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Piezoelectric multilayer composite is widely used in piezoelectric devices which can offer a lot of 

benefits for applications of sensors and actuators. This kind of composite consists of several 

piezoelectric layers and several polymer layers connected in laminated composite structure in 

which both the piezoelectric and the polymer layers are continuous in two dimensions. In this 

thesis, lead zirconium titanate (PZT) film with thickness under 100um is chosen as the 

piezoelectric layers due to its relatively high piezoelectric charge constant, high electromechanical 

coupling effect and good mechanical flexibility. Five layers composite with two layers of PZT and 

three layers of polymer have been analyzed and developed for applications of two different 

structures of sensors and actuators including cantilever beam and doubly clamped beam. The static 

constitutive equations in matrix form for each structure under different excitations have been 

established analytically for theoretical analysis and characterization of the devices. Several 

dimensions of the polarizations of PZT element in doubly clamped beam are discussed for 

optimizing the electromechanical coupling performance. The dynamic admittance matrix which 

relates harmonic external excitations to their response parameters is also derived for cantilever 

beam. Several experiments have been conducted to partially verify the theoretical model. A 

cantilever beam actuator is fabricated and studied experimentally to verify the electromechanical 
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coupling properties under harmonic external voltage under different frequencies. Two vibration 

sensors with proof masses with different structures are designed and tested as accelerometers.  
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1.0 INTRODUCTION 
 
 
 
 
In this chapter, some basic concepts and theories are introduced concerning fundamental properties 

of piezoelectric material, piezoelectric constitutive equations and elementary beam theory in 

section 1.1, section 1.2 and section 1.3 respectively. The fabrication process of the PZT-polymer 

composite will be presented in section 1.4. Section 1.5 involves the objective of the research work. 

 
 
 
 

1.1  FUNDAMENTAL CONCEPTS OF PIEZOELECTRICITY 
 

 

When we applied an external force on the piezoelectric material, the mechanical deformation will 

cause some electric charges to appear on its surface. This phenomenon was observed and recorded 

by the Curies in 1880. This property, which reveals a linear relationship between mechanical strain 

and electric field, is named as “piezoelectricity” by Hankel [1]. “Piezo-” here is derived from the 

Greek “to squeeze” or “to press.” The piezoelectric effect presents the ability of piezoelectric 

material to generate electric charges under mechanical excitations that can be used to design 

sensors. The inverse piezoelectric effect, which we use for designing actuators, occurs in the 

opposite way: If an electric field is applied across a piezoelectric material, mechanical deformation 

occurs.  Piezoelectricity occurs in the crystal whose structure do not have central symmetry [2]. 

This property, which can transfer energy between mechanical stress and electric field, is 
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observable in many natural crystalline materials, including quartz, Rochelle salt, and even human 

bone. Engineered material, such as Barium Titanate (𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵3), lead zirconate titanate (PZT) and 

poly vinylidene (PVDF) exhibit a more pronounced piezoelectric effect. The microscopic origin 

of piezoelectricity is the displacement of ionic charges within a crystal. For example, α-quartz 

crystal has piezoelectricity in x-direction. If we look into a projection of a single cell of α-quartz  

in xy plane as shown in Figure 1-1, we can see that the distribution of ion 𝑆𝑆𝐵𝐵+ and ion 𝐵𝐵2− make a 

shape of a regular hexagon under no stress state. In this state, the angles between each pair of 

dipole moments (𝑝𝑝1���⃗ ,𝑝𝑝2����⃗ ,𝑝𝑝3����⃗ ) are all 120°. The summation of these three dipole moment vectors is 

0, which means there is no charge generated on the surface of the crystal. 

When a force (tension or compression) is applied on the quartz crystal in y direction as 

shown in Figure 1-2, the crystal will deform in this direction. Then the summation of three dipole 

moments will be a vector along x axis, which means charges will be generated on the positive and 

negative x surfaces. The same result occurs when a force is applied along x or y axis. The charges 

will accumulated on the x surfaces no matter which direction the mechanical stress is applied along. 

Thus x direction is called the polarization direction for α-quartz crystal. 
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Figure 1-1 The atom distribution and dipole moments of 𝛼𝛼-quartz crystal in xy-plane 
 

 

 
 

Figure 1-2 The atom distribution and dipole moments under stress in y direction 
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The polarization of a material is simply the total dipole moment for a unit volume P =

1
𝑉𝑉
∑ �⃗�𝑝𝑖𝑖𝑖𝑖 , where V is the overall volume of the material. Because ∑ �⃗�𝑝𝑖𝑖𝑖𝑖  is a vector sum, the net 

polarization can be zero because the dipole moments can be randomly distributed in the material 

and cancel out. In the engineered piezoelectric material such as lead zirconate titanate (PZT) 

ceramics, Barium Titanate (𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵3), the dipole moments are generally in randomly oriented when 

no external electric field is applied as shown in Figure 1-3(a). This kind of material will not present 

piezoelectricity unless a poling process is conducted. A poling process is an alignment of the dipole 

moments by applying an external DC electric field normally at a temperature below the Curie 

temperature. During the poling process, most of dipole moments aligned with the electric field 

(Figure 1-3(b) ). When the external electric field is removed, most of the dipoles are locked into a 

configuration of near alignment (Figure 1-3(c)). Then the material has a permanent polarization 

after poling process. 

 

 
 

Figure 1-3 Poling process: (a) Unpoled ceramic; (b) During poling; (c) After poling process[3] 
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1.2  CONSTITUTIVE EQUATIONS OF PZT MATERIAL 
 

 

In this section, we will introduce the three-dimensional form of the linear piezoelectric constitutive 

equations of PZT material. We usually consider the polarization axis of the piezoelectric material 

as z axis [4]. A set of linear equations which relate field variables including stress tensor (𝐵𝐵𝑖𝑖𝑖𝑖), 

strain tensor (𝑆𝑆𝑖𝑖𝑖𝑖), electric field components (𝐸𝐸𝑘𝑘), and the electric displacement components (𝐷𝐷𝑘𝑘) 

are introduced to describe the piezoelectric effect which are called as constitutive equations. The 

standard form of the piezoelectric constitutive equations can be given in four different forms by 

taking either two of the four field variables as the independent variables. These equations can be 

written as:  

 
  (1.1) 
   
    
 
   (1.2)  
   
   
  (1.3) 
 
   
  (1.4) 
 

 

Where all the matrixes with superscript t are the transpose of the matrix. The superscript 

E,D,T,S indicate the constant electric field, constant electrical displacement, constant stress 

condition and constant strain condition respectively. The s,d,ε ,c,e,g,β ,h indicate mechanical 

compliance coefficient tensor, piezoelectric strain coefficient tensor, permittivity tensor, stiffness 

coefficient tensor, piezoelectric stress coefficient tensor, piezoelectric voltage coefficient tensor, 
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reciprocal permittivity tensor and piezoelectric charge coefficient tensor respectively. Consider the 

form with stress components and electric field as components as independent variables, we usually 

use form of equation (1.1) as the constitutive equations for piezoelectric material.  

The constitutive equations for poled PZT material can be written as[5]: 

 

 (1.5) 

 

  
 (1.6) 

 
 

 

 

Where the contracted notation is used so that the vectors and strain and stress components 

are 

 

 (1.7) 

 

 

Now we look into a reduced form of equations for a thin beam which will be the structure 

model throughout this thesis[6]. Consider the polarization axis is z axis (or 3-axis) and electrode 

pair covers the face perpendicular to polarization direction. Based on the Euler-Bernoulli beam 

theory, the stress components other than bending normal stress 𝐵𝐵1 can be neglected so we have 

 2 3 4 5 6 0T T T T T= = = = =  (1.8) 
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Substituting equation (1.8) into constitutive equations (1.5) and (1.6) for PZT material, the 

constitutive equations of PZT material for a thin beam can be simplified as 

 1 111 31

3 331 33

E

T

S Ts d
D Ed ε

    
=     

    
 (1.9) 

 
 
 
 

1.3  ELEMENTARY BEAM THEORY 
 
 
In this thesis, some PZT-polymer composites will be fabricated to construct some sensors and 

actuators with different structures including cantilever beam and doubly clamped beam. To 

establish mathematical models for analyzing the mechanical properties of these structures, the 

elementary beam theory need to be introduced in this section.  

 

 
 

Figure 1-4 Deformation of a beam[7] 
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The basic assumptions of the elementary theory according to Euler-Bernoulli beam theories 

of a deformed slender beam as shown in Figure 1-4 whose cross section is symmetrical about the 

vertical plane of loading are[8]: 

1. Cross-sections which are plane and normal to the neutral axis remain plane and normal 

after deformation. 

2. Shear deformations are neglected. 

3. Beam deflections are small. 

Assumption 1 gives 

 ( , , ) ( )w x y z w x=  (1.10) 

From Figure 1-4 we can obtain the displacement along length direction as follows 

  ( , , ) sinu x y z z φ= −  (1.11) 

If deformation is small, sin 𝜙𝜙 ≈  𝜙𝜙 = 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

, we have 

 ( , , ) dwu x y z z
dx

= −  (1.12) 

The normal strain along x direction is 

 
2

2x
u d wz
x dx

ε ∂
= = −
∂

 (1.13) 

The shear strain 

 1 1( ) ( ) 0
2 2xz

u w dw dw
z x dx dx

ε ∂ ∂
= + = − + =

∂ ∂
 (1.14) 

Equation (1.14) has an agreement with basic assumption 2. Then we can obtain normal 

stress in length direction as follows: 

 
2

2xx x
d wE Ez
dx

σ ε= = −  (1.15) 
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The bending moment caused by internal forces can be written as[9] 

 
2 2

2
2 2xxA A

d w d wM zdA E z dA EI
dx dx

σ= − = =∫ ∫  (1.16) 

To gain further insight into the beam problem, consideration is now given to the geometry 

of the deformed beam. For a beam of symmetrical cross section, the normal strain along length 

direction can be obtained by substituting equation (1.16) into equation (1.13) which gives 

 x
Mz
EI

ε = −  (1.17) 

In the pure bending case, the deflected axis of the beam is shown deformed with radius of 

curvature, which is defined by 

 

2

22

3 2
2 2

1
( ) [1 ( ) ]

d w
d d wdxK

r x ds dxdw
dx

φ
= = = ≈

+
 (1.18) 

Where the approximate form is valid for small deformations (𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
≪ 1). Therefore, we have 

relationship between curvature and bending moment as follows 

 x MK
z EI
ε

= − =  (1.19) 

The elementary beam theory based on the Euler-Bernoulli beam theory relates the beam 

curvature to the bending moment, which will be used in chapter 2 and chapter 4 to obtain the 

transverse deflection functions for different structures of beams. 
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1.4  FABRICATION PROCESS OF PZT-POLYMER LAMINATED COMPOSITE 
 
 
In the past a few decades, a lot of researches have been conducted to investigate the properties of 

different types of PZT bending mode sensors and actuators[10]-[14]. The most commonly applied 

structures of the devices are PZT unimorph and bimorph as shown in Figure 1-5(a) and (b). Figure 

1-5(c) shows the structure of triple layer which is similar to the bimorph. Consider three different 

cantilever beam consisting of these different types of structure, when the electric field is applied 

across the thickness direction parallel to the poling direction of the PZT element of the beam, the 

unimorph PZT element will contract and the lower substrate layer will restrict its motion, which 

will lead to bending deformation. For the bimorph structure and triple layer structure, the voltage 

parallel to the upper PZT layer and anti-parallel to the lower PZT layer will cause the upper PZT 

layer contract and lower PZT layer expand, which will also lead to bending deformation. The 

sensitivity of the structure (b) is the largest and the unmorph (a) is the smallest. 

 

(a) Unimorph PZT with substrate 
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(b) Bimorph PZT 

 

 

 

(c) Triple layer with 2 layers of PZT 

 
 

Figure 1-5 Three different structures of cantilever benders 
 
 
 

Although the piezoelectric bimorph and triple layer structures have high sensitivity, it is 

fragile with PZT ceramic exposed outside. To protect the PZT ceramic from fracture during the 

vibration and to increase the flexibility of the structure, a five-layer sandwiched composite 

structure with three layers of polymer and two layers of PZT ceramic is designed in this research. 
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Figure 1-6 shows the schematic cross section structure of PZT-polyimide composite we used for 

experiments. 

 

 

Figure 1-6 Schematic Structure of PZT-polyimide laminated composite 
 

 

The thin film PZT ceramic in the composite is fabricated by using tape-casting processing 

by Lifeng Qin et al (2009)[15] as shown in Figure 1-7(a). After cutting process, the rectangular 

samples of unpoled PZT pieces we used to produce PZT-polymer composite is shown in Figure 1-

7(b). 



13 
 

 

 
 

Figure 1-7 (a) Tape-casting processing for PZT film; (b) Unpoled PZT thin film sample (80um) 
laid on white paper 

 
 
 
After fabrication of soft PZT thin film sample, the second step is to coat electrodes on the 

two surfaces of the PZT sample. Two types of electrode coverages are used in this research which 

includes fully covered electrodes and partially covered electrodes. The thin golden electrodes (80-

120 nm) are coated by DC sputtering in a sputter coater as shown in Figure 1-8(a). The PZT 

samples with different electrodes coverage are shown in Figure 1-8(b). 
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Figure 1-8 Coating process of electrodes of PZT film and different electrode coverages 
  

 
 

Figure 1-9 The poling process of PZT sample 
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The following step is poling process: The PZT thin film sample is put in silicone oil at a 

temperature of 105°C and a DC electric field 3 kV/mm is applied across the thickness direction for 

30 minutes as shown in Figure 1-9.  

After poling process, we can cut these poled PZT sheets into desirable shapes such as 

rectangular plates or circular plates. In this research, some PZT long slices with length 33mm and 

width 4mm (Figure 1-10(a)) are needed as we utilize PZT-polymer composite construct beam 

structures. Therefore, some rectangular polyimide film (DoPont Kapton HN) are trimmed and we 

use epoxy binder to bond the PZT slices and polyimide filmes together to make the five- layer 

composite. Then the composite sample are put into an oven (47900 Furnace, Barnstead 

Thermolyne) at temperature 140°C. This baking process will increase the bonding strength and 

result in compressed thermal stress into PZT film to increase the tensile flexibility. The composite 

sample for cantilever beam are presented as Figure 1-10(b). 

 

 
 

Figure 1-10 PZT slices and PZT-polyimide laminated composite 
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1.5  RESEARCH OBJECTIVE 

 
 

As mentioned in previous sections, the PZT-polymer laminated composite has high 

electromechanical coupling coefficient, broad bandwidth, great sensitivity and good flexibility. 

Hence, the composite can be applied as powerful transducers in wide application areas. The 

research objectives in this thesis contain both the mathematical modeling of constitutive equations 

for different structures and experimental studies to validate the constitutive equations and to 

develop some sensors for application. Generally, cantilever beam structure unimorph or bimorph 

is widely used in bender actuators, vibration sensors, accelerometers and energy harvesting devices, 

the doubly clamped beam structure is often used in accelerometer designs [16]-[21]. Therefore, 

constitutive equations for these two typical structures are analyzed in this research. The research 

work can be divided into four parts:  

The first part is theoretical analysis which derives the matrix form constitutive equations 

for cantilever beam under static and dynamic mechanical or electrical excitations. 

The second part is to fabricate and characterize the cantilever beam actuators and sensors 

to validate the constitutive equations. 

The third part is static theoretical analysis of doubly clamped beam which derives the static 

matrix form constitutive equations under different types of excitations and analyzes the optimal 

dimension for the polarization areas of the PZT elements used in the composite. 

The fourth part of the research work is to fabricate and characterize the doubly clamped 

beam sensors with partially covered electrodes. The validation works are conducted to verify the 

theoretical model. 
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2.0  THEORETICAL ANALYSIS OF PZT-POLYMER COMPOSITE CANTILEVER 
BEAM 

 
 

 
 

2.1  GENERAL STRUCTURE OF FIVE LAYERS CANTILEVER BEAM  
 
 
In the previous sections, three different types of cantilever benders were reviewed. In order to 

increase the flexibility, our device is made of two PZT layers bonded with three thin layers of 

polyimide.  Consider such a cantilever beam consisting of PZT-polymer composite of length 𝐿𝐿, 

width 𝑤𝑤 , as shown in Figure 2-1. The two piezoelectric layers have equal thickness ℎ𝑐𝑐  and 

thethickness of each single polymer layer is ℎ𝑝𝑝. The thickness of electrode is so much smaller than 

the thickness of a single PZT or polymer layer that can be neglected. 

 

Figure 2-1 A schematic diagram of a PZT-polyimide composite cantilever beam 
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In this five layers construction, the polarizations of two PZT elements are antiparallel to 

each other. The two piezoelectric layers are electrically connected in series by conductive wires. 

In actuation mode, an electric field is applied across the thickness direction which will cause one 

piezoelectric layer to expand and the other piezoelectric layer to contract. The different motion 

directions will result in a bending deformation of the composite. 

 
 
 
 

2.2  MATHEMATICAL MODELS FOR THE CANTILEVER BEAM 
 
 
As introduced in Chapter 1, the equations of motion of a beam element is derived from Euler-

Bernoulli beam theory. In this section, we can start from these equations to derive the constitutive 

equations of the PZT-polymer composite cantilever beam as shown in Figure 2-1. 

The constitutive equations represent the electromechanical coupling for the piezoelectric 

devices. One method to derive these equations which is given by Smits[22] is to obtain a 4 × 4 

matrix that relates the external driving excitations (a moment 𝑀𝑀, a force 𝐹𝐹  at the tip, surface 

pressure 𝑝𝑝 and voltage 𝑉𝑉  across the thickness direction) to the beam response parameters (tip 

rotation angle 𝛼𝛼, tip vertical deflection 𝛿𝛿, volumetric displacement 𝑣𝑣 and electric charge generated 

𝑄𝑄). The matrix constitutive equations are in the form as shown in equation (2.1). 

 

 

11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44

e e e e M
e e e e F
e e e ev p
e e e eQ V

α
δ

    
    
    =
    
    

    

 (2.1) 
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The matrix containing 16 elements from 𝑒𝑒11  to 𝑒𝑒44  need to be determined for the 

mathematical model of our device. To obtain these elements, the transverse deflection function of 

the beam is firstly investigated. 

According to the beam theory in Chapter 1, the deflection function 𝑊𝑊(𝑥𝑥) under the effect 

of different mechanical excitations is derived in the following part of this section. Figure 2-2 shows 

a free-body diagram of an element of a beam under transverse vibration. 

  

  

 

 

 

 

 

 

 

 
 
 

Figure 2-2 Free body diagram of a beam element 
 

 
 
The equilibrium of the element in 𝑧𝑧 direction leads to 

 
2

2

( , )( , ) ( , ) [ ( , ) ]V W x tV x t p x t wdx V x t dx dx
x t

ρ∂ ∂
− − + =

∂ ∂
 (2.2) 
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Where 𝑉𝑉(𝑥𝑥) is the shear force, 𝑝𝑝(𝑥𝑥, 𝑡𝑡) is the surface pressure exerted on the beam per unit 

area, 𝑤𝑤 is the width of the cross section of the beam, 𝜌𝜌 is the mass density per unit length of the 

beam.  

The moment equation about y axis gives 

 ] [[ ] 0
2

M V dxdx V dx dx pwdx M
x x

M ∂ ∂
+ − + − − =
∂ ∂

 (2.3) 

By neglecting the second order term of infinitesimal 𝑑𝑑𝑥𝑥 and dividing by 𝑑𝑑𝑥𝑥 on both sides, 

equation (2.3) can be simplified as 

  ( , ) ( , )M x t V x t
x

∂
=

∂
 (2.4) 

In the pure bending case of this composite cantilever, the bending moment can be derived 

by analyzing the stress state for all five layers. 

For the first top polymer layer, the mechanical normal stress along length direction is given 

by [23] 

 (1) (1) 1
( , )x p x pY Y z

r x t
σ ε= = −  (2.5) 

Where 𝑌𝑌𝑝𝑝 is Young’s modulus for the polymer layer, 𝑟𝑟(𝑥𝑥, 𝑡𝑡) is local radius of curvature, 

the superscript (1) represent the first layer. 

Similarly, the mechanical normal stresses in x direction for other layers are 

 (2) (2) 1
( , )x c x cY Y z

r x t
σ ε= = −   (2.6) 

 (3) (3) 1
( , )x p x pY Y z

r x t
σ ε= = −  (2.7) 

 (4) (4) 1
( , )x c x cY Y z

r x t
σ ε= = −  (2.8) 
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 (5) (5) 1
( , )x p x pY Y z

r x t
σ ε= = −  (2.9) 

Where subscript c,p indicate ceramic layer and polyimide layer respectively. The moment 

of the internal forces is derived by integrating the product of stress and the distance from neutral 

axis: 

 

3
(1) (2) (3) (4) (5)2 2 2 2 2

3
2 2 2 2 2

p p p p p
c c c

p p p p p
c c c

h h h h h
h h h

h h h h hx x x x x
h h h

M zwdz zwdz zwdz zwdz zwdzσ σ σ σ σ
+ + − − −

+ − − − − −
= − − − − −∫ ∫ ∫ ∫ ∫

 
( ) ( )( )3 3 2 28 27 12 2 6 8

12 ( , )
c c p p c p c p c p c pw h Y h Y h h Y Y h h Y Y

r x t

+ + + + +
=  (2.10) 

Where ℎ𝑐𝑐 ,ℎ𝑝𝑝 is thickness of ceramic layer and polymer layer respectively. To simplify this 

equation, we can introduce flexural rigidity R here as: 

( ) ( )( )3 3 2 28 27 12 2 6 8

12
c c p p c p c p c p c pw h Y h Y h h Y Y h h Y Y

R
+ + + + +

=  (2.11) 

Which makes 

 
( , )
RM

r x t
=  (2.12) 

Substituting equation (2.4) and (2.12) into equation (2.2) and recall that 1
𝑟𝑟(𝑑𝑑,𝑡𝑡) = 𝜕𝜕2𝑊𝑊(𝑑𝑑,𝑡𝑡)

𝜕𝜕𝑑𝑑2
, 

we have 

 
4 2

4 2

( , ) ( , ) ( , )W x t W x tR p x t w
x t

ρ∂ ∂
+ = −

∂ ∂
 (2.13) 

For free vibration, 𝑝𝑝(𝑥𝑥, 𝑡𝑡) = 0, the equation (2.13) becomes 

 
4 2

4 2

( , ) ( , ) 0W x t W x tR
x t

ρ∂ ∂
+ =

∂ ∂
 (2.14) 
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We can use the method of separation of variables to solve this equation. Assume that the 

form of the solution of the vertical deflection function 𝑊𝑊(𝑥𝑥, 𝑡𝑡) is a product of two functions, one 

depending only on 𝑥𝑥 and the other depending only on time 𝑡𝑡; thus 

 𝑊𝑊(𝑥𝑥, 𝑡𝑡) = 𝑋𝑋(𝑥𝑥)𝐵𝐵(𝑡𝑡) (2.15) 

Substituting from equation (2.15) for 𝑊𝑊 in equation (2.14) yields 

 R X T
X Tρ
′′′′ ′′

= −  (2.16) 

In which the variables are separated; that is, the left side depends only on 𝑥𝑥 and the right 

side only on 𝑡𝑡. It is necessary that both sides of this equation must be equal to the same constant 

𝑐𝑐. Hence we obtained two ordinary differential equations for 𝑋𝑋(𝑥𝑥) and 𝐵𝐵(𝑡𝑡) as follows 

 0T cT′′ + =  (2.17) 

 0R X cX
ρ

′′′′ − =  (2.18) 

For equation (2.17), we choose a solution of the time dependent equation in anticipation of 

harmonic excitation of the beam as 

  𝐵𝐵 = 𝐴𝐴cos𝜔𝜔𝑡𝑡 + 𝐵𝐵sin𝜔𝜔𝑡𝑡  (2.19) 

In which 𝜔𝜔2 = c, A,B are constants.  Then equation (2.18) can be rewritten as  

 2R X
X

ω
ρ

′′′′
=  (2.20) 

Consider 𝑅𝑅
𝜌𝜌

= 𝐵𝐵2, which leads to 

 
2

2

X
X a

ω′′′′
=  (2.21) 

The characteristic equation of equation (2.21) is derived by assuming a solution form of 

𝑋𝑋(𝑥𝑥) = 𝐴𝐴𝑒𝑒𝑟𝑟𝑑𝑑 as follows 
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 𝑟𝑟4 − 𝜔𝜔2

𝑎𝑎2
= 0 (2.22) 

Equation (2.22) gives 4 distinct roots for the characteristic equation: 

 𝑟𝑟1 = �𝜔𝜔
𝑎𝑎

, 𝑟𝑟2 = −�𝜔𝜔
𝑎𝑎

, 𝑟𝑟3 = 𝑗𝑗�𝜔𝜔
𝑎𝑎

, 𝑟𝑟4 = −𝑗𝑗�𝜔𝜔
𝑎𝑎

 (2.23) 

Then the general solution of 𝑋𝑋(𝑥𝑥) is the linear combination of the 4 solutions: 

 1 2 3 4( ) cosh sinh cos sinX x c x c x c x c x= Ω + Ω + Ω + Ω  (2.24) 

Where 𝑐𝑐𝑖𝑖 are constants and Ω = �𝜔𝜔
𝑎𝑎

. Then the general solution for the deflection equation 

(2.14) can be derived as 

 1 2 3 4( , ) ( ( cc os sin cosh sinh )os sin )W x t c xA t B t c x c x c xω ω= Ω + Ω + Ω + Ω+  (2.25) 

Where 𝐴𝐴,𝐵𝐵, 𝑐𝑐𝑖𝑖  are constants. We want to determine these coefficients according to 

different mechanical and electrical excitations. The different types of excitations as shown in 

Figure 2-3 are introduced in the following sections. 

