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NUMERICAL IMPLEMENTATIONS
OF THEORETICAL RESULTS
IN PARTIAL DIFFERENTIAL EQUATIONS

Luca Codenotti, PhD

University of Pittsburgh, 2018

In this work, we present two theoretical results in nonlinear partial differential equations and we
exploit both of them to produce novel visualizations of their solutions.

First, we show a proof of the existence and uniqueness of viscosity solutions to the p-Laplace
equation in the setting of the double obstacle problem. These solutions are built by adopting
the framework provided by so-called random tug-of-war games. Using the theoretical result, in
this context we employ a finite elements method to obtain visualizations of various approximate
solutions.

Second, we develop a proof of the density of C1® solutions to the Monge-Ampere equation in the
set of continuous functions. This proof was obtained in the framework provided by the technique of
convex integration. The proof is written with all due details, which allowus to give explicit bounds
for every involved quantity.

By means of numerical computations, we construct approximations of anomalous solutions to
the Monge-Ampere equation, suitably guided by the bounds obtained by our theoretical results.

Finally, we use these approximations to give a graphical description of anomalous solutions.

The visualizations and the numerical results provide insight into the approximating constructions.
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1.0 GAME THEORETICAL INTERPRETATION OF THE OBSTACLE
PROBLEM FOR THE P-LAPLACE EQUATION

1.1 BACKGROUND IN PDE’S AND THE P-LAPLACE EQUATION

The foundation of modern analysis lies in set theory where we will begin the discussion. In this
work we only consider sets defined on the real line R or finite dimensional spaces RY. We omit
a formal definition of these well known and intuitive sets and their properties. A series of basic

definitions and theorems follow.

1.1.1 General theory

Definition 1.1.1 (Measurable space). A family ¥ of subsets of a set X is called a o-algebra if:

e it includes the empty set, i.e. () € 3.
e it is closed under taking complement, i.e. A€ ¥ = X\A= A€ X,

e it is closed under taking countable union, i.e. {A,}52, with A, € ¥ =Jo2; A, € X.
A pair (X, %) of a set and a o-algebra is called a measurable space.

Definition 1.1.2 (Measurable function). Given measurable spaces (X,%) and (Y,I'), a function
f: X — Y is called measurable if for all A € T it holds f~1(A) = {xr € X; f(z) € A} € 3. In

words, f is measurable if the preimage of any measurable set is measurable.

Definition 1.1.3 (Measure space). Given a measurable space (X,X), a function p: 3 — R is a

measure if the following conditions hold:
o u(®) =0.
o ((A) >0 for every A € ¥.

o {A,}00, with A, € ¥ pairwise disjoint = p(U;—; An) = Y ooy 1(An)



A triple (X, %, p) is called a measure space.

The above definitions were stated in the most general case. We will now turn to the actual

examples used in the rest of this work.

Definition 1.1.4 (Borel o-algebra). The Borel o-algebra B(RN) on RY is formed by all sets that

can be obtained as countable unions of sets of the type va 1(as, b;) which are all the N -dimensional

rectangles.

Definition 1.1.5 (Borel measurable function). A function f : RN — RM is Borel measurable if
it is measurable with respect to the Borel o-algebra. Note that for this to be true it is sufficient to

verify that for any rectangle R in RM we have f~1(R) € B(RY).

Lemma 1.1.6. Any Borel measurable function can be written as the increasing pointwise limit of

simple functions of the form:
n
f:ZaiXAi where A;NA; =0 Yi#j,
i=1
where each of the A; is Borel measurable and o; € R.

Proof. Given a positive Borel measurable function f : @ — R where the domain © C RY is a
(n) _

. . . n 2 ;
Borel set, consider a sequence of increasing sequences of numbers {ag )}?:0 where «; —. For

i=0...n%2 — 1, define the sets:

AV =z e f@) € lol”alf)} = 1 ([0, al),

3 K3

and the set
A = {z e f(z) > n?).
)

Since these are the preimage of intervals and f is measurable, each of the Agn must be a Borel set.

Define the sequence of functions

n?—1
fo=>_ a§”)xA<_n> + XA@HQ <
i=1 ’ "
(n)

in

For each x € Q, if f(z) is finite we have that eventually n > f(z), and there exists a sequence of «

converging from below to f(x) due to the density of rational numbers in R. Thus f(x) > f,(z) >
(n)

a; * guarantees that f, converge pointwise on the set where f is finite. If we admit f (z) = 400 we
have that f,,(x) = n? — oo. Thus we have shown pointwise convergence in the positive case and
when the image set is one dimensional. The construction can easily be extended to every Borel

measurable function f: RY — RM,



Lemma 1.1.7. Let {un}zo:l be a sequence of Borel measurable functions pointwise converging to

a function u. The limit u is a Borel function.

Proof. Since the limit exists it is equal to the limit infimum and limit supremum. We note that:

(inf un) ™ (=00, ) = | (uy ! ([=oc,))).
- n=l
(supn) ™ ([=00,0)) = [ (1" (=00, @))).

n=l
Both are Borel measurable sets for all values of [ as they are countable unions and intersections of

Borel sets obtained as preimages of Borel functions. We conclude by noting that:

lim inf u,, = sup inf fy,
n—o0 >1 n>l

lim sup u, = %I>1f sup fx.

n—o0 >1 n>l

Definition 1.1.8 (Lebesgue measure). The Lebesque measure X\ is defined on rectangles as the
volume given by the product of the length of sides. For a generic set A we define the inner and

outer Lebesgue measures as:

A(A) = inf { Z Vol(R;); R; are N-dimensional rectangles, A C U Ri}.
i=1

i=1

A(A) = sup { Z Vol(R;); R; are N-dimensional rectangles, A D U Ri}.
i=1 =1
Clearly for any set A we have that A\(A) < A(A). On Borel sets the two will coincide due to the

fact that any Borel set may be written as the countable union of rectangles. We may thus define

the Lebesgue measure on Borel sets as A\(A) = M\(A) = A(A).
Consider any Q C RY open.

Definition 1.1.9 (Lebesque integral). We begin by defining the integral on simple functions, and

will extend this definition to all Borel measurable functions.

F=Y . [ ) = 3" ai(4).
i=1 i=1
For an arbitrary function f we define the lower and upper Lebesgue integrals:
/* fdA(z) = inf { /gd)\(m); f < g simple function},
/fd)\(a:) = sup { /gd)\(az); f > g simple function}.



If the upper and lower Lebesgue integrals coincide we define the Lebesgue integral of f as:

/ FdX(z / FdM(z / FdX(z

Given a Borel measurable function, the Lebesgue integral is always well defined. A function f is

called integrable if [|f|ld\(z) < .

Lemma 1.1.10 (Fatou’s Lemma). Let u, be a sequence of positive Borel measurable functions.
Then:
/liminfund)\ < liminf/und)\.

n—o0 n—oo

Proof. Consider any simple function v =) _>°, a;x 4, with positive o; and disjoint Borel measurable
A; such that v < liminf, o u,. Taking some constant ¢ € (0,1), we may decompose each set as
follows:

= U B;; where B;;=A;N{x € Q; uy(x) > ta;}.
=1

Clearly A; D B; j+1 D B;j for all 7 and j. Thus:

/ updA > i/ upd > i/ updi > tiai)\(Biyj).
Q i—1 7 Ai i=1 " Bi i=1

Thus:

. - NI
1%£f/undA >t aiM(A)) t/de)\.

=1

But this holds for all ¢t and v, and thus:

n—o0

lim inf/und)\ > /hm inf u,,d\ = /hm inf u,dA.

Theorem 1.1.11 (Monotone convergence theorem). Let u,, be a sequence of positive Borel mea-

surable functions such that u, < upiq for allm. Then:

lim Upd\ = lim wup,dA.

Proof. It is immediate to see that for all n:

/und/\g/ lim wu,dA\.
Q QTL—)OO

It follows that:
lim U dA S/ lim wu,dA.
Q Q

n—oo n—oo



The opposite direction inequality:

lim UpdA 2/ lim wu,dA,
Q Q

n—oo n—oo

follows immediately from Fatou’s Lemma when we note that for monotone sequences the concepts

of limit and limit infimum coincide.

Definition 1.1.12 (Norm on a space). Given a vector space V we define a norm on it as any
function:

|-]:V—=>R
which satisfies the following properties for any u,v € V and any positive constant ¢ € R*:

(1) llull = 0.
(i) ||ul| = 0 implies u = 0.
(iii) |eull = eflul]-

() ||u+v| < |lul| +|v| (the triangle inequality).

A wvector space equipped with a norm will be called a normed space and denoted by (V| - ||) If we

drop condition (i1) we have a seminorm for which we will use the notation |[-].

Definition 1.1.13 (Convergence in norm). Given a sequence uy in a normed space (V.|| - ||) we

say that u, converges in norm to u as n goes to oo, namely:

n—oo
Up —— U,
if for all € > 0 there exists an N such that for all n > N we have:

|lun, — ul| <e.

Next we define some crucial function spaces. These are all to be considered as subset of the set
of all Borel functions.
Definition 1.1.14 (Continuous functions). A function u is continuous if for all xy € €2, given any
€ > 0 there exists a 6 > 0 such that

|zo — x| < 6 = |u(zo) —u(z)| <e.

The space of all continuous functions is called C°(Q), and if Q is bounded may be equipped with the

norm ||ullo = sup,eq |ul.



Definition 1.1.15 (Differentiable functions). Given a function u : Q@ — RM where Q C RN is an
open set, we define its derivative at a point x € Q if it exists as the linear operator Vu(x) which

satisfies:
lim |u(z + h) —u(z) — Vu(z) - h

— 0.
|h|—0 |h|

If such a linear operator exists we say that u is differentiable at the point x. If u is differentiable
at every point x € Q and the function x — Vu(x) is a continuous function, we say that u is
continuously differentiable on €. A function u is continuously differentiable up to the boundary
of Q) if there exists a differentiable function @ : RN — RM such that u(z) = u(z) for all x € Q. We
define the space C*(Q)) as the space of all differentiable functions on Q. If Q is bounded we may

equip this space with the norm |lul|1 = sup,cq |[u| + sup,cq [Vul.

Definition 1.1.16 (Lipschitz continuous functions). A function u is Lipschitz continuous if there

exists a constant L > 0 such that:
Ve,y € Q,  |u(z) —u(y)| < Llz —yl.

Definition 1.1.17 (L? spaces). For any p € (0,00) we define LP(S) the space of all Lebesgue

measurable functions for which || - ||L;D(Q) 1s finite, where:

|l rpoy = ulP
el 2o (/Q| r)

This in fact defines a norm on the space LP(S2).

=

Definition 1.1.18 (Weak derivative). Given a measurable function u: Q — R we define its weak

partial derivative in the i-th coordinate if it exists as the function O;u which satisfies:

/ w(Bid) = - / (Or)d Vo € C(9).
Q Q

Definition 1.1.19 (WP spaces). W1P(Q) is the subspace of LP(Q) comprised of all functions with

weak derivatives which also lie in LP(2). This space is equipped with the natural norm:

N
ullwir) = lullpr) + Z 105ull L (0)-
i=1
1.1.2 The p-Laplace operator

The p-Laplacian and the p-Laplace equation are defined as:

the operator:  Apu:= div (|Vu[P"?Vu) and the equation: A,u = 0. (1.1)



Where p € (1,00) The equation is the Euler-Lagrange equation for the potential energy:

E,(u) :/Q\Vu]p dz. (1.2)

That is, solutions of the p-Laplace equation minimize Ej(u).
In this work we consider three separate concepts of generalized solutions to the p-Laplace

equation. As we shall see, these solutions coincide under appropriate conditions.

Definition 1.1.20 (Weak solutions to the p-Laplacian). A function u € VV;?(Q) is a weak super-
solution to the p-Laplacian if for all positive test functions ¢ € C3°(2,R™):

/\Vu|p§/\Vu+V¢p.
Q Q

It is a weak subsolution to the p-Laplacian if for all negative test functions ¢ € C5°(2,R™):

/\wpg/\vwvw.
Q Q

It is a weak solution if it is both a subsolution and a supersolution.

Remark 1.1.21. It is a classical result in calculus of variations that an equivalent definition of

weak supersolution is given by:
/Q(]Vu|p_2Vu, Vo) >0 Ve Cr(QRT).
This remark is justified by the following inequality:
V(0 + @) = [Vul” + p(IVul”*Vu, V)

Definition 1.1.22 (p-superharmonic function). A function u : @ — R U {oco} is p-superharmonic
if it is lower-semicontinuous, not identically oo on any connected component of Q0 and for all

subdomains D € Q and weak solutions v € C(D) N WYP(D), it satisfies the comparison principle:
v(z) <u(x) Vo € 0D = v(z) < u(z)Vz € D.

It is a p-subharmonic function if it is upper-semicontinuous and for all subdomains D € Q and

weak solutions v € C(D) N WLP(D), it satisfies the comparison principle:
v(z) <u(x) Vr € 0D = v(x) < u(z) Vz € D.

A p-harmonic function is continuous and both p-subharmonic and p-superharmonic.



Definition 1.1.23 (Viscosity supersolution to the p-Laplacian). We define a lower-semicontinuous
function u : Q — R which is not identically oo on any connected component of Q0 as a viscosity
supersolution on the set Q if it satisfies the following property: for every xo €  and every ¢ € C*(£2)
such that:

d(xo) = u(zo), ¢ <uin N{zo}, Veo(xy) #0,

there holds: Ap¢(zo) < 0.
Similarly, an upper-semicontinuous function u :  — R which is not identically 0o on any connected

component of €} is a viscosity subsolution on the set Q if it satisfies the following property: for every

T € Q and every ¢ € C*(2) such that:

¢(1‘0) = ’U,(J}o), ¢ >uin Q\{J}O}a V¢($0) 7é 0,

there holds: Ap¢(zo) > 0.

Finally a viscosity solution is a function which satisfies both properties.

Observation 1.1.24 (Averaging property). A useful averaging property of viscosity solutions to
the p-Laplacian is stated without proof. The calculation which provides the proof can be found in
the proof of Theorem 1.1.30. Given u a viscosity solution to the p-Laplace equation, we have:

« «

u(x) == sup u+ — inf u+p u + o(€?),
2 Be(x) 2 Be(z) Be(x) (13)
- p-2 , 24N
with o = , b= :
N+p N+p

This property provides the inspiration for the connection to tug-of-war games used in this work.

Note that in the case of p = 2 this becomes the well known averaging property for harmonic

functions. In which case the proerty holds for all € without the error term.

Theorem 1.1.25. Let v be in C°(Q) and in VVi)’f(Q) Then v is p-superharmonic if and only if it

1s a weak supersolution.

Proof. Assume:

/ VU2V, V) > 0 Ve € (L RT).
Q

Consider any open set D CC €2, and a p-harmonic function h € C°(D) such that h < u on 9D.
Consider the test function ¢ = max{h —v,0}, and evaluate:

1-1

P p—2 D ! D
/Khyw g/v<h<|w Vu, Vo) < </v<h|Vv| ) (/Khwm ) .

=



This implies:

/ ywpg/ VhP.
v<h v<h

On the boundary of the set though, v = h, and by the fact that v is a weak supersolution we
have that v is a minimizer. This contradiction implies that the set v < h must have measure
zero, but since v and h are both continuous, this set must be empty. Thus v > h proving it is
p-superharmonic.

The converse statement was proven by Heinonen and Kilpeldinen in 1988 [10].

We finish the discussion of the theory of weak solutions to the p-Laplace equation by stating

the following Theorem proven by Juutinen, Lindqvist and Manfredi in 2001.

Theorem 1.1.26. [12] Let v be a viscosity solution on a domain Q2. Then v is in Wlif(Q) and v

s p-harmonic.

1.1.3 The two obstacle problem

Definition 1.1.27 (Two obstacle problem). The two obstacle problem for the p-laplacian is defined
by two obstacles V1 < Wy : Q — R and a boundary value F : 02 — R. The solution to the two

obstacle problem is a function u which satisfies:

;

\111 S u § \IJQ m Q
u=F on 0f)
—Apu=0 in {x € Q s.t. Ua(z) > u(x) > Vi(x)} (1.4)

—Apu >0 in {x €Q st ulx)=V(z)}

—Apu <0 in {x € Q s.t. u(x) = Vq(x)}.
Note that this general definition may be weakened to include weaker definitions of solutions.

Definition 1.1.28 (Viscosity solution to the double obstacle problem). We define a viscosity
solution to the double obstacle problem on the set ) defined by the boundary condition F : 00 — R,

and obstacles U1, Uy : Q@ — R as a continuous function u : Q — R which satisfies the following:

(i) u=F on 0Q and ¥1 < u < ¥y in Q.
(i3) For every wo € Q such that u(xg) < Wao(xo) and every ¢ € C3(Q) such that:

d(x0) = u(x0), & <win Q\{zo}, Vo(zo)#0,

there holds: Apg(xg) <0



(iii) For every xo € Q such that u(xg) > W1 (xg) and every ¢ € C*(Q) such that:

¢(x0) = u(wo), &> wuin N{xo}, Vo(zo) #0,

there holds: Ap¢(zo) > 0

By discretizing the averaging property we obtain the following useful definition.

Definition 1.1.29 (e-p-harmonious solution to the double obstacle problem). Define constants
a+ B =1 as in the averaging property (1.3). Consider the expanded domain X = QUT defined by
adding a fattened boundary to Q2. The fattened boundary T is defined as a set such that Q+ Be(0) \
QCT, and X is an open set.

max {\111(1‘)» min {‘1’2(55)» 5 SUPp, (2) Ue + 5 Infp () ue + f5 Ue}} in (15)

ue(x) =
F(z) i I
The main result discussed in this section will regard the definition and uniqueness of viscosity

solutions.

Theorem 1.1.30. Given F, Wi and Vo bounded Lipschitz continuous functions on a domain
Q C RY open and bounded, there exists u : Q — R the unique viscosity solution to the double

obstacle problem (1.4).
The viscosity solution will be found as the limit of e-p-harmonious solutions to the problem.

Proposition 1.1.31. Given F, W1 and Vo bounded Lipschitz continuous functions on a domain
QNT = X c RY open and bounded, for every e > 0, there exists uc : Q — R e-p-harmonious

solution to the double obstacle problem. Such a solution is unique.

The construction from the proof of this Proposition was used in the numerical implementation
which allow us to view some e-p-harmonious solutions.

The proof of Theorem 1.1.30 was the work of the author in collaboration with Lewicka and
Manfredi, and may be found in [5]. It will be presented in more detail in this work. The proof
follows the structure of a similar result for the single obstacle problem found in [14]. The double
obstacle problem is an extension of the single obstacle problem, and the proof of the latter was
used in a non trivial way to obtain the proof of the former.

In the proof of uniqueness of the viscosity solution we will need to use a similar result for weak

solutions to the two obstacle problem. We provide the statement without proof.

10



Theorem 1.1.32. Define p, F, ¥, ¥y as in Theorem 1.1.30. Define the set of functions:
Krw, 0, (Q) = {u € WP(Q)|u = F on 00,4 < u < 1y in Q} (1.6)

(i) There ezists a unique u € Kpw, w,(Q) such that:

Vo € Kppy o, (Q) / IVl < / Vol?.
Q Q

(i) The unique minimizer u is continuous up to the boundary: u € C(£2).

(iii) Let @ be the unique minimizer for a new problem defined by F, U1, Uo, then
F>F U >0,0, >0, = u>u

This result was proven by Farnana [8] in 2009. In this paper, the existence and uniqueness of

the minimizer were proven using the convexity of the operator [, |[Vul?.

1.2 BACKGROUND IN PROBABILITY

We lay out the fundamental concepts in probability theory used in this work. Note that these

definitions and theorems will not be stated in the most general setting possible.
Definition 1.2.1 (Probability measure). A measure P on a measurable space (§2, %) is a probability

measure if P(Q) = 1. A triple (2, X,P) is called a probability space

We present two important probability measures on a measurable space (€2, %) which will be
used in this thesis.
Example 1.2.2 (Uniform probability). For any A C Q C RY define the probability Uq as:

Cfy1dh A(4)
T 1A T A(Q)

Ua(A)
Example 1.2.3 (Dirac probability). For any x € 0, for A C Q define the probability 6,(A) as:

1 z€A
0:(A) =

0 z¢A.

Definition 1.2.4 (Random variable). We define a random variable on the space (2, F,P) as an

F measurable function X : @ — R U {—o00,00}.
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Definition 1.2.5 (Expectation). The expectation of a random wvariable X written E[X] is the

integral in dP:
E[X] = / XdP.
Q
A random variable X is called integrable if:

E[| X[ = /Q | X|dP < oo.

Definition 1.2.6 (Conditional Expectation). Consider a probability space (2, F,P) and a sub
o-algebra G C F. Given X an integrable random wvariable on (0, F,P), define the conditional
expectation of X with respect to G as the G-measurable random variable Y = E[X|G], integrable

with respect to P\g, such that:

/XdIP’:/YdIP VAeg.
A A

The following property is evident from the definition:
E[E[X|9]] = E[X].

Definition 1.2.7 (Filtration). Given a probability space (Q, F,P) we define a filtration on F as a

sequence of o-algebras {F,}5°, C F with the following inclusion property:
Fn_1 C Fn.

The collection (2, F,{Fn}o>y,P) is called a Filtered space if F is the smallest o-algebra containing
the union of all F,.

Definition 1.2.8 (Stopping time). Given a filtered space (0, F,{Fn}>2q,P), define a stopping
time on the filtration as a function

7:Q — NU{0},

such that the following sets have the property:
Al ={weQ 7(w) <n}eF, VYn>0.

Definition 1.2.9 (Random variable on a filtered space). We define a random variable on the

filtered space (2, F,{Fn}o>y,P) as a sequence of of random variables { X, }5°, where each:
X,: Q=R

is Fn-measurable. A random variable will be integrable if each of the X, is integrable in F,.
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Definition 1.2.10 (Martingales). On a filtered space (2, F,{Fn}o>0,P), a random variable X =

{Xn}22, is a martingale if for every n > 0 we have:
E[Xn‘fn—l] =X, 1.

