
STRESS ANALYSIS AND MODELING OF A MICROCHANNEL REACTOR FOR 

FISCHER-TROPSCH SYNTHESIS  

by 

Rajan Bhaskarrai Kher 

BE Chemical Engineering, Gujarat Technological University, 2014 

Submitted to the Graduate Faculty of 

Swanson School of Engineering in partial fulfillment 

of the requirements for the degree of 

Master of Science in Chemical Engineering 

Master of Science in Petroleum Engineering  

University of Pittsburgh 

2018 



UNIVERSITY OF PITTSBURGH 

SWANSON SCHOOL OF ENGINEERING 

This thesis was presented 

by 

Rajan Bhaskarrai Kher 

It was defended on 

April 9, 2018 

and approved by 

George E. Klinzing, Ph.D., Professor 

Department of Chemical and Petroleum Engineering 

Robert M. Enick, Ph.D., Professor 

Department of Chemical and Petroleum Engineering 

Thesis Advisor:  Badie I. Morsi, ScD, Professor 

Department of Chemical and Petroleum Engineering 

ii



Copyright © by Rajan B. Kher 

2018 

iii



The main objective of this research is to conduct stress analysis calculations and modeling 

of a MCR for Fischer-Tropsch (F-T) synthesis with the aim to build an optimized lab-scale micro-

channel reactor (MCR) in our laboratory. 2-D and 3-D models were used for stress analysis 

calculations in a MCR containing 10 channels and provided with two 10-mm diameter hole for 

gas entrance and exit. The analyses, including total deformations, von Mises stresses and principal 

stresses, were calculated with ANSYS using the Finite Element Method. Two different 

construction materials for the MCR, namely Plexiglas and 316 Stainless Steel were considered in 

the calculations. Also, a 2-D pseudo-homogeneous dispersion model was built in MATLAB to 

investigate F-T synthesis using cobalt catalyst in the MCR. The effects of superficial syngas 

velocity and H2/CO ratios on the CO conversion were investigated. This study led to the following 

conclusions: 

1. The 2-D stress analysis model predicted the failure of the MCR inlet surface by evaluating the

elastic plastic fracture mechanics of the structure. The 3-D stress analysis showed that the

maximum stresses exhibited within the structure were generally lower than the maximum yield

strength of both Plexiglas and Stainless steel.

2. Increasing the inlet superficial gas velocity decreased the CO conversion and the temperature

distribution in the MCR. The highest CO conversion and temperature values were exhibited at

the centerline of the reactor. The temperature gradients decreased significantly with increasing
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superficial gas velocity. Decreasing the H2/CO ratio of the feed systematically decreased the 

CO conversion throughout the packed-channel, whereas increasing the H2/CO ratio resulted in 

higher and steeper CO conversion contours. The hydrocarbons yield was determined to be 3.84 

bbl/day for 3600 channels with dimensions of 4 mm x 4 mm x 150 mm operating at P = 25 bar, 

T = 483 K, H2/CO ratio of 2, and a superficial inlet velocity of 0.05 m/s, the yield was also 

determined to be 4.24 bbl/day when operating at a superficial velocity of 0.01 m/s. 
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NOMENCLATURE 

a Channel cross-sectional area, m2

𝐷𝑎𝑥𝑖𝑎𝑙 Axial dispersion coefficient, m2/s 

𝐷𝑙𝑎𝑡𝑒𝑟𝑎𝑙 Lateral dispersion coefficient, m2/s 

𝑑ℎ Hydraulic diameter, m 

𝑑𝑝 Catalyst diameter, m 

E Young’s Modulus, Pa or psi 

g gravity, m∙s-2

K Stress concentration factor, - 

L Length of Bed, m 

P Pressure, Pa 

R Gas constant, J mol-1K-1

Re Reynolds number, - 

T Temperature, K 

u superficial gas velocity, m∙s-1

EFT Activation energy J mol-1

k
FT Fischer Tropsch reaction rate coefficient kmol kgcat

-1s-1Pa-1

xii



Greek Symbols 

𝛼 Gas or liquid phase 

β  Liquid phase 

𝜀 Volume fraction of the phase, - 

𝜈 Poisson’s ratio, - 

𝜖 Strain, (m/m) 

ρ Density, kg.m-3 

𝜎𝑛 First principal stress, Pa.m-²

𝜎𝑦𝑝 Yield point of the material, Pa or psi 

σnom Nominal stress 

τ Shear stress, Pa.m-2 

Acronyms 

MCR Micro channel Reactor 

FEA Finite element Analysis 

FEM Finite element Method 

APDL Ansys parametric design language 

GTL Gas to Liquid 

CTL Coal-to-liquid 

EOS Equation-of-state 

PBR Packed-bed reactor 

xiii



1.0 INTRODUCTION 

1.1 PROCESS INTENSIFICATION 

Over the past decade, significant work has been carried out in investigating process 

intensification, with focus on modular reactors technology (MRT) and catalysts, which has 

been led by growing technology companies like Velocys and CompactGTL, among others. 

Efforts in understanding, optimizing and commercializing MRT technology are still very much 

at their infancy, however, the recent success of Velocys’ ENVIA Energy demonstration plant 

in Oklahoma [1] has increased confidence in the potential of using MRT. The motivation of 

this approach lies in the fact that the main components of a given plant, such as reactors, heat 

exchangers, separators, etc., only represent about 20% of the overall capital cost, whereas 80% 

of the cost is incurred by installation and commissioning, which includes pipe-study, structural 

support, civil engineering, etc. [15]. This means that major reductions in the equipment size, 

coupled preferably with a degree of telescoping of equipment function, such as reactor/heat 

exchanger unit, or combined distillation/condenser/re-boiler, could result in significant cost 

savings by eliminating the support structure, expensive foundations and long pipe runs.  

Moreover, process intensification enables efficient integration of thermal and mass 

transport operations and minimizes operating variable gradients within the system, while 

minimizing financial risk of deployment. In general, the transport fluxes of mass, energy and 

momentum are dependent, not only on the mass diffusivity, thermal conductivity and viscosity, 
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but also, on the corresponding concentration, temperature, and velocity gradients. The decrease 

of the physical dimensions (miniaturization) of a unit operation leads to the enhancement of 

mixing and heat exchange, which increase the mass and heat transfer rates as well as the 

viscous losses [2, 3]. Also, with miniaturization, the amount of material in a system is reduced, 

and the surface area per unit volume is increased. Thus, miniaturization leads to high mass and 

heat transfer rates per unit volume while exploiting the underlying catalyst potential, however, 

the effect of viscous losses has to be taken into account [4, 5]. Such advantages, when coupled 

with potential capital and operating costs of up to 60% [6, 7], make MRT an exciting prospect 

to fill very lucrative market gap in the petrochemical and chemical production industries. As a 

matter of fact, these reactors have been used in the following processes: (1) F-T synthesis [8-

11]; (2) Biomass-to-Liquid [12]; (3) Water-Gas-Shift (WGS) reaction [13]; (4) Methanol 

Steam Reforming [14, 15]) (5) H2/O2 Combustion [16]; (6) Gas-Phase Partial Oxidation [17]; 

(7) Selective Oxidation [18]; (8) Catalytic Partial Oxidation [19] and (9) Nitration of o-

Nitrotoluene [20]. Table 1 provides a summary of previous investigations of MCRs. 
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Table 1: Experimental investigation in micro-channel reactors 

Reference Process Studied Reactor Dimensions/ System investigated 

Pfeifer et al. 

(2003) [21] 
Electrically heated micro-reactor with channel depth of 100 µm and channel 

width of 100 µm, and overall channel volume of 20 𝑐𝑚3.

Investigated reaction conversions, 

temperature gradients along the reactor and 

startup times. 

Nemec et al. 

(2005) [22] 

A model prediction of pressure drop and liquid holdup for trickling flow in 

packed Bed reactors has been developed based on the relative permeability 

concept. The proposed model was able to predict liquid holdup and pressure 

drop to within 5 % and 20 % respectively, regardless of type of packing or 

operating ranges investigated in this model 

Effect of gas flow rate on liquid phase relative 

permeability at 10 bar total pressure for bed of 

1.41-mm catalyst particles 

Ge et al. (2005) 

[17] 

Measured the effect of temperature and space velocity on reaction 

conversion and selectivity on the gas phase partial oxidation of toluene over 

V/Ti catalyst beds. 

Square packed bed channels with cross-

sectional area: 1 mm2.  Catalyst particles with: 

𝑑𝑝 (μm): 300-600

Schmidt et al. 

(2005) [23] 

Investigated the suitability of microchannel for kinetic measurements, 

studied the effect of temperature, pressure and channel diameter on the 

conversion and mass transfer parameters. 

The selective oxidation of isoprene to 

citraconic anhydride 

Karim,et al. 

(2005) [15] 

Methanol Steam Reforming reactions were performed in catalyst packed bed 

and wall coated micro reactors in order to compare the performance of both 

configurations.  

Packed Bed Channels with ID (mm): 4.1, 1.75 

and 1. Catalyst loading (mg): 100, 50 and 30. 

Catalyst particle diameter (μm): 100–250  

Aartun, et al. 

(2005) [19] 

The partial oxidation of methane and the oxidative steam reforming of 

propane for the production of hydrogen or syngas were studied. The 

influence of the temperature distribution and the change in residence time 

were analyzed regarding their effect in conversion and products selectivity. 

3 Fe/Cr alloy metallic reactors were used. 

Reactors dimension (H × W × L): 5.5 mm x 

5.6 mm x 10 mm. The number of channels was 

676 for two configurations and 572 for the 

third. Rectangular channels of 120 × 130 and 

100 × 120 μm. Porosity varied from 0.22 to 

0.34. Channels were impregnated with Rh in 

most of the cases. 
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Table 1 (continued). 

Reference Process Studied Reactor Dimensions/ System investigated 

Walter et al. 

(2005) [24] 

Three different types of reactors were evaluated using the catalytic selective 

oxidation of isoprene as a model reaction. The performance of a ceramic 

fixed bed reactor, metal micro-channel reactor and a ceramic micro-channel 

reactor was compared.  

The metal reactor was forms by six aluminum 

plates of 40 mm × 40 mm × 0.5 mm each. The 

outer dimensions were 70 mm × 70 mm × 15 

mm. Channels had an inner diameter of 280

μm and were 20 mm long. The ceramic micro-

reactor had an outer dimensions of 26 mm ×

70 mm × 8 mm, with 16 micro-channels of

square cross section (500 μm × 500 μm).

Veser (2005) [25] Catalytic partial oxidation of methane to form synthetic gas was studied 

using two models of heat integrated micro-reactors. The configurations 

studied were counter current heat exchange reactor (CCHR) and reverse 

flow reactor (RFR). Syngas yields were measured and compared with a 

reactor without heat integration. Temperature profiles, reaction yields vs. 

inlet flow rate and catalyst deactivation times were also analyzed for both 

models. 

