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Abstract

Complex survival outcomes, such as multivariate and interval-censored endpoints, are
becoming more commonly used in clinical trials. The revolutionary development of genetics
technologies allows the generation of large-scale genetic data. This dissertation proposes new

statistical methods for complex survival outcomes with high-dimensional covariates.

In the first part, to deal with bivariate interval-censored data, we propose a flexible
two-parameter copula-based model with semiparametric transformation margins. We esti-
mate the model parameters by the sieve likelihood approach and establish the asymptotic
properties of the sieve estimators. We demonstrate satisfactory estimation and inference per-
formance in simulation studies. Lastly, we apply our method to the Age-Related Macular
Degeneration Study (AREDS) data and successfully identify novel genetic variants asso-
ciated with the progression of Age-related Macular Degeneration (AMD). An R package

CopulaCenR is published for analyzing bivariate censored data in a regression setting.

In the second part, we develop a novel information-ratio-based test statistic to evaluate
the goodness-of-fit of copula survival models. We establish the asymptotic properties of our
test statistic. The simulation studies demonstrate that our method performs well under
interval and right censoring. Lastly, we evaluate our results in multiple real data sets. To
the best of our knowledge, our method is the first approach that can test any parametric
copula model under both interval and right censoring.

In the third part, motivated by recent demanding needs for developing accurate survival
prediction models utilizing rich genetic data, we develop a novel framework for constructing
and evaluating a deep neural network (DNN) based survival model. Our simulation results

clearly demonstrate the high predictive power of the DNN survival model, especially in the
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presence of complex data structures. We also build an accurate and interpretable DNN
survival prediction model for AMD progression using AREDS data.

Public health significance: This dissertation provides a comprehensive set of novel sta-
tistical and computational tools for analyzing bivariate survival outcomes with large-scale
genetic data, which have the potential to fundamentally improve the current practice in an-
alyzing such clinical studies, and thus to enhance the understanding of disease progression

and to increase the success of individualized risk management and precision medicine.
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1.0 Introduction

1.1 Overview

Complex survival outcomes such as multivariate and/or interval-censored endpoints are
becoming more commonly used in clinical trials, for example, to study bilateral diseases or
diseases with multiple comorbidities. The revolutionary development of genetics technologies
allows the generation of large-scale genetic data in modern clinical trials. Motivated by two
large clinical trials for studying a bilateral eye disease, Age-related Macular Degeneration
(AMD), this dissertation proposes new statistical methods for analyzing complex survival
outcomes with high-dimensional covariates: (1) to efficiently test and identify risk factors
associated with disease progression in a regression setting, (2) to perform rigorous model
diagnosis through a novel goodness-of-fit test and (3) to accurately predict disease progression
profiles using a deep learning survival prediction model.

In the rest of this Chapter, I will start by introducing the basic concepts, such as survival
data and interval-censored data, in Sections 1.2 and 1.5. In the following, I will talk about
some popular regression models for survival data, particularly multivariate and/or interval-
censored data, in Section 1.3, 1.4, and 1.6. Then, I will discuss about the existing goodness-
of-fit tests for copula specification in Section 1.7. Lastly, I am going to introduce several

popular survival prediction models in Section 1.8.

1.2 Failure time data

Failure time data usually represent times to specific event of interest, including death,
the onset of a disease, outbreak of an epidemic, and malfunction of a machine. The situation
is called “failure” when such an event occurs. The term “failure time data” is equivalent
to “survival data”, and the random variable of time to failure is also denoted by “survival

time”. Such data primarily arise from medical and biological studies and also widely exist in



epidemiological, sociological, economic, and financial studies. More concepts and examples
can be found in Kalbfleisch and Prentice [2011].

In the analysis of survival data, also referred to as survival analysis, the common interest
is to study the survival function, which is the probability that failure time is greater than
a certain time point. There are three associated problems: estimation of survival functions,
comparison of survival functions, and regression between survival function and covariates.

The survival analysis distinguishes itself from other statistical fields by the existence of
censoring in the data. In practice, the exact failure time may not always be observed. Some-
times, we could only know the failure time is greater or smaller than the observation time,
corresponding to right- or left-censored survival data, respectively. The censoring mecha-
nism may depend on failure times so that it further complicates the analysis. Truncation
is another source of complexity, where subjects are recruited to a study only if they satisfy

certain pre-specified conditions.

1.3 Models for failure time data

We define the survival function of failure time, represented by a non-negative random

variable T', as the probability that 7" is greater than a value ¢, expressed as:
Sit)y=P(T >1t), 0<t<oo.

When T is absolutely continuous, we have a one-to-one relationship between the survival

function S(t), density function f(t) and the hazard function A(¢) as defined below:
S(t) = e 2O,

where
At) = / A(s)ds, A(t) = F(1)/S(2).

In survival analysis, the survival and hazard functions are usually easier to use for modeling

the failure time 7" than the density function.



As mentioned before, regression between the survival function and covariate effect is an
important aspect of survival analysis. Here we introduce some common regression models

for survival time.

1.3.1 Proportional hazards model

The proportional hazards (PH) or Cox model [Cox, 1972] is built on the hazard function:
At Z) = No(t) exp(Z7 ),

where \g(t) is an unspecified baseline hazard function, Z is a vector of covariates, and /3 is
a vector of covariate coefficient parameters. The model is interpreted as the ratio of hazard
functions is a constant (independent of time t) between two subjects with different Z. In a

special case where Z = 0 or 1, we have

Define h(t) = log[Ao(t)], which is a strictly non-decreasing function of {. Then we can
re-write the PH model as

h(T) = —Z"B +e,

where the random variable e follows a extreme value distribution with distribution function
F(s) =1 — exp[—e?].

Under the PH model, the survival and cumulative hazard functions of 1" are given by:
S(t: 2) = MO = {5 (1)} A (t 2) = No(t) exp(Z7 ),

where
Ao(t) = /t Ao(s)ds and So(t) = e Ho®
0
are the baseline cumulative hazard and baseline survival functions.

The PH model is the most popular regression model in survival analysis due to the partial
likelihood approach for right-censored failure time data [Cox, 1972]. The approach is simple
and efficient because the partial likelihood only involves the finite-dimensional § parameter
without the nuisance infinite-dimensional A\g(¢). The resulting 3 estimate is asymptotically

equivalent to that obtained from the full likelihood.



1.3.2 Proportional odds model

The proportional odds (PO) model is also commonly used in survival analysis [Bennett,
1983]. It assumes a constant odds ratio in survival functions between two subjects with
different covariate effects. The model is given by:

1-S(t2) _ 1= So(t:2) yrs
St:2) St Z) ’

or
logit{S(t; Z)} = logit{So(t; Z)} — Z1 3,
where Sy(t) denotes baseline survival function.

In the special case that Z = 0 or 1, we have the ratio of hazard functions as

ANt; Z =1) 1
ANt; Z=0) 1+ (e —1)Sp(t)

Unlike in the PH model, the ratio of hazard functions under the PO model is a monotonically
increasing function of ¢t and reaches a maximum of 1 when ¢t — oc.

Let h(t) = —logit{Sy(t)}, which is a strictly non-decreasing function of ¢. Then the PO
model can also be written as

hT)=—-Z"5+e¢,

where the random variable € follows a standard logistic distribution.

1.3.3 Additive hazards model

The additive hazard model [Holford, 1976] is also built upon the hazard function. How-

ever, its formula has an additive form:
At Z) = Xo(t) + Z7 B,

where A\g(t) is an unknown baseline hazard function, and the coefficient f§ is interpreted as

the hazard difference. Again, when Z = 0 or 1, we get

MNt; Z=1)=\t; Z=0)+ B.



One nice feature of the additive hazards model is its model simplicity and ease of interpreta-
tion. Especially, it is the case for the additive frailty model under which the marginal model
still follows the additive hazards assumption, and the coefficient 5 has the same interpreta-

tions under both conditional and marginal settings.

1.3.4 Accelerated failure time model

The accelerated failure time (AFT) model [Wei, 1992] directly defines the relationship

between survival time T and covariates Z as follows
logT = Z783 + e,

where [ is a vector of coefficients, and € follows an unspecific distribution.

It is interesting to notice that the covariate effect is multiplicative in both PH and AFT
models, but on hazard function and (log) survival time, respectively. Next, we will show
that the covariate effect on hazard function is different between AFT and PH models.

Let Ae«(t) be the hazard function of random variable ¢* = exp(e). Then the AFT model

can be re-written as T = exp(Z7 3)e*, which has the following hazard and survival functions
At Z) = Nes (te 7 P)e= 270

and

S(t; Z) = exp{—AE*(te_ZTﬁ)},

where A (t) = fot Aex(8)ds.
If Z € {0,1}, we have
S(t; Z=1)=S(vt; Z =0)

and

ANt; Z=1) =y\(1t; Z =0),

where v = e=Z"5.



1.3.5 Linear transformation model

Here we introduce a collection of regression models, known as the linear transformation

model [Chen et al., 2002, Fine et al., 1998] defined as
h(T)=Z"3+¢,

where h(t) is an unknown strictly increasing function of ¢, Z is the covariate vector, and
€ is a random variable with a known distribution function F'. The linear transformation
model includes PH and PO models as special cases, where the random variable € follows the
extreme value distribution or the standard logistic distribution, respectively.

An equivalent format of linear transformation model is defined as
g{S(t: 2)} = h(t) - Z"B,

where g7'(s) = 1 — F(s). We can see that it is a semiparametric model for S(t; Z), as the
nuisance part hA(t) is unknown with infinite dimension, and the finite-dimensional § is the
primary goal for estimation and inference. A major advantage of the model is its generality
and flexibility, as F' can be any specific distribution function. In Chapter 2, we will introduce

a copula-based semiparametric transformation model for bivariate interval-censored data.

1.4 Models for multivariate failure time data

The previous section introduces some general regression models for univariate survival
data, as only one survival time T is defined in each model. When several correlated survival
times are modeled together, their dependence structure needs to be properly modeled. Many
papers have addressed the analysis of multivariate failure time data, mostly in the presence
of right-censored data. Klein and Moeschberger [2006] and Hougaard [2012] are excellent
reference books on this topic. The emphasis of this dissertation is bivariate survival data
that includes two survival times T} and T5. There are three general categories of methods for

bivariate failure time data: marginal method, frailty models, and copula-based approaches.



1.4.1 Marginal models

The marginal models assume each of the correlated survival times follows a marginal
distribution and build the likelihood function without considering the correlation between
the margins. As a result, the naive variance estimator of regression coefficients § is un-
derestimated. Instead, one needs to obtain a robust variance estimator to account for the
correlation. Among the extensive literature, Wei et al. [1989] and Guo and Lin [1994] devel-
oped the marginal proportional hazards models for continuous and discrete right-censored
data, respectively. Goggins and Finkelstein [2000] and Kim and Xue [2002] applied the same

marginal proportional hazards models to continuous and discrete interval-censored data.

1.4.2 Frailty models

The frailty models assume there exists an unobserved frailty random variable that ac-
counts for the dependence structure of correlated survival times [Clayton and Cuzick, 1985].
Given the frailty term, the survival times are conditionally independent. The frailty model
has become a popular approach for bivariate survival data [Oakes, 1989]. It is also used to
model survival time and informative censoring time together.

Under the frailty model with a proportional hazard assumption, we first define the con-

ditional cumulative hazard function

where j denotes the jth margin, u is the frailty random variable with the density function
fo(w), Ajm(t) is the cumulative hazard function at time ¢ when v = 1. The corresponding

marginal survival function can be derived through the Laplace transformation:

Sinlt) = [ it fyfuw)du = [ &m0, u)du = 2, (As(0)

where .7, (.) is the Laplace transformation function with respect to the frailty density func-

tion. Thus, we can obtain the following formula by the inverse Laplace transformation:



By assuming conditional independence of two margins given u, we can write the conditional
joint survival function as

S(t1, talu) = S (t1]u) Sa(ta]w).

Finally, the marginal joint survival function [Oakes, 1989] is expressed by:

Sty ts) = /Sl(t1|U)52(t2|U)fn(U)d“
:/6—u{A1,m(t)+A2,m(t)}fn(U)du
= gﬂ[gn_l{SLm(t)} + gn_l{slm(t)}]'

In spite of the frailty model’s advantage in modeling the correlation between survival
times, it has several limitations: (1) the frailty term accounts for correlation, but its inter-
pretation is not straightforward; (2) the coefficient 8 typically can only be interpreted upon

conditioning on the frailty term.

1.4.3 Copula models

In this dissertation, we will use the copula model for multivariate survival data. The cop-
ula model is another commonly used method for bivariate survival data. There are several
advantages to applying this model. First, the copula has a property of “scale-invariance”
nature of the dependence between two survival times. That is, if & and § are almost surely
increasing functions of 77 and Ty respectively, then the copula of «(7}) and [(7%) is the
same as the copula of T} and T,. Hence it is the copula that captures the “distribution-free”
nature of the dependence between T7 and T, [Nelsen, 2006]. Second, the copula’s depen-
dence parameter can be expressed by nonparametric dependence measures such as Kendall’s
7. This connection is particularly useful in survival models as multivariate survival times do
not always follow a normal distribution. Third, there are many types of copula models, and
each could account for a distinct tail dependence. This property renders great flexibility for
modeling various correlation patterns. Lastly, marginal survival distributions are indepen-
dent of the choice of the dependence parameter in the copula model. Thus, one can model
the margins and dependence parameter separately. This property stems from the Sklar’s the-

orem [Sklar, 1959], which states that any multi-dimensional joint distribution function may



be decomposed into marginal distributions and a copula function that completely describes
the dependence structure.

Clayton [1978] first applied the copula model to bivariate survival data. Shih and Louis
[1995] proposed a two-stage estimation procedure for the dependence parameter in copula
models for bivariate right-censored data. Wang and Ding [2000] and Sun et al. [2006] ex-
tended the two-stage estimation of dependence parameter to the bivariate case I and II
interval-censored data, respectively.

Concept of copula

Let Ty and T5 be two continuous random variables with marginal cumulative distribution
functions Fi(t;) = P(Ty < t1) and Fy(ty) = P(Ty < t3). Define random variables U; =
Fi(Ty) and Uy = F5(T3) and both follow the uniform distribution on I (I = [0, 1]). Thus the

joint cumulative distribution of (U, Us) is:
Clur,ug) = P(Uy < uy, Uz < ug).

Then, the mapping from (uy, us) € I? to C(uy,uz) € Iis a copula. Since F(t) is a monoton-
ically increasing function, the above expression could be rewritten to the joint distribution
of (T1,T5) :

C(ur,ug) = P(Ty < Fy N ug), Ty < Fy ' (up)).

An informal definition of a two-dimensional copula

Suppose the previously defined (77, 73) has the joint distribution function:
F(ti,ty) = P(Th < t1, T, < t).

Then for every (t1,t3) in [—00, +00]?, we consider the points in I? with coordinates
(Fi(t1), Fy(t2), C(t1,t9)). Then, the mapping from I? to I is a copula.

A formal definition of a two-dimensional copula

A two dimensional copula is a function C: I?2 — I such that

(1) C(uy,up) is grounded, i.e., C(0,uy) = C(uy,0) = 0 for every (uy,us) € I2.

(2) C(1,us) = ug, Cluy, 1) = uy for every (uy,us) € I2.

(3) C(uq,ug) is two-increasing, i.e., for uy, u}, ug, uy € I with uy < v and uy < u,

Ve ([ur, uy] X [ug, ub]) = C(uy, uhy) — Clug, uy) — C(uy, ug) + Cluy,ug) >0,



where Vg is called the C-volume of the rectangle [uy,u}] X [ug,u)]. Note that Vo ([0, ug] X
0, ug)) = C(uy, us).

In brief words, a copula is a function that maps any point in the unit square to a value on
[0,1]. From a probabilistic perspective, a copula is a joint cumulative distribution function
whose marginal distributions are uniform, i.e, Vo([0,u1] % [0,us]) = C(uq,uz). A special
copula is the product copula, defined as IT(uy, us) = ujus.

The informal and formal definitions are connected by the following Sklar theorem.
Sklar’s Theorem [Sklar, 1959]

Let F(t1,t2) be a two-dimensional distribution function with marginal distributions F;(t;)

and F5(t2). Then, there exists a copula C' such that

F(tl,tg) = C{Fl(tl), Fg(tg)}

Furthermore, when Fj(t;) and Fy(t3) are continuous, then C'is unique. Conversely, for
any distribution functions F; and F, and any copula C, the F(+,-) function defined above is
a two-dimensional distribution function with margins Fi(¢;) and Fy(t2).

Based on the Sklar’s theorem, the joint distribution function of (¢;,t2) could be param-

eterized by two marginal distributions and a copula, indexed by a parameter 7:

F(t1,ta;m) = Cy(F1(th), Fa(ta)),

where 7 is the dependence parameter of the copula.

Tail dependence

Joe [1997] defined the tail-dependence coefficient (TDC) in copula. Let 77 and T3 be two
continuous random variables with marginal distribution S(¢;) and Ss(t5) that are coupled
with a copula C,, to form a joint survival function. Then the upper and lower tail dependence

coefficients of (77, T») are defined as:

AL = lim P(Sy(Ty) > v|Sy(Ty) > v) = lim C,(1—-v,1—-v)

v—1— v—1— 1 — U

and

o = lim P(S(Ty) < 0|Sy(Th) < v) = Tim =20 Gl =0 1=0)

v—0t v—0* ()

provided that Ay and A, exist.
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When A(A\y) € (0,1], T} and T; are asymptotically dependent in the lower (upper) tail.
If \L(Ay) =0, T7 and Ty are asymptotically independent in the lower (top) tail.
Archimedean copula family
One popular copula group is the Archimedean copula family, and it is widely used in areas
such as finance, insurance, and health. It has explicit expressions [Nelsen, 2006, Schweizer
and Sklar, 2011]:
Cy(u,v) = Hy{H, ' (u) + Hn_l(v)}, 0<u,v<1,

where H, : [0,00) — [0,1] is a generator function. The generator function is a strictly
decreasing function, as illustrated in the copula definition. That is, it is a continuous strictly
decreasing and convex function from [0, +o0] to I, with H,(0) = 1.

If H, is a Laplace transformation of some distribution, the Archimedean copula family
will reduce to proportional frailty models [Marshall and Olkin, 1988, Oakes, 1989]. For
example, when H,(u) = (1 4+ u)~Y" which is the Laplace transformation of a Gamma

distribution, it becomes the Clayton copula [Clayton, 1978]:
Cy(u,v) = (u™" + 0" =1)7Y", 5 € (0, 00),

where 77 and T, are positively associated and become independent when n — 0, and
AMto| Ty = 1) /A(ta|Ty > 1) =1 — 1. When H,(u) = exp(—u'/"), the Laplace transformation
of a positive stable distribution, it becomes the Gumbel copula [Gumbel, 1960, Hougaard,
1986]:

Cy(u, v) = exp[—{(—logu)" + (= log v)"}"/], 7 € (1, 00),

where T} and T, are positively associated and become independent when 1 — 1.

The Clayton copula models lower tail correlation between u and v, with Kendall’s 7 =

n

Psh while the Gumbel copula models upper tail dependence, with Kendall’s 7 =1 — %

Two-parameter Archimedean copula
To model both upper and lower tail dependence, one can apply the two-parameter copula
[Joe, 1997], derived from a more sophisticated generator function and inverse generator

function:
1

H, .(s) = (1 T s

), s €[0,+00),
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and
H (u) = (™" —1)a, ue0,1),

a,k

where a models the upper tail dependence and x models the lower tail dependence. The

joint survival function is defined by the two-parameter copula:

S(th tQ, a, Ii) = Ca7,§(81(t1), Sg(tg))
= How[Hy o {S1(t)} + Hy o {S2(t2)}]
= [+ {(u V" =DV 4 (v — )V} % o € (0,1], K € (0,00),

where u,v € [0, 1].

Both Clayton and Gumbel copulas are special cases of the two-parameter copula model,

in which Kendall’'s 7 =1 — 22;1*1. When a — 1, the two-parameter copula becomes Clayton

copula, with Kendall’'s 7 = When £ — oo, we get Gumbel copula, with Kendall’s

.
K—142°
7 =1—a. In Chapter 2, we will introduce the first two-parameter copula survival model in

bivariate interval-censored data.

1.4.4 Relationship between frailty and copula

Both frailty and Archimedean copula models could model the bivariate dependence struc-
ture between two survival times. The form of frailty is determined by choice of Laplace
transformation function .Z)(.), whereas the form of copula depends on the specification of
the generator function H,(.). Oakes [1989] suggested that the two models are intimately
connected. To establish the relationship between copula and frailty, we define H,(.) in the
Copula model to be the Laplace transformation .Z,(.) in the frailty model. Then, the joint

survival function under the copula model becomes
Se(t,ta) = L[ L {S1(t)} + L H{Sae(t)}].
Note that previously we have defined the joint survival function in the frailty model as

Sm(t1,t2) = L[ L7 {S1m(®)} + L7 H{S2m ().
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When the frailty variable u follows a Gamma distribution Gamma(1/n,1/n) with unit mean

and variance i (n > 0), the Laplace transformation becomes:
Zy(s) = (L+ns)"", L (s) = (5" = 1)/n.

Then the joint survival functions of the two models are re-written as:

—1/n
Se(ti, tz) = {{Sl,c(tl)}_" + {S2.(t2)} " — 1] ;

—1/n
Sty ) = {{sl,mm)}-” T {Samlta)} " 1] |

where
Sim(t) = LAN W)} = / e~ MmO f (u)du = {1+ nA; ()}, 5 =1,2.

We notice that the copula formula has become the popular Clayton copula, and more
interestingly, the Gamma frailty and Clayton models share the same mathematical expres-
sion. However, S;,,(t) contains the frailty parameter 7, while S;.(¢), which is the marginal
function under copula models, is free of n by its definition. Thus, it leads to different joint
survival functions [Goethals et al., 2008]. In fact, only when n — 0, which indicates T} and

T5 are independent, the two models are equivalent with

. “Aim
lim Sjm(t) = e~ "o,

which is free of 7. In this special case, S, (t) = 5;.(t) and S,,(t1,t2) = Sc(t1,t2).
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1.5 Interval-censored failure time data

Interval-censored data are common in many medical studies, in which the exact failure
time is only known to lie within a time interval. The exact or right/left-censored failure
times can be considered as special cases of interval-censoring, when the interval reduces to
a single point or the right/left endpoint of the interval approaches infinity. The analysis of
interval-censored data is more challenging and less developed than that of the right-censored
data. Many popular methods for right-censored data, such as Cox partial likelihood and
Kaplan-Meier estimator, do not apply under interval censoring. More discussions about
interval-censored data can be found in Sun [2007]. In Chapters 2 and 3, I will introduce
novel statistical methods for modeling bivariate interval-censored data and examining the

goodness-of-fit of the fitted models.

1.5.1 Case I interval-censoring

The case I interval censoring is a special and simple case of interval-censoring. Each
subject is observed only once during the entire study. As a result, the event of interest is
only known to occur before or after the observation time. In this case, the case I data only
contain left- or right-censored data, and such data are also referred to as current status data.

The case I censoring is usually due to cross-sectional or nature of the experiment.

1.5.2 Case II interval-censoring

Case II interval-censored data are also known as general interval-censored data. Any
interval-censored data that is not case I is considered as case II. In other words, case II
interval-censored data are interval-censored data that include some finite intervals away
from zero. For example, each subject is observed twice, where U and V' are two random
variables satisfying U < V. For another example, there exists a set of K (K is random)
observation time points (case K or mixed case interval-censored data), which includes the
first example as a special case and is a natural representation of interval-censored data arising

from longitudinal studies with periodic follow-ups.
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1.5.3 Panel count data

Previous examples treat the event of interest as an absorbing event and deal with time
to the event or between two events. In practice, the event of interest could repeatedly
appear over time, known as the recurrent event. If the recurrent process is monitored at
discrete observation times, it leads to interval-censored recurrent event data, in which only
the numbers of occurrences of the event are known at each observed time. This type of data
is also referred to as panel count data. The counting process technique is commonly used

for the analysis of panel count data.

1.6 Models for interval-censored data

1.6.1 Case I data

Unlike the right-censored data, there exists no comparable approach with the partial like-
lihood for the interval-censored case (including case I data). Thus, one needs to deal with
a full likelihood that includes both finite-dimensional regression coefficients and infinite-
dimensional nuisance parameters (e.g., the baseline cumulative hazard or the survival func-
tion). Among the semiparametric models for the case I data, Huang et al. [1996] and Rossini
and Tsiatis [1996] proposed maximum likelihood-based approaches under the proportional
hazards and proportional odds assumptions, respectively, and obtained inference of 5 through
sieve maximum likelihood methods. Lin et al. [1998] developed an additive hazards model
and made inferences based on estimating equations. Sun and Sun [2005] investigated linear

transformation models for the case I interval-censored data.

1.6.2 Case II data

The case II interval-censored data includes more than one observation times for each
survival time, so it contains more information than the case I data. However, the analysis

of case II interval-censored data is more difficult than the case I data in terms of computa-
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tion and inference. Finkelstein [1986] proposed a proportional hazards model and applied
the Newtown-Raphson algorithm to determine the maximum likelihood estimator of coeffi-
cients and finite-dimensional baseline hazards together. Huang and Rossini [1997] and Shen
[1998] applied sieve-based approaches in a proportional odds model by estimating the base-
line log odds function through piecewise linear and monotonic spline functions, respectively.
However, it is hard to choose the number of knots. Rabinowitz et al. [2000] developed an
approximate conditional likelihood for the proportional odds model without estimating the
baseline log odds function, but the method does not perform well in small samples. For
the additive hazards model, Zeng et al. [2006], Chen and Sun [2009] and Zhu et al. [2008]
investigated the maximum likelihood, multiple imputation, and transformation approaches,
respectively. Wang et al. [2010] and Chen et al. [2007] fitted an additive hazards or propor-
tional odds model, respectively, and established asymptotic properties of 8 by estimating
equation methods. Rabinowitz et al. [1995], Li and Pu [2003] and Betensky et al. [2001] de-
veloped accelerated failure time models for case II interval-censored data using score statistics
and estimating equation methods. Gu et al. [2005], Zhang et al. [2005] and Zhang and Zhao
[2013] employed linear transformation models to obtain rank-based estimators, but they are
computationally and statistically inefficient. Zeng et al. [2016] proposed a maximum like-
lihood estimation algorithm for a frailty-induced transformation model of interval-censored
data with time-dependent covariates. The resulted coefficient estimates are consistent and
asymptotically efficient. Zeng et al. [2017] further extended the semiparametric transforma-

tion models with random effect to multivariate interval-censored data.

Most of the papers mentioned above use the observed Fisher information matrix to
estimate the variance-covariance matrix of the maximum likelihood estimators of regression
coefficients. One alternative method is the profile likelihood approach, proposed by Huang
and Wellner [1997], in which the variance-covariance matrix is estimated by the inverse of the
curvature of the profile likelihood. It is feasible when the number of regression parameters

B is small, and the profile likelihood is a smooth function of j3.
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1.6.3 Multivariate interval-censored data

Finkelstein et al. [2002], Chen et al. [2007], Tong et al. [2008] and Chen et al. [2013]
fitted marginal models for multivariate interval-censored data under proportional hazards,
proportional odds, additive hazards and linear transformation models, respectively. Those
marginal approaches ignore the correlation structure within the multivariate data and may
lose efficiency. They also assumed a common set of examination time points for all subjects.
To account for the underlying dependency, Cook et al. [2008] developed a multistate model
approach. Chen et al. [2009] proposed a frailty proportional hazards model for case I data
and estimated baseline hazard functions by piece-wise constants. Chen et al. [2014] built
a frailty proportional hazards model to case II data and applied an EM algorithm for pa-
rameter estimation. Wen and Chen [2013] developed a semiparametric maximum likelihood
estimation approach for the gamma-frailty proportional hazards model under mixed-case in-
terval censoring. Wang et al. [2015] employed an EM algorithm for bivariate current status
data and estimated the baseline function by splines. More recently, Zhou et al. [2017] im-
plemented a gamma frailty-based linear transformation model for bivariate interval-censored
data and estimated regression parameters by a sieve maximum likelihood estimation ap-
proach. Besides the multistate and random effect models, Wang et al. [2008] took account
of the correlation by implementing a copula model with proportional hazards margins for
current status data in which the examination time is parameterized by a Cox model. Cook
and Tolusso [2009] and Kor et al. [2013] developed copula models with proportional hazards
margins and piece-wise baseline functions for the case I and II interval-censored data, respec-
tively. In Chapter 2, I will introduce a novel two-parameter-copula-based semiparametric

transformation model for bivariate data under general interval censoring.

