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FLEXIBLE PZT-POLYMER LAMINATED COMPOSITE ELECTROMECHANICAL
SENSORS AND ACTUATORS

Zheng Min, M.S.

University of Pittsburgh, 2015

Piezoelectric multilayer composite is widely used in piezoelectric devices which can offer a lot of
benefits for applications of sensors and actuators. This kind of composite consists of several
piezoelectric layers and several polymer layers connected in laminated composite structure in
which both the piezoelectric and the polymer layers are continuous in two dimensions. In this
thesis, lead zirconium titanate (PZT) film with thickness under 100um is chosen as the
piezoelectric layers due to its relatively high piezoelectric charge constant, high electromechanical
coupling effect and good mechanical flexibility. Five layers composite with two layers of PZT and
three layers of polymer have been analyzed and developed for applications of two different
structures of sensors and actuators including cantilever beam and doubly clamped beam. The static
constitutive equations in matrix form for each structure under different excitations have been
established analytically for theoretical analysis and characterization of the devices. Several
dimensions of the polarizations of PZT element in doubly clamped beam are discussed for
optimizing the electromechanical coupling performance. The dynamic admittance matrix which
relates harmonic external excitations to their response parameters is also derived for cantilever
beam. Several experiments have been conducted to partially verify the theoretical model. A
cantilever beam actuator is fabricated and studied experimentally to verify the electromechanical
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coupling properties under harmonic external voltage under different frequencies. Two vibration

sensors with proof masses with different structures are designed and tested as accelerometers.
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1.0 INTRODUCTION

In this chapter, some basic concepts and theories are introduced concerning fundamental properties
of piezoelectric material, piezoelectric constitutive equations and elementary beam theory in
section 1.1, section 1.2 and section 1.3 respectively. The fabrication process of the PZT-polymer

composite will be presented in section 1.4. Section 1.5 involves the objective of the research work.

1.1  FUNDAMENTAL CONCEPTS OF PIEZOELECTRICITY

When we applied an external force on the piezoelectric material, the mechanical deformation will
cause some electric charges to appear on its surface. This phenomenon was observed and recorded
by the Curies in 1880. This property, which reveals a linear relationship between mechanical strain
and electric field, is named as “piezoelectricity” by Hankel [1]. “Piezo-" here is derived from the
Greek “to squeeze” or “to press.” The piezoelectric effect presents the ability of piezoelectric
material to generate electric charges under mechanical excitations that can be used to design
sensors. The inverse piezoelectric effect, which we use for designing actuators, occurs in the
opposite way: If an electric field is applied across a piezoelectric material, mechanical deformation
occurs. Piezoelectricity occurs in the crystal whose structure do not have central symmetry [2].

This property, which can transfer energy between mechanical stress and electric field, is



observable in many natural crystalline materials, including quartz, Rochelle salt, and even human
bone. Engineered material, such as Barium Titanate (BaTi0O5), lead zirconate titanate (PZT) and
poly vinylidene (PVDF) exhibit a more pronounced piezoelectric effect. The microscopic origin
of piezoelectricity is the displacement of ionic charges within a crystal. For example, a-quartz
crystal has piezoelectricity in x-direction. If we look into a projection of a single cell of a-quartz
in xy plane as shown in Figure 1-1, we can see that the distribution of ion Si* and ion 0%~ make a
shape of a regular hexagon under no stress state. In this state, the angles between each pair of
dipole moments (py, p3, p3) are all 120°. The summation of these three dipole moment vectors is
0, which means there is no charge generated on the surface of the crystal.

When a force (tension or compression) is applied on the quartz crystal in y direction as
shown in Figure 1-2, the crystal will deform in this direction. Then the summation of three dipole
moments will be a vector along x axis, which means charges will be generated on the positive and
negative x surfaces. The same result occurs when a force is applied along x or y axis. The charges
will accumulated on the x surfaces no matter which direction the mechanical stress is applied along.

Thus x direction is called the polarization direction for a-quartz crystal.
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Figure 1-1 The atom distribution and dipole moments of a-quartz crystal in xy-plane

Figure 1-2 The atom distribution and dipole moments under stress in y direction



The polarization of a material is simply the total dipole moment for a unit volume P =
%Ziﬁi, where V is the overall volume of the material. Because Y,; p; is a vector sum, the net

polarization can be zero because the dipole moments can be randomly distributed in the material
and cancel out. In the engineered piezoelectric material such as lead zirconate titanate (PZT)
ceramics, Barium Titanate (BaTi0O5), the dipole moments are generally in randomly oriented when
no external electric field is applied as shown in Figure 1-3(a). This kind of material will not present
piezoelectricity unless a poling process is conducted. A poling process is an alignment of the dipole
moments by applying an external DC electric field normally at a temperature below the Curie
temperature. During the poling process, most of dipole moments aligned with the electric field
(Figure 1-3(b) ). When the external electric field is removed, most of the dipoles are locked into a
configuration of near alignment (Figure 1-3(c)). Then the material has a permanent polarization

after poling process.
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Figure 1-3 Poling process: (a) Unpoled ceramic; (b) During poling; (c) After poling process[3]



1.2  CONSTITUTIVE EQUATIONS OF PZT MATERIAL

In this section, we will introduce the three-dimensional form of the linear piezoelectric constitutive
equations of PZT material. We usually consider the polarization axis of the piezoelectric material
as z axis [4]. A set of linear equations which relate field variables including stress tensor (T;;),
strain tensor (S;;), electric field components (Ey), and the electric displacement components (Dy)
are introduced to describe the piezoelectric effect which are called as constitutive equations. The
standard form of the piezoelectric constitutive equations can be given in four different forms by
taking either two of the four field variables as the independent variables. These equations can be
written as:

[S=s5T+d'E (1.1)
|D=dT+¢E

[T=cES—¢'E

|D=eS+6%E (1.2)
S=s’T+g'D

5=t (1.3)

|E=—¢T+p™D

J'T:C‘DS—!"I!_D (14)

\E=-ns+p°D

Where all the matrixes with superscript t are the transpose of the matrix. The superscript
E,D,T,S indicate the constant electric field, constant electrical displacement, constant stress
condition and constant strain condition respectively. The s,d,,c,e,g,B,h indicate mechanical
compliance coefficient tensor, piezoelectric strain coefficient tensor, permittivity tensor, stiffness

coefficient tensor, piezoelectric stress coefficient tensor, piezoelectric voltage coefficient tensor,



reciprocal permittivity tensor and piezoelectric charge coefficient tensor respectively. Consider the

form with stress components and electric field as components as independent variables, we usually

use form of equation (1.1) as the constitutive equations for piezoelectric material.

The constitutive equations for poled PZT material can be written as[5]:

EX -sﬁ 5;_52
Sy sk sh
Syl |sh sk
S0 0
S 0 0

5% [0 o
Dy 0 0
D,l=10 0
Dy dy;  ds

s 0 0

s 0 0

sk 00

0 sk 0

0 0 sE

0 0 0 s§=2(
0 0 diz 0
0 dyy 0 0
diz 0 0 0

0 Tl [0 0 dy]
0 T, 0 0 dj
0 T N 0 0 di
0 T, 0 dyy O
0 T; ds 0 0
sb o~ 55)_ 75 |0 0 0]
-Tl

T:

Tz £11 0 0 E]_

T, + 10 e 0B

T5 0 0 £33 Eg

T

(1.5)

(1.6)

Where the contracted notation is used so that the vectors and strain and stress components

are

Shi
S22
$33
25%
2813
285,

Ty |
IES)
T3;
T3
T3

A

(1.7)

Now we look into a reduced form of equations for a thin beam which will be the structure

model throughout this thesis[6]. Consider the polarization axis is z axis (or 3-axis) and electrode

pair covers the face perpendicular to polarization direction. Based on the Euler-Bernoulli beam

theory, the stress components other than bending normal stress T; can be neglected so we have

T,=T,=T,=T,=T, =0

(1.8)



Substituting equation (1.8) into constitutive equations (1.5) and (1.6) for PZT material, the

constitutive equations of PZT material for a thin beam can be simplified as

e 41
D, dy 5;3 E,

1.3 ELEMENTARY BEAM THEORY

In this thesis, some PZT-polymer composites will be fabricated to construct some sensors and
actuators with different structures including cantilever beam and doubly clamped beam. To
establish mathematical models for analyzing the mechanical properties of these structures, the

elementary beam theory need to be introduced in this section.

| 4 parallel toz
d_w i
dx | tangent to
2, > B[N0 maieatp
0| /
DEFORMED plane section i
remains plane 0 = tan’ dw
| - dx
i u R
Ly X P > parallel to x
¥ 5 direction is opposite to x-direction
WI 2—“(‘—% undeformed — le—u=-z sin¢
L -

P 3 X (through midplane distance of q above x

= midline)

Figure 1-4 Deformation of a beam[7]



The basic assumptions of the elementary theory according to Euler-Bernoulli beam theories
of a deformed slender beam as shown in Figure 1-4 whose cross section is symmetrical about the
vertical plane of loading are[8]:

1. Cross-sections which are plane and normal to the neutral axis remain plane and normal

after deformation.

2. Shear deformations are neglected.

3. Beam deflections are small.

Assumption 1 gives

w(X,Y,z) =w(X) (1.10)

From Figure 1-4 we can obtain the displacement along length direction as follows

u(x,y,z)=-zsing (1.11)
If deformation is small, sin¢ = ¢ = 2—:, we have

u(x,y,z) = —zd—W (1.12)
dx

The normal strain along x direction is

ou d2w
- 1.13
PV (113
The shear strain
g iU oy Lo dw dw (1.14)
2 07 OX 2 dx dx

Equation (1.14) has an agreement with basic assumption 2. Then we can obtain normal

stress in length direction as follows:

(1.15)



The bending moment caused by internal forces can be written as[9]

d3w
dx?

M = dA— eI 2da—El 1.16
=] 0u2tA=E 7], 7dA= (1.16)

To gain further insight into the beam problem, consideration is now given to the geometry
of the deformed beam. For a beam of symmetrical cross section, the normal strain along length
direction can be obtained by substituting equation (1.16) into equation (1.13) which gives

Mz
& =—— 1.17
TR (1.17)

In the pure bending case, the deflected axis of the beam is shown deformed with radius of

curvature, which is defined by

d*w
5 2
K=L=¥= ddX2 3:%‘;" (1.18)
0 e @

Where the approximate form is valid for small deformations (‘:l—': & 1). Therefore, we have

relationship between curvature and bending moment as follows

g M
K=-2x_-" 1.19
z El ( )

The elementary beam theory based on the Euler-Bernoulli beam theory relates the beam
curvature to the bending moment, which will be used in chapter 2 and chapter 4 to obtain the

transverse deflection functions for different structures of beams.



1.4 FABRICATION PROCESS OF PZT-POLYMER LAMINATED COMPOSITE

In the past a few decades, a lot of researches have been conducted to investigate the properties of
different types of PZT bending mode sensors and actuators[10]-[14]. The most commonly applied
structures of the devices are PZT unimorph and bimorph as shown in Figure 1-5(a) and (b). Figure
1-5(c) shows the structure of triple layer which is similar to the bimorph. Consider three different
cantilever beam consisting of these different types of structure, when the electric field is applied
across the thickness direction parallel to the poling direction of the PZT element of the beam, the
unimorph PZT element will contract and the lower substrate layer will restrict its motion, which
will lead to bending deformation. For the bimorph structure and triple layer structure, the voltage
parallel to the upper PZT layer and anti-parallel to the lower PZT layer will cause the upper PZT
layer contract and lower PZT layer expand, which will also lead to bending deformation. The

sensitivity of the structure (b) is the largest and the unmorph (a) is the smallest.

Clamped End

N\

(@) Unimorph PZT with substrate
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Clamped End

(b) Bimorph PZT

Clamped End

]

\

A\

(c) Triple layer with 2 layers of PZT

Figure 1-5 Three different structures of cantilever benders

Although the piezoelectric bimorph and triple layer structures have high sensitivity, it is
fragile with PZT ceramic exposed outside. To protect the PZT ceramic from fracture during the
vibration and to increase the flexibility of the structure, a five-layer sandwiched composite
structure with three layers of polymer and two layers of PZT ceramic is designed in this research.
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Figure 1-6 shows the schematic cross section structure of PZT-polyimide composite we used for

experiments.

Polyimide P Electrode

Poling Direction

Figure 1-6 Schematic Structure of PZT-polyimide laminated composite

The thin film PZT ceramic in the composite is fabricated by using tape-casting processing
by Lifeng Qin et al (2009)[15] as shown in Figure 1-7(a). After cutting process, the rectangular
samples of unpoled PZT pieces we used to produce PZT-polymer composite is shown in Figure 1-

7(b).

12



(a) (b)

Figure 1-7 (a) Tape-casting processing for PZT film; (b) Unpoled PZT thin film sample (80um)
laid on white paper

After fabrication of soft PZT thin film sample, the second step is to coat electrodes on the
two surfaces of the PZT sample. Two types of electrode coverages are used in this research which
includes fully covered electrodes and partially covered electrodes. The thin golden electrodes (80-
120 nm) are coated by DC sputtering in a sputter coater as shown in Figure 1-8(a). The PZT

samples with different electrodes coverage are shown in Figure 1-8(b).

13



Orniginal PZT film
without electrode

PZT film with fully
covered electrode

. Gold
Electrodes
PZT film with partially

covered electrode

(a) Electrodes Coating Process

(b) Different Types of Electrodes Coverages

Figure 1-8 Coating process of electrodes of PZT film and different electrode coverages

Figure 1-9 The poling process of PZT sample

14



The following step is poling process: The PZT thin film sample is put in silicone oil at a
temperature of 105°C and a DC electric field 3 k\V/mm is applied across the thickness direction for
30 minutes as shown in Figure 1-9.

After poling process, we can cut these poled PZT sheets into desirable shapes such as
rectangular plates or circular plates. In this research, some PZT long slices with length 33mm and
width 4mm (Figure 1-10(a)) are needed as we utilize PZT-polymer composite construct beam
structures. Therefore, some rectangular polyimide film (DoPont Kapton HN) are trimmed and we
use epoxy binder to bond the PZT slices and polyimide filmes together to make the five- layer
composite. Then the composite sample are put into an oven (47900 Furnace, Barnstead
Thermolyne) at temperature 140°C. This baking process will increase the bonding strength and
result in compressed thermal stress into PZT film to increase the tensile flexibility. The composite

sample for cantilever beam are presented as Figure 1-10(b).

e 5
a5
>

(a) PZT Slices and Diamond Knife (b) PZT-polymer Composite with Electrodes

Figure 1-10 PZT slices and PZT-polyimide laminated composite
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1.5 RESEARCH OBJECTIVE

As mentioned in previous sections, the PZT-polymer laminated composite has high
electromechanical coupling coefficient, broad bandwidth, great sensitivity and good flexibility.
Hence, the composite can be applied as powerful transducers in wide application areas. The
research objectives in this thesis contain both the mathematical modeling of constitutive equations
for different structures and experimental studies to validate the constitutive equations and to
develop some sensors for application. Generally, cantilever beam structure unimorph or bimorph
is widely used in bender actuators, vibration sensors, accelerometers and energy harvesting devices,
the doubly clamped beam structure is often used in accelerometer designs [16]-[21]. Therefore,
constitutive equations for these two typical structures are analyzed in this research. The research
work can be divided into four parts:

The first part is theoretical analysis which derives the matrix form constitutive equations
for cantilever beam under static and dynamic mechanical or electrical excitations.

The second part is to fabricate and characterize the cantilever beam actuators and sensors
to validate the constitutive equations.

The third part is static theoretical analysis of doubly clamped beam which derives the static
matrix form constitutive equations under different types of excitations and analyzes the optimal
dimension for the polarization areas of the PZT elements used in the composite.

The fourth part of the research work is to fabricate and characterize the doubly clamped
beam sensors with partially covered electrodes. The validation works are conducted to verify the

theoretical model.
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20 THEORETICAL ANALYSIS OF PZT-POLYMER COMPOSITE CANTILEVER
BEAM

2.1 GENERAL STRUCTURE OF FIVE LAYERS CANTILEVER BEAM

In the previous sections, three different types of cantilever benders were reviewed. In order to
increase the flexibility, our device is made of two PZT layers bonded with three thin layers of
polyimide. Consider such a cantilever beam consisting of PZT-polymer composite of length L,
width w, as shown in Figure 2-1. The two piezoelectric layers have equal thickness h, and
thethickness of each single polymer layer is h,,. The thickness of electrode is so much smaller than

the thickness of a single PZT or polymer layer that can be neglected.

Poling Direction Polyimide Electrode

Figure 2-1 A schematic diagram of a PZT-polyimide composite cantilever beam
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In this five layers construction, the polarizations of two PZT elements are antiparallel to
each other. The two piezoelectric layers are electrically connected in series by conductive wires.
In actuation mode, an electric field is applied across the thickness direction which will cause one
piezoelectric layer to expand and the other piezoelectric layer to contract. The different motion

directions will result in a bending deformation of the composite.

2.2 MATHEMATICAL MODELS FOR THE CANTILEVER BEAM

As introduced in Chapter 1, the equations of motion of a beam element is derived from Euler-
Bernoulli beam theory. In this section, we can start from these equations to derive the constitutive
equations of the PZT-polymer composite cantilever beam as shown in Figure 2-1.

The constitutive equations represent the electromechanical coupling for the piezoelectric
devices. One method to derive these equations which is given by Smits[22] is to obtain a 4 x 4
matrix that relates the external driving excitations (a moment M, a force F at the tip, surface
pressure p and voltage V across the thickness direction) to the beam response parameters (tip
rotation angle «a, tip vertical deflection &, volumetric displacement v and electric charge generated

Q). The matrix constitutive equations are in the form as shown in equation (2.1).

a e, €, €; €, M
o e, €, €&, € F
_| % F2 Lz T 2.1)
v € € € €4y || P
Q €1 €p €5 €y |V
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The matrix containing 16 elements from e;; to e,, need to be determined for the
mathematical model of our device. To obtain these elements, the transverse deflection function of
the beam is firstly investigated.

According to the beam theory in Chapter 1, the deflection function W (x) under the effect
of different mechanical excitations is derived in the following part of this section. Figure 2-2 shows

a free-body diagram of an element of a beam under transverse vibration.

——————————————————— Neutral Surface

M(x) aMd
X +E X

——————— 1-—————-——-—-—+—-—"-- Neutral Surface

Figure 2-2 Free body diagram of a beam element

The equilibrium of the element in z direction leads to

. W (X, t)
ot?

V(x,t)— p(x,t)wdx—[\/(x,t)+i—\;dx]:pd (2.2)
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Where V (x) is the shear force, p(x, t) is the surface pressure exerted on the beam per unit
area, w is the width of the cross section of the beam, p is the mass density per unit length of the
beam.

The moment equation about y axis gives

oM

M +—
OX

dx]-[Vv +2—de]dx — pwdxd—zx— M=0 (2.3)
X

By neglecting the second order term of infinitesimal dx and dividing by dx on both sides,
equation (2.3) can be simplified as

M(x,1) —V (x,1) (2.4)
OX
In the pure bending case of this composite cantilever, the bending moment can be derived
by analyzing the stress state for all five layers.

For the first top polymer layer, the mechanical normal stress along length direction is given

by [23]

W_y O _
o’ =Y e =——Y 12
” P r(x,t) °

(2.5)
Where Y), is Young’s modulus for the polymer layer, r(x, t) is local radius of curvature,

the superscript (1) represent the first layer.

Similarly, the mechanical normal stresses in x direction for other layers are

cP=YeP=——"_Y7 (2.6)
r(x,t)

o =Y,eld = —ﬁvpz (2.7)
rex,

oW =YW= —chz (2.8)
r(x,t)
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1
(5) _ () _
o, =Y,& =————

I’(X,'[)sz (2.9)

Where subscript c,p indicate ceramic layer and polyimide layer respectively. The moment
of the internal forces is derived by integrating the product of stress and the distance from neutral

axis:

h

__P _hi_h
2 oWzwdz — j 2 o®zwdz
P _h _J_hc

ER T2 2

ﬁmc h—p+hc h—p
M = —Jhpz oWzwdz - Ihf o zwdz - I 2 o zwdz — J'
2 2

~w(8nY, +27h Y, +12hh, (Y, +2Y, )+ 6hh,? (Y, +8Y, )) 2.10)
a 12r(x,t) |

Where h,, hy, is thickness of ceramic layer and polymer layer respectively. To simplify this

equation, we can introduce flexural rigidity R here as:

w(8hY, +27h,%, +12h°h, (Y, +2Y, )+ 6hh* (Y, +8Y, )

R= 2.11
B (2.11)
Which makes
R
= 2.12
r(x,t) (212)
. . . . 1 02W(x,t)
Substituting equation (2.4) and (2.12) into equation (2.2) and recall that ooy Sl
we have
. a“vg(f,t) +pazvxét(2><,t) (e tw (2.13)
X

For free vibration, p(x,t) = 0, the equation (2.13) becomes

R o'W (j(’t) .
OX

W (x,1) _

=0 (2.14)

0
Yo,
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We can use the method of separation of variables to solve this equation. Assume that the
form of the solution of the vertical deflection function W (x, t) is a product of two functions, one
depending only on x and the other depending only on time t; thus

W(x,t) = X(x)T(¢t) (2.15)

Substituting from equation (2.15) for W in equation (2.14) yields

% XX _ —T? (2.16)

In which the variables are separated; that is, the left side depends only on x and the right
side only on t. It is necessary that both sides of this equation must be equal to the same constant

c. Hence we obtained two ordinary differential equations for X (x) and T(t) as follows

T"+cT =0 (2.17)
Rym_ex =0 (2.18)
P

For equation (2.17), we choose a solution of the time dependent equation in anticipation of
harmonic excitation of the beam as
T = Acoswt + Bsinwt (2.19)
In which w? = ¢, A,B are constants. Then equation (2.18) can be rewritten as

RX =’ (2.20)
p X

Consider% = a?, which leads to

er a)Z
vEard (2.21)

The characteristic equation of equation (2.21) is derived by assuming a solution form of

X(x) = Ae™ as follows
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2

rt—-= =0 (2.22)

a?

