horizontal forces generated by the spherical particles will equal those generated by the
(𝛾𝛾)

cylinders because 𝐹𝐹𝑥𝑥

depends solely on the interface shape close to the cylinders.

In this case, one can imagine that the two spherical particles are replaced by two vertical

fictitious cylinders with radii 𝑟𝑟1 and 𝑟𝑟2 ([97], Fig. 40(b)). As shown in the two-cylinder model, the

contact lines are not horizontal. The inclination of the contact line is significant when the two

Figure 40. (a) Configuration of two small spherical particles floating at the air-liquid
interfaces[97]; (b) The two fictitious cylinders generate the same interface profiles[97].
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cylinders are close to each other, even though it becomes small at large separation, because the
contact lines have plenty of room to move vertically. However, the inclination of the contact lines
for small spherical particles would not be large since it is restricted by the size and curvature of
the particles. One can infer that Eqn. (3-48), which is used to calculate the capillary force between
the cylinders at large separation, is suitable for calculating the horizontal force between the two
floating spherical particles in the entire range of separation distance, as follows:
𝐹𝐹𝑥𝑥 ≈ −2𝜋𝜋𝛾𝛾𝑎𝑎𝑎𝑎 𝑞𝑞𝑄𝑄1 𝑄𝑄2 𝐾𝐾1 (𝑞𝑞𝑞𝑞).

(3-49)

Kralchevsky et al.[97] also proved from the energy method that Eqn. (3-49) is valid for
calculating the horizontal force between the two floating spherical particles. Since 𝑟𝑟𝑖𝑖 is always

positive, the sign of capillary charge 𝑄𝑄𝑖𝑖 depends solely on 𝜓𝜓𝑖𝑖 . If both particles have the same sign

of 𝜓𝜓𝑖𝑖 , the lateral capillary force between the two floating spheres is attractive; otherwise, the force
is repulsive.

Since the contact line moves on the curved surface of the sphere, either 𝑟𝑟𝑖𝑖 or 𝜓𝜓1 is not

constant. In order to calculate the capillary charge 𝑄𝑄𝑖𝑖 in Eqn. (3-49), one needs to use the vertical

force balance. Because the inclination of the contact line is not significant, the contact line can be
assumed horizontal to obtain geometric relations. The volume of the lower part of the sphere
immersed in liquid is
𝑉𝑉𝑙𝑙

(𝑖𝑖)

= 𝜋𝜋𝑏𝑏𝑖𝑖 2 (𝑅𝑅𝑖𝑖 − 𝑏𝑏𝑖𝑖 ⁄3).

(3-50)

where 𝑏𝑏𝑖𝑖 is the height of the submerged part in liquid. 𝑅𝑅𝑖𝑖 and 𝑏𝑏𝑖𝑖 are related as

(3-51)

Using 𝛽𝛽𝑖𝑖 = 𝜓𝜓𝑖𝑖 + 𝜃𝜃𝑖𝑖 and substituting Eqn. (3-51) into Eqn. (3-50) yields

(3-52)

𝑏𝑏𝑖𝑖 −𝑅𝑅𝑖𝑖
𝑅𝑅𝑖𝑖

𝑉𝑉𝑙𝑙

(𝑖𝑖)

= cos(𝜓𝜓𝑖𝑖 + 𝜃𝜃𝑖𝑖 ).
1

= 3 𝜋𝜋𝑅𝑅𝑖𝑖 3 (2 + 3 cos 𝛽𝛽𝑖𝑖 − cos 3 𝛽𝛽𝑖𝑖 ).

The radius of the contact line can be expressed as
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𝑟𝑟𝑖𝑖 = �𝑏𝑏𝑖𝑖 (2𝑅𝑅𝑖𝑖 − 𝑏𝑏𝑖𝑖 ).

(3-53)

According to the vertical force balance, the vertical component of capillary force at the contact
line is counterbalanced by the gravitational force, i.e.,
(𝑖𝑖)

𝐹𝐹𝑔𝑔 = 2𝜋𝜋𝛾𝛾𝑎𝑎𝑎𝑎 𝑟𝑟𝑖𝑖 sin 𝜓𝜓𝑖𝑖 .

(3-54)

The gravitational force can be expressed as[110]
(𝑖𝑖)

𝐹𝐹𝑔𝑔 = 𝑔𝑔�(𝜌𝜌𝑙𝑙 − 𝜌𝜌𝑖𝑖 )𝑉𝑉𝑙𝑙

(𝑖𝑖)

(𝑖𝑖)

+ (𝜌𝜌𝑎𝑎 − 𝜌𝜌𝑖𝑖 )𝑉𝑉𝑢𝑢 − (𝜌𝜌𝑙𝑙 − 𝜌𝜌𝑎𝑎 )𝜋𝜋𝑟𝑟𝑖𝑖 2 ℎ𝑖𝑖 �,

(𝑖𝑖)

(3-55)

where 𝜌𝜌𝑖𝑖 is the particle density, 𝑉𝑉𝑢𝑢 the volume of the non-submerged part of the sphere, and ℎ𝑖𝑖
the contact line elevation with respect to the interface level at infinity (

). The relation for

the sphere volume is:
𝑉𝑉𝑙𝑙

(𝑖𝑖)

4

(𝑖𝑖)

+ 𝑉𝑉𝑢𝑢 = 3 𝜋𝜋𝑅𝑅𝑖𝑖 3 .

(3-56)

Because 𝜌𝜌𝑙𝑙 ≫ 𝜌𝜌𝑎𝑎 , Eqn. (3-54) and Eqn. (3-55) can be combined and transformed to yield
𝑞𝑞 2

𝑄𝑄𝑖𝑖 = 𝑟𝑟𝑖𝑖 sin 𝜓𝜓𝑖𝑖 ≈ 2𝜋𝜋 �𝑉𝑉𝑙𝑙
𝜌𝜌 −𝜌𝜌

(𝑖𝑖)

− 𝐷𝐷𝑖𝑖 𝑉𝑉 (𝑖𝑖) − 𝜋𝜋𝑟𝑟𝑖𝑖 2 ℎ𝑖𝑖 �,

(3-57)

where the density correlation 𝐷𝐷𝑖𝑖 = 𝜌𝜌𝑖𝑖 −𝜌𝜌𝑎𝑎. By substituting Eqns. (3-52) and (3-56) into Eqn. (3𝑙𝑙

𝑎𝑎

57), Eqn. (3-57) can be further expressed as
𝑄𝑄𝑖𝑖 ≈

𝑞𝑞 2 𝑅𝑅𝑖𝑖 3
6

�2 − 4𝐷𝐷𝑖𝑖 + 3 cos 𝛽𝛽𝑖𝑖 − cos 3 𝛽𝛽𝑖𝑖 −

3𝑟𝑟𝑖𝑖 2 ℎ𝑖𝑖
𝑅𝑅𝑖𝑖 3

�.

(3-58)

Due to extremely small weight (note that the particle weight is proportional to the cube of the
radius), the interface deformation with small particles is very small. Kralchevsky and
Nagayama[111] estimated that particles with a radius of less than 10 μm cannot deform the
interface and, as a result, do not generate any horizontal force. As a result, 𝜓𝜓𝑖𝑖 is small and 𝛽𝛽𝑖𝑖 ≈ 𝜃𝜃𝑖𝑖 .
Eqn. (3-58) becomes

𝑄𝑄𝑖𝑖 ≈

𝑞𝑞 2 𝑅𝑅𝑖𝑖 3
6

�2 − 4𝐷𝐷𝑖𝑖 + 3 cos 𝜃𝜃𝑖𝑖 − cos 3 𝜃𝜃𝑖𝑖 −
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3𝑟𝑟𝑖𝑖 2 ℎ𝑖𝑖
𝑅𝑅𝑖𝑖 3

�.

(3-59)

For the small particles ((𝑞𝑞𝑅𝑅𝑖𝑖 )2 ≪ 1), the last term
neglected. As a result, Eqn. (3-59) finally becomes
𝑄𝑄𝑖𝑖 ≈

𝑞𝑞 2 𝑅𝑅𝑖𝑖 3
6

3𝑟𝑟𝑖𝑖 2 ℎ𝑖𝑖
𝑅𝑅𝑖𝑖 3

in Eqn. (3-59) is small, so it can be

(2 − 4𝐷𝐷𝑖𝑖 + 3 cos 𝜃𝜃𝑖𝑖 − cos 3 𝜃𝜃𝑖𝑖 ).

