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Abstract 

On the Application of Highly Nonlinear Solitary Waves for Nondestructive Evaluation 

 

Amir Nasrollahi, PhD 

 

University of Pittsburgh, 2018 

 

 

 

 

Highly nonlinear solitary waves (HNSWs) are compact nondispersive waves that can form and 

propagate in slightly compacted 1D chains of identical particles. Such a 1D chain is a 

heterogeneous lattice, which holds nonlinearity due to geometry and periodicity. Depending on 

the dynamic excitation, the particles support linear, weakly nonlinear, or highly nonlinear waves. 

The latter are triggered when the excitation generates a dynamic force much higher than the initial 

precompression. 

Over the last decade, there has been a great effort to use HNSWs in engineering applications 

such as shock absorbers, energy harvesting, and nondestructive evaluation (NDE). For NDE 

application, many examples available in the literature show that the stiffness of the 

material/structure in contact with a chain of particles, where HNSWs are generated, affects the 

number, amplitude, and arrival time of the solitary waves. 

In this dissertation, the dynamic interaction between HNSW and structure is investigated for 

three NDE applications: (1) determination of the elastic modulus and ultimate strength of concrete 

material, (2) measurement of the internal pressure and bouncing characteristics of tennis balls, and 

(3) estimation of axial stress in beams and continuous welded rails (CWRs). In the concrete 

application, the aim is to study the effect of water-to-cement ratio on the entire mix and on the 

surface of fresh concrete (simulating the undesirable water added to the fresh concrete by rain) on 

the solitary wave features. An experimental setup including seven solitary wave transducers and a 
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numerical analysis simulating concrete samples as semi-infinite material is conducted to prove the 

feasibility and accuracy of the proposed HNSW method. 
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1.0 Introduction 

Metamaterials are assemblies of multiple unit cells fashioned from conventional materials and 

constructed into repeating patterns. Metamaterials derive their properties not from the 

compositional properties of the cell, but from their exactingly-designed structure [1, 2]. They are 

increasingly proposed in many applications [1-11] including acoustics (see the excellent review 

[2]), nondestructive testing (NDT) [12-22], energy harvesting [23-27], and lensing [28-31], just to 

name a few.  

One example of metamaterial is a closely packed 1-D chain of elastically interacting particles 

[32-37] which supports the formation and propagation of highly nonlinear solitary waves 

(HNSWs), which are compact waves fundamentally different from those waves typically 

encountered in acoustics and ultrasound. Those waves are linear and characterized by having a 

return force linearly dependent on the displacement. HNSWs are instead nonlinear; for instance, 

in chains of spherical particles the return force F is nonlinearly proportional to the displacement 

from equilibrium according to the Hertz’s law [34, 38] F=A 3/2. Here,  is the indentation also 

known as closest approach between two adjacent identical beads, and A is the contact stiffness. 

HNSWs exhibit a power-law dependence of the phase velocity Vs on the force F as 61FVs  , i.e. 

the wave speed is proportional to the wave amplitude. In practice, a strong pulse propagates faster 

than a weak pulse. This property is not seen in linear waves.  

Many researchers investigated the interaction between HNSWs and structural and biological 

materials to exploit new noninvasive ways to characterize materials that are in dry point contact 

with the chain or to discover new dynamical phenomena. Yang et al. [39] demonstrated that the 

formation and propagation of reflected HNSWs depend on the modulus of elasticity and geometry 
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of the adjacent medium. Schiffer et al. studied the effect of subsurface voids on the propagation of 

HNSWs [40] and demonstrated in [41] that the formation and propagation of reflected HNSWs 

depend on the modulus of elasticity and geometry of the adjacent medium. Job et al. evaluated the 

collision of a single solitary wave with elastic walls with various stiffness [42] and studied in 

another paper [43] the wave scattering at the interface between two particles of different masses. 

Manciu and Sen [44] investigated the wave reflections from rigid wall boundaries. Falcon et al. 

[45] studied the collision of a column of N beads with a fixed wall. Rizzo and co-authors [14, 15, 

18, 46-50] investigated the interaction of HNSWs with cement, plates and slender beams. Vergara 

[51] studied the propagation of solitary waves in a chain with two segments of different beads and 

found that a train of solitary waves with smaller energy emerge at the interface between the two 

segments. Ni et al. [52] monitored the curing of fresh cement using a HNSW-based transducer. 

Recently, our group has investigated the interaction of HNSWs with slender beams [15, 53-55]. 

A graphical representation about the use of HNSW for nondestructive evaluation (NDE) 

applications is shown Figure 1-1:  a 1-D chain of spherical particles is in contact with the material 

to be assessed; the impact of a striker, i.e. a particle of equal size and mass of the other particles 

composing the chain or a mechanical striker, generates a single incident solitary wave (ISW) 

propagating in the chain. When the ISW reaches the interface with the material to be tested, the 

pulse is partially reflected giving rise to the primary reflected solitary wave (PSW). When the 

incident pulse interacts with a medium that is much softer than the particles carrying the acoustic 

energy, one or more secondary reflected solitary waves (SSWs) [39, 45, 52, 56] forms and travels 

within the chain. Many studies, including some from the University of Pittsburgh, determined that 

the characteristics of the reflected pulses such as amplitude and time of flight (TOF) are correlated 

to the modulus of the underlying material. Here, the TOF denotes the transit time at a given bead 
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in the granular crystal between the incident and the reflected waves. The TOF of the PSW and 

SSW are typically estimated by measuring the arrival time of the peak amplitude of the ISW and 

the PSW or the SSW at a given particle. The HNSW features include the TOF, PSW-to-ISW ratio 

(PSW/ISW), and SSW-to-ISW ratio (SSW/ISW) is functions of the structure or the bulk material 

in contact with the chain of particles. 

 

Figure 1-1 (a) The general idea of HNSWs propagating in a chain of particles in contact with a test material. 

(b) Example of a single incident pulse (ISW) reflected from a rigid wall in the form of a primary reflected 

solitary wave (PSW) in contact with one end of the chain 

This dissertation focuses on the application of HNSWs in NDE using particles discussed in 

Figure 1-1. The research hypothesis is that the detection and analysis of the traveling solitary 

pulses can lead to a noninvasive determination of various mechanical properties of the contact 

material. 

(

a) 

(

b) 
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For the generation and detection of the waves, a few general devises, hereinafter referred to as 

HNSW transducer, was assembled. The transducer and the nondestructive testing system consist 

of five main parts: 1. one actuating mechanism, 2. one chain of spherical particles (or beads), 3. 

one sensing system for detecting the waves propagating within the chain, 4. one frame or tube 

holding the chain , and 5. one data acquisition (DAQ) system with a function generator to drive 

the transducer and a digitizer to collect and store the time-waveforms. 

In this study, the actuating system is either an electromagnet which lifts and releases the first 

particle of the chain, and the HNSW is generated by the impact of the first particle to the second 

one, or a shaker connected to a half-bead, which represents the striker. The particles are made of 

stainless-steel spheres of 19.05 mm diameter. Depending upon the application, the sensing system 

based on magnetosctriction, referred to as magnetostrictive sensor (MsS) hereinafter, and indicated 

as the M-transducer (Figure 1-2) or based on an embedded piezoelectric (PZT) disc and indicated 

as the P-transducers (Figure 1-2). 

 

Figure 1-2 Example of the (a) M-transducers and (b) of one P-transducer designed and assembled 
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1.1 Motivation 

1.1.1  Elastic Modulus of Hardened Concrete 

Many NDE techniques have been proposed to determine the elastic modulus or to estimate the 

ultimate strength of existing concrete. Most of these techniques are based on the measurement of 

the velocity of linear bulk ultrasonic waves propagating through a concrete sample. Traditionally, 

commercial transducers are used to generate longitudinal waves or both longitudinal and shear 

waves. Parameters, such as wave speed and attenuation are measured and empirically correlated 

to the material properties. This approach is usually referred to as the ultrasonic pulse velocity 

(UPV) method. To obtain an acceptable signal-to-noise ratio (SNR), longitudinal wave transducers 

cannot be used to generate transverse waves and vice-versa. Thus, to use both shear and 

longitudinal waves, four transducers at least are required. If the access to the back wall of the 

sample is impractical, the wave reflection method can be adopted. In this approach, the amplitude 

of the shear waves or the longitudinal waves, or both at an interface between a buffer material, 

typically a steel plate, and the concrete is monitored over time. The amount of wave reflection 

depends on the reflection coefficient, which in turn is a function of the acoustical properties of the 

materials that form the interface. 

In the work presented in this dissertation, the capability of the novel sensing device based 

on the propagation of HNSWs was studied for the determination of the elastic modulus of concrete 

and for the prediction of the compressive strength of existing concrete in bridge decks. To validate 

the reliability of the proposed approach, the method was compared to conventional ultrasonic 

method based on pitch-catch mode. To test the research hypothesis, several cured concrete slabs, 

cylinders with various w/c ratios, and short beams with excessive water at the bottom or top 
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surfaces during concreting were inspected. One of the hypotheses is that the HNSW-based 

technique or the ultrasonic technique or both can determine the modulus of concrete, which might 

have been compromised by environmental factors or accidental damage. By knowing the modulus 

of concrete, the ultimate strength of the concrete can be inferred using empirical relations such as 

the one according to ACI 318. 

1.1.2  Internal Pressure of Tennis Balls 

The properties of tennis balls are specified by the rules of tennis. Even so, a variety of balls 

with different physical properties is manufactured. In Europe, tennis balls tend to be more 

expensive and durable, as the average customer expects them to last for several months. In the 

United States, balls tend to be less expensive and less durable since players generally prefer to use 

new balls after a few sets. Over time, tennis balls “age” suffering from internal pressure loss and 

reduced coefficient of restitution (CoR). Predicting the dynamics of tennis balls on court surfaces 

during impacts can be extremely complicated; still, this response plays a major role in tennis and 

can influence the style of professional and amateur players.  

One of the standard methodologies to measure the CoR is the dropping test, where the ball is 

released from a height of 2.54 m onto a concrete slab. An approved ball must bounce to a height 

between 1.35 m and 1.47 m. This test can be staged by manufacturers and testing authorities but 

cannot be implemented at home or at sports facilities.  

The capability of HNSW transducers was tested in detecting the changes in the internal pressure 

of sport balls, and as a result, on their mechanical performance such as CoR.  If the results show 

that the HNSW transducers can estimate the internal pressure of the sport balls, the methodology 

can be applied to more complex structures. To the author’s best knowledge, none of the existing 
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works have led to the development of a hand-held device able to estimate anytime anywhere the 

pressure and serviceability of tennis balls.  

Based on the thickness-to-radius of the ball, the ball performs as a thin-walled shell or a 

membrane. The internal pressure stretches the ball bladder, and this stretch causes geometric 

stiffness, which is added to the material stiffness of the ball. In the study presented in this 

dissertation, the research hypothesis was that the characteristics of the PSE and SSW detect the 

changes in the stiffness of the balls due to the change in internal pressure. 

1.1.3  Thermal Buckling of Rails 

CWRs are track segments welded together. With respect to joint rails, CWRs are stronger and 

smoother, require less maintenance, and can be traveled at higher speeds. When anchored, a CWR 

is pre-tensioned to counteract the thermal expansion occurring in warm days. Typical pre-tension 

is such that the rail neutral temperature (RNT), i.e. the temperature at which the longitudinal force 

is zero, is between 90°F and 110°F. The pre-tension force cannot be higher because material 

contraction in winter may break the rail. Over the years, the RNT decreases to an unknown value 

comprised between 50°F and 70 °F, increasing the risk of extreme thermal compression in summer 

when the temperature of the rail exceeds the ambient temperature by 30°F or more. The 

compression can be over 250 kip [57] raising the possibility of thermal buckling (Figure 1-3), a 

structural problem that caused hundreds of derailments and millions of dollars in damage in the 

U.S. alone during the last decade. 
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Figure 1-3 Buckling of CWRs [58] 

The “physiological” reduction of the RNT combined with climate change and the increase in 

passenger and freight tonnage, escalates the risk of thermal buckling in CWRs. As such, the first 

and foremost impact for practice of this project is the prevention of derailments with obvious 

benefits for safety, economy, and environment. This project addresses the long-standing challenge 

[58-60] of nondestructively and reliably measuring stress and RNT. The consequence is that the 

railroad industry is still searching for NDE methods able to provide the necessary level of accuracy 

with minimum traffic disruption. 

To address this interest, the study presented in this dissertation investigates the feasibility 

of a HNSW-based NDE method to quantify the stress or the RNT of CWRs without disturbing the 

track structure, without prior knowledge of the RNT, with a few measurements that do not require 

day-long observations under favorable weather, and without permanent wayside installations. 

Recently, Rizzo and co-authors proposed a new NDE method to estimate the axial stress in thin 



 9 

beams [13-15, 61] based on the propagation of HNSWs. In this dissertation, the same methodology 

will be generalized applied on thick beams and rail segments. 

1.2 Novelty 

Based on the above, the novelty of this Ph.D. work is: 1. Design and reliability assessment of HNSW 

transducers, 2. estimating the elastic modulus of hardened concrete with HNSW transducers, 3. estimating 

the internal pressure of tennis balls and/or their serviceability using HNSW transducer, and 4. proposing a 

“plug-and-play” device to determine the neutral temperature and the axial stress of CWRs using HNSW 

transducers. We call this device ANTEUSW: Advanced Neutral Temperature Estimation Using Solitary 

Waves. The straight transducers will be used for evaluating the elastic modulus of hardened concrete, the 

axial stress in CWRs, and internal pressure of sport balls, whereas the L-shaped transducers will be used to 

evaluate the thermal buckling of CWRs. 

1.3 Outline 

This dissertation is oriented as follows: Chapter 2 presents the background of HNSWs, Chapter 

3 focuses on the application of HNSWs for the NDE of the elastic modulus of hardened concrete, 

and illustrates three studies : in the first study, four HNSW transducers were build and were tested 

against some materials to assess their repeatability and reliability in determining the elastic 

modulus of the material in dry contact with the transducer; in the second study, the HNSW-based 

method applied to the samples and  compared to the conventional ultrasonic method and 

destructive method for determining the elastic modulus of concrete with various water-to-cement 
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ratio; and the last part proposes the application of the method on the concrete samples experienced 

excessive surface water at the time of concreting. In Chapter 4, HNSW transducers are applied in 

the assessment of the internal pressure, rubber degradation, and the bouncing characteristics of 

tennis balls. This chapter describes also a generalized procedure for modeling HNSW transducers 

with more complex structures. Chapter 5 is devoted to the application of HNSWs in the axial stress 

measurement in thick beams and CWRs. Finally, chapter Six provides the main conclusions of the 

dissertation and suggest several potential applications of HNSW method for future studies. 
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2.0 Background 

This chapter describes the underlying basis of HNSWs and follows the analytical formulation adopted 

in [52, 62]. Figure 2-1 illustrates the general principles of the proposed method:  a 1-D chain of spherical 

particles is in contact with the material to be assessed; the impact of a striker, i.e. a particle of equal size 

and mass of the other particles composing the chain or a mechanical striker, generates a single incident 

solitary wave (ISW) propagating in the chain. When the ISW reaches the interface with the material to be 

tested, the pulse is partially reflected giving rise to the primary reflected solitary wave (PSW). When the 

incident pulse interacts with a medium that is much softer than the particles carrying the acoustic energy, 

one or more secondary reflected solitary waves (SSWs) [39, 45, 52, 56] forms and travels within the chain. 

Many studies, including some from our group, determined that the characteristics of the reflected pulses 

such as amplitude and time of flight (TOF) are correlated to the modulus of the underlying material. Here, 

the TOF denotes the transit time at a given bead in the granular crystal between the incident and the reflected 

waves. 

The interaction between two adjacent beads is governed by the Hertz’s law [63, 64]: 

𝑭 = 𝑨𝜹𝟑/𝟐 (2.1) 

and it establishes a relationship between the compression force F of the granules and the closest approach 

of the particle centers. In Eq. (2.1) the coefficient A is given by: 

𝑨 = {

𝑨𝒄 = 𝑬√𝟐𝒂/𝟑(𝟏 − 𝝂𝟐)                  

𝑨𝒘 =
𝟒√𝒂

𝟑
(
𝟏 − 𝝂𝟐

𝑬
+

𝟏 − 𝝂𝒘
𝟐

𝑬𝒘
)

−𝟏 (2.2) 

where Ac refers to the case of particle-to-particle contact, and Aw refers to the case of 

particle-to-wall (semi-infinite material) contact case. In Eq. (2.2), E, a, and ν are modulus of 
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elasticity, radius, and Poisson’s ratio of the spherical beads, respectively, whereas Ew and νw are 

the modulus of elasticity and Poisson’s ratio of the wall, respectively. 

 

Figure 2-1 General scheme of the nondestructive evaluation method based on the propagation of highly 

nonlinear solitary waves. 

The combination of the nonlinear interaction (Eq. 2.1) and a zero tensile strength in the chain 

of spheres leads to the formation and propagation of compact solitary waves [64]. When the 

wavelength is much larger than the particles’ diameter, the speed VS of the waves depends on the 

maximum dynamic strain ξm [64] which, in turn, is related to the maximum force Fm between the 

particles in the discrete chain [65]. When the chain of beads is under a static pre-compression force 

F0 (F0<<Fm), the initial strain of the system is referred to as ξ0. It should be noted that in 
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configurations like the one shown in Figure 2-1, the pre-compression is provided by the self-

weight of the chain. The speed Vs has a nonlinear dependence on the normalized maximum strain 

ξr=ξm/ξ0, or on the normalized force fr =Fm/F0, expressed by the following equation [65]: 

𝑽𝒔 = 𝒄𝟎

𝟏

(𝝃𝒓 − 𝟏)
× [

𝟒

𝟏𝟓
(𝟑 + 𝟐𝝃𝒓

𝟓
𝟐 − 𝟓𝝃𝒓)]

𝟏
𝟐

= 𝟎. 𝟗𝟑𝟏𝟒(
𝟒𝑬𝟐𝑭𝟎

𝒂𝟐𝝆𝟐(𝟏 − 𝝂𝟐)𝟐)

𝟏
𝟔 𝟏

(𝒇𝒓

𝟐
𝟑 − 𝟏)

[
𝟒

𝟏𝟓
(𝟑 + 𝟐𝒇𝒓

𝟓
𝟑 − 𝟓𝒇𝒓

𝟐
𝟑)]

𝟏
𝟐

 

(2.3) 

where c0 is the wave speed in the chain initially compressed with a force F0 in the limit fr=1, and 

ρ is the density of the material. 

When fr (or ξr) is very large, Eq. (2.3) becomes: 

𝑽𝒔 = 𝟎. 𝟔𝟖𝟎𝟐(
𝟐𝑬

𝒂𝝆
𝟑
𝟐(𝟏 − 𝝂𝟐)

)

𝟏
𝟑

𝑭𝒎

𝟏
𝟔  (2.4) 

and the shape of a solitary wave can be closely approximated as [64]: 

𝝃 = (
𝟓𝑽𝒔

𝟐

𝟒𝒄𝟐)𝐜𝐨𝐬𝟒 (
√𝟏𝟎

𝟓𝒂
𝒙) (2.5) 

where  

𝒄 = √
𝟐𝑬

𝝅𝝆(𝟏 − 𝝂𝟐)
 (2.6) 

and x is the coordinate along the wave propagation direction.  

The equations above predict that the mechanical properties of the specimen in contact with the 

chain of particles influences the contact stiffness of the chain-material interface.  

If the precompression between the beads is zero, the speed of sound in the periodic arrays 

of discrete beads is zero. This condition is called “sonic vacuum” which was first introduced by 

Nesterenko [38, 66, 67]. A slightly compressed array of periodic beads also exhibits a behavior 
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close to a sonic vacuum, supporting strongly nonlinear solitary waves with a finite wavelength 

[38]. HNSWs also exhibit a power-law dependence of their phase velocity Vs on the force 

amplitude Fm as Vs~Fm
1/6, i.e. stronger pulses propagate faster [66]. Moreover, the stiffness of the 

material in contact with the medium affects the properties of the solitary pulses reflected at the 

interface between the grain and the solid. These specific properties of the waves may be used to 

explore new NDE applications, which are not possible by using traditional acoustics. Highly 

nonlinear solitary waves are also tunable, i.e. a solitary pulse can be engineered by tuning the 

mechanical and/or the geometric properties of the nonlinear medium to attain the desired 

wavelength, speed, and amplitude. 

 

 

 

 

 

 

 

 

 

 

 

 

 



 15 

3.0 Determination of Concrete Elastic Modulus 

This chapter was written based on the content of papers published in Sensors [68], 

Nondestructive Testing and Evaluation [48], and Applied Sciences [49], which are on the 

application of HNSWs in NDE of concrete elastic modulus. 

3.1 Introduction 

In concrete and cement-based structures, the early stage of hydration and the conditions, at 

which curing occurs, influence the quality and the durability of the final products. For instance, as 

a result of the chemical reactions between water and the cement during hydration, the mixture 

progressively develops mechanical properties. Final set for the mixture is defined as the time that 

the fresh concrete transforms from plastic into a rigid state. At final set, measurable mechanical 

properties start to develop in concrete and continue to grow progressively. The durability and the 

strength of concrete may deviate from design conditions as a result of accidental factors. Some of 

these factors are w/c ratio not controlled well and rainfall that permeates the fresh concrete or 

dampens the forms prior to casting. As such, the development of nondestructive NDE methods 

able to determine anomalous concrete conditions is very much needed and has been a long-

standing challenge in the area of material characterization. To date, many NDE methods for 

concrete have been proposed, and some of them resulted in commercial products. The interested 

reader is referred to the excellent monograph [69] to gain a holistic knowledge of such methods. 

The most common technique is probably the one based on propagation of bulk ultrasonic waves 
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through concrete which measures the speed of the waves propagating through the thickness of the 

test object to determine the elastic modulus of the concrete with an empirical formula [69-78]. If 

the access to the back wall of the sample is impractical, the ultrasonic testing is conducted in the 

pulse-echo mode.  

Despite decades of research and developments, much research is still ongoing [79-93] and 

many interesting works covering a wide spectrum of NDE techniques are being investigated.  

Many NDE methods for concrete have been proposed, tested, and commercialized in the last 

three decades. The most common method is perhaps the one based on the measurement of the 

velocity of linear bulk ultrasonic waves propagating through concrete. Traditionally, commercial 

transducers generate longitudinal [94-102] or both longitudinal and shear waves [103]. Parameters, 

such as wave speed and attenuation are measured and empirically correlated to the properties of 

the material. This approach is usually referred to as the UPV method. To obtain an acceptable 

signal-to-noise ratio (SNR), longitudinal wave transducers cannot be used to generate transverse 

waves and vice versa. Thus, in order to use both shear and longitudinal waves, at least four 

transducers are required. If the access to the back wall of the sample is impractical, the wave 

reflection method can be adopted. In this approach, the amplitude of the shear waves [103-110], 

the longitudinal waves [111, 112], or both [113] at an interface between a buffer material, typically 

a steel plate, and the concrete is monitored over time. The amount of wave reflection depends on 

the reflection coefficient, which in turn is a function of the acoustical properties of the materials 

that form the interface [103]. 

With respect to ultrasonic-based NDE, the proposed HNSW-based approach: 1) exploits the 

propagation of HNSWs confined within the grains; 2) employs a cost-effective transducer; 3) 

measures different parameters (time of flight, speed, and amplitude of one or two solitary pulses) 
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that can be eventually used to correlate few concrete variables; 4) does not require any knowledge 

of the sample thickness; 5) does not require an access to the sample’s back-wall. 

In the study presented in this Chapter 3, four HNSW transducers were assembled. Each 

transducer consisted of a chain of sixteen spherical particles surmounted by an electromagnet to 

lift and release the top particle of the chain to excite a solitary pulse. A magnetic wire was wrapped 

around the nine-th particle of the chain to sense the propagating wave using the magnetostriction 

principles. The reliability of these transducers was quantified at inferring the modulus of a few 

materials placed in contact with the transducers.  

Four sets of experiments were conducted. In the first one, the four HNSW transducers were 

tested against samples made of soft polyurethane, hard polyurethane, and steel. The cases of free 

transducers and transducers partially immersed in water were also considered to set a baseline data. 

The results were then compared to the numerical predictions obtained with a discrete particle 

model (DPM) to verify the accuracy of our instruments.  

In the second investigation (Ch. 3.3), the same approach was used to find the modulus of 

elasticity of hardened concrete. The findings were then compared to the results obtained from the 

conventional UPV method, and the destructive tests standardized in the ASTM C469, ASTM C39, 

and the ACI 318 [114-116]. With this second investigation, we propose to develop an NDE method 

to estimate the strength of concrete in existing structures. 

In the third study (Ch. 3.4), three of those four M-transducers, were used to infer the modulus 

of concrete samples with three different water-to-cement (w/c) ratios. The purpose was to 

nondestructively evaluate the characteristics of these samples and to evaluate the ability of the 

HNSW-based NDE at discriminating concrete of different characteristics. Three P-transducers 

were also assembled. As said in Ch. 1, they consisted of a lead zirconate titanate (PZT) disk 
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embedded in between two thick disks inserted in the chain. This assembly was investigated to 

overcome some of the limitations identified in [117] relative to the M-transducers. The findings 

from both transducers were then compared to the results of a conventional UPV test and to the 

elastic modulus measured in accordance with ASTM C469 method [116].  

The fourth study expands (Ch. 3.5) expands the work presented in Ch. 3.4 to predict water in 

excess in short concrete beams made with w/c=0.42 but corrupted with water. Two conditions 

were simulated. The first one consisted of standing water in formworks prior to pouring concrete, 

whereas the second condition consisted of sprinkling water above the fresh concrete during casting 

and surface finishing. These two conditions may reflect adverse weather in the field. The objective 

of the study was the development of a system that, unlike the UPV method, can predict localized 

deterioration conditions associated with poor quality w/c ratio. 