It is a submartingale if:

E[Xn‘Fn—l] < Xn—l‘

It is a supermartingale if:
E[Xn|Fa1] > Xn1.

Theorem 1.2.11 (Doob’s optional stopping theorem). This famous Theorem is presented here in
the particular case used in this work. Let X = {X,,}5°, be a random variable on (Q, F,{Fp}>2,P)
such that for all i € N there holds |X;| < C. Let 7 : Q — N be a stopping time such that
P({r = oo}) = 0. Then, the random variable X on (0, F,P) defined by X;(w) = X;y(w) is
integrable and:

o if X ={X,}°° is a submartingale, then E[X;] > E[X(],

o if X ={X,}7° is a martingale, then E[X;] = E[X(],

o if X = {X,}7° is a supermartingale, then E[X;] < E[Xy].

Proof. The fact that X, is integrable follows from Fatou’s Lemma applied to the integrable se-

quences of random variables X, defined by

Xonn() = Xp(w) ifn < 7(w),
Xr(w) ifn>7(w).
Each of these is bounded and integrable, and for every w € Q we have that X\, (w) = X;(w).
We now prove the result for submartingales. For a supermartingale {X,,} the result will follow
by applying the submartingale result to the submartingale {—X,}. The result for martingales

follows because martingales are both sub and super martingales.

Let {X,,} be a submartingale. We show that X, > E[X{] for every n. Consider any A € F,

/ E[ X, pn 41| AP = / Xt 1P
A A

:/ &Mw+/ X1 dP

Au{r<n} AU{r>n}

Z/ XT/\nd]P’—i—/ X,dP
Au{r<n} AU{r>n}

_/ &Mw+/ _&Mw—/XMMP
AU{r<n} AU{r>n} A

13



We may thus prove by induction that:

E[ X an+1] =E[...E[Xran+1|Fn]]| - . - [Fo]

>E[...E[Xoan|Fa-1]| .- [Fo] > ... > E[Xo].

Finally we show that:
lim E[X,A,] = E[X,].

n—oo

Fix € > 0 and consider the sets:

A = | {|Xran — X7 > €}

n=1

We have that:
ﬂAiC{T:OO} = P(ﬂAi)zo.
i=1 i=1

Thus for ¢ large enough we may write:

/ [ Xonn — X, |dP < / | Xran — X |dP +/ | Xran| + | X-|dP < € + 20P(4;) < 2.

1.3 THE LAPLACE EQUATION AND BROWNIAN MOTION

The connection between the p-Laplace equation and game theory was recently discovered. The
field was established in 2008 with the publishing of the seminal paper by Peres, Schramm, Sheffield
and Wilson [21]. In this paper they showed the connection of solutions to the co-Laplace equation
to the expected outcome of a zero-sum-game. Around the same time, a similar game was connected
to solutions of the p-Laplace equation in the case of 1 < p < oo [22]. In 2012 in [16] the template
for the tug-of-war game used in this result was used to show existence of viscosity solutions in the

case of 2 < p < o0.

1.4 TUG-OF-WAR GAMES WITH NOISE

Consider the following setting for a tug-of-war game with noise. The game is played by two Players

whom we will refer to as Player I and Player II, on a game board defined by the set X from 1.1.29.
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The set X consists of set €2 and its fattened boundary I'. No point of the set {2 can be within € of
any point outside the set X. The game starts from an initial position xg € €2, and at each turn a
new position for the token is chosen within distance € of the previous position. Depending on the
outcome of a random event, the token will be moved by one of the Players or to a random point
within the ball of radius €. The probability of the token being moved randomly is 8 = 1 — «, the
probability of each Player moving the token is §. The game ends when the token exits {2 or when
either of the Players decides to stop the game. When the game ends, Player II pays Player I a
certain payoff. This payoff is calculated using three functions: ¥; < ¥y : X - Rand F : ' —» R.
If the game ends with the token exiting €2, the payoff is determined by the value of F' at the last
position of the token. Otherwise, if Player I ends the game the payoff is given by ¥; at the spot,
and by W if Player II ends it.

1.4.1 The probability space

We begin the discussion by defining the set of all possible playthroughs of the game. These are the

infinite sequences of points in the set X starting with xg:
X% ={w = (xp, x1,22,...); ; € X}.

On this set we define a filtration of o-algebras {F20}2° . Each F° is the smallest o-algebra

containing all the sets of the form:
A C X% guch that A= A; x---x A, x X x X x ... with 4; € X Borel measurable.

For simplicity of notation we will refer to sets Ax X x X... € F20 as A € X" and omit the coda. We
define 770 as the smallest o-algebra on X°*° containing the union of all F°. We show that F2°
forms a filtration over (X°%¥0, F*0) by noting that F;° C F,9,. Given a set A € F;° consider the
set A x X C X"+ clearly this new set is in Fffil, but the two are the same set when considered

as subsets of X0, We further define a very important set of functions z, : X*% — X. Given

w = (xg, 1, ...) we set zp(w) = p.

Lemma 1.4.1. For all n, the function x,, is F,°-measurable.

Proof. Given a Borel set B C X, theset A= X x---x X x Bx X ... with B at the n’th position
in the series is Fro-measurable. Given w € A, we have that z,(w) € B. On the other hand, if

2p(w) € B, then w € A. Thus we have that A = f~1(B) is in F% and thus z,, is measurable.
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1.4.2 The strategies

We formalize the notion of strategies that the two Players follow during the game. We define as
strategies the sequences of functions oy = {o} : X" — X}>°, and o7 = {o}; : X" = X}22,.

These functions follow the rule:
Vn >0, of(zo,...,on) € Be(xy), and o};(xo,...,2n) € Be(zy),

that is, every move made by a Player must have length less than e.
Next, we define the relevant stopping times. The first stopping time stops the game at the first

exit time from (2, given w € X°%0;
70(w) = min{n > 0; z,(w) € I'}

The two Players respectively choose stopping times 7; and 777 subject to the condition that 77 < 19
and T, 71 < T 0-

For any stopping time 7 and number n, define the sets:
Al ={w € X% 7(w) < n}.

To show that A7 is F2° measurable we note that given w; € A7, any wo such that z;(w1) = z;(w2)

for all i < n must also be in A7 . Furthermore, we define the sets:
n
Apsmr = (agnar)
k=1

These sets are also F;° measurable, as each Aj is measurable and by definition o-algebras are
closed under countable unions, intersections and complements. Note that A\B = AN B¢. These
sets comprise of all game plays w for which Player I stops the game before the n’th turn and
before Player II stops it. Finally for simplicity of notation we define the total stopping time

T=T9oNTr NTI]J.

1.4.3 The probability measures

Given parameters o > 0, 8 > 0 such that o + 8 = 1, and strategies and stopping times as above,
we define the following family of probability measures. For every n > 0, and every finite sequence
(2o, ..., oy) of points in X define the transition probabilities:

gécr"a: vy Ty +250" LO,eey Ty +/Bu e(Tn (ﬂ?o,...,l‘n) ¢A;FL7
Tl g = § 2O AT ) Belen) (1.7)

T, (xoy...,xn) € AL.
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with the Dirac delta 0, and the uniform probability &/ measures as defined in (1.2.3), and (1.2.2).

Lemma 1.4.2. Given a Borel set A C X and n > 1, the function

(Toy -+ oy Tn) — YulTo, ..., Tn](A)

is Borel measurable. This function represents the probability that x,+1 will lie in A given the history

(zo,...,xn). This property means that this family of probabilities is jointly measurable

Proof. The function f : (zg,...,x,) — 50?(%7._,’%)(/1) which only takes values 0 or 1 is Borel

measurable as:
1) = (eh)7HA),  F7H0) = (o) (A9).

Likewise, the function ¢ : (xo,...,2,) — 50?1(9007.“’%)(14) is Borel measurable as:

g7 (1) = (o7) 7 (A), g7 (0) = (o7 TH(AY).
The function h : x + Up, (;)(A) is Borel measurable as it is continuous:

(AAN Be(2)) = MAN Be(y))| _ MBe(y)\Be(@)) = A(Be(2)\Be(y))|

(@) = h(y)| = NB(7)) = A(Be())

< Clz —yl.

The sum of Borel measurable functions is Borel measurable, thus the Lemma is proven.

We may now define for every n > 1 probability measures Py;'9,, - on the o-algebra FX0 by:

]P)ngllﬁ(Al X oo X An) = / c / 1d’yn,1[$0 .. .$n,1] e d’}/(][l‘()]
Al n

This probability measure is the probability that when playing a game with initial position xg, the
first n positions x1,...,x, each lie in the corresponding Ai,..., A,. These probabilities satisfy

Kolmogoroff’s consistency conditions:

Pn+k’$0(Alx---XAnXXk):Pn’$O (A1><"'><An)'

OI1,011,T OI1,011,T

This holds because:

// 1dypak—1[zo - - Tpnak—1]dym[zo . . . p_1] = 1.
X X

Lemma 1.4.3 (Kolmogoroft’s consistency theorem). The Theorem ezists in a more general setting
but we will state it and prove it in this particular case. Given the sequence Py)'y,, +, there exists a

probability PZo such that for everyn and A € F2o:

O1,011,T

PT0 _(A) =PMT0 (A),

O1,011,T 01,0117
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Proof. Let A € F*0 then A is formed by the countable union or intersection of sets of the type
A=A x---xA, x...

The probability PZo needs only be defined on such sets and may be extended to the whole of

O1,011,T

F*0 by the rules of measures. Given the set A = A; x --- X A, x ... we define:

P% _(A) = lim P™ (A x - x Ap).

O1,011,T n—ooo 9DOIIT

Such a limit always exists as the sequence is bounded below by 0 and decreasing;:

P20 (Ap X - X Ap) = P2ILT0 (4 5o Ay x X)) > PRTLT0 (4] oo x Ay x Apy).

O1,011,T O1,011,T OI1,011,T

We must now show that PZ° - is a probability measure. The first two conditions are easily

satisfied:

P (0) = lim 0 =0,

01,0117 n—s00

PY _ (X)= lim 1=1.

O1,011,T n—o00o

We need to show countable disjoint additivity on a set of generator elements of F*°. Consider any

sequence of pairwise disjoint sets:
{AD :Agi) x oo AW x 30

Consider the sum of the probabilities of each set:
Z 0'1,0'11, ) = lim lim Pgla:gj], (AgZ) X oo X Ag))

k—o00 &= n—00
= =1

Since the argument of the sum is bounded and the sum is finite we may switch the sum and the

limit, and since the sum is bounded we may switch the two limits:

e k
Z UI’OH’ ) - nh—>nc}o klggo Pglxgn T(Agl) Koo X Ag))
= =1
:,}LHQOZPZLI?3117 e X Ag))
= i B, (U (4 a0)) =B, (U A0)
=1 i=1

The second to last equality is justified by the fact that each of the Py}"5,, - is in fact a probability

measure. Thus P%0 is well defined and for A € F*° we have that P%0 (A) = Py5,,.+(A).

O1,011,T O1,011,T
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Observation 1.4.4. Let v : X — R be a bounded Borel function. Given n > 1, the conditional
expectation BZ0  {vow,|F 2} of the random variable v o x,, is a F,°-measurable function on

X% Using the definition of conditional expectation, we write:

Eﬁ?ﬁn T{onn|]:x01} /Ud'Yn 11T 1].

This follows from the definition:

n—1,z0 __ P"%%o
/ / Ud'}/nfl[l‘()' ]d]P)U],O'I[, - / Ud O1,011,T
nJXx Xn+1

Next we need to prove a crucial result that guarantees that the game will end almost surely.

To do so we will need to lay out some preliminary theory.

Definition 1.4.5. Redefine the game on the extended game board Y = RN. The initial token
position will be xo € ) and T will be the time of first exit from ) as before. The strategies are
modified in the following way:

or(xo...xn) (xo...7H) € XM,

T otherwise.

011 1s defined in an analogous manner. Since 71, 71 < 719, these need no redefinition. The transition

probabilities 4, and the probabilities P, are redefined using these strategies.

T,01,011

Given this definition we have:
(g...xpn) € X" = Fplz0...Tn] = MmlTo ... 20|

In fact this holds for any (zg...x,) ¢ AJ0. This allows us to state a crucial result.

Lemma 1.4.6. Let A € FX° be such that for anyw = (zg...xn ...) € A, it holds that Y,[z¢ . . . xy) =
Ynlzo - .. Tp], then:

0 .

]P)T,E'],a'][ (A) = ]PT,OO'],O'[[ (A)

Proof. The Lemma is proven by induction on n. The base case is trivial as

P:fzoo-f’o—[f =7 [Io] = ’70 [CL‘O:I ]P)I WOI1,00T"

Let A C {29} x Y™ be a Borel set. For an arbitrary n > 0 take a covering A C [J;2, (A} x Aj)

where each A} C {zo} x Y"1 and A} C Y are pairwise disjoint Borel sets, and:

0< (Z]P)TLO'],O'II A7i XA,L) ]P);’BLOG'],O'[I ) (Z]P)TLUI orr Al X Az) TLUI,G'][(A)> Sn
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Define A® = AN (A% x A%) and 7(4;) = {(z0,...2n—1); Izn € Y, (20,...7,) € A’} for every i.
Note that 7(4;) is not necessarily a Borel set, but it is an analytic set. This means that there exist

Borel sets B} and C% such that B} C 7n(4;) C C% and:

*x

PfLOlJ],UI](CI\BZ)_ n— 10’[ O'II(C{\B?[) :0
Thus by the induction hypothesis we have that P7° | P ci = @20,1751,51 | cis and we conclude:

Pioal O'[[(Bi X AZ2) = /;Z ’7n—1[x0...xn—1}(Aé)dezo 105,017

1

= /z :Ynfl[mo...xnfl] (Aé)d@zofl,&[,&]] = ﬁ’rxL ,OI,01] (BZ X AZ)
1
Furthermore we have that

P o ((CI\BY) x A43) = Py, 5, ((CI\BY) x 43) =

n,0r1,011 no’]ﬂ'[[

Putting these together we obtain that:

o o0 o
Z]P)ioo'[ O'[[(Bi X AZ) ]:P)’IJ’:LOO'[,O'[[(A) Z]P)floo'[,o'][(c:ll X AZQ) - Z]P);CLOO'LO'I[(AZ)
=1 =1 =1
— ZPTILOU] O'I](A?[ X A’é) - Zpioo'],U]](Al) S 77
i=1 i=1

The same estimate holds with the overline probabilities, and thus:

Py 00 (A) = B, 5, (A) < 21,

n,01,011 n,01,011
where 1) was arbitrarily small.

Lemma 1.4.7. In the given setting the probability that the game will continue for infinite turns is

ZETo:

P20 ({w € X" 1y(w) = o0} ) =0.

O1,011,T

Proof. 1. In this first part we redefine the game on the extended game board Y = R as defined
{r < 0}) = P ({T < o0}). This

T,01,011

n (1.4.5). We apply Lemma 1.4.6 to show that P

T,07, 0'][(

claim is proven by writing {7 < oo} = |Jo2 {7 = n} where the union is disjoint, and we note that

{r =n} € F¥. Thanks to Lemma 1.4.6 we may write P, & oo (T=n) =P (7 =mn) forall n.
Thus we obtain:
00 o0
P on({r <oo)) =) PG o, (r=n}) =) P, (r=n}) =P, ,, ({1 < oo}).
n=0 n=0
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Having shown this the overline notation will be dropped for simplicity of reading.
2. Next we show that the probability of {7 < oo} is greater than the probability of an interesting

set Sy,. We note that since 7 < 79, it holds that PZ° ({r < x0}) > P20

T,01,011 T,01,011

({70 < 00}). Next

we define a subset of the ball

Ao ={z € B0) lnl € (5.6), v-er e (- 5, 9)}.

<)

Figure 1: The set Ap inside the ball of radius e

Clearly there exists K large enough that if the token is moved by a vector in Ay consecutively
K times, it will exit 2. Define the set of all game plays such that the token is moved in such a
manner:

Sz = {w € Yo", Jig s.t. Vi =1dg,...,00+ K, Tiy1 —x; € Ao}.
Clearly, S;, C {79 < oo}, and thus PZ0 ({10 < o00}) 2P, 5., (Sxo)-

T,01,011

3. All that is left to prove is that PZ° (Sz,) = 1.

T,01,011

We begin by noting that for any chosen strategies and any turn n, we have that

| A

=60>0.
|Be(0)]

]P)f,oo'[,(f]]({l’n - I’I’L-f-l E AO}) 2 B

That is the probability that x,.1 is chosen randomly and the random choice lands in Ay.

Considering the set SSO ={weY>®?®; Vi =0,...,K, i1 —x; € Ao}, we have
Pro (8% > K.

T,01,011 Zo
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This implies that:
P ({r>K}) <1-6%.

T,01,011

Taking this as a base case we prove by induction that

P ({r>nKk}) < (1—65).

T,01,011

For the inductive step we calculate:

Pf,oal,an({’r > TLK}) - E[X{‘r>nK}] - E[E[X{T>HK}"F(TL—1)KH

By the same argument used to prove the base step we have that:

E[X{T>nK}’]:(n—1)K] = /X e /X X{T>nK}d7(n—1)K[x07 ) x(n—l)K] ce 'YnK[-TOa cee aan]

We note that this integral is zero if xo, ..., ®(, 1)k are such that the game has already ended, and
is equal to the probability of the game ending after the next K turns otherwise. If the game has
not ended after (n — 1)K the probability of it ending within the next K is greater than 6. Thus
we obtain that:

ElX (rsnic} [ Fn-1yr] < (1= 05 )X (s m-1)r)-

By taking the expectation of this and using the inductive step we obtain:

P ({r >nK}) < (1-6%)",

T,01,011

Clearly since {T = oo} C {7 > n} we have that for all n > 1:

Pi?UI,UU({T =oo}) < P {r>nK})<(1- OK)n-

T,01,011

Thus Po ({r=00})=0.

T,01,011

Lemma 1.4.8. Let u : X — R be a bounded Borel function. Fix d,e > 0. Then there exist Borel
functions ogyp, oiny 1 8 — X such that:

Vi € Q 0sup(x),0imp(r) € Be(x) and u(osup(x)) > sup u—0, u(oms(x)) < Birzf)u+6

Be(x) e\T

Proof. We show only the existence of 04, as the other proof is identical. The proof will proceed
in three steps where we prove existence for increasingly complex classes of functions.

1. Consider a function u = x4 the indicator function for a Borel set A C X, and assume

§ < . Write A+ B(0) = U2 Be(z;), the union of countably many balls. This can be done as
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A+ Be(0) = Uy g Be(z) and any such covering has a countable subcovering. Note that every x;
center of the balls must be a point in A and therefore u(z;) = 1. For every z € X, define:
x ifx ¢ A+ B(0),
Toup() =
z; if 2 € Be(xi)\ UL Be(y)-
This function selects the smallest i for which z € Be(x;), in this case sup B@mu=1= u(x;) =
u(osup(z)). If & ¢ Be(z;) for any i then
sup u =0 = u(x) = u(osup(x)).
Be(x)
2. Now we consider simple functions, that is u of the form u = >7}'_; axxa, where A are
pairwise disjoint Borel sets and «y, are increasing numbers. We assume that § < w for all i.

For each k we write Ay, + Be(0) = (U2, Be(x¥), as before we have z¥ € Ay and u(2F) = ay. Define:

x ifx ¢ Ay + Be(0) Vk,

wf if z € Be(xf)\ <U;iz Be(mﬁ) Uisk (Al + BE(O))) ‘

Tsup(2) =

Similarly to the earlier argument we have that if z ¢ B.(z¥) for any 4,k then

sup u =0 = u(x) = u(osup(x)).
Be(x)

Otherwise we take the largest & for which = € B,(z¥) for some i, and consider the smallest such 4.

In this case we have that

sup u = ay, = u(xF) = u(ogp(z)).
Be(z)

3. Finally we consider any Borel measurable function u. Then we have that there exists a
simple function us as in point 2 such that |us — u| < g. Then we consider og,, chosen for the
simple function us. We obtain:

u(o'sup(x)) > us(o'sup(x)) — = = Sup us — 5 > Sup us — 0.
Be(z) 27 B.(2)

1.4.4 The payoff function

Let >0, a>0and o+ = 1, and let bounded Borel functions ¥1 < ¥y : X - Rand F: ' - R

satisfy U1 < F < Wy on I'. Given two stopping times 77,777 < 79 as above, define the payoff
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function G711 ; X% — R as a random variable:
G (w) = G (xg(w), .. .y Zp(w)),
where we define:

F(zp) x,€l
G (2o, an) = Uy (2,) @ € Q, (z0,...,2,) € ATISTI
Uo(x,) otherwise.
We are interested in this function as a tool to define the actual payoff function for every w =

(zg,...) € XT0°, That is, for every w we evaluate the payoff function at the turn when the game

is stopped.

Lemma 1.4.9. The function G™°™1 js F*0-measurable.

Proof. Take any interval I C R. If the preimage of this set is in F*° then the Lemma is proven.

We consider the following covering of X°%0:
X0t = ( U {n= To(w)}) U ( U {n=m(w), n < T()(QJ)})
n=1 n=1

U ( G{n =7111(w), n < 717(w), n < T()(w)}).

Fach of the sets in this covering is F*°-measurable by definition of stopping time. Thus we need only
show that the payoff function is F*°-measurable when restricted to each of these sets. But on these

sets G™7II is equal to one of the Borel measurable functions F, V1, ¥y, and thus is measurable.