1.7 Goodness-of-fit tests for copula models

Copula models are widely used to account for dependency between correlated distribu-

tions, and there are many different types of copula models. Therefore, a goodness-of-fit
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(GOF) test for copula specification is highly desired. In the next sections, we will introduce

the existing GOF tests for copula models.

1.7.1 Complete data

Wang and Wells [2000] proposed a non-parametric selection procedure for checking
whether an Archimedean copula model properly models a random sample of bivariate right-
censored data based on the Ly norm of a truncated Kendall process introduced by Genest
and Rivest [1993], which measures the distance between the empirical and model-based
estimates of Kendall distribution. They also established the asymptotic behavior of the
Kendall process. Later, Genest et al. [2006] extended Wang and Wells [2000] by develop-
ing a test statistic for complete data based on the probability integral transformation and
the asymptotic behavior of a non-truncated Kendall process. Chen and Fan [2005] intro-
duced pseudo-likelihood ratio tests for selecting semiparametric multivariate copula models
in which the marginal distributions are unspecified, but the copula function is parameterized
and can be misspecified. The tests compare between two or more candidate copula models,
which can be either generalized non-nested or generalized nested. Huang and Prokhorov
[2014] proposed an in-sample test statistic based on the subtraction of the expected Hessian
matrix of log-likelihood and the expected outer product of the corresponding score function.
More recently, Zhang et al. [2016] applied a pseudo-in-and-out-of sample (PIOS) likelihood
ratio test statistic to check the goodness-of-fit for semiparametric copula models in identi-
cally independent distributed data and time series data. The essential idea of PIOS is to
measure how sensitive the assumed copula-based likelihood is to the data change through
a jackknife procedure. In particular, the asymptotic behavior of the PIOS test statistic is
developed based on the Information Ratio (IR) test statistic, which was applied to check
the covariance structure of the generalized estimating equation (GEE) model in Zhou et al.
[2012]. One big advantage of the PIOS and IR tests is that they can apply to all parametric
copula models with explicit functional forms. Moreover, their calculations are simple and

straightforward.

18



1.7.2 Censored data

Shih [1998] first proposed a goodness-of-fit test for the Clayton family fitted in bivariate
right-censored data. Specifically, their test compares unweighted and weighted concordance
estimators of the dependence parameter 1 derived under the same class of estimation equa-
tions with different weight functions. The difference should be close to zero if the assumed
Clayton model is the true copula model. Emura et al. [2010] further extended this idea to
the general Archimedean copula family, and Fine and Jiang [2000] extended a similar idea
to testing the Clayton copula with AFT margins in the presence of covariates. Overall, this
type of method deletes non-orderable pairs of the bivariate event times from the estimat-
ing equation, which is difficult to adapt to bivariate interval-censored data where no exact
event times are observed. Andersen et al. [2005] developed three types of bootstrap-based
goodness-of-fit test statistics applicable to any pre-specified form of the copula in bivariate
right-censored data. Its core idea is to compare the parametric estimate of the assumed
copula and a non-parametric estimate via the chi-square type statistic, the Kolmogorov-like
statistic, and the weighted difference based statistic. Due to the non-parametric estima-
tion procedure in constructing the test statistics, this method does not have the power as
the test of Shih [1998]. Lakhal-Chaieb [2010] extended Wang and Wells [2000] to testing
Archimedean copulas under right censoring by developing a non-parametric inverse proba-
bility of censoring weighted estimator for Kendall’s distribution. Chen et al. [2010] extended
the pseudo-likelihood ratio tests of Chen and Fan [2005] to multivariate survival data under
the general right censorship. Specifically, the event times are allowed to have different censor-
ing mechanisms, for example, one random and the other fixed or one censored and the other
uncensored. Its test hypothesis is to examine whether the assumed copula fits data better
than a group of other copula models. Wang [2010] proposed a Fisher Z test statistic for bi-
variate right-censored data using Archimedean copulas based on multiply imputed complete
data. Its statistic is derived from the correlation coefficient between two random variables
following the Kendall distribution, which are shown to be independent under the correct
Archimedean copula specification, as shown by Genest and Rivest [1993]. More recently,

Mei [2016] proposed a likelihood-based PIOS test under right censoring based on the PIOS
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test for complete data from Zhang et al. [2016]. Lin and Wu [2020] developed a smooth test
for copula specification in the right-censored data, which usually requires the selection of a
suitable set of moment functions in constructing the test statistic. In addition, Yilmaz and
Lawless [2011] developed a procedure for testing n = 7y under the correct copula setting in
bivariate right-censored data, which is completely different from testing copula specification
as in the rest papers.

To the best of our knowledge, there is no formal statistical test for copula specification
under interval censoring. In Chapter 3, I will introduce a novel information ratio (IR)-based
goodness-of-fit test for diagnosing copula in multivariate survival data under complete, right-

and interval-censored settings.

1.8 Survival prediction models

1.8.1 Survival prediction models for precision medicine in the big data era

Accurate ‘time-to-event’ data based survival prediction is fundamental to effective clin-
ical management and precision medicine of human diseases [Chin et al., 2011, Compton,
2018]. Tt relies on a survival model to predict the dynamic risk profile of a future event over
time (e.g., disease onset, recurrence, progression, or death) based on the individual’s current
status, such as clinical characteristics, genetic information, and medical images. Most impor-
tantly, such a prediction addresses the patient’s key concern regarding the disease progression
pattern in the future and shapes the physician’s decision making for the treatment or clinical
management strategy. It is to be noted that the survival prediction is fundamentally differ-
ent from typical prediction models that predict a future event (whether occurs or not) by
fixing the time of interest through a binary classification [Castro-Rodriguez et al., 2000, Chi
et al., 2007]. Despite its essential role in precision medicine, the survival prediction remains
a challenging task [Abrams et al., 2014, Barillot et al., 2012, Schumacher et al., 2012], largely
due to the complex nature of diseases and the heterogeneity between patients. Therefore,

there is an urgent need for developing accurate and personalized survival prediction models
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with improved capacity in learning the complex structures and interplays among predictors.
Recent advances in high-throughput technologies have generated large volumes of molecular
profiling data for each patient, which provides unprecedented opportunities in identifying po-
tential biomarkers and further establishing accurate survival prediction models [Chen et al.,
2019, Collins and Varmus, 2015, Sarnowski et al., 2018]. In particular, several national-wide
large-scale longitudinal studies, such as the Trans-Omics for Precision Medicine (TOPMed)
and All of Us, are underway using whole-genome sequencing and other omics technologies,
with the ultimate goal of accelerating precision medicine. However, how to effectively utilize
the wealthy amount of data is challenging. The first challenge comes from how to connect
high-dimensional predictors with the outcome of interest. This problem is particularly dif-
ficult in survival prediction because the events of interest are often censored due to either
a short study period or loss of follow-up during the study. The second challenge is how
to model the complex structure among numerous biomarkers, where the specific structure
is largely unknown. The third challenge is that given the heterogeneity of patients, how
to interpret the importance of each predictor for each patient and further how to identify
patient subgroups to provide personalized prevention or treatment strategy.

The recent advances in multi-layer deep neural network models have made extraordinary
achievements in providing new effective risk prediction models from complex and high di-
mensional biomedical data, such as omics and biomedical imaging [Grassmann et al., 2018,
Min et al., 2016, Miotto et al., 2017, Poplin et al., 2018]. However, the application of deep

learning in survival prediction is still limited.

1.8.2 Cox proportional hazards model

The Cox proportional hazards model is the most popular regression model for right-
censored survival data. It assumes that the hazard function of survival time 7' takes the

form [Klein and Moeschberger, 2006]
h(t|Z;) = ho(t) exp(Z16), (1.8.1)

where hq(t) is the unspecified baseline hazard function at time ¢, and 6 is a vector of covariate

effects. The term Z!' is called the linear predictor or prognostic index.
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The estimator 6 can be obtained by maximizing the log partial likelihood [Cox, 1972]
—NLDjGD{ZJ-TQ—logiEZ&eZiT‘)}, (1.8.2)
where D is the set of all events with size Np; {t;} is the set of unique event times; R; is the
risk set satisfying Y; > t;. The standard optimization algorithm, such as Newton-Raphson,
can be used to maximize the log partial likelihood.

To obtain the estimated survival probabilities for each subject i, we have
S(tZ;) = exp{—Ho(t)e% ?}, (1.8.3)

where Hy(t) = fg ho(u)du is the estimated baseline cumulative hazard function [Klein and
Moeschberger, 2006].

The Cox model is a flexible semiparametric model that does not assume a parametric
distribution for the baseline hazard function ho(t). However, it suffers from the limitation
in the dimension of covariates Z;. It does not work in the presence of high-dimensional
predictors, such as in the genome-wide association study (GWAS). Moreover, it assumes
a linear relationship in the prognostic index (i.e., Z!'#), which may not hold in practice.
Therefore, more sophisticated survival models are needed to handle both high-dimensional

predictors and non-linear structure among predictors.

1.8.3 Cox LASSO model

One approach to handle high-dimensional covariates is the Cox LASSO method. Tibshi-
rani [1996] proposed to shrink regression coefficients by L; penalization and later extended
the method to the regular Cox proportional hazards model [Tibshirani, 1996]. The loss func-
tion for LASSO is the negative log partial likelihood function (formula (1.8.2)) plus the L

penalty:

1 T zTo
_N_DjeD{ZjQ—logZe i }+/\||Q||1, (1.8.4)

iERJ‘
where X is the L; penalty parameter that enables LASSO to deal with high-dimensional
covariates. The optimization of this penalized log partial likelihood function is implemented

in the R package glmnet [Simon et al., 2011]. However, based on the formula (1.8.4), we can
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see that LASSO also assumes that the prognostic index is a linear combination of covariates.
Therefore, it is still not flexible enough to account for non-linear covariate structures (such

as non-linear and interaction effects).

1.8.4 Random survival forest (RSF) model

The random survival forest model [Ishwaran et al., 2008] is a tree-ensemble nonparametric
method for survival outcomes. It grows every single tree by randomly drawing bootstrap
samples from original data and further randomly selecting a subset of predictors as candidates
for splitting at each node. At each node, the best split is found among all binary splits
defined by the selected predictors according to a splitting rule, such as the log-rank test.
Finally, the model aggregates terminal nodes across all survival trees and obtain a survival
prediction ensemble. RSF has become a popular survival prediction method, and it does not
assume linearity among predictors. We implement the RSF model through the R package
RandomForestSRC [Ishwaran and Kogalur, 2007].

1.8.5 Deep neural network (DNN) survival model

Unlike regular Cox or LASSO, the deep neural network model is well known for its
capacity in learning complex covariate structures (i.e., non-linearity, interactions) [LeCun
et al.,, 2015]. By the Universal Approximation Theorem [Cybenko, 1989, Hornik et al.,
1989], for any continuous function g(Z;#), there is guaranteed to be a neural network that
approximates this function. Moreover, this theorem holds even if we restrict the neural
networks to have just one single hidden layer. Therefore, even a very simple neural network
architecture can be extremely powerful. The synergy of the powerful DNN and the popular
Cox model leads us to build a DNN survival model and evaluate it together with other
already discussed machine learning survival models. More details can be found in Chapter

4.

23



2.0 Copula-based Semiparametric Regression Model in Bivariate Data under

General Interval Censoring

2.1 Introduction

Bivariate time-to-event endpoints are frequently used as co-primary outcomes in biomed-
ical and epidemiological fields. For example, two time-to-event endpoints are often seen in
clinical trials studying the progression (or recurrence) of bilateral diseases (e.g., eye diseases)
or complex diseases (e.g., cancer and psychiatric disorders). The two endpoints are corre-
lated as they come from the same individual. Bivariate interval-censored data arise when
both events are not precisely observed due to intermittent assessment times. Therefore, the
event times are only known to belong to an interval (i.e., case II interval-censored). A further
complication is that the event status can be indeterminate (i.e., right-censored) for individu-
als who are event-free at their last assessment time. The special case when there exists only
one assessment time, leading to the bivariate current status data (events are either left- or
right-censored), can also happen for some individuals. Therefore, the bivariate data we are
interested in modeling are under general interval censoring, which may include a mixture of

left-, right- and interval-censored data.

Our motivating example of such bivariate general interval-censored data came from a
large clinical trial [AREDS Group, 1999] studying the progression of a bilateral eye disease,
Age-related Macular Degeneration (AMD), of which the two-eyes from the same patient
were periodically examined for late-AMD. The study aims to discover genetic variants that
are significantly associated with AMD progression, as well as to characterize both the joint
and conditional risks of AMD progression. For example, the joint 5-year progression-free
probability for both eyes is a clinically significant measure to group patients into different
risk categories. Similarly, for patients who have one eye already progressed, the conditional
5-year progression-free probability for the non-progressed eye (given its fellow eye already
progressed) is vital to both clinicians and patients. Therefore, a desired statistical method

needs to characterize and predict both joint and conditional risk profiles.
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There are several approaches to modeling bivariate interval-censored data. For example,
Goggins and Finkelstein [2000], Kim and Xue [2002], Chen et al. [2007], Tong et al. [2008]
and Chen et al. [2013] fitted various marginal models for multivariate interval-censored data.
All these approaches model the marginal distributions based on the working independence
assumption, and thus cannot produce joint or conditional distributions. Another popular
method is based on frailty models (for example, Oakes, 1982), which are mixed effects mod-
els with a latent frailty variable applied to the conditional hazard functions. For example,
Chen et al. [2009] and Chen et al. [2014] built frailty proportional hazards (PH) models
with piecewise constant baseline hazards for multivariate current status data and interval-
censored data, respectively. Wen and Chen [2013] and Wang et al. [2015] developed Gamma-
frailty PH models for bivariate interval-censored data through a nonparametric maximum
likelihood estimation approach and bivariate current status data through a sieve estima-
tion approach, respectively. Recently, Zhou et al. [2017] and Zeng et al. [2017] proposed
frailty-based transformation models for bivariate or multivariate interval-censored data, and
obtained parameter estimates through the sieve maximum likelihood estimation and non-
parametric maximum likelihood estimation, respectively. For frailty models, the covariate
effects are typically interpreted on the conditional level by conditioning on the random frailty

term.

The third popular approach is based on copula models [Clayton, 1978, for example].
Unlike the marginal or frailty approaches, the copula-based methods directly connect the two
marginal distributions through a copula function to construct the joint distribution, of which
the copula parameter determines the dependence. This unique feature makes the modeling of
the margins separable from the copula function, which is attractive from both the modeling
perspective and the interpretation purpose. Both joint and conditional distributions can be
obtained from copula models. Several copula models have been proposed in the literature.
Wang et al. [2008] used sieve estimation in a copula model with proportional hazards margins
for bivariate current status data. Cook and Tolusso [2009] and Kor et al. [2013] developed
estimating equations for copula models with piecewise constant baseline marginal hazards for
clustered current status and interval-censored data, respectively. Hu et al. [2017] developed a

semiparametric sieve approach for bivariate current status data using copula framework with
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proportional hazards margins. To date, most copula-based regression models only handle a
specific interval censoring type (e.g., case I current status or case II interval censoring) and
are often limited to the PH assumption. Also, the most frequently used copula models, such
as Clayton, Gumbel, and Frank, all use only one dependence parameter, which can result in

a lack of flexibility.

Goethals et al. [2008] and Wienke [2010] have discussed the connection and distinction
between copula and frailty models. For example, the Clayton copula has the same mathe-
matical expression as the Gamma frailty model in terms of the joint survival distribution.
However, their marginal survival functions are modeled differently. Specifically, the marginal
function under the Clayton model only involves the time and covariate effects, whereas the
marginal function under the Gamma frailty model includes not only the time and covariate
effects but also the frailty parameter. As a result, the joint distribution functions of the
Clayton copula and Gamma frailty models are not equivalent, except when the two margins
are independent. More details are discussed in Appendix A.3. In this chapter, the objec-
tives of our real study lead us to choose copula-based models, which offer a straightforward
interpretation of covariate effects and dependence strength, as well as an easy generation of

joint and conditional survival distributions.

We propose a class of copula-based semiparametric transformation model for bivari-
ate data subject to general interval censoring. Specifically, we build a two-parameter copula
model framework, which can handle more flexible dependence structures than one-parameter
copulas. Our method incorporates a broad class of semiparametric regression models that
includes both PH and PO models. We approximate the infinite-dimensional nuisance pa-
rameters using sieves with Bernstein polynomials and propose a novel maximum likelihood
estimation procedure which is computationally stable and efficient. We establish the asymp-
totic normality and efficiency for the sieve estimators of finite-dimensional model parameters.
Moreover, we develop a generalized score test with numerical approximations of the score

function and observed Fisher information for testing covariate effects.

The chapter is organized as follows. Section 2.2 introduces the model and the joint
likelihood function. Section 2.3 presents the sieve maximum likelihood estimation procedure,

the asymptotic properties, and the generalized score test. Section 2.4 illustrates extensive

26



simulation studies for the estimation and testing performances of our proposed methods.
We analyze the Age-related Eye Disease Study (AREDS) data and present the findings
in Section 2.5. Finally, we discuss and conclude in Section 2.6. Additional simulation and
analysis results, the regularity conditions, proofs and additional technical details are provided

in Appendix A.

2.2 Notation and likelihood

2.2.1 Copula model for bivariate censored data

Assume there are n independent subjects in a study. For subject ¢, we observe D; =
{(Li;j, Rij, Zi;),7 = 1,2}, where (L;;, R;;] is the time interval that the true event time Tj;
lies in and Z;; is the covariate vector. When R;; = oo, Tj; is right-censored, and when
L;; = 0, T;; is left-censored. We define the marginal survival function for subject 7 mar-
gin j as Sj(ti;|Zi;) = pr(Ti; > ti;|Zi;) and the joint survival function for subject i as
S(tir, tio Zin, Ziz) = pr(Tin > ta, Tio > tio| Zin, Zio).

By the Sklar’s theorem (Sklar, 1959), so long as marginal survival functions S; are
continuous, there exists a unique function C, that connects two marginal survival functions
into the joint survival function: S(t1,t2|Z1, Z) = C,(S1(t1]21), Sa(te|Z2)), ti,t2 > 0. Here,
the function C,, is called a copula, which maps [0, 1]* onto [0, 1] and its parameter 7 measures
the dependence between the two margins. A signature feature of the copula is that it allows
the dependence to be modeled separately from the marginal distributions [Nelsen, 2006].

One favorite copula family for bivariate censored data is the Archimedean copula family,
which usually has an explicit formula. Two frequently used Archimedean copulas are the
Clayton (Clayton, 1978) and Gumbel (Gumbel, 1960) copula models, which account for the
lower or upper tail dependence between two margins using a single parameter.

Here, we consider a more flexible two-parameter Archimedean copula model [Joe, 1997],

which is formulated as
Cor(u,v) = [1+ {(u™VF = D)V 4 (V5 — 1)V 7" o € (0,1], k€ (0,00), (2.2.1)
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where u and v are two uniformly distributed margins. The two dependence parameters
(v and k) account for the correlation between u and v at both upper and lower tails, and
they explicitly connect to the Kendall’s 7 with 7 = 1 — 2ak/(2k + 1). In particular, when
a = 1, the two-parameter copula (2.2.1) becomes the Clayton copula, and when k — oo, it
becomes the Gumbel copula. Thus, the two-parameter copula model provides more flexibility

in characterizing the dependence than the Clayton or Gumbel copula.

2.2.2 Joint likelihood for bivariate data under general interval censoring

The joint likelihood function using the two-parameter copula model can be written as

L,(S1,82, 0,k | D) = HPT(Lu <Th < Rp,Lip<Tin < Rin| Zn, Zia)

1=1
n

= H{pT(Til > Ly, Tio > Lio | Zin, Zio) — pr(Tin > L, Tie > Rio | Zin, Zio)

i=1
—pr(Tiy > R, Tio > Lo ’ Zir, Zia) + pr(Tin > Rir, Tio > Rio ’ Zi1, Zi?)}

n

- H[CQ,R{SI(LiI | Zi1)752(Li2 | ZZQ)} - Ca,H{SI<Li1 | Zi1>782<Ri2 | Zz2)}

=1

—Con{S1(Ri1 | Zi1),S2(Liz | Zi2)} + Cou{S1(Ri1 | Zi1), S2(Riz | ZiQ)}] (2.2.2)

For a given subject 4, if T}; is right-censored, then any term involving R;; becomes 0 (since
R;; is set to be 0o). Then the joint survival function for subject i reduces to either only
one term (if both T}; and T}, are right-censored) or two terms (if one 7}; is right-censored).
The particular case of current status data can also fit into this model frame, where either
L;; is 0 (if the event has already occurred before the examination time, which is R;; in this
case) or R;; is oo (if the event has not happened upon the examination time, which is L;; in
this case). Therefore, the likelihood function (2.2.2) can handle the general form of bivariate
interval-censored data.

Next, we will estimate both the dependence parameters («, x) and two marginal survival

functions (57, S2) together.
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2.2.3 Semiparametric linear transformation model for marginal functions

We consider the semiparametric transformation models for marginal survival functions:
Si(t | Z;) = exp[=G{exp(Z] B;)N;(1)}], 7 =1,2, (2.2.3)

where G;(-) is a pre-specified strictly increasing function, f; is a vector of unknown regres-
sion coefficients, and A;(-) is an unknown non-decreasing function of ¢. In model (2.2.3),
the transformation function G,(-), the regression parameter §; and the infinite-dimensional
parameter A;(-) are all denoted as margin-specific (indexed by j) for generality. In practice,
some or all of them can be the same for the two margins, and in that case, the corresponding
index j can be dropped.

This model (2.2.3) contains a class of survival models. For example, when G(x) = x, the
marginal survival function follows a proportional hazards model. When G(z) = log(1 + ),
the marginal function becomes a proportional odds model. In practice, the transformation
function can also be “estimated” by the data. For example, the commonly used Box-Cox
transformation G(z) = {(1 +x)" — 1}/r, r > 0, or the logarithmic transformation G(z) =
log(1 4+ rx)/r, r > 0, can be assumed. The proportional hazards and proportional odds
models are special cases in both transformation classes. Then the parameter r in G(-) can
be estimated together with other parameters in the likelihood, as we will demonstrate in our

simulation studies.

2.3 Estimation and inference

2.3.1 Sieve likelihood with Bernstein polynomials
In our likelihood function, we are interested in estimating the unknown parameter 6 € ©:
0 =1{0= (3,51, a,k A, N) ¢ B M M}

Here B = {(6 = (87, 55)",a,k) € R? x RO x RT||B]| + [la|| + ||| < M} with p being
the dimension of 5 and M being a positive constant. We denote by M the collection of all
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bounded, continuous and nondecreasing, nonnegative functions over [c,u|, where 0 < ¢ <
u < oo. In practice, [c, u] can be chosen as the maximum range of all L;; and R;;.
In our log-likelihood function

n

[n(0; D) = log L, (6; D) = zn: log L(0; D;) = _1(6; D),

i=1 i=1

there are finite-dimensional parameters of interest (5, a, k) and two infinite-dimensional nui-
sance parameters (Aj, Ag), which need to be estimated simultaneously. Unlike the right-
censored data, tools like partial likelihood and martingale can not be applied to the interval-
censored data due to the absence of exact event times. Instead, following Huang and Rossini
[1997], we employ the sieve approach and form a sieve likelihood. Specifically, similar
to Zhou et al. [2017], we use Bernstein polynomials to build a sieve space ©, = {6, =
(BT, a, ki, Ay, Noy) T € B M,, @ M,,}. Here, M,, is the space defined by Bernstein polyno-
mials for both j =1 and 2:

M, = {Ajn(t) = b Bilt,man, cou) 1 bl < Myi 0< Gjo <+ < Bjon,3J = 1,2},
k=0 k=0

where ¢ denotes time, By(t, m,, ¢, u) represents the Bernstein basis polynomial defined as:

n t— t— —
Byt mn, ¢, u) = (m )( CYe(1 — LG ymaky =0, (2.3.1)

k u—c u—c

with degree m,, = o(n”) for some v € (0,1), ¢;; are coefficients, and M, = O(n*) with
a being a positive constant. We assume the basis polynomials By(t, m,,c,u) are the same
between the two margins, while the coefficients ¢;; can be margin-specific. In practice, one
may choose m,, based on model AIC values. With a pre-specified m,,, we solve ¢;; together
with other parameters (3, a, k). One big advantage of Bernstein polynomials is that they can
achieve the non-negativity and monotonicity properties of A;(¢) through re-parameterization
[Zhou et al., 2017]. Another advantage of Bernstein polynomials is that they do not require
the specification of interior knots, as seen from (2.3.1), making them flexible for use.

With the sieve space defined above, A;(t) will be approximated by Aj,(t) € M,,. In the
next section, we propose an estimation procedure to maximize [,,(6; D) over the sieve space

©,, to obtain the sieve maximum likelihood estimators 6,, = (67, G, fn, Ain, Aon )7
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2.3.2 Estimation procedure for sieve maximum likelihood estimators én

We develop a novel sieve maximum likelihood estimation procedure that is generally
applicable to any choice of Archimedean copulas and marginal models. In principle, we
can obtain the sieve maximum likelihood estimators by maximizing the joint likelihood
function (2.2.2) in one step. Due to the complex structure of the joint likelihood function,
we recommend using a separate step to obtain appropriate initial values for all the unknown
parameters. In essence, (f;,A;,) are first estimated marginally in step 1(a). Then their
estimators are plugged into the joint likelihood to form a pseudo-likelihood. In step 1(b),
the dependence parameters («, k) are estimated through maximizing the pseudo-likelihood
function. Finally, using initial values from step 1(a) and 1(b), we update all the unknown
parameters simultaneously under the joint log-likelihood function in step 2. The estimation

procedure is described below:

1. Obtain initial estimates of 6,,:
a. (@;2,[\52) = argmaxg, a. ) ljn(Bj, Ajn), where [;, denotes the sieve log-likelihood
for the marginal model, 7 =1, 2;
b. (ozﬁ}),/%%”) = argmax, . ln(Aﬁl) = (B&), Aéi}),a, K, /A\&),/A\Sz)), where BA](,? and /A\ﬁl)
are the initial estimates from (a), and [, is the joint sieve log-likelihood.
2. Simultaneously maximize the joint sieve log-likelihood to get final estimates:
0, = (B, Gn, fin, Ain, Asy) = arg MAX (3 o AryAgn) In (B, QO Ky A, Agn) with initial values

(31(11), atl &Y A /A\gh)) obtained from step 1(a) and 1(b).

) in>»

For the variance-covariance of finite-dimensional parameter estimates (Bn,dn, Rn), we
invert the observed information matrix of all parameters including the nuisance parameters
(¢jr) from the last iteration of step 2 and then take the corresponding block. In section
2.3.3, we establish the asymptotic normality and semiparametric efficiency for the finite-
dimensional parameters. However, since the asymptotic variance form is intractable, we
adopt this heuristic approach, which has been shown to work well in practice [Ding and
Nan, 2011].

Some standard optimization algorithms such as the Newton-Raphson algorithm or the

conjugate gradient algorithm can be employed to obtain the maximizers and observed in-
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formation matrix. Due to the complex structure of the joint sieve log-likelihood, instead of
analytically deriving the first and second order derivatives, we propose to use the Richard-
son’s extrapolation (Lindfield and Penny, 1989) to approximate the score function and ob-
served information matrix numerically. As shown in our simulations, the proposed procedure
guarantees almost 100% convergence and the computing speed is notably improved by using

initial values from step 1.

