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ANALYSIS AND GEOMETRY IN METRIC SPACES:
SOBOLEV MAPPINGS,
THE HEISENBERG GROUP,
AND THE WHITNEY EXTENSION THEOREM

Scott Zimmerman, PhD

University of Pittsburgh, 2017

This thesis focuses on analysis in and the geometry of the Heisenberg group as well as
geometric properties of Sobolev mappings. It begins with a detailed introduction to the
Heisenberg group. After, we see a new and elementary proof for the structure of geodesics in
the sub-Riemannian Heisenberg group. We also prove that the Carnot-Carathéodory metric
is real analytic away from the center of the group.

Next, we prove a version of the classical Whitney Extension Theorem for curves in the
Heisenberg group. Given a real valued function defined on a compact set in Fuclidean space,
the classical Whitney Extension Theorem from 1934 gives necessary and sufficient conditions
for the existence of a C* extension defined on the entire space. We prove a version of the
Whitney Extension Theorem for C*, horizontal curves in the Heisenberg group.

We then turn our attention to Sobolev mappings. In particular, given a Lipschitz map
from a compact subset Z of Euclidean space into a Lipschitz connected metric space, we
construct a Sobolev extension defined on any bounded domain containing 7.

Finally, we generalize a classical result of Dubovitskii for smooth maps to the case of
Sobolev mappings. In 1957, Dubovitskii generalized Sard’s classical theorem by establishing
a bound on the Hausdorff dimension of the intersection of the critical set of a smooth map
and almost every one of its level sets. We show that Dubovitskii’s theorem can be generalized
to WP (R™ R™) mappings for all positive integers k and p > n.
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1.0 INTRODUCTION

This thesis is composed of four original papers created during my time as a graduate student

at the University of Pittsburgh. These results are summarized here.

1.1 GEODESICS IN THE HEISENBERG GROUP

The sub-Riemannian Heisenberg group H! is R? given the structure of a Lie group via the
introduction of a smooth group operation. This group operation induces a basis of left
invariant vector fields {X,Y, T} on R3. We use this basis of vector fields to define a smooth
distribution of 2-dimensional planes in the 3-dimensional tangent space at any point p in R?
as the span of X (p) and Y (p). An absolutely continuous curve in R? is horizontal if it lies
tangent to this distribution almost everywhere.

Intuitively, a curve in space is horizontal if its velocity is restricted to a particular 2-
dimensional plane at almost every time. That is, the motion of a horizontal curve must
almost everywhere be some combination of movement in the direction of X and movement
in the direction of Y. Such a restriction is very natural. For example, a person on a bicycle
can cycle forward and backward or rotate their front tire at some angle. Any motion of the
bicycle must be some combination of these two movements.

This Lie group structure, 2n-dimensional distribution, and notion of horizontality may
be similarly defined in higher dimensions to construct the Heisenberg group H" from R?".
We give H"” a metric space structure via the usual Carnot-Carathéodory metric d.. defined
as the infimum of lengths of horizontal curves connecting any two given points. Any two

points in H" may be connected by a horizontal curve (see Theorem 26) so d,. is indeed a



metric.

In particular, there is a shortest curve (that is, a geodesic) connecting any two points in
H". In H', it can easily be shown that any geodesic from the origin to a point on the vertical
axis must project down to a circle on the zy-plane. Indeed, this result follows from the
classical isoperimetric inequality and Green’s theorem. Any geodesic in H' can be obtained
from one described here by applying left multiplication in the group operation. However,
such a simple geometric argument does not easily generalize to the higher dimensional case.

In Chapter 4, we determine the structure of geodesics in H™ via an explicit parameter-
ization as seen in Theorem 35. Such parameterizations have been previously established,
but previous proofs rely on the Pontryagin maximum principle [5, 10, 73]. We provide a
new and more geometric proof involving a version of the isoperimetric inequality in R*" (see
Theorem 38). The proof is similar to that of the classical isoperimetric inequality in the
plane given by Hurwitz [53] and relies strongly on Fourier series.

Moreover, in this chapter we see that the Carnot-Carathéodory metric is real analytic
away from the vertical axis (Theorem 42). Monti showed in [72, 73] that the metric is C'*
smooth away from the vertical axis, but real analyticity of the metric is an original result.
From the proof of this result, we find an implicit formula for the CC-metric (Corollary 43).
Recent advances regarding geodesics in H" and the analyticity of the CC-metric can be found
in the article by Ritoré [78].

In H!', geodesics connecting the origin to a fixed point on the vertical axis can all be
mapped onto one another via a rotation about this axis. Chapter 4 concludes with a similar
type of result. Proposition 44 allows us to obtain any geodesic connecting the origin in H"

to a point on the (2n + 1) axis via a rotation in R?*"*! about this axis.

1.2 THE WHITNEY EXTENSION THEOREM FOR HORIZONTAL
CURVES IN THE HEISENBERG GROUP

Chapter 5 focuses again on curves in the Heisenberg group. The classical Whitney Extension

Theorem from 1934 [94] established a necessary and sufficient condition for the existence



of a C* extension of a real-valued, continuous function defined on a compact set in R™.
Whitney’s theorem has found applications in the construction of pathological mappings [93]
and in the approximation of Lipschitz mappings by C! maps [29, Theorem 3.1.15]. These
approximations appear in the study of rectifiability which has had recent popularity in the
setting of the Heisenberg group.

In 2001, Franchi, Serapioni, and Serra Cassano [32] proved a C! version of the Whitney
extension theorem for real valued functions on the Heisenberg group. We would like to prove
a version of Whitney’s theorem for mappings into the Heisenberg group. That is, given a
continuous mapping f : K — H" defined on a compact set K C R™, under what conditions
does f have a C*, horizontal extension F' defined on all of R™? Here, differentiability of F
is defined in the classical sense as a mapping into R?**!. Clearly, if a smooth, horizontal
extension F' of f exists, then f must already satisfy Whitney’s classical condition. However,
we will see in Proposition 48 that Whitney’s condition alone is not enough. Moreover, in
Proposition 49, we establish a restriction on vertical growth that any C?, horizontal curve
in H" necessarily satisfies.

Theorem 50 in Chapter 5 establishes a version of Whitney’s theorem for C! curves in
the Heisenberg group. More precisely, we find a necessary and sufficient condition for the
existence of a C'!, horizontal extension of a continuous mapping into H" defined on a compact
subset of R. Theorem 52 is a rewording of Theorem 50 in terms of the Pansu derivative [75].
As an application of this result, we prove a version of the Lusin approximation for Lipschitz
curves in H" proven previously by Speight [81]. That is, we show that any Lipschitz curve
in the Heisenberg group is equal to a C', horizontal curve up to a set of arbitrarily small

measure.

1.3 SOBOLEV EXTENSIONS OF LIPSCHITZ MAPPINGS INTO METRIC
SPACES

In Chapter 6, we continue to explore the existence of extensions of mappings into the Heisen-

berg group. Suppose X and Y are metric spaces and f: X D A — Y is L-Lipschitz. Much



work has been done historically to determine when one may extend f to a C'L-Lipschitz map
defined on X (for a constant C' > 1) [17, 28, 54, 61, 62, 63, 90, 91]. It is known that such
an extension always exists when Y is R [69], when Y is a Banach space and A is a finite set

[54], or when X and Y are both Hilbert spaces [86].

We say that a metric space Y is Lipschitz (n — 1)-connected if there is a constant v > 1
so that any L-Lipschitz map f : S¥ — Y on the k-dimensional sphere has a ~L-Lipschitz
extension F': B¥*1 — Y on the (k+1)-ball for K = 0,1,...,n— 1. Lang and Schlichenmeier
[61] proved that there is a constant C' > 1 such that any L-Lipschitz map from a closed set
A C X into a Lipschitz (n — 1)-connected space Y has a C'L-Lipschitz extension as long as
X has Assouad-Nagata dimension at most n. (See [6, 61, 91] for more information about
AN dimension.) Wenger and Young [91] proved this Lipschitz extension result for Lipschitz

mappings into the Heisenberg group H™ with the same dimension restriction on X.

This Lipschitz extension result fails, however, when the dimension of the domain is too
large. Balogh and Féssler [7] constructed a Lipschitz map from the n-sphere into H" which
has no Lipschitz extension defined on the (n + 1)-ball. Thus, one cannot hope to construct

a Lipschitz extension in general from a subset of R™ into H".

However, we show in Chapter 6 that, if 2 C R™ is a bounded domain, then any Lipschitz
mapping from a compact subset of {2 into the Heisenberg group H" has a Sobolev extension
in the class WP(Q, H") for 1 < p < n+1 regardless of the dimension m. Moreover, we have
a bound on the Sobolev norm of the first 2n components of the mapping in terms of the
Lipschitz constant. These are the contents of Theorem 63. Here, W' Sobolev regularity
means that the extension is in the classical Sobolev space WP (Q, R?*"*1) and satisfies a weak
horizontality condition (6.1). The restriction on p is sharp in the sense that the theorem
fails when p = n + 1 (see Proposition 64).

Further, we will see in Theorem 66 that this extension result holds in more generality.
That is, any Lipschitz mapping from a compact subset of € into any Lipschitz (n — 1)-
connected metric space Y has an extension in the class AR (Q,Y) for 1 < p < n + 1.
Again there is no restriction on the dimension, and we have a bound on the “slope” of
the extension. The class AR (Q,Y) is the set of Ambrosio-Reshetnyak-Sobolev mappings
defined in Section 6.1 and first introduced in [4, 76].



1.4 THE DUBOVITSKII-SARD THEOREM IN SOBOLEV SPACES

Chapter 7 continues the study of Sobolev mappings. Consider a mapping f : R — R™. If f
is of class C* for k > max(n—m,0), the famous theorem of Sard from 1942 [79] demonstrates
that the set of critical values of f has m-dimensional Lebesgue measure zero. The regularity
k in Sard’s result is optimal [24, 37, 43, 55, 66, 93].

In 1957, Dubovitskii [24] proved a generalization of Sard’s result (seemingly without any
knowledge of the previous theorem). He showed that the intersection of the critical set of
a C* mapping f : R® — R™ with the level set f~!(y) has (n — m — k + 1)-dimensional
Hausdorff measure zero for m-almost every y € R™.

The theorem of Sard has been generalized in recent years to apply to the class of Sobolev
mappings. See, for example, [2, 12, 13, 14, 21, 31, 59, 87]. Omne such generalization was
proven in 2001 by De Pascale [21]. He showed that the critical values of any map in the
class W,"P(R™, R™) has m-dimensional Lebesgue measure zero when k > max(n —m, 0) and
n < p < oo. Notice that, since p > n, the Sobolev mapping is actually in the class C*~! as
a result of the Morrey inequality.

In Theorem 84, we find a generalization of Dubovitskii’s result to the Sobolev class in
the sense of De Pascale’s result. That is, we show that the intersection of the critical set
of f € WFP(R" R™) with the level set f~'(y) has (n — m — k 4 1)-dimensional Hausdorff
measure zero for m-almost every y € R”™ when n < p < oo.

De Pascale’s proof of the Sard theorem for Sobolev maps relies on a version of the classical
Morse Theorem [74] which decomposes the critical set of a mapping into pieces on which
difference quotients converge quickly. Some proofs of the classical Sard theorem [1, 65, 70, 84]
utilize the Kneser-Glaeser Rough Composition theorem [35, 57] (see Theorem 86). This is
the method that Figalli used in 2008 to reprove De Pascale’s version of the Sard theorem. In

the proof of Theorem 84, we also rely on this Kneser-Glaeser result. A proof of this classical

theorem is then given at the end of the chapter.



2.0 PRELIMINARY NOTIONS

2.1 METRIC SPACES AND THEIR PROPERTIES

Throughout the thesis, the symbol C' will be used to represent a generic constant, and the
actual value of C' may change in a single string of estimates. By writing C' = C'(n, m), for

example, we indicate that the constant C' depends on n and m only.

Definition 1. A metric space is an ordered pair (X, d) where X is a set andd: X x X —

[0,00) is a function (called a metric) satisfying the following for every x,y,z € X:

1. d(z,y) = d(y,z),
2. d(z,y) =0 if and only if x =y,
3. d(z,y) < d(z,z) +d(z,y).

We simply write the metric space X if the metric d is understood.

For any x € X and r > 0, we will call B(z,r) ={y € X : d(z,y) < r} the open ball in

X centered at x with radius . Given any A C X, the diameter of A equals
diam (A) := sup{d(z,y) : z,y € A}.

Suppose (X, dx) and (Y, dy) are metric spaces.

Definition 2. A mapping f : X — Y is L-Lipschitz continuous for L > 0 if
dy(f(a), f(b)) < Ldx(a,b)  for every a,b e X.
We say f: X =Y is a-Hdélder continuous for o > 0 if there is C' > 0 with

dy(f(a), f(b)) < Cdx(a,b)*  for every a,b e X.



We call the collection P(X) of all subsets of X the power set of X.

Definition 3. An outer measure p on X is a mapping p : P(X) — [0,00] satisfying the
following:

1. p(0) =0,

2. if A,B € P(X) with A C B, then u(A) < u(B),

3. for any sequence {A;} in P(X), we have

I (U Aj) < ZM(AJ)-

Throughout the thesis, we will consider a very special outer measure. Define for any

$s>0,0>0,and AC X

H;(A) = inf {Z(diam U+ AC U Uj, diam (U;) < (5} :
j=1 j=1
Notice that H3(A) is non-decreasing as 6 — 0 as we are taking infima over smaller and

smaller sets.

Definition 4. The s-dimensional Hausdorff measure H?® is defined for any A C X as

The Hausdorff measure is indeed an outer measure. We say that a set is s-null if its
s-dimensional Hausdorff measure equals zero. In the special case s = 0, H" is simply
the counting measure. The Hausdorff measure is a natural generalization of the Lebesgue

measure £" on R” in the following sense: for any A C R,
LMA) =2T"w,H"(A)

where w, = 7"/2['(% 4+ 1)7" is the volume of the unit n-ball. Occasionally, we will write
|A| to represent the Lebesgue measure of a set A C R™ when the dimension of the space is

understood.



The Hausdorff measure allows us to extend the notion of dimension to any metric space.
Suppose A C X. It easily follows from the definition of the Hausdorff measure that, if H*(A)
is non-zero for some s > 0, then H'(A) = oo for ¢ € (0, s). Similarly, if H*(A) is finite, then
H'(A) =0 for t € (s,00). This allows us to define the following:

Definition 5. The Hausdorff dimension of A C X is

dimy A =inf{s >0 : H*(A) =0}.

Here, we use the convention inf () = oo.

2.1.1 Curves in metric spaces
In this subsection, we will state some properties of curves in metric spaces without proof.
For proofs of these results and more details, see Section 3 of [42] and Chapter 5 of [52].

Definition 6. A curve in a metric space (X,d) is a continuous map I" : [a,b] — X. The

length of a curve I' is defined to be

n—1
(4(T) =sup Y d(T(s;), T(si41)),
i=0
where the supremum is taken over alln € N and all partitions a = sg < 51 < ... < s, =b.

We say that a curve I is rectifiable if /4(I") < oo. The classical notion of “speed” carries

over to the metric space case in the following sense:

Definition 7. For a curve I' : [a,b] — X, the speed of T at t € (a,b) is

[l(t) = Tim d(L'(t + h),I(t))
SR i |h|

whenever this limit exists.

Theorem 8. If a curve I' : [a,b] — X is Lipschitz, then the speed |U'|q exists almost every-

where and

b
(1) = / Pla(t) dt.



With any rectifiable curve I" we may associate a length function sr : [a,b] — [0, £4(T")]
defined as
$0(8) = (L) for any £ € [ab],

and this provides us with the following important reparametrization.

Theorem 9. If ' : [a,b] — X is a rectifiable curve, then there is a unique curve r:
[0,04(T)] — X (called the arc-length parameterization of T') so that T = T o sp. Moreover,
Ed(fho,t]) =t for any t € [0,04(D")] (so T is 1-Lipschitz), and |f’|d = 1 almost everywhere.

2.2 SOBOLEV MAPPINGS
Detailed proofs of the results in this section may be found in [27].

2.2.1 Sobolev mappings on Euclidean space

Consider an open subset Q C R™. Say L} (Q) is the space of locally integrable functions on
Q. That is, f € L}, .(Q) if f|x € L'(K) for every compact K C Q. Here, f|x denotes the

restriction of f to the set K. Also, denote by C§°(2) the space of infinitely differentiable

functions with compact support in 2.

Definition 10. For f € L}, () and 1 < i < m, we say that g; € L} (Q) is the weak (or

loc

distributional) partial derivative of f with respect to z; in Q0 if

Lfgi d:zc:—/ﬂgigbdx

for every ¢ € C5°(Q2).

Assuming the weak partial derivatives of f € L], () exist, we will denote them as 9 f /dx;
for i =1,...,m and write V f for the m-vector consisting of the weak partial derivatives of
f. Since the weak partial derivatives are themselves functions, we may consider weak partial
derivatives of higher order as well. By D*f we will denote the weak partial derivative of

f with respect to the multiindex o = (ayq,...,q,,). In particular D% f = 9f/0x; where



§; = (0,...,0,1,0,...,0) is a multiindex with 1 in the i position. Also |a| = a; + ...+ amn,
and a! = aq!- - !, D¥ f will denote the vector whose components are the derivatives D f,

|a| = k. Note that D°f = f.

Definition 11. The Sobolev space WP(Q), 1 < p < oo consists of those real valued functions
f € LP(Q) whose distributional partial derivatives Of /Ox; are also functions in LP(Q) for
i=1,...,m. Moreover, for any positive integer k and 1 < p < oo, we may define W5?(Q)
to be the class of all f € LP(Q2) so that D*f € LP(Q) for any n-multiindex with |o| < k.

For any f € WkP(Q), define

1 lwesiy = S 1D Fllioiey.

|| <k

Elements of W}>?(Q) are those functions in L _

order k also lie in L ().

(©) whose weak partial derivatives up to

The Sobolev space W*P(Q, R") consists of mappings f : @ — R" whose component
functions are members of W*P(Q). Occasionally, Df will be used to denote the matrix

composed of the weak partial derivatives of the components of f.

2.2.2 The ACL characterization of Sobolev mappings

Definition 12. For an wnterval I C R, we say that a function f : I — R is absolutely
continuous if, for every e > 0, there is a 6 > 0 so that, given any pairwise disjoint, finite

collection {(a;, b))}, of subintervals of I satisfying

N
Z(bl — ai) < 5,
we have
N
D 1) = fla)| < e

10



For an open set U C R, say f : U — R is locally absolutely continuous if f is absolutely
continuous on any compact interval in U.

Suppose (2 is a domain in R™. (That is, 2 C R™ is open and connected.) Call ACL(2)
the space of all measurable real valued functions f on € so that, for (m — 1)-almost every
line ¢ parallel to a coordinate axis, the restriction of f to £ = £ N is locally absolutely
continuous. The notation “ACL” is shorthand for “absolutely continuous on lines.” The

partial derivatives of f € ACL(Q) exist almost everywhere in € in the classical sense.

Definition 13. Say f € ACLP(Q) if f € ACL(Q) and if f and |V f| are in LP(2). Say
f e ACLP(Q,R™) if each of the component functions of f is in ACLP().

The following geometric characterization of Sobolev mappings will be important through-

out the thesis.
Lemma 14. Suppose 1 < p < co. Then WhP(Q) = ACLP(Q).

For a proof, see [95, Theorem 2.1.4]. In particular, if f € W!?(Q), then there is some
representative f of f (i.e. f and f differ on a set of measure zero) for which f € ACL?(Q).
Conversely, if f € ACLP(Q), then f € W'P(Q) and the weak partial derivatives of f equal

the classical partial derivatives almost everywhere.

2.2.3 Approximation by smooth functions

Several properties of Sobolev maps require the boundary of the domain to be regular in some

sense. We will now see one example of this regularity. For any » > 0 and x € R™, say

Qz,r)={yeR™ : |z, —y;|<r,j=1,....,m}

is the cube around x with side length 2r.

Definition 15. Suppose 2 C R™ is a bounded domain. Say ) is a Lipschitz domain if, for
every x € 0S), OS2 is the graph of a Lipschitz map near x. That is, there is some r > 0 and

a Lipschitz h : R™™1 — R so that (after rotating and relabeling the coordinate axes)

QN Q(z,r) ={y €R™ : h(y1, -, Ym-1) < ym} N Q(z,7).

11



We now have the following important result which states that the Sobolev space is the

completion of smooth maps under the Sobolev norm.

Theorem 16. Suppose 2 C R™ is a domain and f € WIP(Q) for 1 < p < oo. Then there
is a sequence {f;} in WHP(Q) N C>®(Q) so that

Ifi = fllwir) = 0 asi— oo.

If Q) is a bounded Lipschitz domain, then we may choose an approximating sequence in

WLP(Q) N O=(0Q).

2.2.4 Trace and extensions

One considers the restriction of a function to the boundary of its domain when solving
boundary value problems. However, since Sobolev functions are defined almost everywhere
in their domain (due to the equivalence relation on LP), we cannot restrict the map to the
boundary of the domain, as it may not be defined there. Instead, we consider the trace of

the mapping.

Theorem 17. Assume €2 is a bounded Lipschitz domain and 1 < p < oo. Then there is a

bounded, linear operator

T :W(Q) — LP(0Q2, H™ )

called the trace operator so that
Tf=floa forevery f € W'(Q)NC(Q).

The trace function T'f is uniquely defined up to H™ -null sets on 9. We also have
the following: if {f;} is any sequence in C*°(Q) converging to f in W'P(Q), then {fi|s0}
converges in LP(9Q, H™ 1), so we can define T'f := lim;_,, f;|oo (and this is independent of
the approximating sequence). Thus, while we cannot always describe the boundary values
of a Sobolev map f, we may define the trace of f as the limit of the boundary values of an
approximating sequence.

Complementary to the restriction of a Sobolev map, we also may consider the extension

of a Sobolev map. This will be a focus of Chapter 6.
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Theorem 18. Assume €2 is a bounded Lipschitz domain and 1 < p < oo. Then there is a

bounded, linear operator

E W (Q) — W2 (R™)

called the extension operator so that

Ef=f onQ foral f € W"(Q).
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3.0 THE HEISENBERG GROUP

Below, we introduce the sub-Riemannian Heisenberg group H" and give many important

definitions and geometric properties.

3.1 THE FIRST HEISENBERG GROUP
The Heisenberg group is defined as H' = C x R = R? with the group law
(z,t)« (2, t)=(z+ 2 t+t' +2im2Z") = (x + 2/, t + o/, t + ' + 2(y2’ — x))).
Here z = = + iy, 2/ = 2/ +4y’. Clearly 0 = (0,0) € C x R is the identity element and
(2,t)7! = (=2, —t). The Heisenberg group is an example of a Lie group.
Left multiplication by (z,t) € H

E(th) : Hl — Hl, ﬁ(zyt)(z/,t') = (Z,t) * (Z/,t/)

defines a diffeomorphism of R3.

A vector field X on H' = R? is said to be left invariant if

dl,pyoX =X ol forall (z,t) € H.

In other words

dl,(X(q)) = X(p*q) forall p,q € H".

14



Any left invariant vector field is uniquely determined by its value at the identity element
which is, in our case, the origin. That means the class of left invariant vector fields can be

identified with the tangent space to H! at 0

h! = TyH.

The vectors a%, 8%, % form a basis of h!. We will show now how to find corresponding left

invariant vector fields:

X(2,1) = dl. ((%‘0), Y (2,t) = dlgey, (8%)0), T(z,t) = . (%(0).

Recall that

E(z,t)(zl7 t/) = (IL’ + ZL'/, Y+ ylv 1+ t' + Q(ywl - IL‘y/)

Hence!
1 0 0
dlenp=10 1 0
2y 2z 1
Thus
1 0 0 1 1
X(i’f»y’t)zd@(z,w(%D =10 1 of|]o|=1]o0 _%—FQy%.
2y —2x 1 0 2y

Similarly we find the other two vector fields. This yields

Lemma 19. The vector fields

0 0 0 0
X(z,y,t) = %”y&’ Y(z,y,t) = ——2x—t T(x,y,t) = —

are left invariant and form a basis of left invariant vector fields on the Heisenberg group H.

'We differentiate with respect to 2,3, ' and the point (z,y,t) is fixed.
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These left invariant vector fields turn h! into a Lie algebra with respect to the commutator

operation [X,Y] = XY — Y X. Easy calculations show all of the commutator relations in h:

(3.1) [(X,Y]=XY —YX =—4T, [X,T]=0, [Y,T]=0.

Observe that the Jacobian determinant of the left translation diffeomorphism £, ;) equals 1
for all (z,¢). That is, volume is preserved under left translation, so the Lebesgue measure
in R? is the left invariant Haar measure in H'. Similarly, one can check that the Lebesgue

measure is also the right invariant Haar measure. Thus we proved
Theorem 20. The Lebesque measure on R? is a bi-invariant Haar measure on H'.

For » > 0 we define the dilation

S, H' — H', 6i(z,t) = (rz,r’t).

Lemma 21. The dilations form a group of automorphisms of the group H'. Since the

Jacobian of , equals r*, we have that

6,(E)| = r*|E| for any measurable set E C R®.

Here and in what follows |F| stands for the Lebesgue measure of a set E.
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3.1.1 Other ways to define the Heisenberg group

Consider the group H! of upper triangular matrices

1y t
01 =z ) xvyateR
0 0 1

with respect to matrix multiplication. We will show that the groups H! and H! are iso-

morphic. That is, this group of matrices provides an alternate definition of the Heisenberg

group.
Since
1 y t 1 o 1 y+y 4y +t
01 =z 01 2 |=10 1 r+x )
0 01 0 0 1 0 0 1

the group H! can be identified with R? equipped with the group law
(@,y,t) @ (&, t) = (@ + 2",y + o, t + ' +ya').
One can easily check that the mapping

¢:H' — H!

gb(l’, Y, t) = (ZE, Y, 4t — QI‘y)

is the desired group isomorphism.

The left invariant vector fields on H' are

and we have

Indeed,
1 0 0
dp=1 0 1 0],
-2y 2z 4

17



SO

1 0 0 1 1
dp(X)=1 0 1 0 0] = 0 —§+2y%—X
—2y 2z 4 Y —2y + 4y
1 0 ol o 0
do(W)=| 0o 1 o |1]|=] 1 —82—235%:}/
—2y —2x 4 0 _—2:1:
1 0 o o [ 0
dpT)=1 0o 1 ol ]o]|=1o0 :4%:@
_—2y —2x 4_ _1 _4

That is, d¢ maps a basis of left invariant vector fields {f( Y, T} onto a basis of left invariant

vector fields {X,Y,4T}.