Three HNSW transducers were used to quantify the elastic modulus of the beams. The 

findings were then compared to the results of a conventional UPV test in order to evaluate and 

prove advantages and eventually limitations of the proposed approach. Table 3-1 shows a 

summary of accomplished studies and published papers  

Table 3-1 A summary of the tests and outcomes of concrete assessment using HNSW 

Study Outcome Publication 

Transducer design 

and repeatability test 

Four M-transducers were designed and 

tested against some materials for 

repeatability 

Paper published in 

Sensors [117] 

Concrete cylinder test 
Concrete cylinders with various w/c ratio 

were tested for elastic modulus 

Paper published in 

Nondestructive Testing 

and Evaluation [48] 

Short beam test 

Short concrete beams with excessive 

water at top or bottom surfaces were 

tested for elastic modulus 

Paper published in 

Applied Sciences [49] 
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3.2 Transducer Reliability at Determining the Modulus of Materials 

3.2.1  Material Characterization: Experimental Setup 

Figure 3-1 shows the scheme of a HNSW transducer with a magnetostrictive sensor (MsS) 

used in this part of this study. The chain consisted of 16 particles with 2a=19.05 mm. The second 

bead from the top was made of nonferromagnetic steel (McMaster-Carr, AISI 304) whereas the 

other particles were made of ferromagnetic low-carbon steel (McMaster-Carr, AISI 1020). The 

properties of these two steels are listed in Table 3-2 [118]. The chain was held by a Delrin Acetal 

Resin tube (McMaster-Carr 8627K219) with outer diameter D0=22.30 mm and inner diameter 

slightly larger than 2a in order to minimize the friction between the striker and the inner wall of 

the tube and to minimize acoustic leakage from the chain to the tube. The striker was a 

ferromagnetic bead, and it was driven by an electromagnet. A constant axial magnetic field was 

created along the chain and centered at the 9th particle using two identical permanent bridge 

magnets (McMaster-Carr 5841K55). A coil was wrapped around the tube and around the magnetic 

field in order to attain an MsS utilized to measure the propagation of the solitary waves within the 

chain. Finally, a 0.254 mm thick aluminum sheet was glued to the tube’s end to prevent the free 

fall of the particles. 

Table 3-2 Mechanical properties of the materials used as the beads and interface. 

Material 
ρ 

(kg/m3) 
E (GPa) υ 

Stainless steel (AISI 304) 8000 200 0.29 

Stainless steel (AISI 1020) 7860 200 0.29 

Soft polyurethane (SAWBONES, #1522-03) 320 0.210 0.30 

Hard polyurethane (SAWBONES, #1522-05) 640 0.759 0.30 



 20 

 

 

Figure 3-1 Schematic of the HNSWs transducer with a magnetostrictive sensor [118] 

 

As reported in [119-121], magnetostriction can be used to excite and detect stress waves using 

the Fraraday’s law and the Villari’s effect, respectively. In this study, we used the Villari’s effect, 

which states that a pulse propagating through a ferromagnetic material modulates an existing 

magnetic field and generates voltage in the coils. In our experiments, the AISI 1020 particles were 

magnetostrictive material and they were subjected to the magnetic field induced by the magnets. 

One of the authors used MsS to excite and detected guided ultrasonic waves [122-124]. 

Four transducers were built and driven simultaneously by a National Instrument-PXI (1042Q) 

unit running in LabVIEW and a DC power supply (BK PRECISION 1672). We used a Matrix 

Terminal Block (NI TB-2643) to branch the PXI output into four switch circuits. Figure 3-2 shows 

the diagram of the switch circuit. A Metal–Oxide–Semiconductor Field-Effect Transistor 
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(MOSFET) was used for switching the electronic signals. In Figure 3-2, the symbols G, D, and S 

represent the Gate, Drain, and Source terminals of the MOSFET, respectively. Because the B 

(body) terminal of the MOSFET was connected to the source terminal, it is omitted in the diagram. 

EM1 to EM4 represents the four electromagnets mounted on the transducers 1 to 4, respectively. 

Switches 1 to 4 represent the digital switches. When one of them was set to 1, the switch was 

turned on. Figure 3-2(b) shows the NI-PXI utilized in the experiment; Figure 3-2(c) illustrates the 

DC Power used to provide the electromagnet with a direct voltage, and Figure 3-2(d) is the switch 

circuit with a MOSFET and two terminal blocks.  

 

Figure 3-2 Experimental Setup. (a) The switch circuit; (b) The NI-PXI used to drive the transducers, and 

digitalize, and store the time waveforms; (c) The DC Power supply used to activate the electromagnets; (d) 

The switch circuit with a MOSFET and two terminal blocks 
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3.2.2  Material Characterization: Numerical Simulation 

The differential equation of motion of 1-D chain of beads can be determined using the 

Lagrangian description of particle dynamics: 

𝒎𝝏𝒕𝒕
𝟐 𝒖𝒏 = 𝑨𝒏[𝒖𝒏−𝟏 − 𝒖𝒏]

+

𝟑
𝟐 − 𝑨𝒏[𝒖𝒏 − 𝒖𝒏+𝟏]+

𝟑
𝟐  (3.1) 

where ui is the ith particle displacement, [x]+ denotes max(x,0), and An is what was defined 

in Eq. (2.2). It was assumed that the displacement of wall in contact with the grains was zero. 

By solving Eq. (3.1), the time-history of the particles’ oscillation was obtained. To enable the 

comparison between the numerical results and the experimental findings, the model mirrored the 

experimental setup. Moreover, the material of the walls contacting the last particle of the chain 

was the same as the experiments. The mechanical properties of AISI 304 steel [125], hard 

polyurethane [126], and soft polyurethane [126] are listed in Table 3-2. The effect of the aluminum 

sheet at the bottom of the tubes was added to the numerical simulation based on the theory of 

membranes [127, 128]. For the case of the free transducers, the interface was the aluminum sheet 

in contact with the last particle. For the case of the transducers partially immersed in water, the 

contact effect was the sum of the sheet’s stiffness and the pressure provided by a 5 mm water 

column, which was the same as the experiments. 

Because in the experiments, the MsS recorded the oscillation of the 9th particle, all the results 

of the numerical simulation presented here are based on the wave features measured at the center 

of this particle. Figure 3-3 shows the numerical force profiles when the five different interfaces 

were considered. To ease the readability of the graph, the profiles were offset by 150 N. The top 

two plots represent the baseline profiles; two peaks are visible in the shape of the PSW. This 

phenomenon occurs when the interface material or element is too weak to prevent the separation 
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of the last few particles from the rest of the chain. When they bounce back to the original rest 

position, they collide with the chain at slightly different times giving rise to the two humps. 

Overall, Figure 3-3 demonstrates that the amplitude and the speed of both reflected waves are 

dependent on the material which is in contact with the chain: as the material’s stiffness increases, 

the amplitude of the SSW decreases while the amplitude of the PSW increases, and their TOFPSW 

and TOFSSW diminish. 

 

Figure 3-3 Numerical Results. Force profile measured at the center of the 9th bead 

To generalize the findings of Figure 3-3, Figure 3-4(a) displays the TOFPSW as a function of 

the modulus of elasticity and the Poisson ratio of the contact material. It is observed that the 

Poisson ratio has a small effect on the travel time whereas the modulus of elasticity has a 

significant impact on the TOF of the PSW when Ew < 100 GPa. Figure 3-4(b) shows the ratio of 

the amplitude of the PSW to the amplitude of the ISW as a function of the modulus of elasticity 
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and the Poisson’s ratio. Similar to the parameter of the TOFPSW, the Poisson’s ratio does not have 

a significant impact on the ratio. Moreover, PSW/ISW steadily increases with respect to the 

modulus of elasticity until the modulus is about 50 GPa, and then it remains constant. Similar to 

Figure 3-4(b), Figure 3-4(c) shows the SSW/ISW as a function of the materials’ mechanical 

properties. The surface is complementary to the surface seen in Figure 3-4(b). This implies that 

when the stiffness of the contact material is low, a part of the energy carried by the incident pulse 

spent to generate the SSW. Interestingly, above 50 GPa, the secondary solitary wave is not 

triggered, and based on the plot of Figure 3-4(b), more than 90% of the incident acoustic energy 

is reflected to the chain in the form of PSW. 

Figure 3-5 shows the effect of the Poisson ratio on the TOF at three given values of the 

modulus of elasticity. The figure demonstrates that the effect of the Poisson ratio on the TOF is 

negligible. For example, at any given E, the variation of the TOF when the Poisson ratio varies 

from 0.1 to 0.3 is about 0.14%. As such, it can be concluded that the variation of the Poisson ratio 

at any given elastic modulus has a negligible effect on the features of the solitary waves 

propagating in a solid volume. 

3.2.3  Material Characterization: Experimental Results 

Figure 3-6 shows one of the four transducers suspended in air, i.e. the free transducer, partially 

immersed, and in contact with the soft polyurethane, hard polyurethane, and stainless-steel block. 

To assess the repeatability of the method and to verify that all four transducers were identical, one 

hundred measurements were taken for each medium for every transducer; hence, a total of 2,000 

waveforms were analyzed. Figure 3-7 shows the average of the 100 measurements for the five 

different media. 
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Figure 3-4 Numerical Results. (a) Time of flight of the primary solitary wave, (b) PSW-to-ISW ratio, (c) 

SSW-to-ISW ratio vs. the modulus of elasticity and Poisson ratio of the contact material 

(

a) 
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Figure 3-5 TOF as a function of the Poisson’s ratio for some values of Ewall 

 

 

Figure 3-6 Photos of one HNSW transducer. From left to right: free transducer; partially immersed 

transducer; in contact with a soft polyurethane cube, hard polyurethane cube; stainless steel 
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Figure 3-7 Experimental results. Average time waveforms (left column) and corresponding force profile 

(right column) measured by the four transducers under the five test scenarios 
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The time waveforms show both positive and negative voltage. When the solitary wave travels 

through the constant magnetic field induced by the permanent magnets, it increases the 

compression between two adjacent particles, and it creates a positive gradient of the magnetic flux, 

which in turn induces the positive voltage. When the pulse moves away, the dynamic compression 

disappears, a negative gradient of the magnetic flux is induced, and therefore, the output voltage 

has a negative gradient. In the figures, the first, second, and third pulses correspond to the ISW, 

PSW, and SSW, respectively. 

The integral of the voltage V(t), measured at the center of the 9th particle, is proportional to the 

dynamic contact force F i.e. [121]: 

𝑭(𝒕) = 𝑲𝒄 ∫ 𝑽(𝝉)𝒅𝝉
𝒕

𝟎

 (3.2) 

where Kc is a conversion factor expressed in N/V·μs. 

Under the assumption that the numerical model presented in 3.2.2 mirrored the experimental 

setup, we calculated Kc by computing the ratio of the numerical dynamic force to the experimental 

time integral both associated with the ISW, which is the only pulse not affected by the presence of 

any underlying material. For each transducer, the 500 experimental pulses were considered. The 

results are listed in Table 3-3, and they reveal that the values of Kc are very similar. In fact, the 

difference between the smallest (6.42 N/V·μs) and the largest (6.67 N/V·μs) value is below 4% 

which proves the consistency of the assembled transducers. Moreover, within each transducer, the 

corresponding coefficients of variation, i.e. the ratio of the standard deviation σ to the mean value, 

are all below 5%, which is a good indicator of the repeatability of the incident pulse.  

The values of Kc were then used in Eq. (3.2) to infer the dynamic force profile from the 

experimental time waveforms. Figure 3-7(f) to (j) represent the experimental force for each 

transducer in contact with the five different media. The ISW, PSW, and the SSW are visible. The 
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latter is absent when steel was tested. The graphs confirm the repeatability of the transducers and 

the excellent agreement with the numerical predictions presented in Figure 3-3. 

Table 3-3 Conversion factors to compute the dynamic contact force 

Transducer 

Number 

Conversion Factor 

(N/V·μs) 

Standard Deviation 

(N/V·μs) 

Coefficient of 

Variation (%) 

1 6.58 0.1664 2.53 

2 6.42 0.1689 4.10 

3 6.67 0.0947 1.42 

4 6.67 0.1334 2.00 

To quantify the experimental data, Figure 3-8 shows, respectively, the values related to the 

TOFPSW and TOFSSW measured by the four transducers for the five interfaces. The dots represent 

the average of the 100 measurements whereas the vertical bars represent the 2σ. As expected from 

the analytical prediction, the TOFPSW and TOFSSW decrease with the increase of the stiffness of the 

interfaces. The four transducers provide almost identical results; the largest difference was below 

6.0% when the steel was tested, and the smallest difference was equal to 0.0011% occurred for the 

free transducers. Moreover, the small standard deviations confirm the high repeatability of the 

measurements. 

Table 3-4 compares the experimental and the numerical TOFPSW. The differences between the 

numerical simulation and the experiments range between 0.43% and 18.6%. The first and second 

largest differences are relative to the soft, and the hard polyurethane, respectively. These 

differences stem mainly from viscoelastic behavior [39] of the polyurethane in the chain which 

was not modeled in the numerical simulation. 
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Table 3-4 Numerical and experimental time of flight relative to the primary reflected wave when the chain is 

in contact with the five media 

Medium 
Numerical 

TOFPSW (ms) 

Experimental 

TOFPSW (ms) 

Num. and Exp. difference 

(%) 

Air 2.1350 1.9791 7.88 

Water 2.1350 1.9837 7.62 

Soft Polyurethane 1.3275 1.0802 18.63 

Hard Polyurethane 1.0250 0.9237 9.88 

Steel 0.5525 0.5549 0.43 

 

 

Figure 3-8 Time of flight of both (a) PSW and (b) SSW and the corresponding standard deviation as a 

function of the five different media 
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3.2.4  Testing Concrete Slabs 

After proving the reliability of the transducers in terms of repeatability, we tested eight 

300×300×50 mm3 concrete slabs in order to study the capability of the novel technology to 

determine the modulus of elasticity of six-month-old hardened concrete. The concrete mix was 

designed with w/c = 0.42, and fine and coarse river gravel aggregates. The average mass of the 

slabs was 10.93±0.21 kg. Three cylinders made of the same batch were cast, cured for 28 days, 

and tested according to standard test methods to estimate the static modulus of elasticity and the 

Poisson’s ratio of concrete. These values, namely Es
ASTM C469 and ν, are listed in Table 3-5.       

Section 8.5.1 of ACI 318 provides an empirical relationship between the modulus of elasticity 

Es
ACI and the ultimate compressive strength f΄c. Typical values for concrete span from f΄c =13.8 

MPa (2 ksi) to 48.3 MPa (7 ksi) [116]. Since we obtained the compressive strength of the concrete 

mix according to ASTM C39, we can estimate the modulus of elasticity Es
ACI as: 

𝐸𝑠
𝐴𝐶𝐼 = 33(𝜌

3
2)√𝑓𝑐

′ (3.3a) 

𝐸𝑠
𝐴𝐶𝐼 = 0.0427(𝜌

3

2)√𝑓𝑐
′    (SI units) (3.3b) 

In Eq. (3.3b) ρ is the density of concrete in kg/m3, and f΄c is the compressive strength in MPa. 

The density of concrete is measured, and the compressive strength f΄c was obtained from the ASTM 

C39 at 28 days. The result is included in Table 3-5. 

Table 3-5 Values of the compressive strength, the modulus of elasticity, and the Poisson ratio obtained from 

the ASTM C39, ASTM C469 Tests, and ACI 318 correlation 

Samples Es
ASTM C469 (GPa) ν f΄c (MPa) Es

ACI (GPa) 

1 28.9 0.158 43.3 33.7 

2 25.5 0.164 41.0 32.8 

3 26.5 0.155 41.5 33.0 
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3.2.5  HNSW-based Method: Setup and Results 

Figure 3-9 shows the experimental setup. The four HNSW-based transducers were placed 

above each specimen, and each specimen was tested at four different locations simultaneously, in 

order to average local surface heterogeneities. For each transducer, 100 measurements were taken 

using the same hardware/software system described in section 3. It is noted again that the tests 

were carried 6 months after casting the samples. 

 

Figure 3-9 Concrete test setup. Photo of the four transducers placed above one of the eight samples 

Figure 3-10 shows the force profile obtained after averaging the 100 measurements on slab 4. 

The presence of the ISW and PSW is clearly visible. The small hump tracing the PSW is the SSW. 

Despite the inhomogeneous nature of concrete and the use of different transducers, the waveforms 

are almost identical.  
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Figure 3-10 Experimental waveform measured by the four transducers when testing one of the eight slabs 

Figure 3-11 displays the average TOFPSW and TOFSSW, and the corresponding standard 

deviation. The scatter of the features’ values is below 5%, and it is likely due to the intrinsic slight 

differences among the transducers and the heterogeneity of the samples’ surface. The empirical 

values of the TOFPSW and the average Poisson ratio obtained with the ASTM C469 (ν=0.16) were 

used to derive the empirical dynamic modulus of elasticity (Ed
HNSW) from Figure 3-11(a). It is 

remarked here that the selection of the Poisson’s ratio could have been done using typical concrete 

values without affecting the results significantly. Table 3-6 reports the Ed
HNSW computed from all 

four transducers for all eight samples. By looking at the eight readings from the same transducer, 

it is evident that the scatter of the data is much higher than the variability of the individual 

transducer. This suggests that the heterogeneous surface of the samples might have scattered the 

data. To support this hypothesis, Figure 3-12 displays a close-up view of the surface of slab 1, 

slab 3, and slab 4. Many voids are visible on slabs 1 and 3. These voids (bugholes) typically result 

from the migration of entrapped air and to a less extent water, to the fresh concrete interfaces. 

These voids and the roughness of the surfaces may weaken the local stiffness of the concrete or 

may influence the dynamic interaction at the material/transducer interface.  
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Table 3-6 Concrete test. The TOFPSW, the predicted dynamic modulus of elasticity (Ed), and the 

corresponding static modulus of elasticity (Es) of the slabs measured by the HNSW transducers 

Slab 

Number 

Sensor 

Number 

TOFPSW (ms) 
Modulus of Elasticity (GPa) 

Ed
HNSW Average Ed

HNSW Average Es
HNSW 

1 

1 0.6250 22.9 

17.4* 14.4 2 0.6477 16.8 

3 0.6475 16.8 

4 0.6650 13.1 

2 

1 0.6225 26.1 

28.5 23.7 2 0.6193 28.8 

3 0.6350 20.3 

4 0.6001 39.0 

3 
1 0.6400 18.8 

16.3* 13.5 
2 0.6442 18.7 

3 0.6786 11.1 

 4 0.6486 16.8   

4 

1 0.6075 35.0 

37.8 31.4 2 0.5827 59.8 

3 0.6211 26.2 

4 0.6125 30.2 

5 

1 0.6050 35.0 

26.5 22.0 2 0.6000 39.0 

3 0.6386 19.5 

4 0.6685 12.6 

6 

1 0.5975 41.1 

38.4 31.9 2 0.5800 64.0 

3 0.6336 21.2 

4 0.6186 27.5 

7 

1 0.6125 30.1 

28.7 23.8 2 0.6175 27.5 

3 0.6250 23.9 

4 0.6075 33.3 

8 

1 0.6275 23.9 

24.9 20.7 2 0.6175 27.4 

3 0.6375 19.5 

4 0.6150 28.8 

Average 0.6250 27.3 30.8* 25.6* 

* The results of Slabs 1 and 3 were not used in the average. 
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Figure 3-11 Average time of flight and the relative standard deviations of both (a) PSW and (b) SSW 

obtained from the four transducers for the eight concrete slabs 
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The dynamic modulus Ed
HNSW was converted into the static modulus of elasticity (Es

HNSW) using 

the empirical formula proposed by Lydon and Balendran [129, 130]: 

𝑬𝒔 = 𝟎. 𝟖𝟑𝑬𝒅 (3.4) 

The results are also presented in Table 3-6. The superscript emphasizes the fact that these 

values were obtained with the novel NDE method. Apart from the outliers measured from slabs 1 

and 3, the average Ed
HNSW is equal to 30.8 GPa and its corresponding static modulus is equal to 

25.6 GPa. 

 

Figure 3-12 Close-up view of the surface of (a) slab 1, (b) slab 3, and (c) slab 4 

3.2.6  Ultrasonic Pulse Velocity (UPV) Method: Setup and Results 

For comparative purposes, we applied the UPV method using the setup presented in Figure 

3-13. A function generator was used to excite a 5-cycle, 2 V peak-to-peak, 500 kHz sine wave. 

Two Olympus V103-RM transducers were used to transmit and receive the waves, respectively. 

Two Olympus 5660C amplifiers were used to amplify the signals. To mimic the setup with the 

solitary waves, we probed five different locations as shown in Figure 3-13(b). The received 
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signals were digitized with an oscilloscope. Figure 3-13(c) shows an example of the transmitted 

and the detected waveforms. The longitudinal wave velocity is given by: 

𝑽 = √
𝑲𝑬𝒅

𝝆
     →    𝑬𝒅

𝑼𝑷𝑽 =
𝑽𝟐𝝆

𝑲
 (3.5) 

where K=(1-ν)/[(1+ν)(1-2ν)], and ρ is density of the medium. The static value of Poisson ratio 

obtained from destructive test can be utilized in the absence of the dynamic Poisson ratio [131]. 

To adhere to the results associated with the solitary wave testing, we considered ν=0.16. The 

ultrasonic wave velocity was calculated by considering the arrival time difference between the first 

peaks of the transmitted and the received signals. The pulse velocity, the dynamic modulus of 

elasticity computed from Eq. (3.5), and the static modulus derived from Eq. (3.5) are listed in 

Table 3-7. Each value is the average of the five measurements taken from each slab. The results 

show that the variation among the moduli is very small, and the slabs 1 and 3 are not outliers. The 

UPV test measures the pulse velocity of the waves traveling through the specimen; therefore, it is 

less susceptible to surface conditions. 



 38 

 

Figure 3-13 Experimental setup of the UPV test. (a) Overall schematic. (b) The tested areas on a concrete 

slab. (c) Typical time waveform of the transmitted (blue line) and the received (red dash line) signals 

 

 

 

 

 



 39 

Table 3-7 UPV test. Velocity of the longitudinal wave and predicted dynamic and static modulus of elasticity 

Slab Number Average Bulk Wave Velocity (m/s) Ed
UPV

  (GPa) Es
UPV

  (GPa) 

1 3386 24.9 20.7 

2 3646 29.1 24.2 

3 3531 26.9 22.3 

4 3387 24 19.9 

5 3530 26.4 21.9 

6 3436 25.3 21 

7 3524 26.4 21.9 

8 3637 27.7 23 

Average 3510 26.3 21.8 

 

 

3.2.7  Discussion and Conclusions 

This article shows the working principles and the reliability of a transducer able to generate 

and detect HNSWs and the capability of a novel NDE method based on the properties of these 

waves at assessing the mechanical properties of the materials to be inspected.   

The moduli obtained from the different testing methods are presented in Table 3-8 and 

displayed in Figure 3-14. The HNSWs-based prediction ranges from 13.5 GPa to 31.9 GPa, the 

value for modulus from the UPV test range from 19.9 GPa to 24.2 GPa, and the modulus calculated 

from the empirical equation range from 32.8 GPa to 33.7 GPa. In the figure, the average values 

and the corresponding standard deviations are presented. There are small differences in the 

modulus of elasticity of the slabs measured by the UPV test. The differences among the eight slabs 

are mainly caused by the following three reasons: first, the rough surface of the specimen changes 

the thicknesses or the path lengths in different testing areas, and this problem results in inaccurate 

path length ∆L when calculated the pulse velocity; second, the aggregates are important factor for 
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the pulse velocity. Their sizes, types, and content can affect the test results; third, the rough surface 

results in insufficient contact with the commercial transducers, and a weaker pulse velocity will 

be received by the transducer; consequently, the onset of received signals may be difficult to be 

figured out. Based on the UPV measurements, the average dynamic modulus of elasticity of the 8 

concrete slabs is 26.3 GPa, and its corresponding static modulus is equal to 21.8 GPa. 

The results relative to the ASTM C469 conducted after 28 days from casting, the modulus of 

elasticity of the batch ranges from 25.5 to 28.9 GPa. Figure 3-14 shows that the standard deviation 

of the empirical equation is the smallest among the four methods. Furthermore, the modulus of 

elasticity estimated via the UPV is smaller than the other methods, while HNSW-based transducers 

provide the static modulus of elasticity very close to the ASTM C469. The difference between 

HNSW-based method and the ASTM is about 5%, while the difference between ASTM and the 

UPV method and the empirical equation of the ACI 318 are 20% and 23%, respectively. 

Table 3-8 Concrete tests. Estimated static modulus of elasticity of the test samples using two destructive and 

two nondestructive methods 

Slab 

Number 

Nondestructive methods 
Destructive methods 

Es
HNSW (GPa) Es

UPV (GPa) 

1 14.4* 20.7 
Sample 

Es
ASTM C469 

(GPa) 
Es

ACI (GPa) 

2 23.7 24.2 

3 13.5* 22.3 
1 28.9 33.7 

4 31.4 19.9 

5 22.0 21.9 
2 25.5 32.8 

6 31.9 21.0 

7 23.8 21.9 
3 26.5 33.0 

8 20.7 23.0 

Average 25.6 21.8 Average 26.9 33.1 

* The results of Slabs 1 and 3 were not used in the average. 
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Figure 3-14 The average estimated static modulus of elasticity and the corresponding standard deviations of 

the four different methods 

The main advantages of operating HNSW-based test are that its implementation is fast and 

easy; hence, it is possible to carry out many tests and take the average of the value of modulus of 

elasticity estimated from each observation. Another advantage of the HNSW-based method for 

evaluating the modulus of elasticity of the specimens is that the value obtained by this method is 

less susceptible to any damage and/or the presence of reinforcing steels existing inside the element. 

For example, cracks and dense reinforcing steel may cause refraction and dispersion of the 

ultrasonic waves while this problem does not affect the results of the HNSW-based transducers. 

Future studies shall include more testing to verify the effect of concrete mix design on the 

properties of the solitary waves. An effort shall also be made to mitigate the effect of the concrete 

surface at the contact point with the chain. 
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3.3 Testing Concrete with Different Water-to-Cement Ratios 

In the study presented here, three M-transducers and three P-transducers were used to quantify 

their reliability at inferring the modulus of concrete cylinders designed with three different w/c 

ratios. The objective and therefore the intrinsic novelty of the study is three-fold: (1) compare the 

two kinds of transducer to determine the best solution between the two designs; (2) evaluate 

nondestructively the characteristics of the samples that were different from these evaluated in [68] 

and [132]; and (3) evaluate the ability of the novel NDE method at discriminating concrete of 

different characteristics. To achieve these objectives, we compared the findings from both 

transducers to the results of a conventional UPV test and to the elastic modulus measured in 

accordance with the ASTM C469 [133].  