2.3.3 Asymptotic properties of sieve estimators

This section presents asymptotic properties of the sieve maximum likelihood estima-
tors 6, with regularity conditions and proofs being supplied in Appendix A.4. Denote
P as the true probability measure and P, as the empirical measure for n independent
subjects. Let |v| be the Euclidean norm for a vector v. Define the supremum norm
[ flloo = supe|f(t)] for a function f(¢). Also define ||f||z,p) = ([ |f[*dP)"/? for a func-
tion f under the probability measure P. In particular, the Lyo(P) norm for A, is defined as
1A 113 = JI{A; (D)} + {A;(r)}]dE; (1, r), where Fj(l,r) denotes the joint cumulative distri-
bution function of L;; and R;; (i =1,...,n;j = 1,2). Finally, we define the distance between

01 = (8], a1, k1, M1, Ao)" € © and 05 = (8], s, K2, A12, A2)” € © as
d(01,02) = (181 — Bol* + |on — ol + k1 — wal® + | Arr — Aaal3 + [[ Aoy — Ass3)"/2.
Let 6y = (BT, ao, ko, A1g, Agg)T denote the true value of § € ©. The following theorems

present the convergence rate, asymptotic normality, and efficiency of the sieve estimators.

Theorem 2.3.1. (Convergence rate) Assume that Conditions 1-2 and 4-5 in Appendiz A.J
hold. Let m,, = o(n”), where v € (0,1) and q be the smoothness parameter of A; as defined

in Condition 4, then we have
d(én, 6p) = O, (n_ min{q"/Q’(l—V)/Q})_

Theorem 2.3.1 states that the sieve estimator 6, has a polynomial convergence rate.
Although this overall convergence rate is lower than n~'/2, the following normality theo-
rem states that the proposed estimators of the finite-dimensional parameters (53, «, k) are

asymptotically normal and semiparametrically efficient.
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Theorem 2.3.2. (Asymptotic normality and efficiency) Suppose Conditions 1-5 in Appendiz
A.4 hold. Define b, = (BT, &, ien)T and by = (BT, g, k0)T. If 1/(2+q) < v < 1/2, then

02 (b, — bo) = I H(b)n /P, 1" (by, Avg, Aso; D) 4 0,(1) —4 N{0, 174 (by)},

where I(by) = PI*(by, Ao, Aao; D)% and 1*(bo, A1g, Aag; D) is the efficient score function

defined in the proof. Therefore, by is asymptotically normal and efficient.

2.3.4 Generalized score test

We now separate § into two parts: S, and 3,4, where 3, is the parameter set of interest
for hypothesis testing and f3,, denotes the rest of the regression coefficients. The likelihood-
based tests such as the Wald, score, and likelihood-ratio tests can be constructed to test
By, and they are asymptotically equivalent. In our motivating study, we aim to perform a
GWAS on AMD progression, which contains testing millions of SNPs one-by-one. Therefore,
computing speed is critical. We propose to use the generalized score test. One big advantage
of the score test in a GWAS setting is, one only needs to estimate the unknown parameters
once under the null model without any SNP (i.e., 8, = 0), since the non-genetic risk factors
are the same no matter which SNP is being tested. Therefore, the score test is faster as
compared to the Wald and likelihood ratio tests. Moreover, the Wald or likelihood ratio test
needs to estimate parameters under each alternative hypothesis (a total of 6 millions in our
real data application), which may fail when the estimation procedure fails to converge.

With the sieve joint likelihood, we can obtain the restricted sieve maximum likelihood
estimators under Hy (5, = 0 and the rest parameters are arbitrary), and then calculate the
generalized score test statistic as defined in Cox and Hinkley [1979]. Similar to our estimation
procedure, we also propose to use Richardson’s extrapolation to numerically approximate

the first and second order derivatives when calculating the score test statistic.
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2.4 Simulation study

We first evaluated the parameter estimation of our proposed two-parameter copula sieve
model for bivariate data under general interval censoring. Then we assessed the type-I error
control, and power performance of the proposed generalized score test. We also evaluated
the accuracy in estimating the joint survival probability using our proposed method. Finally,

we evaluated the computing speed and convergence rate of our proposed method.

2.4.1 Generating bivariate interval-censored times

The data were generated from various Archimedean copula models (i.e., Clayton, Frank,
Ali-Mikhail-Hap (AMH) and Joe) with Loglogistic margins. We first generated bivariate
true event times T;; using the conditioning approach described in Sun et al. [2019]. To obtain
interval-censored data, we followed the censoring procedure in Kiani and Arasan [2012], which
fits the study design of AREDS data. Explicitly, we assumed each subject was assessed for
K times with the length between two adjacent assessment times following an Exponential
distribution. In the end, for each subject 7, L;; was defined as the last assessment time
before T;; and R;; was the first assessment time after 7;;. The overall right-censoring rate
is set to be 25%. For the dependence strength between margins, we set Kendall’s 7 at 0.2
or 0.6, indicating weak or strong dependence. We assumed that the two event times share
a common baseline distribution, for example, PO model with Loglogistic baseline hazards
function (scale A = 1 and shape k = 2) or PH model with Weibull baseline hazards function
(scale A = 0.1 and shape k = 2).

We included both genetic and non-genetic covariates in the simulations. Specifically, each
SNP, coded as 0 or 1 or 2, was generated from a multinomial distribution with probabilities
{(1 —p)2,2p(1 — p),p*}, where p = 40% or 5% is the minor allele frequency (MAF). We
also included a margin-specific continuous variable, generated from N(6,2?), and a subject-
specific binary variable, generated from Bernoulli (p = 0.5).

Under all scenarios, the sample size was set as N = 500. For simplicity, we assumed the

same covariate effects for two margins, denoted as (5,1, Bng2: By), Where By, and (3,49 are
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marginal- and subject-specific non-genetic effects, respectively, and f, is the SNP effect. We
set Bng1 = Bng2 = 0.1. For estimation performance evaluation, we let 3, = 0 and replicated
1,000 times. For type-I error control evaluation of testing 8, = 0, we replicated 100,000
times and evaluated at various tail levels: 0.05, 0.01, 0.001 and 0.0001, respectively. For
power evaluation, we replicated 1,000 times under each SNP effect size, where a range of

B4’s were selected to represent weak to strong SNP effects.

2.4.2 Simulation-I: parameter estimation

In this section, we evaluated the estimation performance of our proposed method un-
der both correct and misspecified settings. For the sieve margins, we used the true linear
transformation function. We assumed the same Bernstein coefficients ¢, = ¢9 with degree

n=3(k=0,1,2,3) for A;, 7 = 1,2. For the event time range [c, u|, we chose ¢ = 0 and
set u as the largest value of all {L;;, R;;} plus a constant.

In Table 2.4.1, the true model is Clayton copula with Loglogistic (proportional odds) or
Weibull (proportional hazards) margins, with Kendall’s 7 = 0.6. We fitted three models: the
true parametric copula model (i.e., Clayton copula with Loglogistic or Weibull margins), a
two-parameter copula model with sieve margins (“Copula2-S”) and a marginal sieve model
with the robust variance-covariance estimate (“Marginal-S”) (a model also used in Zhou
et al., 2017). We obtained estimation biases and 95% coverage probabilities for regression
coefficients and dependence parameters. Under the two-parameter copula model, the sieve
maximum likelihood estimators are all virtually unbiased, and all empirical coverage proba-
bilities are close to the nominal level. Moreover, their standard errors are virtually the same
as the standard errors under the true parametric model, indicating our proposed method
works well. For the robust marginal sieve model, the regression coefficient estimates are also
unbiased with correct coverage probabilities, but their standard errors are apparently larger.

In the real setting, the value of the transformation function parameter r is often unknown.
Therefore, we examined our methods in estimating the transformation function parameter r
together with the other parameters in our proposed model. The results are presented in the

Table A.1.1 of Appendix A.1, which shows satisfactory estimation performance.
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Table 2.4.1: Estimation results for bivariate interval-censored data.

True Copula2-S Marginal-S
Param  Bias SE SEE (CP) Bias SE SEE (CP) Bias SE SEE (CP)
proportional odds
Brgt  0.0013  0.0171 0.0163 (0.942) 0.0003 0.0176 0.0165 (0.938) 0.0024 0.0293 0.0300 (0.930)
Bng2  0.0120  0.1300 0.1300 (0.945) 0.0006 0.1330 0.1310 (0.939) 0.0110 0.1510 0.1500 (0.944)
By -0.0007 0.0927 0.0942 (0.953) -0.0110 0.0951 0.0947 (0.950) 0.0012 0.1050 0.1090 (0.955)
T -0.0005 0.0210 0.0208 (0.944) -0.0045 0.0223 0.0221 (0.950) NA NA NA
proportional hazards
Bngr 0.0012  0.0097 0.0103 (0.958) 0.0013  0.0099 0.0105 (0.957) 0.0009 0.0182 0.0187 (0.957)
Bngz  -0.0043  0.0780 0.0789 (0.952) -0.0040 0.0782 0.0788 (0.951) -0.0043 0.0960 0.0969 (0.957)
Bq 0.0005 0.0606 0.0569 (0.935) 0.0002 0.0608 0.0569 (0.938) 0.0003 0.0722 0.0701 (0.945)
T -0.0003 0.0220 0.0219 (0.952) -0.0012 0.0224 0.0221 (0.951) NA NA NA
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Table 2.4.2: Estimation results using the proposed model when copula is misspecification.

Frank AMH Joe
Param  Bias SE SEE (CP) Bias SE SEE (CP) Bias SE SEE (CP)
Bng1 0.0002 0.0177 0.0176 (0.950) -0.0011 0.0262 0.0267 (0.953) 0.0016 0.0160 0.0166 (0.962)

Bng2  0.0018 0.1480 0.1470 (0.944) 0.0013 0.1250 0.1250 (0.951) -0.0027 0.1388 0.1438 (0.954)
By 0.0001 0.1050 0.1060 (0.952) -0.0001 0.0885 0.0901 (0.959) 0.0037 0.0984 0.1043 (0.962)

T -0.0036  0.0219 0.0198 (0.937) -0.0056 0.0318 0.0304 (0.934) 0.0168 0.0195 0.0185 (0.830)

We also examined how the proposed method works in the special case of bivariate current
status data (by setting K = 1), which is shown in the Table A.1.2 of Appendix A.l. Our
proposed method works as well as the true model in this setting too. The larger standard
errors are due to less information in current status data as compared to the standard interval
censoring case.

We further evaluated the estimation performance of the proposed model on bivariate
interval-censored data generated from copula models that do not belong to the two-parameter
copula family, such as Frank copula with 7 = 0.6, AMH copula with 7 = 0.2 (7 is always
< 1/3 for AMH copula) and Joe copula with 7 = 0.6. In Table 2.4.2, the regression coefficient
estimates from the two-parameter copula are all unbiased with coverage probabilities close
to 95%. The biases for the 7 estimates are also minimal with good coverage probabilities
except in the scenario when data were generated from a Joe copula (coverage probability
= 83%). Overall, the two-parameter copula model family demonstrates good robustness to

misspecification in copula functions.

2.4.3 Simulation-II, generalized score test performance

We evaluated the type-I error control of our proposed generalized score test under

Copula2-S. Specifically, we tested the SNP effect 5, under different dependence strengths
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(Kendall’'s 7 = 0.6, 0.2) and two different MAFs (40%, 5%). The true model is Clayton cop-
ula with Loglogistic margins. We included score tests of two misspecified copula models, one
with misspecified margins but correct copula (i.e., Clayton copula with Weibull margins) and
the other with misspecified copula but correct margins (i.e., Gumbel copula with Loglogistic
margins). We also included the score test under the correct parametric copula model (i.e.,
Clayton copula with Loglogistic margins), which served as the benchmark model. Besides,
we examined Wald tests from the marginal Loglogistic model with variance-covariance either

from the independence estimate or the robust sandwich estimate.

Table 2.4.3 shows type I errors under different tail levels. In the top part where Kendall’s
7 = 0.6, our proposed score test controls type-I errors as well as the correct parametric model
at all tail levels and MAFs. However, type-1 errors in the two misspecified copula models
are inflated at all scenarios, especially when margins are wrong at MAF = 40%. It is
not surprising to observe the greatest inflation occurs with the marginal approach under
the independence assumption. After applying the robust variance-covariance estimate, the
type-I errors seem to be controlled at MAF = 40% but are still slightly inflated at MAF =
5%. When Kendall’'s 7 = 0.2, the proposed two-parameter model still performs as well as
the correct parametric model and outperforms the other models, although the type-I error
inflations from other models were smaller due to the weaker dependence.

We also compared the power performance between the score test under our Copula2-S
model and score tests from two other models: the true parametric copula model and the
Marginal-S model. Figure 2.4.1 presents the power curves of these three tests over a range
of SNP effect sizes. Our proposed model yields the similar power performance as the true

parametric model and is considerably more potent than the robust marginal sieve model.

2.4.4 Simulation-III: joint survival probability estimation performance

In addition, we evaluated the accuracy for estimating joint survival probabilities under
our proposed Copula2-S model. We generated data from the Clayton copula with Weibull
margins, and fitted the Clayton-Weibull (“Clayton-WB”) and Copula2-S models and ob-

tained the average estimated joint survival probabilities Pr(Ty > t,Ty, > t|Z1,Z5) on a
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Table 2.4.3: Type-I error for the genetic effect 8, at various tail levels.

MAF  Tail Indep-LL.  Robust-LL  Clayton-W  Gumbel-LL.  Copula2-S Clayton-LL
Kendall’s 7 = 0.6
0.05 0.141 0.051 0.131 0.065 0.052 0.050
0.01 0.053 0.010 0.041 0.015 0.010 0.010
0% 0.001  0.0131 0.0012 0.0074 0.0022 0.0013 0.0012
0.0001 0.0037 0.0002 0.0012 0.0003 0.0001 0.0001
0.05 0.141 0.056 0.059 0.066 0.053 0.051
0.01 0.053 0.014 0.012 0.016 0.012 0.011
o 0.001  0.0136 0.0018 0.0013 0.0020 0.0013 0.0012
0.0001 0.0034 0.0003 0.0002 0.0003 0.0002 0.0002
Kendall’s 7 = 0.2
0.05 0.083 0.051 0.103 0.061 0.051 0.050
0.01 0.022 0.010 0.029 0.013 0.010 0.010
0% 0.001  0.0036 0.0012 0.0045 0.0017 0.0011 0.0010
0.0001 0.0006 0.0002 0.0006 0.0003 0.0002 0.0002
0.05 0.083 0.056 0.054 0.060 0.053 0.052
0.01 0.023 0.013 0.011 0.014 0.012 0.011
o 0.001  0.0036 0.0017 0.0013 0.0018 0.0014 0.0013
0.0001 0.0007 0.0003 0.0001 0.0002 0.0002 0.0001
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sequence of pre-specified time points given covariate values. The number of replications is
1,000. Figure 2.4.2 illustrates that Copula2-S produced an almost identical joint survival
profile as “Clayton-WB”. In addition, we quantified the estimation error between the esti-
mated and true joint survival probabilities by the mean square errors (MSE) averaged over
all time points and replications, which are 0.0004 (sd = 0.0012) and 0.0003 (sd = 0.0005)
for Copula2-S and Clayton-WB;, respectively.

2.4.5 Simulation-1V, convergence and computing speed

We examined the computational advantages of our proposed sieve estimation procedure
as compared to the one-step estimation (directly maximizing the joint likelihood with arbi-
trary initial values). Data were simulated from a Clayton copula with Loglogistic margins.
For 1,000 replications, the one-step procedure took 1,260 seconds while our proposed pro-
cedure took 925 seconds, saving about 27% computing time. For convergence rate, the
proposed procedure failed in 0.1% out of 1,000 replications, whereas the one-step procedure

failed in 1.6%, which is 16 times of the proposed procedure.

We also compared the computing speed (using a 2.4GHz Intel Core i5 processor with
4GB memory) of three likelihood-based tests on testing 1,000 SNPs under three models:
the true Clayton model with Loglogistic margins, our proposed Copula2-S model and the
Marginal-S model. The 1,000 genetic variants were simulated from MAF = 40%. The results
are shown in Table 2.4.4. We found that the score test is about 3-5 times faster than the
Wald test or the likelihood ratio test on average. Within the three score tests, although the
score test under our Copula2-S model is the slowest due to model complexity, it is still faster
than the Wald test under the Marginal-S model. Given its advantages in robustness, type-I
error control, and power performance, we recommend the proposed Copula2-S model with

the score test for large-scale testings of bivariate data subject to general censoring.
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t=0.6, MAF=0.4 = 0.6, MAF = 0.05
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Figure 2.4.1: Simulation results for power performance of the score test.
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Figure 2.4.2: Estimated joint survival probabilities.
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Table 2.4.4: Computing speed for testing 1,000 SNPs by score test.

Time (seconds) Score Wald LRT

Marginal-S 148 693 NA
Clayton-LL 286 1254 1146
Copula2-S 475 1679 1570

2.5 Real data analysis

We implemented our proposed method to analyze the AREDS data. AREDS was de-
signed to assess the clinical course of, and risk factors for the development and progression
of AMD. DNA samples were collected from the consenting participants and genotyped by
the International AMD Genomics Consortium [Fritsche et al., 2016]. In this study, each par-
ticipant was examined every six months in the first six years and then once a year after year
six. To measure disease progression, a severity score, scaled from one to twelve (with a larger
value indicating more severe AMD), was determined for each eye of each participant at every
examination. The outcome of interest is the bivariate progression time-to-late-AMD, where
late-AMD is defined as the stage with severity score > 9. Both phenotype and genotype data
of AREDS are available from the online repository dbGap (accession: phs000001.v3.p1, and
phs001039.v1.pl, respectively). By far, all the studies that have analyzed AREDS data for
AMD progression treated the outcome as right-censored (e.g., Ding et al. [2017], Yan et al.
[2018], and Sun et al. [2019]), and some only used data from the worst eye in each subject
(e.g., Seddon et al. [2014]).

We analyzed 2718 Caucasian participants, including 2295 subjects who were free of late-
AMD in both eyes at the enrollment, i.e., time 0 (bivariate data indicated as group A), and
423 subjects who had one eye already progressed to late-AMD by enrollment (univariate
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data indicated as group B). For the jth eye (free of late-AMD at time 0) of subject 7, we
observe L;j, the last assessment time when the jth eye was still free of late-AMD and R;;,
the first assessment time when the jth eye was already diagnosed as late-AMD. For the eye
that did not progress to late-AMD by the end of the study follow-up, we assigned a large
number to R;;. Since there are two groups of subjects (group A and B), we implemented
a two-part model. Specifically, we created a covariate for each eye to indicate whether its
fellow eye had already progressed or not at time 0 (i.e., 0 for both eyes of group A subjects
and 1 for group B subjects). Then the joint likelihood is the product of the copula sieve
model for group A subjects and the marginal sieve model for group B subjects. In addition,
we performed a secondary sensitivity analysis using only group A subjects (i.e., subjects who
were free of late-AMD in both eyes at time 0) and obtained similar top SNPs as from the
two-part model. The secondary analysis results are presented in Table A.2.1 of Appendix

A.2.

We included four risk factors as non-genetic covariates, including the baseline age, sever-
ity score, smoking status, and fellow-eye progression status. We checked various transfor-
mation functions and Bernstein polynomial degrees m,,, and chose the model that produced

the smallest A1C, which is the proportional odds model with m,, = 4 for both margins.

We performed GWAS on 6 million SNPs (either from exome chip or imputed) with MAF
> 5% across the 22 autosomal chromosomes and plotted their —log(p) in Figure 2.5.1. As
highlighted in the figure, the PLEKHA1-ARMS2-HTRA1 region on chromosome 10 and
the CFH region on chromosome 1 have variants reaching the “genome-wide” significance
level (p < 5 x 107%). Previously, these two regions were found being significantly associated
with AMD onset from multiple case-control studies [Fritsche et al., 2016]. Moreover, we
identified SNPs in another region ATF7IP2 on chromosome 16, showing moderate to strong
association with AMD progression (5 x 1078 < p < 1 x 107%). As a comparison, we also
fitted the robust marginal sieve model (Marginal-S) and the Gamma frailty sieve model
(Frailty-S) [Zhou et al., 2017], and performed the corresponding score tests for each SNP.
Overall, their results are consistent with our Copula2-S model, but the p-values are generally
larger (as shown in Table 2.5.1). Note that the CFH region did not reach the “genome-wide”

significance level under the Marginal-S model.
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Table 2.5.1 presents the top significant variants of the three regions denoted in Figure
2.5.1. Besides Copula2-S, we also present score test p-values from Frailty-S and Marginal-
S. The odds ratio of an SNP was calculated by fitting a Copula2-S model including this
SNP and those non-genetic factors. For example, rs2284665, a known AMD risk variant
from HTRA1 region, has an estimated odds ratio of 1.66 (95% CI = [1.46,1.89]), which
implies its minor allele has a “harmful” effect on AMD progression. Under this model, the
estimated dependence parameters are @ = 0.90 and ~# = 1.00, corresponding to 7 = 0.40,
which indicates moderate dependence in AMD progression between two eyes.

For variant rs2284665, we obtained both estimated joint and conditional survival func-
tions from the fitted Copula2-S model. The left panel of Figure 2.5.2 plots the joint
progression-free probability contours for subjects who are smokers with the same age (=
68.6) and AMD severity score (= 3.0 for both eyes) but different genotypes of rs2284665.
The right panel of Figure 2.5.2 plots the corresponding conditional progression-free probabil-
ity of remaining years (after year 5) for one eye, given its fellow eye has progressed by year 5.
It is clearly seen that in both plots, the three genotype groups look well separated, with the
GG group having the largest progression-free probabilities. These estimated progression-free
probabilities provide valuable information to characterize or predict the progression profiles

for AMD patients with different characteristics.

2.6 Conclusion and discussion

We proposed a flexible copula-based semiparametric transformation model for analyzing
and testing bivariate (general) interval-censored data. Unlike the approach proposed by Hu
et al. [2017], which approximated the copula function by sieves, our approach kept the copula
function in its parametric form but flexibly modeled the margins through semiparametric
transformation models. In this way, our method guaranteed to produce consistent estimates
for both regression and copula parameters, which then led to reliable joint distribution
estimates. On the other hand, Hu et al. [2017] focused on estimating regression parameters

only but with possible biased estimates for the copula function. Our proposed method
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Figure 2.5.1: Manhattan plot for GWAS results of AMD progression.

Table 2.5.1: The top SNPs identified to be associated with AMD progression.

SNP Chr Gene MAF OR p (Copula2-S) p (Frailty-S) p (Marginal-S)
rs2284665 10 HTRA1 033 1.66 1.5x 107" 2.7x 10712 1.6 x 10710
752293870 10  ARMS2-HTRA1 0.33 1.65 2.5x107™ 2.5 x 10712 24 x 10710
rs3750846 10  ARMS2-HTRA1 0.34 162 1.6x 107" 85x 10712 87 x 1071
rs58649964 10  PLEKHA1 024 1.63 3.0x 10" 1.0x 107  20x10°8
7510922109 1 CFH 028 0.64 4.0x107° 74%x107%  74x107®
rs1329427 1 CFH 0.28 0.64 44x107° 83x107? 81x107®
rs10801559 1 CFH 0.28 0.64 48x107° 9.3x107% 88x107°*®
rs1410996 1 CFH 0.28 0.64 53x107° 1.1x107%  1.0x 1077
rs12708701 16  ATF7IP2 0.13 162 1.1x107"7 25x 1077 7.0x1077
rs28368872 16  ATF7IP2 0.13 162 1.3x107"7 43 %1077  87x107"7
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has the great advantage in computation and it is applicable to analyze large data sets and
to perform a large number of tests. All the methods have been built into an R package
{CopulaCenR} [Sun and Ding, 2020a,b], which includes a variety of copula functions (e.g.,
Copula2, Clayton, Gumbel, Frank, Joe, AMH) and is available on CRAN at https://cran.r-
project.org/package=CopulaCenR.

Several model selection procedures have been proposed for copula-based methods. For
example, the AIC is widely used for model selection purpose in copula models. Wang and
Wells [2000] proposed a model selection procedure based on the nonparametric estimation
of the bivariate joint survival function within Archimedean copulas. For model diagnostics,
Chen et al. [2010] proposed a penalized pseudo-likelihood ratio test for copula models in
complete data. Recently, Zhang et al. [2016] developed a goodness-of-fit test for copula

models using the pseudo in-and-out-of-sample method.

To the best of our knowledge, there is no existing goodness-of-fit test for copula models of
bivariate interval-censored data. In our real data analysis, we used AIC to guide the model
selection for simplicity. However, a formal test for goodness-of-fit is desirable, especially for
bivariate interval-censored data under the regression setting. It is worthwhile to investigate

it as a future research direction.

We applied our method to a GWAS of AMD progression and successfully identified vari-
ants from two known AMD risk regions (CFH on chromosome 1 and PLEKHA1-ARMS2-
HTRA1 on chromosome 10) being significantly associated with AMD progression. Moreover,
we also discovered variants from a region (ATF7IP2 on chromosome 16), which has not been
reported before, showing moderate to strong association with AMD progression. On the
contrary, we found that some known AMD risk loci (e.g., rs12357257 from ARHGAP21 on
chromosome 10, p = 0.12) are not associated with AMD progression. Therefore, the variants
associated with risks of having AMD may not be necessarily associated with the disease pro-
gression; while some variants may be only associated with AMD progression but not with
the disease onset. Our work is the first research on AMD progression which adopts a solid
statistical model that appropriately handles bivariate interval-censored data. Our findings
provided new insights into the genetic causes on AMD progression, which are critical for

establishing novel and reliable predictive models of AMD progression to identify high-risk
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patients at an early stage accurately. Our proposed method applies to general bilateral

diseases and complex diseases with co-primary endpoints.

2.7 Software development

2.7.1 Existing R packages implementing copula-based models

To the best of our knowledge, there exists no R package for fitting copula-based re-
gression models for both bivariate right-censored and interval-censored data. The existing
copula packages for bivariate data handle either the non-censoring (i.e., complete data) or the
right-censoring situation. In the non-censoring situation, the package copula [Hofert et al.,
2018] by Yan [2007] and Kojadinovic and Yan [2010] implements multivariate copula models
without covariates for complete data and obtains the maximum likelihood estimator for the
copula dependence parameter. It gives useful codes for implementing regression models in
bivariate complete data in the appendix of Yan [2007]. It also provides copula goodness-
of-fit tests for model selection purpose. The package VineCopula [Schepsmeier et al., 2018§]
can also model bivariate or multivariate complete data without covariates through the vine
copula models [Aas et al., 2009]. Packages such as CopulaRegression [Nicole Kraemer, 2014]
and gemr [Masarotto and Varin, 2017] can provide copula-based regression models with para-
metric margins for bivariate or multivariate complete data and provide maximum likelihood
estimators for model parameters. The package gamCopula [Nagler and Vatter, 2020] imple-
ments a generalized additive model that can take into account the effect of the predictors on
the dependence structure of bivariate and vine copula models [Vatter and Chavez-Demoulin,
2015]. For the right-censoring situation, the Copula.surv package [Emura, 2018] can estimate
the Clayton copula dependence parameter in bivariate right-censored data without covari-
ates and also perform a goodness-of-fit test for a fitted Clayton model [Emura et al., 2010].
The Sunclarco package [Prenen et al., 2017b] provides Clayton or Gumbel copula-based re-
gression models with parametric (Weibull and piecewise constant) or Cox semiparametric

margins for multivariate right-censored data [Prenen et al., 2017a]. The package GJRM

47



[Marra and Radice, 2020] can fit both marginal and copula regression models in complete
and right-censored data [Marra and Radice, 2017, 2019, Marra et al., 2017|. By far, there is

no copula-based R package for bivariate interval-censored data.

2.7.2 CopulaCenR package

We develop the CopulaCenR package [Sun and Ding, 2020a,b], which fits copula-based
regression models for both bivariate right-censored and interval-censored data. The pack-
age is available from the Comprehensive R Archive Network (CRAN) at https://CRAN.
R-project.org/package=CopulaCenR.