 

Figure 2-3 Bending deformation of the composite cantilever under different excitation conditions 
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2.3  STATIC ANALYSIS OF COMPOSITE CANTILEVER BEAM 
 
 

As described in section 2.2, the governing equation of the transverse deflection function of the 

cantilever beam is presented in equation (2.13). In this section, we first look into this governing 

equation for theoretical static analysis of the composite cantilever beam subjected to different 

external excitations to obtain the constitutive equations. 

 
 

2.3.1  Cantilever Beam Subjected to an External Bending Moment M 
 
 
In static state, the dynamic terms in equation (2.13) vanishes. Then the governing equations of 

transverse deflection function only subjected to an external moment can be simplified as 

  (2.26) 

The boundary conditions are imposed as 

The displacement of the clamped end is 0: 

 𝑊𝑊(0) = 0 (2.27) 

The slope of the clamped end is 0: 

 𝑑𝑑𝑊𝑊(0)
𝑑𝑑𝑑𝑑

= 0 (2.28) 

The moment at the tip is equal to the external moment: 

 𝑑𝑑2𝑊𝑊(𝐿𝐿)
𝑑𝑑𝑑𝑑2

= 𝑀𝑀
𝑅𝑅

 (2.29) 

The tip force at the free end is 0: 

 𝑑𝑑3𝑊𝑊(𝐿𝐿)
𝑑𝑑𝑑𝑑3

= 0 (2.30) 

Then the transverse deflection function is solved as 

4

4 0d WR
dx

=
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  (2.31) 

Therefore, the deflection at the tip of the cantilever under the external moment is given by 

  (2.32) 

This equation leads to the element 𝑒𝑒21 in the matrix in constitutive equation (2.1) which is  

  (2.33) 

The slope at the tip of the cantilever can be derived from the first order derivative with 

respect to x at x=L: 

  (2.34) 

  (2.35) 

The volume displacement is obtained by integrate the deflection function from x=0 to x=L: 

  (2.36) 

  (2.37) 

Therefore, three elements in the matrix of constitutive equations are derived from the 

theoretical analysis of the cantilever beam subjected to an external moment. 

 
 

2.3.2  Cantilever Beam Subjected to an External Tip Force F 
 
 
Consider a force F with positive direction pointing to the positive thickness direction (z-axis) 

acting at the tip of the cantilever beam as shown in Figure 2-3. The governing equation of the 

2( )
2
MW x x
R

=

2( )
2
MW L L
R

δ = =

2

21 2
Le
R

=

( )dW L M L
dx R

α = =

11
Le
R

=

3
2

0
2

( )
6

w L

w
wLv W x dxdy M

R−
= =∫ ∫

3

31 6
wLe

R
=



26 
 

deflection function of the cantilever is same as equation (2.26). The two boundary conditions at 

the clamped end are same with the case in which the cantilever is subjected to an external moment 

as equation (2.27) and (2.28). The two boundary conditions at the tip are given by: 

The moment at the tip is 0: 

  (2.38) 

The tip force at the tip is the external force F: 

  (2.39) 

The solution of the deflection equation can be derived from these boundary conditions: 

  (2.40) 

Therefore, the deflection at the tip of the cantilever is  

  (2.41) 

  (2.42) 

The slope at the tip is derived by 

  (2.43) 

  (2.44) 

We can see that 𝑒𝑒12 = 𝑒𝑒21. Then the volume displacement can be obtained by integrate the 

deflection function from x=0 to x=L: 

  (2.45) 

( )2

2 0
d W L

dx
=

( )3

3

d W L F
dx R

= −

2 33( )
6

Lx xW x F
R
−

=

3

( )
3
LW L F
R

δ = =

3

22 3
Le
R

=

2( )
2

dW L L F
dx R

α = =

2

12 2
Le
R

=

4
2

0
2

( )
8

w L

w
wLv W x dxdy F

R−
= =∫ ∫
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  (2.46) 

Therefore, another 3 elements in the second column of the matrix in the constitutive 

equations are derived from analysis of the cantilever subjected to tip force. 

 
 

2.3.3  Cantilever Beam Subjected to Uniformly Distributed Pressure P 
 
 
If the cantilever beam is subjected to an external pressure P acting on the lower surface with 

positive direction pointing to the positive z direction, the governing equation of the deflection is 

given by 

  (2.47) 

The boundary conditions at the clamped end is same as the previous 2 cases, the two 

boundary conditions at the tip are  

The moment at the tip is 0: 

  (2.48) 

The force at the tip is 0: 

  (2.49) 

Then the solution of the governing equation can be derived as 

  (2.50) 

Then the tip deflection of the cantilever δ , the slope of the tip α  and the volumetric 

displacement v can be obtained as follows 

4

32 8
wLe

R
=

4

4

( )d W xR wP
dx

=

( )2

2 0
d W L

dx
=

( )3

3 0
d W L

dx
=

2 2 3 46 4( )
24

L x Lx xW x wP
R

− +
=
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  (2.51) 

  (2.52) 

  (2.53) 

Therefore, another three elements in the third column of the matrix in constitutive 

equations are derived as 

  (2.54) 

  (2.55) 

  (2.56) 

Now we have 9 elements and we can find that 𝑒𝑒12 = 𝑒𝑒21, 𝑒𝑒13 = 𝑒𝑒31, 𝑒𝑒32 = 𝑒𝑒23. In the next 

subsection we will look into the fourth column of the matrix in constitutive equations. 

 
2.3.4  Cantilever Beam Subjected to an External Voltage V 
 
 
If an external voltage is applied across the cantilever as shown in Figure 2-3, the two layers of 

piezoelectric elements will have two different deformation: one will expand and the other will 

contract at the same time. If the electric field is applied across the thickness direction of the 

cantilever with direction parallel to the upper piezoelectric layer and antiparallel to the lower 

piezoelectric layer, the upper layer will contract and the lower layer will expand. The constitutive 

equations for these piezoelectric layers are: 

The upper piezoelectric layer: 

4

( )
8
wLW L P

R
δ = =

3( )
6

dW L wL P
dx R

α ==

2 5
2

0
2

( )
20

w L

w
w Lv W x dxdy P

R−
= =∫ ∫

4

23 8
wLe

R
=

3

13 6
wLe

R
=

5

33 20
wLe

R
=
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  (2.57) 

  (2.58) 

The lower piezoelectric layer: 

  (2.59) 

  (2.60) 

Where the superscript c denotes the ceramic elements, 𝑆𝑆𝑑𝑑𝑐𝑐 is strain in length direction and 

𝜎𝜎𝑑𝑑𝑐𝑐 is mechanical stress in length direction, 𝐸𝐸3 is electric field generated by the dynamic voltage in 

thickness direction. 𝑠𝑠11𝐸𝐸  is mechanical compliance under constant electric field which is equal to 

1/𝑌𝑌𝑐𝑐 , 𝑑𝑑31  is transverse piezoelectric coefficient, 𝜀𝜀33𝑇𝑇  is piezoelectric permittivity. Since the 

cantilever is subjected to an external voltage only, the strain in the piezoelectric layer is only 

caused by the electric field as described below: 

The upper piezoelectric layer: 

  (2.61) 

The lower piezoelectric layer: 

 

  (2.62) 

These strains will lead to a forced uniform moment in the cantilever. We can consider an 

equivalent external moment by integrating the product of these stresses and distance from neutral 

axis throughout the cross section of the beam: 

   

11 31 3
c E c
x xS s d Eσ= +

3 31 33 3
c c T

xD d Eσ ε= +

11 31 3
c E c
x xS s d Eσ= −

3 31 33 3
c c T

xD d Eσ ε− = −

31 3 31 2
c
x

p c

VS d E d
h h

= =
+

31 3 31 2
c
x

p c

VS d E d
h h

= − = −
+

2 2
31 31

2 22 2

p p
c

p p
c

h h
h

h he c c
hp c p c

V VM Y d zwdz Y d zwdz
h h h h

+ −

− −
= − − −

+ +∫ ∫
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  (2.63) 

 

The deflection function subjected an external moment has already been derived as equation 

(2.31), thus, the deflection function for the equivalent external moment can be written as 

  (2.64) 

Then the functions of tip deflection, tip slope and volumetric displacement can be 

obtained as 

  (2.65) 

  (2.66) 

  (2.67) 

Therefore, three elements are obtained as 

  (2.68) 

  (2.69) 

  (2.70) 

Then we want to calculate the element 𝑒𝑒44  which can be obtained from the charge 

generated over the applied voltage. From equation (2.58) we have the electric displacement at the 

upper surface of the upper piezoelectric layer: 

31

( )
2

c c p
c

p c

h h h
wY d V

h h
+

= −
+

312 2( )
( )

2 2 ( 2 )
c c c pe

p c

wY d h h h VMW x x x
R R h h

+
= = −

+

2
31 ( )

2
)

(
(

2 )
c c c p

p c

wY d h h h L
W

R h
L V

h
δ = =

+
−

+

31 ( )( )
( 2 )

c c c p

p c

wY d h h h LdW L V
dx R h h

α
+

= −
+

=

3
312

0
2

( )
( )

6 ( 2 )

w L c c c p
w

p c

wY d h h h L
v W x dxdy V

R h h−

+
= = −

+∫ ∫

2
31

24

( )
2 ( 2 )

c c c p

p c

wY d h h h L
e

R h h
+

= −
+

31
14

( )
( 2 )

c c c p

p c

wY d h h h L
e

R h h
+

= −
+

3
31

34

( )
6 ( 2 )
c c c p

p c

wY d h h h L
e

R h h
+

= −
+
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  (2.71) 

The charge can be derived by integrating over the electrode area of the upper surface: 

 

 (2.72) 

The element 𝑒𝑒44 is obtained by dividing Q by V, which is  

  (2.73) 

 
 
 
 

2.4  THE SYMMETRIC PROPERTY OF THE MATRIX IN CONSTITUTIVE 
EQUATIONS 

 
 

By now we have obtained 13 elements including 𝑒𝑒11, 𝑒𝑒12, 𝑒𝑒13, 𝑒𝑒14, 𝑒𝑒21, 𝑒𝑒22, 𝑒𝑒23, 𝑒𝑒24, 𝑒𝑒31, 𝑒𝑒32, 𝑒𝑒33, 

𝑒𝑒34 and 𝑒𝑒44. Now we will turn our attention to the symmetric property of the constitutive matrix. 

If the matrix is symmetric, we will get all the 10 independent elements to complete the constitutive 

equation. 

Consider a linear system without energy dissipation, the work done on the system is equal 

to the increased internal energy which is the summation of mechanical energy and electric potential 

energy: 

 M EU U U W= + =  (2.74) 

3 31 1 33 3 31 31 3 33 3
2( )

( , )

p
c

T T
c c

h
h

D d Y S E d Y d E E
r x t

ε ε
+

= + = − + +

2
2

31 31 3 33 32

( , )( )
2

p T
c c c

h W x td Y h d Y E E
x

ε∂
= − + − +

∂

2
2

3 31 31 3 33 320

( , )( ( ) )
2

L p T
c c cA

h W x tQ D dA w d Y h d Y E E dx
x

ε∂
= = − + − +

∂∫ ∫

2 2 2
312

33 31

( )
( )

2 2
c c p cT

c
p c

w Ld h h h YwL d Y V V
h h R

ε
+

= − +
+

2 2 2
312

44 33 31

( )
( )

2 2
c c p cT

c
p c

w Ld h h h YwLe d Y
h h R

ε
+

= − +
+
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From Castigliano’s Theorem we know that 

 MUU
F F

δ∂∂
= =

∂ ∂
 (2.75) 

 MUU
M M

α∂∂
= =

∂ ∂
 (2.76) 

 MUU v
P P

∂∂
= =

∂ ∂
 (2.77) 

And for the electric potential energy in a capacitor, we have: 

 EUU V
Q Q

∂∂
= =

∂ ∂
 (2.78) 

Then we can see that 

 
2 2

12 21
U Ue e

F M F F M M
α δ∂ ∂ ∂ ∂

= = = = =
∂ ∂ ∂ ∂ ∂ ∂

 (2.79) 

 
2 2

13 31
U U ve e

P M P P M M
α∂ ∂ ∂ ∂

= = = = =
∂ ∂ ∂ ∂ ∂ ∂

 (2.80) 

 
2 2

14 41
U U Qe e

V M V V M M
α∂ ∂ ∂ ∂

= = = = =
∂ ∂ ∂ ∂ ∂ ∂

 (2.81) 

 
2 2

23 32
U U ve e

P F P P F F
δ∂ ∂ ∂ ∂

= = = = =
∂ ∂ ∂ ∂ ∂ ∂

 (2.82) 

 
2 2

24 42
U U Qe e

V F V V F F
δ∂ ∂ ∂ ∂

= = = = =
∂ ∂ ∂ ∂ ∂ ∂

 (2.83) 

 
2 2

34 43
v U U Qe e
V P V V P P
∂ ∂ ∂ ∂

= = = = =
∂ ∂ ∂ ∂ ∂ ∂

 (2.84) 

From these equations we can find that the matrix in the constitutive equation (2.1) is 

symmetric. Therefore, we have derived the static constitutive equation of the cantilever mounted 

five layers PZT-polymer composite bender under different excitations. 
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2.5  DYNAMIC ANALYSIS OF COMPOSITE CANTILEVER BEAM 
 
 

2.5.1  Theoretical Analysis of a Dynamical Moment  
 
 
First, we consider a harmonic moment 𝑀𝑀 = 𝑀𝑀0sin𝜔𝜔𝑡𝑡 exerted at the tip of the cantilever which 

will cause a harmonic motion of the cantilever. The boundary conditions are: 

The displacement of the clamped end is 0: 

 𝑊𝑊(0, 𝑡𝑡) = 0 (2.85) 

The slope of the clamped end is 0: 

 𝜕𝜕𝑊𝑊(0,𝑡𝑡)
𝜕𝜕𝑑𝑑

= 0 (2.86) 

The moment at the tip is equal to the external harmonic moment: 

 𝜕𝜕2𝑊𝑊(𝐿𝐿,𝑡𝑡)
𝜕𝜕𝑑𝑑2

= 𝑀𝑀
𝑅𝑅

 (2.87) 

The tip force at the free end is 0: 

 𝜕𝜕3𝑊𝑊(𝐿𝐿,𝑡𝑡)
𝜕𝜕𝑑𝑑3

= 0 (2.88) 

These conditions gives four equations to solve coefficients as follows: 
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1

2
2 2 2 2

3
3 3 3 3

4

0

1 0 1 0
0 0

( cos sin )
cos sin cosh sinh

sin cos sinh cosh

0
0

cos 0
1

c
c

A t B t
cL L L L
cL L L L

F t

R

ω ω

ω

  
  Ω Ω   +
  −Ω Ω −Ω Ω Ω Ω Ω Ω
  Ω Ω −Ω Ω Ω Ω Ω Ω   

 
 
 

=  
 
 − 
 

 ( )0

0
0

cos 1

0

M t
R

ω

 
 
 

=  
 
  
 

 (2.89) 

Consider 𝐴𝐴 = 𝑀𝑀0,𝐵𝐵 = 0, then solve the matrix equation, we can find  

 

2

1
2

2

3
2

4

2

cos cosh
2 (1 cos cosh )

sin sinh
2 (1 cos cosh )

cos cosh
2 (1 cos cosh )

sin sinh
2 (1 cos cosh )

L L
R L L

c L L
c R L L
c L L

R L Lc
L L

R L L

− Ω − Ω 
 Ω + Ω Ω 

  − Ω + Ω 
   Ω + Ω Ω   =
   Ω + Ω
   Ω + Ω Ω   

 Ω − Ω
 Ω + Ω Ω 

 (2.90) 

So the deflection function of the cantilever under the external moment is  

 ( )( )
( )( )

02

1( , ) cos
2 (1 cos cosh )

[ cos cosh cos cosh

sin sinh sin sinh ]

W x t M t
R L L

L L x x

L L x x

ω= −
Ω + Ω Ω

× − Ω − Ω Ω − Ω

+ − Ω + Ω Ω − Ω

 (2.91) 

Therefore, the deflection at the tip under the external moment is given by 
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 0
2

cos( , ) (sin sinh )
(1 cos cosh )

M tW L t L L
R L L

ωδ = = Ω Ω
Ω + Ω Ω

 

 2

sin sinh
(1 cos cosh )

M L L
R L L

Ω Ω
=

Ω + Ω Ω
 (2.92) 

So the element 𝑒𝑒21 in the matrix constitutive equation (2.1) is  

 21 2

sin sinh
(1 cos cosh )

L Le
R L L

Ω Ω
=

Ω + Ω Ω
 (2.93) 

The element 𝑒𝑒11 can be determined by the slope at the tip of the cantilever which is derived 

from the first order partial derivative with respect to x at x=L: 

0
2

cos( , ) [2 (sin cosh sinh cos )]
2 (1 cos cosh )

M tW L t L L L L
x R L L

ωα ∂
= = Ω Ω Ω + Ω Ω

∂ Ω + Ω Ω

 (sin cosh sinh cos )
(1 cos cosh )

M L L L L
R L L

Ω Ω + Ω Ω
=

Ω + Ω Ω
 (2.94) 

11
sin cosh sinh cos

(1 cos cosh )
L L L Le
R L L

Ω Ω + Ω Ω
=

Ω + Ω Ω
 (2.95) 

The volume displacement is obtained by integrate of deflection function from x=0 to x=L, 

which can give us the element 𝑒𝑒31 as follows 

02
20

2

cos 2(sinh sin )( , )
2 (1 cos cosh )

w L

w
wM t L Lv W x t dxdy

R L L
ω

−

Ω − Ω
= =

Ω + Ω Ω Ω∫ ∫  

 3

(sinh sin )
(1 cos cosh )

wM L L
R L L

Ω − Ω
=
Ω + Ω Ω

 (2.96) 

31 3

(sinh sin )
(1 cos cosh )

w L Le
R L L

Ω − Ω
=
Ω + Ω Ω

 (2.97) 

Therefore, 3 elements 𝑒𝑒11, 𝑒𝑒21 and 𝑒𝑒31 in the matrix of constitutive equations are found 

from the theoretical analysis of the external moment above.  
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2.5.2  Theoretical Analysis of a Harmonic Tip Force  
 
 

Next we try to find another three elements in the second column of the matrix in the constitutive 

equations. Consider a dynamic force F = 𝐹𝐹0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 acting at the tip of the cantilever as shown in 

Figure 2-3. Since here tip force is acting along the positive z axis, the shear force on the left side 

of a beam element is pointing toward the negative z direction. Therefore, the relationship between 

deflection function and tip force is represented as 

 
3

3

( , )M W x tF R
x x

∂ ∂
= − = −

∂ ∂
 (2.98) 

The boundary conditions are 

The deflection at the clamped end is 

 (0, ) 0W t =  (2.99) 

The slope of the clamped end is 

 (0, ) 0W t
x

∂
=

∂
 (2.100) 

The moment at the tip is 

 
2

2

( , ) 0W L t
x

∂
=

∂
 (2.101) 

The force at the tip is 

 
3

3

( , )W L t F
x R

∂
= −

∂
 (2.102) 

These conditions lead to a matrix form equation as 
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1

2
2 2 2 2

3
3 3 3 3

4

1 0 1 0
0 0

( cos sin )
cos sin cosh sinh

sin cos sinh cosh

c
c

A t B t
cL L L L
cL L L L

ω ω

  
  Ω Ω   +
  −Ω Ω −Ω Ω Ω Ω Ω Ω
  Ω Ω −Ω Ω Ω Ω Ω Ω   

                                    

0

0
0

cos 0
1

F t

R

ω

 
 
 

=  
 
 − 
 

  (2.103) 

Consider A = 𝐹𝐹0,𝐵𝐵 = 0, we can solve for 4 coefficient 𝑐𝑐1, 𝑐𝑐2, 𝑐𝑐3, 𝑐𝑐4 as 

 

3

1
3

2

3
3

4

3

sin sinh
2 (1 cos cosh )

cos cosh
2 (1 cos cosh )

sin sinh
2 (1 cos cosh )

cos cosh
2 (1 cos cosh )

L L
R L L

c L L
c R L L
c L L

R L Lc
L L

R L L

Ω + Ω − Ω + Ω Ω 
  Ω + Ω 
   Ω + Ω Ω   =
   Ω + Ω
   Ω + Ω Ω   

 Ω + Ω
− Ω + Ω Ω 

 (2.104) 

Thus, the deflection function under the tip force is  

 

 0
3

cos( , )
2 (1 cos cosh )

F tW x t
R L L

ω
=

Ω + Ω Ω
 

 [(sin sinh )(cosh cos )L L x x× Ω + Ω Ω − Ω  

 (cos cosh )(sin sinh )]L L x x+ Ω + Ω Ω − Ω  (2.105) 

 

By using the same method as described to find the tip deflection, tip slope and volume 

displacement excited by the external moment in the section 2.5.1, we can find these three quantities 

under external harmonic tip force as 
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The slope α at the tip is 

0
3

cos( , ) (2 sin sinh )
2 (1 cos cosh )

F tW L t L L
x R L L

ωα ∂
= = Ω Ω Ω

∂ Ω + Ω Ω
 

2

sin sinh
(1 cos cosh )
F L L

R L L
Ω Ω

=
Ω + Ω Ω

 (2.106) 

The amplitude of tip deflection is 

 22 3

cosh sin cos sinh
(1 cos cosh )

L L L Le
R L L

Ω Ω − Ω Ω
=

Ω + Ω Ω
 (2.107) 

The volume displacement v is 

2 2

02
30

2

8sin ( )sinh ( )cos 2 2( , ) [ ]
2 (1 cos cosh )

w L

w

L L
wF tv W x t dxdy

R L L
ω

−

Ω Ω

= =
Ω + Ω Ω Ω∫ ∫  

2 2

4

4 sin ( )sinh ( )
2 2

(1 cos cosh )

L LwF

R L L

Ω Ω

=
Ω + Ω Ω

 (2.108) 

Equation (2.106)-(2.108) provide us three elements 𝑒𝑒12, 𝑒𝑒22  and 𝑒𝑒32  in the matrix of 

constitutive equation as 

 12 2

sin sinh
(1 cos cosh )

L Le
R L L

Ω Ω
=
Ω + Ω Ω

 (2.109) 

 

 22 3

cosh sin cos sinh
(1 cos cosh )

L L L Le
R L L

Ω Ω − Ω Ω
=

Ω + Ω Ω
 (2.110) 

 
2 2

32 4

4 sin ( )sinh ( )
2 2

(1 cos cosh )

L Lw
e

R L L

Ω Ω

=
Ω + Ω Ω

 (2.111) 
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2.5.3  Theoretical Analysis of Dynamic Pressure 
 
 

Now we consider a harmonic pressure 𝑃𝑃 = 𝑃𝑃0𝑐𝑐𝑐𝑐𝑠𝑠𝜔𝜔𝑡𝑡 acting on the cantilever beam along positive 

z direction. The dynamic governing equation for deflection function is 

 
4 2

04 2

( , ) ( , ) cosW x t W x tR wP t
x t

ρ ω∂ ∂
+ =

∂ ∂
 (2.112) 

As introduced in equation (2.15), method of separation of variables is used for this 4-th 

order partial differential equation. Here we consider the time dependent function 𝐵𝐵(𝑡𝑡) = cos𝜔𝜔𝑡𝑡. 