1.4.5 Connection to e-p-harmonious solutions

Theorem 1.4.10. Let u be the unique e-p-harmonious solution to the double obstacle problem

defined in 1.1.29. Define two functions:

— ; o TI,TII _ zo TI,TIT
UI(l'o) = sup inf EULU'ILTI/\TII [GTI7/\TH} ’ u][(x()) = inf Sup EUI,UH,TI/\TH [GTI/\TII] ’
o7 OILTIT OIITII op,7p

Then:

U = U] = Ue €N
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Proof. 1. We begin by noting that u; < wjyy. This follows from the fact that for any function
flor,orr, 71, 711), if We fix any o7; = o7 and 777 = 777 we have:

sup f(or,077,71,711) > sup inf  f(or,0707,771,7T11),

oI 07,71 OIITII
and thus when we take the inf of the left hand side over oy, 777 the inequality will still hold. Thus
what we will prove in the next two points will be that u;r < ue and uy > ue.

2. We now prove the inequality u;; < u.. Fix 7 > 0 and any admissible strategy o; and

stopping time 77 for Player I. Choose a strategy oy such that o7;(zo,...,z,) = &7;(xy). That

is, the strategy only depends on the last position of the token. Furthermore using Lemma 1.4.8,

ensure:

—n . n
Vn > 0Ve, € X uc(ofi(zy)) < Bi&fn)u + IESE (1.8)

Also, choose the following stopping time:
7rr = inf {n > 0; u(zy,) = Va(z,) or z, € I'}.

We will consider the sequence of random variables {uoxn + ok :LOZO and show that it is a
supermartingale with respect to the filtration {F2°}>7 .
Use Observation 1.4.4 along with the definition of ~, (1.7), the choice from (1.8) and the

definition of u, from (1.1.29) to compute:

T[/\7_'[1 o 77 L0
V(zo, ..., xn—1) € AJL] Eoz,c’m,nﬁu{“ o Xy + on fn_l}(:):o, ey Tp—1)

n
= [ wdyp-1[zo, .. s xn_1] + =
/)‘( n n 2'fL
a _ a
= 2w (@0, - - Tn-1)) + 2 u(@"  (@no1)) + B ut AL
2 2 Be(zn_1) 2 1.9)
Q a n o n '
<— sup u+— inf u+pg U+ ——+2
2 B.(wn_1) 2 Be(zn-1) Be(an_y)  2%2  2nHl
« o n ., o
Smax{‘lll(x ~1),= sup u+— inf wu+p u}+—(—+1)
" 2 Be(zn-1) 2 Be(zn_1) Be(zn_1) 2n 02
< u(zp_1) + 1 = (uox —i—i)(:c Tp—1)
> n—1 2n—1 n—1 2n—1 0y---ydn—1)-
The last inequality follows from the fact that for (zg,...,x,—1) & A;I_/\f - we have u < Wy, If
(Toy -+, Tn—1) € A;’ff” then
EZ° uow —|—£|]—"gﬁO (x Tp—1) = u(x )+i<u(x )+ il
01,011, TINTIT n on n—1 0y« dbn=-1) — n—1 on = n—1 on—1
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as Yn—1(20, ..., Tn—1) = 0z,_,. Thus we have that {uox, + 5k }n>0 is a supermartingale as required.
Using Doob’s optional stopping time Theorem (1.2.11), with the supermartingale property and

uniform boundedness of u o A+ + Qn% we evaluate:

o TI,TIT B n
urr < sup EUI,C?H,TI/\?U{GTI/\?H O Trnry + 271/\7‘71}
TI,01

n
< Eg?ﬁu,n/\‘m{u O Trynrp t W} < u(xo) + 1.
The second inequality follows from the fact that for every w € X°%0 such that n = (19 A 77 A

711)(w) < 00, we have:

G (w) = G (20, -, 2n) < uln).

We show this by cases on the stopping time that was activated:

If n = 719, then z,, € T’ and thus G227 (w) = F(x,) = u(zy).

TINTIT

If n = 777, then by the choice of 777 we have that z,, is such that u(z,) = Va(x,) = Gg/gf] (w).

Otherwise we have that Gg/\%%l (w) = ¥ < wu(xy,) by definition of w.

Thus we have shown that ur; < u.+n for arbitrarily small n concluding the proof of the inequality.

3. We now reverse the argument to prove the inequality u; > u.. Fix n > 0 and any admissible
strategy oy and stopping time 777 for Player II. Choose a strategy o such that &7 (xo,...,2,) =

o} (zn). That is, the strategy only depends on the last position of the token. Furthermore using

Lemma 1.4.8, ensure:

~n n
Vn>0Ve, € X wu(of(x,)) > Bs?f)u ~ it (1.10)

Also, choose the following stopping time:

71 =inf {n > 0; u(z,) = ¥Yi(x,) or z, €T'}.

We will consider the sequence of random variables {uoxn — i}oo and show that it is a

2" Jn=0
submartingale with respect to the filtration {FZ0}> .

Use Observation 1.4.4 along with the definition of ~,, from (1.7), the choice from (1.10) and the
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definition of u, from (1.1.29) to compute:

Y(x0, ..., zn_1) & AT Eﬁ?,aumATu{u o Xy — 2% | fﬁfﬂl}(azo, ey Tp—1)
n
= [ wdyp-1]zo,...,Tpn_1] — —
/‘;( n n 277/
a . « _
= (0} wnn)) + Julol o))+ we
2 Be ivnfl) 2
a « n « n
>— sup u+ — inf u+ ][ U————2
- 2 Be(mil) 2 Be(zn-1) B (Tn_1) 2" 2 on+1
. o e
zmm{\llg(x 1), sup u+ S inf u+p u}——(——i—l)
e 2 Be(Tn_1) 2 Be(zn—1) Be(zn_1) 2n 2
> u(xTp—1) — 2721 = (uoan_1— 2:71)(3:0, ey Tp—1).
(1.11)
If (20, ..., 2n_1) € AT\ then
EZ — L | Fao = — 1> T
ar,orr, AT YU O Tn ’ n—1 (1‘0, s 7$n—1> = u(xn 1) on = u(xn 1) gn—1
as Yn—1(20,...,Tn-1) = 0z, ,. Thus we have that {u o x, — 5k}n>0 is a submartingale as re-

quired. Using Doob’s optional stopping time Theorem (1.2.11), with the submartingale property

and uniform boundedness of w0 zar — Qn% we evaluate:

i 0 71,711 n
ur > inf E G — __n
r= rinor CDOIDTIATI TINTIT TINTIT ™ o9F[ATrg

@0 _ __n _
EUI,UH,TI/\TH {u O Tr ATy OTIATII } > u(xo) .

The second inequality follows from the fact that for every w € X% such that n = (79 A 71 A

711)(w) < 00, we have:

I () = G (xg, . ) > ().

TINTIT

We show this by cases on the stopping time that was activated:

If n = 79, then x, € I’ and thus G (w) = F(z,) = u(zy).

TINTIT

If n = 77, then by the choice of 77 we have that x,, is such that u(z,) = ¥y (z,) = GZT (w).

TINTIT

Otherwise we have that GZ T (w) = Wy > u(z,) by definition of u.

TINTIT

Thus we have shown that u; > ue — n for arbitrarily small 1 concluding the proof.
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1.5 THE MAIN ANALYTICAL RESULT

We begin the discussion of the proof of Theorem 1.1.30 by proving the intermediate step of Propo-
sition 1.1.31. The desired solution stated in the Theorem will be obtained by taking the limit of

the e-p-harmonious solutions. For simplicity we restate the Proposition:

Proposition 1.5.1. Given F, W1 and ¥y bounded Borel functions on a domain Q C RN open and
bounded, for every e > 0, there exists u. : Q — R e-p-harmonious solution to the double obstacle

problem. Such a solution is unique.

Proof. The proof will be articulated in three parts. First we will construct a sequence of functions
which converge pointwise to the solution. Next we show the convergence to be uniform and the
limit to be in fact the solution. Finally we will prove uniqueness.

1. Define an operator 1" on the space of Borel functions of X by defining for any Borel function

v: X —R:

To(2) max{\Ill(ac),min {¢2($),%SUPB€(I)U+ %infBe(x)U—i—fBe(Z)v}} in Q,
v(x) =
F(z) inT,

A crucial property of this operator is that given functions v and w for which v(x) < w(z) for
all z in X, then Tw(z) < Tw(x) for all z in X. This is easily seen by noting:
rell = Tuv(z)=Tw(z)= F(z),

r€e€) = supv<supw, inf v< inf w, ][ v§][ w.
Bc(z) B (z) Be(x) Be(x) B (z) B(z)

We may now define a sequence of functions {un}zo

_, recursively with:

up = xrF +xa¥1 and  upy1 = Tup.

We show by induction that this sequence of functions is non decreasing. The fact that ug < u
is given by the fact that the functions coincide on I' and ¥y(x) < Tw(x) < Ug(x) in Q for any

function v. The inductive step follows from the statement above giving:
Up—1(z) Sup(z) = Tup—1(x) <Tup(zr) =  up(x) < uppr(x).

Thus the sequence is non decreasing and bounded above by Ws and therefore converges pointwise
to a function u.. We have that ¥;(z) < u(z) < Ua(z) in Q, u(x) = F(x) and such a function

must be a Borel function.
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2. We now show that the convergence is uniform by contradiction. Assume the convergence is
not uniform and thus M = lim,,_,~ supy (ue — u,) > 0. Fix § > 0 and take n > 1 large enough to

guarantee the following two conditions:

sup(ue — up) < M + 6,
X

i 3 »
[Be(0)] JB.(x) |B€(0)/X(“E n) < 6.

The existence of such an n is guaranteed by the monotone convergence theorem. Select zg € 2

(UE - un) <

such that uc(xg) — un+1(zg) > M — 6 > 0. Such a point must exist by the hypothesis. Because of

monotonicity we may state that ue(xg) > V1 (z9), and un11(z9) < Po(xg) otherwise:

uc(z0) = V1(20) = un(x0) = V1(x0) Vn > 1,

Un+1(zo) = Va(z0) = um(x0) = Ya(zo) = uc(xg) Ym >n+1.

Consider m > n such that wm,+1(z0) — unt1(xo) > M — 24§, by similar arguments, w,,(zg) > ¥1(xo).

We may now write:

M -2 < um+1(l‘0) — un+1(l’0)

«
< —|( sup uy, — sup u, + inf w,, — inf u, )+ Uy, — Unp,
<B€(x) B (z) Be(z) Be(z) ) Be (m)( )
< o sup (U —up) + 6 (U — un)
Bé(w) Be(x)
<aSUP(um_un)+67[ (U_un)
BE(.Z‘) Be(x)

<a(M+36)+6.

This implies that M < aM + 30 which is a contradiction due to the fact that « < 1 and 9 is
arbitrarily small. The third inequality in the above calculation follows from the fact that on any
domain 2 for any two functions v and w:
supu —supv < sup(u —v), and infu —infv <sup(u —v).
Q Q Q Q 0 Q

Consider sequences of points:

{zn};2, such that wu(x,) — supu,
Q

{yn}22, such that wv(y,) — supw.
Q
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Then:

supu —supv = lim u(z,) — hm v(yn) < lim (u(zn) — v(zy)) < sup(u —v).
QO 0 n—oo n—oo [¢)

Next to prove the second statement, consider:
{zn}o2q such that wu(z,) — i1§12f u,
{tn}y>, such that wv(t,) — igfv.

Then:

n—oo n—oo n—oo

mfu - I?va = lim u(z,) — lim v(t,) < lim (u(tn) — v(ty)) < sup(u —v).
Q
3. All that is left is to prove uniqueness. Assume u and u to be distinct solutions with:

M = sup(u — u) > 0.
Q

Take a sequence of points {a:n} such that lim,,_,o (v — @)(x,) = M. By the compactness of the

=1
set ) we therefore have that there exists a subsequence of {aﬁn} | Which converges to some point
zo € Q. For n large enough it must hold that ¥y(x,) < u(z,) and Ws(z,) > @(x,), otherwise the

sequence would not be approaching the supremum. We may therefore compute:

Q@
u—u)(x,) = sup v — sup 4+ mfu—mfu —|—ﬁ
( J(@n) = 2( Be(z)  Be(x)  Be(@) o(zn)

<asup(u—u +ﬁ][ — ).
a:n)

By passing to the limit we obtain that:

M <aM+p (u—u):>M§][ (u — ).
BG(IO)

Given that v — u < M, it must hold that the set where (u — @)(x) = M is dense in B¢(xq). Define
the set:

G={zeX|(u—1u)(z)=M}.
Then, GN B.(xp) is dense in B¢(zg), by the same argument it can be shown that for every x € GNQ
we have that G N B¢(z) is dense in B¢(x). By repeating finitely many steps we will obtain that for
some = € I' we have (u — u)(x) = M which cannot hold as u(x) = u(x) = F(x).

We now come to the main result of this section which is the existence of a viscosity solution.
Such a solution will be found as the limit of the wu,. defined in (1.1.29) as € goes to zero. These
functions are not generally continuous and the proof will require showing that the discontinuities
of these solutions disappear.

The proof is based on the following alternative version of the Ascoli-Arzela Lemma.
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Lemma 1.5.2. [16] Given a family of functions u. :  — R which satisfy:
(i) There exists a constant C such that for all values of € the norm |[uel| Lo () < C.

(ii) For all n > 0 there emist positive ro and ey such that for all € < eg and for all xq,yo € Q-
lzo —yol <ro = |ue(xo) — ue(yo)| <.
Then there exists a subsequence of ue which converges uniformly in Q to a continuous function u.

Proof. We begin the proof by finding a candidate for the uniform limit w. Consider a countable
dense subset X € Q written as X = {x;},. We show the existence of a pointwise converging

(1)

subsequence on X through a standard diagonal argument. Define a subsequence u¢’ of u. such

that ugl)(:cl) converges to a value we call u(z;). Next we recursively define ™ as a subsequence

of u™ ™" such that u™ (x,) converges, and call the limit u(x,). The intersection of such sequences

will provide a subsequence which converges pointwise on X to u : X — R. By hypothesis, for any

n > 0, there exists 79, g > 0 such that for all z,y € X:
[z—yl<ro = |ue(z) —uc(y)| <
Je<e suchthat e<e = |uc(z)—u(z)l,|uc(y) —uly)| < g
= Ju(@) —u(y)| < fulz) —ue(@)] + [ue(z) — uc(y)| + |uc(y) —uly) <.

Thus we may continuously extend u to all of Q by defining:

We may now prove that the convergence is uniform. Choose a finite covering 2 C Uf\i 1 Br(z;) with

r small enough that there exists ¢y which guarantees:

Ve < €0, Vo € By(m), Yi= 1,0, N Juc(w) — ue(@i)], [u(z) — u(zy)] <

w3

Furthermore we may request that ¢y be small enough that for ¢ = 1,..., N and € < ¢y there holds
|uc(x;) —u(x;)| < 3. This last is guaranteed by the fact that we are considering only finitely many
points. Finally we use the triangle inequality to show that there exists ¢y > 0 such that for all

€ < ¢ and for any x € Q:

|ue(z) = u(@)] < fue(z) = ue(wi)| + |ue(w:) —u(@i)| + |ulz:) = u(@)] <.
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Lemma 1.5.3. Let u. be the solutions to the e-p-harmonious obstacle problem with lower obstacle
U, upper obstacle ¥o(x) = C with C' > max{supy ¥,supy F'} and boundary values F' on X.

Then, for allm > 0 there exist positive rq and ey such that for all € < g, for all zg € Q and yy € O
lzo —yol <10 = Uc(x0) — Uc(yo) < -

Proof. This proof follows closely the construction in [14], and uses heavily the identification between
the expected value of the tug-of-war game and the e-p-harmonious solutions. There will be several
constants used throughout this proof, which are called C,Cy,Cr,Cy r. The constant C depends
only on the dimension N, the domain €2, and constants p, «, 5, the other constants depend on their
subscripts.

1. Take zg € Q, yo € 9. We begin from the case when uc(z¢) = ¥(x0). In this case we have:

ue(wo) — uc(yo) = ¥(x0) — F(yo) < ¥(z0) — ¥(yo) < Cwlzo — yol

We therefore only need to consider the case when ue(xg) > ¥(xo). Assume a particular strategy
00,71 and stopping time 777 = 79 for Player 11 has been chosen.
The stopping time for Player I is in fact the optimal stopping time as the upper contact set is

empty. In this case we can write G, = G = xrF + xq¥. Then by Proposition 1.4.10 we have:

ue(o) — uc(yo) < sup 7Y (G oar — Fyo)].

T,01,00,11
T,01
Furthermore we have that for all x € X:
G(z) — F(yo) < xr(z)(F(z) — F(yo)) + xa(@)(¥(z) — ¥(yo)) < Cw,rlz — yol.
Combining the two equations we obtain:

ue(l‘[)) - uf(yo) S C\II,F Sup Ef?ﬂ[,o'()’]] HxT - yOH (112)
7,01

We need to show

Claim 1.5.3.1. With an appropriate choice of 0o 11, for all0 < < 1 and e < min {%, g}
sup E° [zr —yol] < C6+ Cs(|lzo — yo| + €).

T,01,00,1T
7,01

Clearly if this claim is proven the proof of the Lemma is concluded.
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2. Proof of 1.5.3.1: Take zg € RN\Q such that Bs(z9) N Q = {yo}. Define the strategy for
Player 11 by:

o6.11(T0, -, Tp) = (=€) |§8:§Z| o A (1.13)
Tnp z, €T
Again, the stopping time for Player 11 may be taken 777 = 79. Consider any strategy and stopping
time for Player 1.
Set € < %, Consider the smooth function f(z) = |x — 29| on the set  + B% (0). By writing f as

a second order Taylor’s polynomial for any = € €2 we obtain:

N
- : 0 s 2
][Be(a:) fw)dw = ]is(m) f(z)dw + ]{85(0) Vf(x) - wdw + Z ]iE(O) 9:0; f (z)ww;dw + o(€)

ij=1
N
:][ f(x)dw+0+2z][
Be(z) i—1

2

82-2f(x)wi2dw + 0(62)
«(0)

Af(x) + o(€?).

This yields:
][ lw — zoldw < |z — 20| + Cse?. (1.14)
Be(x)

We consider a value C' = Cs + 1. By definition of expected value we write:

V(zo,...,an-1) ¢ A1 EZY, o0 0 [|zn — 20| — CEn|F22 1] (w0, - - - Tn—1)
« _ « _
< o} N0, .-y Tno1) — 20| + = |00  (Tno1) — 20| + ﬁ][ lw — z|dw — Ce?*n
2 2 ’ Be(m)

< %(!mn,l — 20| +€) + = (lzn—1 — 20| — (e — 62)) + B(|zn-1 — 20| + 0562) — Cén

| R

—

o
< |Zn-1— 20| — Ce*n — 5 + 065)62) < |Tn-1— 20| — CEQ(” - 1).

V(zoy...,xn-1) € A7 _; EX° “SEn — 20| — C’eQn]]:TfﬂJ (o)., Tn—1)

T,01,00,11

= |zp_1 — 20| — C®n < |2y — 20| — C3(n — 1).

This shows that the variable |z, — zo| — Ce?n is in fact a supermartingale, and we may conclude

by Doob’s optional stopping time theorem:

EZo [|xT — zo|] — CE™ [n A T] < |xo — 20

T,01,00,11 T,01,00,11

Finally we may write:

EZO [|lzr — yo|] < EZ

T,01,00,11 T,01,00,11

[lzr — 20|] + 6 < |zo — 20] + 20 + C2RE20 [nAT]. (1.15)

T,01,00,11
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3. All that is left in the proof is to find an appropriate bound for EZ° [T] To this end we

T,01,00,11
consider a new game board.
Definition 1.5.4. Redefine the game on a new game board Y = Bgr(zo) with R taken large enough
that X C Y. The initial token position will be xo € Q and 19 will be the time of first exit from )

as before. The strategies are modified in the following way:

. o?(20,...,2,) (0,...,2p) € XL
or ($O7 73311) =
Tn, otherwise.
2 —
. T+ (e —€ )ég_ﬁzl T, € €,
UO,U(»’UO, ey Tp) =
Tn Tn & S

We consider a new stopping time 19 < Tg = min {n € N’ |z — 20| < 5}. The transition probabilities

Y are redefined:

5057 (w0,wn) T 3057, @0rwn) T OUB @)y (T05- - Tn) & AT,

TnlToy .oy xn) =
T (xoy...,zy) € AL.

The probabilities Pro are defined from the transition probabilities as before.

TUIUO II
Given this definition we have:
(xo...xn) € X" = Yplz0...T0n] = Wmx0... 20

In fact this holds for any (xq...z,) ¢ A7°. We thus extended the game board in a way that satisfies

the hypothesis of Lemma 1.4.6, and may state:

VA C Xm0 P (A)=P%_ (A).