Equation (2.22) gives 4 distinct roots for the characteristic equation:

r1=\/%:r2=_\/%;r3=j\/%;r4=_j\/% (223)

Then the general solution of X(x) is the linear combination of the 4 solutions:

X (x) = ¢, cosh Qx + ¢, sinh Qx + ¢, cos QX + ¢, Sin Qx (2.24)

Where c; are constants and () = \/% Then the general solution for the deflection equation

(2.14) can be derived as
W (x,t) = (Acoswt + Bsinat)(c, cos Qx + ¢, sin Qx + ¢, cosh Qx +¢, sinhQx)  (2.25)
Where A, B, c; are constants. We want to determine these coefficients according to

different mechanical and electrical excitations. The different types of excitations as shown in

Figure 2-3 are introduced in the following sections.

Figure 2-3 Bending deformation of the composite cantilever under different excitation conditions
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2.3  STATIC ANALYSIS OF COMPOSITE CANTILEVER BEAM

As described in section 2.2, the governing equation of the transverse deflection function of the
cantilever beam is presented in equation (2.13). In this section, we first look into this governing
equation for theoretical static analysis of the composite cantilever beam subjected to different

external excitations to obtain the constitutive equations.

2.3.1 Cantilever Beam Subjected to an External Bending Moment M

In static state, the dynamic terms in equation (2.13) vanishes. Then the governing equations of

transverse deflection function only subjected to an external moment can be simplified as

R0 _
dx

0 (2.26)

The boundary conditions are imposed as
The displacement of the clamped end is O:
W) =0 (2.27)

The slope of the clamped end is O:

aw(0)

~2=0 (2.28)

The moment at the tip is equal to the external moment:

a?w() _ M

az R (2.29)
The tip force at the free end is 0:
asw(w)

—5 =0 (2.30)

Then the transverse deflection function is solved as
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W (x) :;A—sz (2.31)

Therefore, the deflection at the tip of the cantilever under the external moment is given by

5=W(L) =2"—RL2 (2.32)

This equation leads to the element e,; in the matrix in constitutive equation (2.1) which is

12
€= (2.33)

The slope at the tip of the cantilever can be derived from the first order derivative with
respect to x at x=L:

Lodw) M,

2.34
dx R ( )

&, = E (2.35)

The volume displacement is obtained by integrate the deflection function from x=0 to x=L.:

WL wL®

v=|2| W(x)dxdy =——M 2.36
j_vzv Jo W O)xdy = (2.36)
wL?

€y = 6R (2.37)

Therefore, three elements in the matrix of constitutive equations are derived from the

theoretical analysis of the cantilever beam subjected to an external moment.

2.3.2 Cantilever Beam Subjected to an External Tip Force F

Consider a force F with positive direction pointing to the positive thickness direction (z-axis)

acting at the tip of the cantilever beam as shown in Figure 2-3. The governing equation of the
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deflection function of the cantilever is same as equation (2.26). The two boundary conditions at
the clamped end are same with the case in which the cantilever is subjected to an external moment
as equation (2.27) and (2.28). The two boundary conditions at the tip are given by:

The moment at the tip is 0:

d’w (L)
dx?

=0 (2.38)

The tip force at the tip is the external force F:

dw(L)__F (2.39)
dx? R '

The solution of the deflection equation can be derived from these boundary conditions:

23
W (x) :3LX6—RXF (2.40)

Therefore, the deflection at the tip of the cantilever is

L3
§=W(L)=—F 2.41
L=+ (2.41)
L3
€y, =— 2.42
2= (242)
The slope at the tip is derived by
2
g W) _L o (2.43)
dx 2R
LZ
€ =72 2.44
2= (2.44)

We can see that e;, = e,;. Then the volume displacement can be obtained by integrate the

deflection function from x=0 to x=L:

WL wL*
V= jzvzv jo W (x)dxdy = o5

F (2.45)

26



wL*
€, = SR

(2.46)

Therefore, another 3 elements in the second column of the matrix in the constitutive

equations are derived from analysis of the cantilever subjected to tip force.

2.3.3 Cantilever Beam Subjected to Uniformly Distributed Pressure P

If the cantilever beam is subjected to an external pressure P acting on the lower surface with
positive direction pointing to the positive z direction, the governing equation of the deflection is
given by

d“\N(x):

R
dx*

wP (2.47)

The boundary conditions at the clamped end is same as the previous 2 cases, the two
boundary conditions at the tip are

The moment at the tip is O:

TwWIL) (249
dx> '
The force at the tip is O:
dw (L)
—=0 (2.49)
dx

W (x) = wP (2.50)

Then the tip deflection of the cantilever &, the slope of the tip a and the volumetric

displacement v can be obtained as follows
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wL?

§=W(L)=—FP 251
(L) SR (2.51)
3
g2 dW(L) _wi' (2.52)
dx 6R
V—J'vzv ILW(x)dxdy— WL P (2.53)
370 20R '

Therefore, another three elements in the third column of the matrix in constitutive

equations are derived as

wL*
e,.,= 2.54
%= gR (2.54)
wL?
e, = 2.55
13 =R (2.55)
wL®
€, = 2.56
%= 50R (2.56)

Now we have 9 elements and we can find that e;, = e, 13 = e31, €35 = e,3. In the next

subsection we will look into the fourth column of the matrix in constitutive equations.

2.3.4 Cantilever Beam Subjected to an External Voltage V

If an external voltage is applied across the cantilever as shown in Figure 2-3, the two layers of
piezoelectric elements will have two different deformation: one will expand and the other will
contract at the same time. If the electric field is applied across the thickness direction of the
cantilever with direction parallel to the upper piezoelectric layer and antiparallel to the lower
piezoelectric layer, the upper layer will contract and the lower layer will expand. The constitutive
equations for these piezoelectric layers are:

The upper piezoelectric layer:
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S; =s;,0% +d,,E,

(2.57)
DS =d,,0f +&LE, (2.58)
The lower piezoelectric layer:
Sy =805 —UyE, (2.59)
-D§ =dy,07 —eLE, (2.60)

Where the superscript ¢ denotes the ceramic elements, S5 is strain in length direction and
o< is mechanical stress in length direction, E is electric field generated by the dynamic voltage in
thickness direction. s£; is mechanical compliance under constant electric field which is equal to
1/Y., ds, is transverse piezoelectric coefficient, 15 is piezoelectric permittivity. Since the
cantilever is subjected to an external voltage only, the strain in the piezoelectric layer is only
caused by the electric field as described below:

The upper piezoelectric layer:

¢ Vv
S0 =By =dy —— —
p c (2.61)
The lower piezoelectric layer:
¢ \Y
Sy =—0yE; = _dalm
P c (2.62)

These strains will lead to a forced uniform moment in the cantilever. We can consider an
equivalent external moment by integrating the product of these stresses and distance from neutral

axis throughout the cross section of the beam:

h
—+h \Y
_J'hi Yd31 h zwdz — I N dslmzwdz

2 c p c
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h.(h, +h,)

=-wY.d,V
h, +2h,

(2.63)

The deflection function subjected an external moment has already been derived as equation
(2.31), thus, the deflection function for the equivalent external moment can be written as

M, o WY (h +hy)V

W(x) =
2R 2R(h, +2h,)

X2 (2.64)

Then the functions of tip deflection, tip slope and volumetric displacement can be

obtained as
wY.d..h (h. +h )L
S=W(L)=——2 (. +h,) Y, (2.65)
2R(h, +2h,)
wY.d.,.h (h.+h )L
g o QW) wYcdghi(h +h,) (2.66)
dx R(h, +2h,)
w wY.d..h (h +h )L
V:J.ZWILW(X)dXdy:— c31 c( c+ p) V (267)
-0 6R(h, +2h,)
Therefore, three elements are obtained as
wY.d.h (h +h)L?
e24 —_ c31 C( C+ p) (2.68)
2R(h, +2h,)
wY.dgh (h, +h )L
e, =— 2.69
1 R(h, +2h;) (2.69)
wY.d.h (h +h)L
e34 —_ c31 C( C+ p) (2.70)
6R(h, +2h.)

Then we want to calculate the element e,, which can be obtained from the charge
generated over the applied voltage. From equation (2.58) we have the electric displacement at the

upper surface of the upper piezoelectric layer:
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h
h, + ?"
D, =d,Y.S, + ‘9;3 E, =-d,Y, (m +dg, By + gsTs E,

h
SR RACREL LA IS @)

The charge can be derived by integrating over the electrode area of the upper surface:

L h, . 02W (x,t
Q= DdA=w], (-, +-0) TS iy E, 4 oL, i
wL (67— d2Y W w’Ldzh, (h, +h))Y? v 2.72)
T o G Uy )V -
h, +2h, 2R
The element ey, is obtained by dividing Q by V, which is
. wL (6T _d2Y ) wLdzh, (h, +h))Y? 2.73)
=—-I\E&,, — + .
44 hp + 2hc 33 317 ¢ 2R

24  THE SYMMETRIC PROPERTY OF THE MATRIX IN CONSTITUTIVE
EQUATIONS

By now we have obtained 13 elements including ey, €15, €13, €14, €21, €22, €23, €24, €31, €32, €33,
es4 and e,,. Now we will turn our attention to the symmetric property of the constitutive matrix.
If the matrix is symmetric, we will get all the 10 independent elements to complete the constitutive
equation.

Consider a linear system without energy dissipation, the work done on the system is equal
to the increased internal energy which is the summation of mechanical energy and electric potential
energy:

U=U, +U_=W (2.74)
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From Castigliano’s Theorem we know that

Z_‘; _ a;’FM _s (2.75)
And for the electric potential energy in a capacitor, we have:
% _ a@%E _v (2.78)
Then we can see that

oa  0U o°U 00

€, =——= = = =€, (2.79)
oF OMoF oOFoM oM
oa 0°U o°U ov

By =—0—= = = =g, (2.80)
oP OMoP oOPOM oM
oa 00U o°U 0

€y=""= = _ Q. € (2.81)
oN oMoV VoM oM
o5 oU U ov

€y =—2= = =—=8,, (2.82)
oP OFoP OPOF OF
o5 oU ou 0

6, =22 = - R (2.83)
oN OFoV oVoF oF
o oU U 0

€y =—""= = =—Q:e43 (2.84)
oV oPoV oVoP OP

From these equations we can find that the matrix in the constitutive equation (2.1) is
symmetric. Therefore, we have derived the static constitutive equation of the cantilever mounted

five layers PZT-polymer composite bender under different excitations.
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2.5 DYNAMIC ANALYSIS OF COMPOSITE CANTILEVER BEAM

2.5.1 Theoretical Analysis of a Dynamical Moment

First, we consider a harmonic moment M = M, sinwt exerted at the tip of the cantilever which
will cause a harmonic motion of the cantilever. The boundary conditions are:
The displacement of the clamped end is O:
w(@,t) =0 (2.85)

The slope of the clamped end is O:

aW(0,t)

2D =0 (2.86)

The moment at the tip is equal to the external harmonic moment:

ZW(LE) M

P P (2.87)
The tip force at the free end is 0:
BW(LE)
—5n =0 (2.88)

These conditions gives four equations to solve coefficients as follows:
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1 0 1 0 (o
) 0 Q 0 Q c,
(Acosat +Bsinat)| - ) -
—-Q°cosQL -Q%sinQL Q°coshQL Q°sinhQL || c,
Q’sinQL  —-QcosQL  Q%sinhQL  Q%coshQlL |(c,
0
0
=F,cosat|
1
R
0
0
=(M,cosat)| 1 (2.89)
R
0
Consider A = M,, B = 0, then solve the matrix equation, we can find
—c0osQL —cosh QL
20°R(1+cosQL cosh QL)
C, —sin QL +sinh QL
c, 20°R(1+ cos QL cosh QL)
= (2.90)
C, cos QAL + cosh QAL
c, 20°R(1+cosQL cosh QL)
sinQL —sinh QL
20°R(1+cosQL cosh QL)
So the deflection function of the cantilever under the external moment is
W(x,1t) =——= L M, cos wt
2Q°R(1+cosQL cosh QL)
x[(—cos QL —cosh QL )(cos Qx —cosh Qx) (2.91)

+(—sin QL +sinh QL )(sin Qx —sinh Ox)]

Therefore, the deflection at the tip under the external moment is given by
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M, cos wt

o=W(Lt)=— (sinQLsinh QL)
Q°R(1+cosQLcosh QL)
_ l\/lstLsthL (2.92)
RO (1+cosQL cosh QL)
So the element e, in the matrix constitutive equation (2.1) is
sin QL sinh QL (2.93)

e, =
2 RQ2(1+cosQLcosh QL)

The element e;; can be determined by the slope at the tip of the cantilever which is derived
from the first order partial derivative with respect to x at x=L.:

a_8W(L,t)_ M, cos wt
OX 20°R(1+cosQL cosh QL)

[2Q(sin QL cosh QL +sinh QL cos QAL)]

_ M (sinQL cosh QL +sinh QL cos QL)

(2.94)
QR(1+cosQL cosh QL)

_sinQL cosh QL +sinh QL cos QL

e, = (2.95)
QR(1+cosQL cosh QL)

The volume displacement is obtained by integrate of deflection function from x=0 to x=L,

which can give us the element e5; as follows

WM, cos wt 2(sinhQQL —sin QL)
20°R(1+cosQL cosh QL) Q

V= .[_Vzizv IOLW (x,t)dxdy =

_ WM(sinhQL —sin QL)
O°R(1+cosQL cosh QL)

(2.96)

e, = 3W(smh QL -sinQL) (2.97)
OQ°R(1+cosQLcosh QL)

Therefore, 3 elements e;4, e, and e3; in the matrix of constitutive equations are found

from the theoretical analysis of the external moment above.
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2.5.2 Theoretical Analysis of a Harmonic Tip Force

Next we try to find another three elements in the second column of the matrix in the constitutive
equations. Consider a dynamic force F = Fycoswt acting at the tip of the cantilever as shown in
Figure 2-3. Since here tip force is acting along the positive z axis, the shear force on the left side
of a beam element is pointing toward the negative z direction. Therefore, the relationship between

deflection function and tip force is represented as

M _ WY

F—_ — 2.98
OX ox® (2.98)
The boundary conditions are
The deflection at the clamped end is
W(0,t)=0 (2.99)
The slope of the clamped end is
IW(0,t) -0 (2.100)
OX
The moment at the tip is
oW(L,Y) LY g (2.101)
OX
The force at the tip is
_‘93"\’('3-'0 __F (2.102)
OX R

These conditions lead to a matrix form equation as
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1 0 1 0 (o
) 0 Q 0 Q c,
(Acosat +Bsinat)| - ) -
—-Q°cosQL -Q°sinQL Q°coshQL Q°sinhQL || c,
Q’sinQL  —-Q%cosQL  Q%sinhQL  Q%coshQlL |(c,
0
0
=F,cosat| 0 (2.103)
1
R
Consider A = F,,, B = 0, we can solve for 4 coefficient ¢, ¢,, c3, ¢4 as
B sin QL +sinh QL
20°R(1+cos QL cosh QL)
C, cos QL +cosh QL
c 20°R(1+ cos QL cosh QL
2|2 ( _ ) (2.104)
C, sin QL +sinh QAL
C, 20°R(1+cos QL cosh QL)
3 cos QL +cosh QL
20°R(1+ cos QL cosh QL)
Thus, the deflection function under the tip force is
W (1) = — F, cos wt
20°R(1+cosQL cosh QAL)
x[(sin QL + sinh QL)(cosh Qx —cos Qx)
+(cos QL + cosh QL) (sin Qx —sinh Qx)] (2.105)

By using the same method as described to find the tip deflection, tip slope and volume
displacement excited by the external moment in the section 2.5.1, we can find these three quantities

under external harmonic tip force as
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The slope a at the tip is

a_aW(L,t)_ F, cos mt

=— (2Q2sinQLsinh QL)
OX 2Q°R(1+cosQL cosh QL)

F sin QLsinh QL

=— (2.106)
Q°R(1+cosQLcosh QL)
The amplitude of tip deflection is
_ cosh QL sin QL —cos QL sinh QL (2.107)

e
2 O°R(1+cosQL cosh QL)

The volume displacement v is

., QL . 5, QL
WF, cos ot 8sin (7)S|nh (7)
20°R(1+cosQL cosh QL) Q

V= J”%Zv IOLW(x,t)dxdy -

AWF sinz(QzL)sinhz(QzL)
- Q'R(1+cosQL cosh QL)

(2.108)

Equation (2.106)-(2.108) provide us three elements e,,, e,, and e;, in the matrix of
constitutive equation as

sin QL sinh QL

e, = — (2.109)
Q°R(1L+cosQL cosh QL)
e, - cosh %Lsm QL —cosQLsinh QL (2.110)
Q°R(1+cosQL cosh QL)
4wsin2(&L)sinh2(&L)
2 2 (2.111)

e32 = 4
Q"R(1+cosQL cosh QL)
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2.5.3 Theoretical Analysis of Dynamic Pressure

Now we consider a harmonic pressure P = Pycoswt acting on the cantilever beam along positive

z direction. The dynamic governing equation for deflection function is

o'W (x,t) W (x,t)
R +
x P

= WP, cos mt (2.112)

As introduced in equation (2.15), method of separation of variables is used for this 4-th

order partial differential equation. Here we consider the time dependent function T (t) = coswt.

Recall that% = a?, then equation (2.55) can be written as

®* WP,

XHH__ZX —
a R

(2.113)

We have already obtained a general solution for the homogeneous equation (2.21) as
equation (2.24), therefore, a specific solution of the nonhomogeneous equation is needed to be
added to solution equation (2.24). We seek the nonhomogeneous solution as the form of X,, =

Acoskx + B. Then equation (2.113) can be written as

2 2
A" =) coskx - Ba)—zzw—P0
a a©~ R (2.114)
Which leads to
4 o’
k-——=0 (2.115)
a
o’ WP
-B—=—"2L 2.116
a? R ( )
By solving these two equations we can find a particular solution as
X_(x) = Acosx — o (2.117)
e RO '
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Where A is a constant, (0 = \/% Therefore, the solution of equation (2.112) is

W (x,t) = cos wt(Acos Qx — F‘g’g’ +C, COS QX

4 (2.118)
+C, Sin QX + ¢, cosh Qx + ¢, sinh Qx)
Then we impose the boundary conditions:
The deflection at the clamped end is
W(0,t)=0 (2.119)
The slope of the clamped end is
IW(0,t) -0 (2.120)
OX
The moment at the tip is
w =0 (2.121)
OX
The force at the tip is
WL _, (2.122)
OX
These conditions leads to the matrix equation as follows
1 0 1 0 c, ;Vga -
0 Q 0 Q C, | 0 (2.123)
2 2 a1 2 2 ai - '
-Q (?osQL -QsinQL  Q cc-)sh QL Q7sinhQL || c, ACY cosOL
Q’sinQL  -Q%cosQL  Q%sinh QL Q°cosh QL |\ ¢

4 ~AQ3sinQL

WPO

Since A is an arbitrary constant, for convenience we choose = —=, then we can solve

for ¢y, ¢y, c3 and ¢, as:
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C, —sinQLsinh QL

C, | Pw cosh QL sin QL +cos QL sinh QL (2.124)
¢, | 2RQ*(1+cosQLcosh QL) | 1+cosQL cosh QL +sin QL sinh QL '
C, —cosh QL sin QL —cos QL sinh QL

Therefore, the deflection function of equation (2.118) can be rewritten as

Pw sin QL sinh QL cos Qx
- Cos wt[cosQx—2—
2RQ 1+ cosQL cosh QL

W (x,t) =

N (cosh QL sin QL + cos QL sinh QL) sin Qx
1+cosQL cosh QL

N (1+cos QL cosh QL +sin QL sinh QL) cosh Qx
1+cosQL cosh QL

_ (cosh QL sin QL +cos QL sinh QL) sinh Qx
1+cosQL cosh QL

] (2.125)

We want to use this equation to derive the es;5; element which can be obtained from the

volumetric displacement as follows
WL
— |2
V= '[‘Vzv IO W (x,t)dxdy

_ Rw(-QL-QLcoshQL cos QL +sin QL cosh QL + cos QL sinh QL) cos et
RO’ (1+ cos QL cosh QL)

(2.126)

~ W (=QL—QL cosh QL cos QL +sin QL cosh QL +cos QL sinh QL)

- (2.127)
RO’ (1+cosQL cosh QL)

933

2.5.4 Theoretical Analysis of Dynamic Voltage

If we drive the composite cantilever with a dynamic voltage V = V,,coswt as shown in Figure 2-
3, we will bring this cantilever beam in dynamic motion. Since the poling directions of the two

layers of piezoelectric element are opposite, the motions of the two layers will be opposite under
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the same applied voltage, which means one layer will expand and the other will contract at the
same time. This kind of motion will cause a bending motion with the same frequency of the
external dynamic voltage. If the electric field E5 is applied across the thickness direction of the
composite beam with direction parallel to the upper piezoelectric layer and antiparallel to the lower
piezoelectric layer, the upper layer will contract and lower layer will expand, the constitutive
equations for these two layers are:

The upper piezoelectric layer:
S =sfo? +d,,E, (2.128)
DS =d,,0f +&,E, (2.129)
The lower piezoelectric layer:
S¢ =sfot —d,E, (2.130)
-D§ =d,,0f — 5,E, (2.131)
Where the superscript ¢ denotes the ceramic elements, S5 is strain in length direction and
o, i1s mechanical stress in length direction, E; is electric field generated by the dynamic voltage
in thickness direction. s£; is mechanical compliance under constant electric field which is equal
to 1/Y,, d5 is transverse piezoelectric coefficient, 1, is piezoelectric permittivity.
Since we only applied voltage across the thickness direction, the strain in each of the
piezoelectric layer is only caused by the electric field as described below:
The upper piezoelectric layer:

vV
h_+2h

p C

Sy = d31E3 = d31

X

(2.132)

The lower piezoelectric layer:
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c Vv
Sx = —d31E3 = —d3lm (2133)

p c
These strains lead to uniform stress distributed along thickness direction, we can obtain an

equivalent external moment by integrate these stresses throughout the cross section of the

beam[24]:
h7p+h°Y d,, ———zwdz - J' Y_d _V_ zwdz
hp C 31 hC 31 hp + 2hC
h(h, +h) h.(h, +h,)
=-wY.d,V ——"~=-wY,d,, ————F"~V, cos wt (2.134)
h, +2h, h, +2h,

We have already derived the deflection function for a dynamic external moment as
equation (2.91). Therefore, the deflection function for the equivalent external moment can be

written as

1 h.(h. +h))
W (X,t) =—— wY.d, ————F~
2Q°R(1+ cos QL cosh QL) h, +2h,

V, cos wt

x[(—cos QL —cosh QL )(cos Qx — cosh Ox)

+(—sin QL +sinh QL )(sin Qx —sinh Ox)] (2.135)

Then the expressions for tip slope a, tip deflection §, and volume displacement v and

elements e,4, e, and e, are given by

_W(LY) _ M

5 £ [2Q(sin QL cosh QL +sinh QL cos QL )]
x 20 R(1+cosQL cosh QL)
i ' h.(h,+h
_sinQLcosh QL +sinh QL cos QL wY.d.. L (h, p)V (2.136)
QR(1+cosQL cosh QL) h, +2h,
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M

o=W(Lt)=— < (sinQLsinh QL)
Q°R(1+cosQLcosh QL)
- i h.(h, +h
_ 2stLsthL WY.d., L +hy) (2.137)
RQ"(1+cosQL cosh QL) h, +2h,
v=.|7WILW(x,t)dxdy= : wM, 2(sinh QL —-sin QL)
-5 90 2Q°R(1+cosQL cosh QL) Q

i _gj h.(h, +h
_ sinh QL —sin QL WY d . (h; p)V (2.138)

CO°R(L+cosQLcoshQL)  © * h +2h

p

sin QL cosh QL +sinh QL cos QL h.(h. +h,)
€4=- WY Ogy ——————— (2.139)
QR(1+cosQL cosh QL) h, +2h,
i i h.(h.+h
e, = 2stLsthL WY.d., L (h. +h) (2.140)
RQ*(1+cosQL cosh QL) h, +2h,
i —si h.(h.+h
sinQL —sinh QL ) (. +h,) (2.141)

€ =3 WY Oz
Q°R(1+cosQL cosh QL) h, +2h,

Then we want to calculate the element e,, which can be obtained from the charge
generated over the applied voltage. From equation (2.129) we have the electric displacement at the

upper surface of the upper piezoelectric layer:

h
h, +?p
D, =d,Y. S, + 5;3 E, =-d,Y, (m"‘ dy, E;) + 5;3 E,
h, . 0%W (x,t
=—d,,Y.(h, + ?p) % - d321YC E,+ £3T3 E, (2.142)

The charge can be derived by integrating over the electrode area of the upper surface:

L h, . 02W (x,t
Q =, DdA=w (¥, +-2) 2 iy E, + oL ox
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_dgh (h, +h,)w?Y. (cos QL sin QL +cos QL sinh QL)V
- 2QR(1+cosQL cosh QL)

wL
h+—2hc (5;3 - d321Yc v (2.143)

p

+

The element e, is derived by dividing equation (2.86) by V , which is

~dgh (h, +h )w?Y (cos QLsin QL +cos QLsinh QL)
“ 20R(1+cos QL cosh QL)

wL
TZhC (SsTs - d321Yc) (2.144)

p

+

Since the matrix in constitutive equation is symmetric, all the elements in the matrix can

be obtained by the symmetry.
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3.0 EXPERIMENTAL STUDIES OF PZT-POLYMER COMPOSITE CANTILEVER
BEAM

3.1 EXPERIMENTAL DESIGN FOR CANTILEVER BEAM ACTUATOR

In chapter 2, the theoretical analysis for composite cantilever beam of static responses and dynamic
responses under different excitations have been introduced. In this section, a PZT-polyimide five
layers composite is fabricated to construct a cantilever beam and some tests concerning actuating
mode are conducted to verify the accuracy of dynamical mathematical models established in
previous chapter. The schematic structure of the cantilever with length 33mm and width 4mm is

shown in Figure 3-1.

Clamped End

Figure 3-1 The structure of the PZT-polyimide composite cantilever
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The experiment setup consists of a function generator, a cantilever actuator, an optical
displacement sensor and an oscilloscope. In this experiment, the relationship between input voltage
and output tip displacement are studied. In order to provide a sinusoidal signal to drive the
cantilever actuator, a signal function generator is used as an external voltage source. The
displacement of the cantilever tip is detected by the fiber optical vibrometer. The probe of the
fotonic sensor is put above the tip of the cantilever. The displacement measured is transferred to
voltage output signal. Both the input and output voltage are finally transferred to an oscilloscope
for data recording of the experiment. The illustrative block diagram of the experiment setup is

shown in Figure 3-2(a) and the actual experiment setup is shown in Figure 3-2(b).
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Figure 3-2 (a) illustrative block diagram of the experiment setup; (b) actual experiment setup for
the actuator test
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The properties of the cantilever beam actuator are shown in Table 3-1.

Table 3-1 Properties of the cantilever actuator

Parameters Values
L 30mm
w 4mm
h. 80um
hy 70 pm
Y. 50GPa
Y, 2.5GPa
D¢ 7500kg/m3
Pp 1420 kg/m3

3.2 RESULTS OF CANTILEVER BEAM ACTUATOR EXPERIMENT

In this section, the first task of the experiment is to find the first natural frequency of the cantilever

actuator. In chapter 2, the general solution of the transverse deflection function in free vibration is

written as
W (x,t) = (Acosat + Bsinat)(c, cos Qx + ¢, sin Qx + ¢, cosh Qx + ¢, sinh Qx) (3.1)
- . awO,t) _  0PW(LE) BW(LL)
The boundary conditions W(0,t) = 0, —===0,——===0and ——= = 0 leads to
cos(QL) cosh(QAL) = -1 (3.2)
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There are infinite values for QL to satisfy equation (3.2) which represents the different
natural frequencies relate to different shape modes of the cantilever. Then the natural frequency

equations can be written as:

o, =(Q,L)° o (3.3)
f =% n=123.0 (3.4)
"2z
Thus first natural frequency is
2
n=1=Q,L =1.8751= @ =1.8751° i4 = f = 18751 R4 (3.5)
pL 2 pL

Similarly, the second and third natural frequency is

469412 [R
= \ oL’ (3.6
P

7.8547° [ R

4

2r ;E_

f (3.7)

Substituting all values for all the parameters in three equations above, we will have
f1=121.656 Hz, f,=762.404 Hz, f;=2134.8 Hz. These natural frequencies agrees with the tip
deflection function we derived in equation (2.80), which can be rewrite as a function of frequency

as follows:

sin QL sinh QL w hc(hc+hp)v
RQ?(1+cosQLcoshQL) — °* h_+2h

P C

(3.8)

S=e,V =g(f)V=-

Where g(f) is a function of frequency because Q = /an/,/R/p. Figure 3-3 shows the

plot of the function g(f) as f goes from 0 to 3000 Hz. We can see from the figure the peak values

of the function occurs at three points which coincides with the first three natural frequencies

50



derived above. Therefore, the maximum tip deflection occurs at the first three natural frequencies

as expected which are f;=121.656 Hz, f,=762.404 Hz, f;=2134.8 Hz.

(10 Plot of g(f) vs f

s f,=762.404 Hz .

mY
T
1

g(f)

f,=2134.8 Hz

1 = 121.656 Hz

0 200 400 600 800 1000 1200 Mn@f ]1500 1800 2000 2200 2400 2600 2800 3000
(hz

Figure 3-3 g(f) vs f plot

In the experiment, a sinusoidal voltage is generated by the function generator to drive the
cantilever actuator to vibrate. We use a linear frequency sweep mode to change the frequency of
driven sinusoidal voltage from 10 Hz to 200 Hz. The peak amplitude of driven voltage is 5V. The
tip displacement of the cantilever are measured by the fiber optical vibration sensor then converted
to output voltage which is transferred to the oscilloscope. Figure 3-4 shows the test result as
follows. The signal for channel 1 (yellow waveform) represent the driven sine signal with changing
frequency. The signal for channel 2 (green waveform) represent the output voltage from the optical

vibration sensor. We can see the peak value of signal 2 occurs at frequency of 123 Hz which means
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the tip displacement of the cantilever beam is largest at 123 Hz. This result is close to the

previously derived theoretical first natural frequency (121.656 Hz).

Freg(1):
| Fregi2):
Pk-Pk(1):

. Pk-Pk(2):
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Measurement enu
Settings

-

Figure 3-4 Linear Frequency Sweep of Driven Voltage and Response of the Actuator

The second task of the experiment is to test the sensitivity of the actuator. Three groups of
tests classified by different peak amplitude of driven voltage (2V, 5V, 10V) are conducted. In each
group, we test the tip displacement at different frequency every 10 Hz from 50 Hz to 200 Hz.
According to the theoretical analysis in chapter 2, the tip deflection response of the cantilever beam
under dynamic voltage is represented by equation (2.80). With same driven voltage in each group
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of the experiment, the expected maximum tip deflection becomes a frequency dependent function
which can be shown as Figure 3-5. We can see that the theoretical tip deflection at the first natural
frequency is very large compared to the beam thickness (370um). Since the theoretical model is
based on Euler-Bernoulli beam theory which requires the transverse deflection is relatively small
to the beam thickness, we can expect that the model will lose some degree of accuracy around the

natural frequency.

<102 Plot of Deflection vs Frequency
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Figure 3-5 Plot of maximum tip deflection vs frequency (50Hz-200Hz) under different drive
voltage

In the experiment, by changing the frequency from 50 Hz to 200 Hz in each driven voltage

group, the maximum tip deflection is obtained as shown in Table 3-2.
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Table 3-2 The experimental data of maximum tip deflections

Peak Driven
Voltage
Frequency 2V 5V 10V
50 Hz 8.19 um 21.14pm 43.56 pm
60 Hz 8.65 pm 23.65 um 49.30 pm
70 Hz 8.90 um 25.05 pm 52.45 pm
80 Hz 9.95 um 30.53 um 60.62um
90 Hz 12.32 pm 37.16 pm 76.19 pm
100 Hz 16.36 um 44.30 um 96.54 um
110 Hz 25.58 um 68.44 um 145.18 pm
120 Hz 56.34 um 114.59um 264.69 pm
130 Hz 29.75 pm 62.70um 109.31 pm
140 Hz 18.85 um 40.81 um 75.59 um
150 Hz 11.07 pm 27.67 pm 51.31 ym
160 Hz 7.77 um 19.73 pm 36.04 pym
170 Hz 6.02 um 14.53 pm 25.83 um
180 Hz 4.60 pm 10.97 pm 19.12 um
190 Hz 3.51 pm 8.26 um 14.53 pm
200 Hz 2.91 um 6.49 um 11.13 pm
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According to the data recorded in Table 3-2, the plots of maximum value of tip deflections

as a function of frequency of driving voltage can be obtained. Figure 3-6 (a), (b) and (c) show the

comparison of theoretical simulation and experimental results under different maximum value of

driving voltage respectively.
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Figure 3-6 Simulated and measured maximum tip deflection versus frequency

From Figure 3-6 we can see the deviations are relatively large near the first natural
frequency for all groups of the experiments. The peak value of the tip deflection of the 2V, 5V and
10V maximum driving voltage in experiment only reach 33.42%, 31.39% and 28.57% of the
theoretical value. These results are as expected since the transverse deflection is large at the natural

frequency which will lead relatively large deviation of the theoretical model.
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3.3 EXPERIMENTAL DESIGN FOR CANTILEVER BEAM SENSOR

In this section, a cantilever beam bending sensor is fabricated in base vibration environment
working as an accelerometer with proof mass at the tip. Figure 3-7 shows the structure of the sensor.
To analyze the sensor vibration, this structure can be modeled as a single degree of freedom system,
which consists of a vibration base, a seismic mass M, a spring with spring constant K and a damper
with damping coefficient C as shown in Figure 3-8. The effective spring constant can be obtained
from the static constitutive equations derived in Chapter 2 as

K:ﬁ:izﬁ (3.9)
05 e, L

Clamped End

_

A

N

Figure 3-7 The structure of the cantilever accelerometer
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z(t) = x(t) — y(¢)

o ]

Figure 3-8 Equivalent SDOF model

The seismic mass of the cantilever beam can be calculated as a point mass with equivalent

vertical force at the tip of the sensor[25], such that

M=mg, +m, (3.10)

Where m,, is the proof mass added at the free end of the beam, m,; is a modeled

effective mass of the cantilever beam without tip mass, which can be calculated from the first

natural frequency of the cantilever beam as follows:
Oy = |— (3.11)

Substituting the first natural frequency equation (3.5) and spring constant equation (3.9)
into the equation (3.11), the effective mass of the cantilever is derived as follows

3R 1 _17pL (312)

M, =—
I 70
o (1 87512 / )
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The mathematical model of this single degree of freedom mechanical system can be
derived by Newton’s second law, which is given by
MX=-C(x—y)—K(x—-Y) (3.13)
Where x is the displacement of the total mass M, y is the displacement of the vibration base.
We can simplify this equation by introducing the relative displacement z(t)=x(t)-y(t):
M7 +Cz + Kz = —My (3.14)
Substituting initial conditions z(0) = z(0) = 0 into Laplace transform of equation (3.14),

the equation can be written as

1Z(s)| 1

Y(s)| $2+(2fw,)s+ (3.15)

Where w,, = \/% is the first natural frequency of this structure, & = 2\/% is the damping

ratio which can be calculated using half power method (3dB method) from the experiment data.
The electric output of the sensor can be considered as an electrical voltage generator

model[26] as shown in Figure 3-9.

Figure 3-9 A voltage generator model for sensor circuit
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The impedance of this voltage generator model in Figure 3-6 is given by

RpCps+1
C.s

p

Im(s) = (3.16)

For an ideal voltage generator model, the internal resistance R,, is equal to zero. Then the

open circuit output voltage of this voltage generator model [27]is

V, (s) = I (s) Im(s) :%:? (3.17)

p p
From static constitutive Equation (2.1),
Q(t)=e,F =¢,,(Ko) =¢,,Kz(t) (3.18)
Substituting Equation (2.68) and Equation (3.9) into Equation (3.18), gives

3wY,dyh, (h, +h,)

)=~ 2(h, +2h))L

2(t) = Q,2(t) (3.19)

Where Q, is the charge coefficient representing the charge generated by unit tip

displacement. Then Equation (3.17) can be rewritten as

Yols) _ Qs (3.20)
Z(s) C '

p
Substituting Equation (3.20) into Equation (3.15), the mechanical electric model can be

derived as

|Vo (5)| _Q 1 (3.21)
IY(s)| C,s*+(28m,)s+af '

If a sinusoidal base movement input y(t) = Y,sinwt is applied to the SDOF system, the

peak voltage can be obtained as
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Vo — Qd (a)/a)n)2 Y() (322)
Co(@/ @) +2(28* -0/ @,)* +1

An accelerometer experiment is conducted to verify the theoretical model. Figure 3-10(a)
shows the illustrative block diagram of the experiment setup and actual experiment setup[28] is

shown in Figure 3-10(b).
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(b)

Figure 3-10 (a) illustrative block diagram of the experiment setup; (b) actual experiment setup
for the accelerometer test

3.4 RESULTS OF CANTILEVER BEAM SENSOR EXPERIMENT

The first task of the experiment is to obtain the first natural frequency of the SDOF system. The
proof mass (m,..) glued at the tip of cantilever in this experiment is 0.15g. The theoretical first

1
natural frequency can be calculated as f; = pom

= 57.75Hz.

BB

To find the first natural frequency of this system, we use the function generator to generate
sinusoidal signal as the driving signal. The peak value of the displacement of the vibration base on
the shaker is controlled as a constant (80um) by manually adjusting the gain knob of the power
amplifier. The frequency of the driving signal is increased 2 Hz at a time from 0 Hz to 100 Hz, the

output voltage of the fotonic sensor and output voltage of the charge amplifier are recorded and
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observed by the oscilloscope. Then the plot of the output voltage of the accelerometer relates to

frequency of input signal can be obtained from the experimental data as shown in Figure 3-11.
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Figure 3-11 Plot of sensor output voltage vs. frequency

Figure 3-11 shows that the first natural frequency occurs at 56.4 Hz which is very close to

the theoretical first natural frequency (57.75 Hz). The damping ratio can be determined from the

experimental data using half-power method. The half-power point occurs when the output voltage

drop by 1/4/2 or 0.707 of the maximum output voltage. The two half-power points (f; =
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52.6 Hz, f = 62.1 Hz) around the first natural frequency can be found on the sensor response
curve as shown in Figure 3-8. The damping ratio can be calculated as follows

f,—f, 62.1-52.6

=0.0842 (3.23)
2f  2x56.4

&=

This damping ratio can be used to obtain the theoretical response function curve for
Equation (3.22) under sinusoidal base movement with constant peak value of the base
displacement. Then comparison of the theoretical output function and experimental results under
frequency range from 0 Hz to 100 Hz are shown in Figure 3-12. Figure 3-13 shows the comparison

of the theoretical and experimental sensitivity curve.

Plot of Theoretical Voltage Function and Experimental Result
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Figure 3-12 Comparison of theoretical model and experimental result
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Plot of Theoretical and Experimental Sensitivity curve
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Figure 3-13 Comparison of theoretical and experimental sensitivity curve

It can be found from the figures that the experimental data matches theoretical model well.
A second peak of the experimental data occurs around 67 Hz which is not appear in the theoretical
model. Since the theoretical model is established by considering only the first natural frequency,
the deviation is possibly be caused by the second and third natural frequency of the system. These

two natural frequencies can be calculated from

o= o K (3.24)
M meff 2 + macc

S LSy @25)
M meff 3 + macc

Substituting
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meffz = 3L_F: L R (326)
(4.4961° / o)
pL
meff3 = :?__5 1 R (327)
(7.8547° / )’
pL
Into Equation (3.24) and (3.25), the second and third natural frequencies are
a,
f,=—"%=65.3688Hz (3.28)
2r
a)n3
f ,=—1 =655759Hz (3.29)
2r

These natural frequencies are close to the second peak on the experimental data plot. To
reduce this deviation between theoretical model and experiment result, larger end proof mass can

be considered in future work for making all the output voltage peaks closer.
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40 THEORETICAL ANALYSIS OF PZT-POLYMER COMPOSITE DOUBLE
CLAMPED BEAM

41 ABRIEF INTRODUCTION OF THE DOUBLE CLAMPED COMPOSITE BEAM

In chapter 2, we have established a matrix form constitutive equations representing the reactions
of the composite cantilever beam (including the slope at the tip «, the tip deflection §, the volume
displacement v and the charge generated Q ) under different external excitations (including an
external moment M , a tip force F, a uniformly distributed dynamic pressure P and a harmonic
applied voltage V). To obtain the fourth column of elements in that matrix, we tried to transform
the reaction caused by the electric field into the effect of the effective external moment. In the
doubly clamped beam case we will introduce in this chapter, the effective external moment is very
difficult to obtain. Therefore, we consider to use the energy method in the static analysis to
establish a theoretical model for the doubly clamped beam.