Recall that 𝑅𝑅
𝜌𝜌

= 𝐵𝐵2, then equation (2.55) can be written as 

 
2

0
2

wPX X
a R
ω′′′′ − =  (2.113) 

We have already obtained a general solution for the homogeneous equation (2.21) as 

equation (2.24), therefore, a specific solution of the nonhomogeneous equation is needed to be 

added to solution equation (2.24). We seek the nonhomogeneous solution as the form of 𝑋𝑋𝑛𝑛 =

𝐴𝐴cos𝑘𝑘𝑥𝑥 + 𝐵𝐵. Then equation (2.113) can be written as 

 

2 2
4 0

2 2( ) cos wPA k kx B
a a R
ω ω

− − =
 (2.114) 

Which leads to 

 
2

4
2 0k

a
ω

− =  (2.115) 

 
2

0
2

wPB
a R
ω

− =  (2.116) 

By solving these two equations we can find a particular solution as 

 0
4( ) cosn

wPX x A x
R

= Ω −
Ω

 (2.117) 
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Where A is a constant, Ω = �𝜔𝜔
𝑎𝑎

. Therefore, the solution of equation (2.112) is 

 
0

2 3 4

4 1 co( , ) co s

sin cosh sinh )

s ( cos wPW x t c x

c x c

t A x

x c x
R

ω Ω

+

=

Ω + Ω +

+
Ω
Ω

Ω −
 (2.118) 

Then we impose the boundary conditions: 

The deflection at the clamped end is 

 (0, ) 0W t =  (2.119) 

The slope of the clamped end is 

 (0, ) 0W t
x

∂
=

∂
 (2.120) 

The moment at the tip is 

 
2

2

( , ) 0W L t
x

∂
=

∂
 (2.121) 

The force at the tip is 

 
3

3

( , ) 0W L t
x

∂
=

∂
 (2.122) 

These conditions leads to the matrix equation as follows 

1

2
2 2 2 2

23
3 3 3 3

34

0
41 0 1 0

0 0 0
cos sin cosh sinh cos

sin cos sinh cosh sin

wPc
c
cL L L L A L
cL L L L A L

A
R

         Ω Ω    =    −Ω Ω −Ω Ω Ω Ω Ω Ω  Ω Ω    Ω Ω −Ω Ω Ω Ω Ω Ω      − Ω Ω 

−
Ω

 (2.123) 

Since A is an arbitrary constant, for convenience we choose = 𝑑𝑑𝑃𝑃0
2𝑅𝑅𝛺𝛺4

 , then we can solve 

for 𝑐𝑐1, 𝑐𝑐2, 𝑐𝑐3 and 𝑐𝑐4 as: 
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1

2 0
4

3

4

sin sinh
cosh sin cos sinh

1 cos cosh sin sinh2 (1 cos cosh )
cosh sin cos sinh

c L L
c L L L LP w
c L L L LR L L
c L L L L

− Ω Ω   
   Ω Ω + Ω Ω   =
   + Ω Ω + Ω ΩΩ + Ω Ω
   

− Ω Ω − Ω Ω  

 (2.124) 

Therefore, the deflection function of equation (2.118) can be rewritten as 

0
4

sin sinh cos
2 1 cos co

( , ) cos [cos 2
sh

P w L L x
R L L

W x t t xω Ω
= Ω −

Ω
−

Ω
Ω + Ω Ω

 

cosh sin cos sinh )sin
1 cos cos

(
h

L L L L x
L L

Ω Ω + Ω Ω Ω
+ Ω Ω

+  

(1 cos cosh sin sinh )cosh
1 cos cosh

L L L L x
L L

+ Ω Ω + Ω Ω Ω
+ Ω Ω

+  

(cosh sin cos sinh )sinh
1 cos co h

]
s

L L L L x
L L

Ω Ω + Ω Ω Ω
+ Ω Ω

−  (2.125) 

We want to use this equation to derive the 𝑒𝑒33 element which can be obtained from the 

volumetric displacement as follows 

2
0

2

( , )
w L

wv W x t dxdy
−

= ∫ ∫          

2
0

5

( cosh cos sin cosh cos sinh )cos
(1 cos cosh )

P w L L L L L L L L t
R L L

ω−Ω −Ω Ω Ω + Ω Ω + Ω Ω
=

Ω + Ω Ω
 (2.126) 

2

33 5

( cosh cos sin cosh cos sinh )
(1 cos cosh )

w L L L L L L L Le
R L L

−Ω −Ω Ω Ω + Ω Ω + Ω Ω
=

Ω + Ω Ω
 (2.127) 

 
 
2.5.4  Theoretical Analysis of Dynamic Voltage 

 
 

If we drive the composite cantilever with a dynamic voltage V = 𝑉𝑉0cos𝜔𝜔𝑡𝑡 as shown in Figure 2-

3, we will bring this cantilever beam in dynamic motion. Since the poling directions of the two 

layers of piezoelectric element are opposite, the motions of the two layers will be opposite under 
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the same applied voltage, which means one layer will expand and the other will contract at the 

same time. This kind of motion will cause a bending motion with the same frequency of the 

external dynamic voltage. If the electric field 𝐸𝐸3 is applied across the thickness direction of the 

composite beam with direction parallel to the upper piezoelectric layer and antiparallel to the lower 

piezoelectric layer, the upper layer will contract and lower layer will expand, the constitutive 

equations for these two layers are: 

The upper piezoelectric layer: 

 11 31 3
c E c
x xS s d Eσ= +  (2.128) 

 3 31 33 3
c c T

xD d Eσ ε= +  (2.129) 

The lower piezoelectric layer: 

 11 31 3
c E c
x xS s d Eσ= −  (2.130) 

 3 31 33 3
c c T

xD d Eσ ε− = −  (2.131) 

Where the superscript c denotes the ceramic elements, 𝑆𝑆𝑑𝑑𝑐𝑐 is strain in length direction and 

𝜎𝜎𝑑𝑑𝑐𝑐 is mechanical stress in length direction, 𝐸𝐸3 is electric field generated by the dynamic voltage 

in thickness direction. 𝑠𝑠11𝐸𝐸  is mechanical compliance under constant electric field which is equal 

to 1/𝑌𝑌𝑐𝑐, 𝑑𝑑31 is transverse piezoelectric coefficient, 𝜀𝜀33𝑇𝑇  is piezoelectric permittivity.  

Since we only applied voltage across the thickness direction, the strain in each of the 

piezoelectric layer is only caused by the electric field as described below: 

The upper piezoelectric layer: 

 31 3 31 2
c
x

p c

VS d E d
h h

= =
+

 (2.132) 

The lower piezoelectric layer: 
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 31 3 31 2
c
x

p c

VS d E d
h h

= − = −
+

 (2.133) 

These strains lead to uniform stress distributed along thickness direction, we can obtain an 

equivalent external moment by integrate these stresses throughout the cross section of the 

beam[24]: 

2 2
31 31

2 22 2

p p
c

p p
c

h h
h

h he c c
hp c p c

V VM Y d zwdz Y d zwdz
h h h h

+ −

− −
= − − −

+ +∫ ∫   

31 31 0

( ) ( )
cos

2 2
c c p c c p

c c
p c p c

h h h h h h
wY d V wY d V t

h h h h
ω

+ +
= − = −

+ +
 (2.134) 

We have already derived the deflection function for a dynamic external moment as 

equation (2.91). Therefore, the deflection function for the equivalent external moment can be 

written as 

31 02

( )1( , ) cos
2 (1 cos cosh ) 2

c c p
c

p c

h h h
W x t wY d V t

R L L h h
ω

+
= −

Ω + Ω Ω +
 

( )( )[ cos cosh cos coshL L x x× − Ω − Ω Ω − Ω  

( )( )sin sinh sin sinh ]L L x x+ − Ω + Ω Ω − Ω  (2.135) 

 Then the expressions for tip slope 𝛼𝛼,  tip deflection 𝛿𝛿, and volume displacement 𝑣𝑣 and 

elements 𝑒𝑒14, 𝑒𝑒24 and 𝑒𝑒34 are given by 

 

   2

( , ) [2 (sin cosh sinh cos )]
2 (1 cos cosh )

eMW L t L L L L
x R L L

α ∂
= = Ω Ω Ω + Ω Ω

∂ Ω + Ω Ω
 

31

( )sin cosh sinh cos
(1 cos cosh ) 2

c c p
c

p c

h h hL L L L wY d V
R L L h h

+Ω Ω + Ω Ω
= −

Ω + Ω Ω +
 (2.136) 
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2( , ) (sin sinh )
(1 cos cosh )

eMW L t L L
R L L

δ = = Ω Ω
Ω + Ω Ω

 

312

( )sin sinh
(1 cos cosh ) 2

c c p
c

p c

h h hL L wY d V
R L L h h

+Ω Ω
= −

Ω + Ω Ω +
 (2.137) 

2
20

2

2(sinh sin )( , )
2 (1 cos cosh )

w L e
w

wM L Lv W x t dxdy
R L L−

Ω − Ω
= =

Ω + Ω Ω Ω∫ ∫  

2
313

( )sinh sin
(1 cos cosh ) 2

c c p
c

p c

h h hL L w Y d V
R L L h h

+Ω − Ω
= −

Ω + Ω Ω +
 (2.138) 

14 31

( )sin cosh sinh cos
(1 cos cosh ) 2

c c p
c

p c

h h hL L L Le wY d
R L L h h

+Ω Ω + Ω Ω
= −

Ω + Ω Ω +
 (2.139) 

24 312

( )sin sinh
(1 cos cosh ) 2

c c p
c

p c

h h hL Le wY d
R L L h h

+Ω Ω
= −

Ω + Ω Ω +
 (2.140) 

2
34 313

( )sin sinh
(1 cos cosh ) 2

c c p
c

p c

h h hL Le w Y d
R L L h h

+Ω − Ω
=
Ω + Ω Ω +

 (2.141) 

Then we want to calculate the element 𝑒𝑒44  which can be obtained from the charge 

generated over the applied voltage. From equation (2.129) we have the electric displacement at the 

upper surface of the upper piezoelectric layer: 

3 31 1 33 3 31 31 3 33 3
2( )

( , )

p
c

T T
c c

h
h

D d Y S E d Y d E E
r x t

ε ε
+

= + = − + +   

2
2

31 31 3 33 32

( , )( )
2

p T
c c c

h W x td Y h d Y E E
x

ε∂
= − + − +

∂
 (2.142) 

The charge can be derived by integrating over the electrode area of the upper surface: 

2
2

3 31 31 3 33 320

( , )( ( ) )
2

L p T
c c cA

h W x tQ D dA w d Y h d Y E E dx
x

ε∂
= = − + − +

∂∫ ∫
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2 2 2
31 ( ) (cos sin cos sinh )

2 (1 cos cosh )
c c p cd h h h w Y L L L L

V
R L L

+ Ω Ω + Ω Ω
=

Ω + Ω Ω
 

2
33 31( )

2
T

c
p c

wL d Y V
h h

ε+ −
+

 (2.143)  

The element 𝑒𝑒44 is derived by dividing equation (2.86) by V , which is 

2 2 2
31

44

( ) (cos sin cos sinh )
2 (1 cos cosh )

c c p cd h h h w Y L L L L
e

R L L
+ Ω Ω + Ω Ω

=
Ω + Ω Ω

 

2
33 31( )

2
T

c
p c

wL d Y
h h

ε+ −
+

 (2.144) 

Since the matrix in constitutive equation is symmetric, all the elements in the matrix can 

be obtained by the symmetry. 
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3.0  EXPERIMENTAL STUDIES OF PZT-POLYMER COMPOSITE CANTILEVER 
BEAM 

 
 
 
 

3.1  EXPERIMENTAL DESIGN FOR CANTILEVER BEAM ACTUATOR 
 
 

In chapter 2, the theoretical analysis for composite cantilever beam of static responses and dynamic 

responses under different excitations have been introduced. In this section, a PZT-polyimide five 

layers composite is fabricated to construct a cantilever beam and some tests concerning actuating 

mode are conducted to verify the accuracy of dynamical mathematical models established in 

previous chapter. The schematic structure of the cantilever with length 33mm and width 4mm is 

shown in Figure 3-1. 

 
 

Figure 3-1 The structure of the PZT-polyimide composite cantilever 
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The experiment setup consists of a function generator, a cantilever actuator, an optical 

displacement sensor and an oscilloscope. In this experiment, the relationship between input voltage 

and output tip displacement are studied. In order to provide a sinusoidal signal to drive the 

cantilever actuator, a signal function generator is used as an external voltage source. The 

displacement of the cantilever tip is detected by the fiber optical vibrometer. The probe of the 

fotonic sensor is put above the tip of the cantilever. The displacement measured is transferred to 

voltage output signal. Both the input and output voltage are finally transferred to an oscilloscope 

for data recording of the experiment. The illustrative block diagram of the experiment setup is 

shown in Figure 3-2(a) and the actual experiment setup is shown in Figure 3-2(b). 
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(a) 

(b)  

 
 

Figure 3-2 (a) illustrative block diagram of the experiment setup; (b) actual experiment setup for 
the actuator test 
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The properties of the cantilever beam actuator are shown in Table 3-1. 

 

Table 3-1 Properties of the cantilever actuator 

Parameters Values 

L 30mm 

w 4mm 

ℎ𝑐𝑐 80µm 

ℎ𝑝𝑝 70 µm 

𝑌𝑌𝑐𝑐 50GPa 

𝑌𝑌𝑝𝑝 2.5GPa 

𝜌𝜌𝑐𝑐 7500kg/m3 

𝜌𝜌𝑝𝑝 1420 kg/m3 

 
 
 
 

3.2  RESULTS OF CANTILEVER BEAM ACTUATOR EXPERIMENT 
 
 

In this section, the first task of the experiment is to find the first natural frequency of the cantilever 

actuator. In chapter 2, the general solution of the transverse deflection function in free vibration is 

written as  

1 2 3 4( , ) ( ( cc os sin cosh sinh )os sin )W x t c xA t B t c x c x c xω ω= Ω + Ω + Ω + Ω+  (3.1) 

The boundary conditions 𝑊𝑊(0, 𝑡𝑡) = 0,  𝜕𝜕𝑊𝑊(0,𝑡𝑡)
𝜕𝜕𝑑𝑑

= 0, 𝜕𝜕
2𝑊𝑊(𝐿𝐿,𝑡𝑡)
𝜕𝜕𝑑𝑑2

= 0 and  𝜕𝜕
3𝑊𝑊(𝐿𝐿,𝑡𝑡)
𝜕𝜕𝑑𝑑3

= 0 leads to 

 cos( ) cosh( ) 1L LΩ Ω = −  (3.2) 
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There are infinite values for ΩL to satisfy equation (3.2) which represents the different 

natural frequencies relate to different shape modes of the cantilever. Then the natural frequency 

equations can be written as: 

 ( )2
4n n

RL
L

ω
ρ

= Ω  (3.3) 

 , 1, 2,3...
2

n
nf nω

π
= = ∞  (3.4) 

Thus first natural frequency is 

 
2

2
1 1 14 4

1.87511 1.8751 1.8751
2

R Rn L f
L L

ω
ρ π ρ

= ⇒Ω = ⇒ = ⇒ =  (3.5) 

Similarly, the second and third natural frequency is  

 
2

2 4

4.6941
2

Rf
Lπ ρ

=  (3.6) 

  
2

3 4

7.8547
2

Rf
Lπ ρ

=  (3.7) 

Substituting all values for all the parameters in three equations above, we will have 

𝑓𝑓1=121.656 Hz, 𝑓𝑓2=762.404 Hz, 𝑓𝑓3=2134.8 Hz. These natural frequencies agrees with the tip 

deflection function we derived in equation (2.80), which can be rewrite as a function of frequency 

as follows: 

24 312

( )sin sinh( )
(1 cos cosh ) 2

c c p
c

p c

h h hL Le V g f V wY d V
R L L h h

δ
+Ω Ω

= = = −
Ω + Ω Ω +

 (3.8) 

Where g(f) is a function of frequency because Ω = �2𝜋𝜋𝑓𝑓/�𝑅𝑅/𝜌𝜌.  Figure 3-3 shows the 

plot of the function g(f) as f goes from 0 to 3000 Hz. We can see from the figure the peak values 

of the function occurs at three points which coincides with the first three natural frequencies 
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derived above. Therefore, the maximum tip deflection occurs at the first three natural frequencies 

as expected which are 𝑓𝑓1=121.656 Hz, 𝑓𝑓2=762.404 Hz, 𝑓𝑓3=2134.8 Hz. 

 

 

 
 

Figure 3-3 g(f) vs f plot 
 
 
 
In the experiment, a sinusoidal voltage is generated by the function generator to drive the 

cantilever actuator to vibrate. We use a linear frequency sweep mode to change the frequency of 

driven sinusoidal voltage from 10 Hz to 200 Hz. The peak amplitude of driven voltage is 5V. The 

tip displacement of the cantilever are measured by the fiber optical vibration sensor then converted 

to output voltage which is transferred to the oscilloscope. Figure 3-4 shows the test result as 

follows. The signal for channel 1 (yellow waveform) represent the driven sine signal with changing 

frequency. The signal for channel 2 (green waveform) represent the output voltage from the optical 

vibration sensor. We can see the peak value of signal 2 occurs at frequency of 123 Hz which means 



52 
 

the tip displacement of the cantilever beam is largest at 123 Hz. This result is close to the 

previously derived theoretical first natural frequency (121.656 Hz).  

 

 
 

Figure 3-4 Linear Frequency Sweep of Driven Voltage and Response of the Actuator 
 
 
 
The second task of the experiment is to test the sensitivity of the actuator. Three groups of 

tests classified by different peak amplitude of driven voltage (2V, 5V, 10V) are conducted. In each 

group, we test the tip displacement at different frequency every 10 Hz from 50 Hz to 200 Hz. 

According to the theoretical analysis in chapter 2, the tip deflection response of the cantilever beam 

under dynamic voltage is represented by equation (2.80). With same driven voltage in each group 
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of the experiment, the expected maximum tip deflection becomes a frequency dependent function 

which can be shown as Figure 3-5. We can see that the theoretical tip deflection at the first natural 

frequency is very large compared to the beam thickness (370um). Since the theoretical model is 

based on Euler-Bernoulli beam theory which requires the transverse deflection is relatively small 

to the beam thickness, we can expect that the model will lose some degree of accuracy around the 

natural frequency. 

  

 

 
 
 

Figure 3-5 Plot of maximum tip deflection vs frequency (50Hz-200Hz) under different drive 
voltage 

 
 
 
In the experiment, by changing the frequency from 50 Hz to 200 Hz in each driven voltage 

group, the maximum tip deflection is obtained as shown in Table 3-2.  
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Table 3-2 The experimental data of maximum tip deflections 

 
 

Peak Driven  
Voltage 

 Frequency 

 

2V 

 

5V 

 

10V 

50 Hz 8.19 µm 21.14µm 43.56 µm 

60 Hz 8.65 µm 23.65 µm 49.30 µm 

70 Hz 8.90 µm 25.05 µm 52.45 µm 

80 Hz 9.95 µm 30.53 µm 60.62µm 

90 Hz 12.32 µm 37.16 µm 76.19 µm 

100 Hz 16.36 µm 44.30 µm 96.54 µm 

110 Hz 25.58 µm 68.44 µm 145.18 µm 

120 Hz 56.34 µm 114.59µm 264.69 µm 

130 Hz 29.75 µm 62.70µm 109.31 µm 

140 Hz 18.85 µm 40.81 µm 75.59 µm 

150 Hz 11.07 µm 27.67 µm 51.31 µm 

160 Hz 7.77 µm 19.73 µm 36.04 µm 

170 Hz 6.02 µm 14.53 µm 25.83 µm 

180 Hz 4.60 µm 10.97 µm 19.12 µm 

190 Hz 3.51 µm 8.26 µm 14.53 µm 

200 Hz 2.91 µm 6.49 µm 11.13 µm 
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According to the data recorded in Table 3-2, the plots of maximum value of tip deflections 

as a function of frequency of driving voltage can be obtained. Figure 3-6 (a), (b) and (c) show the 

comparison of theoretical simulation and experimental results under different maximum value of 

driving voltage respectively. 
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Figure 3-6 Simulated and measured maximum tip deflection versus frequency 

 
 

 
From Figure 3-6 we can see the deviations are relatively large near the first natural 

frequency for all groups of the experiments. The peak value of the tip deflection of the 2V, 5V and 

10V maximum driving voltage in experiment only reach 33.42%, 31.39% and 28.57% of the 

theoretical value. These results are as expected since the transverse deflection is large at the natural 

frequency which will lead relatively large deviation of the theoretical model. 
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3.3  EXPERIMENTAL DESIGN FOR CANTILEVER BEAM SENSOR 

 
 

In this section, a cantilever beam bending sensor is fabricated in base vibration environment 

working as an accelerometer with proof mass at the tip. Figure 3-7 shows the structure of the sensor. 

To analyze the sensor vibration, this structure can be modeled as a single degree of freedom system, 

which consists of a vibration base, a seismic mass M, a spring with spring constant K and a damper 

with damping coefficient C as shown in Figure 3-8. The effective spring constant can be obtained 

from the static constitutive equations derived in Chapter 2 as 

 3
22

1 3F RK
e Lδ

∂
= = =
∂

  (3.9) 

 

 
 

Figure 3-7 The structure of the cantilever accelerometer 
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Figure 3-8 Equivalent SDOF model 
 
 
 
The seismic mass of the cantilever beam can be calculated as a point mass with equivalent 

vertical force at the tip of the sensor[25], such that 

 eff accM m m= +  (3.10) 

Where 𝑚𝑚𝑎𝑎𝑐𝑐𝑐𝑐  is the proof mass added at the free end of the beam, 𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒  is a modeled 

effective mass of the cantilever beam without tip mass, which can be calculated from the first 

natural frequency of the cantilever beam as follows:  

 1n
eff

K
m

ω =  (3.11) 

Substituting the first natural frequency equation (3.5) and spring constant equation (3.9) 

into the equation (3.11), the effective mass of the cantilever is derived as follows 

 3 2 3
2 21

4

3 1 3 1 17
70

(1.8751 )
eff

n

R R Lm
L L R

L

ρ
ω

ρ

= = ≈  (3.12) 
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The mathematical model of this single degree of freedom mechanical system can be 

derived by Newton’s second law, which is given by 

 ( ) ( )Mx C x y K x y= − − − −    (3.13) 

Where x is the displacement of the total mass M, y is the displacement of the vibration base. 

We can simplify this equation by introducing the relative displacement z(t)=x(t)-y(t): 

 Mz Cz Kz My+ + = −    (3.14) 

Substituting initial conditions 𝑧𝑧(0) = �̇�𝑧(0) = 0 into Laplace transform of equation (3.14), 

the equation can be written as 

 2 2

( ) 1
( ) (2 )n n

Z s
Y s s sξω ω

=
+ +

 (3.15) 

Where 𝜔𝜔𝑛𝑛 = �𝐾𝐾
𝑀𝑀

 is the first natural frequency of this structure, ξ = 𝐶𝐶
2√𝐾𝐾𝑀𝑀

 is the damping 

ratio which can be calculated using half power method (3dB method) from the experiment data. 

The electric output of the sensor can be considered as an electrical voltage generator 

model[26] as shown in Figure 3-9.  

 

 
 

Figure 3-9 A voltage generator model for sensor circuit 
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The impedance of this voltage generator model in Figure 3-6 is given by 

 
1

Im( ) p p

p

R C s
s

C s
+

=  (3.16) 

For an ideal voltage generator model, the internal resistance 𝑅𝑅𝑝𝑝 is equal to zero. Then the 

open circuit output voltage of this voltage generator model [27]is 

 0
( ) ( )( ) ( ) Im( )

p p

Q s s Q sV s I s s
C s C

= = =  (3.17) 

From static constitutive Equation (2.1), 

 42 42 42( ) ( ) ( )Q t e F e K e Kz tδ= = =  (3.18) 

Substituting Equation (2.68) and Equation (3.9) into Equation (3.18), gives 

 313 ( )
( ) ( ) ( )

2( 2 )
c c c p

d
p c

wY d h h h
Q t z t Q z t

h h L
+

= − =
+

 (3.19) 

Where 𝑄𝑄𝑑𝑑  is the charge coefficient representing the charge generated by unit tip 

displacement. Then Equation (3.17) can be rewritten as 

 0 ( )
( )

d

p

V s Q
Z s C

=  (3.20) 

Substituting Equation (3.20) into Equation (3.15), the mechanical electric model can be 

derived as 

 0
2 2

( ) 1
( ) (2 )

d

p n n

V s Q
Y s C s sξω ω

=
+ +

 (3.21) 

If a sinusoidal base movement input 𝑦𝑦(𝑡𝑡) = 𝑌𝑌0sin𝜔𝜔𝑡𝑡 is applied to the SDOF system, the 

peak voltage can be obtained as 
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2

0 04 2 2

( / )
( / ) 2(2 1)( / ) 1

d n

p n n

QV Y
C

ω ω

ω ω ξ ω ω
=

+ − +
 (3.22) 

An accelerometer experiment is conducted to verify the theoretical model. Figure 3-10(a) 

shows the illustrative block diagram of the experiment setup and actual experiment setup[28] is 

shown in Figure 3-10(b). 

 

 

 

(a) 
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(b) 

 
 

Figure 3-10 (a) illustrative block diagram of the experiment setup; (b) actual experiment setup 
for the accelerometer test 

 
 
 

3.4  RESULTS OF CANTILEVER BEAM SENSOR EXPERIMENT 
 
 

The first task of the experiment is to obtain the first natural frequency of the SDOF system. The 

proof mass (𝑚𝑚𝑎𝑎𝑐𝑐𝑐𝑐) glued at the tip of cantilever in this experiment is 0.15g. The theoretical first 

natural frequency can be calculated as 𝑓𝑓1 = 1
2𝜋𝜋
�𝐾𝐾
𝑀𝑀

= 57.75Hz.  

To find the first natural frequency of this system, we use the function generator to generate 

sinusoidal signal as the driving signal. The peak value of the displacement of the vibration base on 

the shaker is controlled as a constant (80um) by manually adjusting the gain knob of the power 

amplifier. The frequency of the driving signal is increased 2 Hz at a time from 0 Hz to 100 Hz, the 

output voltage of the fotonic sensor and output voltage of the charge amplifier are recorded and 
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observed by the oscilloscope. Then the plot of the output voltage of the accelerometer relates to 

frequency of input signal can be obtained from the experimental data as shown in Figure 3-11.  

 

 

 
 

Figure 3-11 Plot of sensor output voltage vs. frequency 

 
 

 
Figure 3-11 shows that the first natural frequency occurs at 56.4 Hz which is very close to 

the theoretical first natural frequency (57.75 Hz). The damping ratio can be determined from the 

experimental data using half-power method. The half-power point occurs when the output voltage 

drop by 1/√2  or 0.707 of the maximum output voltage. The two half-power points (𝑓𝑓𝐴𝐴 =
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52.6 𝐻𝐻𝑧𝑧, 𝑓𝑓𝐵𝐵 = 62.1 𝐻𝐻𝑧𝑧) around the first natural frequency can be found on the sensor response 

curve as shown in Figure 3-8. The damping ratio can be calculated as follows 

 
1

62.1 52.6 0.0842
2 2 56.4
B A

n

f f
f

ξ − −
= = =

×
 (3.23) 

This damping ratio can be used to obtain the theoretical response function curve for 

Equation (3.22) under sinusoidal base movement with constant peak value of the base 

displacement. Then comparison of the theoretical output function and experimental results under 

frequency range from 0 Hz to 100 Hz are shown in Figure 3-12. Figure 3-13 shows the comparison 

of the theoretical and experimental sensitivity curve.  