3.1.2 Why we call it the Heisenberg group

Heisenberg originally wrote the bracket relations (3.1) in his formulation of quantum me-
chanics. In his work, X, Y, and T are self-adjoint operators on a Hilbert space. The operator
X corresponds to a measurement of position, ¥ corresponds to a measurement of momen-
tum, and T is a multiple of the identity operator. Heisenberg did not actually construct the
Heisenberg group but rather its Lie algebra. Any Lie algebra uniquely determines a con-
nected, simply connected Lie group. Herman Weyl was the first to construct the Lie group
associated with Heisenberg’s Lie algebra in order to explain the mathematical equivalence
of Schrodinger’s and Heisenberg’s approaches to quantum mechanics [92]. For this reason,
physicists often refer to this Lie group as the Weyl group, while mathematicians call it the

Heisenberg group.
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3.1.3 Higher dimensional generalizations

For any positive integer n, we define the Heisenberg group H" = C" x R = R?*"*!, We may
generalize the notions of the group law, inverses, and dilations from H! to H" as follows for
any (z,t) € C" x R and r > 0:
(2.8) % (2, ) = (z+ 2t + 1 +2imY 7)) = (w+ 2/ t+y t+1+2) (y;af — 2;9)))
j=1 j=1
(th)_l = (_Zv _t)
6.(z,t) = (rz,r’t)
16,(E)| = r*" | E|
As before, the dilations §, form a group of automorphisms, and the Lebesgue measure is a

bi-invariant Haar measure on H".

A basis of left invariant vector fields is given at any point (1,91, .., Tn, Yn,t) € H" by

0 0 0 0 0

Xi=—+2yj—, YVi=——-20,—, T=—

o T igr T 5y T ai
for j = 1,2,...,n. As above, these left invariant vector fields determine the Lie algebra h™.
It is not hard to see that [X;,Y;] = —4T for j = 1...,n and all other commutators vanish.

As before, we may also define the Heisenberg group as H" = R2"+! with the group law
(,y.0) @ (@, ) = (x+ 2" y+y t+t'+y-2)

and basis of left invariant vector fields

- 0 0 ~ 0 -0
X, = R VR A
o Ve T gy ai
for j = 1,2,...,n. This group is isomorphic to H" via the group isomorphism
¢ H" — H"

¢(3773/7t) = (x7y74t — 2 - y)7

and

do(X;) = X, do(Y;) =Y;, do(T) =A4T.
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3.2 THE HORIZONTAL DISTRIBUTION

The Heisenberg group is equipped with the so called horizontal distribution

H,H" = span {X:1(p), Y1(p), ..., Xa(p), Ya(p)} forall p € H".

This is a smooth distribution of 2n-dimensional subspaces in the (2n-+1)-dimensional tangent
space T,H" = T,R*" ™. A vector v € T,R?*"™ is horizontal if and only if v € H,H". That

is, if we write

red
p ot

for a;, b;,c € R, then v is horizontal if and only if we can write

& 0 0
" =2 (e, v

)
p

v=">Y_ajX;(p) + b;Y;(p)
j=1

for some a’, b; € R. Since

) )
(p) = —— (D) — Yip) = —
i(p) o, p+ y;(p) 7, and Y;(p)

it must be the case that a; = a; and b; = b;-. Thus

n

(3.3) c=2) (ay;(p) — bjz;(p)).

i=1

We have shown that a vector v given by (3.2) is horizontal if and only if (3.3) is satisfied.
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3.2.1 Contact manifolds

Theorem 22. The horizontal distribution HH" is the kernel of the 1-form

(3.4) a= dt—I—ZZ(xj dy; — y;dx;).

Jj=1

i.e. HH" = kera(p) C T,R**.

Proof.
- 0 0
a(X;) = | dt +2 (x;dy; — y; dz;) 9o T Wig ) =2 +2(-y) =0
j=1 J
and
- 0 0
a(Y;) = (dt + QZ(xj dy; — y; d:pj)) (@ — 2z; §> = —2x; + 2z; =0,
j=1 I
but o(T") = 1. O

In other words, a vector v given by (3.2) is in the kernel of « if and only if (3.3) is

satisfied.

Definition 23. Let M be a manifold of dimension 2n + 1. A contact form is a 1-form «
satisfying
A (da)™ # 0.

Given a contact form «, the contact structure on M is defined as the distribution of 2n-
dimensional hyperplanes

E=kera CTM,
and M s called a contact manifold.

It is easy to check that « defined as in (3.4) is a contact form. Therefore, the Heisenberg
group is an example of a contact manifold. As the following result shows, any contact form
on a manifold is locally equivalent to the contact form (3.4) on the Heisenberg group up to

a change of coordinates. See [83] for a proof.
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Theorem 24 (Darboux). Let a be a contact form on a (2n + 1)-dimensional manifold M.
For any p € M, there is a neighborhood U of p and a coordinate system (x1,y1, ..., Tn, Yn,t)
in U so that p = (0,...,0) and

aly =dt+2 Z(x] dy; — y;dx;).
j=1
One of the problems in contact topology is the study of the global structure of a contact
manifold M. For example, one may ask if two given contact manifolds are “the same” in the
following sense: is there a diffeomorphism between the manifolds which preserves contact
structures? The Darboux theorem shows that any two contact manifolds of dimension 2n+ 1
are locally diffeomorphic via such a diffeomorphism, but the global question is much more
difficult. In our investigation of the Heisenberg group, however, we will only be concerned

with the local geometry of the horizontal distribution.

3.2.2 Horizontal curves

An absolutely continuous map 7 : [a,b] — R**! is called a curve in R*"™!. Recall that +/

exists almost everywhere in [a, b].

Definition 25. A curve in R*"*! is a horizontal curve if it is almost everywhere tangent to

the horizontal distribution i.e.
v'(t) € HypH"  for almost every t € [a,b).

In other words, the curve « is horizontal if 4’ is almost everywhere a horizontal vector.

In terms of coefficients, this means
V() = a;(0)X;(v(1) + b(0)Y;(v(1)  ae. t € [a,b]
j=1

for some real valued coefficient functions a;, b;. Recall that a vector v € T,H" written as

- 0 0
o=3 (o3, toag,) +oa

9
Jayj

+0
p

p
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is horizontal if and only if

c=2) (a;y;(p) — bz;(p)).

j=1

Therefore, the curve
7(t) = (fl(t)> gl(t)v s 7fn(t>7 gn(t)> h(t))

is horizontal if and only if the vector

/

+ ¢ (t)—
5 1) 9 )ayj

;o0
"/(t)) +h (t)a

v(t)

satisfies

(3.5) B (t) =2 Z(f;(t)gj(t) —g;(t)f;(t))  for almost every t € [a, ].

=1

At every point p in H" we have a 2n-dimensional space of directions in which a horizontal
curve may travel. Meanwhile, the tangent space at p has dimension 2n+1. Thus the condition
of horizontality on a curve is a very restrictive one. Surprisingly, any two points p,q € H"
can be connected by a horizontal curve. That is, there is a horizontal curve v : [a, b] — H"
so that y(a) = p and 7(b) = q. See Theorem 26.

According to (3.5), we may construct a horizontal curve from any absolutely continuous

curve in R?*" as follows: suppose
;5/ = (fl?gb c '7fnagn) : [aa b] — R2n

is absolutely continuous, set h(a) € R arbitrarily, and define

n t
(3.6) h(t) = h(a) + 22/ (fi(7)g;(1) — g;(7) fi(7)) dr  for every t € [a, b].

j=17¢
The curve v = (f1,91, .- -, fn, gn, h) is called a horizontal lift of 4. Hence

Toy =7

where 7 : Rt — R?" is the standard orthogonal projection onto the first 2n coordinates.
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Figure 1: The planar curve (cos(t), —sin(t)) and its horizontal lift (cos(t), — sin(t), t)

Given an absolutely continuous curve 7 in R?" and a point p € R*"* with 7(p) = (¢),
the curve 4 has a unique horizontal lift v satisfying v(a) = p. Indeed, (3.6) uniquely defines
this lift once a starting height h(a) is chosen.

Observe also that vertical translations along the ¢-axis remain horizontal. That is, given
a horizontal curve v = (7, h) and ¢ € R, the curve § = (7, h + ¢) is also horizontal.

Assume now that v : [a, b] — H" is horizontal and its projection ¥ = 7 o v onto R*" is a

closed curve. Note that

h(b) = h(a) = =2 Z/ (f5(1)g;(r) = g;(7) f5(7)) dr
_ —22 /(:Ej dy; — y; dz;)
_ _22[(% dy; — y; dz;)
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where 7; = (f;, g;) is the orthogonal projection of v onto the x;y;-plane. Note that each 7;
is a closed curve in R?. According to Green’s Theorem,

1
(3.7) 5 / (z; dy; — y; day)
7.

J

equals the area enclosed by the curve 7;. More precisely, if the curve 7; has self-intersections
in the plane, the integral (3.7) defines an oriented area taking into account the multiplicity

of overlaps. Figure 2 illustrates this.

: e
1
x//-@_ _'"\ \
/ 2 \ \
\
,|
A ;’I

/
|:
h
A

Figure 2: A curve with enclosed multiplicities labeled

Since we calculated

(3.8) h(b) — h(a) = —4 (Z % /(%’ dy;j — v dl’j)) :

we may conclude that the change in height h(b) — h(a) of a horizontal curve equals —4 times
the sum of oriented areas enclosed by the planar projections ;.

Suppose ¢ = (0,...,0,t) is any point on the t-axis. We would like to construct a hori-
zontal curve connecting the origin to this point ¢. We may arbitrarily define n closed curves
A, -+ Yn in R? beginning and ending at the origin (0,0) so that the sum of their enclosed,
oriented areas equals —t/4. Then the horizontal lift v of ¥ = (71, ..., ) with starting height
h(a) = 0 satisfies

h(b) = h(b) — h(a) = —4 (zi; % A (2, dy; — v, dxj)) — 4 (;) -
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Thus ~ satisfies v(a) = (0,...,0,0) and v(b) = (0,...,0,t) = ¢ as desired.
Fix p = (a1,b1,. .., apn, by, to) € H" and consider the curve (5 : [0, 1] — H" defined as

B(s) = (say, sby, ..., Sap, sby, to).

This is simply a line segment in R?*"! from p to the point (0,...,0,%y) on the t-axis. This

curve (3 is horizontal. Indeed,

+ bi
B(s) ]ayj

B(s) = Zn; (%%

)+08(
B(s) AEION

so the coeflicient of 9/0t is
0= 22(%(35;‘) —bj(sa;)) = 2 Z(ajyj(ﬁ(S)) — bjz;(B(s))),

and this satisfies (3.3). We have just seen that any point p € H" may be connected to the
t-axis via a horizontal curve (in this case, a line segment). Above, we showed that any point
on the t-axis may be connected to the origin via a horizontal curve. Concatenating curves

proves the following:
Theorem 26. Any two points p,q € H" may be connected by a horizontal curve.

Fix p € H". Connect p to the point ¢ = (0,...,0,%) on the t-axis via the line segment
parallel to R?" described above. Now define

7= )

so that 74, is a negatively oriented circle in the plane starting and ending at the origin with
radius \/75/_47r, and set 4; = (0,0) for j = 2,...,n. By the above arguments, the horizontal
lift of 4 with starting height 0 connects the origin to ¢. In particular, if p is close to the
origin, then there is a short, horizontal curve connecting them. This observation will be used

in the proof of Lemma 30 below.
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3.3 THE CARNOT-CARATHEODORY METRIC

Equip HH" with a Riemannian metric ¢g so that the vectors X1, Y1, ..., X,,Y, are orthonor-
mal at every point in H". The metric g is only defined on the spaces H,H" rather than on

the entire tangent space T,R?" ™. Clearly, the metric g is left-invariant.

3.3.1 Lengths of curves

Let 7 : [a,b] — H" be a horizontal curve and write

n

V()= a;(OX;(v(1) + b;(0)Y;(1(t)  ae. t € [a,b].

j=1

The horizontal length of ~ is defined by

(3.9) Ca() = / (1) dt

where

n

Y (O)lr =/ (1), 7 1))y = (a;(2))* + (b;(1))*.

J

Definition 27. The Carnot-Caratheodory metric in H" is defined for all p,q € H" by

where the infimum is taken over all horizontal curves connecting p and q.

Recall from Theorem 26 that any two points in H"” may be connected by a horizontal
curve, so d.. is a well defined metric. Clearly, the Carnot-Caratheodory metric is left in-
variant. In what follows, we will always assume that H" is equipped with the horizontal

distribution and the Carnot-Caratheodory metric.
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3.3.2 Properties of the Carnot-Caratheodory metric

Let m : R?"*! — R?" be the orthogonal projection

ﬂ-('rhyla s 7xn7yn7t) - (xlaylv s anayn)

onto the first 2n coordinates. We have for any p = (21,91, ..., Tn, Yn,t) € H"

0 0

X;(p)) = — | +2y,=| | ==—

dﬂp( ](p )) dﬂ—p axj + y] at axj
P P 7(p)

and
0 0 0

Yi(p)) = 2| | ==

dﬂp( ](p)) dﬂ-p ayj l’] 8t ayj
P p m(p)

Thus dr, maps an orthonormal basis of (H,H", g) onto an orthonormal basis of Ty(,)R*".
Hence, the linear map

dmy : (HH", g) = TrpR*"

is an isometry. In particular, for any horizontal curve 7, the horizontal length ¢ (7) equals

the Euclidean length ¢5(%) of the projection
¥=mox:la,b — R™.
Recall that the dilations 4, for r > 0 are group automorphisms ¢, : H* — H" defined by
6r(2,t) = (rz,r’t).

These dilations commute with the lengths of horizontal curves in the following sense.

Theorem 28. If v is a horizontal curve in H", then 6, o v is horizontal as well and

gH(ér © 7) = 7’KH(’}/)'

In particular,

dee(6:(p), 6,(q)) = rdec(p,q)  for all p,q € H".
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Proof. We will prove this result in H', but the same argument applies to H". We have

r 0 0 1 r
0 0
5. X(p)=10 r 0 o= o0 |=r (% +2ry§) =rX(6,(p))-
00 2y 212y
Similarly, dd,Y (p) = rY (6,(p)). The result follows easily. O

Theorem 29. If E C R*"™! is compact, then there is a constant C = C(E) > 1 such that
(3.10) C7'p =g < declp,g) < Clp—q|'* Vp,q € E.

In particular, this implies that (H",d,.) and (R*"*!,| - |) are topologically equivalent. In
order to prove this result, we introduce a new metric on H". For any (z,t) € H", define the
Koranyi gauge || - |k as

(2, Ol = (2]t + %)Y

and the Kordanyi: metric di as

di(p.q) == llg~" *pllk.

Figure 3: The unit Koranyi sphere in H*

In order to prove that dg is indeed a metric, one must prove that the triangle inequality

holds. While it does indeed hold, we will not prove it as we will not need it.
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Lemma 30. The metrics d.. and dg are bi-Lipschitz equivalent. That is, there is a constant
C > 1 satisfying

C 'k (p,q) < dee(p,q) < Cdg(p,q) Vp,q€H".

Proof. We begin with a sketch of a proof that the function dy : R*"*' — [0, 00) defined
as do(p) := de(0,p) is continuous. We will prove continuity at the origin, and general
continuity will then follow from left multiplication. If |p| is small for some p € H", the
horizontal curve v from the discussion following Theorem 26 connecting p to the origin will
have small horizontal length (since the horizontal length of this curve equals the Euclidean
length of its projection). Therefore, d..(0, p) must be small as well.

Observe now that [|6,(p)||x = r||p||x for all » > 0. Let S = {p € H* : |]p||x = 1} be
the unit sphere in the Koranyi metric. Since S is compact in R*** and p +— d..(0,p) is

continuous and non-zero on S, there is a constant C' > 1 so that

C7' <de(0,p) <C VpeS.

Fix 0 # p € H", and set r = ||p||x". Then ||6,(p)||x = 1, so §,.(p) € S. Hence

1p]| 5 dee(0, p) = rdec(0,p) = dee(0,6,(p)) € [C7F, CY,

so, for any p € H",

CHpllx < dee(0,p) < Cllpllx

Since left multiplication is an isometry on (H",d,.), we have for any p,q € H"

dcc(p7 Q) = dcc(q_l *D, 0)7

and hence

Cldr(p.q) = C7'q " = pllx < dee(p.q) < Cllg " *pllx = Cdr(p,q).
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Proof of Theorem 29. We will first prove the left inequality. Notice that, if £ Cc R**! is
compact, then d..(p, q) is uniformly bounded for any p, ¢ € E since the mapping p — d..(0, p)
is continuous. Fix p,q € E, and suppose {7x} is a sequence of horizontal curves with
C (k) = dee(p,q). Then there is a some integer N so that, for all £ > N, the z and y
components of v, are bounded by some constant depending only on the set E. Indeed, the
horizontal length of a curve is equal to the Euclidean length of its projection to R?", and
the boundedness of d.. on E implies that these projections cannot stray too far from the

projection of E. Hence, for any v = v, with & > N, (3.5) gives

Therefore, |p — q| < lg(y) < Cly(y) for any horizontal curve connecting p and ¢. Taking

the limit in & gives |p — q| < Cd..(p, q).

1/2 50 the theorem will follow from the bi-

We will now show that dx(p,q) < |p — ¢|
Lipschitz equivalence of dx and d... Fix p,q € E. Write p = (2,¢) and ¢ = (/,t'). One may

check that
o\ 1/4
dc(p,q) = llg ™ #pllc = |1z = 2| + |t =t/ + 2> (2hy; — x39))
j=1
" 1/2
<Clz=2|+Clt—t + ZZ(x;yj — ;)
j=1

for some C' > 0. The inequality, and hence the theorem, follows. O

Corollary 31. H" is complete. Closed, bounded sets in H™ are compact.
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3.3.3 Rectifiable curves in the Heisenberg group

If I' : [a,b] — H" is any continuous (not necessarily horizontal) curve in the metric space
(H", d..), then, as in the discussion in Section 2.1.1, its length with respect to the Carnot

Caratheodory metric is
n—1

lee(T) = sup D dee(T(5:), (s5141))-

=0
Taking n = 1 above, it immediately follows from the definition of d.. that £..(I') < ¢y ().
Thus every horizontal curve is rectifiable. However, it is not obvious if (..(I') = (g (I"). It
is also not clear whether every rectifiable curve in H" can be reparametrized as a horizontal

curve. Both of these facts are true, and this discussion is summarized here.
Proposition 32. In H”,

1. any horizontal curve I" is rectifiable and €..(I') = £y (T).
2. Lipschitz curves in H™ are horizontal.

3. every rectifiable curve admits a 1-Lipschitz parameterization and is horizontal after this

reparametrization.
Condition 2. in the above result will follow from the following useful proposition.

Proposition 33. Suppose Q@ C R™ is open. and f = (fi,91,--, fu, Gm, h) + Q@ — H" is

locally Lipschitz. Then f is differentiable almost everywhere, and

= 22 gi(x)Df;(x) — fj(x)Dg;(x)) for almost every x € €.

In other words, the image of D f(x) lies in Hy)H" almost everywhere.
If v is the contact form (3.4), this result says that f*o = 0 almost everywhere for any

locally Lipschitz f.

Proof. Since f is locally Lipschitz as a mapping into H", it is also locally Lipschitz as a map
into R?"*! (by Theorem 29). Thus, by the classical Rademacher theorem, D f exists almost

everywhere in €.
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Choose = €  so that Df(x) exists. Hence the definition of dx and its bi-Lipschitz

equivalence with d.. give

1/2

h(y) +2Z fix — figi(@)| < dr(f(z), f(y) < Clz -yl

for all y close enough to = and some constant C' > 1 (depending on the local Lipschitz

constant of f at z). After adding and subtracting f;(z)g;(z) in the above sum, we have

h(y) — —2}297 2)Dfj(x) = fi(x)Dg;(x)) - (y — x)

< G — g+ 23 150 a5() — 05(2) — Dgy(a) - (3 — o)

7=1

“’22‘93 N fi(y) = fi(x) = Dfi(z) - (y — )|
= o(|lz —yl),
since f; and g; are differentiable at x. m

Proof of Proposition 32. Condition 2. follows from the previous proposition, and 3. follows
from 2. and the fact that the arc-length parameterization of a rectifiable curve is 1-Lipschitz.
We now prove condition 1.

Recall from the discussion preceding Proposition 32 that £..(I') < ¢y (I"). Hence it re-
mains to prove that £..(I") > ¢y (I"). Extend the Riemannian metric defined on the horizontal
distribution HH" to a Riemannian metric g in R*"*!, For example, we may do so by requir-
ing that the vector fields X;,Y;, T are orthonormal at every point of R*"*!. The Riemannian
metric ¢ defines a metric d, in R*"*! as the infimum of lengths of curves connecting two

given points. Here, the length of an absolutely continuous curve 3 : [a, b] — R***1 is defined

as the integral

b
~ [ VaGEL s
Since this is the same approach that was used to define the Carnot-Carathéodory metric, we

have £,(I") = ¢y (T") for any horizontal curve I'. Thus it is obvious that d,(p, q) < d..(p,q)

since, in the case of this new Riemannian metric, we take the infimum of lengths over a
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larger class of curves. It is a well known fact in Riemannian geometry that for an absolutely
continuous curve 3 : [a, b] — R*"*

n—1

ly(f) = sup Z dg(B(s:), B(si+1));

=0
where the supremum is taken over all positive integers n and all partitions a = sy < 51 <

... < s, = b as before. Therefore, if I' : [a,b] — R?"*! is horizontal, we have

ly(T) =£,(T") = sup i dy(T'(s:),T(si11)) < supz_: dee(T'(8:), T (8541)) = Lee(T)
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4.0 GEODESICS IN THE HEISENBERG GROUP

This chapter is based on the paper [48].

Definition 34. A geodesic from p to q in H" is a curve of shortest length connecting the

two points.

As we saw in Theorem 26, any two points in the Heisenberg group can be connected by a
horizontal curve. In fact, any two points can be connected by a geodesic, and the structure
of every geodesic in the form of an explicit parameterization is known. The proofs in the

case of HI' can be found in [9, 19, 33, 71], and the general case of H" is treated in [5, 10, 73].

If n = 1, the structure of geodesics can be obtained via the two dimensional isoperimetric
inequality (see [9, 19, 71]). Consider a horizontal curve I' = (,¢) in H' connecting the origin
to some point ¢ = (0,0,7) with 7" # 0. The length of T" equals the length of its projection
v to R? (which is a closed curve). Also, by (3.6), the change T in the height of ' must
equal —4 times the signed area enclosed by . Thus the projection of any horizontal curve
connecting 0 to ¢ must enclose the same area |T'|/4, and finding a geodesic which connects
0 to g reduces to a problem of finding a shortest closed curve 7 enclosing a fixed area.
Thus the classical isoperimetric inequality implies that I' will have smallest length when ~
is a circle. Then the ¢ component of I' is determined by (3.6) and one obtains an explicit
parametrization of the geodesics in H' connecting the origin to a point on the t-axis. Such
geodesics pass through all points (g, yo, %), to # 0 in H'. If ¢ = (g, 40, 0), then it is easy to
see that the segment Og connecting the origin to ¢ is a geodesic. This describes all geodesics
connecting the origin to any other point in H'. Due to the left-invariance of the vector fields
X and Y, parameterizations for geodesics between arbitrary points in H' may be found by

left multiplication of the geodesics discussed above.
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This elegant argument, however, does not apply to H" when n > 1 and known proofs of
the structure of geodesics in H" are based on the Pontryagin maximum principle [5, 10, 73]. In
this chapter we will provide a straightforward and elementary argument leading to an explicit
parameterization of geodesics in H" (Theorem 35). Our argument is based on Hurwitz’s proof
[53], of the isoperimetric inequality in R? involving Fourier series. The Hurwitz argument is
used to prove a version of the isoperimetric inequality for closed curves in R*" (Theorem 38).
This isoperimetric inequality allows us to extend the isoperimetric proof of the structure of
geodesics in H! to the higher dimensional case H" as seen in the proof of Theorem 35. For
a related, but different isoperimetric inequality in R?*", see [30].

As an application of our method we also prove that the Carnot-Carathéodory metric is
real analytic away from the center of the group (Theorem 42). This improves a result of
Monti [72, 73]. He proved that this distance is C* smooth away from the center. We also
find a formula for the Carnot-Carathéodory distance (Corollary 43) that, we hope, will find

application in the study of geometric properties of the Heisenberg groups.

4.1 THE ISOPERIMETRIC INEQUALITY AND THE STRUCTURE OF
GEODESICS

Any horizontal curve I' is rectifiable, and we may parametrize the curve with respect to arc-

length. Under this parameterization, the speed |I'|4,, of T': [0, £5(T)] — H" (as defined in

Section 2.1.1) is equal to 1 almost everywhere. According to Proposition 32, the lengths ¢y
and /.. of any sub-curve of I' coincide, so by Theorem 8 and the definition of /5 it follows that

U =T

d.. = 1 almost everywhere. Then, we can reparametrize I' as a curve defined on
[0, 1] with ||y constant almost everywhere, and hence we can assume that I' : [0, 1] — H"
satisfies
(4.1) > (@(s)* + (y(s)* = tu(T)* = Lee(T)?  for almost all s € [0,1].

j=1
On the other hand any rectifiable curve in H" can be reparametrized as a horizontal curve

via the arc length parameterization (Proposition 32), and thus, when looking for length
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minimizing curves (geodesics), it suffices to restrict our attention to horizontal curves I' :
[0,1] — H" satisfying (4.1). When this is satisfied, we say that I" has constant speed.

Since the left translation in H" is an isometry, it suffices to investigate geodesics con-
necting the origin 0 € H" to another point in H". Indeed, if T" is a geodesic connecting 0 to
p~1*q, then p* I is a geodesic connecting p to q.