(3-60)

Combining Eqn. (3-49) with Eqn. (3-60), the horizontal capillary force vs. distance between
particles can be calculated. Experimental measurements agree well with this calculation[101, 112].
In Eqn. (3-60), the contact angle 𝜃𝜃𝑖𝑖 , the particle radius 𝑅𝑅𝑖𝑖 , and the density correlation 𝐷𝐷𝑖𝑖

are the parameters to determine the lateral capillary force. Here, 𝐷𝐷𝑖𝑖 is more important than 𝑅𝑅𝑖𝑖

because it may affect both magnitude and sign of the capillary force while 𝑅𝑅𝑖𝑖 changes only the
magnitude. When the contact angle and size of particles are fixed, 𝑄𝑄𝑖𝑖 may change its sign

depending on the particle density. This leads to a direction change in the horizontal force 𝐹𝐹𝑥𝑥 . Figure

41 shows the force vs. separation for three pairs of spherical particles with different density
combinations. The particle size and the contact angle are kept constant in calculation (𝑅𝑅𝑖𝑖 = 100
μm, 𝜃𝜃𝑖𝑖 = 60°). The solid line (𝜌𝜌1 = 𝜌𝜌2 = 2 g/cm3) and dash-dot line (𝜌𝜌2 = 𝜌𝜌2 = 0.5 g/cm3) show

Figure 41. Horizontal force vs. separation for three pairs of spherical particles with different
densities. The particle sizes and contact angles are kept constant in calculation (R1 = R2 = 100
μm, θ1 = θ2 = 60°). The dash-dot line shows the lower limit of possible separation between the
centers of the particles.
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attraction between the two identical particles. However, between a heavy particle and a light
particle (𝜌𝜌1 = 2 g/cm3 and 𝜌𝜌2 = 0.5 g/cm3), the force becomes repulsive due to the opposite signs
of capillary charges.

3.1.4

Model of floating spherical particle and vertical wall

The last configuration for the Cheerios effect in this article is a spherical particle with capillary
charge 𝑄𝑄 floating in the vicinity of an infinite vertical wall. In order to find the horizontal capillary
force between the wall and particle, one may first consider a simple case where the contact angle
at the wall is fixed at 𝜃𝜃𝑤𝑤 = 90°, i.e., the boundary condition is
𝜉𝜉0 ′ (0) = 0

Figure 42. Capillary image force between the floating particle and its image[102]. (a) Fixed
contact angle at the wall (θw = 90°); (b) Fixed contact line at the wall (ξ0(0) = 0).
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(3-61)

Due to the zero slope at the wall, the mirror image method can be used to find the capillary
force: the second identical particle (mirror image) floats at the distance 2𝑠𝑠 from the original one
([102], Fig. 42(a)). If the vertical wall is removed in Fig. 42(a), the interface should not change.

Since the two particles (real and imaginary) are identical, the capillary charges of the two particles
are also equal to each other (𝑄𝑄1 = 𝑄𝑄2 = 𝑄𝑄). As derived in the two-sphere model, the capillary

force between these two particles is attractive:

𝐹𝐹𝑥𝑥 = −2𝜋𝜋𝛾𝛾𝑎𝑎𝑎𝑎 𝑞𝑞𝑄𝑄 2 𝐾𝐾1 (2𝑞𝑞𝑞𝑞).

(3-62)

The capillary charge 𝑄𝑄 can be calculated by Eqn. (3-59). Since the interface elevation caused by
the wall is zero and the elevation caused by the floating particle is negligibly small, the term

3𝑟𝑟𝑖𝑖 2 ℎ𝑖𝑖
𝑅𝑅𝑖𝑖 3

can be ignored. In addition, 𝜓𝜓𝑖𝑖 is small due to the small size and weight of the particle. As a result,

Eqn. (3-59) can be reduced to Eqn. (3-60).

One may ask whether the capillary force can become repulsive for the wall-sphere
interaction. When the boundary condition becomes
𝜉𝜉0 (0) = 0,

(3-63)

which means the contact line at the wall is pinned to the zero elevation, the force becomes
repulsive. In practice, this boundary condition can be realized when the contact line is attached to
the edge of a vertical plate or to the boundary between hydrophilic and hydrophobic regions on
the surface of the wall[102]. Using symmetry, one can imagine that the second particle (image)
with the opposite capillary charge (𝑄𝑄1 = −𝑄𝑄2 = 𝑄𝑄) is located at the distance 2𝑠𝑠 from the original
one (Fig. 42(b)). Similar to the previous case, the interface should not change when the vertical
wall is removed. The capillary force becomes repulsive:
𝐹𝐹𝑥𝑥 = 2𝜋𝜋𝛾𝛾𝑎𝑎𝑎𝑎 𝑞𝑞𝑄𝑄 2 𝐾𝐾1 (2𝑞𝑞𝑞𝑞).
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(3-64)

The above two cases are rare and special in reality, and are simply described by ‘Capillary
Image Force’[102]. The above method cannot be directly used for general and realistic conditions
where the contact angle is not fixed just to 90° but can be any angle over a wide range and the
contact line is positioned to an arbitrary elevation.
The following discussion shows how to find solutions for more general boundary
conditions: (1) fixed contact angle at the arbitrary value and (2) fixed contact line at the arbitrary
position. Since the current scope is limited to the small interface slope, the Young-Laplace
equation can be linearized (Eqn. (3-4)). For the inclined interface, one can seek a superposed
solution:
𝜉𝜉 = 𝜉𝜉0 + 𝜉𝜉1,

(3-65)

where 𝜉𝜉0 is the deformation of interface created by the particle when 𝜃𝜃𝑤𝑤 = 90° or 𝜉𝜉0 (0) = 0 and
𝜉𝜉1 is the deformation of interface formed near the wall in the absence of the floating particle.
For the fixed contact angle at the wall, the boundary conditions are:
𝜉𝜉0 ′ (0) = 0,

𝜉𝜉1 ′ (0) = −tan 𝜓𝜓𝑤𝑤 .

Figure 43. Configuration of the spherical particle and vertical wall[102]. The particle can be
modeled and analyzed using the fictitious cylinder.

66

(3-66)

Similarly, the boundary conditions for the fixed contact line at the wall are:
𝜉𝜉0 (0) = 0,

𝜉𝜉1 (0) = 𝐻𝐻.

(3-67)

Then the interfaces formed by the wall without the floating particle can be expressed as:
𝜉𝜉1 (𝑥𝑥) = 𝑞𝑞 −1 tan 𝜓𝜓𝑤𝑤 𝑒𝑒 −𝑞𝑞𝑞𝑞

𝜉𝜉1 (𝑥𝑥) = 𝐻𝐻𝑒𝑒 −𝑞𝑞𝑞𝑞

(Fixed contact angle);

(3-68)

(Fixed contact line).

(3-69)

One can use the concept of the fictitious cylinder with the radius 𝑟𝑟𝑓𝑓 that is submerged in

liquid (Fig. 43). The angle 𝜓𝜓 between the centerline of the cylinder and the 𝑧𝑧 axis is the local slope
angle of the wall. One can introduce a new coordinate system (𝑥𝑥 ′ , 𝑦𝑦 ′ , 𝑧𝑧′) where the 𝑧𝑧′ axis
coincides with the cylinder axis:

𝒆𝒆′𝒙𝒙 = cos 𝜓𝜓 𝒆𝒆𝒙𝒙 − sin 𝜓𝜓 𝒆𝒆𝒛𝒛 ;
𝒆𝒆′𝒚𝒚 = 𝒆𝒆𝒚𝒚 ;

𝒆𝒆′𝒛𝒛 = cos 𝜓𝜓 𝒆𝒆𝒙𝒙 + sin 𝜓𝜓 𝒆𝒆𝒛𝒛 .

(3-70)

Assume that the contact line on the cylinder surface is parallel to the 𝑥𝑥′ axis. Similarly to the

deriving procedure from Eqn. (3-29) to Eqn. (3-36), one can obtain (𝛾𝛾𝑎𝑎𝑎𝑎 )𝑥𝑥 in the (𝑥𝑥 ′ , 𝑦𝑦 ′ , 𝑧𝑧′) system
as[102]:

1 𝑑𝑑𝜉𝜉

1

0
(𝛾𝛾𝑎𝑎𝑎𝑎 )𝑥𝑥 = 𝛾𝛾𝑎𝑎𝑎𝑎 �cos 𝜓𝜓 �cos 𝜑𝜑 cos 𝜓𝜓𝑓𝑓 −
sin 𝜑𝜑 sin 𝜓𝜓𝑓𝑓 � − 𝜒𝜒 sin 𝜓𝜓 sin 𝜓𝜓𝑓𝑓 �, (3-71)
𝜒𝜒 𝑑𝑑𝑑𝑑

where 𝜓𝜓𝑓𝑓 is the slope angle around the particle in the (𝑥𝑥 ′ , 𝑦𝑦 ′ , 𝑧𝑧′) coordinate. Substituting Eqn. (371) into Eqn. (3-6), one obtains
(𝛾𝛾)

𝐹𝐹𝑥𝑥

= −2𝜋𝜋𝛾𝛾𝑎𝑎𝑎𝑎 𝑟𝑟𝑓𝑓 sin 𝜓𝜓𝑓𝑓 sin 𝜓𝜓
𝜋𝜋 𝑑𝑑𝜉𝜉0

−2𝛾𝛾𝑎𝑎𝑎𝑎 sin 𝜓𝜓𝑓𝑓 ∫0

𝑑𝑑𝑑𝑑

𝜋𝜋

sin 𝜑𝜑 𝑑𝑑𝑑𝑑 + 2𝛾𝛾𝑎𝑎𝑎𝑎 cos 𝜓𝜓 cos 𝜓𝜓𝑓𝑓 ∫0 𝜒𝜒 cos 𝜑𝜑 𝑑𝑑𝑑𝑑.