The main advantage of CopulaCenR relies on the diverse choice of copula and marginal
models for both bivariate right-censored and interval-censored data. Specifically, it provides
a class of Archimedean copulas that correspond to a variety of dependence structures, as
illustrated in Table 2.7.1. In particular, in addition to these frequently used one-parameter
Archimedean copulas, a two-parameter copula function (Copula2) is also included. Further-
more, CopulaCenR implements a list of parametric and semiparametric marginal regression
models, as illustrated in Table 2.7.2. For parameter estimation, the package utilizes a novel
two-step procedure that is computationally stable and efficient. For the inference of regres-
sion parameters, three likelihood-based tests such as Wald, generalized score and likelihood

ratio tests are provided.

To fit a copula-based regression model, one also needs to choose a regression model for the
margins. Table 2.7.2 lists the available marginal models in CopulaCenR. For bivariate right-
censored data, users can fit either a parametric marginal model via the function rc_par_copula
or a semiparametric Cox PH model via the function rc_spCox_copula [Sun et al., 2019].
Specifically, the parametric models incorporate both the PH (e.g., Weibull, Gompertz) and
the PO (e.g., Loglogistic) models. For bivariate interval-censored data, one can choose to
fit a parametric marginal model via the function ic_par_copula. Moreover, the package can
also fit a semiparametric transformation model via the function ic_spTran_copula [Sun and

Ding, 2019].
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Figure 2.5.2: Estimated progression-free probabilities for subjects with different genotypes
of r$2284665.

Table 2.7.1: Summary of implemented Archimedean copula families.

Family ~ Parameter Space ~Generator ¢,(t),t € [0,00) Generator Inverse ¢, (s),s € (0,1] 7, v Kendall’s 7

Clayton n>0 1+t~ s1—1 271 0 n/(2+n)

Gumbel n>1 exp(—t1/7) (—log s)" 0 2-2n 1-1/n

Frank n>0 —nog{l+e (e —1)} —log{(e™™ —1)/(e™" = 1)} 0 0 1+4{Ds(n) —1}/n

AMH n€0.1) (T =m)/(c" =n) log[{1 + (s —1)}/s] 0 0 1= 2{(1 —n)*log(1 —n) +n}/(37°)
Joe n>1 T—(1—e )t/ —log{l — (1 —s)"} 0 2-2Y 143 1/{k(nk +2)[n(k — 1)+ 2]}
Copula2  a € (0,1],x>0 {1/(1 + )}~ (s7V/r — 1)l 27K 9o 1—2ar/(26+1)

71, and 7y are the lower and upper tail dependence measures.
D1 (-) is the Debye function written as Dj(n) = % f(;] ﬁdt.
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Table 2.7.2: Summary of implemented marginal models.

Type Models Survival Distributions S(t) Corresponding R Functions
Weibull exp{—(t/\)FeZ P}
Parametric Gompertz exp{—g(eat —1)e?'P) rc_par_copula, ic_par_copula
Loglogistic {14 (t/\)Fe? P}
Cox exp{—A(t)e? 7} re_spCox_copula
Semiparametric .
Transformation exp[-G{A(t)e? P} ic_spTran_copula

After a copula model has been fitted, fitted values (i.e., linear predictors, survival prob-
abilities) can be extracted by the general S3 function fitted. For new observations, the linear
predictors and survival probabilities can be obtained using the function predict. Moreover, the
user can plot three types of distributions (joint, conditional and marginal) using the general
functions plot and lines. In particular, an interactive 3D contour will be plotted to visualize
the joint distribution. Besides, the package provides a bivariate event time gener-ating
function data sim copula, which can generate random bivariate event times based on a
specified copula function, a marginal distribution, and covariate values. More illustration

examples can be found in our paper [Sun and Ding, 2020b].

20



3.0 An Information Ratio based Goodness-of-fit Test for Copula Models on

Censored Data

3.1 Motivation

Although our proposed two-parameter copula semiparametric model can flexibly account
for dependency at two tails, a formal goodness-of-fit test for copula-based survival models is
still highly desired.

As summarized in Section 1.7, there are different approaches for testing copula-based sur-
vival models under right-censoring. Shih [1998] and Emura et al. [2010] developed tests for
one-parameter Archimedean copulas based on the discrepancy between the unweighted and
weighted copula dependence estimators. Their tests depend on modeling orderable pairs of
the bivariate event times, which is difficult for multivariate interval-censored data where no
exact event times are observed. Wang and Wells [2000] proposed a model selection method
in Archimedean copulas based on a truncated Kendall process introduced by Genest and
Rivest [1993]. Lakhal-Chaieb [2010] further extended Wang and Wells [2000] by developing
an inverse probability censoring weighted estimator for Kendall’s distribution. The Andersen
test statistic [Andersen et al., 2005] was built on comparing the parametrically estimated
bivariate joint distribution with the non-parametric bivariate empirical copula. Chen et al.
[2010] proposed a penalized pseudo-likelihood ratio statistic for examining whether the as-
sumed copula fits data better than a group of other copula models. Wang [2010] proposed
a Fisher’s Z test statistic based on the correlation between two random quantities that are
shown to be independent under Archimedean copulas by [Genest and Rivest, 1993]. More
recently, Mei [2016] proposed a likelihood-based pseudo-in-and-out-of-sample (PIOS) test,
similar to Zhang et al. [2016] for the complete data. Very recently, Lin and Wu [2020]
developed a smooth test for copula specification in modeling right-censored data.

To the best of our knowledge, there is no formal statistical test for copula specification
under interval censoring. In this chapter, we develop a novel information ratio (IR)-based

goodness-of-fit test for diagnosing copula-based survival models under interval- or right-

o1



censoring. The test procedure applies to any copula function with a parametric form, in-
cluding Archimedean (i.e., Clayton, Gumbel, Frank) and non-Archimedean (e.g., Gaussian,
Plackett) copula families. For ease of notations, we will illustrate our method in the bivariate

data case, and the generalization to multivariate cases is relatively straightforward.

3.2 Methods

3.2.1 Copula model for bivariate censored data

Let (T;1,T;2) be the true bivariate event times for subject i, with marginal survival
functions S;(t;;) = Pr(T;; > ti;), j = 1,2, and joint survival function S(t;1,t:2) = Pr(Ti >
ti1, Tia > t;2). Assume there are n independent subjects in a study. When (71, T;2) are under
interval-censoring, we observe D; = {(L;;, R;;),j = 1,2} for subject ¢, where (L;;, R;;] is the
time interval that 7;; lies in. When R;; = oo, T;; is under right-censoring. When (7}, T}2)
are subject to right-censoring, for subject i = 1---n, we observe D; = {(Y;;,A;;) : Yi; =
min(7;;, Ci;), Aij = I(T;; < Ci5),7 = 1,2}, where Cj; is the censoring time of Tj;, A;; is the
censoring indicator.

By the Sklar’s theorem (Sklar, 1959), so long as the marginal survival functions S; are
continuous, there exists a unique function C, that connects two marginal survival functions
into the joint survival function: S(ti,t2) = C,{S1(t1),S2(t2)}, t1,t2 > 0. Here, the function
C, is called a copula, and its parameter  measures the dependence between the two margins.

A signature feature of the copula is that it allows the dependence to be modeled separately

from the marginal distributions.

3.2.2 Joint likelihood functions for bivariate censored data

In this section, we present the joint likelihood functions for bivariate interval-censored
data and bivariate right-censored data under the copula framework by using the notations

introduced in Section 3.2.1, respectively.
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When data are bivariate interval-censored, denote {S1(Li1),S1(Ri)} by Sii and simi-
larly denote {S2(Li2), S2(Ri2)} by Sia. Then the joint likelihood function for n independent

subjects can be written as

L,(51,52;m) = HPT(Lz‘l <Ti < Rj,Lip <Tjps < Rpp)
i=1

n

= 1] [Pr(Tﬂ > Lit,Tiz > Lis) — Pr(Ty > Ly, Tip > Rio)

i=1
—Pr(Ty > R, Tio > Lig) + Pr(Ti > Ry, Tin > Ri2):|

n

= H [Cn{sl (Lil); SQ(LQ)} — CT]{SI(Lil)7 52(R22)}

i=1

—Cy{S1(Ri1), S2(Lio) } + C{S1(Rin), SQ(RZQ)}} . (3.2.1)

The right interval R;; can take values in (0,00]. For a subject 4, if R;; = oo (i.e., Tj; is
right-censored), then any term involving R;; becomes 0, and the joint survival function for
subject i reduces to only one (if both R;; and R,y are 0o) or two (if one R;; is 0o) terms. The
special case of bivariate current status data (i.e., only one assessment time for each subject)
can also fit into this framework, where for each Tj;, either L;; = 0 (T}, is smaller than the
assessment time, which is R;; in this case) or R;; = oo (7}; is greater than the assessment
time, which is L;; in this case). Therefore, the likelihood function (3.2.1) can handle the
bivariate data under general interval-censoring.

For bivariate right-censored data, denote {S;(Y;1), S2(Yi2)} by (Si1, Si2). Let the density
function for copula C,(u,v) be ¢,(u,v) = 8*C,(u,v)/Oudv. Then, the joint likelihood under

right censoring can be written as

- 1052 9C, (Sl >Si ) Pun(1=0i2)
Sla527 ch S’LlaSZQ biri {%}

i=1 (3.2.2)

. . (1 611)
% aCn(Sﬂ) 512) OH(S,L']_’ Siz)(l_dil)(l_ém),
0Si

where (9,1, d:2) € {(0,0),(0,1),(1,0),(1,1)}.

93



3.2.3 Test hypothesis and Information Ratio (IR) statistic

Suppose C is the true and unknown copula model, and we fit a copula model C,,(-). We
are interested in testing Hy: Cp € C = {C,(-) : n € ©} versus Hy: Cy ¢ C, where © is the
parameter space of the copula parameter  with p = dim(©).

Let [(S1, S2; 1) = log L(S1, S2; 1) be the copula-based survival model log-likelihood, where
S and S5 are the two marginal survival functions. Under the null hypothesis, we define two
types of Fisher information matrices [Song and Song, 2007]: the negative sensitivity matrix

S(??) = _PO{lm?<Sla SQ? 77)}7

and the variability matrix as

V(1) = Po{l,(S1, Se;n)IT (Sy, Se:m)},

where 1,(S, Sa; 1) = a%l(Sl,Sg;n), Lyn(S1, S2;m) = %l(&, Sa;1m), and Fy(-) represents the
probability measure under the true copula Cj.

Then, we define the Information Ratio (IR) statistic as follows

IR =: Po{Il (S, Sa; ") S~ (")l (S, Sas ™)}
= tr{S™ (" )V(n")}

=D,

where n* € © is the true n under the null hypothesis, and ¢r(A) denotes the trace of a
matrix A. The last equation holds because S(n*) = V(n*) under the null hypothesis that
copula is correctly specified [White, 1982], and p is the trace of the p-dimensional identity
matrix. The key idea behind the information ratio-based goodness-of-fit test is that the ratio
between the two types of Fisher information equals the dimension of the copula parameter

if the null hypothesis is true.
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3.2.4 IR statistic estimation

We propose an IR statistic estimator denoted as I/]\%n under the null hypothesis of the

assumed copula model being the correct model, which can be written as

— L ir s & o Slsani & A
IR, =: Eizlln (Sits Sz S~ (M (Sin, Sias 1)

=tr{S~'(H)V ()},

where 5’(?7) = —}1 Yoy Z%(gﬂ, Sio: 7) and ‘7(77) = %Zyzl Zn(gil, Sio; ﬁ)l;(gﬂ, Sio; 7)) are con-
sistent estimators for S(n) and V(7). in and l,m are the first- and second-order derivatives of
the log-likelihood function. This IR statistic is similar to the information ratio test statistic
proposed by Zhou et al. [2012] for cross-sectional and longitudinal data, which was later
extended to test copula specification in uncensored complete data in Zhang et al. [2016].
Due to complex structures of the log-likelihood function, obtaining the analytical forms
for jn and l,777 for various types of copula models is tedious. We propose to use the Richardson’s
extrapolation method [Lindfield and Penny, 1989] to approximate these first- and second-
order derivatives for all copula models. gﬂ and S’ig are the consistent estimators for the
marginal survival probability of subject ¢, which can be obtained from the non-parametric
distribution estimators in the absence of covariates (e.g., Kaplan-Meier estimator [Kaplan
and Meier, 1958] under right censoring or Turnbull estimator [Turnbull, 1976] under interval
censoring) or fitting a marginal regression model in the presence of covariates. For this work,
we use non-parametric estimators. In addition to Sﬂ and Sig, 7) is a consistent estimator
of 7 under the null hypothesis such that 7 —, n*, and it can be obtained by following the
two-stage pseudo-likelihood estimation procedures in Shih and Louis [1995] and Sun et al.
[2006] under the right- and interval-censoring, respectively. The asymptotic consistency of
the resulting 7 has been proved by Shih and Louis [1995] and Sun et al. [2006] when the
null hypothesis copula function is correctly specified. One big advantage of our proposed
IR estimator is its computational simplicity and flexibility in handling any copula with a

parametric form under various types of censoring.
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3.2.5 Asymptotic properties

Under the regularity conditions presented in Appendix B, we have the following asymp-

totic properties for f}\%n

Theorem 3.2.1. (Consistency) Under Conditions 1 and 2, we have
TR, 5 tr{S™ 1)V (1)} = p.

where n* s the limiting value of 0, p is the dimension of the assumed copula function pa-

rameter.

Theorem 3.2.2. (Normality under null) Under the null hypothesis and Conditions 2-4, we
have

n!A(IR, —p) % N(0,07p).
where o3y, is the asymptotic variance of nl/Q(I/]\%n —p).

Remark. These theorems are the theoretical bases for our proposed goodness-of-fit test pro-
cedures. To implement our test, o3, needs to be estimated. Since the analytical form of o7y

is intractable, we propose a parametric bootstrap procedure to estimate oip,.

3.2.6 IR-based goodness-of-fit test procedures

We construct the IR-based goodness-of-fit procedure for copula specification based on
the asymptotic properties of ﬁ%n Due to the absence of the analytical form of o7, we
propose a novel parametric bootstrap procedure for estimating o75,. In brief, we first fit
the null hypothesis copula model, calculate ﬁ%n from the original data, then perform para-
metric bootstrap sampling based on the fitted model, and finally calculate the asymptotic
or empirical p-value of the IR-based goodness-of-fit test. We also implement parallel com-
puting into our bootstrap procedures, which significantly enhances computational efficiency,
as illustrated in our simulations. We propose two separate bootstrap procedures to handle
bivariate interval- or right-censored data, respectively.

Scenario I: bivariate interval-censored data

Step 1: Obtain the non-parametric Turnbull estimators Sﬂ, Si?;
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Step 2: Obtain the pseudo maximum likelihood estimator 7 based on the estimation proce-
dure in Sun et al. [2006], and calculate I/]\%n based on 7, Sit, Sio

Step 3: First, generate the b bootstrap bivariate true event times {t%,t%,,i = 1,...,n}
via parametric bootstraps by following the similar bivariate data generation procedure as in
Sun et al. [2019]. Specifically, we obtain u? and w? from two independent U[0, 1] uniform
distributions. Let w? = hy(u?,v?) = 0C;(ul,v?)/0ul and solve for v} from the inverse of h;
function h; L. We further obtain {t%,¢%} by applying t%, = S;'(u?) = min{t : Si(¢) < ul}

i
and %, = Sy (v?) = min{t : Sy(t) < vP}. Next, we estimate the length between intermit-
tent assessment times using the average interval length of the original data, and adjust the
number of assessments K so that the right censoring rate in the b bootstrap is closest
to the right censoring rate in the original data. Eventually, the observed times for the b
bootstrap are {L!, Rly, LYy, Ry, i = 1,...,n}, where (LY, RY] is the smallest interval that

(AR
bounds t°.,j = 1,2;

ij
Step 5: Repeat Steps 3-4 for B = 200 times and obtain a set of test statistics {I/J\i’i,b =
1,...,B};

Step 6: Compute the empirical p-value as p, = % Zszl I (\1{]\%2] > ]I/Z\%n|) or the asymptotic
p-value as p, = 2{1 — gb('ﬁ;’;—;p')}, where ;p is calculated using the bootstrap IR statistics
{TR,}.

Scenario II: bivariate right-censored data

Step 1: Calculate the Kaplan-Meier estimators gﬂ, Sio.

Step 2: Obtain the pseudo maximum likelihood estimator 7 based on the estimation proce-
dure in Shih and Louis [1995], and calculate I/}\%n based on 7, Sj1, Sio;

Step 3: Use the same procedure as the Step 3 in Scenario I to generate the b** bootstrap
true event times {t%,t%,i =1,...,n} based on the 7, Si1, Sis. Next, we obtain the censoring
times ¢, and ¢ by sampling from the non-parametrically estimated censoring distribu-
tions. Finally, we calculate the observed times and censoring status for the b** bootstrap
{yh, yby, 0%, 000 = 1,... n}, where yl; = min(t);, ;) and 67, = I(t}; < ), j = 1,2;

Step 4: Based on {y%,vy%,0%,0%,i = 1,...,n} from Step 3, obtain the copula parameter
estimator n° under the null hypothesis and calculate the b"* bootstrap IR test statistic I/RZ,

Steps 4-6 are the same as in Scenario 1.
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In practice, we find the empirical and asymptotic p-values are similar in most cases, and
we will report the results from empirical p-values in the following simulation studies and real

applications.

3.3 Simulations

In this section, we assess the type-I error control and power performance of the proposed
IR goodness-of-fit test for copula specification. We also evaluate the computing speed of our

proposed test.

3.3.1 Data generation

The data are generated from various Archimedean copula models (i.e., Clayton, Gumbel,
Frank) with the marginal survival times following Weibull distributions (scale A = 0.1 and
shape k = 2 for both margins). The sample size is 300, and the number of replications is
1,000. Data are also generated under different dependent strengths between two margins,
as measured by Kendall’s 7 (0.3 or 0.6), as well as under different right censoring rates (0%,
25%, or 50%). The following paragraphs explicitly explain the data generation processes
under interval and right censoring, respectively.

Scenario I: Bivariate interval-censored data: Recall that the bivariate joint survival
function under a copula model is S(t1,t2) = C,{S1(t1), S2(t2)}, where U = S1(T3), V =
So(T») each follows a uniform distribution U|0, 1]. Define W, (v) = h(u,v) = P(V <v|U =
w), which equals to 0C,(u,v)/Ou. To generate bivariate survival data (t;1,%:2), ¢ = 1,..,n,
by following the data generation procedures in Sun et al. [2019], we first generate u; and w;
from two independent U|0, 1] distributions. Then let w; = h(u;, v;)(= Cy(u;, v;)/0u;) and
solve for v; from the inverse of h function A~!. Finally, we obtain t;; and to; from S| 1(ul)
and S, '(v;), respectively. To obtain bivariate interval-censored data, we follow the similar
censoring procedure as in Sun and Ding [2019]. Specifically, we assume each subject was

assessed for K times with the length between two adjacent assessment times following an
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Exponential distribution. The value of K controls the size of the right censoring rate. In
the end, for each subject ¢, L;; is defined as the last assessment time before 7T;;, and R;; is
the first assessment time after 7;;. When R;; = oo, Tj; is right-censored.

Scenario II: Bivariate right-censored data: We first generate bivariate true event
times Tj; using the conditioning approach described as in the interval censoring case above.
Then, we generate the censoring times Cj; from an Exponential distribution. In the end, the
Ci;) and A;; = I(T;; < Cyy).

observed data are Y;; = min(7};,

3.3.2 Test performance in bivariate interval-censored data

We first evaluate the type-I error control and power performance of our proposed IR test
under interval censoring. Specifically, we assess the test under different copula dependence
strengths (Kendall’'s 7 = 0.3,0.6) and various right censoring rates (0%, 25%,50%). True
data are generated from Clayton, Gumbel, and Frank copulas. We examine the goodness
of a series of copulas under each scenario, including a flexible Archimedean two-parameter
copula model denoted as “copula2” [Sun and Ding, 2019] that incorporates Clayton and
Gumbel as special cases. Results are summarized in Table 3.3.1, which shows good type-I
error control in all scenarios. Our test also presents good power performance in general, and
the power increases as the dependence strength increases. In general, the power decreases
as the right censoring rate increases, especially when fitting Gumbel copula to Clayton data

or fitting Clayton to Frank data.

3.3.3 Test performance in bivariate right-censored data

We further evaluate the type-I error control and power performance of our proposed
IR test under right censoring. The settings are similar to the settings in Table 3.3.1. We
illustrate the results in Table 3.3.2, which suggests good type-I error control in all scenarios.
We also compare with an existing method [Emura et al., 2010], which can test Archimedean
copula specification (such as Clayton, Gumbel, Frank) under right-censoring. However,
its associated R package [Emura, 2018] on CRAN can only test for the Clayton copula.

Therefore, we only include its results for testing Clayton copula (denoted as “Emura”). Due

29



Table 3.3.1: Type-I errors and powers of IR tests under interval censoring (IC).

True Copula: Clayton Gumbel Frank

RC rate 7 Clayton Copula2 Gumbel Gumbel Copula2 Clayton Frank Copula2 Clayton
0.3 0.045 0.032 0.857 0.049 0.043 0.602 0.056 0.520 0.665

0% 0.6 0.045 0.053 1.000 0.047 0.038 0.983 0.046 0.878 0.999

25% 0.3 0.052 0.049 0.803 0.061 0.026 0.614 0.045 0.414 0.296
0.6 0.052 0.049 0.861 0.055 0.024 0.910 0.060 0.793 0.737

50% 0.3 0.060 0.060 0.337 0.059 0.026 0.683 0.051 0.267 0.241
0.6 0.057 0.058 0.492 0.061 0.032 0.830 0.041 0.415 0.339

to the slow computing speed of the Emura method, we only perform 100 replications, which

was also used in the original paper [Emura et al., 2010]. We find that the Emura test is

more powerful than ours when the dependence (as measured by Kendall’s 7) is relatively

small; when Kendall’s 7 becomes larger, both tests exhibit satisfactory and comparable

power performance.

Table 3.3.2: Type-I error rates and power of IR tests under right censoring (RC).

True Copula: Clayton Gumbel Frank

RC rate 7 Clayton Copula2 Gumbel Emura Gumbel Copula2 Clayton Emura Frank Copula2 Clayton Emura

0% 0.3 0.028  0.022 0.722 0.09 0.047  0.021 0.423 1.00 0.051 0.225 0.395 0.99
0.6 0.023  0.020 1.000 0.05 0.059  0.012 0.969 1.00 0.048 0.675 0.997 1.00

05% 0.3 0.052  0.053 0.610 0.04 0.055  0.039 0.451 1.00 0.042 0.230 0.358 0.95
0.6 0.047  0.033 0.978 0.05 0.044  0.022 0.946 1.00 0.038 0.642 0.975 1.00

50% 0.3 0.051  0.051 0.401 0.02 0.047  0.028 0.469 0.98 0.044 0.213 0.282 0.80
0.6 0.041  0.040 0.806 0.06 0.042  0.017 0.882 1.00 0.050 0.558 0.870 0.97
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Table 3.3.3: Computing time (in minutes) of IR tests when sample size ranges from 100 to

1,000 under the right (RC) or interval censoring (IC).

Censoring type Time (mins) n = 100 n = 300 n = 500 n = 1,000

Emura 4 142 1,385 10,237

IR, 1 core 5 16 23 46
RC

IR, 10 cores 1 2 4 7

IR, 20 cores 0.5 1 2 3

IR, 1 core 13 31 51 103
1C IR, 10 cores 2 4 9 16

IR, 20 cores 1 2 4 8

3.3.4 Test computing time

We compare the computing speed of our proposed IR test and the Emura test. Data are
generated from the Clayton model with Weibull margins, with Kendall’s 7 = 0.6 and the
right censoring rate = 25%. Sample sizes are set as n = 100, 300, 500, 1000. The fitted copula
model is Clayton. The number of replication is set at ten since in practice, one typically
only needs to test multiple copula models for one real dataset. For our proposed method,
we illustrate the computing efficacy by computing the tests in parallel across multiple cores
(e.g., 1,10,20). As shown in Table 3.3.3, we find that under right censoring with one core,
our IR test is about ten times faster than the Emura test when sample size is 300, and
the speed difference becomes more dramatic when n becomes larger. In fact, the computing
time using our method increases linearly with the sample size, whereas the relationship seems
to be exponential for the Emura test. The performance of IR test is further enhanced by
parallel computing, which can complete ten tests within minutes. Similarly, under interval

censoring, our IR test can also complete within a reasonable amount of minutes.
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3.4 Real data analysis

We present the IR test results in multiple real data examples under various censoring
types. We evaluate several copula functions such as Archimedean (i.e., Copula2, Clayton,
Gumbel, Frank), Gaussian and Plackett copulas. The results are summarized in Table 3.4.1.
Besides, the Emura test p-value and an estimated Kendall’s 7 for fitting Clayton copula are

included under right censoring.

The first dataset, denoted as “AREDS-sub” contain 629 (moderate to severe) from a
clinical trial study called Age-Related Eye Disease Study (AREDS) [AREDS Group, 1999],
which examines the time to the late-stage Age-related Macular Degeneration (AMD) in left
and right eyes of the AMD patients. Due to the intermittent assessment design, the exact
time to late AMD for each eye was interval-censored. As shown in Table 3.4.1, the IR test
rejects almost all the tested copulas (Clayton, Gumbel, Frank, Gaussian) except Copula2
and Plackett. The corresponding estimated Kendall’s 7 is 0.52 under Copula2. Interestingly,
we observe that although Clayton has a very close AIC value (4364.51) to Copula2 (4363.87),
Clayton is still rejected by our method. It suggests that AIC might not be an ideal criterion

in selecting a proper copula model in the real data analysis.

The next dataset, named as “Tandmob”, comes from a longitudinal prospective dental
study called the Signal-Tandmobiel project [Vanobbergen et al., 2000], which was performed
in Flanders (North of Belgium) in 1996-2001. The cohort of 4,468 randomly sampled children
who attended the first year of the basic school at the beginning of the study was annually
dental examined by one of the 16 trained dentists. Among these 4,468 children, 38 children
did not come to any of the designed dental examinations, resulting in n = 4,430 in the
final dataset for analysis. The dataset contains the information on the emergence times of
teeth, which are interval-censored due to the intermittent assessments. Bogaerts and Lesaffre
[2008] extracted the bivariate emergence times of the maxillar first premolars (contralateral
teeth 14 and 24), and fitted the data with three different copula models (i.e., Clayton,
Gaussian, Plackett). The paper shows that the Plackett copula has the smallest AIC value,
and concludes that Plackett is the best choice. We also notice that Bogaerts and Lesaffre

[2008] models the copula dependence parameter using a covariate.
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For right censoring case, the dataset “LOSS-ALAE” is a well-known insurance dataset on
losses and allocated loss adjusted expenses (ALAE), which are collected by the US Insurance
Service Office. It consists of 1,500 general liability claims, and each claim includes an
indemnity payment (i.e., LOSS) and an allocated loss adjusted expense (e.g., ALAE). For
the LOSS data, 34 observations are right-censored due to late settlement lags. For the ALAE
data, all claims are uncensored. Zhang et al. [2016] tests copula specification using the 1,466
complete observations and finds that the Gumbel copula is the most suitable model, whereas
Clayton and Gaussian are rejected. Lin and Wu [2020] also fails to reject the Gumbel copula
and rejects Gaussian by examining the entire 1,500 observations. To be consistent with
Zhang et al. [2016] and Lin and Wu [2020], we use the estimated cumulative distribution
functions for the two margins, instead of the estimated survival functions (with censoring
taken into account). In Table 3.4.1, we find that Copula2 and Gumbel appear to be the
most suitable models with the highest p-values, while Clayton and Gaussian are rejected.
The Kendall’s 7 estimates are 0.31 under both Copula2 and Gumbel. Both Copula2 and
Gumbel also have the smallest AIC values. Our conclusions are consistent with the findings
from Zhang et al. [2016] and Lin and Wu [2020]. The Emura method cannot be performed

since the extensive computing time makes it infeasible to test such a large data.