The CCHR was formed by three concentric 

stainless steel tubes with an outer diameter of 

25 mm and a length of 50 cm (Friedle & Veser, 

1999). The RFR has a monolith structure with 

a 110 mm length.  

Flögel et al. 

(2006) [26] 

The synthesis of peptides was evaluated using a silicon microchannel 

technology. Its performance was compared with typical synthesis processes 

as solution phase and solid phase couplings.   

Total reaction volume was 78.3 μL with a 

mixing zone of 9.5 μL and a Reaction loop of 

68.8 μL. 

Halder et al. 

(2007) [27] 

An experimental study of the nitration of toluene in microchannel structures 

was carried out. The influence of the reaction temperature, acid 

concentration, and residence time in the production of nitro toluene was 

evaluated.  

Stainless steel reactor with an inner diameter 

of 775 μm. Channels were packed with 

catalyst up to a packing length of 6.0 cm. The 

total length of the reactor was 8.0 cm. Catalyst 

particle diameter was between 75- 150 μm. 

Men et al. (2009) 

[28] 

Micro-channels coated with different types of catalyst were used to study 

the complete combustion of propane. Pt, Pd and Rh based catalysts were 

used for the reactions. Reaction temperature was varied. The propane 

conversion was evaluated over time for the different reactions conditions.  

The microchannels were formed by the union 

of two etched plates. The openings created by 

these plates measure 25 mm long, 500 μm 

wide and 250 μm deep. 
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Table 1 (continued). 

Reference Process Studied Reactor Dimensions/ System investigated 

Myrstad et al. 

(2006) [29] 

A micro structured F-T reactor was used to study the productivity, 

selectivity, and pressure drop and temperature profile for F-T synthesis 

using a Co-Re/Al2O3 catalyst bed. Results were compared to a laboratory 

scale fixed bed reactor operated at similar conditions.  

2 cm3 reactor with and 8 parallel catalyst 

sections of 400 μm of deep and 800 μm of 

height. 𝑑𝑝 (μm): 53-75

Cao et al. (2009) 

[8] 

A microchannel reactor system with active heat exchanger was used. The 

catalytic portion of the reactor is a microchannel slot with the gap width of 

0.508 mm. The catalyst is located in the lower portion of the channel so that 

the reactants can be preheated to a desired temperature in the upper portion 

of the channel before entering the catalyst bed. The microchannel was 

sandwiched between two separated oil heating channels, which were 

designed to allow oil to circulate at a high rate and maintain a high heat 

transfer coefficient at the same time. 

Packed bed Channels with packing dimension 

equal to 1.27 cm × 0.0508 cm ×1.778 cm. 

Fischer Tropsch Synthesis over two Co-

Re/Al2O3 catalyst with different particle sizes 

of 150 and 45 µm. Catalyst surface area: 60 

m2/g 

Deshmukh et al. 

(2010) [30] 

The scale up capacity of microchannel reactors for F-T synthesis was 

studied using single channel micro reactors and multiple channel 

microreactors. In total four microchannel reactors were tested. The 

operational capacity was compared in terms of CO conversion, selectivity 

to secondary products and product distribution. The operational conditions 

of the microreactors were varied in order to test the flexibility to pressure, 

temperature and feed composition change. 

Dimensions are in (Depth x Width x Length) / 

Reactor 1: Single channel (1 mm × 0.8 cm × 7 

cm) + packed bed of 3.8 cm long. / Reactor 2:

Single channel with two gaps. 1st gap (1 mm

deep), 2nd gap: (0.5 mm deep), width – 0.6 cm,

packed bed length – 61.6 cm. / Reactor 3:

Similar dimensions to reactor 2. One process

channels and two cooling channels / Reactor

4: 276 process channels (1 mm × 0.3 cm × 19

cm) + packed bed length: 17.1 cm. Crossflow

configuration with cooling channels.

Knochen et al. 

(2010) [10] 

  The catalyst used in this study consisted of approx. 19 wt. % Co and 1 wt. 

% Re on Al2O3. Reaction rate measurements were carried out with a 

catalyst sieve fraction of 140-200 m. The 1/8” milli structured capillary 

reactor with 1.753 mm inner diameter had a preheating zone of 0.5 m length 

and a catalyst packing height of 1.0 m. A packing porosity of 33.5% was 

calculated from the measured apparent density of the catalyst particles. 

Measured pressure drop, conversion and 

liquid holdup. Under typical FTS conditions 

the pressure drop did not exceed 1.5 bar/m at 

operating pressures of 20 bar, respectively. 

Average liquid holdup of about 2.5% was 

determined. 

Piermartini et  al. 

(2011) [13]  

Measured the reaction conversion and selectivities at different 

temperatures. 

Micro-structured foil stack with channel 

width of 200 μm, channel height of 200 μm. 

WGS reaction over Pt/CeO2 and 

Pt/CeO2/Al2O3. 
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Table 1 (continued). 

Reference Process Studied Reactor Dimensions/ System investigated 

Su et al. (2011) 

[20] 

Compared the reaction kinetics and Nitro-toluene solubility in both packed 

and non-packed microchannels. 

600 μm × 600 μm × 60 mm microchannel 

Nitration of o-Nitrotoluene (NT) with mixed 

acid. 

Knobloch et al. 

(2013) [11] 

Measured the pressure drop and liquid holdup without reaction. Determined 

that the pressure drop is directly proportional to the gas flow rate, therefore 

the kinetic term of the Ergun equation can be neglected. Observed that the 

pressure drop in the milli-packed-bed reactor remains moderate (2.9 

bar/m)if catalyst particles with proper size and shape are employed, liquid 

holdup was found to be about 3%, independent of the conversion, reaction 

temperature, liquid hydrocarbon productivity and the reaction rate.   

Low temperature Fischer Tropsch synthesis 

over four different Co-Re/Y-Al2O3 Catalyst 

with comparable composition and different 

particle shapes and sizes of 60-580 µm 

Penniall (2013) 

[12] 
Measured reaction selectivities and product yields on different catalysts. 

50 channels of 37 mm length with 0.2 mm 

height and 0.3 mm width. 

BTL Fuel Plants in the New Zealand wood 

processing industry. 

Piermantini and 

Pfeifer (2015) [31] 

The enhancement of the CO/H2 ratio of a biomass derived syngas was 

achieved through high temperature and pressure water gas shift reaction in 

a micro reactor. The reactor was tested with packed bed catalysts and with 

catalyst coated walls. A scale up model based on experimental and 

simulations results was presented.  

Fixed-bed configuration: 2 foils (150 mm 

long, 25 mm wide) with 1029 channels each. 

Channels dimensions (800 μm wide, 400 μm 

long, and 800 μm deep). 

Coated walls configuration: 14 foils (150 mm 

long, 25 mm wide) with 50 channels each. 

Channels dimensions 200 μm wide, 200 μm 

long, and 100 μm deep). 

6



This work is concerned with the design and modeling of a MCR for Fischer-Tropsch (F-

T). The use of MCR for F-T synthesis could have a significant commercial potential, primarily 

due to the fact that at least 50,000 barrel per day (bpd) production F-T plant is required in order to 

lower the capital cost per barrel of daily capacity to an acceptable level [27, 28]. However, such 

large F-T plants would require about 50 MMSCF/d of feed gas, or 5.4 trillion cubic feet over a 

thirty year period, which limits their potential installation to only about 2% of the known gas fields 

outside of North America [6]. Furthermore, many other applications, such as emulsion processing, 

biofuels, hydro-processing and biogas conversion could also greatly benefit from compact and 

modular conversion technology. 

A general layout of a microchannel reactor is schematically depicted in Figure 1. This type 

of reactor is characterized by a parallel array of vertical microchannels and cross-flow horizontal 

cooling microchannels. The typical dimensions of the channels are between 0.1 and 5.0 mm [32]. 

Figure 1: Application of Microchannel Reactors in F-T Synthesis by Velocys [1, 32-34] 

Syngas

Syncrude

x

z

y

(Process In)

(Process Out)

y

z

Channels 
filled with 
Catalyst

Cooling 
Channels
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1.2 FISCHER TROPSCH SYNTHESIS AND REACTORS 

The F-T synthesis process was originally developed by Franz Fischer and Hans Tropsch in 

the 1920’s in an effort to produce liquid fuels, based on the 1902 discovery by Sabatier and Sanders 

[19], that methane can be produced from H2/CO mixtures over a nickel catalyst. It was a 

breakthrough in the conversion of coal to liquid fuel, such as kerosene and naphtha, and has been 

subsequently heavily investigated and developed commercially [20].  

In F-T synthesis, CO and H2 (syngas) react in the presence of a catalyst, conventionally 

iron or cobalt, to produce synthetic hydrocarbon products, primarily linear alkanes and alkenes. 

The main reactions occurring during the F-T process result in the generation of paraffins (Equation 

(1-1)), olefins (Equation (1-2)) and alcohols (Equation (1-3)), in addition to the water-gas-shift 

(WGS) reaction (Equation (1-4)). 

Paraffins:  𝑛𝐶𝑂 + (2𝑛 + 1)𝐻2 → 𝐶𝑛𝐻2𝑛+2 + 𝐻2𝑂 (1-1) 

Olefins:    𝑛𝐶𝑂 + 2𝑛𝐻2 → 𝐶𝑛𝐻2𝑛 + 𝑛𝐻2𝑂 (1-2) 

Alcohols:   𝑛𝐶𝑂 + 2𝑛𝐻2 → 𝐻(−𝐶𝐻2 −)𝑛𝑂𝐻 + (𝑛 − 1)𝐻2𝑂 (1-3) 

WGS:  𝐶𝑂 + 𝐻2𝑂 ↔ 𝐶𝑂2 +𝐻2 (1-4) 

Although many metals have been identified to catalyze F-T reactions, only iron (Fe) and 

cobalt (Co) have been used in industrial applications. Iron catalyst is cheap and has a high water-

gas-shift (WGS) activity, however, it is prone to severe attrition in slurry reactors and the water 
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produced during the reaction appeared to decrease its activity. Cobalt-based catalyst, on the other 

hand, has higher activity than iron catalyst since it is not strongly inhibited by water. It is more 

resistant to attrition and, as such, has a longer life in the reactor than iron catalyst. Cobalt-based 

catalyst, however, is more expensive than iron catalyst and has no WGS activity. During Cobalt 

catalyzed F-T reaction, the oxygen from CO dissociation is converted to H2O. Conversely, iron 

catalyst has a high affinity for the WGS reaction, resulting in the conversion of a significant portion 

of oxygen from CO dissociation into CO2 [20]. Thus, the extent of the WGS reaction has to be 

closely considered as it affects the H2/CO ratio in the F-T process.  