The general structure of the doubly clamped beam is shown in Figure 4-1. The length of
the beam is L, width is w, the thickness of each piezoelectric layer is h., the thickness of each

polymer layer is h,.
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Figure 4-1 A schematic diagram of a PZT-polyimide composite bridge

In this chapter, we want to find a similar form in chapter 2 of a matrix equations of the
constitutive equations of the beam. Since here we do not apply an external dynamic moment, we

have a 3 X 3 matrix in the constitutive equations as

5 ell e12 e13 F
Vi=|e, €, €| P (4.2)

Q € €, €y||V
Where the force F acts in the middle of the beam and P is the pressure acting on the lower
surface of the beam. We have proved that the matrix in equation (4.1) is symmetric in chapter 2,
so 6 independent elements need to be determined by using energy method [29] in the following
sections. In thermodynamic theory, the internal energy density of an infinitesimal piezoelectric

element can be defined as
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ue =%Sfcrf +%D3E3 4.2)

Where Sy is strain in length direction and oy is stress in length direction, D is the electric
displacement in thickness direction and Ej is the electric field in thickness direction.
The internal energy density of the polymer layer is

u® 2%81‘)0'1" = %Yp (SP)? (4.3)

Where Y, is the Young’s modulus of the polyimide, o? is stress of the polyimide in length
direction.
After determination of the internal energy density of each layer, the total energy of the five
layers composite beam is the summation of the internal energy of each layer:
U=U®+Uu®4u®4+u®4u® (4.4)
In the following sections, we will discuss the internal energy under different excitations
and calculate the partial derivatives of the internal energy with respect to F, P, and V to determine

the elements in matrix in equation (4.1).
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4.2 THEORETICAL ANALYSIS OF THE BEAM SUBJECTED TO EXTERNAL
VOLTAGE
If we apply an external voltage V across the middle three layers of the composite beam as shown
in Figure 4-1. The voltage across the two layers of piezoelectric element will cause one of the
element to expand along the length direction and the other to contract simultaneously.
Consider the direction of the electric field positive when it is parallel with the polarization
direction of the lower piezoelectric element, the constitutive equations of each layer are

The first polymer layer:

Y
ol =Y, 8P =—F—7 (4.5)
r(x,t)

The second piezoelectric layer:
SEZ) = 1Elg(2) ds,E, (4.6)
-D? =d, 0 —&E, 4.7)

The third polymer layer:

ol = S(S) —Yp z (4.8)
r(x,t)
The fourth piezoelectric layer:
SW =s o™ +d,E, (4.9)
D =d,,c® +&LE, (4.10)
The fifth polymer layer:
) ®) i
oy =Y, S =———1 (4.11)
r(x,t)
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Then we can derive moment function of internal forces by integrating the product of stress

and distance through the thickness direction as follows:

h

%ﬁ—h h—p+hc My Sl Ny

M =-— I 2 oWzwdz - Ihf o®zwdz —I 2 o zwdz — I oy zwdz — I £
P _P P _h e

2 2 ¢ 2

P
L) _
2 ¢ 2

hC
o®zwdz

Pon, 72 Bon 7 %
:—Ihz WYp—dZ—IhZ wY, (—+ d31E3)zdz—j%1 wY, —dz
- r > r -~ r

h
c

_r z ,hi,h 22
[ WY, (G-dyE)zdz—[ @ wY,—dz
*7*hc r *T*h r

- —%[szvc + 2703, +120h (Y, +2Y, )+ 6h,h? (Y, +8Y, )] - wh?d,.Y,E, —wh.h_d,.Y,E,

= _g_ th2d31Yc Es - thhpd31Yc E3 =R (LTZVY - thzdlec E3 - thhpd31Yc Es (4-12)

Since the structure of the beam is symmetric, we can simply analyze the deflection function
for the left half part of the beam. The bending moment of the left part of the beam is equal to the
moment on the left clamped end because of the absence of the external force and external moment

as shown in figure 4-2.

Figure 4-2 The bending moment of the beam

71



The bending moment of the beam at location x is
M(x)=M, =M, (4.13)
The moment of internal forces is equal to the local bending moment, which gives

d’W (x)

R
dx?

—wh?d,Y.E,~whh d,YE,=M(x)=M,  (4.14)

The boundary conditions of deflection function are

L
dW (=)
w©) =0 WO o 2" _, (4.15)
dx dx
Then we can solve for transverse deflection as
W(x)=0 (4.16)

Therefore, the transverse deflection is O under the external voltage V, which means this
structure is not good working as an actuator. Since the electric field term is not explicitly appear
in the governing deflection function, we have to change demensions of the electrode or the
boundary conditions. We will try to use a partially covered electrode instead of fully covered

electrode and see if we can get the desired equations.

Clamped End

Polarized PZT Area Polyimide

ARV

Non-polarized PZT

Aree/

Section ¢

N

Section a Section b

Figure 4-3 Partially polarized PZT layers in doubly clamped beam
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Consider two piezoelectric elements in the composite beam with partially covered by the
electrode[30]. Only the part of PZT under the covered electrode has been polarized. This structure
is shown in Figure 4-3. Along the x axis, we divide the beam into three sections along length
direction as section a, b and c. We consider the first and the third section which are section a and
c as a non-piezoelectric section with the same length of [; and the middle section b as the
piezoelectric section with the length [, = L — 21;. Since the structure is symmetric, we can analyze
the left part of the beam instead of whole structure.

In section a, the stress in each layer is

z

o0 =Y, 2 (4.17)
a) _y £

(oF) —YCF (418)

ot =y X (4.19)
1 “'p r .
(a) _y 2 4.20

Ul = c? ( . )

ot =y X (4.21)
1 —'p '

The superscript (ia) denotes that the stress is in the i-th layer in section a. Then we can

obtain the moment of internal forces by integration as follows:

oh, [ h iy .
M® = —J'hT * o' zwdz —J.hz * o zwdz - J. 2 o zwdz — j 2 o*zwdz - J. & " o zwdz
L ih, - -2 —L_h —LP_h
2 2 2 2 2
-V 8h%Y +27hY_+12h%h 2Y 6h_h? 8Y )] = R—dZW(a) 4.22
__12r[ c c+ p p+ c p(Yc+ p)+ c p(Yc+ p)]_ ng ( : )

In section b, the constitutive equations for each layer are same as equation (4.5)-(4.11),

then the moment of internal forces is same as (4.12):
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daw ®

X2

M® =R

—wh?d,,Y,E, —wh.h d,Y,E, (4.23)

The governing equations of deflection functions of section a and section b are given by

(a)
R%:MA,OSXSH (4.24)
(b)
RIWT i, whn g X E =M, L<xs s @29

The general solutions for equation (4.24) and equation (4.25) are

W‘é‘)(x):%xz+clx+c2,03xgl1 (4.26)
M, +wh (h +h )Y.d, E
W ®(x) =—2 e (N 1, Y.y 3x2+c3x+c4,llgx£L (4.27)
2R 2
The boundary conditions are
(a)
W@ (0) = 0,M =0 (4.28)
X
@) (b)
W@@) =W ), dw™(l,) _dw™(l,) (4.29)
dx dx
aw® (L)
29 (4.30)
dx
Then we can obtain the deflection functions of two sections as follows
W ()= wh?LY.d,,E, + wh.h LY. d; E; - 2wh’lY d,,E, - 2wh.h 1Y, d,, E,  (431)
2RL '
WO (0 = [ whiLY,dy,E; +wh.h LY,d, E, — 2wh?LY,d, E, —2wh.h LY. d; E,
2RL
wh, (h, + hp)Y°d31E3]x2 wh?lY,d,, E, + wh.h l,Y,d E, .

_|_ —

2R R
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c''p'lc

2R

- _thzllecdalEs —wh:h, 1Y ds, s (4.32)

Now we have transverse deflection functions for two sections of the beam, then the

deflection of midpoint of the beam can be found by substituting x = % into equation (4.32):

o=W® (L) - wh, (h, +h,)(L =2l)LY.d.,V (4.33)
2 4R(2h, +h)) '
_th(hc +h)(L=2I)LY.dg w30

3 4R(2h, +h.)
From equation (4.33) we can see that when [; = %, the deflection has maximum value (ds;

IS negative) which is

wh,(h, +h)L2Y,d,V

o = (4.35)
32R(2h, +h,)

The volume displacement is given by
w w L
V= 2('[5W J'OHW @dxdy + FW LEW ®)dxdy)
2 2

:_thc(hc +hp)(L_ZIl)(L_Il)IlYCd31V (4.36)
6R(2h, +h,) '

e — thc(hc+hp)(L_2|l)(L_I1)I1YCd31
. 6R(2h, +h,)

(4.37)

And from equation (4.36) we can see that when [; = %, the volumetric displacement has

maximum value (d5, is negative) which is

L wh(h h)LY Y
o 64R(2h, +h.)

(4.38)
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To obtain the element e53, first we need to find the total internal energy of the device. The

total internal energy is the summation of the internal energy of three separated sections.
U=U®@4+u®4y® (4.39)

The internal energy of section a is strain energy which is given by
ue =" L ( j oSz + j L seageag; | j oSz

h

h
S| S
[ 7 Zol s dz+ [ 7 o5 dz)dydx
i_hcz _Tp_hcz

P T O [ N e [ Ly

) (a)
o @y b e

2 2

dw® (X)) 221dz)dydx (4.40)

The expression of internal energy density of the piezoelectric element is given by equation
(4.2), by substituting constitutive equations of each layer from (4.5) to (4.11) into equation (4.2),

we can obtain the internal energy density of each layer in the middle section b:

daw ®
dx?

u(lb) Y (S(lb)) _ [ ]222 (441)
1 1
u® = E Sl(Zb)[Yc (Sl(Zb) + d31E3)] + 5{533 E3 o d31[Yc (Sl(Zb) + d31E3)]}E3

2W (b)

:E[Y ( ) z +833E32_d321YcE32] (4-42)

2 (b)
W 22 (4.43)

1
u(3b) :EYP (Sl(Sb))Z — 2Yp[

1 1
ut = E Sl(4b)[Yc (Sl(4b) —dg, By)]+ E{d31[Yc (Sl(4b) —dy )]+ &5, B }E,
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2\N (b)

:E[Y ( ) z +‘933E§ _chB»ZlE?,Z] (4.44)

W

1
U =¥, () = 2Yp[ P22 (4.45)

The internal energy of the left half part of section b is
3h h
1o _ (2[5 ([ 2™ g, (27 @
U _J‘Il j—g(jh“mc u dz+jhi utdz
2 2

h, _hi
+_[Epu(3b)dz + J'_hj u“dz +J u‘Sb)dz)dydx (4.46)
2 2

The total internal energy can be obtained by

1

U=2U® +Eu<b>)

wh,(L-21,)V?
LR(2h, +h,)?

[(‘933 - da‘zch) LR+ dfizlYCZth (hc + hp)2 Il] (447)

The generated electric charge on the electrode then can be determined as

oU _ 2wh (L-21,)V
oV LR(2h +h )"

Q = [(833 - d?:Zch) LR+ d321Y02th (hc + hp)2 Il] (448)

The element e55 is

_Q_ 2wh(L- 2|)[(

%=V "R @h —dz Y )LR+d2Y wh (h, +h))?L] (4.49)

Therefore, we obtained all three elements in the third column in the matrix in constitutive

equation (4.1).
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43  THEORETICAL ANALYSIS OF THE BEAM UNDER APPLIED PRESSURE

In this case, we will apply an external pressure on the lower surface of the beam and try to establish
a theoretical model for the constitutive equations[31]. Firstly, we will discuss a beam structure
with fully covered electrode on the piezoelectric element. As discussed in the chapter 2, the

governing equation for the transverse deflection function under a static pressure is

R dAWfX) — Pw (4.50)
dx

We impose the boundary conditions:

W (0) =W (L) =0; aw(O) _dwil) _,, (4.51)
dx dx
We can obtain the deflection function:
4 3 2 2
wPx® — 2wLPx® + wL"Px (4.52)

W)= 24R

The transverse deflection function can be used to characterize the internal energy density

of each layer

Ly (W @s3)

W0 =2y, 50 =2V 0
1 1
U(Z) = E 81(2) [Yc (51(2) + d31E3)] + 5{533 E3 - d31[Yc (31(2) + d31E3)]}E3

dZ\N(x)

= 2[Yc( ) z +g33E32 _d321YcE32] (4.54)

OI2W(X)]z 2 (4.55)

1
B _ (3))2
u __Yp(s1 )" = [

1 1
U =g SO~ B SN S0~ B )]+ e L),
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&wu)

[Yc( ) 833E32 _chszlEs] (4.56)

2

d°wW (x)

1
U@ZE%@PY—Z%[ I z* (4.57)

Therefore, the total system energy can be written in terms of applied pressure and electric

field as follows.

h

L w %"'hc hi+hc hi __P

U :Io J'Zw(jhp2 u®dz +J.h§ u(z’dz+j thu‘s’dz+j 2
i Pih _P -
2 o th 2 2

_7" he

udz +j " u(s)dz)dydx

weL P2 — WLh (g5 —d3Ye) 2, WL s
1440R (2h, + hp)2 1440R

= WL, (&5, —d;,Y,)ES + (4.58)

The generated charge from the external pressure can be derived by differentiating the total

energy with respect to the voltage:

ou 2wLh, (&5 —dgY,)
oV (2h, + hp)2

Q= (4.59)

In this case with pressure applied only, there is no applied voltage in equation (4.59), thus
this model will not generate charge on the electrode, which means this model is not good to work
as an sensor to convert mechanical energy to electrical energy[32]. From this perspective, we
consider a similar model as described in Section 4.2 which divides the beam into three sections
along the length direction as shown in Figure 4-3.Then we will try to establish a theoretical model
for this beam with partially covered electrodes as follows.

We can use figure 4-4 to analyze the forces and moments of the doubly clamped beam.
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Figure 4-4 Reactions and moments on the beam under uniformly distributed load
Because of the symmetry, we have
wPL
RA:RB:T,MA:MB (4.60)
The moment at point x is
M=M, +w (4.61)
The moment of internal forces of each section is
@)
M® =R dZWZ (4.62)
dx
()
M® =R dz(;’)\('z —wh?d,,Y.E, —wh:h d,.Y,E, (4.63)
©
M® =R d2W2 (4.64)
dx

For symmetric structure we can focus on the left half part of the beam only, then we have
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RdZ\N‘a’ ML WPx(x-L)

e M, ,0<x<, (4.65)
(b) _
R%—whﬁdsﬂc E,—whh d,Y,E;=M, +w, |, <X s% (4.66)
The boundary conditions in this case are
(a)
W ®(0) = 0,M =0 (4.67)
(a) oy W) dw® ()
W (1) =W (1), = (4.68)
dx dx
dw (b) (L)
2 _9 (4.69)
dx
Then we can solve for the deflection functions of two sections as follows
W@ (x) = wP x“—WPLx:“+MAXZ,OSXSIl (4.70)
24R 12R R
M, +wh (h +h )Yd., E
WO (x) = WP s _WPL o M e (e, J¥ed By X2 +CX+Cy, |, < x<t (4.71)
24R 12R 2R 2
Where
¢ - wh?lY,d,, E, + wh.h .Y d,,E, 4.72)
R
- whil?Y,d;, E, +wh.h 17Y,d; E, (4.73)
2R
M, = —ﬁ(—WPB +12Wh?LY,d,, E, +12whh LY,d,, E,
~24wh?lY.d, E, — 24wh.h .Y d ,E;) (4.74)

The previous relations can be used to characterize the internal energy of the deformed beam

of each section:

81



w 3h h
u®@ = J' " J' 2 ( I Tp”’“ia‘la’s(lﬁ‘)dz +I7p+h° o#sdz + I a(sa’S‘Sa)dz
o J WA o7t T fy. !
2 2 ¢ 2
h
- 1 4a) (4a) h 1 (5a) (5a)
[ 2oL s{z+ j i, 50 S5 dz)dydx

:J-;J.V%ZV(J.; = p(dZW( (X)) 2°Jdz j [Y2 (dZW()(X))ZZZ]dz+J. [ p(dZW (X))zzz]dz

2

BN

2

d?\/v“(x)) d2vv< (x))

221dz + j [p( 221dz)dydx (4.75)

3h h
1 L w P, Lih,
“y® =J'2J'2 (J'hz u®dz +Ih2 u@dz
2 I 7% Moy Do

2 ¢ 2

My h
+J‘_2h7p u®dz +j 2
2

hy
Uz + [ 2 udz)dydx (4.76)
ten e

The total internal energy is

1

U=2U® +Eu<b>)

_ w2 L P? ~ w?h_ (h, + hp)ll(L2 —3LI +217)Y.d, E.P
1440R 6R

L Wh, (L —21,)E?
LR

[( 33 dszch) LR + dSZchhc (hc + hp)2 IIWYC] (477)

We can see that we have U(E3, P) term in energy equation, which means this structure can

be used as sensor. The generated charge is

oU  whh(h +h,)l(L* 3L, +212)Y,d, P

Q== 6R(2N, +h.)

, 2wh,(L—2L)V

LR(2h 1 h )’ [(e5; —d2Y,)LR+d2Y,h, (h, +h )’ wY,] (4.78)
¢ p

Since no external voltage applied, the generated charge is
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0 :_wzhc(hc +h, )l (L* = 3L, +217)Y,d,, P (4.79)
6R(2h, +h,)

Therefore, the element e, in equation (4.1) is

~wih,(h, +h,)L (L2 3L, + 212)Y,dy,

e, = 4.80
% 6R(2h, +h,) (4.80)

We can see that e;, = e,5 as the described symmetry property of the matrix in equation
4.2).
Now we have transverse deflection functions for two sections of the beam, then the

deflection of midpoint of the beam can be found by substituting x = % into equation (4.71):

wPL* —96wh, (h, +h, )(L—2I,)LY,d,,E,

481
384R (4.8

L
S=W® (=)=

In this case, there is no external voltage applied on the beam, so E5; = 0, the element e,

can be obtained as

wL?*
e, = 4.82
¥ 384R (4.82)
The volume displacement is given by
Yo wo L
V= Z(I_szv J'O W @dxdy + .[_ZVZV wa ®Ydxdy)
~ w?L°P —120w’h, (h, + h)(L-21)(L-I)lY.d; E, (4.83)
- 720R '
Which will lead to e,,:
weL
e, = 4.84
?  T20R (4.84)
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44  THEORETICAL ANALYSIS OF THE BEAM UNDER APPLIED FORCE

AT MIDPOINT

When the beam is subjected to a point load at midpoint perpendicular to the length direction as

shown in figure 4-5, its transverse deflection function can be analyzed as follows.

z K
A B
B
}'W1 4 & MB
o g L o
R4 2 1T 2 Rp

Figure 4-5 Doubly clamped beam subjected to a concentrated load F

Because the load F is in y direction and the structure is symmetric, we have:

M(x):RAx—MA:—MA—%x,OSXS%

The moment of internal force from constitutive equations of each layer is

h

Lih, _

ﬁ‘*'hc a hi+hc @ hi ®)
M =—Jh2 o, zwdz—Ih2 o, zwdz—jﬁ o, zwdz — j
p P _r
2 2 2 ° 2
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2 oWzwdz - I 2 o®zwdz
P _J_hc

(4.85)
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= Ro(lj—zw—whfdlec E,—wh.h d,.Y.E, (4.87)

XZ
Then we have

d’w F

RdT—thzdSch E3 _thhpd31Yc E3 == —M A —EX (488)
After integration, it is
Rdd—v)\(/ =-M X —%xz +wh,(h, +h))Y,d, E;x+c (4.89)
wh_(h, +h )Y.d. E
RW :_%XZ_%XH ( 2”) 2 X2 +ex+c, (4.90)

The boundary conditions:

L
dwW (=)
w©) =0 WO o 2" _, (4.91)
X dx
Then we have

FL
M, =~ wh, (1, +, Y., E, (4.92)
W(x)=ix2—ix3,03xsL (4.93)

16R 12R 2

Then we can obtain the total internal energy from transverse deflection function as

L ow  Shy My, fy. ) Mo
U =2IZJZW(Ih2 h°u‘1)dz+jhz h“u(z)dz+‘|‘2h u(3)dz+j 2 u(‘"dz+j3ﬁ i u®dz)dydx
A 2 2 = =
LF* _ WLhc(533—d321YC)V2+ L’F?
384R  (2h,+h )’ 384R

=WLh.EZ(g,, —d2Y,) + (4.94)

The two terms indicates the electric potential U(V?) and mechanical strain energy U(F?)
respectively. The absence of the electromechanically coupling energy means that this model
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cannot transfer mechanical energy into electric energy. So we turn our attention to the structure
with partially covered electrodes as described in the previous sections. Consider the non-polarized

outer elastic zone a in the left part of the beam with length [, the piezoelectric zone b in the left
part of the beam with length % — 1.

The deflection functions of section a and section b are given by

F 1
W@ (x)=———x*——— M, x> +C,X+C 4.95
() 12R 2R e (4.95)
w ® ——F31M21hh h )d..Y E.x? 4.96
(x)_—12Rx _ﬁ A X +ﬁw . (h, + p) a1V EsX“+CX+C, (4.96)

Then we impose boundary conditions:

dw @ (0)

W@ (0) =0, 0 (4.97)

dw (1) _dw® ()

W(a) | :\N(b) | ’ 4.98
1) =wo ), S S (4:98)
dw (b) (E)
2’ (4.99)
dx
Then we can obtain
6 —c -0 (4.100)
o heLwY,d;, E; +hh wlY,d,E; (4.101)
R
2
- hiwl?Y,dy, E; +h.h wiY,dy, E; (4.102)
2R
M, = _BLL(FL2 —BWHZLY,d,,E, ~8wh,h,LY,d,,E,
+16wWh?l,Y,d, E, +16wh.h LY, d, E,) (4.103)
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After obtaining the deflection function of the beam, we can try to solve for total internal
energy of the beam:

L°F2  wh,(h, +h,)(L—2L)LY,d,,E,F
384R 4R

U=2U®+u®)=

| Wh, (L —21,)E?
LR

[(e5 - d321Yc) LR+h, (h, + hp)z I1WYc2d§1] (4.104)

We can see that the electromechanical energy term U(E5, F) appears in the equation
(4.104), thus we can use this model as a transformer.

