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Modelling of flow and transport of non-Newtonian fluids interacting with

poroelastic media
Truong Quang Nguyen, PhD

University of Pittsburgh, 2019

We propose and analyze a model for solving the coupled problem arising in the interaction
of a free fluid with a poroelastic structure. The flow in the fluid region is described by
Stokes equations and in the poroelastic medium by the quasi-static Biot model. The focus
of the model is on the quasi- Newtonian fluids that exhibit a shear-thinning property. We
establish existence and uniqueness of the solution for two alternative formulations of the
proposed model. Then we establish and show the existence and uniqueness of the solution
of semidiscrete continuous-in-time formulation. We present complete stability and error
analysis, as well as results of numerical simulations showing optimal rates of convergence for
all variables. After that, the modeling of a transport equation in a non-linear Biot-Stokes
flow will be analyzed. We use discontinuous Galerkin method to solve the transport equation.
Several numerical tests are presented illustrating theoretical results and the capabilities of

the method.
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Preface

The interaction of a free fluid with a deformable porous medium is a challenging mul-
tiphysics problem that has a wide range of applications, including processes arising in gas and
oil extraction from naturally or hydraulically fractured reservoirs, designing industrial filters,
and blood-vessel interactions. The free fluid region can be modeled by the Stokes or the
Navier-Stokes equations, while the flow through the deformable porous medium is mod-eled
by the quasi-static Biot system of poroelasticity [12]. The two regions are coupled via dynamic
and kinematic interface conditions, including balance of forces, continuity of normal velocity,
and a no slip or slip with friction tangential velocity condition. These multiphysics models
exhibit features of coupled Stokes-Darcy flows and fluid-structure interaction (FSI). There is
extensive literature on modeling these separate couplings, see e.g. [35, 55, 70] for Stokes-Darcy
flows and [41, 40, 45] for FSI. More recently there has been growing interest in modeling
Stokes-Biot couplings, which can be referred to as fluid-poroelastic structure interaction
(FPSI). The well-posedness of the mathematical model is studied in [77]. A variational
multiscale stabilized finite element method for the Navier-Stokes-Biot problem is developed in
[7]. In [19] a non-iterative operator-splitting method is developed for the Navier-Stokes-Biot
model with pressure Darcy formulation. The well posedness of a related model is studied in
[24]. The Stokes-Biot problem with a mixed Darcy formulation is studied in [18] and [5] using
Nitsche’s method and a Lagrange multiplier, respectively, to impose the continuity of normal
velocity on the interface. An optimization-based iterative algorithm with Neumann control is
proposed in [25]. A reduced-dimension fracture model coupling Biot and an averaged
Brinkman equation is developed in [21]. Alternative fracture models using the Reynolds

lubrication equation coupled with Biot have also been studied, see e.g.[51].

All of the above mentioned works are based on Newtonian fluids. In this work, we develop
FPSI with non-Newtonian fluids, which, to the best of our knowledge, has not been studied in
the literature. In many applications the fluid exhibits properties that cannot be captured by a

Newtonian fluid assumption. For instance, during water flooding in oil extraction,



polymeric solutions are often added to the aqueous phase to increase its viscosity, resulting in
a more stable displacement of oil by the injected water [59]. In hydraulic fracturing, proppant
particles are mixed with polymers to maintain high permeability of the fractured media [57].
In blood flow simulations of small vessels or for patients with a cardiovascular disease, where
the arterial geometry has been altered to include regions of re-circulation, one needs to

consider models that can capture the sheer-thinning property of the blood [54].

In this work we use nonlinear Stokes equations to model the free fluid in the flow region
and a nonlinear Biot model for the fluid in the poroelastic region. Our model is built on the
nonlinear Stokes-Darcy model presented in [39] and the linear Stokes-Biot model considered
in [5]. Our Biot model is based on a linear stress-strain constitutive relationship and a
nonlinear Darcy flow. We neglect the inertia terms in both the fluid and solid regions. Such
assumption is justified in many applications with low flow and displacement rates, including,
for example, subsurface modeling, due to the low permeability and high stiffness of the
media. The coupling conditions between the two subdomains include mass conservation,
conservation of momentum and the Beavers-Joseph-Saffman slip with friction condition.
We focus on fluids that possess the sheer thinning property, i.e., the viscosity decreases
under shear strain, which is typical for polymer solutions and blood. Viscosity models for
such non-Newtonian fluids include the Power law, the Cross model and the Carreau model
[13, 26, 66, 59, 67]. The Power law model is popular because it only contains two parameters,
and it is possible to derive analytical solutions in various flow conditions [13]. On the other
hand, it implies that in the flow region the viscosity goes to infinity if the deformation goes
to zero, which may not be representative in certain applications. The Cross and Carreau
models have been deduced empirically as alternatives of the Power law model. They have
three parameters, and in some parameter regimes, the viscosity is strictly greater than zero
and bounded. We assume that the viscosity in each subdomain satisfies one such model,
with dependence on the magnitude of the deformation tensor and the magnitude of Darcy
velocity in the fluid and poroelastic regions, respectively. We further assume that along the
interface the fluid viscosity is a function of the fluid and structure interface velocities. We
consider both unbounded and bounded parameter regimes. In the former case, the analysis is

done in an appropriate Sobolev space setting, using spaces such as W, where 1 < r < 2 is
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the viscosity shear thinning parameter. In the latter case, the analysis reduces to the Hilbert
space setting. Nonlinear Stokes-Darcy models with bounded viscosity have been studied in

[38, 36, 23], while the unbounded case is considered in [39].

Following the approach in [5], we enforce the continuity of normal velocity on the interface
through the use of a Lagrange multiplier. The resulting weak formulation is a nonlinear
time-dependent system, which is difficult to analyze, due to to the presence of the time
derivative of the displacement in some non-coercive terms. We consider an alternative mixed
elasticity formulation with the structure velocity and elastic stress as primary variables, see
also [77]. In this case we obtain a system with a degenerate evolution in time operator
and a nonlinear saddle-point type spatial operator. The structure of the problem is similar
to the one analyzed in [78], see also [16] in the linear case. However, the analysis in [78]
is restricted to the Hilbert space setting and needs to be extended to the Sobolev space
setting. Furthermore, the analysis in [78] is for monotone operators, see [76], and as a result
requires certain right hand side terms to be zero, while in typical applications these terms
may not be zero. Here we explore the coercivity of the operators to reformulate the problem
as a parabolic-type system for the pressure and stress in the poroelastic region. We show
well posedness for this system for general source terms and that the solution satisfies the
original formulation. We also prove that the solution to the original formulation is unique and
provide a stability bound. We then consider a semidiscrete finite element approximation of
the system and carry out stability and error analysis. For this purpose we establish a discrete
inf-sup condition, which involves a non-conforming Lagrange multiplier discretization that

allows for non-matching grids across the Stokes-Biot interface.

In the second chapter, we study the a transport equation with flow from the Biot-Stokes
system in chapter 1. Adopting idea from [79], we will use discontinuous Galerkin method
to handle our trans- port problem. However we made some improvements from the scheme
set up in [79]. We noticed that the dispersion tensor in transport equation is a nonlinear
function of velocity. And they used cut-off operator to handle this difficulty. We avoid
using the cut-off operator to do analysis by showing that ||V - u| ) is bounded. Hence,
the computed velocity do not have to be modified when used for the transport equation.

The key idea for such improvement is that we arrange terms in error equation differently

xii



from [79], and use property of interpolation to bound the term [IIc — ¢] in (2.77) by O(h).
Several numerical tests are presented illustrating theoretical results and the capabilities of

the method.
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1.0 A nonlinear Biot-Stokes model for the interaction of a non-Newtonian

fluid with poroelastic media

1.1 Introduction and model problem

This chapter is devoted to investigate the Biot-Stokes flow system. In the following, we
introduce the governing equations in both regions, as well as the coupling conditions along
the interface. Section 1.2 is devoted to the weak formulation of interest, upon which we base
the numerical method, and an alternative formulation, which is needed for the purpose of the
analysis. In Section 1.3 we begin by proving the well-posedness of the alternative formulation
and then show how this translates to the well-posedness of the other formulation.

Our model is built upon those presented in [39] and [5]. In [39] the authors focused on
coupling generalized nonlinear Stokes and Darcy equations, and [5] deals with the effects of
the deformation of the poroelastic region. As a result, we obtain a nonlinear time-dependent
system, where the operator corresponding to evolution in time is degenerate and the one
corresponding to dynamics in space is of saddle-point type. In the general Sobolev space
setting of the weak formulation we establish existence and uniqueness of the solution of the
modeling equations. We consider a coupled problem for the interaction of flow and porous
and deformable media. Let  C R?, d = 2,3 be a Lipschitz domain with boundary I' = 052,
which is subdivided into a union of non-overlapping and possibly non-connected regions €25
and €2,. Here €2 stands for a fluid region with flow and €, is a poroelasticity region. We
further assume that Q; U Q, = Q and 9Q; N 9Q, = I'y, denotes the (nonempty) interface
between these regions. We denote by n; the unit normal vector which points outward from
0Q¢, and by n, the outward unit normal vector to d€2,. Note that in this case ny = —n, on
Ly,

Let (uy, ps) be the velocity-pressure pairs in €, * = f, p, and let n, be the displacement
in ,. We assume that the flow in €, is governed by the nonlinear generalized Stokes

equations with homogeneous boundary conditions on 9y \ I's,:

—V-O'f(uf,pf) :ff, V'llf:(]f in Qf, Uf:() on Oﬂf\l“fp, (11)



where D(uy) and o ¢(uys,ps) denote the deformation and the stress tensors, respectively:

1
D(uy) = §(V11f +Vuj), os(up,pr) =—psl+2vD(uy),

where I stands for the identity operator.

Our model problem assumes a generalized Newtonian fluids, that have a non-constant

viscosity v. Instead, v is a function of the magnitude of the deformation tensor. While

different generalized models correspond to different specifications of the viscosity function,

we will focus on the power law fluids, i.e. the fluids that possess a shear-thinning property.

More precisely, we assume that as the magnitude of D(uy) increases, the viscosity decreases.

Models for such viscosity functions include the following [26, 66],

Carreau model.

v(D(uy)) = veo + (1 = veo) /(1 + KD (uy)[?) 7772, (1.2)
where r > 1, vy, Vs, and Ky > 0 are constants.
Cross model.
v(D(uy)) = voo + (o — 1) /(1 + KD ()", (1.3)
where 7 > 1, 1, Vs, and Ky > 0 are constants.
Power law model.
v(D(uy)) = K¢[D(uy)["?, (1.4)
where 7 > 1 and Ky > 0 are constants.
In turn, in €, we consider the quasi-static Biot system [12]
_v ’ Up(npvpp) = fp iIl QP? (15>
_ 0 .
Vesr K ', + Vp, =0, E(Sopp +a,Von,)+Veou, =g, inQ, (1.6)
u,-n,=00nI) x(0,7],p,=00nT) x (0,7, m, =0 ond\Iyx(0,27L7)



where I', = TP UT), and we assume that [I'7| > 0, dist(I')’,T's,) > 0. We define the
terms o.(n) and o,(n,p) to be the elasticity and poroelasticity stress tensors, respectively

as below:
a.(n) = (V- -mI+21,D(n), o,(n,p,) =0c(n) — apl, (1.8)

and q, is the Biot-Willis constant, \,, u, are Lame coefficients, s is a storage coefficient and
K is the symmetric and uniformly positive definite permeability tensor. The above system

of equations is complemented by a set of initial conditions:

pp(07x> = pp,O(:U)7 nb(07$) = np,O(‘I) in Qp'

The initial data p,o and 7, , need to satisfy a compatibility condition. In particular, given
initial pressure p, o, the initial displacement 0, is determined from (1.5) and the boundary
and interface conditions. The details are discussed in Section (1.3).

In a porous medium, two models for the effective viscosity v.s are as follow, [59, 67],

Cross model.
Veff(”-p) = Voo + (10— Voo) /(1 + Kp|up’2_T)a (1.9)

where r > 1, 1, Vs, and K, > 0 are constants.

Power law model.
Verr(up) = Kp(Jup|/(v/Eme)) 2, (1.10)

where r > 1 and K, > 0 are constants, and m, is a constant that depends on the internal
structure of the porous media.

For the rest of the paper we restrict r € (1,2], where for r € (1,2) the fluids possesses
a shear thinning property, and » = 2 corresponds to the special case of a Newtonian fluid.
We will also write v or v.s; keeping in mind that v, v.s; are functions of D(uy) or u,,.

The interface conditions on the fluid-poroelasticity interface I'y,, are mass conservation,
balance of normal stress, and the Beavers-Joseph-Saffman (BJS) law [11, 73] modeling slip
with friction [77, 7]:

0
uy-ny+ (%—l—up) ‘n, =0, (1.11)



—(oyny) -ny = p,, (1.12)
/11 on,
—(O'fl’lf) 'tf,j = Vrapjs Kj uf_ﬁ 'tﬁj on Ffp, (113)

as well as conservation of momentum:
omy=—o,n, only, (1.14)

where ty;, 1 < j < d— 1, is an orthogonal system of unit tangent vectors on I'y,, K; =
ty;-K-ty; and apss > 0 is an experimentally determined friction coefficient. We note that
the continuity of flux takes into account the normal velocity of the solid skeleton, while the
BJS condition accounts for its tangential velocity. We assume that along the interface the
fluid viscosity vy is a nonlinear function of | Z;l: ((uy —09m,)-ty;)ts;| given by Cross model
(1.9) or Power law model (1.10). Due to technical analysis, we simplified the problem to the
case fy = f, = 0 and ¢y = 0, we allow only ¢, can be nonzero.

We then establish and show the existence and uniqueness of the solution of semidiscrete
continuous in time formulation. We present complete stability and error analysis, as well as
results of numerical simulations showing optimal rates of convergence for all variables. After
that, we give some results from experiments of actual numerical method, based on one of
these formulations.

In the second chapter, the solution of the flow equations is used to set up our transport
equation, as in (2.17). Let u(t) be a velocity field over = QU Q,, such that u(t)|o, =
uy(t),u(t)|a, = u,y(t). Where (uy,ps,u,,pp,m,) is the solution to the Biot-Stokes systems
consisting of (1.1), (1.5), (1.6) and interface condition. Let 7" be a terminal time, and

J = (0,7]. Then the Biot-Stokes flow with transport has equation on Q = Q, U Q,:
¢ct + V- (cu(t) — D(u)Ve) = qc*, V(x,t) € Qx J (1.15)

where ¢(x,t) is the concentration of some chemical component, ¢ is the imposed external
total flow rate, the sum of sources and sinks, ¢* is the injected concentration ¢, if ¢ > 0 and
is the resident concentration ¢ if ¢ < 0. 0 < ¢, < ¢(x) < ¢* is the porosity of the medium

in Q, (it is set to 1 in Qy), D(u) is the diffusion dispersion tensor.

D(u) = dI + |u|(E(u) + ax(I — E(u))) (1.16)



where (E(u));; = %, d = ¢1D,,, ¢ is the porosity presenting the fraction of the volume
of the medium occupied by pores. 7 is the tortuosity coefficient. D,, is the molecular
diffussivity. aq, oy are the longitudinal and transverse dispersivities, respectively, and s(x, t)

is a source term. The initial condition for the concentration is

c(x,0) = (x), V¥xe (1.17)

and the boundary conditions
(cu —DVe¢)-n = (¢uu) -non Ly, (1.18)
(DVe) -n=0on ['yy,. (1.19)

Where, Iy, :={x € 0Q:u-n <0}, Tpy :={x € 9Q:u-n >0}, and n is the unit outward
normal vector to 0f).

Before doing analysis of the problem, we make some assumption regarding viscosity
functions. Adopting the approach from [39, 38], we assume that the viscosity functions satisfy
one of the two sets of assumptions (A1)-(A2) or (B1)—(B2) below. Let g(x) : R — RTU{0}
and let G(x) : R — R? be given by G(x) = g(x)x. For x,h € R?, let G(x) satisfy, for

constants C1,...,Cy > 0 and ¢ > 0,

(G(x+h) - G(x)) - h > Cy[h]?, (A1)
|G(x +h) — G(x)| < Cyfhl, (A2)
h[?
(G(x+h)-G(x))-h> 030_'_ |27 + |x + b2~ (B1)
G(x+h)— GX)| < C il (B2)

= e x4 x4+ b
with the convention that G(x) = 0 if x = 0, and |h|/(c + |x| + |h|) = 0 if ¢ = 0 and
x = h = 0. From (B1)-(B2) it follows that there exist constants C5, Cs > 0 such that for
s, t,w e (L"(G))4 [74]

Is — tlZ

(G(s) = G(t),s —t)g = C5 — -
c+ sl + It7e)

(1.20)

(G(s) - Gl wa < G | =t T (160~ GOl -~ ) Wl (120

>~ V6

Leo(G)



Remark 1.1.1. It is shown in [36] that conditions (A1)-(A2) are satisfied for g(D(uy)) =
v(D(uy)) given in the Carreau model (1.2) with v > 0, in which case vy < g(x) < 1.
A similar argument can be applied to show that (A1)—(A2) hold for the Cross model, with
g(D(uy)) = v(D(uy)) given in (1.3) for Stokes and g(u,) = verr(u,) given in (1.9) for
Darcy, in the case of voo > 0. Furthermore, it is shown in [74] that conditions (B1)—(B2)
with ¢ > 0 hold in the case of the Carreau model (1.2) with vs, = 0, and that conditions

(B1)—(B2) with ¢ = 0 hold for the Power law model (1.4) and (1.10).

1.2 Variational formulation

We complement the Biot Stokes flow system given in (1.1), (1.5), (1.6) and (1.7) with

the following set of initial conditions:
2p(0,%) = Bpo(x), 1,(0,5%) = 1p0(x) in 2,
For a given r > 1 its conjugate is 7/, satisfying r=! + (+/)~! = 1. Let
V= {v; e W (Q)%: vy =0o0n 0\ Ty}, W, = L7 (), (1.22)

with the corresponding norms

||VfHVf = ||Vf||(W1w(Qf))d7 waHWf 1= [Jwy L (Qy) Vv € Vi, wp € Wy

Next, let
L7(div ;9,) := {v, € (L"()*: V- v, € L"(Q,)}.
Additionally, define:

V,={v, € L'(div;Q,) : v, -n,=00n 00, \ T}, W, =L"(9Q,),
X, ={¢,€ H'(Q,)": £, =00n 00, \ Ty}



with the norms
”VpH%/,, = HVPH?LT(QP))d +(V- VpH%LT(Qp))? [wpllw, = prHL"’(Qp)v Vv € Vi, wp € Wy,
[,llv, = I llwrr@,e, Vo, € X,

In the case of (A1)—-(A2), we consider Hilbert spaces, with the above definitions replaced
by

Vf: {Vf GHl(Qf)dZVf:OOIl Ff}, Wf:L2<Qf), (123)

V, ={v, € H(div;Q,) : v, -n, =0 on I')'}, W, = L*(€2,). (1.24)

The global spaces are products of the subdomain spaces. For simplicity we assume that each

region consists of a single subdomain.

Remark 1.2.1. For simplicity of the presentation, for the rest of the paper we focus on the
case (B1)—(B2), which is the technically more challenging case. The arguments apply directly
to the case (A1)—(A2).

1.2.1 Lagrange multiplier formulation

To derive the weak formulation we multiply (1.1)-(1.6) by the appropriate test functions
and integrate each over the corresponding region, utilizing boundary and interface conditions
(2.7)-(1.14). Note that the integration by parts of the first equation in (1.1), (1.5) and the

first equation in (1.6) leads to the interface term

frfp = —<Ufnf7Vf>rfp - <0'pnp,5p>rfp + <Ppan : np)Ffp-

As in [5], this term will be incorporated into the weak formulation by introducing a Lagrange

multiplier which has a meaning of Darcy pressure on the interface:
A=—(omy)-ng=p,  onlyp.
With A introduced, we have using (2.8), (2.9) and (1.14),

Irfp = aBJS(uf’ 87577;0; Vi, Ep) + bF(va Vo, Ep; )\)7



where

Q

—1

apys(Uy,m,; vy, §,) = <V1 aBjsy/ Kf(“f =) trg (vp— &) 'tf,j>rfp’

1

<
Il

br(Vi, vp, &) = (Vi -1y + (€, + V) -0y, 1)1,

and 0,;¢ := 0¢/0t. For the term br(vy,v,,§,; A) to be well-defined, we need to choose the
Lagrange multiplier space as A = W™ (I';,) [39].
Finally we introduce the functionals related to Stokes, Darcy and the elasticity operators,

respectively, as follows:

ap(-,+) : VyxVy — R, agp(ug, vy) :== (2vD(uy),D(vy))a,,
ag(',~) :V,xV, — R, aZ(up,Vp) = (VeffK’lup,Vp)Qp,

ay() + Xpx X, — R, ap(n,,€,) == (21,D(n,), D(E,))a, + (AV -1, V-§,)a,
and also
b(+,)) : Vo x W, — R, b(v,w) = —(V-v,w)q,.

Then the Lagrange multiplier variational formulation reads: Given p,(0) = py,o € W),

np(()) = Mo € Xp? fOTt € (07 T]? ﬁnd (uf(t>7pf(t)v up(t)v pp<t)7 ’l’],p(t), )‘(t)) € LOO(Ov T Vf) X
L®(0,T;Wp) x L=(0,T; V,) x Whe(0,T; W,) x Wh(0,T;X,) xL>(0,T;A), such that for
all vy € Vi, wy € Wy, v, € Vy, w, € Wy, €, € X, and pi € A,

ar(ug,vy) + at(uy, vp) + a5, &€,) + aps(uy, 0m,; vy &,) + br(Ve,pr) + bp(Vp, py)

+ by (&, 0p) + 00 (v, vp, €5 A) = 0, (1.25)
(300iPp, wp)y, — Apby (0emy, wp) — by(Wy, wp) — by(uy, wy)

= (gp, wp)ay, (1.26)

br (uf, u,, (?mp;,u) =0. (1.27)

As it was shown in [39], for a given vy € W (), v, € L"(div ,Q,), A € WY/ (T4,) and
€, € H'(Q,) C W'"(Q,) the integrals corresponding to the interface:

/ vy-ngAds, /
Ty Ty

v, -mpAds and /Fﬁp-np)\ds
fp

p P



have a well-defined interpretation. Due to assumption r» > 1, we have that " > 2 and
L"(Q,) C L*(Q,), thus the term (sodypp, wy)q, is well-defined. Finally, since for given
vy € WH(Qy) we have Vf‘agf e W (9Qy) and for given &, € H'(,) we have ,|,,, €

HY2(99,), so that the term arising from the BJS coupling conditions:

n—1
3 / (vr sy /K (ug — 0my) - tr,)(vy — &) - br,) ds
j=1“Tsp

is also well-defined.

