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ABSTRACT

ANALYSIS AND PDE ON METRIC MEASURE SPACES: SOBOLEV
FUNCTIONS AND VISCOSITY SOLUTIONS

Xiaodan Zhou, PhD

University of Pittsburgh, 2016

We study analysis and partial differential equations on metric measure spaces by investigating
the properties of Sobolev functions or Sobolev mappings and studying the viscosity solutions
to some partial differential equations.

This manuscript consists of two parts. The first part is focused on the theory of Sobolev
spaces on metric measure spaces. We investigate the continuity of Sobolev functions in the
critical case in some general metric spaces including compact connected one-dimensional
spaces and fractals. We also construct a large class of pathological n-dimensional spheres
in R"*! by showing that for any Cantor set C C R""! there is a topological embedding

f:S™ — R of the Sobolev class W™ whose image contains the Cantor set C.

The second part is focused on the theory of viscosity solutions for nonlinear partial dif-
ferential equations in metric spaces, including the Heisenberg group as an important special
case. We study Hamilton-Jacobi equations on the Heisenberg group H and show uniqueness
of viscosity solutions with exponential growth at infinity. Lipschitz and horizontal convexity
preserving properties of these equations under appropriate assumptions are also investigated.
In this part, we also study a recent game-theoretic approach to the viscosity solutions of var-
ious equations, including deterministic and stochastic games. Based on this interpretation,
we give new proofs of convexity preserving properties of the mean curvature flow equations

and normalized p-Laplace equations in the Euclidean space.
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1.0 INTRODUCTION

Analysis on metric measure spaces is a new area in contemporary mathematics that has been
developed since the nineties. Because of its general setting it plays a fundamental role in the
unification of methods that previously have been developed separately for different areas of
mathematics [4, 5, 55, 59]. Besides the pure mathematical importance of these problems,
analysis on metric spaces has been widely applied to image reconstruction theory, optimal
transport, control theory, robotics and mathematical biology.

In the first part of this manuscript, we study the Sobolev functions on general metric
measure spaces. The theory of Sobolev spaces is one of the main tools in analysis on metric
spaces. Let (X, d, ) denote a metric space equipped with a doubling measure p. Given a
Borel function v : X — R, we say that a Borel function g : X — [0, 00] is an upper gradient

of wif

[u(1(a) — u(3(B))] < / g

g
for every rectifiable curve 7 : [a,b] — X. The Newtonian-Sobolev space N'*(X) is defined
as the collection of all p-integrable functions with p-integrable upper gradients [112]. The
notion of upper gradient is an important generalization of the length of the gradient.
While the N'* spaces can be defined on general metric measure spaces, without ad-
ditional information about the structure of the underlying metric space the theory is not
interesting. Indeed, if there are no rectifiable curves in the space then N'* = LP. On the
other hand the theory of N'P spaces is very rich when X supports the so called p-Poincaré
inequality. Spaces supporting Poincaré inequalities introduced by Heinonen and Koskela
[56], provide a good structure to study first-order analysis. Metric measure spaces support-

ing an abstract Poincaré inequality are highly connected. Spaces like fractals with limited



connectedness do not belong to this class. However, in this case, one can define the Hajlasz-
Sobolev space M*P(X) as the collection of all p-integrable functions for which there exist

nonnegative g € LP(X) such that

lu(z) — u(y)| < d(z,y)(9(z) + 9(v)), (1.0.1)

for x,y € X \ F where u(E) = 0. We denote the collection of nonnegative Borel function g
as above by D(u).

There are many other extensions of the classical theory of Sobolev spaces to the settings
of metric measure spaces [4, 5, 24, 46, 49, 112]. Under suitable assumptions, some of or all
these Sobolev spaces defined via different approaches coincide [59, 74]. We will review some
basic definitions and theorems of Sobolev functions on metric measure spaces in Chapter 2
and Chapter 3.

In the Euclidean space, Sobolev functions u € Wh!([a,b]) are absolutely continuous.
When n > 2, u(z) = log |log|z|| provides an example of a discontinuous Sobolev functions
in Wh"(B"(0,e7!)) in the n-dimensional space. We are interested in investigating the con-
tinuity of the Sobolev functions in the critical case, i.e., p = n, on metric measure spaces.
From the above examples, we conjecture that the Sobolev functions in the critical case may
lose the continuity if the Hausdorff dimension is greater than 1. In Chapter 4, we first gen-
eralize the characterization of the Sobolev functions by absolute continuity to some metric
spaces X that are compact, connected and have finite one-dimensional Hausdorff measure.
Note that there are many extensions of the definitions of absolutely continuous functions to
more general settings and much research has been done on the connections between these
absolutely continuous functions and Sobolev functions. Maly [93] extended this definition
to n-dimensional Euclidean space by replacing the pairwise disjoint subintervals [a;, b;] with
pairwise disjoint balls B; and |u(b;) — u(a;)| with (osc(u(B;)))". Kinnunen and Tuominen
[76, Theorem 4] proved that on a doubling space X functions in the Hajtasz Sobolev space
MYY(X) [46] coincide with Holder continuous functions outside a set of small Hausdorff
content.

The definition of classical absolutely continuous functions can be modified in the following

way in our settings. Recall that a simple curve is a curve without self intersections. In what



follows H?* stands for the s-dimensional Hausdorfl measure.

Definition 1.0.1 ([121]). Let (X,d,H') be a compact, connected metric measure space
with H'(X) < oo. A function u : X — R is said to be absolutely continuous (denoted

u € AC(X)) if for any € > 0, there is a positive number ¢ such that
Z |uo~;i(4;) —uo(0)] <e,

for any finite collection of pairwise disjoint arc-length parametrized simple curves v;: [0, {;] —

X satisfying > . ¢; < 0.

In the real line, absolutely continuous functions are differentiable almost everywhere and
the fundamental theorem of calculus holds. For a compact, connected metric space X with
H'(X) < oo, there exists a good parametrization (Theorem 2.3.3) that can decompose this
space as a countable union of pairwise disjoint simple curves and a set with 1-dimensional

Hausdorff measure zero [5, Theorem 4.4.8]. We have the following result.

Theorem 1.0.2 ([121]). Let (X, d,H') be a compact, connected metric measure space with
HYX) < co. Ifu € AC(X), then there is an upper gradient g € L*(X) of u, such that, for

any rectifiable curve v : [a,b] — X, we have

ulr(a) ~ a2 < [ o

gl
For an absolutely continuous function u € AC(X), if the upper gradient g in Theorem
1.0.2 is p-integrable, we write u € ACP(X). By definition, it follows that ACP(X)NLP(X) C
N'?(X). On the other hand, we can verify that all Sobolev functions in N'?(X) belong to
the class AC(X) and the associated upper gradients g are p-integrable. Thus, we have the

following result.

Theorem 1.0.3. Let (X,d,H') be a compact and connected metric measure space with

HY(X) < co. Then u € NY?(X) if and only if u € ACP(X) and v € LP(X). In other words,

NY(X) = ACP(X) N LP(X).



We also prove that if a compact metric space is quasiconvex and 1-Ahlfors regular, then
X supports p-Poincaré inequality for 1 < p < co. Recall that a metric space X is s-Ahlfors
regular if there exists a constant Cy > 1 such that Cy'r* < u(B(r)) < Cyr® for any ball
B(r) € X with 0 < r < diam(X). A metric space is quasiconvex if there exists a constant C'
such that any two points z,y € X can be joined by a rectifiable curve of length bounded by
Cd(x,y). It follows that absolutely continuous functions with p-integrable upper gradient

can be identified with the Sobolev functions defined via different approaches.

Theorem 1.0.4 ([121]). Let (X,d,H') be a compact, quasiconvex and 1-Ahlfors reqular

metric measure space. Let 1 < p < oo. Then
ACP(X)NLP(X) = N'"P(X) = P"P(X) = M'"P(X).

This result extends the characterization of Sobolev functions by absolute continuity
known in the 1-dimensional intervals to more general 1-dimensional spaces. In the next
theorem, we deal with some fractal type metric spaces. We prove the uniform continuity of
Sobolev functions in s-Ahlfors regular spaces with s < 1. Note that Ahlfors regular spaces
include a large class of fractals generated by iterated function systems satisfying the open

set, condition.

Theorem 1.0.5 ([122]). Let (X, d,H*) be an s-Ahlfors reqular metric space and 0 < s < 1.
If ue M“(X,d,H*), then u is uniformly continuous. Moreover, there exists a constant C,

such that for any ball B C X,

1

oscg |u| = sup |u(z) —uy)| < C(/ gsd"}-[‘“")g,
2B

z,yeB
where g € D(u) N L*(X).

In Chapter 5, we generalized a construction of the famous Alexander horned sphere,
which provides a counterexample to the Schoenflies Theorem in R?. Namely we managed
to construct a Sobolev embedding from the n-dimensional sphere to the (n + 1)-dimensional
Euclidean space whose image contains an arbitrary Cantor set. Recall that a Cantor set
is any compact, totally disconnected and perfect set. The main theorem can be stated as

follows.



Theorem 1.0.6 ([52]). For any Cantor set C C R"™™ n > 2, there is an embedding
f:S* — R" such that

(a) f € WEn(S", R™1),

(b) C C f(S"),

(c) f~1(C) C S™ is a Cantor set of Hausdorff dimension zero,

(d) f is a smooth diffeomorphism in S™\ f~1(C).

Note that such a sphere f(S™) can be very pathological due to topological complexity
of wild Cantor sets in R"*!. Note also that the Cantor set C' may have positive (n + 1)-
dimensional Lebegue measure. The Sobolev regularity of such a homeomorphism has not
been known previously. Moreover our construction generalizes not only the Alexander horned
sphere, but also provides a new class of Sobolev homomorphisms without the Luzin property.
We also prove in Theorem 5.5.1 that there are uncountably many such embeddings f : S —
R3 of class WH?(S?,R3) which are not equivalent.

In the second part of this manuscript, we study viscosity solutions to some partial differ-
ential equations. Since 1980s, the theory of viscosity solution for nonlinear partial differential
equations has been developed and applied to a wide range of fields. It provides existence
and uniqueness of weak solutions to a very general class of fully nonlinear equations in the
space of continuous functions [27, 80]. A recent trend is to extend this theory to metric mea-
sure spaces; see [3, 40] for some results of first order Hamilton-Jacobi equations on general
metric spaces. We study viscosity solutions to a class of second order equations. We focus
on the setting of sub-Riemannian manifolds [21], which not only play a very important role
in general analysis on metric spaces but also has applications in many other fields including
robotic control, neuroscience and digital image reconstruction. We aim to develop the vis-
cosity solution theory for nonlinear parabolic equations in the Heisenberg group H, which is
known as the simplest example of sub-Riemmanian manifold.

In Chapter 6, we review some basic definitions and properties of Heisenberg group and
the theory of viscosity solutions. Then we study viscosity solutions of the following semilinear
parabolic equations

uy — tr(A(Vau)*) + f(p, Vgu) =0 in H x (0, 00), (1.0.2)
{ u(+,0) =g in H, (1.0.3)



in the Heisenberg group, where A is a given 2 x 2 symmetric positive-semidefinite matrix

and the function f : H x R? — R satisfies the following Lipschitz assumptions.

(A1) There exists Ly > 0 such that

|f(psw1) = f(pywa)| < Lifwi — wy (1.0.4)

for all p € H and wy, w, € R2.
(A2) There exists La(p) > 0 depending on p > 0 such that

|f(p,w) — flgw)] < La(p)lp- ¢ e (1.0.5)

for all p,q € H with |p|,|¢| < p and all w € R2.

Here | - |¢ denotes the Koranyi gauge in H,
1
pla = (25 +yp)* +162;)

for all p = (xp,yp, 2,) € H. We first show uniqueness of viscosity solutions to the above

equation with exponential growth at infinity.

Theorem 1.0.7 (Uniqueness of solutions, [89]). Assume that (A1) and (A2) hold. Let
ug € C(H). Then there is at most one continuous viscosity solution u of (1.0.2)—(1.0.3)

satisfying the following exponential growth condition at infinity:

(G) For any T > 0, there exists k > 0 and Cr > 0 such that |u(p,t)| < Cre*® for all
(p,t) € H x [0,T].

Among many properties of the viscosity solutions, the Lipschitz and convexity preserving
properties are known to be important for various linear and nonlinear parabolic equations
arising in geometry, material sciences and image processing. Suppose that v : R x [0, 00) —
R is a solution of a certain parabolic equation with initial condition ug. The property reads
as follows: when wug is Lipschitz continuous (resp. convex), the unique solution u(z,t) is
Lipschitz (resp., convex) in x as well for any ¢ > 0. The convexity preserving property of
viscosity solutions was proved to hold in a very general class of degenerate parabolic equations

[39]. It is natural to ask whether the Lipschitz and convexity preserving properties also hold



for nonlinear parabolic equations in the Heisenberg group. Note that the notion of convexity
of functions in the Heisenberg group is known [30, 91]. More precisely, a function u is said

to be Lipschitz continuous in H if there exists L > 0 such that

lu(p) —u(q)| < Ldr(p,q)

for all p, ¢ € H, and horizontally convex in H if
u(p-h™") +ulp-h) = 2u(p)
for any p € H and any h € H, where
Hy = {h € H: h = (hq, hy,0) for hy, hy € R}.

It turns out that in general such properties cannot be expected in the Heisenberg group.
Some restrictions on the class of solutions proved to be necessary. In fact, we obtained the
Lipschitz continuity and convexity preserving properties with respect to the right invariant
metric dgr(p,q) = |p- ¢ '|g, which is invariant only under right translations and therefore
not equivalent to the usual gauge metric give by dz(p,q) = [p~' - ¢lg-

Let us also present our results in a simple case. A more general version of Lipschitz

preserving is given in Theorem 6.4.2.

Theorem 1.0.8 (Preservation of right invariant Lipschitz continuity, [89]). Assume that

f:R* = R is Lipschitz. Let u € C(H x [0,00)) be the unique solution of
uy — tr(A(VHW)) + f(Vygu) =0 in H x (0, 00), (1.0.6)
with u(+,0) = wug(+) satisfying the growth condition (G). If there exists L > 0 such that

[uo(p) — uo(q)| < Ldr(p, q)

for all p,q € H, then
lu(p,t) —u(g, )| < Ldr(p,q)

for all p,q € H and t > 0.



For the case of first order Hamilton-Jacobi equations (A = 0), if in addition we assume
that f : R? — R is in the form that f(§) = m(|¢|) with m : R — R locally uniformly
continuous, then the Lipschitz preserving property of a bounded solution can be directly
shown without the evenness assumption. We refer the reader to Theorem 6.4.4, which
answers a question asked in [98]. A more general question on Lipschitz continuity of viscosity
solutions was posed in [8], but it is not clear if our method here immediately applies to that
general setting.

As for the case of h-convexity preserving property, we obtain the following:

Theorem 1.0.9 (Preservation of right invariant h-convexity, [89]). Assume that f : R? — R
is Lipschitz. Let u € C(H x [0,00)) be the unique solution of (1.0.6) with u(-,0) = ug(+)

satisfying the growth condition (G). Assume in addition that f is concave in R?, i.e.,

1)+ £ <27 (516+) (10.7)

for all £,n € R2. If ug is right invariant h-convex in H; that is,

ug(h™" - p) + uo(h - p) > 2uo(p)

for all p € H and h € Hy, then so is u(-,t) for allt > 0.

Although the result above only concerns the right invariant definitions of Lipschitz con-
tinuity or convexity, we can obtain the left-invariant preserving properties under certain
additional assumptions. For instance, the notions of left invariant and right invariant Lips-
chitz continuity or convexity are equivalent when functions are even or vertically even. This
implies the Lipschitz or h-convexity preserving property of an even function or vertically
even function.

On the other hand, there are also many affirmative examples for Lipschitz and convexity
preserving in the Heisenberg group. In the last section of Chapter 6, we give a list of several
such examples. It is certainly natural to ask whether the preserving of left invariant convexity
holds without these symmetry assumptions. This remains as a future problem we aim to
address.

In Chapter 7, we will study the game-theoretic interpretation of the viscosity solutions

to some fully nonlinear partial differential equations [90]. The discrete game interpretations



of various elliptic and parabolic PDEs ([78, 100, 101, 79, 97, 96], etc) have recently attracted
great attention. The game related methods are also used as a new tool in different contexts.
For example, the fattening phenomenon for mean curvature flow is rigorously proved via
games without using parabolic theory by Liu [88]. Armstrong and Smart [7] proved the
uniqueness for infinity harmonic functions using a method related to the tug-of-war games
in [100]. A recent work [92] provides a new proof of Harnack’s inequality for p-Laplacian by
stochastic games. All of these results largely simplify the original PDE proofs and indicate
a strong potential of applicability of the game-theoretic approach.

Due to the works [78, 96, 100, 101], one may find a family of discrete games, whose value
functions u® converge, as € — 0, to the unique solution u of a class of quasilinear parabolic
equations including level set mean curvature flow and normalized p-Laplace equations. We
revisit the convexity preserving properties in the Euclidean space for these two classes of
equations by respectively using the game-theoretic approximations first proposed in [96] and
[78]. Our new proofs are based on investigating game strategies or iterated applications of
Dynamic Programming Principles (DPP), which are very different from the standard proofs
in the literature. We look to the convexity preserving property of u® rather than that of
u. For the p-Laplace equations (2 < p < 00), the convexity of u® follows directly from an
iteration of the corresponding DPP. However, for the level set mean curvature flow equation,
extra work is needed since the control set of the players in the game is not convex. We then
introduce a modified game and manage to show the convexity by comparing the limits of
value functions as € — 0. This game-theoretic method can also be applied to study convexity
preserving of the level sets of mean curvature flow equations and the Neumann boundary

problems.



2.0 REVIEW OF METRIC MEASURE SPACES

In this chapter, we give a review of some definitions and properties of metric measure spaces.
The abstract metric measure spaces will play a crucial role in the first four chapters. The
main references for this chapter are the books by Ambrosio and Tilli [5], Evans and Gariepy
[33], Heinonen, Koskela, Shanmugalingam and Tyson [58]. Proofs for the theorems without

specifications can be found in the above books.

2.1 BASIC DEFINITIONS IN METRIC MEASURE SPACES

Let X denote a set, and 2% the collection of subsets of X. Let C denote a general constant

whose value can change even in the same chain of estimates.
Definition 2.1.1. A mapping p : 2% — [0, 00] is called a measure on X if

(1) u(0) =0, and
(9) 1(A) < 2, (A for any A € U2, A

Definition 2.1.2. A set A C X is p-measurable if for every set B C X,
p(B) = n(ANB) + p(B\ A).

Notice that in some textbooks, the mapping u defined in Definition 2.1.1 is called “outer
measure” while the term “measure” is defined by restricting p to the collection of all u-
measurable sets.

A collection of subsets A C 2% is a o-algebra if it satisfies ), X € A; A € A implies that
X\Ae A Ay € A(k=1,---) implies that (J;—, Ax € A. The collection of measurable sets

10



forms a o-algebra in X. The smallest o-algebra in X containing all open sets is called the
Borel o-algebra. The sets in the Borel o-algebra are called Borel sets.

Let us recall some basic definitions.

(1) A measure p on X is regular if for every set A C X, there exists a y-measurable set B
such that A C B and p(A) = u(B).

(2) A measure p on X is called Borel if every Borel set is y-measurable.

(3) A measure p on X is Borel regular if 4 is Borel and for every A C X, there exists a Borel
set B such that A C B and p(A) = u(B).

(4) A measure p on X is a Radon measure if p is Borel regular and pu(K) < oo for every

compact set K C X.
Definition 2.1.3. A function d : X x X — [0, 00) is called a metric on X if it satisfies

(1) d(z,y) = d(y, z) for all z,y € X;

~—~
O
~—

d(xz,y) = 0 if and only if z = y;
(3) d(x,y) < d(z,2) +d(z,y) for all z,y,z € X.

Then the pair (X,d) is called a metric space. We denote open and closed balls in the

metric space as

B(z,r)={y € X :d(z,y) <r} and B(z,r)={ye X :d(z,y) <r}.

Sometimes B(x,r) are abbreviated as B. We use 2B to denote a concentric ball of B
with twice the radius and B™ denotes a ball in the Euclidean space R".

A metric space (X, d) equipped with a Borel measure p is called a metric measure space
and denoted as (X, d, ). In what follows, we always assume that 0 < pu(B) < oo, for every
ball B C X. We say that p is doubling if there exists a constant Cy > 1 such that for every
ball B C X,

1(2B) < Cap(B).

If (X,d,p) is a doubling metric measure space, then there exists a constant C' > 0 such

that
W(B.r) s
WBlan o) = O

11



whenever z € B(xg,19), r < 19 and s = log Cy/log?2 is called the associated homogeneous
dimension.

Let u, v be Radon measures on a metric space X. Then v is called absolutely continuous
with respect to p, written v << p, provided pu(A) = 0 implies v(A) =0 for all A C X. The

following theorem is often referred to as Radom-Nikodym theorem.

Theorem 2.1.4. Let pu, v be Radon measures on a metric space X with v << p. Then there

is a p-measurable function g : X — [0,00) such that

v(A) Z/Ag dp

for all p-measurable sets A C X.

Given a set A in a metric space (X, d), the diameter of this set is
diam(A) = sup{d(z,y)|z,y € A}.

We next define a very important measure, called Hausdorff measure on a metric space.
Definition 2.1.5. (1) Let A C X, 0 < s < 00, 0 < § < 00. Define

H3(A) = inf { Za<s)(dia‘;0j)s | Ac | O diamG; < 5},
j=1

Jj=1

where

7Ts/2

- fooo e~ rxs/2dx

a(s)

(2) For A and s above, define

H(A) = lim H5(A) = sup H;(A).

0—0 5>0
We call H? s-dimensional Hausdorff measure on X.

It can be verified that H?® is a Borel regular measure and n-dimensional Hausdorff measure

H" coincides with the Lebesgue measure L™ on the Euclidean space R".

Definition 2.1.6. The Hausdorff dimension of a set A C X is defined to be
Haim(A) = inf{0 < s < oo | H*(A) = 0}.
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If k > Haim(A), then HE(A) = 0, and if k < Haim(A), then H*(A) = co. If k = Haim(A),
nothing can be said about the value of H*(A).

Definition 2.1.7. Let (X, d, 1) be a metric space equipped with a Borel measure p and let
s > 0. We say that a metric measure space (X, d, p) is s-Ahlfors regular if there is a constant

C4 > 1, such that
Ci'r®* < u(B(w,r)) < Car®, forany z € X and 0 < r < diam(X).

If X is s-Ahlfors regular with respect to a Borel regular measure p, then X has Hausdorff
dimension precisely s. Moreover,  is comparable to the Hausdorff measure H?, that is, there

exist constant C' > 1 such that
CTH(E) < u(E) < CH(E),

for all Borel sets E C X. This implies that X is s-Ahlfors regular with respect to H?® [55,
Exercise 8.11.].

Definition 2.1.8. A metric space (X,d) is uniformly perfect if there exists a constant

0 < ¢ < 1 such that for all z € X and 0 < r < diam(X),

B(z,r)\ B(z,cr) # 0.

It is well known that s-Ahlfors regular metric spaces are uniformly perfect. Indeed, if X

is s-Ahlfors regular with constant C4, then B(x,r)\ B(x,cr) # 0 for any 0 < ¢ < C’f/s.

Suppose to the contrary that B(z,r) \ B(z,cr) = 0. This would imply

Cy'r® <H(B(x,r)) = H(B(x,cr)) < Caler)?

SO C’ZQ/ * < ¢, which is a contradiction. This is observed in some earlier papers, for example
[114].
Let f : X — R be a function on a metric space. If there exists a constant L > 0 such

that
|f(z) = f(y)| < Ld(z,y)

13



for all x,y € X, we say that f is a Lipschitz function on X. The smallest constant L with
this property will be denoted by || f||Lip. For o € (0, 1), if there exists a constant L > 0 such
that

|f(z) — f(y)] < Ld(z,y)"

for all z,y € X, we say that f is an a-Holder continuous function.

2.2 CURVES IN METRIC MEASURE SPACES

A curve in a metric space (X,d) is a continuous map from an interval into X. We usually
denote a curve as 7 : [a,b] — X, and the image of a curve v([a, b]) as T.

We define the length of a curve 7 : [a,b] — X as

0(v) = sup{z d(y(t;), y(ticy)),a =ty <ty < --- <t = b},

where the supremum is taken over all finite sequences of {t;} C [a,b] defined as above. If
{(v) < oo, then we say the curve v is a rectifiable curve. Every rectifiable curve admits
a parametrization by arc-length, that is, there exists a parametrization of I', denoted as
7 :[0,€(y)] = X such that £(7|pq) =t for any t € [0, £(+)]. This arc-length parametrization

7 is a 1-Lipschitz mapping.

Definition 2.2.1. For a curve v : [a,b] — X we define speed at a point ¢ € (a,b) as the

limit

if the limit exists.

Theorem 2.2.2. For every Lipschitz curve v : [a,b] — X speed exists almost everywhere

and

b
() = / |(8) .
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If a rectifiable curve is parametrized by arc-length 4, then |3/(¢)] = 1 for almost every
point ¢ € [0, 4(7)].

We say a metric space X is quasiconvex if there is a constant C' > 1 such that every
two points z,y € X can be joined by a curve with length less than or equal to Cd(z,y). A
metric space is called proper if bounded and closed sets are compact. The following theorem

guarantees the existence of geodesics in proper metric spaces.

Theorem 2.2.3. Suppose a metric space X is proper and path connected, that is, every
two points x,y can be joined by a rectifiable curve in X. Then there exists a shortest curve
v : la,b] = X connecting x and y, that is, y(a) = x and v(b) = y. The shortest curve is

mjective.
Next, we define the integral along a rectifiable curve.

Definition 2.2.4. Let 7 : [a,b] — X be a rectifiable curve and g : X — [0, 00] be a Borel

measurable function. Then we define

[o-] )

where 7 is the arc-length parametrization of the given curve.

We also give the generalization of the FEuclidean area formula to the case of Lipschitz
maps f from the Euclidean space R™ into a metric space X. The proof can be found in [77,

Corollary 8.