3.3.1  Experimental Setup 

Eighteen 152.4 mm (6 in) diameter by 304.8 mm (12 in) high concrete cylinders were cast and 

clustered in three groups of different w/c ratios, namely 0.42, 0.45, and 0.5. Nine cylinders were 

evaluated nondestructively and the remaining nine were tested according to the ASTM C469. 

Table 3-9 lists the raw materials, the mixture designs (Table 3-10), and the samples label (Table 

3-11). Each label consists of 3 digits: the first two digits represent the w/c ratio while the third 

digit, a letter A through F, identifies the individual specimen. The system was fully automated 

using a NI-PXI running in LabVIEW. 

Three M-transducers and three P-transducers were assembled and are shown in Figure 3-15. 

Each transducer contained sixteen AISI 302 stainless steel particles. The second particle from the 

top was nonferromagnetic, whereas the others were ferromagnetic. The properties of the particles 
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were: diameter 2a=19.05 mm, density ρ=7850 kg/m3, mass m=27.8 g, modulus of elasticity E=193 

GPa, and Poisson’s ratio ν=0.25. Each chain was held by a Delrin tube with outer diameter 

D0=22.30 mm and inner diameter slightly larger than 2a in order to minimize the friction between 

the striker and the inner wall of the tube and to minimize acoustic leakage from the chain to the 

tube. The striker was driven by an electromagnet powered by a DC power supply. To achieve 

magnetostriction, a constant axial magnetic field was created along the chain and centered at the 

9th particle using two identical permanent bridge magnets. A coil was wrapped around the tube 

and the magnetic field to measure the propagation of the solitary waves traveling through the 9th 

particle. It is known that magnetostriction can be used to excite and detect stress waves using the 

Faraday law and the Villari effect, respectively [134-136]. For example, one of the authors used 

MsS to excite and detect the guided ultrasonic waves [122-124]. In this study, the Villari effect is 

used. The falling height of the striker was 3.2 mm. 

 

Figure 3-15 Scheme of the: (a) M-transducer and (b) P-transducer. (c) Photo of two of the six transducers 

used in this study 



 44 

Table 3-9 The material used in the concrete mixtures 

Material Specific gravity Water absorption capacity (%) 

Cement 3.15 n/a 

Coarse aggregate 2.71 0.50 

Fine aggregate 2.67 1.24 

GGBFS1 2.83 n/a 
1 ground-granulated blast-furnace slag 

Table 3-10 The ingredients of each concrete batch 

Batch 1 2 3 

w/c ratio 0.42 0.45 0.50 

Paste vol./concrete vol. 0.30 0.30 0.30 

Air content (%) 6.50 5.00 6.25 

Coarse agg. (kg/m3) 1054 1054 1054 

Fine agg. (kg/m3) 666 666 666 

Cement (kg/m3) 303 291 274 

GGBFS (kg/m3) 101 97 91 

Water (kg/m3) 170 175 183 

Slump (mm) 133 95 203 
 

Table 3-11 The detailed information of the concrete cylinders 

w/c ratio Number of cylinders NDE sample labels 
ASTM C469 sample 

labels 

0.42 6 42A, 42B, 42C 42D, 42E, 42F 

0.45 6 45A, 45B, 45C 45D, 45E, 45F 

0.50 6 50A, 50B, 50C 50D, 50E, 50F 

For the P-transducers, the sensing element consisted of a sensor-rod located in lieu of the 9th 

particle. The sensor-rod was a piezo-ceramic embedded between two half rods. The disc was 19 

mm diameter and 0.3 mm thick and insulated with Kapton tape. The two half-rods were made from 

the same material as the beads and had mass mr = 27.8 g, height hr=13.3 mm, and diameter 

Dr=19.05 mm. This sensing system had approximately the same mass of the individual particles 
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in order to minimize any impurity in the chain that may generate spurious HNSWs. Finally, the 

falling height of the striker was 4.5 mm. 

At the bottom of the six transducers a 0.254 mm (0.1 in) thick aluminum sheet was glued to 

the plastic tube in order to prevent the free fall of the particles. For the P-transducers, a through-

thickness hole was devised in order to establish a direct contact between the last particle of the 

chain and the concrete material, and to verify if this contact improves the sensitivity of the setup. 

Hereinafter M1, M2, and M3 denote the M-transducers 1, 2, and 3, respectively while P1, P2, and 

P3 label the P-transducers. 

Figure 3-16(a) shows the TOF as a function of both the elastic modulus and the Poisson ratio 

of the wall material. The graph demonstrates that the elastic modulus affects significantly the wave 

feature and demonstrates that when the modulus of the specimen is higher than 25 GPa, small 

differences in the measurement of the TOF, let say 3%, yields about 60% change in the estimated 

modulus. This implies that high accuracy is required when the parameters of the solitary wave are 

to be determined. The Poisson ratio instead has much less effect in the interval considered here, 

which is typical for concrete. This implies that in field applications, when the value of the Poisson 

ratio of the concrete is unknown, a value between 0.15 and 0.20 can be assumed without affecting 

the accuracy of the estimate of the modulus of elasticity. For illustrative purposes Figure 3-16(b) 

shows the TOF as a function of the dynamic modulus of elasticity at ν=0.20, which is the value 

adopted in this study. 
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Figure 3-16 (a) TOF as a function of the dynamic modulus of elasticity and Poisson’s ratio of the M- and the 

P-transducer; (b) TOF as a funct ion of the modulus of elasticity when ν=0.20 

3.3.2  Test Protocol 

All six HNSW-transducers were used to test nine specimens, i.e. the experiments were 

conducted in a round-robin fashion in order to prevent any skew of the data that may have stemmed 

from differences in the assembly of the transducers. For each test, 50 measurements were taken. 

The experiment started immediately after curing the samples at 95% relative humidity for 28 days, 

and it was completed in a day. Figure 3-17(a) shows the M-transducers placed above three 

specimens with same w/c ratio. Posts and clamps were used to hold the transducers. Similar to 

Figure 3-17(a), Figure 3-17(b) shows one P-transducer. The same samples were then tested the 

next day using the UPV method. Finally, the remaining nine cylinders were tested in compression 

using the ASTM C469 [133] after 28 days and they were in saturated condition. 
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Figure 3-17 Photos (a) of the M-transducers and (b) of one P-transducer during the execution of the 

experiments 

3.3.3  Elastic Modulus of Hardened Concrete 

Figure 3-18(a) shows the time waveforms associated with one of the 50 measurements taken 

with the M1 transducer placed above specimens 42A, 45A, and 50A. The graph identifies the TOF 

which was taken by measuring the arrival time of the maximum amplitude of the incident and the 

reflected solitary wave.  

To verify the repeatability of the M-transducers, Figure 3-18(b) displays the average value of 

the amplitude of the ISW for all the transducers and all nine concrete samples. The vertical bars 

represent the 2σ confidence interval. To ease the visualization, the experimental values were 

shifted horizontally. The amplitude of the incident wave depends exclusively on the velocity of 

the striker at the moment of the impact, the pre-compression of the chain, and the sensitivity of the 

coil; this, in turn, is associated with the axial magnetic bias provided by the permanent magnets. 
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The figure demonstrates that the average amplitude of the incident wave is essentially constant; 

the difference between the largest and the smallest values is about 3% whereas the mean of the 

twenty-seven averages is 0.285±0.003 V. The small relative standard deviation (RSD=1.053%), 

which is the ratio of the standard deviation to the mean, indicates the excellent reproducibility of 

the design of the M-transducers.  

To evaluate the effect of the w/c ratio on the propagation of the HNSWs, Figure 3-18(c) 

presents the TOF as a function of the w/c ratio. The values of 2σ are represented by the vertical 

error bars and demonstrate that the standard deviations are smaller than the changes in the TOFs 

due to the w/c ratio. Although a neat discrimination among the three groups is not readily evident, 

a trend is visible. The data presented in Figure 3-18(c) are listed in Table 3-12 which is completed 

by the corresponding RSD. The data confirms that the TOF increases with an increase in w/c ratio, 

and the variations relative to the cylinders with the same ratio vary much less than the values across 

the different ratios. Moreover, the small RSD, all comprised between 0.10% and 0.33% 

demonstrate the excellent repeatability of the experiments for each sample. 

Table 3-12 Average TOF and corresponding relative standard deviation (RSD) associated with the 

measurements with the M-transducers 

w/c ratio Cylinder 
M1 M2 M3 

TOF (ms) RSD TOF (ms) RSD TOF (ms) RSD 

0.42 

42A 0.5722 0.23% 0.576 0.26% 0.5807 0.19% 

42B 0.5646 0.19% 0.5704 0.33% 0.5706 0.12% 

42C 0.5774 0.21% 0.5815 0.19% 0.5816 0.21% 

0.45 

45A 0.5723 0.21% 0.5777 0.21% 0.5788 0.17% 

45B 0.5701 0.21% 0.5776 0.26% 0.5766 0.21% 

45C 0.5735 0.23% 0.5837 0.19% 0.5795 0.22% 

0.50 

50A 0.5749 0.26% 0.5798 0.24% 0.5782 0.16% 

50B 0.5767 0.17% 0.5843 0.10% 0.5827 0.19% 

50C 0.5804 0.24% 0.5833 0.21% 0.5822 0.21% 
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Figure 3-18 Experimental results of the M-transducers. (a) Time waveforms recorded by the M1 transducer 

at three cylinders with different w/c ratio. (a) Average amplitude of the incident solitary wave relative to the 

nine concrete samples. (c) Average TOFs relative to the nine concrete samples 
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Similar to Figure 3-18, Figure 3-19 illustrates the results associated with the use of the P-

transducers. Figure 3-19(a) shows one of the fifty waveforms recorded by the transducer P1 when 

it was placed above the samples 42A, 45A, and 50A. To ease the readability of the time waveforms, 

the amplitudes were offset. The figure shows that the TOF of the reflected wave increases with the 

increase of the w/c ratio. 

To verify the repeatability of the P-transducers, Figure 3-19(b) displays the average value of 

the amplitude of the ISW for all the transducers and all nine concrete samples. The values of 2σ 

associated with the 50 measurements are represented by the vertical error bars. Similar to the M-

transducers, the figure demonstrates that the average amplitude of the incident waves is constant. 

The difference between the largest and the smallest amplitude is about 8.5%, and the mean of the 

nine averages is 4.331±0.112 V. The RSD is therefore equal to 2.585% and it indicates the 

reproducibility of the design of the P-transducers. Interestingly, while the P-transducers denote 

better sensitivity to the change in concrete stiffness, they did not perform as well as the M-

transducers in terms of repeatability.  We note here that a visual comparison between Figure 

3-18(b) and Figure 3-19(b) cannot be made because the range of the vertical axis is not the same.   

To evaluate the effect of the w/c ratio on the propagation of the HNSWs, Figure 3-19(c) 

presents the TOF as a function of the w/c ratio. The values of 2σ demonstrate that the standard 

deviations are smaller than the changes in the TOFs due to the w/c ratio. The graph shows clearly 

the influence of the w/c ratio on the value of the TOF. The better sensitivity of the P-transducers 

to the stiffness change at the concrete surface, with respect to the M-transducer is mainly due to 

the sensing system embedded in the P-transducers and the direct contact between the last particle 

of the metamaterial and the samples. As a matter of fact, the coil wrapping the chain and the 

magnetic bias created by the permanent magnets provide an average value of the signal strength 
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traveling through the chain. The PZT disk provides instead a local measurement of the solitary 

wave. We argue that the direct contact of the bottom bead with the material improves the sensitivity 

to the stiffness of the specimen at the expense of the repeatability. Finally, the data presented in 

Figure 3-19(c) are listed in Table 3-13. The table demonstrates that the TOF measured with the 

P-transducers is close to the one measured with the M-transducers. The RSD ranges from 0.2% to 

0.9% and proves the good repeatability of the P-transducers as well.  

We used this figure to estimate the modulus of the samples by intersecting the experimental 

TOF listed in Table 3-12 and Table 3-13 to the numerical curve. The dynamic modulus Ed was 

then converted into the static modulus Es using the empirical formula proposed by Lydon and 

Balendran [129, 137] using Eq. (3.4), and the results are summarized in Table 3-14 and displayed 

in Figure 3-20. Table 3-14 lists the values of Es estimated by using the M-transducers and based 

on the values of the TOFs listed in Table 3-12. The column shows that an increase in the w/c ratio 

decreases the static modulus. Similar to Table 3-14, Table 3-15 presents the modulus obtained 

from the measurements of the P-transducers. The findings from the two transducers are similar.  

Table 3-13 Average TOF and corresponding relative standard deviation (RSD) associated with the 

measurements with the P-transducers.  

w/c ratio Cylinder 
P1 P2 P3 

TOF (ms) RSD TOF (ms) RSD TOF (ms) RSD 

0.42 

42A 0.5722 0.31% 0.5721 0.31% 0.5699 0.61% 

42B 0.5712 0.30% 0.5762 0.56% 0.5692 0.93% 

42C 0.5719 0.30% 0.5765 0.62% 0.5738 0.63% 

0.45 

45A 0.5748 0.23% 0.5734 0.61% 0.5708 0.32% 

45B 0.5744 0.26% 0.5789 0.28% 0.5785 0.59% 

45C 0.5765 0.26% 0.5772 0.28% 0.5787 0.67% 

0.50 

50A 0.5878 0.37% 0.5803 0.31% 0.5814 0.69% 

50B 0.5881 0.39% 0.5815 0.28% 0.5881 0.97% 

50C 0.5775 0.33% 0.5801 0.31% 0.5805 0.47% 
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Figure 3-19 Experimental results of the P-transducers. (a) Time waveforms recorded by the M1 transducer at 

three cylinders with different w/c ratio. (a) Average amplitude of the incident solitary wave relative to the 

nine concrete samples. (c) Average TOFs relative to the nine concrete samples  
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Table 3-14 Estimated modulus of elasticity of each cylinder using the M-transducers data 

w/c ratio Cylinder 

E (GPa) based on TOF of Primary Waves 

M1 M2 M3 

Average 

M-

transducers  

Samples’  

average ± 

RSD 

0.42 

42A 41.9 37.0 33.0 37.3 
38.9 ± 

11.6% 
42B 51.2 41.9 41.9 45.0 

42C 37.0 33.0 33.0 34.3 

0.45 

45A 41.9 34.9 34.9 37.2 
36.8 ± 

3.24% 
45B 41.9 34.9 37.0 37.9 

45C 39.3 31.2 34.9 35.1 

0.50 

50A 39.3 34.9 34.9 36.4 
34.0 ± 

5.14% 
50B 37.0 31.2 31.2 33.1 

50C 33.0 31.2 33.0 32.4 

Table 3-15 Estimated modulus of elasticity of each cylinder using the P-transducers data 

w/c ratio Cylinder 

E (GPa) based on TOF of Primary Waves 

P1 P2 P3 

Average 

P-

transducers  

Samples  

average ± 

RSD 

0.42 

42A 41.9 41.9 44.7 42.8 
41.1 ± 

3.38% 
42B 41.9 37.0 44.7 41.2 

42C 41.9 37.0 39.3 39.4 

0.45 

45A 39.3 39.3 41.9 40.2 
37.6 ± 

4.82% 
45B 39.3 34.9 34.9 36.4 

45C 37.0 37.0 34.9 36.3 

0.50 

50A 28.0 33.0 33.0 31.3 
31.8 ± 

6.00% 
50B 28.0 33.0 28.0 29.7 

50C 37.0 33.0 33.0 34.3 
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Figure 3-20 Estimation of the static elastic modulus using the solitary wave based NDE. (a) Results associated 

with the M-transducers. (b) Results associated with the P-transducers 

 

 

 

(

a) 

(

b) 
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3.3.4  Ultrasonic Pulse Velocity Tests 

A UPV test using 250 kHz, 5 cycle sine tone burst signal was performed in the axial and 

transverse directions. The elastic modulus of concrete were determined from the ultrasonic signals 

using Eq. (3.5). Figure 3-21 shows a typical transmitted and received ultrasonic pulse. The wave 

speed was determined by considering the arrival time of the first crest. The dynamic modulus of 

elasticity of the concrete was estimated and converted into the static modulus using Eq. (3.4). The 

Poisson ratio was set to 0.20, in order to be consistent with the analysis of the HNSW data. The 

results are presented in Table 3-16. The increase in w/c ratio reduced the speed of the wave and 

therefore the estimated Es. The data do not show any significant difference between the two 

directions of propagation of the bulk waves. Moreover, the elastic moduli are smaller than the 

corresponding values determined with the HNSW-based transducers. This is perhaps due to the 

conversion factor used in Eq. (3.4). Finally, the RSD is smaller than those associated with the M- 

and the P-transducers.     

 

Figure 3-21 Typical waveform recorded from the UPV test 
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Table 3-16 The modulus of elasticity of each cylinder obtained by the UPV test 

w/c ratio Cylinder 

Pulse Velocity 

(m/s) 

Modulus of 

elasticity (GPa) 

Average modulus  

of elasticity (GPa) ± RSD 

Axial Trans. Axial Trans. Axial  Trans. 

0.42 

42A 4692 4664 34.4 34.8 
34.9 ± 

1.43% 

35.1 ± 

0.59% 
42B 4730 4710 34.8 35.1 

42C 4740 4759 35.6 35.3 

0.45 

45A 4340 4450 31.8 31.8 
31.8 ± 

0.90% 

31.4 ± 

0.94% 
45B 4456 4451 32.1 31.1 

45C 4407 4415 31.4 31.3 

0.50 

50A 4367 4332 29.6 30.1 
29.5 ± 

0.64% 

29.8 ± 

1.11% 
50B 4344 4330 29.6 29.8 

50C 4330 4320 29.2 29.3 

3.3.5  ASTM C39 and ASTM C469 Results 

Three specimens from each batch were tested according to the ASTM C39 and the ASTM 

C469. The samples were tested after curing them for 28 days at 21°C and a relative humidity of 

95%, and they were saturated in accordance with ASTM specifications. These standards are the 

methods traditionally used to estimate the static modulus of elasticity and compressive strength of 

concrete. The results are presented in Table 3-17. As expected, the ultimate compressive strength 

and the modulus of elasticity decreased with an increase in the w/c ratio. The reduction of the 

compressive strength with respect to w/c=0.42 was 2.8% and 12.6% for w/c=0.45 and w/c=0.50, 

respectively. On average, the modulus of elasticity of the w/c=0.45 samples and the w/c=0.50 

samples were, respectively, 7.5% and 9.2% smaller than the w/c=0.42 sample. 

The graph of Figure 3-22 shows the compressive strength (f’c) and the corresponding static 

modulus of the samples tested according to the ASTM C39. Because most standards such as the 

ACI 318 report an empirical relationship like 
'

cs fkE =  we interpolated the experimental data 
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using a polynomial of the second order. Then, we used this polynomial to predict the compressive 

strength of the samples tested nondestructively, using the elastic modulus predicted using the M- 

and the P-transducers, as well as the UPV. The results are presented in Table 3-18 for different 

methods and are compared with the compressive strength obtained with the ASTM C39. The table 

shows that largest error is below 8%. In field applications, the same approach can be adopted to 

reduce the number of sample cores; i.e. it is possible to take fewer cores to extrapolate the 

regression curve, and then test the rest of the structure nondestructively.  

Table 3-17 Concrete compressive strength (ASTM C39) and static elastic modulus (ASTM C469) 

w/c 

ratio 
Sample 

Compressive 

Strength (MPa) 

Mean 

compressive 

Strength (MPa) 

RSD 
Elastic 

Modulus (GPa) 

Samples 

average (GPa) 

± RSD 

0.42 

42D 41.9 

43.2 

 40.1 

38.6 ± 3.29% 42E 43.2 1.06% 37.0 

42F 44.5  38.8 

0.45 

45D 42.8 

42.0 

 36.2 

35.7 ± 4.51% 45E 41.5 1.41% 32.4 

45F 41.6  35.2 

0.50 

50D 34.6 

36.7 

 32.6 

32.4 ± 1.33% 50E 37.8 4.05% 31.8 

50F 37.7  32.8 

Table 3-18 The static modulus of elasticity estimated using various methods 

w/c ratio 
Modulus of elasticity (GPa) 

ASTM C469 M-Transducers P-transducers UPV 

0.42 38.6 38.9 41.1 35.0 

0.45 35.7 36.8 37.5 31.6 

0.50 32.4 34.0 31.8 29.6 
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Figure 3-22 Results of the destructive testing. Compressive strength vs static elastic modulus. The polynomial 

of second order that fits the experimental data is overlapped 

 

3.3.6  Discussion and Conclusions 

In this section, the principles of a novel NDE method was presented for concrete based on the 

propagation of highly nonlinear solitary waves along a metamaterial in contact with the concrete 

to be evaluated. The method aims at determining the modulus of hardened concrete but, in 

principle, can be applied to any concrete or cement product of any age. Two kinds of transducer 

were used, and their results were compared to the results provided by the conventional ultrasonic 

pulse velocity method and the destructive tests set by the ASTM C39. 

The results of the study are summarized in Table 3-18 and Figure 3-23 that show the estimated 

modulus of elasticity using the different testing methods adopted in this study. The results from 

the HNSW transducers are the average of the three M- and the three P-transducers, and for each 

transducer, we used the average value of fifty measurements. The results of the UPV test are the 

mean of the axial and transverse measurements. Considering ASTM C469 as the reference method, 
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the deviations of the M-transducers from the reference are 0.8%, 3.1%, and 4.9% for w/c ratio 

equal to 0.42, 0.45, and 0.50, respectively; the deviations of the P-transducers from the reference 

are 6.5%, 5.0%, and 1.9% for w/c ratio equal to 0.42, 0.45, and 0.50, respectively while these 

values for UPV method are 10.0%, 14.1%, and 12.9%, respectively. Figure 3-23 shows the static 

modulus as a function of w/c ratio for each method. It is clearly visible that all the methods detect 

the decrease in stiffness of the concrete due to the increase in the water to cement ratio. 

Interestingly, the moduli estimated by the HNSW-based method are the closest to the data provided 

by the ASTM C469.  

The results demonstrate that the P-transducers offer sufficient repeatability and better 

sensitivity with respect to the M-transducers to identify the differences of the modulus of concrete 

samples fabricated with different water-to-cement ratios. It is acknowledged here that the proposed 

method is not immune from the common concerns that affect some or most of the existing NDE 

methods. In particular, we acknowledge that: (1) further investigation is necessary in order to 

evaluate how the surface conditions of specimens would affect the measurements of the time of 

flight and other features of the solitary waves; (2) the positive correlation of modulus of elasticity 

and TOF, obtained using the transducers, should be validated by involving a larger amount of 

specimens.  
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Figure 3-23 Average value of the static modulus of elasticity at the three w/c ratio determined using the 

solitary wave based method, the UPV test, and the ASTM C469 

With respect to existing methods, the advantages of the proposed HNSW-based technique are 

the easy and fast implementation, the possibility to carry out a large number of tests 

simultaneously, and independence upon internal damage and/or the presence of reinforcing steels 

inside the concrete. Moreover, the technique does not detect any acoustic signal that propagates 

within or through the concrete sample thickness, but in fact is looking at the effect of the concrete 

surface on the solitary wave propagation in the chain of particles. Finally, being a local and contact 

method, the approach can be successfully applied to characterizing effects of finishing and curing 

conditions. 

In the future, the proposed method could be improved by increasing the sampling rate of the 

signals, and by tuning the size and the material of the spherical particles. The increase of the 

sampling rate reduces the measurement error of the elastic modulus; the change of the particles 

characteristics should shift the curve of Figure 3-16(b) toward the right, i.e. in a region of interest 
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where the variation of the elastic modulus of concrete determines more significant variation of the 

time of flight of the HNSWs. 

3.4 Testing Concrete Samples Affected by Water 

The study presented in this section expands on the work presented in the previous section 

where HNSWs were used to determine the elastic modulus of concrete cylinders fabricated with 

three different w/c ratios, namely 0.42, 0.45, and 0.50 [138]. In the present work we use some of 

the findings from [138] in order to predict water in excess in short concrete beams made with 

w/c=0.42 but corrupted with water. Two conditions were simulated. The first one consisted of 

standing water in formworks prior to pouring concrete, whereas the second condition consisted of 

sprinkling water above the fresh concrete during casting and surface finishing. These two 

conditions may reflect adverse weather in the field. The objective of the study was the development 

of a system that, unlike the UPV method, can predict localized deterioration conditions associated 

with poor quality w/c ratio. We used three HNSW transducers, referred with the descriptor P1, P2, 

and P3, to quantify the elastic modulus of the beams. The findings were then compared to the 

results of a conventional UPV test in order to evaluate and prove advantages and eventually 

limitations of the proposed approach.  

3.4.1  Experimental Setup 

Eighteen cylinders which were tested and studied in Section 3.4 were used as the baseline data. 

The cylinders were 152.4 mm (6 in.) in diameter and 304.8 mm (12 in.) high. Three w/c ratios, 
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namely 0.42, 0.45, and 0.50, were considered. Moreover, sixteen 15.2 cm x 15.2cm x 30.4cm (6 

in. × 6 in. × 12 in.) beams were fabricated using concrete mix design with w/c=0.42. The beams 

were subject to the four different scenarios sketched in Figure 3-24. Each scenario represented 

either two surface finishing or two standing water situations in the formworks. Conditions 1 and 2 

reflected the field case where water accumulates on the formwork as a result of rainfall prior to the 

placement of the concrete. To create conditions 1 and 2, a predetermined volume of water based 

on the surface area of the beam mold was measured and poured on the sealed molds. Concrete was 

placed as evenly as possible into the molds and a shaft vibrator was then used to consolidate the 

concrete mixture before finishing the top surface. During the fabrication, the standing water was 

seen migrating to the top as shown in Figure 3-25(a). After consolidation, the top surfaces of the 

beam molds were finished. 

Conditions 3 and 4 simulated instead the occurrence of rainfall during placement and finishing 

of the concrete. To create these conditions, a specific procedure was developed in order to best 

simulate the finishing of rainfall would occur on a job site. The procedure began by placing the 

concrete into the dry beam mold without any consolidation or finishing performed. The 

predetermined volume of surface water, similarly based on the base area of the beam mold, was 

then divided into thirds. The first application of surface water (one-third of the total surface water) 

was completed immediately after the concrete was placed into the beam mold. After the first 

application of surface water, a shaft vibrator was used to consolidate the concrete in the mold. The 

top surface of the beam mold was then struck off and rodded with the rod only penetrating into the 

concrete approximately 25 mm (1 in). The second application of surface water was then completed. 