Although many models for the fluid-structure interaction problem have been analyzed
previously, e.g. the well-posedness of non-Newtonian Stokes-Darcy model was investigated in
[39] and solvability of Newtonian dynamic Stokes-Biot model was shown in [77], the question
of existence and uniqueness of solution for (1.25)-(1.27) should still be addressed. However,
the presence of the time derivative of displacement, dyn, in non-coercive terms significantly
complicates the analysis. Therefore, we will introduce an alternative formulation, show that

it is well-posed and then prove that two formulations are equivalent.

1.2.2 Alternative formulation

Our goal is to obtain a system of evolutionary saddle point type, which fits the general
framework studied in [78]. Following the approach from [77], we do this by considering a
mixed elasticity formulation with the structure velocity and elastic stress as primary vari-
ables.

Recall that the elasticity stress tensor o is connected to the structure displacement 7,

through the relation [17]:
Ao.=D(n,). (1.28)

Here A is a bounded, symmetric and positive definite compliance tensor, which in the

isotropic case has the form:

1 A : _
Ao, = 2—% (ae — mtr(aeﬂ) , with A e, =2u,0. + Mtr(o )L (1.29)



To derive a new variational formulation, we start by multiplying the first equation in (1.1)
and the first equation in (1.6) by test functions vy € Vy and v, € V,, respectively, and

integrating by parts to obtain:

/ (2vD(uy) : D(vy) —pfV - vy) dA+ / (Vers K May, - vy, = ppV - v,,) dA
Qf

P
/
Ly

Decomposing the stress term into its normal and tangential components, and using the

(—omy-vy+pyv,-n,) ds = / fr-vydA. (1.30)

P Qf

balance of normal stress condition (2.8), we obtain:

n—1
/F —Ufnf'VdeZ/ _(Ufnf)'nfvf'nde_Z/F ((of-my)-tp;)(vy-ty;)ds
fp j=1 fp

Lrp
n—1
:/ ppvf-nfderZ/ (vrapys\/ K (up —0my,) - ty)(vy - ty;) ds.
Typ j=1 Trp

(1.31)

We multiply (1.5) by v, € X, and integrate by parts, using the fact that o, = o, + a,p,I:

/ (e — apppl) : D(vy)) dA + / (apppVs -y, — Oy, - Vi) ds = 0. (1.32)
Qp

Ffp

For the elastic stress, conservation of momentum (1.14) reads:

(omy) -ny = (ocn,) -n, —oyp,, (omy)-ty;=—(oeny) ty; only,.

We use this modified condition to rewrite the interface terms in (1.32), similarly to how it

was done for the fluid stress in (1.31)

/ —(oeny) - vsds
Ly

p
n—1
= / (—(oymy) -npvy-n, — upyv, - ny) ds — Z/ (e mp) - ty;)(vs-ty;)ds
Lrp j=1 Lyp

n—1
:/ (1—ap)ppvs-npds+z (-V]OCBJS\/K;l<Uf—8t77p) tr,) (Vs - ty)ds.
Trp j=1

Tsp

(1.33)

10



Therefore, (1.30)-(1.33) can be combined as follows:

/Q (2vD(uy) : D(vy) —pfV - vy) dA (1.34)

+/ (Vers K0, - vy — ppV - v + (0 — appy) - D(vy)) dA
Q

P

Y [ Gramas [ (g = 0m,) ) (57— va) - y,) ds

j=1 Lyp

+/ ((vf nf+vs-n,+v, -n,)p,) ds=0. (1.35)
Typ

We note that we can eliminate the displacement, 1, from the system by differentiating
(1.28) and introducing a new variable u, := 9;n, € X, , which has a meaning of structure
velocity. Now, multiplying second equation in (1.1), (1.28) and second equation in (1.6) by

corresponding test functions and adding the result, we obtain:

/ (A0 : T. — D(uy) : Te + s00ppwy + @,V - usw, + V - wyw,) dA + / (V-upwy) dA
Qp

Q
= / gpwy, dA.
Qp

(1.36)

As in the first formulation we use a Lagrange multiplier to impose the mass conservation in-
terface condition (2.7). Finally, we introduce the space for the elastic stress ¥, = L%, (€,)%*¢

sym

with the norm

d
loels, = D l(oe)isllzz(a,)-

,j=1

Then, the weak formulation reads: given p,(0) = ppo € Wy, 0.(0) = A7'D(n,,) € X, for
t € (0,7, find (up(t),ps(t), uy(t), pp(t), us(t), oc(t), A(t)) € L> (0,T5;Vy) x L* (0,T;Wy)
X L>® (0,T; V,) x Wt (0,T;W,) xL>® (0,T;X,) x Wt>(0,T;%,) x L* (0,T;A), such
that for all vy € Vi, wy € Wy, vy € V,, w, € W, vi € X, T, € X, and p € A,

/ (a’e :D(vy) — app,V - v + VeffK_lup vy —ppV vy, + Ado. : T, — D(uy) : Te) dA
Q

P

+ / (s00ppw, + V- ugw, + V - w,w,) dA
Q

P

11



+ /Q (2vD(uy) : D(vy) —pfV - vy + V- ujwy) dA
+ Z/ viapss\| K (uy — ) ) ((vy = Vi) tpg) ds

Tsp
+ /
Csp

—/Q (gpwy) dA.. (1.37)

(vy-nyp+vs-n,+v,-1,)N) ds_/r ((uf-ny+us-n, +u,-ny)p) ds
fp

We introduce the bilinear forms b,(-,-) : X, x ¥, — Rand a;(-,-) : ¥e x X, — R defined
by

bs(vsaTe) = (D(Vs)a‘re)ﬂpa a;(aevTe) = (Ao'evTe)Qp-
Hence, we can rewrite (1.37) in a more compact form:

ap(uy, vy) + ag(up’ vp) +apys(uy,ug vy, vs) + b (v, pr) + by(vp, pp)
+ apby(Vs, pp) + bs(Vs, o) + br (v, vy, v A) = 0, (1.38)

(500, wp)gp +ap(0i0e, Te) — apby (Us, wy) — bp(uy, wy) — bs(us, 7) — by(uy, wy)
(
(

= (¢p> wp)a,, 1.39)
br (uy,u,, us; ) = 0. 1.40)
On the other hand, we can write (1.37) in a more general, operator notation:
0 / . /
aglq( )+ Aq(t) + B's(t) =0 in Q, (1.41)
0
aé’gs( ) — Bq(t) +Cs(t) = g(t) in S (1.42)

where we define Q, the space of generalized displacement variables, as follows

Q= {q = (vp, Vs, V) € V, x X, x V¢ such that

v, -n, =0on 0, \ sy, vy =00n 99, \I's,, vi =0 on 8Qf\Ffp}
and, similarly, the space S, consisting of generalized stress variables:

S ={s = (wp, Te,wp, ) € W, x ¥, x Wy x A}.

12



and g = (g, 0,0,0). The spaces Q and S are equipped with norms:

lalle = [1vellv, + [lvsllx, + Ivyllv,,

Islls = llwpllw, + [I7ellse + llwgllw, + llulla-

We define the operators A: Q - Q', B: Q — 5", C: S — 5 as follows:

l/effol 0 0
A= 0 apysyrviv K 1yr —apysyrvivV K yr ;
0 —CYBJS’}/{FI/[\/ K_l’)/T 2D : D + OZBJs’)//TV[\/ K_l’yT
V- a,V- 0 0000
0 -D 0 0000
B = , C = >
0 0 \V4 00 0O
Yo Yo  In 00 0O

where 7 and +,, denote the tangential and normal trace operators, respectively, and 77 the
adjoint operator of yr.

And the operators & : Q — Q', & : S — 5’ are given by:

so 0 0O
000
0 A 0O
=100 0], &=
0O 0 0O
0 00
0O 0 0O

1.3 Well-posedness of the model

As both methods have been introduced, we are ready to derive the conditions on the
viscosity models, as well as the given data and initial conditions, that will be sufficient for

solvability of (1.25)-(1.27). We start with the analysis of the alternative formulation, (1.37).

13



1.3.1 Existence and uniqueness of solution of the alternative formulation

First we explore important properties of the operators introduced at the end of Section

3.

Lemma 1.3.1. The operator B and its adjoint B’ are bounded and continuous. Moreover,

there exist constants By, B2 > 0 such that

bs (Vsa Te)

> b, (1.43)

inf sup
0#(0,v5,0)€Q (0,T¢,0,0)0€S || (07 Vs, 0) ||Q|| (07 Te, 07 0) ||S

inf qup 25 05) + bV wp) eV, v, 0 )

> [s. (1.44)
07#(wp,0,wy,pu)€S (vp,0,v)EQ H(Vpﬂ 0, Vf)HQ“(wP? 0, Wg, M)HS

Proof.  We recall that operator B is linear and satisfies for all q = (v,,vs,vy) € Q and

s = (wp, Te,wp, p) €S

B(a)(s) = by(vy, wr) + bp(Vp, wp) + apby(Vs, wp) — bs(Vs, Te) 4 br(Vy, Vi, Vs 1)
< IV villwrepllwrllier @) + IV - Vallr@) lwpll g,y + DVl 2@ [ITell 22(0,)
+ IV vl lwpll L,y + Ve -y + (V4 Vi) - plly—aser ) Ll o,
< C(HVfHWLT(Qf)wa“LT/(Qf) + Vo ll- diviap [wpll v @,y + 1Vsllar @y [ Tell 2,
+ Vel @ lwpll o o,y + Ve llwrr@p lellwrrr o,y + 10l @ivi,) 1l e o)

+ Vsl o el e,y ) < Clallallslls,

which implies that B and B’ are bounded and continuous.
Next, let 0 # (0,vs,0) € Q be given. We choose 7. = D(v;,) and, using Korn’s
inequality, we obtain

bs(Vs, Te) ”D<VS)H%2(QP)

H"'eHL2(QP) a ”D(VS)HLQ(QP)

= ID(vs)llz2,) = CollVsllar(a,)-

Therefore, (1.43) holds.

Finally, we note that (1.44) was proven in [39] in case of velocity boundary conditions
with restricted mean value of Wy x W, and presence of an inflow and outflow boundaries,
[y, and Ty However, it can be shown that the result holds if |T';,| = [T'ou¢| = 0 and, since

II'p| > 0, no restriction on Wy x W, is required. O
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Lemma 1.3.2. The operators A and & are bounded, continuous, and monotone. In addi-
tion, the following continuity and coercivity estimates hold with constants cy, ¢y, Cy, ¢, Cp,

Cy, cr, €1, Cr >0 for alluy,vy € Vi, u,, v, €V, and us, vy € X,

sV il — cx e S ap(ve,vy),  as(ug,ve) < Crluglilh g Ivelwiry,  (1.45)
cpHVp”rLr(Qp) —CcxCp < ag("pvvp)7 aZ(up,Vp) < CPHuPHZ/TT(,Qf)||VPHLT(Qf)7 (1.46)
ci|Vy — Vi|pys —cx ¢ < apys(Vy, Vs Vi, Vs), (1.47)
apss(upuy; vy, v,) < Crlug —wligllvy = ville,,). (1.48)

where ¢ is the constant from (B1)—(B2).

Proof. The operator &, is linear and, using (1.29), it satisfies

E(s)(t) = (sopp, wp)a, + (Ao, 7)o, < C (IIppll 2@ llwpllrz(e,) + loell 2@ ITell 2(@,)) »

Ex(5)(5) = (s0mps Pp)o, + (A, 0o, = C (Iplaga,) + loelBe,)) . Vst €S,

which imply that & is bounded, continuous and monotone. The continuity and monotonicity
of the operator A follow from (B1)—(B2), see [39] and [76, Example 5.a, p.59].

For the continuity of as(-,-), we apply (1.21) with G(x) = v(x)x, s = D(uy), t = 0 and
w = D(vy):

r

[D(uy)|

Dl (D@D D) D)o,

af(uf, Vf) S 2 06

Lo (Qy)
Using (B2) with x = 0, h = D(uy), we also have

‘D<uf)| ‘D(uf)’T ! -1
< < Cy|D(us)|" .
c—+ |D(uf)|2*’” - 4C‘D(11f)|”*2 +1 = 4| ( f)|

[v(D(uy))D(uy)| < Cy

Combining the above two estimates, we obtain

as(ug,vy) < CIDp) o POl @p) < Crllagllilis o, Vo llwir@y)-

To establish the coercivity bound for a(-,-) given in (1.45) we consider three cases.

(i) ¢ = 0. From (1.20) we have

||D(Vf)||%r(ﬂf) . ) )
DPRAE. 251DV o) 2 2C5Ck s IVillwnr,):  (1:49)
Lr(Qy)

CLf(Vf,Vf) Z 205
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where Cf ; is the constant arising in Korn’s inequality, ||D(w)||zr @, > Ck sl|Wllwir@;),
for w € Vy.
(ii) ¢ # 0 and vy € V¢ with ||D(Vf)||LT(Q > ¢. Then from (1.20) we have

IDEAIE )
DOy,

aj(vy,vy) 2 2GCs > G5|D(Vo)llzray = GOk IVillwrrqy.  (1.50)

(iii) ¢ # 0 and vy € Vy with HD(Vf)H ) < ¢ Then Ci|[vyj. ) < HD(Vf)HLT(Q )

< /=7 Denote the coercivity constant from (1.50) as ¢f = C5C and let

¢r = Cs5c?=2/2=1) Now,
CfHVfHTl;Vl,r(Qf) § C5HD(Vf)”2T(Qf) S CSCT/(Q—T) — Céf,

hence

crllvillwira,) — ccr <0 < ag(vy, vy). (1.51)

Combining (1.49)-(1.51) yields the coercivity estimate given in (1.45). The reader is also
referred to [64], where a similar result is proven under slightly different assumptions, which
are satisfied by the Carreau model with v, = 0.

The continuity and coercivity bounds (1.46) and (1.48) follow in the same way. O

We introduce the following operators and prove some of their properties. Let Rj

Xy — X, By V, — V) Ly« Wy — Wi, Ly, © W, — W) be defined by

Ry(u,)(vs) = 75(us, v,) = (D(u,), D(vy))o,, (1.52)
Ry(wy)(vy) := 11y, vp) = (IV - 0, 72V - 1, V- v, ), (1.53)
Ly(ps)(ws) = lg(pg, wy) = (Ips" "*py,wp)a,, (1.54)
Ly(pp) (wp) = lp(pp, wp) = (Ipp]" *ppy wp), - (1.55)

Lemma 1.3.3. The operators R,, R,, Ly, and L, are bounded, continuous, coercive, and

monotone.
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Proof. The operators satisfy the following continuity and coercivity bounds:

R, (us)(vs) < [[usllma,) Vsl e, Ry(u)(us) > Crplluslling,), Yu,,vs € X,
Ry(u,)(v) < IV - w70 IV - Vol ey Bo(wp) (W) > [V - Wy, Y1y, v, €V,
Ly(ps)(wy) < ||pf||Lr @opllwslli @ Ly(ps)(ps) = ||prTL,w(Qf), Vpy,wy € Wy,
Ly(pp)(wp) < ||pp\|LT/(Qp)pr||u/(np)a Ly®p)(p) = 10oll7 0 ys VPps wp € W

The coercivity bounds follow directly from the definitions, using Korn’s inequality for Rj.
The continuity bounds follow from the Cauchy-Schwarz or Holder’s inequalities. The above
bounds imply that the operators are bounded, continuous, and coercive. Monotonicity fol-
lows from bounds similar to (1.20), which can be established in a way similar to the Power

law model [74]. O

It was shown in [39] that there exists a bounded extension of A from W' (T'z,) to
W' (05),), defined as ErA = y¢()\), where v is the trace operator from W'7(Q,) to
W/rr'(96,) and ¢(N) € W' (Q,) is the weak solution of

—V - [VoN)["2Ve(N\) =0, inQ,, (1.56)
#(A) =A, only, (1.57)
Vo) 2Vp(N) - =0, ondQ,\Ty,. (1.58)

We prove the following equivalent of norms.

Lemma 1.3.4. For A € WY™"'(I'y,) and ¢()\) defined by (1.136)—(1.58), there exists cy,

¢y > 0 such that

clleMllwrr @,y < IAMlwime ) < 2l llwr o) (1.59)

17



Proof. For ¢ € W' (Q), [Vo(\)|"2Ve()\) € L7 (div;Q) and, therefore, from (1.136)-
(1.58), we have

(IVoN["2Ve(N), VE(N)a, = (VN[ >Ve(A) - n, ErA)an,
< IV 2V S(N) - nlly-1/mr ) B Al 6,
< CIVoNI" 2 Vo) - nllw-1mr o) [Mlwiror e,y (1.60)

Now, for 1 € W' (Q,),

/a VO YO nds = / V[V V() ¢ dx

Qp

" / VOOV - Vipdx
Qp

< VNI Vo) llzr@) [ lwi g, (using (1.136))

= IVl ) Il ) - (1.61)

Using the fact the trace operator, (+), is a bounded, linear, bijective operator for the quotient

space W9(€,)/Wy*(Q,) onto Wl_é’q(an) [46], we have

VN2V o(A) - nllw-1/0r a0, (1.62)
_ (Vo7 2V O(N) - 10, )y 1m0,y wisee (90,)
cew /i (00,) €]l 002,
s Joo, [VON["2V(N) - ny(v) ds
O pewir (@) [l @,
< cy|v¢|yg{fmp), (using (1.61)). (1.63)

Combining (1.60) and (1.63) with the Poincare inequality implies that

oM lwrr ) < ClIMwarr - (1.64)
On the other hand, due to (1.138) and the trace inequality, we have

H)\HWUTW'(FM) < C||¢()\)”WM’(Q)- (1.65)
Combining (1.64) and (1.65), we obtain (1.59). O
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Introduce Lr : A — A’ defined by

Le(A) (1) = le(Ap) = (IVEN[*Vo(A), Vo(n)), - (1.66)

Lemma 1.3.5. The operator Ly is bounded, continuous, coercive, and monotone.

Proof. The result can be obtained in a similar manner to the proof of lemma 1.3.3, using

the equivalence of norms proved in lemma 1.3.4. O

Denote by W), 5 and X, 5 the closure of the spaces W, and 3. with respect to the norms

pr||12xvp,2 = (SoWp, Wp) £2(02,) HTGHZEC,Z = (ATe, Te)12(0,) -

Note that W, 5 = L*(€,), and .o = X..

Lemma 1.3.6. For every g, € W, 5, 3. € 2’872, let g = (S0Gp, Age, 0,0) there exists a solution

of
qeQ,ses:
Aq+Bs=0, inQ (1.67)
—Bq+&s=g, inS. (1.68)

Proof. Consider the following functionals:

7s(us, vs) = (D(us), D(vs))a., rp(uy, v,) = (|V - up’r_Qv ‘uy, V- Vp)ﬂp?

Yu,, vs € X, 1, v, €V,

lf(pf7 wf) = (|pf|r _2pf7 wf)Qf7 lp(ppv wp) = (|pp|r _2pp7 wP>Qf7va7 wy € Wf? Ppy Wp € WP'

Clearly, 75, Iy and [, are bounded, monotone and coercive over X,,, W; and W), respectively.

Next let A € A be given. Define the operator 7 : W) — (WL”'(QT,))/ as

(To, ) = /Q <|V¢|’”"2V¢-V¢> dA.

We define the corresponding functional as follows:

ZA()‘MU“) = (TQD(A), ¢(M))Q7 V)\,:u €A
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Then

W) = (TH), 60 = 16 ey = CIA e e,
B ) = (TN, 600 < 16N 17 g 1600l

= M v 160 lwar iy < CIA oy lllwirme @y

which implies that ) is bounded, coercive and continuous over W/ (T's,).

We define the corresponding operators R : Q — Q" and £ : S — 5’ via:

qu (q2) = Ts(vs,la Vs,2) + Tp(vp,la Vp,2)a

Ls1(s2) = ly(wp1, wra) + lp(wp, wp2) + Io(pa, pia).

For € > 0, consider a regularized problem:

q. € Q, 5. €5
eRq. + Aq. + B's. = 0, (1.69)
(& +eL)s. — Bg. = g. (1.70)

Denote the resulting operator by O : Q x S — (Q x S)":

q eR+ A B’ q
s -B eL + & s

Let g, q® € Q and sV, s € S be given, then

q® q®

= (R +A)a" = (R + A)a?) (@ = a?) + (&2 +eL)s') — (& + eL)s@)(s™) — s12).

From Lemmas 1.3.1, 1.3.2, 1.3.3, and 1.3.5 we have that O is a bounded, continuous, and

monotone operator. Moreover, using the coercivity bounds from (1.45)—(1.48), we also have

ol 91 = (eR+ A)a(q) + (& + €L)s(s)

S S

= €ry(Ve, Vo) + erp(Vp, vp) +ap(vy, vi) + ag(vznvp) +apss(Ve, Vi Vi, Vs)
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+ (Sowp, wp)ﬂp + afo(Tea Te) +elp(wp, wr) + elp(wy, wp) + eln(p, 1)
C (D2, + €IV - Vollir @y + IDO i) + IVpllzeay + Vs = Vollir, )

+C (sollwplBagay) + I7elBagay) + el + elwplim g, + dlltllipmre,,) - Q7D

In the case of (B1)-(B2) with ¢ > 0, we have an extra term —c(¢y+¢,+¢;) on the right-hand

side of (1.71) due to the coercivity estimates from (1.45)—(1.48). The argument in this case

doesn’t change and we omit this term for simplicity. It follows from (1.71) that O is coercive.