If ¢ belongs to the subspace R** x {0} C R?*"*! = H", then it is easy to check that the
straight line I'(s) = sq, s € [0, 1] is a unique geodesic (up to a reparametrization) connecting
0 to ¢. Indeed, it is easy to check that I" is horizontal, and its length £..(I') = {5 (I") equals
the Euclidean length |0g| of the segment 0g because T is equal to its projection «. For any
other horizontal curve I' = (7,1) connecting 0 to g, the projection 4 on R?" would not be a
segment (since horizontal lifts of curves are unique up to vertical shifts), and hence we would
have £o,(T) = £5(T) = £g(7) > [0g| = o(T") which proves that I cannot be a geodesic.

In Theorem 35, we will describe the structure of geodesics in H" connecting the origin to
a point (0,0,7) € R*" x R = H", T # 0, lying on the t-axis. Later we will see (Corollary 41)
that these curves describe all geodesics in H" connecting 0 to ¢ & R?*" x {0}. The geodesics

connecting 0 to ¢ € R?" x {0} have been described above.

Theorem 35. A horizontal curve

of constant speed, connecting the origin T'(0) = (0,0,0) € R* x R = H" to a point I'(1) =
(0,0,£T7), T > 0, on the t-azis is a geodesic if and only if

(4.2) zj(s) = A;(1 — cos(2ms)) F B;sin(2ms)
y;(s) = Bj(1 — cos(2ms)) = A; sin(27s)

forj=1,2.....,n and
t(s) =T (s—

where Ay, ..., A, By, ..., B, are any real numbers such that 4w Z?Zl(AJQ- + BJ2) =T.

snom)

™
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Figure 4: A geodesic in H! connecting the origin to (0,0,1)

Remark 36. Observe that if I'(1) = (0,0,471"), the equations (4.2) give a constant-speed
parametrizations of negatively oriented circles in each of the xjy;-planes, centered at (A;, B;),
and of radius 4 /A? + BJZ. FEach circle passes through the origin at s = 0. The signed area of
such a circle equals —m(AZ + B3). Thus the change in height t(1) — t(0) which is —4 times

the sum of the signed areas of the projections of the curve on the x;y;-planes equals

n

() (743 +B) =T.
j=1
Clearly this must be the case, because I' connects the origin to (0,0,T). Any collection of
circles in the x;y;-planes passing through the origin and having radii r; > 0 are projections
of a geodesic connecting the origin to the point (0,0,T) where T = 4w Z?Zl rjz. In particular
we can find a geodesic for which only one projection is a nontrivial circle (all other radii are
zero) and another geodesic for which all projections are non-trivial circles. That suggests
that the geodesics connecting (0,0,0) to (0,0,T7) may have many different shapes. This is,

however, an incorrect intuition. As we will see in Section 4.3, all such geodesics are obtained

from one through a rotation of R***1 about the t-axzis. This rotation is also an isometric
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mapping of H". The above reasoning applies also to the case when I'(1) = (0,0, =T) with

the only difference being that the circles are positively oriented.

Remark 37. The parametric equations for the geodesics can be nicely expressed with the

help of complex numbers, see (4.15).

4.1.1 The isoperimetric inequality

The proof of Theorem 35 is based on the following version of the isoperimetric inequality
which is of independent interest. In the theorem below we use identification of R?" with C"

given by
R* 3 (z,y) = (21, ..., Tny Y1, - - Yn) & (21 Fiys, ..., Tp +iyy) = o + iy € C™.
Every rectifiable curve v admits the arc-length parametrization. By rescaling it, we may

assume that v is a constant speed curve defined on [0, 1].

Theorem 38. If v = (T1,--,Tn, Y1, -5 Yn) : [0,1] — R* 4s a closed rectifiable curve

parametrized by constant speed, then
(4.3) L* > 47|®|,

where L is the length of v and ® = D1+ ...+, is the sum of signed areas enclosed by the

curves v; = (xj,y;) : [0,1] = R?, i.e.

1

D, = 5/0 (y}(s)xj(s) - x;(s)yj(s)) ds.

Moreover, equality in (4.3) holds if and only if there are points A, B,C, D € R"™ such that vy

has the form

(4.4) v(s) = (C +iD) + (1 — e"®)(A +iB), when L*=47D
and
(4.5) Y(s) = (C+iD) + (1 — e ®™)(A+iB) when L*= —47D.
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Remark 39. Let A;, B;,C; and D;, j =1,2,...,n be the components of the points A, B,C

and D respectively. In terms of real components of v, (4.4) can be written as

zj(s) = C; + A;(1 — cos(2ms)) + Bjsin(27s)

(4.6)

yj(s) = D; + Bj(1 — cos(2ms)) — A; sin(27s)
and (4.5) as
() xj(s) = C; + A;j(1 — cos(2ms)) — B; sin(2ms)

yj(s) = Dj + B;j(1 — cos(2ms)) + A, sin(27s).

That is, the curves ; = (x;,y;) are circles of radius |/ A3 + B? passing through (C;, D;) at
s = 0. In the case of (4.4) they are all positively oriented and in the case of (4.5) they are

all negatively oriented. In either case, they are parametrized with constant angular speed.

Remark 40. If we have two different circles of the form (4.4) having the same radius, then
one can be mapped onto the other one by a composition of translations and a unitary map of

C™. See the proof of Proposition 44. The same comment applies to circles of the form (4.5).

Proof. Let v = (1, ..., T, Y1, -, Yn) : [0,1] — R®** be a closed rectifiable curve. By trans-
lating the curve, we may assume without loss of generality that v(0) = 0. It suffices to prove
(4.3) along with equations (4.6) and (4.7) (with C'= D = 0) which are, as was pointed out
in Remark 39, equivalent to (4.4) and (4.5). Since the curve has constant speed, its speed

equals the length of the curve, so

n

S (@ ()2 + (y)(s))? = L.

=1

In particular the functions z; and y; are L-Lipschitz continuous and z;(0) = y;(0) = z;(1) =
y;j(1) = 0. Hence the functions x;,y; extend to 1-periodic Lipschitz functions on R, and so
we can use Fourier series to investigate them. We will follow notation used in [26]. For a

1-periodic function f let
A 1 .
f(k):/ f(x)e ™™k dy  keZ
0

40



be its kth Fourier coefficient. By Parseval’s identity,

2 - Z/ P+ P ds = 3 S ZEP + 170

j=1 keZ

(4.8) = ZZM%Q (125 (R)[* + [g;(R)[?)

j=1 k€eZ

Note that

1~ (!
D=21+...+9, = 3 Z/o (yj(s)x;(s) — 2(s)y;(s)) ds.
j=1
Since z; and y; are real valued, we have ;(s) = 2(s) and y}(s) = yj(s). Thus we may apply
Parseval’s theorem to this pair of inner products to find

o = 32(2%@@)—2%@%))

7j=1 keZ keZ

_ % SN onki (W@j(k‘) - Mf&j(k))

7j=1 keZ

(49) RS k2T (G ().

j=1 keZ

since i(Z — z) = 2Im z. Subtracting (4.9) from (4.8) gives

2 = L[S E(nmr F) - k2 ()]

=1 kez
_ i [Z(kQ—|k|)<|ij(’f)|2+|@j(k)|2>

1] (1501 = 2sen(k)m (g;(R)a; (k) ) + |, (k)[?) |
(410) = Z[Z — k) (125 () + 35(0)2) + 3 [k |g5(k) + i sen(k)a; (k)]

j=1 keZ keZ

The last equality follows from the identity |a 4 ib|> = |a|* — 2Im(ab) + |b|* which holds for
all a,b € C. Since every term in this last sum is non-negative, it follows that % — % > 0.
Thus, we have L? > 47®. Reversing the orientation of the curve, i.e. applying the above
argument to J(t) = (1 — t) gives L? > —471D, so (4.3) follows.

Equality in (4.3) holds if and only if either L? = 470 or L? = —47D. We will first

consider the case L? = 47®. This equality will occur if and only if each of the two sums
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contained inside the brackets in (4.10) equals zero. Since k* — |k| > 0 for |k| > 2, the first of
the two sums vanishes if and only if Z;(k) = y,;(k) = 0 for every |k| > 2 and j =1,2,...,n.
Hence nontrivial terms in the second sum correspond to k£ = £1, and thus this sum vanishes

if and only if g;(£1) = —isgn(+1)z,;(£1). That is, for every j =1,...,n,
(4.11) 9;(1) = —i2;(1) and  g;(=1) =i 2;(=1).

Now since each x; and y; is Lipschitz, their Fourier series converge uniformly on [0, 1]. Note
that the only non-zero terms in the Fourier series appear when |k| < 1. Thus L? = 479 if

and only if (4.11) is satisfied and for every s € [0,1] and j = 1,...,n

zi(s) = 2;(=1)e” 2™ + £;(0) + &;(1)e*™

yJ(S) = gj(_1)€*27ﬂ'8 4 :0](0) + gj(l)e%ris.

(4.12)

In particular, 0 = z;(0) = 2;(—1) + 2;(0) + 2;(1) and hence z,(0) = —z,(—1) — z,(1) for

each j = 1,...,n. This together with FEuler’s formula gives

zi(s) = &;(—1)(e72™ — 1) + &;(1) (¥ — 1)
= —(Z;(—1) + &;(1))(1 — cos(27s)) + (—iz;(—1) +iz;(1)) sin(2ms)

= —(&;(=1) + &;(1))(1 — cos(2ms)) — (§;(—1) + §;(1)) sin(2ms).
The last equality follows from (4.11). Similarly, we have

yi(s) = =(G;(=1) + 9;(1))(1 = cos(2ms)) + (&;(=1) + 2;(1)) sin(2ms).
If we write A; = —(2;(—1) + 2;(1)) and B; = —(y;(—1) + 9;(1)), then we have

(4.13) 7;(s) = Aj(1 — cos(2ms)) + B; sin(2ns)
yj(s) = Bj(1 — cos(27s)) — A;sin(27s).

Note that it follows directly from the definition of Fourier coefficients that the numbers

Aj, B; are real.
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The case L? = —47® is reduced to the above case by reversing the orientation of ~y as

previously described. In that case the curves «; are given by

zj(s) = A;(1 — cos(2ms)) — B;sin(27s)
(4.14) ’ ! ’

yj(s) = B;(1 — cos(27s)) + A; sin(27s).
We proved that if L? = 47D, then 7 is of the form (4.6) and if L? = —47®, then it is of the
form (4.7). In the other direction, a straightforward calculation shows that any curve of the
form (4.6) satisfies L? = 47D and any curve of the form (4.7) satisfies L? = —47®. This

completes the proof. O

4.1.2 The structure of geodesics

Proof of Theorem 35. Suppose first that I' = (,t) : [0,1] — H" is any horizontal curve of
constant speed connecting the origin to the point (0,0, 4+7"), 7" > 0. Recall from (4.1) that

n

S (@ ()2 + ()())? = Lo(T)? =: L.

j=1

Thus v : [0,1] — R?" is a closed curve of length L parametrized by arc-length. Moreover

7(0) = 0.
If © is defined as in Theorem 38, it follows from (3.6) that

7 =23 [ (@)~ )n;(s) ds = a2

so® < 0 and L? > 7T by Theorem 38. Now I is a geodesic if and only if L? = 7T = —47D
which is the case of the equality in the isoperimetric inequality (4.3). We proved above that
this is equivalent to the components of 7 satisfying (4.14), and this is the (0,0,+7T) case of
(4.2). One may also easily check that 47 37" (A} + B}) = —4D =T.

Suppose now that T" : [0,1] — H" is any horizontal curve of constant speed connecting
the origin to the point (0,0, —=7"), T'> 0. Then I' = (z(s), y(s), t(s)) is a geodesic if and only
if

[(s) = (2(s),5(s), 1(s) = (2(1 = ), y(1 = 5), (L = 5) + T)
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is a geodesic connecting I'(0) = (0,0,0) and T'(1) = (0,0,T) since reversing a curve’s
parametrization does not change its length and since the mapping (z,y,t) — (z,y,t + 1)
(the vertical lift by T') is an isometry on H". Therefore I' = (&,,) must have the form
(4.14). Hence the (0,0, —T') case of (4.2) follows from (4.14) by replacing s with 1 — s.
The formula for the ¢t component of I' follows from (3.6); the integral is easy to compute

due to numerous cancellations. O

Using the complex notation as in Theorem 38, the geodesics from Theorem 35 connecting

the origin to (0,0, £7"), T > 0 can be represented as
(4.15) T(s) = ((1 — ) (A 4 iB), t(s))
where A = (Ay,...,A,), B=(By,...,B,) are such that 47|A + iB|*> = T and

t) =2 (5= )

21

Theorem 35 and a discussion preceding it describes geodesics connecting the origin to points
either on the t-axis (0,0,4+7), T > 0 or in R*" x {0}. The question now is how to describe
geodesics connecting the origin to a point ¢ which is neither on the ¢-axis nor in R?" x {0}.
It turns out that geodesics described in Theorem 35 cover the entire space H" \ (R*" x {0})

and we have

Corollary 41. For any q € H" which is neither in the t-azis nor in the subspace R*" x {0}
there is a unique geodesic connecting the origin to q. This geodesic is a part of a geodesic

connecting the origin to a point on the t-axis.

Proof. Let ¢ = (¢1,...,¢pn,dn,...,dy, h) be such that h # 0 and ¢;, d; are not all zero. We
can write ¢ = (¢ +1id,h) € C* x R. First we will construct a geodesic I'; given by (4.15)
so that I';(sg) = ¢ for some sy € (0,1). Clearly, the curve Fq|[0780] will be part of a geodesic
connecting the origin to a point on the t-axis. Then we will prove that this curve is a unique
geodesic (up to a reparametrization) connecting the origin to ¢. Assume that A > 0 (the

case h < 0 is similar). We will find a geodesic passing through ¢ that connects (0,0,0) to

44



(0,0,7), for some 7" > 0. (If h < 0 we find I" that connects (0,0,0) to (0,0, —7").) It suffices
to show that there is a point A + ¢B € C" such that the system of equations

(416)  (1—e*™)(A+iB)=c+id,  4Ar|A+iBJ ( - —Slnfm)) =h
™

has a solution so € (0,1). We have A +iB = (¢ +id)/(1 — e *™*) and hence
d|? in(2
lc + id)| (S_sm( 775)) _

(4.17) on 1 — cos(27s) 27

This equation has a unique solution sy € (0, 1) because the function on the left hand side is an
increasing diffeomorphism of (0, 1) onto (0, 00). We proved that, among geodesics connecting
(0,0,0) to points (0,0,7), T" > 0, there is a unique geodesic I'; passing through ¢. Suppose
now that T is any geodesic connecting (0,0,0) to ¢. Gluing [ with Fq‘[SOJ] we obtain a

geodesic connecting (0,0,0) to (0,0,7") and hence (perhaps after a reparametrization) it

must coincide with I';. This proves uniqueness of the geodesic Fq‘[o sl O

4.1.3 A formula for the Carnot-Carathéodory distance

We will now use the proof of Corollary 41 to find a formula for the Carnot-Carathéodory
distance between 0 and ¢ = (z,h), z # 0, h > 0. We will need this formula in the next

section. Let

(4.18) H(s)

B 27 sin(27s)
1 — cos(2ms) 27

)00 = 0.5
be the diffeomorphism of (0,1) onto (0, 00) described in (4.17). Let
I(s) = ((1—e ™) (A+iB),t(s))

be the geodesic from the proof of Corollary 41 that passes through ¢ at so € (0,1). We

proved that sq is a solution to (4.17) and hence s is a function of ¢ given by
so(q) = H™' (h]z]7%).

Note that A +iB = z/(1 — e72™%0) so

2|

V2(1 — cos(2msg))

|A+iB| =
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Figure 5: The function H defined on (J,,c,(n,n + 1)

Hence

- / 2 / 0o _ T _ _ o 27T|Z‘
J ;(%(s» +(Yj(5))? = L= VaT = 27|A+iB| = N )

where L is the length of I" and I'(1) = (0,0, 7). Therefore

n

(4.19) dec(0,q) = /080 J Z(:c}(S))Q + (5(s))?ds = \/2(12—7ng|:(|2¢50)) :

4.2 ANALYTICITY OF THE CARNOT-CARATHEODORY METRIC

The center of the Heisenberg group H" is Z = {(z,h) € H" : z = 0}. It is well known that
the distance function in H" is C* smooth away from the center [72, 73], but through the

use of (4.2), we will now see that this distance function is actually real analytic.
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Theorem 42. The Carnot-Carathéodory distance d,. : R*"1 x R?*"™! — R is real analytic

on the set

{(p.q) eH" xH" =R*""' xR*"': g7l xpg Z}.

Proof. In the proof we will make a frequent use of a well known fact that a composition
of real analytic functions is analytic, [60, Proposition 2.2.8]. It suffices to prove that the

L% p is real analytic

function dy(p) = d..(0, p) is real analytic on H" \ Z. Indeed, w(p,q) = q~
as it is a polynomial. Also, d..(p,q) = (do o w)(p, q), so real analyticity of dy on H" \ Z will
imply that d,. is real analytic on w™'(H"\ Z) = {(p,q) e H* x H" : ¢ ' xp & Z}.

Define H : (—1,1) — R as

. 27s (27s)3 (27s)®
(4.20) H(s) 2m (s B sm(27rs)) I + T

:1—cos(27rs) 27 1_M+(27g_f)4_”"

S
21 41

Here, we divided by a common factor of (27s)? in the two power series on the right hand
side. That is, the denominator equals (1—cos(27s))(2ms)~2? which does not vanish on (—1,1).
This implies that H is real analytic on (—1,1). Indeed, considering s as a complex variable,
we see that H(s) is holomorphic (and hence analytic) in an open set containing (—1,1) as a
ratio of two holomorphic functions with non-vanishing denominator.

As we pointed out in (4.18), the function H is an increasing diffeomorphism of (0, 1) onto
(0,00). Since it is odd and H'(0) = 27/3 # 0, H is a real analytic diffeomorphism of (—1,1)
onto R. Again, using a holomorphic function argument we see that H~' : R — (—1,1) is a
real analytic.

The function z — |z|? is analytic on R*"\ {0} (as a composition of a polynomial z — |z|?
and an analytic function 1/x), so the function (z,h) — h|z|~2 is analytic in H" \ Z. Hence
also so(q) = H'(h|z|7?) is analytic on H" \ Z.

Fix ¢ = (z,h) € H" \ Z with h > 0. Then by (4.19)

2750 2]

V2(1 = cos(27sg))

Since H(sg) = h|z|™2, formula (4.20) yields

(4.21) do(q) =

2msy = (1 — cos(2msg))h|z| 2 + sin(27sg).
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Substituting 27sq in the numerator of the right hand side of (4.21) gives

dolg) — hy/1 — cos(2msy) N | 2| sin(27so)
° V2|z2| V24/1 — cos(2msg)

= hsin(msp)|z| 7" + | 2| cos(ms)

where we used the trigonometric identities

in(2
V1 — cos(2msg) = V2| sin(ms)| = V2sin(wse)  and M = 2cos(msy).

sin(mso)

To treat the case h < 0 let us define so(q) = H ' (h|z|7?) for any ¢ = (2, ), z # 0. Previously

we defined sq(q) only when h > 0. It is easy to check that the mapping
q= ($=y7t) = (Z,t) = q = (27 _t) = (Ia Y, _t)

is an isometry of the Heisenberg group, so dy(q) = do(q).
If h<0and q=(z,—h), then

so(q) = H™'(h|2|7?) = —H ' (=h|2|7?) = —s0(q)
and hence
do(q) = do(q) = —hsin(wse(q))|2| " + |2| cos(mso(q)) = hsin(mso(q)) + | 2| cos(mso(q)).

In the case h = 0, I is a straight line in R?" from the origin to ¢, and so dy(q) = |z|.

Therefore
dola) = hsin(mso(@) ||+ 2] cos(mso(q)) = hsin(mH 1 (h]2]2))|z ™" +]z| cos(x H (]| 2))

for every ¢ = (z,h) € H" \ Z, and so dy is analytic on H" \ Z. O

We also proved

Corollary 43. For z # 0, the Carnot-Carathéodory distance between the origin (0,0) and
(z,h), z # 0 equals

dee((0,0), (2, h)) = hsin(mH *(h|z|™)|2|~* + |z| cos(m H (h|2]|72)).
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4.3 CLASSIFICATION OF NON-UNIQUE GEODESICS

Any point (0,0,£7), T > 0 on the ¢ axis can be connected to the origin by infinitely many
geodesics. The purpose of this section is to show that all such geodesics are actually obtained
from one geodesic by a linear mapping which fixes the t-axis. This map is an isometry of H"

and also an isometry of R+,

Proposition 44. IfI'y : [0,1] = H" and T'y : [0, 1] — H" are constant-speed geodesics with
['1(0) = I'y(0) = (0,0,0) and I'1(1) = I'y(1) = (0,0,£7) with T > 0, then we can write
'y =V oIy where V is a isometry in H" which fixes the t-coordinate. The map V is also

an isometry of R* 1 specifically a rotation about the t-axis.

In the following proof, U(n,C) will represent the space of n x n unitary matrices with

complex coefficients.

Proof. Consider geodesics I'y = (71,t) and 'y = (72,t) defined in the statement of the
proposition. As in the discussion before Corollary 41, we consider 7, and v as functions

into C™ rather than into R?" and write
Yi(s) = (1 —€e™™) (A+iB), Ya(s) = (1 —e¥™) (C +iD)

where 47| A+ iB|* = 47|C' +iD|?* = T. We claim that there is a unitary matrix U € U(n, C)
such that U(A+iB) = C +iD. Indeed, for any 0 # z € C", use the Gram-Schmidt process
to extend {z/|z|} to an orthonormal basis of C" and define W, to be the matrix whose
columns are these basis vectors. Here, we consider orthogonality with respect to the standard

Hermitian inner product (u,v)c = >, u;v;. Then W, € U(n,C) and W,e; = z/|z| where

j=1
{e1,...,en} is the standard basis of C". Thus the desired operator is U = Weip o WX}FZ.B.

Define the linear map V' : C* x R — C" x R by V(z,t) = (Uz,t). Since
U((1-e™™)(A+iB)) = (1—¢e™™)(C +iD),

for every s € [0, 1] and since V' fixes the t-component of C" x R, we have V o I'; = T's.
We now prove that V' is an isometry on H". Indeed, suppose p,q € H" and T = (v, ) :
[0,1] — H" is a geodesic connecting them. Then V oI' = (U o ~,t). Since I' is horizontal, it
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is easy to check that ¢'(s) = 2 Im(v(s),~/(s))c for almost every s € [0, 1]. Unitary operators

preserve the standard inner product on C", and so

#'(s) = 2 Tm (4(s),7'(s))c = 2 Im ((U 07)(s), (U 0 ¥)(s))c

=21 (U 07, (U 02)(6))

C

for almost every s € [0,1]. That is, V o I" is horizontal. Also,

tu(T') = /0 V{Y(s),7(s))c ds = /O VAU 0y)(s), (U o) (s))c ds = Ly (V oT).

Thus de.(Vp,Vq) < £g(T) = de(p,q). Since U is invertible and U~! € U(n,C), we may

argue similarly to show that d..(p,q) = de.(V " 'Vp, V1Vq) < d..(Vp,Vq), and so V is
an isometry on H". Clearly unitary transformations of C™ are also orientation preserving

isometries of R?"® and hence V is a rotation of R?”*! about the t-axis. m
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5.0 THE WHITNEY EXTENSION THEOREM FOR HORIZONTAL
CURVES IN THE HEISENBERG GROUP

This chapter is based on the paper [97]. In 1934, Whitney [94] discovered a necessary and
sufficient condition for the existence of an extension f € C*(R™) of a continuous function
f : K — R defined on a compact set K C R™. The purpose of this chapter is to prove a
version of the Whitney Extension Theorem for mappings from a compact subset of R into the
sub-Riemannian Heisenberg group H". Applications of Whitney’s extension theorem may
be found in the construction of functions with unusual differentiability properties (see [93])
and the existence of C'!' approximations for Lipschitz mappings (see [29, Theorem 3.1.15]
or Corollary 60 below). Such approximations are useful in the study of rectifiable sets, and
the notion of rectifiability has seen recent activity in the setting of H" (see for example
[7, 32, 56, 68]). In fact, the authors in [68] indicate that a Whitney type extension theorem
into the Heisenberg group would help show the equivalence of two notions of rectifiability
in H". For a comprehensive summary of the work done on Whitney type questions, see the

introduction and references of [30].

Definition 45. We say that a continuous function f : K — R defined on a compact set
K C R™ is of Whitney class €*(K) (equivalently f € €'(K)) if there is a continuous function
Df € C(K,R™) such that

(5.1) i W) = fa) —Df(a) - (b~ a)

b—a|—0 |b — al
a,be K

=0.

We will call Df the derivative of f in the Whitney sense or the Whitney derivative of f.
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Note that, a priori, Df is unrelated to the classical derivative since it is simply a contin-
uous function defined on a compact set.

Condition (5.1) is necessary for the existence of a C' extension since any smooth function
defined on R™ will satisfy (5.1) on a compact set K C R™ with Whitney derivative equal
to the classical derivative. Whitney proved that (5.1) is also sufficient to guarantee the
existence of a C! extension. That is, for any compact K C R™ and f € €!(K), there exists
a function f € C'(R™) such that f|x = f and V.f|x = Df. See [65, 94] for proofs of this.
Whitney actually proved a similar result with higher order regularity of f, but we will focus
here only on the first order case. See Theorem 102 below for the statement of this higher
order result.

The Whitney class can be defined for mappings between higher dimensional FEuclidean
spaces in an obvious way. A mapping F': K — R¥ is said to be of Whitney class €'(K,R")
(equivalently F' € €'(K,RY)) for a compact K C R™ if each component f; of F is of Whitney
class €'(K) with Whitney derivative Df;. Call DF = (Dfy,...,Dfy) : K — (R™)" the
Whitney derivative of F. Given any F' € €'(K,RY), we may construct a C'! extension of F

by applying Whitney’s result to each of its components.

5.1 FORMULATING THE PROBLEM

A natural question may be asked: what form would a sort of Whitney extension theorem
take in the Heisenberg group? In 2001, Franchi, Serapioni, and Serra Cassano [32] proved a
C! version of the Whitney extension theorem for mappings from the Heisenberg group H"
into R. The authors provided a concise proof highlighting the major differences between
the Euclidean and Heisenberg cases. For a full exposition of the proof, see [88]. In this
theorem, the function defined on a compact K C H" is extended to C}, function. That
is, the derivatives of the extension in the horizontal directions exist and are continuous. In
2006, Vodop’yanov and Pupyshev [89] proved a C* version of Whitney’s theorem for real
valued functions defined on closed subsets of general Carnot groups.