Following this second application of surface water, the top surface was again finished (Figure 

3-25(b)) and rodded (Figure 3-25(c)). The third and final application of surface water was then 
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applied before the top surface was finished for the last time. This surface finishing process was 

found to be the best way in controlling the application of surface water and simulating what 

happens on a bridge project. This modified amount of surface water was applied in three separate 

stages (one-third volume per application), as described above. 

 
Figure 3-24 Schematics of the four conditions simulated on the 152.4 × 152.4 × 254 mm3 concrete beams. (a) 

Condition 1 in which 12.7 mm of water sits at the bottom of the form and (b) Condition 2 in which 6.35 mm of 

water sits at the bottom of the form mimicking standing water on the formwork before concreting. (c) 

Condition 3 in which 2.54 mm of water is sprinkled at the top of the beam and (d) Condition 4 in which 3.81 

mm of water is sprinkled at the top of the beam mimicking rainfall during concreting 

Two beams per condition per day were cast. We note here that the amount of water added in 

the four conditions raised the true w/c ratio to 0.627, 0.524, 0.462, and 0.483, respectively for 

Conditions 1 to 4. The calculations assumed that the water standing on the formworks or sprinkled 

above the fresh concrete, was uniformly distributed across the entire volume of the specimens. 
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The P-transducers described in Section 3.3 were used in this part of the study. A UPV test was 

also performed in the top-bottom direction.  

 

Figure 3-25 Photos of the preparation of the samples. (a) Close-up view of one of the samples under condition 

2; standing water from bottom of beam mold migrates to the top. (b) Preparation of one of the samples under 

condition 3: finishing beam surface after second application of water. (b) Rodding the same sample shown in 

(b) during the third and final application of surface water 

3.4.2  Test Protocol 

All the HNSW-transducers were used to test the specimens, i.e. the experiments were 

conducted in a round-robin fashion, in order to prevent any bias in the results that may have 

stemmed from differences during the assembly. The cylinders were tested using the HNSWs 

immediately after curing the samples at 21 °C (70 °F) 95% relative humidity for 28 days, and 

completed in a day. The experiments were conducted in a single day. For each test, 50 

measurements were taken. 
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The beams were tested at room conditions after 28 days of curing at 21 °C (70 °F) and at 

relative humidity of 95%. The UPV method was employed the day after testing with the solitary 

waves. Both top and bottom surfaces of the beams were tested. All the transducers were placed on 

the surface of the beam simultaneously, and fifty measurements were recorded by each transducer. 

Figure 3-26 shows the setups relative to the solitary wave measurements. Each sample was tested 

simultaneously with three transducers and at three different locations. This translates in time and 

cost-savings. Posts and clamps were used to hold the transducers. 

 

Figure 3-26 Photo of the three transducers during the experiment 

3.4.3  Experimental Results  

Figure 3-27(a) to (d) show one of the fifty waveforms recorded by the transducer P1 when it 

was placed above the beams with different eccessive water conditions. Figure 3-27(e) to (h) is a 
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close-up view of Figure 3-27(a) to (d) and it shows the differences between the measurements. 

These differences might be due to the excessive water and differences between surface conditions.  

Table 3-19 summarizes the results associated with the beam subject to condition 1, i.e. with 

the presence of 12.7 mm (0.5 in.) of standing water at the bottom of the formwork. The average 

value of the fifty TOF measurements per transducer is listed along with the corresponding elastic 

modulus. The data refer to both the beam’s top and bottom face. The latter was exposed to the 

presence of water. However, as is said earlier and displayed in Figure 3-25(a), water migrated 

toward the top due to vibration and the weight of the concrete. The mean of the twelve moduli is 

presented in the shaded row along with the corresponding standard deviation and RSD. 

Surprisingly, the modulus estimated for the top surface is higher than the modulus at the bottom 

where the standing water was originally located. The results are, therefore, consistent with the 

empirical evidence that water migrated to the top and the experimental procedure that water was 

mixed with the concrete throughout the specimen. The RSD associated with the measurement at 

the top is almost double the corresponding value at the bottom. This is the result of point-by-point 

variations due to the presence of water at the top, whereas the conditions at the bottom were more 

uniform due to the self-weight of the concrete and smoothness of the mold. We will observe that 

this consideration about the RSD applies to all four conditions.  

The last three rows of Table 3-19 list the elastic modulus of the baseline cylinders predicted 

by the same transducers. They are presented here again to ease the prediction of the resulting w/c 

ratio at the two surfaces of the beams. By comparing the values relative to the beams and to the 

cylinders, the solitary wave-based technique estimates a ratio higher than 0.50 at the top and 

around 0.46-0.47 at the bottom.  
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Figure 3-27 The time waveforms and their close-up views obtained from the short beams tests  
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Similar to Table 3-19, Table 3-20 presents the results relative to condition 2 where the amount 

of standing water was half the amount in condition 1. By looking at the mean of the elastic modulus 

we observe that the value relative to the top surface is very close to the value reported in Table 

3-18, whereas the w/c ratio estimated at the bottom is 0.45. The results suggest that the difference 

in the amount of standing water between condition 1 and 2 was not relevant to change the w/c ratio 

of the overall beam. By looking at the three bottommost rows of Table 3-19, we can reach the 

same conclusions for both conditions: the HNSW transducers were able to capture the 

circumstance that the short beams were corrupted by water in excess.  

Table 3-19 The TOF and modulus of elasticity of the beams in which condition 1 was imposed 

Cast day Sample 
Top Bottom 

TOF (ms) E (GPa) TOF (ms) E (GPa) 

Day 1 

1 

0.59224 27 0.57640 37 

0.60296 21 0.58092 33 

0.60428 21 0.57044 42 

2 

0.59316 25 0.58244 33 

0.58156 33 0.58072 33 

0.59200 27 0.57508 37 

Day 2 

3 

0.58536 30 0.58364 31 

0.57764 35 0.57880 35 

0.57624 37 0.57728 37 

4 

0.57892 35 0.56896 45 

0.60128 22 0.58384 31 

0.56924 45 0.58648 30 

Average E (GPa) 

Short beam w/c=0.42 
29.83 ± 7.08 (23.73%) 35.33 ± 4.37 (12.35%) 

Cylinder w/c=0.42  41.1 ± 1.389 (3.38%) 

Cylinder w/c=0.45  37.6 ± 1.815 (4.82%) 

Cylinder w/c=0.50  31.8 ± 1.907 (6.00%) 
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Table 3-20 The TOF and modulus of elasticity of the beams in which condition 2 was imposed 

Cast day Sample 
Top Bottom 

TOF (ms) E (GPa) TOF (ms) E (GPa) 

Day 1 

1 

0.58332 31 0.57592 37 

0.60476 21 0.57420 39 

0.58260 31 0.56976 45 

2 

0.60224 22 0.56684 48 

0.58900 28 0.58128 33 

0.60460 21 0.57644 37 

Day 2 

3 

0.58320 31 0.59280 25 

0.59096 27 0.58152 33 

0.57112 42 0.57180 42 

4 

0.57972 35 0.57800 35 

0.57908 35 0.58512 30 

0.58492 31 0.57236 42 

Average E (GPa) 

Short beam w/c=0.42 
29.58 ± 6.02 (20.35%) 37.17 ± 6.24 (16.80%) 

Cylinder w/c=0.42  41.1 ± 1.389 (3.38%) 

Cylinder w/c=0.45  37.6 ± 1.815 (4.82%) 

Cylinder w/c=0.50  31.8 ± 1.907 (6.00%) 

The TOF and the static modulus at the surfaces of the beams experiencing condition 3 are 

summarized in Table 3-21. Under this scenario, 2.54 mm (0.1 in.) of water was sprinkled above 

the samples, whereas the bottom surface was pristine with w/c=0.42. It is observed that the 

estimated static modulus for the top surface is 31.8 GPa and it matches the cylinders with w/c=0.50. 

When compared to the corresponding values presented in Table 3-19 and Table 3-20, the modulus 

is slightly higher, and this is likely because the volume of water sprinkled on the samples was 

lower. Moreover, the value is much smaller than the modulus of elasticity estimated for the 

cylinders with w/c=0.42. The elastic modulus measured at the bottom surface was higher than the 

previous two scenarios; this is expected since the specimens with conditions 3 and 4 were not 

vibrated and therefore it is unlikely that the water sprinkled on the top reached the bottom of the 

specimen. 
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Table 3-21 The TOF and modulus of elasticity of the beams in which condition 3 was imposed 

Cast day Sample 
Top Bottom 

TOF (ms) E (GPa) TOF (ms) E (GPa) 

Day 1 

1 

0.57672 37 0.57420 39 

0.58312 31 0.57420 39 

0.57660 37 0.57888 35 

2 

0.57164 42 0.56576 48 

0.59256 25 0.57420 39 

0.57924 35 0.57292 39 

Day 2 

3 

0.59048 27 0.57600 37 

0.57988 35 0.57200 42 

0.58828 28 0.57400 39 

4 

0.58448 31 0.57872 35 

0.59096 27 0.57000 42 

0.59000 27 0.57600 37 

Average E (GPa) 

Short beam w/c=0.42 
31.83 ± 5.07 (15.96%) 39.25 ± 3.394 (8.650%) 

Cylinder w/c=0.42  41.1 ± 1.389 (3.38%) 

Cylinder w/c=0.45  37.6 ± 1.815 (4.82%) 

Cylinder w/c=0.50  31.8 ± 1.907 (6.00%) 

Finally, the TOF and the modulus of elasticity of the beams subjected to condition 4 are 

summarized in Table 3-22. Under this condition, more water was added onto the fresh concrete. 

Consistently with the larger volume of liquid, the predicted modulus at the top was lower than 

what estimated under scenario 3. The table demonstrates that the HNSW-based measurement 

estimated that the w/c of the unconditioned surface of the concrete beam was close to 0.42, as it is 

expected, and above 0.50 for the surface of the beam that was sprinkled with 3.8 mm (0.15 in) of 

water. 
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Table 3-22 The TOF and modulus of elasticity of the beams in which condition 4 was imposed 

Cast day Sample 
Top Bottom 

TOF (ms) E (GPa) TOF (ms) E (GPa) 

Day 1 

1 

0.59608 24 0.57420 39 

0.58260 31 0.57420 39 

0.57944 35 0.57768 35 

2 

0.59276 25 0.57644 37 

0.58484 31 0.57668 37 

0.59608 24 0.57420 39 

Day 2 

3 

0.57892 35 0.57401 39 

0.57768 35 0.57200 42 

0.58492 31 0.57800 35 

4 

0.58932 28 0.57600 37 

0.58512 30 0.56740 48 

0.57172 42 0.57600 37 

Average E (GPa) 

Short beam w/c=0.42 
30.92 ± 5.107 (16.52%) 38.67 ± 3.37 (8.73%) 

Cylinder w/c=0.42  41.1 ± 1.389 (3.38%) 

Cylinder w/c=0.45  37.6 ± 1.815 (4.82%) 

Cylinder w/c=0.50  31.8 ± 1.907 (6.00%) 

 

 

 

 

UPV was adopted to test the beams, as well. The results are summarized in Table 3-23. The 

means of the modulus are much closer to each other than what found with the HNSW method. 

This remarks the fact that the novel NDE method is capable of capturing surface conditions that 

may have been altered by the presence of water. Moreover, the RSD is smaller suggesting more 

homogeneous conditions throughout the four samples. Finally, if we compare the UPV data from 

Table 3-23 with the results of HNSWs, we notice that the UPV method estimates an amount of 

w/c ratio above 50% for all samples, without any ability at discriminating poor from good surface 

conditions.  
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Table 3-23 Elastic modulus of the beams in which different conditions measured by UPV test 

Condition E (GPa) Mean ± standard deviation RSD (%) 

1 31.44 ± 0.966 3.07 

2 31.13 ± 1.558 5.00 

3 32.37 ± 1.354 4.18 

4 29.42 ± 2.660 9.04 

3.5  Discussion and Conclusion 

In this section, we showed the principles of a novel NDE method for concrete based on the 

propagation of highly nonlinear solitary waves along a metamaterial in contact with the concrete 

to be evaluated. The method aimed at determining the modulus of hardened concrete and in 

particular to estimate the water-to-cement ratio in a concrete volume close to HNSW transducer. 

We demonstrated that the transducers designed and assembled to exploit the principles offer 

sufficient repeatability and reliability to identify the differences in the amount of water purposely 

added to the beams in order to mimic rainfall situations.  

The advantages of the proposed HNSW-based method is the easy and fast implementation, the 

possibility to carry out a large number of tests simultaneously, and independence upon internal 

damge and/or the presence of reinforcing steels inside the concrete. Finally, being a local and 

contact method, the approach can be successfully applied to characterizing effects of finishing and 

curing conditions. 

The proposed NDE method may resemble the Schmidt hammer, which can be used to estimate 

the hardness and strength of concrete [139] and rock [56]. The Schmidt hammer is a spring-driven 

steel hammer that hits the specimen with a defined energy. Part of the impact energy is absorbed 
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by the plastic deformation of the specimen and transmitted to the specimen, and the remaining 

impact energy is rebounded. The rebound distance depends on the hardness of the specimen and 

the conditions of the surface. The harder is the surface, the shorter is the penetration time or depth; 

as a result, the higher is the rebound. Based on the knowledge available in the literature, there are 

several differences between the Schmidt hammer and the solitary wave transducer that can be 

summarized as follows: the Schmidt hammer can be used to test hardened material but the HNSW 

approach can be applied also onto fresh concrete and cement as demonstrated in [16, 52]; only one 

parameter, the rebound value, is used in the Schmidt hammer test, while multiple HNSWs features 

can, in principle, be exploited to assess the condition of the underlying material. Some studies [56] 

suggest that the reliability and repeatability of the Schmidt hammer are not guaranteed when the 

elastic modulus of the sample is low. Moreover, the Schmidt hammer may induce plastic 

deformation or micro-cracks to the specimen, while the HNSW approach is purely nondestructive 

as there is not mechanical impact on the material under testing. 
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4.0 Dynamic Interaction Between Solitary Waves and Tennis balls 

This chapter presents the study on tennis balls and has been reported in the ASME Journal of 

Applied Mechanics [140], Experimental Mechanics [141], and the ASME Journal of 

Nondestructive Evaluation, Diagnostics and Prognostics of Engineering Systems [142]. The 

content of Ch. 4 is largely taken from those publications.  

4.1 Introduction 

This chapter discusses the dynamic interaction between the solitary waves propagating along a 

chain of spherical particles and a thin-walled spherical pressure vessel in contact with the chain 

according to the scheme shown in Figure 4-1. The objective is to investigate the effect of the 

internal pressure on the characteristics (amplitude and arrival time) of the HNSWs. The long-term 

aim is the development of a new NDE method to infer the internal pressure of deformable systems 

for which conventional pressure gages cannot be used non-invasively. A finite element model was 

created in MATLAB® software using quadrilateral axisymmetric elements to investigate the 

dynamic interaction between the metamaterial and the vessel. The chain was treated as a discrete 

system of masses connected with nonlinear springs, whereas the vessel was discretized using 

axisymmetric finite elements. The model was then applied to the specific case of a monoatomic 

chain in contact with a tennis ball with the aim of developing a novel and portable NDT technique 

to estimate the serviceability of tennis balls anywhere, anytime. The numerical results were then 
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compared to the results of a series of experiments in which commercial tennis balls were tested 

using a HNSW transducer designed and built at the University of Pittsburgh.  

 

Figure 4-1 Thin-walled spherical pressure vessel in contact with a metamaterial 

The study presented here improves the work published recently by Bagheri and Rizzo [143] in 

which the interaction of HNSWs and tennis ball was modeled numerically using ANSYS software 

and a discrete particle model. The novelty of this with respect to [143] is three-fold and quite 

significant. First, the present study introduces the general framework of a more accurate finite 

element analysis (FEA) carried out without using any commercial finite element code to model 

the interaction between monoatomic periodic chains and thin-walled pressure vessels. Second, the 

specific application to tennis balls does not consider the ball as part of the metamaterial as done in 

Bagheri and Rizzo [143] and does not consider the center of mass of the ball as a rigid element 
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moving under the influence of the solitary waves. As such, the present model better portrays the 

physical phenomenon to be investigated, and the true local deformation at the ball-chain interface. 

Third, while the work in [143] was only numerical, here many experiments were conducted to 

validate the numerical findings and to compare the values of the internal pressure obtained with 

the new NDT method with the values measured invasively with a pressure gage needle. 

The study presented in this chapter embraces three parts: first, the finite element model and 

several experiments were used to infer the internal pressure of pristine and deflated tennis balls; 

second, the static and the dynamic characteristics of tennis balls were correlated to the features of 

HNSWs when they are inspected by HNSW transducers; and third, the impact of ball aging on its 

dynamic characteristics and HNSW features are discussed in the last part of this chapter. 

4.2 Finite Element Model: Implementation, Setup, And Results 

Shells and membranes are 3D structures that can be modeled with FEA using tetrahedral or 

hexahedral elements. The computational effort can be reduced whenever the problem being 

considered is axisymmetric, as the one shown in Figure 4-1. In this case, triangular or quadrilateral 

elements can be used to reduce significantly the number of degrees of freedom. In this study, the 

four-node quadrilateral isoparametric element (QIS) showed in Figure 4-2 was used. Each node 

had one degree of freedom in the radial direction r(u1, u2, u3, u4) and one degree of freedom in the 

axial direction z(w1, w2, w3, w4). 
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Figure 4-2 Scheme of four-node quadrilateral isoparametric element 

The stress vector σ=[σr σz σθ τrz]
T  and the strain vector ε=[εr εz εθ εrz]

T were linked through the 

stress-strain relationship: 

𝝈 = 𝑪. 𝝐 (4.1) 

The stiffness matrix K of the element is given by [144]: 

𝑲 = 2𝜋 ∫ ∫ (𝑩𝑻(𝜉, 𝜂) ∙ 𝑪 ∙ 𝑩(𝜉, 𝜂)𝑟(𝜉, 𝜂) det 𝑱 (𝜉, 𝜂)) 𝑑𝜉𝑑𝜂
1

−1

1

−1

≅ 2𝜋 ∑∑𝑤𝑖𝑗𝑩
𝑻(𝜉𝑖, 𝜂𝑗) ∙ 𝑪 ∙ 𝑩(𝜉𝑖, 𝜂𝑗)𝑟(𝜉𝑖 , 𝜂𝑗) det 𝑱(𝜉𝑖 , 𝜂𝑗)

𝑚

𝑗=1

𝑚

𝑖=1

 

(4.2) 

where m is the number of Gaussian points used in the numerical integration, wij are weight 

coefficients, J is the Jacobian matrix, and B is the matrix connecting the strain to the nodal 

displacement vector d as: 

𝝐 = 𝑩 ∙ 𝒅 (4.3) 

Similarly, mass matrix and nodal force vector are calculated as: 
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𝑴 = 2𝜋𝜌∫ ∫ (𝑵𝑻(𝜉, 𝜂)𝑟(𝜉, 𝜂) det 𝑱(𝜉, 𝜂))𝑑𝜉𝑑𝜂
1

−1

1

−1

≅ 2𝜋𝜌∑∑𝑤𝑖𝑗𝑵
𝑻(𝜉𝑖, 𝜂𝑗)𝑟(𝜉𝑖 , 𝜂𝑗) det 𝑱(𝜉𝑖, 𝜂𝑗)

𝑚

𝑗=1

𝑚

𝑖=1

 

(4.4) 

 

𝑭 = 2𝜋 ∫ ∫ (𝑵𝑻(𝜉, 𝜂) {
𝑇𝑥

𝑇𝑦
} 𝑟(𝜉, 𝜂) det 𝑱(𝜉, 𝜂)) 𝑑𝜉𝑑𝜂

1

−1

1

−1

≅ 2𝜋 ∑∑𝑤𝑖𝑗𝑵
𝑻(𝜉𝑖, 𝜂𝑗) {

𝑇𝑥

𝑇𝑦
} 𝑟(𝜉𝑖, 𝜂𝑗) det 𝑱(𝜉𝑖, 𝜂𝑗)

𝑚

𝑗=1

𝑚

𝑖=1

 

(4.5) 

where N is the shape functions vector, ρ is the density of the material, Tx and Ty are the tractions 

along x and y directions, respectively. In this study, Tx and Ty were the components of internal 

pressure in x and y directions respectively. To obtain the stiffness and mass matrices as well as the 

load vector of the whole shell, K and M and F were determined for each element in the mesh and 

they were then assembled using the connectivity matrix. The connectivity matrix was formulated 

by implementing the advancing front method [145]. 

To analyze the propagation of HNSWs along the chain of N particles, the equation of motion 

of each bead was written as: 

𝑢̈1 =
𝐴𝑏

𝑚𝑏

[𝑢2(𝑡) − 𝑢1(𝑡)]+

3
2 − 𝑔 (4.6a) 

𝑢̈1 =
𝐴𝑏

𝑚𝑏

[𝑢𝑖+1(𝑡) − 𝑢𝑖(𝑡)]+

3
2 −

𝐴𝑏

𝑚𝑏

[𝑢𝑖(𝑡) − 𝑢𝑖−1(𝑡)]+

3
2 − 𝑔,    𝑖 = 2,3, … ,𝑁 − 1 (4.6b) 

𝑢̈1 =
𝐴𝑉

𝑚𝑏
[𝑢𝑀,𝑉(𝑡) − 𝑢𝑁(𝑡)]

+

3
2 −

𝐴𝑏

𝑚𝑏

[𝑢𝑁(𝑡) − 𝑢𝑁−1(𝑡)]+

3
2 − 𝑔 (4.6c) 

In Eq. (4.6), ui(t) is the displacement of the ith particle, mb is the mass of the bead, g is the 

gravitational acceleration, [x]+ means max(x,0), AV is the contact stiffness of the vessel/bead 
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interface, uM,V the displacement of the degree of freedom of the vessel at the direction of the last 

particle’s movement, and Ab is the Hertzian contact stiffness.  

The equation of motion of the thin-walled pressure vessel was instead given by: 

𝒖̈(𝑡) = 𝑴𝒓𝒈
−𝟏 ∙ 𝑭𝒓𝒈(𝑡) − (𝑴𝒓𝒈

−𝟏 ∙ 𝑲𝒓𝒈) ∙ 𝒖̈(𝑡) (4.7) 

where Mrg, Krg, and Frg(t) are, respectively, the reduced global mass and the reduced global 

stiffness matrices and reduced global force vector, which are obtained after applying the boundary 

conditions. Frg(t) includes static force due to the internal pressure and dynamic force of the HNSW. 

By solving simultaneously Eqs. (4.6) and (4.7), the displacement of the beads and the vessel was 

found. These displacements were then replaced in the Hertz’s contact law: 

𝐹1(𝑡) = 𝐴𝑏[𝑢2(𝑡) − 𝑢1(𝑡)]+

3
2   (4.8a) 

𝐹𝑖(𝑡) =
1

2
(𝐴𝑏[𝑢𝑖+1(𝑡) − 𝑢𝑖(𝑡)]+

3
2 + 𝐴𝑏[𝑢𝑖(𝑡) − 𝑢𝑖−1(𝑡)]+

3
2 ) ,    𝑖 = 2,3,… ,𝑁 − 1 (4.8b) 

𝐹𝑁(𝑡) =
1

2
(𝐴_𝑉[𝑢𝑀,𝑉(𝑡) − 𝑢𝑁(𝑡)]

+
+ 𝐴𝑏[𝑢𝑁(𝑡) − 𝑢𝑁−1(𝑡)]+

3
2 ) (4.8c) 

to determine the dynamic force at each bead of the metamaterial.  

When the pressure inside the shell increases, the overall volume increases (Figure 4-3) as well 

as the material stiffness. The change in stiffness alters the interaction between the HNSWs and the 

shell and this effect can be formulated through the geometric nonlinear stiffness matrix Kgeo [144]: 

𝑲𝒈𝒆𝒐 = 2𝜋 ∫ ∫ (𝜷𝑻(𝜉, 𝜂) ∙ 𝝈 ∙ 𝜷(𝜉, 𝜂)𝑟(𝜉, 𝜂) det 𝑱)𝑑𝜉𝑑𝜂
1

−1

1

−1

≅ 2𝜋 ∑∑𝑤𝑖𝑗𝜷
𝑻(𝜉𝑖, 𝜂𝑗) ∙ 𝝈 ∙ 𝜷(𝜉𝑖, 𝜂𝑗)𝑟(𝜉𝑖, 𝜂𝑗) det 𝑱(𝜉𝑖, 𝜂𝑗)

𝑚

𝑗=1

𝑚

𝑖=1

 

(4.9) 

where β is a matrix with the terms of the derivatives of the shape functions [144]. Given 

the above, the total stiffness of the pressure vessel is the sum of K and Kgeo. 
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Figure 4-3 Stretched shell due to internal pressure equal to: (a) -80 MPa, (b) 40 MPa, (c) 60 MPa, and (d) 80 

MPa. To ease visibility, the deformations have been magnified 5000 times 
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The general framework described in the previous section was applied to predict the interaction 

between HNSWs and tennis balls, which can be considered as thin-walled pressure vessels. The 

mesh and the boundary condition are shown in Figure 4-4. Only the rubber core was considered, 

whereas the thin layer of adhesive and the felt-like material were neglected. The ball radius and 

thickness were 30 mm and 3 mm, respectively. The elastic modulus and the Poisson ratio of the 

rubber were equal to 2.82 MPa and 0.49, respectively [143].  

 

Figure 4-4 Schematic of the FEM of a tennis ball model in contact with a HNSW transducer 

To describe the non-linear stress-strain behavior of the rubber and predict the deformation of 

the ball surface under the action of the HNSWs, the 3rd-order Ogden model was considered [143, 

146]. In the Ogden model, the stress-strain relation is given by: 
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𝜎𝑖 = ∑
𝜇𝑗

𝐽
[𝜖𝑖

∗𝛼𝑖 − ∑
𝜖𝑘

∗𝛼𝑖

3

3

𝑘=1

] ,    𝐽 = 𝜖1𝜖2𝜖3,    𝜖𝑖
∗ =

𝜖𝑖

𝑗
1
3

𝑛

𝑗=1

 (4.10) 

where n is set to 3 to account for the order of the model, εi represents the strain along 

direction i, µ is the shear modulus, and α is a constant exponent dependent on the order of the 

Ogden model. Table 4-1 summarizes the mechanical properties of the rubber and the constants 

used in Eq. (4.10). The Ogden model was used to calculate the bead-to-ball contact stiffness AV, 

i.e. the contact stiffness between the last particle of the chain and the tennis ball. Figure 4-5 shows 

that such stiffness is not constant but is linearly dependent on the internal pressure, which in this 

study ranged from 0 to 100 kPa at 20 kPa step.  