 

 
 

Figure 3-12 Comparison of theoretical model and experimental result 
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Figure 3-13 Comparison of theoretical and experimental sensitivity curve 

 
 
 
 It can be found from the figures that the experimental data matches theoretical model well. 

A second peak of the experimental data occurs around 67 Hz which is not appear in the theoretical 

model. Since the theoretical model is established by considering only the first natural frequency, 

the deviation is possibly be caused by the second and third natural frequency of the system.  These 

two natural frequencies can be calculated from 

 2
2

n
eff acc

K K
M m m

ω = =
+

 (3.24) 

 3
3

n
eff acc

K K
M m m

ω = =
+

 (3.25) 

Substituting  
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 2 3
2 2

4

3 1

(4.4961 )
eff

Rm
L R

Lρ

=  (3.26) 

 3 3
2 2

4

3 1

(7.8547 )
eff

Rm
L R

Lρ

=  (3.27) 

Into Equation (3.24) and (3.25), the second and third natural frequencies are 

 2
2 65.3688

2
n

nf Hzω
π

= =  (3.28) 

 3
3 65.5759

2
n

nf Hzω
π

= =  (3.29) 

These natural frequencies are close to the second peak on the experimental data plot. To 

reduce this deviation between theoretical model and experiment result, larger end proof mass can 

be considered in future work for making all the output voltage peaks closer. 
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4.0  THEORETICAL ANALYSIS OF PZT-POLYMER COMPOSITE DOUBLE 
CLAMPED BEAM 

 
 
 
 
4.1  A BRIEF INTRODUCTION OF THE DOUBLE CLAMPED COMPOSITE BEAM  
 
 
In chapter 2, we have established a matrix form constitutive equations representing the reactions 

of the composite cantilever beam (including the slope at the tip 𝛼𝛼, the tip deflection 𝛿𝛿, the volume 

displacement v and the charge generated Q ) under different external excitations (including an 

external moment M , a tip force F, a uniformly distributed dynamic pressure P and a harmonic 

applied voltage V). To obtain the fourth column of elements in that matrix, we tried to transform 

the reaction caused by the electric field into the effect of the effective external moment. In the 

doubly clamped beam case we will introduce in this chapter, the effective external moment is very 

difficult to obtain. Therefore, we consider to use the energy method in the static analysis to 

establish a theoretical model for the doubly clamped beam. 

The general structure of the doubly clamped beam is shown in Figure 4-1. The length of 

the beam is L, width is w, the thickness of each piezoelectric layer is ℎ𝑐𝑐, the thickness of each 

polymer layer is ℎ𝑝𝑝. 
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Figure 4-1 A schematic diagram of a  PZT-polyimide composite bridge 
 
 
 
In this chapter, we want to find a similar form in chapter 2 of a matrix equations of the 

constitutive equations of the beam. Since here we do not apply an external dynamic moment, we 

have a 3 × 3 matrix in the constitutive equations as 

 
11 12 13

21 22 23

31 32 33

e e e F
v e e e P
Q e e e V

δ     
     =     
          

 (4.1) 

Where the force F acts in the middle of the beam and P is the pressure acting on the lower 

surface of the beam. We have proved that the matrix in equation (4.1) is symmetric in chapter 2, 

so 6 independent elements need to be determined by using energy method [29] in the following 

sections. In thermodynamic theory, the internal energy density of an infinitesimal piezoelectric 

element can be defined as 
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  1 1 3 3
1 1
2 2

c c cu S D Eσ= +  (4.2) 

Where 𝑆𝑆1𝑐𝑐 is strain in length direction and 𝜎𝜎1𝑐𝑐 is stress in length direction, 𝐷𝐷3 is the electric 

displacement in thickness direction and 𝐸𝐸3 is the electric field in thickness direction.  

The internal energy density of  the polymer layer is 

 2
1 1 1

1 1 ( )
2 2

p p p p
pu S Y Sσ= =  (4.3) 

Where 𝑌𝑌𝑝𝑝 is the Young’s modulus of the polyimide, 𝜎𝜎1
𝑝𝑝 is stress of the polyimide in length 

direction. 

After determination of the internal energy density of each layer, the total energy of the five 

layers composite beam is the summation of the internal energy of each layer： 

 (1) (2) (3) (4) (5)U U U U U U= + + + +  (4.4) 

In the following sections, we will discuss the internal energy under different excitations 

and calculate the partial derivatives of the internal energy with respect to F, P, and V to determine 

the elements in matrix in equation (4.1). 
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4.2  THEORETICAL ANALYSIS OF THE BEAM SUBJECTED TO EXTERNAL 
VOLTAGE  

 
 

If we apply an external voltage 𝑉𝑉 across the middle three layers of the composite beam as shown 

in Figure 4-1. The voltage across the two layers of piezoelectric element will cause one of the 

element to expand along the length direction and the other to contract simultaneously.  

Consider the direction of the electric field positive when it is parallel with the polarization 

direction of the lower piezoelectric element, the constitutive equations of each layer are 

The first polymer layer: 

 (1)
1 1 ( , )

pp
p

Y
Y S z

r x t
σ = =  (4.5) 

The second piezoelectric layer: 

 (2) (2)
11 31 3
E

x xS s d Eσ= −  (4.6) 

 (2) (2)
3 31 33 3

T
xD d Eσ ε− = −  (4.7) 

The third polymer layer: 

 (3) (3)
1 1 ( , )

p
p

Y
Y S z

r x t
σ = =  (4.8) 

The fourth piezoelectric layer: 

 (4) (4)
11 31 3
E

x xS s d Eσ= +  (4.9) 

 (4) (4)
3 31 33 3

T
xD d Eσ ε= +  (4.10) 

The fifth polymer layer: 

 (5) (5)
1 1 ( , )

p
p

Y
Y S z

r x t
σ = =  (4.11) 
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Then we can derive moment function of internal forces by integrating the product of stress 

and distance through the thickness direction as follows: 

3
(1) (2) (3) (4) (5)2 2 2 2 2

3
2 2 2 2 2

p p p p p
c c c

p p p p p
c c c

h h h h h
h h h

h h h h hx x x x x
h h h

M zwdz zwdz zwdz zwdz zwdzσ σ σ σ σ
+ + − − −

+ − − − − −
= − − − − −∫ ∫ ∫ ∫ ∫  

3 2 2
2 2 2

31 3
2 2 2

( )
p p p

c c

p p p
c

h h h
h h

h h hp c p
h

z z zwY dz wY d E zdz wY dz
r r r

+ +

+ −
= − − + −∫ ∫ ∫  

2
2 2

331 3
2 2

( )
p p

c

p p
c c

h h
h

h hc p
h h

z zwY d E zdz wY dz
r r

− − −

− − − −
− − −∫ ∫  

3 3 2 2 2
31 3 31 3[8 27 12 ( 2 ) 6 ( 8 )]

12 c c p p c p c p c p c p c c c p c
w h Y h Y h h Y Y h h Y Y wh d Y E wh h d Y E

r
= − + + + + + − −   

2
2 2

31 3 31 3 31 3 31 32c c c p c c c c p c
R d Wwh d Y E wh h d Y E R wh d Y E wh h d Y E
r dx

= − − − = − −  (4.12) 

Since the structure of the beam is symmetric, we can simply analyze the deflection function 

for the left half part of the beam. The bending moment of the left part of the beam is equal to the 

moment on the left clamped end because of the absence of the external force and external moment 

as shown in figure 4-2. 

 

Figure 4-2 The bending moment of the beam 
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The bending moment of the beam at location x is 

 ( ) A BM x M M= =  (4.13) 

The moment of internal forces is equal to the local bending moment, which gives 

 
2

2
31 3 31 32

( ) ( )c c c p c A
d W xR wh d Y E wh h d Y E M x M

dx
− − = =  (4.14) 

The boundary conditions of deflection function are 

 
( )(0) 2(0) 0, 0, 0

LdWdWW
dx dx

= = =  (4.15) 

Then we can solve for transverse deflection as 

 ( ) 0W x =  (4.16) 

Therefore, the transverse deflection is 0 under the external voltage V, which means this 

structure is not good working as an actuator. Since the electric field term is not explicitly appear 

in the governing deflection function, we have to change demensions of the electrode or the 

boundary conditions. We will try to use a partially covered electrode instead of fully covered 

electrode and see if we can get the desired equations.  

 

 

Figure 4-3 Partially polarized PZT layers in doubly clamped beam 
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Consider two piezoelectric elements in the composite beam with partially covered by the 

electrode[30]. Only the part of PZT under the covered electrode has been polarized. This structure 

is shown in Figure 4-3. Along the x axis, we divide the beam into three sections along length 

direction as section a, b and c. We consider the first and the third section which are section a and 

c as a non-piezoelectric section with the same length of 𝑙𝑙1  and the middle section b as the 

piezoelectric section with the length 𝑙𝑙2 = 𝐿𝐿 − 2𝑙𝑙1. Since the structure is symmetric, we can analyze 

the left part of the beam instead of whole structure. 

In section a, the stress in each layer is 

 (1 )
1

a
p

zY
r

σ =  (4.17) 

 (2 )
1

a
c

zY
r

σ =  (4.18) 

 (3 )
1

a
p

zY
r

σ =  (4.19) 

 (4 )
1

a
c

zY
r

σ =  (4.20) 

 (5 )
1

a
p

zY
r

σ =  (4.21) 

The superscript (ia) denotes that the stress is in the i-th layer in section a. Then we can 

obtain the moment of internal forces by integration as follows: 

3
( ) (1 ) (2 ) (3 ) (4 ) (5 )2 2 2 2 2

3
2 2 2 2 2

p p p p p
c c c

p p p p p
c c c

h h h h h
h h ha a a a a a

h h h h hx x x x x
h h h

M zwdz zwdz zwdz zwdz zwdzσ σ σ σ σ
+ + − − −

+ − − − − −
= − − − − −∫ ∫ ∫ ∫ ∫  

2 ( )
3 3 2 2

2[8 27 12 ( 2 ) 6 ( 8 )]
12

a

c c p p c p c p c p c p
w d Wh Y h Y h h Y Y h h Y Y R

r dx
= − + + + + + =  (4.22) 

In section b, the constitutive equations for each layer are same as equation (4.5)-(4.11), 

then the moment of internal forces is same as (4.12): 
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2 ( )

( ) 2
31 3 31 32

b
b

c c c p c
d WM R wh d Y E wh h d Y E

dx
= − −  (4.23) 

The governing equations of deflection functions of section a and section b are given by  

 
2 ( )

12

( ) ,0
a

A
d W xR M x l

dx
= ≤ ≤  (4.24) 

 
2 ( )

2
31 3 31 3 12

( ) ,
2

b

c c c p c A
d W x LR wh d Y E wh h d Y E M l x

dx
− − = ≤ ≤  (4.25) 

The general solutions for equation (4.24) and equation (4.25) are 

 ( ) 2
1 2 1( ) ,0

2
a AMW x x c x c x l

R
= + + ≤ ≤  (4.26) 

 31 3( ) 2
3 4 1

( )
( ) ,

2 2
A c c p cb M wh h h Y d E LW x x c x c l x

R
+ +

= + + ≤ ≤  (4.27) 

The boundary conditions are 

 
( )

( ) (0)(0) 0, 0
a

a dWW
dx

= =  (4.28) 

 
( ) ( )

( ) ( ) 1 1
1 1

( ) ( )( ) ( ),
a b

a b dW l dW lW l W l
dx dx

= =  (4.29) 

 
( ) ( )

2 0
b LdW

dx
=  (4.30) 

Then we can obtain the deflection functions of two sections as follows 

2 2
31 3 31 3 1 31 3 1 31 3( ) 22 2

( )
2

c c c p c c c c p ca wh LY d E wh h LY d E wh l Y d E wh h l Y d E
W x x

RL
+ − −

= −  (4.31) 

2 2
31 3 31 3 1 31 3 1 31 3( ) 2 2

( ) [
2

c c c p c c c c p cb wh LY d E wh h LY d E wh l Y d E wh h l Y d E
W x

RL
+ − −

= −  

2
31 3 1 31 3 1 31 32( )

]
2

c c p c c c c p cwh h h Y d E wh l Y d E wh h l Y d E
x x

R R
+ +

+ −  
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2 2 2
1 31 3 1 31 3

2
c c c p cwh l Y d E wh h l Y d E

R
− −

−  (4.32) 

Now we have transverse deflection functions for two sections of the beam, then the 

deflection of midpoint of the beam can be found by substituting 𝑥𝑥 = 𝐿𝐿
2
 into equation (4.32): 

 1 1 31( ) ( )( 2 )
( )
2 4 (2 )

c c p cb

c p

wh h h L l l Y d VLW
R h h

δ
+ −

= = −
+

 (4.33) 

 1 1 31
13

( )( 2 )
4 (2 )

c c p c

c p

wh h h L l l Y d
e

R h h
+ −

= −
+

 (4.34) 

From equation (4.33) we can see that when 𝑙𝑙1 = 𝐿𝐿
4
, the deflection has maximum value (𝑑𝑑31 

is negative) which is 

 
2

31
max

( )
32 (2 )

c c p c

c p

wh h h L Y d V
R h h

δ
+

= −
+

 (4.35) 

The volume displacement is given by 

 1

1

( ) ( )2 2 2
0

2 2

2( )
w w Ll a b
w w l

v W dxdy W dxdy
− −

= +∫ ∫ ∫ ∫  

 
2

1 1 1 31( )( 2 )( )
6 (2 )

c c p c

c p

w h h h L l L l l Y d V
R h h

+ − −
= −

+
 (4.36) 

 
2

1 1 1 31
23

( )( 2 )( )
6 (2 )

c c p c

c p

w h h h L l L l l Y d
e

R h h
+ − −

= −
+

 (4.37) 

And from equation (4.36) we can see that when 𝑙𝑙1 = 𝐿𝐿
4
, the volumetric displacement has 

maximum value (𝑑𝑑31 is negative) which is 

 
2 3

31
max

( )
64 (2 )
c c p c

c p

w h h h L Y d V
v

R h h
+

= −
+

 (4.38) 
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To obtain the element 𝑒𝑒33, first we need to find the total internal energy of the device. The 

total internal energy is the summation of the internal energy of three separated sections. 

 
( ) ( ) ( )a b cU U U U= + +  (4.39) 

The internal energy of section a is strain energy which is given by 

1
3

( ) (1 ) (1 ) (2 ) (2 ) (3 ) (3 )2 2 2 2
1 1 1 1 1 10

2 2 2 2

1 1 1(
2 2 2

p p p
c c

p p p
c

h h hwl h ha a a a a a a
w h h h

h
U S dz S dz S dzσ σ σ

+ +

− + −
= + +∫ ∫ ∫ ∫ ∫  

(4 ) (4 ) (5 ) (5 )2 2
31 1 1 1

2 2

1 1 )
2 2

p p
c

p p
c c

h h
ha a a a

h h
h h

S dz S dz dydxσ σ
− − −

− − − −
+ +∫ ∫  

1
3 2 ( ) 2 ( ) 2 ( )

2 2 2 2 2 22 2 2 2
2 2 20

2 2 2 2

( ) ( ) ( )( [ ( ) ] [ ( ) ] [ ( ) ]
2 2 2

p p p
c c

p p p
c

h h hw a a al h hp pc
w h h h

h

Y YYd W x d W x d W xz dz z dz z dz
dx dx dx

+ +

− + −
= + +∫ ∫ ∫ ∫ ∫        

2 ( ) 2 ( )
2 2 2 22 2

32 2
2 2

( ) ( )[ ( ) ] [ ( ) ] )
2 2

p p
c

p p
c c

h ha ah pc
h h

h h

YY d W x d W xz dz z dz dydx
dx dx

− − −

− − − −
+ +∫ ∫  (4.40) 

The expression of internal energy density of the piezoelectric element is given by equation 

(4.2), by substituting constitutive equations of each layer from (4.5) to (4.11) into equation (4.2), 

we can obtain the internal energy density of each layer in the middle section b: 

2 ( )
(1 ) (1 ) 2 2 2

1 2

1 1( ) [ ]
2 2

b
b b

p p
d Wu Y S Y z

dx
= =  (4.41) 

(2 ) (2 ) (2 ) (2 )
1 1 31 3 33 3 31 1 31 3 3

1 1[ ( )] { [ ( )]}
2 2

b b b b
c cu S Y S d E E d Y S d E Eε= + + − +  

2 ( )
2 2 2 2 2

33 3 31 32

1 [ ( ) ]
2

b

c c
d WY z E d Y E

dx
ε= + −  (4.42) 

2 ( )
(3 ) (3 ) 2 2 2

1 2

1 1( ) [ ]
2 2

b
b b

p p
d Wu Y S Y z

dx
= =  (4.43) 

(4 ) (4 ) (4 ) (4 )
1 1 31 3 31 1 31 3 33 3 3

1 1[ ( )] { [ ( )] }
2 2

b b b b
c cu S Y S d E d Y S d E E Eε= − + − +  
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2 ( )
2 2 2 2 2

33 3 31 32

1 [ ( ) ]
2

b

c c
d WY z E Y d E

dx
ε= + −  (4.44) 

2 ( )
(5 ) (5 ) 2 2 2

1 2

1 1( ) [ ]
2 2

b
b b

p p
d Wu Y S Y z

dx
= =  (4.45) 

The internal energy of the left half part of section b is 

 
1

3
( ) (1 ) (2 )2 2 2 2

2 2 2

1 (
2

p p
c c

p p
c

h hL w h hb b b
w h hl h

U u dz u dz
+ +

− +
= +∫ ∫ ∫ ∫  

 (3 ) (4 ) (5 )2 2 2
3

2 2 2

)
p p p

c

p p p
c c

h h h
hb b b

h h h
h h

u dz u dz u dz dydx
− − −

− − − − −
+ + +∫ ∫ ∫  (4.46) 

The total internal energy can be obtained by 

 ( ) ( )12( )
2

a bU U U= +  

 
2

2 2 2 21
33 31 31 12

( 2 ) [( ) ( ) ]
(2 )

c
c c c c p

c p

wh L l V d Y LR d Y wh h h l
LR h h

ε−
= − + +

+
 (4.47) 

The generated electric charge on the electrode then can be determined as 

2 2 2 21
33 31 31 12

2 ( 2 ) [( ) ( ) ]
(2 )
c

c c c c p
c p

wh L l VUQ d Y LR d Y wh h h l
V LR h h

ε−∂
= = − + +
∂ +

 (4.48) 

The element 𝑒𝑒33 is 

2 2 2 21
33 33 31 31 12

2 ( 2 ) [( ) ( ) ]
(2 )

c
c c c c p

c p

wh L lQe d Y LR d Y wh h h l
V LR h h

ε−
= = − + +

+
 (4.49) 

Therefore, we obtained all three elements in the third column in the matrix in constitutive 

equation (4.1). 
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4.3  THEORETICAL ANALYSIS OF THE BEAM UNDER APPLIED PRESSURE 
 
 

In this case, we will apply an external pressure on the lower surface of the beam and try to establish 

a theoretical model for the constitutive equations[31]. Firstly, we will discuss a beam structure 

with fully covered electrode on the piezoelectric element. As discussed in the chapter 2, the 

governing equation for the transverse deflection function under a static pressure is 

 
4

4

( )d W xR Pw
dx

=  (4.50) 

We impose the boundary conditions: 

 (0) ( )(0) ( ) 0; 0dW dW LW W L
dx dx

= = = =  (4.51) 

We can obtain the deflection function: 

 
4 3 2 22( )

24
wPx wLPx wL PxW x

R
− +

=  (4.52) 

The transverse deflection function can be used to characterize the internal energy density 

of each layer 

2
(1) (1) 2 2 2

1 2

1 1 ( )( ) [ ]
2 2p p

d W xu Y S Y z
dx

= =  (4.53) 

(2) (2) (2) (2)
1 1 31 3 33 3 31 1 31 3 3

1 1[ ( )] { [ ( )]}
2 2c cu S Y S d E E d Y S d E Eε= + + − +  

2
2 2 2 2 2

33 3 31 32

1 ( )[ ( ) ]
2 c c

d W xY z E d Y E
dx

ε= + −  (4.54) 

2
(3) (3) 2 2 2

1 2

1 1 ( )( ) [ ]
2 2p p

d W xu Y S Y z
dx

= =  (4.55) 

(4) (4) (4) (4)
1 1 31 3 31 1 31 3 33 3 3

1 1[ ( )] { [ ( )] }
2 2c cu S Y S d E d Y S d E E Eε= − + − +  
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2
2 2 2 2 2

33 3 31 32

1 ( )[ ( ) ]
2 c c

d W xY z E Y d E
dx

ε= + −  (4.56) 

2
(5) (5) 2 2 2

1 2

1 1 ( )( ) [ ]
2 2p p

d W xu Y S Y z
dx

= =  (4.57) 

Therefore, the total system energy can be written in terms of applied pressure and electric 

field as follows. 

3
(1) (2) (3) (4) (5)2 2 2 2 2 2

30
2 2 2 2 2 2

( )
p p p p p

c c c

p p p p p
c c c

h h h h hwL h h h

w h h h h h
h h h

U u dz u dz u dz u dz u dz dydx
+ + − − −

− + − − − − −
= + + + +∫ ∫ ∫ ∫ ∫ ∫ ∫  

22 5 2 5
2 2 2 2 233 31

33 31 3 2

( )( )
1440 (2 ) 1440

c c
c c

c p

wLh d Yw L w LwLh d Y E P V P
R h h R

εε −
= − + = +

+
 (4.58) 

The generated charge from the external pressure can be derived by differentiating the total 

energy with respect to the voltage: 

 
2

33 31
2

2 ( )
(2 )

c c

c p

wLh d YUQ V
V h h

ε −∂
= =
∂ +

 (4.59) 

In this case with pressure applied only, there is no applied voltage in equation (4.59), thus 

this model will not generate charge on the electrode, which means this model is not good to work 

as an sensor to convert mechanical energy to electrical energy[32]. From this perspective, we 

consider a similar model as described in Section 4.2 which divides the beam into three sections 

along the length direction as shown in Figure 4-3.Then we will try to establish a theoretical model 

for this beam with partially covered electrodes as follows. 

We can use figure 4-4 to analyze the forces and moments of the doubly clamped beam. 
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Figure 4-4 Reactions and moments on the beam under uniformly distributed load 

 
 

 
Because of the symmetry, we have 

 ,
2A B A B

wPLR R M M= = =  (4.60) 

The moment at point x is 

 ( )
2A

wPx x LM M −
= +  (4.61) 

The moment of internal forces of each section is  

 
2 ( )

( )
2

a
a d WM R

dx
=  (4.62) 

 
2 ( )

( ) 2
31 3 31 32

b
b

c c c p c
d WM R wh d Y E wh h d Y E

dx
= − −  (4.63) 

 
2 ( )

( )
2

c
c d WM R

dx
=  (4.64) 

For symmetric structure we can focus on the left half part of the beam only, then we have 
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2 ( )

12

( ) ,0
2

a

A
d W wPx x LR M x l

dx
−

= + ≤ ≤  (4.65) 

 
2 ( )

2
31 3 31 3 12

( ) ( ) ,
2 2

b

c c c p c A
d W x wPx x L LR wh d Y E wh h d Y E M l x

dx
−

− − = + ≤ ≤  (4.66) 

The boundary conditions in this case are 

 
( )

( ) (0)(0) 0, 0
a

a dWW
dx

= =  (4.67) 

 
( ) ( )

( ) ( ) 1 1
1 1

( ) ( )( ) ( ),
a b

a b dW l dW lW l W l
dx dx

= =  (4.68) 

 
( ) ( )

2 0
b LdW

dx
=  (4.69) 

Then we can solve for the deflection functions of two sections as follows 

( ) 4 3 2
1( ) ,0

24 12 2
a AMwP wPLW x x x x x l

R R R
= − + ≤ ≤  (4.70) 

31 3( ) 4 3 2
1 2 1

( )
( ) ,

24 12 2 2
A c c p cb M wh h h Y d EwP wPL LW x x x x c x c l x

R R R
+ +

= − + + + ≤ ≤  (4.71) 

Where 

2
1 31 3 1 31 3

1
c c c p cwh l Y d E wh h l Y d E

c
R
+

= −  (4.72) 

2 2 2
1 31 3 1 31 3

2 2
c c c p cwh l Y d E wh h l Y d E

c
R

+
=  (4.73) 

3 2
31 3 31 3

1 ( 12 12
12A c c c p cM wPL wh LY d E wh h LY d E

L
= − − + +  

2
1 31 3 1 31 324 24 )c c c p cwh l Y d E wh h l Y d E− −  (4.74) 

The previous relations can be used to characterize the internal energy of the deformed beam 

of each section: 
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2
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p p
c
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c

p p p
c c

h h h
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h h h
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The total internal energy is 

( ) ( )12( )
2

a bU U U= +  

2 2 22 5 2
1 1 1 31 3( ) ( 3 2 )

1440 6
c c p cw h h h l L Ll l Y d E Pw L P

R R
+ − +

= −  

2
2 2 21 3

33 31 31 1
( 2 ) [( ) ( ) ]c

c c c c p c
wh L l E d Y LR d Y h h h l wY

LR
ε−

+ − + +  (4.77) 

We can see that we have 𝑈𝑈(𝐸𝐸3,𝑃𝑃) term in energy equation, which means this structure can 

be used as sensor. The generated charge is 

2 2 2
1 1 1 31( ) ( 3 2 )

6 (2 )
c c p c

c p

w h h h l L Ll l Y d PUQ
V R h h

+ − +∂
= = −
∂ +

 

2 2 21
33 31 31 12

2 ( 2 ) [( ) ( ) ]
(2 )
c

c c c c p c
c p

wh L l V d Y LR d Y h h h l wY
LR h h

ε−
+ − + +

+
 (4.78) 

Since no external voltage applied, the generated charge is 



83 
 

2 2 2
1 1 1 31( ) ( 3 2 )

6 (2 )
c c p c

c p

w h h h l L Ll l Y d P
Q

R h h
+ − +

= −
+

 (4.79) 

Therefore, the element 𝑒𝑒32 in equation (4.1) is 

2 2 2
1 1 1 31

32

( ) ( 3 2 )
6 (2 )

c c p c

c p

w h h h l L Ll l Y d
e

R h h
+ − +

= −
+

 (4.80) 

We can see that 𝑒𝑒32 = 𝑒𝑒23 as the described symmetry property of the matrix in equation 

(4.1). 