The deflection amplitude of the midpoint of the beam is given by

FL® —-48h_(h, +h )(L-2l)lwY.d, E
W(b)(%): c( c 1,;)2(R 1)1 c-31-3 (4.105)
In this case, E; = 0, then we have
3
0= 1;I2_R (4:106)
L3
e, = T92R (4.107)
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5.0 EXPERIMENTAL STUDIES OF PZT-POLYMER COMPOSITE FIXED-FIXED
BEAM

5.1 EXPERIMENTAL DESIGN AND PROCEDURE FOR DOUBLY CLAMPED
BEAM ACCELEROMETER
In chapter 4, the static constitutive equations were derived for the PZT-polymer composite fixed-
fixed beam. In this section, a doubly clamped beam based accelerometer is designed and tested
based on the constitutive equations and the experimental results are compared to the simulation
results. In order to make an doubly clamped beam based accelerometer, a partially polarized PZT-
polymer laminated composite with length 30mm and width 4mm is fabricated. The structure of
the doubly clamped beam with accelerometer mass at the midpoint is shown in Figure 5-1. All the

properties of the composite is same as in Table 3.1.

Clamped End

Unpolarized PZT Area Polarized PZT Area
/ /
i i

T

Polyimide

NI

~ [0

Figure 5-1 The structure of the PZT-polyimide fixed-fixed beam
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In order to test the accelerometer, a function generator is used to generate sinusoidal signal
to drive a vibration shaker. The base of the whole doubly clamped beam structure is mounted at
the top of the shaker so that the beam will vibrate with the shaker. A fotonic sensor is used to
measure the displacement of the vibrating base. The output voltage of the composite beam sensor
is amplified by a charge amplifier. Both the output signal of the fotonic sensor and the output
voltage of the charge amplifier is transferred to the oscilloscope for observation. The illustrative
block diagram of the experiment setup is shown in Figure 5-2(a) and the actual experimental setup

is shown in Figure 5-2(b).

Voltage
Function
Generator
Sinusoidal ( _ )
Voltage ;L Oscilloscope J<
Signalv x
Power
Amplifier
Voltage
Signal Output
v Voltage
Vibration Signal
Shaker
Sinusoidal Vibration Signal \’ Fotonic A
Base " Sensor
Movement
Y
Test ] [ Charge
Accelerometer J | Amplifier

(@)
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Figure 5-2 (a) illustrative block diagram of the experiment setup; (b) actual experiment setup for
the accelerometer test

The first step of the experiment is to find the first natural frequency of the accelerometer.
For the theoretical analysis, the theoretical first natural frequency of the doubly clamped beam

without accelerometer mass can be solved from the transverse deflection function of a beam under

free vibration as follows:

W (x,t) = (Acoswt + Bsinat)(c, cos Qx + ¢, sin Qx + ¢, cosh Qx + ¢, sinh Qx) (5.1)

The boundary conditions for doubly clamped beam are

W (0) =0, aw (0) =0,W(L) =0,M=0 (5.2)
Which lead to characteristic equation
cosQLcoshQL =1 (5.3)

The infinite values of 2L which satisfy the equation (5.3) can be relates to the different

natural frequencies of the structure as
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2
f _(hb) R (5.4)
2r pL

Therefore, the first three natural frequencies of the doubly clamped beam corresponding to

the first three values of QL satisfy Equation (5.3) in this experiment can be solved as

4.73)
f1=( ) R4 = 774.1134Hz (5.5)
27 pL
7.8532)
f2=( ) / R4 —2133.9Hz (5.6)
2 pL
10.9956)°
f3=( ) / R4 — 4183.3Hz (5.7)
2z pL

To calculate the first natural frequency of the accelerometer, the same single degree of
freedom mechanical system model as described in Section 3.2 which consists of a seismic mass
M, a spring with constant K and a damper with damping coefficient C is used in this analysis. The

equivalent spring constant can be obtained from the static constitutive equations of the beam as

Kza_F:i:mSR (5.8)
05 e, L
Then the seismic mass of the model can be calculated as
K
M=mg,, +m = +m (5.9)

zf)>

K

Where mgsrq = TTAL

.The proof mass added at the midpoint is m,.. = 0.26g. Therefore,

the first natural frequency of the system is
0= LS =354.43Hz (5.10)
2\ M

Similarly, the second and third natural frequency of the system are
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i ot K 391.90H2 (5.11)

272. meff 2 + macc

f =1 K _a9688H: (5.12)

27[ meff 3 + macc

Since the theoretical first natural frequency occurs at 354.43 Hz, we can increase the
frequency of driving voltage by 5 Hz at a time starting from 10 Hz to 450 Hz. The amplitude of
the base vibration is controlled as a constant by adjusting the gain knob of the power amplifier.
Then the amplitude of the output of the charge amplifier is recorded for the calculation of the

output voltage of the accelerometer.

5.2 EXPERIMENTAL RESULTS AND COMPARISON WITH THEORETICAL
SIMULATION
The relationship of the output voltage of the PZT-polymer composite and the frequencies of the
driving voltage is firstly investigated to calculate the damping ratio of the SDOF system by using
the half-power method mentioned previously in Section 3.4. The plot of the output voltage data

versus frequency is shown in Figure 5-3.
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Output Voltage vs. Frequency Plot
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Figure 5-3 Plot of sensor output voltage vs. frequency

It can be found that the first natural frequency occurs at 345 Hz which matches the
theoretical value (354.43 Hz) well. The damping ratio can be determined by half power method as
follows:

f,—f, 450-315

=0.196 (5.13)
2f,  2x345

&=

Then substituting the damping ratio &€ = 0.196, the first natural frequency f,,; = 345Hz
into equation (3.22), the relationship between amplitude of the output voltage of sensor and input
amplitude of base movement can be obtained. We can compare the experimental result with the
theoretical model in the same plot as shown in Figure 5-4. From the plot we can see that there is a
second smaller peak occurs around 385Hz which is close to the second theoretical natural

frequency. Figure 5-5 shows the comparison of the theoretical and experimental sensitivity curve
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versus frequencies. The sensitivity obtained from experimental data matches theoretical model

quite well. The relatively flat sensitivity area occurs at low frequency range from 5-200 Hz which

can be used to design accelerometer.
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Figure 5-4 Comparison of theoretical model and experimental result
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Figure 5-5 Comparison of theoretical and experimental sensitivity curve
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6.0 CONCLUSION AND DISCUSSION FOR FUTURE WORK

6.1 CONCLUSION FOR PREVIOUS WORK

In this thesis, two major parts of work have been done: the first part of the work is the theoretical
analysis part for establishing constitutive equations for cantilever beam and doubly clamped beam
which are composed of PZT-polymer 5-layer composite; the second part of the work is
experimental design and test for verifying the theoretical model and using the constitutive
equations to do some accelerometer design works.

In Chapter 2, the static and dynamic analysis are introduced for PZT-polymer composite
based cantilever beam. The matrix form constitutive equations are established to relate the
responses of the cantilever to the different external excitations. Two experiments are conducted in
Chapter 3 to verify the theoretical analysis. The first experiment tests the actuating mode at
different frequency. The tip deflections are recorded under different frequencies. The experiment
results show a good agreement with our dynamic constitutive equation when driving frequency is
not too close to the natural frequency. The second experiment tests the sensor mode of the
cantilever beam by adding a proof mass at the tip of the cantilever to construct an accelerometer.
The static constitutive equations are introduced to establish the theoretical model of the
accelerometer. During the experiment, the vibration movement of the base of the cantilever beam

is transferred to voltage output of the sensor. The amplitude of the voltage and the displacement
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of the base are recorded. The experimental data agrees with the theoretical model for the
accelerometer test.

In Chapter 4, the static constitutive equations are established for the doubly clamped beam
which is composed of PZT-polyimide composite. The two layers of PZT element in the composite
is partially polarized in doubly clamped beam for effectively generating charge when bending. The
optimal length of the polarization area is investigated in theoretical analysis. A sensor experiment
similar with the cantilever beam accelerometer is conducted using the composite with optimal
length of the polarized PZT area in Chapter 5. The theoretical model of the response of the
accelerometer is analyzed by using the static constitutive equations derived in Chapter 4. The
experiment results are compared to the theoretical analysis. The trend of the distribution of the
measured data is close to the analytical model. The theoretical sensitivity matches the experimental

data well.

6.2 DISCUSSION FOR FUTURE WORK

The main objective of this thesis is to establish the theoretical constitutive equations for cantilever
beam and doubly clamped beam which are composed of PZT-polymer laminated composite. Since
the theoretical analysis is based on the Euler-Bernoulli beam theories, which is restricted by the
small transverse deflection, the theoretical model works inaccurately when the vibration frequency
is close to the natural frequency of the beam. In the future work, new models such as large strain
theory and Timoshenko beam theory can be introduced into the establishment of theoretical model,

especially when the vibration frequency is close to natural frequency. Due to the nonlinear terms
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of these models, some numerical methods such as finite element method can be used to do the
theoretical analysis in the future work.

Second, the tape-casting process of fabrication of PZT thick film can provide different PZT
film with thickness from tens to hundreds micrometers. These films can be used to make different
types of PZT-polymer laminated composite with high flexibility without losing piezoelectricity.
In this research, the main limitation is the number and types of PZT thick film are restricted. The
only one type of rectangular PZT film with thickness of 80um is available for the experiments.
More samples of PZT film should be produced and provided to do more test such as the effects of
different thickness ratio of PZT and polyimide to the sensitivity of the device.

Third, some new experiment designs can be considered in the future research. The partially
electrode covered and fully polarized PZT element can be used in doubly clamped beam and can
be compared to the partially polarized PZT film we used in the accelerometer experiment. The
larger proof mass can be used to make the first three natural frequencies closer to eliminate the
second peak appeared in Figure 3-11 and Figure 5-4. The different value of damping ratio can be

studied to explore different effects to the sensitivity curve of the accelerometer.
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APPENDIX A

MATHEMATICA CODE FOR THEORETICAL MODELING

1. Cantilever

Solve[c7*L"2 + ¢8*L + c9 == 0 && 2*c7*L + c8 == 0 &&
c1*L1"2 == c4*L1"2 + c5*L1 + c6 && 2*c1*L1 == 2*c4*L1 + c5 &&
2*C1*R == 2*Cc4*R - w*hc"2*d31*YCc*E3 - w*hc*hp*d31*YCc*E3 &&
c4*(L - L1)"2 + ¢5*(L - L1) + c6 ==
c7*(L - L1)"2 + ¢c8*(L - L1) + 9 &&
2%c4*(L - L1) + ¢5 == 2*c7*(L - L1) + c8 &&
2*C4*R - w*hc"2*d31*YCc*E3 - w*hc*hp*d31*Yc*E3 == 2*c7*R, {c1, c4,
c5, ¢6, ¢7, c8, c9}]

{{cl->-1/(
2LR)(d31E3hc™2LwYc+d31E3hchpLwYc-
2d31E3hc"2L1wYc-2d31E3hchpLlwYc),
c4 -> -((-d31 E3 he™2 L1 w Yc - d31 E3 he hp L1 w Yc)/(L R)),
c5 -> -((d31 E3 hce™2 L1 w Yc +d31 E3 he hp L1 w YC)/R),
c6 -> (L12 (d31 E3 hc™2 w Yc + d31 E3 he hp w Y¢))/(2 R),
c7 ->-1/(
2LR)(d31E3hc™2LwYc+d31E3hchpLwYc-
2d31E3hc2 L1wYc-2d31E3hchpLlwYc),
c8->-1/R (-d31E3hc™2Lw Yc-d31E3hchpLwYc+
2d31E3hc"2L1wYc+2d31E3hchpLlwYc),
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c9 ->-1/(

2R) (d31E3hc"2 L"2w Yc +d31E3hchp L"2w Yc -

2d31E3hc*2 L L1w Yc-2d31 E3he hp L L1 w Yc)}}

Simplify[-((-d31 E3 h¢"2 L1 w Yc-d31 E3 hchp L1 w Yc)/(

L R))*(L/2)"2 + (-((d31 E3 hc™2 L1w Yc + d31 E3 hc hp L1 w Yc)/

R))*L/2 + (L172 (d31 E3 hc™2 w Y + d31 E3 he hp w Y©))/(2 R)]

~((d31 E3 he (he + hp) (L - 2 L1) L1 w Yc)/(4 R))

Integrate[c1*x"2, {Xx, 0, L1}]

(c1 L173)/3

Integrate[c4*x"2 + ¢5*Xx + ¢6, {X, L1, L - L1}]

C6L+(c5L"2)/2+ (c4L3)/3-2¢6L1-c5LLL-cd4L 2Ll +
c4 L L172 - (2 ¢4 L173)/3

Integrate[c7*x"2 + ¢8*Xx + ¢9, {X, L - L1, L}]

cOL1+c8LL1+c7L"2L1-(c8L1"2)/2-c7 L L1"2+ (c7L1"3)/3

In[67]

-1/(6 R) d31 E3 hc (hc + hp) L1 (L"2-3 L L1+2 L1 (-3+4L1)) w Yc

Simplify[-(1/(
2LR))(d31E3hc™2LwYc+d31E3hchpLwYc-
2d31E3hc™2L1lwYc-2d31E3hchpLlwYc)*L1"3/3 + (
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L172 (d31 E3 he™2 w Yc + d31 E3 he hp w Y¢))/(2 R)*
L + (-((d31 E3 hc"2 L1 w Yc + d31 E3 hc hp L1 w Yc)/R))/2*
L2 + (((-d31 E3 heA2 L1 w Yc - d31 E3 he hp L1 w Yc)/(L R)))*
L"3/3 - 2*(L1"2 (d31 E3 he"2 w Yc + d31 E3 hc hp w Y¢))/(2 R)*
L1-(-((d31 E3 hc™2 L1w Yc +d31 E3 hc hp L1 w Yc)/R))*L*
L1 - (-((-d31 E3 hc"2 L1 w Yc - d31 E3 he hp L1 w Yc)/(L R)))*L 2%
L1 + (-((-d31 E3 he”2 L1 w Yc - d31 E3 he hp L1 w Yc)/(L R)))*L*
L1722 - 2*(-((-d31 E3 he™2 L1 w Yc - d31 E3 he hp L1 w Yc)/(L R)))*
L173/3 + (-(2/(
2 R)) (d31 E3 hc"2 L"2w Yc +d31 E3 hc hp L"2w Yc -
2d31E3hc™M2LL1wYc-2d31E3hchpL L1wYc))*
L1+ (-(1/
R) (-d31 E3hc™2 L w Yc-d31 E3hchp L w Yc +
2d31E3hc™2L1wYc+2d31E3hchpLlwYc))*L*
L1+ (-(2/(
2LR))(d31E3hc™2LwYc+d31E3hchpLwYec-
2d31E3hc™2L1wYc-2d31E3hchpLlwYc))*L 2*
L1 - (-(1/
R) (-d31E3hc*2LwYc-d31E3hchpLwYc+
2d31E3hc™2L1lwYc+2d31E3hchpLlwYc))*
L172/2 - (-(1/(
2LR)) (d31 E3hc*2 Lw Yc+d31E3hchp Lw Yc -
2d31E3hc™2L1wYc-2d31E3hchpLlwYc))*L*
L172 + (-(1/(
2LR))(d31E3hc™2LwYc+d31E3hchpLwYec-
2d31E3hc™2L1w Yc-2d31E3hchpLlwYc))*L173/3]

-((d31 E3 he (he + hp) L1 (LA2 -3 L L1 + 2 L172) w Yc)/(6 R))

Out[60]
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{{c1->-1/(
2LR)(d31E3hc*2Lw Yc+d31E3hchpLw Yc-
2d31E3hc2 L1wYc-2d31E3hchpLlwYc),
c4 ->-((-d31 E3 hc™"2 L1w Yc-d31 E3 hchp L1 w Yc)/(L R)),
c5->-((d31 E3 hc™2 L1w Yc +d31 E3 hc hp L1 w Yc)/R),
c6 -> (L172 (d31 E3 hc™2 w Yc + d31 E3 he hp w Y¢))/(2 R),
c7 ->-1/(
2LR)(d31E3hc"2LwYc+d31E3hchpLwYec-
2d31E3hc™2L1wYc-2d31E3hchpLlwYc),
c8->-1/R(-d31E3hc™2LwYc-d31E3hchpLwYc+
2d31E3hc™2L1wYc+2d31E3hchpLlwYc),
c9 ->-1/(
2R) (d31E3hc™2 L"2w Yc+d31E3 hchp L"2w Yc -
2d31E3hc™M2LL1lwYc-2d31E3hchpLL1wYc)}}

Simplify[-1/(
2LR)(d31E3hc™2LwYc+d31E3hchpLwYec-
2d31E3hc™2L1lwYc-2d31E3hchpLlwYc)*L1"3/3 + (
L172 (d31 E3 he™2 w Yc + d31 E3 he hp w Y¢))/(2 R)*
L + (-((d31 E3 hc"2 L1 w Yc + d31 E3 hc hp L1 w Yc)/R))/2*
LA2 + (-((-d31 E3 he™2 L1 w Yc - d31 E3 he hp L1 w Yc)/(L R)))/3*
L3 - 2%(L172 (d31 E3 he*2 w Yc + d31 E3 he hp w Y¢))/(2 R)*
L1-(-((d31 E3 hc™2 L1w Yc +d31 E3 hc hp L1 w Yc)/R))*L*
L1 - (-((-d31 E3 hc"2 L1 w Yc - d31 E3 he hp L1 w Yc)/(L R)))*L 2%
L1+ (-((-d31 E3 hc"2 L1w Yc -d31 E3 hc hp L1 w Yc)/(L R)))*L1~2*
L - 2/3*(-((-d31 E3 hc™2 L1 w Yc - d31 E3 he hp L1 w Yc)/(L R)))*
L173 + (-1/(
2R) (d31 E3hc™2 L"2w Yc +d31 E3 hc hp L"2w Yc -
2d31E3hc™2LL1wYc-2d31E3hchpLL1wYc))*
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L1+ (-1/
R (-d31 E3 hc"2 Lw Yc-d31E3hchpLwYc+
2d31E3hc™2L1wYc+2d31E3hchpLlwYc))*L*
L1+ (-1/(
2LR)(d31E3hc"2LwYc+d31E3hchpLwYc-
2d31E3hc™2 L1wYc-2d31E3hchpLlwYc)*L"2*L1 -
1/2*(-1/
R (-d31E3hc"2 Lw Yc-d31E3hchpLwYc+
2 d31 E3hc™2 L1 w Yc + 2 d31 E3 he hp L1 w Yc))*
L2172 - (-1/(
2LR)(d31E3hc"2LwYc+d31E3hchpLwYc-
2d31E3hc™2 L1wYc-2d31E3hchpLlwYc)*L*L1M2 +
1/3*(-1/(2 L R) (d31 E3 hc™2 L w Yc +d31 E3 hchp L w Yc -
2d31E3hc™2 L1wYc-2d31E3hchpLlwYc))*L173]

~((d31 E3 he (he + hp) L1 (L2 -3 L L1 + 2 L1°2) w YC)/(6 R))

Integrate[Yp/2*(2*c1)"2*z"2, {z, hp/2 + hc, 3*hp/2 + hc}]

2c1™2he™2 hp Yp +4 c1”2 hc hp™2 Yp + 13/6 c172 hp"3 Yp

Integrate[Yc/2*(2*c1)"2*z"2, {z, hp/2, hp/2 + hc}]

2/3 ¢1”2 he™3 Yc + ¢1”2 he™2 hp Yc + 1/2 ¢172 he hp2 Yc

Integrate[Yp/2*(2*c1)"2*2"2, {z, -hp/2, hp/2}]

1/6 ¢1°2 hp”3 Yp

Integrate[Yc/2*(2*c1)"2*z"2, {z, -hp/2 - hc, -hp/2}]
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2/3 ¢1”2 he™3 Yc + ¢1”2 he™2 hp Yc + 1/2 ¢172 he hp2 Yc

Integrate[Yp/2*(2*c1)"2*z"2, {z, -3 hp/2 - hc, -hp/2 - hc}]

2c1™2he™2 hp Yp +4 ¢c1”2 hc hp™2 Yp + 13/6 c172 hp"3 Yp

Simplify[Out[72] + Out[73] + Out[74] + Out[75] + Out[76]]

1/6 c1"2 (8 hc"3 Yc + 27 hp3 Yp + 12 he™2 hp (Yc+2 Yp) +
6 hc hp”2 (Yc + 8 Yp))

Integrate[
1/6 c1”2 (8 hc™3 Yc + 27 hp"3 Yp + 12 hc"2 hp (Yc +2 Yp) +

6 hc hp”2 (Yc +8 YD), {Xx, 0, L1}, {y, -w/2, w/2}]

1/6 c1”2 L1w (8 hc™3 Yc + 27 hp”3 Yp+ 12 hc*2 hp (Yc +2 Yp) +
6 hc hp”2 (Yc + 8 Yp))

Simplify[(-(L/(

2LR))(d31E3hc™2LwYc+d31E3hchpLwYec-

2 d31 E3 he*2 L1 w Yc - 2 d31 E3 he hp L1 w Yc))*2]

(d3172 E372 heh2 (he + hp)2 (L - 2 L1)"2 wh2 Ycr2)/(4 LA2 RA2)

Integrate[2*Yp*c7/2*2"2, {z, hp/2 + hc, 3*hp/2 + hc}]

2C¢7"2 hc"2 hp Yp + 4 ¢c772 hc hp™2 Yp + 13/6 c7°2 hp”3 Yp

Integrate[2*Yc*c772*2/2, {z, hp/2, hp/2 + hc}]
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2/3 ¢7"2 he™3 Yec + ¢7°2 he™2 hp Yc + 1/2 ¢772 hc hp2 Yc