Table 4-1 Mechanical properties of the ball rubber and the 3rd-order Ogden hyperelastic model 

Rubber 
ρ (kg/m3) E (MPa) ν 

µj (MPa) αj 

µ1 µ2 µ3 α1 α2 α3 

1500 2.82 0.49 0.0018 1.970 2.109 15.43 1.648 1.648 

 

Figure 4-5 Ogden model used as Hertzian stiffness to describe the particle-to-ball interaction 
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The chain consisted of nine Φ=19.05 mm steel spheres with =7850 kg/m3. The elastic 

modulus and the Poisson ratio of the steel were 200 GPa and 0.3, respectively. The action of a 

striker falling from a height of 4 mm was simulated by setting the initial speed of the top particle 

of the chain equal to 0.2801 m/s. These 4 mm were chosen to emulate the experimental setup 

described in the next section. 

Figure 4-6 shows the dynamic force (time waveform) of the HNSWs measured at the center 

of the 5th particle from the top and relative to three internal pressures, namely 0, 60, and 100 kPa. 

The vibration of the ball surface in contact with the metamaterial generates the pulses visible 

around and after 4 ms (Figure 4-6(a)) or after 3 ms (Figure 4-6(b) and Figure 4-6(c)). The 

response of these vibration-related pulses is ignored in this study and will not be discussed any 

further in this paper.  

Figure 4-6 shows that the internal pressure influences the arrival time of the PSW and the 

SSW and the relative amplitude of the secondary wave with respect to the primary wave. In 

addition, the time delay between the two reflected waves is also pressure dependent. Finally, 

Figure 4-6 reveals that the PSW and SSW carry two peaks each. The origin of these twin-peaks 

was originally explained in [67]. The dynamic force on each bead is the average of the dynamic 

force of the two adjacent beads. This is illustrated in Figure 4-7 where the dynamic forces exerted 

by the two particles adjacent to the Nth sphere are presented along with their average value 

(Faverage), which is the value measured at the center of the particle. When the body in contact with 

the chain is much softer than the particles forming the metamaterial, or the pre-compression is 

small, the time delay between the two dynamic forces is relatively large (Figure 4-7(c)) giving 

rise to the twin-peaks.  
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To quantify the effects of the internal pressure on the propagation of the HNSWs, a few 

features were extracted from the numerical time waveforms. They were the amplitude of the 

incident wave, the TOF of the primary and secondary solitary waves, the ratio of the amplitude of 

the PSW and SSW to the amplitude of the ISW. Here, the TOF denotes the transit time at the 5th 

bead from the top of the metamaterial between the incident and the corresponding reflected wave. 

The results are presented in Figure 4-8 where these features are plotted as a function of the internal 

pressure. Surprisingly, the amplitude of the ISW (Figure 4-8(a)) changes slightly with the internal 

pressure. Intuitively, the amplitude of the signal triggered by the collision of the striker should 

remain constant. The origin of this apparent contradiction will be discussed shortly. While there is 

no uniform trend associated with the amplitude (Figure 4-8(b) and Figure 4-8(c)) of the reflected 

waves, Figure 4-8(d) and Figure 4-8(e) reveal the monotonic trend of the PWS and SSW time-

of-flight with the increase of the internal pressure. This trend suggests that a direct and univocal 

link can be established between the characteristics of the solitary waves and the pressure inside the 

tennis ball. Quantitatively, the TOF decreases by 12% across the 0-100 kPa range (Figure 4-8(f)). 

It is not excluded, though, that longer chains, smaller/larger particles, or different material particles 

may provide even higher sensitivities.  
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Figure 4-6 Numerical simulation: Time waveform of the HNSW chains in contact with the ball with internal 

pressure of (a) 0, (b) 60 kPa, and (f) 100 kPa 
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Figure 4-7 Dynamic forces exerted on the Nth particle of the chain in presence of: (a) strong pre-compression 

or hard interface material, (b) strong pre-compression or stiff material in contact with the metamaterial, (c) 

weak pre-compression or soft material in contact with the metamaterial 

To find the origin of the slight increase of the amplitude of the ISW with the increase of the 

internal pressure (Figure 4-8(a)), a metamaterial made of 20 spheres was considered and the waves 

were measured at the center of the 5th sphere from the top. The results are presented in Figure 4-9. 

The time-waveform (Figure 4-9(a)) relative to the 100 kPa case shows some spurious bumps 

between the ISW and the PSW whereas the amplitude of the ISW (Figure 4-9(b)) remains 

constant. It is concluded that, irrespective of the length of the chain, when the striker impacts the 

chain it bounces up decreasing temporarily the overall weight of the metamaterial on the ball. The 

change of the weight causes a slight deformation of the ball, which in turn, triggers a small pulse 

propagating upward along the metamaterial. The deformation and the consequent upward pulse 

are dependent upon the internal pressure of the ball. The stiffer the ball (due to higher internal 

pressure) the stronger is the upward pulse.  

(

c) 

(

a) 
N 

(

b) 
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Figure 4-8 Numerical Simulation. Effect of the internal pressure on some selected features. (a) Amplitude of 

the incident wave; (b) Amplitude of the primary reflected wave to the amplitude of the incident wave; (c) 

Amplitude of the secondary reflected wave to the amplitude of the incident wave; (d) time-of-flight of 

the PSW; (e) time-of-flight of the SSW, (f) normalized time-of-flight 
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Figure 4-9 (a) The time waveform of the 5th particle of a 20-particle chain for internal pressure of 100 kPa. 

(b) the ISW vs the internal pressure of the 5th particle of the 20-particle chain for internal pressure of 100 

kPa 
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4.3 Experimental Study 

4.3.1  Experimental Setup 

Four kinds of tennis balls were tested: Penn Championship Extra-Duty, Penn Championship 

Regular-Duty, Gamma Quick Kids 60, and Gamma Quick Kids 78. “Regular-duty” balls are 

designed for use on clay courts where they travel slower than hard or grass courts; they have a 

thinner felt covering so that the balls will pick up less clay. Extra-duty balls are instead 

manufactured to be used on hard and grass courts; they are covered with thicker felt to allow for 

longer usage on hard courts. Gamma Quick Kids 60 balls are low compression, medium bounce 

soft training tennis balls designed for beginners and are suited to be used in shorter (60 feet) courts. 

These balls allow more time to react and set up each shot for more consistency and control when 

learning. Finally, the Gamma Quick Kids 78 balls are 25% slower than a standard tennis ball and 

are designed to be used in regular (78 feet) courts.  

The outer radius and the thickness of each ball are summarized in Table 4-2. The balls were 

tested pristine immediately after opening the cans and then after piercing them with a hollow 

needle connected to a pressure gauge to measure the internal pressure under pristine conditions. 

Three balls per kind were tested; hence twelve balls total were probed with one HNSW transducer.  

Table 4-2 Nomenclature and physical properties of tennis balls used in the study 

Ball Name 
Number 

of Balls 
Ball Type 

Deflated 

Diameter 

(mm) 

Deflated 

Thickness 

(mm) 

Ave. Gauge 

Pressure* 

(kPa) 

Penn Extra Duty (PED) 3 Pressurized 62 3.0 88.2 

Penn Regular Duty (PRD) 3 Pressurized 62 3.0 69.6 

Gamma Quick Kids 60 (G60) 3 Unpressurized 60 3.0 0.0 

Gamma Quick Kids 78 (G78) 3 Unpressurized 60 3.7 0.0 
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The HNSW transducer was a straight chain made of eight steel spheres, 19.05 mm in diameter. 

The chain embedded one Φ=19.05 mm, 0.3 mm thin PZT glued between two Φ=19.05 mm, 6.5 

mm thick steel disks. This assembly represented the sensor-disk used to measure the propagating 

pulses within the metamaterial. The total height of the assembly was 13.4 mm and its weight was 

purposely equal to the weight of the single particles to avoid the formation of any impurity at the 

sphere-disk interface. Figure 4-10(a) shows the scheme of the HNSW transducer while Figure 

4-10(b) display the overall setup with one of the twelve specimens. The ISW was triggered by 

lifting and releasing the top particle (the striker) with an electromagnet connected to a DC power 

supply and driven by a National Instrument PXI running in LabView using a graphical user 

interface (GUI) designed in the lab. An aluminum foil was glued to the bottom of the transducer 

to avoid the free fall of the beads. The GUI controlled the repetition rate of the measurements, i.e. 

controlled the time interval between two consecutive lifts and releases. The transducer was 

assembled such that the lift-off distance of the striker was 4 mm. For each tennis ball, 50 

measurements were taken to quantify the repeatability of the setup. The waveforms were sampled 

at 1 MHz. While the numerical trigger, i.e. the instant at which t=0, was set to the initial motion 

of the striker, the experimental trigger was coincident to the time of arrival of the maximum 

amplitude of the incident wave. A 10% pre-trigger was included in the digitized signal to avoid 

the truncation of relevant signals.  
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Figure 4-10 (a) Scheme of the HNSW transducer. (b) Photo of the transducer above one of the ball 

4.3.2  Results 

Figure 4-11 displays one of the fifty waveforms taken under pristine condition and one taken 

after piercing the extra-duty specimen #2. To ease the comparison between the experimental 

(Figure 4-11) and the numerical (Figure 4-6) waveforms, the time scale of Figure 4-11 was offset 

to overlap the arrival time of the incident wave. The comparison between the two figures: (1) 

reveals that the arrival time of the reflected pulses with respect to the incident pulse are very 

similar; (2) confirms the slight influence of the internal pressure on the amplitude of the incident 

wave; (3) confirms the formation of twin-peaks; (4) suggests that the model may have 

overestimated the amplitude of the secondary waves when compared to the amplitude of the 

primary reflected wave. In the model, the damping in the rubber was neglected, and this may have 

overestimated the deformation of the ball core due to the arrival of the incident wave at the 

interface.  
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Figure 4-11 Time waveform relative to sample PED #2 under pristine and deflated conditions 

Similar to what done in the numerical study, several features were extracted from the 

experimental time-waveforms and the results are displayed in Figure 4-12, where the average of 

the 50 measurements and the corresponding 95% confidence interval are presented for each ball 

under pristine and deflated conditions. Figure 4-12(a) shows that when the pressurized balls 

(specimens PED and PRD) are deflated the amplitude of the primary reflected waves decreases by 

10%-15%. This result is expected as the absence of pressure allows larger deformation of the 

rubber, giving rise to a stronger secondary pulse. This evidence is confirmed by looking at the 

complementary response of the SSW displayed in Figure 4-12(b). The unpressurized balls instead 

do not show any particular trend before and after piercing, demonstrating that the internal pressure 

is the main parameter attributable to the HNSW response.  

Figure 4-12(c) and Figure 4-12(d) show instead the TOF of both reflected waves. The TOF 

relative to the primary reflected waves (Figure 4-12(c)) display strong repeatability and clear 
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difference between inflated and deflated balls. As such, this parameter may be an excellent 

indicator to measure noninvasively the internal pressure of tennis balls. The arrival time of the 

secondary waves (Figure 4-12(d)) instead does not show the same definite trend seen in Figure 

4-12(c) and therefore a firm conclusion about its ability at inferring the internal pressure of the 

tennis ball cannot be made. Overall, it can be said that the TOFs of PSW and SSW of pressurized 

balls increase significantly when they are deflated. On the other hand, the arrival time of the 

solitary waves associated with the unpressurized balls are not univocally affected after piercing 

the ball. Hence, it can be concluded that the variation in the TOFs is due to the internal pressure 

which changes the stiffness of balls through geometric stiffness of the balls and hyperelastic 

behavior of rubber.  

In the case of the unpressurized balls, the TOF of the PSW and the SSW associated with the 

G78 specimens is overall smaller than the G60 because the G78 ball has thicker rubber. Finally, it 

is noted that the arrival time associated with the primary reflected wave does not have much 

difference between the extra-duty and the regular-duty. This suggests that this wave feature is 

dependent on the rubber characteristics which are identical for both kinds of balls. 

4.3.3  Estimation of the Internal Pressure 

As the arrival time of the primary reflected waves seems the best candidate to infer the internal 

pressure of tennis balls, this parameter was further investigated. The results displayed in Figure 

4-12(c) are summarized in Figure 4-13 that displays the average and the corresponding confidence 

interval of the 150 total measurements taken for each kind of ball, and Table 4-3, which shows 

the standard deviation and the coefficient of variation (CoV) of the measurements. The fact that 

the CoV is about 1.0% or less proves the strong repeatability of the setup.  
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Figure 4-12 Experimental results. Amplitude ratio of the (a) primary reflected wave and (b) secondary 

reflected wave to the amplitude of the incident wave. Time of flight of the (c) primary reflected wave and (d) 

secondary reflected wave 
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Figure 4-13 Error bars of TOF of PSW for different ball types in pristine and deflated states 

Table 4-3 The statistical data of the TOF of the PSW of different balls 

Ball 

Type 

Ball #1 Ball #2 Ball #3 

Mean 

(ms) 

SD 

(ms) 

CoV 

(%) 

Mean 

(ms) 

SD 

(ms) 

CoV 

(%) 

Mean 

(ms) 

SD 

(ms) 

CoV 

(%) 

Pristine 

PED 1.915 0.011 0.6 1.917 0.013 0.7 1.916 0.029 1.4 

PRD 1.959 0.013 0.6 1.959 0.016 0.8 1.961 0.017 0.9 

G60 2.512 0.034 1.4 2.512 0.034 1.4 2.512 0.028 1.1 

G78 2.220 0.027 1.2 2.197 0.029 1.3 2.226 0.026 1.0 

Deflated 

PED 2.157 0.023 1.1 2.159 0.023 1.0 2.173 0.025 1.1 

PRD 2.171 0.017 0.8 2.174 0.014 0.6 2.172 0.017 0.8 

G60 2.554 0.027 1.0 2.485 0.014 0.6 2.680 0.032 1.4 

G78 2.259 0.022 1.0 2.156 0.025 1.1 2.378 0.023 1.0 
SD: standard deviation; CoV: coefficient of variation 

Knowing that stiffer balls induce smaller TOF, the inflated PED and PRD are harder than the 

G60 and almost comparable than the G78 even though the latter is 23.3% ticker than the 

pressurized balls. This variation may be due to different material properties. To prove this 
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hypothesis, we cut one sample of each ball type (Figure 3-14) and found that the material used for 

unpressurized balls are different from the pressurized balls. Moreover, they are 20% thicker. This 

was confirmed by the information publicly available: the rubber used for the G60s and the G78s 

is a low-compression rubber  and different than conventional tennis ball [147].  

 

Figure 4-14 A cut of each ball type shows that they are made of different materials 

To infer the internal pressure from the HNSW data, a general relationship was extracted from 

the numerical data. This relationship is shown in Figure 3-15 and consists of a second-degree 

polynomial that links the internal pressure to the time of flight of the primary reflected waves 

propagating in the metamaterial assembled in the experimental study. It is noted here that the 

polynomial applies only to this type of metamaterial, i.e. to a specific number of particles in the 

chain made of steel and 19.05 mm in diameter. The empirical estimation of the pressure was 

conducted by plugging the experimental times of flight listed in Table 4-4, left column of each 

data set, into the above polynomial. The results are presented in Table 4-4 and Figure 4-16. The 

noninvasive estimation of the pressure is compared with the measurement obtained destructively 
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using a pressure gage and the match between the noninvasive approach and the invasive approach 

is excellent. The discrepancy between the solitary wave-based method and the gauge values is well 

below 1%. Since the internal pressure of the deflated balls equalizes the atmospheric pressure, the 

differential pressure is obviously equal to zero.  

 

Figure 4-15 Internal pressure vs. TOF of PSW and the fitted curve 

Table 4-4 Results of internal estimation of pressurized balls (values in kPa) 

Ball Type 
Mean Gauge STD Gauge Mean HNSW STD HNSW 

Pristine 

PED 88.2 0.4 88.0 0.2 

PRD 69.6 0.4 70.2 0.4 

 Deflated 

PED 0.0 0.0 -0.2 2.1 

PRD 0.0 0.0 -2.9 0.4 
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Figure 4-16 The results of internal pressure estimation of the pressurized balls 

4.3.4  Conclusions  

This paper investigated numerically and experimentally the dynamic interaction of highly 

nonlinear solitary waves propagating along 1-dimensional chains of spherical particles with 

tennis balls, in contact with the chain, of varying internal pressure. We found that the waves 

reflected at the interface and in particular their time of flight are affected by the internal pressure 

of the ball. We quantified these dependencies numerically by implementing a general finite 

element analysis that can be applied to any thin-walled pressure vessel and then we applied this 

model to the specific case of a tennis ball. The finite element model was then validated 

experimentally by testing four kinds of tennis balls. The experimental results demonstrated that 

the nondestructive evaluation method to infer the internal pressure of tennis balls using the 

highly nonlinear solitary waves matches very well the internal pressure measured destructively 

with a gauge pressure that pierces the balls making them useless afterward.  
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The findings of this paper demonstrate that the propagation of highly nonlinear solitary 

waves can detect pressure changes in a tennis ball, i.e. can be used to monitor the serviceability 

of used balls or to establish the conformity of new manufactured balls to the standards set by 

the international tennis federation. Future studies shall investigate different chains 

configurations in terms of particles size and particles material to provide the configuration that 

provides the highest sensitivity to small variations of internal pressure.  

4.4 Solitary Waves to Assess Internal Pressure and Rubber Degradation  

The study presented in Ch. 4.3 was expanded to account for tennis ball material 

degradation. One several balls of one type were focused and tested in pristine state and after being 

played, and after being pierced. The material degradation was considered in the numerical 

simulation by changing the elastic modulus of core rubber over a range. The internal pressure of 

tennis balls was measured using a pressure gauge before the last set of experiments using solitary 

waves.  

4.4.1  Materials and Setup 

Eighteen commercial Penn Championship Extra-Duty tennis balls from six cans (three balls 

per can) were tested. These balls belong to Class Type 2 that must satisfy the ITF standards listed 

in Table 4-5. The balls were purchased at the same moment from the same vendor and shall 

therefore be considered or at least expected identical. The full test protocol is schematized in Table 

4-6, where the specimens are labelled to ease identification. One can was opened but never used 
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while the others were opened and played once or twice for about 90 minutes by amateur players 

on the concrete court of an indoor recreational facility. The balls in cans #2, 5, and 6 were played 

once, whereas the specimens #7 through #12 were played twice. The balls were tested four times 

using the solitary waves and a modified rebound test, described later. The last round of experiments 

was completed after piercing each ball with a needle connected to a pressure gage to measure the 

internal pressure.  

Table 4-5 Properties of Type 2 tennis balls according to the ITF 

Property Type 2 (Medium) 

Mass (gr) 56.0 – 59.4 

Size (cm) 6.54 – 6.86 

Rebound (cm) 135 – 147 

Forward deformation (cm) 0.56 – 0.74 

Return deformation (cm) 0.80 – 1.08 

Color white / yellow 

Table 4-6 Specimens label and testing protocol 

Can #  Ball # Day opened  Day Played Day Pierced Day Tested 

1 1-3 Dec. 4 Never Dec. 17 Dec. 4, 8, 13, and 18 

2  4-6 Dec. 4 Dec. 6 Dec. 17 Dec. 4, 8, 13, and 18 

3  7-9 Dec. 4 Dec. 6 and 9 Dec. 17 Dec. 4, 8, 13, and 18 

4  10-12 Dec. 4 Dec. 6 and 9 Dec. 17 Dec. 4, 8, 13, and 18 

5  13-15 Dec. 4 Dec. 12 Dec. 17 Dec. 4, 8, 13, and 18 

6 * 16-18 Dec. 4 Dec. 12 Dec. 17 Dec. 4, 13, and 18 
*Note that specimens 16-18 (Can #6) accidentally were not tested on Dec. 8. 

The granular crystal, which used in the previous section and consisted of eight identical spheres 

(diameter d=19.05 mm) made of stainless steel (elastic modulus E=200 GPa, Poisson’s ratio  

=0.3, and density =7,850 kg/m3), was placed at the top of a HNSW transducer as shown in Figure 

4-17 and were run to generate and detect the solitary waves of the chain in contact with the ball.  
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Figure 4-17 A HNSW transducer in contact with a tennis ball 

After the HNSWs measurements, the specimens were subjected to a modified rebound test. It 

consisted of dropping vertically the ball from a height of h0 = 2.14 m (84.25 in.) on a concrete floor 

covered with typical laboratory vinyl tiles. A microphone was placed a few cm from the point of 

impact to measure the time 2t between the sounds associated with the two consequent collisions 

of the ball to the surface. This time was used to determine the rebound height h1 using the equation: 

ℎ1 =
𝑔

2
Δ𝑡2 (4.11) 

where g is the gravitational acceleration. From h1, expressed in meters, the CoR e was estimated 

as: 

𝑒 =
𝑣1

𝑣0
=

√2𝑔ℎ1

√2𝑔ℎ0

= √
ℎ1

2.14
 (4.12) 

Each ball was dropped 15 times to account for possible test-to-test variabilities. 
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4.4.2  Numerical Results 

Figure 4-18(a) and Figure 4-18(b) shows the dynamic force (time waveform) of the HNSWs 

measured at the center of the 5th particle from the top of the chain and in contact with a 67 mm in 

diameter, 3 mm thick tennis ball with rubber modulus equal to 2.8 MPa and internal pressure equal 

to 0 and 100 kPa, respectively. To mimic a 4 mm falling of the striker, the initial speed of the first 

bead of the chain was set equal to 0.28 m/s. All plots show the presence of the incident, primary 

reflected, and secondary reflected waves, and the latter two carry two peaks each. The origin of 

these twin-peaks originally detailed in Section 4.3. After 3.2 ms, the vibration of the ball induced 

other spurious pulses that were ignored in the study and will not be discussed any further. The 

comparison of Figure 4-18(a) with Figure 4-18(b) suggests that the pressure influences the travel 

time of the reflected waves because it influences the geometric stiffness of the rubber.  

Figure 4-18(c) and Figure 4-18(d) show instead the waveforms associated with rubber 

modulus equal to 2.0 MPa and pressure equal to 0 and 100 kPa, respectively. The comparison 

between insets (a) and (c) and between insets (b) and (d) does show some variation in the feature 

of the solitary waves due to the rubber modulus. The secondary wave is larger than the PSW 

because the rubber is much softer than the steel bead and the acoustic energy of the incident wave 

is significantly converted into the inelastic deformation of the rubber. 

To quantify the effects of the internal pressure and rubber modulus on the propagation of 

the waves, the TOF of the primary and secondary solitary waves, and the ratio of the amplitude of 

the PSW and SSW to the amplitude of the ISW were extracted. The results are presented in Figure 

4-19 where the ratios of the amplitude of the PSW and of the amplitude of the SSW to the 

amplitude of the ISW are presented in Figure 4-19(a) and Figure 4-19(b), respectively as a 

function of the internal pressure and for different moduli of the rubber. Note that the amplitude 
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considered in the graphs is the average of the twin peaks observed in Figure 4-18. At a given 

modulus, the amplitude of the PSW is proportional to the internal pressure; the inverse trend is 

visible for the SSW. A rapid analysis of the vertical axes of Figure 4-18(a) and Figure 4-18(b) 

reveal that the variation between the ball at 0 kPa and 100 kPa is about 2% at a given modulus, 

and less than 0.5% across the values of the elastic modulus at a given pressure. Figure 4-18(c) 

shows instead the TOF between the first peak of the PSW and the incident wave. This value is also 

presented as a function of the internal pressure for different elastic modulus. The feature is 

inversely proportional to both the pressure and the modulus, because the internal pressure changes 

the geometric stiffness of the balls and the hyperelastic behavior of the rubber.  

To quantify the percentage variation of this solitary wave feature, Figure 4-18(d) presents the 

value of the TOF normalized with respect to the case of Er=2.8 MPa and pressure equal to 80 kPa. 

These numbers represent with very good approximation the typical values of a pristine ball just 

manufactured. Figure 4-18(d) reveals that the effect of the internal pressure is larger than the effect 

of the rubber modulus. For example, halving the pressure from 80 kPa to 40 kPa, increases the 

TOF by 4% at a given rubber modulus. Conversely, decreasing the rubber modulus from 3.0 MPa 

to 1.6 MPa, at a given internal pressure, increases the TOF by 2%. The comparison between Figure 

4-18(d) and Figure 4-18(a) and Figure 4-18(b) ultimately suggests that the time-based feature is 

more sensitive than the amplitude-based features. Similar conclusions can be drawn by considering 

the arrival time of the secondary wave.  
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Figure 4-18 Numerical simulation: time waveforms of the HNSW of a tennis ball with varying rubber 

modulus (Er) and internal pressure (IP). (a) Er = 2.8 MPa and IP=0, (b) Er = 2.8 MPa and IP=100 kPa, (c) Er 

= 2.0 MPa and IP=0, (d) Er = 2.0 MPa and IP=100 kPa 
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Figure 4-19 Numerical Simulation. Effect of the internal pressure and rubber elastic modulus on some 

selected features of the solitary waves. (a) Ratio of the amplitude of the primary reflected wave to the 

amplitude of the incident wave; (b) Ratio of the amplitude of the secondary reflected wave to the 

amplitude of the incident wave; (d) time-of-flight of the primary reflected wave; (d) value of the 

time-of-flight normalized with respect to the case of internal pressure equal to 80 kPa and elastic 

modulus equal to 2.8 MPa. 
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4.4.3  Experimental Results 

Figure 4-20 shows one of the time waveforms measured from specimen #13, which was played 

on Dec. 12. As the ball aged, the arrival time of the primary and secondary waves changed 

significantly, and there is a visible difference between the waveforms before and after game day, 

and before and after it was pierced. Interestingly, the overall shape of the secondary wave changed. 