The F-T synthesis provides a pathway for converting carbon containing natural resources, 

such as natural gas, coal, heavy residue, biomass, municipal waste, etc., into liquid fuels and high 

value chemicals in an Anything-to-Liquid (XTL) process, as shown in Figure 2. In this process, 

the CO and H2 (syngas) react in the presence of a catalyst, conventionally iron or cobalt, to produce 

synthetic hydrocarbon products, primarily linear alkanes and alkenes. The overall F-T process 

involves three main steps: (1) syngas generation, (2) F-T catalytic reactions and (3) product 

upgrading.  

9



Figure 2: Overview of the Anything-to-Liquid (XTL) process [20] 

In the case of gas-to-liquid (GTL) applications, the produced syngas is highly rich in H2 

and any additional H2 via the WGS reaction is undesirable. In contrast, carbon-rich feedstocks, 

such as coal or biomass, produce a CO-rich syngas; and would therefore require an extent of WGS 

in the F-T reactor. Hence, industrial GTL plants have conventionally used cobalt-based catalysts, 

such as the Shell (Pearl) and the Sasol (Oryx) plants in Qatar, whereas the coal-to-liquid (CTL) 

plants usually use iron-based catalysts, such as the Sasol Synfuels complex in Secunda, South 

Africa and the planned CTL plants in China [35-37]. 
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The F-T process configuration could ultimately dictate the type of the catalyst to be used 

for GTL or CTL applications. For instance, if the process is configured for recycling CO2 or CO2-

rich tailgas to the methane reformer, this will lower the H2/CO ratio and will allow the use of iron 

catalyst in GTL applications. Similarly, if the process is configured for a sour shift of the syngas 

from the gasifier over Cu/ZnO catalyst, followed by an acid gas (CO2 and H2S) removal, this will 

allow the use of cobalt in CTL applications. Various process configurations for Anything-to-

Liquid (XTL) plants can be found elsewhere [37-44]. 

Depending on the reaction temperature, the F-T process is referred to as low temperature 

F-T (LTFT) or high temperature F-T (HTFT). The temperature of the LTFT ranges from 180 to

260 oC and the syncrude produced is mainly wax consisting mostly of long chain hydrocarbons, 

while the temperature of the HTFT process is between 290 and 360 oC and the products are mostly 

short chain hydrocarbons and gases. Therefore, the final products of the LTFT process consist 

mostly of diesel, while gasoline production has been the focus of the HTFT [28]. The LTFT 

syncrude product is easy to upgrade by a hydroprocessing and a fractionation step to obtain 

naphtha and middle distillate, whereas the HTFT syncrude requires more complex refinery 

facilities [20, 29, 30]. It should be noted that recent R&D and commercial efforts have been 

focused on the LTFT due to the current drive for using more diesel engines than gasoline engines, 

the excellent quality of sulfur-free F-T diesel, and perhaps the mild conditions of the process. 

Schematic of different reactors used for F-T process commercial applications are depicted 

in Figure 3. The circulating fluidized-bed reactor (CFBR) is used for the HTFT process, whereas 

multi-tubular fixed-bed reactors (FBRs) and slurry-bubble-column reactors (SBCRs) are used for 

the LTFT process. In addition, microchannel reactors (MCRs) for LTFT process in small-scale 
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applications have been recently receiving increasing attention, even though; no commercial 

applications are yet available. This study focuses on the MCR technology for F-T synthesis.  

In multi-tubular FBRs, the syngas flows through small diameter tubes packed with catalyst 

at small voidage, resulting in a high pressure drop and an increased operating cost. These reactors 

have comparatively complex heat transfer characteristics and their maximum production capacity 

is limited by the amount of heat which can be removed. Hot spots would ultimately result in carbon 

deposits on the catalyst surfaces and serious plugging of the reactor tubes. These types of reactors, 

however, have been used to carry out LTFT by both Germany during WWII and Sasol since 1950’s 

as well as by Shell at the Bintulu GTL (Malaysia) and more recently at the Pearl GTL (Qatar) [37, 

41, 45-47]. 

SBCRs, on the other hand, have a simpler design and allow for much higher heat removal 

efficiencies than multi-tubular FBRs due to the presence of a large volume of the liquid-phase. Its 

advantages include a much greater flexibility than FBRs and its capital cost is 20 - 40% lower than 

that of a multitubular FBRs [48]. However, the high mechanical shear on the catalyst resulting in 

particles attrition and the lack of a reliable system for the fine particles separation from the liquid 

products, have delayed commercial deployment of SBCRs until the 1990’s. Conversely, 

microchannel reactors have a stationary catalyst bed combined with enhanced heat and mass 

transfer characteristics. Also, they are typically aimed at exploiting a different market than 

conventional reactors where their small size is an advantage.  
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Figure 3: Typical reactor designs found in the industry for F-T application [20] 

2

• Products: Petrol and chemicals
• Catalysts: Fused Fe, K -promoted
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2.0 OBJECTIVE 

The main objective of this work is to conduct stress analysis calculations and modeling of 

a microchannel reactor for Fischer-Tropsch synthesis. In order to achieve this objective, the 

following tasks were performed: 

1. A 2-D mechanical reactor model was built in ANSYS workbench 18.2 module to evaluate the

physical configuration and required accessories of the MCR.

2. A 3-D structural model was also built in ANSYS to provide fundamental understanding of the

von Mises and principle stresses involved in building the MCR.

3. A 2-D model for F-T synthesis in the MCR was developed to investigate the effect of

superficial syngas velocity on the CO conversion and temperature distribution in one packed

channel of the MCR with (4 mm x 4 mm) cross-sectional area and 150 mm length. The effect

of H2/CO ratios on the CO conversion in one packed channel was also investigated. In addition,

effect of H2/CO ratios on the hydrocarbon yield using a 3600 channels of (4 mm x 4 mm)

cross-sectional area and 150 mm length was predicted.
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3.0 RESEARCH APPROACH 

3.1 MCR STRUCTURE AND MATERIAL PROPERTIES 

A schematic of the MCR structure considered in the stress analysis is shown in Figure 4. 

The MCR is constructed first of Plexiglas and second of 316 Stainless Steel. The properties of the 

Plexiglas and 316 Stainless Steel are shown in Tables 2 and 3, respectively. Details of stress 

analysis theory is available elsewhere. 
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Figure 4: Dimensions and structure of MCR used 

Table 2: Properties of Plexiglas [49, 50] 

Density (lb/ft³) 86.4 

Tensile modulus (psi) 350,000 – 500,000 

Tensile Strength (psi) 8,000 – 16,000 

Yield Strength (psi), 𝜎𝑦𝑝 12,100 

Tensile elongation at Break (%) 2 

Compressive strength (psi) 11,000 – 19,000 

Plane strain fracture toughness (psi√𝑖𝑛), 𝐾𝐼𝑐 10 

Poisson’s Ratio 0.35 

36 in

22 in

6 in

6 in

6 in

6 in

6 in

22 in

22 in

Top Inlet Box

Main Reactor Body

Bottom Outlet Box
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Table 3: Properties of 316 Stainless Steel [51] 

Density (lb/ft³) 514.9 

Modulus of Elasticity (psi) 28,000,000 

Plane strain fracture toughness (psi√𝑖𝑛), 𝐾𝐼𝑐 45,000 

Tensile Strength, Ultimate (psi) 84100 

Yield Strength (psi), 𝜎𝑦𝑝 217,000 

Tensile elongation at Break (%) 50 

Compressive strength (psi) 44961.7 

Poisson’s Ratio 0.27 

3.2 2-D STRESS ANALYSIS 

A 2-D stress analysis was investigated at the inlet surface of the MCR. It consists of a sheet 

provided with two holes, one as a gas inlet and the other as a vent, as shown in Figure 5.  

Figure 5: 3-D and 2-D structure of MCR inlet with two holes 
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Two types of stresses are evaluated for the inlet surface of the MCR, namely Total 

deformation and von Mises. Total deformation is the deformation caused by the stresses applied 

on the surface due to displacement. Von Mises stress is related to distortion energy in which a 

volume element is subjected to principal stresses 𝜎1,  𝜎2, 𝑎𝑛𝑑 𝜎3  where the principal stresses are

divided into two parallel components in each direction. One of them, the stress component (S) is 

equal in all three directions described as a hydrostatic stress component, which changes the volume 

and contributes to dilatation energy. 

Three main types of failure are investigated as follows: 

3.2.1 Failure by Yielding 

The failure by yielding will occur, if the magnitude of the stress (𝜎) reaches the critical 

material strength parameter, which is the uniaxial yield point strength (𝜎𝑦𝑝). The maximum

allowable tensile load 𝑃𝑦−𝑎𝑙𝑙, representing the maximum pressure before which yielding failure

occurs, is calculated using Equation (3-1) [52]. A safety factor of 1.5 was recommended.  

𝑃𝑦−𝑎𝑙𝑙 = (
𝜎𝑦𝑝
𝑛
) ∙ 𝐴𝑛 (3-1) 

Where n is the safety design factor, which was taken to be 1.5 in this work. 
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3.2.2 Failure due to rapid crack extension 

The failure due rapid crack extension is determined by assuming the formation of a brittle 

fracture along a single edge. The maximum allowable load is calculated using Equation (3-2). 

𝑝𝑏𝑓−𝑎𝑙𝑙 = ( 
𝜎𝑏𝑓
𝑛
) ∙ 𝐴𝑔 (3-2) 

The minimum thickness required (B) for crack propagation is calculated using Equation (3-3). 

𝐵 = 2.5 (
𝐾𝐼𝑐
𝜎𝑦𝑝
)

2

(3-3) 

Using the information provided in Tables 2 and 3 and Equations (3-1) to (3-3), the minimum 

thickness was calculated to be 1.76 x 10-6 inch for Plexiglas and 0.107 inch Stainless steel. 

Therefore, the current thickness of 0.39 inch is sufficient for the potential formation and 

propagation of a crack. 

3.2.3 Failure by brittle fracture 

The maximum stress for the formation of a brittle fracture was calculated using Equation (3-4) 

[53]. 

𝜎𝑏𝑓 = 
𝐾𝐼𝑐

𝐶√𝜋𝑎
(3-4) 
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Where a represents the crack length and C is a semi-empirical parameter that is derived from stress 

concentration factor charts, which are available elsewhere [53]. 

3.2.4 Stress concentration factor near the inlet and vent hole 

Failures in structures always initiate at sites of local stress concentrations caused by 

geometrical discontinuities. These stress concentrations often lead to local stresses many times 

higher than the nominal net section stress. Therefore, in order to account for the existence of 

deformities, the actual maximum stress is determined using Equation (3-5). 