In 2013, Piotr Hajtasz posed the following two questions:
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e (Whitney extension) What are necessary and sufficient conditions for a continuous map
f: K — R2! with K © R™ compact and m < n to have a C! extension f : R™ — R2n+!
satisfying im(D f(x)) C Hjp H" for every x € R™?

e (C' Luzin property) Is it true that, for every horizontal curve T' : [a,b] — H" and any

e > 0, there is a C', horizontal curve I": [a, b] — H" such that
[{s € [a,0] = T(s) # T(s)}| < e?

Remark 46. Note that the Whitney extension problem stated above is very different from
the one solved by Franchi, Serapioni, and Serra Cassano since the nonlinear constraint now

lies in the target space. Such a constraint makes the problem much more difficult.

Remark 47. We only consider the Whitney problem in the case when m < n since, if m > n,
we have possible topological obstacles preventing the existence of a smooth extension. For

more details, see [7, 22].

Let us consider the Whitney extension question in the case when m = 1. For K C R
compact, let T' = (f1,91,-- -, fas9n, h) : K — R?"™! be continuous so that there is a C*,
horizontal extension I : R — R?>"*!. Then clearly I € ¢!(K, R>**!) with Whitney derivative
I :=I"|x. That is,

=0.

(5.2) i (L®) = T(a) — (b~ a)l"(a)]

|b—al—0 b —al
a,be K

[ must also satisfy the horizontality condition
(5.3) W(s) =2 (fi(s)9;(s) = fi(s)g;(s))
j=1

for any s € K since any C', horizontal curve defined on R satisfies (5.3) for every s € R. We
may ask the following: are conditions (5.3) and (5.2) sufficient to guarantee the existence of

a horizontal, C! extension I' of I'? As we see here, the answer to this is, in general, “no”.

Proposition 48. There is a compact K C R and T = (f,g,h) € € (K,R?) with Whitney
derivative T' = (f', g, 1) satisfying h' = 2(f'g — f¢') so that no C*, horizontal curve T :
R — H' satisfies T'|x =T

93



The next natural question to ask is the following: under what additional assumption
does there exist a C!, horizontal extension of I' € €}( K, R?*"*1)? The following proposition

describes a necessary condition that every C!, horizontal curve satisfies.

Proposition 49. Suppose U C R is open and T' = (f1, g1, - fn, G, ) : U — H" is C* and

horizontal. Then for any compact K C U

o |h() = h(a) = 2300, (f5(b)gs(a) — fia)g;(b))
(5.4) \bllar\rio |b—al? =0

The proofs of these two propositions are presented in Section 5.2.

5.1.1 The Whitney extension theorem for curves

As we will now see, the main result of this chapter shows that assuming condition (5.4)
in addition to (5.2) and (5.3) is in fact necessary and sufficient for the existence of a C*,

horizontal extension of a continuous I' : R D K — H". This is summarized as follows:
Theorem 50. Suppose K C R is compact. Suppose I' = (f1,91, -+, fu, gn, h) : K — H" is
of Whitney class €'(K,R*" ) with Whitney derivative T = (f{,q,,..., ., g., h').

Then there is a horizontal, C* curve T : R — H" such that T|x =T and f"]K =1"if and

only if
_ |pb) = Rla) = 2375, (fi(b)g;(a) — fi(a)g;(b))
(5.5) Tim — —0
i |
and
(5.6) h'(s) =2 Z (fi(s)g;(s) — g5(s) fi(s))  for every s € K.

Remark 51. We actually do not need to assume that h € €'(K) because it is a consequence
of (5.5) and the fact that f; € €'(K) and g; € €'(K) for j = 1,...,n. The proof of this is

simple, but it is contained at the end of Section 5.2 for completeness.

Theorem 50 can be reformulated using the Lie group structure of H" as follows:

o4



Theorem 52. Suppose K C R is compact. Suppose I' = (f1,q1,- -, fns gn, h) : K — H" and
=(fl,qy - fl, g, 1) : K —H" are continuous.
Then there is a horizontal, C* curve T : R — H" such that T|x =T and I'|x = I if and

only if

(5.7) lim |6p_ay—1 (T(a)" % T(b)) — Th(a)] =0
b—a—07T
a,be K

where Ty = (f1, 91, -+ [0, 90, 0), and

n

h'(s) =2 Z (fi(s)g;(s) — g5 (s) fi(s))  for every s € K.

Jj=1

Here, §(,_q)-1 is the Heisenberg dilation. After assuming (5.6) and rewriting (5.7) using
the definitions of the group law and dilations, we see that (5.7) is satisfied if and only if (5.5) is
true and T is of Whitney class €' (K, R?"™!) with Whitney derivative I. That is, Theorem
50 and Theorem 52 are indeed equivalent. Notice the similarity between the formulation
of (5.7) and the definition of the Pansu derivative (see [72, 75] for information on Pansu
differentiation). In fact, Proposition 49 implies that I'{, may be viewed as a Whitney-Pansu
derivative of I'. Thus (5.7) acts as a sort of Whitney-Pansu condition for mappings defined
on compact subsets of R.

In 2015, Speight [81] showed that a horizontal curve I : [a, b] — H" coincides with a C*,
horizontal curve I’ on [a,b] up to a set of arbitrarily small measure. That is, he answered
the C! Luzin approximation question posed by Hajlasz in the positive. After seeing the
paper by Speight, I quickly realized that this C' Luzin result follows from Theorem 50. This
is summarized at the end of this chapter in Corollary 60. Moreover, Speight showed the

surprising result that the Luzin approximation does not hold for curves in the Engel group.

5.2 PROOFS OF SOME PROPOSITIONS

We will first present the proof Proposition 49 as this result is used in the proof of Proposi-

tion 48.
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5.2.1 Necessity of the growth condition

Proof of Proposition 49. Since K is compact, we may assume without loss of generality that
U is bounded. It suffices to prove (5.4) when U is an open interval. Indeed, U = (J32,(a’, V")
for disjoint intervals (a’, b?). Since K is compact, K C [, (a’,b") for some N € N, and so
we are only required to prove (5.4) on each (a’,b") N K with i < N. We may also replace K
by a possibly larger compact interval (also called K') contained in the interval U.

Since I' is horizontal, we have that h' =237 | (fig; — f;g;) on U. Choose M > 0 so that
|fil < M and |gj| < M on K for every j =1,...,n. Fix j € {1,...,n}. For any a,b € K

with a < b, we have (a,b) C K, and so

b
/ F1(t)g5(t) dt
b
_ / £1(1)]g5(a) + g (a)(t — a) + g;(t) — g5(a) — (@)t — a)] it

(@) [ e+ [ Fo0-ads [ 500 - gl - g - o)
Now

/ £l - g5(a) — g (a)(t — o)) dt

M [*1g;(t) — gi(a) — gj(a)(t — a)]

“b—al, It — al

b
(b—a)?

dt

which vanishes uniformly on K as |[b— a| — 0 since g; is C*. In other words, fab Fi)]g;(t) —

gi(a) — gj(a)(t — a)] dt = o(|b — al?) uniformly on K as |b — a| — 0. Moreover

[ roe-ad= [ o =g -adas [ foe- o

As above, we have f:(f]’(t) — fi(a))(t —a)dt = o(|b — a|?) uniformly on K as [b —a| — 0

J

since f; is C'. Thus we can write
b b
/ fi(®)g;(t) dt = [£;(b) — fi(a)]g;(a) + g;(a) fi(a) / (t —a)dt +o(|b — af*).
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Similar arguments yield

| g05,0 8 =1g,0) - g(@Ns@) + S (@) [ (¢~ ayat + (b )

Hence
[ U500, ~ d00) = 5010 - 5@, +o(b — aP)
Therefore,
h(b) — h(a) = / W(t)dt = 22/ £i(t)gi(t)) dt
—2ZIL )9;(a) = £3(a)g; (b)) + of[b — af?)
uniformly as [b — a| — 0 for a,b € K. This completes the proof. O

5.2.2 Failure of the classical conditions in the Heisenberg group

As implied above, the following counterexample will fail to have a C*, horizontal extension
since any such extension would not satisfy the necessary condition outlined in Proposition

49 on the compact set K.

Proof of Proposition 48. Let

o0

3
K = U {1_ T 1 u{1} = H[cn,dn]uu}.
Then K is compact. Define I' = (f,g,h) : K — H' so that, for each n € N U {0},
I'(t) = (0,0,3™™) for t € [c,,d,], and set T'(1) = (0,0, 0) (see Figure 6). Define I"(¢) = (0,0, 0)
for every t € K. We will show that

IP() —T'(a) = (b - a)l"(a)|
|b—al

(5.8)

converges uniformly to 0 as [b —a| — 0 on K.
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0z

Figure 6: The mapping I' from the proof of Proposition 48

Figure 7: A possible horizontal extension of I'. This extension is not smooth at the origin.
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Let ¢ > 0 and fix n € N with 4(2/3)" < . Suppose a,b € K with [b—a| < 272 If g
and b lie in the same interval [cy, di], then (5.8) equals 0. If @ and b lie in different intervals

[ck, di] and [, df] for some k,¢ € NU {0} (say ¢ > k), then k > n. Indeed, if k < n, then
’b - a’ > cp—d > cpg1 — di, = 9~ (k+2) o= (n+2)

which is impossible. Hence,

P(b) —T(a) — (b—a)"(a)| _ 3+ -3~ _ 3+ :4(2)k§4(2)"<5.

|b—a| - Cg—dk _Ck+1_dk 3

3 3

If either a or b equals 1 and the other point lies in the interval [cy, di] for some k € NU {0},

then, as in the above argument, k& > n. In this case, (5.8) is bounded by % (%)n < €. Thus

I' € ¢1(K,R?), so there exists a C! extension of T" to all of R.
Suppose now that I' = (7, 71) :R — H' is a O, horizontal extension of I". By Proposi-
tion 49, I must satisfy |h(b) — h(a)|/|b — a|?> — 0 uniformly on K as |b — a| — 0. However,

lCnpr — dp| =272 = 0 as n — oo, but

h(c,.1) — h(d, 3= — 3=+l 39 /4\"
|h(cni1) — h(dy)] :_()%OO

\Cn+1 _ an - 4—(n+2) 3

3

as n — oo. Thus I" has no C', horizontal extension to all of R. O

5.2.3 Equivalence of the theorem statements
We complete this section with the proof of Remark 51.

Proof. Let K C R be compact. Suppose I' = (f1,91,---, fn, gn, h) : K — H" satisfies (4.9).
Suppose also that f; € €'(K) and g; € €'(K) for j = 1,...,n with Whitney derivatives

fi, 9y, fl, 9. Then
[1(8) = h(a) = (b= @)l (a)] < |h(b) — h(a) = 2 Y (f;(b)g;(a) — f;(a)g;(0))
+23 | H(0)gs(a) = f(@)g;(0)

— (b—a) (fj(a)g;(a) — fi(a)gi(a)) |
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= o(lb—a*) +2>_|g;(@) (f;(0) = (b = @) fj(a))

— fi(a) (g;(b) — (b — a)g(a)) |
= o(|b— a[?) + o(|b — al)

uniformly as [b — a| — 0 for any a,b € K. That is, h € €'(K). O

5.3 CONSTRUCTING THE WHITNEY EXTENSION

Proof of Theorem 50. Write I = (7, h) = (71, ..., 7, h) where v; = (f;,9;) : K — R%

The necessity of conditions (4.9) and (5.6) was verified in Proposition 49 and in the
discussion preceding Proposition 48. We will now prove that these are sufficient conditions.

Since K is compact, we can define the closed interval I = [min{K}, max{K}]. Thus
I'\ K is open, so I \ K = |J,(a’, ") for pairwise disjoint open intervals (a’,b"). To construct
the extension I' of I', we will define a C'! extension 4 of  on each interval [a’, b] so that the
horizontal lift of 7 will coincide with I' on K.

If the collection {(a’,b%)}; is finite, then we can construct the extension directly. On each
[a*, 0] and for each j € {1,...,n} define 7} = (;’,f];) : [a', '] — R? to be a curve which is

C! on [a’, V'] satisfying

(5.9) Fi(a') =v5(a’) and  F5(b) = 7;(b),
(5.10) (%)) (a") =7j(a") and  (5})'(b") = 7;(b),

(5.11) 2 / (7 - Fi@)) = % [A(b') — h(a)] .

The fact that a curve exists satisfying the first two conditions is obvious. The value on

the right hand side of condition (5.11) is fixed, and the integral on the left may be interpreted
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as an area via Green’s theorem. Thus any curve with prescribed values at a' and b’ as in
(5.9) and (5.10) can be adjusted in (a’,b") without disturbing the curve at the endpoints so
that this integral condition (5.11) is indeed satisfied.

Now define the curve 5 : I — R?" so that

;ﬂK =7 and 5/ (at,bt) — (iﬂlj? B 75/:1)

for every i € N. The properties (5.9) and (5.10) above ensure that 4 is C' on I. Extend
7 to a C' curve on all of R. Finally, define I' = (%, k) to be the unique horizontal lift of 7
so that A(min{K}) = h(min{K}). Property (5.11) ensures that this lift is a C'' extension
of T since, on [a’,b'], the horizontal lift traverses the distance h(b") — h(a') in the vertical
direction (as described in (3.6)).

Now, consider the case when the collection {(a’, ")} is infinite. The simple construction
above can not in general be applied directly in this case. Indeed, in the above construction,
there was little control on the behavior of the curves. For example, curves filling a small
gap from ~;(a*) to v;(b") could be made arbitrarily long. Thus we must now be more careful
when constructing these curves.

Notice that the sequence {(a‘,b")}32, satisfies o' — a’ — 0 as i — oo since I is bounded
and the intervals are disjoint. Thus, using the fact that each f; € €'(K) and g; € €'(K) and
using (4.9), we can find a non-increasing sequence ¢ — 0 so that the following conditions
hold for each ¢+ € N:

b —a' <e, [ (0) = y(a") < €',

‘v(bi) —q(a") = (V' —a')y'(a") <. ’7(6") —q(a") = (V' —a')y'(b) i
bt — at ’ bi — qt )
1 |h(b") = h(a") = 30 (f5(0%)g;(a’) — f(a’)g; (b))

n (bz _ ai)2

Our plan for the proof will be as follows: for each ¢ € N we will construct a horizontal
curve IV in H" defined on [a’, ] connecting I'(a’) to I'(b") and satisfying conditions (5.9),
(5.10), and (5.11). In addition, the curves will be constructed in a controlled way so that the
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concatenation of all of these curves creates a C!, horizontal extension of I'. To create these
curves in H", we will first define for each 7 € N curves 7} : [, 0] — R? in each x;y;-plane
connecting ~y;(a’) to v;(b). Horizontally lifting each curve 4* = (3i,...,4%) to T" will create
an extension I : I — H" of T'. The controlled construction of the curves %i- together with
(5.11) will ensure that this extension T is indeed C?.

We begin with the following lemma in which we define a curve 7} from [a’,}’] into the
z;y;-plane sending a' to the origin and b to (]v;(b) — v;(a')],0) Later, we will compose the
curves in the lemma with planar rotations and translations to create the curves i;'- connecting
vj(a") to v;(b") as described above.

We now introduce some notation. Fix j € {1,...,n}. For each i € N, if |y;(b") —v;(a’)| >
0, let u = % and let v be the unit vector perpendicular to u} given by a counter-

i

clockwise rotation of u} in the z;y;-plane. If |y;(0°) — v;(a’)| = 0, define v} and v} to be

the unit vectors pointing in the x; and y; coordinate directions respectively. Since each 7; is

of Whitney class €!(K,R?), we may choose M > 0 so that &)= ~ yr [ (a")] < M,

pr=a']

and [v;(0°)] < M for every i € N and every j =1,...,n.

Lemma 53. Fizi € Nandj € {1,...n}. There exists a C* curven’ = (2%,%}) : [a',b'] — R?

satisfying

(5.12) ni(a) = (0,0) and  nj(b") = (| (") —7;(a)].0),
(513)  ()'(a') = (v(a’) -}, j(a’) - v5)  and () (V') = (v;(b") - wj, 75 (B") - V),

(5.14) Injllee < P(e") and [|(7;) = (j(a") - uj, 7;(a") - V§)llow < P(")

where P(t) = C'(tY/% + t?) for every t > 0 and some constant C' > 0 depending only on M,
and

(5.15)
2/ (()'y; — 25(y))") = % h(b) = h(a') = 2> (fu(B)gm(a) = frn(a')gm(V)) | -
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The proof of this lemma is omitted here for continuity. It is presented in the appendix.

Remark 54. Observe that vj(a’)-u} and +}(a’)- v} are the components of the vector 7(a’) in
the orthonormal basis (u’, v%). Soon, we will define the curve 47 by moving 7} via a rotation

and translation. The rotation will map the standard basis in the x;y;-plane to (ué-, V;->, and
hence (5.13) will imply (})'(a’) = ~j(a*) and (5})'(b') = 7j(b*). The translation will map
the segment connecting the origin and (|7;(b) — 7;(a’)],0) to the segment ;(a?)7,(5?), and
so (5.12) will give 72(a’) = v;(a’) and 7(b*) = ~;(b"). Condition (5.14) exhibits control on
the C! norm of 77§ and will thus give us control on the C! norm of its isometric image ﬁ;

Note also that the integral condition (5.15) seems more complicated than (5.11). However,

after rotating and translating 7}, (5.15) will reduce to (5.11).

Fix j € {1...,n} and i € N. Define the curve 7} : [a’,b'] — R* as in the lemma. Define
the isometry @' : R* — R? as ®(p) = Alp 4 ¢ for p € R* where ¢, = (f;(a"), g;(a’)) and

g b [ HO) = Sfila) (g — g5(a)
PO =@l g ) - i@ 0 - fila)

when [7;(0') —7;(a")| # 0 and A% = Iy, if |v;(b") — ;(a*)] = 0. That is, ®? is the isometry
described in Remark 54. When 7;(a’) = 7;(b"), ®/ is simply a translation sending the origin
to 7;(a') without any rotation. Now define i;'- = (ID;- o 77;'» . [a*, b'] — R2. Hence i;'- is a C*
curve in R? connecting 7;(a’) to ~;(b%).

Write 4% = (3%,...,4) : [a*,b]] — R?". Now, define I'? : [a’,b)] — H" to be the unique
horizontal lift of 4" with starting height h(a’). The resulting lift is C' on [a’, b’] by definition.
Define I' : I — H" so that

[lgxg=I and T

(ai,bi) - fw,
for cach i € N. Write I' = (3, h) = (31, . - ., 4m, h) where 4; = (f;,§;) for each j € {1,...,n}.
It remains to show that T' is C! on all of I. Notice that we do not yet know if T' is even

continuous.

Claim 55. For each i € N, f;l W = h(b') — h(a?).
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i Fi)—fi(a) i gij(b')—g;(a?) (i

(®onl) = ( e @l Y e (@) )
7o i 9500 =gi(a’) | i fi(6)—f;(a’) (i
)@ T Yi e T 9i(a’)

where 7% = (%, y}). This gives

w(¥;,45) = w((®5 0m;)', (@5 0 m5))

Now since the constructions in the lemma give

(S
—~
(=
~
SN—
|
8
(RS
~—~
S
<
~—
|
32
—
(o
~
S~—
2
~—
Q
<
-

/b (47) = y;(b') — yj(a’) = 0 and /b (el = 2t (b

al

and
£i(0) = fila) \ g;(0) = gi(a’) \* (1) = v@)\*
(Wj(bi) —Vj(ai)|) " (Wj(bi) - %‘(ai>|> B <|%~(bi) —Vj(@i)|) -
we have
2 [ (@ o) (8 01)) = 25 Wgs(e) — Hladgs®)) +2 [ (@) - o).

By condition (5.15), we have
L | . . i . . . .
2/1_ ((25)'y; — 25(4)) =~ [h(bl) — h(a’) = 2> " (fu(b)gm(a’) = fin(a )gm(bz))] :

thus

- [2 (f;(0")g;(a") = fi(a’)g;(0"))

1
+_
n

(') = h(a") =2 (fu(0')gm(a’) fm(ai)gm(bi))]]
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= h(b') — h(d).

If |v;(b") — v;(a")| = 0, then A’ is the identity. Thus

[ =23 [+ s - W+ nan] =23 [ (@) - w))

since f;(a') = f;(b%) and g;(a’) = g;(b") in this case. This completes the proof of the claim.

Claim 56. sup,c i [7(s) —v(a’)| = 0 as i — oo.

We have for any i € N, any s € [a’, 0], and any j € {1,...,n},
135 (s) = v;(a")] = [@5(n5(s)) — (a’)| = [m;(s)] < P(e")

by (5.14) since (®%)~'(v;(a’)) = (0,0) and @’ is an isometry on R?. Since P(¢') — 0 as

1 — 00, the claim is proven.

I'(s) = I"(a))| = 0 as i — oo.

Claim 57. sup,(yi yij

We have for any ¢ € N, any s € [a’,b'], and any j € {1,...,n},

[75(s) = (@) = [(®5 o 1;)'(5)) — ~;(a’)]
= |A5((n;)'(s)) — A(7j(a") - w5, 5(a’) - v5)]
= |(m)'(s) = (v;(a’) -, ¥i(a") - vj)| < P(e")

by (5.14). Finally, by (5.6) and the definition of a horizontal lift

sup [/(s) — 1'(a)]
s€[at,bi]

< swp 2% ’( 1(9)35(5) = G5()3(5)) — (f(a")gs(a’) = gj(a’) fi(a"))
sE az’ (3 ]:1
which can be made arbitrarily small as i — oo because of the convergences in Claim 56 and
this claim. This proves the claim.
By definition, " is C* on (a’,b") for any i € N, so it is C' on I\ K. We will now verify
the differentiability of T on K.
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Claim 58. For anyt € K, T is differentiable at t and I'(t) = T"(t).
Suppose t € K (so I'(t) = T'(t)). If t = a* for some i € N, then for any j € {1,...,n}
and 0 < § < b' — a’, we can use the definition of §° to write
5 MA;(a’ +6) — 7;(a’) — 6+;(a")]
= 5L 0+ ) + ¢ — (L)) + ) — DAY () (a)
=0 nj(a’ +6) — m;(a’) — d(n)'(a)]

which vanishes as § — 0 since né is differentiable from the right at a’. Thus 7 is differentiable

from the right at @’ and the right derivative equals 7/(a’). Moreover,
lim (a4 8) = lim AX(() (@ + 8)) = () (@) = 74(a).

Thus 4’ is continuous from the right at a’. Now I' was constructed on (a?, b’) by lifting v(a’)

to the height h(a’). Hence [ h' = h(c) — h(a’) for any c € (a’,b"). Thus for 0 < § < b —d,
6~ Y h(a' + ) — h(a®) — 6K ()]
<2571 Z/ ‘( $(8)9;(s) = 33(s)f5(5)) = (fi(a")g;(a’) — gi(a’) f(a"))| ds
j=1"a
which vanishes as § — 0 by the right sided continuity of 4 and 3’ at a’. Therefore I is
differentiable from the right at a’ and the right derivative is I"(a?).
We can similarly argue to show that 7 is differentiable from the left at b’ for any ¢ € N

with left derivative equal to 4/(b°) and that 5’ is continuous from the left at b’. Applying
Claim 55 with 0 < § < b* — a' gives

YR = 8) — h(bY) + 6h' ()| = 676K (b)) + (h(b' — &) — h(a®)) — (R(D') — h(a'))|

bl
< 5_1/ R'(b") — R'(s)| ds
b

ig

which vanishes as § — 0 as above. Therefore T is differentiable from the left & and the left
derivative equals T"(b").

We will now show that T is differentiable from the right at any ¢ € K. Suppose now that
t # a' for any i € N since we already proved right hand differentiability at a’ above. (We
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may also suppose that ¢t # max{K}.) Fix £ > 0. Let {t*} be any decreasing sequence in K
with t* — t. Since I' € €1(K,R?"*1), there is some N > 0 so that for any k > N

(" — )" (t*) - T(t) — (t* —I'(1)] < &

Suppose there is a decreasing sequence {t*} in I\ K with t* — t. Then t* € (a%,b%*) for
some i; € N for every k € N. (Notice that i, — oo as k — oo since t # a'* for any k € N.)

Now

(5 — 1) B — T(O)—(tF — O (1)
< (1 = ) E(H) — D) — (¢ — a™)(a™)|
(5 = )7 - a @) — (F - a)T (D)

+ (" =)0 (a™) = T(t) — (a™ = OT'(t)].

We may bound the first term on the right as follows:

tk

I'(s) — I'(a™)| ds.

(t* =) D(*) = T(a™) = (t* — a™)I(a™)| < (" =)~ /

aik
By Claim 57, this is bounded by & for large enough k since t* —a’* < t¥ —t. The second term
can be bounded by |I”(a™) —I'(t)|. Since I" is continuous on K, this may also be made less
than & for large k. Finally, the third term can be made smaller than € since I' € €' (K, R?" 1)
and since (a'* —t)/(t" —t) < 1.

Since any decreasing sequence {t*} in I with t* — ¢ either has a subsequence entirely
contained in K or a subsequence entirely contained in I\ K, we have proven the differentia-
bility of I" from the right for any ¢ € K (t # max{K}) with right derivative equal to I''(t).
By an identical argument involving an increasing sequence {t*} in I with t* — ¢ when ¢ # '
and ¢ # min{ K}, we have that I' is differentiable from the left at any ¢t € K (¢ # min{K})

with left derivative I''(¢). Thus we may conclude the statement of the claim.

Claim 59. I" is C! on 1.
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We have already shown that T is differentiable on I with I'|x = I". Since I' is C' on
each (a’,b%), I' is continuous on I \ K. It remains to show that I" is continuous on K.
Fix t € K. If t = a' for some i € N, we showed in the proof of the previous claim that

7' is continuous from the right at ¢. This gives for any 0 < § < b* — a’

[ (a' +8) = I (a')]

<2Z\ (Fia' +0)3(a + ) — ga +0)f(a + ) — (fi(a')gy(a’) — gj(a)f;(a))

which vanishes as § — 0, and so I’ is continuous from the right at a’. A similar argument
gives continuity of I from the left at b*.