0100,I1 0100,11

We now evaluate:

01700 II Z nPUIUO II Z nPU[ng II ( ) = n})

S Zn@:'([),o'o’[] ({7:((,()) = n}) = EZ}'(I),UO’[] [7:] = Ej’?,ﬂoﬂ[} [77—0]

We thus need to find an appropriate bound for IEUI To.1 ,[70]. To this end we define an auxiliary
function vy : (0,4+00) — R taken from the theory of fundamental solutions of the Laplace equation.
—as? —bs> N 4 ¢ for N > 2,

vo(s) =
—as? —blog(s) + ¢ for N = 2.
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The parameters a, b, ¢ are chosen in such a way that the function v = vo(|xg — 20|) satisfies the
following conditions:

Av=—=2(N+2) in Bgr(z0)\Bs(20),

v=20 on 0B;s(2o),

% =0 on 0Bg(zo)

We may rewrite explicitly the system:

—2aN = —2(N + 2), —4a = -8,
For N > 2: —aé? — 00> N +¢c=0, For N =2 —aé? —blog(d) + c =0,
—2aR + b(N — 2)R*N =0, —2aR + bR~ =0,

These system have explicit solutions from which we can draw some conclusions. The constants
a,b,c are always positive. The function vy is increasing and concave in the interval (§,R) and

achieves it’s only maximum for s = R. We now want to evaluate for any z € Y\ Bs_ the average:

][ v(y)dy = ][ v(z)dy + ][ Vou(z) - (y — x)dy
Be(z)NY Be(z)NY Bc(z)NY

+ ][ V3(z) - (y — 2) @ (y — 2)dy + o(€?).
Be(z)NY

We look at this integral term by term. Firstly:

][ v(x)dy = 0.
Be(z)NY

To study the second and third term we refer to figure 2. The ball B.(z) is divided into three
regions. The first is A3 = B(x)\Y. Ay will be the reflection of Az across the hyperplane through
x perpendicular to the line defined by x — 2. Finally A; = Be(z)\(A2 U A3) will be the remainder
of the ball. We rewrite the second term in the integral with the variable y in coordinates given by

€; where the origin is given by x, é; = and €; L z — 2z9. In these coordinates we have that

r—2Z20
|z—20]’
Vu(z) = vi(]Jz — 20|)€1 is v is constant on the sphere. Furthermore vj(|z — z9|) > 0, and &; -y <0
for any y € Ay. Finally we note that Vu(x) -y integrates to zero over the region A; due to the fact
that it is an odd function integrated over a symmetric domain. By putting these considerations
together we obtain:

][ Vo(z): (y —z)dy = Vo(z)-y+ 1 Vou(z) -y <O0.
Be(z)NY Ay Az
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l-\2 A

Figure 2: The three ses A1, Ao and Ags

Lastly we may write:

][ Vau(z) - (y—2z)® (y —z)dy = Z 0;05v(x yzy]dy—z][ yZdy
Bc(z)NY

ij=1 A1UAo A1UA2

B _ —2(N+2) €
= Av(z) 7£11qu ly|*dy = 1B(z) N Y| (2(]\7 +2)

Thus we may write the crucial estimate for € small enough:

[Be(w)| — E|B2)\Y]) < —5

€2

][ v(y)dy <v(x) — 5 (1.16)
Be(z)

We may now define a set of auxiliary functions:

v(x) + gnez |z — 29| >0 —¢,
Qn(z) = { v(z) d—e€> |z — zp| >0 — 2¢,
vo (6 — 2€) |x — 2zp] <6 — 2e.

We want to show that @, o z, is in fact a supermartingale. To this end we need to compute:

Eﬁ(l)yﬂo,ll [Qn o xn‘ 1] (3707 sy Tn— 1 / Qnd’)'n 1[370) <oy Tp— 1]
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We define the constant Cs as the Lipschitz constant of vg € C? on the interval [%, R + §]. We need
to split this calculation in three cases:
Case 1 x,,_1 € Y\Bs(20). We use the fact that in this case |50 r7(7n—1) — 20| > § — €, and the

concavity of vy to compute:

/ Qndfyn—l[fﬂa ce wrn—l] = %Qn (61(330’ cee an—l)) + %Qn (5'0,11(xn—1)) + 5][ Qn
Y B

e(z)NY

« « 3 € B 5
< Evo(|xn_1 — 20| +€) + gvo(\xn_l — 20| — e+ ¢€’) +ﬁvo(]a:n_1 — 20| — 5) + e

62

2
€
< avg(|Tn—1 — 20|) + Bvo(|Tn_1 — 20|) + Cse* — 55 + 5”3

< wollza-1 — 20l) + 50— 1 = Qu-(ear).

Note that we used the previously discussed bound of € < %.
Case 2 z,,_1 € Bg(zO)\Bg_e(ZO).
/ Qnd:}’n—l[«rm cee wxn—l] = aQn(xn—l) + B Qn
Y Be(z)NY

62 62
< avg(|zn—1 — 20|) + Bvo(|zn-1 — 20|) — 55 + 5n§
< o(ln 1 — 20) + 50— 1) = Qur(n ).

Case 3 x,-1 € Bs_(20)-

/y Qndyn-1[zo0, ..., Tp—1] = Qn-1(xn_1).

Thus we may conclude that the random variable @ = @, o z,, is in fact a supermartingale with

respect to the filtration F*°. Applying Doob’s optional stopping time Theorem 1.2.11 we obtain:

_ _ B o
UO("TO - 20‘) 2 Ei?ﬁo,n [Q” ° x”/\T] = Ei?ﬂo,u [UO(|$W\T - ZOD] + §62E§§,Uo,11 [n A T]’

Taking the limit n — oo we obtain:

éEQExO [T] < 'U()(‘.I'o — Zo‘) —i—Eﬁ

3 01,00,11

?700,11 [UO(“I.T'O - ZOD]

In light of the fact that v(d) = 0 we obtain:
vo(lzo — 20]) < Cs(|wo — yo| — 6) = Cslzo — 2.
Which, together with (1.15), allows us to conclude that for any e small enough we have:

Eg [|zr —yol] < C6+ Cs(|xo — yo| + €).

01,00,IT
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By inverting te sign of all the functions we may obtain the inverse inequality for the upper

obstacle.

Corollary 1.5.5. Let u, be solutions to the e-p-harmonious obstacle problem with upper obstacle
U, lower obstacle ¥1(x) = C where C < min{infx ¥, infx F'} and boundary values F' on X.

Then, for alln > 0 there exist positive ro and ey such that for all € < g, for all zg € Q and yy € O

|To —yo| <ro = ﬂe(l’o) —ﬂe(yo) > —n.

This allows us to prove the main result which we restate for ease of readership.

Theorem 1.5.6. Given F, Uy and Uy bounded Lipschitz continuous functions on a domain Q C RN

open and bounded, there exists u : Q — R the unique viscosity solution to the double obstacle problem
(1.4).
We split the proof of this Theorem into two steps. First we prove the existence of the solution

and then we show that it must be unique.

Ezistence of viscosity solutions. 1. We begin the proof by providing a uniform continuity property
close to the boundary. Consider @, solutions to the obstacle problem described in Lemma 1.5.3
with ¥ = Wy, and u, solutions to the obstacle problem described in (1.5.5) with ¥ = ¥y. Then we
have u, < ue < 4, and equality on the boundary. This follows from the fact that the obstacles for
u, are smaller than for the other two, and the obstacles for . are larger than the first two. Then
by Lemma 1.5.3 and its corollary 1.5.5, we have that for all n > 0 there exist positive rg and ¢

such that for all € < €, for all zg €  and yg € O
ue(20) — ue(yo) < Ue(zo) — F(yo) = Ue(wo) — Ue(yo) <,
ue(0) — ue(yo) > uc(z0) — F(yo) = uc(xo) — uc(yo) = —1n.

2. We now extend this property to the whole domain so that we may use Lemma 1.5.2 to prove
uniform convergence. Fix 1 > 0, use the first part of the proof and the Lipschitz property of the

obstacle and boundary value functions to find ry and €y such that:

Ve < €y, Vrg€Q, yo€ N lzo —yol <o = |ue(wo) — ue(yo)| < 27

Veo,yo € Q Vi=1,2  |xo—yo| <m0 = ‘\I/i(xo)_\l/i(y())|<ga (1.17)
Vaog el Vi=12 |o—yl<re = [|Flao) = F(yo)l < 7.
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We now consider the set

f:{er

. 7o
< —.
dist(z,09Q) < 5 }

Using the triangle inequality it is easy to see that for any xo in I and yo in © such that |zo—yo| < 2

there exists zg € 9§ such that |zo — 20l, |yo — 20| < 70. Using (1.17) we see that for every e < €p:

n

[ue(20) — ue(yo)| < [ue(z0) — ue(z0)| + |uc(yo) — ue(z0)| < 5
Fix g, yo € € such that |zg —yo| < 5. For every € < g define the following Borel functions:
F:T = Rby: F(2) = ud(z— (z0 — o)) +

U : X >R by: \i/l(z) =Wi(z — (xo — o))

Now find the solution . to the e-p-harmonious double obstacle problem defined on 2 with boundary

condition F in T' and obstacles W1, Uy. The function c(z) = uc(z — (zo — y0)) + 7 satisfies:

. max {\ill(z),min {Wy(2), 5 (supp,(z) e +infp 2y te) + BfBé(z) ﬂe}} if z € Q\T,
Ue(2z) =
F(z) if z €T,

and thus it is the unique solution to the equation. Furthermore:

VzeTl, F(z)=ucdz— (x0o—1y0))+ g > ue(2),
Vzem, Wi(z)=U(z— (zo—10)) + g > 0 (2),
Veem, Wa(z)=Ua(z— (20— y0)) + g > Wy (2)

Thus we have that t(z) > uc(z) in Q. We may further evaluate:

ue(zo) — ue(yo) < tie(zo) — uc(yo) = ue(yo) + g —uc(yo) = 5 <.

By switching x¢ and yg we obtain:
ue(yo) — ue(wo) < m.

3. We note that u, are all bounded by the same constants as they are constrained between
the bounded functions Wy, Wy. Thus the family {u,}c>o satisfies the conditions of Lemma 1.5.2,
and has a uniformly converging subsequence. We finally show that the limit of any converging
subsequence of {u,}.~o must be a viscosity solution as defined in (1.1.28). The fact that the whole

sequence converges to the unique solution will follow when uniqueness is proven. Let u be one such
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limit. Clearly it must hold that V;(x) < u(z) < Wq(x) for any x € Q, and u(x) = F(z) for any
x € 0. Thus point (i) in the definition is trivially satisfied. This is because every u.(x) satisfies
these inequalities. To prove point (i), take a point g such that Wo(xg) > u(zp). Since both u
and Wq are continuous functions there exists Bs(xg) in which ¥y > u. By uniform convergence for
e below some threshold we also have that W9 > u. in Bs(zg). Let ¢ be a test function as in the

definition, then z( is the minimum for the function u — ¢.

Claim 1.5.6.1. There exists a sequence of points x. converging to xg as € — 0, such that:
ue(xe) - ¢($e) < lgf(ue - ¢) + 63'

For every i > 1, define a; = min (u— ¢) > 0, and let ¢; > 0 be a threshold for which:
Q\Bl/i(l"o)

1
Ve <€ |lue —ull (o) < i

We may choose the ¢; in such a way that they converge to zero. For all € € (€;41,¢€;] choose
Te € Byyi(x0) such that:

ue(we) — plze) < Bli/ril(fxo)(UE —¢)+ €.

We conclude the proof of this claim by noting that for any = € Q\Bj ;(xo) we obtain:
a
ue(@) = o) > w(@) = d(x) = Jue —ullLe () 2 5 = flue = ullLe(@)

> ue(w0) — u(wo) = ue(w0) — ¢(w0) > uc(xo) — dlzo) — €.

Using (1.5.6.1) we may therefore state that for any x € Q we have u.(z) > uc(z.) — ¢(ze) +
#(x) — 3. We may thus wrie:

(6% (6
Ue(Te) > = sup ue + — inf wue+p U
(ze) 2 B.(z0) 2 Be(ze) Be(ze)
> (ue(w) = ¢lae) =) + (5 sup ¢+ 5 imf 6+ F o).
2 B.(z0) 2 Be(a.) Be(ze)

We now consider a point Z. to be a point in which ¢ attains minimum on the closed ball B.(z.).

Claim 1.5.6.2.

@2 (5 g oG il 646 f )=o)

2 B (ZB ) € -736 Be(fﬂe

> 2(]€6+2)< — 2)(V2p(xe) 2 : x67£€;m€>+A¢(me)) +o(e2).
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The justification for the second inequality in (1.5.6.2) comes from the Taylor expansion of ¢ at

the point z.:
: _ _ 1 _ _
Bm(m) ¢ = ¢(Zc) = d(xe) + (Vo(xe), (Te — ze)) + §<V2¢(£Ce)(x€ — &e), (T — ) + 0(€?).
Similarly we write:
_ _ 1 _ _

én(ax) ¢ > d(xe + (Te — Ze)) = dxe) — (Vo(e), (Te — z6)) + §(V2¢(CEE)(1‘€ = Te), (Te — ) + 0(52)-
Finally we obtain an estimate for the integral term by noting that the second term in the Taylor
expansion disappears when averaged as it is linear.

N

— _ 0*¢ 1 2
f o=ota+f T (a3 5 / ol

Be (-736)

62

9 () ]é P ole) = Ad(ed g 4 o)

We may thus write:

(5 5w o+ 5 if 6484 o) —olw)

2 Bo(zo) 2 Be(ae) Be(ze)

N———

(6 62
> S (V26(0) (B — ), (7 — 20) + Ala) g o+ ofe).

(N +2)
The claim is finally proven by noting;:

a  p—2
5_2(N+p)ﬁ

N+p B p—2
N+2 2(N+2) e

4. Dividing by €2 we obtain:

> sy (0= (VP 0 T+ Ao(a)) +

We may thus pass this inequality to the limit to obtain:

timsup ((p — 2)(V20() "5, ) + Ag(a) ) <0.

e—0

Claim 1.5.6.3.
lim Te — Xe _ vQb(xO)
e—0 € |V¢($0)‘

To prove (1.5.6.3) we consider the sequence of functions ¢c(z) = 2(¢(zc + €z) — ¢(z¢)). This

sequence converges uniformly on B;(0) to the linear map (V¢(xp), z) by definition of gradient. For

every € > 0 the function z, = %(:EE — z¢) will be a minimizer on the ball of radius 1. Thus the limit
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of any converging subsequence of the z. must be a minimizer for the limit function (V(zg), 2).

V¢(xo)
[Vé(zo)l

Since the function is linear the only minimizer is in fact — , and the claim is proven.

We may thus write:

1
|V (xo)|P—2

Vo(zo) V(xo)
IVo(z0)l” [Vé(x0)

Apolwo) = (p — 2)(V20(x) )+ A0 <0,

Condition (i7) is thus proven.

5. Condition (4¢) is obtained analogously to condition (i7) by considering xo such that u(zg) >
Uy (zg). We will have that at zp the function u — ¢ attains maximum and define a sequence of quasi
maximisers x.. We then invert the direction of every inequality in the argument to obtain:

3 e o
u(w) < (ue(ed) = dlad) =)+ (5 sup 6+ 5 it 9+5F o).
2 Be(ze) 2 Be(e) Be(ze)

And finally:

Te — Te Te o(€?)

(0= 2Vl ™, =) + Ao(ad)) + 75

3
T

Here z. is taken to be the maximum over the closed ball and not the minimum. By the same
arguments as in step 5 we may conclude that V,¢(zo) > 0.

We state an intermediate Theorem showing that variational solutions to this problem are unique.
This will be used by later proving that viscosity and variational solutions coincide under our

assumptions concluding the proof of Theorem 1.1.30.

Uniqueness of viscosity solutions. Consider a viscosity solution to the double obstacle problem u.

Consider any open Lipschitz set:
Ucc {ze Q‘\Ill(x) # Wy(z)} = A

We show that u is the unique variational solution to the double obstacle problem defined on

Kouyop,w1,9,(U) as in Theorem 1.1.32. Define the two sets:
Uy ={z cU|¥(z) <u(z)}, and Us= {zcU|¥s(x) > u(x)}.

By definition we have that on the set U the function u is a viscosity supersolution and a continuous
function. By Theorem 1.1.26 we have that u must therefore be p-superharmonic in s and therefore
of I/Vli’f(UQ) regularity. Similarly we have that on U; the function v is a viscosity subsolution and
a continuous function. This implies that « must be p-subharmonic in ¢/; and in Wli’f(lxll). Thus

we have that u € VVlif(U ). We may actually apply the same reasoning to any U D U giving that
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u € WHP(U). By Theorem 1.1.25 we have that p-superharmonic and p-subharmonic are weak super

and sub solutions if continuous and in WP, Thus we may write:

[VulP < [ [V(u+¢)IP Vo € C5°(th,RT),
U U

Vur < [ Vol Vo e Cr ).
U 250

Now consider any test function ¢ € C§°(Ua, R) such that U <u+ ¢ < Uy, We decompose it into

¢ = ¢* + ¢~ the sum of its positive and negative parts. Clearly we have that:
Dt ={xclU; ¢(x) >0} Clh, and D~ = {x clU; ¢(z) <0} ClUs.

Thus we may now compute:

Jveror=[ Wavors [ Nerors [ vesor

~ [ Wt [ gwap [ Sarer- [ ware [ v
U Uy \D+ Uy U \D~ {¢=0}

z/ wp—/ Vul? |Vup—/ \wu/ \wp:/ Vul?.
u1 Lll\D+ UQ Z/{1\D_ {¢:0} u

Thus we have proven that u is the unique weak solution to the two obstacle problem defined by
,C“|au,‘1’17‘1’2(u)'

We now consider any two viscosity solutions to the double obstacle problem w and @. We note
that for any x € A U 9N these solutions coincide. Both functions u and % must be uniformly
continuous as they are continuous on the compact set Q. Fix € > 0, then there exists § > 0 such
that:

lu(z) — a(z)] <e Vaze (AUIN+ Bs(0)) NQ

Consider an arbitrary Lipschitz set I such that:
O\ (AU dQ + Bs(0)) cC U cC Q\A.

Then we have that:
u is the unique weak solution to Ky, v, v, (U),
u + € is the unique weak solution to Kg 4 w,,w, ().

By the comparison principle (#i¢) from Theorem 1.1.32 [8], the boundary condition to define u is
less then the boundary condition to define @ 4 € implies that v < % + € on the whole set . If
we reverse the argument we have that u > 4 — € on the whole set ¢/. Thus we may conclude that

|t — u| < e for all € > 0. Thus the two solutions coincide.
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1.6 THE DYNAMIC PROGRAMMING PRINCIPLE AND THE
APPROXIMATING ALGORITHM

We consider the algorithm used to find the e-p-harmonious solutions to the two obstacle problem.
In this section we will discuss how this theoretical algorithm was discretized and used to provide
visualizations of these solutions. As was shown in the proof, these solutions eventually converge to
the viscosity solutions to the p-Laplace equation. While the proof gives an estimate of the speed
with which the discontinuities of the u. converge to zero, it does not provide an estimate of the
convergence of the u, to u.

In the proof we constructed u. as the limit of the recursive sequence defined through the

operator:

To(z) = max{\l'l(x),min{\llg( ), 5 SUpPp, (7 v+ §infp ) v + JEB }} in Q,

F(z) inT.

This operator is referred to as the dynamic programming principle (DPP) guiding our construc-
tion. Such an algorithm is easily discretized over a grid by substituting supremum and infimum
with maximum and minimum, and by defining the integral numerically.

We selected a domain Q = (—1,1) x (—1,1), and extended it by ¢y = 0.2 to the extended
domain X = (—1.2,1.2) x (—1.2,1.2). Various examples were considered and will be detailed in
the next section. The domain was sampled on a square grid of step h = 1/100, and the algorithm
was studied for varying values of e. The discretized version of the DPP will be referred to as T and
it works as follows. Let v be a function sampled on all the grid points in X. Given obstacles and
boundary function Wy, ¥y and F' we sample them on the grid as well. For any point p on the grid
inside €, let p; ...p be all the grid points such that |p — p;| < €. Then the function T is defined
at the point p by:

Tv(p) = max {\Ill(p),min {\Ilg(p), % mlaxkv(pj) + % Imn v(pj)
J j=

@\Q

53}

For any point p € X N, Tv is defined by:

The algorithm works by constructing two sequences of functions on the grid by recursive applica-

tion of the DPP. We build a lower sequence {@n}ffzo by defining uy = ¥1xq + F'xI', and recursively
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by u, = Tu,_ ;. The upper sequence is given by {%,}X , by defining wy = ¥oxq + FxI', and
recursively by @, = T%,_1. The first sequence is constructed following the exact construction from
the proof of Theorem 1.1.31. The second is constructed by noting that by the same argument that
guarantees that the lower sequence is monotone increasing, the upper sequence must be monotone
decreasing. Both sequences have been shown theoretically to converge to the solution, therefore we
continue the recursive construction until we reach a value K such that ux(p) — ug(p) < err for
all p € X where err is the accepted error tollerance. The value K will be studied in each example
and will give a measure of the convergence rate of this algorithm. The algorithm works in the
presence of only one obstacle or with no obstacles, one must simply take the upper obstacle to be
the supremum of F' and the lower obstacle the infimum of F. Once the algorithm converges the

_ ux(P)tur(p)
2

solution is taken to be u(p) the average of the upper and lower solutions.

Various values of the radius € were studied to choose the best compromise between speed and
precision. We considered values of € given by 3h, 5h, 10h and 15h. The first test run was using two
examples with known solutions. We considered p = 2 and boundary values given by F} = e* sin(y)
and Fy = 22 — 32 — y. Both these functions are harmonic functions, so we were able to calculate
the exact error in the algorithm, given in Table 1 respectively by Error 1 and Error 2. In the same
table we record k = points sampled which indicates the number of mesh points within the ball of
radius €. Runtime is expressed in seconds, while Iteration No. records the number of applications

of the DPP necessary to obtain g (p) — ug (p) < 1073,

Radius | £ = Points Sampled | Runtime | Iteration No. Error 1 Error 2
15 709 555 335 8.62-1076 | 8.22. 10711
10 317 617 876 6.17-1076 | 8.51-10~1!
5 81 652 3361 2.68-107% | 8.68-107!!
3 29 540 9255 3.15-1077 | 4.73-1077

Table 1: Errors in the Ay test cases

It was observed that runtime remained fairly constant in all these examples, due to the fact
that the reduced number of iterations was counterbalanced by the fact that larger radii required
more computations per iteration. There was however a change in precision moving from € = 3h to

€ = 5h. In all following examples, we thus chose € = 5h.
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1.7 NUMERICAL RESULTS AND VISUALIZATIONS

Several examples were chosen to obtain visualizations. The visualizations in this section will have
two choices of obstacle, one parabolic and thus smooth and one Lipschitz continuous. For each of
these examples three boundary conditions were taken, one constant and two parabolic ones. Each
example was evaluated for values of p given by 2, 10 and 100. Before we explain the examples we
discuss an interesting effect which was noted when creating these visualizations. First, the presence
of obstacles significantly reduced the number of iterations needed for convergence. Second, it was
noted that as p increased the number of necessary iterations decreased. This second effect is caused
by the fact that the min-max averaging method tends to change a function much more than the

integral averaging. In Table 2 are the iterations needed for convergence for increasing values of p.