The second dataset, which is a subset of the Diabetic Retinopathy Study (DRS), includes
83 patients, who have both onset times for diabetes and diabetic retinopathy. The study
examines whether laser photocoagulation is effective in delaying the onset of blindness in
diabetic retinopathy patients. Among these 83 patients, four experienced failure only in the
right eye, 36 experienced failure in the left eye, and 14 experienced failure in both eyes. This
dataset has been used for examining copula goodness-of-fit in several previous works. For
example, Manatunga and Oakes [1999] suggests that the Clayton model fits this dataset well
using the diagnostic plot from Oakes [1989]. Later, Wang [2010] shows that the Clayton and
Frank copula models are not rejected with p-values > 0.05. As shown in Table 3.4.1, both
Frank and Clayton copulas are not rejected using our method, with estimated Kendall’s
7 = 0.28 and 0.35, respectively. In addition, the Emura method does not reject the Clayton

model either, and reports a similar estimated Kendall’s 7.
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The third dataset, the Kidney study, records the recurrence times to infection at the point of
insertion of the catheter in 38 kidney patients using portable dialysis equipment [McGilchrist
and Aisbett, 1991]. The catheter may be removed for reasons other than in-fection leading to
right-censored observations. Each patient has exactly two observations. Among the 38
patients, 9 have exact event times for the first infection only, 3 have exact event times for the
second infection, 23 have exact event times for both infections, and the rest 3 are right-
censored for both infections. This dataset is also used in Emura et al. [2010], in which the
method does not reject Gumbel, Clayton, and Frank copulas. Table 3.4.1 con-veys the similar
message. Note that the Emura test using the public R package [Emura, 2018] gives a p—value
= 0.473, whereas the original paper reports 0.189.

The fourth dataset “Ovarian” contains 1, 192 advanced ovarian cancer patients from four
randomized multi-center clinical trials. Each patient has two endpoints: the progression-free
survival time and the overall survival time. After a minimum follow-up of 10 years in all four
trials, either one of the two events has occurred for most patients (80%). Burzykowski et al.
[2001] proposed to use the copula model (i.e., Clayton and Gumbel) to account for the
dependence between the two events, and reported strong dependence strength (Kendall’s T at
about 0.8). Our IR test suggests that Clayton and Copula2 are likely the proper models. We

do not report the Emura method due to the large sample size.

The last dataset “Gastadv” contains individual data (overall and progression-free sur-
vival) of 4, 069 patients with advanced or recurrent gastric cancer from 20 randomized trials
of chemotherapy. Rotolo et al. [2018] used this dataset to illustrate the method proposed in
Burzykowski et al. [2001] by fitting three types of copula models (i.e., Clayton, Gumbel, and
Plackett). It reported similar Kendall’s 7 estimates under Clayton and Plackett, and a lower 7
estimate under Gumbel. Our IR test rejects Clayton, and indicates Copula2 and Plackett are

suitable for this dataset. We do not report the Emura method due to the large sample size.

64



Table 3.4.1: Performance of IR tests in real datasets under interval censoring (IC) or right

censoring (RC).

IR Emura
Type Datasets Copula2 Clayton Gumbel Frank Gaussian Plackett Clayton
p-value 0.225 < 0.005 0.020 0.010 < 0.005 0.300
7 0.52 0.52 0.40 0.45 0.45 0.45
AREDS-sub NA
AIC 4363.87 4364.51 4406.16 4368.93 4385.18 4366.55
N loglik -2179.93 -2181.25 -2202.08 -2183.47 -2191.59 -2182.28
p-value < 0.005 < 0.005 < 0.005 < 0.005 < 0.005 < 0.005
7 0.64 0.63 0.57 0.64 0.58 0.66
Tandmob NA
AIC 19693.41 19842.20 20116.81 19727.00 20041.38 19441.68
loglik -9844.70 -9920.10 -10057.41 -9862.50 -10019.69 -9719.84
p-value 0.940 < 0.005 0.875 0.710 < 0.005 0.940 -
7 0.31 0.21 0.31 0.31 0.31 0.31 -
LOSS-ALAE
AIC -360.62 -171.19 -362.62 -309.30 -323.78 -310.71 -
loglik 182.31 86.59 182.31 155.65 162.89 156.35 -
p-value 0.080 0.170 0.160 0.405 0.230 0.970 0.325
T 0.30 0.35 0.24 0.28 0.28 0.28 0.34
DRS
AIC 90.77 89.68 88.96 89.22 89.35 89.10 -
loglik -43.39 -43.84 -43.48 -43.61 -43.68 -43.55 -
p-value 0.530 0.105 0.270 0.355 0.160 0.240 0.473
T 0.27 0.19 0.28 0.24 0.25 0.25 0.14
RC Kidney
AlIC 13.50 13.93 11.50 12.67 12.79 12.51 -
loglik -4.75 -5.96 -4.75 -5.33 -5.40 -5.25 -
p-value 0.800 0.900 < 0.005 < 0.005 < 0.005 0.070 -
7 0.82 0.80 0.77 0.80 0.79 0.78 -
Ovarian
AIC -1277.31 -1100.29 -982.67 -1042.49 -980.25 -1156.15 -
loglik 640.66 551.15 492.33 522.24 491.12 579.08 -
p-value 1.00 < 0.005 0.15 0.14 < 0.005 0.600 -
7 0.59 0.51 0.57 0.57 0.59 0.55 -
Gastadv
AIC -1668.48 -774.44 -1453.71 -998.50 -1419.14 -1130.75 -
loglik 836.24 388.22 727.85 500.25 710.57 566.38 -
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3.5 Conclusion

We have proposed a novel IR-based goodness-of-fit copula specification test for mul-
tivariate uncensored, interval-censored, and right-censored data. We have established the
asymptotic consistency and normality of our proposed IR statistic estimator, which is fur-
ther used to construct the goodness-of-fit test procedures. To the best of our knowledge,
this is the first method that can be flexibly used for testing copula specifications under both
interval and right censoring. The method can test any copula model with an analytical
form (including Archimedean, Gaussian and Plackett copula families). Our method applies
to copula models with more than one dependence parameters (i.e., p > 2, like Copula2).
Our test statistic is simple to calculate and straightforward to implement. The test proce-
dure enjoys high computational efficiency through parallel computing, as comparedto the
Emura method. The simulations show that our method can control type-I errors well under
both interval and right censoring. Our method also achieves satisfactory power performance
when Kendall’s 7 is moderately high. We demonstrate the strong differentiating power of
the proposed IR test when applied to two interval-censored real datasets. Its applications
to several right-censored real datasets also reveal consistent findings as compared with the

existing methods for right-censored data.
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4.0 GWAS-based deep learning for survival prediction

4.1 Introduction

Accurate ‘time-to-event’ data based survival prediction is fundamental to effective clin-
ical management and precision medicine of human diseases [Chin et al., 2011, Compton,
2018]. It relies on a survival model to predict the dynamic risk profile of a future event
over time (e.g., disease onset, recurrence, progression, or death) based on the individual’s
current status, such as clinical characteristics, genetic information and medical images. Most
importantly, such a prediction addresses the patient’s key concern regarding the disease pro-
gression pattern in the future and shapes the physician’s decision making for the treatment
or clinical management strategy. It is to be noted that survival prediction is fundamentally
different from typical prediction models that predict a future event (whether occurs or not)
by fixing the time of interest through a binary classification [Castro-Rodriguez et al., 2000,
Chi et al., 2007]. Despite its essential role in precision medicine, survival prediction remains
a challenging task [Abrams et al., 2014, Barillot et al., 2012, Schumacher et al., 2012], largely
due to the complex nature of diseases and heterogeneity between patients. Therefore, there is
an urgent need for developing accurate and personalized survival prediction models with im-
proved capacity in learning the complex structures and interplays among predictors. Recent
advances in high-throughput technologies have generated large volumes of molecular profiling
data for each patient, which provides unprecedented opportunities in identifying potential
biomarkers and further establishing accurate survival prediction models [Chen et al., 2019,
Collins and Varmus, 2015, Sarnowski et al., 2018]. In particular, several national-wide large-
scale longitudinal studies, such as the Trans-Omics for Precision Medicine (TOPMed) and
All of Us, are underway using whole-genome sequencing and other omics technologies, with
the ultimate goal of accelerating precision medicine. However, how to effectively utilize the
wealthy amount of data is challenging. The first challenge comes from how to connect high-
dimensional predictors with the outcome of interest. This problem is particularly difficult

in survival prediction because the events of interest are often censored due to either a short
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study period or loss of follow-up during the study. The second challenge is how to model
the complex structure among numerous biomarkers, where the specific structure is largely
unknown. The third challenge is given the heterogeneity of patients how to interpret the
importance of each predictor for each patient and further how to identify patient subgroups

to provide personalized prevention or treatment strategies.

The recent advances in multi-layer deep neural network models have made extraordinary
achievements in providing new effective risk prediction models from complex and high di-
mensional biomedical data, such as omics and biomedical imaging [Grassmann et al., 2018,
Min et al., 2016, Miotto et al., 2017, Poplin et al., 2018]. However, the application of deep
learning in survival prediction is still limited. Faraggi and Simon [1995] proposed a single-
layer neural network based on the Cox proportional hazards (PH) model. However, its
performance did not exceed the regular Cox model in a prostate cancer survival data set
with 475 patents and only 4 clinical predictors. More recently, multiple efforts have been
devoted to evaluating Cox-based neural network survival models using larger data sets with
omic biomarkers. For example, Katzman et al. [2018] demonstrated that a single hidden
layer neural network survival model performed marginally better than the Cox model and
random survival forest (RSF) model in a breast cancer survival data set with 1,980 patients
and 9 predictors. In another study, Ching et al. [2018] applied a single hidden layer neural
network survival model to 10 TCGA cancer survival data sets (sample sizes range from 302
to 1,077) with high-throughput gene expression biomarkers, from which the neural network
survival models resulted in comparable or better performance than the Cox model, the pe-
nalized Cox models such as Cox-LASSO and the RSF model. In another study [Yousefi
et al., 2017] that also used TCGA cancer survival data sets (sample sizes range from 194 to
1,092 with up to 17,000 gene expression biomarkers), the neural network survival models
yielded comparable performance to the penalized Cox model and better performance than
the RSF model. Hao et al. [2018] developed a pathway-based neural network survival model
and applied it to a TCGA cancer data set (sample size 522 with 860 pathways and 5,567
genes). However, all these studies have limited sample sizes, particular in the presence of
tens of thousands of predictors, and thus may lead to severe model overfitting problems.

Moreover, patient-specific predictor importance was not considered in those studies. They
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also did not carefully account for the scenario of tied events, which is commonly seen in
practice, especially when the sample size is large.

In this chapter, we propose and evaluate a multi-hidden-layer Cox-based deep neural
network (DNN) survival model to predict the progression of a progressive eye disease, namely,
age-related macular degeneration (AMD). The genome-wide association study (GWAS) of
AMD is the first and most successful GWAS research, where the massive GWAS data provide
unprecedented opportunities to study disease risk and progression. Although some attempts
have been tried to predict AMD progression risks using genetic information such as SNPs,
most statistical models focus on the structured regression framework, which typically only
accounts for (generalized) linear effects of the SNPs and thus have considerable limitations.
To the best of our knowledge, there has no existing work on survival prediction using deep
learning to effectively extract features from the GWAS data. Therefore, we build an accurate
and interpretable DNN survival prediction model for AMD progression.

The rest of the paper is organized as follows. Section 4.2 describes the deep learning
survival methods and prediction evaluation procedures. We assess the performance of three
machine/deep learning survival prediction models (DNN, Cox-LASSO, RSF) through exten-
sive simulation studies in Section 4.3 and apply them to the GWAS data from two large-scale

clinical studies of AMD in Section 4.4. The discussions are presented in Section 4.5.

4.2 Methods

For each subject i € {1, ...,n}, the observations are {Y;, §;, Z;}, where Y; = min(T;, C;) is
the minimum of survival time 7; and censoring time C;; §; = I(T; < C;) is the right-censoring
indicator; Z; is the covariate vector.

4.2.1 Cox-based DNN survival model

The Cox PH model is the most popular regression model for censored survival data. It

assumes that the hazard function of survival time T takes the form h(t|Z;) = ho(t) exp(Z]0),
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where hg(t) is the unspecified baseline hazard function at time ¢ and 6 is a vector of covariate
effects. The term Z7'0 is called the linear predictor or prognostic index. On the other hand,
the deep neural network model is well known for its capacity in learning complex covariate
structures (i.e., non-linearity, interactions) [LeCun et al., 2015]. By the Universal Approxi-
mation Theorem [Cybenko, 1989, Hornik et al., 1989], for any continuous function g(Z;#@),
it is guaranteed to exist a neural network that approximates this function. Moreover, this
theorem holds even if we restrict the neural networks to have just one single hidden layer.
Therefore, even very simple neural network architecture can be extremely powerful. The
synergy of the powerful DNN and the popular Cox model leads us to build our Cox-based
DNN survival model and apply it to AMD progression prediction.

Assumption and loss function of DNN survival model

The DNN survival model we consider here can be written as h(t|Z;) = ho(t)ed%). The
major difference between this DNN model and the regular Cox model is that DNN takes the
prognostic index g(Z;;#) as an unknown function with parameters 6, instead of assuming a
simple linear relationship. In this way, the DNN model can approximate various non-linear
covariate structures by estimating g(Z;; 0). We will employ a feedforward DNN with multiple
hidden layers to estimate the unspecified g(Z;0). In fact, one can regard the regular Cox
model as a special case of DNN when ¢(Z;;0) = Z1'0.

In large-scale studies, it is quite common that more than one observations develop events
at the same time. Such events are called tied events. To handle this scenario, we approximate
the partial likelihood via Efron’s approach [Efron, 1977]. Moreover, to deal with high-
dimensional covariates, we introduce the L; penalty to the DNN loss function —I(0; Z) +

Al|0]|1, where [(0; Z) is the Efron approximation of log partial likelihood:

1(0; 2) Z{ > 9(Z:;0) Z log(z 9(Z0) Z e9(Zis0) ) } (4.2.1)

JGD 1€H; 1ER; 1€H

where D is the set of all events with size Np and {¢;} is the set of unique event times; H; is
the set of subjects {7} such that Y; = ¢; and §, = 1 and m; is the size of H;; and R, is the

risk set satisfying Y; > t;.
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DNN architecture

First, we introduce the general form of an L-hidden-layer feedforward DNN, which is com-
posed of one input layer, L hidden layers and one output layer (with one node in our case).
For each subject, DNN inputs the vector of covariates Z into its input layer and output
a scalar prognostic index ¢(Z;#). For each hidden layer [ € {1,...,L} with n; number
of nodes, it takes the input n;_;—dimensional al~Y from the (I — 1)** layer and outputs
n;—dimensional a®) through a n;—dimensional activation function f!. Mathematically, the
I" hidden layer model can be written as a®) = fO(Wy® + WHal-1) where Wo® is the
bias vector with length ny; WO is an ny x n;_q weight matrix. f(l)(-) is a vector of activation
functions fW(-). Often a common f®(-) function is assumed for all the nodes in the [*"
hidden layer and it is usually a non-linear function, such as the sigmoid [Hornik et al., 1989
f(x) = 1=, the tangent f(z) = ii;—i:i, the rectified linear unit (ReLU) [Sutskever et al.,
2013] f(xz) = max(0,x), and the scaled exponential linear units (SeLU) [Klambauer et al.,
2017] f(x) = A x ReLU(x) + M (x < 0)a(e® — 1), where A and « are constants. The final or

output layer also has weights and an output function f°“, which is an identity function.

Take a simple one-hidden layer neural network for example. We have p-dimensional input
covariates z; from the i'* subject, n; number of hidden nodes with k¥ = 1, ...,n; and one single
output node. For the k™ hidden node, we have a{" = f{"(wl}) + Zp ) w,(cj z;j). Similarly,
the output node is o; = fout(w® + 3L wk ak N = wl —i—zk . wk ak ) by assuming fo is

an identity function. Typically we have o; = g(z;;6). The full parameter set 6 is composed

of {wl(i)),k =1,..,n1}, {wl(c;),k =1,..,n1,j=1,..,p}, wO ) and {wk ),k: =1,...,m}.

DNN optimization and survival prediction

To solve for é, we use the mini-batch stochastic gradient descent algorithm [Hinton et al.,
2012] to minimize the loss function in equation (4.2.1). Comparing with the standard stochas-
tic gradient descent that uses all samples for each iteration, the mini-batch algorithm is much
faster. Specifically, we randomly divide all observations into mini-batches with size Np and

update 0 by adding the gradient contributed by each mini-batch. In particular, the loss
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function for the r* batch is

—=1"(0; Z) + N[0, = — ]\}r Z{Z (Zi;0) — Z 10g(z 9(Zi8) _ % Z eg(zi;e))}

D jepr Nieny i€R], JieHT

+ A6l

where Np,, D", H;, m} and R} are the corresponding terms for the r** batch similar to those
defined in equation (4.2.1). Then we update @ by adding the gradient contributed by the r*
batch through:

A, =—701"(0;2) + A0 ||0]1
0« 0 —~A,,

where 7 is the learning rate (also called step size). This process will be repeated for Ng times
(also called epochs) before convergence. We employ the Glorot uniform initializer [Glorot
and Bengio, 2010] to randomly select initial values. Once we get §(Z;; ), we can obtain the

predicted survival probability for subject i at time ¢ through S(¢|Z;) = exp{—Ho(t)ed(Z)},

DNN hyperparameters

To perform the survival prediction based on the DNN survival model, we need to select the
DNN hyperparameters. The main hyperparameters include the number of hidden layers,
number of nodes per hidden layer, choice of activation function, the L; penalty parameter,
batch size, epoch size, and learning rate. In this work, we perform cross-validations in the
training data and select the combination of hyperparameters that lead to the most opti-
mal prediction performance based on the validation results. Specifically, in all simulations
we use the following hyperparameter setting: 2 hidden layers, 30 nodes per hidden layer,
activation function SeL.U (parameters a = 1.6732 and A = 1.0507 by default), L; penalty
= 0.1, batch size Ng = 50, epoch size Ng = 1,000 and learning rate v = 0.01 (for sparse
signals) or v = 0.0001 (for weak signals). For the real data analysis, we select the following
hyperparameters: includes 2 hidden layers, 300 nodes per hidden layer, activation function
SeLU (a and A by default), L; penalty = 0.01, batch size Ng = 50, epoch size Ng = 1,000
and learning rate v = 0.00001.
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DNN interpretation

It is important to understand and interpret the fitted neural network prediction model. One
way is to export feature (i.e., predictor) importance measures that decide the top impor-
tant features in a prediction model. The Local Interpretable Model-Agnostic Explanation
(LIME) method [Ribeiro et al., 2016] provides prediction importance of each predictor for
each subject in the model by perturbing the feature values and evaluating how the predic-
tion results change. Specifically, for one feature in a specific subject, the method trains an
interpretable model (e.g., linear regression) on new data sets based on small perturbations
(e.g., adding noises) of the particular feature in this subject. LIME has been widely applied
to neural network models with continuous or categorical outcomes, but not with censored
survival outcomes yet. In this paper, we apply the LIME method to the neural network
survival model and produce subject-specific predictor importance measures with meaningful

interpretations.

4.2.2 Evaluation metrics for survival prediction performance

We calculate the Harrell’s concordance index (c-index) [Harrell et al., 1996] to measure
the proportion of concordant pairs (i.e., the predicted and observed outcomes are concor-
dant) among all comparable pairs (i.e., the true progression statuses can be ordered for two
observations within one pair). Pairs are not comparable if both are censored, or one is cen-
sored at time ¢; and the other event occurs at time ty with ¢35 > ¢;. The c-index is between

0 and 1 with a larger value indicating a better prediction model, which can be estimated by
32 30 Sl (Yi<Yj)1(§(Zi30)>§(Z;:0))+0.5+1(3(Z::0)=3(Z;:0))

6 _ i=lj=1

; g 8T (Yo <Yy)+1(3(Z::0)=3(Z;:0))

We also obtain the time-dependent Brier score [Gerds and Schumacher, 2006, Graf et al.,
1999]. At a specific time point ¢, the Brier score measures the mean squared error between
the observed progression status at time ¢ (i.e., Y;(¢t) = I(Y; > t)) and the predicted survival
probability (i.e., S(¢|Z;)). A lower Brier score indicates a better prediction model. A Brier

score of 33% corresponds to predicting the risk by a random number drawn from Uniform

0, 1] and 25% corresponds to predicting 50% risk for every observation. The estimated Brier
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score is expressed as Eg(t, §) =+ > iy, /I/IZ(t){Y;(t) — 5(t)Z;)}2, where D, is the test data
set with size M, S(t|Z;) is estimated using the training data, and /Wl(t) = (152;_(?;51' + é((z)) is

the inverse probability of censoring weights with G(t) = P(C' > t) [Gerds and Schumacher,
2006].

We also obtain the time-dependent ROC curve and the associated area under the curve
(AUC) [Heagerty et al., 2000]. The AUC measures the discrimination capability of §(Z;6).
It ranges between 0 and 1, with higher AUC indicating better discrimination ability. Specif-

ically, we first derive the time-dependent sensitivity and specificity

sensitivity(c, t) = P{§(Z;0) > ¢|T < t},

specificity(c, t) = P{§(Z;0) < ¢|T > t},

where ¢ is some arbitrary cut-off. For a given ¢, sensitivity(c, ) and specificity(c, t) determine

the ROC curve profile and the associated AUC at time t.

4.2.3 K-fold cross-validations

Over-fitting is a common issue for all machine learning models. One way to alleviate
the issue is to perform K-fold cross-validation. Specifically, the original data Dy are split
into K subsets Dy, k =1, ..., K, accounting for the censoring proportions. For the k" cross-
validation, models are trained in the samples Dy\ Dy (original data without k% subset) and
then validated in the test samples Dy. Finally, the K-fold cross-validation estimates (i.e.,
c-index and Brier score) are calculated by averaging over the test data results, as shown

below

CoBS(t.9) = = > — S WO{¥i(t) - 5112},

> 2 SI(Y; < Y)I(0(Zi; 06) > 6(Z530)) + 0.5 % 1(3(Zi; Ok) = 61 (Z3 1)

K
1 Z 1 e, jeDy
= Mk S S GI(Y; < Y) + L(0w(Zi; 0k) = (Z;301)) ’

1€Dy, jEDy

where M, is the sample size of the k' subset.
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4.2.4 Implementation

Our DNN survival model is built with Keras [Chollet et al., 2015] and Tensorflow [Abadi
et al., 2016] to ensure computational stability and efficiency. Keras is a deep learning frame-
work that provides a convenient way to define and train deep learning models. It provides
high-level building blocks for deep learning models [Chollet and Allaire, 2018]. For example,
one can define a neural network model with a few lines of codes in Keras. We use Tensor-
flow for low-level operations such as differentiation, which serves as the backend engine of
Keras. Via Keras and Tensorflow, our DNN survival model is compatible with both GPUs
and CPUs.

4.3 Simulation studies

We use simulations to evaluate the prediction performance of DNN and compare it with
Cox-LASSO (abbreviated as LASSO) [Tibshirani, 1996] and RSF [Ishwaran and Kogalur,
2007, Ishwaran et al., 2008]. Two main simulation settings are considered. In the first
setting, data are generated with sparse signals (i.e., only a few predictors with non-zero
effects on the survival outcome). In the second setting, all predictors have non-zero but
weak signals, which is common in settings with genetics or genomics predictors. Within
each simulation setting, we generate multiple scenarios with different structures in predictors’
effects. For each scenario, we train the models in a training data set, and then test them in
an independent test data set and summarize the results across 200 replications. The sample
sizes for both training and test data sets are 1, 000.

All three models involve the selection of tuning parameters. For LASSO, we use 5-
fold cross-validation to select the tuning parameter in the L; penalty using the training
data. After the tuning parameter is determined, we then train the LASSO model using the
entire training data and finally validate the model in the test data. For RSF, we train the
model by utilizing the default setting of 1,000 trees and ,/p number of randomly selected

predictors at each split. In the case of DNN, it is widely known for its exhaustive process
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in selecting optimal tuning parameters since there are many tuning parameters to consider.
The tuning process is even more time consuming given that we have multiple simulation
scenarios. Therefore, for all simulation scenarios, we fix one set of tuning parameters for

DNNs. More details about the tuning parameters are discussed in Section 4.2.

4.3.1 Simulation I: survival data with sparse signals

We consider five scenarios of predictor effects following Mi et al. [2019], which includes
linear effects only (scenario 1) and linear effects together with non-linear effects (scenario
2) or with interactions (scenario 3) or with both non-linear and interaction effects (scenario
4) or with non-linear, interaction and threshold effects (scenario 5). The total number of
predictors is set at p = 10, 50, 100, 500, respectively. The true models for these five scenarios
are illustrated as follows:

Scenario 1 : h(t|Z;) = ho(t) exp(

B
N

<
Il
-

MU!

Scenario 2 : h(t|Z;) = ho(t) exp(>. Zij + Zis + Z%),

<
Il
—

MU‘

Scenario 3 : h(t|ZZ) = hg (t) exp( Zij + Zi6 + Zi7 + 5Zi6Zi7)7

<
—

(S|

Scenario 4 : h(t|Z;) = ho(t) exp(Y_ Zij + Zig + Zir + 5ZisZin + Zis + Z),
=1

5
Scenario 5 : h(t‘Zl) = ho(t) exp( Z'L]+Z1,6+Zz7+5Zz6Z’L7+I(Z18 < —05UZlg < —05)—
=1

J
I(Zig > —0.5N Zjg > —0.5)), where ho(t) = kA*t*~! is the baseline Weibull hazard function

with A = 0.1,k = 2. For Z; = (Z;, ..., Z;p), we first generate Z; from MV N(0,%) with
Y= {0y = e =711 < 4,5 < p} and then transform Z into a binary predictor through
I(Z;y > 0) and Z;5 into a multinomial predictor through I(Z;5 > —0.5) + I(Z;; > 0.5).

In Table 4.3.1, we compare the prediction accuracy of the DNN, RSF, LASSO and true
models under the five simulation scenarios by summarizing the c-index, which is a predictive
metric measuring the concordance between observed and predicted values. LASSO performs
the best in scenario 1 where all predictor effects are linear, but its performance declines in
the other 4 scenarios. RSF generally has higher c-index than LASSO in non-linear scenarios.

For our proposed method, its performance is lower than LASSO as expected in scenario 1 but
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is better than RSF, while it outperforms both LASSO and RSF in all non-linear scenarios.
The last column gives the c-index values that are obtained from fitting the true underlying
model. It can be seen that when p is small, DNN produces c-index values that are very close

to the truth for all five scenarios.