The comparison between the numerical (Figure 4-18) and the experimental (Figure 4-20) 

waveforms: (1) reveals that the arrival time of the reflected pulses with respect to the incident pulse 

is very similar; (2) confirms the formation of twin-peaks at the chain-specimen interface; (3) 

suggests that the model overestimates the amplitude of the secondary waves when compared to 

the amplitude of the primary reflected wave. In addition, when the specimen was pierced, the 

secondary wave seemed to be fragmented in multiple pulses. The absence of pressure allows larger 

deformation of the rubber, giving rise to stronger and fragmented secondary pulses. The latter two 

issues are worth further investigation and could be the subject of future studies as the model may 

have not predicted in full the complex dynamical phenomena associated with the formation of the 

secondary waves. For this reason, the effect of the ball characteristics on the SSW was not 

elaborated any further in this study.  

It is noted here that a direct comparison between the abscissa in Figure 4-18 and Figure 4-20 

cannot be made as the trigger used for the numerical simulation is different that the trigger used 

for the experiments.  
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Figure 4-20 Experimental results. Waveforms relative to tennis ball #13 and measured at each day 

Similar to what done for the numerical data, some features of the experimental waves were 

extracted. First, the amplitude of the ISW was analyzed to estimate any day-to-day operational 

variability of the HNSW transducer. In general, the ISW is not expected to change with respect to 

the property of the rubber or the internal pressure because this wave is generated by the impact of 

the striker and does not interact dynamically with the interface between the rubber and the chain. 

However, in [140, 142] we demonstrated that the amplitude of the ISW is directly proportional to 

the internal pressure due to a constructive interference between the ISW and a spurious wave 

generated at the chain/rubber interface at the moment of the impact. When the striker taps the 

chain, it bounces up decreasing temporarily the overall weight of the metamaterial on the ball. The 

change of the weight causes a slight deformation of the ball, which in turn, triggers the spurious 

pulse propagating upward. The stiffer the ball (due to higher internal pressure) the stronger is the 
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upward pulse. However, it was found in [140, 142] that this effect can be neglected; according to 

the model, the amplitude of the ISW increases by 0.4% when the internal pressure goes from 0 to 

100 kPa. Figure 4-21(a) shows the amplitude for all six cans and for all four days of testing. Each 

bar is the average of the 150 measurements taken, fifty for each ball of the can. Some random 

fluctuation of the amplitude is visible and is quantified in Figure 4-21(b) where the amplitudes 

are normalized with respect to the largest ISW, which occurred on day 3 (Dec. 13) for can #6. 

These normalized values are comprised between 0.96 and 1 and demonstrate that the day-to-day 

variability associated with the HNSW device did not exceed 3.7%. This means that the day-to-day 

operation variability had a negligible impact on the speed of the incident pulse because the speed 

is proportional to F1/6. The data presented in Figure 4-21 are, therefore, a solid proof of the 

repeatability of the transduction mechanism used to probe the tennis balls with the solitary waves.  
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Figure 4-21 Experimental results. (a) Amplitude and (b) normalized amplitude of the incident solitary wave. 

Each bar represents the average value of the mean of the fifty measurements taken for each ball of the can.  
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Now that the repeatability was demonstrated, Figure 4-22 shows the time of flight (Figure 

4-22(a)) and the normalized time of flight (Figure 4-22(b)) of the primary solitary wave. The 

normalization was computed with respect to the lowest value, recorded for the can #3 during the 

first day of test. Each bar represents the average of the 150 measurements taken. The average value 

of the feature measured when the balls were new, and the cans just opened was equal to 1.923 ± 

0.012 ms. The fact that the relative error, i.e. the ratio of the standard deviation 0.012 ms to the 

mean 1.923 ms, was equal to 0.61% shows that the balls could be truly considered identical. The 

empirical value of 1.923 ms matches remarkably well the numerical value of 1.960 ms predicted 

numerically for the case of Er=2.8 MPa and internal pressure equal to 80 kPa. This 2% difference 

between the numerical and the experimental values is believed to be mainly due to differences in 

the impact velocity of the striker. Some other relevant remarks can be made from Figure 4-22(a). 

First, there is a clear difference between the TOF of the pressurized and the pierced balls. With 

respect to pristine, never used, balls (Can #1) there was an increase of 14%-18%. Second, the game 

days can be retrieved. For example, the bars relative to can #2 show a clear difference between 

Dec. 4th and Dec. 8th. According to Table 4-6, specimens #4 - #6 were used Dec. 6th. The results 

relative to cans #3 and #4 demonstrate show that the tennis balls were used twice: once before the 

8th and once before the 13th. Finally, there is a visible variation in the time of flight of balls 13-18, 

i.e. cans #5 and #6, before and after Dec. 13th. A look at Table 4-6 reveals that these balls were 

used on Dec. 12th. Among the 18 tennis balls, the only incongruence is the decrease in the arrival 

time of the can #2 samples between Dec. 8th and 13th; the origin of this slight incongruence is 

unclear.  
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Figure 4-22 Experimental results. (a) Time of flight and (b) time of flight increase of the primary solitary 

wave. Each bar represents the average value of the mean of the fifty measurements taken for each ball of the 

can. 
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To quantify the increase in the travel time of the PSW with respect to the pristine new balls 

and to compare such increase to the day-to-day operability of the HNSW transducer, Figure 

4-23(b) displays the increase in percentage with respect to the minimum value of the feature, which 

was recorded for can #3 measured on Dec. 4th. Between the first and the third day of testing, the 

feature of the TOF relative to the tennis balls played increased by 2% - 6%. This is aligned with 

the numerical prediction and will be further elaborated later in this section.  

To compare the proposed solitary wave method to the conventional rebound test, Figure 4-23 

shows the COR calculated from Eq. (4.13) and applied to the rebound test data. The absolute and 

the normalized values of the coefficient are presented in Figure 4-23(a) and Figure 4-23(b), 

respectively. Neither graph helps to determine whether a ball was used to play tennis. The only 

noticeable variation is between inflated and deflated balls, but this difference is below 10%, which 

is lower than what observed with the solitary waves. Therefore, it can be concluded that the 

HNSW-based method is more effective at detecting subdue differences in the dynamical properties 

of the rubber and more sensitive at measuring differences in the internal pressure.    
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Figure 4-23 Experimental results. (a) Coefficient of restitution and (b) its normalized value measured with a 

modified rebound test. Each bar represents the average value of the mean of the fifty measurements taken for 

each ball of the can. 
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As was said earlier, the tennis balls were pierced with the needle of a pressure gage to measure 

the remaining pressure. Figure 4-24(a) shows the measured pressure for all 18 specimens whereas 

Figure 4-24(b) displays the average value of the three balls for each can. As expected, the balls 

from can #1 had the highest pressure, for they were never played. The average value of 81.1 kPa 

is very close to the typical pressure of new balls, namely 82.7 kPa. The specimens with the lowest 

pressure were #10 - #12, i.e. those belonging to can #4. According to Table 4-6, these balls were 

played twice and therefore this result is also expected. The balls from can #3 were also played 

twice, but their pressure was closer to the samples played once. Such discrepancy likely depends 

on the number and the quality of the games played by the players. To quantify the relative change 

in internal pressure, Figure 4-24(c) show the pressure normalized with respect to can #1. The 

worse balls had a 20% drop in internal pressure, while those played once (can #2, #5, and #6) 

experienced a pressure drop comprised between 5% and 15%.  

To elaborate further on the link between the internal pressure and the HNSW data, Figure 

4-25(a) presents the TOF recorded on the third day of testing, i.e. a few days before piercing the 

specimens. The plot demonstrates a direct link between wave features and the measured pressure. 

As a matter of fact, the highest TOF occurred for can #4, namely the worst balls; conversely, the 

lowest TOF corresponded to the newest specimens (can #1). 

To compare the numerical prediction and the experimental results, Figure 4-25(b) shows the 

increase in TOF with respect to the new balls. The comparison of the two figures suggests that the 

numerical method underestimated the effects of rubber deterioration and internal pressure. As a 

matter of fact, the experimental increase of the wave features is larger than predicted numerically. 

This is likely due to the absence of dissipation in the model and to the fact that the model assumes 

point-wise contact between the steel bead and the rubber ball.  
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Figure 4-24 Experimental results. (a) Internal pressure of the 18 tennis balls, (b) internal pressure of the balls 

clustered according to their cans, (c) normalized internal pressure. The pressure was measured invasively 

with a pressure gauge by piercing the 18 specimens 

(

a) 

(

b) 

(

c) 
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Figure 4-25 Experimental results. (a) Time of flight measured before piercing the ball and (b) increase of the 

same time of flight with respect to can #1, i.e. the balls that were never used. 
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(
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4.4.4  Conclusions 

This article investigated numerically and experimentally the effects of internal pressure and 

rubber degradation on the interaction of between highly nonlinear solitary waves propagating 

along 1-dimensional chains of spherical particles and tennis balls placed in contact with one end 

of the chain. The scope of the study was the formulation of a new nondestructive method to assess 

the serviceability and the conformity of tennis balls to the guidelines set by the International Tennis 

Federation. On a much broader perspective, the objective of the study was the exploration of a new 

method to assess the elastic properties of rubber material for any engineering application or 

commodity in which rubber is used. It was found that the travel time of the waves reflected at the 

interface between the last particle of the chain and the rubber is affected mainly by the internal 

pressure of the ball and partially by the modulus. These dependencies were quantified numerically 

by implementing a finite element model in which the internal pressure and the elastic modulus of 

the rubber are the variables. The model was validated by testing 18 tennis balls from the same 

brand and type and aging was induced by asking amateur players to use the balls on a concrete 

court. Overall, the experimental results demonstrated that the nondestructive evaluation method is 

capable of determining whether or not any given ball was used, observing changes in balls 

characteristics, and of inferring pressure loss. The results also demonstrated that the method based 

on the highly nonlinear solitary waves is better than a conventional rebound test typically used to 

determine the bouncing height of balls. 

In this study, the effect of the felt was ignored in the numerical model as its stiffness is 

negligible compared to the rubber core. Moreover, it was found that the stiffness of the felt is a 

function of loading direction and loading rate [148, 149]. Therefore, any model and mechanical 

characteristics of the felt could be unrealistic in the numerical model. However, because the 
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purpose of felt is to reduce the speed of the ball on hard courts, the felt adds damping to the system 

in reality, which was also ignored in this study. This might be the reason that the amplitude of the 

solitary wave pulses are smaller in the experiments compared to the numerical simulation. Future 

studies may take into the account the damping characteristics of the felt. 

4.5 Characterization 

To have their tennis balls approved, manufacturers are required to send some samples to an 

ITF Technical Center. Here, the samples are subjected to the following sequence of tests: pre-

testing, mass and size measurement, deformation, rebound, and durability. To begin with, the balls 

are acclimatized for 24 hours in a climate-controlled laboratory at a temperature of 20 ± 2 °C and 

relative humidity of 60 ± 5%. Each ball is then pre-compressed to remove any “set”, which is a 

property that occurs in some materials when they are not subjected to varying forces. This pre-

compression is performed with a machine that deforms each ball by 2.54 cm (1 in.) three times 

along three perpendicular directions using pneumatic actuators [150]. After these pre-testing, the 

mass and size of the balls are measured. 

The compression test measures the deformation of the ball under a known load. The specimen 

is compressed between two plates: after a small initial load of 15.6 N (3.5 lbf), the forward 

deformation is measured when the applied compressive force is equal to 80.07 N (18 lbf); then, 

the ball is compressed further until its initial diameter decreases by 25.4 mm (1 in.); finally, the 

compression is reduced back to 80.07 N (18 lbf) at which the deformation is measured again and 

is usually referred to as the return deformation. 
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The next test is the rebound test in which the sample is dropped vertically from a height of 2.54 

m (100 in.) onto a calibrated surface and the rebound is measured. According to [150], a vacuum 

pipe holds the specimen at the correct height before being released on a smooth granite block onto 

which the ball bounces. A video camera and a light source are used to measure the bouncing height 

from the shadow of the ball that is cast against a scale. 

The last experiment evaluates the durability of the samples. Introduced in the 2009, the 

durability measures the changes in mass, size, deformation and rebound of six balls after 

standardized wearing regime in which laboratory equipment simulates the effects of nine games.  

4.5.1  Experimental Setup  

Three balls of four kinds, i.e. twelve specimens total, were subjected to the rebound test, the 

quasi-static loading, and the HNSWs measurements. The balls were Penn Championship Extra-

Duty (PED), Penn Championship Regular-Duty (PRD), Gamma Quick Kids 60 (G60), and Gamma 

Quick Kids 78 (G78). The Penn Championships belong to the ITF Type 2 category [150]. The 

“regular-duty” are designed for clay courts as they have less felt cover in order to pick-up less 

clay. The “extra-duty” are manufactured with denser fabric to allow for longer usage on hard and 

grass courts. Gamma Quick Kids 60 are ITF Stage 2 [150] category balls. According to the 

information publicly available, these low compression balls are designed for use on 60-foot courts 

and they bounce 50% slower than standard tennis balls. Their medium bounce allows more time 

to react and set up each shot for more consistency and control when learning. Finally, the Gamma 

Quick Kids 78 balls are designed to be used in regular (78 feet) courts and according to the 

manufacturer they are 25% slower than a standard tennis ball. Gamma Quick Kids 78 balls are ITF 

Stage 1 Type [150].  
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The specimens were probed first with the HNSW-based NDE method, and then subjected to 

the rebound and the compression tests. For each set of balls, the experiments lasted less than a 

week to minimize any effects associated with the loss of internal pressure due to the permeability 

of the rubber. At the end of this first round of experiments, the specimens were pierced with a 

hollow needle connected to a pressure gauge to measure the remaining internal pressure. Then, a 

second round of experiments were conducted to evaluate the differences between pristine and 

damaged conditions. To quantify the repeatability of the setup, fifty measurements were taken for 

each specimen.  

During the rebound test, each ball was dropped vertically from a height of h0=2.54 m (100 in.) 

on a polished concrete floor. Polished concrete can be considered equivalent to a smooth granite 

block because the surface is equally rigid, i.e. it will not deform when hit by the falling ball. A few 

cm from the impact, a microphone connected to an oscilloscope was placed on the floor to record 

the sound made by the first two collisions of the ball onto the concrete. The time 2t between these 

collisions was used to determine the rebound height h1 of the ball using Eq. (4.13). 

For the compression test, each specimen was placed between two plates and the load versus 

displacement was measured continuously. A WYKEHAM FARRANCE compression machine 

with the capacity of 50 kN was used to perform the test according to the ITS guidelines [150]. 

First, an 80.07 N (18 lb) load was applied and the “forward deformation” was recorded. 

Compression was applied further until the initial diameter decreased by 25.4 mm (1 in.), after 

which the compressive force was relieved, and deformation continued to be measured until the 

load on the ball is again 80.07 N (18 lb). At this point the “return deformation” was recorded. For 

each ball, the experiment was performed along three perpendicular axis as recommended by the 

ITF standard [150].  
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4.5.2  Experimental Results 

 

Figure 4-26(a) shows the typical sound recorded by the microphone during the rebound 

experiments. From this graph and Eqs. (4.12) and (4.13) the CoR was computed and the results 

are presented in Figure 4-26(b). The average value from the six drops of the CoR is shown for all 

12 specimens at both conditions, new and damaged, along with the corresponding 2 intervals. 

The coefficient of the new extra-duty and regular-duty balls decreased from ~0.76 to ~0.71 after 

piercing. As the balls were deflated, the rebound height and therefore the CoR decreased. While 

the coefficient decreases about 6%, the variation observed of the solitary wave feature was about 

12%. This suggests that the proposed NDE approach is more sensitive than the CoR to the variation 

of the internal pressure, and therefore, stiffness.  

As for the G-balls, their CoR slightly increased 2.8% to 7.2% after piercing. This behavior is 

somehow unexpected for the G78 as they are considered pressureless, and therefore no difference 

was expected prior and after the piercing. Part of this variation could be attributed to the variability 

of the measurements as the coefficient of variation of the rebound tests for the G-balls spanned 

from 1.17% to 8.32%. Another hypothesis is that the intrusive compression test may have 

permanently altered the microstructure of the rubber. It is worth noting that the CoR of specimen 

#2 of the G78 family diverges clearly from the other five G-balls. This is consistent with the 

outcomes of the solitary wave measurements and it may be attributed to differences of the final 

product. 

Figure 4-27 presents the load versus displacement plot relative to the three PRD balls. The 

curves show the typical load-deformation response of tennis balls as for example discussed in 

[151]. The stiffness of the ball increases as the deformation increases, due to the combined effects 
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of the hyperelastic behavior of the rubber, geometry of the ball, and increase in the internal pressure 

according to the ideal gas law. The difference between the loading and the unloading curves 

(hysteresis behavior) denotes energy loss during strain recovery [148]. To align the analysis to the 

ITF standards, the deformation at 80 N (18 lbf) during the forward and return compression was 

recorded as shown in Figure 4-27. It is noted here that the final instant of the loading ramp does 

not coincide with a displacement equal to 2.54 cm (1 in.) due to some constraint in the loading 

machine, which however, did not affect the quality of the experimental findings and the validation 

of the research hypotheses.   
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Figure 4-26 Rebound test. (a) Sound recorded when sample damaged PRD was tested. (b) Coefficient of 

restitution measured for all twelve specimens under new and damaged conditions 
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Figure 4-27 Compression test. Load vs deformation measured for PRD specimens. FW and RN identify the 

forward and the return deformation, respectively 

The results are presented in Figure 4-28(a) for the forward deformation and Figure 4-28(b) 

for the return deformation. By looking at Figure 4-28(a), the Penn specimens fell in the range 

0.63-0.72 cm, well within the range accepted by the ITF for Type 2 (see Table 4-5). As expected, 

the return deformation was larger and comprised between 0.97 cm and 1.05 cm, also in agreement 

with the existing standard. After piercing, all the specimens increased the forward deformation by 

15-30% and the return deformation by 36-100%. Overall, these results demonstrate that the 

internal pressure plays an important role in the deformation of the Type 2 balls. Owing to the role 

of the internal pressure, the results relative to the G-balls came as no surprise. In fact, the forward 

and the return displacements did not change with the damage, with the exception, again, of the 

G78 specimen #2. The difference in values across the same kind of ball is therefore attributable to 

the property of the rubber. As was said before, the G78 balls are about 20% thicker than the G60 
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and therefore stiffer. As such, their deformation was expected to be smaller.  Figure 4-28 confirms 

that the specimen #2 of the G78 family differs from the other two balls: its forward displacement 

changed by 2.91% while the other five balls varied between -2.50% and +1.00%; its return 

deformation increased by 9.44% while the other five varied between -0.09% and +3.56%. As such, 

the compression test confirms what predicted with the solitary wave measurements and observed 

with the rebound test. 

4.5.3  Discussion and Conclusions 

To ease the comparison between the CoR and the TOF and investigate a possible correlation, 

Figure 4-29(a) presents the feature of the PSW as a function of the CoR for all 24 cases considered 

in this study. For completeness, the horizontal and the vertical bars relative to the 2 intervals are 

presented with the average values. Two clusters are clearly visible for the Type 2 balls. One cluster 

refers to the new condition whereas the other cluster identifies the damaged specimens. The new 

balls populate the bottom right portion of the diagram, where the CoR is closer to 1, i.e. good 

bouncing characteristics, and the TOF is small as the energy of the acoustic incident wave is 

immediately reflected at the chain-rubber interface. The main difference between the pressureless 

and the pressurized balls is that the latter display a significant variation between pristine and 

damaged conditions, whereas the G-balls do not form any cluster. 
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Figure 4-28 Compressive test. (a) Forward Deformation for all twelve specimens under new and damaged 

conditions. (b) Return Deformation for all twelve specimens under new and damaged conditions. 
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Figure 4-29 Empirical time of flight as a function of the coefficient of restitution. (a) Values of all twelve 

specimens under new and damaged conditions. (b) Linear relationship visible for Type 2 balls   
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To identify a possible relationship between pristine and damaged condition, Figure 4-29(b) 

displays the TOF as a function of the CoR for the Penn balls. A linear interpolation and the 

corresponding R2 are overlapped to the experimental data, and the outcome is that the Penn 

specimens display a high correlation between the CoR and the TOF. Not shown here, the same 

procedure was applied to the G-balls; however, no significant correlation was found. This is 

consistent with the fact that the properties of the G-balls are expected to remain constant even with 

a small hole in the rubber. It is acknowledged here that such linear relationship is based on a small 

number of test samples. To corroborate this assumption, more samples with “intermediate” 

properties should be considered in the future, i.e. samples that are for instance aged but not pierced.   

Similar to Figure 4-29(a), Figure 4-30 compares the TOF data to the static deformation by 

presenting the feature (TOF) of the solitary wave as a function of the forward deformation (Figure 

4-30(a)) and the return deformation (Figure 4-30(b)). Overall, the empirical results seem to 

suggest that the two parameters are directly proportional to each other at least for the forward 

deformation. In fact, the stiffest balls populate the lower-left corner of the graph. No definite 

conclusions can be drawn yet for the return deformation. 

It is emphasized here that the use of a chain of particles is necessary to support the propagation 

of the highly nonlinear solitary waves. The use of a solid rod of same diameter and length of the 

chain would support the propagation of liner guided waves instead. The physics associated with 

their propagation is such that only one pulse would be reflected at the rod-ball interface and the 

speed and amplitude of this reflected pulse would not be affected by the variation of the pressure 

inside the ball. As a matter of fact, the speed of the wave depends exclusively on the mechanical 

property of the rod, whereas the wave amplitude would depend on the acoustic mismatch between 

the rod and the rubber.  
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Figure 4-30 Empirical time of flight as a function of (a) the forward deformation and (b) the return 

deformation. To ease comparison, the vertical scale of both plots is identical 
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5.0 Determination of Axial Stress 

This chapter is based on the study on the axial stress determination of thermally and 

mechanically stressed thick beams in press at the Journal of Acoustical Society of America [152] 

and numerical and experimental study of the interaction of HNSWs with rails under review at the 

Journal of Sound and Vibration [153]. 

5.1 Introduction 

Columns, cables, and rails are common engineering structures subjected to axial load. Some of 

these structures, such as continuous welded rails (CWRs), experience tension-compression cyclic 

stress. When anchored, a CWR is pre-tensioned such that the rail neutral temperature (RNT) TN, 

i.e. the temperature at which the net longitudinal force is zero, is between 32°C and 43°C. The pre-

tension counteracts thermal expansion and cannot be too high because the rail may break in the 

cold season. However, over time the neutral temperature decreases due to many reasons and 

becomes unknown. With lower RNT, the risk of extreme compression in the warm season 

increases leading to rail buckling, a structural problem that occurs when the temperature TR of the 

steel reaches the steel Euler temperature TE, which is related to the Euler stress cr with the 

formula: 

𝜎𝑐𝑟

𝐸𝛼
+ 𝑇𝑁 = 𝑇𝑐𝑟 (5.1) 

In Eq. (5.1), E and  indicate the elastic modulus and the coefficient of thermal expansion of 

the rail steel, respectively. As cr, E, and  are typically known, buckling may be prevented by 
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estimating the temperature Tcr at which the rail will buckle. This would be possible by using a 

reliable nondestructive methodology able to measure TN. Alternatively, TN can be inferred by 

measuring non-invasively the rail stress at any temperature and then applying the equivalent of 

Eq. (5.1).   

The current non-invasive methodologies have one or more limitations that prevent their 

widespread use. Perhaps the most important technology is the one commercialized under the name 

of VERSE® [154]. It is based on the beam-column bending theory that establishes that the axial 

load P affects the vertical force Q required to lift a rail by a certain amount  according to [154, 

155]: 

𝛥 ≈ (
𝜆𝑄𝐿3

𝐸𝐼
) (

1

1 − 𝑃/𝑃𝑐𝑟  
) (5.2) 

In Eq. (5.2),  is a constant that depends on the constraints, L is the length of an unfastened 

rail, EI is the flexural stiffness, and Pcr is the buckling load. From Eq. (5.2), the RNT is computed 

as: 

𝑇𝑁 = 𝑇𝑅 −
𝑃

𝛼𝐴
= 𝑇𝑅 −

𝑃𝑐𝑟

𝛼𝐴
(1 −

1

𝛿

𝜆𝑄𝐿3

𝐸𝐼
) (5.3) 

To the authors’ knowledge, the method requires track closure and about 30 meters of rail must 

be unanchored from the fasteners, and a support spacer needs to be placed 10 meters away from 

the mid-span. Then, the vertical force Q necessary to lift the center of the detached rail by the fixed 

amount  is measured; alternatively, the displacement  induced by a lift force of 10 kN is 

measured. Another technology consists of a wayside installation system attached to the rail web to 

quantify the rate of decay of the RNT. The system is based on strain gages and is part of a rail 

safety monitoring solution, called IRIS (Intelligent Rail Integrity System), consisting of a network 

of remote sensors that monitor rail temperature and rail condition. Each sensor unit is attached to 
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the CWR to be monitored and continually tracks the changes of the rail temperature. Each unit 

contains welded strain gage to collect longitudinal strain data. Another method is based on the 

Magnetic Barkhausen Noise (MBN) that exploits the Barkhausen effect, i.e. the noise in the 

magnetic output of a ferromagnetic material when the magnetizing force applied to it is changed. 

When a rail is subjected to longitudinal stress, its magnetic permeability changes. Tension leads 

to an increase of the permeability and vice versa. MBN provides a quantitative evaluation of the 

permeability and therefore an indirect assessment of the stress [156]. 

Other methods show promise but have not been translated yet into commercial systems. For 

example, the electromechanical impedance technique exploits the relationship between the 

electrical impedance of a PZT and the mechanical impedance of the host structure to which the 

PZT is bonded. The method was tested in laboratory [157, 158] on a thick straight beam. The 

ultrasonic birefringence method uses, instead, linearly polarized shear waves propagating along 

two perpendicular directions. The difference in the time-of-flight of these two beams depends upon 

the stress and the residual stress on the material [159, 160]. The approach requires extremely 

accurate measurements. Another method is based on the nonlinear parameter associated with the 

higher harmonics of ultrasonic guided waves propagating along the rail web. Laboratory and field 

tests showed the feasibility of the method at determining the RNT [59, 60, 161].  