P 3 4 5 10 25 50 | 100
No Obstacle | 5180 | 4806 | 4569 | 3790 | 3003 | 2707 | 209
One Obstacle | 1637 | 1392 | 1249 | 975 | 825 | 777 | 166

Two Obstacles | 1842 | 1933 | 1366 | 1108 | 992 | 967 | 178

Table 2: Convergence rate for increasing values of p

We may now begin discussing the visualizations, following is a definition of the obstacles and
boundary conditions used.

Obstacle type (a), smooth parabolic obstacles:
U1 (2, y) = max {2 —33(z +0.5)2 — 27(y + 0.1)2, 1.5 — 40(z + 0.3) — 34(y + 0.4)2,
2.5 — 36(z — 0.6)% — 51(y — 0.7)2, — 3},
Uy (z,y) = min {33(95 10.6)% 4+ 27(y — 0.6)2 — 3, 33(z — 0.6)2 + 27(y + 0.6)% — 3, 3}.
Obstacle type (b), Lipschitz continuous obstacles:
2 — 17|z — 0.5] for y € [-0.5,0.5]
Ui (2,y) =2 — 17|z — 0.5| — 17|y + 0.5| for y € (—1,—0.5)
2— 17z —0.5| — 17|y — 0.5] for y € (0.5,1)

Uy (z,y) = —4 + 12|y + 0.2] 4+ 15|z — 0.7].
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Boundary condition type (i), constant 0 boundary value: F = 0.

Boundary condition type (i), first parabolic boundary value: F =1 — 2y

Boundary condition type (i), second parabolic boundary value: F =2 — (x + y)2.

Each obstacle boundary values pair was used to obtain visualizations for the three values of
p = 2,10, 100. Before we show the visualizations it is important to note an expected effect that was
observed in these visualizations. From the theory we constructed the u. as Borel functions with no
guarantee of continuity. In fact we may observe that the functions obtained in these visualizations
for p = 10 and p = 100 are discontinuous step functions. This phenomenon is more evident for
p = 100 than p = 10. For p = 2 no steps are observed. The discontinuity size seems also to be
affected by the slopes of the obstacles, which again is expected from the theory. The case p =2 is a
special case as it is well known from the theory of harmonic functions that the averaging property
1.3 holds not as a limit but for every value of €. Thus as we interpolate between p = 2 and p = oo

we see the e-p-harmonious functions change behavior.
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Figure 3: Results of tests for obstacle (a), boundary condition (i), for p = 2,10, 100 respectively
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Figure 4: Results of tests for obstacle (a), boundary condition (ii), for p = 2,10, 100 respectively
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Figure 5: Results of tests for obstacle (a), boundary condition (iii), for p = 2,10, 100 respectively
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Figure 6: Results of tests for obstacle (b), boundary condition (i), for p = 2,10, 100 respectively
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Figure 7: Results of tests for obstacle (b), boundary condition (ii), for p = 2,10, 100 respectively
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Figure 8: Results of tests for obstacle (b), boundary condition (iii), for p = 2,10, 100 respectively
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1.8 OPEN QUESTIONS AND FUTURE RESEARCH

There is value to the algorithm used to find numerical visualizations. It has similarities to certain
well established methods for the solution of infinity Laplacian equations developed by Oberman
[19]. A thorough study and refinement of our numerical algorithm could yield a very useful tool in
the study of the p-Laplace equation.

A first step that could be taken in simplifying the algorithm is to study the effect of changing the
shape of the region in which the Players may move the token. Could the algorithm be rewritten using
cubes instead of balls? This would simplify the code significantly. If this change is theoretically
justifiable, would it affect the rate of convergence? Would this change significantly modify the
e-p-solutions?

More refined thechniques of integration could be used, as well as better estimates of the supre-
mum and minimum over the ball. One could envision defining the functions more accurately on
the grid by the use of splines or other more refined techniques.

A great point of interest of this study is to observe the behavior of solutions near the contact
set and accurately defining the contact set itself. Could adaptive mesh refinement techniques be
employed in this algorithm with a focus around the boundary?

The function F' is currently defined arbitrarily on the set I How do certain choices of F
affect the convergence rate? It should be noted that when testing the algorithm on problems with
known solution the e-p-harmonious solution found was within machine error precision of the actual
solution. This is due to two facts. Firstly the examples were done with p = 2 where the averaging
property is true not just as a limiting property. Furthermore F' on the boundary was defined as the
smooth extension of the actual solution to the equation. When F' was defined in other ways, the
accuracy of the solution was diminished. Studying this effect could yield clues as to the convergence
rate as € — 0. It could also lead to algorithms to select better choices of F'.

Finally it might be of interest to see if a machine could be taught to play the game and learn
to estimate the expected value of the payout by playing against itself. This could probably be
done for a simple version of the problem. It would only be useful if the knowledge obtained from
training on a certain double obstacle problem was transferrable to different setups of the problem.

Nevertheless it would be an interesting exercise.
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2.0 CONVEX INTEGRATION FOR THE MONGE-AMPERE EQUATION

2.1 BACKGROUND IN THE MONGE-AMPERE EQUATION

2.1.1 Hodlder spaces

Definition 2.1.1 (Ho6lder continuous functions). A function u is Hélder continuous with exponent

0 < a < 1 if there exists a constant C' > 0 such that:
Va,y € Q, u(z) —u(y)| < Clz —y[*.

The space of all Holder continuous functions with exponent o is called C%*(Q), and if Q is bounded
it may be equipped with the norm:

HUHO,Q = Sup ”u,‘ + sup M
reQ 2,yeN ‘1- — y’a

Furthermore we define the Holder seminorm as:

[U}O = sup ]u(:c) B u(y)’
o T
z,yeN) ’.’B - y’oz

Lemma 2.1.2. Given a function f € C1(Q) on a bounded domain, for any o € (0,1) we have:

Ifllo.a < Cllfllo~NF1T

The constant C' depends on the geometry of the domain. In particular, we have C = 2 for a conver

domain.

Proof. The proof follows simply from the fact that:

[f(x) = f(y)]

|1fa ’f(l‘) — f(y)|a
|z -yl

|z — y|*

=[f(z) = f(y)

< (2’f‘0)1a<|f(x) — f(y)|) .

|z — |
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Now consider:

1l = 1o + Flo < 1o+ 2Hf||é°‘( sup 'f”‘f(y)')

x,y€f) |z — |

< 2| fllg~ (IF1I§ + CLf151) < CIIf

0.1 lIFIIS

2.1.2 Mollification

Mollification is a standard technique in mathematical analysis which is widely used to provide a
smooth approximation to a function. We begin by defining the mollifier used in this work:
%exp <ﬁ> lz| <1

p(r) = (2.1)
0 |x| > 1.

The constant A is a parameter needed to ensure that ¢ integrates to 1, and it may be approximated
to any degree of precision. For the purpose of the bounds in Lemma 2.1.4 we took A to lie in the
interval between 4.66 and 4.67. For numerical calculations A was calculated to a higher degree of

precision. More generally we define:

Definition 2.1.3 (Standard Mollifier). A fuction ¢ : RY — R is called a standard mollifier if it

has the following properties:

e Y is a smooth function.
o [ent=1

e 1) =0 outside B1(0).

e Y is radially symmetric.

e ) >0.

It is clear from the construction that ¢ is in fact a standard mollifier. We now apply Lemma 4.3
from [15] to this choice in two dimensions to obtain explicit estimates. To evaluate the constants

in the Lemma we will need to note that:
el =1, Vel <31, [Vl <159, ||V < 210.

These values were obtained through numerical means, and verified by evaluating the integrals
in polar coordinates and evaluating the ensuing one dimensional integral numerically. Different

mollifiers will have different estimates on their derivatives.
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Lemma 2.1.4. Taking ¢ defined as in (2.1) denote:

vie01) @) =me(%).

Then for every f,g € C°(R?) there holds:

IV £ % ullo < 5 IVl ey Il Sor ail g, > 0 (22)
17 %= fllo < 520fl IV(F 01— F)llo <17l
(2.3)
IV2(f % 0= llo < 211 ]2
5500 flo < C1 0w IV @l < ronlfloa, Va1 (24
Va € (0,1] [[(f9) * w1 — (f *@)(g * @)llo < 20%[flo.alg)o.as
(2.5)

Vo€ (0,1] [[V2((f9) * w1 — (f x@)(g = 1)) llo < 671%* %[ flo.alg]0.as
Va € (0,1] [V3((f9) * o1 — (f * @) (g% ¢1))llo < 925827 [flo.alglo.a-

Proof. The proof of (2.2) through (2.5) follows the proof in [15]. We begin by evaluating the

) )

Va € (0,1] IV((f9)* o1 — (f * 1) (g% ¢1))llo < 9-31%* [ flo.alg]0,a:
)(g*¢0))|
(

following useful equalities which hold for any value of k > 0:

IVEorll ey = I* 1V 0| L2 ey, (2.6)

This is an immediate consequence of the chain rule of derivatives.

To show the (2.2) we prove the well known result that ||f * gllo < ||gllz1|lf]]o:

Feal=| [, fa=vowar| < [ 15 nawlans [ 1lolatlas = lolls 1o

If we set g as the appropriate derivative of ¢; and note that Vfxg = f« Vg = V(f * g) we obtain
the required inequality.
The proofs of inequalities (2.3) are obtained using Taylor’s expansion.

e k = 0. Consider the fact that:

Flo—9) ~ (&) = @)+ V() - (~5) + 5V2FE () @ (~y) €=ty for some 1 € [0,1].

Thus, considering that the integral of an odd function over all of R? is zero we obtain:

1 1
LA =)~ fla)ldy < /RQ GV @) (=y)dy + SV flolléillzr = 5PV fllo-
e k =1. wusing the intermediate value Theorem we have:

Vix—y) —Vf(zx)= %V%f(f) (—y) &=z —ty for some t € [0, 1].
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Thus we obtain:
[ WV 1w =) = Trady < 19 ol = 119l
e k =2. Estimate:
[ IVt =) = V2 @lds = [ oIV e = )]+ 97y
<2V ollgullz = 219>/ .

To prove the first inequality (2.4) we multiply and divide by |y|* when applying the convolution
and by noting that ¢; * f(x) = f(z):

(= D@1 = [awid @ =9) =7 4 < 1= ou)lia | Flloe.

ly|®

The same procedure is used to prove the second inequality with some modifications. Note that Vi

is an odd function and therefore gives zero when convoluted with a constant. We thus obtain:

£ 4 Va@)| = 1+ Vire) - @)« Vol = [ ValolL =9 = 1@ 4, < 1219w Fllo.

ly|®

Finally we come to the inequalities (2.5). We must compute the derivatives of h = (fg) * ¢ —
(f * @) (g = @)

Vh=(fg)* Vi — (f xVer)(g* o) — (f xo1)(g* Ver),
V2h =(fg) * Vo1 — (f = V201)(g * 1) = 2(f * Vo) (g = Veor) — (f * 1) (g % Vi),
V3h =(fg) = V31 — (f = V201)(g * 1) = 3(f * V>@) (g * Vi) — 3(f = Vo) (g * V1)

— (fxo1)(g = V).

From which we evaluate, using triangle inequality and (2.4):

1hllo < 22| fllo.allgllo.a
IVhllo < 31Vl 1l flloallgloa

IV2hllo < 2% (31IV @1l 1 + 21 V201 1) | fllo.a

|g ‘O,a

IV2hllo < 231V @ill Lt + 61Vl IV @il 20) [ f llo.allgllo.a-
The desired constants are obtained by inserting the appropriate bounds on the derivatives.

The above inequalities are evaluated for functions defined over the whole plane. We now consider

two compact sets Q C  such that Q + B;(0) C €. Given a function f : Q — R, we may define
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the convolution f * ¢; : € — R since ¢; is compactly supported on the ball of radius . Using this
notation every inequality from Lemma 2.1.4 may be rewritten with the norm of the convolution
taken over the smaller set being bounded by the norm of the original function taken over the larger

set.

2.1.3 The Monge-Ampeére equation and its weak formulation

Given Q C R? and a function f : @ — R the Monge-Ampere equation reads:
f=detV?v in Q.

This is the classical formulation of the equation for which a solution v will be of C? regularity.
A variety of results exist about the existence and flexibility of solutions to this equation, but

many questions remain unanswered.

Lemma 2.1.5 (Very weak determinant Hessian). Given a function v : R? — R of regularity C> we
have that:
1
detV?0 = —icurl curl(Vo ® Vo).

We define the right hand side of this equation as the very weak Hessian of v which will be written
as DetV?v.

Proof. The proof is obtained through the following straightforward calculation:

002 Oyvdyv | 02(01v2) — 01(D1v0v)

curl curl(Vo @ Vo) = curl curl = cur
Drvdyy  Oov? Da(D100av) — 1 (Dav?)
= 03(010%) — 2[ 0102 (01v0v) | + 93 (020?) = 2[ 0108010 + (1620)°]
—9 [a%awazv + 020030 + (01050)” + alagualv} +2 [a%azvaw + (alazv)z}
P2v Do
D10 ORv

=9 {(818211)2 — 8%1182211] = —2det = —2detV?w.

By dividing by —2 we obtain the claimed formulation.

Thus we may define the very weak formulation of the Monge-Ampere equation as:

1
f = DetV* = —§curl curl(Vo ® Vo) in Q. (2.7)
Consider an auxiliary matrix valued function A :  — Ré;ﬁ which satisfies f = —curl curl(A).

The solutions to this problem are not unique:
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Lemma 2.1.6 (Auxiliary Matrix). Given a function f : Q — R let A be any solution to the problem
—AX = f. Then the matriz A(x) = A(z)id is a solution to the equation f = —curl curl(A).

Proof.
Az 0 oA (z) —0
curl curl (=) = curl | (=) = BN+ PN=AN=—F.
0 A=) 0— 01A(x)
If a function v satisfies Zcurl curl(Vo ® Vv) = curl curl(A), then clearly it satisfies (2.7).
Lemma 2.1.7 (Symmetric term). Consider a function w : Q — R?, then }curl curl(Vv ® Vv) =

curl curl(AVv ® Vv + symVw)

Proof. We show this by first noting that curl curl(f + ¢g) = curl curl(f) + curl curl(g). We now

compute:
O1wy Oowi+01 w3
curl curl — 2 = 818%101 — 8182(32101 + ale) + 3%02?112 =0
21012 1 wa Oawo

This result has a very interesting physical interpretation. Consider a surface with an out of
plane displacement given by ev and an in place displacement of e?w, then the metric of the surface
will be 1d+2€%(1Vv ® Vv + symVw). The curvature of the surface will be defined by —e?curl
curl(3 Vo ® Vo 4 symVw).

We conclude this preliminary discussion by stating the very weak Monge-Ampere equation:
1
A= §Vv ® Vv 4+ symVw. (2.8)
We further note that such an equation requires only one degree of differentiability in v and w
to be well defined.
2.1.4 Decomposition

Consider three unit vectors:

1 1 1 1 . 1
m = ; m=—F_ 5 m=—F_ .
0 V) |2 VB =2

Lemma 2.1.8. The matrices my @ n1, n2 ® n2 and n3 @ n3 form a basis of R%;fn
Let B = [b;;] = Zizl OrMk @ M. Then:
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(i) ¢1 = b1 — 3boo and ¢g = 2(ba2 + 2b12), ¢3 = 32 (bag — 2b12).
(ii) 3_ = Tr B and: |¢x| < 23|B| fork=1...3.
(iii) If ¢, > d >0 for k=1...3, then B > dlds.
(iv) The matriz B = B + adiag (\/52'9, (V2 + %)) for any o > ||B|| has ||B'|| < 5.05a and if we
write B’ = 22:1 ¢y, then @) > §.

Proof. The formula in (i) is obtained through a straightforward calculation:

b11 blg 1 0 11 2 1 1 —2
=¢1 + <Z525 + ¢3§
b1a  boo 0 0 2 4 -2 4
bii = ¢1+ t2 + 3, ¢1 = b1y — 1ba2,
big = 2¢o — 2¢3, = 4 ¢ = 2(baz +2b12),
baa = 2o+ 303 g3 = 2(by2 — 2b12).

The first part of (ii) follows immediately from adding all the terms. The second part follows from

Cauchy-Schwartz inequality if we write B as a 4-dimensional vector:

b1 1 b1 0 bi1 0

b12 0 5 |bi2 1 5 |b12 -1
o1 = : , Qo= 3 : . G2 = 3 .

512 0 b12 1 b12 -1

| b22 | _*%_ [b22| 2] [b22| | 2]

We thus obtain: |¢1] < Q|B|, |pa| < 5T\/§|B] and |¢3| < %]BL Consequently, (ii) follows. For
(iii), observe that S5_, dpmk @1k = Soo_y (d — d) 1 @1 + ddiag{Z, 8} > dld,. Lastly, (iv) follows
from applying the formulas in (i) to B’ and noting that b;; < ||B]| for i = 1,2 and bja < @HBH

V249 1 9 1 9 o
¢/1:b11+a 4 _Z(b22+a(\/§+5))Z_O[_Za‘f‘gOZZg,
5 9
¢I2,3 = g(b22+a(\/§+ g) :|:2b12) > a,

2
Finally, we evaluate |B'| < |B| + a((\/ijg)z + (V2 + %)2) < 5.05a.

2.2 BACKGROUND IN CONVEX INTEGRATION

Convex integration originated as an independent field from a generalization of existing perturbation

techniques. Such formulation of convex integration is attributed to Gromov, who laid out its
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foundations in his 1986 seminal work [9]. In the next section We will see some of the perturbation
results that were early formulations of what eventually came to be called “convex integration”.
Convex integration provides the framework for the construction of solutions to partial differential
relations with topological constraints. In the field of Partial Differential Equations, these methods
have been employed to find useful anomalous solutions.

In simple terms the application of convex integration to find anomalous solutions to a partial
differential equation follows the steps below. First the equation is relaxed to an inequality. Solutions
of this inequality are called subsolutions. The set of subsolutions must be convex for the method
to work. Next a subsolution is chosen. The sought after solution will be required to be “close”
to the original subsolution through a topological condition. For example, in the cases we discuss
we will find solutions within € to a subsolution in C° norm. Finally, from this first subsolution a
sequence of subsolutions is constructed which approaches the boundary of the set of subsolutions
without breaking the topological condition. The validity of this construction must then be verified
through a “Baire category method”.

We now give a very simple and common example of an application of convex integration.
Consider the equation:

du

u:R—=R, |—(x)

=1 aezelR
I a.ex

We want to show some anomalous solutions to this equation. We begin by relaxing the equation

into an inequality and choose a subsolution:

u(zx) = i then, d—u(x)

— < 1.
2 dx

We next look for a solution u to the equation such that |u(x) — @(z)| < e. This is in fact easily

done. Let us take for example € = 0.1, Then we build u piecewise linear through:

u(0) =0,
1 1

u(m):xuntilx—gzﬁthus in (O, g},

2 2 1 11
u(:):)zS—xuntﬂg—x—g:—l—othusin (g,g},

— —4 T 1 1 11

_ 1 be— L1 thusi (f —}

u(z) 15 + x unti 5 +x 5 10 thus in 3 15)
u(z)

The construction is symmetric for negative values and continued over all of R. It is clear that this

construction works for any value of €. In figure 9 we see its implementation.
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Figure 9: The approximation v of the subsolution @

2.3 THREE EXAMPLES OF APPLICATION

2.3.1 Isometric immersion problem

The first and best known application of convex integration arises from differential geometry and
regards the existence of isometric embeddings of Riemannian manifolds. Nash and Kuiper in
1954 showed existence of C' embeddings of any N — 1 dimensional manifold in RY. They used
a method of oscillatory perturbations of subsolutions which predates Gromov’s formalization of
convex integration by decades. We will define the problem and provide an overview of the convex
integration schema used in the solution of this problem.

Consider any M dimensional Riemannian manifold (¥, g). A continuous map v : ¥ — RV is
called isometric if it preserves the length of curves. This condition when written in coordinates of
> becomes the following set of equations:

M
Oiu - Oju = g;; where g= Z gijdr; ® dxj, or Vul'Vu = g.
ij=1

(M+1)
2

This problem consists of equations in IV unknowns and becomes easier for larger values of
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N. In fact any smooth manifold has smooth isometric embedding for N large enough. Nash and
Kuiper provided examples of C! solutions for any N > M + 1. Their arguments were then pushed
forward using convex integration techniques to show the existence of C1'® isometric embeddings
for a < % in the case M = 2, N = 3. These convex integration techniques have a natural upper
boundary, and can never be expected to push this threshold beyond C L regularity.

The construction of a solution begins with a short embedding, that is an embedding which

shortens the length of any curve. In coordinates this condition is stated as:
0<gij— Ou-0u VYi,j=1,...,M.

We will be adding a series of oscillatory perturbations to define a sequence of short embeddings wy
which converge in the desired space, and g;; — O;u - d;u — 0.

We illustrate the application of convex integration in the simpler case N = M + 2 as built by
Nash [18]. The construction has been extended to the N = M + 1 case [13], but the calculations
provide little insight on the method itself and include technical details that are beyond the scope
of this overview.