(3-72)

The last term in Eqn. (3-72) is negligible for large separation[102]. Eqn. (3-72) becomes
(𝛾𝛾)

𝐹𝐹𝑥𝑥

𝜋𝜋 𝑑𝑑𝜉𝜉0

≈ −2𝜋𝜋𝛾𝛾𝑎𝑎𝑎𝑎 𝑟𝑟𝑓𝑓 sin 𝜓𝜓𝑓𝑓 sin 𝜓𝜓 − 2𝛾𝛾𝑎𝑎𝑎𝑎 sin 𝜓𝜓𝑓𝑓 ∫0
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𝑑𝑑𝑑𝑑

sin 𝜑𝜑 𝑑𝑑𝑑𝑑.

(3-73)

For a small interface elevation,
sin 𝜓𝜓 ≈ tan 𝜓𝜓 = −

𝑑𝑑𝜉𝜉1

�

𝑑𝑑𝑑𝑑 𝑥𝑥=𝑠𝑠

.

(3-74)

Substituting Eqns. (3-68) and (3-69) into Eqn. (3-74), sin 𝜓𝜓 in Eqn. (3-73) becomes
sin 𝜓𝜓 ≈ tan 𝜓𝜓𝑤𝑤 𝑒𝑒 −𝑞𝑞𝑞𝑞 (Fixed contact angle);

sin 𝜓𝜓 ≈ 𝑞𝑞𝑞𝑞𝑒𝑒 −𝑞𝑞𝑞𝑞

(Fixed contact line).

(3-76)

(𝑃𝑃)

To estimate the horizontal force due to the hydrostatic pressure 𝐹𝐹𝑥𝑥

(3-75)

, one can use the

approximation[102]

𝜉𝜉(𝜑𝜑) ≈ ℎ𝑓𝑓 +

and substitute it into Eqn. (3-39) to obtain
(𝑃𝑃)

𝐹𝐹𝑥𝑥

𝑑𝑑ℎ𝑓𝑓
𝑑𝑑𝑑𝑑

𝑟𝑟𝑓𝑓 cos 𝜑𝜑
2

≈ 𝜋𝜋𝛾𝛾𝑎𝑎𝑎𝑎 �𝑞𝑞𝑟𝑟𝑓𝑓 � ℎ𝑓𝑓

𝑑𝑑ℎ𝑓𝑓
𝑑𝑑𝑑𝑑

(3-77)

.

(3-78)

𝜉𝜉0 , which is the interface deformation created by the floating particle when the imaginary

particle floats at 2𝑠𝑠 separation, still needs to be found. Eventually, this information allows for
discovery of the contact line elevation ℎ𝑓𝑓 and the total capillary force after substituting ℎ𝑓𝑓 into

Eqns. (3-73) and (3-78). 𝑟𝑟𝑓𝑓 and sin 𝜓𝜓𝑓𝑓 are also required for finding the total horizontal force.
3.1.4.1 Fixed contact angle at the wall

If the elevation of the contact line is zero at the wall, Eqn. (3-59) is valid to calculate the
capillary charge 𝑄𝑄𝑓𝑓 . For the typical inclined interface near the wall, however, the elevation of the

contact line on the particle ℎ𝑓𝑓 is no longer small. As a result, the term

3𝑟𝑟𝑖𝑖 2 ℎ𝑖𝑖
𝑅𝑅𝑖𝑖 3

in Eqn. (3-59) cannot

be neglected. The elevation of the contact line on the particle surface ℎ𝑓𝑓 can be given as:
ℎ𝑓𝑓 = 𝑞𝑞 −1 tan 𝜓𝜓𝑤𝑤 𝑒𝑒 −𝑞𝑞𝑞𝑞 + ℎ𝑓𝑓0 ,
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(3-79)

where ℎ𝑓𝑓0 is the mean elevation of the contact line for a isolated particle floating at the flat air-

liquid interface:

1

ℎ𝑓𝑓0 = 2𝜋𝜋𝑟𝑟 ∮𝐶𝐶 𝜉𝜉0 𝑑𝑑𝑑𝑑 .
𝑓𝑓

(3-80)

𝑓𝑓

For the two particles with capillary charges 𝑄𝑄1 and 𝑄𝑄2 , Eqn. (3-24) is used to compute the

interface deformation close to the particles for small or moderate inter-particle separation

((𝑞𝑞𝑞𝑞)2 ≪ 1). By setting 𝑄𝑄1 = 𝑄𝑄2 in Eqn. (3-24) and using the relations of the bipolar coordinates,
one obtains [102]

𝜉𝜉0 𝑖𝑖𝑖𝑖 (𝜔𝜔) = 𝑄𝑄2 �ln 𝛾𝛾

2

𝑒𝑒 𝑞𝑞𝑟𝑟𝑓𝑓

2

+ ln 𝛾𝛾

2
𝑒𝑒 2𝑞𝑞𝑎𝑎 ��𝑠𝑠−𝑟𝑟𝑓𝑓 cos 𝜔𝜔�

�,

(3-81)

where superscript ‘in’ denotes the solution in the inner region (close to the particle, (𝑞𝑞𝑞𝑞)2 ≪ 1).

Substituting Eqn. (3-81) into Eqn. (3-80) yields

ℎ𝑓𝑓0 𝑖𝑖𝑖𝑖 = 𝑄𝑄2 �ln 𝛾𝛾

2

2

+ ln 𝛾𝛾 𝑞𝑞(𝑠𝑠+𝑎𝑎)�.

𝑒𝑒 𝑞𝑞𝑟𝑟𝑓𝑓

𝑒𝑒

(3-82)

For the large inter-particle separation ( (𝑞𝑞𝑞𝑞)2 ≫ 1 ), the superposition and

approximation[98] are used to derive the interface shape for the two identical particles, i.e.,
𝜉𝜉0 𝑜𝑜𝑜𝑜𝑜𝑜 (𝜔𝜔) = 𝑄𝑄𝑓𝑓 [𝐾𝐾0 (𝑞𝑞𝑑𝑑1 ) + 𝐾𝐾0 (𝑞𝑞𝑑𝑑2 )],

(3-83)

where 𝑑𝑑𝑖𝑖 is the horizontal distance from the center of the sphere. Because the modified Bessel

function can be written as

2

𝐾𝐾0 (𝑥𝑥) ≈ ln 𝛾𝛾 𝑥𝑥 ,

(3-84)

𝑒𝑒

the inner asymptote (𝑎𝑎 → 0) of Eqn. (3-83) for small 𝑥𝑥 is
�𝜉𝜉0 𝑜𝑜𝑜𝑜𝑜𝑜 �

𝑖𝑖𝑖𝑖

≈ 𝑄𝑄𝑓𝑓 �ln 𝛾𝛾

2

𝑒𝑒 𝑞𝑞𝑑𝑑1

2

+ ln 𝛾𝛾 𝑞𝑞𝑑𝑑 �.

By substituting Eqn. (3-83) into Eqn. (3-80), one can derive

𝑒𝑒

(3-85)

2

ℎ𝑓𝑓0 𝑜𝑜𝑜𝑜𝑜𝑜 = ℎ𝑓𝑓∞ + 𝑄𝑄𝑓𝑓 𝐾𝐾0 (2𝑞𝑞𝑞𝑞); ℎ𝑓𝑓∞ = 𝑄𝑄𝑓𝑓 ln 𝛾𝛾

2

𝑒𝑒 𝑞𝑞𝑟𝑟𝑓𝑓

69

.

(3-86)

By comparing Eqn. (3-81) with Eqn. (3-85), one obtains a compound expression for 𝜉𝜉0 :
2𝑞𝑞𝑎𝑎2

𝜉𝜉0 = ℎ𝑓𝑓∞ + 𝑄𝑄𝑓𝑓 𝐾𝐾0 �𝑠𝑠−𝑟𝑟

�.

(3-87)

ℎ𝑓𝑓0 = ℎ𝑓𝑓∞ + 𝑄𝑄𝑓𝑓 𝐾𝐾0 �𝑞𝑞(𝑠𝑠 + 𝑎𝑎)�.

(3-88)

ℎ𝑓𝑓 = 𝑞𝑞 −1 tan 𝜓𝜓𝑤𝑤 𝑒𝑒 −𝑞𝑞𝑞𝑞 + ℎ𝑓𝑓∞ + 𝑄𝑄𝑓𝑓 𝐾𝐾0 �𝑞𝑞(𝑠𝑠 + 𝑎𝑎)�.

(3-89)

𝑓𝑓 cos 𝜔𝜔

Similarly, the compound expression for ℎ𝑓𝑓0 can be obtained by comparing Eqns. (3-82)

and (3-86):

Then ℎ𝑓𝑓 becomes:

From Eqn. (3-57), one can calculate the capillary charge of particle 𝑄𝑄2 as
𝑄𝑄𝑓𝑓 =

𝑞𝑞 2
6

��3𝑅𝑅𝑓𝑓 − 𝑏𝑏𝑓𝑓 �𝑏𝑏𝑓𝑓 2 − 4𝐷𝐷𝑓𝑓 𝑅𝑅𝑓𝑓 3 − 3𝑟𝑟𝑓𝑓 2 ℎ𝑓𝑓 �.

(3-90)

Combining Eqns. (3-73), (3-75), (3-78), (3-87), (3-89), and (3-90), one can obtain the horizontal
force for the fixed contact angle as[102]
2

𝐹𝐹𝑥𝑥 = −𝜋𝜋𝛾𝛾𝑎𝑎𝑎𝑎 �2𝑞𝑞𝑄𝑄𝑓𝑓 2 𝐾𝐾1 (2𝑞𝑞𝑞𝑞) + 2𝑄𝑄𝑓𝑓 tan 𝜓𝜓𝑤𝑤 𝑒𝑒 −𝑞𝑞𝑞𝑞 + 𝑞𝑞�𝑟𝑟𝑓𝑓 tan 𝜓𝜓𝑤𝑤 𝑒𝑒 −𝑞𝑞𝑞𝑞 � �.