Theorem 2.2.5 (Area fomula). Let f: R" — X be Lipschitz. Then

[ t@)mdty do= [ 3 o) )

zef~1(y)

for any Borel function 0: R™ — [0, c0] and

AG(f(x))Jn(mdfx) da::/XG(y)HO(Aﬂfl(y)) dH" (y)

for A € B(R"™) and any Borel function 6: X — [0, 0o].
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Here J,,(mdf,) in the Jacobian of the metric derivative. We will however, be interested in
a special case where the Lipschitz mapping into X is just an injective arc-length parametrized
rectifiable curve « : [0,¢] — X. In this case, Ji(mdf,) in the above theorem is the metric
derivative |7'|(t) and hence it equals 1. Let I' = ~([0,¢]) and ¢g : X — [0,00] be a Borel

function. Applying the area formula, we get

[ ot as= [ o) )

If N C X and H'(N) = 0, the area formula also implies that H'(y~*(V)) = 0.

2.3 RECTIFIABILITY OF ONE-DIMENSIONAL COMPACT AND
CONNECTED SPACES

We list here several important results about the parametrization of compact and connected
metric measure spaces with finite H! measure.
The first result proved by Schul [110, Lemma 2.3] gives a Lipschitz parametrization of

such spaces.

Lemma 2.3.1. Let K C X be a compact connected set of finite H' measure. Then there is a
Lipschitz function v : [0,1] — K such that v([0,1]) = K and ||7||Lip < 32H(K). Moreover,
if K is 1-Ahlfors-reqular, then

<H'(yH(B(x,R))) <CR Vrc K,0< R < diam(K), (2.3.1)

Ql =

where C' is a constant depending only on the 1-Ahifors reqularity constant of the set K.

The proofs of the following two theorems can be found in [5, Theorem 4.4.7, Theorem

4.4.3].

Theorem 2.3.2 (First rectifiability theorem). If X is a compact and connected set and
HY(X) < oo, then every pair of points x,y € X can be connected by a injective rectifiable

curve.
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We call curves without self-intersections simple curves, that is, there is an injective

parametrization of such curves.

Theorem 2.3.3 (Second rectifiability theorem). If X is compact, connected, and H*(X) <
00, then there exist countably many arc-length parametrized simple curves 7;: [0,4;] — X

such that

HH X\ U%([o,&])) = 0.

We briefly describe the construction of this parametrization. Since X is compact, we can
choose =,y € X such that
d(z,y) = diam(X).

By Theorem 2.3.2, we can join z,y by an arc-length parametrized simple curve vy : [0, fo] —
X and we denote the range of this curve as I'g. Suppose that we have already constructed

[y, -+, 'y with the following properties:

)T, CX,i=0,-,k
(3) Each curve ~; : [0,4;] — X with I'; = ([0, ¢4;]) is a simple arc-length parametrized curve;

(2) Each intersection I'; N|Y,_; I'; consists of a single point, for : =1,--- | k.

j<i
Let

dk—supd x, UF

reX
If d, =0, then X = Uf:o I'; and we are done. If d; > 0 for all k£, by compactness we
can choose zp € X and y; € UfZOFZ- such that d(zg,yx) = dg. Connect z; and y;, with an

arc-length parametrized simple curve 7411 such that 7411(0) = x5 and Vi 1(ks1) = Yrr1-

Let

= 1nf{t S [0 £k+1 | ’7k+1 UF }

and define I'y; 1 = Y,11([0,7]). We get that T'yy; C X is an arc-length parametrized simple
curve and the intersection of 'y, and Uf:o I['; consists of one single point. We can continue

this construction. Since | J;°,I'; may not be closed, we may have
X\ #0.
i=0
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We omit the arguments to estimate the above set X \ (J;-, I'; has 1-dimensional Hausdorff
measure Zzero.

It is easy to see from this construction that these simple curves intersect with each other
at most at one point. If two curves intersect with each other, then the intersection point

must be the endpoint of one of these curves.
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3.0 SOBOLEV FUNCTIONS ON METRIC MEASURE SPACES

The theory of Sobolev functions has been widely applied in different areas of mathematics
including calculus of variations, partial differential equations, and so on. In this chapter,
we will first give a brief review of the classical theory of Sobolev functions. We refer to the
book by Evans and Gariepy [33] and notes by Hajtasz [48] for the definitions and proofs of
the theorems.

There are various extensions of the classical theory of Sobolev functions to general metric
measure spaces and their connections with variational problems, geometric function theory
and many related fields have been studied since the nineties. These results constitute a
significant part of analysis on metric measure spaces. In this chapter, we list several impor-
tant definitions of Sobolev functions on metric measure spaces and also give the definition
of spaces supporting Poincaré inequalities in the end. Doubling metric measure spaces that
support Poincaré inequalities provide a setting in which different definitions of Sobolev spaces
are equivalent. The main source for these materials are the survey paper by Hajlasz [47] and

the book by Heinonen, Koskela, Shanmugalingam and Tyson [58].

3.1 SOBOLEV FUNCTIONS IN THE EUCLIDEAN SPACE

3.1.1 Definitions and basic properties

In this section  will denote an open subset of R", C2°(£2) be the collection of all smooth
functions with compact support in 2 and C*(2) be the collection of all smooth functions

in 2.
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Definition 3.1.1. Let w € L{ (Q) and 1 < i < n. We say ¢; € L;..(Q) is the weak partial

loc

derivative of v with respect to x; if

[22 [
Q Ox; Q '

for all p € C°(Q).

1

15c(€2), if the weak partial derivative exists,

It is easy to verify that given a function u € L

then it is uniquely defined £" almost everywhere. We write

ou
0$i =G
and
ou ou
Vu= (a—xl,,a—xn)

Definition 3.1.2. For 1 < p < oo, the function u belong to the Sobolev space W1P(Q) if
u € LP(Q) and the weak partial derivatives du/0z; exist and belong to LP(2) for 1 <i < n.

If u e WHP(Q), define

ullwir@) = llullze@) + VUl zr @),

and we can verify that the above definition is a norm and Sobolev spaces equipped with this

norm is a Banach space.
Theorem 3.1.3 (Meyers-Serrin). The smooth functions C*(2) are dense in WHP(£2).

According to this theorem, the Sobolev functions can also be defined as the completion
of all smooth functions with respect to the Sobolev norm. Moreover, if Q = R", C°(R") is
dense in WHP(R™).

The Sobolev embedding theorems are among the most important results in the theory

of Sobolev spaces. We list some results below.
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Theorem 3.1.4 (Gagliardo-Nirenberg-Sobolev inequality). Let 1 < p < n, we define

and call p* the Sobolev conjugate of p. Then for all u € WYP(R™), there exists a constant
C(p,n), such that

fllr ey < IVl .

Theorem 3.1.5. For each n < p < 0o, there exists a constant C(p,n) such that
u(z) = u(y)] < Clz =y |Vl s

for all z,y € B and u € W"(B).

As a corollary, if u € WH(Q) and n < p < oo then u is locally Holder continuous with
exponent 1 —n/p. However, when 1 < p < n, Sobolev functions need not be continuous. For
example, u(z) = 1/|z|"/? € W(B?(0,1)) and it is discontinuous in the origin.

The above examples and theorems show that in R™, the properties of Sobolev functions
WP are very different when p > n and p < n. We often call Sobolev functions in W with
p = n the Sobolev functions in the critical case. The embedding result in the critical case is

as follows.

Theorem 3.1.6 (Trudinger). Let 2 C R" be a bounded Lipschitz domain. Then there exist

constants C1, Cy depending on €2 only such that

u—ual \.2
exp (———=—)" " < (.
f o g <0

for any u € WH"(Q).
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Here and in what follows we will use notation

1
U = ud:—/ud.
¥ ][ ST

When p = n and n > 2, u(x) = log|log|z|| provides an example of a discontinuous
function in W(B"(0,1)). When n = 1, functions in W!([a,b]) are absolutely continuous.
A function u : [a, b] — R is absolutely continuous if for every € > 0, there exists a § > 0 such

that

k

Z u(bi) — u(a;)| <e,

=1

for any finite collection of pairwise disjoint subintervals (J_, [a;, bi] C [a, b] satisfying

k
Z |bl — ai| < 0.
=1

We denote the collection of absolutely continuous functions on [a, b] as AC([a, b]). An abso-
lutely continuous function « is differentiable almost everywhere and we denote this pointwise

derivative as u'. In fact, u € AC([a, b]) if and only if there exist g € L'([a, b]) such that

Moreover, u/'(t) = g(t) almost everywhere. In other words absolutely continuous functions
are exactly the functions for which the fundamental theorem of calculus is true.

We denote the collection of all absolutely continuous functions with «' € LP([a,b]) as
ACP([a,b]). Upon choosing a representative, we have AC?([a,b]) = W'?([a,b]).

The following result is the classical Poincaré inequality.

Theorem 3.1.7. If u € W'P(B(r)) and 1 < p < oo, then

(][ lu —uglP dx)l/p < C’(n,p)r(f |VulP dm)l/p.
B B
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3.1.2 Equivalent characterizations

In this section, we give several equivalent definitions of Sobolev spaces in R™. In the previous
section, we have seen the equivalence of Sobolev functions in W'?([a,b]) with absolutely
continuous functions in AC?([a, b]). This characterization has a higher dimensional analog.

If Q C R is open, we say that u € AC(Q) if u is absolutely continuous on every compact

interval in €.

Definition 3.1.8. Let 2 C R™ be an open set. We say that u is absolutely continuou on
lines, u € ACL(Q), if the function w is Borel measurable and for almost every line ¢ parallel

to one of the coordinate axes, ul, € AC(2NY).

Since absolutely continuous functions in the real line are differentiable almost everywhere,
u € ACL(Q2) has partial derivative almost everywhere and hence Vu is defined almost

everywhere. We say that u € ACLP(Q) if u € LP(Q) N ACL(Q2) and |Vu| € LP(Q2).

Theorem 3.1.9. For 1 < p < oo and any open set ) C R,
WP (Q) = ACLP(Q).

Moreover, the pointwise partial derivatives of an ACLP(Q2) function equal the weak partial

derivatives.

Let M be the Hardy-Littlewood maximal function defined as

r>0

Mu(z) = sup][ lu(y)| dy
B(z,r)

and

0<r<R

Muule) = sup f  Juy)| dy
B(z,r)
for x € R".
Theorem 3.1.10. Foru € LP(R™), 1 < p < o0, the following conditions are equivalent

(1) u € WHP(R™),
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(2) There exists 0 < g € LP(R™) and 0 > 1 such that

][ lu —upg| de < r(][ q° d:(:)l/p
B oB

on every ball B of any radius r.

(3) There exists 0 < g € LP(R™) and o > 1 such that
lu(z) — u(y)| < |z —yl(g(z) + +g(y)) almost everywhere.

The second condition follows from the Poincaré inequality 3.2.1 and Holder inequality. It
is first proved by Koskela and MacManus [82]. The third condition for u € WP(R") stems

from the following inequality
[u(z) = u(y)] < |z =yl (MIVul ()77 + (M[Vul(y)?) ae.

This characterization is first proved by Hajtasz [46].

3.2 SOBOLEV FUNCTIONS ON THE METRIC MEASURE SPACES

Note that the conditions (2) and (3) in Theorem 3.1.10 do not involve derivatives and only
involve metric and measure in R”. Each of this condition can be used to define a version of
Sobolev spaces in general metric measure spaces and will be discussed in Sections 3.2.1 and
3.2.2. However, in Theorem 3.1.9, the notion of almost all lines parallel to coordinate axes
and the notion of gradient do not apply to the general metric measure spaces. Instead, we will
introduce the modulus of the path family and the notion of upper gradient as replacements.
The Sobolev space based on this approach is called Newton Sobolev space and will be

discussed in Section 3.2.3.
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3.2.1 Sobolev spaces M'P

Definition 3.2.1. Let (X, d, ) be a metric space equipped with a Borel measure u. For
0 < p < oo we define the Hajlasz Sobolev space MP(X,d, 1) to be the set of all functions

u € LP(X) for which there exists a nonnegative Borel function g > 0 such that
lu(z) — u(y)| < d(z,y)(9(x) + g(y)) almost everywhere.

Denote by D(u) the class of all nonnegative Borel functions g that satisfy the above in-
equality. Thus u € M'(X,d, ) if and only if v € LP(X) and D(u) N LP # (). The space
M'YP(X,d, ) is linear and we define

ul|pre = |ul|ze + gggfu) 9| e

When p > 1, || - ||a1e is a norm and M*?(X) is a Banach space [46]. For studies and
applications of Hajtasz Sobolev spaces with 0 < p < 1, see for example [47, 68, 83, 84, 85].

According to Theorem 3.1.10, in the Euclidean space and 1 < p < oo,
MLp(an | ’ lvﬁn) = Wl’p(Rn7 | : |7£n)

The equivalence of M and W' also holds on smooth domains 2 in R". However, in
general, M! C Wl For example, function u(z) = —z/(|x|log|z|) € W(I) but it does
not belong to MY!(I), where I = (—1/4,1/4).

An analog of the Sobolev embedding theorems holds for functions in M'?(X, d, 1), where
X is a doubling space with constant C; and the associated homogeneous dimension s =
log Cy/log2 plays the role of dimension in the Euclidean space. The following embedding
theorem is proved by Hajlasz [46].

Theorem 3.2.2. Let X be a doubling space and fix a ball B C X of radiusr, o > 1. Assume
that w € M (oB,d, ) and g € D(u) N LP(X), where 0 < p < oco. There exist constants

C,Cy and Cy depending on Cyq, p and o only such that

(1) If0 <p <s, thenu € L” (B), p* = sp/(s — p), and

inf (][ lu — | d,u)l/p* < C’r(][ g’ d,u)l/p.
B ocB

ceR
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(2) If p=s, then

(o B)'* |u— up|
exp (C' . du < Cs.
7{5 O oTeB)) #=C

(3) If p > s, then u is Hélder continuous on B and

u(x) — uly)| < Crs/”d(x,y)l‘s/p(][ ¢ du)'"" for x,y€B.

oB
3.2.2 Sobolev spaces PP

Definition 3.2.3. Fix 0 > 1 and 0 < p < oco. We say that a pair (u,g), u € Li (X),

loc

0 <g e L} (X) satisfies the p-Poincaré inequality if the following inequality holds:

1
][ lu — up|dp < r (][ gpdﬂ) ’ (3.2.1)
B oB

on every ball B of radius r and ¢ B C X.
The class of u € LP(X) for which there exists 0 < g € LP(X) so that the pair (u, g)

satisfies the p-Poincaré inequality will be denoted by P}*(X,d, ) and

P (X,d,p) = | | PI?(X,d, p).

o>1

By Theorem 3.1.10, the Sobolev space PP defined above is equivalent with the classical

Sobolev space in the Euclidean setting.

Theorem 3.2.4. Let (X,d, ) be a doubling metric measure space and s = log, Cy is the

associated homogeneous dimension. If p > s/(s+ 1), then
M (X) C P"?(X).

The above theorem is proved by Hajtasz [47]. We also give the general Sobolev embedding
theorem for P'?(X). This result is due to Hajtasz and Koskela [49)].

Theorem 3.2.5. Let (X,d, ) be a doubling metric measure space and s = log, Cy be the
associated homogeneous dimension. Assume the pair u € LP(X) and 0 < g € LP(X) satisfies

the p-Poincaré inequality (3.2.1) with 0 < p < oo and o > 1.
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(1) If 0 < p < s, then for every 0 < h < p* = sp/(s — p)

inf (][ lu — c|hdu)1/h < Cr(][ g’ d,u)l/p.
B 60B

ceR

If in addition g € L1, p < q < s, then

inf (][ lu — c|q*d,u)1/q* < CT(][ g? du)l/q,
B 608

ceR

where ¢* = sq/(s — q) and B is any ball of radius r.
(2) If p=s, then

1/s],, _
/eXp (Clu(GaB) lu uB|) i< Cy.
B

rllg
(3) If p > s, then w is locally Hélder continuous and

Ls(60B)

lu(z) —u(y)| < Cr*/Pd(z, y)ls/p(][ ) 1/p

60 BogP

for xz,y € B, where B is an arbitrary ball of radius rg.

The constants in the theorem depend on p,q,h,Cy and o.

3.2.3 Sobolev spaces NP

Definition 3.2.6. Let I" be a collection of non constant rectifiable curves, and let F'(I") be

the family of all Borel measurable functions p : X — [0, oo] such that

/leforeveryvef.
g

For each 1 < p < co we define
Mod,(T') = inf Pdu.
odp(I') pé?(r)/xp 1t

The number Mod,(I") is called the p-modulus of the family I'.

We can verify that Mod,, is a measure on the family of all nonconstant rectifiable curves
in X. If some property holds for all nonconstant rectifiable curves except a subcollection I'
with Mod,(I') = 0, then we say that the property holds for p-a.e. curve. By the following
theorem, we can see that this notion of p-a.e. curve is a natural generalization of almost

every line parallel to a given coordinate axe.
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Theorem 3.2.7. Points in Q" = [0,1]" = [0,1] x Q"' will be denoted by x = (x1,z'). Let
1 < p < oo. For a Borel subset E C Q" !, consider the family of straight segments passing

through E and parallel to x4, i.e.,
Ie={y:[0,1] = Q" 7w =(ta'),2" € E}.

Then Mod,(I'g) = 0 if and only if L*(E) = 0.

Definition 3.2.8. Let u : X — R be a Borel function. We say that a Borel function

g: X — [0,00] is an upper gradient of u if

u(y(a)) — u(y(b))] < / g

~

for every rectifiable curve 7 : [a,b] — X. We say that g is a p-weak upper gradient of u if

the above inequality holds for p-a.e. curve.

If g is a p-weak upper gradient of v which is finite a.e., then for every ¢ > 0, there is an

upper gradient g. of u such that
g- > g everywhere, and ||g. — gl <e.

This shows that a p-weak upper gradient of u can be nicely approximated by an upper
gradient.

Moreover, the notion of upper gradient is a natural generalization of the length of the
gradient. If w € C*°(Q2) and 2 C R", then we can verify that |Vu| is an upper gradient of
u. Furthermore, |Vu| is the least upper gradient in the sense that if g € L{ () is another

upper gradient of u, then g > |Vu| a.e.. In fact, we have a stronger result.

Theorem 3.2.9. Any function u € W'P(Q), 1 < p < oo has a representative for which |Vul

1
loc

is a p-weak upper gradient. On the other hand, if g € L,,.(2) is a p-weak upper gradient of

u, then g > |Vu| a.e..
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Let 1 < p < oo. Nl’p(X, d, j) is the class of all LP-integrable Borel functions on X for
which there exists a p-integrable p-weak upper gradient. With each u € NLp (X,d, u) we

associate a seminorm
o550 = Iellr + inf gl
where the infimum is taken over all p-weak upper gradients g of u.

Definition 3.2.10. We define an equivalence relation in Nl’p(X, d,p) by u ~ v if

lv = vl g1 (x,a, = 0-

Then the space N'P(X,d, ) is defined as the quotient space ]Vl’p(X, d,p)/ ~ and it is
equipped with the norm

[ullvre = [l gop-

This space N'P(X,d, i) with the above norm is a Banach space for 1 < p < oo and it is

a natural generalization of the classical Sobolev space WP to the setting of metric spaces.

Theorem 3.2.11. If Q C R" is open and 1 < p < oo, then

NLP(Q? | : ‘7 ‘Cn) - Wlp(Qv ’ : ‘v ‘Cn)

as sets and the norms are equal.

3.3 SPACES SUPPORTING THE POINCARE INEQUALITY

The notion of an abstract Poincaré inequality on metric measure spaces was introduced by
Heinonen and Koskela [56]. Metric measure spaces that are doubling and support an abstract

Poincaré inequality provide a good structure to study the first-order analysis.
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Definition 3.3.1. Let p > 1. A metric measure space (X,d, u) is said to support a p-

Poincaré inequality if there exists constants C; A > 1 such that for all measurable functions,

1
][ |u —ug|dp < CdiamB (][ gpd,u) ’ ,
B AB

for every pair of functions v : X — R and g — [0, 00] where u is measurable, and ¢ is an

the following holds:

upper gradient for u.

For examples of spaces supporting Poincaré inequalities, we give a partial list below:
Euclidean spaces, compact Riemannian manifolds, complete Riemannian manifolds with
nonnegative Ricci curvature [19, 108], Carnot groups and general sub-Riemannian manifolds
equipped with Carnot-Caratheodory metrics [49, 54, 57], boundaries of hyperbolic buildings
[18], metric spaces with quantitative topology [111] and the Laakso spaces [86]. If X is
complete, doubling and supports a p-Poincaré inequality for p > 1, then X is quasiconvex
[24, Theorem 17.1.][49, Proposition 4.4]. In this manuscript, we will prove that each compact,
quasiconvex and 1-Ahlfors regular space also supports p-Poincaré inequality for 1 < p < oo.

As mentioned before, a doubling metric measure spaces that supports Poincaré inequal-
ities provides a very good setting such that different definitions of Sobolev spaces are equiv-

alent. The proof of the following theorem can be found in [47, Theorem 11.3]

Theorem 3.3.2. Let (X, d, u) be a complete metric measure space with p Borel and doubling.

If 1 < p < oo and the space supports the q-Poincaré inequality for some 1 < q < p, then
MY(X,d, u) = N"P(X,d,u) = PP (X, d, ).

By Holder’s inequality, we know that any metric measure space that supports a (1, p)-
Poincaré inequality also supports a (1, ¢)-Poincaré inequality for 1 < p < ¢. Keith and
Zhong [74, Theorem 1.0.1] proved that the parameter p > 1 in the space supporting Poincaré
inequality is also open ended on the left in a doubling metric space. We list their result as

below.

Theorem 3.3.3. Let p > 1 and (X, d, u) be a complete metric measure space with y Borel
and doubling, that admits a (1,p)-Poincaré inequality. Then there exists ¢ > 0 such that

(X, d, p) admits a (1,q)-Poincaré inequality for every q > p — €, quantitatively.
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Combining the above two theorems, we have the following corollary.

Corollary 3.3.4. Let (X,d, i) be a complete metric measure space with p Borel and dou-
bling. If 1 < p < oo and the space supports the p-Poincaré inequality, then

M"(X,d,p) = N"*(X,d, p) = P*?(X,d, ).
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4.0 SOBOLEV FUNCTIONS IN THE CRITICAL CASE ON METRIC
MEASURE SPACES

Let Q C R™ be a domain. We define the critical exponent of the Sobolev space W1P(2) to
be p = n. This is because that when p > n, W' functions are Holder continuous while for
p < n they need not be continuous at any point. This notion can be extended to the settings
of metric measure spaces. If (X,d,u) is a doubling metric measure space then we define
the critical exponent for the Sobolev space M1?P(X), P¥(X) or N'*(X) to be equal to the
homogeneous dimension p = s. This definition is suggested by the corresponding Sobolev

embedding Theorems 3.2.2 and 3.2.5.

From the examples in the Euclidean spaces, we conjecture that the Sobolev functions in
the critical case may be discontinuous if the homogeneous dimension satisfies s > 1. Thus
we turn to investigate the continuity of Sobolev functions on metric measure spaces with
dimensions less than or equal to 1. One natural generalization is to compact, connected 1-
dimensional metric spaces. We give the definition of the absolutely continuous functions on
such spaces and prove the equivalence of Newton Sobolev functions in N''(X') and absolutely
continuous functions. Moreover, by proving that the spaces support Poincaré inequality, we
get the equivalence of these absolutely continuous functions with Sobolev functions defined

via different approaches.

Another direction is to look at metric spaces with dimension s < 1. We focus on the
case of s-Ahlfors regular metric spaces which include a large class of fractals and we prove

the uniform continuity of Hajtasz Sobolev functions with explicit estimates.
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4.1 ON COMPACT, CONNECTED METRIC SPACES WITH #!'(X) < oo

4.1.1 Absolutely continuous functions on the metric spaces

We define absolutely continuous functions on spaces of finite 1-dimensional measure as fol-

lows.

Definition 4.1.1. Let (X,d, H!) be a compact, connected metric space with H!(X) < oo.
A function v : X — R is absolutely continuous if for any ¢ > 0, there is a positive number ¢

such that

D luoni(ly) —uoy(0)] <

for any collection of pairwise disjoint arc-length parametrized simple curves ~;: [0,4;] — X

with total length ). ¢; <.

Let V/(f,[a,b]) denote the total variation of a mapping f : [a,b] — X on [a, b]. The total

variation of a mapping on a interval is defined as

k
V(f,[a,b]) := sup {Z d(f(t:), fti)),a=tg <t <--- <t = b} :
i=1
where the supremum is taken over all finite sequences of {t;} C [a,b] defined as above. We
can replace |u o ~;(¢;) — u o ~;(0)| by V(u o ~;[0,4;]) in the above definition, and get an
equivalent definition.

We denote the above class of absolutely continuous functions on X by AC(X). Let
X = [a,b], it is easy to verify this definition is consistent with the classical definition.

We prove that the absolutely continuous functions defined above are uniformly continuous

on a quasiconvex metric space.

Proposition 4.1.2. Let (X,d,p) be a compact, quasiconvexr metric measure space with
HYX) < oco. If a function v : X — R is absolutely continuous, then it is uniformly

continuous.

Proof. Given an arbitrary positive number ¢ > 0, it suffices to find § > 0 such that |u(z) —

u(y)| < € whenever d(x,y) < § for z,y € X.
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Since X is compact and path-connected, two arbitrary points x,y € X can be joined
by a shortest curve. We denote the arc-length parametrization of this shortest curve by

Yo : [0, 4p] — X with 70(0) = 2 and vy(y) = y. Thus,

u(z) = u(y)] = [u((0)) = ulr0(fo))] = |u070(0) = uoyo(lo)]-

The fact that the space is quasiconvex means that there is a curve connecting x,y with
length ¢ < Cd(z,y). Thus, the length of the shortest curve ¢y < ¢ < Cd(x,y).
Since u € AC(X), for an arbitrary positive number € > 0, there is §y > 0, such that if

the length of a simple curve ¢y < dp, then

|uo9(lo) —uoy(0)| <e.