Now we have transverse deflection functions for two sections of the beam, then the 

deflection of midpoint of the beam can be found by substituting 𝑥𝑥 = 𝐿𝐿
2
 into equation (4.71): 

4
1 1 31 3( ) 96 ( )( 2 )

( )
2 384

c c p cb wPL wh h h L l l Y d ELW
R

δ
− + −

= =  (4.81) 

In this case, there is no external voltage applied on the beam, so 𝐸𝐸3 = 0, the element 𝑒𝑒12 

can be obtained as 

 
4

12 384
wLe

R
=  (4.82) 

The volume displacement is given by 

 1

1

( ) ( )2 2 2
0

2 2

2( )
w w Ll a b
w w l

v W dxdy W dxdy
− −

= +∫ ∫ ∫ ∫  

 
2 5 2

1 1 1 31 3120 ( )( 2 )( )
720

c c p cw L P w h h h L l L l l Y d E
R

− + − −
=  (4.83) 

Which will lead to 𝑒𝑒22: 

 
2 5

22 720
w Le

R
=  (4.84) 
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4.4  THEORETICAL ANALYSIS OF THE BEAM UNDER APPLIED FORCE 
 AT MIDPOINT 

 
 

When the beam is subjected to a point load at midpoint perpendicular to the length direction as 

shown in figure 4-5, its transverse deflection function can be analyzed as follows. 

 

 
 

Figure 4-5 Doubly clamped beam subjected to a concentrated load F 
 

 
 

Because the load F is in y direction and the structure is symmetric, we have: 

 ,
2A b A B
FR R M M= = − =  (4.85) 

 ( ) ,0
2 2A A A
F LM x R x M M x x= − = − − ≤ ≤  (4.86) 

The moment of internal force from constitutive equations of each layer is 

3
(1) (2) (3) (4) (5)2 2 2 2 2

3
2 2 2 2 2

p p p p p
c c c

p p p p p
c c c

h h h h h
h h h

h h h h hx x x x x
h h h

M zwdz zwdz zwdz zwdz zwdzσ σ σ σ σ
+ + − − −

+ − − − − −
= − − − − −∫ ∫ ∫ ∫ ∫  
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2
2

31 3 31 32 c c c p c
d WR wh d Y E wh h d Y E
dx

= − −  (4.87) 

Then we have  

 
2

2
31 3 31 32 2c c c p c A

d W FR wh d Y E wh h d Y E M x
dx

− − = − −  (4.88) 

After integration, it is  

 2
31 3 1( )

4A c c p c
dW FR M x x wh h h Y d E x c
dx

= − − + + +  (4.89) 

 31 32 3 2
1 2

( )
2 12 2

c c p cA
wh h h Y d EM FRW x x x c x c

+
= − − + + +  (4.90) 

The boundary conditions: 

 
( )(0) 2(0) 0, 0, 0

LdWdWW
dx dx

= = =  (4.91) 

Then we have 

 31 3( )
8A c c p c

FLM wh h h Y d E= − + +  (4.92) 

 2 3( ) ,0
16 12 2
FL F LW x x x x

R R
= − ≤ ≤  (4.93) 

Then we can obtain the total internal energy from transverse deflection function as 

 

3
(1) (2) (3) (4) (5)2 2 2 2 2 2 2

30
2 2 2 2 2 2
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p p p p p

c c c

p p p p p
c c c

h h h h hL w h h h

w h h h h h
h h h

U u dz u dz u dz u dz u dz dydx
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= + + + +∫ ∫ ∫ ∫ ∫ ∫ ∫  

23 2 3 2
2 2 233 31
3 33 31 2

( )( )
384 (2 ) 384

c c
c c

c p

wLh d YL F L FwLh E d Y V
R h h R

εε −
= − + = +

+
 (4.94) 

The two terms indicates the electric potential 𝑈𝑈(𝑉𝑉2) and mechanical strain energy 𝑈𝑈(𝐹𝐹2) 

respectively. The absence of the electromechanically coupling energy means that this model 
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cannot transfer mechanical energy into electric energy. So we turn our attention to the structure 

with partially covered electrodes as described in the previous sections. Consider the non-polarized 

outer elastic zone a in the left part of the beam with length 𝑙𝑙1, the piezoelectric zone b in the left 

part of the beam with length 𝐿𝐿
2
− 𝑙𝑙1. 

The deflection functions of section a and section b are given by 

( ) 3 2
1 2

1( )
12 2

a
A

FW x x M x c x c
R R

= − − + +  (4.95) 

( ) 3 2 2
31 3 3 4

1 1( ) ( )
12 2 2

b
A c c p c

FW x x M x wh h h d Y E x c x c
R R R

= − − + + + +  (4.96) 

Then we impose boundary conditions: 

( )
( ) (0)(0) 0, 0

a
a dWW

dx
= =  (4.97) 

( ) ( )
( ) ( ) 1 1

1 1
( ) ( )( ) ( ),

a b
a b dW l dW lW l W l

dx dx
= =  (4.98) 

( ) ( )
2 0

b LdW

dx
=   (4.99) 

Then we can obtain 

1 2 0c c= =   (4.100) 

2
1 31 3 1 31 3

3
c c c p ch l wY d E h h wl Y d E

c
R
+

= −  (4.101) 

2 2 2
1 31 3 1 31 3

4 2
c c c p ch wl Y d E h h wl Y d E

c
R

+
=  (4.102) 

2 2
31 3 31 3

1 ( 8 8
8A c c c p cM FL wh LY d E wh h LY d E

L
= − − −   

2
1 31 3 1 31 316 16 )c c c p cwh l Y d E wh h l Y d E+ +  (4.103) 
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After obtaining the deflection function of the beam, we can try to solve for total internal 

energy of the beam: 

3 2
1 1 31 3( ) ( ) ( )( 2 )

2( )
384 4

c c p ca b wh h h L l l Y d E FL FU U U
R R

+ −
= + = −  

2
2 2 2 21 3

33 31 1 31
( 2 ) [( ) ( ) ]c

c c c p c
wh L l E d Y LR h h h l wY d

LR
ε−

+ − + +   (4.104) 

We can see that the electromechanical energy term 𝑈𝑈(𝐸𝐸3,𝐹𝐹)  appears in the equation 

(4.104), thus we can use this model as a transformer. 

The deflection amplitude of the midpoint of the beam is given by 

3
1 1 31 3( ) 48 ( )( 2 )

( )
2 192

c c p cb FL h h h L l l wY d ELW
R

− + −
=  (4.105) 

In this case, 𝐸𝐸3 = 0, then we have 

 
3

192
FL

R
δ =  (4.106) 

 
3

11 192
Le

R
=  (4.107) 
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5.0  EXPERIMENTAL STUDIES OF PZT-POLYMER COMPOSITE FIXED-FIXED 
BEAM 

 
 
 
 

5.1  EXPERIMENTAL DESIGN AND PROCEDURE FOR DOUBLY CLAMPED 
BEAM ACCELEROMETER 

 
 
In chapter 4, the static constitutive equations were derived for the PZT-polymer composite fixed-

fixed beam. In this section, a doubly clamped beam based accelerometer is designed and tested 

based on the constitutive equations and the experimental results are compared to the simulation 

results. In order to make an doubly clamped beam based accelerometer, a partially polarized PZT-

polymer laminated composite with length 30mm and width 4mm is fabricated. The structure of 

the doubly clamped beam with accelerometer mass at the midpoint is shown in Figure 5-1. All the 

properties of the composite is same as in Table 3.1.   

 

 

Figure 5-1 The structure of the PZT-polyimide fixed-fixed beam 
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In order to test the accelerometer, a function generator is used to generate sinusoidal signal 

to drive a vibration shaker. The base of the whole doubly clamped beam structure is mounted at 

the top of the shaker so that the beam will vibrate with the shaker. A fotonic sensor is used to 

measure the displacement of the vibrating base. The output voltage of the composite beam sensor 

is amplified by a charge amplifier. Both the output signal of the fotonic sensor and the output 

voltage of the charge amplifier is transferred to the oscilloscope for observation. The illustrative 

block diagram of the experiment setup is shown in Figure 5-2(a) and the actual experimental setup 

is shown in Figure 5-2(b). 

 

(a) 
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 (b) 

 
 
Figure 5-2 (a) illustrative block diagram of the experiment setup; (b) actual experiment setup for 

the accelerometer test 
 
 
 

The first step of the experiment is to find the first natural frequency of the accelerometer. 

For the theoretical analysis, the theoretical first natural frequency of the doubly clamped beam 

without accelerometer mass can be solved from the transverse deflection function of a beam under 

free vibration as follows: 

1 2 3 4( , ) ( ( cc os sin cosh sinh )os sin )W x t c xA t B t c x c x c xω ω= Ω + Ω + Ω + Ω+  (5.1) 

 The boundary conditions for doubly clamped beam are 

 (0) ( )(0) 0, 0, ( ) 0, 0dW dW LW W L
dx dx

= = = =  (5.2) 

Which lead to characteristic equation 

 cos cosh 1L LΩ Ω =  (5.3) 

The infinite values of 𝛺𝛺𝐿𝐿 which satisfy the equation (5.3) can be relates to the different 

natural frequencies of the structure as 



91 
 

 ( )2

42
n

n

L Rf
Lπ ρ

Ω
=  (5.4) 

Therefore, the first three natural frequencies of the doubly clamped beam corresponding to 

the first three values of 𝛺𝛺𝐿𝐿 satisfy Equation (5.3) in this experiment can be solved as 

 ( )2

1 4

4.73
774.1134

2
Rf Hz
Lπ ρ

= =  (5.5) 

 ( )2

2 4

7.8532
2133.9

2
Rf Hz
Lπ ρ

= =  (5.6) 

 ( )2

3 4

10.9956
4183.3

2
Rf Hz
Lπ ρ

= =  (5.7) 

To calculate the first natural frequency of the accelerometer, the same single degree of 

freedom mechanical system model as described in Section 3.2 which consists of a seismic mass 

M, a spring with constant K and a damper with damping coefficient C is used in this analysis. The 

equivalent spring constant can be obtained from the static constitutive equations of the beam as 

 3
11

1 192F RK
e Lδ

∂
= = =
∂

 (5.8) 

Then the seismic mass of the model can be calculated as 

 1 2
1(2 )eff acc acc

KM m m m
fπ

= + = +  (5.9) 

Where 𝑚𝑚𝑒𝑒𝑒𝑒𝑒𝑒1 = 𝐾𝐾
(2𝜋𝜋𝑒𝑒1)2

.The proof mass added at the midpoint is 𝑚𝑚𝑎𝑎𝑐𝑐𝑐𝑐 = 0.26𝑔𝑔. Therefore, 

the first natural frequency of the system is 

 1
1 354.43

2n
Kf Hz
Mπ

= =  (5.10) 

Similarly, the second and third natural frequency of the system are 
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 2
2

1 391.90
2n

eff acc

Kf Hz
m mπ

= =
+

 (5.11) 

 3
3

1 396.88
2n

eff acc

Kf Hz
m mπ

= =
+

 (5.12) 

Since the theoretical first natural frequency occurs at 354.43 Hz, we can increase the 

frequency of driving voltage by 5 Hz at a time starting from 10 Hz to 450 Hz. The amplitude of 

the base vibration is controlled as a constant by adjusting the gain knob of the power amplifier. 

Then the amplitude of the output of the charge amplifier is recorded for the calculation of the 

output voltage of the accelerometer. 

 
 
 
 

5.2  EXPERIMENTAL RESULTS AND COMPARISON WITH THEORETICAL 
SIMULATION 

 
 

The relationship of the output voltage of the PZT-polymer composite and the frequencies of the 

driving voltage is firstly investigated to calculate the damping ratio of the SDOF system by using 

the half-power method mentioned previously in Section 3.4. The plot of the output voltage data 

versus frequency is shown in Figure 5-3. 
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Figure 5-3 Plot of sensor output voltage vs. frequency 
 

 
 
It can be found that the first natural frequency occurs at 345 Hz which matches the 

theoretical value (354.43 Hz) well. The damping ratio can be determined by half power method as 

follows: 

 
1

450 315 0.196
2 2 345
B A

n

f f
f

ξ − −
= = =

×
 (5.13) 

Then substituting the damping ratio ξ = 0.196, the first natural frequency 𝑓𝑓𝑛𝑛1 = 345𝐻𝐻𝑧𝑧 

into equation (3.22), the relationship between amplitude of the output voltage of sensor and input 

amplitude of base movement can be obtained. We can compare the experimental result with the 

theoretical model in the same plot as shown in Figure 5-4. From the plot we can see that there is a 

second smaller peak occurs around 385Hz which is close to the second theoretical natural 

frequency. Figure 5-5 shows the comparison of the theoretical and experimental sensitivity curve 
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versus frequencies. The sensitivity obtained from experimental data matches theoretical model 

quite well. The relatively flat sensitivity area occurs at low frequency range from 5-200 Hz which 

can be used to design accelerometer. 

 
Figure 5-4 Comparison of theoretical model and experimental result 

 

 

Figure 5-5 Comparison of theoretical and experimental sensitivity curve 
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6.0  CONCLUSION AND DISCUSSION FOR FUTURE WORK 
 
 
 
 

6.1  CONCLUSION FOR PREVIOUS WORK 
 
 

In this thesis, two major parts of work have been done: the first part of the work is the theoretical 

analysis part for establishing constitutive equations for cantilever beam and doubly clamped beam 

which are composed of PZT-polymer 5-layer composite; the second part of the work is 

experimental design and test for verifying the theoretical model and using the constitutive 

equations to do some accelerometer design works. 

In Chapter 2, the static and dynamic analysis are introduced for PZT-polymer composite 

based cantilever beam. The matrix form constitutive equations are established to relate the 

responses of the cantilever to the different external excitations. Two experiments are conducted in 

Chapter 3 to verify the theoretical analysis. The first experiment tests the actuating mode at 

different frequency. The tip deflections are recorded under different frequencies. The experiment 

results show a good agreement with our dynamic constitutive equation when driving frequency is 

not too close to the natural frequency. The second experiment tests the sensor mode of the 

cantilever beam by adding a proof mass at the tip of the cantilever to construct an accelerometer. 

The static constitutive equations are introduced to establish the theoretical model of the 

accelerometer. During the experiment, the vibration movement of the base of the cantilever beam 

is transferred to voltage output of the sensor. The amplitude of the voltage and the displacement 
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of the base are recorded. The experimental data agrees with the theoretical model for the 

accelerometer test. 

In Chapter 4, the static constitutive equations are established for the doubly clamped beam 

which is composed of PZT-polyimide composite. The two layers of PZT element in the composite 

is partially polarized in doubly clamped beam for effectively generating charge when bending. The 

optimal length of the polarization area is investigated in theoretical analysis. A sensor experiment 

similar with the cantilever beam accelerometer is conducted using the composite with optimal 

length of the polarized PZT area in Chapter 5. The theoretical model of the response of the 

accelerometer is analyzed by using the static constitutive equations derived in Chapter 4. The 

experiment results are compared to the theoretical analysis. The trend of the distribution of the 

measured data is close to the analytical model. The theoretical sensitivity matches the experimental 

data well. 

 
 
 
 

6.2  DISCUSSION FOR FUTURE WORK 
 
 

The main objective of this thesis is to establish the theoretical constitutive equations for cantilever 

beam and doubly clamped beam which are composed of PZT-polymer laminated  composite. Since 

the theoretical analysis is based on the Euler-Bernoulli beam theories, which is restricted by the 

small transverse deflection, the theoretical model works inaccurately when the vibration frequency 

is close to the natural frequency of the beam. In the future work, new models such as large strain 

theory and Timoshenko beam theory can be introduced into the establishment of theoretical model, 

especially when the vibration frequency is close to natural frequency. Due to the nonlinear terms 



97 
 

of these models, some numerical methods such as finite element method can be used to do the 

theoretical analysis in the future work. 

Second, the tape-casting process of fabrication of PZT thick film can provide different PZT 

film with thickness from tens to hundreds micrometers. These films can be used to make different 

types of PZT-polymer laminated composite with high flexibility without losing piezoelectricity. 

In this research, the main limitation is the number and types of PZT thick film are restricted. The 

only one type of rectangular PZT film with thickness of 80um is available for the experiments. 

More samples of PZT film should be produced and provided to do more test such as the effects of 

different thickness ratio of PZT and polyimide to the sensitivity of the device. 

Third, some new experiment designs can be considered in the future research. The partially 

electrode covered and fully polarized PZT element can be used in doubly clamped beam and can 

be compared to the partially polarized PZT film we used in the accelerometer experiment. The 

larger proof mass can be used to make the first three natural frequencies closer to eliminate the 

second peak appeared in Figure 3-11 and Figure 5-4. The different value of damping ratio can be 

studied to explore different effects to the sensitivity curve of the accelerometer.  
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APPENDIX A  
 
 
 
 

MATHEMATICA CODE FOR THEORETICAL MODELING 
 

 
1. Cantilever  

 
Solve[c7*L^2 + c8*L + c9 == 0 && 2*c7*L + c8 == 0 &&  

  c1*L1^2 == c4*L1^2 + c5*L1 + c6 && 2*c1*L1 == 2*c4*L1 + c5 &&  

  2*c1*R == 2*c4*R - w*hc^2*d31*Yc*E3 - w*hc*hp*d31*Yc*E3 &&  

  c4*(L - L1)^2 + c5*(L - L1) + c6 ==  

   c7*(L - L1)^2 + c8*(L - L1) + c9 &&  

  2*c4*(L - L1) + c5 == 2*c7*(L - L1) + c8 &&  

  2*c4*R - w*hc^2*d31*Yc*E3 - w*hc*hp*d31*Yc*E3 == 2*c7*R, {c1, c4,  

  c5, c6, c7, c8, c9}] 

 

{{c1 -> -1/( 

     2 L R) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

       2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc),  

  c4 -> -((-d31 E3 hc^2 L1 w Yc - d31 E3 hc hp L1 w Yc)/(L R)),  

  c5 -> -((d31 E3 hc^2 L1 w Yc + d31 E3 hc hp L1 w Yc)/R),  

  c6 -> (L1^2 (d31 E3 hc^2 w Yc + d31 E3 hc hp w Yc))/(2 R),  

  c7 -> -1/( 

     2 L R) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

       2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc),  

  c8 -> -1/R (-d31 E3 hc^2 L w Yc - d31 E3 hc hp L w Yc +  

       2 d31 E3 hc^2 L1 w Yc + 2 d31 E3 hc hp L1 w Yc),  
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  c9 -> -1/( 

     2 R) (d31 E3 hc^2 L^2 w Yc + d31 E3 hc hp L^2 w Yc -  

       2 d31 E3 hc^2 L L1 w Yc - 2 d31 E3 hc hp L L1 w Yc)}} 

 

Simplify[-((-d31 E3 hc^2 L1 w Yc - d31 E3 hc hp L1 w Yc)/( 

    L R))*(L/2)^2 + (-((d31 E3 hc^2 L1 w Yc + d31 E3 hc hp L1 w Yc)/ 

     R))*L/2 + (L1^2 (d31 E3 hc^2 w Yc + d31 E3 hc hp w Yc))/(2 R)] 

 

-((d31 E3 hc (hc + hp) (L - 2 L1) L1 w Yc)/(4 R)) 

 

Integrate[c1*x^2, {x, 0, L1}] 

 

(c1 L1^3)/3 

 

Integrate[c4*x^2 + c5*x + c6, {x, L1, L - L1}] 

 

c6 L + (c5 L^2)/2 + (c4 L^3)/3 - 2 c6 L1 - c5 L L1 - c4 L^2 L1 +  

 c4 L L1^2 - (2 c4 L1^3)/3 

 

Integrate[c7*x^2 + c8*x + c9, {x, L - L1, L}] 

 

c9 L1 + c8 L L1 + c7 L^2 L1 - (c8 L1^2)/2 - c7 L L1^2 + (c7 L1^3)/3 

 

In[67] 

 

-1/(6 R) d31 E3 hc (hc + hp) L1 (L^2 - 3 L L1 + 2 L1 (-3 + 4 L1)) w Yc 

 

Simplify[-(1/( 

    2 L R)) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

     2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc)*L1^3/3 + ( 
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   L1^2 (d31 E3 hc^2 w Yc + d31 E3 hc hp w Yc))/(2 R)* 

   L + (-((d31 E3 hc^2 L1 w Yc + d31 E3 hc hp L1 w Yc)/R))/2* 

   L^2 + (-((-d31 E3 hc^2 L1 w Yc - d31 E3 hc hp L1 w Yc)/(L R)))* 

   L^3/3 - 2*(L1^2 (d31 E3 hc^2 w Yc + d31 E3 hc hp w Yc))/(2 R)* 

   L1 - (-((d31 E3 hc^2 L1 w Yc + d31 E3 hc hp L1 w Yc)/R))*L* 

   L1 - (-((-d31 E3 hc^2 L1 w Yc - d31 E3 hc hp L1 w Yc)/(L R)))*L^2* 

   L1 + (-((-d31 E3 hc^2 L1 w Yc - d31 E3 hc hp L1 w Yc)/(L R)))*L* 

   L1^2 - 2*(-((-d31 E3 hc^2 L1 w Yc - d31 E3 hc hp L1 w Yc)/(L R)))* 

   L1^3/3 + (-(1/( 

      2 R)) (d31 E3 hc^2 L^2 w Yc + d31 E3 hc hp L^2 w Yc -  

       2 d31 E3 hc^2 L L1 w Yc - 2 d31 E3 hc hp L L1 w Yc))* 

   L1 + (-(1/ 

      R) (-d31 E3 hc^2 L w Yc - d31 E3 hc hp L w Yc +  

       2 d31 E3 hc^2 L1 w Yc + 2 d31 E3 hc hp L1 w Yc))*L* 

   L1 + (-(1/( 

      2 L R)) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

       2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc))*L^2* 

   L1 - (-(1/ 

      R) (-d31 E3 hc^2 L w Yc - d31 E3 hc hp L w Yc +  

       2 d31 E3 hc^2 L1 w Yc + 2 d31 E3 hc hp L1 w Yc))* 

   L1^2/2 - (-(1/( 

      2 L R)) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

       2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc))*L* 

   L1^2 + (-(1/( 

      2 L R)) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

       2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc))*L1^3/3] 

 

-((d31 E3 hc (hc + hp) L1 (L^2 - 3 L L1 + 2 L1^2) w Yc)/(6 R)) 

 

Out[60] 
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{{c1 -> -1/( 

     2 L R) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

       2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc),  

  c4 -> -((-d31 E3 hc^2 L1 w Yc - d31 E3 hc hp L1 w Yc)/(L R)),  

  c5 -> -((d31 E3 hc^2 L1 w Yc + d31 E3 hc hp L1 w Yc)/R),  

  c6 -> (L1^2 (d31 E3 hc^2 w Yc + d31 E3 hc hp w Yc))/(2 R),  

  c7 -> -1/( 

     2 L R) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

       2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc),  

  c8 -> -1/R (-d31 E3 hc^2 L w Yc - d31 E3 hc hp L w Yc +  

       2 d31 E3 hc^2 L1 w Yc + 2 d31 E3 hc hp L1 w Yc),  

  c9 -> -1/( 

     2 R) (d31 E3 hc^2 L^2 w Yc + d31 E3 hc hp L^2 w Yc -  

       2 d31 E3 hc^2 L L1 w Yc - 2 d31 E3 hc hp L L1 w Yc)}} 

 