(3-91)

3.1.4.2 Fixed contact line at the wall
Similarly to the fixed contact angle at the wall, when the contact line is fixed to an arbitrary
position at the wall,
ℎ𝑓𝑓 = 𝐻𝐻𝑒𝑒 −𝑞𝑞𝑞𝑞 + ℎ𝑓𝑓0 ;

1

ℎ𝑓𝑓0 = 2𝜋𝜋𝑟𝑟 ∮𝐶𝐶 𝜉𝜉0 𝑑𝑑𝑑𝑑 .
𝑓𝑓

𝑓𝑓

For the small separation ((𝑞𝑞𝑞𝑞)2 ≪ 1), by setting 𝑄𝑄1 = −𝑄𝑄2 = −𝑄𝑄𝑓𝑓 , Eqn. (3-24) becomes
where

𝜉𝜉0 𝑖𝑖𝑖𝑖 (𝜔𝜔) = 𝑄𝑄𝑓𝑓 𝜏𝜏̃𝑓𝑓 (𝜔𝜔),

1

−𝑛𝑛𝜏𝜏𝑓𝑓
𝜏𝜏̃𝑓𝑓 (𝜔𝜔) = 𝜏𝜏𝑓𝑓 + 2 ∑∞
cos 𝑛𝑛𝑛𝑛.
𝑛𝑛=1 𝑛𝑛 tanh 𝑛𝑛𝜏𝜏𝑓𝑓 𝑒𝑒

Similarly to Eqn. (3-81), Eqn. (3-93) can be rewritten in the form [102]:
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(3-92)

(3-93)

(3-94)

2

𝜉𝜉0 𝑖𝑖𝑖𝑖 (𝜔𝜔) = 𝑄𝑄𝑓𝑓 �ln 𝛾𝛾

𝑒𝑒 𝑞𝑞𝑟𝑟𝑓𝑓

Substituting Eqn. (3-95) into Eqn. (3-92), one obtains

− ln

2

𝛾𝛾𝑒𝑒 𝑞𝑞𝑟𝑟𝑓𝑓 𝑒𝑒 𝜏𝜏�𝑓𝑓

�.

(3-95)

ℎ𝑓𝑓0 𝑖𝑖𝑖𝑖 = 𝑄𝑄𝑓𝑓 𝜏𝜏𝑓𝑓 ∗ ,

where

(3-96)

1

−2𝑛𝑛𝜏𝜏𝑓𝑓
𝜏𝜏2 ∗ = 𝜏𝜏𝑓𝑓 + 2 ∑∞
tanh 𝑛𝑛𝜏𝜏𝑓𝑓 .
𝑛𝑛=1 𝑛𝑛 𝑒𝑒

(3-97)

Equation (3-96) can be rewritten in the form[102]
ℎ𝑓𝑓0 𝑖𝑖𝑖𝑖 = 𝑄𝑄𝑓𝑓 �ln 𝛾𝛾

2

𝑒𝑒 𝑞𝑞𝑟𝑟𝑓𝑓

− ln

2

𝜏𝜏
𝛾𝛾𝑒𝑒 𝑞𝑞𝑟𝑟𝑓𝑓 𝑒𝑒 𝑓𝑓

∗

�.

(3-98)

When the inter-particle separation is large ((𝑞𝑞𝑞𝑞)2 ≫ 1), again by using the superposition

approximation[98], one obtains

From Eqn. (3-92), one derives

𝜉𝜉0 𝑜𝑜𝑜𝑜𝑜𝑜 (𝜔𝜔) = ℎ𝑓𝑓∞ − 𝑄𝑄𝑓𝑓 𝐾𝐾0 (2𝑞𝑞𝑞𝑞).

(3-99)

ℎ𝑓𝑓0 𝑜𝑜𝑜𝑜𝑜𝑜 = ℎ𝑓𝑓∞ − 𝑄𝑄𝑓𝑓 𝐾𝐾0 (2𝑞𝑞𝑞𝑞).

(3-100)

𝜉𝜉0 = ℎ𝑓𝑓∞ − 𝑄𝑄𝑓𝑓 𝐾𝐾0 �𝑞𝑞𝑟𝑟𝑓𝑓 𝑒𝑒 𝜏𝜏�𝑓𝑓 �

(3-101)

Similarly to the fixed contact angle, one can compare Eqn. (3-95) with Eqn. (3-99) to obtain

and compare Eqn. (3-98) with Eqn. (3-100) to find

∗

From Eqn. (3-92), ℎ𝑓𝑓 is

ℎ𝑓𝑓0 = ℎ𝑓𝑓∞ − 𝑄𝑄𝑓𝑓 𝐾𝐾0 �𝑞𝑞𝑟𝑟𝑓𝑓 𝑒𝑒 𝜏𝜏𝑓𝑓 �.

(3-102)

∗

ℎ𝑓𝑓 = 𝐻𝐻𝑒𝑒 −𝑞𝑞𝑞𝑞 + ℎ𝑓𝑓∞ − 𝑄𝑄𝑓𝑓 𝐾𝐾0 �𝑞𝑞𝑟𝑟𝑓𝑓 𝑒𝑒 𝜏𝜏𝑓𝑓 �.

(3-103)

Combining Eqns. (3-73), (3-76), (3-78), (3-90), (3-101), and (3-103), the horizontal force
for the fixed contact line is finally obtained as[102]
2

𝐹𝐹𝑥𝑥 = −𝜋𝜋𝛾𝛾𝑎𝑎𝑎𝑎 �−2𝑞𝑞𝑄𝑄𝑓𝑓 2 𝐾𝐾1 (2𝑞𝑞𝑞𝑞) + 2𝑄𝑄𝑓𝑓 𝑞𝑞𝑞𝑞𝑒𝑒 −𝑞𝑞𝑞𝑞 + 𝑞𝑞�𝑟𝑟𝑓𝑓 𝑞𝑞𝑞𝑞𝑒𝑒 −𝑞𝑞𝑞𝑞 � �.
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(3-104)

Till now, the horizontal force between the vertical wall and floating sphere for fixed contact
angle or fixed contact line boundary conditions has been obtained. The first term in Eqns. (3-91)
and (3-104) is the capillary image force, shown as Eqns. (3-62) and (3-64). The second one
originates from the superposition of the particle weight and the buoyancy force[102]. And the third
term takes into account the pressure jump across the interface encircled by the contact line on the
sphere[102].
As discussed in the introduction, contact angles 𝜃𝜃𝑤𝑤 and 𝜃𝜃𝑓𝑓 were considered the sole

parameters by which to determine the direction of horizontal capillary force (i.e., the sign of 𝐹𝐹𝑥𝑥 in

Eqns. (3-91) and (3-104)). However, it’s not necessarily true. In Eqns. (3-91) and (3-104), if the
second term is divided by the third term, the results yield

2sin𝜓𝜓𝑓𝑓

𝑞𝑞𝑟𝑟𝑓𝑓 tan𝜓𝜓𝑤𝑤

𝑒𝑒 𝑞𝑞𝑞𝑞 and

2sin𝜓𝜓𝑓𝑓
𝑞𝑞 2 𝑟𝑟𝑓𝑓 𝐻𝐻

𝑒𝑒 𝑞𝑞𝑞𝑞 , which are

large for not small separation 𝑠𝑠. In addition, the absolute values of the second term dividing the
tan𝜓𝜓𝑤𝑤 𝑒𝑒 −𝑞𝑞𝑞𝑞

first term in Eqns. (3-91) and (3-104) read �𝑞𝑞𝑄𝑄

𝑓𝑓 𝐾𝐾1

� and �𝑄𝑄
(2𝑞𝑞𝑞𝑞)

𝐻𝐻𝐻𝐻 −𝑞𝑞𝑞𝑞

� and are large for large 𝑠𝑠

𝑓𝑓 𝐾𝐾1 (2𝑞𝑞𝑞𝑞)

because the modified Bessel function (𝐾𝐾1 (2𝑞𝑞𝑞𝑞)) decreases much faster than 𝑒𝑒 −𝑞𝑞𝑞𝑞 as 𝑠𝑠 increases.

As a result, for not small separation 𝑠𝑠, the second terms in Eqns. (3-91) and (3-104) are dominant

to determine the direction and magnitude of the horizontal capillary force. For example, the force
is attractive if 𝑄𝑄𝑓𝑓 and tan𝜓𝜓𝑤𝑤 in Eqn. (3-91) or 𝑄𝑄𝑓𝑓 and 𝐻𝐻 in Eqn. (3-104) have the same sign, but
is repulsive if they have the opposite sign. Because 𝑟𝑟𝑓𝑓 is always positive, one can make a general

conclusion that for not small separation 𝑠𝑠, the force between a floating sphere and vertical wall is
attractive if 𝜓𝜓𝑓𝑓 and 𝜓𝜓𝑤𝑤 have the same sign and is repulsive if they have the opposite sign.