In particular, let § < C~1§p, then £y < Cd(x,y) < d. It implies that

u(x) —uly)| <e

4.1.2 Absolutely continuous characterization of Sobolev functions
In this section, we will show that the absolutely continuous functions we define are actually
the same as Newton Sobolev functions.

Theorem 4.1.3. Let (X, d,H') be a compact, connected metric measure space with H*(X) <
co. Ifu € AC(X), then there is an upper gradient g € L*(X) for u, that is, for any rectifiable

curve v : [a,b] = X, we have

u(1(a)) — u(r(B))] < / "

Y
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Proof. By Theorem 2.3.3, we know that there is a countable collection of simple curves in

X and a set N; with H*(N;) = 0 such that

X = [Ju((0,6)) U Ny

=1

Let T'; = %([0, ¢;]), then the intersection of I'; are I'; is empty for ¢ # j. Indeed, the simple
curves from Theorem 2.3.3 meet at the endpoints only as we excluded the endpoints here.
We denote u o y; by u;. If u € AC(X), then u; € AC((0,¢;)). Thus, u}(t) exists almost

everywhere for ¢ € (0, ¢;). Moreover, we have

L
w(t) = () = [ i) as

and
£;

\/ s = /Oei Wl (s)] ds.

0

We denote the collection of points z € X such that u}(v; '(x)) does not exist as Ny, and
Ny = N1 UN;,. It is clear that H!'(Ng) = 0. Then we define a function g : X — R as follows,

wi(vHx ifze X\ Ny
oy @ e xy .
00 if x € Ny.

This function g is integrable on X. In fact, by definition and area formula, we have
/ g dH' = / g dH*
X X\No
= Z / g dH?
i YT
£;
=3 [ otuts) ds
—Jo
£;
=3 [ i) ds
—Jo
£;
SV
i 0
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Since ; is injective and H!'(X) < oo, it implies that
Dl =) H(T) < HY(X) < o0

Thus, for any € > 0, there exists a natural number ny such that > * ./, < e By

Definition 4.1.1, it implies that > ° \/é’ u; can be sufficiently small.

L;
/gd?-ﬂ:Z\/ui
X i 0

no fi oo ei
= E \/ui—i- E \/uz < 0.
i=1 0 i=no+1 0

We next prove that g is an upper gradient for the function u € AC(X), that is, for any

rectifiable curve v : [a,b] — X, we have

u(1(a)) - u(r(B))] < / g.

v

Let v : [a,b] — X be a rectifiable curve and I' = 7([a, b]). Since I' is compact, connected
and H'(T') < oo, there exists a shortest curve joining v(a) and v(b) in . We denote the

arc-length parametrization of this injective curve by 7 : [0, ¢] — T" with

20(0) = (@) and 7(¢) = (b). (4.1.2)

Let Iy = ([0, ¢]). Applying the area formula we obtain that

[o-] g0(s)) ds

:/ g(x) dH'
To (4.1.3)
g(x) dH'

IN

(VAN
e
<

Since u € AC(X), it follows that ug = uoyy € AC([0, £]) and uy, exists almost everywhere.
Let I = {i e N: H' (I, NT;) # 0}. Then Iy is the union of J,.,(I'o N I';) and a null set.
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Let i € I and z € T; N T such that u)(v;*(z)), w}(y; *(z)) both exist and ¢t = ;' (z) is

(3 K3

a density point of v5 ' (T'; N Tp). By definition,

(1) = i L0 = oD

h—0 |h
o ol £ 1)~ u(o()
h—0 ‘h‘ ’

Since t is a density point in the measurable set v, (I'; N ['y), when A is sufficiently small,
there exists t + h € 75 (I'; N Ty). We denote v;(s) = 7o(t) and vi(s') = Y(t + h). By
construction, the curve ~; is the shortest curve joining 7;(s) and 7;(s’). Since vy and ; are

both parametrized by arc-length, it follows that

’3 - 5/| = 6%(8,8’) < gvo(t,t-&-h) = |h|

It follows that

0 h—0 ||

<l ) U
|s—s'|—0 s— s

= |ui(s)].

By area formula, for the injective arc-length parametrized curves ~; and o, the H' measure

of the preimage of a null set is zero. Thus, it implies that

[un ()] < [ui(s)] = (v (o))l = g(70(t))

holds almost everywhere for ¢ € [0, £]. It follows that

Y4
hM@—m@NSAhmmdt
< /Zg(VO(t)) dt (4.1.4)

0
Yo
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Combining inequalities (4.1.2), (4.1.3), (4.1.4), we get

[u(v(a)) = u(y(b))] = |u(2(0)) = u(v0(6))]
= [uo(0) — uo(¢)]

- / , (4.1.5)

Thus, we verify that g € L'(X) is an upper gradient of w. H

If u e AC(X) N LY(X), then Theorem 4.1.3 implies that u € NV (X). If we further
assume that u € ACP(X), that is, the upper gradient g defined in (4.1.1) belongs to L?(X).
It follows that v € N"(X) and ACP(X) C N'?(X). On the other hand, we need the
following lemma [59, Proposition 6.3.3].

Lemma 4.1.4. Letu: X — R be a function and -~y : [0,€] — X be an arc-length parametrized
rectifiable curve in X. Assume that p : X — [0,00] is a Borel function such that p is
integrable on v and the pair (u, p) satisfies the upper gradient inequality on vy and each of its

compact subcurves. Then w o~y is absolutely continuous and the inequality

[(woy) ()] < (poy)(t),

holds for almost every t € [0, /]

If u € N'?(X), then it has a p-integrable upper gradient p and (u, p) satisfies the upper

gradient inequality for any arc-length parametrized simple rectifiable curves in X, that is,

u(y(0)) = u(x(0))] < / p((s))ds.

The absolute continuity of integral implies immediately that v € AC(X).
Moreover, if u € N'P(X), the upper gradient g defined in (4.1.1) is p-integrable. Let
u € NP and 7; be the simple curves as in the proof of Theorem 4.1.3. Lemma 4.1.4 implies

that

(o) ()] < (po)(t).

38



For almost everywhere = € X, the above inequality implies that

g(x) = |(wo ) (v (@) < pla).

The upper gradient g defined in (4.1.1) is bounded by a p-integrable function p almost
everywhere in X. It implies that g € LP(X) and u € AC?(X). Combining the above facts,

we get the following characterization.

Theorem 4.1.5. Let (X,d,H') be a compact and connected metric measure space with
HY(X) < oo and let 1 < p < oo. Then u € N'P(X) if and only if u € ACP(X)N LP(X). In
other words

N'P(X) = ACP(X) N LP(X).

4.1.3 Spaces supporting the Poincaré inequality

In this section, we will show that a compact, quasiconvex and 1-Ahlfors regular metric
measure space supports Poincaré inequality. Thus, it implies the equivalence of absolutely

continuous functions with Sobolev functions defined via different approaches.

Theorem 4.1.6. Let (X,d,H') be a compact, quasiconvex and 1-Ahlfors reqular metric

measure space. Then it supports p-Poincaré inequality for 1 < p < oco.

Proof. Tt suffices to show that X supports the 1-Poincaré inequality. Let B(O,r) C X be an
arbitrary ball in X and z,y € B. There exists a rectifiable curve that joins  and y. Since X
is compact and quasiconvex, there exists a shortest curve connecting x and y [47, Theorem
3.9]. We denote the arc-length parametrization of this shortest curve as 7 : [0,¢] — X such
that v(0) =« and v(¢) = y.

Let u be a Borel function and g be an upper gradient of u. Then

l
u(z) — uly)] < / 9(1(s)) ds. (4.1.6)

Denote I' = ([0, ¢]) and A = 3C, where C is the quasiconvex constant of X.
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For an arbitrary point z € I, let £,(, ) denotes the length of the shortest curve joining
x and z. Then £, .y < {. Since X is quasiconvex, there is a curve J(z,y) connecting = and

y such that (5, < Cd(x,y). It implies that

d(z,0) < d(z,x) + d(z,0)

S E’y(x,z) +r

Thus, every point z € I" belongs to the ball A\B = B(O, Ar). It implies that

/ 9(4(s)) ds = / o(y) dH(y)
0 r (4.1.7)
< /AB g(y) dH'(y).

Finally, combining (4.1.6), (4.1.7), we get

() — us| < f ju(z) — u(y)| dz

][ / ) dsdz
(4.1.8)
][ /,\B &

]{Bmcm()

Since X is 1-Ahlfors regular, it follows that

]i lu(z) — | dH! < C’diam(B)][ o(2) dH'(2).

AB
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Remark 4.1.7. In fact, instead of assuming quasiconvexity, in the proof of this theorem, it
suffice to assume a weaker condition that the space X is C-LLCI1, that is, there exists a
constant C' > 1 so that for each x € X and r > 0, any pair of points in B(x,r) can be
joined by a curve in B(x,Cr). With this condition, we still have that the shortest curve
connecting any two points x and y is contained in B(z, Cd(z,y)) and the argument in the

above theorem works.

When a complete doubling metric measure X supports the p-Poincaré inequality with
1 < p < oo, the Newton Sobolev spaces N'?(X), the Poincaré Sobolev spaces P*?(X) and
Hajtasz Sobolev spaces M'?(X) are equivalent [47, Theorem 11.3]. Combined with Theorem

4.1.5, we obtain the following corollary.

Corollary 4.1.8. Let (X, d,H') be a compact, quasiconvez, 1-Ahlfors reqular metric measure
space. Then
ACP(X)NLP(X) = N'"P(X) = P"(X) = M'?(X),

for 1 < p < oo and the first two equalities also hold for p = 1.

4.2 ON S-AHLFORS REGULAR METRIC SPACES WITH S <1

The theory of Newton Sobolev spaces and Poincaré Sobolev spaces apply very well to the
spaces with sufficiently many nonconstant rectifiable curves. However, when comes to the
spaces with limited connectivity properties, the theory of Hajlasz Sobolev spaces is rich
without any assumption on connectivity of the space. Hajtasz Sobolev spaces on fractals
have been investigated in [61, 102, 106, 120].

In this section, we will investigate the Hajlasz Sobolev functions in the critical case
M*'# on s-Ahlfors regular spaces with 0 < s < 1. An important class of Ahlfors regular
spaces is provided by fractals. Many fractals are generated by iterated function systems. A

contraction S on D C R"” is a Lipschitz mapping with Lipschitz constant 0 < ¢ < 1, i.e.

1S(x) = S(y)| < clz -yl
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for all x,y € D. A finite family of contractions {Si,---,S,}, with m > 2, is called an
iterated function system or IFS. We say that .S; satisfy the open set condition if there exists

a non-empty bounded open set V' such that

with the union disjoint. Hutchinson [64] proved that fractals generated by iterated function
systems satisfying the open set condition are Ahlfors regular. For example, the ternary
Cantor set C' equipped with the Euclidean distance is s-Ahlfors regular with s = 1282 [35,
Example 2.7].

The main theorem of this section states as follows.

Theorem 4.2.1. Let (X, d, H®) be an s-Ahlfors reqular metric space and 0 < s < 1. If
u e MY (X, d, H?), then u is uniformly continuous. Moreover, there exists a constant C > 0,

such that for any ball B C X,

1

sup |u(z) — uly)| < 0(/23 ngHs)g, (4.2.1)

z,yeB

where g € D(u) N L*(X).

The restriction that s < 1 is necessary in our statement, since we apply the reverse
Minkowski inequality in the proof. We conjecture that there always exist discontinuous
Sobolev functions in M1*(X) when X is an s-Ahlfors regular space with s > 1.

We need the following lemma.

Lemma 4.2.2. Let X be a uniformly perfect space. Then there is a constant 0 < Cy < 1
such that for any ball B(z,r) with 0 < r < diam(X), there is a sequence of balls {B;}2, =
{B(z;,Cir)}2, C B(x,r) satisfying

(1) BN B; =0, if i # j,

(2) B; C B(z,Cy'r)\ B(x, Cir).
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Proof. Since X is uniformly perfect, there exists a constant 0 < ¢ < 1 such that for all z € X
and 0 < r < diam(X),

B(z,r)\ B(z,cr) # 0.

Fix a number C} = ¢/2. Clearly, 0 < C} < 1.
Fix a ball B(xz,r) C X with 0 < r < diam(X) and let y € B(x,r) \ B(z,cr). Then

B(y,Cir) C Bz, Cy'r) \ B(x, Cyr).

We can construct a sequence of balls By, By... C B(x,r) in the following way. Let
7y = C¥ ' and B, =B (x,7;). By the previous argument, for each BZ-, there exists x; such
that
Let r; = C17; = C¥'r, so

B(x;,r;) C B(x,ri—1) \ B(x,r;).
Let Cy = Cf. Clearly, 0 < Cy < 1. Let B; = B(z;,m;) = B(x;, Cir). Since these balls

are contained in disjoint annuli, B; N B; = () for i # j.

From the construction, the balls in this sequence satisfy
B; C B(z,Ci'r) \ B(x, Cir).
This completes the proof. O

We now can complete the proof of the main result, following some ideas from [45].

Proof of Theorem 4.2.1. By definition, for v € M"“*(X,d, H*), there exists g € L*(X) such
that

lu(z) — u(y)| < d(z,y)(9(z) + 9(v)),

when z,y € X \ E and H*(E) = 0.
Let By = {x € X \ E: g(x) < oo}. Clearly, H*(X \ Ey) = 0. Fix a ball B(z,r) C X.
We will prove that

1

swp fule) —ul <€ [ gane)”

z,y€B(z,r)NEo B(z,2r)
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Let =,y € B(z,r) N Ey. According to Lemma 4.2.2; there exists a sequence of disjoint
balls {B;}:°, = {B(xz;, Cir)}2, C B(z,r) such that

B; = B(x;, Cyr) € B(x,Cy'r) \ B(x, Cir).

Let r; = Cjr, then
B, = B(.ﬁEi,’l“i) C B(Qf, O(;lri> \ B(ZE,TZ')-

Clearly, for each i € N, we can find z; € B; N Ey such that

9(2) < <HS(1_B7;>)1/S(/;1_ gsdHS) 1/s

()"

Notice that z; € B; C B(z,Cy'r;) implies that d(z, z;) < Cy'r;. It follows that

u(@) —u(=)] < de,z)(g(@) +9(=)
< Crgla) +O( /B | ngHS) v

Hence, lim; o, u(z;) = u(x). Thus,
() — @) < 3 fule) — uesnr)
i=1
= f:d(ziaziﬂ)(g(zi) +g(z¢+1)>. (4.2.2)
i=0
Since z; € B;, zi+1 € Biy1 and By, By C B(x, C’O_lri), we have that

d(2, zix1) < Cry.

Moreover, 1,11 = Cor; and so the inequality (4.2.2) implies that

S 1 s s\1/s 1 s s\1/s
lu(z1) —u(z)] < 2 C’r,-(;i(/Big dH*) " + Ti-i-l(/Bng dH”) )
S ([ van)"
i=0 v Bi
([, rm)”
i=0 7 Bi
1/s
C / SdH?® . 4.2.3
( o ) (4.2.3)
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The second to last inequality follows from the reverse Minkowski inequality and the last
inequality follows from the fact that the balls in the sequence {B;}2, C B(z,r) are pairwise
disjoint.

Notice that z; € By C B(z,r) C B(z,2r) and

g(z) < r_Cl(/Bl ngHS)l/s < §</B(Z72T) gsd']_[5>1/s‘

Similarly, we can find wy € B(y,r) C B(z,2r) such that

u(wy) — u(y)| < C(/ ng%8> v (4.2.4)

B(y,r)

and

glwy) < g(/B(Z’m) QSd”,L[s)l/S.

Since z1,w; € B(z,2r), we also have

[u(21) —u(wy)| < d(z1,w1)(g(21) + g(wr))

< C(/ g dm)"”. (4.2.5)
B(z,2r)

Applying triangle inequality and combining the inequalities (4.2.3), (4.2.4), (4.2.5), we

have
1
swp fule) —ul <0 [ gane)”
z,y€B(z,r)NEo B(z,2r)
This and the absolute continuity of the integral imply uniform continuity of u|x\g,. Hence

u uniquely extends to a uniformly continuous function on X and the inequality (4.2.1)

follows. O

Remark 4.2.3. A closer inspection of the proof of the main theorem suggests that the estimate
(4.2.1) also holds under the weaker conditions that the metric space (X, d, H*) is uniformly
perfect and satisfies the condition that there exists a constant C' > 0 such that for all z € X
and 0 < r < diam(X),

H*(B(x,r)) > Cre.

However, to get the uniform continuity of the function by this inequality (4.2.1), the

condition that H*(B(x,r)) < Cr® seems necessary.
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5.0 SOBOLEV EMBEDDING OF A SPHERE CONTAINING AN
ARBITRARY CANTOR SET IN THE IMAGE

Let S™ denotes the standard unit sphere in R"*!. In 1924 J. W. Alexander [1], constructed a
homeomorphism f : §* — f(S?) C R? so that the unbounded component of R?\ f(S?) is not
simply connected. In particular it is not homeomorphic to the complement of the standard
ball in R3. This famous construction known as the Alexander horned sphere can be easily
generalized to higher dimensions. The aim of this chapter is to show that a large class of
pathological topological n-dimensional spheres, including the Alexander horned sphere, can
be realized as the images of Sobolev W™ homeomorphisms, each of which being a smooth

diffeomorphism outside of a Cantor set in S” of Hausdorff dimension zero.

5.1 INTRODUCTION

Recall also that the Sobolev space WP consists of functions in LP whose distributional
gradient is in LP. By f € W1P(S", R"!) we will mean that the components of the mapping
f:S*™ — R"1 are in Wtr.

By an embedding we will mean a homeomorphism onto the image i.e., f : X — Y is an
embedding if f: X — f(X) is a homeomorphism. In the literature such an embedding is

often called a topological embedding. The main result of this chapter reads as follows.

Theorem 5.1.1. For any Cantor set C C R™"™, n > 2, there is an embedding f : S* — R

such that

(a) f c Wl’”(S”,R”“),

46



(b) C C f(S"),
(c) f~1(C) C S™ is a Cantor set of Hausdorff dimension zero,
(d) [ is a smooth diffeomorphism in S™\ f~1(C).

Our construction resembles that of the Alexander horned sphere and it will be clear that
it can be used to construct a version of the Alexander horned sphere f : S* — f(S") C R**!
so that f € W™ and f is a smooth diffeomorphism outside a Cantor set of Hausdorff
dimension zero.

A similar technique to the one used in the proof of Theorem 5.1.1 has also been employed
in a variety of different settings [15, 14, 22, 44, 51, 50, 66, 67, 71, 94, 104, 103, 116, 118, 117].

According to Theorem 5.1.1 we can construct a topological sphere in R? that is W2
homeomorphic to S? and that contains Antoine’s necklace. Antoine’s necklace is a Cantor
set in R® whose complement is not simply connected. Hence the unbounded component
of R3\ f(S?) is also not simply connected. This gives a different example with the same
topological consequences as those of the Alexander horned sphere. In fact, using results of
Sher [113] we will show that there are uncountably many “essentially different” examples.
For a precise statement see Theorem 5.5.1.

One cannot in general demand the function constructed in the theorem to be in W', p >
n. Indeed, if f € W'?(S", R"™!), then the image f(S™) has finite n-dimensional Hausdorff
measure, but a Cantor set in R"™! may have positive (n + 1)-dimensional measure and in
that case it cannot be contained in the image of f. The fact that the image f(S™) has finite
n-dimensional measure follows from the area formula and the integrability of the Jacobian
of f. The fact that the area formula is satisfied for mappings f € WP(S", R""!) with
p > n is well known and follows from the following observations. The area formula is true
for Lipschitz mappings [33, Theorem 3.3.2]. The domain S™ is the union of countably many
sets on which f is Lipschitz continuous [33, Section 6.6.3] plus a set of measure zero. On
Lipschitz pieces the area formula is satisfied. Since the mapping f maps sets of measure
zero to sets of n-dimensional Hausdorff measure zero [60, Theorem 4.2], the area formula is
in fact true for f. The proof presented in [60, Theorem 4.2] is in the case of mappings into
R™, but the same proof works in the case of mappings into R+,

It is well known, [60, Theorem 4.9], that any homeomorphism f : Q — f(Q2) C R" of
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class Wb where Q C R™ is open, has the Lusin property, i.e. it maps sets of measure
zero to sets of measure zero. Reshetnyak [105] observed that this is no longer true for
embeddings f € W1™(S", R™), when m > n > 2. In his example he considered n = 2
and m = 3, see also [28, Example 5.1]. Later Viisild [115] generalized it to any n > 2
and m > n. In the constructions of Reshetnyak and Vaisala a set of measure zero is
mapped to a set of positive n-dimensional Hausdorff measure. Theorem 5.1.1 also provides
an example of this type. Indeed, if a Cantor set C' C R™"! has positive (n + 1)-dimensional
measure, then the embedding f € W1 (S", R"*1) from Theorem 5.1.1 maps the set f~1(C)
of Hausdorff dimension zero onto the set C' C f(S™) of positive (n+ 1)-dimensional measure.
Actually, in a context of the Lebesgue area a similar example has already been constructed by
Besicovitch [15, 14], but Besicovitch did not consider the Sobolev regularity of the mapping.
The construction of Besicovitch is very different from that of Reshetnyak and Vaisala and
it is more related to ours. While Besicovitch’s construction deals with a particular Cantor
set, we deal with any Cantor set and we prove that the resulting mapping f belongs to the

Sobolev space Wi,

5.2 CANTOR SETS AND TREES

The following classical result [119, Theorem 30.3] provides a characterization of spaces that
are homeomorphic to the ternary Cantor set: A metric space is homeomorphic to the ternary
Cantor set if and only if it is compact, totally disconnected and has no isolated points. Recall
that the space is totally disconnected if the only non-empty connected subsets are one-point
sets. In what follows by a Cantor set we will mean any subset of Euclidean space that is

homeomorphic to the ternary Cantor set.

5.2.1 Ternary Cantor set

The ternary Cantor set will be denoted by €. It is constructed by removing the middle third

of the unit interval [0, 1], and then successively deleting the middle third of each resulting
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subinterval. Denote by J* all binary numbers i; . . .ix such that i; € {0,1} for j = 1,2,...,k,

and by J° all binary infinite sequences i1iy ... Clearly, the ternary Cantor set € can be

written as
o0
€ = m U [i1‘..ik7
k=1 4y..i,€Tx
where I;, ;, is one of the 2% closed intervals in the k-th level of the construction of the Cantor

set €; the binary number 4, ... 1%, denotes the position of this interval: If 7, = 0, it is the left

subinterval of I; otherwise it is the right subinterval.

1-0k—1)

We also have that for any k € N

¢= |J ..,

i1..0,€TF

where € =CN1 .

i1
Note that points in the Cantor set € can be uniquely encoded by infinite binary sequences.
Indeed, if i = i1129 ... € J°°, then

o0 oo
k=1 k=1
consists of a single point ¢; € € and

¢ = U {Ci}.

HEALS
5.2.2 Cantor trees

Let C C R be a Cantor set and let f : € — C be a homeomorphism. We will write
Ciyip = (€ 4) and ¢ = f(¢;) for i € 3°°. Since the mapping f is uniformly continuous,

max (diamC;, ;) — 0 ask — oo. (5.2.1)
il...iijk

For each k and each i, ...4; € J* we select a point A, i, such that

e The point A;, ;, does not belong to C,

e The distance of the point A to Cj, 4, is less than 27k

i1 ik

[ ] Alllk 7é Ajl---jz lf il PN Zk 7é jl . jg
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It is easy to see that if i = 4125 ... € I, then
Aii, == f(a) ask— oo.
Indeed, ¢ € C;,. ., SO

|A112k — Ci| < 27]C + diam Cz —0 ask — .

1ok

Now we are ready to build a Cantor tree by adding branches J; connecting A to

A

1---lklht1 11...0k

i1..inins, - Lhe precise construction goes as follows.

By translating the coordinate system we may assume that the distance between the
origin in R"™! and the Cantor set C' is greater than 100 (that is way too much, but there is
nothing wrong with being generous).

Let Jy and J; be smooth Jordan arcs (smoothly embedded arcs without self-intersections)

of unit speed (i.e., parametrized by arc-length) connecting the origin 0 to the points Ay and

Ay respectively. We also assume that

e The curve Jy does not intersect with the curve J; (except for the common endpoint 0).

e The curves Jy and J; avoid the Cantor set C'.

e The curves Jy and J; meet the unit ball B"(0,1) C R™ x {0} C R"" lying in the
hyperplane of the first n coordinates only at the origin and both curves exit B"(0,1) on

the same side of B"(0, 1) in R™*!.

The curves Jy and J; will be called branches of order 1.

A simple topological observation is needed here. While the topological structure of a
Cantor set C' inside R"™! may be very complicated (think of Antoine’s necklace), no Cantor
set can separate open sets in R"*1. Indeed, by [63, Corollary 2 of Theorem IV 3] compact sets
separating open sets in R"*! must have topological dimension at least n but the topological
dimension of a Cantor set is 0, [63, Example II 3]. Hence we can connect points in the
complement of a Cantor set by smooth Jordan arcs that avoid the Cantor set. Moreover we
can construct such an arc in a way that it is arbitrarily close to the line segment connecting

the endpoints.
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Recall that the e-neighborhood of a set A is the set of all points whose distance to the
set A is less than e.

Suppose that we have already constructed all branches J; of order £ > 1. The

1.0k

construction of the branches of order k + 1 goes as follows. {J;, .} is a family of 2k+1

curves such that

° is a smooth Jordan arc parametrized by arc-length that connects A;, ; (an

i1'~-7:k+1

endpoint of the branch J;, ;) to A

(RN TR

e The curves J; do not intersect with the Cantor set C, they do not intersect with

1Bt 1

each other (except for the common endpoints) and they do not intersect with previously

constructed branches of orders less than or equal to k (except for the common endpoints).

e The image of the curve J; is contained in the 2~ *-neighborhood of the line segment

A, i A

Teellt1
i1in iy gy -

e The angle between the branch J; and each of the emerging branches J;, ;o and

1.0k

Jiy..i,1 at the point A where the curves meet is larger than /2.

i1
The reason why we require the last condition about the angles is far from being clear at the
moment, but it will be clarified in the end of this section.