Integrate[2*Yp*c772*z"2, {z, -hp/2, hp/2}]

1/6 c7"2 hp"3 Yp

Integrate[2*Yc*c7/2*2"2, {z, -hp/2 - hc, -hp/2}]

2/3 ¢7"2 he™3 Yec + ¢7°2 he™2 hp Yc + 1/2 ¢772 hc hp™2 Yc

Integrate[2*Yp*c772*z"2, {z, -3*hp/2 - hc, -hp/2 - hc}]

2C¢7"2 hc"2 hp Yp + 4 ¢c772 hc hp™2 Yp + 13/6 c7°2 hp”3 Yp

Simplify[Out[80] + Out[81] + Out[82] + Out[83] + Out[84]]

1/6 c772 (8 hc™3 Yc + 27 hp"3 Yp + 12 he”2 hp (Yc +2 Yp) +
6 hc hp”2 (Yc + 8 Yp))

Simplify[2*R*

L1*(-(1/(2 L R)) (d31 E3 hc*2 L w Yc + d31 E3 hc hp L w Y -

2 d31 E3 he*2 L1 w Yc - 2 d31 E3 he hp L1 w Yc))~2]

(d3172 E372 heA2 (he + hp)2 (L - 2 L1)"2 L1 w2 Ycr2)/(2 L2 R)

Integrate[2*Yp*c4”2*z"2, {z, hp/2 + hc, 3*hp/2 + hc}]

2 c4"2 he™2 hp Yp + 4 c4”2 hc hp™2 Yp + 13/6 c4”2 hp3 Yp
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Integrate[
1/2*(4*Yc*c4N2*z2"2 + epson*E312 - d3172*YCc*E3M2), {z, hp/2,
hp/2 + hc}]

1/2 E3"2 epson hc - 1/2 d3172 E3”2 hc Yc + 2/3 c4”2 he"3 Ye +
c4"2 he™2 hp Yc + 1/2 4”2 hc hp”2 Yc¢

Integrate[2*Yp*c4"2*z"2, {z, -hp/2, hp/2}]

1/6 c4"2 hp"3 Yp

Integrate[

1/2%(4*%Y C*caN2%212 + epson*E312 - Yc*d31°2*E312), {z, -hp/2 -

hc, -hp/2}]

1/2 E3"2 epson hc - 1/2 d3172 E3”2 hc Yc + 2/3 c4”2 he"3 Ye +
c4”2 hc"2 hp Yc + 1/2 c4”2 hc hp"2 Yc

Integrate[2*Yp*c4~2*2"2, {z, -3*hp/2 - hc, -hp/2 - hc}]

2c4"2he™2 hp Yp + 4 c4”2 hc hp™2 Yp + 13/6 c4”2 hp3 Yp

Simplify[Out[87] + Out[88] + Out[89] + Out[90] + Out[91]]

E3”2 hc (epson - d3172 Y¢) +

1/6 c4"2 (8 hc"3 Yc + 27 hp3 Yp+ 12hc™"2 hp (Yc+2 Yp) +

6 hc hp™2 (Yc + 8 Yp))

Integrate[(epson - d3172*Y¢)*hc*E3/2 + 2*R/w*c4"2, {x, L1,
L- L1}, {y, -w/2, w/2}]
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(L-2L1)w((2 c4"2 R)/w + E3"2 hc (epson - d3172 Y¢))
Simplify[(L - 2 L1) w ((
2 (-((-d31E3 hc™"2 L1w Yc - d31 E3 hec hp L1 w Yc)/(L R)))"2 R)/
w + E3”2 hc (epson - d312 Y¢))]
1/(L"2 R) E3"2 hc (L -2 L1) w (epson L"2 R +

d3172 Yc (-LA2 R + 2 he (he + hp)*2 L172 w Yc))

2. Fixed-Fixed Beam

Wa[x_] = W*P/(24*R)*x"4 + c1*x"3

c1 x"3 + (P w x"4)/(24 R)

Whb[X_] = W*P/(24*R)*X"4 + c5*X"3 + C6*X2 + C7*X + 8

C8 + C7 X + CB X2 + C5 X3 + (P w x"4)/(24 R)

Wec[x_] = W*P/(24*R)*x" + c9*x"3 + c10*x"2 + c11*X + ¢12

c12 + c11 X + ¢10 X2 + 9 x"3 + (P w x"4)/(24 R)

ual[x_, z_] = 1/2*Yp*(D[Wa[x], {x, 2}])"2*z"2

1/2 (6 clx+ (Pwx™2)/(2R)2Ypz"2
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ua2[x_, z_]=12*Yc*(D[Wa[Xx], {X, 2}])"2*2"2

1/2 (6 c1 x + (P w x"2)/(2 R))*2 Yc 22

ua3[x_, z_] = 1/2*Yp*(D[Wa[X], {x, 2}])"2*z"2

1/2 (6 c1 x + (P w x"2)/(2 R))"2 Yp z°2

uad[x_, z_] = 1/2*Yc*(D[Wa[x], {x, 2}])"2*2"2

1/2 (6clx+ (Pwx*2)/(2R)"2 Yc z"2

uasS[x_, z_] = 1/2*Yp*(D[Wa[x], {x, 2}])"2*z"2

1/2 (6 clx+ (Pwx™2)/(2R)2Ypz"2

Integrate[

ual[x, z], {x, O, L1}, {y, -w/2, w/2}, {z, hp/2 + hc, 3*hp/2 + hc}]

(hp (12 he™2 + 24 he hp + 13 hp”2) L1"3 w (240 ¢172 R™2 +
30cl L1 PRw+L1"2 P2 w™2) Yp)/(480 R"2)

Integrate[ua2[x, z], {x, 0, L1}, {y, -w/2, w/2}, {z, hp/2, hp/2 + hc}]

(hc (4 he™2 + 6 he hp + 3 hp™2) L173 w (240 c17"2 RM2 +
30clL1PRw+L1"2 PA2 w™2) Y¢)/(480 R™2)

Integrate[ua3[x, z], {x, 0, L1}, {y, -w/2, w/2}, {z, -hp/2, hp/2}]

(hp"3 L1"3 w (240 c1"2 R"2 +30c1 LLPRw +
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L172 PA2 w2) Yp)/(480 R"2)

Integrate[

uad[x, z], {x, 0, L1}, {y, -w/2, w/2}, {z, -hp/2 - hc, -hp/2}]

(hc (4 he™2 + 6 he hp + 3 hp™2) L173 w (240 c1"2 RM2 +
30clL1PRw+ L1"2 PA2 w™2) Y¢)/(480 R2)

Integrate[

uas[x, z], {x, 0, L1}, {y, -w/2, w/2}, {z, -3*hp/2 - hc, -hp/2 - hc}]

(hp (12 he™2 + 24 he hp + 13 hp2) L1723 w (240 c172 RA2 +
30 c1 L1 P Rw + L1°2 PA2 wA2) Yp)/(480 R"2)

Simplify[Out[21] + Out[23] + Out[24] + Out[25] + Out[26]]

(L1"3w (240 c1"2RM2+30cl1 L1 P Rw + L1722 PA2 w"2) (8 he"3 Yc +
27 hp"3Yp+12hc™2hp (Yc+2 Yp) +
6 hc hp”2 (Yc + 8 Y)))/(480 R"2)

Simplify[1/(480 R2)

L173 w (240 (-(1/(
72(L-L1)L1R)) (-L"3PW+6L"2L1PW-6LLIN2Pw +
12d31E3hc™2LwYc+12d31E3hchpLwYec-
24 d31 E3hc™2L1w Yc-24d31 E3hchpLlw YC))"2 RM2 +

30 (-(1/(
72(L-L1)L1R)) (-L"3PW+6L"2L1PW-6LLIN2Pw+
12d31E3hc™2LwYc+12d31E3hchpLwYec-
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24 d31E3hc™2L1wYc-24d31E3hchpLlwYc) LIPRwW+
L172 PA2 wh2) (B he™3 Y + 27 hp3 Yp + 12 he™2 hp (Yec +2 Yp) +
6 hc hp2 (Yc + 8 Yp))]

1/(51840 R"2)
L173 w3 (108 L172 P2 + (

45P (L"3P-6 L2 L1P + 24 d31 E3 he (hc + hp) L1 Yc +
6 L (L172 P - 2 d31 E3 hc (hc + hp) YC))/(L - L1) + (

5(LA3P -6 L 2 L1P+24d31E3hc (hc+hp) L1Yc+
6 L (L1"2 P-2d31 E3 hc (hc + hp) Yc))*2)/((L -
L1)A2 L172)) (8 hc"3 Yc + 27 hp™3 Yp +

12 he™2 hp (Yc+ 2 Yp) + 6 hc hp2 (Yc + 8 Yp))

Collect[Out[28], P]

(L173 ((240 LM)/(L - L1)A2 + (45 LA3)/(L - L1) + (
5 LA6)/((L - L1)"2 L172) - (60 LA5)/((L - L1)~2 L1) - (
360 L3 L1)/(L - L1)"2 - (270 L2 L1)/(L - L1) + 108 L172 + (
180 L2 L1M2)/(L - L1)A2 + (270 L L172)/(
L-L1))P*2w"3 (8hc"3Yc+27hp3Yp+
12 he™"2hp (Yc+2Yp) + 6 hc hp”2 (Yc + 8 Yp)))/(51840 R™2) +
1/(51840 R72)
L173 P w”3 (-((2160 d31 E3 hc (he + hp) L2 Yc)/(L - L1)M2) - (
540 d31 E3 hc (hc + hp) L Ye)/(L - L1) - (
120 d31 E3 hc (hc + hp) L™ Ye)/((L - L1)A2 L172) + (
960 d31 E3 hc (hc + hp) L3 Ye)/((L - L1)~2 L1) + (
1440 d31 E3 he (hc + hp) L L1 Yc)/(L - L1)~2 + (
1080 d31 E3 hc (hc + hp) L1 Yc)/(L - L1)) (8 hc"3 Yc +
27 hp"3Yp +12he™2 hp (Yc +2Yp) + 6 hc hp™2 (Yc +8 Yp)) + (
L1173 wn3 ((2880 d3172 E3”2 he”2 (he + hp)*2 Y 2)/(L - L1)M2 + (
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720 d3172 E372 he2 (he + hp)"2 L2 Yer2)/((L - L1)M2 L172) - (
2880 d3172 E372 hc”2 (he + hp)"2 L Ycr2)/((L -

L1)A2 L1)) (8 hc™3 Ye + 27 hp™3 Yp + 12 he™2 hp (Yc + 2 Yp) +
6 hc hp™2 (Yc + 8 Yp)))/(51840 R™2)

FullSimplify[%29]
1/(51840 (L - L1)"2 R"2)
L1w"3 ((5L"6-60L"5L1+285L"ML1M2-675L"3 L1N3 +
828 L"2 L1 - 486 L L1"5 + 108 L1"6) P2 -
60d31E3hc(hc+hp) (L-3L1)(L-2L1)(2L"2-6L L1+
3LIM2)P Yc +
720 d3172 E3*2 he2 (he + hp)*2 (L - 2 L1)*2 Yc2) (B he"3 Yc +
27 hp"3Yp+ 12 hc2 hp (Yc+2Yp) +6 hchp”2 (Yc+8Yp))
ubl[x_, z_]=1/2*Yp*(D[Wb[X], {X, 2}])"2*2"2

1/2 (2.6 + 6 5 x + (P w X*2)/(2 R))"2 Yp 22

ub2[x_,z ]=
1/2*(Yc*(D[Wb[X], {Xx, 2}])"2*z"2 + epson*E3"2 - d31"2*Yc*E3"2)

1/2 (E3"2 epson -
d31"2 E3"2 Yc + (2¢6 + 6 c5 x + (P w x*2)/(2 R))*2 Yc z72)

ub3[x_, z_] = 1/2*Yp*(D[Wb[X], {X, 2}])"2*2"2

1/2 (2.6 + 6 ¢5 x + (P w X*2)/(2 R))"2 Yp 22

ubd[x ,z ]=
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1/2*(Yc*(D[Wb[X], {Xx, 2}])"2*z"2 + epson*E3"2 - Yc*d31"2*E3"2)

1/2 (E3"2 epson -
d31"2 E3"2 Yc+ (2¢c6 +6 c5 x + (P w x*2)/(2 R))*2 Yc z°2)

ub5[x_, z_] = 1/2*Yp*(D[Wb[X], {X, 2}])"2*2"2

1/2 (2¢6 + 6 ¢5 x + (P w x*2)/(2 R))*2 Yp z°2

Integrate[
ubl[x, z], {x, L1, L - L1}, {y, -w/2, w/2}, {z, hp/2 + hc,
3*hp/2 + hc}]

1/(1440 R"2)
hp (12 hc"2 + 24 hc hp + 13 hp”2) (L -
2L1)w (240 (c6”2+3c5c6 L +
3¢5M2 (L"2 - L L1+ L172)) RA2 +
10 (4¢6 (LA2 - L L1+ L172) +
9¢5L(L"2-2LL1+2L1"2)PRwW+
3(LM -3 L3 L1 +4 L2 L1722 -2 L L173 + L174) PA2 wh2) Yp

Integrate[

ub2[x, z], {x, L1, L - L1}, {y, -w/2, w/2}, {z, hp/2, hp/2 + hc}]

1/1440 hc w (720 E3"2 epson L - 1440 E3~2 epson L1 -
720 d31"2 E3*2 L Yc + 720 ¢6”2 hp"2 L Yc +
2160 ¢5 ¢6 hp™2 L"2 Yc¢ + 960 c6”2 he™2 (L -2 L1) Yc +
1440 c6™2hchp (L-2L1) Yc+2880c5c6hc2L (L-2L1) Yc+
4320 c5¢c6hchp L (L -2 L1) Yc + 1440 d317°2 E3~2 L1 Yc -
1440 c6”2 hp™2 L1 Yc-4320c5¢c6 hp™2 L L1 Yc +
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2880 ¢5"2 he™2 ((L - L1)"3 - L173) Yc +

4320 ¢5"2 he hp ((L - L1)"3 - L173) Yc +

2160 ¢5°2 hp”2 ((L - L1)"3 - L173) Yc + (

160 c6 hc™2 ((L - L1)"3 - L173) P w YC)/R + (
240 c6 hc hp (L - LD)M3-L1I"3) Pw YC)/R + (
120 ¢6 hp~2 ((L - L1)*3 - L1"3) P w YC)/R + (
360 c5 he2 ((L - L1)™M - L174) P w YC)/R + (
540 c5 he hp ((L - L1)M - L17) P w YC)/R + (
270 ¢5 hp~2 ((L - L1)M - L17) P w YC)/R + (
12 he?2 ((L - L1)75 - L175) PA2 w2 YC)/RA2 + (
18 he hp ((L - L1)"5 - L175) PA2 wA2 YC)/RA2 + (
9 hp”2 ((L - L1)A5 - L175) PA2 w2 YC)/RM2)

Integrate[ub3[X, z], {x, L1, L - L1}, {y, -w/2, w/2}, {z, -hp/2, hp/2}]

1/(1440 R"2)
hp"3 (L -
2 L1) w (240 (c6™2 +3c5¢c6 L +
3¢5°2 (LA2-L L1+ L1M2)RA2 +
10 (4¢6 (L"2 - L L1 + L172) +
9c5L(LA2-2LL1+2L1M2)PRwW+
3(LM-3 L3 LL+4LM2 L1172 -2 L L173 + L17) PR2 wh2) Yp

Integrate[

ubd[x, z], {x, L1, L - L1}, {y, -w/2, w/2}, {z, -hp/2 - hc, -hp/2}]

1/1440 hc w (720 E3"2 epson L - 1440 E3"2 epson L1 -
720 d3172 E3”"2 L Yc + 720 c6”2 hp"2 L Yc +
2160 ¢5 ¢6 hp™2 L"2 Yc¢ + 960 ¢6”2 he™2 (L -2 L1) Yc +
1440 c6™2hchp (L-2L1) Yc+2880c5c6hc™2L (L-2L1) Yc+
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4320 c5¢c6hchp L (L -2 L1) Yc + 1440 d31°2 E3~2 L1 Yc -
1440 c6”"2 hp™2 L1 Yc-4320c5¢c6 hp™2 L L1 Yc +
2880 ¢5°2 he™2 (L - L1)A3 - L173) Yc +

4320 c5"2 he hp ((L - L1)*3 - L173) Yc +

2160 ¢5"2 hp2 ((L - L1)"3 - L1"3) Yc + (

160 ¢6 he 2 ((L - L1)"3 - L173) P w YC)/R + (

240 ¢6 he hp ((L - L1)*3 - L13) P w YC)/R + (

120 ¢6 hp”2 ((L - L1)A3 - L173) P w YC)/R + (

360 c5 he 2 ((L - L1)™M - L17) P w YC)/R + (

540 ¢5 he hp ((L - L1)M - L1°4) P w Yc)/R + (

270 ¢5 hp~2 ((L - L1)M - L1°) P w YC)/R + (

12 he™2 (L - L1)5 - L175) PA2 wA2 YC)/RA2 + (
18 he hp ((L - L1)A5 - L175) PA2 wA2 YC)/RA2 + (

9 hp”2 ((L - L1)75 - L175) PA2 w2 YC)/RM2)

Integrate[
ub5[x, z], {x, L1, L - L1}, {y, -w/2,
w/2}, {z, -3*hp/2 - hc, -hp/2 - hc}]

1/(1440 RM2)
hp (12 hc"2 + 24 hc hp + 13 hp”2) (L -
2L1)w (240 (c6M2+3c5c6L +
3¢5M2 (LA2 - L L1+ L172)) RA2 +
10 (46 (L"2 - L L1 +L172) +
9¢5L(L"2-2LL1+2L1"2)PRw+
3(LM -3 LA3 L1 +4 L2 L1722 -2 L L173 + L174) PA2 wh2) Yp

Simplify[Out[36] + Out[37] + Out[38] + Out[40] + Out[45]]

1/1440 w (2 hc (720 E3~2 epson L - 1440 E3”*2 epson L1 -
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720 d3172 E3*2 L Yc + 720 6”2 hp"2 L Yc +
2160 ¢5 ¢6 hp”2 L"2 Yc + 960 ¢6”2 he2 (L -2 L1) Yc +
1440 ¢6”2 hc hp (L - 2 L1) Yc +
2880c5¢c6 heM2 L (L-2L1) Yc+
4320c5c6hchp L (L -2 L1) Yc+ 1440 d31°2 E3~2 L1 Yc -
1440 c6”2 hp”2 L1 Yc-4320c5¢c6 hp™2 L L1 Yc +
2880 ¢5”2 he2 ((L - L1)*3 - L173) Yc +
4320 c5”2 he hp ((L - L1)*3 - L173) Yc +
2160 c5°2 hp”2 ((L - L1)A3 - L173) Yc + (
160 c6 he”2 ((L - L1)"3 - L173) P w YC)/R + (
240 c6 hc hp ((L - L1)M3 - L1I"3) Pw YC)/R + (
120 ¢6 hp”2 ((L - L1)3 - L173) P w YC)/R + (
360 c5 he 2 ((L - L1)™M - L174) P w YC)/R + (
540 c5 he hp ((L - L1)M - L174) P w YC)/R + (
270 ¢5 hp”2 ((L - L1)™M - L1°4) P w YC)/R + (
12 he?2 ((L - L1)75 - L175) PA2 w2 YC)/RA2 + (
18 he hp ((L - L1)A5 - L175) PA2 wA2 YC)/RA2 + (
9 hp”2 (L - L1)"5 - L175) PA2 wA2 YC)/RM2) +
1/R"2 hp"3 (L -
2L1) (240 (c6”2+3c5c6L +
3¢5M2 (LA2- L L1+ L172)) RA2 +
10 (4¢6 (L2 - L L1+ L172) +
9¢5L (L"2-2LL1+2L1"2)PRwW+
3(LM-3LM3L1+41LM21L1M2-2L LIN3 +
L174) PA2 wA2) Yp +
1/R"2 2 hp (12 he™2 + 24 he hp + 13 hp2) (L -
2 L1) (240 (c6"2+3c5c6L +
3¢5M2 (LA2 - L L1+ L172)) RA2 +
10 (4 ¢6 (L"2 - L L1 +L172) +
9¢5L (LA2-2LL1+2L1"2)PRw+
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3(LM -3 L3 L1+ 412 L1702 -2 L L173 + L1M) PA2 wh2) Yp)

Ub[c5_, ¢6_] = Out[48]