In addition, 𝜓𝜓𝑤𝑤 is solely determined by 𝜃𝜃𝑤𝑤 for a vertical wall, but 𝜃𝜃𝑓𝑓 is not the only

parameter to determine 𝜓𝜓𝑓𝑓 . Because the contact line elevation of the sphere contact line is small
when the phere is not close to the wall, the last term in Eqn. (3-59) is negligible at large 𝑠𝑠. It can
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be observed from Eqn. (3-59) that, except for 𝜃𝜃𝑓𝑓 , the density correlation 𝐷𝐷𝑓𝑓 (or particle density 𝜌𝜌𝑓𝑓 )

is another important parameter by which to determine the sign of 𝜓𝜓𝑓𝑓 or 𝑄𝑄𝑓𝑓 . As a result, it can be
inferred that, if some properties of the sphere (such as size and contact angle) and the properties

of the air-liquid system (such as surface tension and densities of air and liquid) are fixed, contact
angle at the wall 𝜃𝜃𝑤𝑤 (fixed contact angle boundary condition) or contact line elevation at the wall
𝐻𝐻 (fixed contact line boundary condition) and density of the floating sphere 𝜌𝜌𝑓𝑓 are both critical

parameters in determining the horizontal capillary force between a floating sphere and a vertical
wall.
Figure 44 shows the horizontal capillary force between floating spheres (buoyant and
dense) and the vertical wall for different contact line elevations at the vertical wall. During
calculation, the radius of the sphere 𝑅𝑅 is 1 mm and the contact angle 𝜃𝜃𝑓𝑓 is 45°. As shown in Fig.

44(a), for a buoyant floating sphere (ρ𝑓𝑓 = 0.58 g/cm3), the force is attractive when 𝐻𝐻 > 0, while it

becomes repulsive when 𝐻𝐻 < 0. However, for a dense floating sphere (ρ𝑓𝑓 = 1.18 g/cm3), the force

Figure 44. Horizontal force vs. separation in the wall-sphere capillary interaction for different
wall contact line elevations. (a) Buoyant sphere (ρf = 0.58 g/cm3, Rf = 1 mm, θf = 45°); (b)
Dense sphere (ρf = 1.18 g/cm3, Rf = 1 mm, θf = 45°). The dash-dot lines show the smallest
separation between the particle center and wall.
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direction is reversed for similar boundary conditions at large separation, i.e., repulsion for 𝐻𝐻 > 0
and attraction for 𝐻𝐻 < 0. When contact line elevation at vertical wall 𝐻𝐻 is close to zero (i.e., dashed
line in Fig. 44(b)), the situation is complicated. Due to the repulsive pure capillary image force for
the fixed contact line boundary condition, the force may intersect the x-axis at some distance 𝑠𝑠0

and become repulsive at smaller separation, which means there is an equilibrium (zero force) point
located close to the wall. This point is stable (the particle has a tendency to stay at the zero force
point) because the sphere is repelled if separation is smaller than 𝑠𝑠0 while it is attracted if

separation is larger than 𝑠𝑠0 . The measurements (Velev et al. [103]) of the equilibrium point for the

fixed contact line boundary condition agree with the theory well.

Figure 45 shows horizontal capillary force between floating spheres (buoyant and dense)
and vertical wall for different wall contact angles. During calculation, the radius of the sphere 𝑅𝑅

is 1 mm and contact angle 𝜃𝜃𝑓𝑓 is 45°. For a buoyant floating sphere (ρ𝑓𝑓 = 0.58 g/cm3), the force is

attractive when 𝜃𝜃𝑤𝑤 < 90° but becomes repulsive when 𝜃𝜃𝑤𝑤 > 90°. However, the force direction is
reversed for a dense floating sphere (ρ𝑓𝑓 = 1.18 g/cm3) for similar boundary conditions; the force

Figure 45. Horizontal force vs. separation in the wall-sphere capillary interaction for different
wall contact angles. (a) Buoyant sphere (ρf = 0.58 g/cm3, Rf = 1 mm, θf = 45°); (b) Dense
sphere (ρf = 1.18 g/cm3, Rf = 1 mm, θf = 45°). The dash-dot lines show the smallest separation
between the particle center and wall.
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becomes repulsive when 𝜃𝜃𝑤𝑤 < 90° and attractive when 𝜃𝜃𝑤𝑤 > 90°. Similar to fixed contact line

boundary condition, there may also exist an equilibrium (zero force) point for a fixed contact angle

boundary condition (i.e., dashed line in Fig. 45(b)). But for the fixed contact angle boundary
condition, the zero force point is not stable (the particle has tendency to move away from the zero
force point) because the force is attractive if separation is smaller than 𝑠𝑠0 while is repulsive if
separation is larger than 𝑠𝑠0 . Note, the surfaces of spheres during calculation in Fig. 45 are kept

hydrophilic (𝜃𝜃𝑓𝑓 = 45°), which shows that a hydrophilic wall does not guarantee attractive force
with a hydrophilic floating sphere.

In summary, when the separation is not too small, the lateral capillary force is attractive if
the slope angles at the wall 𝜓𝜓𝑤𝑤 and on the floating particle 𝜓𝜓𝑓𝑓 have the same sign, otherwise, the

force is repulsive. Except for the contact angle of the vertical wall 𝜃𝜃𝑤𝑤 and that of the sphere 𝜃𝜃𝑓𝑓 ,

the sphere density 𝜌𝜌𝑓𝑓 is another critical parameter in determining the direction of the capillary

force between vertical wall and sphere. When the separation is small, the situation is much more
complicated.

3.2

3.2.1

ELECTROWETTING-ASSISTED CHEERIOS EFFECT

Theory validation

Because the contact angle at wall 𝜃𝜃𝑤𝑤 is a critical parameter by which to determine the direction of

the horizontal capillary force when properties of a floating particle are fixed, the EWOD method
can be implemented to manipulate the surface wettability and to further control the direction of the
horizontal capillary force between the vertical wall and the sphere.
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Since Kralchevsky et al. [102] developed a theoretical model of horizontal interaction
between vertical wall and floating sphere, some experimental results have been reported. Dushkin
et al. [112] directly measured horizontal force for a fixed contact angle condition by using torsion
balance. As discussed in Fig. 44(b), according to the theory, there may exist a stable equilibrium
position for a fixed contact line boundary condition where the sphere experiences zero horizontal
net force. Velev et al. [103] verified the theory by measuring the equilibrium position of the
floating sphere for fixed contact line boundary condition. However, for the fixed contact angle
boundary condition (for example, the contact angle modulated by EWOD), though there may also
exist an equilibrium position, the position is not stable because the force is attractive for 𝑠𝑠 < 𝑠𝑠0

and repulsive for 𝑠𝑠 > 𝑠𝑠0 . As a result, experimental measurement of the equilibrium position for

fixed contact angle boundary condition is difficult. Here, an alternating method to validate the
theory by implementing EWOD to the Cheerios effect is introduced. When the separation 𝑠𝑠

between the vertical wall and the sphere is smallest (𝑠𝑠 = 𝑅𝑅𝑓𝑓 when the sphere contacts the wall),

there exists a certain wall contact angle 𝜃𝜃𝑤𝑤 that results in a zero force between wall and floating

sphere. By adjusting the applied voltage to EWOD, this contact angle is experimental compared
with theoretical calculation.
Figure 46 shows a comparison between experimental results and theoretical prediction of
the equilibrium point for a fixed contact angle boundary condition. The solid line in Fig. 46 is
numerical calculation according to Eqn. (3-91). During calculation, the density of the sphere 𝜌𝜌𝑓𝑓

sweeps from 1.00 g/cm3 to 1.20 g/cm3 with step of 0.001 g/cm3, while the radius and contact angle
are fixed at 1 mm and 45° separately. For a certain sphere density, the contact angle at the vertical

wall 𝜃𝜃𝑤𝑤 decreases from 120° with step of 0.1° and is recorded when the force changes from
attractive to repulsive for the first time. During the experiment, in order to have spheres with
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Figure 46. Comparison of experimental data and theoretical prediction of the zero force point
for fixed contact angle boundary condition. Separation s is equal to Rf. Contact angle and
radius of sphere θf and rf are 45° and 1 mm for both experiment and calculation.

different densities, three resin spheres (𝑅𝑅𝑓𝑓 = 1 mm) with different wall thicknesses are prepared by

3D printing technology. The solid sphere has a density of 1.18 g/cm3, which is the same as the
density of the resin. Two hollow spheres with wall thickness of 500 µm and 600 µm have densities
of 1.03 g/cm3 and 1.10 g/cm3 separately. All spheres have contact angles of around 45° and
negative slope angles at flat air-water interface. A silicon wafer covered by 2.5 µm parylene layer
and thin Teflon® AF layer (~2000 Å) on the top is inserted into water as a vertical wall. Bare
aluminum foil is used as a ground electrode to close the electrical circuit and is attached to the
bottom of water container. Since all three spheres are dense and have negative slope angles, the
spheres are initially attracted by the hydrophobic vertical wall at no external voltage. As EWOD
voltage increases, the contact angle of the wall decreases. At a certain voltage, the force between
the sphere and wall becomes zero. A further increase of the voltage results in a lower contact angle
that results in repulsive force. The voltages of the zero force are recorded for spheres with different
densities. Contact angles corresponding to these voltages are measured on the same EWOD
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electrode with a sessile droplet sitting on it (configuration shown in Fig. 6(a)) and shown as cross
symbols in Fig. 46. The theory and experimental results agree well.
By changing wall wettability of the vertical electrode by electrowetting, a floating object
can be manipulated, i.e., attracted or repelled by the wall. When EWOD is off, the wall surface is
hydrophobic, so the meniscus slope angle at the wall is negative (𝜓𝜓𝑤𝑤 < 0). As a result, the wall

will repel an object with a positive slope angle (𝜓𝜓𝑓𝑓 > 0) (Fig. 47(a)) and attract an object with a
negative slope angle (𝜓𝜓𝑓𝑓 < 0) (Fig. 47(c)). While EWOD is turned on at not low voltage, the wall

can be switched to hydrophilic, which results in a positive slope angle (𝜓𝜓𝑤𝑤 > 0), so it can attract

an object with a positive slope angle (𝜓𝜓𝑓𝑓 > 0) (Fig. 47(b)) and repel an object with a negative slope
angle (𝜓𝜓𝑓𝑓 < 0) (Fig. 47(d)).