Thus, an application of the Browder-Minty theorem [68] establishes the existence of a solution

(de, se) € Q x S of (1.69)-(1.70), where q. = (Upe, Use, Upe) and Se = (Dpe, Oees Dfe, Ae)-
From (1.71) and (1.69) - (1.70), we have

el us 17 @) eV - ellira,y + gl + pelliro,) + e = wsellzor,,)

/ /
T[‘/""I(Qf) + EpraEH;ﬂ“ + €||)\ ||W1/rr Ff )

< (gl e ). (072

+50l|Pp.e %Z(Qp) + ||0'e76||%2(9p) + €llpy.e

Ly T ||§e||L2(Qp)||0e,e
From (1.70), o, and u,, satisfy
a;(‘fe,eu Te) - bs(us,ev Te) = <A§67Te)ﬂp7 VTe S 2e~

Therefore, applying the inf-sup condition (1.43), we obtain:

bs(us eaTe) aS(Ue eyTe) + (Age;Te)Q
sl < C sup ’ = sup PR = 4
el SO s T 0005~ asoames  10.70.0)]s
<C <||Ue,e||L2(Qp) + ||§e||L2(Qp)) . (1.73)
Combining (1.73) and (1.72), and using Young’s inequality, for a,b > 0, ;% +$ = 1, and

0 >0,
PP q
orar [ B (1.74)

b<
= P diq

we obtain

: @) T eV up,eHzr(Qp) + Huf,emvlw(ﬂf) + ||up,e”2r(§2p) + |uge —us e‘%JS + €llus, e”%{l(ﬂp)

17

+ sollppelaqqy) + el + lprel g, + lnel,) + I

Wl/'rr Ff )

_ _ 1
< C(lgpll r@pIPnell ey + 1el32@,)) + 5 (Ioeel 22, (1.75)
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from which it follows that

%II(QP) + EHV “Up e

[us,c @) T lurellivir @, + el @,

Flloee

2 T
2, T uye — Us s

< & (Iaeliaey) + 1ol @ lIzpelv o) - (1.76)

To obtain bounds for p, ., ps., and A we use (1.44). With s = (p,.,0,pse, Ac) € S, we have

||pf,eHLr’(Qf) + pr,eHLr’(Qp) + ||>‘6HW1/M’(Ffp)
br(Vs,Pte) + bp(Vp, Do) + br(vy, vp, 03 Ac)

<C sup
(Vp0v1)EQ [(v5,0,vy)llq
—erp(Upe, V) — ap(Use, vi) — al(u, e, vp) — apys(Uye, s vy, 0)
< C'sup
acQ |(vp,0,v)l|lq

r/r

<O (Ve[ s+ Iapellilig )+ el + [upe = ugciths) - (1.77)
( p) ( f) ( p)

Using Young’s inequality, (1.76) and (1.77), we obtain

||us,eH§{1(Qp) + eIV wpellirq,) + urellvirq,) + pellzr@,) + ||0'e,eH%2(Qp)
+ ’uf,e - us,e‘%JS + "pf75’|£T’(Qf) + pr,enzr/(gp) + H)‘Jl?{q/vl/m’(rfp)

< C (110 + 15320, ) (1.78)

hence [[use|lmo,), lurelwrr@y), lloeelrz,), 1Prell @,y 1Ppellir o,y and [[Acllyirmr )
are bounded independently of e.

Also, as V -V, = (W,), we have from (1.70) and the continuity of L, stated in
Lemma 1.3.3:

|V -1,

@) < Gpller@,) + sollppellr@,) + llV - uscllzr,) + EHPI%EHLT'(Q,,)

< |Gpllzr(2) + 0llppell v 0,) + llWs.ell e,y + €llppell L o,)-

Therefore ||, || 27 ivs0,) is also bounded independently of e.

Since Q and S are reflexive Banach spaces, as ¢ — 0 we can extract weakly convergent
subsequences {qe, 22, {Sento2, and {Aqgc,}°,, such that q., — q in Q, sc,, — sin S,
Aq., — (in Q’, and
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qde > qin Q, s = sin S, Aq, — ( in Q’
as € — 0, which satisfies

(+Bs=finQ,

Eys—Bq=gin 9.
Moreover, from (1.69) and (1.70), we have

lim sup Aq.(qe) = limsup(—€Rqc(qc) — (€2 + €L)sc(se) + f£(ae) + g(se))

e—0 e—0

< —&s(s) +f(q) + g(s) = ((q)

Since A is monotone and continuous, it follows, see [76] p.38, Aq = (. Hence, q and s solve

(1.67)-(1.68). O
We will use theorem (6.1) part b in [76] to conclude that the alternative formulation has
a solution. The result in [76] can be restated as follow.

Theorem 1.3.7. Let the linear, symmetric and monotone operator N be given for the real
vector space E to its algebraic dual E*, and let E; be the Hilbert space which is the dual of
E with the seminorm

2y, = Nz (2)"?, z€E.

Let M C E x E} be a relation with domain D = {x € E : M(x) # 0}.
Assume M is monotone and Rg(N + M) = E;. Then, for each ug € D and for each
f e WhHH0,T; E}), there is a solution u of

%W“(t)) + M(u(t) > f(t), 0<t<T,
with
NueWhS(0,T:E), ut)€D, foral0<t<T, and Nu(0) = Nuy.
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To use the above theorem, first we need to prove the lemma 1.3.8 below.
Let ppo € W' (€,) be given, from (1.46), we have a? is coercive. Hence, by Browder-

Minty theorem, there exists a solution u, o € L"(£2,) to
ap(y0,Vp) = =(Vppo, V), Vv, € L7(8,). (1.79)

Lemma 1.3.8. Assume p,o € W and that the solution to (1.79) satisfies w,o € V,.
There exists (U0, Usp, Uso) € Q, and (pro, Mo, 0c0) € Wi x A x X, such that

A B\ [qo . Qg,
-B 0 So S:g2

(1.80)

where qp = (Wp0, Us0, Usg) and so = (Pp,o; Te.0:,Pf,0s A0)-

Proof. First, we will show that there exists (w0, us0,uro) € Q and (pro, Ao, Te) € Wy X
A x 3, such that

ap(ugo, vy) + ap(y,0,vp) + apss(Upo, Uso; Vi, Vi) + b (v, pro) (1.81)
+bF(Vf7 Vp, Vs; )‘0) + bs(V37 0-6,0) = —bp(Vp,pp,o) - apbp(vsapp,o)

by(uso,wr) + br (Wyo, wy0, U5 1) = 0. (1.82)

Define \g = pyolr;, € A. Taking v, € V,, in (1.79) and integrating by parts, we implies
(1.81) with test function v,,.

Define (uyp, pyo) from (1.81) with vy, and (1.82) with wy, and taking u,g - t;; = 0 in
apys. This is a well defined problem, since it corresponds to the weak solution of the Stokes

system with the given boundary on I'y and the boundary conditions

—(opons) -ny =X, —(opony) - tr; =viapssy/K; sty on Dy

Note that A\g is datum for this problem.

If we couple the equation (1.81) with test function v, with the equation

(00, Te) = bs(Ny 0, Te) = 0,1, € 3¢,
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we will have a well posed problem, since it correspond to solving a mixed elasticity problem

with the given boundary conditions on I', and the boundary conditions
—(opomp) -1y = Ao, —(0p0my) - by = viapssVE T Usg -ty on Dy

Let uso € X, satisfies (1.82) with test function p and u,p - t,; = 0 on I's,. Note that
u,o and uyg are data for this problem.
From the above construction, and with the assumption u,, € V,, we conclude that the

system (1.81), (1.82) have a solution. Now, by doing algebra, we have

A B 0
- (1.83)

-B 0 50 gs
where g2 ((wy Tevwy, 1) = ~bp(Wpo,10,) — ayby(s0,wy) — by(,0, 7). hence g7 € Sj. So
we get the desired result. O

Let Qq, 55 be the closer of Q,S with respect to the scalar products &;,&. One can
see that (2;1) ={(q,s) :q=0,s = (qp,ae,0,0),qp € W)y 0. € X,,}. From the lemma
1.3.6 we have ( ) C Rg[
words, ( ) # Rg[( b)

the domain of operator (

)}, and this is usually a proper inclusion, in other
% )] Hence, to use the theorem 1.3.7, we need to restrict

in order to have the desired equality in the assumption of

+ (%
%)
theorem 1.3.7. In order to do this, let O := (f}g B ), we define

D:={(a.9)€(@s) : o) e ()

Now, we restrict the domain of O; to be D, from now without saying anything, we mean
that operators is restricted to D. Then we have Rg(O;) C (?;1), so we have Rg[(gl) +
(fg%’)] C (32) In addition, by lemma 1.3.6, for every g, € W/, . € 3., let
g = (S09p, Age,0,0) there exists a solution of (1.67), (1.68): q* = (u,0,Us0,Uy0),s" =
(Pp.0s Te0,Pr0, No). Looking at the equations (1.67), (1.68) and the form of elements in
<?§>, we see that (%) € D, so (Q1> C Rg(( 352)> thus Rg(( Bg)) = <(§;1>
Remark 1.3.9. In the lemma 1.3.8, we need assumption about p,o. The data (pp, 77p,0) also
need to satisfies (1.5), and notice that we have 0o = A~'D(n, ). Thus, in the following by

saying the data is compatible, we mean these conditions.
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By combining lemma 1.3.8 with theorem 1.3.7 we get the following result.

Theorem 1.3.10. For each p,(0) € L*(,), 0.(0) € &, and q, € WH(0,T; L"(%,)), where
(Pp.o;Ocpo) are compatible data, there exists a solution of (1.38)-(1.40) with initial condi-
tions: sopp(0) = Soppo, Aoc(0) = Ao, and satisfy (us(t), pe(t), up(t), pp(t), us(t), o.(t),
At)) € L=(0,T;Vy) XL>®(0,T;Wy)x L>=(0,T; V,)x Wht>(0,T;W,)x L* (0,T;X,) x
WL (0, T; )% L(0,T; A).

Proof.  From lemma 1.3.8, there exists (u,0,us0,uro) € Q and (pfo, Ao) € Wy x A such
that

/ Q)
(45) e (Y)
where qo = (1,0, Us0, Us0) and so = (Pp.0, Te,0, P10, Ao)-
We have (29) € D, where D is the domain of operator ( 4 %’) as above. It is obvious

that (2) is monotone. We now prove that ( % %) is monotone. We have

((B5)(H) = (B8)(%)(57%) = (Alar) — Ala)) (a1 — q2) > 0.
Hence, ( s %’ ) is monotone. We already established the range condition, thus by theorem

1.3.7 we have the desired result. O

1.3.2 Existence and uniqueness of solution of the Lagrange multiplier formula-

tion

Recall, that the variable u, has the meaning of structure velocity and, therefore, the

displacement solution can be recovered using the relation:

n,(t) =n,0 + /Ot us(s)ds, Vte (0,7T]. (1.84)

Since u,(t) € L>*(0,T;X,), n,(t) € WH>(0,T;X,) for any n,, € WH>(0,T;X,).
Unfortunately, the numerical method based on formulation (1.38) -(1.40) is rather dif-

ficult to implement and expensive to use, since the stress space is required to consist of

symmetric matrices [17]. In this section we discuss how the well-posedness of the Lagrange

multiplier formulation follows from the existence of solution of (1.38)-(1.40).
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Theorem 1.3.11. For each p,o € WH*(0,T;W,) and n,, € WH>(0,T;X,), where (p,0,
M,0) are compatible data, there exists a unique solution (uy(t), ps(t), uy(t), pp(t), m, (1), A(t) €
L®(0,T5 V) x L0, T; Wy) x L(0,T; V,,) x Wh(0, T; W,) x Wh(0,T; X,,) x L=(0,T; A)
of (1.25)-(1.27).

Proof. We begin by using the existence of solution of the alternative formulation (1.38)
-(1.40) to help establish solvability of the Lagrange multiplier formulation (1.25)-(1.27). We
note that the solution of (1.38) -(1.40) satisfies:

ar(ug,vy) +bs(vy,pr) + apss(uy, my; vy, 0) + (v -mgp, My, =0, (1.85)
al(uy, v,,) + by(vy, pp) + (v - 1y, Ay, = 0, (1.86)

(ge. D(Vi))a, + apbp(vs, pp) — apys(uy, dmy; 0,vs) + (vs -1y, Ny, =0, (1.87)
(Adioe, Te)o, — (0:D(n,), Te)a, =0, (1.88)

(S0 Oepp, wp)a, — apbp(0emy, wp) — by(Wy, wy) = (g, wp)a,,  (1.89)

—by(uy, wy) =0, (1.90)

br(uy, up, Oimyy; 1) = 0. (1.91)

where 1, is given as in (1.84) (in particular, d;n, = u,). We integrate equation (1.88) in

time from s = 0 to an arbitrary s =t € (0,7]:
0= /Ot (0(Aoe —D(m,), 7c)) = (Aae(t) = D(m,(1)), Tc) = (Aoe(0) — D(n,(0)), Te).
Since &,(0) = A~'D(n,(0)), we have for any ¢ € (0, T]
(Ao.(t) = D(n,(t)),7c) = 0. (1.92)

Since (1.92) holds for any 7. € X, and D(X,,) C X, we can choose 7. = Ao .(t) — D(n,(t))
to conclude that o.(t) = A~'D(n,(t)). Therefore, with (1.29),

(e, D(vy)) = (A7'D(n,), D(vs)) = ap(n,,, V). (1.93)

Combining (1.85)-(1.91) and (1.92)-(1.93), we conclude that if  (uy, pr, u,, pp, us, o, A)
€ L0, T; V) x L0, T; Wy)x L=(0,T;V,) x Wh(0,T; W,)x L® (0,T;X,) x Whe
(0,T53c)x L>(0, T; A) solves (1.37), then (uy,ps, uy, pp, M, 0 + fg us(s)ds, \) € L>(0,T;
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Vi) x L0, T;Wy) x L>®(0,T;V,) x WH>(0,T;W,) x W1=(0,T;X,) x L>=(0,T;A) is a
solution of the Lagrange multiplier formulation (1.25)-(1.27).
Now, assume that the solution of (1.25)-(1.27) is not unique. Indeed, let (u},p},uy,pp,

n,, A') and (u?,p7, u, p2, 2, A%) be two solutions corresponding to the same data.

We use the monotonicity property (1.20) with G(u) = v(u)u, s = D(u}) and t = D(u3}):

< ||D(u}) (uf)||L2 ()
¢+ IDp7iq, + DI,

+/Q [v(D(u}))D(up) — v(D(u})D(u}))|[D(uy) — D(u§)|dA>
< /Q (I/(D(u}))D(u}) — V(D(u?))D(ui)) : (D(u}) — D(u?)) dA
= % (ap(u}, uy — ufc) - af(ufc, u; — u?)) =: %]1. (1.94)

Similarly, we use (1.20) with G(u) = K 'vepr(u)u, s = uy and t = u:

c I, = w0, +/ L by, — v (22l — u2ldA
Verri — Vefrlu u
et bl + 12150, Jo, ku .

< /Q K (g p(ub)ul — veps (2)a2) : (ul — u)dA

= al(up, uy —uj) — al(u}, up—uj) =1, (1.95)

where k), is the largest eigenvalue of K.
We apply (1.20) one more time to bound the terms coming from Beavers-Joseph-Saffman

condition. Set G(u) = Kvepr(u)u, s = uy — dym, and t = uj — 9, then

||11}f - atml) - (11?0 - 3t77;2>)||%r(rfp)
e+ uf = omilEe, )+ 05 — om2lE,

1
+C /P T lvi(uy—0m,) (uy—0m,) —vi(a;—0m:) (a; —0m>)| - [uf — Oimy, — (uf — Oym2)|ds
fp

< apss(ug, Oy up — ut, dmy, — Om;) — apys(uf, Om;uy — uf, omy, — Om) =: Is.
(1.96)

Then from (1.25) we have
I+ I + Is + ag(n, — 5, 0my, — 0imy) = —bs(uy — uf, py — p7) — by(u, — v, p, — p3)
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—apbp(é?mll) — 8m§,p217 — pfo) — bp(u} — ufc, u}o — uﬁ, 8m117 — 8m127; AL — 2.
(1.97)

On the other hand, it follows from (1.26) and (1.27), with w; = py — p7, w, = p, — p;, p =
Al — )2 that

2

(s00: (py —P2) s 0y — P}) — aby(0r (n, —m* — ) ,p, — P;) — bp(u, —u, p, — p?)

—bs(uy —uf, py —p}) —br(uy —uj,uy —uw 9 (m, —n) ;A —AN°)=0.  (1.98)
Combining (1.97) and (1.98), we obtain

I+ 1+ I3+ a;("?;, - 77;2,, atml, - atmz,) —(50 0y ( pp) p - pf,)

1d

=3 E\Ipzl; — 2|20

1 e
€., 5& <(Zp(’l’]117 — 7’]]2), ’I’]zl7 - 7’]12,) + SOHle) - pi”%z(gp)) + Il + IQ + [3 =0.
Integrating in time from 0 to t € (0,77, and using p;(0) = p3(0), 1,(0) = 12(0), we obtain

1

5 (e5mb(t) = (0.1 (0) =m0 + solh(®) = POl ) + [ (11 T 1) ds =0,

Hence, using (1.94)-(1.95), we have

% (aZ(n}D(t) = ,(8),m,(1) = m,(1)) + sollpy (t) — pi(f)’\i2<np>>

+/t C ID(u}) = D(u})|720,) n I, — wlir,) ds <0
0 c+ ||D(uf)||Lr @ T ||D(uf)||y“(9 c+ ||u1||LT(Qp) + “u:%”%:&l ) -

(1.99)

As a5(§,,§,) > 0 for any £, # 0, it follow from (1.99) that u}(t) = uj(t), uj(t) = uz, n'(t) =
., vt € (0, 7.

Finally, we use the inf-sup condition (1.44) for py — p%,p, — p2, \' — A* together with
(1.25):

”(p} - p?7p]17 - p}27’ >‘1 - >\2)HWf><Wp><A
be(ve,pt — p2) 4 by(vy, pt — p?) 4+ br(vys, v,, 03 A — A2
<C sup f(fpf pf) p(ppp p?) r(vy, vp )

(Vf,vp)EVfXVp ||(Vf7vp)||vf><vp
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ag(uf, vy) — as(uj, vy) + ag(ug, v,) — ap(uy, v,)

”(Vf’Vp)HVfXVp
apys(uy, 0m; vy, 0) — aBJS<u}7at"7;§Vf70)> _0

1V vp)llv <,

=C sup (

(v vp)EV X Vp

Therefore, for all t € (0,T], p; = p, p, = ps, A' = X%, and we can conclude that (1.25)-
(1.27) has a unique solution. O
1.3.3 Stability analysis

We will prove the following stability bound for the solution of (1.25)-(1.27).

Theorem 1.3.12. For the solution of (1.25)—(1.27), assuming sufficient regularity of the
data, there exists C' > 0 such that

||uf||2r(o,T;W1m(Qf)) + 1wl zr o700, + [0 — Oyl o1:875) + ||pf||7[‘ﬁ’(07T;LT’(Qf))
+ pr“T[.,T’(QT;LT'(Qp)) + HAHZT’(QT;WUTW’(FM)) + anH%OO(O,T;Hl(Qp)) + SOHPPH%OO(O,T;B(QP))

< Cexp(T) (I, (0)I311(a,) + 50lIpp(0) 210, + I 50 sy + (5 + & + 1)),

Proof. We first note that the term ¢(¢; + ¢, + ¢;) appears due to the use of the coercivity
bounds in (1.45)—(1.48) in the general case ¢ > 0. For simplicity, we present the proof for
¢ = 0, noting that the extra term appears in (1.101) and the last inequality in the proof. We
choose (vy,wy, vy, wy, &, 1t) = (Wy,pr, Wy, pp, OiM,, A) in (1.25)-(1.27) to get

1 e
50 [(sopp, pp)e, + aS(m,.m,)] + ap(ug,up) + al(u,, w,) + apss(ay, om,;uy, 6im,)

= (4p, Pp)o,- (1.100)

Next, we integrate (1.100) from 0 to ¢ € (0, 7] and use the coercivity bounds in (1.45)—(1.48)
and note that ag (-, -) satisfies the bound

clléplltno,) < ap(€,,€,), a5(n,, &) < Celln, |l aron €l @,)-

We have
t
2 2 r T T
solln Ol + 1,y + [ (aslfinsia + Il + s = 3y s ds
0
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IN

t
([ (@rin,) ds + sllpa0) e,y + I, 0o,
0
t
sc@mmmyﬁywmm@mﬂm+/nmm@ﬂﬁ
0

t
+€1/ (||pf||2w(gf)+||pp||rrf(gp)) ds, (1.101)
0

using Young’s inequality (1.74) for the last inequality. We next apply the inf-sup condition
(1.44) for (ps,pp, A) to obtain

by(vy,pp) + bp(Vp, pp) + br(vy, vp, 0;A)

[(2r, Pps Mllwyxw,xa < C sup

(v vp)EV XV H(Vf7vp)||VfXVp
—as(uys,ve) —ai(u,,v,) —apss(us, 0m, ; vy, 0
—C sw £(uy, ve) — ay(Wp, Vp) — apss(uy, Omy: vy, 0) (1.102)
(Vf,vp)GVfXVp H(Vf7vp)”vf><vp
Using the continuity bounds in (1.45)—(1.48), we have from (1.102),
1120 Mlwpeiwn < C (gl + 05, + luy = 9,155 )
implying
t / / /
o [ bl D15y + I )
t
sc@A(mwmmmﬂ+w%mmm+hw—@m@ﬁ)w. (1.103)

Adding (1.101) and (1.103) and choosing €5 small enough, and then €; small enough, implies

t
50‘|pp<t)||%2(ﬂp) + ||np(t>’|§—[1(ﬂp) +/0 (HuquI;VlaT(Qf) + a0,y + [uy — 3t"7p|71§J5> ds

+/0t (pr

t
< C(Im, Oy 0 + solpaO o + | (lapline,) )
0

Lo + 1ol + Ny, ) ds

The assertion of the theorem now follows from applying Gronwall’s inequality. O
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1.4 Well-posedness of the semidiscrete problem

We consider a shape-regular and quasi-uniform simplicial partitions 771f and 7,7 of Q;
and €2, respectively, not necessarily matching along the interface I'y,. We define the finite
element spaces Vy;, C Vg, Wy, C Wy, V), CV,, W, C W, and X, C X,,. We assume
that Vyj, Wy, is any inf-sup stable pair (e.g., Taylor-Hood, MINI elements). We choose
Vo, Wy to be any of well-known inf-sup stable mixed finite element spaces (e.g., Raviart-

Thomas or the Brezzi-Douglas-Marini spaces). The global spaces are
Vh = {Vh = (Vf,h,Vle) S Vf7h X Vp,h}; Wh = {wh = (wf,h, wp,h) S Wﬁh X Wp,h}‘

We employ a conforming Lagrangian finite element spaces X, ;, C X, to approximate the
structure displacement. Note that the finite element spaces Vi, V, 5, and X, satisfy the
prescribed homogeneous boundary conditions on the external boundaries I'y and I'y. Finally,

following [5], we choose a nonconforming approximation for the Lagrange multiplier:
Ah = Vp,h . Ilp|rfp.
We equip Aj, with a discrete version of the W/™(I';,)-norm:

lenlla, = Nl ey,

The semi-discrete continuous-in-time problem reads: for ¢ € (0,77, find (usp(t), pra(t),
up,h(t)a pp,h(t)7 ,r’p,h(t)7 )\h(t)) € Loo(O, Ta Vf,h) X LOO<07 T7 Wf,h) X LOO(Oa T7 Vp,h) X Wl,oo(o’ T7
W) xWh=(0,T; X, ) x L(0,T; Ay), such that for all vy, € Vi, win € Wen, Vo € Vi,

Wpn € W, s £p7h € Xp, and uy € Ay,

ar(Wpn, vin) + at(Wpn, vpn) + apss(Wpn, 0y, 3 Vi, €,p) + @ (np,h, E,n) + b5 (VinDrn)

+b,(Vphs Ppn) + aby(&, 1, Dy, h) +or(Vins Vo, & P ) = (1.104)
(500iPp,hs Wpn) e, — Abp(0iMy, 1y Wpn) — bp(Wp iy Wy )

—bp(upn, wrn) = (Gph, Wpn)ay, (1.105)

br (Wyn, Wpons OMy s M) = (1.106)
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We assume that the initial conditions for the semi-discrete problem (2.22)-(2.24) are chosen
as suitable approximations of p,o and 7, ,.