𝒂𝒄𝒕𝒖𝒂𝒍 𝒎𝒂𝒙𝒊𝒎𝒖𝒎 𝒔𝒕𝒓𝒆𝒔𝒔 =  𝑲 ∙ 𝝈𝒏𝒐𝒎 (3-5) 

Where: 

𝜎𝑛𝑜𝑚 is the nominal stress, calculated using Equation (3-6).

𝝈𝒏𝒐𝒎 =
𝑷

𝑨
=

𝑷

(𝒘 − 𝟐𝒓)𝒕
(3-6) 

In the above equation: 

K is the stress concentration factor near the holes for gas inlet and vent, which is determined 

graphically using Figure 6 [53]; 

r is the radius of the hole (1 cm); and 

w is the width of the surface (18.5 cm). 
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Figure 6: Stress concentration factors for flat MCR inlet with holes (Taken from [53]) 

3.3 3-D FINITE ELEMENT METHOD FOR STRESS ANALYSIS 

ANSYS v 2018 was used to perform Finite Element Method (FEM) Analysis to determine 

the displacements, normal stresses and principal stresses on the different components of the MCR. 

A four node quadrilateral element, with two degrees of freedom at each node, was used to compute 

the two-dimensional FEM analysis on the inlet surface. Also, an eight node brick element with 3 

translational degrees of freedom at each node, was used to calculate the 3-D FEM analysis. The 

equations used in this analysis are given below. 
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3.3.1  Plane stress formulation on Inlet 

The general state of stress at a point is defined by Equation (3-7) as shown in Figure 7: 

[𝜎]𝑇 = [𝜎𝑥𝑥   𝜎𝑦𝑦    𝜎𝑧𝑧  𝜏𝑥𝑦   𝜏𝑦𝑧   𝜏𝑥𝑧] (3-7) 

For a plane stress situation in which there is a unidirectional pressure exerted on the surface, the 

shear stresses are ignored and the stress reduces to three components as given in Equation (3-8). 

[𝜎]𝑇 = [𝜎𝑥𝑥   𝜎𝑦𝑦    𝜏𝑥𝑦] (3-8) 

Figure 7: Top view of Inlet surface of MCR 
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An applied force will create stresses within the structure and cause the body to deform or change 

its shape. Therefore, a displacement vector is used to account for the changes in the position of 

any point within the body. A displacement vector 𝛿 can be written in terms of its Cartesian

components as: 

𝛿 = 𝑢(𝑥, 𝑦, 𝑧)𝑖 + 𝑣(𝑥, 𝑦, 𝑧)𝑗 + 𝑤(𝑥, 𝑦, 𝑧)�⃗⃗� (3-9) 

Where i, j, and k are the components of the displacement vector representing the difference in the 

coordinates of the displacement at the point from its original position (x, y, z) to a new position 

(x’, y’, z’) caused by a loading given by Equations (3-10) through (3-12). 

𝑢(𝑥, 𝑦, 𝑧) = 𝑥′ − 𝑥 (3-10) 

𝑣(𝑥, 𝑦, 𝑧) = 𝑦′ − 𝑦 (3-11) 

𝑤 = (𝑥, 𝑦, 𝑧) = 𝑧′ − 𝑧 (3-12) 

To better measure the size and shape of the deformations which occur locally within the material, 

the normal and shear strains are needed. The state of strain at a point is also characterized by six 

independent components: 

[𝜀]𝑇= [𝜀𝑥𝑥 𝜀𝑦𝑦  𝜀𝑧𝑧 𝛾𝑥𝑦 𝛾𝑦𝑧  𝛾𝑥𝑧] (3-13) 

The relationship between the strain and displacement are shown in Equations (3-16): 
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𝜀𝑥𝑥 =
𝑑𝑢

𝑑𝑥
 𝜀𝑦𝑦 =

𝑑𝑣

𝑑𝑦
 𝜀𝑧𝑧 =

𝑑𝑤

𝑑𝑧

𝛾𝑥𝑦 = 
𝑑𝑢

𝑑𝑥
 +
𝑑𝑣

𝑑𝑦
 𝛾𝑦𝑧 = 

𝑑𝑣

𝑑𝑧
 +
𝑑𝑤

𝑑𝑦
 𝛾𝑥𝑧 = 

𝑑𝑢

𝑑𝑧
 +
𝑑𝑤

𝑑𝑥

(3-14) 

Over the elastic region of a material, a relationship between the states of stresses and strains exists 

according to Hook’s law [54, 55]: 

𝜀𝑥𝑥 =
1

𝐸
[𝜎𝑥𝑥 − 𝑣(𝜎𝑦𝑦 + 𝜎𝑧𝑧)]

𝜀𝑦𝑦 = 
1

𝐸
[𝜎𝑦𝑦 − 𝑣(𝜎𝑥𝑥 + 𝜎𝑧𝑧)]

𝜀𝑧𝑧 = 
1

𝐸
[𝜎𝑧𝑧 − 𝑣(𝜎𝑥𝑥 + 𝜎𝑦𝑦)]

𝛾𝑥𝑦 = 
1

𝐺
 𝜏𝑥𝑦   ;     𝛾𝑦𝑧 = 

1

𝐺
 𝜏𝑦𝑧 ;    𝛾𝑧𝑥 = 

1

𝐺
 𝜏𝑧𝑥

(3-15) 

Where E is the modulus of elasticity (Young’s modulus); 

v is the poisons ratio; and 

G is the shear modulus of elasticity (modulus of rigidity). 

In a plane stress situation, in which no displacements occur in the z direction, Hook’s law reduces 

to: 

{𝜎} = [𝑣]{𝜀} (3-16) 

Where: 
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{𝜎} = [

𝜎𝑥𝑥
𝜎𝑦𝑦
𝜏𝑥𝑦
] , [𝑣] =  

𝐸

1 − 𝑣2
[

1  𝑣     0
𝑣  1  0

0  0 
 1 − 𝑣

2

] , [𝜀] = {

𝜖𝑥𝑥
𝜀𝑦𝑦
𝛾𝑥𝑦
} 

For a solid material under biaxial loading, the strain energy Λ(𝑒) is

Λ(𝑒) = 
1

2
∫{𝜀𝑇}[𝑣]{𝜀}
𝑣

𝑑𝑉 (3-17) 

A Finite Element Formulation of the plane stresses using the Plane 42 element in ANSYS was 

carried out using the above generalized equations. 

3.3.2 3-D FEM Analysis for MCR Components

The eight nodal brick element as shown in Figure 9 was used in the 3-D structural analysis for 

the MCR body. The geometry of the MCR used in the FEM analysis is shown in Figure 9. 

Figure 8: 8 nodal block element used in the FEM analysis 
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(a) 

(b) (c) 

Figure 9: MCR geometry used in the FEM analysis: (a) MCR inlet, (b) MCR internal 

channels structure and (c) Overall MCR geometry 
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The elements displacement field in terms of the nodal displacements and the shape function can 

be written as: 

𝑢 =
1

8
(𝑢𝑖(1 − 𝑠)(1 − 𝑡)(1 − 𝑟) + 𝑢𝑗(1 − 𝑠)(1 − 𝑡)(1 − 𝑟))

+
1

8
(𝑢𝑘(1 − 𝑠)(1 − 𝑡)(1 − 𝑟) + 𝑢𝑙(1 − 𝑠)(1 − 𝑡)(1 − 𝑟))

+
1

8
(𝑢𝑚(1 − 𝑠)(1 − 𝑡)(1 − 𝑟) + 𝑢𝑛(1 − 𝑠)(1 − 𝑡)(1 − 𝑟))

+
1

8
(𝑢𝑜(1 − 𝑠)(1 − 𝑡)(1 − 𝑟) + 𝑢𝑝(1 − 𝑠)(1 − 𝑡)(1 − 𝑟))

(3-18) 

𝑣 =
1

8
(𝑣𝑖(1 − 𝑠)(1 − 𝑡)(1 − 𝑟) + 𝑣𝑗(1 − 𝑠)(1 − 𝑡)(1 − 𝑟))

+
1

8
(𝑣𝑘(1 − 𝑠)(1 − 𝑡)(1 − 𝑟) + 𝑣𝑙(1 − 𝑠)(1 − 𝑡)(1 − 𝑟))

+
1

8
(𝑣𝑚(1 − 𝑠)(1 − 𝑡)(1 − 𝑟) + 𝑣𝑛(1 − 𝑠)(1 − 𝑡)(1 − 𝑟))

+
1

8
(𝑣𝑜(1 − 𝑠)(1 − 𝑡)(1 − 𝑟) + 𝑣𝑝(1 − 𝑠)(1 − 𝑡)(1 − 𝑟))

(3-19) 

𝑤 =
1

8
(𝑤𝑖(1 − 𝑠)(1 − 𝑡)(1 − 𝑟) + 𝑤𝑗(1 − 𝑠)(1 − 𝑡)(1 − 𝑟))

+
1

8
(𝑤𝑘(1 − 𝑠)(1 − 𝑡)(1 − 𝑟) + 𝑤𝑙(1 − 𝑠)(1 − 𝑡)(1 − 𝑟))

+
1

8
(𝑤𝑚(1 − 𝑠)(1 − 𝑡)(1 − 𝑟) + 𝑤𝑛(1 − 𝑠)(1 − 𝑡)(1 − 𝑟))

+
1

8
(𝑤𝑜(1 − 𝑠)(1 − 𝑡)(1 − 𝑟) + 𝑤𝑝(1 − 𝑠)(1 − 𝑡)(1 − 𝑟))

(3-20) 

Where s, t, and r are the shape functions at each node [56]. 
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3.3.3 Simulation Conditions 

The following material properties were used by default by ANSYS during the simulation. 

Table 4: Plexiglas (PMMA) properties used by ANSYS 

Property Value Unit 

Density 1186 kg/𝑚3

Young’s Modulus 3.1 x 109 Pa 

Poison’s ratio 0.35 

Bulk modulus 3.44 x 109 Pa 

Shear modulus 1.14 x 109 Pa 

Table 5: Stainless Steel properties used by ANSYS 

Property Value Unit 

Density 7850 kg/𝑚3

Young’s Modulus 2 x 1011 Pa 

Poison’s ratio 0.3 

Bulk modulus 1.66 x 1011 Pa 

Shear modulus 7.69 x 1010 Pa 

Tensile yield strength 2.5 x 108 Pa 

Comprehensive yield strength 2.5 x 108 Pa 

Tensile Ultimate Strength 4.6 x 108 Pa 
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3.3.3.1 Inlet surface boundary conditions and applied loads 

A fine tetrahedral mesh in a program-controlled element order, as shown in Figure 10, was 

used to compute the total deformation, and von Mises stresses for hydrostatic pressure load inside 

the inlet holes, and the pressure load on the inlet rectangular surface of the MCR. 