Figure 47. Sketch of EWOD-assisted Cheerios effect. (a) & (b) Floating sphere with a
positive slope angle. (a) EWOD is OFF; (b) EWOD is ON. (c) & (d) Floating sphere with a
negative slope angle. (c) EWOD is OFF. (d) EWOD is ON.
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Figure 48 shows experimental verification of the above prediction. Two resin spheres (𝑅𝑅𝑓𝑓

= 1 mm) with different densities are prepared by 3D printing technology. The solid one has a
density of 1.18 g/cm3 and a negative slope angle. The hollow one has 200 µm thick wall, which
leads to reduced sphere density of 0.58 g/cm3 and a positive slope angle. The contact angles of the
spheres are measured to be about 45°. The vertical EWOD electrode acts as a wall. Bare aluminum
foil is attached to the bottom of water container (not shown in Fig. 48). As shown in Fig. 48(a),
when EWOD is turned on (150 VDC), the wall surface is hydrophilic, so the buoyant sphere
(positive slope angle) is attracted and the dense one (negative slope angle) is repelled by the
vertical wall. But when EWOD is turned off (Fig. 48(b)), the wall surface changes to hydrophobic,
the forces are reversed.

Figure 48. Experimental results for EWOD-assisted Cheerios effect. (a) When EWOD is
ON, buoyant sphere is attracted but dense sphere is repelled; (b) When EWOD is OFF,
buoyant sphere is repelled but dense sphere is attracted.

79

The EWOD electrode can also be installed on the floating objects, as shown in Fig. 49. An
EWOD electrode and a ground electrode are installed on the sidewall of the boat and at the bottom
of the water container separately. In Figs. 49(a) and 49(b), wall surface is hydrophobic (𝜃𝜃𝑤𝑤 > 90°
and 𝜓𝜓𝑤𝑤 < 0). Initially the surface of EWOD electrode is hydrophobic (𝜃𝜃𝑤𝑤 > 90°). If the sidewall

of the floating object is assumed to be vertical to the horizontal free surface, the slope angle of the
EWOD surface is negative (𝜓𝜓𝑤𝑤 < 0). As a result, the boat is attracted toward the wall (Fig. 49(a)).

When the electrical signal is applied, the EWOD surface becomes hydrophilic (𝜓𝜓𝑤𝑤 > 0). The

floating object is repelled against the wall (Fig. 49(b)). An opposite case is shown in Figs. 49(c)
and 49(d). The wall surface is hydrophilic (𝜃𝜃𝑤𝑤 < 90° and 𝜓𝜓𝑤𝑤 > 0), so the force is repulsive at first
and becomes attractive when EWOD in turned on.

Figure 49. Sketch of EWOD-assisted Cheerios effect with an EWOD electrode installed on
the floating object. (a) & (b) Hydrophobic vertical wall. (a) EWOD is OFF; (b) EWOD is
ON. (c) & (d) Hydrophilic vertical wall. (c) EWOD is OFF; (d) EWOD is ON.
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Figure 50. Experimental setup of EWOD-assisted cheerios effect propulsion with an EWOD
electrode installed on the boat. The red dashed line shows the vertical wall. An aluminum foil
is attached at the bottom of the container as the ground electrode. The inset shows a floating
boat used in the experiment. An EWOD electrode is attached at one sidewall of the boat. A
thin copper wire (30 µm in diameter) is used as connection wire.

Figure 50 shows the experimental setup of EWOD-assisted cheerios effect with an EWOD
electrode installed on the boat. A foam boat with dimensions of 15 (L) × 10 (W) × 10 (H) mm3 is
prepared. An EWOD electrode, which is same with those introduced in AC EWOD propulsion, is
glued on one sidewall of the boat. Total weight of boat with EWOD electrode is about 0.1 g. An
aluminum foil is attached at the bottom of the container as the ground electrode. A thin copper
wire (30 µm in diameter) is used as connection wire to minimize mechanical disturbance. Figure
51 shows the experimental verification of Fig 50. 120 VDC is applied to the EWOD system. The
vertical wall in Figs. 51(a) and 51(b) is hydrophobic (𝜓𝜓𝑤𝑤 < 0). The boat is attracted toward the

wall when EWOD signal is off, while it’s repelled against the wall when EWOD is on. The wall

surface in Figs. 51(c) and 51(d) is hydrophilic (𝜓𝜓𝑤𝑤 > 0), and the force is reversed (i.e. repulsive
when EWOD is off and attractive when EWOD is on).
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Figure 51. Experimental results for the EWOD-assisted cheerios effect propulsion with an
EWOD electrode installed on the boat. (a) & (b) Hydrophobic vertical wall (θw > 90°). (a)
EWOD is OFF; (b) EWOD is ON. (c) & (d) Hydrophilic vertical wall (θw < 90°). (c) EWOD
is OFF; (d) EWOD is ON. Yellow dashed line represents initial position while red dashed line
is ending position. Thick white arrow indicates floating object moving direction.

3.2.2

EWOD-assisted propulsion

It has been shown in Fig. 47 through Fig. 51 that a floating object can be manipulated by
implementing EWOD to the Cheerios effect. However, by simply toggling the EWOD signal with
a single EWOD electrode, the motion of floating objects is limited to movement toward or far
away from the sidewall, as shown in Fig. 52(a). In other words, no continuous motion can be
achieved. In order to realize continuous motions, Fig. 52(b) shows a modified propulsion method
in a small channel. When a pair of EWOD electrodes (one in the left wall and the other in the right
wall) are activated, the surfaces of electrodes change from hydrophobic to hydrophilic. As a result,
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Figure 52. Comparison of Cheerios effect propulsion methods. (a) Boat is attracted toward or
repelled against the wall; (b) Boat propulsion in a small channel; (c) 3-D sketch of EWODassisted Cheerios effect continuous propulsion. In (b) and (c), the boats have positive slope
angles.

the adjacent free surface is distorted and elevated. The distorted interface simulates the wall effect
in Figs. 47 and 48 and generates a pulling force on the floating object with a positive slope angle.
Due to symmetry, the lateral forces on the object from two sidewalls are cancelled out. Only a net
force on the object is toward the elevated interface, so the object is propelled along the channel
path. Figure 52(c) shows a 3-D construction of cheerios effect propulsion in a small channel. When
an array of EWOD electrodes is attached to each of two vertical sidewalls and partially immersed
in water, by shifting the EWOD activation from one pair to the next pair, a continuous movement
can be realized.
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It’s worth mentioning that the sidewalls of the boat in Figs. 52(b) and 52(c) need to have
positive slope angles. At the initial state, the surfaces of EWOD electrodes are hydrophobic,
repulsive forces from both sides of the channel act on the boat and are cancelled out, so the boat
can align itself along the channel direction and stay in the center of the channel. When EWOD
electrodes are activated, no lateral net force is generated, so the boat still maintains the position in
the center. However, if the boat sidewalls have negative slope angles, forces from sidewalls change
to be attractive. There exists an equilibrium point in the center of the channel but it is not stable.
So the boat is easily attracted toward either of the sidewalls.
Figure 53 shows the floating object with positive slope angle is propelled in the 15-mm
wide channel with two arrays of EWOD electrodes (5 mm width). The boat is made of foam
material. Flexible Cu EWOD electrodes are prepared similarly with those introduced in Fig. 13.
EWOD electrodes and all channel sidewalls were coated with Teflon to be initially hydrophobic,
so the object with positive slope angle automatically aligns and stays in the middle of the channel.
A bare aluminum foil acting as the ground electrode is attached to the bottom of the channel. Upon

Figure 53. Boat with positive slope angle propelling in a 15 mm wide channel. Pairs of
electrodes were activated sequentially from right to left with duration of 1 s. Red bars indicate
the activated EWOD electrodes.