In order to prove that the semi-discrete formulation (2.22) -(2.24) is well-posed, we will
follow the same strategy as in the fully continuous case. For the analysis purposes only, we
consider a conforming discretization of the weak formulation (1.38)-(1.40). Let the spaces
Vi, Wy, X, and Ay, be as described above. Let X, ;, consist of polynomials of degree at most
ks, then we introduce the stress space Y., C X, as discontinuous symmetric polynomials of

degree at most ks — 1:
Ze,h = {Je S Ee| 0'6|T€7’,f € 7Dlizill (T)}

Then the corresponding semi-discrete formulation reads: for ¢ € (0,77, find (uyu(?),
pfﬁ(t), upyh(t), pp,h(t), usyh(t),aeyh(t),)\h(t)) S LOO(O,T, Vf’h) X LOO(O,T; Wfﬁ) X LOO(O,T'7
Vp7h) XWl’OO(O,T; Wp’h)X LOO(O,T, Xp,h) XWl’OO(O,T; Ze,h) X LOO(O,T7 Ah), such that for

all Vin € Vf’h, Weh € Wf,h, Vph € Vpﬁ, Wpp € Wpﬁ, Vsh € Xpyh, Ten € Eeﬁ, and p, € Ay,

ap(upn, Vin) + ay(Wpn, Vpn) + aBss(Wpn, Wons Vin, Vsn) +05(Vin, Drn) + 0p(Vihs Ppin)
by (Vs ny Ppn) + bs(Vshy 0en) + b0 (Vin, Vpr, Vsn; An) = 0, (1.107)

(500iDp,n, W), + (0T ens Ten) — by (W, wyn) = bp(Wpp, Wy ) — bs (U, Ten)
—bg(agn, wrp) = (G, Wpp)o,, (1.108)

bF (uf,ha Uy by Us h; ,uh) =0. (1109)

The initial conditions p,,(0) and o.;(0) are suitable approximations of p,o and .y =
A’ID(nnO). We define the spaces of generalized velocities and pressures, Q; = V) X
Xpn X Vipand S, = Wy p x X X Wy X Ay, respectively, equipped with the corresponding

norms:

larllQn = 1Venrllv, + 1Venrlix,n + [Vinllv, l[snlls,

= |lwpnllw, + | Tenlls. + lwpnllw, + l1nlla,-
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1.4.1 The inf-sup condition

We first recall the inf-sup conditions for the individual Stokes and Darcy problems [39].
Since |I')| > 0, it is sufficient to consider v, € Vg,h,rfp ={vpn € Vyon:vpp- nplrfp = 0}.

There exist constant C,,; > 0 and Ct; > 0 independent of i such that

bf(Vf,h,'LUf,h) o

b
inf sup p(Vph W) > Cha, inf sup >
Vinllvllwenllw,

wp,h EWp,h Vpr€Vinr,, [Vpnllv, lwpnllw, wrhEWEh v €V s

(1.110)

We next prove inf-sup condition for br(+;-). We recall the mixed finite element interpolant

I1,, onto V5, [14], which satisfies for all v, € V,, N (W*"(Q,))¢, s > 0,

(V . Hpthp, wnh)gp = (V * Vi, wp,h)gp, pr,h € Wp,h, (1111)
(v - M, Vi, - np>rfp = (Vp 1y, Vpp - np)rfp ) VVph € Vi, (1.112)

as well as the continuity bound [1, 37]
L, 1Vl 2r@,) < C (IVpllwer@,) + IV - Vpllre,) - (1.113)

Let V2,h ={vprn € Vps:V-v,, =0}
Lemma 1.4.1. There exists a constant Cy > 0 independent of h such that

inf sup bF(Vp,ha Oa 07 ILLh)
mebny, ,evo  [1Vpnllvyllenlla,

> (. (1.114)

Proof. Let u, € Ay, be given. Consider the auxiliary problem

V-V¢ =0, in Q,, (1.115)
¢=0 on I, (1.116)
Vo-n, =), on Ty, (1.117)
V¢-n, =0, on I'Y. (1.118)
Let v = V¢. Elliptic regularity for (1.115)—(1.118) [31], [52] implies that
v llw/rr g,y < Cllg ey, (1.119)

34



Let v, = II, ,v. Note that, due to (1.111), v, € Vg}h. We have

bF (Vp,ha 07 0; Mh) <Hp7hv Dy, luh>Ffp <V Ny, luh>Ffp HﬂhHZr,(Ffp)

vorllv,  Wavilv,  Wpavilv, v,

and, using (1.113) with s = 1/r and (1.119),

r'—1

Iy n v Lr(a,) < CHV“WU”(QP) < Ol 71||LT(Ffp) = CH“*LHLT’(rfp)'

The proof is completed by combining the above two inequalities. O

We next prove the inf-sup conditions for the formulation (1.107)-(1.109).

Theorem 1.4.2. There exist constants (1, P2 > 0 independent of h such that

. b(dn; sn) + br(an; sn)
inf sup
(o005 111)ESh (v, .0v s )€Q || (Vorhs 0, Vi) [y [ (wpn, 0, wp s k)]s,
. bs (Vs,ha Te,h)
inf sup
(0,v5,1,0)€Qn (0,7 1,,0,0)€5) || (07 Vs h, O) ||Q|| (07 Te,hs 0, 0) ||Sh

> b, (1.120)

> [, (1.121)
where

b(an; sn) = br(Vin, wen) + bp(Vpn, Wpr),  br(dn; sn) = br(Vpn, 0, Vs ).

Proof. Let s, = (wpp,0,wpp, o) € Sy be given. It follows from (1.110) and (1.114),
respectively, that there exist q; = (v, ,,0,v},) € Qu with [[v),llv, = 1, [villv, = 1, as

well as qj = (v2,,,0,0) € Qp with [|v2,||v, = 1 such that
Cpa Cra Cy
by (V) = 2 by ) = Sy e (92,0,0: ) = .

Since vl, - n ‘ =0, we have
p,h P Ffp ’

br(Q}L; Sh) = <V)1”,h "Ny A+ V;I;,h : np?Mh>Ffp = <V},h "Ny, Mh>Ffp
< ClIvinllerawpllenllL )
S CHV},h|’W171/T’T(BQf)H/‘Lh”LTI(Ffp)

< Crlivialwir@pllenllr i,y = Crlviallv, lesla,.
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where we used the trace inequality. Let r), = q}, + (1 + 2CrC;')q?. Since V - ngh =0, we

obtain

b(rn; sn) = br(Vip win) + bp(vy s wpn) + (1+200Cy ) by(V2 ), wpn)
min((]f,l, CpJ)
2

= by (Vi wrn) + bp(Vyp wp) = (ICwpnllw, + llwpnllw,),
bp(I‘h; Sh) = bp(qk; Sh) + (1 + 201"02_1) bp(qi; 8h>

CQ _ CQ
> —Cr||pnlla, + > (1+2CrC3Y) |lpnlla, = 7||Mh||/\h'

Hence, using that |ry||q, < 3 +2CrCy!, we obtain

min(ijl, Op71, OQ)
2

min(ijl, Cp71, CQ)
6 + 4CrCy

b(ry; sp) + br(re; sp) > snlls, > Irnllqu llsklls,

which completes the proof of (1.120). To show (1.121), let (0,v,4,0) € Qp be given. We

choose 7.5, = D(v,;) € X, and, using Korn’s inequality, we obtain

bs(vs hy Te h) ||D<V57h)||%2(9 )
) ) — P frg D V57h 2 Z /6 VS,h 1 .
[Tenllz2(0,) ID(Ven)l L2(0,) IDVer)ll22@,) 2| Venllmi(a,)

1.4.2 Existence and uniqueness of the solution

To prove that the semidiscrete problem (2.22) - (2.24) has a solution, we proceed in
a similar way as in the continuous case. One thing we need to have is that the initial
approximation data (p,,x(0),7,,(0)), (Pp,n(0), e, (0)) compatible. In the following, we will
discuss about how to achieve the approximation data (p,(0),7,4(0)), (Pp,r(0), 0¢r(0)) that
is compatible.

We define
A Q—-Qp, Byn:Q— S,

to be the discrete counterparts of the operators in the continuous case. Where Qj, =V, 5 X

Vs,h, XVfJZ, and Sh = Wp7h X Ee,h X Wﬁh X Ah.
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From the lemma 1.3.8, with suitable data p, o, there exists us o, us0,Ppo,Pr0, Aos Teo

such that

A B do c Q%l
-B 0 So Séz

(1.122)

where ¢o = (Up0, Us0,Uysp), and So = (Ppo, Te0: D0, Xo). We define (qon, Son) to be the

elliptic projection of (qq, So),

An B, o, An B, o
—Bh 0 S0,k —Bh 0 S0

From there, we will have

Ah B;L do,r c Q;hgl
—Bh 0 807h 5;1752

Similar to the continuous case, we define the domain D, as follow, D), :== {(qn, sn) € Qn XS} :

<:4ébh %L )(‘;1}’;) € < Si}:: )} Then we have () € Dj. By doing the same argument as the

—Bp, En2 S;L,fz

continuous case, we will have Rg<< An By )) = ( A ) and establish the compatibility of
(Pp,1(0),0¢1(0)), or (ppr(0),7m,,(0)). Hence, the theorems about the existence of solutions

can be done similarly to the continuous case. We state the theorems as follow.

Theorem 1.4.3. For each gy € WY'(0,T;W'f), g € WHH(0, T W), ocp = A7'D(n,,) €
e, Ppo € W, with compatible data (pyr(0), o,1(0)), there exists a solution of the alternative
problem (1.107) - (1.109), with (Wfn, Prh, Uph, Pphs Ush, Oen, An) € L®(0,T;Vyy) X
L0, T Win) x L0, T;Vyp) x WES(0,T; W, ) x L2(0,T;X,,) x Wh(0,T; S.,) x
L>(0,T;Ap).

We already established the inf-sup conditions (1.120), (1.121) for finite element spaces,
therefore the above theorem can be proved similarly as in the continuous setting. Similar to
the continuous case, as a corollary of theorem 1.4.3, we have the following result.
Theorem 1.4.4. For each q; € WH'(0,T;W}), q, € WHH0, T W) and ppo € Wyn, 1,0 €
X, n, with compatible data (pyn(0),0,4(0)), there exists a unique solution (uy(t), prn(t),
U, (), P (t), My n(t), An(t)) € L0, T; Viyp) x L0, T; Wyp) x L2(0,T; Vi) X Whee(0, T
Wyon) x Whee(0,T;X,5) x L=(0,T; Ap) of (2.22)-(2.24).
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The following result about stability estimate is also can be proved similar to the theorem

1.3.12.

Theorem 1.4.5. There exists 0 < C' such that the solutions of (2.22), (2.23) and (2.24)

satisfy the following bound

vy 7Lv‘(@,T;Wlﬂ'(Qf)) + ||up,h||ET(0,T;LT(Qp)) + lupn — atnp,h|2T(O,T;BJS) + ||pf,h||2w(0,T;Lw(gf))

+ Mo all e o 7.0 0y F IR (0. ey + 191 | 2o 07511 0)) T S0llPoAlIZo0 0,522

< Cexp(T) (an,h(o)H%il(Qp) + 50llPpn ()1 20, + 6l 20,7202y + (€5 + G + 51))-

1.5 Error analysis

1.5.1 Preliminaries

We introduce Qrn Qpn @i as the L? projection operators onto Wy, W, and Ay,

respectively, satisfying:

(pr — Qraps, ¥n)a, =0, Y, € Win, (1.123)
(Pp — Qpabp, P1)a, =0, Vén € Wy, (1.124)
(A= QxpAvn)ry, =0, Y, € Ay, (1.125)

Our finite element spaces satisfy the approximation properties reported below [34].

Lemma 1.5.1. Let Q¢ p, Qpn, Qan be projectors, defined above. Then

1ps = Qrapsllr o)) < Chsf“prHstH,w(Qf), (1.126)
1P — Qp,hpp”Lr’(Qp) < OhSP—Hpr||Wsp+1vT/(Qp)’ (1.127)
1A= @Ml r,,) < CHP Mg, - (1.128)
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In order to deal with nonconformity of Lagrange multiplier approximation, we would like

to use an operator I, = (L4, Ipn, Lsp) : U — Uy, where
U = {(Vf,vp,ép) €V xV,xX,:br (vf,vp,Ep;,u) =0,Vu e A}

and Uy, is its discrete analogue.

We recall that the MFE interpolant II,;, satisfies for all v, € V,, N (W' (Q,))?

(V-1 nvp, ¥n)a, = (V- vp, thn)a,, Y, € Wy, (1.129)
<Hp,hv -1y, ¢h>rfp = <Vp "Ny, 1/}h>rfp ) Vi, € Wpp. (1.130)
We will make use of the following bounds on II,; [1, 37]:
[vp — Hp,thHL’“(Qp) < Ohkp+1||vp||w’“p+1vT(Qp)a (1.131)
HHP’hVPHLT(Qp) S C (HVPHLT(QP) + hHVVP”LT(Qp)) ' (1132>

We also consider Sy, Ssn to be the Scott-Zhang interpolation operators onto V¢, and X, 5,

respectively, satisfying [75]

Vs = Stavpllry + hIV(E, — Ssn€p)llir,) < Chkf+1||€p||wkf+1""(9f)7 (1.133)

||€p - SS,hSpHLQ(Qp) + h||v(£p - SS,hEp)||L2(Qp) S Chks+1||£p||HkS+1(Qp)' (1134)

Using the construction from [50], we set I;, = Sfp + 075 and Iy, = Ssp + 054, Where the

corrections dy, 05, are such that

/ (Itpvy —vy) -my :/ (L€, — €,) -m, = 0. (1.135)
Ty

P Tsp

To construct I, we first consider an axillary problem:

V-Vo¢ =0, in Q,, (1.136)

¢=0 on T, (1.137)
Vo -ny, = (vi—Ipnvy) -0y + 9§, — Lsn,) -1y, on I'pp, (1.138)
V¢-n, =0, on I')Y. (1.139)
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Let z = V¢ and define w = z 4 v,, for any test function v, € V. Since V -z = 0, we notice

that w € V,, too. Then, thanks to our construction,

V-w=V.z+V.v,=V.v, in €, (1.140)
W N, =%Z -Nn,+V, n,

:vp-np—l—vf-nf—]f,hvf-nf+8t£p-np—8tls,h€p-np, on Ffp. (1141)

Finally, we define I, v, as the MFE interpolant of w:

]p7th = Hp,hW = Hp,th + thZ. (1142)

Since II,, , satisfies (1.129), we have

vaﬁ € Wp,h-
(1.143)

(V- Lnvp, wpn)a, = (V- 1L nw,wpp)a, = (V- W, wpn)a, = (V- vy, wph)a,,

Moreover, using (1.141) and (1.130), we also have for all u;, € A,

<[p,th -1y, ,Uh>rfp = <Hp,hW sy, ,uh>1“fp

= (Vpmyp+vyeng = Ippvyng 4+ 0, 1y = 0L, - My )y
Rearranging the terms, we obtain

<Ip7th . l’lp —+ 8tls,h€p . Ilp + Iﬁth . l’lf7 ,uh>rfp = <Vp . Ilp + 8t£p . np + \Z l’lf7 ,uh>rfp .

Therefore, I, : U — Uy, satisfies

<Ip7hvp 0y, + Oy, -0, + vy - ny, “h>rfp =0, Yup € Ay. (1.144)

As our construction is complete, we summarize the properties of all components of I, in

the following lemma.

40



Lemma 1.5.2. For all (vy,v,,§,) € U, the interpolation operator I, : U — Uy, satisfies

Vs = Lavillrop + RIV(Vs = Ipavp)llrp < CHY vl ). (1.145)
1€, — Lo 1€l 2, + RIIV(E, — Ln€)|r2(0,) < CRTHIE | mrti(q,), (1.146)

0, vy ) -
(1.147)

V9 = Lpavpllirie) < € (W vy ltsonr,) + 1 IVt i, + 15

Proof. The first two estimates (2.37)-(1.146) follow immediately from (1.133)-(1.134) and
the fact that the corrections 6y, d5 are of optimal order [50].

Next, by (1.142),
vy = LpnVpllzr,) = IVp = Thpnvy — Tzl r,) < Ve — Ty wvpll2ro,) + 102l 2r(0y)-

Recall that z = V¢, where ¢ is the solution of (1.139). Therefore, by the elliptic regularity
52] and (1.132)

1T, 12| 2r(0) < Cllzllwir,) < Cll(ve = Iiavy) - ngp + 0 (€, — Lnéy) - mpllun-imer,,)
<C (H(Vf — Iravy) - ngllwioimee,,) + 100 (€, — Lné,) 'npllwl—l/wrfp))
< C(|lvy = Iavillwir@y) + 100 (&, — 1sn€,) lm1(y))

< C (1 vllyissrngay) + R 10 Nianrcay) )
Finally, by (1.131)

Ivp = Lpnvpllr,) < Ve — Upavpllore,) + 102l @,)

< Chkp+1||VpHWkp+17T(Qp) +C (hkf||Vf||ka+1,r(Qf) + hkS”&t&pHH’“S“(Qp)) )
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1.5.2 Error estimates

For u = (uy,u,,m,) and u, = (Wyp, pp, M, ,), let’s define

E(uuy) ID(uy) — D(uy)| ’ lu, — w4 ’
¢+ D(up)| + IDupn)lll oo,y e+ 0l + [pnl || oo,
2—r
[(ay —0my,) -ty — (Wpn — 0my, ) -ty " and
e+ [(up = dmy) - b5+ |(apn = 0mpn) sl e, )

G(u,u,) = /Q [v(D(uy))D(uy) — v(D(uyn))D(uss)||D(uy) — D(ugs)|dA

‘+L(UMM%HWHWFWHK%HWMW%—UMWA

P

ap
+ / 1/2 2 lvr(((up — 0my,) - t7)tr5 (g — Opm,) - tri)tr;
Typ kM

—vr(((upn = 0myp) - tr)te ) ((Wpn — 0imy,p) - tr)tsl

N(Cay = 0my,) - tp5)trs — ((apn — Omy ) - tr5)tylds (1.148)

Theorem 1.5.3. Let (uf,w,,1n,,ps,pp, A) be the solution of (1.25)-(1.27) and (uyp, upp,
Mphs Pf.hs Pphs An) be the solution of (2.22)-(2.24). There exists a constant C > 0 such that

d—1

lup—uyn H%Q(QT;WLT(Qf)) +{lup—uyll %2(0,T;LT(QP)) +Z |uf_at77p— (uf,h_atﬂp,h) ’%2(0,T;BJS,J’)
j=1

+ ”pf - pf,hHZT’ o,T;Lr’(Qf) + pr _ppﬁ”?}f’ O,T;LT’ Q) + HQA,hA - )‘hHZT’(O,T;Lr'(Ffp))
+llm, — 1,017 o011y T Sollpp — pp,hHLoo(OTL?( ) 19w, wn) [ Liom)

ngm>pwqu + 17 g

L2(0,T;WrFHhT (94)) L7 (0,T;Wr T ()

+ R g2 . RS ||

201w L (0,;WeF 17 ()
+ preptl) ||up||2T(O’T;Wkp+1 rapy T ! (spt+1) pr“m T )
ey <||atp ””iQ(QT;WSp“”’(Qp)) + ”p”||L°°(07T;WSP“”’(QP)>)
h?s <||np||%2(0,T;Hks+1(Qp)) + Hat’?p||%2(o,T;Hks+l(Qp)) + ||"7p||%oo(o,T;Hks+1(Qp))>
R (2 N e o e e P 4

+ h2(kp+1) (H)‘”

L (0,73 Whp+ b7 (D))

1A 1AL

%0 (0,T;Whp+17 (T, ))>

+ H?’Ip(o) = M (0l 0,) + ||29p(0) — Ppn (07 g )] (1.149)

L2(0,T;Whe 1 (T g, L2(0,T;Whpt 1 (T g,
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Proof. At first, we will achieve a bound for for [[u; — ussllwir,) and [Ju, — w,nllr,)
using the the monotonicity (1.20) and continuity (1.21) assumptions.