In what follows, depending on the situation, J; will denote either the curve (a map

10k
from an interval to R™™) or its image (a subset of R"™), but it will always be clear from
the context what interpretation we use.

A Cantor tree is the closure of the union of all branches

T = U U Jiy i, -

k=1 i1...ik€jk

We also define T}, to be the tree with branches of orders less than or equal to k& removed.
Formally
k
T, =T\ B, where By=|J (] Ji.i.
s=11)...i5,€7°

Note that the set T}, is not closed — it does not contain the endpoints A
The branches J;

TR

1..ins, are very close to the sets Cy,. ;, in the following sense.
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Lemma 5.2.1. A branch J;
Ciy iy -

is contained in the 27%2 4+ diam C;

neighborhood of

1ol 10k

and A
to the set Cj, ;, is less than 2k (because C;

Proof. A branch J; The distance of A and

A

1...irs, connects the points Ay iy I i

C Cy,.4,.). Hence

U1l 1 Tofht1

|A111k — Ail---ik+1| <2- 2_k + diam Cuzk

so by the triangle inequality the line segment A;, ; A is contained in the 3 - 27% +

1101
diam C} neighborhood of C;, ;.. Since J; is contained in the 27% neighborhood of

1.0k 1oBhkt1

the line segment, the lemma follows. m

Corollary 5.2.2. T} is contained in the
er = 2""2 4 max (diam Cy,4,)

i1...ik€jk

neighborhood of the Cantor set C' and g, — 0 as k — oo.

Proof. Indeed, the branches of T} are of the form J; s > k. Each such branch is

185419
contained in the 27572 + diam C;, ;. neighborhood of C;, ;. C C. Since s > k and Cj, ;. C
C,..i, We have

27512 1 diam €y, ;. < 272 4 diam C

1.0k

so Ty is contained in the €, neighborhood of C. The fact that £, — 0 follows from (5.2.1).

The proof is complete. O

Since the sets By are compact and their complements T}, = 7"\ By, are in close proximity

of C' by Corollary 5.2.2, it easily follows that

T:CUG U Jia

k=1y...i;€T"
The idea of the proof of Theorem 5.1.1 is to build a surface that looks very similar to the
tree T" with one dimensional branches J;, ;, of the tree T replaced by smooth thin surfaces
built around the curves J;, ,,; such surfaces will be called tentacles. The parametric surface

f:S* — R" will be constructed as a limit of smooth surfaces f;, : S* — R™*!. This

sequence will be defined by induction. In the step k we replace all branches J; by smooth

10k
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surfaces — tentacles. Such surfaces will be very close to the branches J; and they will pass

10k

through the endpoints A;, ;. The only place where the set T}, gets close to the branch J;, _;,

is the endpoint A where the two branches J;, ;.0 and J;, ;1 of the set T}, emerge. The

i1 ik
surface around J;, ;,, and passing through the point A4,  ; will be orthogonal to the curve

Jiy.4, at the point A; ;. Since the branches J;, ;0 and J;, ;1 emerging from that point

1.0k 1.0k

form angles larger than /2 with J; the surface will not intersect the branches J;, 0

1.0k
and J;, ;1. By making the surfaces around J;, ; thin enough we can make them disjoint

from the set 7} (note that A, ;, does not belong to T}).

5.3 SOBOLEV TENTACLES

It is well known and easy to prove that n(x) = log|log|z|| € W (B"(0,e!)). Define the

truncation of 1 between levels s and ¢, 0 < s <t < o0 by

t—s if n(z) > t,
nt(z) = n(x)—s if s <nlx)<t
0 if n(x) <s.

Fix an arbitrary 7 > 0. For every 6 > 0 there is a sufficiently large s such that 75, := n*"

is a Lipschitz function on R™ with the properties:
Supp ﬁ(S,T C Bn(o’ 5/2)a

0 <7s- <7 and 75, = 7 in a neighborhood B(0, ¢") of 0,

/ Vs " < 7.
Rn

The function 7;, is not smooth because it is defined as a truncation, however, mollifying
N5 gives a smooth function, denoted by 7;,, with the same properties as those of 7, listed

above. In particular

/ Vs < 0™ (5.3.1)
Rn
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The graph of 75, restricted to the ball E”(o, 9) is contained in the cylinder
{(z1,.. ., o) |23+ .. 422 <6 0< 2pqy <7V, (5.3.2)

and it forms a slim “tower” around the x,,;,-axis. The function 7;, equals zero in the annulus
B"(0,0) \ B"(0,0/2) and equals 7 in the ball B™(0, ).

Consider now a smooth Jordan arc v : [—1,7 + 1] — R™"! parametrized by arc-length.
We want to construct a smooth mapping 75 : B"(0,6) — R"™! whose image will be a
smooth, thin, tentacle-shaped surface around the curve 7| ,. To do this we will apply a
diffeomorphism ® mapping the cylinder (5.3.2) onto a neighborhood of the image of the curve
. The tentacle-like surface will be the image of the graph of 7, under the diffeomorphism
D,

The construction of a diffeomorphism ® follows a standard procedure. Let
V1,00 [=1, 7+ 1] = TR

be a smooth orthonormal basis in the orthogonal complement of the tangent space to the
curve 7, i.e., for every t € [—1,7+1], (v1(t),...,va(t),7(t)) is a positively oriented orthonor-

mal basis of T,y»R"*. Now we define

D(x1,. .., Tpr1) = Y (Tps1) + wai(ajnﬂ) for x € R™™! with —1 < 2,41 < 7+ 1.
i=1

Clearly, ® is smooth and its Jacobian equals 1 along the z,,,, axis, —1 < z,,1 < 7+1. Hence
® is a diffeomorphism in a neighborhood of any point on the x,i-axis, —1 < x,,1 <7+ 1.
Using compactness of the image of the curve « it easily follows that there is a §y > 0 such

that for all 0 < 0 < ¢y, ® is a diffeomorphism in an open neighborhood of the cylinder
(5.3.2). Now we define

5 E"(o,a) — R Vs(x1, oo ) = P(x1, .oy Ty Mo (X1, - oo, X))

Since

ﬁxi N aZL'Z 8$n+1 8%

0 0P od  Ons.,
s n 1s,

o4



it follows that
|Dvs| < Vil Do (1 + V1)),

where ||D®|| is the supremum of the Hilbert-Schmidt norms | D®| over the cylinder (5.3.2).

Hence using (5.3.1), for every € > 0 we can find § > 0 so small that
[ bt < cmipe| <= 559
B (0,5)

Observe that 6 depends on v (because ||D®||, depends on 7).
The tentacle 75 maps the annulus B" (0, ) \ B"(0,48/2) onto the isometric annulus in the
hyperplane orthogonal to 4 at 4(0). Indeed, for = € B"(0,6) \ B*(0,6/2), ns-(z) = 0 and

hence

’75($) = @(1‘1, ey Iy, 0) = ’}/(0) + ZI’ZUZ(O)

is an affine isometry. For a similar reason 5 maps the ball En(O, ') onto the isometric ball
in the hyperplane orthogonal to v at (7). Finally for z € B"(0, d/2)\B"(0,¢"), vs creates a

smooth thin surface around the curve « that connects the annulus at «(0) with the ball at

V(7).
Composition with a translation allows us to define a tentacle 75 : B (p,d) — R

centered at any point p € R™.

5.4 MAIN RESULT

We will construct the Sobolev embedded surface f : S* — R"™! as a limit of smooth

embedded surfaces fj, : S* — R*1,
By replacing S™ with a diffeomorphic submanifold (still denoted by S™) we may assume

that it contains the unit ball
B" =B"(0,1) C R" x {0} C R"*".

lying in the hyperplane of the first n coordinates.

95



Since the distance of the Cantor set C' to the origin is larger than 100, the only parts of
the Cantor tree T' that are close to B™ are the branches Jy and J; that connect the origin to
Ag and A;. Since the branches meet B" only at the origin and leave B"™ on the same side of
B", we can assume that S™ meets T" only at the origin.

Now we will describe the construction of f;. We want to grow two tentacles from S™ near
the branches Jy and J; all the way to points Ay and A;, but we want to make sure that the
tentacles do not touch the set Tj.

To do this we choose two distinct points pg, p; € B™ close to the origin and modify the
curves Jy and J; only near the origin, so that the modified Jordan arcs 4° and v' emerge
from the points pg and p; instead of the origin, and they are orthogonal to B" at the points
po and p;. The curves 4° and ! quickly meet with J; and J; and from the points where
they meet they coincide with Jy and Ji, so all non-intersection properties of the curves are
preserved. Since the curves are modified only at their beginnings, outside that place they
are identical with Jy and J;.

Next, we find §; > 0 so small that the balls B" (po,d;) and B" (py,d;) are disjoint and

contained in B™ and that there are disjoint tentacles
Vi B"(p;,61) — R™™ fori=0,1
along the curves 7° and ~! such that
/ |Dvj |* <47 fori=0,1.
B(pi,01)

Observe that ~5 (p;) = A; for i =0, 1.

Note that the images of small balls B"(py, 6]) and B"(p;,0]) are isometric balls, orthog-
onal to the curves 7 and 4! (and hence to the curves Jy and J;) at the endpoints Ay and
Aj;. Since the branches Jyo, Jo; form angles larger than /2 with the curve 7° at Ay and the
branches Jyo, Ji; form angles larger than /2 with the curve 4! at A; we may guarantee, by
making the tentacles sufficiently thin, that they are disjoint from the set 7} (observe that
the endpoints Ag and A; do not belong to T7).

Also each annulus B (p;, 8;) \ B™(ps, 61/2) for i = 0,1 is mapped isometrically by V5
onto an annulus centered at +*(0) = p; in the hyperplane orthogonal to 7* at 7/(0) = p;.
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Since the curve 4 is orthogonal to B" at 7*(0) = p;, the annulus B" (p;, 01) \ B"(p;, 61/2) is
mapped isometrically onto itself. By choosing an appropriate orthonormal frame v, ... v in

the definition of ’ygl we may assume that fy};l is the identity in the annulus. This guarantees

that the mapping

fygl (x) if T € En<p0751)7
file) =9 4 (2) if v € B (p1,01),
r if e S"\ (B"(po,01) UB™(p1,61))

is continuous and hence smooth. The construction guarantees also that f; is a smooth
embedding of S™ into R"*! with the image that is disjoint from 73.

The mapping f; maps the small balls B (po, &) and B (p1, 8}) onto isometric balls cen-
tered at Ag and A; respectively with fi(p;) = A; for i = 0,1. Now the mapping f, will be
obtained from f; by adding four more tentacles: from the ball f;(B"(pg,d})) centered at A
there will be two tentacles connecting this ball to the points Agy and Ag; and from the ball
at fi1(B™(p1,0})) centered at A; there will be two tentacles connecting this ball to the points
A9 and Aq;. More precisely the inductive step is described as follows.

Suppose that we have already constructed a mapping fi, £ > 1 such that

e f}. is a smooth embedding of S” into R"*! whose image is disjoint from T}.

e There are 2* disjoint balls En(phmik, 6x) C B™ and 2" tentacles
VZSiZk : W(pll’uﬂ 5]6) — Rn+1

for iy .. .4, € J* such that
O Y (D) = Aiy iy -

1edg "

<& The image of fygi““ is in the 27 neighborhood of the curve .J;
<& We have

/ | Dyl dae < 477 (5.4.1)
B™ (piy ...ip, 0k

e The mapping f; satisfies

7(152% in En(pil,,.ik, 5k) fori,...4; € jk,
fk_l in S” \ U’il---ik63k Bn(pil---’ik7 519)

fi =
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Observe that fi(pi, ) = Ai .4, and that for some small 0 < §, < &, fr maps balls
En(pilu_ik, J;,) onto isometric balls centered at A;, .
Now we will describe the construction of the mapping f 1.

For each i ..., € J* we choose two points

pil...’ik()?pil...ikl S ]Bn(pzlzka 5;5)

i1...i50 i1kl

and modity the curves J;, ;0 and J;, ;.1 to vy and ~y in a pretty similar way as

ikl emerge from the points

we did for the curves 4% and 7': the new curves v+%% and ~y
fx(Diy.ip0) and fr(piy _i1), they are orthogonal to the ball fi(B"(pi, i.,0;)) at these points
and then they quickly meet and coincide with J;, ;.0 and J;, i, 1.

We find 6541 > 0 so small that

e The balls

En(pil...ikOa Okt1), En(pil...ikly Op+1) C B"(piy...i» 51;)

are disjoint.

e There are tentacles
’st;f“ : En(pz‘l...iki, Op41) — R"*! fori=0,1

such that

<& 73i+sz(pzllkz) = A i

<& The image of 721"'i’“i is in the 2-(**1 neighborhood of the curve J;, ;.
k+1

<& The tentacles do not intersect and they avoid the set T},

<& We have

’D lekl|n dx < 47n(k‘+1)
75k+1 ’
B™(piy...ipi,0k+1

The condition about the distance of the tentacle to the curve J;, _;,; can be easily guaranteed,
because the curve ' can be arbitrarily close to J;,. ;,; and the tentacle can be arbitrarily
thin.

Because the curves y%*% § = (), 1, are orthogonal to the balls f.(B"(p;,. s, ,d,)) at the
points Y1 (0) = f1.(ps,..i.:), by choosing appropriate orthonormal frames in the definition

of ,yil...iki

sep, We may guarantee one more condition
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d %lsi“w = fr in En(pn...m, Ok+1) \ B™ (Piy i Or41/2).-
We are using here the fact that both ’ygiﬂl“ and f; are isometries in that annulus. Now we

define

il...ikik+1 . e~ . . ~k+1
Vs, in B (pi,..ip,. > Ortr) fordp .. ipyy € I,

fr in S\ Uilmik+1€jk+1 B” (Diy..ips 1 Okt1)-

As before fi,; is a smooth embedding of S” into R™*! whose image is disjoint from T} .

Let

fk—i—l -

We=|J B"(pi.i00).

i1..9,€TF

Clearly, Wy, is a decreasing sequence of compact sets and

FE = ﬁ Wk
k=1

is a Cantor set £ C B" C S". By making the sequence §, converge to zero sufficiently fast
we may guarantee that the Hausdorff dimension of E equals zero. Similarly as in the case
of the ternary Cantor set, points in the set E can be encoded by infinite binary sequences
For i = 414, ... € J* we define

o

—n
{e} =B ir.ips) so E=|]J{e}.
k=1 iegoe

Now we define

r if r e S*\ Wh,
fl@) =23 fu(x) if 2€ W\ Wi, k=1,2,...
¢ if r=e¢¢€FE, ieTJ>

Recall that ¢; = f(¢;) is a point of the Cantor set C.
Lemma 5.4.1. f = f; when restricted to S™ \ Wy1.
Proof. The lemma can be easily proved by induction. Let fy = id. By the definition of f,
f = fo in S™\ Wi. Suppose now that f = f; in S" \ Wy,1. According to the construction
of fea1, fee1 = fr in 8™\ Wiy, but the definition of f yields f = fry1 in Wiiq \ Wiao so

f = frs1in
(S"\ Wip1) U (Wiyr \ Wiya) = S\ Wipo.

This proves the lemma. O
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Since each of the mappings fi is a smooth embedding whose image does not intersect
with the Cantor set C' it follows from the lemma that f restricted to the open set S™ \ E is
a smooth embedding and f(S"\ E)NC = (). In the remaining Cantor set E, the mapping f
is defined as a bijection that maps E onto C. Therefore the mapping f is one-to-one in S™
and C C f(S").

It remains to prove that f is continuous and that f € Whn,

First we will prove that f € W1m. The mapping f is bounded and hence its components
are in L". Since the mapping f is smooth outside the Cantor set E of Hausdorff dimension
zero, according to the characterization of the Sobolev space by absolute continuity on lines,
[33, Section 4.9.2], it suffices to show that the classical derivative of f defined outside of E
(and hence a.e. in S™) belongs to L™(S"). We have

it = [ pgr= [ pred [ DAl
Nig Sn\E Sn\W1 k—1 Wk\Wk+1

< [ o [ s
Sm\W ; Wi

Since f(z) =z in S™ \ Wi, we do not have to worry about the first term on the right hand
side and it remains to estimate the infinite sum.

Note that f = 'y;i““ in B (pi,..iy, 0k) s0 (5.4.1) yields

/ il = [ Dy < 47
B" (piy...ij, Ok B" (piy .1y, Ok)
Hence

/ IDfl*= ) / IDfi|" <28 47k <27
Wi B" (piy...ij, Ok)

il...ikeijk

SO
DY ILVTEED SERLEES
k=1 "Wk k=1

This completes the proof that f € Whn,

Remark 5.4.2. Replacing the estimate in (5.4.1) by 47" one can easily modify the con-

struction so that the mapping f will have an arbitrarily small Sobolev norm W*'m,

It remains to prove that f is continuous. We will need
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Lemma 5.4.3. f(B" (pi,.i,,0x)) is contained in the

o= 27" L diam O, 4,

neighborhood of C;

Tewlpg—1°

Proof. If x € En(pilm,;k, dr) N E, then = = ¢ for some i € J°° with the first k£ binary digits

equal i1,...,4 i.e., i =14y...7;... Hence

f(x) = fle) = ¢ = ciyip... € Ciyiy -

If 2 € B"(ps, i, 0k) \ E, then there is s > k such that

T e En(pil...ikik+1...isa 0s) \ Wyp1 C Wi\ Wepq

for some binary numbers ig, 1, ..., .

Since f = f; in Wy \ Wiyq and fs = ygi‘“is in B"(pi, ., 0) we conclude that f(z) =

(@),

s

It remains to show that the image of ygll is contained in the r; neighborhood of C;, ,, .

By Lemma 5.2.1, J;,. ;. is in the 27573 4 diam C;, ,;__, neighborhood of C;, ;... Also

i1...05

the image of 5" is contained in the 27° neighborhood of J;

so the image of 5! is

1.00s

contained in the

275 L diam Cy, ;. ,

neighborhood of C, ;. ,. Since Cj, ;. , C C; and

1oll—1

2_s+4 + diam Cilmis—l S 2_k+4 + diam Cz

Teell—1

the lemma follows. O

61



Now we are ready to complete the proof of continuity of f. Clearly, f is continuous on
S™\ E so it remains to prove its continuity on the Cantor set E. Let ¢; € E, i = iyiy... € J®.
Since f(e;) = ¢ we need to show that for any € > 0 there is § > 0 such that if |z — e < 6,
then |f(z) —a] <e.

Let € > 0 be given. Let k be so large that

27k 1 9 diam C <e

1o lk—1

and let § > 0 be so small that

B"(ei,0) C B"(Piy...ix Ok)-

If |lt—e| < 0, thenz € En(pilmik, dx) so by Lemma 5.4.3, f(x) belongs to the 7 neighborhood

of the set C; Since ¢ € C;, i, _,, the distance |f(z) — ¢ is less than

Teellg—1"

ri + diam C; =27k 4 2 diam C; <e.

1el—1 1el—1

The proof is complete. O

5.5 UNCOUNTABLE INEQUIVALENT EMBEDDINGS

We say that two embeddings f, ¢ : S* — R"™! are equivalent if there is a homeomorphism
h : R™t — R™! such that h(f(S™)) = g(S™). In this section, we will prove that there are

uncountably many inequivalent embeddings as in Theorem 5.1.1 in R3.

Theorem 5.5.1. There are uncountably many embeddings f : S* — R3 of class W2 (S?,R3)

which are not equivalent.
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The theorem can be generalized to higher dimensions, but we consider the case n = 2 only
because our proof is based on a result of Sher [113] about Cantor sets in R3. Generalization of
Theorem 5.5.1 to n > 3 would require a generalization of Sher’s result to higher dimensions.
Since this would be a work of purely technical nature with predicted answer, we do not find
it particularly interesting.

Antoine’s necklace A is a Cantor set that is constructed iteratively as follows: Inside a
solid torus Ag in R? (iteration 0) we construct a chain A; (iteration 1) of linked solid tori so
that the chain cannot be contracted to a point inside the torus Ay. A; is a subset of R?, the
union of the linked tori. Iteration n + 1 is obtained from the iteration n by constructing a
chain of tori inside each of the tori of A, (i.e. inside each of the connected components of
A,). Again A, is a subset of R? — the union of all tori in this step of construction. We
also assume that the maximum of the diameters of tori in iteration n converges to zero as n
approaches to infinity. Antoine’s necklace is the intersection A = ()~ A,. For more details
we refer to [113].

Antoine’s necklace has the following properties:

e R3\ A is not simply connected.

e For any r € A and any r > 0, AN B3(x,r) contains Antoine’s necklace.

The first property is well known [99, Chapter 18] while the second one is quite obvious:
B3(z,r) contains one of the tori T' of one of the iterations (actually infinitely many of such
tori) and 7'M A is also Antoine’s necklace because of the iterative nature of the procedure.

We also need the following observation.

Lemma 5.5.2. Let A be Antoine’s necklace and let M be a smooth 2-dimensional surface

in R3. Then AN M is contained in the closure of A\ M, ANM C A\ M.

Proof. Suppose to the contrary that for some x € AN M, and some r > 0 we have B3(z,r) N
(A\ M) = (. By taking r > 0 sufficiently small we can assume that B*(z,r) N M is
diffeomorphic to a disc. More precisely, there is a diffeomorphism ® of R*® which maps
B3(x,7) N M onto the ball B*(0,2) in the xy-coordinate plane. Note that by the second
property listed above B?(z,7) N A contains Antoine’s necklace denoted by A. Since AN (A\
M) = () we have A C B?(z, )N M so ®(A) € B2(0,2) and (B(0,2) x R)\ ®(A) is not simply
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connected. By [99, Theorem 13.7 p.93] there is a homeomorphism % of the ball B?(0,2) onto
itself in such that (13(121) is mapped onto the standard ternary Cantor set € on the z-axis. This
homeomorphism can be trivially extended to a homeomorphism of B?(0,2) x R by letting
H(z,y,2) = (h(z,y), z). Clearly the complement of H(®(A)) in B*(0,2) x R is not simply

connected. On the other hand since H(®(A)) = €, the complement of this set is simply

connected in B?(0,2) x R which is a contradiction. O

The key argument in our proof is the following result of Sher [113, Corollary 1] that we

state as a lemma.

Lemma 5.5.3. There is an uncountable family of Antoine’s necklaces {A;}ier such that
for any i, € I, i # j there is no homeomorphism h : R3 — R3 with the property that
h(A;) = A;.

For each of the sets A;, let f; : S* — R3 be an embedding as in Theorem 5.1.1 with the
property that A; C f;(S?) and f;(S?) \ A; is a smooth surface (but not closed). It remains to
prove that for ¢ # j there is no homeomorphism h : R* — R?® such that h(f;(S?)) = f;(S?).
Suppose to the contrary that such a homeomorphism h exists. We will show that h(A4;) = A;
which is a contradiction with Lemma 5.5.3.

Clearly,
h(A;) = (h(Ai) VA;) U (A(A:) N (f5(S7) \ Ay)).

Since f;(S?) \ A4; is a smooth surface, Lemma 5.5.2 yields

h(A:) OV (£3(S*)\ Aj) € h(A) \ (f5(8%) \ A7) = h(Ay) N A; C 4;

so h(A;) N (f;(S*)\ 4;) = 0 and hence h(A;) C A;. Applying the same argument to A~ we
obtain that h™'(A;) C A; so A; C h(A;) and hence h(A;) = A;. The proof is complete. O
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6.0 SEMILINEAR EVOLUTION EQUATIONS IN THE HEISENBERG
GROUP

Since 1980s, the theory of viscosity solutions for nonlinear partial differential equations has
been developed and applied to a wide range of fields. It provides existence and uniqueness of
weak solutions to a very general class of fully nonlinear equations in the space of continuous
functions [27, 80]. We refer to the book by Koike [80] and the notes by Manfredi [95] for a
brief review of the classical theory of viscosity solutions.

A recent trend is to extend the viscosity solution theory to metric measure spaces. Sub-
Riemannian spaces play a central role in analysis on metric measure spaces and apply to
a wide range of fields including robotic control and image reconstruction. The Heisenberg
group H, which is known as the simplest example of sub-Riemmanian manifolds provides
a good setting for the generalization of the viscosity solution theory. We will give a brief
introduction of Heisenberg group in the first section.

This chapter is concerned with the uniqueness and the Lipschitz and convexity preserving

properties for viscous Hamilton-Jacobi equations on the Heisenberg group H:

{ up — tr(A(VHu)*) + f(p, Viu) = 0 in H x (0, 00), (6.0.1)
u(+,0) = ug in H, (6.0.2)

where A is a given 2 x 2 symmetric positive-semidefinite matrix and the function f : HxR? —
R satisfies certain assumptions to be made explicit later. Here V yu, (V%u)* are respectively
the horizontal gradient and the horizontal symmetrized Hessian of the unknown function u

in space, and u is a given locally uniformly continuous function in H.
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Many of our results in this work also hold for more general fully nonlinear degenerate

parabolic equations of the type
u+ F (p, Viu, (VHu)*) =0 in H x (0, 00) (6.0.3)

under proper regularity assumptions on F. We however focus on (6.0.1) for simplicity of
exposition.

We first show uniqueness of viscosity solutions to the equations with exponential growth
at infinity and then turn to investigate the Lipschitz and convexity preserving of the unique
viscosity solution. It turns out that in general, such properties cannot be expected to hold
in the Heisenberg group. Some restrictions on the class of solutions prove to be necessary.
Thus, we pose several appropriate conditions and prove that the Lipschitz continuity and
horizontal convexity property of the solutions is preserved under these assumptions. On the
other hand, there are also many affirmative examples of Lipschitz and convexity preserving

in the Heisenberg group.

6.1 THE HEISENBERG GROUP H

6.1.1 Definitions and basic properties

The Heisenberg group H is the space R?® endowed with the non-commutative group multi-

plication

1
(Tps Yp, 2p) * (Tq5 Y Zq) = (xp + Zg, Yp + Ygs 2p T 2g + §(xpyq - qup)) 5

for all p = (xp, yp, 2p) and g = (4, yq, 2,) in H. Note that the group inverse of p = (x4, ¥y, 24)
is p~t = (=4, —yy, —2,). The Kordnyi gauge is given by

Iple = (9% + p3)? + 16p3) "4,

and the left-invariant Kordnyi or gauge metric is

1

dr(p,q) = Ip™" - qle
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The Lie Algebra of H is generated by the left-invariant vector fields

o yo
X =5 25y
0 z 0
X, = r9
2 8y+282’
0
Xy = 2.
2T 02

One may easily verify the commuting relation X3 = [X7, Xo] = X1 X5 — X5 X;.