84

shifting activation of EWOD electrode pairs to the left (160 VDC EWOD voltage) with duration of
1 s, the object is step-by-step propelled to the left. A sequential signal is provided by a
microcontroller (ATMEL ATtiny24A) and relays (Panasonic AQW614EH).
It’s well-known as capillary action or capillarity that when the two walls are sufficiently
close, the menisci at each wall may interact with each other. The channel width in Fig. 53 is much
larger than the capillary length for the water-air interface (2.7 mm). In order to confirm this
principle in scales comparable to or smaller than the capillary length, two arrays of smaller EWOD
electrodes (1.5 mm width) are micro-fabricated on a SiO2 substrate and an ITO glass separately
(Fig. 54). The transparent ITO electrodes allow us to visualize motions of objects from the sides.
For the SiO2 wafer, a thin layer of Al is sputter-coated on the SiO2 substrate. Photoresist
(AZ®P4210) is spin-coated on the top. After exposure to UV light, unwanted photoresist and Al
are removed by an alkaline based developer simultaneously. As a result, the traditional acid wet
etching process is not needed. For the ITO glass, 18% HCl is used to etch the conductive ITO layer
after the standard photolithography process. A 2.5 µm thick Parylene layer is coated as the EWOD

Figure 54. Fabrication process flows for EWOD electrodes on (a) SiO2 chip; (b) ITO glass
chip.
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dielectric layer after the photoresist is removed in both chips. Tapes are used to cover and protect
the soldering area during the parylene coating process. Because it is necessary for some portion of
the soldering area to be immersed in water, silicone is used to cover the soldering area as an
insulating layer to avoid any electrical short after the soldering process. After micro-fabrication
and the soldering process, two arrays of EWOD electrodes are partially immersed into water
vertically and aligned to form a small channel. A ground electrode is attached to the bottom of the
water tank (Not shown in Fig. 55). The channel width can be adjusted by a linear traversing stage.
In Fig. 55, the spacing between the two arrays is reduced to 3 mm, which is comparable to
the capillary length of the water-air interface. The floating object is made of foam material and

Figure 55. Boat with positive slope angle propelling in two directions in a small channel with
microchips. Duration of activation was 0.5 s for each pair of electrodes.
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measured at 5.4 (L) × 0.8 (W) × 0.8 (H) mm3. Sequential images (perspective views in Fig. 55)
show that the object is moved left first and then right with synchronization with the electrode
activation shifts (80 VDC EWOD voltage with duration of 0.5 s).
Finally, a rotational motion is achieved by arranging 10 mm wide EWOD electrodes along
the circular path (Fig. 56, 24 mm in radius). The ground electrode that is made of Al foil is attached
to the bottom of the circular container. Two foam objects with a positive slope angle are connected
by a rod and held in the center. As activations of diagonal electrode pairs are shifted clockwise
(100 VDC EWOD voltage with duration of 1.5 s), the net tangential force is generated and pulls
and rotates the floating objects. This can be applied to floating micro motors.

Figure 56. Rotation in a 24 mm radius circular container. Pairs of diagonal electrodes were
activated clockwise with duration of 1.5 s. White bars indicate the activated EWOD
electrodes.
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3.3

DIELECTROWETTING-ASSISTED CHEERIOS EFFECT

Figure 57. Sketch of dielectrowetting setup. (a) Side view; (b) Top view. Dashed line
represents droplet original shape; solid line denotes droplet shape after actuation.

The electrowetting method works well with conductive liquids but is not directly applicable for
non-conductive (dielectric) liquids since electrowetting is mainly effective for conductive liquids.
In order to manipulate the contact angle of dielectric liquids, another method is needed. McHale
et al. [113, 114] reported a contact angle manipulation method of dielectric liquid by using
interdigitated electrodes and an AC input of high frequency. Dielectrowetting has the advantages
of wide contact angle manipulation range and low degree of contact angle hysteresis. Figure 57
shows a sketch of the side view and top view of a typical dielectrowetting setup. When an AC
input is applied to the dielectrowetting electrodes, the contact angle 𝜃𝜃0 will decrease to 𝜃𝜃 and the

droplet will spread on the electrode surface along the electrode direction. The droplet will return
to its initial shape when the input signal is removed.
Figure 58(a) shows the fabrication flow of dielectrowetting electrodes. A thin, flexible

sheet with a Cu layer of 9 μm in thickness (DuPont Pyralux® flexible Cu product) is patterned by
standard lithography and a wet etching process and is then coated with 3 μm of Parylene layer for
88

Figure 58. (a) Fabrication process flow of dielectrowetting electrodes; (b) Side and top view
images of droplet actuated by dielectrowetting (V = 300 VRMS, f = 10 kHz); (c) Contact line
climbs vertically submerged dielectrowetting electrodes (V = 300 VRMS, f = 10 kHz).

the dielectric layer. Both width of and spacing between interdigitated electrodes are 75 µm. On the
top of the surface, a thin Teflon layer is dip-coated. Figure 58(b) shows the side view and top view
of reversible spreading and contracting of the propylene carbonate droplet under 300 VRMS and 10
kHz AC signal. Because dielectric fluid with low viscosity is preferable for reduced flow
resistance, propylene carbonate is selected for the dielectric testing fluid (its viscosity is about 20
times lower than that of 1,2 propylene glycol used in Refs. [113, 114]). The change in the contact
angle is large (over 50°, even initially lyophilic), which is larger than that by typical electrowetting
(about 40°). When the interdigitated dielectrowetting electrodes vertically and partially submerge
in the dielectric liquid, the contact line quickly and reversibly climbs up upon dielectrowetting
activation (Fig. 58(c), 300 VRMS and 10 kHz AC signal).
Similar to the electrowetting assisted Cheerios effect (Fig. 47), the dielectrowetting
electrode can be installed on the sidewall to control the Cheerios effect. In subsection 3.1.4.1,
lateral capillary force between the wall and floating sphere for fixed contact angle boundary
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condition has been derived as Eqn. (3-91). The attraction and repulsion behavior between the wall
and floating object is mainly determined by interface slopes near the wall (𝜓𝜓𝑤𝑤 ) and floating object

(𝜓𝜓𝑓𝑓 ). For a vertical wall, the slope angle at the wall 𝜓𝜓𝑤𝑤 equals (90° − 𝜃𝜃𝑤𝑤 ). So for lyophobic wall
surface (𝜃𝜃𝑤𝑤 > 90°), 𝜓𝜓𝑤𝑤 < 0, but 𝜓𝜓𝑤𝑤 > 0 for lyophilic wall surface (𝜃𝜃𝑤𝑤 < 90°). However, for

dielectric liquid, 𝜓𝜓𝑤𝑤 near the vertical wall is always positive since most of dielectric fluids have

contact angles of less than 90° due to the low air-liquid surface tension. In this case, the contact

angle decreases to an even lower value upon dielectrowetting actuation. As a result, the sign of 𝜓𝜓𝑤𝑤

cannot be reversed by dielectrowetting, so the capillary force cannot switch between attraction and
repulsion. This problem is resolved by tilting the wall by angle 𝛽𝛽, as shown in Fig. 59. Now, the
slope angle 𝜓𝜓𝑤𝑤 becomes (90° − 𝜃𝜃𝑤𝑤 − 𝛽𝛽) and can be initially negative with a proper value of 𝛽𝛽

even if 𝜃𝜃𝑤𝑤 is less than 90°. As a result, the wall will initially repel an object with a positive slope

Figure 59. Sketch of dielectrowetting-assisted Cheerios effect. (a) & (b) Floating object with
a positive slope angle. (a) Signal is OFF; (b) Signal is ON. (c) & (d) Floating object with a
negative slope angle. (c) Signal is OFF. (d) Signal is ON.
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angle (𝜓𝜓𝑓𝑓 > 0) (Fig. 59(a)) and attract an object with negative slope angle (𝜓𝜓𝑓𝑓 < 0) (Fig. 59(c)).

While the dielectrowetting signal is turned on, 𝜓𝜓𝑤𝑤 switches to be positive because the contact

angle decreases. So the wall can attract objects with a positive slope angle (𝜓𝜓𝑓𝑓 > 0) (Fig. 59(b))

and repel objects with a negative slope angle (𝜓𝜓𝑓𝑓 < 0) (Fig. 59(d)).

Experimental verifications of Fig. 59 are shown in Fig. 60. Dielectrowetting electrodes are

attached to tilted sidewalls (𝛽𝛽 = 30°). When the dielectrowetting signal is off, 𝜓𝜓𝑤𝑤 < 0, so a lowdensity floating object (ρ𝑓𝑓 ≈ 0.1 g/cm3) with positive meniscus slope 𝜓𝜓𝑓𝑓 is initially repelled (Fig.

60(a)). When the dielectrowetting signal (V = 300 VRMS, f = 10 kHz) is turned on (Fig. 60(b)), the

contact angle reduces and the meniscus slope 𝜓𝜓𝑤𝑤 becomes positive. As a result, the capillary force
is changed to attraction. On the contrary, when a high-density floating object (ρ𝑓𝑓 ≈ 1.5 g/cm3) is

used, the slope angle 𝜓𝜓𝑓𝑓 is negative. The initial attraction (Fig. 60(c)) is switched to repulsion (Fig.