Using (1.20) with G(x) = v(x)x, s = D(uy) and t = D(uy,):

( ID(uy) = D(ugn)llir o,
¢+ [D(ug)llq,) + IDusm)li{o,,
+ ([v(D(uy))D(uy) — v(D(uyn))D(uy )|, [D(uy) — D(uf,h)|9f>

< (2v(D(uy))D(uy) — 2v(D(uyn))D(uss), D(uy) — D(ugn))g, (1.150)

) )
= (2v(D(uy))D(uy) — 2v(D(uyp))D(uss), D(ug) = D(vien))g,
+ (2v(D(uf))D(uy) — 2v(D(usp))D(uysn), D(vin) — D(uf,h))g

=:J1 4+ Jo, \V/Vﬁh € Vf7h, (1.151)

where we used the factor 2v in (1.150) in order that the term J, may be expressed in terms
of as(-,-). The term .J; can be bounded using (1.21) with s = D(uy), t = D(uy,) and
W = D(Uf) — D(nyh)i

Ji < C(|[v(D(uy))D(uy) — v(D(ugp))D(uss)l, [D(uy) = Dlugy)|)g,

ID(uy) — D(uy)| ||
¢+ [D(uys)| + [D(usn)l

ID(uy) = D(ven)llprq,

Lo (Qy)

< ¢e(|v(D(uy))D(uy) — v(D(ugs))D(ugs)l, [D(uy) = D(usn))o;
ID(u;) —D(ug)| |7
¢+ |D(us)| + [D(uyp)l

+C ID(uy) =D in)llzr o), (1.152)

Lo (Qy)

where we used Young’s inequality (1.74). We choose € small enough and combine (1.151)—

(1.152) to obtain

ID(uy) = D(ugn)llir o,
¢+ D (uy)l[77q,) + D)o,
+ (lv(D(uy))D(uy) — v(D(uysn))D(uss)|, [D(uy) — D(ugn)l)e,

<0 ( D(uy) —Duyy)|

2—r

D(us) - D T + o | (1153
¢+ D(uy)[ +[D(uya)] IDCas) =Dl ) (1.153)

Loo(Qy)
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Similarly, to bound the error in the Darcy velocity we use (1.20) and (1.21) with G(x) =

Verp(X)X, s =1y, t =u,), and W =u, — v, 5, V5 € V,p, to obtain

[u, —uy, h”%r(Qp)

c+ HuPHLT @) T Hup,hH%:(Q )

<o

Ji = Werr(Wp)s ™0y — Verp(Up )k Upp, Vi — Wpn)g, -

+ ([Vers(up)uy — vegr(upn)upnl, [, — up,h‘)ﬂp

lu, — uy | o

c+ |up‘ + ‘up,h‘

|Wp—VmMme+wh>, (1.154)
15(0)

where

The factor k! is introduced in the definition of J; in order that it may be expressed in

terms of af(-,-). Similarly, to bound the terms coming from the BJS condition, we set in

(1.20) and (1.21), G(x) = vi(x)x, s = ((uy = amy,) - ty5)try, t = ((wpn — Amyp) - trg)ty,

and w = ((uy —0my,) - ty;)tr; — ((Ven —&pn)  bri)brss Vi € Vin, §pn € Xy, to obtain
= I(uy = 0m,) -ty — (g — Oy ) - trsllinee,,)

2 ¢+ I(

uy —0m,) - tslle,, + I1(an = 0my, ) trsllEeg,)
d—1

+CY apss(lvi(((uy = 0m,) - tr)trs) (g — Om,) - try)ts;

Jj=1

—vi(((upn = 0my,p) - tri)ts ) ((Wpn —0my, ) -ty )yl

[((uy —0my,) - tri)trs — ((apn —0my,p) - trs)tsslry,

d— 2—r
- Z [(ay —0my,) -ty — (Wpn — 0my, ) -ty
B =1 ¢+ ’ Uy — atnp) tf:j’ + ’(uf,h - alflrlp,h) ’ tf7j| Lo (T's,)
X |l(ay = 0my,) - tr; — (Vin — &n) - brillre,,) + J6 (1.155)
where
Jo = Z aprs(VE (vi((uy = 0m,) - tri)trs)(ay — Om,) -ty

—vi(((ugn —0myp) - tri)trs)(apn —0m,p) - t55)s (Vin —&pn) -ty

— (upn —0m, ) - trj)r;,
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Combining (1.153)-(1.155) together with the regularity of the solution from Theorems
1.3.11 and 1.4.4, we obtain

[y —apnllfe @, + 14 = wnlli g, + [(ur = dm,) — (W — 0imy )| Bys + G(u, up)
< Cle(a,wy)"(luy = venllivrr @, + 1wy = vprllir,) + 110m, — &l ,))

+ T+ Ju+ Je), (1.156)

where we used the trace inequality. To bound the last three terms above, note that

Jo=as(uy, vin —upn) —ap(apn, Vi — Usp),
Ty = ay(Wy, Vi — tpp) = @y, Vo — W),

Jo = GBJS(Uf, atnp; Vfn — Ufh, £p,h - azﬂlp,h,) - aBJS(uf,ha atnp,h; Vin — Ufh, €p,h - atnp,h)-

Second, we will get a bound of [|n,(t) —n, ()| a1(q,) and |[py(t) — Ppn(t) | z2@,)-
We subtract (2.22) from (1.25) and test with (v, — Wpn, Vpr — Upn, &, — 0im,, 1), t0

obtain

Jo+ i+ Js = a;(np,h — Ny &pn — 8t"7p,h)
+ by (Vin = pn,prn = py) + aby(€, = OMy s Ppn — Dp)
+ bp(Vpn = Wy, Do — Pp) + 0 (Vi — Upn, Vor = Wpn, & — Oy An — A)
= ay(Mpp — My Epp — Omy) + ay (M, — My, Oy, — Oimy ) + 05 (Vin — g, D0 — Qpinpy)
+ bV — g, Qpapy — pf) + abp(&, 1 — Oy Do — Qpp)
+ O‘bp(fp,h - 8t"7p,ha Qp.hPp — Dp)
+ by (Vo — Wp s Poh — Qpabp) + bp (Vo — Wy, Qp Py — Pp)
+0r(Ven — Upn, Vph — Upns &y p — Oy i An — Qap)

+0r(Vin — Upns Vpr — Upp, Eon — @np,h; QrxpA — A). (1.157)
Since V -V, = Wy and Vo, - my|r, = Ay, (2.32) and (2.33) imply that
bp(Vpn — Wy, QpaPp — Pp) =0, br(0, vy — Upp, 0; QanA — A) = 0.
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Now we take (Vin, Vpn,&pn) = (Ignuy, Iypuy, I ,0im,). Then (1.157) can be written as

follows:

Jo+ i+ Jo + ay(n, — My, Oy, — 0my, ) = ap (M, — My LswOimy, — 0m,)
+bp(Lpnuy = pn pn — Qrapys) + by(Uppuy —apn, Qraps — py)
+ aby(Ls 10y, — 0Ny s Pph — Qpip) + abyp(Lsn0emy, — Omy, s QpnDp — Pp)
+br(Ippuy — g, Iy py — Wy p, L4 Omy, — 0imy, i An — QA ) + by (Lp s 0y — Wy 4, P i — QpiDp)
+br(Ippuy —upp, 0, I ,Omy, — Oimy, i QanA — A). (1.158)

Note that due to (2.24) and (1.144), we have
bp([f’hllf — llf7h, Ip,hup — Up h, Is,hamp - atnm; )\h - Q,\,h/\) = 0. (1159)

We next subtract (2.23) from (1.26) with the choice (wn, wpn) = (QraDs—Pfhs Qprlp—Dph):

S0 (atpp - Qp,h&fppa Qp,hpp - pp,h)Qp + SO(Qp,hatpp — atpp,ha Qp,hpp - pp,h)Qp
- abp(&t'np - Is,hatnpa Qp,hpp - pp,h) - abp(js,hatnp - atnp,ha Qp,hpp - pp,h)
- bp(up - ]p,hupa Qp,hpp - pp,h) - bp(]p,hup — Uph, Qp,hpp - pp7h)

—bp(ay — Ippuy, Qprps — ppn) — bp(Ippy — pp, Qraps — prn) = 0. (1.160)

By (2.32) and (2.30), we have

50(0ipp — Qpn0ipp, Qpnpp — pp,h)Qp =0, by(uy — Lavy, Qprpy — Ppn) = 0.

Then (1.160) becomes

SO(Qp,hatpp - atpp,fu Qp,hpp - pp,h)Qp - abp(atnp - Is,hat’r’w Qp,hpp - pp,h)
+ abp([s,hatnp - atnp,hu Qp,hpp - pp,h) + bp([p,hup — Uph, Qp,hpp - pp,h)

+bp(up — Ippuy, Qraps — prn) +bp(Lppy —Upn, Qraps — Pra)- (1.161)

We now combine (1.158), (1.159), and (1.161), to obtain

J2 + J4 + JG + a;(’r]p,h - npa 8tnp,h - a7577p) + SO(Qp,hatpp - atpp,ha Qpﬁpp - pp,h)Qp

= ay(Myp, — My Lsn0im, — Om,) + br(uy — Ippuy, Qraps — Pyrn)
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+be(Lppuy —upp, Qraps — D)
+ aby(I5,0m, — 0iM,y, Qp.uPp — Ppp) + Abyp(Is 1OM, — My 1y QprDp — Dp)

+ ((Ippuy —ugp) -np, QapA — Ny, + ((LsnOmy, — 0my, 1) - 0y, QapA — N1y, -
(1.162)

We next bound the first four and the sixth terms of the right using Young’s inequality (1.74).
We note that the velocity and displacement errors are controlled in L?*(0,7'), so the terms
involving such errors are bounded using (1.74) with p = ¢ = 2. The pressure and Lagrange
multiplier errors are controlled in L' (0, T), so for such terms we use (1.74) with p =+ and

qg = r. We have

ag (M, — N> Ln@my, — 0m,) < CIn, 5 — Mllin 0,y + s, — 0m, |13 q,)),
by(uy = Irnuy, Qaps — pra) < elllpsn — Qrabslm g, + Cl vy = uglliyiro,),
br(Ippuy —upp, Qpnps — py) < €ofluy — upallfpin o,

+C(Ipnuy = wsllivrr o) + 1Qrwps = Pellivq,);
O‘bp(IS,hatnp - atnpa Qp1Pp — Ppi) < €1llppn — Qp,hppng’(Qp) + CHIS,hﬁtnp - atanTI:-Il(Qp)a
((Ippuy —ugp) -ng, Qapd — Nr;, < efluy — uf,h||124/17r(9f)

+ Iy = upliyrra) + @A = AL, )
(1.163)

We combine (1.162) and (1.163) and integrate in time from 0 to ¢ € (0, T7:
1 e
5 (@ (1,(1) = 1, (1), 7, () = 1,(2)) (1.164)
¢
+ 50l Quann(®) = B aa) + [ (Tt Jit o) ds
0

t
< [ (ellon - Quary
0

45 (a50m,(0) = 1,00, 1,0) = 7,.,(0)) + 5012y 0) — s (0) g,

7Lv-’(Qf) + e1llppn — Qppp Z-'(gp) + éafjuy — uf,h\ﬁa/lw(szf)) ds

t
+ C/O <||77p,h - anl%Il(Qp) + [ Ls00m, — 3t”7p|’12ql(9,,) + [ Ls00m, — 3t”7p|’7}11(9p)

+1Qraps = PrllTr o,y + 1@rnA = A

2
o (T'sp)

+ | pnag = upllfeq,) + 1 pnug — uf||7v’v1,r<nf)>d5
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t
+ / (abp(js,hatnp - atnp,h7 Qpﬁpp - pp) + <(Is7hat'r’p - 8t77p,h) * 1y, QA,h)\ - A)Ffp) ds.
0

(1.165)

For the last two terms on the right hand side we use integration by parts:

t
/ (aby(Isn0im, — Oy s Quip — o) + ((Lsn0m, — Omy,) - 1y, QapnA — A1y, ds
0

t
= Oébp(Is,hnp - np,h7 Qp,hpp - pp) 0 + <([8,hnp - np,h> : np7 Q)\,h)\ - )\>Ffp

t

0

t
- / (abp([s,hnp - 77p,m Qp,hatpp - ath) + <([s,h77p - np,h) sy, Q/\,hat)\ - at)\>Ffp) ds
0

(1.166)

and bound the terms on the right hand side above as follows:

t t
Oébp([s,hnp - np,fw Qp,hpp - pp) 0 + <<[S,h/’7p - np,h) "1y, Q)\,h)\ - >\>Ffp 0

< |0, (t) = 1,1 (Dl o,
+C (Hfs,hnp(t) =Myl 0,) + 1Qparp(®) = 2o () + 1Q@0RAE) = AT,

 11700,(0) = 7,(0) sy + 1@0n2(0) = 5O, + 1Q1AO) = MO, )
(1.167)

t
/ (abp([s,hnp - T'p,h? Qpﬁatpp - atpp) + <<Is,h77p - ,r’p,h) sy, Q/\,hatA - at>\>1“fp) ds
0

t
< [ (I, = malco + Vo, = m o,
0

QoD = Oyl o) + 1Q0AON = I, r, ) ds. (1.168)
Combining (1.165)—(1.168), we obtain
t
17,(t) = 1,5, () 17113,y + 5011 Qoo (t) — P ()1 720,) +/0 (2 + Js+ Jg) ds
t t
<a (an(t) Ol + [ Ty - uf,hH%VLW) +C [, = 1l
t
+é / (pr,h - Qﬁhpf”zﬂ(gf) + [|pp.n — Qp,hppHZr’(Qp)> ds
0

t
+ C/ <||fs,h77p - 77p||§11(np) + [ Lsn0m, — 5’mp|lfmmp) + [ Lsn0m, — atanTHl(Qp)
0
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+ [ @xnA — )‘Hir’(rfp) + [|Qpp0epp — atpp”%ﬂ(gp) + [|Qx 1O — 8t)\“irf(pfp)

+1Qraps = pellie o,y + Ity = urlliarq, + 1 pnuy — uf||€v1w(gf)> ds

+C <||fs,h"7p(t) =Myl 0, + 1Quarp(t) = 2ol (g, + 1Q@ARAE) = XD 1,
+ [ 1Lsnmy (0) = 1, (07110 + 1@pip(0) = Po(O)1 70,y + 1QARAO) = MO) I,

- 12,(0) = 1, (0) By + 125(0) = 2o (O3, ) - (1.169)

Next, bounds for [[ps — pallzr (o, in the following argument. |[p, — ppull;r (o, and

A= Ah”LT’(Ffp)‘
Using the inf-sup condition (1.120), we obtain

|(Pr.n — Qrnpss Poh — QpiPps A — QunA) W, xw,xa,,

b , —
<C sup s (Vinsprn — Qrupy)

(nyh,vpyh)GVf,hXprh ||(Vf,hvvp,h)||Vf><Vp

by (Vp s Do — QpaDp) + 00 (Vin, Vpr, 05 Ay — Q/\,h)\)}

_l_
H(Vf,havp,h)HVfXVp
=C sup — [af(ufvh’vah) —ap(ug,vin) iUy n, Vpn) — al(uy, Vi)
|(Vin Vo) llvixv, |(Vins Vo)V, xv,

(Vi nVp,h)EVERX Vi
apss(Wgn, OMyp; Vin, 0) —apys(ag, 0m,; Vs, 0)
(Vs Vp,h)||vfxvp
L 0V Quaps = i) + by (Vo Quiby = Pp) + br (Vi Vi 05 Qanh = V)
(Vs Vp,h)||vfxvp

< Cl€(w, up)G(w,un)" +11Qrnps — sl (e,

+ | @p iy — Dpll () + [|@2pA — >\|’Lr’(rf,,)}v

we have used (1.21) for the last inequality. Hence, as £(u,uy,) < (d+ 1),

t
3 / (U1 = Quapslly ) + Ippi = Quapolle oy + 140 = Quidlyre, )

t
<eC / (G0, w) + 1Qsaps = ol ) + 1Qoaps = Pollyer e,y + QAN = Al ) ds.

(1.170)
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Finally, we can combine all the above bounds to get the result. We now integrate (1.156) in
time, combine it with (1.169) and (1.170), take €; small enough, then €, small enough, and
apply Gronwall’s inequality, to obtain

Juy —ugp %Q(O,T;Wl”“(ﬂf)) + Jlu, — up,h”%Q(O,T;LT(Qp))
+1(uy = 0m,) — (wpn — 0my, )12 0mmss) T 1Qraps = Prallie o 1 o))

+ HQp,hpp - pp,h||TLr’(0,T;Lr’(Qp)) + HQ)\,h)‘ - )\hHZT'(O,T;LT'(Ffp))

+1m, — 1,1 %W(O,T;Hl(ﬂp)) + 80| Qp,npp — pp,hH%OO(O,T;LQ(Qp)) + |G (u, up) || L1 07)
< Cexp(T) <||uf - If7huf||%2(0,T;W1ﬂ”(Qf)) + [Juy — ]f,huf||2r(o,T;W1w(Qf))
+m, — IS,han%Q(O,T;Hl(Qp)) + 1wy = Lo w0 70702,
+ 10im, = Londmy .0 yy) + 10, = Landm, 1220 7m0y
T 1Qswpsr = Pillia im0 T1QMA = Az rpmry,)
+ 1| @p10ipp — atppHiQ(o’T;LT’(Qp)) + (| Qxn0:A — 8t)‘||i2(0,T;Lr’(rfp))
+n, — IS,h”’pH%w(o,T;Hl(Qp)) + [|Qpapp — pPHiOO((LT;LT'(Qp)) + |QanA — )‘|’ioo(0,T;Lr’(rfp))

H1Qrnps = 2ol oz T 1QorPo = Pollie o,y T 1QABA = Al o iprr ()

+117,(0) = 1, 1 ()70, + 175(0) — pp,h(O)Hir'mp))‘

The assertion of the theorem follows from the approximation bounds (2.34)-(2.36) and
(2.37)—(1.147) and the use of the triangle inequality for the pressure error terms. O

1.6 Numerical results

1.6.1 Convergence test

In this section we discuss numerical results that verify the theoretical bound (1.149).
The numerical experiments in this section are from [3] and were performed by Ilona Am-

bartsumyan as part of our collaboration.
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We discretize the problem (2.22)-(2.24) in time using Backward Euler scheme. Let T
denote the final time and 7 the length of time step, then for each n = 1,..., N the n-th time

step is t,, = n7. To approximate the time derivatives we use:

n __ 4n—1
d@zM, n=1,...,N.

T

For the spacial discretization in fluid domain we will use P;b—"P;b MINI elements, we will also
use RTo—Py for V,, , x W, ;,, continuous piecewise linears P; for X,, , and piecewise constants
Py for Ay. We handle nonlinearity in Stokes and Darcy terms using Picard iterations and
we assume that the constant in the Beavers-Joseph-Saffman condition (2.9) does not depend
on fluid viscosity.

We consider a computational domain € = [0, 2] x [0, 1], where Q; = [0, 1] x[0, 1] represents
the fluid region and €, = [1,2] x [0, 1] the solid region. The flow is driven by the pressure
drop: on the left boundary of Q; we set p;, = 1 kPa and on the right boundary of €2,
Pouwt = 0 kPa, which is also chosen as initial condition for Darcy pressure. Along the top
and bottom boundaries, we impose a no-slip boundary condition for the Stokes flow and
a no-flow boundary condition for the Darcy flow. We also set zero displacement boundary
condition on top, bottom and right parts of boundary of structure subdomain, as well as
zero initial condition for the displacement. We set \, = p, = sp = a = apys = 1.0 and
K=1

We assume that the fluid viscosity in Stokes region satisfies the Cross model:

I/f70 — Vf,oo
1+ Ky¢|D(ug) >

vi(|D(uy)|) = vf oo +

And the effective viscosity in Darcy region also satisfies the Cross model:

Vpo = Vp,oo
1+ Kp’up’%rp’

Vp([up]) = Voo +

where the parameters are chosen as follows: Ky = K, =1, Vfo = Vpoo = 1, Vfo = 1po = 10,
ry =1, = 1.35. The simulation time is 7" = 1.0 s and the time step 7 = 0.01 s. To verify the
convergence estimate (1.149), we compute a reference solution, obtained on the mesh with
characteristic size h = 1/320. Table 1 shows the relative errors and rates of convergence for

the solutions computed with discretization steps h = 1/20,1/40,1/80 and 1/160 for the case
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of lowest order elements. Since we use bounded functions to model viscosity in both regions,
we compute the norms of the errors using r = v’ = 2. As we can see, the results agree with

theory, i.e. we observe at least first convergence rate for all variables.

a5 —ugpll ref 1955 —psmll
ph ez ma @) | I~z 2 0,)) Py Prrllizo,1;02(0)))
193 2 0,711 0 ) 2 0.2 P77 20,72
\ TiHL(Q))) . 112(0,1,22(2p)) £ lli20,m:02(Qp))
h error order error order error order
1/20 | 4.83E-03 - 1.55E-01 - 2.75E-02 -

1/40 | 2.31E-03 1.06 8.63E-02 0.85 1.03E-02 1.41
1/80 | 1.04E-03 1.16 4.08E-02 1.08 4.62E-03 1.16
1/160 | 3.94E-04 1.40 2.07E-02 0.98 2.14E-04 1.11

i ref ref
1o =Ponllizo mic2c0p)) | IPpih =Pe.nllico 0. 7020, I Mo =M nllioo 0,711 (2,)
7 7 7
Py 20,7522 (2p) Py oo (0,7:2.2(02p)) Mo oo 0,711 ()
h error order error order error order
1/20 4.10E-02 — 1.15E-01 — 4.98E-02 —

1/40 | 1.92E-02 1.10 5.28E-02 1.12 2.88E-02 0.79
1/80 | 8.24E-03 1.22 2.25E-02 1.23 1.61E-02 0.84
1/160 | 2.75E-03 1.58 7.48E-03 1.59 6.59E-03 1.29

Table 1: Convergence for P1b x P1b x RT o X Py X Py X Py elements

velocity
1 1.312e-02

!

pressure
l] 000e+00

l’ Io 000e+00
0.000e+00

(b) velocity vector (arrows) and magni-
tude (color)

(a) pressure

Figure 1: Nonlinear pressure and velocity solutions at time ¢ = 1
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Figure 2: Nonlinear viscosity
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Figure 3: Difference between non-Newtonian and Newtonian solutions at time ¢t = 1
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Figure 4: Non-Newtonian displacement solution and difference at time ¢t = 1



We also investigate the behavior of solution visually and compare it to the solution of
linear analogue of the method (2.22)-(2.24). For visualization we use the solutions corre-
sponding to the mesh size h = 1/40. All plots are presented at the first and final time

steps. For a fair comparison between models, we calculate the viscosity in linear case as

l/jf" = Vf‘r _, = 9.5 and I/]l)m = I/p|r _, = 9.5. Figures with difference between velocity and
= p=
displacement solutions are obtained by plotting w4 —ul}, wry™ —ul% and gi5" ™ —nlh,

where colors represent the magnitude of the corresponding difference and arrows represent
the direction.