The horizontal gradient of u is given by
Viu = (Xju, Xou)
and the symmetrized second horizontal Hessian (V4u)* € S?*? is given by

X12U (X1X2U+X2X1U)/2

(Viu)" =
2
(X1 X5u + XoXqu)/2 X2u

Here S™*™ denotes the set of all n X n symmetric matrices.

We denote by Hj the set of horizontal vectors of the form (hq, hs,0), or equivalently
left-invariant vector fields of the form hyX; + hyX5. The horizontal subspace at a point p
is the two dimensional space spanned by X;(p) and X,(p) and it can be identified with the
left translation of Hy by p, that is,

p - Ho = Linear — span{X;(p), X>(p)}.

A piecewise smooth curve s — y(s) € H is called horizontal if its tangent vector v'(s) is
in the linear span of {X;(7(s)), Xa(v(s))} for every s such that +/(s) exists; in other words,
there exist a(s), b(s) € R satisfying

7'(s) = a(s) X1 (7(s)) + b(s) X2(7(s))
whenever +/(s) exists. We denote

I/(s)]l = (aX(s) + b3(s)) .
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Given p, q € H, denote
['(p, q) = {horizontal curves v(s) (s € [0, 1]): v(0) = p and (1) = ¢}.

Chow’s theorem states that T'(p,q) # 0; see, for example, [13]. The Carnot-Carathéodory
metric is then defined to be

1
doc(pq) = inf / I/(s)]] ds.
0

v€l(p,q)

We next give the Taylor expansion of a smooth function u : H — R. By the fact that

Ip|2 ~ x? + y* + |z|, we obtain the horizontal Taylor expansion at point py = (o, ¥o, 20):

u(p) = u(po) + (Vu(po), o' - ) + %<(v§,u(p0>>*h, h)y 4+ o(lpyt - pl?), (6.1.1)

where Vu(py) is the full gradient of u at py and the vector h is a horizontal projection of the

vector pal - p.

6.1.2 Metrics on H

Besides the left-invariant Kordnyi metric d; and Carnot-Carathéodory metric doe, the func-
tion dr(p,q) = |p-q~'|g for any p, ¢ € H defines another metric on H, which is right invariant;
in fact, dr(p,q) = dr(p~*, ¢ ') for any p,q € H.

It is known that dj, is bi-Lipschitz equivalent to the Carnot-Carathéodory metric doe
21, 95]. The metrics dy, and dg are not bi-Lipschitz equivalent, which is indicated in the

example below.

Example 6.1.1. One may choose
p=(1—-¢14¢¢), qg=(1,1,0)

with ¢ > 0 small, then by direct calculation, we have dz(p,q)* = |p~' - q| = 4¢* and
dr(p,q)* = |p- ¢ '} = 4e* + 64¢?, which indicates that one cannot expect the existence of
a constant C' > 0 such that dg(p,q) < Cdr(p,q) for all p,q € H. A variant of this example

shows that the reverse inequality also fails in general.
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Although the metrics above are not bi-Lipschitz equivalent, it turns out that one is locally

Holder continuous in relative to the other.

Proposition 6.1.2. For any p > 0, there exists C, > 0 such that

di(p,q) < Cydr(p,q)® (6.1.2)

and

D=

dr(p,q) < Cpdr(p,q) (6.1.3)

for any p,q € H with |p], |q] < p.

Proof. We only show (6.1.2). The proof of (6.1.3) is similar. Set p = (xp,yp, 2,) and ¢ =
(g, Yqs 7). It is then clear that we only need to show that there exists some C' > 0 depending

only on p such that

1 1

Zp = Zg + éxpyq - §qup

el

1 1 2
<C ((’xp - qu + |y — ?/q|2)2 + 16 (zp Bz §xpyq + 5%3/10) )

for all p,q € H with |p|, |¢] < p.
Let 0 = ((|zp — x4* + |yp — yol*)? + 16]2, — 24 — 33y, + %qup|2)% < 1. Then it is clear

that
1 2
Zp = Zq t éxp?/q - §$qyp < 1 + [TpYg — Tyl
52
= T + |(xp —Tq)Yq — xq(?Jp - yq)| .
It follows that
02 2 2\3 (.2 2\%
2p = Zg t+ §xpyq - §qup < 1 + (|7 — 24|" + yp — Y4l )2(% + yq)2'

Noticing that xg + yg < p?, we then have

1 1 52 9 g1 02 )
Zp_zq+§xpyq_§$qyp SZ—{_p(|x10_l’ll| +|yp_yQ| )2 SZ"'pé: Z+p 0.
We conclude the proof by choosing C'=1/4 + p. O
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6.1.3 Lipschitz continuity

We discuss Lipschitz continuity with respect to d;, and dp.

It is easily seen that the function f, : H — R given by fy(p) = |p|¢ is a Lipschitz function
with respect to dy, and dg, due to the triangle inequality. But there exist functions that are
Lipschitz with respect to one of the metrics but not with respect to the other. An example,

following Example 6.1.1, is as below.

Example 6.1.3. Fix ¢ = (1,1,0) € H as in Example 6.1.1. Let f, : H — R defined by
f4(p) = dr(p, q) for every p € H, which satisfies

| fa(p) = (@) = ldr(p,q) — dr(p', )| < dr(p,p’)

for all p,p’ € H. But there is no constant L > 0 such that

fo(p) = f4(p) < Ldr(p,p)

for all p,p’ € H, for otherwise we may take p = (1 —¢,1+4¢,¢) and p’ = ¢, and get

dr(p,p") < Ld(p, D),

which is not true when € > 0 small, as explained in Example 6.1.1. However, by Proposition

6.1.2, the function f, is still locally 1/2-Ho6lder continuous with respect to d.

On the other hand, not all functions that are (locally) Lipschitz with respect to dj, or
dr are (locally) Lipschitz with respect to the Euclidean metric. The simplest example is the
function f(p) = |p|g for p € H.

We conclude this section by showing the equivalence of Lipschitz continuity with respect
to both metrics for functions with symmetry. We include in our discussions two different

types of evenness.

Definition 6.1.4 (Even functions). We say a function f : HH — R is even (or symmetric
about the origin) if f(p) = f(p~!) for all p € H. We say f is vertically even (or symmetric
about the horizontal coordinate plane) if f(p) = f(p) for all p € H, where

p=(z,y,—z) for any p = (z,y,2) € H. (6.1.4)
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Since |p-q¢ g =1p' qlg = |p')! ¢ Y¢ for any p,q € H, the following result is
obvious.

Proposition 6.1.5 (Equivalence of Lipschitz continuities). Let f : H — R be a function
that is either even or vertically even in H. Then f is Lipschitz continuous with respect to dy,

if and only if f is Lipschitz continuous with respect to dg.

6.1.4 Horizontal convexity
For any point p € H, we denote the line segment joining p-h~' and p-h by [p-h™t, p- hl,
which is always a line segment contained in the horizontal subspace p - Hj.

Definition 6.1.6 ([91, Definition 4.1]). Let © be an open set in H and u : £ — R be an
upper semicontinuous function. The function w is said to be horizontally convex or h-convex

in , if for every p € H and h € Hy such that [p-h=%, p- h] C Q, we have

u(p- k™) +ulp-h) > 2u(p). (6.1.5)

One may also define convexity of a function through its second derivatives in the viscosity

sense.

Definition 6.1.7. Let €2 be an open set in H and u : 2 — R be an upper semicontinuous

function. The function w is said to be v-convex in €2 if

(Viu)*(p) >0 forallpeH (6.1.6)

in the viscosity sense.

It is clear that u € C?(Q) is v-convex if it satisfies (6.1.6) everywhere in Q. It is known
that the h-convexity and v-convexity are equivalent [91]. The following example shows that

h-convexity is very different from convexity in the Fuclidean sense.
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Example 6.1.8. Let
f(z,y, 2) = 2*y* + 222 (6.1.7)

for all (z,y,2) € H. It is not difficult to verify that f is h-convex. Indeed, for any p =
(x,y,z) € H and h = (hy, hy,0) € Hp, we have

flo-h)+ flp-h™")
= 207y + 42% + 32°h3 + 3y*h3 + 2hIh5 + 6zyhihy

> 2f(p) + 3(xhy + yhi)? + 20302 > 2f(p).

The function f is an example of (globally) h-convex functions in H that is not convex in R3.

6.2 REVIEW OF VISCOSITY SOLUTIONS

6.2.1 Viscosity solutions in R"

In this section, we review the viscosity solution theory for the general second-order fully

nonlinear equations arising in various fields:

F(z,u(z), Vu(z), V?u(r)) = 0, (6.2.1)
where = = (x1,29,...,2,) € R" are independent variables, u : R® — R is the unknown
function, and Vu = (uy,, Ug,, - - - , Uz, ) and V?u respectively denote the gradient and Hessian

of u with respect to x. Here F' is a continuous function defined on R™ x R x R™ x S™*™,
where S™*" stands for the set of all symmetric n X n matrices.

We are particularly interested in the class of equations with the following assumptions:

(1) (Ellipticity) F(x,r,p, X) is decreasing in X, i.e.,

F(z,r,p,X) < F(x,r,p,Y) for all X,Y € ™" such that X > Y.

(2) (Monotonicity) F(x,r,p, X) is increasing in r.
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Regarding the notation X > Y, we recall that there is a natural partial ordering in S™*";
indeed, X > Y means that X —Y is positive semi-definite. We call F' is proper if the above
two conditions are satisfied.

The viscosity approach is particularly useful when F' is not in the divergence form, i.e.,
the structure of F' does not allow integration. We provide the definition of viscosity solutions

of (6.2.1) in a bounded domain 2 C R".

Definition 6.2.1. We say u € C(Q) is a viscosity subsolution (resp., supersolution) of (6.2.1)
in Q if for any test function ¢ € C?(Q) and zy € Q such that u — ¢ attains a maximum

(resp., minimum) over §2 at o, we have

F(z0, u(x0), Vo(x0), VE(10)) <0 (resp., F(xg,u(xo), Vo (ao), Vih(0)) > 0.)

We call u is a wiscosity solution if it is both a viscosity subsolution and a viscosity superso-

lution.

Remark 6.2.2. Tt is possible to give equivalent definitions by replacing the maximum /min-
imum in the definition above with “strict (unique) maximum/minimum” or “local maxi-
mum/minimum”.

Remark 6.2.3. We usually take C! test functions if F' is a first order operator. In fact,
one may choose to use smooth (C*) functions as tests in Definition 6.2.1 and get another

equivalent definition [38, Proposition 2.2.3].

Remark 6.2.4. It is also possible to define subsolutions for the space of all upper semicon-
tinuous functions on €, denoted by USC(). Similarly, the lower semicontinuous function

space (LSC(£2)) can be used to define supersolutions.

We may think of the test for subsolutions in Definition 6.2.1 in a more geometric way by
considering that ¢ touches u from above at xy. If u is a viscosity subsolution or supersolu-
tion, we essentially require the derivatives of the test function ¢ to fulfill the corresponding
inequality. The next result indicates that viscosity solutions are weak solutions which agree

with classical solutions if their regularity is adequate.

Proposition 6.2.5. Assume that F is proper. Then u is a classical solution of (6.2.1) in Q

if and only if u is a viscosity solution and u € C?(Q).
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There are various approaches to the existence theorem of viscosity solutions to a certain

equation. We list several well-known methods.

1. Vanishing viscosity method: We may add an artificial viscosity in the equation to get a
smoother solution and pass to the limit as the viscosity approaches 0.

2. Optimal control /differential game: We set up an optimal control or game problem, whose
value function represents or approximates the viscosity solution.

3. Perron’s method: The supremum of all subsolutions or the infimum of all supersolutions

with boundary data constraint gives a viscosity solution.

The vanishing viscosity method is one of the classical methods to find solutions to fully
nonlinear equations. One may refer to the early work [26] for more details. Perron’s method
is also classical but was first adopted in the theory of viscosity solutions by Ishii [65].

In general, proving the uniqueness is usually harder than proving the existence and
stability in the study of the viscosity solutions. Thus, the comparison principle is the main
issue of the viscosity solutions. In order to state the comparison principle, we introduce the

following equivalent definitions of viscosity solutions.

Definition 6.2.6. A pair (7, X), where n € R™ and X is an n X n symmetric matrix,
belongs to the second order superjet (resp., subjet) of an upper semicontinuous (resp., lower

semicontinuous) function u at point xg if
1
u(@o + h) < wlwo) + (n, h) + S (X - by h) + o|h]?)

1
(resp.,u(xo + h) > u(xo) + (n, h) + §(X - h, h) +o(|h?))
as h — 0. The collection of all of these pairs, is denoted by J*Tu(xq) (resp., J> u(xy)).

We also introduce a sort of closure of jets 72’iu(xo) as the collection of (7, X) € R" x S™

such that there exists a sequence zj € 2 and a sequence (ny,, X3.) € J>*u(zy) satisfying

(ajlﬁ u(xk)a Nk Xk) — (%0, u($0)> m, X)

as k — 0.

Proposition 6.2.7. For u : Q) — R, the following conditions are equivalent:
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(1) u is a viscosity subsolution (resp., supersolution)of (6.2.1).

(2) For x € Q and (n, X) € J>Tu(z) (resp., J> u(x)), we have F(x,u(x),n, X) <0 (resp.,
>0).

(3) For x € Q and (n,X) € 72’+u(;v) (resp., 72’_u(a:)), we have F(z,u(z),n, X) <0 (resp.,
>0).
We next state the maximum principle for semicontinuous functions, which is essential

for the proof of uniqueness of the viscosity solutions.

Theorem 6.2.8 (Crandall-Ishii-Jensen-Lions). Let 2 be a bounded domain in R™. Let the
function u be upper semicontinuous and v be lower semicontinuous in . Suppose that for
x € 052 we have

limsup u(y) < liminf v(y)

y—z y—z

where both sides are not oo or —oo simultaneously. If u — v has an interior local mazimum

sup(u —v) >0
Q

then we have: For 7 > 0, we can find points p,,q. € £ such that
(1)

lim T¢(p7 - QT) =0,

T—r00

where ¢(p) = |p|?,
(2) there exists a point p € Q such that p, — p and

Sgp(u —v) =u(p) —v(p) >0,

(3) there exist n X n symmetric matrices X,,Y; and vectors n, so that

—2.+
(777'>X‘r) €J (u,pT),

and
(?77'7 YT) E ‘_]2,+(u7 QT)a
(4) X, <Y,

As a corollary, we give the comparison principle for the viscosity solutions of (6.2.1).
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Corollary 6.2.9. Let Q) be a bounded domain in R™ and F in (6.2.1) be proper and Lipschitz.
Let the function u be a subsolution of (6.2.1) and v be a supersolution of (6.2.1) in 2. Suppose
that for x € 02 we have

limsup u(y) < liminf v(y)

y—x y—x

where both sides are not oo or —oo simultaneously. Then we have u(zx) < v(x) for z € Q.

6.2.2 Viscosity solutions in H

We also define the viscosity solutions in H via semijets.

Definition 6.2.10. A pair (n, X), where n € R?® and X is an 2 x 2 symmetric matrix,
belongs to the second order superjet (resp., subjet) of an upper semicontinuous (resp., lower

semicontinuous) function u at point py if
_ 1 _
u(p) < ulpo) + (n.po" - p) + 5 (X b h) +ollpg” - pl)

1 _
(resp., u(po - h) = u(po) + (n, 1) + S (X - b 1) + ollpg™ - pI)
as |py* - p| — 0, where h is the horizontal projection of py* - p. The collection of all of these

pairs, is denoted by J%Tu(pg) (resp., J> u(pog)).

As in the case of Euclidean spaces, we can also define the closure of jets 72’iu(p0) in a
similar way. Consider a continuous function F(p,u,n, X) : H x R x R? x S(R?) — R. We

will assume that F' is proper, that is, F' is increasing in u and decreasing in X.

Definition 6.2.11. A lower semicontinuous (resp., upper semicontinuous) function u is a

viscosity supersolution of the equation

F(p,u(p), Vu(p), (Vu(p))*) =0 (6.2.2)

if whenever (n, X) € J> u(py) (resp., (n,X) € J>Tu(py)) we have

F(povu(po)aan) > 0 (resp., F(poﬁu(p0)7n7X) < 0)

Equivalently, if ¢ touches u from below (resp., above) at pg, is C? in X1, Xy and C' in X3,

then we must have
F(po, u(po), Vo(po), (V2h(pe))*) = 0 (resp., F(po, u(po), Vo(po), (Ve (po))*) < 0).
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By the continuity of F, J>*u(py) in the above definition can be replaced by 72’iu(p0).
A viscosity solution is defined as being both a viscosity subsolution and a viscosity superso-
lution.

The following maximum principle is proved by Bieske [16].

Theorem 6.2.12. Let 2 be a bounded domain in H. Let the function u be upper semicon-

tinuous and v be lower semicontinuous in 2. Suppose that for x € 02 we have

limsup u(y) < liminf v(y)

y—T y—w

where both sides are not oo or —oo simultaneously. If u — v has an interior local mazimum

sup(u —v) > 0
Q

then we have: For T > 0, we can find points p.,q, € 2 such that

(1)

lim 7¢(p, - ¢;) =0,
T—00

where ¢(p) = 2* + y* + 22,
(2) there exists a point p € Q such that p, — p and

Sgp(u —v) =u(p) —v(p) >0,

(3) there exist 2 X 2 symmetric matrices X,,Y, and vectors n, € R® so that

—2,
(e, X,) €T (u, pr),

and

—2.+
n:Y:) e J (u,qr),

(4) X. <Y, +o0(1) as T — oco. This condition means if £ € R?, we have

<X‘r€7€> - <Y:F§7€> < CL(T)|£|2,

where a(T) — 0 as T — oo.

Similarly, we give the comparison principle for the viscosity solutions of (6.2.2) in H.
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Corollary 6.2.13. Let 2 be a bounded domain in H and F in (6.2.2) be proper and Lipschitz.
Let the function u be a subsolution of (6.2.2) and v be a supersolution of (6.2.2) in ). Suppose
that for x € 02 we have

limsup u(y) < liminf v(y)

y—x y—x

where both sides are not oo or —oo simultaneously. Then we have u(z) < v(x) for z € Q.

6.3 UNIQUENESS OF UNBOUNDED SOLUTIONS

Uniqueness of viscosity solutions of various nonlinear equations in the Heisenberg group is
studied in [16, 17, 95, 98] etc. But most of these results are either for a bounded domain
or for bounded solutions. It is less understood when the domain and solution are both
unbounded in the Heisenberg group. To the best of our knowledge, the only known result on
uniqueness for time-dependent equations in this case is due to Haller Martin [53], where a
comparison principle is established for a class of nonlinear parabolic equations including the
horizontal Gauss curvature flow of graphs in the Carnot group. The comparison principle in
[53] is for solutions with polynomial growth at infinity while ours is for exponential growth,
but our assumptions on the structure of the equations are stronger.

In this section, motivated by a Euclidean argument in [11], we present a proof of a
comparison principle for (6.0.1) with exponential growth at space infinity. Our result and
proof are different from those of [53].

We need the following Lipschitz continuity of f.

(A1) There exists Ly > 0 such that

|f(pyw1) = f(pywa)| < Lifwy — wy (6.3.1)

for all p € H and w;, w, € R2.
(A2) There exists Ly(p) > 0 depending on p > 0 such that

|f(p,w) — flgw)] < La(p)lp- ¢ e (6.3.2)

for all p,q € H with |p], |¢| < p and all w € R

78



Here | - |¢ denotes the Koranyi gauge in H, i.e.,
1
ple = (x5 +y5)* +162;)*

for all p = (xp,yp, 2p) € H. Note that (A2) is not the usual local Lipschitz continuity in
H, since the distance between p,q € H defined by dr(p,q) = |p- ¢ '|¢ is invariant only
under right translations and therefore not equivalent to the usual gauge metric give by
dr(p,q) = |p~' - q|¢ or the Carnot-Carathéodory metric.

Our comparison principle is as below.

Theorem 6.3.1 (Comparison principle for unbounded solutions). Assume that the Lips-
chitz conditions (A1) and (A2) hold. Let u and v be respectively an upper semicontinuous
subsolution and a lower semicontinuous supersolution of (6.0.1). Assume that for any fized

T > 0, there exist k > 0 and Cp > 0 depending on T such that
u(p,t) —v(p,t) < Cpet® (6.3.3)
for all (p,t) € H x [0, T], where
() = (1+2* +1y* +1622)7  forallp=(z,y,2) € H. (6.3.4)

If u(p,0) < wv(p,0) for all p € H, then u < v in H x [0, 00).

Proof of Theorem 6.3.1. We aim to show that v < v in H x [0,T") for any fixed 7" > 0. By
the growth assumption, there exist £ > 0 and Cp > 0 satisfying condition (6.3.3). Take an

arbitrary constant § > min{k, 1} and then o > 0 to be determined later. Set
glp,t) = e 0w (6.3.5)

for (p,t) € H x [0, 00). Recall that (p) is a function of p € H given in (6.3.4). If p = (z,y, 2),

we have by direct calculations

3 _ 4 3 4
i Y+ 2wz ) (6.3.6)

(142t +y* +1622)3 (1421 + y' 4 1622)3

Vu(p) = (
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which implies that there exists p > 0 such that

Vug(p,t)| < Bug(p,t) (6.3.7)

for all (p,t) € H x [0, 00).
We assume by contradiction that u(p,t) — v(p,t) takes a positive value at some (p,t) €

H x (0,00). Then there exists o € (0,1) such that

u(p.1) = v(p.) — 209(p.1) = 5

attains a positive maximum at (p, f) € H x [0,7T). For all ¢ > 0 small, consider the function

t—s)? o
(ID(p,q,t,s) :U(p,t) _U(Q7S>_U‘Ij€(p7Q7t75)_ ( € ) B T—t

with
U.(p,q,t,5) = pe(p,q) + K(p,q,t,s),
1 p-qg |
©:(p,q) = ng(]% q)! = % K(p,q,t,s) =g(p,t) + g(q, s).

Then ® attains a positive maximum at some (p., ¢., t., s.) € H? x [0, T)?. In particular,

D(pe, e, e, 52) > O(p, P, 1, 1),

which implies that

114 2

Pe-q te— s .

| € € | + ( € 5) Su(sz;tg) _ /U(q67 SE) — Ug<p€7t€) - Ug(st SE) —
. . T —t.

= (4.0~ 06p.d) — 200008 - 7).

T—+1

Since, due to (6.3.3), the terms u(p.,t.) — v(ge, t-) — 0g(pe, t-) — 0g(g-, se) are bounded from

above uniformly in e, we have

dr(peyq:) > 0and t. —s. -0 ase — 0. (6.3.9)
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We notice that p.,q. are bounded, since otherwise the right hand side of (6.3.8) will tend
to —oo. Therefore, by taking a subsequence, still indexed by &, we have p.,q. — p € H and

te,s. —t €[0,T). It follows that

. o
lim sup u<psat€) - U(Qsa 55) - Jg(peats) - UQ(Q€7 Ss) -
e—0 T—ts
_ — — o
< u(p,t) —v(p,t) —2 D, t) — =
< u(p,t) —o(p,1) — 209(p,1) - -,

which yields

©e(peyqc) >0 ase — 0.

Also, it is easily seen that ¢ > 0 and therefore t.,s. > 0 thanks to the condition that
u(-,0) <wv(-,0) in H.

In order to apply the Crandall-Ishii lemma (cf. [27]) in our current case, let us recall the
definition of semijets adapted to the Heisenberg group: for any (p,t) € H x (0,00) and any

locally bounded upper semicontinuous function u in H x (0, c0),
Pau(p,t) = {(7’, ¢, X) € R xR® x S22 :u(q,s) <u(p,t) +7(s —t)
—1 1 -1 2
where h denotes the horizontal projection of p~! - ¢. Similarly, we may define
P u(p,t) = {(7‘, ¢, X)€R xR? x S :u(q,s) > u(p,t) +1(s —t)

HE b S+ ol )

for any locally bounded lower semicontinuous function u. Also, the closure Fifr is the set of
triples (7,(, X) € R x R? x $2*? that satisfy the following: there exist (p;,t;) € H x [0, 00)
and (75, (5, X;) € P (p;,t;) such that

(pjatjvu(pjatj)vTjaCj?Xj) - (p7t7u(p7t)77—7C7X) as j — O0.

The closure set ﬁi}_ of P5~ can be similarly defined. We refer to [17] for more details.
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We now apply the adaptation of the Crandall-Ishii lemma to the Heisenberg group [95, 17]
and get for any A\ € (0,1)

—2 —2—
(ahClaX) S PH+u(p87t€) and (a27<:27Y) S PH U(qé‘asa)

such that
o

T (6.3.10)

ar — az = a0 K (pe, Ge, te, 5¢) +
(Xw,w) — (Yw,w) < {(eM + Mo*M?*)w,. ® w,_, w,. O w,.), (6.3.11)

and the horizontal projections of (;,(, € R3 can be written respectively as £ +n; and & + 1
(in R?) with
§= v};{@e(pa, %) = —V?{s%(pg, Q6)7

m = BUng(peats)a e = —5UVH9(C]57 Ss)-

Here w = (wy, ws) € R? is arbitrary, M = (V2¥,)*(p., ¢, t., s.) is a 6 x 6 symmetric matrix,

and
1 1
wy, = | wi, we, Ewgche — §w1yp5 (6.3.12)
and
1 1
Wg, = | Wi, Wa, SWaTp, — FW1Y,, (6.3.13)

with p. = (2., Yp., 2p.) and ¢ = (g, Yq., 24, )-

It is easily seen that M = M; + M,, where

M, = VQSOs(pea QE)
and
V2g(pe, ta) 0
0 V29(Qsa 35)

However, the algebraic complexity is quite more challenging in the non-commutative case.