(a) (b) 

Figure 10: Inlet surface geometry (a) and mesh (b) 

The fluid acceleration of  5 ×  10−3 𝑚/𝑠2 was assumed for the flow through the inlet and vent

holes and pressure load of 2 × 105 𝑃𝑎 was applied in the upward direction of the surface. After

the loads were applied, the ANSYS Mechanical APDL solver solved for total deformation and von 

Mises stresses using the following formula: 
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𝑈 = √𝑈𝑥
2 + 𝑈𝑦

2 + 𝑈𝑧
2 (3-21) 

𝜎𝑣 = √1/2[(𝜎1 − 𝜎2)
2 + (𝜎2 − 𝜎3)

2 + (𝜎3 − 𝜎1)
2 (3-22) 

Where U is the deformed shape and 𝑈𝑖 are the component deformations and fixed supports, which

prevent deformation. Locations without a fixed support usually experience deformation relative to 

the original location. The values of von Mises stress are compared to the yield strength of the 

material to evaluate the design; and the deformation is seen through the contours produced through 

simulation. 

3.3.3.2  Inlet 3-D box boundary conditions and applied loads 

Figure 11 shows the dimensions of the inlet box created in ANSYS 18.2.  The geometry was 

modeled using ANSYS static structural to simulate stresses due to internal pressure and forces 

from inside the reactor.  
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(a) 

(b) (c) 

Figure 11: Inlet enclosure dimensions (a), mesh (b) and boundary conditions(c) 

The dimensions of the inlet box structure are 36 cm x 16 cm x 18.5 cm, the inlet box is placed on 

top of the main body of the MCR. The two holes on the top surface indicate fluid inlet and vent. 

Each inlet hole is 1 cm in diameter. A stress analysis was performed on this structure to test its 

structural integrity when subjected to pressure buildup from the inside as well as the high pressure 
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fluid entering of the MCR. The inlet structure was tested with a pressure of up to 4 atm. inside the 

reactor. The volume of the inlet box was 2.489 x 10-3 m3 and the mass was calculated to be 2.95 

kg. There were 4023 nodes detected by the simulation software and 1941 elements. The analysis 

type was 3-D and was performed with Cartesian type global coordinate system. The mesh used 

was coarse with bounding box diagonal to be 0.43 m and minimum edge length to be 3.14 cm. The 

Mechanical APDL solver was used to compute the analysis.  

To define loads, four faces were selected for fixed support and one face was selected for 

pressure load condition. The pressure was applied normal to the inner surface. The maximum 

magnitude of pressure applied was 4.053 x 105 Pa. The analysis was performed to determine the 

total deformation, equivalent (von Mises) stress, and equivalent elastic strain in the structure. 

Equations (3-23) and (3-24) were used to compute the total deformation and von Mises stress; and 

the equivalent (von Mises) elastic strain was computed using Equations (3-23) and (3-24): 

𝜎𝑒𝑞 = 𝐸𝜀𝑒𝑞 (3-23) 

∈𝑒=
1

1 + 𝑣′
(
1

2
[(𝜀1 − 𝜀2)

2 + (𝜀2 − 𝜀3)
2 + (𝜀3 − 𝜀1)

2])
1/2

(3-24) 
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3.3.3.3 Channels boundary conditions and applied loads 

The MCR consists of ten channels, with alternative gas and cooling water flow channels to 

allow for heat removal. The gases flow from the top to bottom and the cooling water flows 

horizontally from right to left. To understand the nature of deformation and stresses on the 

channels, stress analysis was conducted by applying pressure load on the top of the channels and 

hydrostatic pressure inside the channels.  

The geometry of the prototype was built in ANSYS 2018. The dimensions of the MCR are shown 

in Figure 12. The MCR construction material for this simulation was structural steel, the properties 

of which are given in Table 9. The volume of this structure is 17,738 cm³ and the mass was 

calculated by the software to be 139.25 kg. The scale factor value is taken as 1. There are 10,578 

nodes and 5,335 elements in this structure. A water of density of 1000 kg.m-³ was allowed to flow 

through all five liquid channels in the horizontal direction as shown in Figure 12 and a hydrostatic 

acceleration of 10 m/𝑠2 was assumed. The direction of water flow was also the direction of the

hydrostatic pressure. The effect of this fluid pressure allows computing the deformation in the 

channels. The mesh was created with a coarse element sizing as shown in Figure 12 with a 

bounding box diagonal of 64 cm and a minimum edge length of 0.051 cm. Two forces were 

defined, one within the channels, which corresponds to the hydrostatic pressure, and the other on 

the sides of the reactor, which corresponds to fixed support. A pressure of magnitude 4 atm. was 

applied on top of the reactor.  
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The nonlinear effects and thermal strain effects were considered in structural steel material. The 

moment of inertia was calculated by the solver in the range of 2.07 to 4.7 kg.𝑚2. The constants

listed in Table 6 were used in computing the principal stress and total deformation. 

(a) 

(b) (c) 

Figure 12: MCR channels dimensions (a), mesh (b) and boundary conditions (c) 
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Table 6: Stress constants for structural steel material 

Density (Structural Steel) 7850 kg.m-³ 

Isotropic secant Coefficient of thermal expansion 1.2 x 10-5 𝐶−1

Specific heat constant pressure 434 J 𝑘𝑔−1𝐶−1

Isotropic thermal conductivity 60.5 W 𝑚−1𝐶−1

Isotropic resistivity 1.7 x 10-7 ohm.m 

The principal stresses were calculated by ANSYS using Equation (3-25). 

3.3.3.4 MCR Boundary Conditions and applied loads 

When the inlet surface, top and bottom inlet and outlet boxes and the reactor channels are 

assembled together, the whole body of MCR is constructed as shown in Figure 13. Unlike the 

individual reactor parts, the main body was tested for forces and pressures occurring outside the 

reactor. The main areas of focus are loads due to pipes and accessories and hydraulic pressures at 

the inlets and outlets of the fluid. 

𝜎1 = 𝜎𝑥′

𝜎2 =
𝜎𝑦′ + 𝜎𝑧′

2
+ √(

𝜎𝑦′ − 𝜎𝑧′
2

)

2

+ √𝜏𝑦′𝑧′
2

𝜎3 =
𝜎𝑦′ + 𝜎𝑧′

2
− √(

𝜎𝑦′ − 𝜎𝑧′
2

)

2

+ √𝜏𝑦′𝑧′
2

(3-25) 
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There four openings in total: gas inlet and outlet; water inlet and outlet. Each side is loaded 

with variable hydrostatic pressure. The density was taken as 1000 kg.m-³ for water and 1.165 kg.m-

³ for nitrogen gas. Each fluid is assumed to have hydrostatic acceleration as 0.5 m/𝑠2. Along with

the hydrostatic pressure, normal pressure of 4 atm. is also loaded at water inlet. The whole body 

was meshed with triangular coarse meshing and default element size taken by the solver. The 

number of nodes and elements were 12656 and 6626, respectively. Structural steel material data 

were used in this simulation. 

(a) (b) 

Figure 13: Overall MCR mesh (a) and boundary conditions (b) 
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The blue region of the MCR indicates that a fixed support boundary condition was placed 

representing the reactor sides. The hydrostatic pressure was calculated using Equation (3-26): 

𝑃ℎ𝑦𝑑 = 𝜌𝑔ℎ (3-26) 

Where 𝜌 = density of water = 1000 kg/m², g = 9.8 m.s-² and h = depth of liquid. The height was 

determined by the solver using the geometry dimensions of the channels.  

The von Mises stresses were based upon distortion energy theory in which if the distortion energy 

of the material exceeds its yield strength, it will fails as per the equation (3-27). 

[
(𝜎1 − 𝜎2)

2 + (𝜎2 − 𝜎3)
2 + (𝜎3 − 𝜎1)

2

2
]

1/2

≥ 𝜎𝑦
(3-27) 

Where 𝜎1, 𝜎2, 𝑎𝑛𝑑 𝜎3 are the principal stresses and 𝜎𝑦 is the yield strength of the material [57]

3.4 DEVELOPMENT OF A 2-D MODEL FOR MODELING MCRS 

As discussed by Steynberg [58], two classes of models can be used, namely, pseudo-

homogeneous and heterogeneous models. Pseudo-homogeneous models assume thermal and 

physical equilibrium between the bulk gas-phase and the solid catalyst’s surface. Whereas, 

heterogeneous models include concentration and temperature gradients between the bulk gas-

phase and the solid catalyst surface due to inter-particle heat and mass transfer resistances. Both 
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models can be implemented with varying degrees of complexity, such as axial and radial mixing, 

and inter-particle gradients. When modelling fixed-bed reactors, the following guidelines are 

typically used [58] : 

1. Inter-particle heat and mass transfer resistances can be neglected, if the catalyst particle

diameters are greater than 1 mm such as in commercial fixed bed reactors. This is due to the

relatively low volumetric reaction rates induced by the liquid filled pores and large catalyst

diameters.

2. Axial mixing is typically ignored when modeling commercial-scale FBRs due to the relatively

large catalyst diameters (~ 1 mm), the tube dimensions (1-2 in ID, 6 -12 m high) and superficial

gas velocities (> 0.2 m/s), which result in a relatively high Biot numbers large enough to justify

the assumption of plug flow.

3. One dimensional models are sufficient for tube diameters less than 1-in, for reactor design

purposes.

4. Liquid effects on the reactor hydrodynamics are minor and the pressure drop can be reasonably

predicted using a single gas-phase correlation for packed beds. However, liquid effects on inter-

particle mass and heat transfer, cannot be ignored.

In this work, a two-dimensional (2-D) model for only gas-phase reactions was developed 

to model the MCR, the model is based on a convection diffusion reaction equation of the form: 

𝜕𝐶𝑖
𝜕𝑡
= 𝐷 ∙ ∇2𝐶𝑖 − �̅�𝑖 ∙ ∇𝐶 +𝑀 (3-28) 

Where M is a reaction source term. 

Upon generic expansion: 
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𝜕𝐶𝑖
𝜕𝑡
= 𝐷 ∙ [

𝜕2𝐶𝑥
𝜕𝑥2

+
𝜕2𝐶𝑦
𝜕𝑦2

+
𝜕2𝐶𝑧
𝜕𝑧2

] − �̅�𝑖 ∙ [
𝜕𝐶𝑥
𝜕𝑥

+
𝜕𝐶𝑦
𝜕𝑦

+
𝜕𝐶𝑧
𝜕𝑧
] + 𝑟𝑖 (3-29) 

Assuming symmetry along the y-axis, steady-state and an incompressible velocity field, 

Equation (3-29) is reduced to the two-dimensional mass balance as follows: 

[𝐷𝑖
𝑙𝑎𝑡𝑒𝑟𝑎𝑙

𝜕2𝐶𝑖,𝑥
𝜕𝑥2

+ 𝐷𝑖
𝑎𝑥𝑖𝑎𝑙

𝜕2𝐶𝑖,𝑧
𝜕𝑧2

] − 𝑢𝑧 ∙
𝜕𝐶𝑖,𝑧
𝜕𝑧

+ 𝜌𝑏𝜂𝑖𝑅𝑖 = 0 (3-30) 

Where: 

Ci is the molar concentration of component i. 

z and x are the axial and lateral distances. 