As we can see, in nonlinear case the viscosity is high in the middle of the fluid domain
and it decreases towards the boundary, which is due to the fact that the strain rate increases
towards the boundary. On the other hand, the viscosity does not vary as much in the solid
domain due to almost uniform velocity profile (see Figure 2). We note that these observations
agree with conclusions in [38]. Moreover, use of non-Newtomian model results in lower Stokes

velocity, as shown on Figure 3(b), which in turn entails lower displacement, Figure 4(b).

1.6.2 Example 2: application to hydraulic fracturing

We next present an example motivated by hydraulic fracturing. We study the interaction
between a stationary fracture filled with fluid and the surrounding reservoir. The units in
this example are meters for length, seconds for time, and kPa for pressure. We consider
a reference domain Q = [0,1] x [~1,1] and a fracture domain €2, which is located in the

middle with a boundary
7% =200(0.05 — §)(0.05+9), ¢ € [~0.05,0.05].

The reference poroelastic domain is Qp = \ Qf. The computational domain, shown in

Figure 5 (left), is obtained from the reference domain via the mapping

x x
(#,9) = s merie
y (5 cos( ) cos(T552)* + /2 — 2/10)

We enforce an inflow rate uy - ny = 10 m/s, us - 7 = 0 m/s on the left part of 92y and

no flow u, - n, = 0 m/s and no stress o,n, = 0 kPa on the left part of 02,. On the top,
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bottom, and right boundaries we set p, = 1000 kPa, i, - n, = 0 m/s, and opn, - 7, = 0
kPa. The initial conditions are p, = 1000 kPa and n = 0 m/s. The poroelastic parameters,
which are typical for hydraulic fracturing and are similar to the ones used in [51], are given
in Figure 5 (right). The nonlinear viscosity model in Stokes and Darcy is from [59] for a
polymer used in hydraulic fracturing, see Figure 6 (left) for the viscosity dependence on the
shear rate. We match the curve using the Cross model with parameters K; = K, = 7,

Vioo = Vpoo = 3.0 x 1070 kPa s, vpg = 1,0 = 1.0 x 1072 kPa s, and r; = 1, = 1.35.

We run the simulation for 300s with time step 7 = 1 s and compare the results of the

linear and nonlinear models. For the linear model we use the viscosity for water, I/}i” =

Z/le” = 1.0 x 107% kPa s, which is slightly lower than the minimum value of the nonlinear
viscosity. We present the simulation results at the final time for both models in Figures 6—
8. We note that the scales in the plots are different for the two models, due to significant
differences in the solution values. The computed Stokes and Darcy velocities are shown in
Figure 7. We observe channel-like flow in the fracture with both models. However, the
higher nonlinear viscosity results in smaller velocity, especially near the fracture tip. The
nonlinear viscosity in the fracture is shown in Figure 6 (middle). We note the significant
shear-thinning effect, especially along the wall of the fracture, where the viscosity is reduced
to values in the order of vy ,. Comparing the Darcy velocity fields in Figure 7, we observe
that the combination of very small permeability and high fluid viscosity in the nonlinear
case results in very little fluid penetration into the reservoir. This is an expected behavior
in hydraulic fracturing. Correspondingly, the nonlinear viscosity in the poroelastic region,
as shown in Figure 6 (right), is significantly reduced in a close vicinity of the fracture, but
is equal to the maximum value v, away from the fracture. In the linear case, the Darcy
velocity is larger and the fluid penetrates further into the reservoir. The behavior for both
models is consistent with the computed pressure fields shown in Figure 8. For both models
we observe increase in pressure near the fracture. In the linear case the pressure gradient
extends away from the fracture. In the nonlinear case, since the fluid cannot penetrate
further into the reservoir, we observe a significant pressure buildup along the fracture, about

100 times larger than in the linear case. This in turn results in about 100 times larger

displacement in the nonlinear case. This includes larger opening of the fracture, all the way
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Parameter Units Values

Young’s modulus F (kPa) 107

Poisson’s ratio o 0.2

(kPa)  5/12 x 107

Lame coefficient ), (kPa)  5/18 x 107

Permeability K (m?) (200, 50) x 10712
(kPa~) 6.89 x 102
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IR

Biot-Willis const. « 1.0
BJS coeff. QBJS 1.0
Total time T (s) 300

Figure 5: Computational domain (left) and parameters (right) for Example 2

to the tip. We note that our models are for stationary fractures, but the large displacement
and corresponding stress near the fracture tip in the nonlinear case may result in practice
in fracture propagation, as would be expected in hydraulic fracturing. To summarize, this
is a numerically very challenging test case, due to the large stiffness and small permeability
of the rock. The numerical difficulty for the non-Newtonian fluid is further increased due
to the model nonlinearity and the larger viscosity. We observe that the model is capable
of handling parameters in this challenging range and produce results that are qualitatively

similar to practical hydraulic fracturing applications.
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Figure 6: Nonlinear viscosity model and computed Stokes and Darcy viscosity at ¢ = 300s

velocity velocity

[\ 626e+01 tI 160e+01

é804 é5.57

b b e
(a) Stokes, linear (b) Stokes, nonlinear

(c) Darcy, linear (d) Darcy, nonlinear

Figure 7: Stokes and Darcy velocity at time ¢ = 300s
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Figure 8: Poroelastic pressure and displacement at time ¢ = 300s
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2.0 Coupling Biot-Stokes flow with transport

2.1 Introduction and model problem

In this chapter, we will investigate the transport equation with the flows that are solutions
of the Biot-Stokes system in chapter 1. At first, we use the Stokes equations to model
the free fluid in the fractures and the Biot poroelasticity model [12] for the fluid in the
poroelastic region. The latter is based on a linear stress-strain constitutive relationship for
the porous solid, and Darcy’s law, which describes the average velocity of the fluid in the
pores. The interaction across the fracture-matrix interfaces exhibits features of both Stokes-
Darcy coupling [35, 49, 55, 70, 82] and fluid-structure interaction (FSI) [45, 9, 22, 40, 8, 69].
We refer to the Stokes-Biot coupling considered in this chapter as fluid-poroelastic structure
interaction (FPSI). There has been growing interest in such models in the literature. The
well-posedness of the mathematical model was studied in [77]. Numerical studies include
variational multiscale methods for the monolithic system and iterative partitioned scheme
[7], a non-iterative operator-splitting method [19], a partitioned method based on Nitsche’s
coupling [18], and a Lagrange multiplier formulation for the continuity of flux [5].

In this chapter we employ a monolithic scheme for the full-dimensional Stokes-Biot prob-
lem to model flow in fractured poroelastic media. We note that an alternative approach is
based on a reduced-dimension fracture model, including the Reynolds lubrication equation
[48, 51, 56, 61] and an averaged Brinkman equation [20]. Works that do not account for
elastic deformation of the media include averaged Darcy models [60, 42, 62, 30, 44], Forch-
heimer models [43], Brinkman models [58], and an averaged Stokes model that results in a
Brinkman model for the fracture flow [63].

For the discretization of the full-dimensional Stokes-Biot problem we consider the mixed
formulation for Darcy flow in the Biot system, which provides a locally mass conservative flow
approximation and an accurate Darcy velocity. This formulation results in the continuity
of normal velocity condition being of essential type, which is enforced through a Lagrange

multiplier [5]. The discretization allows for the use of any stable Stokes spaces in the fracture
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region and any stable mixed Darcy spaces [15]. For the elasticity equation we employ a

displacement formulation with continuous Lagrange elements.

The Stokes-Biot system is coupled with an advection diffusion equation for modeling
transport of chemical species within the fluid. The transport equation is discretized by a
discontinuous Galerkin (DG) method. DG methods [65, 71, 6, 29, 81] exhibit local mass
conservation, reduced numerical diffusion, variable degrees of approximation, and accurate
approximations for problems with discontinuous coefficients. Due to their low numerical
diffusion, DG methods are especially suited for advection-diffusion problems [29, 28, 81,
33, 84, 2]. Coupled Darcy flow and transport problems utilizing DG for transport have
been studied in [80, 79, 32, 84]. Coupling of Stokes-Darcy flow with transport using a local
discontinuous Galerkin scheme was developed in [83]. A coupled phase field-transport model
for proppant-filled fractures is studied in [57]. To the best of our knowledge, the coupled
Stokes-Biot-transport problem has not been studied in the literature. Here we follow the
approach from [79] for miscible displacement in porous media and employ the non-symmetric
interior penalty Galerkin (NIPG) method for the transport problem. We note that the
dispersion tensor in the transport equation is a nonlinear function of the velocity. The work
in [79] handles this difficulty by utilizing a cut-off operator. However, adopting idea from
[79], we will use discontinuous Galerkin method to handle our transport problem. We avoid
using the ”cut-off” function to do analysis. Hence, the computed velocity do not have to be
modified when used for the transport equation. The chapter is organized as follow, in section
2.1 we set up the transport equation. Due to the estimation of error of transport equation
related to error of flow in Hilbert spaces, in section 2.2, we give some results of the error
of flow in the simplified case. In section 2.3, we give the discrete scheme for the transport
problem. Then we give a stability estimate in section 2.4 and error estimate in section 2.5.

The last section is devoted to give numerical results.

Because the error analysis of transport equation is related to the error of Biot-Stokes
flow in the Hilbert norm only, so within this section, for simplicity, we consider the case
where the spaces of Biot-Stokes flows are Hilbert spaces. We assume the the viscosities are

constants in this section. We restate the problem as follow.

We consider a simulation domain Q € R? d = 2,3, where Q = Q; UQ,. The interface
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between Qy, ), is 'y, = 00 N O0Y,,.

The flow in the fracture region €2y is governed by the Stokes equations:

—V'O'f(Uf,pf) :ff in Qf X (O,T], (2.1)

V'Uf:q]c in Qf X (O,T], (22)
where €(u), o are defined as follow
1
€(u) = §(Vuf + Vu?), or(up,pr) = —prl+ 2ve(uy). (2.3)

Let 1 be the displacement in Q,, o.(n) and o,(n,p) are the elasticity and poroelasticity

stress tensors, respectively:

o.(n) =V -n)l+21,D(n), o,(n,pp) =0c(n) — app,l. (2.4)

The poroelasticity region (2, is governed by the quasi-static Biot system:

~V - o,(n, pp) =f, inQ,x(0,7], (2.5)

_ 0 :
Ver K 'a, + Vp, =0, E(sopp +V-n,)+V-u, =g, inQ,x(0,7], (2.6)

where sq is a storage coefficient and K is a symmetric and uniformly positive definite per-
meability tensor. Following [5, 7, 77], on the fluid-poroelasticity interface I's, we prescribe
the following interface conditions: mass conservation, balance of normal stress, conservation
of momentum, and the Beavers-Joseph-Saffman (BJS) condition modeling slip with friction

(10, 72]:

0
us-ny+ (%—l—up) 'n,=0 on I'y, x (0,77, (2.7)
— (oymy) -ny = p,, omy+o,n,=0 on I'y, x (0,77, (2.8)
[t In
—(Ufnf)"Tf’j:VOéB‘]S Kjl (uf_6_tp> “Tfi on Fpr (O,T], (29)

where n; and n, are the outward unit normal vectors to 0§2; and 0%2,, respectively, 7 ;,
1 <j <d-1,is an orthogonal system of unit tangent vectors on I'y,, K; = (KTy;) - Ty,

and apgys > 0 is an experimentally determined friction coefficient.
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The above system of equations is complemented by a set of boundary and initial condi-
tions. Let I'y = 0Q;\I'y,, Iy = 0Q,\['yp, = F;,V UFE . For simplicity we assume homogeneous

boundary conditions
up=0onTyx(0,7T], w,-m,=0o0nT) x(0,7],

pp=00onT] x (0,T], m,=0o0nT,x (0,7T].

We further set the initial conditions

pp(xv O) - pp,()(X)v np(X7 0) - np,()(x) in QP'

We define the following vector spaces.

Vi={vy e H' () : vy =00n 0 \ Ty}, Wp:= L* Q). (2.10)
Next, let
H(div; Q) = {v, € (L*(,)): V v, € L(,)} (2.11)
and we define
V, :={v, € H(div,,) : v, n, =0on ') x (0,T]}, W, :=L*Q,), (2.12)
X, :={&e€ H'(Q,)": £, =00n 00, \Ty,}. (2.13)

And also, A := HY2(T'p,).

The weak formulation is obtained by multiplying the equations in each region by the
corresponding test functions, integrating by parts the second order terms in space, and
utilizing the interface and boundary conditions. The integration by parts in (2.1) and (2.5)

leads to the bilinear forms, corresponding to the Stokes, Darcy and the elasticity operators:

ap(,) : VyxVy — Ry ap(uy, vy) := (2ve(uy), €(vy))a,,
ag(-, )V, xV, — R, az(up,vp) = (VK_lup,vp)Qp,

ap(-) + Xp x Xy — R, a0, €,) = (2pp€(n,), €(€)))a, + (WY -1,V -€,)a,,
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the bilinear forms
bi(,9) : Vi x W, — R, b(v,w) :=—(V-v,w),, *=1/[p,
and the interface term
Ir;, = —(omys, vir, — (opnp, §)ry, + (Pp: Vp - Dp)ry,-

To handle the interface term, we introduce a Lagrange multiplier A with a meaning of Darcy

pressure on the interface [5]
A=—(omy)-ng=p, only,.
Using (2.8)—(2.9), we obtain
Ir,, = apys(us, 0m,; vy, €,) +br(ve, v, €5 ),

where

d—1
apss(up,my;ve €)=Y (vrapsVE(up—m,) 755, (v —&,) 7p;)
=1

Lpp’
bF(Vf’ Vo, £p; :u) = <Vf Ny + (gp + Vp) “ 1y, N>Ffp'

We get the weak formulation for the problem: given p,(0) = p,o € W), 1,(0) = n,4 € X,,
find, for ¢ € (0,T], up(t) € Vy, ps(t) € Wy, u,(t) € V,, py(t) € Wy, n,(t) € X, and
A(t) € A such that for all vy € Vy, wy € Wy, v, € V, w, € Wy, §, € X, and p € A,

ar(ug,vy) + al(uy, vp) + a5, €,) + aps(uy, 0m,; vy, &) + bp (Vi ps) + bp(Vp, pp)

+ apbp(spapp) + bF(va Vp, Ep; )‘> = (ff7 Vf)Qf + (f;m Ep)ﬂw (214)
(308tpp7wp)gp = apby (0myywp) — by(Wy, wy) = bp(uy, wy) = (g5, wy)a, + (g wy)e,, (2.15)
br (ug,u,,0m,; 1) = 0. (2.16)

The Stokes-Biot problem is coupled with the transport equation in £2:
¢ci +V - (cu—DVe) =¢é, inQx (0,7, (2.17)
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where ¢(x,t) is the concentration of some chemical component, 0 < ¢, < ¢(x) < ¢* is the
porosity of the medium in €, (it is set to 1 in 2¢), u is the velocity field over Q = Qf U (2,

defined as u|Qf = uy, ulg, = u,, ¢ is the source term given by q‘Qf = qy and q|Q = ¢p, and
P

injected concentration ¢, ¢ > 0,

resident concentration ¢, ¢ < 0.

The diffusion/dispersion tensor D, which combines the effects of molecular diffusion and

mechanical dispersion, is a nonlinear function of the velocity, given by
D(u) = d,, I+ |[u/{yE(u) + (I — E(u))}, (2.18)

where d,,, = ¢7D,,,, T is the tortuosity coefficient, D,, is the molecular diffusivity, E(u) is the

UiU;

tensor that projects onto the u direction with (E(u));; = TR

and oy, a4 are the longitudinal

and transverse dispersion, respectively. The model is complemented by the initial condition

c(x,0) = cp(x) in Q, (2.19)

and the boundary conditions
(cu—DVc¢)-n = (¢uu)-n on I';, x (0,77, (2.20)
(DVe) - n=0 on I'pye x (0,77, (2.21)

where I';, ;= {x € 0Q:u-n <0}, [y :={x€0Q:u-n >0} and n is the unit outward

normal vector to 0f2.

Remark 2.1.1. We note that the coupling between the flow and transport problems is one
way. In particular, the transport equation uses the Stokes-Biot velocity, but the flow problem

does not depend on the concentration.
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2.2 Some numerical estimations for velocity

The stability estimate and error estimate for transport problems in the next sections
depend on the error of the flow problem. Hence, within this section, we will present some
necessary results about error estimation of velocity.

First, we set up the finite element problem for the velocity. Let 7;Lf and 7" be shape-
regular and quasi-uniform partitions of 1y and €2,, respectively, both consisting of affine
elements with maximal element diameter h. The two partitions may be non-matching at the
interface I'¢,. For the discretization of the fluid velocity and pressure we choose finite element
spaces Vs, C V¢ and Wy, C Wy, which are assumed to be inf-sup stable. Examples of such
spaces include the MINI elements, the Taylor-Hood elements and the conforming Crouzeix-
Raviart elements. For the discretization of the porous medium problem we choose V,,, C V,,
and W, , C W, to be any of well-known inf-sup stable mixed finite element spaces, such as

the Raviart-Thomas or the Brezzi-Douglas-Marini spaces. The global spaces are
V, = {Vh = (Vf,h,VpJL) € VfJL X Vp’h}, W, = {wh = (wf,h,wpﬁ) € Wf}h x W, ,h}~

We employ a conforming Lagrangian finite element spaces X, C X, and A, C A to ap-
proximate the structure displacement and Lagrange multiplier. Note that the finite element
spaces V5, Vpp, and X, satisfy the prescribed homogeneous boundary conditions on the

external boundaries €2 and 0f2,,.

Semi-discrete Stokes-Biot problem: given p,;(0) and n,,(0), for ¢t € (0,7}, find
UfJL(t) c Vf,h, pf’h(t) S Wf’h, up,h(t) S Vp,h, pp,h(t) < Wp’h, ’I’]p7h(t) S Xp,h; and )\h(t) c Ah
such that for all vy, € Vip, win € Wen, Vpu € Vi, Wpn € Wyn, €, € Xpn, and py, € Ay,

ar(apn, vin) + a(Wpn, V) + a5, Epn) + ass(pn, 0m, i Vin &) + b5 (Vinprn)

+ bp(Vp s Pp.i) + @by (& 1 Pp.n) + 00 (Vs Vns €, i An) = (£r, vin)a, + (£, €5 0)0,,
(2.22)

(5004Pp.h> Wp ), — Abp(0iMy, 1y Wy ) — byp(Wp oy Wy ) — b (g, wyp)

= (qp,wpn)a; + (Gp, Wpn)ay,, (2.23)
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br (W, ns Wp,1; Oty s i) = 0. (2.24)

We take p,n(0) = Qprppo and n,,(0) = I, ,m, o, where the operators @, and I, are

defined in the following section.

We denote by k¢ > 1 and sy > 1 the degrees of polynomials in the spaces Vi and Wy,
respectively. Let k, > 0 and s, > 0 be the degrees of polynomials in the spaces V,; and
W, » respectively. Finally, let ks > 1 be the polynomial degree in X, ;.

It was shown in [5] that the above problem has a unique solution satisfying

17, = My pll 0,150 (9,)) + V/S0llPp — Dol o.r,02(0,)) + [0y — wpnllr2orm @)
+ Iy — ol 2oz, + | = 0my) = (Wrh = 0my) | 120 iap )
+lpr = prallzomzze) + 1P = Ponllzzomiczen) + 11X = Aull2omian)
rk "
< C( f”U‘fHL2 orH™ (@ £)) R

+ % (JIA

py HLz(O,T;HTSf @) T h' ||up||L2(O7T;HTkP ()

y T A + [|0:A

L2(0,T;H ¥ (T, Loo(0,T;H' ¥ (T'4,)) L2(0,T;H *» (Ffp))>

+ Lo (HpP“LOO(O,T;HTSP @, 1Pl 2018750 (,)) + 10Pp | 200,770 (Qp)))
e (anv”Loo (O.1:H*s T (0,) T anHm (0,T;H ks 11 (0, + HampHm (0,T;H ks (0, ))> )’
(2.25)
Ogrkf S kf; OSTSf S 5f+17 1§ {Tkp7fkp} Skp—i_l?

0<r,, <s,+1, 0< 1, <K,

where, for vy € Vy, £, € X,

—1/4
lvi— €p|iBJS = aBJS(vasp;Vfasp) = ZMQBJSHKJ' / (vi— Ep) : Tf7j||%2(rfp)~

The following result gives an error estimate for the fluid velocity in L>(0,T), it is given in
[4]. The result requires control of us;(0) and u,;(0). To simplify the analysis, we assume

that the initial pressure p,o and displacement 7, , are constants.