Simplify[-1/( 

     2 L R) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

       2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc)*L1^3/3 + ( 

   L1^2 (d31 E3 hc^2 w Yc + d31 E3 hc hp w Yc))/(2 R)* 

   L + (-((d31 E3 hc^2 L1 w Yc + d31 E3 hc hp L1 w Yc)/R))/2* 

   L^2 + (-((-d31 E3 hc^2 L1 w Yc - d31 E3 hc hp L1 w Yc)/(L R)))/3* 

   L^3 - 2*(L1^2 (d31 E3 hc^2 w Yc + d31 E3 hc hp w Yc))/(2 R)* 

   L1 - (-((d31 E3 hc^2 L1 w Yc + d31 E3 hc hp L1 w Yc)/R))*L* 

   L1 - (-((-d31 E3 hc^2 L1 w Yc - d31 E3 hc hp L1 w Yc)/(L R)))*L^2* 

   L1 + (-((-d31 E3 hc^2 L1 w Yc - d31 E3 hc hp L1 w Yc)/(L R)))*L1^2* 

   L - 2/3*(-((-d31 E3 hc^2 L1 w Yc - d31 E3 hc hp L1 w Yc)/(L R)))* 

   L1^3 + (-1/( 

      2 R) (d31 E3 hc^2 L^2 w Yc + d31 E3 hc hp L^2 w Yc -  

        2 d31 E3 hc^2 L L1 w Yc - 2 d31 E3 hc hp L L1 w Yc))* 
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   L1 + (-1/ 

      R (-d31 E3 hc^2 L w Yc - d31 E3 hc hp L w Yc +  

        2 d31 E3 hc^2 L1 w Yc + 2 d31 E3 hc hp L1 w Yc))*L* 

   L1 + (-1/( 

      2 L R) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

        2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc))*L^2*L1 -  

  1/2*(-1/ 

      R (-d31 E3 hc^2 L w Yc - d31 E3 hc hp L w Yc +  

        2 d31 E3 hc^2 L1 w Yc + 2 d31 E3 hc hp L1 w Yc))* 

   L1^2 - (-1/( 

      2 L R) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

        2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc))*L*L1^2 +  

  1/3*(-1/(2 L R) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

        2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc))*L1^3] 

 

-((d31 E3 hc (hc + hp) L1 (L^2 - 3 L L1 + 2 L1^2) w Yc)/(6 R)) 

 

Integrate[Yp/2*(2*c1)^2*z^2, {z, hp/2 + hc, 3*hp/2 + hc}] 

 

2 c1^2 hc^2 hp Yp + 4 c1^2 hc hp^2 Yp + 13/6 c1^2 hp^3 Yp 

 

Integrate[Yc/2*(2*c1)^2*z^2, {z, hp/2, hp/2 + hc}] 

 

2/3 c1^2 hc^3 Yc + c1^2 hc^2 hp Yc + 1/2 c1^2 hc hp^2 Yc 

 

Integrate[Yp/2*(2*c1)^2*z^2, {z, -hp/2, hp/2}] 

 

1/6 c1^2 hp^3 Yp 

 

Integrate[Yc/2*(2*c1)^2*z^2, {z, -hp/2 - hc, -hp/2}] 
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2/3 c1^2 hc^3 Yc + c1^2 hc^2 hp Yc + 1/2 c1^2 hc hp^2 Yc 

 

Integrate[Yp/2*(2*c1)^2*z^2, {z, -3 hp/2 - hc, -hp/2 - hc}] 

 

2 c1^2 hc^2 hp Yp + 4 c1^2 hc hp^2 Yp + 13/6 c1^2 hp^3 Yp 

 

Simplify[Out[72] + Out[73] + Out[74] + Out[75] + Out[76]] 

 

1/6 c1^2 (8 hc^3 Yc + 27 hp^3 Yp + 12 hc^2 hp (Yc + 2 Yp) +  

   6 hc hp^2 (Yc + 8 Yp)) 

 

Integrate[ 

 1/6 c1^2 (8 hc^3 Yc + 27 hp^3 Yp + 12 hc^2 hp (Yc + 2 Yp) +  

    6 hc hp^2 (Yc + 8 Yp)), {x, 0, L1}, {y, -w/2, w/2}] 

 

1/6 c1^2 L1 w (8 hc^3 Yc + 27 hp^3 Yp + 12 hc^2 hp (Yc + 2 Yp) +  

   6 hc hp^2 (Yc + 8 Yp)) 

 

Simplify[(-(1/( 

     2 L R)) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

      2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc))^2] 

 

(d31^2 E3^2 hc^2 (hc + hp)^2 (L - 2 L1)^2 w^2 Yc^2)/(4 L^2 R^2) 

 

Integrate[2*Yp*c7^2*z^2, {z, hp/2 + hc, 3*hp/2 + hc}] 

 

2 c7^2 hc^2 hp Yp + 4 c7^2 hc hp^2 Yp + 13/6 c7^2 hp^3 Yp 

 

Integrate[2*Yc*c7^2*z^2, {z, hp/2, hp/2 + hc}] 
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2/3 c7^2 hc^3 Yc + c7^2 hc^2 hp Yc + 1/2 c7^2 hc hp^2 Yc 

 

Integrate[2*Yp*c7^2*z^2, {z, -hp/2, hp/2}] 

 

1/6 c7^2 hp^3 Yp 

 

Integrate[2*Yc*c7^2*z^2, {z, -hp/2 - hc, -hp/2}] 

 

2/3 c7^2 hc^3 Yc + c7^2 hc^2 hp Yc + 1/2 c7^2 hc hp^2 Yc 

 

Integrate[2*Yp*c7^2*z^2, {z, -3*hp/2 - hc, -hp/2 - hc}] 

 

2 c7^2 hc^2 hp Yp + 4 c7^2 hc hp^2 Yp + 13/6 c7^2 hp^3 Yp 

 

Simplify[Out[80] + Out[81] + Out[82] + Out[83] + Out[84]] 

 

1/6 c7^2 (8 hc^3 Yc + 27 hp^3 Yp + 12 hc^2 hp (Yc + 2 Yp) +  

   6 hc hp^2 (Yc + 8 Yp)) 

 

Simplify[2*R* 

  L1*(-(1/(2 L R)) (d31 E3 hc^2 L w Yc + d31 E3 hc hp L w Yc -  

       2 d31 E3 hc^2 L1 w Yc - 2 d31 E3 hc hp L1 w Yc))^2] 

 

(d31^2 E3^2 hc^2 (hc + hp)^2 (L - 2 L1)^2 L1 w^2 Yc^2)/(2 L^2 R) 

 

Integrate[2*Yp*c4^2*z^2, {z, hp/2 + hc, 3*hp/2 + hc}] 

 

2 c4^2 hc^2 hp Yp + 4 c4^2 hc hp^2 Yp + 13/6 c4^2 hp^3 Yp 
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Integrate[ 

 1/2*(4*Yc*c4^2*z^2 + epson*E3^2 - d31^2*Yc*E3^2), {z, hp/2,  

  hp/2 + hc}] 

 

1/2 E3^2 epson hc - 1/2 d31^2 E3^2 hc Yc + 2/3 c4^2 hc^3 Yc +  

 c4^2 hc^2 hp Yc + 1/2 c4^2 hc hp^2 Yc 

 

Integrate[2*Yp*c4^2*z^2, {z, -hp/2, hp/2}] 

 

1/6 c4^2 hp^3 Yp 

 

Integrate[ 

 1/2*(4*Yc*c4^2*z^2 + epson*E3^2 - Yc*d31^2*E3^2), {z, -hp/2 -  

   hc, -hp/2}] 

 

1/2 E3^2 epson hc - 1/2 d31^2 E3^2 hc Yc + 2/3 c4^2 hc^3 Yc +  

 c4^2 hc^2 hp Yc + 1/2 c4^2 hc hp^2 Yc 

 

Integrate[2*Yp*c4^2*z^2, {z, -3*hp/2 - hc, -hp/2 - hc}] 

 

2 c4^2 hc^2 hp Yp + 4 c4^2 hc hp^2 Yp + 13/6 c4^2 hp^3 Yp 

 

Simplify[Out[87] + Out[88] + Out[89] + Out[90] + Out[91]] 

 

E3^2 hc (epson - d31^2 Yc) +  

 1/6 c4^2 (8 hc^3 Yc + 27 hp^3 Yp + 12 hc^2 hp (Yc + 2 Yp) +  

    6 hc hp^2 (Yc + 8 Yp)) 

 

Integrate[(epson - d31^2*Yc)*hc*E3^2 + 2*R/w*c4^2, {x, L1,  

  L - L1}, {y, -w/2, w/2}] 
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(L - 2 L1) w ((2 c4^2 R)/w + E3^2 hc (epson - d31^2 Yc)) 

 

Simplify[(L - 2 L1) w (( 

    2 (-((-d31 E3 hc^2 L1 w Yc - d31 E3 hc hp L1 w Yc)/(L R)))^2 R)/ 

    w + E3^2 hc (epson - d31^2 Yc))] 

 

1/(L^2 R) E3^2 hc (L - 2 L1) w (epson L^2 R +  

    d31^2 Yc (-L^2 R + 2 hc (hc + hp)^2 L1^2 w Yc)) 

 

 

2. Fixed-Fixed Beam 
 

 

Wa[x_] = w*P/(24*R)*x^4 + c1*x^3 

 

c1 x^3 + (P w x^4)/(24 R) 

 

Wb[x_] = w*P/(24*R)*x^4 + c5*x^3 + c6*x^2 + c7*x + c8 

 

c8 + c7 x + c6 x^2 + c5 x^3 + (P w x^4)/(24 R) 

 

Wc[x_] = w*P/(24*R)*x^4 + c9*x^3 + c10*x^2 + c11*x + c12 

 

c12 + c11 x + c10 x^2 + c9 x^3 + (P w x^4)/(24 R) 

 

ua1[x_, z_] = 1/2*Yp*(D[Wa[x], {x, 2}])^2*z^2 

 

1/2 (6 c1 x + (P w x^2)/(2 R))^2 Yp z^2 
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ua2[x_, z_] = 1/2*Yc*(D[Wa[x], {x, 2}])^2*z^2 

 

1/2 (6 c1 x + (P w x^2)/(2 R))^2 Yc z^2 

 

ua3[x_, z_] = 1/2*Yp*(D[Wa[x], {x, 2}])^2*z^2 

 

1/2 (6 c1 x + (P w x^2)/(2 R))^2 Yp z^2 

 

ua4[x_, z_] = 1/2*Yc*(D[Wa[x], {x, 2}])^2*z^2 

 

1/2 (6 c1 x + (P w x^2)/(2 R))^2 Yc z^2 

 

ua5[x_, z_] = 1/2*Yp*(D[Wa[x], {x, 2}])^2*z^2 

 

1/2 (6 c1 x + (P w x^2)/(2 R))^2 Yp z^2 

 

Integrate[ 

 ua1[x, z], {x, 0, L1}, {y, -w/2, w/2}, {z, hp/2 + hc, 3*hp/2 + hc}] 

 

(hp (12 hc^2 + 24 hc hp + 13 hp^2) L1^3 w (240 c1^2 R^2 +  

   30 c1 L1 P R w + L1^2 P^2 w^2) Yp)/(480 R^2) 

 

Integrate[ua2[x, z], {x, 0, L1}, {y, -w/2, w/2}, {z, hp/2, hp/2 + hc}] 

 

(hc (4 hc^2 + 6 hc hp + 3 hp^2) L1^3 w (240 c1^2 R^2 +  

   30 c1 L1 P R w + L1^2 P^2 w^2) Yc)/(480 R^2) 

 

Integrate[ua3[x, z], {x, 0, L1}, {y, -w/2, w/2}, {z, -hp/2, hp/2}] 

 

(hp^3 L1^3 w (240 c1^2 R^2 + 30 c1 L1 P R w +  
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   L1^2 P^2 w^2) Yp)/(480 R^2) 

 

Integrate[ 

 ua4[x, z], {x, 0, L1}, {y, -w/2, w/2}, {z, -hp/2 - hc, -hp/2}] 

 

(hc (4 hc^2 + 6 hc hp + 3 hp^2) L1^3 w (240 c1^2 R^2 +  

   30 c1 L1 P R w + L1^2 P^2 w^2) Yc)/(480 R^2) 

 

Integrate[ 

 ua5[x, z], {x, 0, L1}, {y, -w/2, w/2}, {z, -3*hp/2 - hc, -hp/2 - hc}] 

 

(hp (12 hc^2 + 24 hc hp + 13 hp^2) L1^3 w (240 c1^2 R^2 +  

   30 c1 L1 P R w + L1^2 P^2 w^2) Yp)/(480 R^2) 

 

Simplify[Out[21] + Out[23] + Out[24] + Out[25] + Out[26]] 

 

(L1^3 w (240 c1^2 R^2 + 30 c1 L1 P R w + L1^2 P^2 w^2) (8 hc^3 Yc +  

   27 hp^3 Yp + 12 hc^2 hp (Yc + 2 Yp) +  

   6 hc hp^2 (Yc + 8 Yp)))/(480 R^2) 

 

 

 

Simplify[1/(480 R^2) 

   L1^3 w (240 (-(1/( 

        72 (L - L1) L1 R)) (-L^3 P w + 6 L^2 L1 P w - 6 L L1^2 P w +  

         12 d31 E3 hc^2 L w Yc + 12 d31 E3 hc hp L w Yc -  

         24 d31 E3 hc^2 L1 w Yc - 24 d31 E3 hc hp L1 w Yc))^2 R^2 +  

    30 (-(1/( 

        72 (L - L1) L1 R)) (-L^3 P w + 6 L^2 L1 P w - 6 L L1^2 P w +  

         12 d31 E3 hc^2 L w Yc + 12 d31 E3 hc hp L w Yc -  
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         24 d31 E3 hc^2 L1 w Yc - 24 d31 E3 hc hp L1 w Yc)) L1 P R w + 

     L1^2 P^2 w^2) (8 hc^3 Yc + 27 hp^3 Yp + 12 hc^2 hp (Yc + 2 Yp) +  

    6 hc hp^2 (Yc + 8 Yp))] 

 

1/(51840 R^2) 

  L1^3 w^3 (108 L1^2 P^2 + ( 

    45 P (L^3 P - 6 L^2 L1 P + 24 d31 E3 hc (hc + hp) L1 Yc +  

       6 L (L1^2 P - 2 d31 E3 hc (hc + hp) Yc)))/(L - L1) + ( 

    5 (L^3 P - 6 L^2 L1 P + 24 d31 E3 hc (hc + hp) L1 Yc +  

       6 L (L1^2 P - 2 d31 E3 hc (hc + hp) Yc))^2)/((L -  

       L1)^2 L1^2)) (8 hc^3 Yc + 27 hp^3 Yp +  

    12 hc^2 hp (Yc + 2 Yp) + 6 hc hp^2 (Yc + 8 Yp)) 

 

Collect[Out[28], P] 

 

(L1^3 ((240 L^4)/(L - L1)^2 + (45 L^3)/(L - L1) + ( 

    5 L^6)/((L - L1)^2 L1^2) - (60 L^5)/((L - L1)^2 L1) - ( 

    360 L^3 L1)/(L - L1)^2 - (270 L^2 L1)/(L - L1) + 108 L1^2 + ( 

    180 L^2 L1^2)/(L - L1)^2 + (270 L L1^2)/( 

    L - L1)) P^2 w^3 (8 hc^3 Yc + 27 hp^3 Yp +  

    12 hc^2 hp (Yc + 2 Yp) + 6 hc hp^2 (Yc + 8 Yp)))/(51840 R^2) +  

 1/(51840 R^2) 

   L1^3 P w^3 (-((2160 d31 E3 hc (hc + hp) L^2 Yc)/(L - L1)^2) - ( 

     540 d31 E3 hc (hc + hp) L Yc)/(L - L1) - ( 

     120 d31 E3 hc (hc + hp) L^4 Yc)/((L - L1)^2 L1^2) + ( 

     960 d31 E3 hc (hc + hp) L^3 Yc)/((L - L1)^2 L1) + ( 

     1440 d31 E3 hc (hc + hp) L L1 Yc)/(L - L1)^2 + ( 

     1080 d31 E3 hc (hc + hp) L1 Yc)/(L - L1)) (8 hc^3 Yc +  

     27 hp^3 Yp + 12 hc^2 hp (Yc + 2 Yp) + 6 hc hp^2 (Yc + 8 Yp)) + ( 

 L1^3 w^3 ((2880 d31^2 E3^2 hc^2 (hc + hp)^2 Yc^2)/(L - L1)^2 + ( 
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    720 d31^2 E3^2 hc^2 (hc + hp)^2 L^2 Yc^2)/((L - L1)^2 L1^2) - ( 

    2880 d31^2 E3^2 hc^2 (hc + hp)^2 L Yc^2)/((L -  

       L1)^2 L1)) (8 hc^3 Yc + 27 hp^3 Yp + 12 hc^2 hp (Yc + 2 Yp) +  

    6 hc hp^2 (Yc + 8 Yp)))/(51840 R^2) 

 

FullSimplify[%29] 

 

1/(51840 (L - L1)^2 R^2) 

  L1 w^3 ((5 L^6 - 60 L^5 L1 + 285 L^4 L1^2 - 675 L^3 L1^3 +  

       828 L^2 L1^4 - 486 L L1^5 + 108 L1^6) P^2 -  

    60 d31 E3 hc (hc + hp) (L - 3 L1) (L - 2 L1) (2 L^2 - 6 L L1 +  

       3 L1^2) P Yc +  

    720 d31^2 E3^2 hc^2 (hc + hp)^2 (L - 2 L1)^2 Yc^2) (8 hc^3 Yc +  

    27 hp^3 Yp + 12 hc^2 hp (Yc + 2 Yp) + 6 hc hp^2 (Yc + 8 Yp)) 

 

ub1[x_, z_] = 1/2*Yp*(D[Wb[x], {x, 2}])^2*z^2 

 

1/2 (2 c6 + 6 c5 x + (P w x^2)/(2 R))^2 Yp z^2 

 

ub2[x_, z_] =  

 1/2*(Yc*(D[Wb[x], {x, 2}])^2*z^2 + epson*E3^2 - d31^2*Yc*E3^2) 

 

1/2 (E3^2 epson -  

   d31^2 E3^2 Yc + (2 c6 + 6 c5 x + (P w x^2)/(2 R))^2 Yc z^2) 

 

ub3[x_, z_] = 1/2*Yp*(D[Wb[x], {x, 2}])^2*z^2 

 

1/2 (2 c6 + 6 c5 x + (P w x^2)/(2 R))^2 Yp z^2 

 

ub4[x_, z_] =  
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 1/2*(Yc*(D[Wb[x], {x, 2}])^2*z^2 + epson*E3^2 - Yc*d31^2*E3^2) 

 

1/2 (E3^2 epson -  

   d31^2 E3^2 Yc + (2 c6 + 6 c5 x + (P w x^2)/(2 R))^2 Yc z^2) 

 

ub5[x_, z_] = 1/2*Yp*(D[Wb[x], {x, 2}])^2*z^2 

 

1/2 (2 c6 + 6 c5 x + (P w x^2)/(2 R))^2 Yp z^2 

 

Integrate[ 

 ub1[x, z], {x, L1, L - L1}, {y, -w/2, w/2}, {z, hp/2 + hc,  

  3*hp/2 + hc}] 

 

1/(1440 R^2) 

  hp (12 hc^2 + 24 hc hp + 13 hp^2) (L -  

    2 L1) w (240 (c6^2 + 3 c5 c6 L +  

       3 c5^2 (L^2 - L L1 + L1^2)) R^2 +  

    10 (4 c6 (L^2 - L L1 + L1^2) +  

       9 c5 L (L^2 - 2 L L1 + 2 L1^2)) P R w +  

    3 (L^4 - 3 L^3 L1 + 4 L^2 L1^2 - 2 L L1^3 + L1^4) P^2 w^2) Yp 

 

Integrate[ 

 ub2[x, z], {x, L1, L - L1}, {y, -w/2, w/2}, {z, hp/2, hp/2 + hc}] 

 

1/1440 hc w (720 E3^2 epson L - 1440 E3^2 epson L1 -  

    720 d31^2 E3^2 L Yc + 720 c6^2 hp^2 L Yc +  

    2160 c5 c6 hp^2 L^2 Yc + 960 c6^2 hc^2 (L - 2 L1) Yc +  

    1440 c6^2 hc hp (L - 2 L1) Yc + 2880 c5 c6 hc^2 L (L - 2 L1) Yc +  

    4320 c5 c6 hc hp L (L - 2 L1) Yc + 1440 d31^2 E3^2 L1 Yc -  

    1440 c6^2 hp^2 L1 Yc - 4320 c5 c6 hp^2 L L1 Yc +  
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    2880 c5^2 hc^2 ((L - L1)^3 - L1^3) Yc +  

    4320 c5^2 hc hp ((L - L1)^3 - L1^3) Yc +  

    2160 c5^2 hp^2 ((L - L1)^3 - L1^3) Yc + ( 

    160 c6 hc^2 ((L - L1)^3 - L1^3) P w Yc)/R + ( 

    240 c6 hc hp ((L - L1)^3 - L1^3) P w Yc)/R + ( 

    120 c6 hp^2 ((L - L1)^3 - L1^3) P w Yc)/R + ( 

    360 c5 hc^2 ((L - L1)^4 - L1^4) P w Yc)/R + ( 

    540 c5 hc hp ((L - L1)^4 - L1^4) P w Yc)/R + ( 

    270 c5 hp^2 ((L - L1)^4 - L1^4) P w Yc)/R + ( 

    12 hc^2 ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2 + ( 

    18 hc hp ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2 + ( 

    9 hp^2 ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2) 

 

Integrate[ub3[x, z], {x, L1, L - L1}, {y, -w/2, w/2}, {z, -hp/2, hp/2}] 

 

1/(1440 R^2) 

  hp^3 (L -  

    2 L1) w (240 (c6^2 + 3 c5 c6 L +  

       3 c5^2 (L^2 - L L1 + L1^2)) R^2 +  

    10 (4 c6 (L^2 - L L1 + L1^2) +  

       9 c5 L (L^2 - 2 L L1 + 2 L1^2)) P R w +  

    3 (L^4 - 3 L^3 L1 + 4 L^2 L1^2 - 2 L L1^3 + L1^4) P^2 w^2) Yp 

 

Integrate[ 

 ub4[x, z], {x, L1, L - L1}, {y, -w/2, w/2}, {z, -hp/2 - hc, -hp/2}] 

 

1/1440 hc w (720 E3^2 epson L - 1440 E3^2 epson L1 -  

    720 d31^2 E3^2 L Yc + 720 c6^2 hp^2 L Yc +  

    2160 c5 c6 hp^2 L^2 Yc + 960 c6^2 hc^2 (L - 2 L1) Yc +  

    1440 c6^2 hc hp (L - 2 L1) Yc + 2880 c5 c6 hc^2 L (L - 2 L1) Yc +  
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    4320 c5 c6 hc hp L (L - 2 L1) Yc + 1440 d31^2 E3^2 L1 Yc -  

    1440 c6^2 hp^2 L1 Yc - 4320 c5 c6 hp^2 L L1 Yc +  

    2880 c5^2 hc^2 ((L - L1)^3 - L1^3) Yc +  

    4320 c5^2 hc hp ((L - L1)^3 - L1^3) Yc +  

    2160 c5^2 hp^2 ((L - L1)^3 - L1^3) Yc + ( 

    160 c6 hc^2 ((L - L1)^3 - L1^3) P w Yc)/R + ( 

    240 c6 hc hp ((L - L1)^3 - L1^3) P w Yc)/R + ( 

    120 c6 hp^2 ((L - L1)^3 - L1^3) P w Yc)/R + ( 

    360 c5 hc^2 ((L - L1)^4 - L1^4) P w Yc)/R + ( 

    540 c5 hc hp ((L - L1)^4 - L1^4) P w Yc)/R + ( 

    270 c5 hp^2 ((L - L1)^4 - L1^4) P w Yc)/R + ( 

    12 hc^2 ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2 + ( 

    18 hc hp ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2 + ( 

    9 hp^2 ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2) 

 

Integrate[ 

 ub5[x, z], {x, L1, L - L1}, {y, -w/2,  

  w/2}, {z, -3*hp/2 - hc, -hp/2 - hc}] 

 

1/(1440 R^2) 

  hp (12 hc^2 + 24 hc hp + 13 hp^2) (L -  

    2 L1) w (240 (c6^2 + 3 c5 c6 L +  

       3 c5^2 (L^2 - L L1 + L1^2)) R^2 +  

    10 (4 c6 (L^2 - L L1 + L1^2) +  

       9 c5 L (L^2 - 2 L L1 + 2 L1^2)) P R w +  

    3 (L^4 - 3 L^3 L1 + 4 L^2 L1^2 - 2 L L1^3 + L1^4) P^2 w^2) Yp 

 

Simplify[Out[36] + Out[37] + Out[38] + Out[40] + Out[45]] 

 

1/1440 w (2 hc (720 E3^2 epson L - 1440 E3^2 epson L1 -  
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       720 d31^2 E3^2 L Yc + 720 c6^2 hp^2 L Yc +  