𝐷𝑖
𝑙𝑎𝑡𝑒𝑟𝑎𝑙 and 𝐷𝑖

𝑎𝑥𝑖𝑎𝑙 are the effective lateral and axial dispersion coefficient for component i.

𝜌𝑏 is the reactor bulk density.

𝜂𝑖 is the catalyst effectiveness for component i.

𝑅𝑖 is the rate of formation or consumption of component i.

The effective lateral dispersion was calculated using the correlation of Delmas and Froment [59] 

shown below: 

𝐷𝑖
𝑙𝑎𝑡𝑒𝑟𝑎𝑙 = 0.1𝑢𝑧𝑑𝑝 [1 + 19.4 (

𝑑𝑝
𝑑ℎ
)

2

] (3-31) 

Todic et al. [60] mentioned that similar correlations for lateral dispersion result in similar values 

to those predicted using Equation (3-31). It is important to note, that according to Equation (3-31), 

the value of the lateral dispersion coefficient increases with decreasing channel diameter. 
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On the other hand, axial dispersion in packed-bed is a significantly more complex 

parameter. Measurement and correlations of the axial dispersion coefficient in packed-beds at 

ambient conditions has been extensively studied and reviewed [61-66], however very few studies 

were conducted at elevated temperatures and pressures. Therefore in this work, the correlation for 

axial dispersion by Catchpole and Bernig [62], developed for supercritical CO2 flow in a 10.3 mm 

tube packed with 0.1 mm particles, was used: 

1

𝑃𝑒
=
0.018

𝑅𝑒
+

10

(1 +
0.7
𝑅𝑒
)

(3-32) 

Where: 

𝑃𝑒 =
𝑑𝑝𝑢𝑧

𝐷𝑖
𝑎𝑥𝑖𝑎𝑙

𝑅𝑒 =
𝑑𝑝𝑢𝑧𝜌𝑖
𝜇𝑖

The kinetics by Anderson [67] were used to determine the CO consumption rate (Equations 

(3-33) and (3-34)) and a 2-α probability distribution model ((3-35) to (3-37)) was used to describe 

the products distribution. The vales for α1 and α2 were taken to be 0.659 and 0.941, respectively, 

as calculated by Arias Pinto [68]. 

(−𝑅𝐶𝑂) (
𝑚𝑜𝑙

𝑘𝑔𝑐𝑎𝑡 ∙ 𝑠
) = 𝑘𝐹𝑇 (

𝑃𝐶𝑂𝑃𝐻2
𝑃𝐶𝑂 + 𝑏𝑃𝐻2𝑂

) (3-33) 

𝑘𝐹𝑇 (
𝑚𝑜𝑙

𝑘𝑔𝑐𝑎𝑡 ∙ 𝑃𝑎 ∙ 𝑠
) = 185.97 exp (−

79,900

𝑅𝑇
) (3-34) 

𝑙𝑛 (𝑀𝑓) = 𝐿𝑛[𝐴𝛼1
𝑛−1+ B𝛼2

𝑛−1] (3-35) 
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𝐵 = 𝐴 (
𝛼1
𝛼2
)
𝜁−1

(3-36) 

𝐴 =
1

1
1 − 𝛼1

+ (
𝛼1
𝛼2
)
𝜁−1

[
1

1 − 𝛼2
]

(3-37) 

Due to the small particle diameters used in MCRs (< 0.2 mm), there are no mass transfer 

limitations, as previously discussed in the literature [68, 69]. However, pore diffusion limitations 

were accounted by using the effectiveness factor as shown in Equations (3-38) to (3-40). 

𝜂 =
tanh (∅)

∅
(3-38) 

∅ = 𝑙√
𝑆𝑔𝜌𝑐𝑎𝑡
𝜀𝐵

𝑘𝑅′

𝐷𝑖,𝑒𝑓𝑓
(3-39) 

𝐷𝑖,𝑒𝑓𝑓 =
𝜀𝐵𝐷𝑖
𝜏

(3-40) 

The catalyst specific surface area (Sg) was taken to be 184 m2/g [70]. The tortuosity value 

was assumed to be 0.1 [71] and the packed-bed porosity 𝜀𝐵 was 0.3 [68]. The properties of a cobalt

catalyst supported on silicon-carbon (70/30 SiC-Co) [71] was used. The catalyst has a particle 

diameter of 100 µm and a density of 950 kg/m3. The Peng-Robinson Equation-of-State (P-R EOS), 

Equation (3-41) was used to obtain the compressibility factor (Z) of the gas mixture. 

𝑍3 − (1 − 𝐵)𝑍2 + (𝐴 − 3𝐵2 − 2𝐵)𝑍 − (𝐴𝐵 − 𝐵2 − 𝐵3) = 0 (3-41) 

Where: 
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𝐴 =  
𝑎𝑃

𝑅2𝑇2
(3-42) 

𝐵 = 
𝑏𝑃

𝑅𝑇
(3-43) 

𝑧 =  
𝑃𝜈

𝑅𝑇
(3-44) 

𝑎 =∑∑𝑦𝑖𝑦𝑗𝑎𝑖𝑗
𝑗𝑖

(3-45) 

𝑏 =∑𝑦𝑖𝑏𝑖
𝑖

(3-46) 

𝑎𝑖𝑗 = (1 − 𝛿𝑖𝑗)√𝑎𝑖𝑎𝑗 (3-47) 

𝑎𝑖 = 0.45724
𝑅2𝑇𝑐

2

𝑃𝑐
2
[1 + 𝜅[1 − 𝑇𝑅

0.5]] (3-48) 

𝑏𝑖 = 0.0778
𝑅𝑇𝑐
𝑃𝑐

(3-49) 

𝜅 = 0.37464 + 1.5422𝜔 − 0.26992𝜔2 (3-50) 

The values for the binary iteration parameters were taken from ASPEN Plus. 

Similar to the work by Arias Pinto [68], the pressure drop was calculated using the correlation by 

Eisfeld and Schnitzlein [65], as shown in Equation (3-51). 
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𝑑𝑃

𝑑𝐿
=
𝐾1(1 − 𝜀𝐵)

2

𝑑𝑝
2(𝜀𝐵

3)
(1 +

2/3

(
𝑑ℎ
𝑑𝑝
) (1 − 𝜀𝐵)

)

2

∙ 𝜇𝑢

+
2(1 − 𝜀𝐵)

𝑑𝑝𝜀
3

(

1 +
2

3 (
𝑑ℎ
𝑑𝑝
) (1 − 𝜀𝐵)

(𝑘1 (
𝑑𝑝
𝑑ℎ
)
2

+ 𝑘2)

2

)

∙
 𝜌𝑢2

2

(3-51) 

Similar to the derivation of the mass balance (Equation (3-28)), the heat balance was derived as 

follows: 

[𝜆𝑖
𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝜕

2𝑇𝑖,𝑥
𝜕𝑥2

+ 𝜆𝑖
𝑎𝑥𝑖𝑎𝑙 𝜕

2𝑇𝑖,𝑧
𝜕𝑧2

] − 𝑢𝑧𝜌𝑔𝐶𝑝
𝜕𝑇𝑖,𝑧
𝜕𝑧

+ 𝜌𝑏𝜂𝐶𝑂(−𝑅𝐶𝑂)(−𝛥𝐻𝑟) = 0 (3-52) 

Where 

𝜌𝑔 is the gas phase density.

𝜆𝑖
𝑎𝑥𝑖𝑎𝑙 and 𝜆𝑖

𝑙𝑎𝑡𝑒𝑟𝑎𝑙 are the effective axial and lateral thermal conductivities. 

𝐶𝑝 is the gas phase heat capacity.

The boundary conditions required to solve the above system of equations are: 

𝐶𝑖 = 𝐶𝑖,𝑖𝑛𝑙𝑒𝑡 𝑧 = 0 𝑎𝑛𝑑 0 ≤ 𝑥 ≤ 𝑤 

𝑢𝑧 = 𝑢𝑧,𝑖𝑛𝑙𝑒𝑡 𝑧 = 0 𝑎𝑛𝑑 0 ≤ 𝑥 ≤ 𝑤 

𝑇 = 𝑇 𝑖𝑛𝑙𝑒𝑡 𝑧 = 0 𝑎𝑛𝑑  0 ≤ 𝑥 ≤ 𝑤 
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𝑃 = 𝑃𝑖𝑛 𝑧 = 0 𝑎𝑛𝑑 0 ≤ 𝑥 ≤ 𝑤 

𝜕(𝑢𝑧𝐶𝑖)

𝜕𝑥
= 0 𝑥 = 0, 𝑥 = 𝑤, 𝑎𝑛𝑑 0 ≤ 𝑧 ≤ 𝑙 

𝜕𝑇

𝜕𝑥
= 0 𝑥 = 0, 𝑎𝑛𝑑 0 ≤ 𝑧 ≤ 𝑙 

𝜆𝑖
𝑙𝑎𝑡𝑒𝑟𝑎𝑙

𝜕𝑇

𝜕𝑥
= −ℎ𝑤𝑎𝑙𝑙(𝑇 − 𝑇𝑤𝑎𝑙𝑙) 𝑥 = 𝑤, 𝑎𝑛𝑑 0 ≤ 𝑧 ≤ 𝑙 

The above system of equations was implemented into MATLAB v 2017b, and solved using the 

solvepde function for a 2-D rectangular geometry. The simulation parameters are summarized in 

Table 7. 

Table 7. Model parameters for F-T calculations in the MCR 

Temperature (˚C) K 483 

Pressure (bar) P 25 

H2/CO in the feed gas - 1.5 – 2.5 

Inlet gas velocity (m/s) u 0.01 – 0.15 

Channel area (mm2) at 4x4 

Packed bed length (mm) L 150 

Catalyst particle size (microns) dp 100 

Bed Porosity 𝜀𝐵 0.3 

Catalyst density (kg/m3) 𝜌𝑐𝑎𝑡 4840 
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4.0 RESULTS AND DISCUSSION 

4.1 RESULTS OF 2-D STRESS ANALYSIS 

4.1.1 Results of elastic plastic fracture mechanics of the inlet of the MCR 

Table 8 shows the calculated maximum allowable loads which the MCR can withstand 

when constructed with either Plexiglas or structural steel with a thickness of 0.39 inch. 