66



Lemma 2.2.1. Assume that p,o and m,, are constants. If the solution of (2.14)—(2.16) is

sufficiently reqular, there exists a positive constant C' independent of h such that

[y = upnlloeomzm @) + 0 = Wpallzeoriz2@,) + 10:(m, = 1, 0) 2207300 @)
+ [10e(pp — o) l2200m522(02))
<C [h% (

y gl

19) +|| tufHLz 0T:H ke 1(Qf))>

Huf”LQ(O,T;Hka (@ Lo (0,T;H *F T (

+ h'es ||pf||L2 (0,7;H™F () + “prLOO(o,T;HTSf Q) + ||8tpf||L2(o,T;H“f (Qf)))

+hoe ([|A] + A

A (”“PHL?(O,T;H% @) T 1l om0, T 100ll 20,7700 (ﬂp))>
( +”8t)\H

L2(0,T;H *p (T'y,)) Lo (0,7;H " *» (T L2(0,1;H " (T, )))
+ " (1Ppll oo 0,170 (02,)) + pr”LQ(O,T;HTSP @) T 110:2pll 20751750 (Qp)))

+ At (an”Loo (0.T;H™*s (0, + ”77p||L2(0THTks+1( o) T Hatnp’|L2(0,T;HTks+1(Qp))
+Hat"?pHLoo(o,T;H%“(Qp)) + Hatt"lp”L2(0,T;H%s+1(np))> } : (2.26)

0<my, <ks, 01y, <sp+1, 1 <{ry,, 7o, } < kp+1,

0<r,, <s,+1, 0< g, <k,

Proof. We introduce the errors for all variables and split them into approximation and

discretization errors:

ef:=uy —uy, = (uy — Ippuy) + (Ippuy — upp) == X5+ Gpps

e, =1, — Uy, = (0, — Ippw,) + ([pa, — Wpp) := X, + P,

e =1, Nyn= M, Lsnn,) + LM, — Mpp) = Xs + Dy

epp i =pf —Dgh = (0f — Qpups) + (Qpalsr — Prh) == Xgp + Ppohs

pp = Dp — Pph = (Pp — Qpulp) + (Qp.rPp — Pp,n) = Xpp + Oppis

ex: =A== (A= Qxp) + (QrpA — An) == xx + Oan, (2.27)

where the operator I = (Isy, 1,5, s 1) satisfies, see [5] for details,

br ([ﬁth, Ip7th, Is,h€p§ ,Uh) =0, Yu, € Ay, (228)

bf(]f,th — Vf,wﬁh) =0, wa,h c Wﬁh, (2.29)
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bp(Ip,hvp — Vp, ’LUpJL) =0, va,h € Wp,h, (230)

and Qyp, Qpn and Qy, are the L2-projection operators such that

(pr — Qrapsswin)a, =0, Vwye, € Wy, (2.31)
(Po — QpnPp, Wpp)o, =0, Vwpn € Wy, (2.32)
(A= QanA, pn)r,, =0, Y, € Ay, (2.33)

The operators have the following approximation properties:

Py — Qrapsllz,) < Chs prHrsf(Qf), 0<r, <sp+1, (2.34)
1Py = Quibpllrz(e,) < CR™#|ppllarr (), 0<rs, <sp+1, (2.35)
IA = QunAllizwy,) < CR™ Mg,y 0 <7k, <k +1, (2.36)
Vi = Ipnvilla o, < Ch™ |’Vf”Hrkf+1(Qf), 0 <, <ky, (2.37)
1€, — €, |l am@,) < CR"™1€ e ,), m=0,1, 1<y, <ks+1, (2.38)

¥ = Lovillzzny < C (B IVl ) + B0 IVl gyt )+ B [ )

(Qy

1§Tkp§k?p+1,OSkaSkf,OS’f‘kSSks. (239)

To obtain a velocity bound in L*(0,T), we differentiate (2.14) and (2.22) in time, and then
subtract (2.22)—(2.23) from (2.14)—(2.15) to form the error equation

ar(Oer, vin) + as(Orep, vipn) + as(Ores, &, 1) + aprs(Orer, Oues; Vin, €,1) + by (Vin, Oiepy)
+ by (Vs Orepp) + abp(&p,h’ Orepp) + br(Vin, Vpn, €p,h; drex) + (S0 Orepp, Wy p)

— aby(Ohes, wy ) = bp(€p, wpn) = by(eg, wpp) = 0.
Setting Ven = @ p, Vo = @pnyEpn = 1@ py Weh = Or&pp ., and wyp = Oydpp,n, we have

ap(O:X s, Prn) +ap(Oibysp, dpp) + aﬁ(é’txp, D, 1) + aZ(atd)p,fu ®pn) + a, (atha 8t¢s,h)
+ ay, (0 O ) + ans (DX g OuXs; P Qb ) + s (0 pp, by ps Dpny Ois )
+ 05 (D g1y Oexpp) + 0p(Dpps Orppn)
+ bp(Dp 1, O Xow) + bp(Dpis Orppn) + by (016D 1 OrXip)
+ by (019 Orppn) + b (D s P Orba s 0ixa) +r (Bp By Ouh i Buoan)
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+ (50 OrXpps OrPpp,i) + (50 Ospp,his Orpp.n) — by (X5, Dibppn) — by (at¢s,h7 at¢pp,h)
bp(Xp’ at¢pp,h) - bp(¢)p,h’ 8t¢pp7h) - bf(Xfa atgbfp,h) - bf(¢f,ha at¢fp,h) =0. (2-40)

The following terms simplify, due to the projection operators properties (2.32),(2.33),
(2.29), and (2.30):

bf(Xfa KPfpn) = bp(Xp7 i bpp,n) = bp(d)p,h?atpr) =0, (2.41)
(30 atprﬁt%p,h) - <¢p,h ) np73tXA>Ffp =0.

Where we have also used that Ay, =V, - ny|r o for the last equality. We also have

br (be,m ¢p,h7 at¢s,h; at¢/\,h) =0,
br (¢f,h> ¢p,ha 8t¢s,h; 8tXA) = <¢f,h ‘ny+ at¢5,h * 1y, atX,\>Ff

Where we have used (2.28) and (2.24), and (2.41). Now, the error equation (2.40) becomes

1
5& (af(¢f,h> ¢f,h) + az(¢p,hﬂ ¢p,h) + ‘(pfh o) sh|aB,S>
+a, ( t¢s h?at sh)+80||8t¢PPh||L2
= ay (O, Prp) + a2 (00X Ppi) + G5 (3tX573t¢5 n)

—1
+ Z <VOéBJS\/ 3t — X)) Trjs (¢f,h - 3t¢s,h) : Tf,j> - bf(d’ﬁm X fp)
7j=1

Csp

bp (0P 1 O Xpp) + Abp(OrXs; Osbppn) — (Dyp - 0p + Orby py - 1y, OiXn)T ),
C (sl + 10unlay + [0 — 0uall, ) + ellOdonling,)

C (N9ex s I @) T 10011720, + 1911 0, + 100X 1 1 e

/~\ /’-\ /7~ Q

bp(0sX s, Orpp,p) + ||atXprL2(Qf + HathDpHL2 Q) T ||8tX/\||2L2(Ffp)> . (2.42)

Where we have used the Cauchy-Schwartz, Young’s and trace inequalities. Using the coerciv-
ity of the bilinear forms ay(-,-), al(-,-), and af(-, -), choosing € small enough, and integrating

(2.42) in time from 0 to an arbitrary ¢ € (0, 7] gives

2

aBJjs

H¢f,h(t)”%11(af) + Hd)p,h(t)H%Q(Qp) + |¢f,h(t) - atfﬁs,h(t)‘
t
= [ (100l + 50100l ) ds

< 1@ ()7 () + 108 (0Dl 72(@,) + |#74(0) = D1, 4(0)]

2

apjs
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2

aBJjs

t
€ [ (165l + Ibpalaon + 900 — Ot
0

+ ||3tXf||fql(Qf) F10ix, 1 72(0,) + 100Xl 0,y + 10wl o,
+||atXfp||%2(Qf) + ||atprH%2(Qp) + HatXAH%%rfp) + aby (9, (9t¢pp,h)> ds.
(2.43)

Using integration by parts for the last term, we get

t
/ O‘bp(atxsv at?bpp,h) ds = abp(atxs(t>v gbpp,h(t)) - abp(atxs(o)v ¢pp,h(0)) (2-44)
0
t t
—KQM%nW%M$§6@%MM%%+£H%M@@O

t
+c@@n@mm%WW%mmM$@yH@mmm%mw+4H@nmm%mﬁ.

Next, using an inf-sup condition for the Stokes-Darcy problem [47, 5] and the error equation

obtained by subtracting (2.22) from (2.14) and taking §,; = 0, we obtain

| (¢fp,h, Dpp,hs qb)\,h) HWfXWpXAh
br(Vin, @pon) + 0o (Vo Gopn) +00(Vin, Vs 05 Oan)

<(C
N o;&il,fvh valv
=C sup (_af(ef7 Vf’h') B ag(ep’ Vp,h) - aBJS(ef7 ates; Vf,h, 0)
A [vally
L+ 20O rhe Xgp) = 0p(Vohs Xip) = br (Vs Vo, 03 XQ).
HVhHV

We have b, (v, Xpp) = 0 and (vj, -1y, Xa)1,, = 0. Then, using the continuity of the bilinear

forms and the trace inequality, we get

6(”¢fp,hH%2(Qf) + H¢pp,hH%2(Qp) + H¢A,h|’%2(rfp))

2
< Ce (Ipsnlliny) + 182z, + 1Banlidn,) + [S1n — Didnl

apJjs
2 2 2 2
+ lIxs o)) + IXll220,) + 1l @,) + 1926l 71q,)

sl + WanllEaa,) + Il - (2.45)

Finally, to control the error at ¢ = 0, we note that the assumed solution regularity on

the right hand side of (2.26) implies that (2.14)—(2.16) and (2.22)—(2.24) hold at ¢t = 0.
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We subtract (2.22)-(2.23) from (2.14)-(2.15) at ¢ = 0, sum the two equations, and take

Vin = (bf,hv Vph = ¢p,h7 Sp,h = at¢s,ha Wgp = ¢fp,ha and Wp.n = ¢pp,h> to obtain

2

aBJjs

ap(@4(0), @;,(0)) + ag(¢p,h(0)7 ¢,1(0)) + ‘Qbf,h(o) - at(bs,h(o)‘
= —ay (P, ,(0), 019, ,(0)) — 50(0iPpp,n(0), Pppn(0))e,
+ay(x;(0), 0;,(0)) + ag(x,(0), ¢,,(0)) + a5 (x,(0), drb, 1, (0))

d—1
+ Z </,LO[BJS\/K]~_1(Xf(O> — 0ix5(0)) - Ty, (¢s1(0) — 0y, 1,(0)) 'Tf,j>

Typ

= by(@44(0), x7»(0))
+aby(919,,4,(0), Xpp(0)) + abp(9x(0); Dpp,n(0)) + (P14 (0) - 11p + Dby 4 (0) - 11y, X2 (0))r,-

Since ppn(0) = Qprppo and n,,(0) = I;4m,, we have that ¢,,,(0) = 0 and ¢, ,(0) = 0.
Since p,o and 7, are constants, we also have that x, = 0, x,, = 0, and x, = 0. It is then

easy to see that

2

apJjs

1614 (07 ;) + 1pn(0)[172(0,) + |@7.4(0) — Bedp 4(0)]

< Cllxs 7o, + X720, + IXs0ll7200,)- (2.46)

The assertion of the lemma follows from combining (2.43)—(2.46) and using Gronwall’s

inequality, the triangle inequality, and the approximation properties (2.34)—(2.39). O

Now, we will prove the following lemma.

Lemma 2.2.2. With the assumption similar to the lemma 2.2.1, we have the following

estimation,

||v . (up . up,h)||L2(0,T;L2(Qp)) S C’hmin{kf7k375f+175p+1,kp+1}.

Proof. From (2.15), we have
(500D, wp)ﬂp - apbp(at"?pywp) — by(uy, wp) = (gp, wp)Qp-
We subtract this equation with the corresponding finite element equation we get,
(500¢€pp, Wp.n ), — pbp(Oses, Wy ) — bp(ep, wpp) = 0. (2.47)
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Where e,, = pp, —pp.n,€s =1n,—1,,, and €, = u, —u, ;. Let I, , be the mixed finite element

interpolation, we write

e, =1, — W, = (u, — I, ) + (I, —u,p) == Xp + Py

Now we chose w,;, = V - @, in the equation (2.47), we get

IV (I)p,hHsQ)p = —bp(Ppp, V- Ppp) = — (S00s€pp, V- Ppp)e, + apbp(Ores, V- ©pp)a, (2.48)

+ bP(Xp7 V- q)P,h)'

By Cauchy-Schwarz inequality, we have —(s00iepp, V- @pn)a, < CllOiep |8, + €|V - Ppall?y,

and similarly for the two other terms in (2.48), we deduce that

IV - @pnll, < CIkenlld, + 0wl + 1V - x,l5,) (2.49)

Or we can have |V - @, o, < C(|[0epplla, + [10ieslla, + IV - X, llo,). We have ||V -e,[lq, <

IV -x,ll, + IV - @pullq,, therefore
IV - ella, < C([|Oeplla, + [[0eslla, + IV - X, le,)-
By the property of the MFE interpolation, we have ||V - x,|lo, < ChFr+1 together with

lemma (2.2.1), we get the desired result. O

Lemma 2.2.3. Under assumption of lemma (2.2.1), for any choice of stable spaces when d
= 2, and for f; > 2,k, > 1,5, > 1, and ks > 2 when d = 3, there exists a positive constant

M = M(ug, ps, 0y, pp, My, A), such that for t € (0,T] we have the estimate

IV -yl r207,05(0,)) < M.
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Proof. We do the following estimations
IV up e, SNV - (upn = Hppup) |, + [V - Hppuyp| e ,)-

With Piola’s transformation, we have V - v = iVA-f/, where Jg is the Jacobian of the map
from reference triangle to FE triangle. So for any finite element vector v,; we have the

estimation:

C hd/2

1,2 . AL _
IV -Vonlloor < 51V Vonlloc s < 5 IV-Vialls < O IV - Vil = Ch PV - vl -

>

Therefore,

IV -y nllzea,) (2.50)
< hfd/QHV ’ <up7h - Hpvhup)HLQ(Qp) + Hv ’ Hp,hupHLoo(Qp)

< h_d/2(||v : (up7h - up)||L2(Qp) + ||V - (up - Hp7hup)||L2(Qp)) + V- thup”L‘”(Qp)

The MFE interpolation 11, ; from V,, to V,,, satisfies [1]

HV . (up — thup)HLz(QP) S Ch'*» HV : up|’7»kp7 1 S Tkp S k’p + 1.

Because V - II, u, is the L*-projection of V - u,, we have the estimation

HV : Hp,hupHLoo(Qp) § CHV : upHLoo(Qp) < 0. (251)

Hence, from (2.50), by taking integral over ¢, we get the desired result. O

In the next section, we need the fact that ||V -uypl[z=(q;), and ||V w4 L~ (q,) is bounded
to do analysis. From the lemma 2.2.1, we get the bound for ||V -uy [z~ (q;), and from lemma

2.2.3, we at least get the bound of ||V - w, || r2(0,7;(0,))-
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2.3 Weak formulation for transport

Let 75, be a quasi-uniform family of triangle partition of 2, where h is the maximal
element diameter. We denote by £}, all interior edges, and Ej, out, B in to be the set of edges
on [y, Ty respectively. On each edges, a unit normal vector n, is arbitrarily fixed. On the
boudary, n, coindides with the outward unit normal vector. Following [79], we adopt the
DG scheme known as the non-symmetric interior penalty Galerkin (NIPG) [71].

For s > 0, define
H(Ty) = {6 € L*(Q): ¢ € H(E),E € Ty}

Now we define the jump and average for ¢ € H*(7,),s > 1/2. Let E;, E; € H*(T,) and
e =0E;NOE; € E}, with n, exterior to £;. Denote the jump to be

(6] = (@lE)]e — (D],
and the average
1
{0} = 5((4lE)le + (dlE;)le)-
The usual Sobolev norm on each element is denoted by || - ||z, we equip the the space

H*(Ty) with the norm
ol = (D Igll5z)">.

E€Ty,

The finite element space is taken to be
D.(Th) ={¢ € L2(Q 1 ¢lp € Pr(E)), E € Tnl,

where P,.(E) denotes the space of polynomials of degree less than or equal to r on E.
Now, we are ready to set up the DG scheme adopting the idea in [79]. First, let us define
the bilinear form By, (¢,) and the linear functional Ly(1)) as follow.

Bu(c,0) = Y [E (D(w)Ve—cw) - Vo — 3 [{Dw)Ve n}y) (2.52)

EeT;, ecEp €

+Y [evenid+ Y [ewenpl+s Y fanns @

EEEh € EEEh € EEEh,out €
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v i) @s
Q
where, ¢*|. is the upwind value of concentration

clg, ifup -m. >0
c|lg, if up, - m, < 0.
for n, is the outward unit normal vector to E;, and

¢" = max(q,0)

g~ = min(g,0).

Jy A (¢, 1) is the interior penalty term, defined as follow

ﬂ%w:Z%ﬁWJ

where, o is a discrete positive function that takes constant value o, on the edge, and bounded
below by o, > 0 and above ¢*, h. is the side of e and § > 0 is a real number. The linear
functional Ly (1)) is defined as

Ln () =/chq+w— > /cinuh-new. (2.55)

eEEh,m €
The the DG method for the transport problem is stated as follow: find ¢, € L*(J, D,(T1))
such that

8Ch

(ngﬂ/i) + Buh (Ch7 ¢> = Lh(w)avw € Dr(ﬁl)7Vt € ‘]7 (256)

(ch, ¥) = (o, ¥), Vb € D,(Ty), t = 0. (2.57)

Let P, denote the L2 projection of H*(7T,) onto D,(Ty), and define the interpolation error,
finite element error as:

ECI:Phc—c, E.=c—q,.

In this section we discuss the stability and error estimates for the transport problem (2.56).
We note that a similar scheme has been used and analyzed in details in [79]. The main
difference and improvement in this work is the fact that the numerically computed velocity
field wy, is directly incorporated into the scheme for transport (2.56), while in [79] the authors

used a special ”cut-off” operator in order to ensure optimal properties of the method.
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2.4 Stability analysis

First, we introduce some notation for norms as follow

Il 22y = [l (ul2)ll 220, (2.58)
[all(zoe () = [[(lul2) [ Lo () (2.59)
Where | - | is the usual Euclidean norm for vectors. In [79], there given the following

properties of dispenser matrix D.

Lemma 2.4.1. Let D(u) defined as in equation (2.18), where, d,,(z) > 0,(x) > 0 and

ai(z) > 0 are nonnegative functions of v € Q). Then
D(u)Ve- Ve > (d,, + min(ag, oy)u])|Vels. (2.60)

In particular, if dp(x) > dy. > 0 uniformly in the domain 2, then D(u) is uniformly

positive definite and for all x € ), we have,
D(u)Ve- Ve > d,,.|Vel3. (2.61)

Lemma 2.4.2. Let D(u) defined as in equation (2.18), where, d,,(z) > 0,(x) > 0 and
ag(z) > 0 are nonnegative function of x € €, and the dispersivity oy and oy are uniformly
bounded, i.e. ay(x) < af and ou(z) < af.
Then
ID(u) = D(v) || (r20))ixa < kplla = vl|(z2(q)) (2.62)

where, kp = (4af + 3a;)d*? is a fized number (d =2 or 3 is the dimension of domain (2.)

In addition, let |D(u)|s be the matrix norm of D(u) induced by the usual Euclidean
norm, one can show that |D(u) — D(v)]2 < Clu — vls.

In the lemmas about stability estimate and also error estimate below, we need an assump-
tion that ||V - up||L>(q) is bounded. From lemma (2.2.1), we have [[u, ¢ z>~(q,) is bounded,
and by lemma (2.2.3) we have ||V -, || 1207, (0,)) is bounded, which is weaker than what

we need. Another approach to the problem is to prove that uy is bounded, it is accomplished

in [4].
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Lemma 2.4.3. Assume that |V - us||1=(q) is bounded, and let ¢, be a solution of (2.56).

Then for all t € [0,T], we have
2 g 2
len() e+ [ IVenlliads
0

<0 (la@a+ [ 1] a@r+ 3 [imnic)

Eh,in

Proof. At each time t, we take ¢ = ¢, (t) in the equation (2.56), then we get

(ﬁb%, cn) + Z /(D(uh)Vch — cpup) - Ve, — Z {D(u,)Ven - noHen]

EeT, Y E ecER Y€

+ Z /{D(uh)vch “nfep] + Z /cZuh -ngfep] + Z /uh ‘n.c?

eGEh € eeEh € eeEu,out ¢

—/ q c;+ Jg”g(ch,ch)
Q

_ +
= / Cwq Ch — E /Cinuh *NeCp.
Q

e€Ep in V¢

We have

—Z/E(chuh)~Vch:%Z/E(V'uh)ci—%Z/aE(uh'nE)Ci

EE€T, EcTy, EeT
1 1 1
5> [V -3 [y Y wened
EE€Ty, E ecEp € eeEh,in,out
Now, we make the following abbreviation
ach
Ji= (¢ en)a+ ¥ | D(UL)Vey - Ve
ot E
E€T,
1 1 X
B 3 [(vewd - 53 [ nid+ Y [ dunno)
EecT, Y E ecEy, V¢ e€E), V¢
1 1
Jy 1= ) Z (chup, -1, cp)e — 9 Z (chun - me, cp)e
eeEh,out eeEh,in
1 1
= 5 Z <ChU— : Ile,Ch>e - 5 Z <Ch11 : neach>e
eeEh,out eEEh,i’ﬂ

Jy = —/ q_ci + Joa’ﬁ(ch,ch).
Q

7

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)



We have the last equality for Js; because on I'f,I'y, the velocity u, and the normal

component uy, - n are the L? -projection of the true velocity. The equation (2.64) become
Jl + JQ + Jg + J4 = Lh(Ch).

With each term, we do the following estimate.

0ch qb 0
(¢W?ch)ﬂ = §§|H0h”|gm

using lemma (2.4.1), we have

> [ DlwVer Ve = d.IVarlle

E€T,

Therefore, J; > C’(%|||ch|||§7Q + |||Vch|||gQ) for some constant C. With the second term,

52 (v w3 [ o nl)

EET ecEy,
:—Z/Vuhch Z/|uhnech.