Figure 60. Experimental results for dielectrowetting-assisted Cheerios effect. Floating object
with a positive slope angle is repelled when dielectrowetting signal is OFF ((a)) and is
attracted when signal is ON ((b)); Floating object with a negative slope angle is attracted when
signal is OFF ((c)) and is repelled when signal is ON ((d)).
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60(d)) by dielectrowetting (V = 300 VRMS, f = 10 kHz). All these switching operations are
reversible.
Figures 61 and 62 show comparisons between experimental results and theoretical
calculations according to Eqn. (3-91). A rectangular floating object with low density (ρ𝑓𝑓 ≈ 0.1

g/cm3) is used in the experiments. It is initially repelled by the sidewall. When dielectrowetting is
turned on, the movement is recorded by a high-speed camera. Then the acceleration of the object

is obtained from the second time-derivative of the displacement field. The width of the floating

Figure 61. Force/object mass vs. tilting angle β. (a) Theoretical prediction; (b) Experimental
result. (V = 300 VRMS, f = 10 kHz)

Figure 62. Force/object mass vs. applied voltage. (a) Theoretical prediction; (b) Experimental
result. (f = 10 kHz, β = 30°)
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object is measured and equivalently converted to the particle radius 𝑅𝑅𝑓𝑓 in the theoretical
calculation. The overall trend shown in Figs. 61 and 62 is that the capillary force increases when

the distance decreases. As shown in Fig. 61, as the tilting angle 𝛽𝛽 increases, the attraction force on

the object of positive 𝜓𝜓𝑓𝑓 decreases. If the tilting angle is fixed, for example 𝛽𝛽 = 30° in Fig. 62, as
the applied voltage increases, the lateral capillary force increases. It is easy to understand these

two effects that the sum of 𝜃𝜃𝑤𝑤 and 𝛽𝛽 is important to determine the direction of the lateral capillary

force. The effect of increasing 𝛽𝛽 is equivalent to the effect of increasing 𝜃𝜃𝑤𝑤 (which corresponds to
lowering the applied voltage). The reason for quantitative discrepancy between experiment and

theoretical calculation is that the theory does not take viscous drag into account. However, during
the experiment, the object experiences a large viscous force due to the large contact area and high
viscosity of the propylene carbonate (~2.5 times larger than that of water).

Figure 63. (a) 3-D sketch of dielectrowetting-assisted Cheerios effect continuous propulsion;
(b) Top view snapshots of continuous propulsion in a channel. Pairs of electrodes are activated
sequentially from right to left with duration of 0.7 s. (V = 300 VRMS, f = 10 kHz, β = 30°)
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Similar to the discussion in Fig. 52, Fig. 63(a) illustrates how to continuously transport a
floating object in a channel by dielectrowetting. An array of electrodes is attached to each of two
tilted sidewalls. 𝜓𝜓𝑤𝑤 is initially negative, so the object with positive 𝜓𝜓𝑓𝑓 automatically stays in the
middle of the channel due to symmetric repulsion by both sidewalls. When a pair of electrodes

(one on each sidewall) is activated together, the meniscus slopes 𝜓𝜓𝑤𝑤 switch from negative to

positive. As a result, the distorted interface simulates the wall effect in Fig. 59 and generates a
pulling force on the floating object toward the activated electrodes. Due to symmetry, the lateral
forces on the object are cancelled out. Only a net force on the object is toward the elevated interface
(along the channel), so the object is propelled along the channel path. By shifting the activation to
the next pair, a continuous movement is achieved.
Figure 63(b) shows a low-density object (𝜓𝜓𝑓𝑓 > 0) is propelled in the channel with two

arrays of dielectrowetting electrodes (5 mm width). Upon shifting activations of electrode pairs to
the left (V = 300 VRMS, f = 10 kHz) with duration of 1 s, the object is step-by-step propelled to the

left. A sequential signal is provided by a microcontroller (ATMEL ATtiny24A). Relays (Panasonic
AQW614EH) are used for transmitting a high AC voltage from the amplifier to the electrodes.

3.4

SUMMARY

This paper first reviewed theoretical models of the Cheerios effect for four different physical
configurations. The first configuration consists of two infinite vertical plates, which is twodimensional and the simplest. The horizontal force is not directly generated from the interfacial
tension but by the hydrostatic pressure difference across the plates. The second configuration is
composed of two vertical cylinders. Although this configuration needs the three-dimensional
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Young-Laplace equation to describe the interface profile, it does not require the analysis for the
vertical force balance. Comparisons between numerical calculation of the lateral capillary force
and experimental data show that calculations predict better for the small separation than the
asymptotic solution does. The third configuration is for two floating spherical particles. A linear
approximation for the contact line is used, and the equation of the interface profiles derived for the
two cylinders separated by a large distance is adopted to calculate the lateral capillary force
between the two floating spherical particles. The last configuration is a spherical particle floating
in the vicinity of a vertical wall. The expressions for the lateral capillary force for fixed contact
angle or fixed contact line boundary conditions are derived with aid of the concept of the image
capillary force.
In general, the capillary force between two vertical walls or between two vertical cylinders
is attractive when they have similar wettability (lyophilic-lyophilic or lyophobic-lyophobic) and
are repulsive when they have opposite wettability (lyophilic-lyophobic). However, this statement
is not applicable for the latter two configurations (i.e., between two floating spheres and between
a spherical particle and a vertical wall). The slope angle 𝜓𝜓 is found to be the most important

parameter for the capillary interaction of the latter two models. Additional parameters (for

example, the size and the density of floating spheres) are crucially important to determine the slope
angle of the floating particle. Because the slope angle of the vertical wall or the vertical cylinder
is solely determined by the wettability of the surface, it can be found that slope angle 𝜓𝜓 is the most

important parameter for the lateral capillary force. A general rule for the Cheerios effect is that the

lateral capillary force is attractive if the slope angles of both objects (two vertical walls, two
vertical cylinders, two floating spheres, or a floating sphere and a wall) have the same sign,
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otherwise the force is repulsive. The effect of the floating object density is particularly discussed
for the latter two configurations.
In order to control the Cheerios effect, electrowetting-on-dielectric (EWOD) on the vertical
plate and dielectrowetting on the tilted plate are implemented. By simply turning on/off the
EWOD/dielectrowetting signal, the contact angle on the plate can be adjusted. As a result, the
capillary force between the plate and the floating object can be reversed. This results in reversing
of attraction and repulsion behaviors between the plate and the object. In addition, a continuous
propulsion method in a small channel is then realized by both EWOD and dielectrowetting
actuation. By sequentially activating micro-fabricated EWOD/dielectrowetting electrodes, linear
translations of floating objects in the small scale channel are accomplished. A continuous
rotational motion of the floating rod is achieved in a circular container by the EWOD method.
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4.0

CONCLUSION REMARKS

This thesis reports theoretical studies and experimental proofs of the propulsion of mini-/microscale floating objects that propel on air-liquid interface by using AC EWOD and electrowetting/dielectrowetting-assisted Cheerios effect. The operational concepts, device fabrications,
experimental proofs, propulsion mechanisms, and parameter effects are presented throughout the
chapters. The devices for propulsion are extremely simple and do not include any moving parts.
The first principle takes advantage of three-phase contact line oscillation that is activated
by AC EWOD signal to propel the floating object. The oscillating free surface generates a surface
wave traveling away from the electrode. The wave patterns are visualized using the Free-Surface
Synthetic Schlieren (FS-SS) method, and the overall velocity field in the wake region of the
floating object is visualized and measured by a PIV system. A 3-D flow field sketch is constructed
based on the flow visualizations and PIV measurements, which show that near a free surface a
streaming flow outgoing from the electrode is generated and below the free surface two counterrotating spiral vortices are generated. These flows induce a momentum exchange with the floating
object and generate a propulsion force. The overall flow field and trajectories of seeded particles
suggest that Stokes drift is the responsible mechanism for the propulsion. The propulsion speed of
the floating object highly depends on the amplitude, frequency, and shape of the EWOD signal.
There exists an optimal frequency and amplitude that maximizes the propulsion speed. These
behaviors can be qualitatively explained using a scaling analysis between the propulsion speed and
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Stokes drift. Among the three signal shapes (sinusoidal, triangular, and modified square signals)
of the same RMS value, the modified square signal shows the fastest propulsion speed throughout
the tested frequency range (10 Hz ~ 1 kHz). These phenomena are also explained by the measured
oscillation amplitudes and Stokes drift relations. Additionally, it is shown that a wider EWOD
electrode generates a faster propelling speed. Finally, a wireless powering method for EWOD by
utilizing magnetic induction is introduced. With stacked planar receiver coils and an amplitude
modulated signal, a wirelessly powered EWOD propulsion is realized.
The second principle to propel floating objects is the Cheerios effect, which is also
generally known as lateral capillary force. Four common physical configurations (interactions
between two infinite vertical walls, two vertical circular cylinders, two spheres, and a sphere and
a vertical wall) are first reviewed. Through theoretical analysis, it has been revealed that not the
wettability of the surface but the slope angle of the object is the most important parameter for the
Cheerios effect. For example, a lyophilic object does not necessarily attract another lyophilic
object. A general rule for this effect is that the lateral capillary force is attractive if the slope angles
of the interacting objects have the same sign, otherwise the force is repulsive. In addition to the
surface wettability, the size and the density of floating spheres are also important for the slope
angle. With aid of EWOD, the effects of the surface wettability and the density of floating spheres
are experimentally illustrated. Active control of the Cheerios effect is achieved by implementing
EWOD and dielectrowetting methods to adjust the surface wettability. By toggling the electrical
signal, the floating objects can be attracted or repelled by the sidewall. A linear translation of
floating objects in a small channel is proposed and realized. By sequentially activating microfabricated EWOD/dielectrowetting electrodes on sidewalls, floating object can be linearly
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propelled in the small channel. A continuous rotational motion of the floating rod is achieved in a
circular container by the EWOD method.
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