       2160 c5 c6 hp^2 L^2 Yc + 960 c6^2 hc^2 (L - 2 L1) Yc +  

       1440 c6^2 hc hp (L - 2 L1) Yc +  

       2880 c5 c6 hc^2 L (L - 2 L1) Yc +  

       4320 c5 c6 hc hp L (L - 2 L1) Yc + 1440 d31^2 E3^2 L1 Yc -  

       1440 c6^2 hp^2 L1 Yc - 4320 c5 c6 hp^2 L L1 Yc +  

       2880 c5^2 hc^2 ((L - L1)^3 - L1^3) Yc +  

       4320 c5^2 hc hp ((L - L1)^3 - L1^3) Yc +  

       2160 c5^2 hp^2 ((L - L1)^3 - L1^3) Yc + ( 

       160 c6 hc^2 ((L - L1)^3 - L1^3) P w Yc)/R + ( 

       240 c6 hc hp ((L - L1)^3 - L1^3) P w Yc)/R + ( 

       120 c6 hp^2 ((L - L1)^3 - L1^3) P w Yc)/R + ( 

       360 c5 hc^2 ((L - L1)^4 - L1^4) P w Yc)/R + ( 

       540 c5 hc hp ((L - L1)^4 - L1^4) P w Yc)/R + ( 

       270 c5 hp^2 ((L - L1)^4 - L1^4) P w Yc)/R + ( 

       12 hc^2 ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2 + ( 

       18 hc hp ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2 + ( 

       9 hp^2 ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2) +  

    1/R^2 hp^3 (L -  

        2 L1) (240 (c6^2 + 3 c5 c6 L +  

           3 c5^2 (L^2 - L L1 + L1^2)) R^2 +  

        10 (4 c6 (L^2 - L L1 + L1^2) +  

           9 c5 L (L^2 - 2 L L1 + 2 L1^2)) P R w +  

        3 (L^4 - 3 L^3 L1 + 4 L^2 L1^2 - 2 L L1^3 +  

           L1^4) P^2 w^2) Yp +  

    1/R^2 2 hp (12 hc^2 + 24 hc hp + 13 hp^2) (L -  

        2 L1) (240 (c6^2 + 3 c5 c6 L +  

           3 c5^2 (L^2 - L L1 + L1^2)) R^2 +  

        10 (4 c6 (L^2 - L L1 + L1^2) +  

           9 c5 L (L^2 - 2 L L1 + 2 L1^2)) P R w +  
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        3 (L^4 - 3 L^3 L1 + 4 L^2 L1^2 - 2 L L1^3 + L1^4) P^2 w^2) Yp) 

 

Ub[c5_, c6_] = Out[48] 

 

1/1440 w (2 hc (720 E3^2 epson L - 1440 E3^2 epson L1 -  

       720 d31^2 E3^2 L Yc + 720 c6^2 hp^2 L Yc +  

       2160 c5 c6 hp^2 L^2 Yc + 960 c6^2 hc^2 (L - 2 L1) Yc +  

       1440 c6^2 hc hp (L - 2 L1) Yc +  

       2880 c5 c6 hc^2 L (L - 2 L1) Yc +  

       4320 c5 c6 hc hp L (L - 2 L1) Yc + 1440 d31^2 E3^2 L1 Yc -  

       1440 c6^2 hp^2 L1 Yc - 4320 c5 c6 hp^2 L L1 Yc +  

       2880 c5^2 hc^2 ((L - L1)^3 - L1^3) Yc +  

       4320 c5^2 hc hp ((L - L1)^3 - L1^3) Yc +  

       2160 c5^2 hp^2 ((L - L1)^3 - L1^3) Yc + ( 

       160 c6 hc^2 ((L - L1)^3 - L1^3) P w Yc)/R + ( 

       240 c6 hc hp ((L - L1)^3 - L1^3) P w Yc)/R + ( 

       120 c6 hp^2 ((L - L1)^3 - L1^3) P w Yc)/R + ( 

       360 c5 hc^2 ((L - L1)^4 - L1^4) P w Yc)/R + ( 

       540 c5 hc hp ((L - L1)^4 - L1^4) P w Yc)/R + ( 

       270 c5 hp^2 ((L - L1)^4 - L1^4) P w Yc)/R + ( 

       12 hc^2 ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2 + ( 

       18 hc hp ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2 + ( 

       9 hp^2 ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2) +  

    1/R^2 hp^3 (L -  

        2 L1) (240 (c6^2 + 3 c5 c6 L +  

           3 c5^2 (L^2 - L L1 + L1^2)) R^2 +  

        10 (4 c6 (L^2 - L L1 + L1^2) +  

           9 c5 L (L^2 - 2 L L1 + 2 L1^2)) P R w +  

        3 (L^4 - 3 L^3 L1 + 4 L^2 L1^2 - 2 L L1^3 +  

           L1^4) P^2 w^2) Yp +  
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    1/R^2 2 hp (12 hc^2 + 24 hc hp + 13 hp^2) (L -  

        2 L1) (240 (c6^2 + 3 c5 c6 L +  

           3 c5^2 (L^2 - L L1 + L1^2)) R^2 +  

        10 (4 c6 (L^2 - L L1 + L1^2) +  

           9 c5 L (L^2 - 2 L L1 + 2 L1^2)) P R w +  

        3 (L^4 - 3 L^3 L1 + 4 L^2 L1^2 - 2 L L1^3 + L1^4) P^2 w^2) Yp) 

 

Ub[0, 0] 

 

1/1440 w (2 hc (720 E3^2 epson L - 1440 E3^2 epson L1 -  

       720 d31^2 E3^2 L Yc + 1440 d31^2 E3^2 L1 Yc + ( 

       12 hc^2 ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2 + ( 

       18 hc hp ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2 + ( 

       9 hp^2 ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2) + ( 

    3 hp^3 (L - 2 L1) (L^4 - 3 L^3 L1 + 4 L^2 L1^2 - 2 L L1^3 +  

       L1^4) P^2 w^2 Yp)/R^2 + ( 

    6 hp (12 hc^2 + 24 hc hp + 13 hp^2) (L - 2 L1) (L^4 - 3 L^3 L1 +  

       4 L^2 L1^2 - 2 L L1^3 + L1^4) P^2 w^2 Yp)/R^2) 

 

Ub[-((L P w)/( 

  12 R)), -((-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

   12 d31 E3 hc hp L1 w Yc)/(24 (L - L1) R))] 

 

1/1440 w (2 hc (720 E3^2 epson L - 1440 E3^2 epson L1 -  

       720 d31^2 E3^2 L Yc + 1440 d31^2 E3^2 L1 Yc + ( 

       20 hc^2 L^2 ((L - L1)^3 - L1^3) P^2 w^2 Yc)/R^2 + ( 

       30 hc hp L^2 ((L - L1)^3 - L1^3) P^2 w^2 Yc)/R^2 + ( 

       15 hp^2 L^2 ((L - L1)^3 - L1^3) P^2 w^2 Yc)/R^2 - ( 

       30 hc^2 L ((L - L1)^4 - L1^4) P^2 w^2 Yc)/R^2 - ( 

       45 hc hp L ((L - L1)^4 - L1^4) P^2 w^2 Yc)/R^2 - ( 
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       45 hp^2 L ((L - L1)^4 - L1^4) P^2 w^2 Yc)/(2 R^2) + ( 

       12 hc^2 ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2 + ( 

       18 hc hp ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2 + ( 

       9 hp^2 ((L - L1)^5 - L1^5) P^2 w^2 Yc)/R^2 + ( 

       15 hp^2 L^3 P w Yc (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

          12 d31 E3 hc hp L1 w Yc))/(2 (L - L1) R^2) + ( 

       10 hc^2 L^2 (L - 2 L1) P w Yc (-L^3 P w -  

          12 d31 E3 hc^2 L1 w Yc - 12 d31 E3 hc hp L1 w Yc))/((L -  

          L1) R^2) + ( 

       15 hc hp L^2 (L - 2 L1) P w Yc (-L^3 P w -  

          12 d31 E3 hc^2 L1 w Yc - 12 d31 E3 hc hp L1 w Yc))/((L -  

          L1) R^2) - ( 

       15 hp^2 L^2 L1 P w Yc (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

          12 d31 E3 hc hp L1 w Yc))/((L - L1) R^2) - ( 

       20 hc^2 ((L - L1)^3 - L1^3) P w Yc (-L^3 P w -  

          12 d31 E3 hc^2 L1 w Yc - 12 d31 E3 hc hp L1 w Yc))/( 

       3 (L - L1) R^2) - ( 

       10 hc hp ((L - L1)^3 - L1^3) P w Yc (-L^3 P w -  

          12 d31 E3 hc^2 L1 w Yc - 12 d31 E3 hc hp L1 w Yc))/((L -  

          L1) R^2) - ( 

       5 hp^2 ((L - L1)^3 - L1^3) P w Yc (-L^3 P w -  

          12 d31 E3 hc^2 L1 w Yc - 12 d31 E3 hc hp L1 w Yc))/((L -  

          L1) R^2) + ( 

       5 hp^2 L Yc (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

          12 d31 E3 hc hp L1 w Yc)^2)/(4 (L - L1)^2 R^2) + ( 

       5 hc^2 (L - 2 L1) Yc (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

          12 d31 E3 hc hp L1 w Yc)^2)/(3 (L - L1)^2 R^2) + ( 

       5 hc hp (L - 2 L1) Yc (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

          12 d31 E3 hc hp L1 w Yc)^2)/(2 (L - L1)^2 R^2) - ( 

       5 hp^2 L1 Yc (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  
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          12 d31 E3 hc hp L1 w Yc)^2)/(2 (L - L1)^2 R^2)) +  

    1/R^2 hp^3 (L -  

        2 L1) (3 (L^4 - 3 L^3 L1 + 4 L^2 L1^2 - 2 L L1^3 +  

           L1^4) P^2 w^2 +  

        10 P R w (-((3 L^2 (L^2 - 2 L L1 + 2 L1^2) P w)/( 

            4 R)) - ((L^2 - L L1 + L1^2) (-L^3 P w -  

              12 d31 E3 hc^2 L1 w Yc - 12 d31 E3 hc hp L1 w Yc))/( 

           6 (L - L1) R)) +  

        240 R^2 ((L^2 (L^2 - L L1 + L1^2) P^2 w^2)/(48 R^2) + ( 

            

           L^2 P w (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

              12 d31 E3 hc hp L1 w Yc))/( 

           96 (L - L1) R^2) + (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

             12 d31 E3 hc hp L1 w Yc)^2/(576 (L - L1)^2 R^2))) Yp +  

    1/R^2 2 hp (12 hc^2 + 24 hc hp + 13 hp^2) (L -  

        2 L1) (3 (L^4 - 3 L^3 L1 + 4 L^2 L1^2 - 2 L L1^3 +  

           L1^4) P^2 w^2 +  

        10 P R w (-((3 L^2 (L^2 - 2 L L1 + 2 L1^2) P w)/( 

            4 R)) - ((L^2 - L L1 + L1^2) (-L^3 P w -  

              12 d31 E3 hc^2 L1 w Yc - 12 d31 E3 hc hp L1 w Yc))/( 

           6 (L - L1) R)) +  

        240 R^2 ((L^2 (L^2 - L L1 + L1^2) P^2 w^2)/(48 R^2) + ( 

           L^2 P w (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

              12 d31 E3 hc hp L1 w Yc))/( 

           96 (L - L1) R^2) + (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

             12 d31 E3 hc hp L1 w Yc)^2/(576 (L - L1)^2 R^2))) Yp) 

 

Collect[Out[51], P] 

 

1/1440 P^2 w ((5 hc hp^2 L^7 w^2 Yc)/(2 (L - L1)^2 R^2) + ( 
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     10 hc^3 L^6 (L - 2 L1) w^2 Yc)/(3 (L - L1)^2 R^2) + ( 

     5 hc^2 hp L^6 (L - 2 L1) w^2 Yc)/((L - L1)^2 R^2) - ( 

     15 hc hp^2 L^6 w^2 Yc)/((L - L1) R^2) - ( 

     20 hc^3 L^5 (L - 2 L1) w^2 Yc)/((L - L1) R^2) - ( 

     30 hc^2 hp L^5 (L - 2 L1) w^2 Yc)/((L - L1) R^2) - ( 

     5 hc hp^2 L^6 L1 w^2 Yc)/((L - L1)^2 R^2) + ( 

     30 hc hp^2 L^5 L1 w^2 Yc)/((L - L1) R^2) + ( 

     40 hc^3 L^2 ((L - L1)^3 - L1^3) w^2 Yc)/R^2 + ( 

     60 hc^2 hp L^2 ((L - L1)^3 - L1^3) w^2 Yc)/R^2 + ( 

     30 hc hp^2 L^2 ((L - L1)^3 - L1^3) w^2 Yc)/R^2 + ( 

     40 hc^3 L^3 ((L - L1)^3 - L1^3) w^2 Yc)/(3 (L - L1) R^2) + ( 

     20 hc^2 hp L^3 ((L - L1)^3 - L1^3) w^2 Yc)/((L - L1) R^2) + ( 

     10 hc hp^2 L^3 ((L - L1)^3 - L1^3) w^2 Yc)/((L - L1) R^2) - ( 

     60 hc^3 L ((L - L1)^4 - L1^4) w^2 Yc)/R^2 - ( 

     90 hc^2 hp L ((L - L1)^4 - L1^4) w^2 Yc)/R^2 - ( 

     45 hc hp^2 L ((L - L1)^4 - L1^4) w^2 Yc)/R^2 + ( 

     24 hc^3 ((L - L1)^5 - L1^5) w^2 Yc)/R^2 + ( 

     36 hc^2 hp ((L - L1)^5 - L1^5) w^2 Yc)/R^2 + ( 

     18 hc hp^2 ((L - L1)^5 - L1^5) w^2 Yc)/R^2 + ( 

     5 hp^3 L^6 (L - 2 L1) w^2 Yp)/(12 (L - L1)^2 R^2) + ( 

     5 hp (12 hc^2 + 24 hc hp + 13 hp^2) L^6 (L - 2 L1) w^2 Yp)/( 

     6 (L - L1)^2 R^2) - (5 hp^3 L^5 (L - 2 L1) w^2 Yp)/( 

     2 (L - L1) R^2) - ( 

     5 hp (12 hc^2 + 24 hc hp + 13 hp^2) L^5 (L - 2 L1) w^2 Yp)/((L -  

        L1) R^2) + (5 hp^3 L^2 (L - 2 L1) (L^2 - L L1 + L1^2) w^2 Yp)/ 

     R^2 + (10 hp (12 hc^2 + 24 hc hp + 13 hp^2) L^2 (L - 2 L1) (L^2 - 

         L L1 + L1^2) w^2 Yp)/R^2 + ( 

     5 hp^3 L^3 (L - 2 L1) (L^2 - L L1 + L1^2) w^2 Yp)/( 

     3 (L - L1) R^2) + ( 

     10 hp (12 hc^2 + 24 hc hp + 13 hp^2) L^3 (L - 2 L1) (L^2 - L L1 + 
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         L1^2) w^2 Yp)/(3 (L - L1) R^2) - ( 

     15 hp^3 L^2 (L - 2 L1) (L^2 - 2 L L1 + 2 L1^2) w^2 Yp)/( 

     2 R^2) - ( 

     15 hp (12 hc^2 + 24 hc hp + 13 hp^2) L^2 (L - 2 L1) (L^2 -  

        2 L L1 + 2 L1^2) w^2 Yp)/R^2 + ( 

     3 hp^3 (L - 2 L1) (L^4 - 3 L^3 L1 + 4 L^2 L1^2 - 2 L L1^3 +  

        L1^4) w^2 Yp)/R^2 + ( 

     6 hp (12 hc^2 + 24 hc hp + 13 hp^2) (L - 2 L1) (L^4 - 3 L^3 L1 +  

        4 L^2 L1^2 - 2 L L1^3 + L1^4) w^2 Yp)/R^2) +  

 1/1440 P w (( 

     60 d31 E3 hc^3 hp^2 L^4 L1 w^2 Yc^2)/((L - L1)^2 R^2) + ( 

     60 d31 E3 hc^2 hp^3 L^4 L1 w^2 Yc^2)/((L - L1)^2 R^2) + ( 

     80 d31 E3 hc^5 L^3 (L - 2 L1) L1 w^2 Yc^2)/((L - L1)^2 R^2) + ( 

     200 d31 E3 hc^4 hp L^3 (L - 2 L1) L1 w^2 Yc^2)/((L -  

        L1)^2 R^2) + ( 

     120 d31 E3 hc^3 hp^2 L^3 (L - 2 L1) L1 w^2 Yc^2)/((L -  

        L1)^2 R^2) - ( 

     180 d31 E3 hc^3 hp^2 L^3 L1 w^2 Yc^2)/((L - L1) R^2) - ( 

     180 d31 E3 hc^2 hp^3 L^3 L1 w^2 Yc^2)/((L - L1) R^2) - ( 

     240 d31 E3 hc^5 L^2 (L - 2 L1) L1 w^2 Yc^2)/((L - L1) R^2) - ( 

     600 d31 E3 hc^4 hp L^2 (L - 2 L1) L1 w^2 Yc^2)/((L - L1) R^2) - ( 

     360 d31 E3 hc^3 hp^2 L^2 (L - 2 L1) L1 w^2 Yc^2)/((L -  

        L1) R^2) - ( 

     120 d31 E3 hc^3 hp^2 L^3 L1^2 w^2 Yc^2)/((L - L1)^2 R^2) - ( 

     120 d31 E3 hc^2 hp^3 L^3 L1^2 w^2 Yc^2)/((L - L1)^2 R^2) + ( 

     360 d31 E3 hc^3 hp^2 L^2 L1^2 w^2 Yc^2)/((L - L1) R^2) + ( 

     360 d31 E3 hc^2 hp^3 L^2 L1^2 w^2 Yc^2)/((L - L1) R^2) + ( 

     160 d31 E3 hc^5 L1 ((L - L1)^3 - L1^3) w^2 Yc^2)/((L -  

        L1) R^2) + ( 

     400 d31 E3 hc^4 hp L1 ((L - L1)^3 - L1^3) w^2 Yc^2)/((L -  
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        L1) R^2) + ( 

     360 d31 E3 hc^3 hp^2 L1 ((L - L1)^3 - L1^3) w^2 Yc^2)/((L -  

        L1) R^2) + ( 

     120 d31 E3 hc^2 hp^3 L1 ((L - L1)^3 - L1^3) w^2 Yc^2)/((L -  

        L1) R^2) + ( 

     10 d31 E3 hc^2 hp^3 L^3 (L - 2 L1) L1 w^2 Yc Yp)/((L -  

        L1)^2 R^2) + ( 

     10 d31 E3 hc hp^4 L^3 (L - 2 L1) L1 w^2 Yc Yp)/((L -  

        L1)^2 R^2) + ( 

     20 d31 E3 hc^2 hp (12 hc^2 + 24 hc hp + 13 hp^2) L^3 (L -  

        2 L1) L1 w^2 Yc Yp)/((L - L1)^2 R^2) + ( 

     20 d31 E3 hc hp^2 (12 hc^2 + 24 hc hp + 13 hp^2) L^3 (L -  

        2 L1) L1 w^2 Yc Yp)/((L - L1)^2 R^2) - ( 

     30 d31 E3 hc^2 hp^3 L^2 (L - 2 L1) L1 w^2 Yc Yp)/((L -  

        L1) R^2) - ( 

     30 d31 E3 hc hp^4 L^2 (L - 2 L1) L1 w^2 Yc Yp)/((L - L1) R^2) - ( 

     60 d31 E3 hc^2 hp (12 hc^2 + 24 hc hp + 13 hp^2) L^2 (L -  

        2 L1) L1 w^2 Yc Yp)/((L - L1) R^2) - ( 

     60 d31 E3 hc hp^2 (12 hc^2 + 24 hc hp + 13 hp^2) L^2 (L -  

        2 L1) L1 w^2 Yc Yp)/((L - L1) R^2) + ( 

     20 d31 E3 hc^2 hp^3 (L - 2 L1) L1 (L^2 - L L1 +  

        L1^2) w^2 Yc Yp)/((L - L1) R^2) + ( 

     20 d31 E3 hc hp^4 (L - 2 L1) L1 (L^2 - L L1 +  

        L1^2) w^2 Yc Yp)/((L - L1) R^2) + ( 

     40 d31 E3 hc^2 hp (12 hc^2 + 24 hc hp + 13 hp^2) (L -  

        2 L1) L1 (L^2 - L L1 + L1^2) w^2 Yc Yp)/((L - L1) R^2) + ( 

     40 d31 E3 hc hp^2 (12 hc^2 + 24 hc hp + 13 hp^2) (L -  

        2 L1) L1 (L^2 - L L1 + L1^2) w^2 Yc Yp)/((L - L1) R^2)) +  

 1/1440 w (1440 E3^2 epson hc L - 2880 E3^2 epson hc L1 -  

     1440 d31^2 E3^2 hc L Yc + 2880 d31^2 E3^2 hc L1 Yc + ( 
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     360 d31^2 E3^2 hc^5 hp^2 L L1^2 w^2 Yc^3)/((L - L1)^2 R^2) + ( 

     720 d31^2 E3^2 hc^4 hp^3 L L1^2 w^2 Yc^3)/((L - L1)^2 R^2) + ( 

     360 d31^2 E3^2 hc^3 hp^4 L L1^2 w^2 Yc^3)/((L - L1)^2 R^2) + ( 

     480 d31^2 E3^2 hc^7 (L - 2 L1) L1^2 w^2 Yc^3)/((L -  

        L1)^2 R^2) + ( 

     1680 d31^2 E3^2 hc^6 hp (L - 2 L1) L1^2 w^2 Yc^3)/((L -  

        L1)^2 R^2) + ( 

     1920 d31^2 E3^2 hc^5 hp^2 (L - 2 L1) L1^2 w^2 Yc^3)/((L -  

        L1)^2 R^2) + ( 

     720 d31^2 E3^2 hc^4 hp^3 (L - 2 L1) L1^2 w^2 Yc^3)/((L -  

        L1)^2 R^2) - ( 

     720 d31^2 E3^2 hc^5 hp^2 L1^3 w^2 Yc^3)/((L - L1)^2 R^2) - ( 

     1440 d31^2 E3^2 hc^4 hp^3 L1^3 w^2 Yc^3)/((L - L1)^2 R^2) - ( 

     720 d31^2 E3^2 hc^3 hp^4 L1^3 w^2 Yc^3)/((L - L1)^2 R^2) + ( 

     60 d31^2 E3^2 hc^4 hp^3 (L - 2 L1) L1^2 w^2 Yc^2 Yp)/((L -  

        L1)^2 R^2) + ( 

     120 d31^2 E3^2 hc^3 hp^4 (L - 2 L1) L1^2 w^2 Yc^2 Yp)/((L -  

        L1)^2 R^2) + ( 

     60 d31^2 E3^2 hc^2 hp^5 (L - 2 L1) L1^2 w^2 Yc^2 Yp)/((L -  

        L1)^2 R^2) + ( 

     120 d31^2 E3^2 hc^4 hp (12 hc^2 + 24 hc hp + 13 hp^2) (L -  

        2 L1) L1^2 w^2 Yc^2 Yp)/((L - L1)^2 R^2) + ( 

     240 d31^2 E3^2 hc^3 hp^2 (12 hc^2 + 24 hc hp + 13 hp^2) (L -  

        2 L1) L1^2 w^2 Yc^2 Yp)/((L - L1)^2 R^2) + ( 

     120 d31^2 E3^2 hc^2 hp^3 (12 hc^2 + 24 hc hp + 13 hp^2) (L -  

        2 L1) L1^2 w^2 Yc^2 Yp)/((L - L1)^2 R^2)) 

 

Simplify[2*Out[30] + Out[52]] 

 

1/(51840 (L - L1)^2 R^2) 
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  w (L^3 (3 L^4 - 26 L^3 L1 + 78 L^2 L1^2 - 90 L L1^3 +  

       30 L1^4) P^2 w^2 (8 hc^3 Yc + 27 hp^3 Yp +  

       12 hc^2 hp (Yc + 2 Yp) + 6 hc hp^2 (Yc + 8 Yp)) -  

    120 d31 E3 hc (hc + hp) L1 (2 L^4 - 13 L^3 L1 + 27 L^2 L1^2 -  

       21 L L1^3 + 6 L1^4) P w^2 Yc (8 hc^3 Yc + 27 hp^3 Yp +  

       12 hc^2 hp (Yc + 2 Yp) + 6 hc hp^2 (Yc + 8 Yp)) +  

    720 E3^2 hc (L - 2 L1) (72 epson (L - L1)^2 R^2 +  

       d31^2 Yc (-72 L^2 R^2 +  

          2 L L1 (72 R^2 +  

             hc (hc + hp)^2 w^2 Yc (8 hc^3 Yc + 27 hp^3 Yp +  

                12 hc^2 hp (Yc + 2 Yp) + 6 hc hp^2 (Yc + 8 Yp))) -  

          L1^2 (72 R^2 +  

             hc (hc + hp)^2 w^2 Yc (8 hc^3 Yc + 27 hp^3 Yp +  

                12 hc^2 hp (Yc + 2 Yp) + 6 hc hp^2 (Yc + 8 Yp)))))) 

 

Collect[Out[53], P] 

 

(L^3 (3 L^4 - 26 L^3 L1 + 78 L^2 L1^2 - 90 L L1^3 +  

    30 L1^4) P^2 w^3 (8 hc^3 Yc + 27 hp^3 Yp +  

    12 hc^2 hp (Yc + 2 Yp) + 6 hc hp^2 (Yc + 8 Yp)))/( 

 51840 (L - L1)^2 R^2) - ( 

 d31 E3 hc (hc + hp) L1 (2 L^4 - 13 L^3 L1 + 27 L^2 L1^2 -  

    21 L L1^3 + 6 L1^4) P w^3 Yc (8 hc^3 Yc + 27 hp^3 Yp +  

    12 hc^2 hp (Yc + 2 Yp) + 6 hc hp^2 (Yc + 8 Yp)))/( 

 432 (L - L1)^2 R^2) +  

 1/(72 (L - L1)^2 R^2) 