4.3.2 Simulation II: survival data with weak signals

In genetics and genomics data, we often observe that many predictors have (non-zero)
weak effects due to correlations among SNPs or genes. Moreover, there are various types
of omics predictors, such as gene expressions (i.e., continuous), mutations (i.e., binary) and
SNPs (i.e., multinomial). Therefore, we generate data that include various types of predictors
with weak effects. The total number of predictors is set as p = 20, 50, 100, 500 and we consider
the following five scenarios:

p
Scenario 1 : h(t|Z;) = ho(t) exp(D_ 5;Zij),
j=1
p
Scenario 2 : h(t|Z;) = ho(t) exp(}_ B;Zi; + Z4 + Z3),
j=1

p
Scenario 3 : h(t|Z;) = ho(t) exp(Y. B;Zij + ZisZia),
=1

Scenario 4 : h(t|Z;) = ho(t) exp( pl/BjZZ'j + Z3+ 725+ ZisZi),
j=

Scenario 5 : h(t|Z;) = ho(t) exp(i BiZii + 1(Zyn < —0.5U Z;y < —0.5) — I[(Zy >
050 Ziy > —0.5) + ZisZua), -
where ho(t) is the baseline Weibull hazard function with A = 0.01,k = 10. Similarly to
the first simulation setting, we first generate Z; from a multivariate normal distribution
MVN(0,%) with ¥ = {o;7 = e P71 < j,5° < p}. Then the first 20% Z;; remain
continuous, the second 20% Z,; are transformed into binary predictors through 1(Z;; > 0)
and the rest 60% Z;; are transformed into multinomial predictors through I1(Z;; > —0.5) +
I(Z;; > 0.5). For predictor effects, we set §; = 0.2 for continuous and binary predictors. For

multinomial predictors, we mimic the linkage disequilibrium effect in SNP data by generating

B; from MV N(0.2,0.01 x X) with the same 3.
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Table 4.3.1: The C-index values (range from 0 to 100) over 200 replications for DNN, RSF,

LASSO and true models using sparse signals.

p DNN RSF LASSO True
10 88.0(0.7) 829 (1.0) 882 (0.6)
50 85.7 (1.0) 82.8 (1.0) 88.2 (0.6)
scenario 1 87.4 (0.6)
100 83.2 (1.0) 824 (1.2) 88.2 (0.6)
500 82.2 (1.0) 81.1(L1) 88.0 (0.7)
10 88.7(0.9) 80.9(1.2) 80.0 (1.0)
50 84.2 (1.6) 80.2 (1.1) 80.0 (1.0)
scenario 2 89.8 (0.5)
100 80.6 (2.0) 79.5 (1.1) 79.9 (0.9)
500 74.3 (3.1) 77.9 (1.0) 79.9 (1.0)
10 93.1(0.6) 79.7 (1.8) 74.0 (1.4)
50 914 (0.7) 75.6 (1.5) 73.9 (1.5)
scenario 3 94.0 (0.4)
100 89.8 (0.8) 74.4 (1.6) 73.9 (1.4)
500 816 (1.8) 72.0 (1.5) 73.7 (1.4)
10 92.1(0.8) 80.1(1.8) 71.4 (L.3)
50 88.9 (1.5) 75.6 (1.5) 71.3 (1.4)
scenario 4 94.4 (0.4)
100 84.5 (2.0) 74.2 (1.6) 714 (1.3)
500 76.3 (1.8) 714 (1.4) T71.1 (1.4)
10 924 (0.6) 79.4 (1.7) 73.3 (1.3)
50 90.4 (0.8) 75.2 (1.6) 73.1 (1.4)
scenario 5 94.0 (0.4)
100 88.6 (0.8) 74.0 (1.4) 73.0 (1.4)
500 80.4 (2.0) 714 (15) 727 (1.3)
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Table 4.3.2 summarizes the prediction performance results under the five simulation
scenarios. As the size of p increases, our proposed method improves in all scenarios. In
particular, when p is large (e.g., p = 500), our proposed method outperforms the other two
models significantly in all simulation settings. The c-index of LASSO also increases as p gets
larger, but remains unchanged or even slightly decreases when p goes up from 100 to 500.
RSF also improves with larger p but its performance is generally lower than the other two

methods.

4.3.3 Simulation ITI: sample size effect on prediction performance

We also evaluate the effect of sample sizes on the prediction performance of the DNN
survival model in the presence of large-dimensional predictors. We choose the scenarios 4 and
5 with p = 100, 500 under the sparse signal setting from Section 4.3.1. Table 4.3.3 presents
the c-index values for each scenario. Overall, for both scenarios, the c-index increases as
the sample size increases, and the increment is more dramatic between smaller sample sizes
such as from n = 200 to 500 or n = 500 to 1,000. This demonstrates that the DNN survival
model requires a moderately large sample size (i.e., n = 1,000 at least) to achieve satisfactory

prediction performance when p > 100.

4.4 Application to AREDS data

4.4.1 Study population

We apply the three machine learning models for predicting AMD progression using ge-
netic and clinical variables. Data are from the Age-Related Eye Disease Studies (AREDS),
which is composed of the first study AREDS [AREDS Group, 1999] and the subsequent
study AREDS2 [Chew et al., 2012] (with independent participants), designed to assess risk
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Table 4.3.2: The C-index values (range from 0 to 100) over 200 replicates for DNN, RSF
and LASSO using weak signals.

p DNN RSF LASSO
20 66.8 (1.3) 55.5 (5.8) 67.0 (1.4)
50 73.7 (1.3) 58.2 (7.6) 74.0 (1.2)
scenario 1
100 78.2 (1.2) 60.8 (7.6) 78.6 (1.1)
500 82.1 (1.4) 62.9 (4.8) 75.9 (1.5)
20 64.6 (1.6) 53.7 (4.9) 63.2 (1.4)
50 71.3 (1.3) 57.1 (7.3) 71.8 (1.2)
scenario 2
100 76.6 (1.2) 60.1 (7.3) 76.9 (1.1)
500 81.5 (1.3) 62.5 (5.0) 75.9 (1.5)
20 67.4 (1.3) 55.2 (5.9) 67.5 (1.3)
50 73.2 (1.2) 56.6 (7.7) 73.6 (1.2)
scenario 3
100 77.7 (1.2) 60.0 (7.8) 78.2 (1.1)
500 81.8 (1.4) 62.7 (5.0) 75.6 (1.5)
20 65.5 (1.5) 53.5 (5.1) 63.9 (1.4)
50 71.0 (1.3) 56.3 (7.5) 71.4 (1.2)
scenario 4
100 76.0 (1.2) 59.3 (8.0) 76.5 (1.2)
500 81.3 (1.4) 62.4 (5.1) 75.6 (1.5)
20 64.8 (1.3) 54.3 (4.8) 64.8 (1.4)
50 72.0 (1.2) 56.5 (7.6) 72.4 (1.2)
scenario 5
100 77.1 (1.2) 59.6 (7.9) 77.6 (1.2)
500 81.8 (1.4) 62.7 (5.1) 75.1 (1.5)
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Table 4.3.3: Effect of sample sizes n on DNN c-index performance in presence of high-
dimensional predictors. Both scenarios 4 and 5 are from the sparse signal setting. The

predictor sizes are set at p = 100 or 500.

sample size n

p 200 500 1,000 1,500 2,000
scenario 4 100 65.4 (4.3) 78.9 (2.0) 84.5(2.0) 87.8 (1.7) 89.0 (1.6)
500 57.2 (3.2) 62.3(3.0) 76.3 (1.8) 79.9 (1.7) 82.4 (1.1)
scenario 5 100 66.7 (4.7) 82.8 (1.8) 88.6 (0.8) 89.6 (0.6) 90.5 (0.5)
500 58.2 (3.3) 63.2 (3.4) 80.4 (2.0) 86.0 (2.4) 87.8(1.0)

factors and effects of various supplements for AMD development and progression. Both
studies collected DNA samples of consenting participants [Fritsche et al., 2016]. The two

studies are combined for the following model development and analysis.

4.4.2 Survival outcome and baseline predictors

To measure the disease progression, a severity score, scaled from 1 to 12 (with a larger
value indicating more severe AMD), (with a larger value indicating more severe AMD), is
determined for each eye at every examination during study follow-up. In this chapter, our
outcome of interest is time-to-late-AMD from the baseline visit, where “late-AMD” is defined
as the stage with severity score > 9. There are 30% of subjects progressed to late-AMD before
the study ends. We develop prediction models on the individual eye level. There are a total
of 7,803 eyes free of late-AMD at baseline. We include a list of potentail predictors, including
age at baseline, smoking status (never, former or current smoker), education status (< or >
high school) and top SNPs that have been reported to be associated with AMD progression
(identified in Yan et al. [2018] with various p— value cut-offs and MAF > 5%). Table

4.4.1 summarizes the baseline characteristics of the study samples. We also pre-process the
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continuous predictors, for example, dividing age by 100 to scale it within (0, 1) and dividing
SNP data (originally coded between [0, 2]) by 2 to make them within [0, 1], as we find such a

scaling procedure enhances the prediction performance in survival machine learning models.

4.4.3 Model development and evaluation

We perform 10-fold cross-validation in the combined AREDS and AREDS2 data. The
splitting is stratified based on the censoring status and study source. For LASSO and RSF,
we use the same tuning procedure as in the simulations. For DNN, we first perform a grid
search for tuning parameters and select the set of hyperparameters that gives the best average
prediction performance (i.e., c-index) across the 10 test validations. The final choice of DNN
hyperparameters is described in Section 4.2. We also include a benchmark Genetic Risk
Score (GRS) model, which is a regular Cox PH model using age, smoking status, education
status and an AMD genetic risk score from Ding et al. [2017].

We first examine the prediction performance, measured by c-index (x100), employ-
ing various numbers of top genetic variants across different models. We choose various
p—value cut-offs from the first AMD progression GWAS paper [Yan et al., 2018] (i.e.,
p < 1077,107%,107°,107%) to obtain different numbers of top variants, as shown in Ta-
ble 4.4.2. In general, the averaged c-index increases with the number of predictors, and
becomes relatively stable when p < 107°, which corresponds to 663 SNPs (plus 3 clinical
predictors). We also include in the last column of Table 4.4.2 the DNN model computing
time for fitting the complete data once. It can be seen that the computing time does not
increase much when the total number of predictors increases. On average, it takes about one

hour in the presence of 8,000 observations and 1,000 predictors.

Then, we report in Table 4.4.3 c-index, 10-year AUC, and 10-year Brier score (a predictive
error measurement) at the cutoff p < 107°. DNN achieves higher c-index (76.1) and AUC
(81.8) as well as lower Brier score (0.136) than all the other models.
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Table 4.4.1: Baseline features of study samples (eye level) in AREDS and AREDS2.

N=7803 n Mean (SD) or %
Age 69.5 (6.2)

Gender
Female 4466 57%
Male 3337 43%

Education

<= high 2369 30%
>high 5434 70%

Smoke
never 3623 46%
former 3752 48%
current 428 6%
Baseline severity score 4.2 (2.5)

Table 4.4.2: The 10-fold cross-validation c-index (x100) from five survival models (GRS,
LASSO, Ridge, RSF, DNN) using different p—value cutoffs in the AREDS data. The last

column shows the DNN computing time by running on the complete dataset.

Number of predictors ~ GRS* LASSO Ridge RSF DNN Time (minutes)
p< 1077 92 732 (1.6) 724 (1.7) 723 (1.7) 685 (1.4) 72.2 (1.8) 49
p< 1076 165 73.2 (1.6) 72.6 (1.5) 72.6 (1.5) 682 (1.3) 72.6 (1.6) 47
p< 1070 666 73.2 (1.6) 744 (1.3) 743 (1.3) 70.1 (1.8) 76.1 (1.2) 62
p< 107 1500 732 (1.6) 752 (1.1) 74.8 (1.0) 7L1(1.7) 76.5 (1.4) 77

*GRS is invariant to the choices of p—value cutoffs.

83



Table 4.4.3: The 10-fold cross-validation c-index (x100), 10-year AUC (x100) and 10-year
Brier score from five survival models (GRS, LASSO, Ridge, RSF, DNN) in the AREDS data.

GRS LASSO Ridge RSF DNN
c-index (SD) 73.2 (1.6) 74.4 (1.3) 74.3 (1.9) 70.1 (1.8) 76.1 (1.2)
10year-AUC (SD)  78.2 (2.1) 79.5 (1.6) 78.7 (1.5) 743 (2.1) 81.8 (2.1)

10year-BrS (SD)  0.151 (0.005) 0.146 (0.006) 0.147 (0.005) 0.170 (0.008) 0.136 (0.011)

Figure 4.4.1 presents the time-dependent Brier scores for the test data under each predic-
tion model. The Brier score profile from our DNN survival model is consistently lower than
all the other models across most time points, demonstrating its better performance than the
other models. Figure 4.4.2 presents the time-dependent AUC for the test data under each
model, as an additional matric to evaluate the model prediction performance. Similar to the
time-dependent Brier scores, the AUC profile from our DNN survival model is consistently

higher than AUCs of the other models across all time points.

4.4.4 DNN interpretation and subgroup identification

To interpret the DNN-based prediction, we obtain the prediction importance measure
for the test data subjects using the LIME method under our DNN survival model. We use
9-folds data to train a DNN model and then interpret the model in the rest 1-fold test data.
One big advantage of the LIME method is that it provides a subject-specific interpretation of
predictor importance. Figure 4.4.3 illustrates the top clinical and genetic predictors (named
by their corresponding gene names). Among the top predictors, (older) age and smoking
are harmful (colored in red) to AMD progression, whereas genetic variants (carrying minor

alleles) can be either harmful (red) or protective (green). For example, the minor allele of
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Figure 4.4.1: The time-dependent Brier scores (predictive errors) in the test data from four

survival prediction models (GRS, LASSO, Ridge, RSF, DNN).
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Figure 4.4.2: The time-dependent AUC values in the test data from four survival models

(GRS, LASSO, Ridge, RSF, DNN).
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rs10922098 in the CFH gene region shows a protective effect for AMD progression; while
the minor allele of 7s12987936 in the CROCC?2 gene region shows a harmful effect for AMD
progression. Moreover, we notice that one predictor could be important for some subjects
but may not be crucial for others (visualized by different vertical color bands within each
predictor), which suggests there are possible heterogeneous subgroups in this population.
Motivated by the heterogeneity across subjects shown in Figure 4.4.3, we further identify
two distinct subgroups of AMD patients by performing the Gaussian Mixture Model on the
predicted risk function ¢ (output from the DNN model), as illustrated in the histogram
of Figure 4.4.4. The corresponding Kaplan-Meier plot on progression probability indicates
significantly different progression profiles between the two subgroups (namely, the low-risk
and high-risk subgroups), with a very significant log-rank test result (p = 4.1 x 1071%).
Further, we find significant differences between the two subgroups in terms of age, smoking
status, education level and most top genetic variants in Figure 4.4.3. The comparison results
are summarized in Table 4.4.4. On average, the high-risk patients are older, with more
smokers and lower education level compared to the low-risk patients. The high-risk patients
also carry more AMD progression risk alleles compared to the low-risk patients (e.g., GRS
is 1.07 vs 0.94). Moreover, as shown in Figure 4.4.5, the separate LIME plots for the two
subgroups also demonstrate that the individual predictors’ importance measures are different
between the two subgroups. In particular, the harmful predictors generally have stronger
influence (darker in red) in the high-risk subgroup than in the low-risk subgroup; whereas
the protective predictors show stronger impacts (darker in green) in the low-risk subgroup
than the high-risk subgroup. These results provide potentially useful insights for the early

prevention and tailored clinical management for the AMD patients.

4.4.5 Data availability

Both phenotype and genotype data of AREDS and AREDS2 are available from the online
repository dbGap (accession: phs000001.v3.p1, and phs001039.v1.p1, respectively).
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Figure 4.4.4: The Kaplan-Meier (KM) estimated survival profiles for the two identified
subgroups in the AREDS and AREDS2 test data.

4.5 Discussion and conclusion

In this work, we implement a multi-layer DNN survival model and successfully apply it
on a real data set with both large n and large p to examine and evaluate its effectiveness in
making accurate dynamic survival predictions and detecting clinically meaningful subgroups.
To open up the “black-box” of DNN, a novel LIME algorithm is implemented to calculate
an importance measure of each predictor for each observation. Moreover, our work demon-
strates the power of DNN in the presence of various types of complex non-linear structures in
the predictors through extensive simulation studies. As we did not perform hyperparameter
tuning separately for each scenario, further enhanced performance of DNN would be ex-
pected if separate tuning was performed. Our work presents the first deep learning survival
prediction model for AMD progression prediction and the model framework can be readily

applied to other progressive disorders where large GWAS or omics data are collected.

We evaluate survival models based on the pooled data set of AREDS and AREDS2,
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Table 4.4.4: Comparison between the low-risk (n = 2,516) and high-risk (n = 5,287) sub-
groups identified by DNN in AREDS and AREDS2 data.
Low-risk subgroup High-risk subgroup
Mean (sd) or n (%) or  Mean (sd) or n (%) or p-values
risk allele frequency risk allele frequency
Predictors:
Age 66.1 (5.4) 71.1 (5.9) <22x 10716
Smoke <22 x1071¢
never 1343 (53%) 2280 (43%)
former 1088 (43%) 2664 (50%)
current 85 (3%) 343 (6%)
Education
<=high school 625 (25%) 1744 (33%) 3.2 x 10713
>high school 1891 (75%) 3543 (67%)
rs10922008 (CFH) 0.34 0.61 <22x 10716
rs11200638 (HTRA1) 0.17 0.39 <22 x 10716
rs12987936 (CROCC?) 0.18 0.18 0.35
rs147518956 (ADAMTS12)  0.27 0.32 1.8 x 10713
rs200880300 (SV2C) 0.04 0.06 1.0 x 1073
rs2186849 (LOC105571956)  0.47 0.50 1.0 x 1073
rs3750847 (ARMS?2) 0.17 0.40 <2.2x 10716
14044578 (CFHRY) 0.33 0.62 <22x10716
Other characteristics:
GRS 0.94 (0.13) 1.07 (0.13) <22x 10716
Gender
Female 1439 (57) 3027 (57) 0.98
Male 1077 (43) 2260 (43)
Baseline severity 3.0 (2.3) 4.7 (2.4) <22x 10716
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Figure 4.4.5: The representation of importance measures for the top predictors in the low-risk

(A) and high-risk (B) subgroups, respectively.

whereas Ding et al. [2017] used AREDS as the training data and AREDS2 as the test data.
However, as noted by Ding et al. [2017], AREDS and AREDS2 populations are different
in multiple aspects such as disease severity and age (at enrollment). As a result, the top
significant SNPs identified by GWAS are largely non-overlapping between the two studies
[Yan et al., 2018]. As expected, in Ding et al. [2017], the GRS-based Cox model trained in
AREDS achieves a c-index of 0.75 in AREDS but drops to 0.63 in AREDS2. To establish
a prediction model that is generalizable to a broader AMD population, we pooled them
together. Unsurprisingly, the benchmark GRS model performance improves to 0.73 in terms
of c-index, as shown in Table 4.4.3.

We predict disease progression on the eye level by assuming that the two eyes are inde-
pendent of each other in one individual. Potential future extensions include using a copula
model to take the dependence between the two eyes from the same subject into account for
the deep learning survival model and predicting the joint progression profiles of the two eyes
[Sun and Ding, 2019, Sun et al., 2019].

One potential limitation of the DNN survival model is that it involves tuning of multiple

hyperparameters, which is usually computationally expensive. According to our real data
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analysis and simulations, we could heuristically start from a two-hidden-layer DNN and per-
form a grid search for the other tuning parameters such as the optimal node size. In general,
the DNN model size should be moderate to avoid overfitting. Moreover, the utilization of
GPUs could significantly boost the computing speed of our DNN survival model. To further
improve the DNN survival model, there are multiple future directions. For example, one
may first obtain low-dimensional signals by performing unsupervised feature extraction such
as autoencoder [Vincent et al., 2010] and then use the extracted signals as predictors. In
this way, the noises in the original data can be greatly reduced. Another possible extension
is to build a DNN survival model based on the Bayesian approach [Liang et al., 2018], which
could perform variable selection to identify relevant predictors under the high-dimensional

non-linear setting.
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5.0 Summary and Future Direction

In Chapter 2, I have developed a flexible copula-based semiparametric transformation
model for bivariate interval-censored data. In many applications, there are more than two
correlated events. I am interested in extending my current work to modeling multivariate
interval-censored data using copula models. I am also interested in developing methods for
modeling covariate-varying dependence parameters in copula. For example, the dependence
strength between two events can vary by age. More excitingly, I am interested in developing
a fully semiparametric copula framework with unspecified dependence structure, instead of
a specific parametric copula function. For the IR-based goodness-of-fit test proposed in
Chapter 3, I plan to extend it from bivariate to multivariate censored data.

In Chapter 4, we have developed and implemented a deep-learning-based prediction
model for survival outcomes using genetic data. In the future, I am planning to incorporate
different types of high-dimensional features (including genetic, genomic, and imaging data)
into the current deep learning framework. I am also interested in predicting various pro-
gressive diseases (e.g., cancer, Alzheimers disease) by utilizing wealthy public repositories
(e.g., UK Biobank, dbGap, GEO, ADNI, TopMed, All of Us). I also want to extend deep
learning methodology to predict other commonly seen settings, such as interval censoring,
correlated survival outcomes, and competing risk events. Moreover, I am also interested in
developing deep-learning-based methods for identifying novel predictive biomarkers, which
interact with treatments. All these new methods have the high potential to facilitate early

prevention and precision medicine.
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Appendix A

Supplementary materials for Chapter 2

A.1 Additional simulation studies

In the real setting, the value of the transformation function parameter r is often unknown.
Therefore, we examined our methods in estimating the transformation function parameter r
together with the other parameters in our proposed model. We used the logarithmic transfor-
mation function for the Clayton Loglogistic data and the Box-Cox transformation function
for the Clayton Weibull data. Table A.1.1 shows satisfactory estimation performance for
all parameters including the transformation parameter in both proportional hazards and
proportional odds settings.

We also simulated bivariate current status data by setting K = 1 to examine how the
proposed method works in the particular case of case 1 interval censoring. As shown in Table

A.1.2, Copula2-S works as well as the true model in this setting too. The larger standard
errors are due to less information in current status data as compared to the standard case 2

interval censoring case in Table 2.4.1 of the main text.

A.2 Secondary real data analysis

We performed the secondary real data analysis that models the Group A subjects (i.e.
subjects who were free of late-AMD at time 0) by a two-parameter copula sieve model
with the same settings (m = 4,7 = 3) as the two-part model from the main text. The
covariates are the baseline age, severity score and smoking status. We performed genome-
wide association tests and summarized the top identified SNPs in the Table A.2.1. The

top identified gene regions are consistent with the ones identified from the two-part model.
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Table A.1.1: Estimation results using the proposed model when the transformation function

parameter r is unspecified.

proportional odds

proportional hazards

Param  Bias SE SEE (CP) Bias SE SEE (CP)
Brgt  -0.0011 0.0169 0.0159 (0.934) -0.0004 0.0109 0.0104 (0.942)
Bng2 0.0111 0.1289 0.1278 (0.938) 0.0032 0.0816 0.0806 (0.945)

By -0.0030 0.0902 0.0923 (0.961) 0.0035 0.0584 0.0582 (0.952)
T -0.0384 0.1294 0.1274 (0.919) 0.0463 0.1532 0.1574 (0.952)
T -0.0008 0.0224 0.0216 (0.944) -0.0006 0.0225 0.0227 (0.946)

Table A.1.2: Estimation results for bivariate current status data.

True Copula2-S Robust-S
Param  Bias SE SEE (CP) Bias SE SEE (CP) Bias SE SEE (CP)
proportional odds
Bngt 0.0031  0.0399 0.0394 (0.956) 0.0033  0.0400 0.0393 (0.958) 0.0002 0.0536 0.0538 (0.942)
Brg2 -0.0203  0.2563 0.2516 (0.948) -0.0219 0.2563 0.2527 (0.946) -0.0249 0.2646 0.2608 (0.946)
By 0.0002 0.1819 0.1816 (0.947) -0.0001 0.1808 0.1822 (0.944) -0.0008 0.1855 0.1938 (0.948)
T -0.0038 0.0587 0.0575 (0.947) 0.0025 0.0680 0.0660 (0.939) NA NA NA
proportional hazards
Brgt -0.0008 0.0330 0.0321 (0.947) -0.0005 0.0333 0.0322 (0.946) 0.0003  0.0397 0.0420 (0.944)
Bnge  0.0001 0.1785 0.1813 (0.949) 0.0025 0.1831 0.1830 (0.945) 0.0030 0.1857 0.1958 (0.956)
By -0.0043 0.1298 0.1312 (0.959) -0.0052 0.1319 0.1324 (0.959) -0.0038 0.1346 0.1406 (0.956)
T -0.0013 0.0637 0.0628 (0.943) 0.0029 0.0682 0.0665 (0.931) NA NA NA
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Table A.2.1: The top identified SNPs from the secondary real data analysis.

SNP Chr Gene MAF OR p (Copula2-S) p (Frailty-S) p (Robust-S)
rs10922109 1 CFH 028 061 7.6x107° 56 x107% 3.6 x 1077
rs1329427 1 CFH 028 061 84x107° 6.3x107%  4.0x 1077
rs10801559 1 CFH 0.28 0.61 9.4x107° 6.9x107%  4.4x1077
rs1410996 1 CFH 028 062 1.1x10°8 76x107%  5.0x 1077
rs2284665 10 HTRAI 0.33 154 1.6x1078 53x 1077 4.3 x 1076
rs2293870 10  ARMS2-HTRA1 0.33 153 1.6x 1078 43x10"7  75x107°°
rs61871744 10  ARMS2-HTRA1 0.33 154 1.6x 1078 1.7x 1077 34x107°
rs3763764 10  ARMS2-HTRA1 0.34 153 1.7x1078 40x10"7  85x107°
rs28368872 16  ATF7IP2 013 1.70 1.2x1077 14%x107° 1.9x107°
rs12708701 16  ATF7IP2 013 1.71 1.5x 1077 1.2x 107>  1.5x 1076

Although the p-values are all larger compared to the primary analysis result through the
two-part model (due to smaller sample size), our Copula2-S method still yielded smaller

p-values compared to the other two methods.

A.3 Similarities and differences between copula and frailty models

Both copula and frailty methods are popular for modeling bivariate survival data. The
two models sometimes share similarities in their mathematical expressions. For example,
the joint survival function under the Clayton copula is written as S.(t1,t2) = [{S1..(t1)} "7+
{Sa.c(ta)} ™" — 177 where S;.(t;) is the marginal survival function for margin j. On the

other hand, the Gamma frailty joint survival function has a similar form:

Syt ta) = Lo[L, {S1(tr) + £, (S1s(t2)}) = [{S1,5(0)} 7 + {Sep(0)} 7 =177,

where £,(s) = (14 ps)~'/* is the Laplace function on density function of the random frailty

term, which follows an exponential distribution with unit mean and variance p; S f(t;) is
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the marginal survival function under the Gamma frailty setting. Assuming a Weibull margin

as an example, then the marginal survival function under Clayton copula model is
S3elt) = exp{~(1/ 3¢},
while the marginal survival function under Gamma frailty model becomes
Sip(t) = Lo((t/ M) e%) = {1+ p(t/ X))oy,

It can be seen that S.(t1,t2) = Sy(t1,t2) only when both n and p — 0. Therefore, the
joint survival functions of Clayton-Weibull and Gamma-frailty-Weibull models are actually
different due to their distinct marginal survival functions.

For another example, the Gumbel copula has the joint survival function as S.(t1,ty) =
exp{—[(—1log{S1c(t:1)})" + (= log{Sa..(t2)})"]*/"}, whereas the Positive Stable frailty has the

joint survival function as

Sp(ta,ta) = L[L, {S1p(t1)) + £, (S1.4(t2)}]

= exp(—[{—log S11(t1)}" + {—log S2.4(2)}]"/*),

where £,(s) = exp(—s'/?) is the corresponding Laplace function when the random frailty
term follows a Positive Stable distribution. If assume Weibull for its conditional hazard

function, then the marginal survival function becomes
Sir(t) = L,((t/ X)) = exp{—(t/ )/ es0vy,

which follows a new Weibull distribution. The marginal survival function under the Gumbel
copula is still S;.(t) = exp{—(t/)\;)*e%P}. Tt is easy to observe that the Gumbel-Weibull
and Positive-Stable-Weibull models are equivalent given \; = S\j, kj = l%j /p, B; = BNJ- /p,n=p.
More discussions about the similarities and differences between the copula and frailty models

can be found in Goethals et al. [2008] and Wienke [2010].
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A.4 Asymptotic properties

This section presents the regularity conditions and the proofs of Theorems 2.3.1 and
2.3.2 being shown in the main paper. The proofs make use of six lemmas and one general
theorem, which are stated and proved in Appendix A.5 and A.6, respectively.

First, we state the regularity conditions needed for Theorems 2.3.1 and 2.3.2.

Condition 1. (i) There exists 7; > 0 such that pr(R; — L; > 7;) = 1,j = 1,2; (ii) The
union of the supports for distributions of Lj;s and Rj;s is an interval [c, u] with 0 < ¢ < u <
00.

Condition 2. The distribution of covariate Z; has a bounded support and is not concen-
trated on any proper subspace of RPi, j = 1,2, p; is dimension of Z;.