This study consisted of three major steps. First, an accurate finite element formulation was 

implemented in MATLAB® and coupled to a discrete particle model to predict the dynamic 

interaction between the chain and a thick beam. A two-node beam element was used and the effect 

of the axial load due to temperature gradient was included in the geometric stiffness matrix of the 

beam elements. The chain-beam dynamic interaction was modeled and analyzed by coupling the 

differential equation of motion of the beam, and the Newton’s second law applied to the beads. In 
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the second step, four identical transducers were assembled. In this study, the term transducer 

identifies a device able to trigger, sustain, and sense HNSWs. Each transducer was connected to a 

data acquisition system to control the repetition rate of the ISW and to digitize the sensed signals 

for post-processing analysis. The transducers were tested against a stress-free rail segment to 

quantify any variability of the wave features due to manufacturing and assemble. The last step 

consisted of two rounds of experiments to validate the numerical models. In the first round, a thick 

beam was mechanically loaded through three tension-compression cycles. In the second round, the 

same beam was pre-tensioned, held fixed in displacement control, and then heated with a thermal 

tape to mimic thermal stress in rails. The size of the beam was selected to have buckling 

temperature and buckling length commonly found in CWRs [160, 162-166]. Three different pre-

tensions, namely 5%, 15%, and 25% of the steel yielding stress were chosen to mimic different 

neutral temperatures. In both rounds of experiments, one of the four transducers were used and 

placed in contact with the mid-span of the beam. The solitary waves were recorded at regular 

intervals and charted against the axial stress. 

With respect to [13-15, 61], the novelty of the study presented in this dissertation is multi-fold: 

first, a more accurate and generalized formulation of the interplay between the acoustic phenomena 

associated with the propagation of the wave and the dynamic of the thermally-stressed beam is 

presented. In fact, the FEM provides a general framework that can be expanded to include curved 

beams and 3D simulations as well. Second, the discrete particle model used to describe the 

propagation of waves along a curved chain takes into account the effect of gravity. This was not 

done in [19] where the effect of curved chain on the propagation of waves was studied 

systematically and for the first time. Another novelty of this paper is the test of a thick beam which 

is a geometry closely related to real structural elements, including rails. Fourth, the test of four 
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transducers enabled the analysis of potential differences associated with manufacturing issues. 

This allows framing advantages and limitations of the proposed NDE method at inferring axial 

load in structures. To the best of the authors’ knowledge, none of the existing studies considered 

the variability of the HNSW-based NDE method associated with the assembly of different 

transducers, regardless of the engineering application to be considered.  

5.2 Modeling and Rail Equivalency 

Several structural engineering models have been proposed to describe accurately the buckling 

of thermally stressed CWRs. The early studies replaced the railroad track with an “equivalent” 

single beam of finite length and analyzed the beam structure using analytic or finite element 

models [163, 167, 168]. Later studies proposed to replace the track structures with two parallel 

beams of finite length connected by linear springs located at the nodes of the finite element mesh. 

The springs account for the ballast and the cross-ties [166, 169-171]. For both single and double 

beam models, the ends of the “equivalent” beam(s) were considered as fixed supports. Another 

study replaced the real tracks with finite single or parallel beams at which an infinite support was 

considered [165].  

Within these frameworks, the finite element analysis available in literature can be clustered in 

two groups: quasi-static and dynamic. For both analyses, the buckling was imposed by adding an 

initial imperfection at the beam midspan extending across a finite portion of the beam. Typically, 

the imperfection consists of a small lateral displacement as shown in Figure 5-1. One of the first 

quasi-static analyses was proposed by Kerr using a single equivalent beam and ignoring the 

influence of ballast [163]. The hypothesis was that the beam would buckle at temperature typically 
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observed in the field, and the analyses estimated the length and the mode of the rail at buckling.  

However, this approach seems to overestimate the length of the rail segments typically observed 

in the field. A dynamic analysis was carried instead by Kish and Samavaden who were among the 

first to include the lateral resistance provided by the crossties and the ballast, the dynamic load of 

vehicles, and imposed an initial imperfection on a 4.9 m-long single beam [172, 173]. These 

studies set the ground for the rail buckling safety criterion in used nowadays. Lim et al. [166] 

presented a 3-D finite element model FEM of CWRs replaced by a single beam with lateral springs 

to take into account the ballast and the ties. With respect to previous work, the cross-sectional area 

and the moment of inertia of the “equivalent” beam was as twice as the cross-sectional area and 

the moment of inertia of rail profile [166]. Two kinds of boundary conditions were analyzed for 

the end supports: hinged and linear springs. To improve the model, they later replaced the end 

boundary conditions with an infinite boundary condition using two bar elements with specific area, 

moment of inertia, and coefficient of thermal expansion. Furthermore, an imperfection with a half-

sine shape was imposed to the beam [165]. 

 

Figure 5-1 Schematic of a rail model where a CWR is replaced with a simple fixed-fixed beam with initial 

imperfection 
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A two-node beam element with two translational (r and s) and one rotational (t) degree of 

freedom at each node was considered (Figure 5-2(a)). This finite element model only requires the 

elastic modulus, geometric parameters including the length, area, and moment of inertia, and the 

axial stress of the beam structure (which can be the rail). The displacement vector of the element 

was therefore 𝒖 = [𝑟1 𝑠1 𝑡1 𝑟2 𝑠2 𝑡2]
𝑇, whereas the local elastic stiffness matrix was [174]: 

𝑲𝑬 =
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where le represents the length of the element. In presence of axial stress , the geometric 

stiffness matrix KG of the element became [174]: 

𝑲𝑮 =
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Here,  is negative when the element is under compression. The stiffness matrix K of the 

element is the sum of the elastic and the geometric stiffness matrices, i.e [174]: 

𝑲 = 𝑲𝑬 + 𝑲𝑮 (5.6) 
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The local compatibility mass matrix of the beam element is instead [174, 175]: 

𝑴 = 𝜌 ∙ 𝐴 ∙ 𝑙𝑒
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 (5.7) 

where ρ is the density of the material. 

 

Figure 5-2 (a) Two-node beam element and displacement variables used in this study. (b) Free-body diagram 

of the ith particle in the L-shape chain 
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The beam was discretized, and the local stiffness and the local mass matrices of each element 

are obtained using Eqs. (5.4)-(5.7), transformed into the global coordinates, and then assembled to 

form the global stiffness and mass matrices of the beam. 

The models with a single beam as the equivalent structure replacing CWRs, considered lengths 

comprised between 50 and 200 meters long, with an imperfection (Figure 5-1) extending along a 

shorter segment, typically comprised between 3.6 m to 20 m. The selection of long imperfections 

(10+ m) may result, however, too conservative, i.e. the temperature gradient at which the rail is 

expected to buckle would result much lower than the true Tcr, because the lateral stiffness provided 

by the cross-ties and the ballast is not taken into proper account. Overall, the model with one 

“equivalent” beam seems to be preferable to the two “equivalent” beams because real buckling 

begins from one track and then propagate to the second track through the crossties. The ties were 

modeled using spring (bar) elements with the following stiffness matrix [165]: 

𝑲𝒕 = [
𝑘𝑡 −𝑘𝑡

−𝑘𝑡 𝑘𝑡
] (5.8) 

where kt is the tie stiffness. 

The global stiffness matrix K of the rail is then the sum of the global elastic and the global 

geometric stiffness matrices presented in Eq. (5.6) [173]. 

For the L-shaped granular medium, a 2-D discrete mass/spring model was formulated (Figure 

5-2(b)).  In the figure, vi is the position vector of the ith particle in the chain with respect to the 

center of the curve, fn, fNi, and w are the force acting on the beam from the nth particle, the surface 

reaction force of the inner wall applied to the ith bead, and the weight vector of the bead, 

resepctively. The 2-D discrete mass/spring model was applied to each bead by considering two 

degrees of freedom for each particle. In this discrete model, the masses were assumed to be 

concentrated at the center of the sphere, and the Hertzian contact acted along the line of sight 
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between two adjacent particles [32, 38]. Therefore, two degrees of freedom were required to 

characterize the movement of the particles. 

The differential equation of motion of the ith bead in a general non-straight chain can be 

formulated as: 

𝒇𝑖−1(𝑡) = 𝐴𝑏[‖(𝒗𝑖 + 𝒖𝑖(𝑡)) − (𝒗𝑖−1 + 𝒖𝑖−1(𝑡))‖]
+

3
2 ∙

𝒗𝑖 − 𝒗𝑖−1

‖𝒗𝑖 − 𝒗𝑖−1‖
 

 

(5.9a) 

𝒇𝑖+1(𝑡) = 𝐴𝑏[‖(𝒗𝑖+1 + 𝒖𝑖+1(𝑡)) − (𝒗𝑖 + 𝒖𝑖(𝑡))‖]
+

3
2 ∙

𝒗𝑖 − 𝒗𝑖+1

‖𝒗𝑖 − 𝒗𝑖+1‖
 (5.9b) 

𝒘 = 𝑚𝑏𝒈 = −𝑚𝑔𝒋̂ (5.9c) 

𝒇𝑵𝑖
(𝑡) = −(𝒇𝑖−1 + 𝒇𝑖+1 + 𝒘) ∙

𝒗𝑖

‖𝒗𝑖‖
 (5.9d) 

𝒇𝑖−1(𝑡) + 𝒇𝑖+1(𝑡) + 𝒘 + 𝒇𝑵𝑖
(𝑡) = 𝑴𝒃 ∙ 𝒖̈(𝑡) 

                                                → 𝒖̈(𝑡) = 𝑴𝒃
−𝟏 ∙ [𝒇𝑖−1(𝑡) + 𝒇𝑖+1(𝑡) + 𝒘 + 𝒇𝑵𝑖

(𝑡)] 
(5.9e) 

Eqs. (5.8a) and (5.8b) examine the contact forces on the ith particle exerted by the ith-1 and ith+1 

particles, ui(t) is the movement vector of the ith particle, g is the gravitational acceleration and ĵ is 

the unit vector in y-direction. Eq. (5.8c) is the ith particle weight vector, and Eq. (5.8d) is the surface 

reaction force. The second Newton’s law for the ith particle (differential equation of motion) is 

presented in Eq. (5.8e). In these equations, the operator [x]+ means max(x,0), whereas Ab and Mb 

are the Hertizan contact coefficient and the lumped mass matrix of each bead, respectively, defined 

as: 

 𝐴𝑏 =
𝐸𝑏√2𝑅𝑏

3(1−𝜈𝑏
2)

 (5.10) 

𝑴𝒃 = [
𝑚𝑏 0
0 𝑚𝑏

] (5.11) 
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where Eb, Rb, νb, and mb are the elastic modulus, the radius, the Poisson ratio, and the mass 

of the bead, respectively. The pre-compression force vector acting on the ith particle at t=0 is: 

𝒇𝑖(0) = [𝒇𝑖−1(0) + 𝒘] ∙
𝒗𝑖 − 𝒗𝑖−1

‖𝒗𝑖 − 𝒗𝑖−1‖
 (5.12) 

A finite element analysis of a beam under axial force in contact with an L-shape HNSW 

transducer was formulated according to Figure 5-3, by coupling the meshed beam along with the 

formulation of Eq. (5.9) of the chain particles. In this analysis the equation of motion of the beam 

is: 

𝒖̈(𝑡) = 𝑴𝒓𝒈
−1 ∙ 𝒇𝒓𝒈(𝑡) − (𝑴𝒓𝒈

−1 ∙ 𝑲𝒓𝒈) ∙ 𝒖(𝑡) (5.13) 

where Mrg and Krg are the reduced global (rg) mass and the reduced global stiffness 

matrices, respectively, and frg(t) is the reduced global force vector, which are all obtained after 

applying the boundary conditions. The force vector includes the dynamic force associated with the 

ISW arriving at the particle-beam interface. By solving simultaneously Eqs. (5.8) and (5.12), the 

displacements of the particles and the transvers motion of the beam were found. From these 

displacements, the dynamic force at each bead was calculated using the Hertz’s law, i.e.: 

𝒇1(𝑡) = 𝐴𝑏‖[𝒖2(𝑡) − 𝒖1(𝑡)]‖+

3
2

+
∙

𝒗2 − 𝒗1

‖𝒗2 − 𝒗1‖
 (5.14a) 

𝒇𝑖(𝑡) =
1

2
(𝐴𝑏‖[𝒖𝑖+1(𝑡) − 𝒖𝑖(𝑡)]‖+

3
2

+
∙

𝒗𝑖+1 − 𝒗𝑖

‖𝒗𝑖+1 − 𝒗𝑖‖
+ 𝐴𝑏‖[𝒖𝑖(𝑡) − 𝒖𝑖−1(𝑡)]‖+

3
2

+

∙
𝒗𝑖 − 𝒗𝑖−1

‖𝒗𝑖 − 𝒗𝑖−1‖
) , 𝑖 = 2,3,… ,𝑁 − 1 

(5.14b) 

𝒇𝑁(𝑡) =
1

2
(𝐴𝑏𝑒𝑎𝑚‖[𝒖𝑏𝑒𝑎𝑚(𝑡) − 𝒖𝑁(𝑡)]‖+ ∙

𝒗𝑏𝑒𝑎𝑚 − 𝒗𝑁

‖𝒗𝑏𝑒𝑎𝑚 − 𝒗𝑁‖

+ 𝐴𝑏‖[𝒖𝑁(𝑡) − 𝒖𝑁−1(𝑡)]‖+

3
2

+
∙

𝒗𝑁 − 𝒗𝑁−1

‖𝒗𝑁 − 𝒗𝑁−1‖
) 

(5.14c) 
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In Eq. (5.13c), ubeam is the transverse displacement of the beam, which is along the direction of 

motion of the last particle, and Abeam is the Hertzian stiffness of the bead/beam interaction equal 

to: 

𝐴𝑏𝑒𝑎𝑚 =
4√𝑅𝑏

3
(
1 − 𝜈𝑏

2

𝐸𝑏
+

1 − 𝜈2

𝐸
) (5.15) 

where the index b refers to the beam.  

 

Figure 5-3 Finite element scheme of the overall problem studied in this paper 
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5.3 Transducer Validation 

5.3.1  Experimental Setup 

Four L-shaped transducers were assembled according to the scheme of Figure 5-4. They 

contained eighteen particles 19.05 mm in diameter. All beads but the second from the top, which 

was non-ferromagnetic, were made of ferromagnetic stainless steel. An electromagnet was 

connected to a commercial DC power supply to lift and release the first (ferromagnetic) particle 

of the chain to trigger an ISW. The falling height of the striker was about 3 mm. The sensing 

system was located five particles away from the chain/structure interface and consisted of a 19.05 

mm diameter PZT (Figure 5-5) embedded between two 6.05 mm thick, 19.05 mm diameter disks. 

Kapton tape was used to insulate the PZT from the metal. The mass of the sensing system was 

equal to the single particle in order to avoid the formation of undesired spurious pulses and/or 

pulse attenuation at the disk-sphere interface. 
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Figure 5-4 (a) Scheme of the assembled L-shaped transducers, (b) Photo of one transducer. The 0.25 mm-thick 

aluminum foil glued to the frame prevents the free fall of the beads 

 

Figure 5-5 (a) Photo of the wafer transducers glued between two thick metallic disks, (b) Close-up view of one 

of the sensor disks embedded in the transducers. 
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The transducers were connected to and driven by a National Instrument-PXI 1042Q running 

in LabVIEW. One graphical user interface was created to drive the electromagnet and a matrix 

terminal block (NI TB-2643) was used to branch a TTL signal from the PXI’s function generator 

into four switch circuits. A transistor was used to direct the electronic signals and operate the 

transducers sequentially.  

To assess the repeatability of the ISW and determine any variability associated with differences 

in the assembly, the transducers were in contact with the web of a 900 mm long A.R.E.A. rail. To 

secure the contact between the chain and the web and avoid any undesired gap (Figure 5-6(a)) 

due to the tapered shape of the web, a small hole (Figure 5-6(b)) was made in the aluminum foil 

holding the grains. One hundred measurements were taken with each transducer and sampled at 4 

MHz by setting the trigger of the digitizer to the incident pulse with a 10% pre-trigger to avoid 

any truncation of significant waveforms.  

For post-processing, the following waveform features were considered: amplitude of the ISW, 

ratio of the amplitude of the wave reflected at the chain-rail interface to the amplitude of the ISW, 

and the TOF.  
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Figure 5-6 (a) A gap exists between the transducer and the web of rails because of the web geometry. (b) The 

gap was removed by devising a hole in the aluminum foil 

5.3.2  Experimental Results 

Figure 5-7 shows the average value and the corresponding 2×SD (standard deviation) interval 

associated with the 100 measurements. For convenience, the results are also presented in Table 

5-1. Figure 5-7(a) shows the amplitude of the incident wave. This feature is expected to be 

immune to the properties of the chain/structure interface. The results show that, regardless of the 

transducers, the solitary pulse being generated is very repeatable as the coefficient of variation 

(CoV), i.e. the ratio of the standard deviation to the average, is between 0.81% and 2.24%. The 

small CoV implies that the use of an electromagnet to trigger a solitary pulse is a cost-effective 

solution to produce highly repeatable pulses. The average amplitude of the incident signal across 

the four transducers was 2.89 V with a CoV relative to the four averages equal to 0.91%. This is 

also an excellent result as it demonstrates the possibility to assemble many transducers with nearly 

identical responses. Such repeatability of the amplitude of the generated pulse can be secured by 

having the same gap between the electromagnet and the striker, and by minimizing the dynamic 
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friction between the striker and the inner wall of the frame. It must be noted though that the 

amplitude voltage depends also on dielectric properties of the PZT. These are properties that 

cannot be controlled by the user.  

Table 5-1 Experimental results of the L-shape transducers tests 

Transducer 

ISW (V) PSW/ ISW (%) TOF (ms) 

Mean SD 
CoV 

(%) 
Mean SD 

CoV 

(%) 
Mean SD 

CoV 

(%) 

#1 2.86 0.02 0.81 100.80 3.54 3.51 0.4311 0.0036 0.83 

#2 2.91 0.07 2.24 97.18 4.16 4.28 0.4398 0.0080 1.81 

#3 2.87 0.04 1.29 95.33 3.32 3.48 0.4401 0.0041 0.93 

#4 2.93 0.05 1.75 96.42 4.93 5.12 0.4428 0.0054 1.22 

The feature of the PSW to the ISW ratio is presented in Figure 5-7(b) and Table 5-1. By 

looking at the results of Transducer #1, the amplitude of the reflected wave was slightly higher 

than the amplitude of the incident pulse. Although this result may seem counterintuitive, it will be 

thoroughly justified in the next section. In terms of the standard deviation, the feature is not as 

repeatable as the amplitude of the incident wave, given that the CoV spans from 3.5% to 5%. The 

results confirm instead the excellent repeatability of the assemble. In fact, the average of the four 

average ratios was 97.43% with CoV equal to 2.1%.  

Finally, the results relative to the TOF are presented in Figure 5-7(c) and show that this feature 

has the highest repeatability as the CoV within the same transducer did not exceed 1.8% whereas 

the average of the mean values was 0.4385 ms and CoV equal to 1%. These outcomes suggest that 

the TOF shall be considered the main feature to infer the axial stress along thermally loaded rails 

as operation variability due to factors external to thermal and physical loading have little to none 

effects on the feature.   
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Figure 5-7 Average value of the 100 measurements of: (a) ISW, (b) PSW to ISW ratio, and (c) TOF measured 

from each L-shaped transducer. The vertical bars denote twice the standard deviation 
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5.4 Model Validation 

Two analyses were performed with the models described in section 5.2. The first analysis 

considered the free vibration of a beam and compared its natural frequency to that obtained from 

the close-form solution known in structural dynamics. This was done to evaluate the accuracy of 

the finite element model. The geometric and mechanical properties of the beam are listed in Table 

5-2. The second analysis delved with the interaction of an L-shaped transducer, identical to the 

ones which were assembled in the experiments and will be discussed later in this chapter, and a 

rigid beam that mimicked the rigid rail segment described in the previous section. For this second 

analysis, the moment of inertia was set close to infinite, and the mechanical properties of the 

particles were E=205 GPa, =0.3, =7850 kg/m3. The falling height of the striker was 3 mm. The 

dynamic force of the 14th bead was estimated to compare the experimental wave features with the 

numerical ones. 

Table 5-2 Geometric and mechanical properties of the beam tested in this study 

w (mm) h (mm) L (mm) E (GPa) σy (MPa) α (1/oC) k ρ (kg/m3) 

127 15.875 1200 205 250 1.0E-05 0.5 7850 

I (mm4) A (mm2) r (mm) λ Pcr (kN) σcr (MPa) ΔT (oC) m (kg) 

42341 2016 5 131 238 118 48 19 

w: width, h: depth, L: free length, α: coefficient of thermal expansion, k: buckling length ratio, ρ: density, r: 

radius of gyration, λ: slenderness 

In any FEM, it is known that smaller number of elements in the discretization reduces the 

accuracy of the results; on the other hand, a large number of elements significantly increases the 

computational cost. Therefore, a tradeoff must be reached between accuracy and computational 
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cost. In this study, one hundred elements were considered and the results were compared to the 

analytical solution obtained from applying the general equation [176]:  

𝑓𝑛 =
(𝛽𝑛𝐿)2

2𝜋
√

𝐸𝐼

𝜌𝐴𝐿4
+

𝜎

4𝜋2𝜌𝐿
 (5.16) 

where fn is the natural frequency of the nth mode, and βnL is the root of the differential 

equation of the vibration of a single-span beam according to specific boundary conditions for each 

mode. The natural frequency changes because the axial stress changes the stiffness of the beam. 

Figure 5-8 presents the frequency of vibration of the first mode, i.e. n=1 for which β1L=4.73 [176], 

as a function of the axial stress. The two curves are in excellent agreement with each other proving 

that the same number of beam elements in the model can be reliably used to capture the stiffness 

change of the beam, which is hypothesized to affect some features of the solitary waves reflected 

at the beam-transducer interface.  

 

Figure 5-8 Frequency of the first mode of vibration of the beam as a function of the axial stress 
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The results of the second analysis are presented in Figure 5-9 where the numerical time-

waveform is displayed. As for the experimental results, only one reflected wave is generated 

because the material in contact with the chain is too stiff to give rise to a secondary pulse. 

Interestingly, the amplitude of the PSW is larger than the amplitude of the incident wave. This is 

due to the peculiar characteristics of the wave propagation along the granular medium. Owing to 

the power-law dependence of the phase velocity on the force amplitude, the incident pulse gains 

speed as it travels along the vertical leg of the chain due to the increasing pre-compression 

generated by the gravity. In the elbow, part of the dynamic force is balanced by the reaction (fNi) 

perpendicular to the inner wall of the guide (see Figure 5-2); the effect is that the solitary pulse 

slows down because the total (dynamic plus static) compressive force along the propagation 

direction of the ISW is smaller than at entrance of the elbow. Along the horizontal leg, the static 

pre-compression across the particles is constant because the gravity is perpendicular to the leg. 

The effect is that once it passes the elbow, the ISW gradually regains speed over a certain distance. 

At the chain-beam interface, the speed and therefore the amplitude of the incident wave is higher 

than at the sensing particle. The outcome is that the numerical amplitude of the reflected pulse at 

the sensing particle is larger than the amplitude of the incident wave and the ratio PSW/ISW is 

1.12 or 112%. This phenomenon was not evident in the experiments presented in Section 3 (except 

for Transducer #1) because the dynamic friction between the beads and the inner wall of the guide 

dissipates the acoustic energy. In Figure 5-9, the numerical TOF is to 0.4266 ms, about 2.78% 

smaller than the average of the four transducers and 3.1% smaller than Transducer #1. This result 

is consistent with the fact that the numerical reflected pulse was faster than the experimental pulse 

described in the previous section. A note about the small bumps trailing the reflected pulse and 

visible at about 1.25 ms and 1.5 ms; they represent the arrival of small spurious pulses generated 
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by the bouncing of the striker and do not have any detrimental effects on the physical phenomena 

being exploited in this study.   

 

Figure 5-9 Numerical results. Waveform relative to the transducer in contact with a rigid beam 

5.5 Testing a Thick Beam  

5.5.1  Experimental Setup 

A 127×15.88×1400 mm3 A36 steel beam was tested. Its mechanical and geometric properties 

are listed in Table 5-2. The beam was connected to a MTS machine using two angles wedges at 

each end. The L-shaped Transducer #1 was placed in contact with the mid-span of the beam. This 

transducer was chosen for its high repeatability; the internal friction was reduced further by 

increasing the guide width by 0.5 mm, and the falling height of the striker was raised to 4 mm to 
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generate stronger pulses. The setup is shown in Figure 5-10. Two rounds of experiments were 

conducted. In the first round, the beam was mechanically loaded to its 25% of the yielding stress 

(σY=60 MPa), and the load was changed with -11 MPa steps to reach the beam’s 25% Euler stress 

(σcr=-30 MPa). These two extremes are identified in Figure 5-8 and within them the natural 

frequency decreases about 30% from 69.87 Hz to 49.08 Hz. At each step, ten measurements were 

taken with the transducer. Three tension-compression cycles were completed. 

 

Figure 5-10 Photo of the: (a) test setup and (b) hardware used to run the transducer 

In the second round of experiments, the specimen was pre-tensioned, held in displacement control, and 

then heated with a thermal tape to induce thermal stress. Three experiments were conducted corresponding 
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to three levels of pre-tension, namely 25%, 15%, and 5% of the steel yielding stress. This mimicked 

different neutral temperatures. Heat was imparted until the surface temperature of the steel was about 

82.5ºC, 71.6 ºC, and 63.3 ºC, respectively.  Then, the beam was cooled naturally until the initial temperature 

was reached. Two heating-cooling cycles were completed. Owing to the fixed-fixed boundary conditions, 

the Euler load Pcr was: 

𝑃𝑐𝑟 =
4𝜋2𝐸𝐼

𝐿2
 (5.17) 

 and the corresponding values for the test specimens are presented in Table 5-3. 