We begin by describing what will be called a step of convex integration. Given an embedding
u: ¥ — RM, a positive function @ : ¥ — R* and a unit vector £ € R™, we seek a function

uy : ¥ — RY such that for arbitrarily large :

_ 1 T 2 o, T _ 1
lu —uxllo = O()\) and ||Vu" Vu+a€ @ & — Vuy Vuypllo = O()\>'
We write uy = u + w with [|w|o = O(%}), then we obtain:
o;uy - ajU)\ = O;u - 3ju + Ow - 8ju + O;u - 8jw + Jw - (?jw.
The second condition thus becomes:
9 1
8iw-8ju+8iu-8jw+8¢w-8jw:a§®§+O(X). (2.9)

In the case of N > n + 2 this condition may be greatly simplified by requesting w - 9;u = 0 for
all ¢ obtaining:
8Z-u . 8jw = 81(8, . w) — 818]u - Ww.
Simplifying the condition to:

8iw-8jw:a2§®§+0(§)7
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this problem actually has closed form solution given by:

a(z) , .
w(zx) = )\) ( sin(Az - §)((x) 4 cos(Ax - f)n(x))
With {(x),n(x) two orthogonal vector fields such that at every point and for every i, (-n = (-Oju =

n - O;u = 0, we may thus write:

diw = a(z)& (cos( Az - §)¢(z) — sin(Az - )n(z)) + O(%),

which gives:

diwdiw = a*(2)&&; (cos*(Ax - €) +sin*(\x - €)
+cos(h &) sin(vz - €)¢(x) - n()) +0(

)\) =ad’6®¢; +O<l).

A

In the case of N = M + 1 the vector fields (,n with the same properties do not exist, and thus
the costruction is modified. A solution to (2.9) can still be found, but the construction is very
complicated, although the structure of w remains similar.

We now want to discuss how to iterate convex integration steps to obtain a solution to the

isometric immersion problem. Define metrics:
gn = g — €pld,

where 1 > ¢, — 0 is some sequence which converges appropriately fast. We will define a sequence
of functions u, recursively starting from the original short embedding wg, and wu,41 is constructed

in such a way that it is a short embedding for the metric g,+1 by guaranteeing:

Hgn - VUZ;JAVUTH—I”O < €p — €ngl.

This construction is achieved through iterated steps of convex integration. Begin by decomposing;:

k
gn = VUl Vi, = aln @ s,

i=1
where 17; are unit vectors. The crucial factor in determining the regularity of the solution found
will be the number k of rank one matrices we can decompose the defect into. To go from wu, to
Up4+1 We must apply k steps of convex integration, every step will make the norm of the second
derivative of u,1 larger. The convergence of the C*® norm of the u, is dominated by a geometric
sequence which converges when:

o <

1+ 2k
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The construction that leads to this result is very complex and will be omitted as it parallels closely
the one we will detail for the Monge-Ampeére equation. In the case of a 2-dimensional manifold
embedded in R? one may easily decompose any defect into k& = 3 rank one matrices. This was done
in [3] to show the existence of solutions with Holder exponent less than 1. In fact in [6] it was
shown that through appropriate conformal changes of variables the number of convex integration
steps can be reduced to k = 2 pushing the threshold to % The limit of this technique is that it
cannot provide solutions of regularity higher than % which would require reducing the process to

one step of convex integration. This hasn’t been achieved for the isometric immersion problem, but

it was achieved in the next example we mention.

2.3.2 Omnsager’s conjecture

Another application of convex integration is found in the study of the Euler equation for incom-

pressible fluid flows. On a domain € RY, and a time interval [0,T] the equations are written as:

O+ (v-V)v+Vp =0,
(2.10)

div v = 0.
Solutions to the equations are the velocity of the fluid at each point and time v(x,t) : 2x[0, T] — RN
and the pressure at each point and time p(x,t) : Q x [0,7] — R. In this theory the dimension is
taken to be N = 3, and the boundary conditions to be periodic. This means the problem is defined
on the torus Q = T3.

Classical solutions to this problem are taken to be a pair of differentiable functions:
(v,p) € C*(T? x [0,T],R® x R).

Little is known for these solutions, except for the crucial fact that such solutions conserve energy.

More formally we define the total energy for the flow at time ¢:

E(t) = ;/TB o(z, £)[2dz. (2.11)

For classical solutions of (2.10) such energy will be constant in time.
Many definitions of weak solutions have been studied in connection to the study of turbulent
flows. Many of these solutions have been found to have anomalous properties. Of particular interest

is the fact that weak solutions do not generally satisfy conservation of energy. This is of relevance

66



in the study of turbulent flows as it may model some anomalous phenomenons that have been
observed experimentally.

On the matter of energy conservation Onsager formulated the problem in 1949 [20] asking if
there exists a threshold of regularity between C° and C', above which energy is conserved and below
which it is not. He postulated the threshold to be % and himself provided a non rigorous proof of
energy conservation for solutions of Holder regularity above % This was formally resolved in 1994
in [7, 2]. In the other direction great progress was made in recent years by a group of researchers
including Buckmaster, De Lellis, Isset and Székelyhidi. De Lellis and Székelyhidi developed the
schema to apply convex integration to this problem.

There are two statements of the concept of dissipation of energy:

1. There exists a nonzero weak solution v € L! ([O, 1],c% (’IF3)) with compact support in time.
2. For any smooth positive energy function E(t), there exists a nonzero weak solution
v e L>([0,1],C%*(T?)) with:
;/TS lo(z, 1)z = B(#).
The exponent o has been pushed to % — ¢ for the first statement, and % — ¢ for the second.
We now show the relaxation of (2.10) that allows for the application of convex integration.
Consider a matrix valued function

1
uw=v®uv— =|v’Id.
3
This matrix always has trace zero, and through direct calculation it results that in fact:
div u = (v- V).
Thus we may rewrite the system of equations as:
Oy +divu+ Vp =0,
div v =0, (2.12)
v@v—u=gv/d.

We may now define subsolutions to (2.10) by relaxing the last equation in (2.12) to an inequality
yielding:
O +divu+ Vp =0,

div v =0,

v@v—u< §vAd
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The last term will determine a defect which will be decomposed into simple matrices and reduced
through the application of convex integration steps. This construction again draws heavily on the
construction by Nash. The actual construction of the oscillatory perturbations is however highly
technical and will be omitted. We do however note that as before the threshold of regularity is
determined by the number of convex integration steps which were reduced to 2 to obtain the %
bound [1]. Finally, Isset was able to reduce the schema to 1 step of convex integration providing

the best threshold of  in [11].

2.3.3 The Monge-Ampeére equation

In this section we will discuss how convex integration is applied to the Monge-Ampere equation.
This application is possible due to the quadratic structure of the very weak formulation of the

equation. Given functions v:Q - R, w:Q - R?and 4:Q — ]R%yxnza, we may define the defect as:

D=A- (%Vv ® Vv —i—syme).

Clearly the Monge-Ampere equation is satisfied when the defect is zero. We consider a rank one
defect of the form a?n ® n where a : Q — RT and 7 is a unit vector of R?. The goal is to find

functions vy : 2 — R and w) : Q — R? such that:

(%Vw ® Vo, + Syme)\> - va ® Vv + symVw + a’n ® 77) ~ 0(%), (2.13)

where A is an arbitrarily large number. Furthermore we require |[v — vyllo + [|w — wxllo = O(3).

We look for solutions to this problem by adding oscillatory functions of frequency A to both v and

w. The ansatz is the following:
1 1 1
U =v+ Xf(a:, Ac-n), wy=w-+ Xg(x, Ac-n)Vu + Xh(a;, Ac-n)n.

We further require that f(x,t), g(x,t) and h(x,t) all be oscillatory functions of period 1 in the

variable t. If we evaluate (%Vv)\ ® Vuy + syme,\) and ignore order % terms we obtain:
1 1 1
§Vv,\ ® Vo + symVwy = §Vv ® Vo + symVw + g(ft)zn ®n+ (fr)Sym(n ® Vo)
+ (9¢)Sym(n ® Vv) + (he)n @ 1.

If we want (2.13) to be satisfied we need to guarantee that f = —g and 3(f,)* + (ht) = a. There

are closed form solutions to the second equation given by:

ur a(z)?
flz,t) = ()Sin(27rt) and  h(z,t) = — (x)

s 7

sin(47t).
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We formalize this in the following Lemma:

Lemma 2.3.1. Given a positive function a € C*(S2), define the functions V,W € C®(Q x R,R)

as:
2
Vi t) = "D anor, W = -2 Goir,
T T
These functions are 1-periodic in t, and satisfy in Q x R:
1
5(8¢V)2 + 8tW = (12, (214)
2
Vi< jvi<oa (wvi< vy < T
T T (2.15)
a a|Va|

< < a? <
wi<E lawl<a VW<t

Proof. The proof follows from straightforward derivatives calculations and the periodicity and

boundedness of the sin and cos function.

OV (z,t) = 2a(x) cos(2nt) V,V(x,t) = VC;(QC) sin(2rt), V2V (x,t) = Via() sin(2mt),

a(x)Va(z) .

oW (z,t) = —a(z)? cos(4nt), VW (z,t) = — - sin(47t).

Using these evaluations we compute:
1
5(8,51/(56, )2 + O W (x,t) = 2a*(z) cos®(27t) — a(x)? cos(2 - 27t)

= 2a?(x) cos?(2mt) — a(x)? cos®(27t) + a(z)? sin?(27t) =

We may now provide the Lemma which justifies one step of convex integration. As in other
convex integration schemas several steps of convex integration will be applied subsequently to

reduce a defect which is not rank one.

Proposition 2.3.2. Let v € C*®°(Q,R), w € C*®(Q,R?) and let a € C°(Q, R) be a positive function.
For a unit vector n € R? and a frequency A > 1, define vy € C°(Q, R), wy € C®(Q,R?) through:
1
u(z) = v(z) + XV(x, Az - 1),
1 1
wy(z) = w(x) — XV(x, Az -n)Vo(z) + XW(:C, Az n)n.

Then we have the following pointwise estimates, valid in Q:

1 1
)(—VUA ® Voy + SymVw,) — (Vo ® Vv + SymVw + a’n ® ?7)‘
2 2 (2.16)

1 ralVa| a]VQU\) 1 9
< =
- )\( Fr * 2)\27r2|va‘ ’
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oy — 0] < L wy —w| < L (\wy + %) : (2.17)

A’ AT
|Vuy — V| < [Val +2a, and
AT (2.18)
IVwy — V| < 2a|Vo| + a2 + ( V|| Va| + 7|V2v| + Wa\VaD,
V20, — V20| < |V>\ al + 4|Va| + 4A7a. (2.19)
Proof. We use (2.15) to show the estimates in (2.17):
1 a a a
ol =1Z < _ Bl 2) .
lux — | )\V‘ < lwy —w| = \VVU+W7)\ o (\VUH— 4>
We now compute all appropriate derivatives of vy and wy:
1
Vuy = Vv + vav + n@tV,
1
Viuy = V3 + XV?EV +2(Sym) (0, V.V @ 1) + NoFVn @,
1 1
Vwy = Vw — XVxVVv —VVuv®n+ Xn RV W+ 0Wnomn.
Using these evaluations, a straightforward calculation gives (2.18) and (2.19):
1 |V |
|Vuy — V| < X!V;,;V! + 0 V| < — 4+ 2a,
1 1 1
|Vwy — Vw| = | - ~Vo® V,V — (8tV)n @Vv— ~VV2+ @V, W+ (@0W)nan

A A A
, 1/1 a_,, 1
< 2a|Vu|+a” + < —\VvHVaH——\V v|+ —alVal |,
AT 2m

1 2
V20, — V20| < vagvy + 2|V, 0, V| + Mo2V| < |VA al + 4|Val| + 4 7a.

Lastly, using (2.14) and the fact that (8,V)V,V + VW = Lsin(27t)aVa, we evaluate directly:

1
5V ® Vo + SymVwy = fw Q@ Vo4 = (atV)Qn @0+ (0W)n ®n + SymVw

1 1

1 1
:§VU ® Vo +a*neon+ X (g sin(2r Az - n)Sym(Va ®n) — % sin(2mAx - U)VQU)

+ SymVw —l— sin?(2r\z - 7)Va ® Va.

1
T2A2
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We conclude the proof by setting 7 = 2w Ax - n and deriving the following estimate:

1 1
)(§VU)\®VU>\ + SymVuw,) — (§Vv ® Vv 4+ SymVw + a’n ® 77)‘

IN

1
‘X (% sin(7)Sym(Va ® n) — % sin(T)V2v> + sin*(7)Va ® Va
1 /alVal = a|V*| 1 2
A( 2T * T ) 2X272 [Val™

1
2m2\2

IN

We now present a similar Proposition which will be needed to obtain some stronger inequalities.
In particular this framework will provide some control on the second derivatives of vy at the cost

of stronger assumptions.

Proposition 2.3.3. Let Q C R? be an open, bounded set. Let v € C3(Q), w € C*(Q,R?), and
a € C3(Q) be functions with a > 0. Take a unit vector n € R? and 6,1 € (0,1) be two parameter

constants such that:

0 1)
IV™allp < m Ym=0...3, and [|[V™" |y < m Ym =1,2. (2.20)

Then for any X > 1/ there exist approzimating functions vy € C3(Q) and wy € C*(Q,R?) satisfying

the following bounds:

1 1 3 42
‘(§VU>\ ® Vuy + SymeA) — (§Vv ® Vv 4 SymVw + a’n ® 77) ‘ < YA (2.21)
[V (vy — )| < 247" 1A™ 1 vm =0...3, (2.22)
V™ (wy — w)|| < 2.4™7™ LA™ (1 + |Jv]lg) Ym=0...2. (2.23)

Proof. The first inequality (2.21) follows directly from (2.16) by applying (2.20). We compute each
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of the norms in (2.22) and (2.23) using (2.20).

alo _ 11
g < =Ml o 225
||v U/\Ho,)\ T T
1||Va
V0wl < 5+ A0 4 gjafly < 246
1[|V?2
192w~ w0 < A0 4 a19ay + amxally < 1692
30, l||V3aH0 2 242
V2 (v —wvy)llo < T +6[|V=allop + 127A[|Va||o + 87°A7||Vallop < 123.0)0,
Ll a2 11
. <- ~5(1
o~ wsllo < S 10y 1100 < 1250 4 o),
| ||Va||o Ll 1 flallo][ Vallo
1900 —wn)lo < Ty <120y, 4 LhelolVElo ooy + o
< 2.45(1 + IVvllo),
1 [¥2allo 2 ¥l Ll
192w~ wr)lo < 5 0y + 1920l + 41 Valo Vol + 5 L2 7
1||Va 1 lallollVZ3a
+4ua||ouv2a||o+4muau 1Vl + 21Vl | 1 Jalol Io + 4flallol[Vallo

A 27 A 27
+ 47 |al|3 < 21.905(1 + ||Vv)|o).

2.4 THE MAIN ANALYTICAL RESULTS

We may now state the main analytical result obtained using convex integration for the Monge-
Ampere equation. This result was obtained by Lewicka and Pakzad in [15]. The framework of this
proof was used by the author and Lewicka with modifications to obtain interesting visualizations

of anomalous solutions to the equation in [4].

Theorem 2.4.1. Let f € L7/6(Q) on an open, bounded, simply connected Q C R?. Fiz an exponent:
- 1
a< —.
7
Then the set of CH*(Q2) solutions to:

Det Vo = f in (2.24)

is dense in the space C°(Q). More precisely, for every vg € C°(Q) there ewists a sequence v, €
CHe(Q), converging uniformly to vy and solving the equation (2.24). When f € LP(2) and p €
(1, %), the same result is true for any o < 1 — %.
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This result follows from two intermediate results which will be proven using convex integration
techniques. First we show that there exists a C! approximation for any continuous function. Next
we show the existence of a C* approximation under stricter conditions. The two intermediate
theorems will be used in sequence to prove Theorem 2.4.1.

We first restate the Theorem in terms of the very weak Hessian. The two statements are

equivalent in light of the arguments from section 2.1.3.

Theorem 2.4.2. Let Q@ C R? be an open and bounded domain. Let vy € C1(Q), wy € C'(Q,R?)

and A € CO’B(Q,R?@%), for some 8 € (0,1), be such that:

1 _
deg >0 A— (§V1}0 ® Vg + Symeo) > coldsy in . (2.25)
Then, for every exponent o in the range:
1B
0<a<min{z 5}
< a < min 75
there erist sequences v, € C1%(Q) which converge to vy and w, € CH*(2,R?) which converge

uniformly to some function w € C1(Q,R?), and which satisfy:

A= =-Vv, ® Vv, + SymVw, i Q. (2.26)

1
2
Next we consider the existence of a C! approximation.

Theorem 2.4.3. Let Q C R? be an open bounded domain. Let vg € C®(Q,R), wg € C®(Q,R?),

and A € COO(Q,]R%Zi) be functions such that, with some constant dy > 0, we have:

3
1 _
Dy=A— (§w0 ® Vug + SymVuwo) = > ¢tk @, ¢k = do  in Q. (2.27)
k=1
Then, for any € > 0 there exist sequences {vg}52; C C®(2), and {wy}2, C C>®(Q,R?) such that:
lvo — villo < € for every value of k, vy, — v in CH(Q) and wyp — w in C*(Q,R?), where v and w
satisfy:
1
lvo —vlo <€ and §Vv ® Vv 4+ SymVw = A. (2.28)

Finally we state the C® result .

Theorem 2.4.4. Given a small constant 69 < 5.4 -10716, let Q C Qo C R? be open bounded
domains such that Q + Bas,(0) C Qfqt. Given three functions v € CQ(Qfat), w e CQ(Qfat,RQ), and
Ae Co’a(Qfat,Rgzgl) with a constant § € (0,1), assume:

1
Dy=A-— <2Vv ® Vv + Syme) o 0<IDolleoa;n,) < do < 1. (2.29)
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0 <a<mi lé
o < min o

Then functions v € C1%(Q), and w € CH*(Q, R?) can be found such that:
1
5% ® Vo +SymVw = A, and |[[v—0[coq) < 0.02d.

Before proving each of the intermediate theorems we show how Theorems 2.4.3 and 2.4.4 are
used to prove Theorem 2.4.2.
Having taken a sufficiently small € > 0, we will construct a sequence of functions vy € CH*(Q)

and wy, € CH¥(Q, R?) which converge in C1*“ sense to functions ¥ and w such that:
1 _
Ay = §V17 ®@ Vo4 SymVw in Q and |[|[v — vgllo < €.

To this end we look to apply Theorem 2.4.4, but we have no estimate on the initial deficit. To
account for the initial deficit being too large we will utilise the construction in Theorem 2.4.3.

We begin by choosing functions 0y € COO(Qfat), Wy € COO(Qfat,RQ) and Ay € COO(Qfat,Rg;ri)

such that:

€

37
_ 5o

140 = Aollco(e) < -

190 — volleo(q) + lwo — wolleo(ny <
(2.30)

This is done using the density of C* in C° and by finding appropriate smooth extensions of the
functions on Q¢4 Furthermore we may assume without loss of generality that (2.27) holds on Q4
by using the arbitrariness of A and wy. Next we apply the construction from the proof of Theorem
2.4.3.

Following the Theorem we construct sequences {v;}52; C C®(Q4t), and {w; }22; € C(Qgar, R?)
such that: |[v; — Dollco(q,,,) < 5- These sequences converge v; — v and w; — w in the C1(Qtat)
sense where v and w satisfy Ay = %Vv ® Vv + SymVw. This implies that the sequence of defects
defined by D; = /I(] — (%Vvi ® Vv; + Symei) converges to zero, and thus there exists a k > 1
such that the defect || Dillcoq,,,) < %-

We thus define 7, € COO(Qfat) and Wy € C"O(Qfat,]R2) to which we may apply Theorem 2.4.4

with the original Ag. We note that these functions satisfy the conditions of the Theorem as:
| _ 5 . g
HAO — §V’Uk ® Vg + SymekHCO(Q) < HAO — AHCO(Q) + HDkHCO(Qfat) < .

Thus we finally obtain v € C1*(Q2) and w € C1¥(Q, R?) which obey the desired equality, and such
that it holds:

_ 2e
”U — UOHCO(Q) <o+ E <€,
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if &g is taken small enough.

2.4.1 (! approximation

Proposition 2.4.5. Let v € C*(Q,R), w € C®(Q,R?) and A € C“(Q,R%Z?n) be such that, with

some constant d > 0, we have:
3
1 .
D:=A- (§Vv ® Vv + Syme) = Z Ok @ N, o >d in Q. (2.31)
k=1

Fiz e >0 and € > 0 such that:
£ < [[Dllo- (2.32)

Then, there exist © € C®°(,R), w € C°(€, R?) and a constant d > 0 such that:

3
- 1 ~ ~ ~ _
D= A~ (3Vi® Vi +SymVi) = S @m,  dp>d inQ, (2.33)
k=1
~ ~ ~ 1/2
IDlo<&  o-vlo<e o= wlo < Ce(|Vollo + D), (2.34)
IVe = Vol < CIDJ5?, [V = Vuwllo < C(IDIlg*1Vollo + 1D]lo). (2.35)

Proof. 1. We construct three intermediate fields vy and wy, £k = 1...3, between the given vy = v,
wog = w and the requested v3 = v, w3 = w. To this end, define smooth, positive functions
ap,: Q= R, k=1...3, and a constant § < % by:

§

5HD||0 = 57

ax(w)® = (1 - 0(x))pk (@),

so that: 0D =D — Zi:l aZng @ .

Given (v_1,wg_1) € C*®(Q, R3), the successive corrections vy and wy are now constructed by
applying Proposition 2.3.2 to v = vp_1, w = wi_1, @ = ai, 7 = N and an appropriate A = A\, > 1
determined below. Observe that:

D=A- (%w ® Vi + SymVu) = D + (%w ® Vo + SymVuw) — (%w ® Vo + SymVi)

3

3
1
=D — Z a%nk QN — Z <(§V0k ® Vi + Symek)
k=1 k=1

1
— (§VUk_1 ® Vug_1 + SymVwi_1 + aink & 77]<;)>

3
=0D - By,
k=1
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where (2.16) yields the following pointwise bound on the error quantities By

2 2
a[Vag| | ar|Vooral | [Val” Q, k=1...3. (2.36)

Byl < +
Bl < 27 AL T 2772)%

To prove positivity of the decomposition in (2.33), we set:

. 5d
d = = —
4|Dllo — 4

and use Lemma 2.1.8 to:

3 3
Z(cbk —0¢p)k @, = D — 0D = _EBZ' in Q.
k=1 i=1

Namely, by (2.31) it follows that:

¢k>5¢k—7‘ZB‘_

Ok >d inQ, k=1...3,

where the second inequality above is valid when:

£|B|< 5?’“ inQ, ik:1...3.