Condition 3. Let L(B,, K, y1,y2) be the likelihood function with A; being substituted
by y;. Define

. oL oL oL oL oL
T _ = - - o o
v L(/87O[7/{7y17y2)_vl aﬁ +U28Q+U38H+U48y1+v56y2’

with v = (v], vy, v3,v4,v5)T. There exist l5,r; € [c,u] for which there are p + 4 different
sets of (21, z2) such that if UTL(BO, Q, Ko, Mo, Ago; D*) = 0 with D* = {I%, 77, z;} for each of
these p + 4 sets of values, then v = O(p4.4)x1-

Condition 4. (i) The function Ajq is continuously differentiable up to order ¢ with ¢ > 3
in [c,u] and satisfies £1 < Ajo(c) < Ajo(u) < € for some positive constant &, 7 = 1,2. Also
(BE, ap, ko)™ is an interior point of B C R? x ROU x R*. (ii) The transformation G is a
strictly increasing function with G;(0) = 0 and is three-times continuously differentiable in
0,ul,j =1,2.

Condition 5. For every 6 in a neighborhood of 6y, P{l(0; D) — l(fy; D)} < —d*(0,6y),
where [(0; D) being the log-likelihood function given in Section 2.3 and < means that “the
left-hand side is bounded above by a constant times the right-hand side”.

Remark. Conditions 1, 2, 4(i) and 5 are commonly used in the studies of interval-censored
data (e.g., Huang and Rossini, 1997, Wen and Chen, 2013, Zhou et al., 2017). Condition
4(ii) comes from the definition of the linear transformation model (Cheng et al., 1995).
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Condition 3 ensures both the identifiability of the parameters and the positivity of the efficient
Fisher information matriz (Chang et al., 2007, Wen and Chen, 2013, Zhou et al., 2017).

Remark. Before the proofs, we need to remark that although our Theorems 2.3.1 and 2.3.2
may look familiar among existing literature, we have to deal with challenges from the com-
plicated data structure and likelihood function. For instance, unlike the right-censored data,
the modeling of interval-censored data is more difficult due to no exact observed times and
thus common theoretical tools, like the counting process theory, cannot be applied. As a re-
sult, we turn to the modern empirical process theory (such as van der Vaart and Wellner
[1996]) for proving the theorems. In our case, our likelihood involves both the complicated
copula dependence structure and two unknown infinite dimensional nuisance parameters. For
the convergence rate, we prove it by verifying the conditions in Theorem 1 from Shen and
Wong [1994]. To establish the asymptotic normality, we first prove a general theorem on the
asymptotic normality of semiparametric M-estimators with two nuisance parameters, which
1s completely novel as shown in Appendiz A.6. Then we prove the asymptotic normality of
our sieve estimators through verifying the conditions of the general theorem. This general
theorem can be readily extended to the case with more than two nuisance parameters. Fur-
thermore, our proof procedure for convergence rate and asymptotic normality applies to any
Archimedean family copula, not limited to the two-parameter copula model as we consider in

this work.

Proof of Theorem 2.3.1. We will derive the convergence rate by verifying the Conditions
C1-C3 of Theorem 1 from Shen and Wong [1994]. Define 07 = B ® M?® M9, where M?
is the collection of Aj, 7 = 1,2 with smoothness ¢ as defined in our Condition 4. Similarly,
©4 is the corresponding sieve space containing M?. Then the Condition C1 automatically
holds due to our Condition 5, which states for any § € ©%, P{l(6y; D) —1(0; D)} = d*(6, 6,).
Next we verify the Condition C2 of Shen and Wong [1994]. Similar to the arguments in the

proof of Lemma A3 (using our Conditions 1, 2, 4), we can show that for any 0 € 0%,

[1(0; D) —1(00; D)| < |b—bo| + [A1(L1) — Aro(L1)| + [A1(R1) — Aso(Ry)|
+ [A2(L2) — Ago(La)| + [A2(R2) — Ago(R2)],
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where D = (L;, Rj, Z;),j = 1,2. Then, it follows that for any § € ©%

P{l(0; D) — 1(6o; D)}* <[b—bol? + P[{A1 (1) — Aro(l1)}> 4+ {A1(r1) — Aso(r1)}?]
-+ P[{Ag(lg) — AQO(ZQ)}Q —+ {AQ(’T’Q) — AQO(TQ)}2i| = d2(¢9, 80)

It implies that

sup var{l(6o; D) — 1(0; D)} < sup P{l(0y; D) — 1(0; D)}* < €.
{d(6,60)<e,6€0%} {d(0,00)<e,0cOL}

Thus, Condition C2 from Shen and Wong [1994] holds (with 5 =1 in their notation).
Finally, we verify the Condition C3 in Shen and Wong [1994]. By Lemma A3, for F,, =
{I(6; D) — I(0o,n; D) : 6 € ©1}, we have N| (€, Fp, || - [|o0) S (1/€)°™ ™, with d = p + 2 being

the dimensionality for b = (87, a, k)T. Using the fact that the covering number is bounded

by the bracketing number, it follows that

H(e, Fu, | - lloo) = log Ny y(€, Fs || - [loo) S (emn + d) log(1/€) S 1 log(1/e).

Hence, the Condition C3 of Shen and Wong [1994] in page 583 holds when the constants
2rg = v and r = 0" in their notations.

Therefore, the constant 7 in Theorem 1 of Shen and Wong [1994] on page 584 is (1 —
v)/2 — {log(logn)}(2logn)~t. Since {log(logn)}(2logn)™! — 0 as n — 0, we can pick
a v slightly larger than v such that (1 — 7)/2 < (1 — v)/2 — {log(logn)}(2logn)~" for
large n. We still denote 7 as v so that 7 = (1 — v)/2. Since 6, maximizes P,l(6; D)

over ©4, so 0, satisfies the inequality (1.1) in Shen and Wong [1994] when 7, = 0 in their

ns
notation. By Lemma A2, there exists a Ajo,, € MY such that ||Ajo, — Ajollee = O(n~7/2).
Thus, the sieve approximation error p(m,0p,6,) in Shen and Wong [1994] is O(n=%/?) . In
addition, since PI(f; D) is maximized at 0y, its first derivative at 6, is equal to 0. Then,

applying the Taylor expansion for P{l(0y; D) —1(0; D)} around 6y and plugging in 6 = 6y, =
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(BY, g, K0, Aon, Aaon) T, the Kullback-Leilber pseudodistance of 6y = (8%, a, ko, A1, Azo)?
and 90771 = (55, o, Ko, AlO,m Agoyn)T fOHOWS
K(Qo, 90,11) = —P{l(eo’n, D) — Z(GO, D)}
1 . .
= - §P{ZA1A1(00; D)[Alo,n — Ao, AlO,n - Alo] + lA2A2(90; D)[A20,n — Ay, AQO,n - A20]
+ 205, 4, (005 D)[A1o.0 — Ao, Azon — Aso] } 4 o(d?(o,, 00))
S0 = Asoll3 + [[Az0. — Aaoll3 + o[ Aron — Aroll3 + [ A0, — Asoll3) S O(™).
The second last inequality holds due to boundness of all second order derivatives of log-
likelihood in Lemma A1l as well as derivations similar to Lemma A3. The last inequality
holds since HAJO,n — A]0H2 < HAJO,n — A_]OHOO = O(n_q”/2),j = 1, 2.
Therefore, K'/2(6y,600,) = O(n~%/?). Hence, by Theorem 1 of Shen and Wong [1994], we
obtain the convergence rate for 0, as
d(én7 90) = Op{ max(n’(l’l’)/z, n*qV/2’ n*qV/Q)} — Op (n* min{qu/2,(1—y)/2}).

This completes the proof of our Theorem 2.3.1. O]

Proof of Theorem 2.3.2. We will prove the theorem by checking assumptions A1-A6 of the
general theorem in the Appendix A.6. We can verify the assumption Al by applying our
Theorem 2.3.1 with v = min{qr/2, (1 —v)/2} and the Ly norm. A2 also automatically holds
under the model assumption. For the assumption A3, we need to verify both existence of i}
and nonsingularity of the matrix A. Following similar arguments as in Wen and Chen [2013]

(page 402-405), the existence of i} can be verified, which satisfies that for all h; € Mt
P{ly, (bo, Mo, Mao) [ha] + Lpay (Do, Ao, Mao) [ha] — I, (o, Avo, Aao) (B, ha]
— Tny a0 (Do, Aroy Aoo) [, o) — Tnyay (boy Avo, Moo 5, ha) — Iaga, (Do, Avo, Aso)[hg, Ba]} = 0.
For any hj, /~1j € M1 we have the following results:
Plyy(b, A1, Ag; D) = —P{iy(b, Ay, Ag; D)L (b, A1, Ag; D)},
Plya, (b, A1, Ao; D)[Ry] = Play(b, A1, Ag; D)) = —P{iy(b, A1, Ag; D)in, (b, A1, Ag; D) (R},
Pl,n, (b, A, Ag; D) [y, hyj] = —P{la, (b, Ay, Ag; D)[]ia, (b, Ay, As; D[R]},
Pin,a, (b, Av, Ag; D)[hy, hy] = —P{ix, (b, Av, Ag; D)[hylia,, (b, Ar, Ag; D)[hye]},
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where 7,7 € {1,2}, and all first and second order derivatives are defined in the Lemma A1l.

Then, together with assumption A3 and the above equations, the matrix A follows

A - _P{lbb(b07 A107 AQU; D) - [Alb(b07 A107 AQO; D) [hﬂ - Z.Agb(b07 AIU) AQO; D)[h;]}
= P{Zb(b07A1o7A20; D) - iAl(boa A10, A20; D)[hﬂ - jAQ(bO7A107A20; D)[hg]}@
= Pl*(bO,Am?Azo;D)@?,

where I*(by, A1g, Aso; D) = Iy (bo, Ao, Aoo; D) —ia, (bo, Aro, Aoo; D[R] —1a, (bo, Aro, Aso; D[R]
Therefore, the matrix A is the same as the matrix B in the general theorem stated in
the Appendix A.6. Now, we will show A is non-singular, which is equivalent to show if
vl Av = vT Pl*(by, A1g, Ago; D)®?v = 0 for some v = (v, vy, v3)7 € R? then v = 0. Further,

it is sufficient to showing if vT1*(by, Ao, Agg; D) = 0, then v = 0. It follows that

0 ZUT{Zb(bm Ao, Ago; D) - ZA1<bOa Ao, Aao; D)[hﬂ - lAg(b07 Aq0, Ago; D)[hZ]}

:{U{Lﬁ(boa Aio, Ago; D) + U2La(b07 Aio, Aoo; D) + U3Ln(b07 Aio, Ago; D)
1
L(507A10;A20; D).

+ LAl (bo, Aio, Ago; D)[—UThﬂ + LA2<bOa Aio, Ago; D)[—UT@]}

By our Condition 3, we get v = 0. Therefore, the matrix A is non-singular. This completes
the verification of assumption A3.

To verify A4, we first note that P, (b, Alyn, Azn) = 0,(n~/?) automatically holds since
(I;n, Al,n, /A\Qn) are the sieve maximum likelihood estimators and satisfy
P,y (bn, Ay, Asy) = 0. Now we need to show PniAj(l;n, Ay, Agn)[h;l] = 0,(n"Y?), where n
is an element in 1}, [ =1,---,d. According to Lemma A4, there exists an h},, € M2 such
that ||}, — 7}, lle = O(n™") and ]PniAj(l;n, Avp, Agn)[h;ln] = 0. Thus, we want to show

Ij,n = ]P)nl.Aj (l;n, [A\Ln, [\2,”; D)[h;l —h:

—1/2
jl,n] = OP(” / )
Further, I;,, can be decomposed into summation of two parts /;;, and Ijs,, where

[jl,n = (]P)n - P)jAj (BnaAl,naAZ,n; D)[ ;l —h} ]?

jl7n

]jQ,n = P{lAj (i)n» Al,na AQ,n; D)[h;l - h;l;n] - lAj (b07 A107 AQO; D)[h;l - h;l,n]}
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The decomposition holds since P{iAj(bo, Ao, Aao; D)[RG — B

il n]} = 0. Next, we will show

that [;1,, and Iy, are both o,(n=%/2).

By Lemma A5, the e-bracketing number associated with || - ||« norm for the class F, (1),
defined as F,, j1(7n {ZA (0; D)[h3, — h] : 0 € ©2, h € M?% and ||hY; — hllo <7}, is bounded
by (n/e)*™*4. The lemma implies that

J s Fat(n). Lo(P)} = / "[1 +10g N e, Fo (). La(P)} ode < / "1+ log(n/e)} e
< / fma(nfe)}rde = min,

Pick n = 1, = O(n~™™»0-)/2}) and apply Lemma A4, then 175 = il = O(n™) <

O(n~min{(1=0)/2}y — 5 And since ¢ > 3, we have d(6,,0,) = Op(n~™nle/20-1)/2}) <
O(n~min{n(1=v)/2}) = p = Therefore, we have ZA].(ZA)H,/A\L,,HAQ’H;D)UZ — 1l € Fogi(mn).
According to Lemma Al, ||iA.(9; D)[h} — h]||l« is bounded by some constant M > 0 and
P{ZA (0; D)[h3, = h]}? S IR — hllZ, < na. Applying the maximal inequality of Lemma 3.4.2

of van der Vaart and Wellner [1996], we have

J[ }{n’rw Fn,jl(nn)a LQ(P)}
n2nl/2

) = o),

EylIGullz, ) S 1 s Fut ), La(P)}[ 1+ M|

1 s o1
< man, + mnn% = O{n’mm(

~Y

where G,, = n'/?(P,, — P) and the equality holds due to v < 1/2. Therefore, we have

1

L= (P, - P)iAj (énv D)[ ;l - h;l,n] = n_l/anjAj (énv D)| ;l - ;l,n] = 0p(n"2).
Then, for 5, = 0,(n~'/?), applying Taylor expansion for ZAj(én; D)[hy — b3,,) at 0y gives

l.Aj(én;D)[h;l h;ln] jAj(90§D)[h;z h;ln

| = (zan—bo)TZ'Ajb@;D)[h;, R

9, n]

+In,a, (s DR — B

jlno

A — AjO] + lAjAj/ (én’ D)[h* h*

jl,no

Ajr o — Njuol,

where j,j" € {1,2} and 0, lies between 6y and 6,,. Using similar procedures and applying

Lemma Al and A4, we get }Z'Ajb(én;D)[h* b WS 175 = Wil = O(n™"). Thus,
7 7 n * min( %, V 7,/ — min( (qu?)V v
(b — b0)"Ia0(8; D) [y — 1fy,] S Op{n™ ™™ FF910(n ™) = Op{n 59,

1— 1/

(a+2)v 1+l/) }
)

ZAJAJ(é’I’L7D)[ ;l —h: Ajﬂ —Aj()] 5 O(?’L_ ) p{n min(%Z, } O {n—mm 5 .

Jl,n
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and similarly Z'AjAj, (0,; D[Ry — R, /A\j/m —ANj)=0 {n_ min((527, 1%")}_
~! we have Ij3, = O { — min(12, 13) )} = o(n~'?). Therefore,

Lin = ILiin+ Ljg, = 0,(n"1/2) for j = 1,2 and assumption A4 holds.

Finally, since v > (2 + q)

Now we verify assumption A5. According to Lemma A6, the e-bracketing number asso-

ciated with || - || norm for the following classes of functions
Fbi(m) = {0y, (8; D) — I, (60; D) : 0 € ©2,d(0,60) <n,j = 1,2},
f,fﬂ = {ia, (0 D) (5] = I, (60; D)) : 0 € ©4, d(6,60) <},

are both bounded by (1/€)*™*4. The lemma implies that the corresponding e-bracketing
integrals are both bounded by my! 277, that is

T Fy(n), La(P)} S min and J; {0, i (n), La(P)} < midn,

Then, for ibl(e; D) — ibl (0o; D) € }—2,1(77)7 applying Taylor expansion and Lemma A1 gives

P{ly,(6; D) — Iy, (60; D)}?
SP{Ib = bol3 Ly, (6; D) L (65 D)} + Pl (6 D)[Ar = Aio]}* + Py, (65 D)[As — Ago]}?
SIo = 0of* + [[ A1 = Auoll3 + [[Az — Agoll3 = d*(0, 65) = 1*
Similarly, we can also obtain P{ix,(6; D)[h}] — ix, (00; D)[13]}* < 0 for any ia,(6; D)[h3] —

iAj(GO;D)[h;l] € .7-"7?’]( ). From Lemma Al, we know that ||l (8; D) — Iy, (60; D)o and
lin, (6; D)%) — i,(80: D)[%]]|o are both bounded. Now pick n = 5, = O{n~"n(%539)},

Similar to the verification of assumption A4, we have

(q)1

Ey|Gullzs o < M2, +myn~t = Ofn~mn( 1+ 0" 2) = o(1),

where the last equality holds due to 0 < v < 1/2 and ¢ > 3. Similarly, E,|G, || o <
qt/ 1 l/) o
2

my/” Nn +mun~% = o(1). Thus, for v = min{qr/2, (1—v)/2} and Cn~" = Cn~™n(%
M, by the Markov’s inequality, we get
sup G {ls, (b, As, Ao; D) — Iy, (b, Aso, Asg; D)} = 0,(1),
d(6,00)<Cn—
sup G”{jAj(bv Ay, A D)[h;l] - jAj(b7 A10, Aso; D)[h;z]} = op(1).

d(0,00)<Cn—
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This completes the verification of assumption A5.

Finally, for the two equations in assumption A6, we will verify the second one and
the proof of the other equation follows similar steps. In a neighborhood of (bg, A1g, Ago) :
{0, Ar, Ag) o [b—bo| + [[A1 — Agoll2 + [[A2 — Agolla < Cn77} with v = min(qv/2, (1 —v)/2),
applying the Taylor expansion for [ A; (0, A1, Ag; D)[R3] yields

P{is, (b, A1, Ao; D)[1Z] — In, (bo, Avo, Asos D) [RZ] — Ta,5(bo, Aros Aso; D)[R3] (b — bo)

— In,a, (Do, Ao, Aoo; D)[R, Ay — Njo] — Iaa, (B, Aro, Mao; D) [R5, Aje — Ajuo] }
=P{ix,5(b, Av, Ao; D[R] — In,3(bo, Avo, Aso; D)[R3]}(b— bo)

+ P{ip,n, (b, Av, Aoy D) (RS, A — Njo] — Ia,a, (bo, Avo, Aao; D) (RS, Ay — Ajo] }

+ P{ix, (b, Ar, Ag; D[, Ay — Ajro] — In;a, (bo, Ao, Aoo; D)[B, Aje = Ajio] },

where (13, Ay, Ay) are intermediate values between (by, Ajo, Ago) and (b, Ay, Ay). By applying

similar arguments that we used for other assumptions, we have

P|[AjAj,(l~7, /~\17/~\2§ )[hﬂ,/\ — Ay ]_Z.AjAj/(bOaAmyAQO; D)[h;

S = ol + [|Ar = Asollz + [|Az — Asoll2) (1A — Ajrolls)
=O{ (10— bo| + A = Asolla + [|As — Asoll2)“}= O(n ™),

Ajr — Ajrg)

g

where the inequality holds due to the Holder’s inequality and Cauchy-Schwarz inequality;
the two equalities hold for some o > 1 and 7 > 0 as defined in assumption A6. Further,
O(n=) = (1b = bo| + | A1 = Asoll2 + [|As = Asoll2) (1A = Ajoll2)

— O(n~™n(% 7 3)O(n~min(%:72%)) = O(n~mn@ 1)) = o(n~Y/2) due to (24 ¢)™ < v <

1/2. Hence, we get ary > 1/2. Similarly, for some a > 1 satisfying ay > 1/2, we can have

P‘ZAA l;’ Al’AQ’D)[ A AJO] Z.AjAj(b()aAlOaA?O;D)[ ]l’A A]O ‘ - —Oc’y),

Jb

P‘ZA b Al,A2, )[h;l] - lAjb(bm A1, Aso; D)[h;zH(b —by) = O(n™).
Putting all together, we obtain that for some «a > 1 satisfying ay > 1/2,

|P{5Aj(b> A1, Ag; D)[hﬂ - iAj(b0> Ao, Aso; D)[h;] - Z/\jb(bo, Ao, Aso; D)[hﬂ(b - bo)
- Z.Aj/\j(bo, Aso, Ago; D)[h;k', Aj— Ajo] - [AjAj,(bo, A1, Ago; )[ — Njro }| n=")
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Therefore, we have verified all assumptions A1-A6 of the general theorem in the Appendix

A.6 and thus we get
nl/Q(l;n — bo) = A_lnl/zpnl*(bo, Alo, AQO; D) + Op(l) —)d N{O, A_IB(A_I)T},

where I*(bg, Ao, Aso; D) = Iy(bo, Ao, Aso; D) —ln, (bo, Aro, Aso; D) 5]~y (bo, Aro, Aso; D) (R3]
Since A = B = P{I*(by, A1g, Aoo; D)}®?%, as shown in the verification of assumption A3,
therefore A1 B(A™1)T = A1 := ["1(by), thus n'/2(b, —by) =4 N{0, 17 (by)}, where I(by) =
P{1*(by, A1g, Aag; D) }*? with 1*(bg, A1g, Ago; D) being the efficient score function of by. Now
we complete the proof of Theorem 2.3.2. O]

A.5 Technical lemmas

Lemma A1. Under Conditions 1, 2 and 4 (in Appendix A.4), the log-likelihood function
Z(G,D) = 10gL(9,D) = log[S(LlaL2 | Z) _S(L17R2 | Z) _S(R1>L2 | Z) +S(R17R2 |
z)] has bounded and continuous first and second order derivatives with respect to 6 =

(BT, o, 1, Ay, A)T € B@ M@ M9

Proof. Since L(#; D) is bounded away from 0 according to Condition 1, it is equivalent to
show the boundedness and continuity for the first and second order derivatives of S(t1,%s | 2).

We first define some notation. Define ll(6; 11,12, 2) as

1(0;ty,tq,2) =log S(ty,ts | 2)
= s log {1+ [(exp( G(e™ P Aa(1))) — DY + (exp( Gl Aa(t2))) — 1))},

K

Denote A = 1+ [(exp(1G(e*' PA1(11))) — 1)V + (exp(LG (e PAs(t2))) — 1)V/°]*. For any
fixed A; € M let {A;,: 7 in a neighborhood of 0 € R} be a smooth parametric path
in M? running through A; at n = 0 (ie. Aj, € M9 A, |,=0= A;). Let h;(t;) €
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H; = {h; : h; = 6A” ln=0, Njy € M}, with h;(t;) satisfying the Fréchet derivative
Aj(thr")*A;(tj) h (t " — (). Then the first order derivatives of 1(0;t,ta, 2) are:

(051,12, 2) =

— exp(1@G ) _ 1/aq a—1 ; ' ;
71{ [1 ! (eXpEz E ZTﬁAlEZ;;; - 1) } eXp(%G(ez PAL(8)))G (e P A (1) A (1)

P
exp(£G(e BA1( 1)) Heqet 1. s 0 ZTB
e P

2,

[,(0: 1, 82, 2) :log{(exp(%G(e‘zT’BAl(tl))) ey (eXp(%G(ezTﬁAQ(zﬁz))) - 1)”&}
" [<eXp<§G<eZTﬁA1<t1>>> — 1) log(exp( Gl M (1) = 1)

oG Aalt2))) ~ 1) loglexp( G P As(1))) - 1>} (-2,

1.(0;t1,t2,2) = —log(A)
L eXp(%G(eZT’BA2(t2)>> — 1\ et 8 8
R e ) I R C e NI )
exp(LG(e*" A1 (1)) — 1\ /]! 5 5
+ [1 + (eXp(%G(ezTﬁAQ(tg))) — 1) } exp(—G(e” PAy(t2)))G(e AQ(tg))},

ln, (01,12, 2)[y] =

|
—1 exp(LG(e” PNy () — 1NV 1 T T
T (i) | e G A ) ),
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with j = 1,2, Aj € M, and hj(tj> e ML

The second order derivatives of 11(6;t1,t5, z) can be written as

l"lAlAl (9, tl, t2, Z)[hl, iLl] =

—1 eXp(%G(ezTﬁAz(tz))) — 1\ Yoot 1., .15 s TR 2275
{ Y [1 + (exp(%G(ezTﬁAl(tl))) — 1) } exp(ﬁG(e Ai(t1)))G(e* PAi(t))e
—1 exp(LG(e* PAo(ts))) — 1\ 1 4 o 2,15l
3 1 (omaemne 1) ] PO NG )
1 exp(LG(e” PAs(ta))) — 1\ /*1°2 2 . |

1
+E{1+

jZAlAQ(G;tl,tQ,Zﬂhl, hg] = ZZAgAl (e;tl,tQ,Z)[hQ, hl]
et exp(£G(e* PAs(t))) — 1
{2 (e
(GXP&G(eZTﬁAz(tg»)
exp(+G(ex Py (t1)))
1 exp(2G (e PNy (1)) - 1NV 1 e o
+ﬂ”(expec:(eﬂm?(m)))—l) ] exp( Gle™ PAa(t)) (e Phalta))e 5}

X hi(t1)ha(ts).

Vet 1y o oTh sl
) } exp(EG(e Ao (t2)))G (€ PAs(ts))e p

1 141/« 1
- 1) (LGP ) 1" o)

Similarly, we can derive ZZA2A2(6; t1,ts, 2)[ha, 712], ilbb(G;tl, to, z) and ZZbAj(G;tl, t, 2)[h;]. Un-
der Conditions 1, 2 and 4, tq,ts reside in a closed, bounded and positive interval; covariate
z is bounded in RP; Ay has the order of smoothness ¢ > 3 and it is positive; G;(-) has an
order of smoothness of 3 and it is strictly increasing with G(0) = 0. These conditions assure
that all the derivatives are continuous and bounded. Therefore, the first and second order

derivatives for the log-likelihood function [(#; D) are all continuous and bounded. O
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Lemma A2. For Ajo € MY, j = 1,2, there exists a Ajp,, € M? such that
1Ajon = Ajollee = O(n™"72).

Proof. This is a direct result according to Theorem 1.6.1 of Lorentz [1986], which indicates
there exists a Bernstein polynomial Ajq, such that [|[Ajo, — Ajollee = O(mn™?) = O(n~=7/2).

]

Lemma A3. Let 6y, = (b, Ao, Maon)? = (B, o, ko, Aron, Aoon)? with by € B and
Aion, Moo € M2, 5 =1,2. Denote F,, = {l(6; D) — l(0p.n; D) : 0 € ©1 = B x M x Mi}.
Assume Conditions 1, 2 and 4 hold, then the e-bracketing number associated with || - ||«
norm for F, is bounded by (1/€)™»*¢ where d = p + 2. That is, for some constant ¢ > 0,

NU(e T || o) S (1/€)m .

~

Proof. We first define some notation:

B =(exp(- (e Ay(1))) — DV + (exp(- Gl Aat2))) — 1)V,

1 T :
C; :eXp(EG(ez PN ) —1, j=1,2.

According to Shen and Wong [1994] on page 597, Ve > 0, 3 a set of brackets {[A%;, AY] :
i=1,2,--- [(1/e)™],j = 1,2} such that for any A; € M2, A%(t;) < A;(t;) < AY(t;) for
some 1 <7 < [(1/e)™] and all ¢; € [c,u], and |[Af; — AY[| < e. In other words, we have
N (e M3, [ lle) < el

Define B as a compact set, then B can be covered by [ca(1/€)?] balls with radius e.
Thus, for any b € B, there exists 1 < s < [¢y(1/€)?] such that |5 — B,| <€, |@ — a,] < € and
|k—ks| < e. Equivalently, we have § € [B;—¢, Bs+¢€], o € [as—€, a5+€] and k € [ks—¢€, ks+e€].
Hence, we can construct a set of brackets {[m/ (D), m{ (D)],i = {1, -, [(1/e)*™ ]} s =

{1,..., [e2(1/€)], }} so that for any m(6; D) € F,, there exists a set (i,s) such that for any
sample point D, we have m(0; D) € [mE (D), mY,(D)], where

,5 » M%s

mﬁS(D) =log [st(Ll, La|z) — Sf{S(Ll, Rol|2) — Sf{s(Rl, Ly|2) + SfS(Rl, Ry|2)] — (80,05 D),
mY (D) = log [Sf{s(Ll, Ly|z) — st(Ll, Ry|z) — SfS(Rl, Ly|z) + Sf{s(Rl, Rs|2)] = (600 D),
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with L and U representing lower and upper bound of each term. To prove this Lemma, we

will need to show [[mf, — m/||ls < e. By the Mean Value Theorem,

im{ (D) — mf(D)| < |SU,(L1, La|z) — SE(L1, La|2)| + [S{, (L1, Ro|2) — S (L, Ro|2)]
+ ysf{s(Rl, Lo|z) — SRy, Lo|2)| + |S§{S(Rl,32|z) — SfS(Rl, Ry|2)).