   E3^2 hc (L - 2 L1) w (72 epson (L - L1)^2 R^2 +  

     d31^2 Yc (-72 L^2 R^2 +  

        2 L L1 (72 R^2 +  

           hc (hc + hp)^2 w^2 Yc (8 hc^3 Yc + 27 hp^3 Yp +  
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              12 hc^2 hp (Yc + 2 Yp) + 6 hc hp^2 (Yc + 8 Yp))) -  

        L1^2 (72 R^2 +  

           hc (hc + hp)^2 w^2 Yc (8 hc^3 Yc + 27 hp^3 Yp +  

              12 hc^2 hp (Yc + 2 Yp) + 6 hc hp^2 (Yc + 8 Yp))))) 

 

Simplify[1/(51840 (L - L1)^2 R^2) 

   w (L^3 (3 L^4 - 26 L^3 L1 + 78 L^2 L1^2 - 90 L L1^3 +  

       30 L1^4) P^2 w^2 (12*R/w) -  

    120 d31 E3 hc (hc + hp) L1 (2 L^4 - 13 L^3 L1 + 27 L^2 L1^2 -  

       21 L L1^3 + 6 L1^4) P w^2 Yc (12*R/w) +  

    720 E3^2 hc (L - 2 L1) (72 epson (L - L1)^2 R^2 +  

       d31^2 Yc (-72 L^2 R^2 +  

          2 L L1 (72 R^2 + hc (hc + hp)^2 w^2 Yc (12*R/w)) -  

          L1^2 (72 R^2 + hc (hc + hp)^2 w^2 Yc (12*R/w)))))] 

 

1/(4320 (L - L1)^2 R) 

  w (L^3 (3 L^4 - 26 L^3 L1 + 78 L^2 L1^2 - 90 L L1^3 +  

       30 L1^4) P^2 w -  

    120 d31 E3 hc (hc + hp) L1 (2 L^4 - 13 L^3 L1 + 27 L^2 L1^2 -  

       21 L L1^3 + 6 L1^4) P w Yc +  

    720 E3^2 hc (L - 2 L1) (6 epson (L - L1)^2 R +  

       d31^2 Yc (-6 L^2 R + 2 L L1 (6 R + hc (hc + hp)^2 w Yc) -  

          L1^2 (6 R + hc (hc + hp)^2 w Yc)))) 

 

Simplify[(2*L^4 - 13*L^3*L1 + 27*L^2*L1^2 - 21*L*L1^3 +  

    6*L1^4)/(L - L1)^2] 

 

(2 L^4 - 13 L^3 L1 + 27 L^2 L1^2 - 21 L L1^3 + 6 L1^4)/(L - L1)^2 

 

Expand[(2 L^4 - 13 L^3 L1 + 27 L^2 L1^2 - 21 L L1^3 +  
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  6 L1^4)/(L - L1)^2] 

 

(2 L^4)/(L - L1)^2 - (13 L^3 L1)/(L - L1)^2 + ( 

 27 L^2 L1^2)/(L - L1)^2 - (21 L L1^3)/(L - L1)^2 + (6 L1^4)/(L - L1)^2 

 

Denominator[( 

 2 L^4 - 13 L^3 L1 + 27 L^2 L1^2 - 21 L L1^3 + 6 L1^4)/(L - L1)^2] 

 

(L - L1)^2 

 

Expand[(L - L1)^2] 

 

L^2 - 2 L L1 + L1^2 

 

(L - L1)^2*(L^2 - 3*L1*L + 2*L1^2) 

 

(L - L1)^2 (L^2 - 3 L L1 + 2 L1^2) 

 

Expand[(L - L1)^2 (L^2 - 3 L L1 + 2 L1^2)] 

 

L^4 - 5 L^3 L1 + 9 L^2 L1^2 - 7 L L1^3 + 2 L1^4 

 

Wb[L/2] 

 

c8 + (c7 L)/2 + (c6 L^2)/4 + (c5 L^3)/8 + (L^4 P w)/(384 R) 

 

delta[c5_, c6_, c7_, c8_] = Out[63] 

 

c8 + (c7 L)/2 + (c6 L^2)/4 + (c5 L^3)/8 + (L^4 P w)/(384 R) 
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delta[-((L P w)/( 

  12 R)), -((-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

   12 d31 E3 hc hp L1 w Yc)/(24 (L - L1) R)), -(( 

  L^3 L1 P w + 12 d31 E3 hc^2 L L1 w Yc + 12 d31 E3 hc hp L L1 w Yc)/( 

  24 (L - L1) R)), -(1/( 

   72 (L - L1) R)) (-L^3 L1^2 P w - 24 d31 E3 hc^2 L L1^2 w Yc -  

    24 d31 E3 hc hp L L1^2 w Yc + 12 d31 E3 hc^2 L1^3 w Yc +  

    12 d31 E3 hc hp L1^3 w Yc)] 

 

-((L^4 P w)/(128 R)) - ( 

 L^2 (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc - 12 d31 E3 hc hp L1 w Yc))/( 

 96 (L - L1) R) - ( 

 L (L^3 L1 P w + 12 d31 E3 hc^2 L L1 w Yc +  

    12 d31 E3 hc hp L L1 w Yc))/( 

 48 (L - L1) R) - (-L^3 L1^2 P w - 24 d31 E3 hc^2 L L1^2 w Yc -  

  24 d31 E3 hc hp L L1^2 w Yc + 12 d31 E3 hc^2 L1^3 w Yc +  

  12 d31 E3 hc hp L1^3 w Yc)/(72 (L - L1) R) 

 

FullSimplify[%65] 

 

(L^3 (3 L^2 - 15 L L1 + 16 L1^2) P w -  

 48 d31 E3 hc (hc + hp) (L - 2 L1) (3 L - 2 L1) L1 w Yc)/(1152 (L -  

   L1) R) 

 

f[L1_] = (L^3 (3 L^2 - 15 L L1 + 16 L1^2) P w)/(1152 (L - L1) R) 

 

(L^3 (3 L^2 - 15 L L1 + 16 L1^2) P w)/(1152 (L - L1) R) 

 

f'[L1] 
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(L^3 (-15 L + 32 L1) P w)/(1152 (L - L1) R) + ( 

 L^3 (3 L^2 - 15 L L1 + 16 L1^2) P w)/(1152 (L - L1)^2 R) 

 

Solve[(L^3 (-15 L + 32 L1) P w)/(1152 (L - L1) R) + ( 

   L^3 (3 L^2 - 15 L L1 + 16 L1^2) P w)/(1152 (L - L1)^2 R) == 0, L1] 

 

{{L1 -> L/2}, {L1 -> (3 L)/2}} 

 

f[0] 

 

(L^4 P w)/(384 R) 

 

f[L/2] 

 

-((L^4 P w)/(1152 R)) 

 

f[L/4] 

 

(L^4 P w)/(3456 R) 

 

Integrate[Wa[x], {x, 0, L1}] 

 

(c1 L1^4)/4 + (L1^5 P w)/(120 R) 

 

Integrate[Wb[x], {x, L1, L - L1}] 

 

c8 L + (c7 L^2)/2 - 2 c8 L1 - c7 L L1 + 1/3 c6 ((L - L1)^3 - L1^3) +  

 1/4 c5 ((L - L1)^4 - L1^4) + (((L - L1)^5 - L1^5) P w)/(120 R) 

 

Integrate[Wc[x], {x, L - L1, L}] 
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1/4 c9 (L^4 - (L - L1)^4) + c12 L1 + c11 L L1 + c10 L^2 L1 - ( 

 c11 L1^2)/2 - c10 L L1^2 + (c10 L1^3)/3 + ((L^5 - (L - L1)^5) P w)/( 

 120 R) 

 

Simplify[Out[73] + Out[74] + Out[75]] 

 

(c6 L^3)/3 + (c5 L^4)/4 + c8 (L - 2 L1) + 1/2 c7 L (L - 2 L1) +  

 c12 L1 + c11 L L1 + c10 L^2 L1 - c6 L^2 L1 - c5 L^3 L1 +  

 c9 L^3 L1 - (c11 L1^2)/2 - c10 L L1^2 + c6 L L1^2 +  

 3/2 c5 L^2 L1^2 - 3/2 c9 L^2 L1^2 + (c10 L1^3)/3 - (2 c6 L1^3)/3 -  

 c5 L L1^3 + c9 L L1^3 + (c1 L1^4)/4 - (c9 L1^4)/4 + (L^5 P w)/(120 R) 

 

v[c1_, c5_, c6_, c7_, c8_, c9_, c10_, c11_, c12_] = Out[76] 

 

(c6 L^3)/3 + (c5 L^4)/4 + c8 (L - 2 L1) + 1/2 c7 L (L - 2 L1) +  

 c12 L1 + c11 L L1 + c10 L^2 L1 - c6 L^2 L1 - c5 L^3 L1 +  

 c9 L^3 L1 - (c11 L1^2)/2 - c10 L L1^2 + c6 L L1^2 +  

 3/2 c5 L^2 L1^2 - 3/2 c9 L^2 L1^2 + (c10 L1^3)/3 - (2 c6 L1^3)/3 -  

 c5 L L1^3 + c9 L L1^3 + (c1 L1^4)/4 - (c9 L1^4)/4 + (L^5 P w)/(120 R) 

 

v[-(1/(72 (L - L1) L1 R)) (-L^3 P w + 6 L^2 L1 P w - 6 L L1^2 P w +  

    12 d31 E3 hc^2 L w Yc + 12 d31 E3 hc hp L w Yc -  

    24 d31 E3 hc^2 L1 w Yc - 24 d31 E3 hc hp L1 w Yc), -((L P w)/( 

  12 R)), -((-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

   12 d31 E3 hc hp L1 w Yc)/(24 (L - L1) R)), -(( 

  L^3 L1 P w + 12 d31 E3 hc^2 L L1 w Yc + 12 d31 E3 hc hp L L1 w Yc)/( 

  24 (L - L1) R)), -(1/( 

   72 (L - L1) R)) (-L^3 L1^2 P w - 24 d31 E3 hc^2 L L1^2 w Yc -  

    24 d31 E3 hc hp L L1^2 w Yc + 12 d31 E3 hc^2 L1^3 w Yc +  
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    12 d31 E3 hc hp L1^3 w Yc), -(1/( 

   72 (L - L1) L1 R)) (L^3 P w + 6 L^2 L1 P w - 6 L L1^2 P w -  

    12 d31 E3 hc^2 L w Yc - 12 d31 E3 hc hp L w Yc +  

    24 d31 E3 hc^2 L1 w Yc + 24 d31 E3 hc hp L1 w Yc), -(1/( 

   24 (L - L1) L1 R)) (-L^4 P w + 12 d31 E3 hc^2 L^2 w Yc +  

    12 d31 E3 hc hp L^2 w Yc - 24 d31 E3 hc^2 L L1 w Yc -  

    24 d31 E3 hc hp L L1 w Yc), -(1/( 

   24 (L - L1) L1 R)) (L^5 P w - 2 L^4 L1 P w + 2 L^3 L1^2 P w -  

    12 d31 E3 hc^2 L^3 w Yc - 12 d31 E3 hc hp L^3 w Yc +  

    24 d31 E3 hc^2 L^2 L1 w Yc + 24 d31 E3 hc hp L^2 L1 w Yc), -(1/( 

   72 (L - L1) L1 R)) (-L^6 P w + 3 L^5 L1 P w - 3 L^4 L1^2 P w +  

    12 d31 E3 hc^2 L^4 w Yc + 12 d31 E3 hc hp L^4 w Yc -  

    24 d31 E3 hc^2 L^3 L1 w Yc - 24 d31 E3 hc hp L^3 L1 w Yc)] 

 

-((L^5 P w)/(80 R)) + (L^4 L1 P w)/(12 R) - (L^3 L1^2 P w)/(8 R) + ( 

 L^2 L1^3 P w)/(12 R) - ( 

 L1^3 (-L^3 P w + 6 L^2 L1 P w - 6 L L1^2 P w +  

    12 d31 E3 hc^2 L w Yc + 12 d31 E3 hc hp L w Yc -  

    24 d31 E3 hc^2 L1 w Yc - 24 d31 E3 hc hp L1 w Yc))/( 

 288 (L - L1) R) - ( 

 L^3 (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc - 12 d31 E3 hc hp L1 w Yc))/( 

 72 (L - L1) R) + ( 

 L^2 L1 (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

    12 d31 E3 hc hp L1 w Yc))/(24 (L - L1) R) - ( 

 L L1^2 (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc -  

    12 d31 E3 hc hp L1 w Yc))/(24 (L - L1) R) + ( 

 L1^3 (-L^3 P w - 12 d31 E3 hc^2 L1 w Yc - 12 d31 E3 hc hp L1 w Yc))/( 

 36 (L - L1) R) - ( 

 L^3 (L^3 P w + 6 L^2 L1 P w - 6 L L1^2 P w - 12 d31 E3 hc^2 L w Yc -  

    12 d31 E3 hc hp L w Yc + 24 d31 E3 hc^2 L1 w Yc +  
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    24 d31 E3 hc hp L1 w Yc))/(72 (L - L1) R) + ( 

 L^2 L1 (L^3 P w + 6 L^2 L1 P w - 6 L L1^2 P w -  

    12 d31 E3 hc^2 L w Yc - 12 d31 E3 hc hp L w Yc +  

    24 d31 E3 hc^2 L1 w Yc + 24 d31 E3 hc hp L1 w Yc))/( 

 48 (L - L1) R) - ( 

 L L1^2 (L^3 P w + 6 L^2 L1 P w - 6 L L1^2 P w -  

    12 d31 E3 hc^2 L w Yc - 12 d31 E3 hc hp L w Yc +  

    24 d31 E3 hc^2 L1 w Yc + 24 d31 E3 hc hp L1 w Yc))/( 

 72 (L - L1) R) + ( 

 L1^3 (L^3 P w + 6 L^2 L1 P w - 6 L L1^2 P w -  

    12 d31 E3 hc^2 L w Yc - 12 d31 E3 hc hp L w Yc +  

    24 d31 E3 hc^2 L1 w Yc + 24 d31 E3 hc hp L1 w Yc))/( 

 288 (L - L1) R) - ( 

 L^2 (-L^4 P w + 12 d31 E3 hc^2 L^2 w Yc + 12 d31 E3 hc hp L^2 w Yc -  

    24 d31 E3 hc^2 L L1 w Yc - 24 d31 E3 hc hp L L1 w Yc))/( 

 24 (L - L1) R) + ( 

 L L1 (-L^4 P w + 12 d31 E3 hc^2 L^2 w Yc +  

    12 d31 E3 hc hp L^2 w Yc - 24 d31 E3 hc^2 L L1 w Yc -  

    24 d31 E3 hc hp L L1 w Yc))/(24 (L - L1) R) - ( 

 L1^2 (-L^4 P w + 12 d31 E3 hc^2 L^2 w Yc +  

    12 d31 E3 hc hp L^2 w Yc - 24 d31 E3 hc^2 L L1 w Yc -  

    24 d31 E3 hc hp L L1 w Yc))/(72 (L - L1) R) - ( 

 L (L - 2 L1) (L^3 L1 P w + 12 d31 E3 hc^2 L L1 w Yc +  

    12 d31 E3 hc hp L L1 w Yc))/(48 (L - L1) R) - ( 

 L (L^5 P w - 2 L^4 L1 P w + 2 L^3 L1^2 P w -  

    12 d31 E3 hc^2 L^3 w Yc - 12 d31 E3 hc hp L^3 w Yc +  

    24 d31 E3 hc^2 L^2 L1 w Yc + 24 d31 E3 hc hp L^2 L1 w Yc))/( 

 24 (L - L1) R) + ( 

 L1 (L^5 P w - 2 L^4 L1 P w + 2 L^3 L1^2 P w -  

    12 d31 E3 hc^2 L^3 w Yc - 12 d31 E3 hc hp L^3 w Yc +  



131 
 

    24 d31 E3 hc^2 L^2 L1 w Yc + 24 d31 E3 hc hp L^2 L1 w Yc))/( 

 48 (L - L1) R) - (-L^6 P w + 3 L^5 L1 P w - 3 L^4 L1^2 P w +  

  12 d31 E3 hc^2 L^4 w Yc + 12 d31 E3 hc hp L^4 w Yc -  

  24 d31 E3 hc^2 L^3 L1 w Yc - 24 d31 E3 hc hp L^3 L1 w Yc)/( 

 72 (L - L1) R) - ((L - 2 L1) (-L^3 L1^2 P w -  

    24 d31 E3 hc^2 L L1^2 w Yc - 24 d31 E3 hc hp L L1^2 w Yc +  

    12 d31 E3 hc^2 L1^3 w Yc + 12 d31 E3 hc hp L1^3 w Yc))/( 

 72 (L - L1) R) 

 

FullSimplify[%78] 

 

(L^3 (L^2 - 5 L L1 + 5 L1^2) P w -  

 60 d31 E3 hc (hc + hp) (L - 2 L1) (L - L1) L1 w Yc)/(720 R) 
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APPENDIX B  
 
 
 
 

MATLAB CODE FOR MODEL CALCULATION AND SIMULATION 
 
  
% Flexural rigidity 
hc=80*10^(-6); 
hp=70*10^(-6); 
h=2*hc+3*hp; 
L=30*10^(-3); 
w=4*10^(-3); 
yc=50*10^(9); 
yp=2.5*10^(9); 
R=w*(8*hc^3*yc+27*hp^3*yp+12*hc^2*hp*(yc+2*yp)+6*hc*hp^2*(yc+8*yp))/12; 
d31=-190*10^(-12); 
e33=1.1281*10^(-8); 
  
% mass density per unit length 
densityp=1420; 
densityc=7500; 
rho=densityp*3*hp*w+densityc*2*hc*w; 
  
% a 
a=sqrt(R/rho); 
  
% epson 
epson33=(d31)^2*yc/((0.4)^2) 
  
% natural frequency 
omega1=(1.875104/L)^2*a; 
f1=omega1/(2*pi) 
omega2=(4.694091/L)^2*a; 
f2=omega2/(2*pi) 
omega3=(7.854757/L)^2*a; 
f3=omega3/(2*pi) 
  
 
 
% tip deflection under V(6V 80Hz) 
  
V=5; 
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omega=120*2*pi; 
  
delta=-
(sin(sqrt(omega/a)*L)*sinh(sqrt(omega/a)*L))/(R*(sqrt(omega/a))^2*(1+cos(sqrt(omega/a)*L)*cosh(sqrt
(omega/a)*L)))*w*yc*d31*hc*(hc+hp)/(hp+2*hc)*V 
vo=delta*10^6/0.16 
  
% disp vs frequency 
  
f=zeros(3000,1); 
disp=zeros(3000,1); 
for i=1:1:3000 
    f(i)=i; 
disp(i)=-
(sin(sqrt(2*pi*f(i)/a)*L)*sinh(sqrt(2*pi*f(i)/a)*L))/((sqrt(2*pi*f(i)/a))^2*(1+cos(sqrt(2*pi*f(i)/a)*L)*cos
h(sqrt(2*pi*f(i)/a)*L)))/R*w*yc*d31*hc*(hc+hp)/(hc+2*hp); 
end 
% %plot(f,disp) 
  
  
% theoretical tip disp vs frequency 
V1=2; 
V2=5; 
V3=10; 
Delta1=zeros(151,1); 
Delta2=zeros(151,1); 
Delta3=zeros(151,1); 
fre=zeros(151,1); 
for i=1:151 
    fre(i)=50+i-1; 
    Delta1(i)=abs(-
(sin(sqrt(2*pi*fre(i)/a)*L)*sinh(sqrt(2*pi*fre(i)/a)*L))/((sqrt(2*pi*fre(i)/a))^2*(1+cos(sqrt(2*pi*fre(i)/a)
*L)*cosh(sqrt(2*pi*fre(i)/a)*L)))/R*w*yc*d31*hc*(hc+hp)/(hc+2*hp)*V1); 
    Delta2(i)=abs(-
(sin(sqrt(2*pi*fre(i)/a)*L)*sinh(sqrt(2*pi*fre(i)/a)*L))/((sqrt(2*pi*fre(i)/a))^2*(1+cos(sqrt(2*pi*fre(i)/a)
*L)*cosh(sqrt(2*pi*fre(i)/a)*L)))/R*w*yc*d31*hc*(hc+hp)/(hc+2*hp)*V2); 
    Delta3(i)=abs(-
(sin(sqrt(2*pi*fre(i)/a)*L)*sinh(sqrt(2*pi*fre(i)/a)*L))/((sqrt(2*pi*fre(i)/a))^2*(1+cos(sqrt(2*pi*fre(i)/a)
*L)*cosh(sqrt(2*pi*fre(i)/a)*L)))/R*w*yc*d31*hc*(hc+hp)/(hc+2*hp)*V3); 
end 
  
% figure; 
% plot(fre,Delta1,'g',fre,Delta2,'b',fre,Delta3,'r'); 
  
  
% Sensor 
if 0 
    K=3*R/L^3; 
meff=K/omega1^2; 
mend=0.15*10^(-3); 
Mtotal=meff+mend; 



134 
 

Omeganew=sqrt(K/Mtotal); 
fnew=Omeganew/(2*pi) 
  
meff2=K/omega2^2; 
Mtotal2=meff2+mend; 
Omeganew2=sqrt(K/Mtotal2); 
fnew2=Omeganew2/(2*pi) 
  
meff3=K/omega3^2; 
Mtotal3=meff3+mend; 
Omeganew3=sqrt(K/Mtotal3); 
fnew3=Omeganew3/(2*pi) 
  
% Qd and Cp 
Qd=-3*w*yc*d31*hc*(hc+hp)/(2*(hp+2*hc)*L) 
Cp=w*L/(hp+2*hc)*(e33-d31^2*yc)+w^2*L*d31^2*hc*(hc+hp)*yc^2/(2*R) 
  
end 

 

% frequency function 
f=zeros(101,1); 
Omega=zeros(101,1); 
v=zeros(101,1); 
Sensitivity=zeros(101,1); 
y0=80*10^(-6); 
wn=54.7464*2*pi; 
Qd=9.913*10^(-5); 
Cp=6.0769*10^(-9); 
  
for i=1:1:101 
    f(i)=-1+i; 
    Omega(i)=2*pi*f(i); 
    v(i)=Qd/Cp*y0*(Omega(i)/wn)^2/(sqrt((Omega(i)/wn)^4+2*(2*0.0842^2-1)*(Omega(i)/wn)^2+1)); 
    Sensitivity(i)=Qd/Cp*(1/wn)^2/(sqrt((Omega(i)/wn)^4+2*(2*0.0842^2-1)*(Omega(i)/wn)^2+1)); 
end 
  
figure 
plot(f,v) 
figure 
plot(f,Sensitivity) 
 

% Calculation for doubly clamped beam 
  
% Flexural rigidity 
hc=80*10^(-6); 
hp=70*10^(-6); 
h=2*hc+3*hp; 
L=30*10^(-3); 
w=4*10^(-3); 
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yc=50*10^(9); 
yp=2.5*10^(9); 
R=w*(8*hc^3*yc+27*hp^3*yp+12*hc^2*hp*(yc+2*yp)+6*hc*hp^2*(yc+8*yp))/12; 
d31=-190*10^(-12); 
epson33=1.1281*10^(-8); 
L1=L/4; 
  
% mass density per unit length 
densityp=1420; 
densityc=7500; 
rho=densityp*3*hp*w+densityc*2*hc*w; 
  
% a 
a=sqrt(R/rho); 
  
% delta 
v0=10; 
delta=-w*hc*(hc+hp)*L^2*yc*d31/(32*R*(2*hc+hp))*v0 
  
% natural frequencies 
omega1=(4.73/L)^2*a; 
f1=omega1/(2*pi) 
omega2=(7.8532/L)^2*a; 
f2=omega2/(2*pi) 
omega3=(10.9956/L)^2*a; 
f3=omega3/(2*pi) 
  
K=192*R/L^3; 
meff1=K/(2*pi*f1)^2; 
meff2=K/omega2^2; 
meff3=K/omega3^2; 
macc=0.26*10^(-3); 
fn1=1/(2*pi)*sqrt(K/(meff1+macc)) 
fn2=1/(2*pi)*sqrt(K/(meff2+macc)) 
fn3=1/(2*pi)*sqrt(K/(meff3+macc)) 
  
Qd=-6*w*yc*d31*hc*(hc+hp)/((hp+2*hc)*L) 
Cp=2*w*hc*(L-2*L1)/(L*R*(2*hc+hp)^2)*((epson33-
d31^2*yc)*L*R+d31^2*yc^2*w*hc*(hc+hp)^2*L1) 
 

% frequency responce for fixed-fixed beam 
f=zeros(501,1); 
Omega=zeros(101,1); 
v=zeros(501,1); 
sensitivity=zeros(501,1); 
y0=20*10^(-6); 
wn=354.43*2*pi; 
Qd=3.9652*10^(-4); 
Cp=1.8482*10^(-9); 
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for i=1:1:501 
    f(i)=-1+i; 
    Omega(i)=2*pi*f(i); 
    v(i)=Qd/Cp*y0*(Omega(i)/wn)^2/(sqrt((Omega(i)/wn)^4+2*(2*0.196^2-1)*(Omega(i)/wn)^2+1)); 
    sensitivity(i)=(1/wn)^2/(sqrt((Omega(i)/wn)^4+2*(2*0.196^2-1)*(Omega(i)/wn)^2+1)); 
end 
figure 
plot(f,v) 
figure 
plot(f,sensitivity) 
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