(2.37)

Note that the first estimate in (2.34) holds then as well, because:

£, 0 3
< _ .
D] 5|D\+\§j3} + \ﬂs‘bz S+SID =16 i ©

To ensure the validity of (2.37) we must thus request the following three conditions which may

be assured by choosing A; large enough:

v ves 2 B
5V3 il Vai| <% nd 5Y'3 aif V2viza| <9 nd 5‘[’W"2 <% mQ ik:1..3
8 21N 18 8 18 8 2m2\2 18
(2.38)

2. Observe that, by Lemma 2.1.8, we get:

3 3
Zaiﬁ\[ Za 1/2 (
i=1 i=1

Consequently, using (2.17), we obtain the second inequality in (2.34):

—5)Tr D)* < 31DV in Q. (2.39)

3
3|D|'/? o
—v < _— Q 2.4
|o v|_§ _7rm1n{)\k}<6 in Q, (2.40)
if only we assume that:
DIL2
A Zw fork=1...3 (2.41)



Note that (2.38) and Lemma 2.1.8 easily imply that:

[Va;| DIYV2 in O
< . Q. 2.42
T < fie < gD i (242)
Thus, by (2.39) and (2.18):
3 3 ]V ‘
> Vv — V| < § : di ) <7Dl 9,
i=1 i—1

1/2
/ . We also observe:

so that the first bound in (2.35) follows explicitly in: |[Vo — Vu|o < 7| D],
Vor] < Vol + 7|D)ly* inQ, k=1..3.

Using (2.41) and (2.39) again, we obtain the last inequality in (2.34):

a;
W — w|<z ; HVUz 1H0+

1/2
Fe +7)

||DH“2

1/2 /2y . ~
= mU’WHHSHDH ) < e(|Vollo + 8IDIIY?) in €,
k=1...3

whereas (2.42) is used to obtain the final bound in (2.35):

3
21V 111V a; 2a: V20, . .
Vi — V| <Y <2ai\wi_1|+a?+ [Vviz|[Vai| + 24i[ V7, 1’““'%")

— 2w\
12 2\Va,|(|Vollo + 7IDIIy%) + ailVas|  a;|V20;y
Z(zaz (19l + TIDI?) + a2 + I | Vv

< 71015 (IVollo + 7IDII5*) + 11][Dlo in 2,

where the last term in parentheses above is bounded by %HDHO by (2.38).
Proof of Theorem 2.4.3.

We will construct a sequence of approximations {vj};2, which converge in C' to the required
solution in (2.28). Starting with v, wg, we define recursively vy 1 € C'(Q,R) and w41 € C*(Q, R?)
by applying Proposition 2.4.5 to v = v, € C®(,R) and w = w; € C®(Q,R?), yielding the
corresponding defect D = A — (%Vvk ® Vo + SymVwy), with € = €, and £ = & which satisfy:

o0

S <e 251/2 <oo and & < |Dglo for all k. (2.43)
k=1

By construction, each Dy can be decomposed in the basis 71 ® 11, 72 ® 12, 1713 ® N3, with positive

coefficients by (2.33). By (2.34):

k k
ok = vollo <D v —vicallo <> e <, (2.44)
=1 =1
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while by (2.35) we get:

k+m k+m k+m

1/2 1/2

IVoktm — Vorllo < S Vo = Voiallo < Y IDially* < ¢ S ¢,
i=k+1 i=k+1 i=k+1

We thus see that the sequence {v;}?°, is Cauchy in C!, and consequently it converges to some
v € CYQ,R). By (2.44), the first statement of (2.28) follows. In particular, {|[Vog|o}32, is a

bounded sequence. Similarly we compute:

k+m k4+m
1/2
lwkrm —willo < Y IVw; — Vwisillo < C Y €1 (IVvictllo + 1Di-1lly®)
i=k+1 i=k+1
k+m
<C Z €i—1,
i=k+1
k+m k4+m
1/2 1/2
IVwkim — Vuglo < S Vi = Vg allo <€ > 1D;allg (Vi llo + 1D511l")
1=k+1 i=k+1
k+m
<oy ah
1=k+1

Therefore, {wy}3°, is Cauchy and hence it converges in C! to some w € C1(Q,R?). Finally:
1
|A = (Vv ® Vo + SymVuw)|o = lim ||[Dgllo =0,
2 k—o0

proving the second statement in (2.28) by (2.43).

2.4.2 (CY* convergence

Proposition 2.4.6. Let 2 C Q, C R? be open, bounded sets such that  + B.(0) C Q for some

0 < r < 1. Given three functions v € C?(%), w € C*(,R?), and A € CO’O‘(Qb,R%an) with a

constant B € (0,1), assume:
1
D=A- (2Vv ® Vo + Syme) ;0 <[ Dolleogq,) < do < 1. (2.45)
Then, taking two constants M, o > 0 which satisfy:
nn”zw )
M > max ||V ||C0 () HV ’w”co Qb)’ and o >1, (246)
there exist new functions 0 € C?(Q) and w € C*(Q, R?) such that:

1Dllese) = HA - (;Vﬁ ©OVo+ SyszD) HCO(Q)

DI [Pl

CO(p) CO(Qp)
————iﬂAmwmb+271m@WDmmm B

- 2O Allens ) + K~ IDleogay), (2:47)
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D
6= vl < 14~ 10712000

M
2.48
N IDlloay . 249
[0 — wlleoqy < 1.4-10 T(l + Vollcoq,)) + 12.6HDHCO(Qb)dzam(Qb).
1
198 = 0)leogey < 11 101D gy = C1ll Dl oy

1 1
IV (@ —w)lleoq) < 1.1-10%(L + [[Vulleo@) I Dl go o,y = C2(L + [IVUllco@) I Pl do g,y (2:49)

IV25lcorqy < 7.3+ 10°Mo® = C5Mo?,
(2.50)
V2@ ]lcogy < 9.5 - 10°(1 + [|Vollcoq,)) Mo® = Ca(1 + || Vvllcoq,)) Ma®.
Proof. The proof will proceed in three stages. We will begin with a mollification to control higher
derivatives, here the domain will be restricted from €2} to Q. Next we modify the w component
of the defect to ensure a positive decomposition of the defect into the desired basis. Finally three
consecutive steps of convex integration will be used to reduce the defect.
1. Mollification. Take ¢ as in (2.1) to be the standard mollifier. We may define the following
functions on the domain 2:

1Dl2s(e)
M

Finally we define ® = 2 — (%VU ® Vo + Syme). We use Lemma 2.1.4 to obtain the following

v=vxp, WwW=wxy, A=Axp, with [= < 1.
uniform error bounds.
o~ vllesay. [0 ~ wleey < 51D e,
190 = W)lleogey. V(0 — ) oy < 161D e,
126 — Allcogy < 1Pl Allcos )
IV Dllencey < V7D * @ilencay + 3 IV (Vox 1) © (Vo 01) = (V0 @ Vo) 1) eogey

(2.51)

The last inequality must be further developed for each value of m that will be needed in the proof:

1Dllcoy < 1Plleogey) + P IV0lZ0(0,) < 20Dlleo Qb),

3.1
VDo) < 7||D||CO(QI,) + 47 V20|30 g,y < 7-87|1D||c0(9b),

15.9 1
IV2Dlleooy < 2 I1Plleo(ay) + 33. 5IV?0l[Zoq,) < 49-43||D\|c0(9b

2

(2.52)
10
IV?Dleoy < S5 1Dlleoge,) + 462. 9*IIVZvIIco () < 672. 9l3 [Dlleo(e,)-
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The following approximations are used to bound the C? norm of v by the C2 norm of v, using
(2.2) and the definition of M and I:

11
IV20llco) < IV?v]|coq,) < 11D %

=1 ()

(2.53)
IV0lleo) < 71Vl @) V70lleoy) < 315 1Dllgo g,
Finally we may observe one last simple inequality stemming from the Lemma 2.1.4:
IV?0]lcoy < [[V2wlleoq,) < M. (2.54)

2. Modification and decomposition. The last manipulation that needs to be done before
we apply convex integration steps is to ensure that the deficit may be decomposed positively in the

desired basis. We use the last point of Lemma 2.1.8 to define:

V249 ..

4
(V2+ 2|

!/

o

1
— 1o — (| Dlleogen) + I1Plleogey) o <2Vn Vo + symw)  (255)

From this definition and using (2.51) we obtain:

Vo' — Viollcoiq) < 4.2 ([[Dllcoa,) + 1Dllco)) < 12.6]Dllco(n,) (256)

V0’ — VZ10||co(q) = 0.
Note that ®' — D is a constant matrix and therefore we have that ||V (D" —D)|coq) = 0 for
any value of m > 1. Furthermore this construction guarantees that when we decompose D' =

S Gk @ 7y, the we have that ¢y > (I[Dllcoay) + [1Pllco(e))/2. We want to find bounds on the

norms of the ap = v/¢r. Next we proceed to estimating derivatives of ag. Using the product rule

we obtain:
\Y
Vay = ﬂ,
2ay
V2a; = Vi  Vap ® Vakj
2ay ag
g, — V3¢k B V2¢)k ® Vag n Vair ® Var ® Vay, B ZSym(VQak & Vak)
T oan 2a3 a? ar
_ V3¢k B V2a, ® Vay, B 28ym(V2ak ® Vag)
B 2ay, Qg a '

The last equality was obtained by noting that:
V2ér = V%(a}) = 2V(arVag) = 2(Va @ Va + aV3ay).
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We may now calculate the desired estimates using the following useful inequalities:

1
D120, 53
a’”# and [V Gxllcoce) <f|\vm© leoge
IV ko) 5v3 IV [lcoe 1. 1
Va < < 6=IDIl? ,
| k:||0—2m1nxegak( Mo ~ 8v2 ||DHé{)2Q) = l” ||CO(Qb)
53 || V2D’ 36v/2||D 1 1
Hv2 || \/>H ||CO + || HCO Qb)§8887HDHQOQ
8\[ HDH1/2 l2HD||1/2 2 Co(Q
_ 5BV leoge 888 1/
IV3alo < 75— + 18V2—=||Dll o, §277563HDHCOQ :
8v2 HDHC()(Q l ) ()

We make note that the last inequality will be the main contributor to the necessity of a small
defect.

3. Iteration of convex integration. We define vg = v and wy = w’ and define recursively
v € C3(Q), wy, € C3(Q,R?) for k = 1,2,3. To obtain v;, and wy, we apply Proposition 2.3.3 to vp_1
and wy_1. We apply the Proposition with a; from the decomposition of ®’ into the basis defined

by the usual 7. Lastly, we need to define the parameters:

l 1 1
<1, M= — >,
lev1 I

and the nondecreasing parameters d; with the choice:

m m+1 m m
(5]_ = 7211231)7{2 {l ||v + UHCO(Q)} + mzo.ljléfik):(:L“g {l ||V CLkHCO(Q)} . (257)

We will end the construction by setting © = v3 and @ = ws, and claiming that these satisfy the
necessary error bounds. First we must check that the assumptions of the Proposition hold at every
step. The condition that I, € (0,1) is easily verified as | < 1 and ¢ > 1. Next we observe that
™| Vol < 3.1 D)2 and I™ |ag|lm < 2775|| D], from which we obtain that &, < 2779|D||2 < 1 if
dp was taken small enough. The first condition in (2.20) is clearly satisfied for all k& by the definition
(2.57) given that [ > l. Furthermore, by induction on k and using (2.22), we obtain:

IV ugllco) < IV ok-1lleoy + IV (0r = vh-1)leo () < % + 24™ LM Am

k
m—+1,.m
<5k1+24 ™ Ok+1

— m - m
i 4

VYm,k=1,2.

The last inequality is obtained with the appropriate choice of 0;11 = (124)dj, for each k. This gives
us the last condition that &y < (2780(124)?)~2 < 5.4 - 10716 must hold to ensure that each & < 1.
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To prove the estimates in (2.49) and (2.50) we first note the following useful inequalities:

At A=) Ag=—

_c o i
-2
1
01 < 2778.7|| Dl o, )
1
02 < 2778.7(124)[| Dl|Zo

1
85 < 2778.7(124)%| D) 3o g, -

Using these estimates for the §; and A\, we first calculate some useful bounds:

L+ [[Vugllo < 14 [[Vvlleoq) + [[Vv = Vuglleoq)
<1+ [ Volleogy + 1Dl < (142321075 (1 + [Volleoay).
L+ [[Voilleo) < 1+ [IVlleoy + IV = Vo |leoqy + Vo — Vuileoq)
<1+ [Volleogqy + 1Dl 2oy, + 2451 < (L46.5-1077) (1 + [Volleogy),
L+ [[Vuzlleo) < 1+ [[Volleoq) + Vv = Vg |leoq) + [[Voo — Vuilleoqy + [Vor — Vozleoq)

1
<1+ |[Volleo) + D130, + 2:451 + 2485 < (148.1-107)(1 + ||Vl ooy
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Using these we may next evaluate:

3 3
) [ 1 1<K 6,
19— vlleogy < [lo = vlleogq) + Z lvi = vi-tlleot) < 51Dlgogq,) + — Z; N
1=
13710444.1
—7 IPlleoen),
3
1 — wlleogy < [l = wlleoey + [0 = W lleoy + D llwi — wii[leoge)

1
< 13710444.11] D| 2o

IN

i=1
10
k
<5 ||D||co )+ 12, 6HD||CO diam() ﬁsz + [ Vor—tlleoey)
=1
1
< 13820610. 3l||D||CO a1+ [vlleog@y)) + 126D 2o g, diam($%)

13820610.3
M

V(& —v)llco) < [V(0 —v)lleoq) + Z [V (vi = vi-1)lleo()

IN

||D\|c0(n,, (1+ [lvllcony,)) +12. 6||D||c0 ydiam($d),

1 3 1
IDIlgo g, + D 245, < 103374310.3|| Do,
=1

IN

3
V(@ — w)lleogey < 11V (w = w)lleo) + V(0 =) leora) + D 11V (wi — wi-1)lleooy
i=1

IN

I\Dllco +126||DHC0(Q +2245k L+ [[Vor-illeo)

IN

104204955.9”1)”50 J(1+ [[v]leog))s

IV20]lcoq) < IV?0llcoa +Z IV2 (v = vi1)lleooy

3

1 1
1=1

3
< 3M +16.9) 2778.7(124)" ' Mo* < 727927426.1M0®,
=1

V2@ coq) < [V2w]leoga) + V2 (w = ) leo e +Z||V2 wi — wi-1)lleo(e)

<M+= HDHCO ) +21. 925m + (| Vor_1llco)
=1

< 3M + 21.9(1 + HU”CO(Qb))(él)‘l(l +2.32- 10_8> + (52A2(1 +6.5 - 10_5) + (53/\3(1 +8.1- 10_3))
< 3Mo® + 950870098.5(1 + [|v[|co(q,)) Mo®

< 950870101.5M 0> (1 + [|v]lco(a,))
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We may finally compute the constant in (2.47). The calculation starts by noting:
N 1 1
D=A-A+2 + (§W0 ® Vg + SymVuwg) — (§Vv3 ® Vg + SymVws)
1 1
=A-2A— Z ((§Vvk ® Vg + Symek) — (§Vvk_1 ® Vug_1 + SymVwg_1 + agpni ® nk))
k=1
Which gives:

52
IDllcoey < IIA - Q[“CO(Q)"i‘ZW SWA

31
< 1P| Alleos(y) + I Dlleo(e,) (2780%(1 + 1237 4 123%))
P [ ,
T Allosa,) + 1.8+ 10 *||D||CO (@)

Proof of Theorem 2.4.4. The desired exact solution will be obtained by constructing a sequence
of approximations by the recursive application of stages of convex integration. These sequences
will be shown to converge in the Ch® sense to the desired solution. The proof is divided in four
sections: in the first the recursive sequence will be defined. In the second we show that the base
case of the sequence satisfies the necessary properties. In the third we justify the recursive step.
In the fourth we will show that the defect of this sequence converges to zero and that the sequence
actually converges in Ch®.

1. The recursive construction. Consider the sequence of sets defined recursively by Q¢ =
Qg with Qp = Q1 \ (Qi_l —I—Ba% (0)) Clearly 2 C Qy for all values of k and thus Q will lie inside
the intersection of the family Qk.QSet vo = v and wy = w defined on the set Qg. Given v;, € C%(Qy),
wy € C?(,, R?) and the restriction of A onto Qy, define vyy1 € C?(Qpy1) and wyy1 € C?(Qpy1, R?)
by applying Proposition 2.4.6 taking Q = Qp, Q = Q1. We need to define the constants o} and
M, as in the Proposition. To do so we must define the constant s € (0, 1), which must satisfy the

two following inequalities:

6 i1e"

< — s>
SS9 p T 1 a4

= «a(6+s)—s<0. (2.58)

The last inequality will be crucial in the proof of convergence.
We choose the values of o in such a way that they form an increasing sequence converging to

a value omaz-

16
082 5 Oma 2 3.6-10% = 2K, 07,507 > 0F, (2.59)
where:
Cs5 =2.1-10%(1 + | V|lco(qy))- (2.60)
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We will prove that the sequence o = oynq, for all £ > 0 will guarantee that the inductive hypothesis
are satisfied. We however note that lower values of o may be chosen if the sequence of functions
they generate still satisfy the inductive hypothesis at every stage. We do however have to guarantee

that o — omaee to ensure convergence of the sequence of functions. Next define:

1_1

1

s 1
‘ N27 0haz | All 5 D% E i |Allcos o # O,

My, = MoCE [ o3, with My = co.8(00) 17 lleo () €05 (2)
= N i | All o5 () # 0

(2.61)

Here we take IV > 1 to be some arbitrarily large constant.

We define the intermediate defects on the appropriate €2 as:
1
Dp=A— (§Vvk ® Vi + Symek).
In the next sections we will prove by induction the following inequalities:

1/2
2k+1HDkHC{)(Qk) |
0o ’

M}, > max ( |v2vk||C0(Qk)7 HVQ’lUk;”CO(Qk), 1), Vk >0 (2.62)

The following will be shown for all k£ > 1:

[ Dollco ()

: 2.63)
= (
[T~ o3

[ Dkllcoa,) <

k—1lleo@,_1)
My ’

k-1lleo(, )
My

|1D
ok — ve—1llco(a,) < 1.4+ 107

1D
[y, = wi—1]leogy) < 14107 (1 + IVuk-1llcog,_y)) (2.64)

1
+12.6[| Dy—1 ||50(Qk_1)dia’m(9k—l)'

1
IV (v = ve-1)lleoiy) < CrllDe-alléoq, )

1
IV (wi — wr—1)lleo(ey) < Co(1 + [[Vor-illeo, ) I Pr-1llgogo, ,)> (2:65)
Cs = 2.1-10%(1 + | Vo|lo(qy)) > max {03,04(1 + ||wk||como))} VE>0.  (2.66)

IV20rlleo () < CsMy—103_y < CsMy—103_y = My, (267
IVwilleogay) < Ca(l+ IVve—illeoy 1)) Mi-10i_1 < CsMy_10},_1 = M.
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Note that these conditions are not enough to guarantee the hypothesis of Proposition 2.4.6 at
every stage. The condition ||Dgllco(q,) > 0 still needs to be considered. We will simply assume

that it holds at every stage as if it does not we have v;, € C?(Q) and wy, € C?(€2,R?) which satisfy:
1
A= §V’U]g ® Vu + SymVwy.

This implies that the Theorem is proven and the recursive construction need not be continued.

2. The base case. To guarantee the k = 0 case of (2.62) it suffices to take N large enough.
To prove (2.63) we note that we may apply Proposition 2.4.6 to vy, wo and A as by definition they
satisfy the Proposition’s hypothesis. Furthermore My has also been shown to satisfy the hypothesis.

It remains to show that there exists oy < 0,4 Which guarantees the inequality. We have:

B/2-1

D1 lleoan _ MAllcos )l Dolleog,) !
0 D =vY0 B + ]. s’
[ Dollco (o) M o9

We ask that each of the terms be less than % By taking 01 = 0mqs the second term is verified.

For the first term we note that if [|Al[co.s () = 0 it is zero, otherwise:

||A||c0ﬂ(QO)||Do||co 1 o5 1
< — < —.
Mﬁ T 2N o3, T 2

Next we note that (2.64), (2.65) and the first inequalities in (2.67) also follow from the application
of the Proposition. The second inequalities of (2.67) follow from (2.66) with £ = 0 which is satisfied
as 2.1-10% > C3,Cy. The last equalities follow from the definition of Mj,.

3. The inductive step. Assume that (2.66), (2.62) and (2.63) hold for a value k. Then we

have that:
7’6

1
Vi [ All¢o.6(00) + K;kHDkHCO(Qk),
k

[1Dks1lleo(y,y) <

And thus using the inductive hypothesis we have that:

Dkl 5, 1
[ Dr+1lleop, ) < T’fHAHco,B(QO) +K;k\|Dk||CO(Qk)
T LU RS
5 Hk 1 5+3ﬁ 2N Ufnax () Ok Hf:% O';
From this we evaluate:
ot H N Drslleoy, ) 1 1 Lo K _|
% [Dollcoeyy  — CFF [Tl o s5+36-52N 05,00 0L T
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Similarly to the base case, this holds for o = g4, although lower values of ¢ might also satisfy
the hypothesis.