My = V2K(p5, Qz-:) =

Following the calculation in the comparison arguments in [17] (and also [16, 95]), with the

help of a computer algebra system, we get that there exists C' > 0 such that

C 1 1
((My + AMP)wy, ® wy,, wy, & wy,) < ;|w|2(2p5 T %ae T 5TV + éxqsype>2 (6.3.14)
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for any A > 0 small. We next follow the strategy in the Euclidean case from [11]. With the
help of a computer algebra system, we simplify the left hand side of the following inequalities

and obtain a constant Cz > 0 depending only on /3, such that

1
(Ma(wp. ® wq, ), (wp, ®wy,)) < g|w|20,8K(p€’ Qe te, Se), (6.3.15)

<M1M2(wpa @ qu): (wpe S wqa»

< g|w‘ CBK(pmq&tsvse) Rpe T Rge pra?/qs + quayps
and
(M3 (wp, @ wy,), (wy, ©wy.)) < |[w*CsK>(pe, g, te, 52).- (6.3.17)

We remark that the existence of Cs here is essentially due to the boundedness of Vg (p)
and V% (p) in H.

By (6.3.11) and (6.3.14), we may take A > 0 sufficiently small, depending on the size of
e, p,t, and 3, such that

(Xw,w) — (Yw,w)

Co 1 1 ) ) (6.3.18)
S ?‘w‘ (Zpa - qu - §xpey(k + 533(153/205) + 20"'11}‘ CBK(p€7qE7tE7 SE)'
We next apply the definition of viscosity sub- and supersolutions and get
a1 — tr(AX) + f(pe, € +m) <0 (6.3.19)
and
az — tr(AY) + f(¢:, £ +m2) = 0. (6.3.20)
By subtracting (6.3.20) from (6.3.19), we have
ar — az < tr(AX) — tr(AY) + f(ge, € +m2) — f(pe, € +m),
which yields, by (6.3.18) and (A1),
Co 1 1 N
a1 —az < — || Al[(zp. — 24 — §xpsyqs + Exqsyps)Q + La(p)|pe - 42 g
€ (6.3.21)

+ (20C3||Al| 4+ 28puo Ly) K (pe, gz, te, 52)
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with p = |p| + 1 for € > 0 sufficiently small.

Since we have (6.3.9), we now can take € > 0 small to get

C 1

1 _
E(zpe — fge T Expsyqa + §$q5ypa)2 + L2(/)) |p€ 4. 1| <

o
ﬁ.

Taking A > 0 accordingly small and
a > 2Cg[|All + BuLy,

we reach a contradiction to (6.3.10).

[]

An immediate consequence is certainly the uniqueness of solutions with at most expo-

nential growth at space infinity.

Corollary 6.3.2 (Uniqueness of solutions). Assume that (A1) and (A2) hold. Let uy €
C(H). Then there is at most one continuous viscosity solution u of (6.0.1)—(6.0.2) satisfying

the following exponential growth condition at infinity:

(G) For any T > 0, there exists k > 0 and Cr > 0 such that |u(p,t)| < Cre*® for all
(p,t) € H x [0,T].

The existence of viscosity solutions of (6.0.1)—(6.0.2) is not the main topic of this chapter,
but we remark that it is possible to adapt Perron’s method [27] to our current case in the
Heisenberg group, under various extra assumptions on the function f. For example, one may

further assume on (6.0.1) that
(A3) |f(p,&)| < Cp(1+ [€]) for some Cy > 0 and all p € H, ¢ € R%

In this case, it is not difficult to verify by computation that © = Cg(p,t) + Cyt and u =
—Cyg(p,t) — Cft are respectively a supersolution and a subsolution of (6.0.1) for any C' > 0

and > 0 when « > 0 is sufficiently large. Indeed, we have
uy = Cag + Cy,
| tr(A(VE)")| < O|| Al 1,
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and

|f(p, Vuu)| < CCsBug + Cy,

where p is the same constant as in the proof of Theorem 6.3.1. Therefore, by (A3), we get
a; — tr(A(VHE)") + f(p, Vi) > 0

when a > ||A||%1? + C¢Bu. The verification for u is similar.
If there exist C' > 0 and k > 0 such that

—CeMP < yy(p) < CeHP for all p € H, (6.3.22)

then classical arguments [27] show that the supremum over all subsolutions bounded by u
and @ is in fact a unique continuous solution. We state the result below without more details

in its proof.

Corollary 6.3.3. Assume the Lipschitz conditions (A1), (A2) and the growth condition
(A3). Let ug € C(H) satisfy (6.3.22) for some C' > 0 and k > 0. Then there exists a unique
continuous solution u of (6.0.1)—(6.0.2) satisfying the exponential growth condition (G).

6.4 LIPSCHITZ PRESERVING PROPERTIES

In the Euclidean space, Lipschitz continuity preserving of the solutions to some partial
differential equations is a very important property: when the initial value ug is Lipschitz
continuous , the unique solution w(z,t) is Lipschitz continuous in x as well for any ¢ > 0.

In what follows, assuming appropriate growth conditions for the initial value uy and
its derivatives, we sketch a proof of these properties for the unique smooth solution of the
classical heat equation:

u—Au=0 in R" x (0, 00), (6.4.1)

with u(-,0) = u(+) in R™, where Au denotes the usual (Euclidean) Laplacian operator acted

on u.
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By differentiating the equation with respect to the space variables, one may easily see
that each of the components of Vu satisfies the heat equation (6.4.1), which, by the maximum
principle, implies that Vu(-,t) is bounded for any ¢ > 0 if Vug is bounded in R".

We intend to extend these preserving properties to nonlinear equations in the Heisenberg
group H. Notions and properties of Lipschitz continuity and convexity in the Heisenberg
group are available in the literature [30, 91, 70]. Recall that a function u is said to be

Lipschitz continuous in H if there exists L > 0 such that

lu(p) — u(q)| < Ldr(p, q)

for all p,q € H. It is clear that Lipschitz continuity is left invariant.

As observed above, besides necessary applications of a comparison principle, the key in
the straightforward proofs for the FEuclidean case lies at differentiating the equation and
interchanging derivatives. This is however not applicable directly in the Heisenberg group,
since the mixed second derivatives in the Heisenberg group are not commutative in general.
In fact, our counterexamples show that preserving of Lipschitz continuity fail even for very
simple linear equations; see Examples 6.4.1.

On the other hand, there are many examples on Lipschitz preserving in the Heisenberg
group. We have seen from the previous sections that there are some sufficient conditions to
guarantee the equivalence between Lipschitz continuity of a function with respect to both
metrics dy, and dg; see Definition 6.1.4, Proposition 6.1.5 and Proposition 6.5.6.

We thus can obtain the Lipschitz continuity properties by first investigating them with
respect to the right invariant metric dg and then using the additional assumptions to get
the Lipschitz continuity with respect to dj,.

In this section, we strengthen the assumption (A2) on f; we assume

(A2’) the function f(p,§) is globally Lipschitz continuous in p with respect to the metric dg,

i.e., there exists Ly > 0 such that
1f(p,€) = ()] < Lolp- ¢ (6.4.2)

for all p,q € H and £ € R2.
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6.4.1 Right invariant Lipschitz continuity preserving

We first discuss the Lipschitz continuity based on the standard gauge metric d; (or equiv-
alently, the Carnot-Carathéodory metric). It turns out that even the simplest first order

linear equation will not preserve such Lipschitz continuity.

Example 6.4.1. Fix hy = (1,1) € R% Let us consider the equation
Uy — (ho,VHu> =0 inH

with u(p,0) = ug(p) = |p|e for p € H. By direct verification and Corollary 6.3.2, the unique

solution is
u(p,t) = |p- ht|g = dr(p, A1),

where h = (1, 1,0) € Hy. However, it is not Lipschitz continuous with respect to dr. Indeed,

similar to Example 6.1.3, one may choose p; = (—t —¢,—t + ¢,—¢t) and py = tv~! =

(—t,—t,0), which gives
u(pr,t) — u(pa,t) = |p1 - pytle = (4e* + 64<%%)i

but
dr(pr,p2) = [pr" - p2la = V2.

The example above directs us to first consider the Lipschitz continuity with respect to

dgr. The following result is an immediate consequence of Theorem 6.3.1.

Theorem 6.4.2 (Preserving of right invariant Lipschitz continuity). Assume that f : H x
R? — R satisfies the assumptions (A1), (A2’) and (A3). Let u € C(H x [0,00)) be the
unique solution of (6.0.1)—(6.0.2) satisfying the growth condition (G). If there exists L > 0
such that

[uo(p) — uo(q)| < Ldr(p, q) (6.4.3)

for all p,q € H, then

lu(p,t) — u(g,t)] < (L + Lot)dr(p,q) (6.4.4)
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for all p,q € H and t > 0. In particular, there exists C, > 0 depending on p > 0 and t > 0
such that

[up, t) — u(q, )] < Cydr(p,q)2 (6.4.5)

for all p,q € H with |pl,|q| < p. Moreover, when f does not depend on the space variable p,
(6.4.4) holds with Ly = 0.

Proof. By symmetry, we only need to prove that

u(p,t) —u(h™' - p,t) < (L + Lot)|h|a (6.4.6)

for all p,h € H and ¢t > 0. It suffices to show that

v(p,t) =u(h™" - p,t) + (L + Lot)|h|c

is a supersolution of (6.0.1)—(6.0.2) for any h € H. To this end, we recall the left invariance

of horizontal derivatives in the Heisenberg group, which implies that v is a supersolution of

tr(AVZv) + f(h ' - p, Vo) = Lolhlg  in H x (0, 00).

Since

|f(h_1 D, vHU) - f(pa VHU)| < L0|h|G

due to (6.4.2), we easily see that v is a supersolution of (6.0.1). Also, by (6.4.3), we have
u(p,0) < wv(p,0) for all p € H. We conclude the proof of (6.4.6) by applying Theorem 6.3.1.
The Holder continuity (6.4.5) follows from Proposition 6.1.2. O

In view of Proposition 6.1.5, we may use the theorem above to show the preserving
of Lipschitz continuity in the standard gauge metric under the assumption of evenness or

vertical evenness.
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Corollary 6.4.3 (Lipschitz preserving of even solutions). Assume that f : H x R? - R
satisfies the conditions (A1), (A2°) and (A3). Let u € C(H x [0,00)) be the unique solution
of (6.0.1)~(6.0.2) satisfying the growth condition (G). Assume also that u(-,t) is an even or

vertically even function. If there exists L > 0 such that

[uo(p) — uo(q)| < Ldr(p, q) (6.4.7)

for all p,q € H, then
u(p, t) —ulg, t)| < (L + Lot)dr(p, q) (6.4.8)

for all p,q € H and t > 0. In particular, when f does not depend on the space variable p,
then (6.4.8) holds with Ly = 0.

6.4.2 A special class of Hamilton-Jacobi equations

For the case of first order Hamilton-Jacobi equations (A = 0), if in addition we assume that
f:R?* = R is in the form that f(£) = m(|¢|) with m : R — R locally uniformly continuous,
then the Lipschitz preserving property of a bounded solution can be directly shown without

the evenness assumption. More precisely, we study equations in the form of
w +m(|Vyul) =0 in H x (0, 00), (6.4.9)

where m : R — R is a locally uniformly continuous function, with initial condition u(-,0) =
uo(+) bounded Lipschitz continuous with respect to dy, in H. Since the assumption on m is
quite weak, our uniqueness and existence results for unbounded solutions in Section 6.3 do
not apply.

For solutions bounded in space, see [98] for a uniqueness theorem and a Hopf-Lax formula
when the Hamiltonian £ — m(|{]) is assumed to be convex and coercive. For instance, when

m(|¢]) = |€]?/2, the unique solution of (6.4.9) can be expressed as

u(p.t) = inf {%d%c (0, (q_l ' p)) n uo(q)} . (6.4.10)

The Lipschitz preserving property (with respect to dy, or doc) was left as an open question

in [98]; see also [8] for a related open question but for more general Hamiltonians. In contrast
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to the Euclidean case, it is not obvious how to prove the Lipschitz continuity by using the

Hopf-Lax formula (6.4.10). We here give an answer to this question using a PDE approach.

Theorem 6.4.4 (Lipschitz preserving for special Hamilton-Jacobi equations). Suppose that
m : R — R is locally uniformly continuous. Let u be the unique viscosity solution of (6.4.9)
with u(+,0) = ug(+) bounded in H. If ug is Lipchitz with respect to dy, in H, i.e., there exists
L > 0 such that (6.4.7) holds for any p,q € H, then for allt > 0

u(p, 1) —u(g, )| < Ldr(p,q)

for all p,q € H.

Proof. Under the assumptions above, it is known [98] that for any fixed T' > 0, there is a

unique bounded continuous viscosity solution in H x [0,7"). We only need to show that

u(p,t) —u(g,t) < Ldi(p,q)

for all p,q € H and ¢t € [0,T). The other part can be shown by a symmetric argument.
By Young’s inequality applied to (6.4.7), we obtain

Ld(p,q)*  3L63

uo(p) —uo(a) < =5 1 (6.4.11)
for all 6 > 0 and p,q € H. It then suffices to show that
Ld 4 3L4n
ulp 1) — u(g,t) < LA BLOT (6.4.12)

464 4
for all 6 > 0 and p,q € H. To this end, we fix 6 > 0 and prove below that

ur(p,t) = inf {ulq,t) + Cdr(p.q)'}

with C' = L/46* is a supersolution of (6.4.9). Suppose there exist a bounded open set
O CHx (0,T), ¢ € C*O) and (p,t) € O such that

(UL - gb)(ﬁ? 'E) < (UL - ¢)(p7 t)
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for all (p,t) € O. We may also assume that ¢(p,t) — —oo when (p,t) — 9O. Then for any
e > 0 sufficiently small,

(t—s)?

£

D.(p,q,t,s) =u(g,t) + Cdr(p,q)* — d(p, s) +

attains a minimum at (pe, ¢, t.,s.) € H x H x [0,00) x [0,00). A standard argument yields
Pe,q- — pand t., s. — t as e — 0, which, in particular, implies that ¢, s. # 0. The minimum

also implies that

VH¢1(pE) = VH¢(p£a 88) and ¢t(paa 35) = M, (6413)

where ¢1(p) = Cdr(p, ¢-)".
We next apply the definition of supersolutions and get

a+m(|Vgeoa(q)|) >0, (6.4.14)

where

a= weT_SE) and ¢(q) = —Cdr(p,q)".

By (6.4.13), in order to prove that uy, is a supersolution, we only need to substitute V g o2 (qc)
in (6.4.14) with Vgo¢1(p:). By direct calculation, we have

and

V%{dL(p, q)4 = 4( — 51(5% + 5%) — 45253, —52(5% + (Sg) + 45153)

Wlth p = (xpu yp7 Zp)? q = (xébym Zq) and

1 1
01 =Tp — Tg, 02 =Yp —Yq, 03 =2p — 24+ Expyq - équpa

This reveals that V%,.d(p, q)* # —V%di(p,q)* and therefore Vo (p.) # Viada(q.) in gen-
eral; see [36] for more details on this aspect. However, their norms stay the same, i.e.,
\V8dr(p,q)*| = |V%4dL(p,q)*|, which turns out to be a key ingredient in this proof. In fact,

we have

IV di(p, @)Y = [V%dL(p, q)*| = 4dL(p, q)*(62 + 63)2,
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which implies that |V (pe)| = |Vape(g.)| and their boundedness uniformly in €. Hence,
due to (6.4.13), the equation (6.4.14) is now rewritten as

G1(pe, 5e) + m(IVud(ps, s2)]) = 0.

By sending ¢ — 0 and using the continuity of m, we conclude the verification that uy is a
supersolution. It follows that v, = ug, + 3LA3 /4 is also a supersolution of (6.4.9). Thanks
to (6.4.11), we have u(p,0) < vy (p,0), which implies (6.4.12) by Theorem 6.3.1. O

6.5 CONVEXITY PRESERVING PROPERTIES

It is well known that the convexity preserving property holds for a large class of fully nonlinear
equations in the Euclidean space [39]. The definition reads as follows: when the initial value
ug is convex, the unique solution u(zx,t) is convex in x as well for any ¢ > 0. Concerning
convexity in the Heisenberg group, the notion of h-convexity (and equivalently v-convexity)
turns out to be a natural extension of the Euclidean version. However, we cannot expect
such convexity to be preserved in general. In fact, h-convexity is not preserved even for the

first order linear equation.

Ezample 6.5.1 (Linear first order equations). We again consider the linear equation
ur — (ho, Vygu)y =0 in H (6.5.1)

with hg = (1,1) and u(z,y, 2,0) = f(z,y, z) with f defined as in (6.1.7) for all (x,y, z) € H.
Let h = (1,1,0) € Hy. As verified in Example 6.1.8, u(+,0) is h-convex in H. However, the

unique solution

wp,t) = F(p - ht) = (@ + )2y + 1)° + 2 <z + %xt _ %yt) (6.5.2)

is not h-convex for any ¢ > 0. In fact, the symmetrized Hessian is given by

2y +1)*+(y—1)° A +t)(y+t)—(r—t)(y —1)

(VHu)*(p,t) =
Az +t)(y+t)—(z—t)(y —1) 2 + 1) + (x —t)°
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It is therefore easily seen that

s 8t* 16>
(Viu)*(t,t,0,t) =
16>  8t?

which shows that u(-, ) is not h-convex around the point p = (¢,¢,0) € H for any ¢ > 0.

The loss of convexity preserving is due to the non commutativity of the Heisenberg group
product. Although the h-convexity of a function is preserved under left translations, it is not
necessarily preserved under right translations, as indicated in Example 6.5.1. We therefore
consider right invariant h-convexity first and get left invariant h-convexity preserving in some
special cases.

Finally, our study of the convexity preserving property in the Heisenberg group is also
inspired by recent works on horizontal mean curvature flow in sub-Riemannian manifolds
[20, 36]. The mean curvature flow in R™ is known to preserve convexity [62], but it is not
clear if such a property also holds in H in general. Our analysis about convexity is only for
the simpler equation (6.0.1). However, an explicit solution of the mean curvature flow in H

that does preserve convexity can be found in Example 6.6.3; see also [36].

6.5.1 Right invariant h-convexity preserving

Definition 6.5.2 (Right invariant h-convexity). Let 2 be an open set in H and u : Q2 — R be
an upper semicontinuous function. The function u is said to be right invariant horizontally
convex or right h-convex in €, if for every p € H and h € Hjy such that [h=!-p, h-p] C Q,

we have

u(h™ - p) +u(h - p) > 2u(p). (6.5.3)

Following the proof of Theorem 6.3.1, we can show a convexity maximum principle and

get the theorem below.

Theorem 6.5.3 (Preservation of right invariant h-convexity). Suppose that the assumptions
(A1), (A2) and (A3) hold. Letu € C(H x [0,00)) be the unique viscosity solution of (6.0.1)—
(6.0.2) satisfying the growth condition (G). Assume in addition that f is right invariant
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concave in H x R?, i.e.,

PO+ fhepn) <2f (pgl ) (65.4)

for allp € H, h € Hy and &,m € R2. If ug is right invariant h-convez in H, then so is u(-,t)
for allt > 0.

Proof of Theorem 6.5.3. By definition, we aim to show that
u(h™ - p,t) +u(hp,t) = 2u(p,t)

for any p € H,h € Hy,t > 0. We assume by contradiction that there exist (po, ho,to) €
H x Hy x [0, 00) such that

u(hg - po, to) + u(ho - po, to) < 2u(po, to).

Then there exists a positive maximizer (p, h, t) € H x Hy x [0,T) of

g g

2ulp,t) —u(h™'-p.t) —ulh-p,t) — t) — —
u(p,t) = u(h™" - p;t) —u(h-p,t) = 309(p,1) AL T -t

with some constants m > |h|4, T > ¢ and o > 0 small. Here g(p,t) = e®#® with o > 0 to

be determined later and any fixed 5 > k. We next consider

O(p,q,r, h,t,s,7) =2u(r,7) — u(h_l pyt) —u(h-q,8) —o¥V(p,q,rt,s,T1)

o g

—(t,s,7) — AT I
where ) , ,
Gults,7) = (t—gs) N (t_gT> N (S;T) |
Ve(p,q,r,t,8,7) = ¢e(p,q,7) + K(p,q, 7,1, 5,7)
with
brpaur) = o
and

K(p,q,rt,s,7)=g(r,7)+g(p, t) + 9(q, s).
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It follows that ® has a maximizer (pe, ge, e, he, te, Se, 7). As before, we denote

Pe = (xpg7yp572p5)7 qs = (quangazqg)a Te = (xfrgyyrguzrg)'

Due to the penalization at space infinity, we have ¢.(pe,qe,r.) bounded from above
uniformly in €. By a standard argument, we can show that there exists p € H, h € Hy and

t € [0,7T) such that, up to a subsequence,

PesGe;Te =P, he = h, to,s., T (6.5.5)

and

Ge(pe, gey ) = 0 (6.5.6)

as e — 0.

Since g is right invariant h-convex, we have ¢ > 0 and therefore t., s.,7. > 0 when ¢ is
sufficiently small.

Denote u_(p,t) = u(hZ'-p,t) and uy(p,t) = u(h.-p,t). We now apply the Crandall-Ishii

lemma in the Heisenberg group and get, for any A € (0, 1),

(aflv Cla Xl) 67277“— (pea t6)7 <a2a CQa XQ) € 72,7”4—(‘]67 86)7

(CL3, <37 X3> S ‘_]27+u<r€7 7—8)

such that

2a3 — ay — ag = 5 T oK (pe, ge, e, te, 52, T2), (6.5.7)

o
(T — 1)
the horizontal projections of (; can be expressed as & +n; (i = 1,2,3) with

_51 = UV§J¢6(pe7 4e, T6)7 _52 = Uvgﬂbs(pea 4e, 7“5), 253 = vafﬂbe(pea 4e, 7“5),

—m =0oVug(pe,te), —n2 =0Vug(ge, s:), 2n3 =oVug(re,7.),

and

<(2X3 - Xl - Xg)w,w> S <(0M + >\0-2M2)wpe @ wQE @ w'f's7wpe EB w‘k @ w'f's>7 (658)
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for all w € R?, where M = V?U_(p., ¢, e, he, te, S, 72) 18 @ 9 X 9 symmetric matrix, wy,, w,,

are respectively taken as in (6.3.12) and (6.3.13), and

B 1 1
wrg — Wy, W2, 2w2:[;7“5 2w1y7'5 .

By calculation, it is easily seen that

25 =& + L. (6.5.9)

We next set

Ml = v2¢s<ps, qe, 7"5)

and

M2 = VQK(paa ey T, taa Se, 7—5)

Then M = M; + M,. To investigate the right hand side of (6.5.8), we first give estimates

the terms involving M;, which is a variant of (6.3.14) for three space variables. Note that
M, = M, + M,

where
P —1)4 R —1}4
M ==-Vp-r°, M{=-Vq-r—|".
€ €
By direct calculations, we get

<M{wps EB wqg @ w”'s7wps @ qu @ w7"5> = 07

<M{,wp5 D w‘k @ w"’e’ wpa D wqa ® wTE) = 0

and
M/2 @ @ _ 51 2 2
< 1 wps qu EB wTs’ wpe qu EB wrs> - c ml’w’ )
512
"2 _ 2 2
<M1 wps D wqg D w”'s7wps D qu S wrs> - c m2|w| )
v _ 2
<M1M1 wps @ wq.f @ wTs’ wps @ wq.f @ wrs> - c m1m2|w| ’
where
1 1 1 1
ml = Zpe - ZTE + _ypex'fa - _xpsyTs’ m2 = ZCIE - ZTE + _yQEx"'E - _xqura‘

2 2 2 2
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It follows that

512\

<(M1 + )\Mf)wps @ wq.f @ wTs’ wps EB wq.f @ wrs> S —(m% + mg + m1m2)|w|27 (651())

which implies that
2 o —1/4 —1}4
(M1 + AMT )wp, @ wy, @ wy, , Wp, ® we, ® wy,) < ;|w| (Ipe - 77" + lge - r7[)  (6.5.11)

for some C' > 0 independent of ¢ and A. On the other hand, with the help of computer
algebra system, we obtain estimates similar to (6.3.15), (6.3.16) and (6.3.17). In fact, we get

a constant Cz such that, when A > 0 is small enough (depending on ¢),
(M (wy, @ wy, © wy.), (wy, ® wy, ®wy.)) < Colw*K(pe, ¢, e, e, 52, 72) (6.5.12)

(AN(M; My + My M,y + M3) (w,, © wy, @ wy,), (wy, ® w,, & w,,)) (65.13)
< 208w K (pe, e, 7o e, 52, 72)
for some constant p > 0 independent of ¢, f and ¢ and satisfying (6.3.7). As remarked in
the proof of Theorem 6.3.1, we obtain the constant Cg thanks to the boundedness of Vg (p)
and V% (p) in H.