Suppose t # a’ for any i € N and ¢ # max{K}. Let {t*} be a decreasing sequence in K
with t* — ¢. Then |["(t) — I'(t + 6*)| may be made arbitrarily small when k is large since
[ is continuous on K. If there is a decreasing sequence {t*} in I \ K with t* — ¢, then

th € (a’™, b'*) for some i), € N for every k € N, and so

IT(8) = I'(8°)] < [T'(t) = T'(a™)| + |T'(a™) — I'(t")]

may be made arbitrarily small for large k£ by Claim 57. As above, since any decreasing
sequence {t*} in I with t* — t either has a subsequence entirely contained in K or a
subsequence entirely contained in I\ K, we have shown that I’ is continuous from the right
at t. A similar argument when ¢ # b and ¢ # min{ K’} involving an increasing sequence {t*}
gives continuity of I from the left on K. This proves the claim

Extending [ from I to R in a smooth, horizontal way completes the proof of the theorem.

O
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5.4 THE LUZIN APPROXIMATION FOR HORIZONTAL CURVES

We will now see that the Luzin approximation of horizontal curves in H" follows from the
above result as it does in the classical case. As mentioned earlier, this is a new proof of the

result of Speight [81].

Corollary 60. Suppose I' = (f1,91,-- -, fasgn, h) : [a,b] — H" is horizontal. Then, for
every € > 0, there is a C*, horizontal curve [:R — H" and a compact set E C [a,b] with

[a,0] \ E| < e so that T'(t) = T'(t) and I'(t) = I"(t) for every t € E.

Proof. Since T is horizontal, it is absolutely continuous as a mapping into R?"*1. Thus it is
differentiable almost everywhere in (a,b) and the derivative I is L' on (a,b). Suppose that
t € (a,b) is a point of differentiability of I' and that ¢ is a Lebesgue point of f; and g} for
j=1,...,n. Define I' = (f1,q1,..., fn,Gn, h) : [a,b] — H" so that ['(s) = T'(¢t)~! % I'(s).
Since I'(t) = 0 and T is horizontal, we have for any § > 0 with t + 6 € [a, b]

ht+0) 1] [, 2~ [,
‘%—jﬂzﬁ/t h'(s)ds ngg/t glj() 9;(s) — fi(s |d$
n t+§ (s f s
S et Lo
n t+6 (3) — g (3) — f.
:gjzl/t f;(3)93< i_i]](t) _ S i_{](t)g}(S) ds,

and so —0as o —0. Slmllarly, t 20l 50 as § — 0

Notice that h(s) = h(s) —h(t) —2 ijl(fj(s)gj(t) — fi(t)g;(s)) for every s € (a,b). Thus

since almost every point in (a,b) is a point of differentiability of I' and a Lebesgue point of

|R(t+0)]
62

each fI and g}, we have

o (hls) = h(t) = 2375, (fi(9)g;(t) — fi(E)g;(s))
(5.16) lim P —0

for almost every ¢t € (a,b). Denote by E; the set of all ¢ € (a,b) satisfying both (5.16) and
I"(t) € HryH". Hence |[a,b] \ Ei| = 0.
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Let ¢ > 0. By Luzin’s theorem, I is continuous on a compact set Ey C E; with
|Ey \ Es| < ¢/3. By applying Egorov’s theorem to the pointwise convergent sequence of
functions {1} defined on E, as

wo = sw |

SE(t—E t+1)

[U(s) =T'(®) = (s = )T'(1)] } |

|s =1

we see that I' € €1(F3, R* 1) with Whitney derivative I” for a compact set E3 C E, with
|Ey \ Es| < /3. Once again applying Egorov’s theorem to the convergent sequence of

functions {¢y} defined on Fj3 as

h(s) —h(t) =235, (fi(s)g;(t) — fi(t)g;(s))
¢r(t) = sup

se(t—Li+1) (s —1)? ’

we conclude that (4.9) holds on a compact set Fy, C F3 with |E3 \ E4| < /3.

Thus T is of Whitney class €'(F,, R*"*1) and conditions (4.9) and (5.6) hold on the
compact set E,. Therefore, by Theorem 50, there is a C!, horizontal [ : R — H” so that
['(t) = I'(t) and ['(t) = I'(t) for every t € E4 where |[a,b] \ Fy| < e. O

5.5 THE GAP FILLING ARGUMENT

We now prove Lemma 53 in which we explicitly construct polynomials to fill the gaps in K.

Proof. Fixi € Nand j € {1,...,n}.
To simplify notation, write a = 7(a’) - uj, 8 = +;(0") - w}, p = +j(a’) - vi, v = ~}(b") - V7,

and

n

(5.17) A=A = h(a) ~ 2 (fel0)grla’) = fula')gn(¥)) | ,
k=1
and so [A|/(b" — a')*> < &'. In other words, o and 3 are the components of the mapping +;

at a' and b respectively in the direction of the segment v;(a*)y;(b*), and p and v are its

components in the perpendicular direction.
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First, we prove that |u| < &’ and |v| < '. Indeed, the magnitude of (v;(b") — v;(a’) —

(b* — a’)yj(a')) is at least equal to the magnitude of its projection along v?. That is,

oo 1) = 73(a)) = (0 — a)y(a)] |0 (0) — v5a’) — (0 — a')y;(a)) - i

bi — gi = bi — gi = |u]

3

since 7;(0') — v;(a’) is orthogonal to v§. Replacing vj(a*) with 7{(0*) in this argument gives
lv| < &'. We also have

(9 (0) — (@) — (0 — a)vj(a)) - i | |y(6") — (a?)]

5.18 P> —— —
( ) € bz_az bz_az

—

since (v;(b) — v;(a’)) - u} = |;(b°) — v;(a’)|. Replacing vj(a*) with vj(b") in this argument
[ ()=, (a®)| 8| < &,

gives it

Define P : [0,00) — [0,00) as P(t) = C'(t'/? + t?) where C" is a positive constant whose
value will be determined by the constructions of nj- and will depend only on M. In particular,
the value of C” will not depend on i or j.

Case 1. v;, 7}, a’, and b’ satisfy

(5.19) ot 9!%(62 - Zg(ai)l -

Write ¢ = |v;(b") — v;(a’)|. By composing with a translation of the real line, we may
assume without loss of generality that a® = 0 and write 6 := b". The bounds before the
statement of the lemma give § < ¢, £ < &', and £/6 < M. Define the curve n} = (z%,3}) :

[0, 8] — R? as follows:

2l (t) = At’ + Bt* + Ct
_Oa+pB) - 2€t3 N —0(2a0+ B) + 3¢

2
= 53 52 t°+ at

and

yi(t) = Dt* + Bt® + Ft* + Gt
600(n — v) + 6*(aw — Bu) — 15)\t4
25%(5(a + B) — 90)
N 60(33v — 51p) + 6 (a(p — 6v) + B(8u + v)) + 105)\153
B(6(a+ 5) —90)

=7
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60(24v — T8u) + 6*(4ap + 118u — bav + 20v) + 105)\t2 N
202(6(a+ B) — 90)

na

See Figure 8 for a possible construction. One may check (by hand or with Mathematica;

I did both) that this curve satisfies conditions (5.12), (5.13), and (5.15). Now

|20 (t)] < |A|6° + |B|6* + |C6
<6(lal +|8]) + 20+ 6(2]al + |8]) + 3¢ + |a|d

<& (M + M)+ 2 +"(2M + M) + 3¢' + Me' = (6M + 5)e' < P(¢)
after choosing C’ large enough (since either ' < (&9)% or £’ < (¢9)1/2). Also,

[(2)'(t) — af < 3|AJ6% +2[BJd +|C — o

J

<3 a+/3—2§

J
< 3" 4 3" +4e" + 26" = 126" < P(&)

14
+2‘—20¢—5+3—

for large enough C” since ‘oz — §| < e and ‘5 — §| < &' by (5.18).
Now we will consider the sizes of y and y'. First, we examine the size of terms in D. We

have
ol(p—v)
0 (5(a+ B) —9¢)

by (5.19). Similarly,

Lu—v 2Me? :
s e

0 (av — Bp)

s _ lav|+ 84l ;
Soa+h) -9 < 2MVE

|oz+6—9§|

Finally,

A 1% :
P=—0 /e
5(d(c 1 B) — 90) a+B—9g = ¥°

by (5.17). Thus 4|D|é* < P(g') for large enough C’. Identical arguments may be applied to
show that 3|F[6% < P(g%) and 2|F|§ < P(¢'). Therefore,

ly;(O)] < D[6" + | E]6* + | F|o* + |G|d < P(e"),

and

() (£) — | < 4|D|6° + 3| E|6 + 2|F|6 + |G — | < P(e")
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for any ¢ € [0,d] and large enough C’. This proves (5.14) and completes the proof of the
lemma in this case.

Case 2. v, 7}, a’, and b° satisfy

bi_

o+ 6 —olu®) _Zf(ai)“ < Vel

By composing with a translation as before, we can again write [a’, "] = [0,d]. We will first

find bounds on « and ( in this case. We have

14 l l :

Vei42¢t
7

and so we have |£| < since |a — £| < ¢’ and |8 — £| < &'. Thus also

Vel 4 26t _ Vel + 9¢t

_ Vel + 9et
7 7 '

<i
o <&+ -

and |9

We will define 7} = (27, y5) : [0, 0] — R* piecewise on its domain as follows:

96a—27443 —1260+427£42 . 0
o) = LS —20a2Thy2 - o te 0,9
J — — —
9666327Zt3 + 4262,6(’5—;—1356152 4 16665 54£t . 455 + %E te [%6,5]
and
. )
con ) =P ot :tel0,3]
yj(t) =

g_gtg_%t2+16yt—4(gy tE[%éya]

On ($,2), define 7} as

7' (t) = Rcos(t(t)) — R+ é

<

y;'-(t) = Rsin(7(t))
where R = ﬁﬂHP/Q with
5/3 5
H::)\—Q/ (:E'y—xy')—Q/ (x'y — xy)
0 26/3
ol(p—v)
fd A _——_—
15
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and 7 : (g, %5) — R is defined as

1087 5 1627w , 727
T(t)—:lz(— 5 7 + 5 " — 5 t+107r)

where we choose + if H < 0 and — if H > 0. With this definition, 2’ and y} are C" on [0, d]

and conditions (5.12) and (5.13) are satisfied. See Figure 9 for a possible construction.

We can argue as we did in the proof of the previous case to show that

[(t)] < P("), (@) () —al <P("), |yi(t)] < P(e"), 1(4))'(t) — pl < P(e")

for t € [0,2] U [2,4] with large enough C’. To prove condition (5.14), it remains to find

N
ﬁ;r (( N2y /2 3/2> and so, for any ¢ € (3,%), |z(t)| < P(¢") and |yi(t)| < P(e") for
large enough C".

. . . ) ) i i 1/2
bounds for xj, y], and their derivatives on (2,%2). We have R < - (6 + %(8 )3) <
2

We will now prove bounds for the derivatives. Notice that on (£, %) we have |(5) ()] <

3

|R7'(t)| and |(y;)’(t)| < |R7'(t)]. Now for any ¢ € (5 25)
% 2_|_2 2_5 + 72_7?
3 3 )

Therefore, [(2})(t)|* and |(y})'()]* are bounded by
A kY ) 2 1)3/2 4(%)2
|RT(1)|2 = 466567 (l |+—<’“|+|V|)> — 466567 (ew ()77, 4e) >

1087

4327
|7 (t)] < 3‘ 53

6

1627
52

J
92 1562 105 105

Choosing large enough C’, we have |(z%)'(t)| < P(¢) and |(y})'(t)| < P(¢'). Since |a| <
@ and |u| < €', this proves condition (5.14).
It remains to prove condition (5.15). We have 2 f;/g/g((x;)’y; — 2i(y})") = F4rR? which

is negative if H < 0 and positive if H > 0 (and so F4nR* = H). Thus

)
24«@%—@@w

&3 o J o o
=2 /0 ((25)'y; — 25(y;)") F Am(R)* + 2 / 6/3((35;)’% —25(45))
1 A .
=A= E [h( - B 22 fm bz gm fm( z)gm(bz))] .
This completes the proof of the lemma. m
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3.4:

0.af

Figure 8: A possible construction of 77;- in Case 1

010 F
0.05F

n P
_EI_[IE-N_,D-b/@ 0.8 0.8 1.0
-0.10F

Figure 9: A possible construction of 7];- in Case 2
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6.0 SOBOLEV EXTENSIONS OF LIPSCHITZ MAPPINGS INTO METRIC
SPACES

This chapter is based on the paper [96].

Definition 61. A pair of metric spaces (X,Y) has the Lipschitz extension property if there
s a constant C' > 0 so that any L-Lipschitz mapping f : A — Y, A C X has a C'L-Lipschitz

extension F': X — Y.

Extensive research has been conducted in the area of Lipschitz extensions. See, for
example, [17, 28, 54, 61, 62, 63, 86, 90, 91]. Wenger and Young [91] showed that (R™, H")
has the Lipschitz extension property for m < n. More generally, the authors proved that
(X, H™) has the Lipschitz extension property as long as the Assouad-Nagata dimension of
X is at most n. See [6, 61, 91] for more information about this notion of dimension. For
such metric spaces X, Lang and Schlichenmeier [61] showed that, when Y is any Lipschitz
(n — 1)-connected metric space, there is a constant C' > 0 so that any L-Lipschitz mapping

f:A—Y defined on a closed subset A C X has a C'L-Lipschitz extension F': X — Y.

Definition 62. A metric space Y is Lipschitz (n — 1)-connected if there is a constant vy > 1
so that any L-Lipschitz map f : S* — Y (L > 0) on the k-dimensional sphere has a vL-
Lipschitz extension F : B¥*' — Y on the (k + 1)-ball for k=0,1,...,n— 1.

The result of Wenger and Young follows immediately if one proves the Lipschitz (n — 1)-
connectivity of H". As Wenger and Young mentioned, however, proving this property for
H" is difficult, and thus they provided a direct proof of their Lipschitz extension result.

What happens, however, when the dimension of the domain is large? As Balogh and
Féssler [7] showed, the pair (R™,H") does not have the Lipschitz extension property when

m > n. Indeed, there is a bi-Lipschitz embedding of the sphere S™ into H", and one can
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show that this embedding does not admit a Lipschitz extension to the ball B"*!. Since B"*!
can be regarded as a subset of R™ for any m > n, the result follows. (See also Theorems 1.5
and 1.6 in [45] for a shorter proof.)

In this chapter, we consider Sobolev extensions of Lipschitz mappings f : A — H",
A C R™. Since Sobolev mappings form a larger class than Lipschitz mappings, it turns out
that, in the Sobolev case, we no longer have any restriction on the dimension of the domain.

The first main result of the chapter is stated here.

Theorem 63. Fiz m,n € N. Suppose Z C R™ is compact and ) is a bounded domain in
R™ with Z C Q. For1 <p<n+1 and any L-Lipschitz mapping f : Z — H", L > 0, there
exists '€ WHP(Q, H") with F(x) = f(z) for allx € Z.

Moreover, there is a constant C' > 0 depending only on m, n, and p such that, if we write
F = (Fi,..., Fo, Fopy1), then ||0F;/0xy| r) < CL (diam(Q))m/p for k =1,...,m and
j=1,...,2n.

If m < n, then f admits a Lipschitz extension since H" is Lipschitz (n — 1)-connected by
the result of Wenger and Young, and this extension belongs to W1?(Q, H") for 1 < p < co.

However, if m > n, the result in Theorem 63 does not hold for p > n + 1. Indeed, we have

Proposition 64. There is a Lipschitz mapping f : S™ — H" which admits no extension

F e Wit (Brt 1.

One such mapping f : S® — H" is the bi-Lipschitz embedding used by Balogh and
Féssler [7]. In the proof of Proposition 64, we will see ideas from [40, Theorem 2], [41,
Theorem 2.3|, and [45, Theorem 1.5].

Note that the bounds in Theorem 63 are given only for j < 2n 4+ 1. Such a condi-
tion follows naturally from the sub-Riemannian geometry of the Heisenberg group. A brief
explanation of this follows Definition 73 in Section 6.1.4.

For mappings with Euclidean target, Sobolev extension results like Theorem 63 provide
extensions defined on all of R™ via composition with a cutoff function. However, since we do
not have such cutoff functions in H", such a simple argument will not work here. However,

we have the following

Corollary 65. Fiz m,n € N. Suppose Z C R™ is compact. For 1 < p <n+ 1 and any
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L-Lipschitz mapping f : Z — H", L > 0, there exists F € W,oP(R™ H") with F(z) = f(z)
forallx € Z.

This follows easily from the theorem. Indeed, suppose €2 is a cube containing Z and
® : R™ — Q is a diffeomorphism which fixes Z. Then, if F € WP(Q,H") is the extension
from Theorem 63, it follows that F':= F o & € W P(R™ H").

loc

It follows from classical Lipschitz extension proofs that there is a constant C' > 0 so that
any L-Lipschitz mapping f : A — Y defined on a closed subset A C R has a C'L-Lipschitz
extension F' : X — Y when Y is any Lipschitz (n — 1)-connected metric space and m < n
(see [3, 54] or the proof of Lemma 78). It turns out that Theorem 63 can be generalized to
the case when the target space H" is replaced by an arbitrary Lipschitz (n — 1)-connected
metric space Y. In this case, our extension will be in the Ambrosio-Reshetnyak-Sobolev class
ARYP(Q,Y). For a bounded domain 2 in R™ and 1 < p < oo, a mapping F : 2 — Y belongs
to the class ARM(Q,Y) if there is a non-negative function g € LP(2) satisfying the following:
for any K-Lipschitz ¢ : Y — R, we have ¢ o ' € WP(Q) and |0(¢ o F)/0zp(z)| < Kg(x)
for k =1,...,m and almost every x € €. This class of mappings was first introduced in [4]

and [76].

Theorem 66. Fiz m,n € N. Suppose Z C R™ is compact, §2 is a bounded domain in R™
with Z C Q, and Y is a Lipschitz (n — 1)-connected metric space with constant . For
1 <p<n+1 and any L-Lipschitz mapping f : Z — Y, L > 0, there exists F € AR (Q,Y)
with F(x) = f(z) for allx € Z.

Moreover, there is a constant C > 0 depending only on m, n, p, and v such that we may

choose g € LP(Q) in the definition of AR (Q,Y") with ||g||Lr(o) < CL (diam ().

Notice that, as before, there is no restriction on the dimension of the domain. The theory
of Sobolev mappings into metric spaces has been studied extensively in [4, 38, 46, 50, 51,
52, 58, 76, 77]. See Section 6.1 below for some details on the topic. In particular, H" valued
Sobolev mappings have been explored in [8, 20, 22, 46, 64]. One motivation for the study of
Sobolev extensions stems from the problem of approximating Sobolev mappings by Lipschitz
ones [11, 15, 22, 39, 45, 49]. In fact, the proof of Theorem 66 employs the so called zero

degree homogenization discussed in [15, 39].
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As we will see in Proposition 74, WP(, H") is contained in AR"?(Q2, H"). Furthermore,
in the case of bounded mappings, the two definitions of the Sobolev class are equivalent.

Hence Theorem 63 will be proven as a corollary to Theorem 66.

6.1 SOBOLEV MAPPINGS INTO METRIC SPACES

There are a variety of classes one may consider when defining a Sobolev mapping with a
metric space target. Some of these classes are addressed here. Throughout this section, we
will consider a mapping F': 2 — Y where (2 C R™ is a bounded domain and Y is a metric

space.

6.1.1 Sobolev mappings into Banach spaces

We first consider the case when Y is a Banach space. For more details, see [23].
Definition 67. We say F' € LP(Q,Y) if

1. For some Z C Q with |Z| = 0, the set F(Q\ Z) is separable,
2. ¢ o F is measurable for every continuous, linear ¢ : Y — R with ||¢|| < 1,

3. ||F|| € LP(Q).

In order to define a Sobolev function in this setting, we will introduce a Banach space
version of the integration by parts formula. To do this, we first need a new definition of the
integral. Suppose I satisfies the first two conditions in the above definition and {F};} is a
sequence of simple functions from € into Y with F;(z) — F(z) pointwise a.e. That is, there

are vectors y;1,...,¥n, in Y and a partition A;, ..., A;n, of © so that

N;
Fi(z) =Y yijxa,(@).
=1

We may always approximate F' pointwise a.e. by such simple functions. As in the case of

Lebesgue integration, define

N;
/ Fy(z)dr =Y | Aijlyi;.
Q o
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Definition 68. The Bochner integral of F is

/F(:r;) de = lim [ Fi(z)dx.

i—=00 [0
Here, the limit is taken over any sequence {F;} of simple functions which converges pointwise

a.e. to F.

This integral exists and is unique for any F € L'(Q,Y"). We are now ready to define the

Sobolev class.

Definition 69. For 1 < p < oo, we say F € WEP(Q,Y) if F € LP(Q,Y) and there are
g; € LP(QLY) for j =1,...,m with

8¢F=—/Q¢Qj

Q oz,

for every ¢ € CX(Q).

6.1.2 Embedding a metric space in a Banach space

The above definition of Banach space valued Sobolev mappings actually allows us to define
Sobolev mappings into any metric space. Suppose Y is now any metric space. Define Cy(Y)
to be the set of all bounded, continuous, real-valued functions on Y. This is a Banach space

under the supremum norm.

Theorem 70 (Kuratowski). There is an isometric embedding of Y into Cy(Y').

Proof. Fix yp € Y. The map x : Y — Cp(Y) defined as k(y) = d(y,-) —d(yo, -) for any y € Y

is an isometry. O

That is, we may always consider Y as a subset of a Banach space. In fact, if Y is separable,
then we may isometrically embed it in the Banach space ¢*° of all bounded sequences of real

numbers. We can now define the Sobolev class W'*(€,Y) in terms of this embedding.

Definition 71. For 1 < p < oo, define
WEP(Q,Y) = {F e WP(Q,C(Y)) : F(Q) C x(Y)}
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6.1.3 The Ambrosio-Reshetnyak-Sobolev class

Suppose for now that u is in the classical Sobolev space W?(£2). Suppose also that ¢ :
R — R is a K-Lipschitz function. According to the AC'L characterization of u, there is a
representative of u that is locally absolutely continuous along almost every line parallel to
a coordinate axis. Thus ¢ o u is locally absolutely continuous along these lines as well, and
so it follows that ¢ o u € WP(Q). In fact, one may check that |0(¢ o u)/dzy| < K|Ou/Oxy|
almost everywhere in ).

This property of classical Sobolev maps leads to the following definition of the Ambrosio-

Reshetnyak-Sobolev class of mappings into metric spaces introduced in [4] and [76].

Definition 72. For 1 < p < oo, a mapping F belongs to the class ARVP(Q,Y) if there is a
non-negative function g € LP(Q) satisfying the following: for any K-Lipschitz ¢ : Y — R,
we have ¢ o F € WHP(Q) and |0(¢ o F)/0x;(z)| < Kg(z) for j =1,...,m and a.e. x € Q.

For more information about the relationship between these classes of Sobolev mappings,

see [46, 51].

6.1.4 Sobolev mappings into the Heisenberg group

The following definition of Sobolev mappings W'?(Q2, H") into the Heisenberg group has
been discussed in [8, 22, 46, 64]. In these references the Sobolev class is defined in terms

of the Banach space embedding as described above. However, in [22, Proposition 6.8], it is

proven that W'»(Q, H") = WxP(Q, H").

Definition 73. A mapping F : Q — H" is of class W'P(Q, H") if the following two condi-
tions hold:

1. F e Wh(Q R* ) and

2. F=(f1,91,---, [n,gn, h) satisfies the weak contact equation
(6.1) = 22 9;(x)Vfi(x) — f;(2)Vg;(z)) a.e x €l

Say that F € WLP(R™ H) if F € W2P(R™ R*"1) and the weak contact equation holds for

a.e. x € R™.
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Notice that the weak contact condition (6.1) may also be written as follows:
im DF(z) C HpnyH"  for a.e. € Q

where DF is the weak differential of F'. Consider the projection mapping 7 from R*7*!
onto its first 2n coordinates. It follows from the definition of the metric on the horizontal
space that dm, : HH" — Ty, R*" is an isometry for any p € H". Hence, for almost every
r € Q, the norm of the linear map DF(z) : T,R™ — HpH" is equal to the norm of
D(mo F)(z): T,R™ = T, 7T(F(x))]R%. This is why the quantitative estimates at the end of the
statement of Theorem 63 only apply to the partial derivatives of the first 2n components of

F.

6.1.5 The relationship between the Ambrosio-Reshetnyak and Sobolev classes

in the Heisenberg group

As we will now see, this definition gives a sufficient condition for a mapping to be in the

class ARP(Q, H").

Proposition 74. Suppose Q0 is a bounded domain in R™ and 1 < p < co. Then
WP (Q,H") ¢ AR (Q, H").

Furthermore, if F € ARM(Q,H") is bounded, then F € WP(Q, H").

A more precise statement of the first inclusion is as follows: any F € W'?(Q, H") has
a representative in W1?(Q, R*"*!) (namely its ACL representative) which is in the class
ARY(Q, H"). This representative still satisfies the weak contact equation since (6.1) is only
required to hold almost everywhere in ).

A result similar to the first inclusion was proven in [8, Proposition 6.1] by embedding H"
into /> via the Kuratowski embedding. The reverse inclusion for bounded maps is proven in
[22, Proposition 6.8] by applying the same embedding and invoking an ACL-type result for
Sobolev mappings into Banach spaces. Different, mostly self-contained proofs relying more

directly on the geometry of the Heisenberg group are given below.
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Proof. Suppose F' € WP(Q, R?"!) satisfies (6.1) almost everywhere in 2. We will consider
the ACLP(Q,R?" 1) representative of F. Fix a K-Lipschitz function ¢ : H® — R. First,

notice for any x € ()
[0(F(2))] < K dee(F(2),0) +[0(0)] < CK||F(x)]|x + [¢(0)]

for some C' > 1 from the bi-Lipschitz equivalence of d.. and d. There is a constant M > 1
depending only on n so that ||p||x < M max{1,|p|} for any p € H". Hence, since € is
bounded and F € LP(Q2, R*"*!) we have ¢p o F € LF(Q).