EGT EEEh

. 2
We have the estimate %ZEeTh J&(V-un)cq < Cllenlllg o, where C = IV w10 ). The
second term in J5 is positive.
Clearly, we have the two terms J3, J; are also positive. From the above arguments, one

can deduce that

(%h

w5->+mm%w>m llealle + dmaIVenllig (269

+— Z/Vuhch /|uh ne\ch
1 1

EGT SGEh
+§ Z (chup - e, ch)e — B Z (chup - De, Cch)e — /Qqci + Jé”ﬁ(ch, Ch)-

GEEh,out eeEh,in

Notice that, except for the term 537 ;7 [,(V - u,)c;, all other terms of the right hand

/%f%é/@wv+/%
Q Q Q

78

side are positive. We have,



and,

1
=Y [amna < 3 juened + )
e

eEEhﬂ‘n EGEh,in

The term )

ccEp i [UR ne\ec,% can be hiddden by the term .J;. Combining all the above

estimates, and from the equation (2.64), we get to the inequality,

0 2 2 2
Sl 1l < Clllalia+ [ b+ 3 [ un-nilct)

e
Eh,in

for some constant C. Integrating the above equation from 0 to t € [0, T], we have

t
leallZq + / I9enllZg
0

4
2 2
< |||Ch(0)|||o,9+0/0 UHCh”|0,Q+/QC?u(q+)2"‘ DR ALV HEAP

e
Eh,in

Thus, by Gronwall’s lemma, for all ¢ € [0, T], we have

T
2 2
eI o + / I9enllZg

< (lenla+ [ ([ @+ ¥ [lunid)),

Eh,in

We just completed the lemma of stability estimate. O
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2.5 Error estimate

Now, we will do analysis about error estimate. Let [Tu € V), denote the L? projection
of u, that is

(u —TTu, vi)q = 0,Vv, € V.

The L? projection has the approximation property [27],
u—Tullme < KA ™ ullia, 0<m <1< min{ks,ky ks}+1
From the above approximation property and the trace inequality:
Ve € OF, ||[ullr2¢0) < K (W2 |Jul 2y + h?[ul15), Vu € (HY(E)) (2.70)
by summing all over elements, we can deduce that

> llu—Tuf e < KW ullie, 1 <1< min{ky, ky, b} + 1. (2.71)

E€T), ecOF

Let IIc be the Scott Zhang interpolation of c. First, we prove the following lemma.

Lemma 2.5.1. Assume Ilc € D,(T,). For any point p on any edge, we have |llc(p) —c(p)| <
Ch™L. Where C depends only on ¢ and independent of h.

Proof. 1If r =0, assume E is the element that contains e. Let g be the centroid of E, then
IIe(g) = c(g). For any p € e, we have Ilc(p) = e(g) = c(g).
Consider the function f(t) := c¢((1 —t)g+1tp), we have c¢(p) —c(g) = f(1) — f(0) = f(€),€ €
(0,1). We have f'(§) = c(xp — z4) + ¢y(yp — vg), Where z,,y, are the z,y coordinates of
p respectively. Notice that |z, — z,| < h, |y, — y,| < h, hence |c(p) — Ilc(p)| < Ch, where
C = 2[|cllwpeg)-

If 0 < r, then by restricting on each edge, Ilc become one dimension Lagrange interpo-

lation of ¢ on such edge. Thus, by interpolation theory we have |IIc(p) — c(p)| < Ch™t. [
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We define 0. := ¢ — Il¢, and 6. := ¢, — Ile. By the approximation property in [27], we

have
[16[ll, < CR™, and [[VO.|l < Ch'. (2.72)

We also define a bi-linear form,

Z/ u)Ve — cu) - Vip — Z/{D )Ve - n ] (2.73)

EET EGEh

+Z/{D Woendid+ 3 [cunple 3 fenn

eeEh 6€Eh eEEh,out ¢

- /Q e+ JTP (e, )

Also, the linear form

Lw) = [adv- Y [omne

GEEh,in €

Becasue c is the true solution, ¢ satisfies the equation

(00rc, ¢) + Bulc, ) = L(¥), Vi € De(Th)- (2.74)

We take (2.56) subtract (2.74), we get

(@0 (e, — Ile), ) q + By, (¢ — e, )
= (¢0;(c — Ile), ¢)a + Bulc — Ile, ) + Bu(lle,v) — By, (e, ¢) + Li(v) — L(¥),

Vi € D,.(Th).
If we chose 1) = ¢, in the above equation, then it becomes
(¢at(5c7 50)9 + Buh (667 60)
= (¢040.,9.)a + Bu(b., 6.) + Bu(llc,d.) — By, (e, d.) + Li(.) — L(J.). (2.75)

Similar to previous section, we denote 6. := ¢ — Il¢, and 0. := ¢, — Ilc. By replacing ¢y,

by d. in (2.69), then from there we can deduce that

1
(60460800 -+ B (6,8) 2 60 el + Vg + / (V- )
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Py Y

eeEh,out

+5 E/hlh n.||

EGEh

<5cuh ‘e, 5c>e - 5

! Z <5cuh ‘I, 5c>e

EEEhﬂ'n

—/q5§+Jgﬂ(5c,5c)
Q

Hence,
(60 0)a + By (608 M [ 822 6,206l o+ o IV
1 1
+= Z /|uh ne 2 Z <5cuh ‘e, 5c>e - 5 Z <6cuh * N, 6c>e
eEEh e€En out e€En in
—/q_5§+J3’5(6C,5C)
Q
where M = £||V - u . Now, we are going to do analysis for the right hand side of (2.75).
We have
(¢7)° 2 2
(600e, dc)a < — = 100e[lg + Ml0cllo- (2.76)
And,
Bu(lle,6,) — By, (Tle, ) = 3 / w))VTIc) - V3,
E€Ty,
— Z / He(u — uy,) Z /{ uy,))VIle - ne} o]
EET, ecEp
s /{(D(u) D(w,))Vo, 0} + 3 / (TTe)* (1 — ) - 1o [6.]
ecE, V€ ecEp
+ Z u—uh) 5 T1+T2+ +T6
6€Eh,out €
and,
Bu(0e,6:.) = > (D(w)V6,, Vi) — > fu- Vi, — Z/{D )V, - n,}[6,]
E€Th E€Th ecEy
—|—Z/{D )V, - n.} —1—2/ “u - n.[d.] Z f.u-n.d,
ecEy e€Ey, e€Eh out ¥ ©

—/ q 0.0, + ngﬁ(ec, d.) =: Hy + Hy + ... + Hs.
Q
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Now, we will give estimate for each term 7; above. Using Ve is bounded and ||VIl¢| s <

C||V¢||so, together with | D(u) — D(up)||s < M|ju — ugl|2, we have

1 2 2
T <O ) fu—willeam[ Vo e < Ol llu—willi o + el Vol o).
EET,

By using Ilc is bounded, we also have similar estimate for the second term
Ty < C(—Hu — w720y + €l VOllo g)-

We will use the penalty term to handle the third term as follow,

-3 / (D w))VTTe -, (6,

< ZE / { D(uh))VHc : ne}2 + %[50]2
< Y [ D)~ DBV + (V) ) + gw
<3 - wl + Y [ 116

Where, in the third step, we have used the fact that VIIc is bounded. Now, we use [¢] = 0

in interior edges, and lemma (2.5.1) for the following estimate.

-y /{(D(u) — D(u))Vé. - n,}HMe — ¢ (2.77)

EGE}L
<C 3" h [ D) = Dawla(I(V5) 2 +1(V5) )
ecky, €
<czh/|u—uh (98 1o + (V5.) )
ecEp €
<cy /—|u —wpl2 o+ he|(V6,) 2 + he|(V8,) |2
ecFEy
<0y EHU —upfag) + Ce Y 1V 7y
ecky, EeT,

Where in the last step, we have used the trace and inverse inequality. We can also use

penalty term to handle the next term.

15 = Z/Hc u—uy) - no 2/46 Hc Y (u—uy) - ne)2+%[56]2 (2.78)

ecFEy, ecFEy,
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C €
<> Shlla -l + Y [ 500

ecky, ecE, V€

The term Ty can be done as follow.

1 1 1
To=5 ) /HC(U — ) - nd, < 5/—|HC(U —w,) |3 + hed;
r

2 . 4he
Eh,out

1
<C | —|(u—up)- n? 52.
<C [ elw—w) nf e [ 5

Similarly,
1
Liu(6.) = L(S.) = > /Cm(u—uh) ‘0.6, < C/E](u—uh)-ne@—i—e/&f.
BGEh,in € r Q

Now, we will give estimate for H; terms,
1 2 2
=3 (DWVe, Vs < 3 /E4—€|D(u)V90| + e/E V6|
EcTy, E€Th

C
< 1 IV Olllo0 + €llVaclloq

1 C
Mo =3 [0 V6 2 30 [ i+ VAP < Lo+ eIVl

EcTy, EeTy,

Hy= = [{DVe n}io] < ) /A%{D(u)vec )+ 6

ecEy, V€ ecE, V€

<T > [uvers s [ror

eGEh € GEEh €

Hy=Y_ [{D@Vé. n}0]<CY /eh|v(sc|2 - h;[ecf

ecEp € ecEy €

<ol [avir+ X e

EE7-]—L EGEh

Where we have used the trace and inverse inequality for the second estimate.

Hy =Y [(0)u-n[o] <> C/h((@c)*)QJr AR

ecEy € ecky,
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<> cf ooyt

EEE E eGEh

Ho= Y /ecu.neacg > /Ch10§+h5§ (2.86)

€ €

66E‘h,out eeEh,out

< > /ech—19§+Z/Ea§

eeEh,out Ee’Th

H7—/Q(—Q‘)9050 < /Q(—Q‘)i@?r/g(—f)df < /QC@Z"‘/Q(—Q_)€53 (2.87)

Notice that —¢~ is positive, and the second term in H; can be hidden in the left hand side.
The term Hg can be handled similarly. We take 5 = 1 in the penalty term.

o= 076,60 = Y 7 [0 < S F [ oo 0 [z sy

€EEh eeEh

Co o
S Z ?/E@g +h2|V96|2 + Z E/@E[(SC]Q.

E€7-h GGEh

Integrating (2.75) over [0, 7] with 7 € (0,7, and by combining all the above estimate, we

deduce the following estimate using Gronwall’s lemma.

1:(7) o2 +/0 IV8cllo + > [16*/h

eckEy, €

< e [ (=l + Bl = wally, + 7= w)

Hla8M g + V8l g + B8l g + B 10ClR,., ) ds

Where ullz, == (S, fu2)"2 ulle = (fpu)Y2, and [[ulle,., = (f;,, u2)"2 We have

the following estimation

W2 u = ayl|g, < AY2(lu - Tu] g, + [|TTu — uy,)
< h'2|lu — T g, + C[Tu — uylo

< h'2|lu—THul g, + O|Tu — ulle + Cllu — o
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One can deduce that,

H‘56”|L°°(O,T,L2(Q)) + H|V5c|HL2(o,T,L2(Q)) < C€T<”u - uhHLQ(O,Tﬂ(ﬂ))
—i—hl/zHu - ﬁll”L?(o,T,L?(Eh)) + |Ju — f[11||L2(0,T,L2(Q)) + h_1/2||(u —uy) Ile||L2(o,T,L2(F))
H0Oel 2207, 2200y + VOl 20,7, 22002y + B M0l p20,7,22(52)) + hil/ZHecHLQ(O,Tﬂ(Fm)))'

Where, with any normed space X, ||z(t)||r(0.7,x) := subeo 7 |2() | x and |[z(t) || L20,7,x) =
(fOT |z(t)||%ds)'/?. Notice that we have (u—uy) -n.|r = 0, so from (2.25), (2.71) and (2.72),

by using triangle inequality we get the following result.

Lemma 2.5.2. Assume ||V - || p~(q) is bounded, and let E, = ¢ — ¢, be the error of the

concentration and its finite element approximation. Then

I oo 07,2209 + IV Eelll 120,120y < Ce™ (hmin{kf’ks’ka’SfH’SpH’T})'

2.6 Numerical result

In this section, we present results from several computational experiments in two dimen-

sions. The method is implemented using the finite element package FreeFem++ [53].

2.6.1 Convergent test

In this test we study the convergence of the spatial discretization using analytical so-
lution. We take the region for fluid is ©Q; = [0,1] x [0,1], and region for the porous is
Q, =[1,2] x [0,1]. We will use the Backward Euler scheme to approximate the time deriva-
tive, specifically, we will approximate % by

dc(ty,) Cn—Cn1

~ :1 N.
ot 5, "

PIRERD)

Where N is the final time step. If we set a,, = 2, then the following set of functions become

a true solution for the Biot-Stokes system.

14 2x
i) = costt) | )
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Pp(t) = (Ap + 2pp)sin(t) + 2puscos(t),
ps(t) = (Ap + 2pp)sin(t) + 6ppcos(t).

We can see that they satisfy the boundary conditions. The right hand sides of the Biot-

parameter | ¢ q co(x,y) Aoy | 04 | ¢ | Cin | 0| B

value 1.0 | 1.0 0.0 1.0 1 0.0 0.0 0.0 50| 1.0

Table 2: Table of parameters

Stokes system are computed correspondingly. To avoid the effect of time discretization error,
we chose small 6t,7: T = 0.00001, and 6t = 0.1 x T. We take the true concentration as
follow,

t oo

c(t) = 7Y (y — 1)%2%(x — 2)*. (2.89)

We take the diffusion tensor D = I, porosity ¢ = 1, and information about finite element
spaces is in table 3. By chosing the above functions, we always have DVc-n = 0, on the

whole boundary. Hence from the boundary condition

(cu —DVe)-n = (¢uu) -non Ly, (2.90)

(DVe) -n =0 on 'y (2.91)

We deduce that ¢;, = 0.0. The values of constants are taken as in table 2. The right
hand side is to be made to equal the left hand side, we take ¢ = 1, and the function ¢,
is computed accordingly. We get the below error table with convergence rate. We have

intensionally chose dt to be small in order to avoid error contributed by approximation of

time derivative %. With the above chosen finite element spaces, from the lemma (2.5.2),
we expect a convergence of order 1 for the concentration, and from the lemma (2.2.1), we

expect a convergence of order 1 for velocity. The numerical results are in tables 4 and 5.
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paprameter value

Vin | [Plb, P1Y)
Wyn P1
A RTO
Wy.n PO

X (P1, P1]
Ay PO

Ch Pldc

Table 3: Table of finite element spaces

2.6.2 Experiments with filter

Again, we consider a computational domain = [0, 2] x [0, 1], where Q= [0, 1] x [0, 1]
represents the fluid region and Q,= [1, 2] x [0, 1] the porous region. The flow is driven by the
pressure drop: on the left boundary of Qs we set p;, = 10kP a and on the right boundary of €2,

Pout = 0k P a, which is also chosen as initial condition for Darcy pressure. Along the top and

bottom boundaries, we impose a no-slip boundary condition for the Stokes

b Huy —ugnllzeomme)) | [ — Wpnllerize,)
error rate error rate
1/16 1.24E-1 — 1.56E-2 —
1/32 7.28E-2 0.77 7.75E-3 1.00
1/64 3.62E-2 1.00 3.84E-3 1.01

Table 4: Table of error for velocity
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h | le=enllzeomrae) + V(e = ea)ll 207020
error rate
1/16 146E-4 -
1/32 5.30E-5 1.40
1/64 2.50E-5 1.08

Table 5: Table of error for concentration

flow and a no-flow boundary condition for the Darcy flow. We also set zero displacement
boundary condition on top, bottom and right parts of boundary of structure subdomain, as
well as zero initial condition for the displacement. We set A\, = i, = s = a = apys = 1.0

and K = I. We assume that the fluid viscosity in Stokes region satisfies the Cross model:

vi(|D(ay)]) = vfoo+ HKV]; ]g:)f ";Tz,r . And the effective viscosity in Darcy region also satisfies
s|1D(a)y
the Cross model: v,(u,) = 00 + % Where we chose Ky = K, = 1, Vfoo = Vpoo =

1Lvig = vpo = 10, 7y = r, = 1.35. We do the experiments for both velocity fields from
linear case and non-linear case. In the case of linear problem, we chose ry = r, = 2. Taking
T = 10,9, = 0.1, the velocity fields are as below. In this case, tangential velocity is not
allow. We see that the velocity field of the linear case is a little bit higher than the case of

non-linear, it is because the non-linear case has higher viscosity.
velbcty Magnitude velbcity Magnitude
4.469e-01 3.432e-01
EDA 0.3

=032

—024

—024 —0.18

(a) Linear velocity field (b) Nonlinear velocity field

Figure 9: Velocity fields at t = 0.1
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velbc ity Magnitude velbc ity Magnitude

(a) Linear velocity field (b) Nonlinear velocity field

Figure 10: Velocity fields at t = 0.3

For the following experiments, first we keep injecting concentration from the left and in
the second test, we take a plume of concentration to see how it moves over time. We run the
case that the horizontal velocity is caused by pressure drop with P,,, P,,; are the pressure of
the left and right boundary respectively. The parameters of the Biot-Stokes system are the
same in the experiment that we did in chapter 1, and the parameters of transport equation
are taken as the table below. We see that the concentration is moving from the left to
the right corresponding to the velocity. In the later time, we see that the concentration
accumulates along the top and the bottom boundary. It is due to the fact that the velocity
is very small near the top and bottom boundary. It appears to be an appropriate behavior.

Below are images of concentration with the case D = 0.01, and with injecting concentra-

tion.
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(a) Linear concentration (b) Nonlinear concentration

Figure 11: Concentration at ¢t = 0.1
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paprameter value

fespace of C' Plde
0.50n ), iex>1
¢
lonQ, iex <1
qc* 0

1, if (zr — 0.5)2+ (y — 0.5)% < 0.12
co(z,y) either or 0

0, otherwise

Pf>Pp 1
Cin 0.0
T 10
dt 0.1

Table 6: Table of parameters
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Figure 12: Concentration at ¢t = 0.2
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Figure 13: Concentration at ¢t = 0.3
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Figure 14: Concentration at ¢t = 0.4
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Figure 15: Concentration at t = 0.5
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Figure 16: Concentration at ¢t = 0.6
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Figure 17: Concentration at t = 0.7
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1.804e-10

Figure 18: Concentration at ¢t = 0.8

In the following, we will do some experiments to see some behavior of the concentration
moving under the effect of velocity. For these experiments, we will take into account the effect
of gravity, hence equation (1.1) and (1.6) now become —V -o ¢(uy,ps) = prgVZ, in Qf, and
ver K 1w, + Vp, + pp,gVZ = 0, in Q,. Where py, p, is the density, g = 9.8 is the gravity
constant, Z is the depth, hence VZ = (0, —1)T. We set p = 0.5 and p;, = 1, pour = 0 in this

experiment.

Before showing the concentration, we will show the velocity fields. We witness that with
the effect of gravity, we have a velocity field moving to the right and down. Also, we see
that there exists an inflow velocity in the top right of the filter. It is also due to the effect
of gravity. The concentration, moving toward the bottom boundary and then it cumulates

there.

velocity Magnitucie VeI MUy e
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(a) Linear velocity field (b) Nonlinear velocity field
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Figure 19: Velocity field at ¢t = 0.1
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Figure 20: Velocity field at ¢t = 0.2
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Figure 21: Velocity field at ¢t = 0.3
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Figure 22: Velocity field at t = 0.7

Below are the images from running the case with the effect of gravity.
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Figure 23: Concentration at ¢t = 0.1
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Figure 24: Concentration at t = 0.2
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Figure 25: Concentration at ¢t = 0.3
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Figure 26: Concentration at ¢t = 0.4
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Figure 27: Concentration at ¢t = 0.5
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Figure 28: Concentration at ¢t = 0.6
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Figure 29: Concentration at ¢t = 0.7

2.6.3 Flow and transport through a fractured reservoir

In this example, we use the domain and the velocity field from section (1.6.2). The
porosity function ¢ is 1 in the fluid region, and 0.4 in the porous region. The initial value of
the concentration is 0 over all the region. We inject the concentration on the left boundary
of the fluid region. We take d,, = 5 * 1072, oy = o = 10~*. The whole time length will be
T = 20. The velocity field is shown in figures 30 and 31. In the images, we can see that
tracer come from the left boundary of the fluid and propagates along the fracture following
the Stokes velocity. The tracer also diffuses into the poroelastic region, however the form of
the concentration still resembles the fluid domain. In both cases, the concentration has the
highest value at the tip of the fracture. However, in the case of linear velocity, we witness
the velocity go toward the surrounding along the border of fracture. Hence, we see the
concentration diffuse to the surrounding. While, in the nonlinear case, the velocity, flow
along the fracture, hence the concentration is transmitted to the tip of the fracture and

accumulates there.
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Figure 30: Velocity field at time ¢ = 2
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Figure 31: Velocity field of the fluid region at time t = 2
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Figure 32: Concentration at time t = 2
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Figure 33: Concentration at time t = 4
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Figure 34: Concentration at time ¢t = 20
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2.7 Conclusion

In the first chapter, we study the coupling of Biot-Stokes equations that is given by
(1.1), (1.5), (1.6) and (1.7), with viscosity models given by Carreau model, Cross model and
Power law model. We formulate the problem two way: Lagrange multiplier formulation and
alternative formulation. The reason we need to have the alternative formulation is because
the term 0;m,, in the Lagrange formulation that make it difficult to prove the existence of the
solution in this formulation. By setting u, = 9;n,, and using the operator A: Ao, = D(n,),
we can set up the alternative formulation. Then we can use the theorem 1.3.7 to show that
there exists solution for the alternative formulation. Then we can come back to prove that
the Lagrange multiplier formulation has solution. However, the alternative formulation is
difficult and expensive to implement because of the term o, belongs to a vector space of
matrix. Thus, we use the Lagrange formulation to implement. We do two experiments for
the problem. The first one is about convergent test and the second one is an application to
hydraulic fracturing. Due to technical problem when using theorem 1.3.7, in this work we
have to assume that fy = f, = 0, and ¢y = 0. In the work of the paper [3], with different
approach, we can prove the existence of the solution without assuming that f; = f, = 0, and
q¢r = 0. It may possible to extend this work to Navier-Stokes - Biot models, models with
mixed elasticity formulations, multiphase flow in porous media, and multirate time-stepping
schemes.

In the second chapter, we investigate the transport equation (2.17) with the velocity field
from the Stokes-Biot problem. Following [79], we set up the DG scheme (2.73). We note
that the dispersion tensor in the transport equation is a nonlinear function of the velocity.
The work in [79] handles this difficulty by utilizing a cut-off operator. Here we can avoid the
need of using cut-off operator after showing that V - u;, is bounded. We then do numerical

experiments about convergent test and experiment with filter.
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