1/1440 w (2 hc (720 E3~2 epson L - 1440 E3~2 epson L1 -
720 d317"2 E3*2 L Yc + 720 6”2 hp"2 L Yc +
2160 ¢5 ¢6 hp™2 L"2 Yc¢ + 960 c672 hc™2 (L - 2 L1) Yc +
1440 ¢6™2 hc hp (L - 2 L1) Yc +
2880c5¢c6hc™2 L (L-2L1) Yc+
4320c5¢c6hchp L (L -2L1) Yc+ 1440 d31°2 E3~2 L1 Yc -
1440 c6”2 hp"2 L1 Yc-4320c¢5¢c6 hp™2 L L1 Yc +
2880 ¢5"2 he2 (L - L1)"3 - L1"3) Yc +
4320 ¢5”2 he hp ((L - L1)"3 - L173) Yc +
2160 c5°2 hp”2 ((L - L1)A3 - L173) Yc + (
160 ¢6 he 2 ((L - L1)"3 - L173) P w YC)/R + (
240 c6 hc hp (L - L1)M3-L1"3) Pw YC)/R +(
120 ¢6 hp”2 ((L - L1)A3 - L173) P w YC)/R + (
360 c5 he2 ((L - L1)™M - L174) Pw YC)/R + (
540 ¢5 he hp ((L - L1)™M - L1°4) P w YC)/R + (
270 ¢5 hp~2 ((L - L1)™M - L1°4) P w YC)/R + (
12 he2 ((L - L1)75 - L175) PA2 w2 YC)/RA2 + (
18 he hp ((L - L1)?5 - L175) PA2 wA2 YC)/RA2 + (
9 hp~2 (L - L1)"5 - L175) PA2 wA2 YC)/RM2) +
1/R"2 hp"3 (L -
2L1) (240 (c6”2+3c5c6L +
3¢5M2 (LA2- L L1+ L172)) RA2 +
10 (4¢6 (L2 - L L1+ L172) +
9¢5L(L"2-2LL1+2L1"2)PRwW+
3(LM-3LM3L1+41LM21L1M2-2L LIN3 +
L174) PA2 wA2) Yp +
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1/R"2 2 hp (12 h¢™2 + 24 he hp + 13 hp™2) (L -
2L1) (240 (c6”2+3c5c6L +
3¢5M2 (LA2 - L L1+ L172)) RA2 +
10 (4¢6 (L2 - L L1+ L172) +
9¢5L (L"2-2LL1+2L1"2)PRwW+
3(LM -3 L3 L1 +4 A2 L1722 - 2 L L1723 + L174) PA2 w2) Yp)

Ub[0, 0]

1/1440 w (2 hc (720 E3~2 epson L - 1440 E3~2 epson L1 -

720 d3172 E3”2 L Yc + 1440 d3172 E3”2 L1 Yc + (
12 he™2 ((L - L1)75 - L175) PA2 w2 YC)/RA2 + (
18 he hp ((L - L1)A5 - L175) PA2 wA2 YC)/RA2 + (
9 hp”2 ((L - L1)"5 - L175) PA2 wA2 YC)/RM2) + (

3hp"3(L-2L1) (LM-3L 3 L1+4 L 2L172-2 L L1M3 +
L174) PA2 W2 YP)/RA2 + (

6 hp (12 hc"2 + 24 he hp + 13 hp”2) (L -2 L1) (LM -3 LA3 L1 +
4 L2 L172 - 2 L L173 + L17) PA2 w2 Yp)/IRM2)

Ub[-((L P w)/(
12R)), (-L"3Pw- 12 d31 E3 he™2 L1 w Yc -
12 d31 E3 he hp L1 w Yc)/(24 (L - L1) R))]

1/1440 w (2 hc (720 E3~2 epson L - 1440 E3*2 epson L1 -
720 d317"2 E3"2 L Y + 1440 d3172 E3"2 L1 Yc + (
20 he™2 L"2 ((L - L1)"3 - L113) PA2 w2 YC)/R™M2 + (
30 he hp L2 ((L - L1)"3 - L173) PA2 wA2 YC)/RA2 + (
15 hp/2 L2 ((L - L1)"3 - L173) PA2 w2 YC)/RA2 - (
30 he™2 L ((L - L1)M - L17M) PA2 w2 YC)/RA2 - (
45 hc hp L ((L - L1)M - L17) PA2 w™2 YC)/R2 - (
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45 hp2 L ((L - L1)M - L17M) PA2 w2 Yc)/(2 RA2) + (

12 he”2 ((L - L1)75 - L175) PA2 w2 YC)/RA2 + (

18 he hp ((L - L1)A5 - L175) PA2 wA2 YC)/RA2 + (

9 hp”2 (L - L1)"5 - L175) PA2 wA2 YC)/RA2 + (

15hp"2 L"3Pw Yc (-L"3Pw-12d31E3 hc"2 L1w Yc¢ -
12d31 E3 hchp L1w Yc))/(2 (L - L1) R*2) +(

10 he™2 LA2 (L -2 L1) P w Yc (-LA3 P w -

12 d31 E3 he™2 L1 w Yc - 12 d31 E3 he hp L1 w Ye))/((L -
L1) RA2) + (

15hchp L2 (L-2L1)PwYc(-L"3Pw -
12d31E3hc™2 L1wYc-12d31E3hchp L1w Yc))/((L -
L1) R"2) - (

15hpM2 L"2 L1 PwYce (-L"3Pw-12d31E3 hc2 L1w Yc -
12 d31 E3 hc hp L1 w Ye))/((L - L1) RA2) - (

20 he™2 ((L - L1)"3 - L1"3) Pw Yc (-L"3 P w -
12d31E3hc™2 L1w Yc-12d31 E3 hchp L1 w Yc))/(

3(L-L1)RM2)-(

10 he hp ((L - L1)*3 - L1"3) Pw Yc (-L*3 P w -
12d31E3hc™2 L1wYc-12d31E3 hchp L1w Yc))/((L -
L1) R*2) - (

5hp™2 (L - L1)"3 - L1"3) Pw Yc (-L"3 P w -

12 d31 E3 hc™2 L1 w Yc - 12 d31 E3 he hp L1 w Ye))/((L -
L1) RA2) + (

5hp2 L Yc (-L"3Pw-12d31E3hc™2L1w Yc-

12 d31 E3 hc hp L1 w YC)*2)/(4 (L - L1)*2 RA2) + (
5hch2 (L-2L1) Y (-L"3Pw-12d31 E3hc™2 L1 w Yc -

12 d31 E3 hc hp L1 w Yc)*2)/(3 (L - L1)A2 R2) + (
5hchp(L-2L1) Yc(-L"3Pw-12d31 E3he™2 L1w Yc -

12 d31 E3 hc hp L1 w Yc)*2)/(2 (L - L1)"2 R™2) - (
5hp2 L1 Yc (-L"3Pw-12d31E3hc™2L1w Yc-
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12 d31 E3 he hp L1 w YC)"2)/(2 (L - L1)"2 RA2)) +
1/R™N2 hp~3 (L -

2L1) (3(LM-3L 3 L1 +41LA21L17°2-2L L1M3 +

L1M) PA2 wA2 +
10PRW (-((3 L2 (L2 - 2 L L1 + 2 L172) P w)/(

4R)) - ((LA2 - L L1+ L172) (-LA3 P w -

12 d31 E3 heA2 L1 w Yc - 12 d31 E3 he hp L1 w Yc))/(

6(L-L1)R))+

240 RA2 (L2 (L"2 - L L1 + L1/2) PA2 wA2)/(48 R12) + (

L"2Pw (-L"3Pw-12d31E3hc™2L1w Yc-
12 d31 E3 hc hp L1 w Yc))/(
96 (L - L1) RA2) + (-L"3 P w - 12 d31 E3 he™2 L1 w Yc -
12 d31 E3 hc hp L1 w Yc)*2/(576 (L - L1)"2 R"2))) Yp +
1/R"2 2 hp (12 he™2 + 24 he hp + 13 hp™2) (L -
2L1) (3(LM-3L 3 LL+4L 2 L1M2-2 L L1r3+
L17M) PA2 wh2 +
10PRW (-((3L"2 (L"2 - 2 L L1 + 2 L1/2) P w)/(
4R))-((L"2-LL1+L1"2) (-L"3Pw-
12d31E3hc™2 L1w Yc-12d31 E3 hchp L1 w Yc))/(
6(L-L1)R))+
240 RA2 ((L"2 (L2 - L L1 + L172) PA2 wh2)/(48 R72) + (
L"2Pw(-L"3Pw-12d31 E3hc™2 L1 w Yc-
12 d31 E3 hc hp L1 w Yc))/(
96 (L - L1) R"2) + (-L"3Pw - 12 d31 E3 hc™2 L1 w Yc -
12 d31 E3 hc hp L1 w Yc)*2/(576 (L - L1)*2 R”2))) Yp)

Collect[Out[51], P]

1/1440 P72 w ((5 he hp™2 LA7 wh2 Ye)/(2 (L - L1)"2 R™2) + (
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10 he3 L6 (L - 2 L1) wA2 Yc)/(3 (L - L1)"2 R™2) + (

5hc™2 hp L6 (L -2 L1) w2 Yc)/((L - L1)"2 R™2) - (

15 he hp”2 L6 w2 Ye)/((L - L1) RA2) - (

20 he™3 L5 (L - 2 L1) w2 Ye)/((L - L1) RA2) - (

30hc™2 hp LN5 (L -2 L1) w™2 Ye)/((L - L1) R*2) - (

5 hc hp”2 L6 L1 w2 Yc)/((L - L1)"2 R™2) + (

30 he hp”2 L5 L1 wA2 Ye)/((L - L1) RA2) + (

40 he™3 L2 ((L - L1)"3 - L173) w2 YC)/RA2 + (

60 hc 2 hp L2 ((L - L1)"3 - L173) wA2 YC)/RA2 + (

30 hc hp”2 L2 ((L - L1)"3 - L173) w2 YC)/RM2 + (

40 he™3 LA3 ((L - L1)A3 - L173) w2 Ye)/(3 (L - L1) RA2) + (

20 he2 hp L3 ((L - L1)A3 - L173) wA2 Ye)/((L - L1) RA2) + (

10 hc hp~2 LA3 ((L - L1)"3 - L173) w2 Ye)/((L - L1) RA2) - (

60 he3 L ((L - L1)M - L17) w2 YC)/RA2 - (

90 he™2 hp L ((L - L1)M - L17M) w2 YC)/RA2 - (

45 he hp~2 L ((L - L1)™M - L17M) w2 YC)/RA2 + (

24 he?3 ((L - L1)75 - L175) wA2 YC)/RA2 + (

36 hc™2 hp ((L - L1)"5 - L175) w™2 YC)/R2 + (

18 hc hp”2 ((L - L1)"5 - L175) w2 YC)/RA2 + (

5hp 3 L6 (L - 2 L1) w2 Yp)/(12 (L - L1)"2 R™2) + (

5hp (12 he™2 + 24 he hp + 13 hp”2) L6 (L - 2 L1) w2 Yp)/(

6 (L - L1)"2 R"2) - (5 hp"3 L5 (L - 2 L1) w2 Yp)/(

2 (L-L1)RM)-(

5hp (12 he™2 + 24 he hp + 13 hp2) L5 (L - 2 L1) w2 Yp)/((L -
L1) RA2) + (5 hpA3 L2 (L - 2 L1) (L2 - L L1 + L172) w2 Yp)/

RA2 + (10 hp (12 he™2 + 24 he hp + 13 hp™2) LA2 (L - 2 L1) (L72 -
L L1+ L172) w™2 YP)/R™2 + (

5hpt3 L3 (L -2 L1) (LA2 - L L1+ L17°2) w2 Yp)/(

3(L-L1)R"2) +(

10 hp (12 her2 + 24 hc hp + 13 hp2) L3 (L -2 L1) (L*2-L L1 +
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L172) w2 Yp)/(3 (L - L1) R"2) - (
15 hpA3 LA2 (L - 2 L1) (LA2 - 2 L L1 + 2 L172) w2 Yp)/(
2 RM2) - (
15 hp (12 hc"2 + 24 he hp + 13 hp2) L2 (L - 2 L1) (L2 -
2 L L1+2L1%2) w2 YP)IRA2 + (
3hpr3 (L-2L1) (LM -3LA3L1+4 L 2L1M2-2L L173+
L17M) w2 Yp)/RA2 + (
6 hp (12 hc™2 + 24 he hp + 13 hpr2) (L - 2 L1) (LM -3 L 3 L1 +
4112 L1722 - 2 L L173 + L17) w2 Yp)/RA2) +
1/1440 P w ((
60 d31 E3 hc'3 hp 2 LA L1 w2 Yer2)/((L - L1)M2 RA2) + (
60 d31 E3 hc 2 hp3 LM L1 w2 Yer2)/((L - L1)A2 RA2) + (
80 d31 E3 het5 LA3 (L - 2 L1) L1 w2 Yer2)/((L - L1)A2 RA2) + (
200 d31 E3 hc™ hp L3 (L - 2 L1) L1 w2 Yer2)/((L -
L1)A2 RA2) + (
120 d31 E3 he3 hp2 L3 (L - 2 L1) L1 wA2 Yer2)/(L -
L1)"2 R"2) - (
180 d31 E3 he”3 hp”2 L3 L1 w2 Yer2)/((L - L1) RM2) - (
180 d31 E3 he2 hp”3 L3 L1 w2 Yer2)/((L - L1) RA2) - (
240 d31 E3 he5 LA2 (L - 2 L1) L1 wA2 Yer2)/((L - L1) RA2) - (
600 d31 E3 hc™ hp L2 (L - 2 L1) L1 w2 Yer2)/((L - L1) RA2) - (
360 d31 E3 hc3 hp™2 L2 (L - 2 L1) L1 w2 Yer2)/((L -
L1) R"2) - (
120 d31 E3 he3 hp2 L3 L1M2 w2 Yer2)/((L - L1)A2 RA2) - (
120 d31 E3 he2 hp3 L3 L1M2 w2 Yer2)/((L - L1)M2 RA2) + (
360 d31 E3 hc3 hp2 LA2 L17°2 wh2 Yer2)/((L - L1) RA2) + (
360 d31 E3 hc™2 hp3 LA2 L172 w2 Yer2)/((L - L1) RA2) + (
160 d31 E3 hen5 L1 ((L - L1)3 - L143) wA2 Yer2)/((L -
L1) R"2) + (
400 d31 E3 he™ hp L1 ((L - L1)A3 - L183) wh2 Yer2)/((L -
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L1) R™2) + (
360 d31 E3 hcA3 hp™2 L1 ((L - L1)"3 - L1"3) w™2 Yc™2)/((L -
L1) R72) + (
120 d31 E3 he2 hpA3 L1 ((L - L1)3 - L173) w2 Yer2)/((L -
L1) R™2) + (
10 d31 E3 hc™2 hp™3 LA3 (L - 2 L1) L1 w2 Ye Yp)/((L -
L1)"2 RA2) + (
10 d31 E3 hc hp™4 LA3 (L - 2 L1) L1 w2 Ye Yp)/((L -
L1)"2 RA2) + (
20 d31 E3 hc™2 hp (12 he™2 + 24 he hp + 13 hp”2) L3 (L -
2 L1) L1 w”2 Yc Yp)/((L - L1)*2 RA2) + (
20 d31 E3 hc hp”2 (12 h¢2 + 24 he hp + 13 hp”2) L3 (L -
2 L1) L1w™2 Yc Yp)/((L - L1)"2 RA2) - (
30 d31 E3 he™2 hp3 LA2 (L - 2 L1) L1 w”2 Ye Yp)/((L -
L1) R™2) - (
30 d31 E3 hc hp™4 L2 (L - 2 L1) L1 w”2 Yc Yp)/((L - L1) R™2) - (
60 d31 E3 hc™2 hp (12 he2 + 24 he hp + 13 hp”2) L"2 (L -
2 L1) L1 w2 Ye Yp)/((L - L1) R™2) - (
60 d31 E3 hc hp2 (12 hc2 + 24 he hp + 13 hp”2) L2 (L -
2 L1) L1 w”2 Yc Yp)/((L - L1) R*2) + (
20d31 E3hc™2hpM3(L-2L1) L1 (L"2-L L1+
L172) w2 Ye Yp)/((L - L1) RA2) + (
20d31 E3hchpt (L-2L1) L1 (LA2-L L1+
L172) w2 Yc Yp)/((L - L1) R™2) + (
40 d31 E3 hc™2 hp (12 he™2 + 24 he hp + 13 hp™2) (L -
2 L1) L1 (L"2- L L1+ L172) w2 Yc Yp)/((L - L1) R"2) + (
40 d31 E3 hc hp”2 (12 hc™2 + 24 he hp + 13 hp”2) (L -
2 L1) L1 (L2 - L L1+ L122) w2 Ye Yp)/((L - L1) R"2)) +
1/1440 w (1440 E3”2 epson hc L - 2880 E3"2 epson hc L1 -
1440 d31"2 E3"2 hc L Yc¢ + 2880 d31"2 E3"2 hc L1 Yc + (
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360 d3172 E3"2 hc™5 hp2 L L1722 wh2 Yer3)/((L - L1)A2 RA2) + (
720 d317°2 E32 he™M hp?3 L L1722 wh2 Yer3)/((L - L1)A2 R72) + (
360 d31/2 E3”2 he 3 hp™4 L L1722 w2 Yer3)/((L - L1)A2 RA2) + (
480 d3172 E3"2 he™7 (L - 2 L1) L1722 wA2 Yer3)/((L -
L1)"2 R72) + (
1680 d3172 E3"2 hc”6 hp (L - 2 L1) L1722 w™2 Yc3)/((L -
L1)"2 RA2) + (
1920 d3172 E3”2 he™5 hpA2 (L - 2 L1) L1722 w2 Yer3)/((L -
L1)"2 RA2) + (
720 d3172 E3"2 hc™ hp™3 (L - 2 L1) L1172 w™2 Yer3)/((L -
L1)"2 R"2) - (
720 d3172 E3"2 he5 hp~2 L1243 wA2 Yer3)/((L - L1)A2 RA2) - (
1440 d3172 E3”2 hc™ hp”3 L1243 w2 Yer3)/((L - L1)A2 RA2) - (
720 d3172 E3™2 he3 hpra L1243 w2 Yer3)/((L - L1)A2 RA2) + (
60 d3172 E3"2 hc™ hp™3 (L - 2 L1) L1722 w™2 Yc™2 Yp)/((L -
L1)"2 R72) + (
120 d3172 E372 he3 hp™4 (L - 2 L1) L1722 w™2 Y2 Yp)/((L -
L1)"2 RA2) + (
60 d3172 E3"2 hc™2 hp™5 (L - 2 L1) L1722 w™2 Yc™2 Yp)/((L -
L1)"2 R72) + (
120 d3172 E3*2 he™ hp (12 he”2 + 24 he hp + 13 hp”2) (L -
2 L1) L172 w2 Yc™2 Yp)/((L - L1)"2 RA2) + (
240 d3172 E3"2 hc3 hp~2 (12 he™2 + 24 he hp + 13 hp”2) (L -
2 L1) L1722 W2 Yc2 YP)/((L - L1)"2 R72) + (
120 d3172 E3*2 hc™2 hp3 (12 he™2 + 24 he hp + 13 hpt2) (L -
2 L1) L17"2 W2 Yc™2 Yp)/((L - L1)"2 R72))

Simplify[2*Out[30] + Out[52]]

1/(51840 (L - L1)"2 R"2)
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w(L"3(BLM-261L"3L1+78L"21L172-90L L1"3 +
30 L174) PA2 w2 (8 he™3 YC + 27 hp"3 Yp +
12 hc™2 hp (Yc +2 Yp) + 6 hc hp™2 (Yc + 8 Yp)) -

120 d31 E3 he (hc + hp) L1 (2 LA - 13 LA3 L1 + 27 LA2 L172 -
21 L L173 + 6 L17) Pw”2 Yc (8 he™3 Yc + 27 hp”3 Yp +
12 he™2hp (Yc+2Yp) +6 hchp”2 (Yc+8Yp)) +

720 E3"2 hc (L -2 L1) (72 epson (L - L1)"2 RM2 +
d317"2 Yc (-72 L"2 R™2 +

2LL1(72RM2 +
hc (hc + hp)*2 w”2 Yc (8 hc”3 Y¢ + 27 hp™3 Yp +
12 he™"2hp (Yc+2Yp) +6 hc hp”2 (Yc+8YD))) -
L1M2 (72 R"2 +
hc (hc + hp)*2 w™2 Yc (8 hc"3 Yc¢ + 27 hp”3 Yp +
12 he2 hp (Yc +2 Yp) + 6 hc hp”2 (Yc +8YD))))))

Collect[Out[53], P]

(L3 (3LM-26L"3L1+78L"21L1M2-90L L1733 +

30 L1M4) PA2 w3 (8 he™3 Y + 27 hp"3 Yp +

12hc™2hp (Yc+2Yp) +6 hchp™2 (Yc+8Yp))/(
51840 (L - L1)"2 R™2) - (
d31 E3 he (he + hp) L1 (2 LA - 13 LA3 L1 + 27 LA2 L172 -

21 L L1723 + 6 L124) Pw”3 Yc (8 he™3 Yc + 27 hp3 Yp +

12hc™2hp (Yc+2Yp) +6 hchp™2 (Yc+8Yp))/(
432 (L - L1)"2 R"2) +
1/(72 (L - L1)"2 R"2)

E3*2hc (L-2L1)w(72epson (L -L1)"2 R 2 +

d317"2 Yc (-72 L"2 R™2 +

2LLL(72RM"2 +
hc (hc + hp)*2 w”2 Yc (8 hc”3 Yc¢ + 27 hp™3 Yp +
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12hc™"2hp (Yc+2Yp) +6 hc hp”2 (Yc+8YD))) -
L1/2 (72 RA2 +
hc (hc + hp)*2 w2 Yc (8 hc™3 Yc + 27 hp”"3 Yp +
12 he”2 hp (Yc +2 Yp) + 6 hc hp”2 (Yc + 8 YD)))))