We must now show that o F' € WP(Q) and find a function g € LP(2) which dominates
the partial derivatives of ¢ o F' and is independent of the choice of ¢. Fix k € {1,...,m}.
Choose a line £ parallel to the k* coordinate axis so that F' is absolutely continuous along
compact intervals in £ := £ N Q and so that OF/0z;, € LP(¢,R*"*!). Suppose also that F
satisfies (6.1) almost everywhere along £. (Note that (m — 1)-almost every ¢ parallel to the
k' coordinate axis satisfies these conditions via Fubini’s theorem and Lemma 14.) Choose
a compact interval [a,b] C £. (Here, we abuse notation and identify ¢ with a subset of R.) It
follows from (6.1) that v := F|4y : [a,b] — H" is a horizontal curve. The definition of the

metric in H" gives
[0(F(x)) = o(F(y)| < K dee(F(z), Fy)) < K lg(V]izg) < K lp(V]i2y)

for any [x,y| C [a,b]. Consider the Euclidean length function s., : [a,b] — [0, ¢g(7y)] defined
as Sy(2) = lg(V|jaq)). We can write £p(v]jy) = |sy(x) — s,(y)| and conclude that

[0(F(2)) — o(F(y))] < K [s5(x) = 5,(y)|

for any z,y € [a,b]. Since 7 is absolutely continuous on [a,b] as a Euclidean curve, s,
is absolutely continuous as well (see for example [52, Proposition 5.1.5]). Thus ¢ o F is
absolutely continuous on [a, b].

We will now prove the bound on the derivative of ¢ o F' along ¢. Fix a point = € ¢
where OF /0x), and O(¢o F')/0xy exist and which is a p-Lebesgue point of each component of

OF/0z. (Note: almost every point in ¢ satisfies these conditions since the partial derivative

83



of F' is p-integrable along ¢.) For any ¢ small enough so that the interval (z,z + tey) C €,

we have

‘d)(F(I +ter)) — ¢(F(x)) ’ <CK di (F(x + teg), F(x))

t 0
" fwte) — F)\Y (g5l + te) — ;@)\ 2|
e P e e R e
L[t te) = Ga) + 2 555 ()95 o + ter) = fi( -+ ter)g () ) v
t2

for a constant C' > 0 depending only on the bi-Lipschitz equivalence of d.. and dg. This
final fraction above converges to 0 as ¢ — 0. Indeed, the proof of this fact is nearly identical
to the proof of Proposition 1.4 in [97] since z is a p-Lebesgue point of the partial derivatives.

Therefore,

<CK i<§—£($))2+(g—i(:ﬂ)>2§0[( g—i(:ﬂ) .

Jj=1

(6.2)

2028y

&'I:k

Define g : 2 — Ras g(x) = C Y -,
have [0(¢ o F')/0x(x)| < Kg(x) for almost every z € Q and k = 1,...,m. Since g € LP(Q),
it follows that F' € ARV (Q, H").

g—i(a:)’. Thus, for any K-Lipschitz ¢ : H* — R, we

We will now prove the reverse inclusion for bounded Sobolev mappings. Suppose a
mapping F' € ARM(Q,H") is bounded and say g € LP(f2) is as in the definition of the
Ambrosio-Reshetnyak-Sobolev class. By (3.10), the identity map id : H" — R?"™! is Lips-
chitz on some compact set containing F(2). Thus F =id o F' € W'?(Q,R?"*!). Tt remains
to show that the weak contact equation (6.1) holds almost everywhere. Choose a dense sub-
set {p;}52, of H". (This is possible since H" and R?>"™! are topologically equivalent.) Define
the 1-Lipschitz maps ¢; : H* — R as ¢;(z) = de(z,p;). Therefore, in  along (m — 1)-
almost every line parallel to a coordinate axis, ¢; o F' is absolutely continuous (after possibly
redefining F' on a set of measure zero), g is p-integrable, and [0(¢; o F')/0xx| < g almost
everywhere for all i € N. For k € {1,...,m}, fix such a line £ parallel to the £ axis and
write £ =N Q.

84



By Fubini’s theorem, it suffices to prove that (6.1) holds almost everywhere along /.
Choose an interval [z, z + teg] C (. Fix s1, 52 € [0,1]. Let € > 0 and choose p; € H" so that

2d..(F(z + s1ex), p;) < €. Then we have

dee(F(x 4 soer), F(x + s1€x)) — € < dee(F(x 4 soek), F(x + s1ex)) — 2dee(F(x + s1ex), pi)
S dcc(F<$ + 326k)7pz') - dcc(F<x + Slek)api>
= ¢i(F(x + s2¢1)) — ¢i(F(x + s1ep))

- [ LGP+ ey
s1 T

g/ g(x + Tey) dr.

51
Since € > 0 was chosen arbitrarily, it follows that
52
dee(F(z + s9er), F(x + s1ex)) < / g(x + Tex) dr
51
for any s1,s9 € [0,¢]. By the integrability of ¢ along ¢, the mapping F' is absolutely con-
tinuous with respect to the metric d along compact intervals in ¢. Hence (6.1) holds almost
everywhere along ¢ as a result of Proposition 4.1 in [75]. We provide the relevant version of

this proposition here with its proof for completeness.

Lemma 75. If v : [a,b] — H" is absolutely continuous with respect to the metric on H",

then ~v is horizontal.

Proof. By (3.10), ~ is absolutely continuous into R?*"*!, s0 4/ exists almost everywhere in the
classical sense. Also, by Theorem 3.3 in [25], the metric derivative md..(7, ) exists almost
everywhere. That is, the following limit exists for almost every ¢ € [a, b]:

dee(V(t (¢
mde(v,t) == lim (vt +5),7()
s—0,t+s€]a,b] ’S|

Choose t so that v/(t) and md..(7,t) exist. Writing v = (f1,91, .-, fn, gn, h), we have

i+ ) = h(t) =23 (:(0£5(1) = Fi(0)g5(1)) s

<

h(t+5) = h(t) +2) (f5(8)g;(t + ) = g;(£) f5(t +9)) '

J=1
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+ 22 5O g5t + ) = g5(t) = sgj(t)] + QZ l9; (O£t + ) = f3(t) = s f3(1)]

These last two sums are of order o(s) as s — 0 since 7/(¢) exists. By the definition of the
Koranyi metric and its bi-Lipschitz equivalence with the CC-metric on H", for some C' > 1,

the first term is bounded by

C?dee(y(t + ), 7(1))?

which is also of order o(s) as s — 0 since md,.(7,t) exists and 7 is continuous. Therefore,

s—0 S =
so 7y satisfies the contact equation (3.4) at ¢. O
This completes the proof of the proposition. m

Notice in (6.2) that only the first 2n components of F' appear in the bound of the partial
derivatives of ¢o F'. Compare this to the bound in Theorem 63 and to the discussion following

Definition 73.

6.1.6 Sharpness of the bounds on p

We will conclude the section with the proof of Proposition 64. Recall that this proposition
provides a counterexample to the results in Theorem 63 and Theorem 66 when the upper
bound on p is removed. In the proof, we will use the following result from [7]. Another

construction is given in [22, Theorem 3.2].

Theorem 76. For any n > 1, there is a smooth embedding of the sphere S™ into R?*"+!

which is horizontal and bi-Lipschitz as a mapping into H™ and has no Lipschitz extension

F:B" — H".
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Proof of Proposition 64. Define f : S™ — H" to be the embedding from Theorem 76. Sup-
pose we have F € Whntl(B+tl H") with F(x) = f(x) for every x € S™. By the definition
of Wint(B™+1 H") and Theorem 1.4 in [8], rank DF(z) < n for almost every x € B"™!.
Since f~!: f(S™) — S™is C', we may find a C! extension ¥ : R?*"*1 — R+ of =1 50 that
|DW| < M for some M > 0. Now, choose a sequence {Fj} of mappings Fj : B"*1 — R?"!

which are C*! up to the boundary and which satisfy the following:

° ||Fk—F||W1,n+1 — 0 as k — o0,
o H"\({F, # F}) = 0as k — oo,
e and F,=F = fon S” forany k € N

(see, for example, Theorem 5 and the proof of Theorem 2 in [40].) Fix & € N. Since
U o F}, is continuous on B"*! and equals the identity map on S™, Brouwer’s theorem implies
Bt C (W o Fy)(B"). Additionally, |J(¥ o F})| < M|JF}|. Here, the Jacobian |JFj| is

understood in the following sense:

|JEy(z)| = \/det (DF,)TDFy)(z) for all z € B™.
Thus
M | Fy| > / [ J(T o Fy)| = H"H (T o Fy)(B™)) = H"H(B™).
Bn+1 Bn+1

Since rank DF (z) < n for almost every x € B"! it follows that |JF},| = 0 almost everywhere

on {Fy = F'}. Therefore

an+1 Bn+1
0<#§/ |JFk]:/ TF.
M Br1 (FLAF}

However, H" ™ ({F}, # F'}) — 0, and |JF},| converges to |JF| in L' due to the convergence of
Fy to Fin W™ since the Jacobian consists of sums of (n + 1)-fold products of derivatives.
Thus this last integral vanishes as & — oo. This leads to a contradiction and completes the

proof. O]
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6.2 WHITNEY TRIANGULATION AND LIPSCHITZ EXTENSIONS
Here we introduce important tools that will be used in the proof of Theorem 66.

6.2.1 Whitney triangulation of an open set

Suppose Z C R™ is closed. As in the proof of many extension theorems, we will decompose
the complement of Z into Whitney cubes. We will then go one step further and construct
the Whitney triangulation of the complement of Z as in [85]. We must first introduce some
notation. For any k € {0,1,...,m}, a (non-degenerate) k-simplez in R™ is the convex hull
of k + 1 vertices {eg,e1,...,ex} C R™ where the vectors e; — eq,...,e, — e are linearly
independent. An (-face w of a k-simplex o is the convex hull of any subset {e;,,...,e;} of
vertices of 0. Denote by dw the union of all (¢ — 1)-faces of w. Note that, since we define
simplices to be non-degenerate, the barycenter of a simplex does not lie in any of its faces.
A simplicial complez ¥ in R™ is a (possibly infinite) set consisting of simplices in R™ so
that any face of a simplex in ¥ is an element of ¥ and the intersection of any two simplices
in X is either empty or is itself an element of ¥. The dimension of ¥ is the largest k so
that ¥ contains a k-simplex. (Notice that the dimension of a simplicial complex in R™ is at
most m.) For any k € {0,1,...,m}, the k-skeleton of & (denoted ©(¥)) is the subset of R™
consisting of the union of all k-simplices in ». Similarly, the ¢-skeleton ¥ of a k-simplex
0,0 < ¢ <k, is the union of all (-faces of o. Finally, we will write B(k,{) := (]Zfll) This is
the number of /-faces of a k-simplex.

Suppose ¥ is a simplicial complex in R™. For each ¢ € {1,...,m} and any ¢-simplex
w € X with barycenter ¢, say f(w) is the minimum over all distances d(c, P) where P is an
(¢ — 1)-plane containing an (¢ — 1)-face of w. In particular, f(w) > 0. Similarly, say B(w) is

the maximum over all such distances. For any m-simplex o, write
By = min{f(w) : w is an l-face of o for some ¢ € {1,...,m}}

and

B, = max {B(w) : w is an (-face of o for some ¢ € {1,... ,m}}.
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That is, B, is a lower bound on the “flatness” of o, and B, is an upper bound. We are now
ready to define the Whitney triangulation of R™ \ Z. This lemma is a minor modification

of the results in [85, Section 5.1].

Lemma 77 (Whitney Triangulation). Suppose Z C R™ is closed. Then there is an m-
dimensional simplicial compler ¥ in R™ so that (™ = R™\ Z and the following hold for

some constants Dy, Dy > 0 (which depend only on m) and any m-simplex o € 3:

(6.3) diam (o) < d(o, Z) < 12y/m diam (o),

diam (¢) _ diam (o)

< Ds.
B, — B 2

(6.4) Dy <

Intuitively, the second condition here implies that the simplices in ¥ are uniformly far

from being degenerate.

Proof. As in [36], there is a decomposition of the open set R™ \ Z into a family of closed

dyadic cubes {Q;} with pairwise disjoint interiors so that

L UL Qi=R"\ Z,
2. diam (Q;) < d(Q;, Z) < 4diam (Q);) for every i € N,

3. for any ¢ € N, at most 12 cubes @), intersect ); non-trivially.

From this cubic decomposition, we will construct the Whitney triangulation inductively as in
[85]. The collection of the vertices of the cubes is trivially a O-dimensional simplicial complex
Y. We define 3; by dividing each edge of a Whitney cube into two 1-dimensional simplices
(segments) at its midpoint. Fix k € {2,...,m}, and suppose a simplicial complex ¥;_; has
been constructed on the union of the (k — 1)-cubes by dividing them into simplices. Choose
some k-cube () in the Whitney decomposition. The union of the faces of () is the k-skeleton
of a subcomplex of 3;_1. (Recall that the k-skeleton is a subset of R™ rather than a subset
of the simplicial complex.) For each (k — 1)-simplex in this subcomplex, create a k-simplex
by appending the center of () to the set of its vertices. This provides a simplicial subdivision
of () and thus a simplicial complex >; on the union of the k-cubes. Continuing in this way

creates X = X,,.
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Condition (6.3) follows immediately from (A2) since, for any m-cube @), the diameter of
an m-simplex in () is at least half of the side length of ). We will say that two simplices in
> are equivalent if one can be obtained from the other via a rotation, translation, and homo-
thetic dilation. There are only finitely many equivalence classes of simplices in > as a result
of (A3). Since diam (¢)/B, and diam (0)/, are invariant under rotations, translations, and

homothetic dilations, we have (6.4). O

6.2.2 Extensions into a Lipschitz connected metric space

The following Lipschitz extension result will be essential to the construction in the proof of
Theorem 66. Though the proof of this extension lemma is elementary and similar to classical
results (see for example [3, 54]), it is included here for completeness. Recall that a metric
space Y is Lipschitz (n — 1)-connected if there is a constant v > 1 so that any L-Lipschitz
map f: S¥ — Y (L > 0) has a yL-Lipschitz extension F' : B¥* — Y for k=0,1,...,n— 1.

Lemma 78. Fix positive integers m > n. Suppose Y is Lipschitz (n — 1)-connected with
constant 7y, and Z C R™ is closed. Say Y. is the Whitney triangulation of R™\ Z constructed
in Lemma 77. Then there is a constant C > 1 depending only on m, n, and v such that

every L-Lipschitz map f : Z — Y has an extension f : ZUX™ — Y satisfying the following:

1. f is LC-Lipschitz on any n-simplex in 3, and
2. for any a € O, f(a) = f(za) for some z, € Z with |z, — a| = d(a, Z).

Proof. Fix an L-Lipschitz map f : Z — Y. For each a € X (that is, each vertex of a
simplex in ¥), choose a nearest point 2z, € Z i.e. |z, —a| = d(a,Z). Define the mapping
fO 20 = v as fO(@a) = f(z,). Write Cp := Dy(12y/m + 1) + 1 where D, is the
constant from condition (6.4) in Lemma 77. Fix a l-simplex ¢! in X (that is, an edge of

some m-simplex o). Write do' = {a,b}. Then

d(f*(a), fO (b))

d(f(za); [(2)) < Llza = 2| < L(|2a — @] + |2 = b + [a = b])

L(d(a, Z) + d(b, Z) + |a — b]) < L(2d(0, Z) + 2 diam (o) + |a — b])
< L((24v/m + 2) diam (o) + |a — b]) < L(Ds(12¢/m + 1) + 1)]a — b].
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since B, < 1|a — b|. That is, f(©) is LCy-Lipschitz continuous on do.

By the Lipschitz connectivity of Y, there is a constant C; > 0 depending only on Cy, n,
and v (and hence only on m, n, and v) and an LC)-Lipschitz extension f) : o' — Y of
f© . Since the intersection of any two l-simplices in ¥ is a vertex or empty, we can define a
map fP : 31 — Y which is LC;-Lipschitz on any 1-simplex in 3.

Fix k € {2,...,n}. Suppose there is a constant Cj_; (depending only on m, n, and ~)
and a map f*~D : X¢=D YV 50 that f*~Y is LC,_i-Lipschitz on any (k — 1)-simplex
in ¥. Choose a k-simplex ¢* in ¥. We will first determine the Lipschitz constant of f®*—1
restricted to do*. Say x,y € do*. If x and y lie in the same (k — 1)-face of o*, then
d(f*=D(z), fFV(y)) < LOy_1|v — y|. Suppose x and y lie in different (k — 1)-faces o+~

and aly“’l of o*. We have the following simple lemma.

Lemma 79. Fiz j € {1,...,m — 1}. There is a constant p > 1 depending only on m
satisfying the following: suppose wy and wq are j-faces of a (j + 1)-simplex w € 3, and

T € wy and y € wy. Then there is a point v € w; Nwy so that
(6.5) [z — o[+ v —y| < plr—yl.

Proof. Choose v to be the orthogonal projection of x or y onto w; Nw,. Since there are only
finitely many possible angles at which the faces of the simplices in the Whitney triangulation
can meet, the law of sines provides a uniform bound for the ratios |z — v|/|z — y| and
ly — v|/|x — y|. That is, we may choose p satisfying (6.5) independent of the choice of faces

wy and wy and simplex w. ]

1

By applying the lemma to the faces 0¥~ and a’;_l of 0%, we have

d(f* D (@), 50 () < d(f* 0 (@), fE0 @) + (5D (), f5 V()
< LCkalz — v + LCy1|v — y| < pLCy—y|x — y|

since f*~Y is LC)_;-Lipschitz when restricted to each of o¥~ and o¥~!. Hence f*~1 is
uLCy,_-Lipschitz on do*. Therefore the Lipschitz connectivity of Y gives a constant Cj
depending only on m, n, v, and C,_; and an LCj-Lipschitz extension f*) : % — Y of

f%=1D_ Since the intersection of any two k-simplices is a lower dimensional simplex (or
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empty), we may define a mapping f*) : ¥*) — Y which is LC}-Lipschitz on each k-simplex
in X.

Continuing this construction inductively gives a constant C,, (depending only on m, n,
and ) and a map f™ : X — Y so that f™ is LC,-Lipschitz on any n-simplex in X.
Setting f := f™ and C := C,, completes the proof. O

6.3 CONSTRUCTING THE SOBOLEV EXTENSION

The proof of Theorem 66 is presented here. We will conclude the section with the proof of
Theorem 63. It will follow as a simple consequence of Proposition 74 since the extension we

construct will be bounded in H".

6.3.1 Extensions into a general Lipschitz connected metric space

Proof of Theorem 66. Fix 1 < p <n+ 1 and let 2 be a bounded domain in R™. Suppose Y
is a Lipschitz (n — 1)-connected metric space with constant 7. Let Z C Q be compact and
nonempty, and suppose f : Z — Y is L-Lipschitz.

If m < n, then it can be seen from classical results [3, 54] that there is a constant
C = C(n,v) and a CL-Lipschitz extension F' : R™ — Y of f. The proof of this fact
is similar to the proof of Lemma 78. Hence ¢ o F' is KC'L-Lipschitz for any K-Lipschitz
function ¢ : Y — R. Moreover, for k = 1,...,m, d(¢ o F')/0x;, exists and is bounded by
Kg almost everywhere in 2 where g : 2 — R is the constant function ¢ = CL. Thus
Fe AR (Q,Y), and ||g|| vy < CL|Q[Y? < CL (diam (Q2))™” for a constant C' depending
only on m, n, and v. We may therefore assume for the remainder of the proof that m > n.

Define the Whitney triangulation of R™\ Z as in Lemma 77. We will restrict our attention
to the m-dimensional simplicial sub-complex ¥ consisting of those simplices in the Whitney
triangulation which are contained in a Whitney cube Q with Q@ N Q # (0. We consider
this restriction so that sup{diam (¢) : ¢ € ¥} < oo (since € is bounded). Note also that
Q\ Zcxm.
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Suppose o is an m-simplex in . We begin by constructing a sort of radial projection

of o onto its n-skeleton. This is the so called zero degree homogenization mentioned earlier.

Denote by ¢ the barycenter of o. For each j € {1,...,m}, say {o]}. " B(m.3) i5 the collection

of j-faces of o, and say ¢ is the barycenter of o?. (Notice 07" = o and ¢* = ¢.) Fix
je{n+1,...,m}. Foreachie {1,...,B(m,j)}, define P/ : o/ \ {c!} = do? to be the
projection of o7 \ {¢/} onto Ao radially out from ¢. That is, for = € o7 \ {c!} if we write
z=c +t(z—c) with t € (0,1] and z € do/, then P/(z) = 2. Fix z € o} \ {c¢/}. For all

Y€ Ug \ {Cz} close enough to x, we have by similar triangles

(6.6) [P/(x) = P/(y)| _  diam (o)
] |z — c]]

The constant v > 0 depends only on the dimension m since there are only finitely many

equivalence classes of simplices in Y. In particular, Pl-j is locally Lipschitz on aﬁ \ {CZ }.

Extend P/ to the remaining j-skeleton of ¢ by the identity map (that is, P/(z) = z for any
z € 2P\ o). Writing ¢V = {d, ... )}, we may define P’ : SPN\ i — 597V as
Pi = Pj 0---0 Pé(m]) By arguing in a similar manner to Lemma 79, each P’ is locally

Lipschitz on $Y \CJ

) Bm]

In particular, P™ is locally Lipschitz on o \ ¢. Now P™! o P™ is defined and locally
Lipschitz on ¢ away from the 1-dimensional set {c} U (P™)~}(C™!). Similarly, P™2 o
P™ 1o P™ is locally Lipschitz away from the 2-dimensional set {c}U(P™)~}(C™ ) u(P™ to
P™)=1(C™=2). Continuing in this way, we see that P, := P"*lo...0 P™: g\ C, — S is
locally Lipschitz off the closed, (m — n — 1)-dimensional set of singularities

m—(n+1)
Co={ctu |J P o--copPm)H(Cm).

=1
We will now build the extension F of f. First, construct the extension f : ZUX™ — Y
of f given in Lemma 78. Recall that f is C'L-Lipschitz on any n-simplex in . In particular,

f is locally Lipschitz on £ . Enumerate the collection of m-simplices {o;}5°

write ¢ = |J, Cy,. Define F: 2™ UZ - Y as

©, in X, and

f(P,(x)) ifx€o0;\Cy, for somei € N
Fr) =

f(x) ifreZ
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and define F' to be constant on ¢". This map is well defined since the intersection o; N o, is
either empty or another simplex in 3. Moreover, F' is locally Lipschitz on each o; \ C,,. We

now have the following

Lemma 80. Suppose 1 < p <n+ 1. Define g: 2™ \ € — [0,00] as

Then |||l z) < CL(diam (Q2))™/? for a constant C' > 0 depending only on m, n, p, and
v. In particular, g € LP(Q\ Z).

The proof of this lemma is long but elementary. It is contained, therefore, at the end
of this section. Extend g to all of Q so that g = L(C'+4) on ZU%. Thus g € LP(Q) and
19|l (@) < CL(diam (22))™? for a constant C' = C(m,n,p, 7).

It remains to show that F is in the class ARM(Q,Y). Fix a K-Lipschitz function
¢ :Y — R. We will first show that ¢ o F' € LP(Q2). Let 2 € Q\ (ZU¥). Then z € o; for
some i € N. Choose a vertex a of o; so that a and P,,(x) lie in the same n-face of o;. Since

F(a) = f(a) = f(z,) as prescribed in Lemma 78, we have

[G(F(2))] < [$(F(x)) = ¢(F(a)| +16(f(24))] < KLC diam (0;) + [[¢ © flloe < M

for some M > 0. Since Z is compact and 2 is bounded, ¢ o F' € LP(Q).

Now, we will use the ACL characterization of Sobolev mappings to show that ¢ o ' €
Whr(Q). Fix k € {1,...,m}. Notice that (m — 1)-almost every line parallel to the k"
coordinate axis is disjoint from ¢ since each C,, is (m — n — 1)-dimensional. Also, g and
¢ o F are p-integrable in ) along (m — 1)-almost every such line since g and ¢ o F' are in the
class LP(Q).

Choose a line ¢ parallel to the k' coordinate axis that is disjoint from € and suppose
that g € L?(/NQ), and ¢po F € LP({N). Write £ := £ N Q. We will now show that ¢o F is
locally Lipschitz along ¢\ Z and its derivative along ¢\ Z is p-integrable. Choose x € {\ Z.
We need only consider the case when x € do; for some ¢ € N since F' is locally Lipschitz on
each 0; \ C,,. In this case, for some a,b € ¢, the segments [a, 2] and [z, b] each lie entirely in

some m-simplices o, and o, respectively. Since F' is locally Lipschitz when restricted to each
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of these simplices, it follows that F' is Lipschitz along some segment I C [a,b] containing x.
Therefore, F' is locally Lipschitz on ¢\ Z, and hence ¢ o F' is as well. Now 9(¢ o F')/0xy,

exists almost everywhere along ¢\ Z, and the definition of g gives

‘M < K yg(x)

o )

<K [lim “up d(F(z + hey,), F(x))
h—0 |h|

for every x € £\ Z at which the partial derivative exists. In particular, d(¢ o F')/0x) €
LP(0\ 7).

Next, we will see that ¢o F' is in fact continuous along all of /. By the previous paragraph,
F' is continuous along ¢ at any x € ¢\ Z. Suppose now that z € (N Z. If y € £ N Z, then
d(F(z),F(y)) < L|z — y|. Suppose instead that y € £\ Z. Then y € o; for some i € N.

Choose a vertex a of 0; so that a and P,,(y) lie in the same n-face of o;. Then

d(F(y), F(a)) = d(f(Pr,(y)). f(a))
< LC|P,,(y) — a| < LCdiam (0;) < LCd(0y, Z) < LC|x — y|.

Also, since F(a) = f(z,),

d(F(a), F(2)) = d(f(za), f(2)) < L(|za — al +a =yl + |y — 2[)

< L(d(a, Z) 4 diam (0;) + |z — y|)
L

IN

((d(oy, Z) + diam (0;)) + d(0;, Z) + | — y|) < 4L|x — y.
Therefore,
(6.7) d(F(z), F(y)) < L(C +4)|z — |

for any x € £ N Z and y € £. That is, F' is continuous on ¢, and so ¢ o F' is as well.