Next we consider:

1/2 1/2 1/2
2L Dl by 2D b,y 2Dk,
= Mg > C50'k > .

do o do

Thus from the construction of Proposition 2.4.6 we obtain (2.64), (2.65) and the first inequalities

My >

of (2.67). We may also compute:

PR
L+ [Vorlleoy < 1+ Vool + €105 > ]

k .
1
- < 1+ [Voolevgay + Codd 3 (5)
j=01i=1 0} j=0

1. X/ 3\s
< 1+ [ Voolleoga) +C168 > <1> < (1+2.2C1) (14 [ Vuolleogay)) < 2.1+ 1051+ ||V ool coa))-
=0

This concludes the proof of (2.67) and (2.66).

3. Convergence. All that is left to see is that the sequence of functions actually converges to
a solution in the desired space.

We need to show that the sequences {v} and {wy} are Cauchy in C1*(£2). We begin by showing

that the sequences converge in C°. Using (2.64) we write:

[1Pn-1lleog, 1)

o0
< 13710444.150 » €5 < 0.21d.
n=0

v — o < 137104452

n

1
To show convergence of wy, Vv and Vwy, we only need to show summability of ||DkH50(Qk):

2 1Dl < Z;H - <6 23(4) < 48.
1= = =0 7=

Finally we must compute ||V (vg41 — 'Uk)”c(),a(gk+1) and ||V (wg41 —wg) |l co.e(q,,,)- We note that
being supremum norms the norm taken over a smaller set will be smaller than the norm taken on
a larger one. If we can prove that these sequences of norms are summable we will have the desired
convergence. The fact that the limit is the desired solution is given by the fact that the defect
converges to zero thanks to (2.63).

We will use Lemma 2.1.2 to evaluate the norms:

1 -« a
19 whs1 = v leony < 2(C1lDilogay ) (chwz)

1—a
S 20%_QC?C§Q||DO||C()2(QO) k T s—as (!é H UsaMO

j=19;
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and:

1
IV (@i = wi)lleom (@) < 201+ [ Voklleogany) (2l Delloge,) )

“ <C4Mk02> “

k
_ l-a 2
< 2(1+ |[Vorlleng,)) G~ CFCE 1 Dolleiy) | —— ok [T o] M5

2
j=19;

b6atas—s s

3
< 2R, Mg’ mozmHo :

With constants:
1—
<y MO mazC 0403 ”DOHCO

R = M35, 035 | Doll i, (1+HVUO||CO (@) +24-1077).

6at+as—s
t 2

Both these sequences converge to zero as geometric series if the exponen is negative

and the values of oy increase to become larger that C¢. For any value o < max{7, 2} there
exists s < 1 and s < % such that the exponent is indeed less that zero. Thus these sequences
are summable, and thus the functions are Cauchy in C%® and therefore converge. Thus we have a
converging sequence of functions with defect decreasing to zero which implies that the limit u, w
of these sequences are C'® function which solve the very weak formulation of the Monge-Ampére

equation.

% where K is ne number of steps

Note that the exponent % may be written as

of convex integration in every stage. If there were only two steps, a could be pushed to %

2.5 NUMERICAL RESULTS AND VISUALIZATION

In this section we discuss how the theoretical results were used to construct numerical approxi-
mations of stages of convex integration. In certain cases we were able to obtain interesting visu-
alizations of anomalous solutions to the Monge-Ampére equation. This section is articulated in
two parts, in the first we implement Proposition 2.4.5 and in the second we implement Proposition

2.4.6.

2.5.1 (! stage visualization

In this section we consider two examples. In case study (i) we consider the Monge-Ampére equation

with f(z,y) = 1 and we approximate the non-convex function vo(x,y) = 22 — y2. In case study (i7)
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we will have f(x,y) = —1 and approximate the convex function vg(z,y) = 22 + y2. In both cases
the domain is taken to be 2 = (—0.5,0.5) x (—0.5,0.5). We then look to approximate these initial
functions with solutions v such that [[v — vg|lg < € with e = 0.2. To this end we ask that at the
k—th stage we have that |0 — v]jp < %. This means that in the first stage which we will simulate
we ask [|[v1 — vgllo < 0.1.

In each of the examples we construct three corrugations. MatLab was used to perform the
necessary computations. All calculations were performed by evaluating functions on fine meshed
grids. For the first two corrugations we used a mesh with step size h = 0.001, but for the third
corrugation it was necessary to consider a mesh with step size h = 0.0001. These step sizes
were chosen because we required h < O.li to obtain smooth visualizations and to obtain precise
numerical derivatives. The derivatives were evaluated numerically using the following formula:

af 2

6x($’ )= m(f(:x—?h, )= 8f(x —h,:)+8f(x+h,-) — f(z+ 2h,)) +O(R®).

The initial auxiliary function wg, and matrix A were chosen in both examples in such a way

that the defect:
D=A-— (Vvo ® Vg + Symeo),

may be decomposed as in Lemma 2.1.8:

3

D=> ¢um@m with ¢ >04 Vk=1,23.
=1

In the construction from Proposition 2.4.5 we take § = 0.5 to guarantee that the defect will decrease

by a factor of %. We begin the construction by defining ax = 4/ %’“, and the quantities:
1 1 )
B = §V11k ® Vg + SymVwyg — <§Vvk_1 ® Vug_1 + SymVwg_1 + apni @ nk).

To guarantee the correctness of the construction these By will need to satisfy the following condi-

tions:
1 D]lo
12’

8
and |By| < ——(¢; —0.1) inQ Vi=1,23. 2.68
| B| 15\/§(¢ ) (2.68)

The first of these conditions will guarantee that:

[ Billo <

3
- 1 3
IDllo < 511Dllo + > 1Bl < 21Plo-
i=1
The second condition guarantees that D may be decomposed with ¢ > d = 0.1.

89



The condition ||us — vp|lp < 0.1 is in fact satisfied for very small values of A, and the condition
on the gradients is disregarded for the purposes of this visualization as it contains an arbitrarily
large constant C.

The choice of the values of Ay was done in the following way. We used (2.16) to choose an upper
bound on the Ay which would guarantee (2.68). For the A\; and Ao we then reduced the values
and evaluated the By until we found the smallest values which satisfied (2.68). In the case of A3
we used the values obtained theoretically as we only ran the calculations on a smaller domain and

could not justify the smaller values of A3 from a theoretical point of view.

Example 2.5.1. We approzimate the function vo(x,y) = x> — y* with a solution v to:
Det Vo = 1.

We choose wo(z,y) = (xy?, 2%y) to ensure that the defect is diagonal, and take:

x2+y2
4

A(z,y) = (c — )Idg

where ¢ = 5 is chosen to make the defect positive definite. We then obtain:

2x y?  2xy
VUO(xa y) = ) va(xa y) = )

—2y 2ry  a?
1 222 + 92 0
§Vv0(x, y) ® Vug(z,y) + SymVwg(z,y) =

0 x? + 2y?
and the defect takes the form:
5 _ 9x2+5y2 O
_ 4
D(xay) - 0 5 B 5:621-91,/2

The original function vy and the two subsequent corrugations are shown in Figure 10. Next we
show a more detailed picture of the second corrugation in Figure 11; the red area is the area on

which we applied the third corrugation shown in Figure 12.
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(a) The function vy on € (b) One corrugation

(¢) Two corrugations

Figure 10: Construction in Example 2.5.1
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-05 -0.5

Figure 11: Two corrugations in Example 2.5.1: the red detail is shown in Figure 12

92



)

0.48

Figure 12: Detail of the three corrugations in Example 2.5.1

Example 2.5.2. We approzimate the function vo(x,y) = 2 + y* with a solution v to:
Det Vv = —1.

In this example we chose wo(z,y) = (—xy?, —2%y) to ensure that the defect is diagonal and take:

A(z,y) = (c+ %ﬁ)[dg, where ¢ = 5 is chosen to make the defect positive definite, namely:

5 _ 7z213y2 0
D(z,y) = :

0 5 4 3229

We plot three images starting from vy and subsequently adding the first and the second corrugation
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in Figure 13. As before, we provide a more detailed picture of the second and third corrugations in

Figures 14 and 15.

(a) Original function vg (b) One corrugation

(¢) Two corrugations

Figure 13: Construction in Example 2.5.2
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Figure 14: Two corrugations in Figure 13; the red detail shown in Figure 15
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0.48

Figure 15: Detail of the three corrugations in Example 2.5.2

We conclude the discussion with a table listing some of the numerical results and implementation
choices. The values of {\;} are obtained experimentally. The value ||[v—vg||o gives an upper estimate
of the uniform distance of the function obtained through three steps of convex integration. The
value (||Billo + [[Bzllo)/[|P]lo needs to be below % as it does not take the third corrugation into
account. The contribution of the last corrugation is guaranteed to be less than % || Dl|o through the
a priori estimates. Lastly, min ¢, are the minimum of each of the coefficients in €2, in the defect
after two corrugations. The a priori estimates once again guarantee that the third step will not

make these less than the % value required.
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Example 2.5.1 | Example 2.5.2
f(z,y) 1 -1
vo(z,y) a? —y? 2? + y?
wo(z,y) (zy*,ya?) | (—ay? —ya?)
A1 ) )
A2 50 57
A3 1000 1100
v = oo 0.0995 0.999
(|1 B1llo + | B21l0)/ID]lo 0.1339 0.1246
min ¢ 0.79 0.94
min ¢o 1.14 1.29
min ¢3 1.14 1.28

Table 3: Examples 1, 2 of the C' approximation

2.5.2 CL* stage numerics

Visualizations relevant to the C® construction are much harder to obtain. The main difficulties
come from the smallness of the values in play, and the fact that the ratio o between the frequency
of subsequent corrugation is by necessity very large. The first problem was solved through the use
of the Python package mpmath [17] which allows the user to define floating point arithmetics up

to an arbitrary precision.

The approach taken in studying this problem numerically was significantly different from the
case of C! convergence. In each of the examples the problem was solved explicitly through symbolic
calculations. This was done by defining symbolic variables and parameters in MatLab and defining
functions of these variables. MatLab is capable of evaluating the derivatives of the functions
involved in the calculations. The only calculation which could not be done symbolically was the
mollification step at the beginning of the calculation. This step was therefore omitted from the
computations. The justification for this choice is twofold. Firstly, standard mollifiers are well

studied and their theory is well established, and this work does not add to the theory but merely
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Test 1D |lo llvsllo [Vwslo
1 |064-107|0.114-1072 | 0.53-1078
2 | 0.57-1071 | 0.118-10723 | 0.58 - 1078
3 10.62-107'" | 0.119-107% | 0.54- 1078
4 |0.61-107" ] 0.115-10723 | 0.49-1078
5 10.66-1071 | 0.119-10723 | 0.54-1078
6 |0.70-107'" | 0.116-10"% | 0.56 - 1078
7 1065-1071 | 0.104-1072 | 0.62-1078
8 |0.61-107 | 0.118-10723 | 0.67-1078
9 |0.61-107'" | 0.111-107* | 0.50-1078
10 | 0.58-107'" | 0.108-107% | 0.76 - 1078

Table 4: Repetition of tests

uses them as a tool. Secondly, the functions studied are very smooth, and the inequalities defined

in Lemma 2.1.4 thus provide very bad estimations.

Once the symbolic calculations are computed through MatLab, the symbolic functions are saved
in text files. These text files are modified through a script to make the syntax compatible with
the mpmath package. Then the functions were sampled at 1000 randomly selected points on the
square domain (—1,1) x (—1,1), and the maximum value attained by each function was recorded.
The main purpose of these calculations was to study how the results of convex integration varied
by changing the value of 0. We argue that the maximum sample value, while not being the exact
supremum of these functions on the domain, is a good approximation of the order of magnitude. In
fact when the process was repeated over different sets of 1000 randomly selected points the variation
in the values obtained was negligible when considering the order of magnitude as illustrated in the
table below.

In this table we show the results of running our code 10 times on the same example with the
same parameters, the only change was the choice of the 1000 random points. In each test we
evaluated the maximum defect recorded, the maximum value of v and the maximum gradient of

w. As can be seen the order of magnitude of all these functions remains the same. Similar results
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were obtained with different examples, functions and parameters, but are omitted as they do not

add particular insight.
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We may now begin discussing the three examples used in this section:

Example 2.5.3. In this example we considered f(x,y) = —1071% < 0 and functions vo = 0 and
wo = (0,0). This results in the matriz A = —10718(2% + y?)Idy which is the actual original defect.
The initial defect in the domain Q = (—1,1) x (—1,1) is thus bounded by | D||o = —107'8y/2. When
we evaluated the defect for o = 35 we obtained a new defect of || Dsllo ~ 9.7-107. Below we show

a visualization of v on the subdomain [1 — 10719 1] x [1 — 10719 1]

107(-27)

~107(-27)

1-107(-19)

1

1-107(-19)

Figure 16: Visualization from Example 2.5.3
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Example 2.5.4. In this exzample we considered f(x,y) = 107 > 0 and functions vo = 0 and
wo = (0,0). This results in the matriz A = 107 (2? + y?)Idy which is the actual original defect.
The initial defect in the domain Q = (—1,1) x (=1,1) is thus bounded by || D||o = 10718\/2. When
we evaluated the defect for o = 35 we obtained a new defect of || Dsllo ~ 9.1-107. Below we show

a visualization of v on the subdomain [1 —10719,1] x [1 — 10719 1]

1-107(-19)

Figure 17: Visualization from Example 2.5.4
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Example 2.5.5. In this example we considered f(x,y) = 0 with matric A = 0 and functions
vo = 1072(22 + y?) and wo = (0,0). The initial defect in the domain = (—=1,1) x (—1,1) is thus
given by:

222 2y

D=10"18 with: || Do =4-10718.

2ry  2y°
When we evaluated the defect for o = 35 we obtained a new defect of | Dsllo ~ 9.5- 10719, Below

we show a visualization of v on the subdomain [1 — 107 1] x [1 — 10719 1]

ﬂm( )+107(-16)*1.245

2*¥10"(99)+107(-16)*1.244
2*107~(P)+107(-16)*1.243

2*¥107(P)+107(-16)*1.242

‘ 2*¥107(8)+107(-16)*1.241

1-107(-19)

1

1-107(-19)

Figure 18: Visualization from Example 2.5.5

As we can see each of these examples satisfies the conditions of Proposition 2.4.6. In each of the
examples a value of A\; = 10" was chosen and sigma was increased exponentially from 10! ...106
which covers the orders of magnitude between the theoretical minimum of ¢ and 0,4, We then
applied the modification of w and three steps of convex integration and evaluated the maximum of
the new defect, the norm of v, it’s gradient and Hessian and did the same for w.

The tables we see confirm the expectations from the theory. The defect decreases with o, the

gradients are indifferent of the choice of sigma and the Hessians increase significantly with sigma.
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2.6 OPEN QUESTIONS AND FUTURE RESEARCH

In the context of the Monge-Ampeére equation, the next step concerns a possibility of increasing
the Holder exponent. A result might be forthcoming which will increase the threshold exponent to
% as in the case of the isometric immersion [6]. The construction would be fairly similar to the one
presented in [15]. The main change would be in the modification step in the stage construction.

Instead of the current choice of w’, the choice should be made in such a way as to make the defect

have rank 2 or 1. This will be done according to the following schema. Given the defect:
D=A- (Vv ® Vv + Syme)7

one chooses v/ = w + w such that:

D —SymVw = D,

where:

Il
>

D = gId or D
The first case is justified by taking:
g such that Ag = curl curlD, h such that dyh = curl curlD.
In both cases we have that:
curl curl(D — gId) = curl curl(D — hn; ® ;) = 0.

Thus ensuring that an appropriate w exists. This reasoning would have to be formalised, and
estimates on the norms of w should be worked out to verify that this construction works.

On the numerical side, it would be interesting to study subsequent stages of convex integra-
tion. There are two approaches which could be taken, symbolic and numerical calculations. The
numerical calculations would have to be defined on decreasing domains as stages progress, and thus
would lose the global nature of the results. The symbolic approach quickly becomes very complex,
and the evaluation of functions very slow. By approaching the problem through random sampling,

however, one can still obtain some convincing global estimates.
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o Example 2.5.3 | Example 2.5.4 | Example 2.5.5
10! | 0.332-107'7 | 0.393-107'7 | 0.327-10"%7
102 | 0.316-107'® | 0.364-10""® | 0.319.10"'8
103 | 0.318-107" | 0.376-10"1 | 0.332-10"%
10* | 0.318-1072° | 0.396-10"2° | 0.318-10"%0
10° | 0.320-1072' | 0.401-1072' | 0.316-10"2!
10 | 0.336-10722 | 0.400-10"%22 | 0.325-1022
107 | 0.326-1072% | 0.375-1072% | 0.330 10723
108 | 0.332-1072* | 0.367-1072* | 0.335-10724
109 | 0.329-1072% | 0.366-10"% | 0.329-10"2°
100 | 0.328-10726 | 0.382-10726 | 0.339.1026
10" | 0.338-10727 | 0.399-10"27 | 0.326-10"%7
102 | 0.329-1072% | 0.371-107% | 0.327-10%8
10" | 0.317-1072 | 0.396-10"2° | 0.333-10"%
10| 0.320-107%° | 0.388-1073° | 0.325.10730
10 | 0.311-1073" | 0.384-1073! | 0.336-1073!
1016 | 0.324-10732 | 0.366-10732 | 0.321-1032

Table 5: Values of the defect || Ds]|o
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o Example 2.5.3 | Example 2.5.4 | Example 2.5.5

10! 0.941 - 1078 0.101- 1077 0.106 - 10~ 7

102 0.937-10°% 0.105- 1077 0.102- 1077

103 0.920- 1078 0.102-1077 0.102-10°7

10* 0.936 - 108 0.994-10~8 0.104 - 1077

10° 0.953-10~8 0.101-10~7 0.104 - 1077

106 0.935-10°8 0.101-1077 0.105- 1077

107 0.946 - 10~ 0.102- 1077 0.103- 1077

108 0.936 - 108 0.101-10~7 0.103- 1077

109 0.942 - 108 0.100- 1077 0.104 - 107

1010 | 0.934-10°8 0.101- 1077 0.101 - 1077

101 | 0.931-10°8 0.102- 1077 0.103-10~7

102 | 0.926-10"% 0.101-10~7 0.104 - 1077

1013 | 0.939-1078 0.102- 1077 0.104 - 1077

10 | 0.940-10°8 0.995 - 108 0.103 - 107

10 | 0.945-10°8 0.986 - 108 0.102- 1077

101 | 0.920-10°8 0.103-10~7 0.104 - 1077

Table 6: Values of the defect |[Vus|o
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o Example 2.5.3 | Example 2.5.4 | Example 2.5.5

101 | 0.730-10716 0.432 - 10716 0.844 - 1016

102 | 0.728-10716 0.445 - 1016 0.857-1016

103 | 0.687-10716 0.430 - 10716 0.813-10°16

10* | 0.712-10716 0.458 - 1016 0.835-1016

105 | 0.754-10716 0.424 - 10716 0.848 - 1016

106 | 0.727-10716 0.422 - 10716 0.873-1016

107 | 0.716-10716 0.444 - 10716 0.773-1016

108 | 0.723-10°16 0.444 - 10716 0.859 - 1016

109 | 0.727-10716 0.420 - 10716 0.833.1016

1010 | 0.721-10716 0.431-10716 0.752 - 1016

10t | 0.698-10716 0.478 - 10716 0.808 - 1016

102 | 0.672-10716 0.431-1016 0.843 - 1016

1083 | 0.692-10716 0.449 - 10~16 0.785 - 1016

10 | 0.733-10°16 0.414-10716 0.789 - 1016

10 | 0.739-10716 0.430 - 10716 0.800 - 10716

106 | 0.687-10716 0.442 - 10716 0.779 - 1016

Table 7: Values of the defect ||[Vwsl|o
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o Example 2.5.3 | Example 2.5.4 | Example 2.5.5
10! 3.37-10% 3.05-10'3 3.26-10'
102 3.30 - 10'° 3.00 - 1015 3.22-101
103 3.27- 1017 2.98 - 1017 3.28 - 1017
104 3.26 - 1019 2.98 - 101 3.27- 101
10° 3.27 - 102! 2.99 - 102! 3.29 - 102!
106 3.25-10% 2.99 - 10% 3.27-10%3
107 3.28 - 10%° 2.99 - 10%° 3.23-10%
108 3.21-10%7 2.99 - 1077 3.28 - 1077
10° 3.26 - 10% 2.98 - 10% 3.28 - 10%°
1010 3.30 - 103! 2.99 - 103! 3.30 - 103!
10! 3.25- 1033 2.99 - 1033 3.23.10%3
102 3.28 - 103 2.99 - 103 3.24 - 10%
10%3 3.23 - 1037 2.99 - 1037 3.25 - 1037
10 3.26 - 10%? 2.98 -10% 3.25-10%
10%° 3.25 - 104 2.99 - 104 3.27 - 104
106 3.29 - 10%3 2.98 - 103 3.20 - 10%3

Table 8: Values of the defect ||V2vs]|o
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o Example 2.5.3 | Example 2.5.4 | Example 2.5.5
10" 3.11-10° 2.80 - 10° 2.12-10°
102 3.12-107 2.82-107 2.05 - 107
103 3.20 - 10° 2.87-10° 2.23-10°
10* 3.17- 101 2.60 - 10! 2.18 - 10!
10° 3.12-1013 2.85-1013 2.15-10"3
106 3.18 - 101 2.80 - 1015 2.08 - 101°
107 3.12- 107 2.79 - 1017 2.18 - 1017
108 3.17 - 10 2.73 .10 2.18-10%
10° 3.27-10% 2.74 -10% 2.18 - 10%!
100 3.31-10%3 2.75-10%3 2.10 - 10?3
10t 3.21-10% 2.65 - 10%° 2.13-10%
10%2 3.25 - 1027 2.69 - 10%7 2.19 - 10%7
103 3.10 - 10%° 2.79 - 10%° 2.08 - 10%°
10 3.08 - 103! 2.71 - 103! 2.21 - 103!
10%° 3.29 - 1033 2.79 - 1033 2.20 - 1033
106 3.39 - 10% 2.72-10% 2.22-10%

Table 9: Values of the defect ||V2ws]|o
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