Combining (6.5.8), (6.5.11) and (6.5.13), we have

Co _ _
((2X3 — X1 — Xo)w,w) < —|Jw|?(|p - v [* + |ge - 72 '[F)

< (6.5.14)
+ 20 ||w|*Cs K (e, Gey e Loy Se, T ).

when A > 0 and ¢ > 0 are sufficiently small.
Since the horizontal derivatives are left translation invariant, the functions u_ and wu,

are respectively solutions of
(u_); — tr(AVZu_) + f(hZ' - p,Vgu_) =0 in H x (0,00)

and

(uy)y — tr(AVZuL) 4 f(he -p, Vyuy) =0 in H x (0, 00).
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Applying the definition of viscosity subsolutions and supersolution, we have

ay — tI‘(AXl) + f(h;l * Pe, 61 + 771) > 0, (6515)
az — tr(AXz) + f(he - ¢, & +1m2) > 0, (6.5.16)
as — tr(AXg) + f(’l“g, 53 + ’173) S 0. (6517)

Subtracting (6.5.15) and (6.5.16) from twice (6.5.17), we get
2@3 — a1 — Qg S tr A(2X3 — X1 — XQ) —+ E, (6518)
where

E=f(h:" pe,&o+m) + fhe - qo. & +m2) — 2f (re, &5+ 13)

It follows from the concavity assumption (6.5.4), the relation (6.5.9) and (A1)-(A2) that

E< fh' pe&a+m) = f(ho're, &+ m) + flhe - qe. &+ 1) — f(he - 1o, &2+ 1)
I e )+ SO oot ) — 2 (e (6 + 6o by + 1)
F2f (e 56+ G b+ m)) = 2 (rens + )

< Lg(lhtre-p2t - bl + [hot g2t - hel) + Ll 4 n2 — 2ns]
(6.5.19)

with R = (|p| + 1) and € > 0 small. Also, by (6.3.7), we have

1+ 12 = 20| < 2(Im| + |n2] + |ns) = 208K (pe, Ges 72, te, 52, 7).
In view of (6.5.14), (6.5.18) and (6.5.19), we then obtain

2a3 — a1 — ao
S%ﬂpa e e ) Lplh e pt Bl Lglht ere g | (65:20)
+20(Cs||All + LBu) K (pe, ¢e, e, e, Sey Te).
In view of (6.5.5) and (6.5.6), we can take ¢ > 0 small such that

Co

g
3

(Ipe-r' 1"+ lge - v 1) + Lilh v p2t - bl Lilh e g2 | < 5,
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which, by (6.5.20), implies
203 — a1 — a3 < 75 + 20 (CHl|All + L) K (pe e, e e, 52 72).
It clearly contradicts (6.5.7) when « is chosen to satisfy
a > 2||A||Cs + 2L B
O

One may further generalize this result for (6.0.3) by assuming that F' is concave in all

arguments.

Remark 6.5.4. The concavity assumption (6.5.4) on the operator f is stronger than the as-
sumptions of the convexity results in the Euclidean space as shown in [39, 69]. In particular,
the concavity of & — f(p, &) is not needed in the Euclidean case. We here need this assump-
tion, since there are no expressions of h-convexity in H corresponding to the following one

for the Euclidean convexity
_l_
)+ a2 20 (57

for all £, € R™. It is not clear to us whether the assumption (6.5.4) can be weakened.

Ezample 6.5.5. Let us revisit Example 6.5.1. Since the equation (6.5.1) and the solution
(6.5.2) satisfy all of the assumptions in Theorem 6.5.3, the right invariant h-convexity of the
solution is preserved, though the h-convexity is not. Indeed, if u(p,t) is given by (6.5.2),
then by direct calculation we obtain, for all p = (z,y, 2), h = (hy, he,0) and ¢ > 0,

u(h - p,t) +u(h™ - p,t)

1 1 1 1 2
= (x+hy +1)*(y+ ho +1)* +2 <z + §h1y — §h2x + 5(1: + hy)t — §(y + h2)t)

1 1\’
=2x+t)*(y+1)? +4 (z + St = 5yt) + (hi(y +1) — ho(z +1))* + 2h3(y + t)?
+ 2h3(x + t)* + 8(x + t)(y + t)hihy + 2h7R3
1 1\’
=2 +t)*(y+t)* +4 (z + St = §yt> +3(hi(y + 1) + ho(y +1))? + 2h3h3

11N
> 2@ +t)*(y+t)*+4 (z + §It — §yt> = 2u(p, ).
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6.5.2 Left invariant h-convexity preserving

We next discuss some special cases, where h-convexity and right invariant h-convexity are

equivalent.

Proposition 6.5.6 (Evenness). Let u be an even or vertically even function on H . Then

u 18 h-convex in H if and only if u is right invariant h-convex in H.

Proof. By definition, u is h-convex if u satisfies (6.1.5) for any p € H and h € Hl. Since w is
even, it is easily seen that (6.1.5) holds if and only if

u(h-p) +u(h™" - p) > u(p),

where P is given as in (6.1.4), or

uth-p™") +uh™ - p™") > u(p™)

for all p € H and h € Hy, which is equivalent to saying

u(h-p) +u(h™t - p) > u(p) for all p € H and h € Hy.

]

Another sufficient condition for equivalence between the h-convexity and the left h-

convexity of a function v on H is that u has a separate structure; namely,

w(@,y,z) = f(z,y) + g(2) (6.5.21)

for any (z,y, z) € H.

Proposition 6.5.7 (Separability). Let u be a function on H with a separate structure as in

(6.5.21). Then u is h-convex in H if and only if u is right invariant h-convex in H.
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Proof. Suppose u can be written as in (6.5.21). Setting p = (z,y,2) and h = (hq, hs), we

then have
u(p-h) = f(x+hi,y+ he) +g(z+ %th — %yhl);
- 17) = fl = by — o) + g(= — Soha -+ Syl
uw(h-p) = f(x+ h1,y+ he) + g(z + %yhl - %.Thg);
u(h™ - p) = f(x — hi,y — hy) + g(z — %/th + %th).

It is easily seen that in this case
u(p- b~ +ulp-h) =u(h™" - p)+u(h-p),

which immediately yields the equivalence of (6.1.5) and (6.5.3) in H. O

The following result on preserving of the h-convexity itself is an immediate consequence

of Theorem 6.5.3, Propositions 6.5.6 and 6.5.7.

Corollary 6.5.8 (H-convexity preserving under evenness or separability). Assume that f
satisfies (A1)-(A3) and the concavity condition (6.5.4) for all p € H, h € Hy and &,n € R
Letu € C(Hx [0,00)) be the unique viscosity solution of (6.0.1)—(6.0.2) satisfying the growth
condition (G). Assume in addition that for any t > 0, u(-,t) either is an even or vertically
even function or has a separable structure as in (6.5.21). If uy is h-convez in H, then so is

u(-,t) in H for all t > 0.

6.6 MORE EXAMPLES

In this section, we provide more examples, where the h-convexity is preserved.

Example 6.6.1. Let ug(z,y,z) = (2% + y?)? — 82% Tt is not difficult to see that ug is an

h-convex function in H. Consider the heat equation

u—Agu =0 in H x (0, 00) (6.6.1)
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with u(-,0) = ug in H, where Ay denotes the horizontal Laplacian operator in the Heisenberg

group, i.e., Agu = tr(V%u)*. The unique solution of (6.6.1) in this case is
u(z,y, 2,t) = (2° +y*)? — 82 + 12(2® + y*)t + 24¢° (6.6.2)

for all (z,y,z) € H and t > 0 and it actually preserves the h-convexity of the initial value

Uug.

Ezample 6.6.2. The solution as in (6.6.2) looks special, since it can be written as the sum of
a function of z,y,t and a function of z. A more complicated solution of the heat equation
(6.6.1) is

1 68
u@,y, 2,1) = (28 +y")2" + 57 (0% +°) + (427 4+ 22" + 7))+ 17(0° + )+ =1 (6.6.3)

which contains mixed terms of x,y and z. By direct calculation, one can also show that

u(-,t) satisfies (6.1.6) in H in the classical sense for everywhere ¢ > 0.

Example 6.6.3. We recall another example in [36] for the level-set mean curvature flow

equation in H. The equation is of the form

VHU
Viul

w — |Vyu|divy ( ) =0 in H x (0, 00), (6.6.4)

where divy stands for the horizontal divergence operator in the Heisenberg group. An

explicit solution is
w(x,y, z,t) = (22 + y2)? + 1622 + 12(x? 4+ y?)t + 122,

This is also an example of h-convexity preserving but unfortunately is not covered by our

current results.
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7.0 A GAME-THEORETIC PROOF OF CONVEXITY PRESERVATION
OF SOME NONLINEAR DIFFERENTIAL EQUATIONS

Among many properties of the viscosity solutions, the convexity preserving property is known
to be important for various linear and nonlinear parabolic equations arising in geometry,
material sciences and image processing. This property of viscosity solutions was proved to
hold in a very general class of degenerate parabolic equations using the so called convexity
mazximum principle in the Euclidean spaces [39]. We have also seen some discussions of this
property on the Heisenberg group in the previous chapter.

The discrete game interpretations of various elliptic and parabolic PDEs ([78, 100, 101,
79, 97, 96], etc) have recently attracted great attention. The game related methods are also
used as a new tool in different contexts. We will introduce the game interpretation of the
level set mean curvature flow equation and normalized p-Laplace equations.

Based on game-theoretic interpretations, we give a simpler proof of the convexity pre-
serving of the level sets and solutions to the mean curvature flow equation in R2.  Our
method also applies to normalized parabolic p-Laplace equations. Our new proofs are based
on investigating game strategies or iterated applications of Dynamic Programming Principles
(DPP), which is very different from the standard proofs in the literature. We also use this

method to study convexity preserving for the Neumann boundary problems.

7.1 CONVEXITY PRESERVING PROPERTIES

The mean curvature flow describes the motion of a surface in R™ governed by the law that

the normal velocity is equal to the mean curvature. The convexity preserving property for
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mean curvature flow is a well-known result by Huisken [62], saying that an evolving surface
by mean curvature stays convex if the initial surface is convex; see also [37] for the two
dimensional case in detail. This property was later formulated in terms of level set method

in [34] and [39].

u — |Vuldiv (%) =0 in R x (0, 00), (7.1.1)

u(z,0) = up(x) in R”, (7.1.2)

(MCF)

where ug is assumed to be a Lipschitz continuous function in R".

In [34] and [39], those authors proved the following.

Theorem 7.1.1. Suppose ug is a Lipschitz continuous function on R™. Let u be the unique
viscosity solution of (MCF). If the set {x € R™ : ug(xz) > 0} is convez, then the set {x €

R™ : w(z,t) > 0} is also convex for any t > 0.
The proof in [34] is based on a regularization of the mean curvature operator for the
corresponding stationary problem in a convex domain 2 C R", that is,

—A¥u = —|Vu|div <|§—Z|) =1 in Q, (7.1.3)

u=0 on 02, (7.1.4)

(SP)

and an application of more classical convexity maximum principle by Korevaar [81] and
Kennington [75] for C? solutions of uniformly elliptic equations. In two dimensions, Barron,
Goebel and Jensen [12] recently gave a PDE proof for the convexity of level sets for any
strict subsolution or strict supersolution of —A{u = 0.

The convexity (concavity) preserving property of viscosity solutions was later studied for
a general class of degenerate parabolic equations in [39], including the mean curvature flow

equation and normalized p-Laplace equations.

Vu® Vu u) = flx in R" 00
(PL) up — tr ((] +(p— 2)W> \% > f(x) R"™ x (0,00), (7.1.5)
u(x,0) = up(x) in R”, (7.1.6)

where f : R" — R is a given continuous function.

We list the theorem for the convexity preserving of the viscosity solutions to (MCF).
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Theorem 7.1.2. Suppose ug is a concave and Lipschitz continuous function on R™. Let u

be the unique viscosity solution of (MCF'). Then u(z,t) is also concave in x for any t > 0.

The classical argument relies on a generalized version of convexity comparison principle;
we refer to [69] for related results. More precisely, it is shown, by adding more variables in

the usual comparison theorem, that the continuous solution u satisfies
u(z,t) +u(y,t) —2u(z,t) < |z +y — 22|
for any x,y,z € R" and ¢t > 0 if the same holds initially:
up(z) + uo(y) — 2up(z) < |z +y — 22|

The concavity preserving property is then a special case when z = (x + y)/2. We remark
that the convexity of solutions to various PDEs has also been extensively studied in [72, 73,

107, 31, 2] etc.

7.2 GAME INTERPRETATIONS OF VISCOSITY SOLUTIONS

7.2.1 Tug of War game and normalized parabolic p-Laplace equations

Let us first discuss a game interpretation of parabolic normalized oco-Laplace equation.

" — tr Vu® Vu
' Vul?

u(z,0) = ug(x) in R".

v%) =0 inR" x (0, 00),

Fix € > 0 be the stepsize of the game. The game starts from = € R™. Repeat N(= [2t/&%])

times the following.

(1) Toss a fair coin;
(2) The winner of the first step choose a vector v in the ball B(0,¢) (abbreviated as B.);

(3) The game position moves from z to = + v.
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Fix any strategies Sy of Player I and Sj; of Player II. Let yy denote the final stage of
this game under S; and Sy;. Player I (II) minimizes (maximizes) the value of ug at yy.
Denote by u®(x,t) the value function:
u(z,t) = inf sup E(ug(yn)),
Sr sy,
where E stands for the expectation. This game described above is often referred to as

tug-of-war game. Dynamic Programming Principle (DPP) of this game is

(1) 1 S P g2 N 1. (240t g2
u (r,t) ==supu® |z +v,t— — —inf v [z +v,t ——= .
’ oy T ) Tk T
Following the argument in [96], one can prove u® — u locally uniformly as ¢ — 0.
Then we discuss the game interpretation of normalized p-Laplace equations (PL) with

2 < p < o0. Fix € > 0 be the stepsize of the game. The game starts from z € R". Let

1 .
m 1f2§p<00,

O'p:

% if p = 0.

Repeat N(= [t/o,e?]) times the following.

(1) Toss a biased coin with probabilities « to get heads and § to get tails, a + 5 = 1;
(2) If they get heads, they play a tug-of-war game;
(3) If they get tails, the game state moves randomly in the ball B(x,,¢).

Fix any strategies Sy of Player I and Sj; of Player II. Let yy denote the final stage of
this game under S; and Sy;. Player I (II) minimizes (maximizes) the value of ug at yy.
Denote by u®(x,t) the value function:
u(x,t) = infsupEg, g, (uo(yn))-
S1 8y

This game described above is often referred to as tug-of-war game with noise.

The equation is related to the DPP below:

u(x,t) = a sup uf(z +v,t — 0,2) + % inf u(z + v, t — 0,6%)
vEB. 2 veB:

(7.2.1)

+ uf(z +v,t — 0,8%) dv + €° f ().
vEB;
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uf(x,t) = ug(z) for all # € R™ and t < 2. (7.2.2)

Here a > 0, 8 > 0 satisfy a + 8 = 1 and are determined by the choice of p. In fact, it is

known from [96, 97] that

-2 2
P and = +n.
p+n

o =
p+n

The presence of the constant o, in (7.2.1) is due to the different forms of DPP for our
convenience later; in contrast to [96], our formula does not use averages with respect to t.
One may show that u® converges, as € — 0, to the unique solution u of (PL) locally uniformly

in R™ x [0, 00) by following [96].

7.2.2 The deterministic game and the mean curvature flow equations

Let us first review the game proposed in [78] for motion by curvature. A marker, representing
the game position or game state, is initialized at z € R? from time 0. The maturity time
given is denoted by t. Let the step size for space be e > 0. Time €2 is consumed for each
step. The total game steps N can be regarded as [t/&?].

Two players, Player I and Player 11, participate in the game: Player I intends to maximize
at the final state an objective function, which in our case is ug, while Player II is to minimize

it. At each turn,

(1) Player I chooses in R? a unit vector v;

(2) Player II has the right to keep or reverse the choice of Player I, which determines a sign
b= =1,

(3) The marker is moved from the present state x to = + v/2ebv.

To give a mathematical description, we denote
S'={veR*: |v] =1}
Then the inductive state equation writes as

Zia1 = 25 + V2ebgvp, k=0,1,...,N —1;

20 =7,
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where v, € St and b, = +1.

Hereafter, for any € R” and s € [0,00), z(s;x) = 2z, stands for the game state at the
step m = [s/&?] starting from x under the competing strategies so that our games look like
continuous ones. The value function is defined as

. . : : _
u(z,t) = max min ... max. min uo(z(t; x)). (7.2.3)

It is also known [78, Appendix B] that u® preserves Lipschitz continuity of uy in space. The

dynamic programming principle is as below:

uf(x,t) = max min v (z 4+ V2ebv, t — £2), (7.2.4)
veS! b==%1

It is employed to show the following theorem. We assume that

(A) wg is a bounded and Lipschitz continuous function in R? satisfying that vy > a and up—a

has compact support K, for some constant a € R.

Theorem 7.2.1 (Theorem 1.2 in [78]). Assume that uy satisfies (A). Let u® be the value
function defined as in (7.2.3). Then u® converges, as € — 0, to the unique viscosity solution

of (MCF) uniformly on compact subsets of R? x (0, 00).
We recall the definition of viscosity solutions for (MCF) below.

Definition 7.2.2 ([38]). A locally bounded upper (resp., lower) semicontinuous function
u is called a subsolution (resp., supersolution) of (7.1.1) if for any (zo,t) € R? and ¢ €

C?*(R? x [0, 00)) such that u — ¢ attains a (strict) maximum (resp., minimum) at (g, to), we

have
— |Vo|div <|§¢|) <0 at (zo,10), (7.2.5)
(res — |Vo|div ( Ve > >0 at (zo,t ))
. Vol = "

when Vo(zg,t) # 0 and
¢i(wo, t0) <0, (resp., Pu(zo,t0) = 0)
when V(zg,ty) = 0 and V2¢(xo,ty) = O.
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A locally bounded continuous function u is called a solution if it is both a subsolution
and a supersolution. A subsolution (resp., supersolution, solution) u of (7.1.1) is said to be
a subsolution (resp., supersolution, solution) of (MCF) if it further satisfies u(z,0) < ug(z)

(resp., u(x,0) > ug(z), u(z,0) = uo(x)) for all z € R?.

7.2.3 A modified game

Let us slightly change the rules of the game described above: we keep the basic setting of

the game and the objectives of both Players, but at each round, we now ask that

(1) Player I chooses v,v" € S;
(2) Player II determines b = £1 and &/ = +1;
(3) The marker is moved from the present state x to « + %(bv +b'v).

Under the new rules above, we may define the value function

. . : : .
wé(x,t) == ver?exSl bl,rbr’ilznil . .erE?}éSI bN,%;lvlrzlﬂ uo(2(t; x)), (7.2.6)

where Z(t; x) = Zy is the solution of the following state equation:
2
2k+1:2k+%(bkvk+b;v;), k=0,1,...,N —1;
20 = T,

It is clear that the new dynamic programming principle is

Vo

2

w®(x,t) = max min w® | x+
v’ €St b,b/==%1

(bv + b'), t — 52> : (7.2.7)

for any ¢t > €2 The Lipschitz preserving property of w® can be shown by following [78,
Appendix B].

Proposition 7.2.3 (Lipschitz continuity preserving property). Let w® be the value function

associated to the modified game described above. If there exists L > 0 such that
[uo(x) — uo(y)| < Lz —y| for any =,y € R,
then we(x,t) satisfies

lw® (x,t) — w(y,t)| < Lz —y| for any v,y € R*, ¢t > 0 and ¢ > 0. (7.2.8)
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Proof. We prove this result by induction. By (7.2.7), we have

\/§€
5 2\ . / !
wile, &) = e (a: T3 (bo+8)

\/§€
5 2\ . /]
Wy, ) T e by 0 <y+ 2 (bo+ 00 )

Let vy, v}, be the maximizer in the first relation and by, b, be the minimizer (with respect to

the choice of v = vy, v = v})) in the second. We have

W (z,€2) — wi(y, £2) < ug (:p + @(bovo + bg%)) — U (y + g(bovo + 6606)> ,
which, in view of the Lipschitz continuity of ug, implies that
w®(z,€?) — w(y,e*) < Lz — y| for all 7,y € R* and & > 0.
By applying this argument repeatedly and (7.2.7), we are led to
we(z,t) — w(y,t) < Llz — y| for all z,y € R* and £ > 0.

Then (7.2.8) follows immediately by interchanging the roles of x and y. H

We next compare this modified game with the original game. In fact, we can show that

the relaxed upper limit

W(x,t) = limsup* w®(x,t) = limsup{w’(y,s) : |y — 2| + [t — 5| <&, < &}

e—0 e—0

is a subsolution of (MCF).

Theorem 7.2.4 (Subsolution). Assume that uy satisfies (A). Let w® be the value functions
defined as in (7.2.6). Then w as defined above is a subsolution of (7.1.1) with w(-,0) < ug

in R2.

We present a detailed proof of Theorem 7.2.4, since the game setting is quite different
from the original games in [78]. The following elementary result, whose proof can be found

in [41], is needed in our argument.

110



Lemma 7.2.5 (Lemma 4.1 in [41]). Suppose p is a unit vector in R* and X is a real
symmetric 2 X 2 matrix. Then there exists a constant M > 0 that depends only on the norm

of X, such that for any unit vector & € R?,

[(XpT,ph) — (X&) < M€ p), (7.2.9)

where p* denotes a unit orthonormal vector of p.

Remark 7.2.6. By homogeneity, when p is not necessarily a unit vector, the relation (7.2.9)

still holds for all £ € R? provided that p' is orthogonal to p and |p*| = [p| = [¢].

Proof of Theorem 7.2.4. We first show that w is a subsolution of (7.1.1). Let us assume that
there exist (zg,ty) € Q = R? x (0,00) and ¢ € C?*(Q) such that

w(z,t) — ¢(x,t) < W(xo,ty) — P(xo,to) for all (z,t) € Q.

Then by definition of w, there exists (x.,t.) € @ such that (z.,t.) — (x¢,t), w (2, t:) —
w(xo, to), and

(w" = ¢) (e, 1) > (v — ¢)(w,t) — &

for any (x,t) in a neighborhood of (zg, %) with size independent of €. By (7.2.7), we then
have

2
¢($€7 ts) < max min (.TE + ﬁ(bv + b/'U/)7 ts - 52> + 83.

v,/ €S b =+1 2
Applying Taylor expansion, we are led to

e?¢; < max min (Vo,bv + b'v')

v,0' €St by ==%1

(o
2 ? (7.2.10)
+ %(V%(bv + '), (bv + b’v’)>} +o(e?) at (z.,t.).

We denote by I the right hand side evaluated at (z.,t.).
One may first compare (Vo(z.,t.),v) and (Vo(x.,t.),v") to determine b or '. For
example, if

[(Vo(e,te), v)| < [(Vo(ze, L), V), (7.2.11)
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then we may choose bf, such that

- ’ <V¢<I€, tE)? vl>‘ = <V¢(SL’5, tf—:)a bgv,)

and thus (Vo, bv + biv') < 0 for either b = £1 by (7.2.11). Therefore we have at (z.,t.)

2 2
[ < maxmin {_%KV@ bu + bpv')| + %(quﬁ(bv + byv"), (bv + b{ﬂ/)}} +o(e%). (7.2.12)
In what follows, we always assume (7.2.11) and keep the choice V' = bj,.

Case A. Assume V¢(zo,t) # 0, which in turn implies that Vg(z.,t.) # 0 for all € > 0
small. We apply Lemma 7.2.5 and Remark 7.2.6 with

p=|bv+ b{ﬂ”%, E=bw+bp, X =Vo¢(z.,t.),
and get
(V2 (bv + byv'), (bv + bju')) — [bv + byv'|? <v2¢%, %>‘
< M 6. b+ b0
for any v,v’ € S!. Hence, we have from (7.2.12)
I <E2AF¢+ed+o(e?) at (v.,t.), (7.2.13)

where we denote

AGg = <v2¢w<ZS VL¢> — |Vl div ( vo ) ,

Vol V¢l Vol
and
2 AV
¢(x7t) - maXmin{ - \/—|<V¢(l',t), bu + bg?]/>| + e (M _ 1) A?¢<$,t>
v,v’ b 2 1
M (7.2.14)

< /! ;o

et IV, 1), b+ b >|}.

Here we denote for any function ¢(x,t) € CY(R?) with x = (x1, 1),

Vg = (—0¢/01s,06/011).
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We next estimate ®(z., t.) for € > 0 sufficiently small. Indeed, we discuss two different cases.
If there exists a subsequence ¢; such that the maximum attains at v and v’ (depending on
e) and as k — o0,

either [(Vo(xe,,te,),v)| — cor |(Vo(a.,,t.,),v")| = ¢
for some ¢ > 0, then it is clear that there exists b = +1 also depending on ¢ satisfying

(Vp(xe,,t.,), bv + byv')| > ¢,

since
max [(Vo(x,t),bv + byv')| > %(](V(ﬁ(x, t), v+ byv")| + |[(Vo(z,t), —v + byv')])

= max{| (ng(x, t)) U>|v |<V§b($, t)) bE)U,>|}

In view of (7.2.14), this yields immediately that

V2e

limsup (., ,t.,) < — 5

er—0

The remaining case is that, for any € > 0 small, the maximum of ® is attained at v and v’

such that
(Vd(ze, te),v)| = 0 and |[(V(z.,t.),v')] = 0 as e — 0.

We denote 7. = V(x.,t.)/|Vo(z.,t.)| and nt = VEio(z.,t.)/|Vo(x.,t.)|. Let us take a

modulus of continuity w such that

max{|(n, v}, |1, )|} < we).
Without loss of generality, we may assume
|bgv' — nﬂ < w(e).

(Otherwise, we have |[bjv’ + nt| < w(e) and apply the similar argument below.) Then we

may pick b such that
|bv — | < wle).
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It follows that under this choice,
1 /1,112 1 /12 1 192 /o7 112 2
b+ b2~ 1] = 2o~ By < £ (Jbo — P+ [t — ) < P(e).
It follows from (7.2.14) that
O(x.,t.) < Cew?(e) + Cew(e)
for some C' > 0 independent of . Hence, in either case, by (7.2.13), we have
2py < E2AYp +o(e?)  at (x.,t.). (7.2.15)

Dividing the inequality by £* and sending ¢ — 0, we obtain (7.2.5).

Case B. It remains to show the viscosity inequality
¢t($0, to) S 0 (7216)

under the conditions that V¢(zg,ty) = 0 and V2¢(x,ty) = O.

Case B-1. Suppose that there exists a subsequence V(x.,,t.,) # 0 for k arbitrarily large.
Then we may repeat the argument as in Case A and reach (7.2.15) again. We then obtain
(7.2.16) immediately, since in the present case V?¢(z.,t.) — V2¢(zo,19) = O as € — 0.
Case B-2. If Vo(z.,t.) = 0 for all € > 0, then it follows immediately from (7.2.10) that

(e, t) < OV (x-, t)|| + 0(c?),

for some C' > 0 independent of ¢, which yields (7.2.16).
2. We finally show that w(z,0) < ug(x). To this end, we construct a game barrier at

every fixed 2y € R2. It is easily seen that for any § > 0, there exits K5 > 0 such that
up(x) < wo(z) = ug(z0) + § + Ks|x — 20| for all z € R?.