Finally, we will show that ¢ o F' is absolutely continuous on any compact interval in ¢ as
desired. Since (¢ o f)|smz is Lipschitz, we may use the classical McShane extension [69] to
find a Lipschitz extension ¢ : £ — R of (¢ o f)|mZ' Set v := (¢ o F) — 1 on £. Notice that

v exists almost everywhere on ¢\ Z, and v' € LP(¢\ Z). Moreover, v is continuous on /¢, is
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absolutely continuous on compact intervals in ¢\ Z, and vanishes on ¢ N Z. Therefore, by
defining
V'(z) ifxel\Z and v (x) exists
w(x) =
0 if v € {NZ or v'(x) does not exist,

v is the integral of w over any interval in ¢. Since w is integrable on ¢, it follows that v is
absolutely continuous on compact intervals in ¢, and so ¢ o F' = v + 1 is as well. Therefore,
poF e ACLP(Q).

Furthermore, the definition of g together with (6.7) gives |0(¢ o F')/0zy| < Kg almost
everywhere along /. Hence, given any K-Lipschitz ¢ : Y — R, we have ¢po F' € W1P(Q) and
|0(¢ o F)/0xy| < K g almost everywhere in  for k = 1,...,m. We may thus conclude that
F e AR'"?(Q,Y). O

6.3.2 Extensions into the Heisenberg group

We are now ready for the proof of Theorem 63. Recall from the discussion at the beginning
of the chapter that H" is Lipschitz (n — 1)-connected [91]. According to Proposition 74,
we need only prove that the extension F' constructed in the previous proof is bounded as a

mapping into H" and then prove the desired quantitative estimates.

Proof of Theorem 63. Suppose Y = H". Fix x € Q. Notice that ||F(:)| x is bounded on
Z since F | , = [ is Lipschitz. Also, F' is constant on 4. It therefore suffices to consider
x € Q\ (ZUF). Hence z € o for some m-simplex o € 3. Choose a vertex a of o so that a

and P,(x) lie in the same n-face of 0. Then there is some M > 0 independent of z so that
IF ()l < Cdee( F(x), F(a)) + [ F(a)llx < CLCdiam (0) + || f(za)llxc < M

where C' is the constant from the bi-Lipschitz equivalence of d.. and dx. Thus F €
ARYP(Q,H") is bounded, so, by Proposition 74, F € WP(Q, H").

We now establish the quantitative estimate. Recall that |g||zr) < CL(diam (€2))"™/?
where g was defined in the proof of Theorem 66. For j € {1,...,2n}, suppose ¢; : H” — R is
the projection onto the j™ coordinate. Since ¢; is 1-Lipschitz, the definition of AR (Q, H")
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gives |0(¢; o F)/dzy| < g almost everywhere on §, so ||0F; /0wy rr@) < CL(diam (92))™/?
fork=1,....,mand j=1,...,2n. O]

6.3.3 Integrability of g

We present here a detailed proof of the LP integrability of the bounding function g. As

mentioned above, this proof is technical but elementary.

Proof. Suppose o is an m-simplex in ¥. For the sake of notation, we will write ®* :=
foPtlo...oPFfork e {n+1,...,m} where each P* is the radial projection of Il \ CF

to XY as defined earlier. As before, for j = 1,...,m, say {UZ}gT’j)

is the collection of
j-faces of . We will prove this lemma by induction on the dimensions of the faces of o. In
particular, we will use the Fubini theorem to bound the integral of the “slope” of ®* by a
bound on the integral of the “slope” of ®*~!. This will allow us to bound the integral of g
(which is the “slope” of ®™ = F).

We begin with the (n + 1)-faces of 0. Suppose x € o™\ {c'"*!} for some i €
{1,...,B(m,n+ 1)}. If z ¢ 907", then for any y € S8 close enough to z, in fact

y € o and P"*!(x) and P"*!(y) lie in the same n-face of ¢'**. In this case (6.6) gives

d(f(P™(x)), f(P™(y))) e P @ =P ) diam (o)
|z =y |z =y o —
for y € I close enough to z. Since each 9o has H"*! measure zero,
d q)n-i-l (I)n-i-l P
/ lim sup ( (z), ) dH™ 1 (z)
N eE<n+1) |z — y|P
(m,n+1) ~ ~
PTL+1 Pn+1 P
Z / s WP @) PGP
n+1\8o.n+1 Yy, y€0n+1 |£U - y|p
B(m,n+1)

diam (o "
< (vLOY Z / " n+1|p dH™ (2).

In what follows, the constant C' may change value between lines in the inequalities but will
depend only on m, n, p, and . We first estimate the integral over each (n + 1)-face of o.

Since p < n + 1, we have

1 __P
/ T n¥iln dHn—i-l(:p) S CHH—H (U?—H)l ntl S C diam (O_)TL-i—l—p‘
nt1 |3;’ — c? |P
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Therefore, on the entire (n + 1)-skeleton, we have

(I)n—l—l q)n—i-l P
[ tmsw A" (2), 2" (y))
Z:t("n-&-l

!y, yes Gt o =yl

dH" ™ (x) < LP C diam ()"

Now suppose k € {n+1,...,m — 1} satisfies the following for a constant C' depending

only on m, n, p, and ~:

[, e AW

& yora yesd) v =yl

dH*(z) < LP C diam (0)*.

We have as before

d ¢k+1 @kJrl P
/ hm sup ( (‘I)’ (y)) de—‘rl (I')
E‘(’kH) y%z,yeE(UkJ’l) |x N y|p
B(m,k+1) k ft 1 b k1

d(®*(P dF(P p

S Y [ e S
i=1 Uf-‘—l\agf-‘—l y—)a:,yéaf+1 ‘P (.T) - P (y)‘p
|PFH () = PM(y) P

P—T dH* (2).

Fixie {1,...,B(m,k+1)}. As before, we estimate the integral over each (k4 1)-face of the

simplex 0. Without loss of generality (after a translation), we may assume af“ is centered

at the origin. We thus have by (6.6)

(I)k Pk—l—l (I)k' Pk—H D Pk—H _Pk+1 D
[ oy QPRSP P P
ot TNy, yeok [P () — PR (y)[P [ =yl
. d(* (P (), H(PH(y)))P diam (o)
P ) +1
R R e e e E

i

k+1
i Yy—x, Yyeo,
< Z / po o d@(PR (@), 95 (PR (y)))” diam ()"
SV 1m sup
)10 ysngeott |PEF (@) = PRIy f?

i

de+1(ZL‘)

fl e Ufﬂz are the k-dimensional faces of o* ™. We will compute the integral of each

i

summand in the last line. Fix g € {1,...,k + 2}. The integral is invariant up to rotation,

where o

so we may assume without loss of generality that afq is contained in the k-plane {b} x RE,
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a subset of R¥H1. Write ¥
t € (0,b]}. Thus since

I
N
N>

Thus we may consider (P;’“Jrl)*l(alC

) (b 2) €0} CRE
so that (PF)~ (ozq) {(t,z) : T €

ts
b9

— d<<1>k<P'f+1<x>>,<I>'f<Pk+1<y>>>< e O (), 94(:)
Lo T IR - PRI e 1P() — 2

Yy—T,yco;
for any x € (PF*1) 7 (of \ dof ) and since (PF1)~!(0of ) has H*™' measure zero, we have

d(@* (P (x)), @ (P (y)))" diam (o)

li AR
/(Pf“) ot TP — P e )
OF(b, L), (b, 2))P di p
/ / hmsup 4 (bfx) (A 2l 1amA(a) dHF(z) dt
U 30 12, ZEU |(b7 Z:E) - <b7 Z>|p |(t7 x)|p

gy UOHB.8), @b, 2) diam (o)
/ / < ) zLa”:,é@% 1(b,2) — (b, 2)|P (%)p’(b’@’p dH"(z) dt

() 0 ] g AT e

- |z — 2|P br

k
iq 2% zEJiq

: p
< <dmmT<")> b LP C diam (o))"

since k —p > 0. Since b > , and b < diam (0), we may use (6.4) to conclude on the
(k + 1)-skeleton of o

k1 k+1(,\\p
/(k lim sup d(@™ (2), © 7 (y)) dH* Y (z) < LP C diam (o)1,

+1 — p
v )y—m:,yezgkﬂ) |x y|

By way of induction, then, we have

/g(a:)p dH™(x) = /\a lim sup d(@m’(;)_’ q;;(y))p dH™(z) < LP C' diam (o)™

Yy—x

since Y™ = ¢ and ®™ = F on o. Therefore, we have

/ pdm<2/ pdm<LpC’Zd1am (o)™,
Q\Z

The number of m-simplices in each cube in the Whitney decomposition of R™\ Z is bounded

by a constant C' depending only on m. Hence

Z diam (o;)™ Z Z diam (o)™ < Z Z diam (Q)" < C Z diam (Q)
Q

Q oCQ Q oCQ
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< CH™(Z™)

where these sums are taken over all cubes () in the Whitney decomposition that meet 2.

Notice that, for any =,y € 0™ and cubes @, and @, containing them, we have

|z —y| < diam (Q,) + d(Q,, Q) + diam (Q,)
<d(Qz, Z) + d(Qqz, Qy) + d(Qy, Z) < 3diam ().

Therefore, H™(X(™) < C diam (™)™ < O(diam (£2))™, and so
9]l Lr(@\2) < CL(diam (Q))m/p

for a constant C' > 0 depending only on m, n, p, and the Lipschitz connectivity constant ~

of Y. In particular, g € LP(Q2\ Z). O
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7.0 THE DUBOVITSKII-SARD THEOREM IN SOBOLEV SPACES

This chapter is based on the paper [47]. Originally proven in 1942, Arthur Sard’s [79] famous
theorem asserts that the set of critical values of a sufficiently regular mapping is null. We will

use the following notation to represent the critical set of a given smooth map f : R" — R™:
Cr={z e R"|rank Df(x) < m}.
Throughout this chapter, we will assume that m and n are integers at least 1.

Theorem 81 (Sard). Suppose f : R® — R™ is of class C*. If k > max(n —m,0), then
H™(f(Cy)) = 0.

Several results have shown that Sard’s result is optimal, see e.g. [24, 37, 43, 55, 66, 93].
In 1957 Dubovitskii [24], extended Sard’s theorem to all orders of smoothness k. See [12] for

a modernized proof of this result and some generalizations.

Theorem 82 (Dubovitskii). Fiz n,m,k € N. Suppose f : R" — R™ is of class C*. Write
¢ =max(n —m —k+1,0). Then

H(C; N fHy) =0 forae yeR™

This result tells us that almost every level set of a smooth mapping intersects with its
critical set on an f-null set. Higher regularity of the function implies a reduction in the
Hausdorff dimension of the overlap between f~!(y) and C} for a.e. y € R™.

Notice that if & > max(n — m,0), then n —m — k +1 < 0, and so H’ = H° is simply
the counting measure on R™. That is, if f : R® — R™ is of class C* and additionally
k > max(n — m,0), Dubovitskil’s theorem implies that f~*(y) N C; is empty for almost
every y € R™. In other words, H™(f(Cy)) = 0. Thus Sard’s theorem is a special case of

Dubovitskil’s theorem.
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7.1 HISTORY IN THE CASE OF SOBOLEV MAPPINGS

Recently, many mathematicians have worked to generalize Sard’s result to the class of
Sobolev mappings [2, 12, 13, 14, 21, 31, 59, 87]. Specifically, in 2001 De Pascale [21] proved

the following version of Sard’s theorem for Sobolev mappings.

Theorem 83. Suppose k > max(n — m,0). Suppose Q@ C R"™ is open. If f € VVIIZC’)(Q R™)
forn < p < oo, then H™(f(Cy)) =

The purpose of this chapter is to show that also the Dubovitskii theorem generalizes to
the case of I/Vlocp mappings when n < p < oco. We must be very careful when dealing with
Sobolev mappings because the set f~!(y) depends on what representative of f we take. If
k > 2, then Morrey’s inequality implies that f has a representative of class Ck_l’l_%, so the
critical set C't is well defined. If £ = 1, then D f is only defined almost everywhere and hence

the set Uy is defined up to a set of measure zero. We will say that f is precisely represented

if each component f; of f satisfies

fi()_1¥“%|3w|/m

for all z € 2 at which this limit exists. The Lebesgue differentiation theorem ensures that
this is indeed a well defined representative of f. In what follows, we will always refer to
the C* 1175 representative of f when k > 2 and a precise representation of f when k£ = 1.
(Notice that the precise representative of f and the smooth representative of f are the same

for k > 2.)

The main result of the chapter reads as follows.

Theorem 84. Fiz n,m,k € N. Suppose Q C R™ is open and [ € Wkp(Q R™) for some

loc

n<p<oo. If { =max(n—m—k+1,0), then

H(C; N fHy) =0 forae yeR™
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The proof of this is the subject of Section 7.3. If m > n, then since p > n we may apply
Morrey’s inequality combined with Holder’s inequality to show that H"(f(Q)) < oo for any
cube Q € €2, and so H™(f(2)) = 0. Thus f~!(y) is empty for almost every y € R™, and the
theorem follows.

We will now discuss the details behind the argument that H"(f(Q)) < oo for any cube
Q € €. Fix § > 0, and cover ) with 2™ congruent dyadic cubes {QJ} ~ with pairwise

disjoint interiors. According to Morrey’s inequality (see Lemma 89),

1/p
diam f(Q;) < C(diam @) ~» ( . er<z>|pdz>

for every 1 < j < 2™. Since diam(Q); = 27"diam @), choosing v large enough gives

sup; diam f(Q;) < 6, and so we can estimate the pre-Hausdorff measure

onv

Hi(f(Q) < € _(diam £(Q;))"
< CZ diam Q;)"" "> / |Df(z)P dz)
onv 1- o n/p
C iam @Q;)" 2)|Pdz
< (Zw Q) ) (Z / IDfG)Fa )

Jj=1 J=1

't!\:

<on(@' ( [iprer i) "

We used Hélder’s inequality with exponents p/n and p/(p—n) to obtain the third line. Since
the right hand estimate does not depend on 0, sending § — 07 yields H"(f(Q)) < oo. This
completes the proof of Theorem 84 when m > n. Hence we may assume that m < n.

We will now discuss the case k = 1 to avoid any confusion involving the definition of
Cy. Since m < n, we may apply the following co-area formula due to Maly, Swanson, and

Ziemer [66]:
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Theorem 85. Suppose that 1 < m < n, Q C R" is open, p > m, and f € VVll’p(Q,Rm) is

ocC

precisely represented. Then the following holds for all measurable E C €):

[ nt@lde = [ o i)y

where |J, f| is the square root of the sum of the squares of the determinants of the m X m

minors of Df.

Notice that |J,, f| is equals zero almost everywhere on the set £ = Cy. Therefore the

above equality with £ = C} reads

o= [ e ng = [ HC 0 )y
That is, H(C; N f~1(y)) = 0 for a.e. y € R™, and the theorem follows. Therefore, we may
assume for the remainder of the chapter that m <n and k > 2.

Most proofs of Sard-type results typically involve some form of a Morse Theorem [74]
in which the critical set of a mapping is decomposed into pieces on which the function’s
difference quotients converge quickly. See [83] for the proof of the classical Sard theorem
based on this method. A version of the Morse Theorem was also used by De Pascale [21].
However, there is another approach to the Sard theorem based on the so called Kneser-
Glaeser Rough Composition theorem, and this method entirely avoids the use of the Morse
theorem. We say that a mapping f : W C R” — R of class C% is s-flat on A C W for

1<s<kif D*f =0on A for every 1 < |a| < s.

Theorem 86 (Kneser-Glaeser Rough Composition). Fiz positive integers s, k,r,n with s <
k. Suppose V C R" and W C R™ are open. Let g: V — W be of class C** and f : W — R
be of class C*. Suppose A* CV and A C W are compact sets with

1. g(A*) C A and

2. f is s-flat on A.

Then there is a function F : R™ — R of class C* so that F = fog on A* and F is s-flat on
A*.
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This theorem ensures that the composition of two smooth maps will have the same
regularity as the second function involved in the composition provided that enough of the
derivatives of this second function are zero. After a brief examination of the rule for dif-
ferentiation of composite functions, such a conclusion seems very natural. Indeed, we can
formally compute D*(fog)(z) for all |a| < k and x € A* since any “non-existing” derivative
DFg(z) with |8| > k— s is multiplied by a vanishing D7 f(g(z)) term with |y| = |a| —|8] < s.
Thus we can formally set D7 f(g(x))D?g(z) = 0. However the proof of this theorem is not
easy since it is based on the celebrated Whitney extension theorem. That should not be
surprising after all. The existence of the extension F' is proven by verification that the for-
mal jet of derivatives of f o g up to order k£ defined above satisfies the assumptions of the

Whitney extension theorem.

In 1951, Kneser presented a proof of this composition result in [57]. In the same paper, he
proved a theorem which may be obtained as an immediate corollary to the theorem of Sard,
though he did so without any reference to or influence from Sard’s result. The composition
theorem is also discussed in a different context in a 1958 paper by Glaeser [35]. A proof is
provided in Section 7.4. The reader may also find proofs of this theorem in [1, Theorem 14.1],
[65, Chapter 1, Theorem 6.1], and [67, Theorem 8.3.1].

Thom [84], quickly realized that the method of Kneser can be used to prove the Sard
theorem. See also [1, 65, 70]. Recently Figalli [31] used this method to provide a simpler
proof of Theorem 83. Our proof of Theorem 84 we will also be based on the Kneser-Glaeser

result.

7.2 AUXILIARY RESULTS

In this section we will prove some technical results related to the Morrey inequality that will

be used in the proof of Theorem 84.

The classes of functions with continuous and a-Holder continuous derivatives of order

up to k will be denoted by C* and C*® respectively. The integral average over a set S of
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positive measure will be denoted by

fs =4 fla)do = ﬁ/sf(x) da

The characteristic function of a set E will be denoted by xg. Cubes in R™ will always have
sides parallel to coordinate directions.

We will use the following elementary result several times.

Lemma 87. Let E C R™ be a bounded measurable set and let —oo < a < n. Then there is

a constant C = C(n,a) such that for every x € E

C|E|'"» if0<a<n.

Elr =" 7 (Giam B)-9|B] ifa <0,

Proof. The case a < 0 is obvious since then |z — y|™® < (diam E)~*. Thus assume that

0 < a < n. In this case the inequality is actually true for all x € R™ and not only for z € FE.
Let B = B(0,r), |B| = |E|. We have

/ - < - 0/ to Tl dt = Or"e = O|B|' 5.
!w—y! \y! 0

O

The following result [34, Lemma 7.16] is a basic pointwise estimate for Sobolev functions.

Lemma 88. Let D C R" be a cube or a ball and let S C D be a measurable set of positive
measure. If f € WYP(D), p > 1, then

|D! Df(z)|
(7.1 @) =gl < Cn) g | ’$_2|n1 v

When p > n, the triangle inequality |f(y) — f(z)| < |f(y) — fp| + |f(z) — fp|, Holder
inequality, and Lemma 87 applied to the right hand side of (7.1) yield a well known
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Lemma 89 (Morrey’s inequality). Suppose n < p < oo and f € W'P(D), where D C R"™ is
a cube or a ball. Then there is a constant C = C(n,p) such that

|f(y) — f(x)] < C(diam D)'~ (/ |IDf(z |pdz) " for all z,y € D.

In particular,
. 1/p
diam f(D) < C(diam D)5 ( / ny(z)|sz> |
D

Since p > n, the function f is continuous (Sobolev embedding) and hence the lemma
does indeed hold for all z,y € D.
From this lemma we can easily deduce a corresponding result for higher order derivatives.

The Taylor polynomial and the averaged Taylor polynomial of f will be denoted by

=Y 0 U 1) —f T s

o<k

Lemma 90. Suppose n < p < oo, k > 1 and f € W*P(D), where D C R" is a cube or a
ball. Then there is a constant C' = C(n, k,p) such that

|f(y) = TF ' f(y)| < C(diam D)* (/ |DFf (2 |pdz) ’ for all x,y € D.

Proof. Given y € D let

o) =T ) = Y Do) U e wien)

ol <k—1

Observe that ¥ (y) = f(y) and

Z DOH_(SJ f ( )

|a|=k—1

833]

where 0; = (0,...,1,...,0). Indeed, after applying the Leibniz rule to 0v¢/Ox; the lower

order terms will cancel out. Since
DY (2)] < C(n, k)| D" f(2)|ly — 2|,
Lemma 89 applied to 1 yields the result. O
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Applying the same argument to Lemma 88 leads to the following result, see [12, Theo-
rem 3.3].

Lemma 91. Let D C R"™ be a cube or a ball and let S C D be a measurable set of positive
measure. If f € WEP(D), p > 1, k > 1, then there is constant C = C(n, k) such that

In the next result we will improve the above estimates under the additional assumption
that the derivative Df vanishes on a given subset of D. For a similar result in a different

setting see [44, Proposition 2.3].

Lemma 92. Let D C R™ be a cube or a ball and let f € W*P(D), n < p < oo, k> 1. Let
A={x e D|Df(z) =0}.

Then for any € > 0 there is 6 = 6(n, k,p,e) > 0 such that if

DA\ A
DI

< 9,

then
p
diam f(D) < e(diam D)*~ (/ D f (2 |pdz) :

Remark 93. [t is important that & does not depend of f. The result applies very well to
density points of A. Indeed, it follows immediately that if © € A is a density point, then for

any € > 0 there is r, > 0 such that

p_n 1/p
diam f(B(z,7,)) < ery ” (/ |DFf(2)|P dz) .
B(z,re)
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Proof of Lemma 92. Although only the first order derivatives of f are equal zero in A, it
easily follows that D*f = 0 a.e. in A for all 1 < |a| < k. Indeed, if a Sobolev function is
constant in a set, its derivative equals zero a.e. in the set, [34, Lemma 7.7], and we apply

induction. Hence

TE ' f(x) = fa forall z € R™

Let ¢ > 0. Choose 0 < § < 1/2 with max{5§_%,5l_%} < e. Since 0 < 1/2, |D|/|A] < 2.
Thus Lemma 91 with S = A yields

p—1

Dt (2)] dz N
|f(x) = fa] £ C(n) /D\A [y dz < C(n)||D* | (o) (/D\A 7 — Z|(n_k)pq> :

Now the result follows directly from Lemma 87. Indeed, if £ < n, Lemma 87 and the estimate
|D\ A| < 0|D| < C(n)d(diam D)™

yield

p—1

/ i < C(n,k,p)| D\ A»*=%) < C(n, k, p)6=~# (diam D)* 5.
D\A |z —

Z|(n—k)ﬁ

If £ > n, then we have

p—1

/ T ) S @ DD\ AT < Cln, )8 i D)
D\A |z — 2|

Hence

diam f(D) = sup |f(z) = f(y)| < 2sup|f(2) = fal < C(n, k. p)e(diam D)+ D" flr(o).

z,yeD

The proof is complete. O

We will also need the following classical Besicovitch covering lemma, see e.g. [95, Theo-

rem 1.3.5]

Lemma 94 (Besicovitch). Let E C R"™ and let {B,}.cr be a family of closed balls B, =
B(x,7,) so that sup,cp{r.} < oco. Then there is a countable (possibly finite) subfamily
{B,,}2, with the property that

i=1

and no point of R™ belongs to more than C(n) balls.
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7.3 PROOF OF THE DUBOVITSKII THEOREM FOR SOBOLEV MAPS

As we pointed out above we may assume that m < n and k£ > 2. It is also easy to see that
we can assume that = R” and f € W*P(R", R™). Indeed, it suffices to prove the claim of
Theorem 84 on compact subsets of €2 and so we may multiply f by a compactly supported
smooth cut-off function to get a function in W*?(R™ R™).

We will prove the result using induction with respect to n. If n = 1, then m =n = 1.
This givesn —m —k+1=1—k <0 for any k£ € N, so £ = 0. Thus the theorem is a direct
consequence of Theorem 85.

We shall prove now the theorem for n > 2 assuming that it is true in dimensions less
than or equal to n — 1. Fix p and integers m and k satisfyingn < p < oo, m <n, and k > 2.
Write ¢ = max(n —m — k + 1,0). Let f € WkP(R™ R™).

We can write

Cr=KUA U U A,

where

K:={rxe (s :0<rankDf(xz) <m}

and

Ag:={xeR" : D*f(x) =0for all 1 <|a| < s}

Note that A; D Ay D ... D Ap_1 is a decreasing sequence of sets.

In the first step, we will show that Ay_; N f~!(y) is f-null for a.e. y € R™. Then we
will prove the same for (A, \ As) N f~(y) for s = 2,3,...,k — 1. To do this we will
use the Implicit Function and Kneser-Glaeser theorems to reduce our problem to a lower
dimensional one and apply the induction hypothesis. Finally, we will consider the set K and
use a change of variables to show that we can reduce the dimension in the domain and in the

target so that the fact that HY(K N f~1(y)) = 0 will follow from the induction hypothesis.

Claim 95. H (A1 N f~(y)) =0 for a.e. y € R™.

Proof. Suppose x € Aj_;. Notice that T* ! f(y) = f(x) for any y € R™ since D®f(z) = 0

for every 1 < |a| < k — 1. By Lemma 90 applied to each coordinate of f = (fi,..., fin), we
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have for any cube ) C R" containing x and any y € @,

(73) )~ 1) < Claim Q)3 ( [ 105 |pdz) "
Hence
(7.4) diam f(Q) < C(diam Q)*~ ( / |D¥ f(2 ypdz> p.

Let Fy :={x € A;_1 : z is a density point of A;_1} and Fy := Ax_; \ F;. We will treat
the sets F1 N f~1(y) and Fy, N f~1(y) separately.
Step 1. First we will prove that H*(F, N f~1(y)) = 0 for almost every y € R™.

Let 0 < € < 1. Since H"(Fy) = 0, there is an open set [, C U C Q such that
H"(U) < evm. For any j > 1 let {Qi;1}2, be a collection of closed cubes with pairwise

disjoint interiors such that

°° 1
QijﬂFQ#Q), FQCUQZ'J'CU, diainj <3.

=1

Since F» N Q;; # 0, (7.4) yields

m/p
H™(f(Qy)) < C(diam f(Qi))™ < C(diam Q;;)™* %) </ | D" f ()P dm) ,
Case:n—m—k+1<0s0/f=0.
This condition easily implies that mk > n so we also have ]%(k — %) > n, and by

Holder’s inequality,

W) < Y HQ0) < O i@, ( /

iJ

m/p
|D* f ()P dl’)

0 P m/p
m/p
5 ( / |D’“f(:v)|pd:v) < C<| DM,

Since ¢ > 0 can be arbitrarily small, H™(f(Fy)) = 0 and hence F» N f~(y) = 0, i.e.
HY(Fy N f~Y(y)) =0 for a.e. y € R™.