Simplify[1/(51840 (L - L1)"2 R"2)
w (L3 (3LM-26L"3L1+78L"21L1M2-90L L1N3 +
30 L174) PA2 wA2 (12*R/w) -
120 d31 E3 he (hc + hp) L1 (2 LA - 13 LA3 L1 + 27 LA2 L172 -
21 L L173 + 6 L174) P w”2 Yc (12*R/w) +
720 E3”"2 he (L -2 L1) (72 epson (L - L1)"2 R"2 +
d31"2 Yc (-72 L"2 R™2 +
2 L L1 (72 R"2 + hc (hc + hp)*2 wA2 Yc (12*R/w)) -
L172 (72 RA2 + hc (he + hp)*2 wA2 Yc (12*R/w)))))]

1/(4320 (L - L1)*2 R)
w3 (3LM-26L"3L1+78LM2L1M2-90L L1M3 +

30 L17M) PA2 w -

120 d31 E3 hc (hc + hp) L1 (2 L4 - 13 LA3 L1 + 27 L2 L172 -
21 L LIN3+6L1M)PwYc+

720 E3”"2hc (L-2L1) (6epson (L-L1L)"2R+
d3172 Yc (-6 L"2R +2 L L1 (6 R + hc (hc + hp)*2 w Yc) -

L172 (6 R + hc (hc + hp)*2 w Y¢))))

Simplify[(2*L"4 - 13*LAS*LL + 27*LA2*L172 - 21%L*L173 +
6*L1M)/(L - L1)72]

(2L"M-131L"3L1+271L721L172-21 L LIM3 +6 L1M)/(L - L1)~2

Expand[(2 L4 - 13 L"3 L1 +27 L"2 L172-21 L L1"3 +
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6 L1M)/(L - L1)"2]

(2 LM)/(L - L1)A2 - (13 L3 LL)/(L - L1)"2 + (
27 LA2 L172)/(L - L1)"2 - (21 L LI73)/(L - L1)"2 + (6 L1"M)/(L - L1)~2

Denominator([(

21LM-131LA3 L1+ 27 L2 L1172 -21 L L1M3 + 6 L1M)/(L - L1)M2]

(L - L1)~2

Expand[(L - L1)"2]

LA2-2L L1+ L1M2

(L - L1)A2%(LA2 - 3*L1*L + 2*L172)

(L-L1)"2 (L"2-3LL1+2L1"2)

Expand[(L - L1)"2 (L"2-3 L L1 +2 L172)]

LM -51L"3L1+9L"2L1M2-7L L1IMN3+2L1M

Wh[L/2]

c8 + (C7 L)/2 + (c6 L2)/4 + (c5 L3)/8 + (L4 P w)/(384 R)

delta[c5_, c6_, c7_, c8_] = Out[63]

c8 + (C7 L)/2 + (c6 L2)/4 + (c5 L3)/8 + (L4 P w)/(384 R)
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deltal-((L P w)/(
12R)), -(-L"3Pw- 12 d31 E3 he™2 L1 w Yc -
12 d31 E3 he hp L1 w Yc)/(24 (L - L1) R)), -((
LA3L1Pw+12d31 E3he™2 L L1 w Yc +12d31 E3 hc hp L L1 w Yc)/(
24 (L - L1) R)), -(1/(
72 (L-L1)R)) (-L"3L1"2Pw-24 d31 E3 he™2 L L1"2 w Y -
24.d31 E3 hc hp L L1°2 w Yc¢ + 12 d31 E3 he™2 L1A3 w Yc +
12 d31 E3 he hp L173 w Yc)]

-((L™ P w)/(128 R)) - (
L2 (-L"3Pw-12d31E3he2 L1w Yc-12d31 E3 hchp L1 w Yc))/(
96 (L-L1)R)-(
L(L"3L1Pw+12d31E3hc™2LL1wYc+
12 d31E3hchp L L1 w Yc))/(

48 (L-L1)R) - (-L"3L1"2Pw-24d31 E3 hc"2 L L1"2w Yc -
24 d31E3hchp L L1"2w Yc +12d31 E3 hc"2 L1"3w Yc +

12 d31 E3 hchp L1"3w Yc)/(72 (L-L1) R)
FullSimplify[%65]
(L"3(3L"2-15LL1+16L1"2)Pw -

48d31E3hc (hc+hp)(L-2L1) (3L-2L1)L1wYc)/(1152 (L -

L1) R)

flLL ]=(L"3(BL"2-15LL1+16L1"2)Pw)/(1152 (L-L1)R)
(L"3(3L™M2-15LL1+16L1"2) Pw)/(1152 (L - L1) R)

fIL1]
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(LA3 (-15 L + 32 L1) P w)/(1152 (L - L1) R) + (
LA3 (312 -15 L L1+ 16 L172) P w)/(1152 (L - L1)"2 R)

Solve[(L"3 (-15 L + 32 L1) P w)/(1152 (L - L1) R) + (
LA3 (3L 2-15 L L1+ 16 L12) P w)/(1152 (L - L1)*2 R) == 0, L1]

{{L1-> L2}, {L1 > (3L)/2}}

[0]

(L4 P w)/(384 R)

f[L/2]

(L™ P w)/(1152 R))

f[L/4]

(L™ P w)/(3456 R)

Integrate[Wa[x], {x, 0, L1}]

(c1 L174)/4 + (L175 P w)/(120 R)

Integrate[Wb[x], {x, L1, L - L1}]

8L +(c7L2)/2-2¢c8L1-c7LLL+1/3¢6((L-L1)N3-L1M3)+
1/4 ¢5 ((L - L1)M - L1M) + (((L - L1)?5 - L175) P w)/(120 R)

Integrate[Wc[x], {x, L - L1, L}]
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1/4¢9 (LM - (L - L1)M) +c¢12 L1 +c11 L L1+c10 L 2 L1 -(
c11 L172)/2 - ¢10 L L172 + (c10 L173)/3 + (L5 - (L - L1)"5) P w)/(
120 R)

Simplify[Out[73] + Out[74] + Out[75]]

(c6 L"3)/3 + (c5 LM)/4+¢8 (L-2L1)+1/2¢c7 L(L-2L1)+
c12L1+cl11LL1+cl0LA2L1-c6L 2 L1-c5L 3 L1+

O LA3 L1 - (c11 L172)/2-c10 L L172 +c6 L L1M2 +

3/2.¢5 LA2 L172 - 3/2 ¢9 L2 L172 + (c10 L173)/3 - (2 ¢6 L173)/3 -

c5 L L173 +c9 L L1713 + (c1 L174)/4 - (c9 L17M)/4 + (L5 P w)/(120 R)

v[cl_,c5_,¢c6_,¢7_,¢8_,¢c9 ,cl0_,cll ,cl2 ]=0ut[76]

(c6 L"3)/3+ (c5 LM)/4 +c8 (L-2L1)+1/2¢c7L(L-2L1)+
c12L1+cl1LL1+cl0LA2L1-c6L A2 L1-c5L 3 L1+

CO L3 L1-(cl1L172)/2-¢c10 L L172 +¢6 L L172 +

3/2.¢5 LA2 L172 - 3/2 ¢9 LA2 L172 + (c10 L173)/3 - (2 ¢6 L173)/3 -

c5 L L173 +cO L L173 + (c1 L1M)/4 - (c9 L1M)/4 + (L5 P w)/(120 R)

V[-(1/(72 (L-L1) L1R)) (-L"3PW+6 L"2 L1Pw-6 L L1"2P w +
12d31E3hc™2LwYc+12d31E3hchpLw Yc-
24 d31 E3 he™"2 L1w Yc-24 d31 E3 he hp L1 w Yc), -((L P w)/(
12 R)), «((-L"3P w-12 d31 E3 hc*2 L1 w Yc -
12 d31 E3 hc hp L1 w Yc)/(24 (L - L1) R)), -((
L"3L1Pw+12d31E3he™2 L L1wYc+12d31E3hchpL L1w Yc)/(
24 (L - L1) R)), -(1/(
72(L-L1)R)) (-L"3L1"2Pw-24d31 E3hc2 L L1"2w Yc -
24 d31 E3 hchp L L1"2w Yc + 12 d31 E3 he"2 L1"3w Yc +
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12 d31 E3 hc hp L1*3 w Yc), -(1/(

72(L-L1)L1R) (L"3PW+6L"2L1PW-6LLIN2Pw-
12d31E3hc™2LwYc-12d31E3hchpLw Yc+

24 d31 E3 hc™2 L1w Yc+24d31 E3 hchp L1 w Yc), -(1/(

24 (L - L1) L1R)) (-LM P w + 12 d31 E3 he™2 LA2 w Y +
12d31E3hchpL"2wYc-24d31E3hc™2L L1wYc-

24 d31 E3 hc hp L L1 w Yc), -(1/(

24 (L-L1) L1R)) (L'SPW-2 LM L1IPW+2L A3 LIN2Pw-
12d31 E3 hc™2 L"3w Yc-12d31 E3 hc hp L3 w Yc +

24 d31 E3 he™2 LM2 L1w Yc + 24 d31 E3 he hp L2 L1 w Yc), -(1/(
72(L-L1)L1R)) (-L"6PW+3L 5 L1PW-3 LM L1IN2Pw+
12d31 E3hc™2 LM w Yc +12d31 E3 hchp LM w Yc -

24 d31 E3 hc™2 L3 L1w Yc-24d31 E3 hc hp L3 L1 w Yc)]

-((L"5 P W)/(80 R)) + (L4 L1 P wW)/(12 R) - (L3 L172 P W)/(8 R) + (
L"2 L1"3 P w)/(12 R) - (
LIN3(-L" 3PwW+6L"2L1Pw-6LLIN2Pw+
12d31E3hc™2LwYc+12d31E3hchpLwYc-
24 d31 E3 hc™2 L1w Yc-24 d31 E3 hc hp L1 w Yc)/(
288 (L-L1)R)-(
L3 (-L"3Pw-12d31E3he™2 L1w Yc-12d31 E3 hchp L1 w Yc))/(
72 (L-L1)R) +(
LA"2 L1 (-L"3Pw-12d31 E3hc"2 L1w Yc -
12d31 E3hchpL1w Yc))/(24 (L-L1) R) - (
LL1M2 (-L"3Pw-12d31E3hc"2L1w Yc-
12d31E3hchpL1w Yc))/(24 (L-L1)R) + (
LIN3 (-L"3Pw-12d31 E3hc™2 L1w Yc-12d31 E3hchp L1w Yc))/(
36(L-LL)R)-(
L3 (L"3PwW+6L"2L1IPW-6LLIN2Pw-12d31E3hc™2LwYc-
12d31E3hchpLwYc+24d31E3hc™2L1wYc+
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24 d31E3hchpL1w Yc))/(72 (L -L1) R) + (

L"2L1 (L"3Pw+6L"2L1Pw-6LLI"2PwW-
12d31E3hc™2LwYc-12d31E3hchpLw Yc+
24 d31 E3 he™2 L1 w Yc + 24 d31 E3 he hp L1 w Yc))/(

48 (L-L1)R) - (

LLIM2 (L"3Pw+6L"2L1Pw-6LL1I"2PwW-
12d31E3hc™2LwYc-12d31E3hchpLw Yc+
24 d31 E3 he™2 L1 w Yc + 24 d31 E3 he hp L1 w Yc))/(

72 (L-L1)R) +(

LIM3 (L"3Pw+6L"2L1PwW-6LLI"2Pw-
12d31E3hc™2LwYc-12d31E3hchp Lw Yc +
24 d31 E3 he*2 L1 w Yc + 24 d31 E3 he hp L1 w Yc))/(

288 (L-L1L)R)-(

L2 (LM Pw+12d31 E3he™2 L2 w Ye+12d31E3 hechp L"2 w Yc -
24 d31E3hc™2 L L1wYc-24d31E3hchp L LLw Yc))/(

24 (L-L1)R) +(

LL1(-L"MPw+12d31E3hc"2L"2w Yc+
12d31E3hchpL"2wYc-24d31 E3hc™2L L1w Yc-
24 d31E3hchp L L1w Yc))/(24 (L - L1) R) - (

L172 (-LM Pw+12d31 E3 he2 L"2w Yc +
12d31E3hchpL"2wYc-24d31E3hc™2L L1wYc-
24 d31 E3 hchp L L1 w Yc))/(72 (L - L1) R) - (

L(L-2L1)(L"3L1Pw+12d31E3hc"2LL1wYcC+
12d31E3hchp L L1 w Yc))/(48 (L - L1) R) - (

L(L"5Pw-2LMLIPW+2L"N3LIN2Pw-
12d31 E3 hc™2 L"3w Yc-12d31 E3 hchp L3 w Yc +
24 d31 E3 he™2 LM2 L1w Yc + 24 d31 E3 he hp L2 L1 w Y¢))/(

24 (L-L1)R) +(

LL(LN5Pw-2LMLIPW+2LA3LIMN2Pw-

12 d31 E3 hc"2 L"3w Yc - 12 d31 E3 hc hp L"3w Yc +
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24 d31 E3 he™2 LM2 L1w Yc + 24 d31E3 hec hp L2 L1 w Yc¢))/(
48(L-L1)R)-(-L"6 Pw+3L A5 L1IPwW-3L M LIN2Pw+
12d31E3hc™2 LM w Yc+12d31 E3 hc hp LM w Y -
24 d31 E3 hc™"2 L3 L1w Yc -24d31 E3 hec hp L3 L1 w Yc)/(
72(L-L1)R)-((L-2L1) (-L"3LI"2Pw -
24 d31E3hc™2 L L1"2w Yc-24d31E3hchpLL1"2w Yc +
12 d31 E3 her2 L173 w Yc + 12 d31 E3 he hp L1243 w Yc))/(
72 (L-L1)R)

FullSimplify[%78]

(LA3 (L"2-5L L1 +5L1°2) Pw -
60 d31 E3 he (hc + hp) (L -2 L1) (L - L1) L1 w Yc)/(720 R)
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APPENDIX B

MATLAB CODE FOR MODEL CALCULATION AND SIMULATION

% Flexural rigidity
hc=80*10"(-6);
hp=70*10/(-6);
h=2*hc+3*hp;
L=30*10"(-3);
w=4*107(-3);
yc=50*10"(9);
yp=2.5*10"(9);
R=w*(8*hc"3*yc+27*hp"3*yp+12*hc 2*hp*(yc+2*yp)+6*hc*hp 2*(yc+8*yp))/12;
d31=-190*107(-12);
e33=1.1281*10"(-8);

% mass density per unit length
densityp=1420;

densityc=7500;
rho=densityp*3*hp*w+densityc*2*hc*w;

% a
a=sqgrt(R/rho);

% epson
epson33=(d31)"2*yc/((0.4)"2)

% natural frequency
omegal=(1.875104/L)"2*q;
fl=omegal/(2*pi)
omega2=(4.694091/L)"2*q;
f2=omega2/(2*pi)
omega3=(7.854757/L)"\2*q;
f3=omega3/(2*pi)

% tip deflection under V(6V 80Hz)

V=5;
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omega=120*2*pi;

delta=-
(sin(sgrt(omega/a)*L)*sinh(sqrt(omega/a)*L))/(R*(sgrt(omega/a))"2*(1+cos(sqrt(omega/a)*L)*cosh(sqrt
(omega/a)*L)))*w*yc*d31*hc*(hc+hp)/(hp+2*hc)*V

vo=delta*10"6/0.16

% disp vs frequency

f=zeros(3000,1);
disp=zeros(3000,1);
for i=1:1:3000
f(i)=i;
disp(i)=-
(sin(sgrt(2*pi*f(i)/a)*L)*sinh(sqrt(2*pi*f(i)/a)*L))/((sqrt(2*pi*f(i)/a))2*(1+cos(sqrt(2*pi*f(i)/a)*L)*cos
h(sgrt(2*pi*f(i)/a)*L)))/R*w*yc*d31*hc*(hc+hp)/(hc+2*hp);
end
% %plot(f,disp)

% theoretical tip disp vs frequency
V1=2;
V2=5;
V3=10;
Deltal=zeros(151,1);
Delta2=zeros(151,1);
Delta3=zeros(151,1);
fre=zeros(151,1);
fori=1:151
fre(i)=50+i-1;
Deltal(i)=abs(-
(sin(sgrt(2*pi*fre(i)/a)*L)*sinh(sqrt(2*pi*fre(i)/a)*L))/((sqrt(2*pi*fre(i)/a)) 2*(1+cos(sqrt(2*pi*fre(i)/a)
*L)*cosh(sqrt(2*pi*fre(i)/a)*L)))/R*w*yc*d31*hc*(hc+hp)/(hc+2*hp)*V1);
Delta2(i)=abs(-
(sin(sgrt(2*pi*fre(i)/a)*L)*sinh(sqrt(2*pi*fre(i)/a)*L))/((sqrt(2*pi*fre(i)/a)) 2*(1+cos(sqrt(2*pi*fre(i)/a)
*L)*cosh(sqrt(2*pi*fre(i)/a)*L)))/R*w*yc*d31*hc*(hc+hp)/(hc+2*hp)*V2);
Delta3(i)=abs(-
(sin(sgrt(2*pi*fre(i)/a)*L)*sinh(sqrt(2*pi*fre(i)/a)*L))/((sqrt(2*pi*fre(i)/a)) 2*(1+cos(sqrt(2*pi*fre(i)/a)
*L)*cosh(sqrt(2*pi*fre(i)/a)*L)))/R*w*yc*d31*hc*(hc+hp)/(hc+2*hp)*V3);
end

% figure;
% plot(fre,Deltal,'g',fre,Delta2,'n',fre,Delta3,'r");

% Sensor
if 0

K=3*R/L"3;
meff=K/omegal”2;
mend=0.15*10"(-3);
Mtotal=meff+mend;
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Omeganew=sgrt(K/Mtotal);
fnew=0Omeganew/(2*pi)

meff2=K/omega2"2;
Mtotal2=meff2+mend,
Omeganew2=sqrt(K/Mtotal2);
fnew2=0meganew?2/(2*pi)

meff3=K/omega3"2;
Mtotal3=meff3+mend;
Omeganew3=sqrt(K/Mtotal3);
fnew3=0Omeganew3/(2*pi)

% Qd and Cp
Qd=-3*w*yc*d31*hc*(hc+hp)/(2*(hp+2*hc)*L)
Cp=w*L/(hp+2*hc)*(e33-d31"2*yc)+w"2*L*d31"2*hc*(hc+hp)*yc"2/(2*R)

end

% frequency function
f=zeros(101,1);
Omega=zeros(101,1);
v=zeros(101,1);
Sensitivity=zeros(101,1);
y0=80*10"(-6);
wn=54.7464*2*pi;
Qd=9.913*10/(-5);
Cp=6.0769*10"(-9);

fori=1:1:101
f(i)=-1+i;
Omega(i)=2*pi*f(i);
v(i)=Qd/Cp*y0*(Omega(i)/wn)"2/(sqrt((Omega(i)/wn)"4+2*(2*0.0842/2-1)*(Omega(i)/wn)"2+1));
Sensitivity(i)=Qd/Cp*(1/wn)"2/(sqrt((Omega(i)/wn)"4+2*(2*0.084272-1)*(Omega(i)/wn)"2+1));
end

figure

plot(f,v)

figure
plot(f,Sensitivity)

% Calculation for doubly clamped beam

% Flexural rigidity
hc=80*10"(-6);
hp=70*10"(-6);
h=2*hc+3*hp;
L=30*10"(-3);
w=4*10"(-3);
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yc=50*10"(9);

yp=2.5*10"(9);
R=w*(8*hc/3*yc+27*hp"3*yp+12*hc"2*hp*(yc+2*yp)+6*hc*hp”2*(yc+8*yp))/12;
d31=-190*10"(-12);

epson33=1.1281*10"(-8);

L1=L/4;

% mass density per unit length
densityp=1420;

densityc=7500;
rho=densityp*3*hp*w+densityc*2*hc*w;

% a
a=sqgrt(R/rho);

% delta
v0=10;
delta=-w*hc*(hc+hp)*L"2*yc*d31/(32*R*(2*hc+hp))*v0

% natural frequencies
omegal=(4.73/L)"2*a;
f1=omegal/(2*pi)
omega2=(7.8532/L)"2*q;
f2=omega2/(2*pi)
omega3=(10.9956/L)"2*3;
f3=omega3/(2*pi)

K=192*R/L"3;
meffl=K/(2*pi*f1)"2;
meff2=K/omega2"2;
meff3=K/omega3"2;
macc=0.26*10"(-3);
fnl1=1/(2*pi)*sqrt(K/(meffl+macc))
fn2=1/(2*pi)*sqrt(K/(meff2+macc))
fn3=1/(2*pi)*sqrt(K/(meff3+macc))

Qd=-6*w*yc*d31*hc*(hc+hp)/((hp+2*hc)*L)
Cp=2*w*hc*(L-2*L1)/(L*R*(2*hc+hp)"2)*((epson33-
d3172*yc)*L*R+d31"2*yc 2*w*hc*(hc+hp)"2*L1)

% frequency responce for fixed-fixed beam
f=zeros(501,1);

Omega=zeros(101,1);

v=zeros(501,1);

sensitivity=zeros(501,1);

y0=20*10"(-6);

wn=354.43*2*pi;

Qd=3.9652*10"(-4);

Cp=1.8482*10"(-9);
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for i=1:1:501
f(i)=-1+i;
Omega(i)=2*pi*f(i);
v(i)=Qd/Cp*y0*(Omega(i)/wn)"2/(sgrt((Omega(i)/wn)*4+2*(2*0.196"2-1)*(Omega(i)/wn)"2+1));
sensitivity(i)=(1/wn)"2/(sqrt((Omega(i)/wn)4+2*(2*0.19672-1)*(Omega(i)/wn)"2+1));

end

figure

plot(f,v)

figure

plot(f,sensitivity)
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