Table 8: Results for elastic plastic fracture mechanics of inlet plate 

MCR inlet plate 

material 

Failure by yielding Failure due to rapid crack 

extension 

Plexiglas Max. allowable load: 17,035 lb Max Allowable load: 15 lb 

Structural steel Max. allowable load: 410,737 lb Max Allowable load: 67,000 lb 

4.1.2 Results of stress concentration factor and nominal stress near the inlet and vent holes 

Using the K-chart (Figure 6), the values of the stress concentration factor and the nominal 

stress near the inlet and vent holes were obtained and listed in Table 9. 

Table 9: Results of stress concentration near the holes 

K 𝝈𝒏𝒐𝒎 𝝈𝑴𝒂𝒙
2.85 2191996 Pa/m² 6247188 Pa/m² 
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4.2 RESULTS OF 3-D STRESS ANALYSIS 

4.2.1 Stress contours on inlet surface for Plexiglas 

Figure 14 shows the simulation results of the stress analysis carried out on the inlet surface 

of the MCR. As can be seen in this figure, the maximum deformation existed at the inlet and vent 

holes with a value of 9.2 x 10-7 m.  

Figure 14: Contours for total deformation on the inlet surface (Plexiglas) 

Figure 15 shows the stress values on the inlet surface, and as can be seen the maximum 

stress is 4.2 x 107 Pa, whereas the minimum stress is 25,556 Pa, which corresponds to 6,120 and 

3.70 psi, respectively. It is important to note that the maximum stress exhibited is lower than the 

yield strength of the steel. 
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Figure 15: Contours for von Mises stress on the inlet surface (Plexiglas) 

4.2.2 Stress contours on the inlet box with vent (Plexiglas) 

Figure 16 shows simulation results of the stress analysis conducted on an inlet enclosure 

box of the MCR at a pressure of 4 atm. Similar to results at the surface, the maximum deformation 

existed at the inlet and vent holes with a value of 2.6 x 10-3 m, which is represented by the red 

color on the surface of the structure. The maximum deformation value was significantly higher 

than that exhibited by the inlet surface, shown in Figure 14. This behavior is primarily due to the 

existence of fixed walls at the sides of the box which directed and concentrated stress near the 

holes.  
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Figure 17 shows the stress values on the inlet surface; and as can be observed the maximum 

stress is 3.8 x 107 Pa, whereas the minimum stress is 14.58 Pa, which corresponds to 5,511 and 

0.002 psi, respectively. Also, the major stress regions in the same figure can be seen near the edges 

and at the center of the inlet surface, however, these values do not exceed the yield strength of the 

Plexiglas.  

Figure 16: Contours of the total deformation on the inlet box (Plexiglas)
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Figure 17: Contours of von Mises stress on the inlet box

4.2.3 Stress contours on the channels of the reactor 

Figure 18 shows the simulation results of the stress analysis conducted on a Plexiglas inlet 

enclosure box of the reactor at a pressure of 4 atm. Similar to results at the surface, the maximum 

deformation due to applied pressure exists at the top center of the structure with a value of 9.65 x 

10-6 m, which is represented by the red color on the surface of the structure.  Also, the total

deformation exhibited decreases laterally from the center. 
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In addition, Figure 19 shows the simulation results of von Mises stress analysis due to both 

mechanical pressure exerted at the top of the structure and the hydrostatic pressure exerted form 

within the structure due to internal pressurization. As can be seen in this figure, the values of the 

minimum and maximum von Mises stresses created on the channels are 2,040.9 Pa and 7.26 x 106 

Pa. It should be mentioned that both these values are under the limit of the yield strength of both 

Plexiglas and structural steel. On the other hand, the maximum and minimum values of von Mises 

stress produced due to the hydrostatic pressure within the channels are 4.45x10-6 Pa and 2.49x109 

respectively. 

Figure 18: Contours for total deformation on the MCR channels (Plexiglas) 
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Figure 19: Contours for von Mises stress on the MCR channels 

4.3 2-D REACTOR MODEL RESULTS 

4.3.1 Effect of inlet velocity on CO conversion 

Since a square cross-sectional channel (4 mm x 4 mm) with a 150 mm length is used in the 

simulations, it is important to note that the Z axis goes through the center of the square and as such 

there is a symmetry with respect to the X and Y axes. Figures 20 through 24 show the 2-D model 

predictions of CO conversion contours along the packed channel. As can be seen in these figures, 
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increasing the gas velocity significantly decreases the conversion along the packed channel length, 

which is expected. Moreover, CO conversion is always greater near the centerline of the packed 

channel and decreases laterally in the X and Y directions. 

Figure 20: Contours for CO conversion along the 

packed channel at u = 0.01 m/s  

H2/CO = 2 

Figure 21: Contours for CO conversion along the 

packed channel at u = 0.025 m/s 

H2/CO = 2 
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Figure 22: Contours for CO conversion along the 

packed channel at u = 0.05 m/s 

H2/CO =2 

Figure 23: Contours for CO conversion along the 

packed channel at u = 0.075 m/s 

H2/CO =2 
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Figure 24: Contours for CO conversion along the 

packed channel at u = 0.1 m/s 

H2/CO =2 

Figure 25: Contours for CO conversion along 

the packed channel at u = 0.15 m/s 

H2/CO =2 

4.3.2 Effect of inlet velocity on Temperature 

Figures 25 through 28 show the 2-D model predictions of the effect of increasing the superficial 

gas velocity on the temperature contours along the packed channel. As can be observed in these 

figures, the temperature gradient in the packed channel appears to decrease with increasing the 
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superficial gas velocity. This behavior is primarily due to lower conversions at higher velocities. 

Moreover, the highest temperature is always exhibited at the centerline of the packed channel, and 

the temperature profiles decreases near the outlet, which could be due to the formation of heavier 

hydrocarbon products with higher heat capacities.  

Figure 25: Contours for temperature along 

the packed channel at u = 0.01 m/s 

Figure 26: Contours for temperature along 

the packed channel at u = 0.05 m/s 
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Figure 27: Contours for CO conversion along the 

packed channel at u = 0.1 m/s 

Figure 28: Contours for CO conversion along the 

packed channel at u = 0.15 m/s 

4.3.3 Effect of H2/CO ratio on CO Conversion 

Figures 28 and 29 show the 2-D model predictions of the effect of H2/CO ratio on the CO 

conversion in the packed channel at a superficial gas velocity of 0.01 m/s. When compared to 

Figure 20, which represents the results corresponding to H2/CO = 2, increasing the H2/CO ratio 

(Figure 29) slightly increases the conversion throughout the packed channel. However, when the 
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H2/CO ratio is decreased, a significant decrease of CO conversion can be observed throughout the 

packed channel. These results can be attributed to the fact that H2 is the limiting reactant in F-T 

synthesis with Co catalyst, and accordingly higher H2/CO ratios should increase the CO 

conversion, whereas lower H2/CO ratios significantly decrease the CO conversion, due to lack of 

hydrogen. 

Figure 29: Contours for CO conversion along the 

channel at H2/CO of 2.2 

Figure 30: Contours for CO conversion along the 

channel at H2/CO of 1.5 
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4.3.4 Estimating reactor productivity 

The molar flow rates of the products at the outlet of the reactor were determined, using a 2-α 

probability distribution model, as described in Section 3.4. The C5+ reactor productivity was 

subsequently determined for a MCR with dimensions of 160 mm x 360 mm x 150 mm, which 

corresponds to 3600 packed channels. The yield was estimated to be 3.84 bbl/day when operating 

with a superficial gas velocity of 0.05 m/s at P = 25 bar, T = 483 K and H2/CO ratio of 2, the 

reactor productivity increased with decreasing the superficial gas velocity and was determined to 

be 4.2 bbl/day. 
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5.0 CONCLUSIONS 

In this study, stress analysis calculations and modeling of a MCR for F-T synthesis were carried 

out. Two-dimensional (2-D) and three-dimensional (3-D) models were used for stress analysis 

calculations in a MCR containing 10 channels with dimensions of 10 mm x 185 mm x 500 mm 

provided with a 10-mm diameter hole for gas entrance and a 10-mm as vent. The analyses, 

including total deformations, von Mises stresses and the principal stresses, were calculated with 

ANSYS static structural model using the Finite Element Method. Two different construction 

materials for the MCR, namely Plexiglas and 316 Stainless Steel were considered in the 

calculations. Subsequent to the stress analyses, a 2-D pseudo-homogeneous axial and lateral 

dispersion model was built to investigate F-T synthesis using cobalt catalyst reaction kinetics in 

the MCR. The effects of superficial gas velocity and H2/CO ratio on the temperature distribution 

and the MCR performance were predicted. The stress analyses and modeling efforts led to the 

following conclusions: 

1. The 2-D stress analysis model systematically predicted the failure of the MCR inlet surface by

evaluating the elastic plastic fracture mechanics of the structure. The maximum allowable load

was determined for both smooth and crack induced inlet surface.

2. The 3-D stress analysis included the addition of boundary and loading conditions on the

complete MCR parts. Areas of the maximum and minimum stress were determined assuming

different loading conditions, such as pressure, force and displacement. Stress contours for the
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inlet box, channels and the complete MCR body were produced. The 3-D stress analysis results 

showed that the maximum stresses exhibited within the structure were generally lower than the 

maximum yield strength of both Plexiglas and Stainless steel. The Plexiglas structure was 

found to be able to withstand a maximum pressure of 4 atm., however, it is unlikely to operate 

at such a limit due to safety considerations. 

3. Increasing the inlet superficial gas velocity decreased the CO conversion and the temperature

distribution in the MCR. The highest CO conversion and temperature values were exhibited at

the centerline of the reactor. The temperature gradients decreased significantly with increasing

superficial gas velocity.

4. Decreasing the H2/CO ratio of the feed systematically decreased the CO conversion throughout

the packed-channel, whereas increasing the H2/CO ratio resulted in higher and steeper CO

conversion contours.

5. The hydrocarbons yield was determined to be 3.84 bbl/day for 3600 channels with dimensions

of 4 mm x 4 mm x 150 mm operating at P = 25 bar, T = 483 K, H2/CO ratio of 2, and a

superficial inlet velocity of 0.05 m/s, the yield was also determined to be 4.24 bbl/day when

operating at a superficial velocity of 0.01 m/s.

60



APPENDIX A 

STRESS THEORIES FOR MECHANICAL DESIGN 

A.1 STATE OF STRESS AT A POINT

The three most important parameters in mechanical design are stress, strain, and energy. If a body 

were to be cut by an arbitrary plane, these parameters would be distributed continuously over the 

surface and would vary in both direction and intensity. Furthermore, the internal force distribution 

would also be a function of the orientation of the plane [52]. 