Table 5-3 The loading protocol and details of different tests 

Test No. 1 2 3 4 

Load Type Mechanical Thermal Thermal Thermal 

Pre-tension stress (MPa) 62.5 62.5 37.5 12.5 

Yielding percentage 25 25 15 5 

Compressive stress (MPa) -30 -6 -18 -30 

Buckling percentage 25 5 15 25 

Δσ (MPa) 92.5 68.5 55.5 42.5 

Neutral temperature (oC) 25 25 15 5 

Measurements per step 10 5 5 5 

Completed cycles 3 2 2 2 

Using known formulation, the thermal load PT and the stress σT imparted to the beam can be 

calculated as: 

𝑃𝑇 = 𝐸𝐴𝛼Δ𝑇 = 𝐸𝐴𝛼(𝑇0 − 𝑇𝑓) (5.18a) 

𝜎𝑇 = 𝐸𝛼Δ𝑇 = 𝐸𝛼(𝑇0 − 𝑇𝑓) (5.18b) 

where T0 and Tf  are the initial and the final temperature of the beam, respectively. The critical 

temperature occurs when Pcr = PT, i.e. the temperature raise ΔTcr necessary to induce buckling was 

equal to: 
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Δ𝑇𝑐𝑟 =
4𝜋2𝐼

𝐴𝛼𝐿2
 (5.19) 

equivalent to: 

Δ𝑇𝑐𝑟 =
𝜋2ℎ2

3𝛼𝐿2
 (5.20) 

For the test specimen probed in this study, ΔTcr was equal to 48 ºC.  

A digital thermocouple was used to measure the temperature at the center of the beam, and five 

measurements were taken with the HNSW transducer at 5oC temperature step. Five measurements 

were taken instead of ten, to make sure that the beam temperature could be assumed constant 

during the measurements. At each step, the axial load shown in the MTS control box was recorded 

as well. Two cycles were completed for each test in one day. Table 5-3 summarizes the tests 

protocol.  

5.5.2  Experimental Results: Mechanical Loading 

Figure 5-11 shows the stress-strain relationship retrieved from the control unit of the MTS 

machine and overlapped to the theoretical values predicted by the Hooke’s law. The discrepancy 

between the empirical and the theoretical value is attributed to local elastic deformation of the 

reaction plates placed at the end of the beam and to small, yet relevant, adjustments in the MTS 

machine during the transition from tension to compression and viceversa. These uncontrollable 

phenomena affected also the amount of heat imparted to the beam to achieve the desired stress 

range. Nonetheless, it is demonstrated in this and next sub-section that these constraints of the 

loading setup did not affect in any manner the objective of the study and the validation of the 

research hypothesis.  
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Figure 5-11 The experimental and theoretical stress-strain relationship 

Figure 5-12 shows two waveforms, one associated with 25% yielding and one associated with 

25% buckling stress. The arrival time of the ISW is identical whereas the amplitude and the TOF 

are different. To quantify the effect of axial stress on the features of the solitary waves, Figure 

5-13 shows the amplitude ratio and the TOF as a function of the axial stress: the three loading and 

unloading ramps are overlapped to the numerical predictions. The vertical bars represent the 2×SD 

confidence interval associated with the ten measurements. Overall, the experimental data show the 

same trend predicted numerically, i.e. a monotonic variation of the features with respect to the 

axial stress. This variation is the effect of the change in the beam stiffness due to the axial stress: 

for example, compression reduces the lateral stiffness of the beam [174]. As discussed in several 

manuscripts [48, 132, 138, 140], the reduction of the stiffness of the contact material increases the 

TOF and decreases the amplitude ratio. Figure 5-13 also shows that the experimental data are 

smaller than the numerical values. This is likely due to the absence of friction and dissipating terms 

in the simulation. Nonetheless, both numerical and experimental values vary about 15% across the 
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stress range considered in this study. Finally, not shown here, the amplitude of the incident wave 

did not follow any trend associated with the axial stress. This result was expected, as the ISW is 

not influenced by the condition of the material in contact with one end of the chain. 

  

Figure 5-12 Experimental results. Example of time waveforms recorded when the beam was subjected to 25% 

of its yielding tension and 25% of its buckling compression 

 

Figure 5-13 Mechanical testing, experimental results: (a) PSW/ISW ratio, (b) TOF as a function of the 

applied stress. The numerical prediction is overlapped 
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5.5.3  Experimental Results: Thermal Loading 

Figure 5-14 shows the ratio and the TOF associated with Tests #2 to #4. The experimental 

data are overlapped to the numerical predictions. The vertical bars represent the 2×SD confidence 

interval associated with the five measurements. The same trends seen in the mechanical loading 

are observed. The change in the TOFs was 4.9%, 3.3%, and 2.4% for Test #2, Test #3, and Test 

#4, respectively. The results are consistent with the moderate change in natural frequency 

(consequently, a moderate change in the stiffness) predicted with Figure 5-8. It is expected that 

for stresses close to buckling, the variation of the TOF would be much larger as the stiffness drop 

of the beam would be much larger than the tested range. 

To quantify the feature gradient with respect to the axial stress, the data points relative to the 

two heating and cooling ramps at any given stress were averaged and the results are presented in 

Figure 4-15, overlapped to the numerical results. By looking at the equations of the line 

interpolation several conclusions can be drawn. Except Figure 4-15(f), the slopes of the numerical 

and the experimental data are very similar. This means that the experimental slopes agree with the 

numerical prediction in terms of the sensitivity of the wave feature to the change in axial stress. 

The equations also reveal that the neutral temperature does not affect the sensitivity of the wave-

based NDE method as the y-intercept does not change with the level of pre-tension: at zero stress, 

irrespective of the neutral temperature, the amplitude ratio is about 1.08 (108%) and the TOF is 

0.414 ms. This implies that the method can be applied anytime regardless of the neutral 

temperature. In the field, the transducer would probe any thick beam with identical geometric 

properties. The empirical TOF or amplitude ratio would be plugged into the y variable of the above 

equations to solve for the x variable, which represents the actual stress (T). By measuring with a 

thermocouple, the actual temperature Tf of the steel, Eq. 5.17(b) would be used to infer the beam’s 
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neutral temperature. The possibility to use two wave features increases the redundancy of the 

proposed NDE system.  

5.5.4  Conclusions 

This section presented a numerical and an experimental study about the use of highly ninlinear 

solitary waves to estimate the axial stress of thermally loaded thick beams. The numerical work 

consisted of a finite element model coupled to a discrete particle model to predict the dynamic 

interplay between the propagation of solitary waves within a chain of particles and beams 

undergoing axial stress and in contact with the chain. The models were validated experimentally 

by assembling four HNSW transducers, able to trigger, sustain, and sense the solitary pulses. First 

the chains were tested to quantify repeatibility and reliability. Then, one transducer was used to 

monitor a thick beam subjected to mechanical loading and to thermal loading. The results 

demonstrated that the proposed nondestructive evaluation system is robust in terms of repeatibility 

and sensisitvity to the variation of axial stress, as the wave features are monotonically dependent 

on the axial stress and do not depend on the initial neutral temperature of the beam. This implies 

that the system can be applied anytime without the need for a day long obervation that would 

eventually require the neutral temperature crossing. It is noted here that the findings presented in 

this manuscript are valid to any beam possessing the same geometric and mechanical properties of 

the beam tested in this study. For different beam, the generalized model presented in this article 

can be used to predict the variation of the features of the reflected solitary waves due to the 

presence of thermal or mechanical stress. 
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Figure 5-14 Thermal loading tests, experimental results: (a) PSW/ISW ratio and (b) TOF across [0.05σcr, 

0.25σY]; (c) PSW/ISW ratio and (d) TOF across [0.15σcr, 0.15σY]; (e) PSW/ISW ratio and (f) TOF across 

[0.25σcr, 0.05σY]. 
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Figure 5-15 Thermal loading tests, experimental results. Analysis of the features’ trend: (a) PSW/ISW ratio 

and (b) TOF across [0.05σcr, 0.25σY]; (c) PSW/ISW ratio and (d) TOF across [0.15σcr, 0.15σY]; (e) PSW/ISW 

ratio and (f) TOF across [0.25σcr, 0.05σY]. 
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5.6 Testing Rails 

5.6.1  Numerical Setups and Results 

Three analyses were performed. In the first analysis, a single unconstrained 3.6 m-long rail 

was modeled (Figure 5-16(a)) whereas the second analysis was about the same rail but constrained 

with lateral springs (Figure 5-16(b)) spaced 0.45 m apart and kt equal to 2.6×107 N/m, in 

accordance to [173]. The third analysis was about a 0.9 m-long unconstrained rail in order to 

validate the model with the experiment conducted in this study. The length of 3.6 m is consistent 

with the appropriate “equivalent” beam discussed in section III whereas the shorter rail 

corresponds to the length of the sample tested experimentally. The 3.6 m-long rail was discretized 

with 80 elements whereas the 0.9 m-long rail was meshed with 20 elements. After discretization, 

the local stiffness and the local mass matrices of each element were obtained using Eqs. (5.4)-

(5.8), transformed into the global coordinates, and then assembled to form the global stiffness and 

mass matrices. 

 

Figure 5-16 Schematic of the rail models implemented in this study. (a) 3.6 m-long unconstraint rail; (b) 3.6 

m-long tied rail at 0.45 m (18 in.) spacing 
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To adhere our analysis to the experimental sample an AREMA 613/16 rail profile was modeled. 

The elastic modulus of the steel was assumed 200 GPa, while the cross-sectional area and the 

moment of inertia were 8736 mm2 and 7.04×106 mm4, respectively. For the granular medium, an 

L-shaped array of eighteen particles 19.05 mm in diameter was modeled. All beads but the second 

from the top, which was non-ferromagnetic, were made of ferromagnetic stainless steel with the 

elastic modulus and the Poisson’s ratio equal to 200 GPa and 0.3, respectively. To trigger the 

incident wave, the initial velocity of the particle was set to 0.28 m/s equivalent to the speed at the 

moment of the impact of a striker freely falling striker from 4 mm. The dynamic force of the 

solitary waves was measured at the center of the bead located five particles away from the 

chain/rail interface. This numerical design of the array was consistent with the transducer 

assembled for the experiment and visible in Figure 5-4.  

Figure 5-17 shows the waveforms associated with the three analyses: the 3.6 m long 

uncontrained rail (Figure 5-17(a)), the 3.6 m long rail with lateral springs (Figure 5-17(b)), and 

the 0.9 m long unconstrained rail (Figure 5-17(c)). The plots relative to the longer rail (Figure 

5-17(a) and Figure 5-17(b)) show the existence of the SSW. This implies that the acoustic energy 

carried by the incident wave was sufficient to trigger a local oscillation of the structure and induced 

the separation of the bead from the rail.  

With respect to Figure 5-17(a) and Figure 5-17(b), Figure 5-17(c) reveals that the amplitude 

of the reflected pulse is higher than the amplitude of the incident wave. This apparent 

counterintuitive result is justified by the geometry of granular medium. Owing to the power-law 

dependence of the phase velocity on the force amplitude, the incident pulse gains speed as it travels 

along the vertical leg of the chain due to the increasing pre-compression generated by the gravity. 

Along the elbow, part of the dynamic force is balanced by the reaction exerted by the inner wall 
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of the guide holding the spheres. The effect is that the solitary pulse slows down because the total 

(dynamic plus static) compressive force along the propagation direction is smaller than at the 

entrance of the elbow. Along the horizontal leg, the static pre-compression remains constant with 

the consequence that the ISW gradually regains speed over a certain distance with the consequence 

that the speed and therefore the amplitude of the incident wave is higher at the chain-rail interface 

than at the sensing particle. 

The comparison of the three incident waves reveals also an unexpected outcome. The three 

pulses are not identical despite the fact that the ISW is expected to be immune by the conditions 

at the chain-rail interface. Both the amplitude and the arrival time are not identical with the largest 

difference noted in the short rail. In addition, an offset is visible during the first 0.3 ms of the signal 

in Figure 5-17(a) and Figure 5-17(a).  

The origin of such apparent incongruence is in part due to the flexural stiffness of the rail and 

in part due to the design of the transducer. The flexural stiffness of the rail is proportional to EI/l3. 

As such, the short rail is 43=64 times stiffer than the 3.6 meter long rail. In the model, the virtual 

impact of the striker causes the rebound of the striker itself. This event temporarily changes the 

overall weight of the chain causing a small deformation of the rail which in turn causes the 

generation of a small pulse traveling apposite to the ISW direction. This is visible in Figure 5-18 

where the time waveforms recorded at the center of the fifth particle from the top, i.e. right before 

the elbow, are presented for the two unconstrained beams. However, as demonstrated in what 

follows, this small pulse does not affect the overall NDE method proposed here. As the ISW and 

the spurious pulse travels they interfere with each other giving rise to the differences oberved in 

Figure 5-17.  
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Figure 5-17 Results of the numerical analysis. Time waveforms associated with an AREA 613/16 rail (a) 3600 

mm-long unconstraint rail; (b) 3600 mm-long tied rail; and (c) 900 mm long 
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To investigate the influence of the axial stress on the characteristics of the waves reflected at 

the interface, some features were computed for different values of the longitudinal stress of the 

rail. The results relative to the 3.6 m unconstrained rail are presented in Figure 5-19 and they refer 

to the stress range comprised between 95% of buckling stress, namely ~120 MPa in compression, 

and 25% yielding, namely ~60 MPa in tension. Figure 5-19 (a) shows the PSW/ISW ratio, Figure 

5-19(b)  presents the SSW/ISW ratio, Figure 5-19(c) displays the time-of-flight relative to the 

primary wave, and Figure 5-19(d) shows the time-of-flight of the secondary wave. The PSW/ISW 

ratio was obtained by dividing the peak amplitude of the primary reflected wave to the peak 

amplitude of the incident wave. 

 

Figure 5-18 Numerical analysis. Solitary waveforms measured at the center of the particle on the vertical leg 

of the chain, i.e. at the entrance of the elbow. (a) 3.6 uncontrained beam; (b) 0.9 unconstrained beam 

Similar procedure was adopted to compute the SSW/ISW ratio. The time of flight represents 

instead the difference in the arrival time at the same sensing particle of the reflected pulses with 

respect to the incident pulse. In Figure 5-19, the first two features are express in percent to indicate 
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the fraction of the reflected amplitude with respect to the incident pulse amplitude. All four plots 

denote a clear monotonic trend with significant variation of the wave features across the stress 

range considered. In numbers the PSW/ISW ratio, SSW/ISW ratio, TOF of PSW, and TOF of SSW 

vary by 6%, 13%, 9%, and 7%, respectively. These numbers are significantly higher than what 

would be expected by using, for example, acoustoselasticity as a non-invasive method to infer the 

applied stress on the structure [122, 177, 178].   

Another interesting outcome of Figure 5-19 is that the features do not show any abrupt 

variation as the rail approaches to buckling; as a matter of fact, the polynomial interpolating the 

numerical results have residual R2 equal to 1. In practice, by plugging the known mechanical and 

geometric properties of the rail, and by assuming an “equivalent” beam length of, let say 3.6 

meters, the inspectors can infer the current stress of the rail by measuring the features of the solitary 

waves propagating along a transducer assembled according to the specifications described here. 

The fact that all plots present a monotonic trend across a wide range of stresses, guarantees that 

the solitary wave readings provide a unique value of the axial stress by applying the equations 

presented in Figure 5-19. With the inferred stress σ (the x variable on the aforementioned 

equations) the neutral temperature would be estimated using Eq. (5.1) once a thermocouple or a 

rail thermometer has provided the current temperature TR of the rail. This estimate would be done 

having four potential features (four potential equations) instead of one, i.e. having redundancy in 

the NDE system. The method also would not require daylong monitoring along which the neutral 

temperature needs to be crossed. It is noteworthy that the results presented here apply to a 

transducer with the characteristics presented in Figure 5-4. Nonetheless the model implemented 

in this study is generalizable: any transducer with any number of spheres of any size and material 

can be modeled effortlessly.   
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Figure 5-19 Numerical analysis. Solitary waves features as a function of the axial stress acting on an AREA 

613/16 3600 mm-long unconstrained rail. (a) PSW/ISW raio; (b) SSW/ISW ratio; (c) TOF of PSW; (d) TOF 

of SSW 
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The same analysis carried for the 3.6 m long unconstrained rail was carried for the other two 

cases examined in this study. Figure 4-20 shows the numerical results relative to the laterally 

confined rail. The same waveform features were considered, and very similar trends and equations 

were found, with only some slight difference in quantitative values. The PSW/ISW ratio, 

SSW/ISW ratio, TOF of PSW, and TOF of SSW vary by 6%, 13%, 9%, and 7%, respectively. This 

reveals that the stiffness provided by the ties is negligible compared to the stiffness of the rail. In 

addition, any practical consideration discussed above applies here. 

Finally, the results relative to the 0.9 long rail are presented in Figure 5-21. In this case only 

the features associated with the PSW can be extracted because the rail is too stiff to induce any 

secondary reflection. Although the stress range that was considered was the same as Figure 4-19 

and 5-20, the compressive stress of ~120 MPa is equivalent to about 20% of the rail yield stress 

and only 2.5% of buckling. In other words, the rail yields well before it buckles. The graphs of 

Figure 5-21 show the absence of any significant variation across the stress range considered. The 

variation of the geometric stiffness of the rail due to the axial stress is negligible in comparison 

with the material stiffness. Figure 5-21(a) reveals that the amplitude of the reflected wave is about 

4% higher than the incident wave. As discussed earlier this is due to the L-shaped geometry of the 

transducer. This phenomenon was not observed in the longer rail because part of the incident 

acoustic energy is converted into the SSW.  

5.6.2  Experimental Setup and Results 

The L-shaped transducer shown in Figure 5-4(b) was used to probe the 0.9 m-long rail. It 

contained eighteen particles 19.05 mm in diameter. The sample stood vertically in an MTS 

machine and the transducer was in contact with the rail web at the midspan. Figure 5-22 shows 
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the overall experimental setup. Mechanical compression at 44.5 kN (10 kips) step was applied up 

to 445 kN (100 kips). The load was recorded with the MTS control box and the highest load 

corresponded to approximately 20% of the rail’s yield stress and 2.5% only of the Euler buckling 

load. As said earlier, the profile and the length of the sample were such that the sample would yield 

before buckle. At each step, ten measurements were taken with the L-shaped transducer in order 

to investigate the repeatability of the setup; the solitary waveforms were sampled at 4 MHz and 

stored for post-processing analysis. The trigger was set to the incident pulse with a 10% pre-trigger 

to avoid any truncation of significant waveforms. Two load-unload cycles were completed. In the 

post-processing the amplitude of the incident wave, the PSW/ISW ratio, and the time of flight of 

the reflected wave were analyzed.  



 170 

 

Figure 5-20 Numerical analysis. Solitary waves features as a function of the axial stress acting on an AREMA 

613/16 3600 mm long tied rail. (a) PSW/ISW raio; (b) SSW/ISW ratio; (c) TOF of PSW; (d) TOF of SSW 
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Figure 5-21 Numerical analysis. Solitary waves features as a function of the axial stress acting on an AREA 

613/16 900 mm long unconstrained rail. (a) PSW/ISW ratio; (b) TOF of PSW 

The results of the experiment are presented in Figure 5-23. Figure 5-23(a) shows one of the 

waveforms recorded at zero stress. As predicted numerically, the amplitude of the reflected wave 

is larger than the amplitude of the incident pulse. Not seen in the numerical model, a few bumps 

tailing both incident and reflected waves are visible. These bumps may likely due to the rebound 

of the striker at the moment of the impact and to reaction forces generated by the frame at the 

elbow. Future studies may consider using of a high-speed camera to capture the movement of the 

striker at the impact to verify such hypothesis.  

Figure 5-23(b) displays the amplitude ratio as a function of the axial stress for both loading 

and unloading cycles. Each experimental point represents the average of the ten measurements and 

the vertical bars are twice the standard deviation associated with the measurements. The plot 

proves that the measurements were highly repeatable and that the solitary waves are basically 

unaffected by the stress. Across the stress range considered in this study the mean value of the 

PSW/ISW ratio was equal to 1.09, comparable to the numerical value of 1.04 (Figure 5-21(a)). 
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Therefore, the difference between the numerical and the experimental results is less than 5%. 

Similar considerations can be drawn for the time of flight (Figure 5-23(c)): the measurements 

were highly repeatable and in excellent agreement with the numerical prediction, namely 0.341 

ms vs 0.346 ms, i.e. only 1.4% difference. The excellent match between the model and the 

experiment highlights the quality of the model and proves that the new NDE method can be applied 

in the field to any rail profile provided an accurate account of the “equivalent” length is attainable.  
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Figure 5-22 Test setup: (a) a photo of the position of the transducer; (b) the transducer in contact with the 

web of the rail; (c) the hardware system running the transducer 
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Figure 5-23 Experimental results. (a) Time waveform measured at zero axial stress; (b) the PSW/ISW ratio 

for different axial stresses; (c) the time of flight of the waveforms for different axial stresses 
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5.6.3  Conclusions  

In this section, we presented a numerical and an experimental study about the use of highly 

ninlinear solitary waves to infer the longitudinal stress in continuous welded rails. The numerical 

analysis consisted of a finite element model coupled to a discrete particle model to predict the 

dynamic interplay between the propagation of solitary waves within a chain of particles and rails  

undergoing axial stress and in contact with the chain. A few features of the solitary waves were 

observed and charted against the axial stress to identify any variation of the features with respect 

to the stress. For the rail two lenghts were considered. The first length was equal to 3600 mm and 

consistent with some models found in the scientific literature in which the structural behavior of 

rialroad tracks subjected to high compressive thermal stress was considered equivalent to a straight 

unconstrained beam 3.6 m-long. The second rail segment was much shorter and equal to 900 mm 

in order to compare the numerical prediction with the experiment presented in the second part of 

this article. In the experiment a rail segment was subjected to mechanical compression. The 

numerical results proved that the characteristics of the solitary waves were significantly affected 

by the axial stress when the rail to be considered was 3600 mm long. When the track under 

investigation is too short, the rail is too stiff and the waves are largely unaffected by the stress. The 

latter numerically results agreed very well with the experimental results, both in terms of 

qualitative trend and quantitative values of the features. Overall, the results demonstrated that the 

proposed nondestructive evaluation system is robust in terms of repeatibility and sensisitvity to 

the variation of axial stress if the structural response of railroad tracks can be assumed equivalent 

to straight beams of identical cross-sectional area and moment of inertia and at least three meters 

long. The numerical results also implied that the nondestructive method can be applied anytime of 

the year without the need for a day long obervations that would eventually require the neutral 
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temperature crossing. In addition, the model presented in this article can be genralized and 

extended to any rail profile.  

Future studies shall look at more experiments in a laboratory setting with longer rails and test 

the transducer in the field to collect important information to refine and validate the model.  
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6.0 Summary and Conclusions 

6.1 Summary 

This Ph.D. dissertation aimed at utilizing highly nonlinear solitary waves (HNSWs) for 

nondestructive evaluation applications. In particular, the following applications were considered: 

(1) characterization of concrete; (2) measurement of internal pressure of tennis balls; (3) 

measurement of axial stress of beams and rails. To reach this goal, several HNSW transducers 

were designed and assembled, and tested to quantify their repeatability and reliability. After that, 

numerical and experimental studies were conducted to investigate the dynamic interaction between 

solitary waves and structure under consideration. A graphical outline of the dissertation is shown 

in Figure 6-1. 

For nondestructive evaluation of concrete, we accomplished the two studies: 1. estimation of 

the elastic modulus of concrete cylindrical samples with various w/c ratios, and 2. the effect of 

excessive surface water during concreting. In the study on the repeatability of the HNSW 

transducers, the main findings were: 1. the results show a small variation within and across the 

transducers. The repeatability was checked based on the TOF of the solitary pulses, the ratio of the 

PSW to the ISW, and the SSW to the ISW. These features are a function of the stiffness of the 

material in contact with the chain. 2. Using the features of HNSWs, we estimated the elastic 

modulus of several concrete small slabs. The same methodology was applied on cylindrical 

samples with different w/c ratios. The results show that this HNSW method is sensitive enough to 

capture the changes in the elastic modulus due to the change in w/c ratio. Compared to the standard 

tests, HNSW method was more accurate than conventional widely-used UPV method. Finally, this 
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methodology was applied to concrete short beams made with excessive water on the top or bottom 

surfaces during concreting. Because HNSW method can estimate the surface method, the changes 

can be estimated more accurately than UPV method which provides an average value over the 

thickness of the samples. 

 

Figure 6-1 The studies accomplished in the Ph.D. program and presented in this dissertation 

The application delved with the dynamic interaction between HNSWs and tennis balls The 

study enabled to understand whether HNSWs can be used to: estimating the internal pressure and 

performance of balls, to identify rubber degradation, and to establish new standards to be adopted 

by the ITF. For the estimation of the internal pressure and the material degradation of balls, a finite 

element model of the ball/chain interaction was coded in MATLAB. Several experiments were 

performed to prove the robustness of the proposed method. The results show that both internal 
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pressure change and the material degradation can be captured by HNSW method. However, the 

internal pressure changes the HNSW features more than the material stiffness. Finally, the 

coefficient of restitution and the forward and the return deformations of tennis balls, which are the 

standard ITF tests for balls, were correlated to the HNSW travel time in a transducer in contact 

with the balls. The results show that HNSW can be applied in characterizing the dynamic 

properties of tennis balls 

The last part of the dissertation is about the determination of axial stress of thick beams and 

CWRs. The study was performed by making four L-shape transducers. The repeatability of the 

transducers were tested by running them several hundred times in contact with a short rail segment. 

To prove the effect of the methodology, a thermally and mechanically stressed thick beam was 

tested at different temperatures ranging from 25% of it yield stress to 25% of the buckling. The 

results proved the applicability of the method for determining the online axial stress in the beams. 

A finite element model was implemented in MATLAB using beam elements to correlate the axial 

stress changes to the HNSW features. Finally, the model was expanded to account for rail sections 

with ties. A short rail segment was tested to validate the numerical results. 

6.2 Suggestions for Future Studies 

The study presented in this dissertation shows the robustness of the HNSW method in 

determining the elastic modulus of concrete, characteristics of tennis balls, and axial stress of 

CWRs. All the studies were performed in the laboratory, and none of the applications have been 

tested in the field. In future studies, the hardware/software system should be transformed to 
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portable devises. Depending on the application, the portable device may be different. It is also 

recommended that the hardware/data processing systems to be included in the one device. 

The field tests of each application is another open study area. The field test may require 

calibration and optimization of the device. For example, in the concrete application, the surface 

moisture or surface roughness may affect the results. In the case of rail application, the effect of 

ballast, ties, and curves on the sensitivity and the feasibility of the method should be studied 

further. In the case of tennis ball applications, the study performed in this dissertation was limited 

to a few commercial ball types and brands. The recommendation for this application can be a 

comprehensive study on various ball types and brands and draft new standards based on the HNSW 

features. The device should be built in a portable box which can be easily used at home or in sport 

facilities.  
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