We now play the games with objective function wy starting from any = in a neighborhood
of xy. In the first step, we have

2
2 2
T —T0+ %(bv + V)| = |z — mo|* + V2e(z — 30, bv + V') + %]bv + 0.
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Note that for any v,v’, Player II can pick ¢’ (or b) so that
(x — xg,bv 4+ b'v") <0

for any b (or any b'). This can be done by fixing ¢’ such that (0'v',x — z¢) = —|(v', x — )|

if |(v/,x — xo)| > |(v, 2 — x¢)|. Such a strategy yields

2
\/55 /00 2 2
x—m0+7(bv+bv) < 2e + |z — o

for any v,v’. Repeating this strategy of Player II regardless of choices by Player I, we get
w®(z,t) < wo(x) + 2Kt.

This means wW(xg,0) < wo(zo) < up(xg) + . We conclude the proof by letting § — 0. O
The following comparison result is an immediate consequence of Theorem 7.2.4 and the
proof is due to [25, 34].

Corollary 7.2.7 (Comparison theorem). Suppose that u is the viscosity solution of (MCF)
and w s the upper relazed limit of the game value w® associated to the modified game. Then

w < u inR?* x (0,00).
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7.3 GAME-THEORETIC PROOFS OF CONVEXITY-PRESERVING
PROPERTIES

7.3.1 Convexity-preserving for the solutions to the normalized parabolic p-

Laplace equations

Recall the DPP related to the normalized parabolic p-Laplace equations is:

u(z,t) = a sup uf(z +v,t — 0,6%) + % inf u(z + v,t — 0,6%)

vE B¢ vEB.
< (7.3.1)
+ 0 uf(z +v,t — 0,87) dv + 2 f (),
vEB:
u(x,t) = ug(z) for all x € R™ and t < 2. (7.3.2)

We next use the game to prove the following.

Theorem 7.3.1. Assume that ug and f are both convexr and Lipschitz continuous in R™.

Suppose that the function u® satisfying (7.3.1)~(7.3.2) converges to the solution u of (PL).

Then the solution u(x,t) is convex in x for any t > 0; namely,

1 1
Eu(:c — h,t) + Qu($ + h,t) > u(x,t) (7.3.3)

for any x;h € R™ and t > 0.

Proof. 1t suffices to show (7.3.3) with u replaced by u®. Let us take a look at the first game
step:

uf (z £ h, 0,6%) :% sup up(x £ h +v) + % inf ug(z £ h+v)

vEB: vEDB:

(7.3.4)
+p uop(x & h+v)dv+e*f(x + h),

’UEBE
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We assume that the infimum appearing in each equalities in (7.3.4) above is attained respec-
tively at v1,v, € B. and also assume that sup,cp_uo(z + v) = uo(x + 0) for some o € B..

(These can be rigorously justified by taking errors into account.) Hence, we have

u(z + h,o,e?) > %uo(x +h+0)+ %uo(a: +h+vy)

+ uo(z 4+ h +v) dv + 2 f(x + h);

vEB:

uf(z — h,0,8%) > %u0($ —h+0)+ %uo(x —h+vy)

+ 3 uop(r — h+v)dv+*f(x — h).

vEB;

By convexity of ug and f, we get

u(z + h,0,e%) + u(x — h,0,”)

V1 + U9

> aug(z +9) + aug (x + ) +28 up(x + ) dv + 2% f(x) (7.3.5)

vEB:

> ozvs;pri up(z +v) + ozviengs up(x +v) + 25 . up(x + v) dv + 22 f ().
Since, by definition, the right hand side is just 2u®(z, 0,6%), we have
U (2 + h, 0,8%) + u(x — h,0,6%) > 2uf(z, 0,7).
We repeat the argument and end up with

u(x + h,t) +u’(x — h,t) > 2u(x,t)

for any ¢t > 0. Sending ¢ — 0, we get the convexity desired. O
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7.3.2 Convexity-preserving for level sets of the mean curvature flow equations

For future use, let D? and E? respectively denote the open and closed c-superlevel set of

for any ¢ > a; that is,
DY ={x € R? 1 up(z) > c}; E?={z € R*:uy(z) > c}.

Then we have D? C DY and E? C EY for any ¢ > d. Moreover, we have D? = .. Ej.

Lemma 7.3.2 (Monotonicity). Suppose that uy satisfies (A). Assume that the superlevel set

E? for each ¢ > a is convex. Let u® be the value function associated to the game. Then
uf(r,t) < u(z,s) forallw €R*, ¢ > 5 >0 and ¢ > 0. (7.3.6)

In particular, u(x,t) < u(x,s) for allz € R?, t > s > 0.

Proof. Let us fix ¢ > 0. We begin our proof by claiming that for every z € R? and any
v € S!, there exists b = +1 such that

o (;1: + \/Esbv) < up(z). (7.3.7)

Indeed, assume that for some v € S' and some A > ugy(z),

Up (93 — \/5522) , Up <x + \/§5v> > A

By convexity of the superlevel set EY, = 1(z—+/2ev)+1(z++v/2ev) € EY which contradicts
the assumption that ug(z) < .

Now let us incorporate the claim in our games. Notice that for any game position z(s; x)
from an arbitrary z € R? after time s > 0, depending on the choices vy, by, va, b, ..., vn, by
of both players (N = [s/e?]), Player IT may use the strategy described above to ensure

max gnir} Ug <z(s; x) + ﬁsbv) < ug(z(s;x)) for any v € S*.
veE =

By applying this strategy from step N to N’ = [t/?], we obtain

N/
max min . . . max min ug (z(s; ) + /2 Z bivi) < ug(2(s;x)).

UN+1 bN Unr o bar
+ +1 N N i=N+1
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Taking the extrema on both sides of the inequality above over by, vy, by_1, Un_1, ..., b1
and vy in order, we get (7.3.6) by definition. It follows immediately that u(z,t) < u(x,s) for
all ¢ > s, by passing to the limit as ¢ — 0 in (7.3.6) with application of Theorem 7.2.1.

]

Theorem 7.3.3 (Convexity of level sets). Suppose that ug satisfies (A). Assume that each
superlevel set E° (c > a) of ug is convex. Let uf be the value function associated to the game.
Then every superlevel set of u®(-,t) is almost convex for any t > 0 and € > 0 in the sense
that there exists a modulus w of continuity depending on uy such that for any z,y € R? and

£>0,
u (# t) > c—w(e) (7.3.8)

provided that u®(z,t) > ¢ and u(y,t) > c. In particular, all superlevel sets of the solution

u(+,t) of (MCF) are convex for everyt > 0.

Proof of Theorem 7.3.3. We assume x # y, since otherwise the statements are trivial. Since
uf(z,t) > c and u®(y,t) > ¢, we have u®(x,s) > ¢ and u(y, s) > c for s < t as well in virtue
of the monotonicity shown in Lemma 7.3.2. (In particular, uo(z) > ¢ and uo(y) > c.)

Then for any s < ¢, there must exist maximizing strategies Si,s and Sis of Player I such
that regardless of the choices of Player II, we have ug(z(s;x)) > ¢ and ug(z(s; y)) > ¢ if S},
and S{,’s are applied respectively in the games starting from x and y.

We next consider the game started from (z+vy)/2. In this case, Player I has the following
possible of move: he keeps choosing v = (z—y)/|z—y| until the game position enters B 5_(x)
or B ;.(y). Here B,(§) denotes the open ball centered at { € R™ with radius r. Without
loss of generality, suppose that Player II chooses to let z(7; (v +y)/2) € B s5.(v) after time

7(< t). Then Player I may use SI_ with s = t — 7 to bring the game position to £ € R",

which depends on the response of Player II to Sis. However, the same strategy of Player 11
may send z to z(s;z), which is in the v/2e-neighborhood of &. Since ug(z(s;2)) > ¢, we get

the following estimate:

uo(€) > ug(2(s;1)) — wo(vV2e) > ¢ — wo(V2e).
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The remaining case is that Player II may choose to let the game position wander away
from the neighborhoods of x and y. But in this case the final position n must still stay on

the line segment between x and y and therefore

u0(77) > ¢,

due to the facts that ug(x) > ¢ and ug(y) > ¢ and the assumption that superlevel sets of ug
are convex.

Since each of game outcomes is just for one possible strategy of Player I and his optimal
strategy should be even better, we end up with (7.3.8) with w(x) set to be wo(v/2x).

Now in order to prove the statement concerning u, we only need to take the limit using

Theorem 7.2.1. More precisely, for any ¢ > 0, there exists € > 0 such that
u®(x,t) > c— 0 and u°(y,t) > c— 0.

Our argument above yields

u® (m—;—y’t) >c—0—wle).

We conclude the proof by letting § — 0. [

Remark 7.3.4. In the theorem above, we do not assume the concavity of wug itself but the
convexity of its level sets. Our convexity result is therefore only for the convexity of level
sets as well. Also, to study convexity of a particular level, it is not restrictive to assume that
all level sets of uy are convex curves. Note that changing the other level sets of ug will not

affect the evolution of the particular level set in question [34, 25, 38].

Remark 7.3.5. An alternative method, without assuming the convexity of all level sets but
strict convexity of the initial level set, is to investigate the convexity of the level sets of
the solution to (SP) with Q (strictly) convex. The stationary problem has a similar game-
theoretic approximation [78] but the value function u®(z) in this case is defined to be the
optimized first exit time of the domain starting from x € . It is not difficult to see that
the argument in the proof of Theorem 7.3.3 applies exactly to this case as well. A new PDE

proof for this problem was recently given in [12].
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7.3.3 Convexity-preserving for the solutions to the mean curvature flow equa-

tions

We next show the convexity preserving property for the solution itself. Due to an opposite
choice of orientation, we here discuss instead the equivalent concavity preserving property,
which, under the assumption (A), means that the solution u(z,t) of (MCF) is concave with

respect to x in its open superlevel set

D! = {x € R" : u(x,t) > a}

if ug is concave in K.

Theorem 7.3.6 (Concavity preserving of the solution). Suppose that ug satisfies (A). As-
sume that ug is concave in K,. Let u® and w® be respectively the value functions of the

original game and the modified game. Then u®(z,t) satisfies

u®(x 4+ h,t) +u(x — h,t) < 2w°(z,t), (7.3.9)

for any x,h € R%, t >0 and € > 0 if

u®(x + h,t) > a and v (x — h,t) > a. (7.3.10)

Moreover, the solution u(z,t) of (MCF) is concave with respect to x in D! for anyt > 0.
To show this result, we need the following elementary result related to our games.
Lemma 7.3.7. Let Q be an open set in R2. Suppose that w, W € C(R?) satisfy

(1) w > a in Q for some a € R and w =a on R?\ Q;

(2) for all x,h € R? such that v+ h € Q,

w(x +h) +w(x—h) < W(z). (7.3.11)
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Then for any constant A > 0,

max min w(z + h + A\bv) + max min w(x — h + Abv)

veSt b= veS! b=+
e A (7.3.12)
< max min W (.r + = (b'ot + bzvz))
vl w2eSt bl p2=+1 2
provided that
max min w(x + h + Abv) > a and max min w(z — h + \bv) > a. (7.3.13)
veSt b==£1 veS! b==+1
Proof. We take v, and v_ such that
max mbin w(z £ h+ Abv) = mbin w(x £ h+ Abvy)(> a), (7.3.14)
Let us next pick by such that
A L A 2
Wx+ §(b+v+ +bov)| = rrzﬂnn%%nW x + §(b vy +b%vy) |,
which implies that
A - A1, 422
Wlx+ §(b+'u+ +b_v_)) < {}r}agi%rzlw T+ §(b v+ b%v%) | . (7.3.15)
On the other hand, by (7.3.14), we have
max min w(z £ h + Abw) < w(z £ h + Aoy ). (7.3.16)

veS! b=+1

Due to (7.3.16) and (7.3.13) we have &+ h + Abrvy € Q, since w(z £ h + Xbyvy) > a. We
finally obtain (7.3.12) by combining (7.3.11), (7.3.15) and (7.3.16). O
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Proof of Theorem 7.53.6. Fix ¢ > 0 and set ﬁfz = {z € R" : v(x,t) > a}. We first apply
Lemma 7.3.7 with A = \/56, Q= K, and

w(x) = up(z) and W(x) = 2up(z).
Since it is clear that (7.3.11) holds due to the concavity of ug in K,, we get

max min w(z + h 4+ v2ebv) + max min w(z — h + V2ebv)
ves! b=+1 ves! b=+1

2
< max min W <x + %(blvl + b202)>

vl w2eSt bl b2=+1

if both terms on the left hand side are greater than a. This amounts to saying that

uf(x + h,e?) +u(z — h,e?) < 2u(x, %) (7.3.17)

for all x, h provided that u®(z+h,&?) > a. Noticing that u(z, %) and w®(x, %) are Lipschitz

continuous in x, due to Proposition 7.2.3 and [78, Appendix B|, we can continue using Lemma
7.3.7 with A = v/2¢, Q = D= and
w(x) = uf(z,e%) and W (x) = 2uw®(z,?).

Analogously, we obtain

uf(x + h,2e%) +us(z — h,2?) < 2w (z,2?)
if u®(z £ h,2¢e%) > a, thanks to the dynamic programming principle:

u (x4 h, 2¢%) = max min u®(z 4+ h 4+ V2ebv, £2);

veS! b==+1

uf(z — h,2¢%) = max min v (z — h + v/2ebv, %);
veS! b==+1

2
w(r,2¢?) = max min w® (33 + ﬁ(blvl + bQUZ),€2> :

vl w2eSt bl p2=+1 2

We keep iterating the arguments above and eventually get

u®(x 4 h, Ne?) + v (x — h, Ne?) < 2uw®(x, Ne?), (7.3.18)
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for any x, h € R" satisfying (7.3.10). This is exactly the desired inequality (7.3.9). Since
e > 0 is arbitrary in (7.3.18), by passing to the limits as ¢ — 0 and applying Theorem 7.2.1,

we get
w(x + h,t) + u(z — h,t) < 2w(x,t)

provided that x = h € D!.. The concavity preserving property for the solution u follows

immediately from the comparison that w < u in Corollary 7.2.7. [

The concavity or convexity preserving property does not precisely hold on the discrete

level in general. In other words, one cannot expect in general that

ut(x — hyt) +u(z + h,t) < 2u(z,t)

for all z,h € R?, ¢ > 0 and £ > 0. We give an example to show this.

Ezample 7.3.8. Let ug be Lipschitz and concave in R?. Suppose that the level set {z € R? :
uo(z) = 0} consists of the positive axes. We assume that uy > 0 in the first quadrant. Let
zo = (V2¢/2,v/2¢/2) and h = (v2e/2, —V/2¢/2).

When ¢ > 0 is taken small, it is easily seen that u®(xg 4 h,&?) = 0, since the maximizing
choices of v for Player I to start the game at xo+ h or o — h can be the ones along the axes.
On the other hand, at the point xy, the outcome after one step is always negative no matter

what choice Player I makes, i.e., u®(zg,&?) < 0. We therefore have

u (29 + h, %) + us(zg — h,?) > 2u°(z0, %),

although ug is concave. One may easily modify this example to have uq also satisfy (A).
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7.3.4 Convexity-preserving with Neumann boundary condition of the mean cur-

vature flow equations

Our game-theoretic approach to convexity can be extended to the Neumann problems as
well. In this section, we assume that € is a smooth bounded convex domain in R? and v(z)
denote the unit outward normal to 0§2. We consider the Neumann boundary problem for

the level set curvature flow equation in €

uy — [V div (\%) ~0 i Qx(0,00), (7.3.19)
(NP) Vu(x,t) -v(z)=0 for x € 02 and t > 0, (7.3.20)
u(z,0) = ug(x) for all z € Q. (7.3.21)

Hereafter we assume an analogue of (A):

(A1) wug is a bounded Lipschitz continuous function in € satisfying that uy > a and uy — a has

compact support K, C  for some constant a € R.

We refer [43, 109] for existence and uniqueness for viscosity solutions of this problem.

7.3.4.1 Billiard games for the Neumann condition We first recall a billiard game
interpretation for this problem in [42]. For any ¢t > 0, 2 € Q and v € S, let S*(z,v) € Q
denote the position of billiard motion starting from z with initial direction v and with
distance of travel equal to ¢; see [42, Definition 2.1].

In view of [42, Lemma 2.3|, we have
S (z,v) =z + tv — o' (x,v), (7.3.22)

where of(z,v) € R? is called a boundary adjustor, satisfying |af(x,v)| < 2t. More precisely,

we may write
ol (z,v) = chy(yk), (7.3.23)
k=0

with ¢ € R, yp € 002N By(x).

We apply this billiard dynamics to our game setting by slightly changing the game rules
introduced in Section 7.2.2. We restrict the starting point z to be in € and substitute the
rule (3) with the following:
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(3)” The marker is moved from the present state = to SV (x, bv).

We may define the value function u® to be in the same form of (7.2.3) by establishing a new
state equation:

Sﬁs(Zlﬁbkvk), kzO,l,...,N—l;

Rk+1 =
’ (7.3.24)
20 = T,

where v, € St and b, = +1.

Theorem 7.3.9. [42, Theorem 1.1] Assume that § is a smooth bounded convex domain in
R2. Let uf be the value function associated to the game above. Then u® converges, as e — 0,

to the unique viscosity solution of (NP) uniformly on compact subsets of Q x [0, 00).

Remark 7.3.10. There is more than one way to generate the boundary condition of Neumann
type in games. One may simply adopt direct constraints of game trajectories in the domain
to establish tug-of-war game interpretations of Neumann boundary problem for the infinity
Laplacian in [23, 6]. Their method relies on the special structure of the infinity Laplacian and
is not applicable in our present case. A different but more relevant approach is presented in
[29] for the Neumann problems for a general class of elliptic and parabolic equations without
assuming the boundedness and convexity of the domain, where the author uses boundary
projection instead of our billiard motion. The game convergence result in [29] does not

include (NP), but it is possible to adapt the argument to our case.

7.3.4.2 Convexity of level sets As in the preceding sections, we take for any ¢t > 0
Di={rcQ:ulx,t)>c},E ={x € Q:u(x,t)>c}and I', = E.\ D..

We aim to show that for any fixed ¢ > a, E° being convex implies that E! is convex for any

t > 0. We assume
(A2) E? is convex for any ¢ > a.

It is clear that under the assumption (A2), for any x € Q with ug(x) = ¢ > a, there exists
a supporting line L, of E? passing through x; that is, L, divides R? into two half planes,
only one of which has nonempty intersection with DY. We denote by &(x) the outward unit

normal to the half plane containing D?.
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We will also use a compatibility condition as given below:
Definition 7.3.11 (Compatibility condition). For any wg satisfying (A2), we say uq is
(weakly) compatible with the Neumann boundary condition (7.3.20) if for any 7 > 0 small

and g € 02 there exists a supporting line L,, with normal £(z¢) satisfying
uo(S™ (g, v)) < up(zo) (7.3.25)

for all v € S' with (v, &(zg)) > 0.

Theorem 7.3.12 (Convexity preserving for the Neumann problem). Assume that Q is a
smooth bounded convexr domain in R?. Let u be the unique viscosity solution of (NP) with
ug satisfying (A1) and (A2). Assume that ug also satisfies the compatibility condition as in
Definition 7.3.11. Then the superlevel sets E. of u(-,t) for any t > 0 are convex for any
t>0.

In order to prove this theorem, we again need a monotonicity result similar to Lemma

7.3.2.

Lemma 7.3.13 (Monotonicity for the Neumann problem). Suppose that uy satisfies (A1)
and (A2). Assume that uy also satisfies the compatibility condition. Let u® be the value

function associated to the billiard game described above. Then
u(z,t) <u(x,s) forallz € R, t > s >0 and e > 0. (7.3.26)

In particular, the solution u is monotone in time, i.e., u(z,t) < u(x,s) for all v € R",

t>s>0.

Proof. Let us fix ¢ > 0. We claim this time that for every z € R",

sup inf wg <S‘/§5(x,bv)) < up(z). (7.3.27)

vest b==+1

Indeed, for any v € S', one may pick b = +1 such that (£(z),bv) > 0. If the billiard
motion does not touch 0f) in the initial direction Bv, then by convexity of the superlevel set

with level ug(z), we get

U (Sﬁs(x,i)v)> < up(x).
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In the case that the billiard trajectory hits 02, we have
SV (z, bv) = SVE(y, b)), (7.3.28)

where y = = + Tbv € O denotes the first hitting position with 7 > 0. For the same reason
as above, y must belong to the lower level of ug, i.e., ug(y) < up(z). We next apply the

compatibility condition to get
uo(SY* T (y, b)) < wo(y),

which by (7.3.28) yields
up(SVZ (z, b)) < up(x).

The rest of the proof, similar to that in the proof of Lemma 7.3.2 consists in the iteration
of (7.3.27) and passing to the limit as ¢ — 0 with application of Theorem 7.3.9. We omit it
and refer the reader to the proof of Lemma 7.3.2. m

The proof of Theorem 7.3.12 is essentially the same as that of Theorem 7.3.3. However, in
the proof of Theorem 7.3.3 we used the Lipschitz continuous dependence of game strategies
on the initial positions and directions, which is not clear in the current case for the billiard
motion. We thus provide a slightly different proof by choosing a subsequence of game values.

This proof also works for Theorem 7.3.3.

Proof of Theorem 7.3.12. We take x,y € Q with o # y and u(z,t), u(y,t) > c for some t > 0
and ¢ > a. We aim to show that u(xTﬂ/,t) > c. We set g, = % for any positive integer

m. In view of Theorem 7.3.9, for any ¢ > 0 small, there exists m sufficiently large, such that
um (z,t), u"m (y,t) > ¢ — 0.

We then have u®(z,s) > ¢ — ¢ and u®(y,s) > ¢ — ¢ for s <t as well due to Lemma 7.3.13.
Then for any s < ¢, there must exist maximizing strategies Sé,s and S;,s of Player I such
that regardless of the choices of Player 11, we have ug(z(s;z)) > ¢—20 and ug(2(s;y)) > ¢—2§
if Si,s and Sé,s are applied respectively in the games starting from x and y.
We next consider the game started from (z + y)/2. If Player I keeps choosing v =

(x —y)/|z — y| until the game position reaches = or y. Without loss of generality, suppose
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that Player II chooses to let z(7; (z + y)/2) = x after time 7(< ¢). Then Player I may use
Si,s with s =t — 7 to bring the game position to £ € R™, which depends on the response of

Player II to S! .. This yields

up(z(t; (x +v)/2)) = up(2(s;z)) > ¢ — 20.

Player II may choose to let the game position wander away from the neighborhoods of x and
y. In this case the final position n must still stay on the line segment between z and y and
therefore

uo(n) > ¢ — 24,

due to the assumption that superlevel sets of uy are convex.

Since the above game estimate is for a fixed strategy of Player I, we get

usm (x+y7t> >c— 20.
2
Thanks to Theorem 7.3.9, we conclude the proof by passing to the limit as m — oo and then

0 — 0. O

Remark 7.3.14. As mentioned in Remark 7.3.10, it is possible to have a game approximation
result without the boundedness and convexity assumptions on €2, following [29]. Therefore
one may also expect that the convexity preserving property still holds without assuming
the boundedness and convexity of €. In fact, without convexity of €2, we can use the same
argument to prove that E' preserves convexity relative to Q under the assumption (A1),

(A2) and the compatibility condition. To be more precise, we have

whenever z,y € Q and t > 0 satisfy u(x,t), u(y,t) > cand kx+(1—k)y € Q for all k € [0,1].
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We finally make some remarks on the compatibility condition in Definition 7.3.11. Let
us discuss a smooth special case. Suppose ug is of class C? and concave in Q. Then g is

compatible with the Neumann boundary condition if there is o > 0 such that
(Vug(o), v(y)) > 0 and Vug(z) < —0ol. (7.3.29)

for any xg € 002 and any y € B, (xy) N L.
Indeed, in this case one may choose &(zg) = —Vug(zo)/|Vuo(zo)|. To simplify notation,

we write & instead of £(zg). For any v € St with (v, &) > 0, we write
v =7 + &y,

where &3 is the unit vector orthogonal to & and 7, > 0,7 € R satisfy 72 + 72 = 72. We

apply Taylor expansion to get

U (S™ (20, v)) = uo(wo) + T1{Vue(wo), &) — (Vuo(wo), & (w0, v))
+ 5{V2uo(wo) (Tv — a7 (w0, v)), (70 = @ (20, ))) + o(|7v — @ (z0, V) ),
which, due to (7.3.29) and (7.3.23), implies (7.3.25) for 7 sufficiently small.

It is worth pointing out that the curvature flow I'; fails to preserve convexity in general

if the compatibility condition as in Definition 7.3.11 is not satisfied.

Ezample 7.3.15. Consider the special case when 2 = (—1,1) x R and I'; can be expressed as
the graph of a function y = v(z,t) for (x,t) € [-1,1] x [0, 00), we deduce

UCEQ: .
S o =0 in (—1,1) x (0, 00), (7.3.30)
ve(—1,t) = v, (1,8) =0 for all t > 0, (7.3.31)
v(z,0) = vo(z) for all z € [-1,1]. (7.3.32)

It is known [87, 9, 10] that there still exists a unique viscosity solution of this problem for
any Lipschitz continuous function even when vy does not fulfill the compatibility condition.

Suppose that v is an even Lipschitz function on [—1, 1] with

(v0)2(1) = =(vo)a(=1) > 0.

Then for any ¢ > 0, the unique solution v(x,t) must also be even in x.
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On the other hand, one may extend v, to a Lipschitz function on R in a periodic manner
and then solve the corresponding Cauchy problem in R x [0, 00). It is clear that the solution
is still space periodic for any time. Moreover, it is shown by Ecker and Huisken [32] that
the solution o(x,t) is smooth for any ¢ > 0, which implies that v,(£1,¢) = 0 and v cannot
be convex around z = £1. This means that the restriction of ¥ on [—1,1] x [0,00) is the
unique solution of (7.3.30)—(7.3.32). The failure of being convex near x = +1 remains with

such a restriction.

For the same reason as explained above, one cannot in general expect the viscosity
solution of (NP) itself to be convexity preserving without assuming a more restrictive com-

patibility condition.
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