Stress is the term used to define the intensity and direction of the internal forces acting at a given 

point on a particular plane. Figure 31 shows the completely defined state of stress on an elemental 

volume of dimensions dx, dy, and dz. Normal stresses are called positive when they produce 

tension and negative when they produce compression. 
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Figure 31: State of stress at a point 

A.2 PRINCIPAL STRESSES

Principal normal stresses, sometimes called simple principal normal stresses are the normal 

stresses that occur on the plane where the shearing stresses are zero. The planes on which the 

principal normal stresses act are called principal planes. The principal normal stresses are also the 

local extremes of the stress that include the maximum value of normal stress that can occur on any 

plane through the point. Since failure moduli are often related to the principal stresses or to the 

maximum principal stress, they are computed in this work using ANSYS Mechanical solver for 

the micro channel reactor assembly and individual parts [52, 72].  

There are three principal stresses: the 1st principal stress gives you the value of stress that is normal 

to the plane in which the shear stress is zero. The 1st principal stress helps you understand the 
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maximum tensile stress induced in the part due to the loading conditions. The 3rd principal stress 

acts normal to the plane in which shear stress is zero. The following equations determine the three 

normal principal stresses [73, 74]: 

𝜎1 = 𝜎𝑥′

𝜎2 =
𝜎𝑦′ + 𝜎𝑧′

2
+ √(

𝜎𝑦′ − 𝜎𝑧′
2

)

2

+ √𝜏𝑦′𝑧′
2

𝜎3 =
𝜎𝑦′ + 𝜎𝑧′

2
− √(

𝜎𝑦′ − 𝜎𝑧′
2

)

2

+ √𝜏𝑦′𝑧′
2

(B-1) 

And the principal shearing stresses are determined by equation 1.2-2: 

𝜏1 = ±
1

2
(𝜎2 − 𝜎3)

(B-2) 

𝜏2 = ±
1

2
(𝜎1 − 𝜎3)

(B-3) 

𝜏3 = ±
1

2
(𝜎1 − 𝜎2)

(B-4) 
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A.3 CONCEPT OF ENGINEERING STRESS-STRAIN

Engineering stress is defined to be the force per unit of original cross - sectional area 

𝑆 =
𝑃

𝐴𝑜

(B-5) 

Where S is engineering stress, P is the applied load and 𝐴𝑜 is the original cross-sectional area

normal to P in a simple tensile test. Similarly, engineering strain, or nominal strain is defined as 

the elongation per unit of original length,  

𝜀 =  
∆ 𝑙

𝑙𝑜

(B-6) 

Where 𝜀 is engineering strain, ∆ 𝑙 is the change in gage length under load, and 𝑙𝑜 is the original

gage length prior to application of the load [52, 75].  

A.4 ELASTIC STRESS-STRAIN RELATIONSHIPS

Collins [52] well defines the linear relationship between stress and strain in the elastic range for 

homogeneous and isotropic engineering materials experimentally. Three equations are deduced 

which relate normal strains to the applied normal stresses which are known as Hook’s law 

equations[76]: 

𝜖1 = 
1

𝐸
[𝜎1 − 𝑣(𝜎2 + 𝜎3)] (B-7) 
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𝜖2 = 
1

𝐸
[𝜎2 − 𝑣(𝜎1 + 𝜎3)]

𝜖3 = 
1

𝐸
[𝜎3 − 𝑣(𝜎1 + 𝜎2)]

Where v is the material constant called Poisson’s ratio [77]. 

A.5 PLASTIC STRESS- STRAIN RELATIONSHIPS

Since structures are sometimes operated beyond the yield point, it is important to investigate the 

stress-strain relationships in the plastic range where the linear elastic relationships are no longer 

applicable. The stress strain relationships in the plastic region are generally not independent of 

time. Any exact theory of plastic deformation should take into account the entire history of 

deformation from the time plastic flows was initiated [52, 78]. Such relationships would be 

complex, involving the stress and the time rate of strain. The equations are analogous to the 

equations for flow of a viscous fluid, and the strain at any given time would be determined through 

a step by step integration over the entire strain history [79]. 

𝛿1 =
2𝐶𝑖
3
[𝜎1 −

1

2
(𝜎2 + 𝜎3)]

𝛿2 =
2𝐶𝑖
3
[𝜎2 −

1

2
(𝜎1 + 𝜎3)]

𝛿3 =
2𝐶𝑖
3
[𝜎3 −

1

2
(𝜎1 + 𝜎2)]

(B-8) 

Where  𝛿 = ln(1 + 𝜀)  and  𝐶𝑖 =
𝛿1−𝛿2

𝜎1−𝜎2
= 

𝛿2−𝛿3

𝜎2−𝜎3
=
𝛿3−𝛿1

𝜎3−𝜎1
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A.6 COMBINED STRESS THEORIES OF FAILURE 

If an equipment or its part under consideration is subjected to a biaxial or a triaxial state of stress, 

prediction of failure is more difficult and we cannot predict yielding. The maximum normal stress 

reaches the tensile yield point because the other normal stress components may also influence 

yielding. A large number of complex multiaxial tests would be required in which all of the stress 

components would be varied over their entire range of values in all possible combinations, and 

even then it would be difficult to assess the influence of outside factors such as stress 

concentrations, temperature and environment [52, 80]. 

The basic assumption for all combined stress failure theories is that failure is predicted to occur 

when the maximum value of the selected mechanical modulus in the multiaxial state of stress 

becomes equal to or exceeds the value of the same modulus that produces failure in a simple 

uniaxial stress test using the same material [52, 81]. 

To summarize, the development of any useful combined stress failure theory must contain three 

essential ingredients proposed by Collins work [52]. 

1. It should provide an applicable model, described by mathematical relationships that

relates the external loading to the stresses, strains or other calculable mechanical moduli

at the critical point in the multiaxial state of stress.

2. It must be based on critical physical properties of the material that are measurable.

3. It must relate the calculable mechanical modulus in the multi axial state of stress to a

measurable criteria of failure based on the critical measurable properties determined in a

simple uniaxial test [52, 82]

Six of these combined stress failure theories are described in Table 10. 

66



Table 10: Combined Stress theories of failure 

Type / Description Failure Criteria Equations 

Maximum Normal Stress theory (Rankine’s Theory): Failure is predicted to occur in 

the multiaxial state of stress when the maximum principal normal stress becomes 

equal to or exceeds the maximum normal stress at the time of failure in a simple 

uniaxial stress test using a specimen of same material[83] . 

𝜎1 ≥ 𝜎𝑡; 𝜎2 ≥ 𝜎𝑡;  𝜎3 ≥ 𝜎𝑡

𝜎1 ≤ 𝜎𝑐;  𝜎2 ≤ 𝜎𝑐;  𝜎3 ≤ 𝜎𝑐

Maximum shearing stress theory (Tresca-guest theory): Failure is predicted to occur 

in the multiaxial state of stress when the maximum shearing stress magnitude 

becomes equal to or exceeds the maximum shearing stress magnitude at the time of 

failure in a simple uniaxial stress test using a specimen of same material [84]. 

|𝜎1 − 𝜎2| ≥ |𝜎𝑓|

Total strain energy theory (Beltrami theory): Failure is predicted to occur in the 

multiaxial state of stress when the total strain energy per unit volume becomes equal 

to or exceeds the total strain energy per unit volume at the time of failure in a simple 

uniaxial stress test using a specimen of same material [85]. This theory is feasible for 

ductile materials. 

[𝜎1
2 + 𝜎2

2 + 𝜎3
2 − 2𝑣(𝜎1𝜎2 + 𝜎2𝜎3 + 𝜎3𝜎1)] ≥ 𝜎𝑓

2

Maximum normal strain theory (St. Venant’s theory): Failure is predicted to occur 

in the multiaxial state of stress when the maximum principal normal strain becomes 

equal to or exceeds the maximum normal strain at the time of failure in a simple 

uniaxial stress test using the specimen of the same material [52, 86] 

𝜎1 − 𝑣(𝜎2 + 𝜎3) ≥ 𝜎𝑓 ;  𝜎1 − 𝑣(𝜎2 + 𝜎3) ≤ −𝜎𝑓

Distortion Energy theory (Huber-Von Mises-Hencky theory: Failure is predicted to 

occur in the multiaxial state of stress when the distortion energy per unit volume at 

the time of failure in a simple uniaxial stress test using a specimen of the same 

material [52, 87]. 

1

2
[(𝜎1 − 𝜎2)

2 + (𝜎2 − 𝜎3)
2 + (𝜎3 − 𝜎1)

2]  ≥ 𝜎𝑓
2

Mohr’s Failure theory: Failure is predicted to occur in the multiaxial state of stress 

when the largest Mohr’s circle associated with the state of stress at a given critical 

point becomes tangent to or exceeds the bounds of the failure envelope determined 

from the conditions of failure in simple tensile, compressive and torsion tests using 

species of the same material [52, 88]. 

Radii of the three circles are: 

𝑅1 =
𝜎2 − 𝜎3
2

; 𝑅2 =
𝜎1 − 𝜎3
2

; 𝑅3 =
𝜎1 − 𝜎2
2
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A.7 FINITE ELEMENT METHOD TO COMPUTE STRESSES 

The Finite element method is a numerical procedure that can be applied to obtain solutions to a 

variety of problems in engineering. Steady, transient, linear or nonlinear problems in stress 

analysis, heat transfer, fluid flow, and electromagnetism problems may be analyzed with the FEM 

[55]. Ansys is a comprehensive general-purpose finite element computer program that contains 

over 100,000 lines of code. ANSYS can perform static, dynamic, heat transfer, fluid flow, and 

electromagnetism analyses. Basic steps in the FEM consist of Preprocessing phase which includes 

creation and discretization of the solution domain into finite elements which means to subdivide 

the problem into nodes and elements, develop equations for an element and apply boundary 

conditions and loading. The second step include solution phase and post-processing phase in which 

a set of linear or non-linear algebraic equations are solved simultaneously to obtain the nodal 

results such as displacement values at different nodes or temperature values at different nodes in a 

heat transfer problem. Lastly, in the post processing phase, other important information is obtained 

such as values of principal stresses, heat fluxes etc. using the displacement value obtained in FEM 

[55, 89]. 

FEM can be applied to a general matrix equation:  

{𝑅𝑒𝑎𝑐𝑡𝑖𝑜𝑛 𝑀𝑎𝑡𝑟𝑖𝑥} = {𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 𝑚𝑎𝑡𝑟𝑖𝑥}{𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑚𝑎𝑡𝑟𝑖𝑥} − {𝑙𝑜𝑎𝑑 𝑚𝑎𝑡𝑟𝑖𝑥} 

In general, there are several approaches to formulating FEM problems like direct formulation, 

minimum total energy formulation and weighted residual formulations [55]. 
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