(7.5) < CHMU)

Case: {=n—m-—-—k+1>0.
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The sets {Qi; N f~H(y)}:2, form a covering of F» N f~(y) by sets of diameters less than
1/j. Since
diam (Qi; N f ™ (y)) < (diam Qi) x s (%)

the definition of the Hausdorff measure yields

j—00

(7.6) H' (PN f'(y) < Climinf»  diam (Qy N f~'(y))*

< Climinf ) (diam Qi) x (., (¥)-
i=1

Jj—00

We would like to integrate both sides with respect to y € R™. Note that the function on the
right hand side is measurable since the sets f(Q;;) are compact. However measurability of
the function y — HY(Fy N f~1(y)) is far from being obvious. To deal with this problem we
will use the upper integral which for a non-negative function g : X — [0, co| defined p-a.e.

on a measure space (X, u) is defined as follows:

/ gd,u:inf{/ odp: 0 < g<¢and ¢is ,u—measurable.} .
X X

An important property of the upper integral is that if | ; gdp =0, then g = 0 p-a.e. Indeed,
there is a sequence ¢; > g > 0 such that fX ¢; du — 0. That means ¢; — 0 in L'(p). Taking
a subsequence we get ¢;; — 0 p-a.e. which proves that g =0 p-a.e.

Applying the upper integral with respect to y € R™ to both sides of (7.6), using Fatou’s
b (Hm(k—ﬁ))zn
bp—m p

R™ Jj—o0

< Climinf S (diam Q)™= /
< im in ;( iam Q;;) g

by the same argument as in (7.5). Again, since € > 0 can be arbitrarily small, we conclude

that HY(Fy N f~1(y)) =0 for a.e. y € R™.

lemma, and noticing that

gives

m/p
|D* f ()P dw) < Ce||D*f|l,

ij
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Step 2. It remains to prove that H'(Fy N f~!(y)) = 0 for almost every y € R™,

The proof is similar to that in Step 1 and the arguments which are almost the same
will be presented in a more sketchy form now. In Step 1 it was essential that the set F,
had measure zero. We will compensate the lack of this property now by the estimates from
Remark 93.

It suffices to prove that for any cube Q, H{(QNEF,Nf~1(y)) = 0 for a.e. y € R™. Assume
that @ is in the interior of a larger cube Q € Q.

By Remark 93, for each z € QN Fy and j € N there is 0 < iz < 1/j such that

-1 k=%

1/p
diam f(B(z,72)) <1, (/B( | )lef(Z)’de> :

We may further assume that B(z,r;,) C Q.

Denote Bj, = B(x,r;,). According to the Besicovitch Lemma 94, there is a countable
subcovering { Bj,, }22, of QN F} so that no point of R belongs to more than C'(n) balls Bj,,.
Case:n—m—k+1<0so0f=0.

We have 2™ (k — 2) > n as before, so
p—m p

HU(fQNF) < CY W (f(Bu) SCT Y r 7 (/
=1 i=1

FES

m/p
|D*f(2)[P dZ)

0 p;m 00 m/p
cj—m™ (Z 7’?11> (Z /]_;; ‘Dkf(z”p dz) .
=1 =1 Jjx;

Since the balls are contained in () and no point belongs to more than C'(n) balls we conclude

IA

that
H™(F(QNF)) < CimH™ Q)+ || D

Since j can be arbitrarily large, H™(f(Q N Fy)) = 0, i.e. H{(Q N F N f~(y)) = 0 for a.e.
y € R™.
Case: {l=n—m—k+1>0.

The sets {Bj,, N f~(y)}2, form a covering of Q N Fy N f~'(y) and

diam (Bj;; N f_l(y)) < erxin(szi)(y)'
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The definition of the Hausdorff measure yields

H(QNFNf(y) < Chmmfzrﬂ X580 (V)

J]—00

Thus as above

* H(Q N EF N f (y) dH™(y)

Rm
< Chjlgg}lfzr H"(f(Bjs,))
P m/p
m +mk=3 ke P
< C’thg(l):glfj Z T, </Bjm. D" f(2)] dz)
< Climinfj "H"(Q) 5" HDkf”zl =0
j—o0

since L (6 +m (k p)) > n. Therefore H'(Q N Fy N f~'(y)) = 0 for a.e. y € R™. This
Completes the proof that H*(FyNf~'(y)) = 0 for a.e. y € R™ and hence that of Claim 95 [

Claim 96. H (A, 1\ A) N f(y) =0 forae yeR™, s=23,....k—1.

In this step, we will use the Kneser-Glaeser composition theorem and the implicit function
theorem to apply the induction hypothesis in R"~!.

Fix s € {2,3,...,k— 1} and = € A, \ As. It suffices to show that the ¢-Hausdorff
measure of W N (A,_; \ As) N f~(y) is zero for some neighborhood W of z and a.e. y € R™.
Indeed, As_; \ As can be covered by countably many such neighborhoods.

By the definitions of A, and A, 1, D7f(Z) =0 forall 1 < |y| < s—1, and DPf(z) # 0
for some |B| = s. That is, for some |y| = s—1and j € {1,...,m}, D(D7f;)(Z) # 0 and
DV f; € W=D c gh=s175

Hence, by the implicit function theorem, there is some neighborhood U of # and an open
set V. C R"! so that UN{D7f; = 0} = g(V) for some g : V — R™ of class C*~*. In
particular, U N A,y C g(V) since D7 f; =0 on A,_.

Choose a neighborhood W € U of & and say A* := g~}(WNA,_;) so that A* is compact.
Since f is s — 1 flat on the closed set A,_;, f is of class C*~!, ¢ is of class C*~D=(s=1) "and

g(A*) C A,_1, we can apply Theorem 86 to each component of f to find a C*~! function
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F : R"1 — R™ so that, for every z € A*, F(z) = (f o g)(x) and D*F(z) = 0 for all
|IA\| <s—1. That is, A* C Cr. Hence

H(A* N F(y)) < H(Cr 0 F~\(y)) = 0.

for almost every y € R™. In this last equality, we invoked the induction hypothesis on

F e CHYR1R™) ¢ WE PR R™) with £ = max((n—1) —m— (k—1)+1,0). Since g

loc

is of class C, it is locally Lipschitz, and so H*(g(A*N F~1(y))) = 0 for almost every y € R™.
Since W N A1 C g(A*), we have

WA N (y) Cg(A"NF(y))
for all y € R™, and thus
HW N (A \ AN A y) SH W N A N fHy) =0

for almost every y € R™. The proof of the claim is complete.
Claim 97. HY(K N f~Y(y)) =0 for a.e. y € R™.
Proof. Write K = |J'5' K, where K, := {z € R" : rank Df(z) = r}. Fix z, € K, for

some 7 € {1,...,m — 1}. For the same reason as in Claim 96 it suffices to show that

HY((VNK,)N f~(y)) = 0 for some neighborhood V of x¢ for a.e. y € R™.

Without loss of generality, assume that the submatrix [0f;/ 6xj(x0)];j:1 formed by the
first r rows and columns of D f has rank r. Let
(77) Y(l’) = (f1<1'),f2(l’),...,fr(l'),l’r_i_l,...,l’n) for all z € R™.

Y is of class C*~! since each component of f is. Also, rank DY (o) = n, so by the inverse
function theorem Y is a C*~! diffeomorphism of some neighborhood V' of x5 onto an open

set V' C R™. From now on we will assume that Y is defined in V only.
Claim 98. Y~' € WP (V,R").

loc

Proof. In the proof we will need
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Lemma 99. Let Q@ C R"™ be open. If g,h € VVf)f(Q), where p > n and ¢ > 1, then
gh € WEP(Q).

loc

Proof. Since g,h € C*7!, it suffices to show that the classical partial derivatives D?(gh),
18] = £ — 1 belong to W,-7(Q) (when ¢ = 1, 8 = 0 so D?(gh) = gh).

loc

The product rule for C*~! functions yields

y+o= /3

Each of the functions DYg, D°h is absolutely continuous on almost all lines parallel to
coordinate axes, [27, Section 4.9.2], so is their product. Thus D?(gh) is absolutely continuous
on almost all lines and hence it has partial derivatives (or order 1) almost everywhere.
According to a characterization of I/Vlif by absolute continuity on lines, [27, Section 4.9.2],
it suffices to show that partial derivatives of D?(gh) (of order 1) belong to L . This will
imply that D?(gh) € W, for all 8, |8] = £ — 1 so gh € WP

loc loc*

If D = D%D? then the product rule applied to the right hand side of (7.8) yields

D*(gh) = ) '—(S'D'YgDéh
Y+o=a

If |y| < |a] = £ and |§| < |a| = ¢, then the function DYgD?h is continuous and hence in LY

loc®

The remaining terms are hD%g + gD*h. Clearly this function also belongs to L? = because

loc

the functions g, h are continuous and D%g, D“h € L? . This completes the proof of the

loc*

lemma. O

Now we can complete the proof of Claim 98. Since Y is a diffeomorphism of class C*~1,

we have
(7.9) DY Y(y) = [DY (Y ' (y))]™ for every y € V.

It suffices to prove that D(Y 1) € W"_'”_ It follows from (7.9) and a formula for the inverse

loc

Do) = (i) o7

matrix that
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where P; and P, and polynomials whose variables are replaced by partial derivatives of f.
The polynomial Py(Df) is just det DY'.

Since Df € W% and p > n, it follows from Lemma 99 that

loc

Pi(Df), Py(Df) € Wr1P,

loc

Note that Py(Df) = det DY is continuous and different than zero. Hence

1 A1
E ’p
Py(Df) ~ e

as a composition of a Wflléc_l’p function which is locally bounded away from 0 and oo with a

smooth function x — 2!, Thus Lemma 99 applied one more time implies Py(Df)/Py(Df)

is in the class W;'_'?. Finally

- () v e

because composition with a diffeomorphism Y =1 of class C*~! preserves I/Vllf)gl’p . The proof

of the claim is complete. O

It follows directly from (7.7) that

(7.10) fOYY2) = (z1,..., 2, g(x))

for all z € V and some function g : V — R™".

Claim 100. g € WrP(V, R™7).

loc

This statement is a direct consequence of the next

Lemma 101. Let Q) C R™ be open, p >n andk > 1. If® € W/IIZf(Q,R") is a diffeomorphism
and u € WP (®(Q)), then uo ® € WrEP(Q).

loc loc
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Proof. When k = 1 the result is obvious because diffeomorphisms preserve I/Vli)f Assume
thus that & > 2. Since p > n, ® € C*! so ® is a diffeomorphism of class C*~!, but also

u € C* 1 c O" and hence the classical chain rule gives
(7.11) D(uo ®) = ((Du) o ®) - DO,

Since Du € W% and @ is a diffeomorphism of class C*~!, we conclude that (Du) o ® €

loc

W2 Now the fact that D® € W;". " combined with (7.11) and Lemma 99 yield that the

loc loc
right hand side of (7.11) belongs to W;'-'? so D(u o ®) € Wi-"" and hence u o ® € WP,
This completes the proof of Lemma 101 and hence that of Claim 100. m

Now we can complete the proof of Claim 97. Recall that we need to prove that
(7.12) H((VNEK)Nf(y) =0 forae yecR™

The diffeomorphism Y ! is a change of variables that simplifies the structure of the map-
ping f because f oY ! fixes the first 7 coordinates (see (7.10)) and hence it maps (n — r)-
dimensional slices orthogonal to R” to the corresponding (m — r)-dimensional slices orthog-
onal to R". Because of this observation it is more convenient to work with f o Y~! rather

than with f. Translating (7.12) to the case of f o Y1 it suffices to show that
HAVNY(E)DN(foY ™)™ (y) =0 forae yeR™

We used here a simple fact that the diffeomorphism Y preserves ¢-null sets.

Observe also that
(7.13) rank D(fo YY) (z) =r forz € VNY(K,).

For any £ € R” and A C R", we will denote by A; the (n — r)-dimensional slice of
A with the first r coordinates equal to . That is, A; := {z € R"" : (%,2) € A}. Let
gs - Vi = R™ " be defined by gz(z) = g(&, z). With this notation

(foY™)(@,2) = (%,9:(2))



and hence for y = (Z,w) € R™
(VOY(E))N(foY ™) Hy) = g5 (w) N (VNY(K,))s
More precisely the set on the left hand side is contained in an affine (n — r)-dimensional
subspace of R™ orthogonal to R" at & while the set on the right hand side is contained in
R™" but the two sets are identified through a translation by the vector (z,0) € R™ which
identifies R"™" with the affine subspace orthogonal to R" at z.
According to the Fubini theorem it suffices to show that for almost all € R" the

following is true: for almost all w € R™™"

(7.14) H (g7 (w) N (V NY(K,)z)) = 0.

As we will see this is a direct consequence of the induction hypothesis applied to the mapping
gy : 2z — R"7" defined in a set of dimension n —r < n — 1. We only need to check that gz
satisfies the assumptions of the induction hypothesis.

It is easy to see that for each x = (Z, z) € 1%

id iy 0

D(foY™')(z) = Dea)(®)
* gz )(z

This and (7.13) imply that for each & € R”, Dgz = 0 on the slice (V NY(K,));. Hence the
set (V NY(K,)); is contained in the critical set of gz so

(7.15) Mgz (w) N (V NY(K,))z) < H (g5 (w) N Cyy).

It follows from the Fubini theorem applied to Sobolev spaces that for almost all + € R",

gz € WP (Vz,R™") and hence the induction hypothesis is satisfied for such mappings

loc

‘/Vlk’p S gz - ‘75; CR"" —=R™T".

ocC

Since

¢ =max(n —m—k+1,0) =max((n—7r)— (m—1r)—k+1,0),

for almost all w € R™ ™ the expression on the right hand side of (7.15) equals zero and

(7.14) follows. This completes the proof of Claim 97 and hence that of the theorem. n
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7.4 PROOF OF THE KNESER-GLAESER ROUGH COMPOSITION
THEOREM

The Kneser-Glaeser theorem follows as a direct application of Whitney’s Extension Theorem
(Theorem 102). This classical theorem was discussed in the introduction of Chapter 5. The

statement of the theorem for higher order derivatives is given here.

Theorem 102 (Whitney’s Extension Theorem). Let {hq}jaj<k be a collection of real valued

functions defined on a compact set K C R" satisfying

(7.16) (o) = 3 P Ry
|B1<k—|o] '

for every x,y € K where R, is uniformly o (|m — y|k*a) as | —y| — 0. Then there is a
function H : R" — R of class C* so that D*H = h, on K for every |a| < k.
7.4.1 Conditions equivalent to Whitney’s Theorem

For simplicity, we will write h = hg. Now define the formal Taylor series of h as

Tih(z) =) h“T(f)(z —x)°

o<k

for any € K and z € R". Notice that, if K was open, h was of class C¥ on K, and h, = D%h
for each |a| < k, then T*h would simply be the usual Taylor polynomial for h. Using this

notation, we now have the following equivalent formulation of Whitney’s Extension Theorem:

Proposition 103. Let {hq}|a)<k be a collection of real valued functions defined on a compact

set K C R". Let B be a ball with K C B. Condition (7.16) is equivalent to the following:
(7.17) I Tin(2) = Tyh(2)| < e(le = yl) (lz = 21" + 2 — yl*)

for every x;y € K and z € B where ¢ : [0,00) — [0,00) is increasing, continuous, and

concave with ¢(0) = 0. (We say that ¢ is a modulus of continuity.)
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Throughout the remainder of the section, the notation ¢ will be used to represent any

constant multiple of a modulus of continuity. Thus ¢ may change values in the same inequal-
ity.
Proof. To begin, we will show that (7.16) implies (7.17). Notice that

(7.13) [Ra(, )| < el = gDl — yl*

for every x,y € K, |a| < k, and some modulus of continuity c¢. Indeed, define the function
¢:[0,00) = [0,00) as

|Ra(z,y)]
|z — y|klol

&(t) = sup {

|a|§k,x,yEK,O<|x—y|§t},

and define the modulus of continuity ¢ to be the infimum over all convex functions which
are greater than or equal to ¢.

We will now show that

(7.19) 3 C =2 o () = TER(z) — TFh(z).

al
la| <k

for every x,y,€ K and z € B. To do so, notice for each |a| < k

Rolwg) = ho(r) — 3" M@ o g @y oo [ 30 2eW

|B|<k—|a]

where this derivative is taken with respect to x. That is,

> = ;lx)aRa(x’y) =2 hiT@(z_m)a -2 < ;|:z:)aDa > hﬁ—(y)(x_y)ﬂ

|
lo| <k ' o] <k ' o <k ' 18I<k A
D*(TFh(y)) o
= Tﬁh(z) — Z T(z — 1)
|| <k

=TFh(z) — T:h(z)

xT

This last equality holds since T*h(y) is a polynomial in = of degree k, and every polynomial

of degree k is equal to its Taylor polynomial of degree k. Combining (7.19) with (7.18) gives

TH(z) — TR ()] < el — o) 3 Em e yetol < ol — o) (2 — 2f* + |2 — o)

lal <k

ol
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where we used Young’s inequality with exponents % and k_]“'a‘. This proves that (7.16)
implies (7.17).
We will now show that (7.17) implies (7.16). Fix xz,y € K. By (7.19),

> Eo I Ry = 1TE0G:) = TERG) < el = o) (f =¥ + 1o — )

T
la|<k

for every z € B and some modulus of continuity c¢. Say 2z’ € R" is defined so that z — x =

|z — y|(2" — x). Then

o — gl
(7.20) S Ry < e~ yle — o (12— 2 1)

o
|| <k

The left hand side of this inequality is a polynomial in the variable (2’ — z) (with x fixed) of
degree k. The coefficients of any such polynomial can be written as a linear combination of
the value of the polynomial at any collection of points ao, . ..,ay € R” (for some N). Since
the value of this polynomial is bounded according to (7.20), it follows that the coefficients
MRa(fz;, y) can be bounded in magnitude by c(]z — y|)|z — y|*. That is,

[Ra(@,y)| < e(le —yl)|z -y

which completes the proof. O

Since every smooth function satisfies condition (7.16), the above proposition implies the

following

Lemma 104. Suppose f : Q2 — R is of class C* for an open Q C R". Then
Ty f(2) = Ty f(2)] < ella —y]) (Jz = 2" + |2 = yl")

for every x,y € Q0 and z € R" where ¢ is a modulus of continuity.

122



Notice that for any x,y,z € R",

o — 2"+ [o =yl < (lo = 21" + (Jo — 2 + |y — 2])")

k
I . .
— o=+ 3 (Mo = sty - 2
—\J
j
<lz =2+ C(lz— 2"+ |y — 2[F)
<C(lz==2"+y—2").

We used Young’s inequality with the exponents f and % in the second-to-last line. Similarly,

|z — 2"+ |y — 2" < C (Jo — z|* + |= — y|*). Thus the statements

Ty f(2) = Ty f(2)| < elle = yl) (Jo = 2" + |2 = y[*)
and
Trf(2) = Ty f(2)| < e = yl) (Jo = 2" + |y — 2|")

are equivalent. We will refer to these approximations interchangeably later.

7.4.2 Rough composition of mappings

We now prove the main result of the section.

Theorem 105 (Kneser-Glaeser). Fix positive integers s, k,m,n with s < k. Suppose V C R"
and W C R™ are open and A* C'V and A C W are compact. Let g : V. — W be of class
Ck=s with g(A*) C A, and let f: W — R be of class C*. Suppose also that f is s-flat on A.
Then there is a function F : W — R of class C* so that F = fog on A* and F is s-flat on
A*.

Proof. To begin, we will define a collection {hq }aj<k of real valued functions on A* so that

Ty’“h(z) + Z pa(z,2)(z —x) = T:(x)f(Tf_sg(Z))
IA|=k+1

where each py is a polynomial in z and z. Here, the notation T* %g(z) refers to the

coordinate-wise Taylor polynomial of g. That is, T*%¢(z) is a point in R™.
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To define this collection, choose a ball B with A* C B. Notice that we can write for any

r€ A*and z € B

DPg(x)
3!

(7.21) TyF(TEo9(2) = fl)+ ) Dyf.(y) >

(2 — )’
V.
s+1<y|<k 1<|B|<k—s

where y = g(x).

Expand the right hand side of (7.21) and collect all terms of the form a,(z)(z — z)* for
each |a| < k. All remaining terms will have the form py(z,2)(z — x)* for some [A\| = k + 1
where p, is a polynomial in z and z. Write h,(x) = ala,(x).

First, notice that h,(z) = 0 for every 1 < |a| < s since, in (7.21), |[v| > s + 1. Thus no
terms of the form (z — z)* appear when 1 < |a| < s. Also, the only term in (7.21) which
does not contain any (z — x)* with || > 1is f(y), and so ho(x) = f(g(x)). This leaves for

every x € A* and z € B

T = Y 20 m ) - S g ) — )

Q.
s+1<]al<k I\=k+1

By way of (7.17), it suffices to show that
T3 h(z) = To,h(2)] < ellan — @) (|2 — @ + 2 — 22]")
for every x1,29 € A* and z € B. In fact, it is enough to show that
(7.22) Ty f(To°9(2) = Ty f(Ta*g(2))] < ellan — @a])(|2 — 21" + |2 — 22]")
for every x1, 29 € A* and z € B where y; = g(z1) and y, = g(x2). Indeed, we have

(T2, h(2) = Ty f(T"g(2)) =T, (=) = T, f (T3, 9(2)))|

< > Ipaen, 2)(z — 20t = palwa, 2) (2 — )Y
I\|=k-+1

For each |A\| = k + 1, we can rewrite the terms in the last line as

|[pa(21,2) = pa(w2, 2)] (2 = 20)* + palan, 2) [(2 = 21)* = (2 = 22)"]]
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The first term here is bounded by
pA(21,2) = pala, 2)| (|2 = 21 [* + |2 = 2a]*) = ez — a1 ]) (|2 = 11 [" + [z = 22]")
and we can bound the second term as follows by using the mean value theorem:

(2 = 21)* = (2 = 22)| < Clar = wa] (t]z — ;1| + (1 = )]z — 25N

|Al-1

M =1 . .

= C|zy — 2 Z <| | _ >\z—x1\3|z—x2||’\|1]

— j
j

< Cloy — o (]z — xllw_l + |z — a:2||)‘|_1)

= Clzy — x4 (|z — acl|’C + |z — x2|k)

where we used Young’s inequality in the second-to-last line. Thus it remains to prove (7.22).

Now, rewrite the left hand side of (7.22) as

(7.23) (T3 F(T2°9(2) = Ty, AT g ()] + [T £(T2 " 9(2)) = T £(T,9(2)]|

We can use Lemma 104 to bound the second term in brackets by

c(lg(r1) — g(x2)]) <|sz_59(z) — g(@2)|" + [g(z1) — 9($2)|k) :

Since g is of class C*~% we have |g(x;) — g(z2)| < C|r; — 25| and

) e s Y PHE <oz
1<[B|<k—s ’
for a constant C' > 0 independent of the choices of 25 and z since g is C*=* on U, A* C U is
compact, and o, 2 € B. This gives the desired upper bound for the second bracketed term
in (7.23).
Write wy = T *g(z) and wy = T}, *g(z). Applying Taylor’s theorem to T} f centered

at wq, we have
Z D* (Tflf(wl))

Tgflf(wz) = !

(wq — wq)H,
|| <k

and so we can bound the first bracketed term in (7.23) as follows:

(7.24) ITE fw) = TE flws)| < 3 i, | D (T, f (wn)) ] |wa — wy M.

1<|p|<k He
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Also, for each component g; of g, we have by the statement after Lemma 104
Ty, 795(2) = Ti g5 ()] < elwa = aa|) (|2 — 22" + |2 — 2]*).
Thus
(7.25)  Jwy —wi| =T, g(2) = Ty °g(2)| < e(fwz — ]} (|2 — 227 + |2 — 21 [*9)

We will now find bounds for each term in the sum on the right hand side of (7.24). Consider

first the case when 1 < |u| <'s. We may write

DF f(y1)

/7' (wl - yl)’y‘

D* (T, f(wn)) = Ty W (D  f(wr) =

[v|<k—]pl

When |y] < s — |p|, we have D7 f(y,) = 0, and so

DHY _
‘ {(Zh)’ |wl o yl‘|'y| < C”U)l o ylys [p]+1

DTy fw) | < )

s—|pl<|v|<k—|p|

for a constant C' > 0 independent of the choice of y; since f is C* on W, A C W is compact,
and g(A*) C A. As seen above, |wy —y1| = [TH*g(2) — g(21)] < C|z — x4, so by (7.25),

|DH(TE f(wy))]|ws — wy |

< c(jzg —x]) |2 — x1|5_\m+1 (|z — x2|k—8 + |z — x1|k—s)\u\
am : .

= (| — 1)) Z ( i ) |z — x2|(k_s)ﬂ|z — x1|(k—5)(|#|—J)+S—\u\+1
=0

< ¢|zg — x1]) (|Z — x2|k|u|—s\m+s—w+1 + |z — I1|k\u\—slul+s—lul+1)

< c(lza — 1)) (|2 — 22" + |2 — 24[F) .

Elpl=s|pl+s—|pl+1
(k—s)j

(k’i“s‘)'azu‘i‘;r)i_s‘f“;il, and in the last line we used the fact that (k —s — 1)(|u| — 1) > 0. This

provides the desired bound for (7.24) when 1 < |u| < s.

and

In the second-to-last line, we used Young’s inequality with the exponents

It remains to bound (7.24) when s + 1 < |u| < k. In this case,
wy — w1 M < Clwy — w7 < ef|wg — m1]) (|2 — 22/ + 2 — 2 [F77)"H
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s+1
s+1 Ry (el
Sc(|x2—x1|>z( j )]z—x2|(k )z gy o1
i=0

< |z — 1)) (‘z — x2||u|(k—s)(s+1) + |z — Il,(k—s)(s-q-l))

< ¢(|wg — x1]) (\z —2olF + |2 — xllk)

(k—s)(s+1) (k—s)(s+1)
(R S (s pem w8

and in the last line we used the fact that (k — s)(s + 1) > k. This provides the desired

As before, we have used Young’s inequality with the exponents

bound for (7.24) when s+1 < |u| < k, and thus we have appropriately bounded (7.23). This
completes the proof. O
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