Since L;, R; € [c,u|, it suffices to prove that for any ¢;,t; € [c,u] and z as defined in

Condition 2, |SY(t1,t2 | 2) — S/ (t1,t2 | 2)| < e. Applying the Mean Value theorem again,

1SV (t1, 1y | 2) — SE(t, s | 2)| = |elog(535(t17tzlz)) _ elOg(SiL,s(tl,t2|Z))|
i, ’ i, )

< 1o (S, (t1.t2 | 2)) — log (S (tr.ta | 2))] == I (11, 2 2) — m (1,82, )],
where

G(GZT(IBSJ'_E)A%(tl))) . 1)ﬁ

mfs(tl, ty,2) = — (ks + €) log {1 + [(exp(
1
Ks 1 €

Keg + €

+ (exp(

G(e” Bt (1,))) — 1)ﬁ}are} = —(ks +€)log A4
and

G IS (1)) — 1)

mgs(tl,tg, z) = — (ks — €) log {1 + [(exp(
1

Kg — €

Kg — €

+ (exp(——G(e PING (1)) = 1) 1= —(k, — €) log Ao,

in which A; and A, represent the corresponding A term (previously defined in Lemma A1)
in mﬁ{s(tl, ty, z) and mﬁs(tl, t9, ), respectively. Similarly, we denote By, By corresponding to
B as well as C}1, Cj, corresponding to C; in mﬁ{s(tl,tQ, z) and mfs(tl,tg, z), respectively. It

then follows that

|mgs(t1,t2,z) — mfs(tl,tg, 2)| =] — (ks — €)log Ay + (ks + €) log Ay

< |ks + €] x |log A} — log As| + 2¢elog A; < |Ay — Ag| + €.

The last inequality holds due to the Mean Value Theorem and Lemma Al.
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For |A; — Asl, applying the Mean Value Theorem and Lemma Al again, we have

| A — As| = |By*t — Be™| = | exp(log By ") — exp(log B3 )|

< |log B®™¢ —log By*~¢| = |(avs + €)log By — (g — €) log By
1 2

1 _1 _1 1
SJ ‘Bl - BQ’ —‘I— € S ’Cl‘)‘ls+5 _ 01042376 + |020413+6 _ 02052576

+ €,

where

1 _1
ag+te
= |elogcn — wCE | < Jlog CFFF — log Oy~

1
+€ o _€’+|a _6‘X|10g011—10g012‘§€+‘CH—012|.

_1
O -

< ‘10g011| X ’

Further, applying the Mean Value Theorem, Lemma A1l and Condition 4(ii), we have

—€ 1 z €
Cit = Cual = exp(-—— G P INE (1) - exp(-—— G P+ (1)
z —€ 1 ZT €
< |Gl "IN (1) = — G A (1))
1 1

<G< TN ()| —— — —|
+|
S+

| % [G(e” BTINL (1)) — Gle” HINT (1))
<e+|e? T(Bs— e)AL( t) — ezT(ﬂﬁf)Ag(tlﬂ

< e+ Afy(t)]er 79 — e OFI) 4 T EFNAT (1) — Af(1)| S e

The last inequality holds due to [|AY, — AL|| = e.

1 1
Similarly, we can obtain |Cyy™ — Cgy™

< e Therefore, [|[m{, — m/|lc < € and the

e-bracketing number associated with || - ||« norm for the class F,, follows
N6 Fas || o) < (1™ (1/ )M ™ ea(1/e) S (1))

[]

Lemma A4. Let h*

i =1,2,1=1,..,d, be an element of h} defined in the proof of Theorem

2.3.2. This is the least favorable direction for the score function of A;. Assume Conditions

1, 2, 4 hold, then there exists an A}, € M} such that ||k}, — hjllee = O(n7").

jln

111



Proof.  We will first show that h}, € M? and then apply Theorem 1.6.1 of Lorentz [1986] to
complete the proof. By definition of A}, j = 1,2, and the fact that —P(ly(6y: D)IF (8y; D)) =
P([ggT(eo; D)), for any h; € M, we have

P{ — ib(bO;A107A2O§ D)jAl(bo,A1o,A2o; D)[h] — ib(b07A10,A20; D)iAQ(b07A10,A20; D)[hs]
+5A1 (bo, Ao, Aoo; D)[hﬂl'/\l (bo, Ao, Aao; D)[ha] + jAl (bo, Ao, Aoo; D)[hﬂl'/\z (bo, A1o, Ago; D)[ho]
+jA2 (bo, A107 Azo; D)[h;]iAQ (bo, Alo, A20; D) [hQ] + iAQ (507 A107 Azo; D)[hé]l)\l (bo, Alo, A20; D) [hl]

}=o.

Based on Lemma Al, we can see that fg(bo, A1p, Agg; D) has bounded derivatives upto order
2, which is the order of Gj in Condition 4. Also, Za(bO,Alo,AQO; D) and in(bo,Alo,Azo; D)
have bounded derivatives upto order min{g, 3}, which is the minimum order of A; and G;(-).
Similarly, A, (bo; Avo, Aoo; D)[h], 5 = 1,2 have bounded derivatives upto order of min{order of
h;, order of G(-) — 1} = min{q — 1, 2}. Since ¢ > 3 based on Condition 4, min{q —1,2} = 2.
Hence, 1}, € M?. Then, applying Theorem 1.6.1 of Lorentz [1986], there exists an h% . € M2
such that ||}, — b}l = O(mn??) = O(n™"), where j = 1,2. O

Jlin

Lemma A5. Let 1}, be the function defined in Lemma A4, and denote the class of functions
Fuji(n) = {ia,(0; D)k — h] - 0 € ©%, h € M2, ||h% — hllo < n}. Assume Conditions 1, 2, 4
hold, then Ny (e, Fnji(n), | - [|oo) < (/€)™ for some constant ¢ > 0.

Proof. First define three classes of functions: M3 (n) = {A; € MY, [|A; — Ayl < 1},
M) = {h € M2, [h=h, oo < 1} and B(n) = {b € B C RY, [§—Bo|+la—ao|+|x—ro] <
n}, where j = 1,2, 1 = 1,...,d. Then, following Shen and Wong [1994] (page 597) gives
N (e M), [-ll) < (/)™ and Ny (e, M2 (1), |- oc) < (/€)™ for some constants
c1,¢o > 0. In addition, since B C R? is compact, the covering number of B(n) follows
N6, B, || o) < csnfe)’

Similar to the proof of Lemma A3, AJLZ- and A% are functions that bracket A;, with
IAY — Abllee < €0 € {1,-- - [(n/e)*™1}; hy and hf are functions that bracket h, with

||hg - h£||00 < Evk € {17 " [(n/e)wmn—l}; ﬁ € [68 - Eaﬁs + E]a o € [as — €05 + E] and
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K€ [ks — €, ks +€|,5 € {1,- -+, [c3(n/e)¥]}. Then we construct a set of brackets for F, ;i(n)
(let j = 1 without loss of generality)

{ldi3 (D), d (D)) s 1< i < [(n/e)*™ ;1 < k < [(n/e)™™ ;1 < s < [es(n/e)'}

» Yik,s

so that for any iy, (6; D)[h%, — h] € Fn11(n), there exists a triplet (4, k, s) such that
Ir,(0; D)[ht, — h] € [dﬁ;j’s(D) d”! (D)] for any sample point D. Following similar reasoning

» Wik,

in Lemma Al and Lemma A3, it suffices to show that for any ¢;,t5 € [c,u]| and z as defined

in Condition 2,
- U1 L1
|llA1,i,k,s(93 l1, 1o, Z) - ”Al,i,k,sw; l1, la, Z)| = |dz‘U,;c1,s(t1? la, Z) - dﬁicl,s@l? ta, Z)‘ <,

where Ily, (0;t1,t2, 2)[h}, — h] € [d5;. (t1, t2, 2), df2 (t1, T2, )], With

ZT s € Gsre
dbt (b 1y, 2) =—— [1+ exp(=G(e” PmINL (1)) — 1\ H]me_l
ik,s\U15 12, Ail:k,s exp( 1 G(ezT(ﬁerG)A%(fq)))—l

Ks—€

G(ezT(Bs-‘,—E)A(l]i(tl))) G‘(GZT(BSJFG)A%(tl))) 7 (Bate) (h},(t1) — hé(tl))»

xexp(H —
S

Ks+e€

AV (1. 1, - [1+
z,k,s( 151, 2) Az'L,k,s exp(—=G(ez" B+ (1)) — 1

G(ezT(BS+E)A1Ui(t1))) G(ezT(,Bs+e)A[1Ji(t1))) 6ZT(55+6) (hil(h) _ hg(tl»

exp( 1 G(ezT(ﬁs_E)Aé(tQ))) _ 1)1/(as+e):|as+e_1

x exp (

Ks — €

The term Afhs presents the lower bound of A, which is previously defined in Lemma Al.
We notice that d’;!,(t1,ts,2) and d-y ,(t1,ts, 2) are only different in the last term because
df}js (t1,t9,2) < 0 whereas d?}js (t1,t9,2z) > 0. Thus, due to the boundedness of the first order

derivatives, it follows that \dg}is(tl,tg, z) — df}l’ﬂl’s(tl,tQ, 2)| S IhY — hE|ls < €. Similarly, we

can show ]dg,fs(tl, to, 2) — d,f ,’55 (t1,t2, 2)| < €. Therefore, the e-bracketing number for the class
Fui(n),j = 1,2, is bounded by (n/e)“™ (n/e)=>" c5(n/e)?, that is Ny j(e, Fuji(m), || - loo) S
(nfermreamtd = (p ey, a
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Lemma AG6. For [ =1, - -, d, define two classes of functions as

Fb () = {0y, (8; D) — I, (60; D) : 0 € ©2,d(0,0) < n,j =1,2}, and
f:ﬂ = {Ix, (6; D)[15) — In, (60; D)[5] - 0 € ©2,d(8,6,) <},

where Iy,(8; D) is the I element of ,,(6; D) = (lg(@, D),1.(6; D), 1.(6; D))T and h% is the
I'" element of A} in Lemma A4. Assume Conditions 1-5 hold, then Njj(e, F5,(n), ] - [loo) S

(n/e)™+ and Nj (e, fngl( 1l Nloo) S (n/€)™ 4 for some constant ¢ > 0.

Proof First define several classes of functions M} ; = {A; € M2, ||A; — Ajll> < n} and

={b= (" a,k)T € BCRY,|B— Bo| + |a - ozo\ + |k — ko| < n}, where j = 1,2.
By the same arguments as in Lemma A5, we have Njj(e, M7 (), || - llo) < (n/€)*™ and
N(e, B(n), || lse) < c2(n/€)? for some constants ¢1, ¢, > 0. Similar to Lemma A5, let AL and
AY; be the functions that bracket A; € M, with [[AY — Al < €1 € {1..[(n/e)"™]};
also for any b € B, we have 8 € [B,—¢€, s+ €|, a € [as—€,as+¢€| and k € [ks —€, ks +€],s €

{L...Tea(n/ €)1}

For F?,(n) we can construct a set of brackets

{lupyis(D),upy ;o (D)] 1 1 <0 < [(/e)"™ ;1 < s < [ea(n/e)!]},

so that for any element in 7 (n), there exists a set (i, s) such that Iy, (0; D) — I, (60; D) €
[ufy (D), up ; (D)] for any sample point D. Similar to Lemma A3 and Lemma A5, it suffices

to prove that for any ¢y,%s € [c,u] and z as defined in Condition 2,
7Y 1 U L
|llbl,i,s(0; t1, 12, Z) - ”bl,z’,s(e; l1, 12, z)| = |ubl,z’,s(t17 lo, z) - ubl,z’,s(tl? lo, z)| <,

where l'lbl(ﬁ;tl,tg,z) - l.lbl(eo;tl,tz, Z) S [ufl,i7s(t1,t2,z) uI[)Jlis(tht?’Z)]'
When b = «a, we need to show [uY, (t1,t2,2) — ul; (t1,t2,2)] < e. Due to similar

structures of u}; ((t1,ts, 2) and uf; (t1,12, z), we will present the explicit form for the first
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term only. Also we assume exp(:G (e*"PA;(t;))) > 2 without loss of generality. Following
similar steps and notations as in Lemma 5, we have

Kg — € 1
(a5 + €)? (- AiL,s)X

Uﬁ,i,s(tlat% z) = l‘i(e;tl,tz; z) — l.la<90;t17t27z) =

2T (Bs—e) AL _q]eere
HS“G(6 A5(ty))) — 1] +[ex1:>(,{s+E

log{ [ exp( G(e*" =9 Nyy(ty))) — 1] +}

2T (Bs—e) AL _q]eere
HSHG(e Afi(t))) — 1] log[exp(/{sjLE

Gl I (1)) - 1]

X
—N—
"o
>
=

—_

LG INL (1)) — 1] log [exp

* [eXp[nste Ks + €

G(GZT(BS_S)Aé(tQ))) _ 1} }
— Uo(Bo; 11, tg, 2).

o= < e. Likewise, we

Applying similar arguments in Lemma A3 and A5 gives [[uY, , — u}; Jlo S

< €. Therefore, the e-bracketing number

~Y ~Y

have ||ug,i,s - ullsl,i,s||00 < € and Hug,i,s - ué,i,sHOO
associated with || - [|o for the class FJ,(n) is Npj(e, Fo (), | - o) S (/€)™ F.
Next, following similar steps we can find a set of brackets for the class ]—"fl\’lll(n) as

{[UL’I(D),Ug;I(D)] 11 < i < [(nfe)*™ ;1 < s < [ea(n/e)?]} so that for any element in

]-"11}1 (n), there exists a set (i, s) such that iAl(Q; D)[ht)] — l.Al (6o; D)[h7)] € [vfgl(D),vf{;l(D)]
for any sample point D. Applying the same arguments again, it suffices to prove that for any
.U . L

”Al,i,s<6; l1, 19, z)[hil] - llAl,i,s(e; t1, ta, Z)[h%{l] ‘ =
|vggl(t1, to, 2) — vf;l(tl, ty, 2)| < €, where l’lAl(g;tl,tQ, 2)[hy)] — l'lAl(Qo; ty,ta, 2)[h,] €

[vil:;l(tla t27 Z) UUJ(tl’ t27 Z)]’ Wlth

aste—1
exp(=G(e= PIAL (1)) — 1 Vit
eXp(Hsl_ G(eZT(BS+E)A(1]7;(t1>)> . 1

t1,ts € [c,u] and z defined in Condition 2,

UiL,él(tl, tQ, Z)

AL
Ai,s €

1 T i T T
x exp (———G(e” PTIAG(h))) Gle™ PTIAG (1)) e T by (1)

S

— lln, (B0 t1, ta, 2)[13),

as—e—1

eXp(Hsl_EG(ezT(ﬂﬁe)Agi(tz))) 1\ Yas—e)
exp( i Gler I (1)) — 1

1 2T (Bs—e o 2T (Bs—e 2T (Bs—e) 71.%
Gl BN (1)) Gle® PmIAL (1) e P by ()

S

— Iln, (B0 t1, ta, 2)[R3)-
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Applying the similar arguments as before gives ||UZU ;1 — vifj ;1||OO < e. Likewise, ||va ;2 —
vff”oo < €. Hence, the e-bracketing number associated with || - || for the class ]-":’;l(n)
) A

is Npj(e, F i) [l - lloe) S (n/€)mnte. O

A.6 A general theorem on the asymptotic normality of semiparametric

M-estimators with two nuisance parameters

To prove the asymptotic normality for the M-estimator lA)n, we first need to prove a
general theorem that is similar to Theorem 6 in Wellner and Zhang [2007] and Theorem 2.1
in Ding and Nan [2011]. Our log-likelihood function is more complicated and involves two

(infinite-dimensional) nuisance parameters A;, j = 1,2. We first denote

Sp(b, A1, Ay) = Ply(b, Ay, Ay; D), Syp(b, Ay, Ay) = Ply(b, Ay, Ay; D),

Sa, (b, A1, As)[hy] = Py, (b, Ay, Ag; D)[Ry], S, (b, Av, Ag)[hy] = Piy, (b, A1, As; D)[hy],
Syp(b, A1, Ag) = Plyy(b, Ay, Ay; D),

Sun, (b, A1, Ag)[hy] = SY (b, Ay, As)[hy] = Ploa, (b, Ay, Ag; D)[hy],

San; (0, Av, Ao)[hy, hy] = Pla,a, (b, Ar, Ag; D)[hy, by,

Saya, (b, Av, Ag)[hy, hy] = Ply s, (b, Av, Ag; D)y, by

We list the following assumptions:

Al. (Rate of convergence) |b, — bo| + [[A1n — Aol| + || Az — Agol = Op(n™7) for some v > 0
and some norm || - ||.

A2. Sy(bo, Ao, Asg) = 0, Sa, (bo, Asg, Aao)[hy] = 0, for all hy € Hy,j = 1,2.

A3. There exists h; = (hjy, -, -, h;‘-d)T, where 1}, € Hj, j =1,2,1=1,---,d, so that

s (B0, Ao, Aao) [T] + S, (B0, Aro, Aso)[ha] = Sy, (bo, Aro, Azo) [, hu]
- gAlAz (bOa AlOa AQO)[hia hZ] - SAQAQ (b07 A107 AQO) [h;a hQ] - S’AQAl (bOa AlOa AQO)[h§7 hl] — 0
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for all h; € H;,j = 1,2. Moreover, the matrix A is nonsingular with
A=— Sbb(bO, Ao, Azo) + SAlb(bm Ao, Ago) [R7] + gAgb(bm Ao, Ago)[h3]
= - P{Z‘bb(bm A1o, Ago; D) - Z'Alb(bm A1, Ago; D)[hﬂ - z.AQb(boy A1o, Ago; D)[hZ]}

A4. The estimator (En, /A\Ln, Agn) satisfies

A5. (Stochastic equicontinuity) For any C' > 0 and j = 1, 2,

sup ‘n1/2<sb,n - Sb)(l% A1, Ag) — n1/2(5b,n - Sb)(bo, Aqo, Azo)‘ = 0p(1),
d(eago)gcn_p}/
0l |22 (Sn;m = S, ) (0, Avs o) [R5] = n'/2(S, 0 — S, ) (b, Ao, Aso) [15]] = 0, (1),
d(8,00)<Cn—7

where d(6,00) = |b — bo| + [|[A1 — Aol| + ||A2 — Agol| is the distance between 6 = (b, A1, Ag)
and 0y = (bo, A1, Aog) under some well-defined norm || - ||.

A6. (Smoothness of model) For some o > 1 satisfying ay > 1, and for (b,A1,As) in a

neighborhood of (bg, Ao, Ago) : |b— bo| + [|[A1 — Ago|| + [|[Ae — Ago|| < Cn7,
|Sy(b, A1, Az) — Sy(bo, Ao, Aoo)
- S’bb(b07 AlOa AQO)(b - bO) - Sb/h (bOa AlOa AZO)[Al - Al()] - gbA2<bO7 A107 AQO)[A2 - AQOH
= O{(Ib = bo| + [[A1 = Asoll + [[A2 — Asol)*},
|Sa, (b, Aty Ao)[R5] — S, (b, Ao, Aao) [BS] — Sa,b(bo, Aso, Aoo) [R5] (b — bo)
— Sa,n, (bo, Avo, Aao)[B7, Ay — Ajo] — Sa ., (bos Mo, Aso) [, Ajr — Aj]

= O{(|b = bo| + [[A1 = Aol + [[A2 = A |[)*}, where 7, 5" € {1,2}.
Theorem. Suppose that assumptions A1-A6 hold, then
n'2(b, — by) = A7 2R, 1" (by, Avg, Aso; D) + 0,(1) —4 N{0, A B(A™)TY,

where I* (bo, A1o, Ago; D) = Zb(b07 A1, Aso; D)—iAl(boa Ao, Ago; D)[h]] _l‘AQ(b(); A1, oo D)[h3],
B = Pl*(bo,Alo,Ago;D)®2 = P{l*(b(),Alo,Ago;D)l*<b0,A10,A20;D)T} and A s deﬁned m

assumption AS3.
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Proof. We follow the proof for Theorem 2.1 of Ding and Nan [2011]. Using assumptions Al
and A5, we have n'/2(Sy,, — S,) (by, /A\Ln, Agm) —nM2(Sy, — Sp)(bo, Ao, Aso) = 0,(1). Due to
S’bm(i)n, /A\Ln, Asp) = 0,(n~1/?) by assumption A4 and Sy (b, A1g, Agg) = 0 by assumption A2,
we get n1/25*b(13n, /A\Ln, /AXQ’n)—l—nl/QSb,n(bo, Avo, Agg) = 0,(1). Similarly, n1/2SAJ. (I;n, Al,n, /A\Q’n)‘i‘

nl/QSAj,n(bO, A1p, Agg) = 0,(1). Combining these equations and assumption A6, we obtain

St (b0, A1o, Mao) (b — o) + Spa, (Do, Ao, Aao)[Arn — Aro] + Spas (b, Avo, Aao)[As — Asg]
+ i, a0 ) + OF (1 = bl + v = Aol + Az = A)} = 0072,
Sas(bo, Aro, Agg)[h;](i)n — by) + Sa,a, (bo, Ao, Aao) 1, Ay — Ay

+ Sy, (bo, Ao, Aao) (5, Ao = Aol + S, (Bo, Ao, Ao (1]

+ O{ (b = bo| + [ Arm — Asoll + Ao — Ano]))*} = 0p(n"1/2),

where 7,7 € {1,2}. Since @ > 1 and ay > 1/2, the convergence rate in assumption Al
implies that n'/20{ (b, — bo| + ||A1n — Asoll + [|Ag — Asoll)*} = Op(n2727) = 0,(1). Then,

two equations above together with assumption A3 leads to

(gbb(b07 A107 AQO) - SAlb(b07 AlOa AQO)[hﬂ - gAQb(b07 A107 AQU) [h;]) (l;n - bO)
== - (Sb,n(b07 A107 A20) - SA17n<b07 A107 AQO)[hﬂ - SAQ,n(bO7 AlOv AQO)[h;]) + Op<n71/2)7

that is, —A(b, — by) = —Pul*(bo, Aro, Ago; D) + 0,(n~/2). This yields n'/2(b, — by) =
A’1n1/2]P’nl*(b0, Alo, AQO; D) + OP(]‘) —d N{O, AilB(Ail)T}. OJ
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Appendix B

Supplementary materials for Chapter 3

B.1 Regularity conditions

Denote ||z|| as the Euclidean norm of a d-dimensional vector z = (z1,...,z4)7 € R,

namely ||z]| = 2?1+ ...+23 For any d x d matrix A, define |A]] = Z” LA

where A;; is the (4, j)th element of matrix A. Let N(n*) be an open neighbourhood of
n*. For simplicity of notation, under right censoring, we denote lw-(Sl, Sa;m) = %S}SQW)’
i (S1, Sa;m) = %Mg—w, j = 1,2. Similarly, under interval censoring, we first denote
{S1(L1), S1(R1), S2(La), So(Ra)} as {y11, Y12, Ya1, Y22 }, and write 2;7,]'(51, Sain) =

Al (y11,912,521,5223m) 3" . Oy (y11,y12,921,y223)
;. v L (S1,82;m) = ;.

,j = 1,2. In the following paragraphs,
we state the regularity conditions needed for proving the Theorems.

Condition 1. Matrix S(n*) = —Py{l,,(S1, Sa;77*)} is finite and non-singular.

Condition 2. Denote J;(S1,S2) = const x {S1(1 — S1)} % x {S3(1 — Sp)} 2, where
€1,€2 > 0,7 = 1,2, €1, € are some constants. Suppose that for all n € N(n*), we have
11, (Sy, Sa; ) (S1, Sa; )| < J1(Sh, S2), [llgn(S1, Sos )| < Jo(Sh, Ss), and Po{ J2(S1, 82)} <
0.

Condition 3. Suppose that both 2;7,]-(51, So;m) and [ (St, S2;m),j = 1,2 exist and are
continuous. Denote J1(Sy, S5) = const x {S1(1 — S1)} 61 x {Sy(1 — So)} 2, J2(S1,8,) =
const x {S1(1—51)} 7 x {So(1—S5)} %2 | where & > ¢;; and € > €; are some constants,
such that for n € N (%), |[1,;(S1, So;m)l| < J{(S1,52) and [|'7'yn;(S1, Sas )|l < (51, Sa),
and furthermore, Py{.J/(S}, S2)} < 00,i=1,2, and j = 1,2.

Condition 4. Suppose az,m(g& k =1,2,...,p exist and are continuous with n € N(n*),
and there exists an integrable function G3(S,S3) such that ||WH < G3(54,57) for
allne N(n*),k=1,....p.

Remark. Condition 1 indicates that the sensitivity matriz S(n*) is invertible so that the IR
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statistic 1s well-defined. Conditions 2 and 3 are similar to the conditions in Chen and Fan
[2005], Chen and Fan [2006] and Zhang et al. [2016]. Condition 4 is a common assumption

to establish the uniform law of large numbers theorem as in Zhang et al. [2016].

B.2 Verification of conditions

By following Chen and Fan [2006] Section 5, we verify Conditions 2-4 under specific
copula functions. Specifically, under interval censoring, we will show that our log-likelihood
function’s derivatives can satisfy Conditions 2-4. Under right censoring, due to the presence
of a copula density function, the corresponding log-likelihood function is more complicated.
In the following section, we will use the Clayton copula as an example to verify that it sat-

isfies Conditions 2-4 under both interval and right censoring.

Scenario I interval censoring: Under interval censoring, the log-likelihood function is

denoted as

[(S1, S2;m) =log L(S1, S2;1)
=log|C,{S1(L1), Sa(La)} — Cp{S1(L1), Sa(Ra)}
— Cp{S1(Ry), Sa(La) } + Cp{S1(Ry), Sa(Ra)}]-

Assume that there exists 7 > 0 such that pr(R — L > 7) =1, so L(S1, S2;1) is bounded
away from 0. It is equivalent to show the boundedness for the derivatives of C,(u,v),u,v €

(0,1),n € N(n*), with n* € A= [A~1, A] for a large A > 1. Define ll(u,v;7n) as

1
U(u, v;n) =log Cy(u,v) = - log(u™" + v —1).
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Then, the derivatives of ll(u,v;n) are:

. log(u™"+v™"—1) w "logu+ v "logv

Il in) =
n(u, U3 77) 772 n(u‘” 4o — 1) )
. —2log(u™"4+ v "—=1) 2(u"logu+ v "logv)
Uy (u,v;m) = 3 — 57— -
n n?(u="4 v —1)
u(logu)? + v "(logv)?  (u"logu + v~ "logv)?
nu="+v1—1) nu=n4+v1—1)2 7’
. —u~ D logu w0 (u " logu + v "logv)
lln,l(ua v; 77) - — _ _ 2 ’
u o —1 (u=" 401 —1)
. —v~ D ogy v (y " logu + v logv)
U 2(u, v;n) =— —~ — - 5 ,
u 4 ovm—1 (u™+vm—1)
U 1 (u, 03m) 2uMogu +v " logw) — (logu)*  y=7(log u)? + v~"(log v)?
u,vym) = — -
m, 1 (U, U5 7] (w7 + v — Dyrt] (u=n 4+ v — 1)2yn+1
2(u""logu + v "logv)(—logu + %) 2(u""logu + v"log v)?
+
(u= + v — 1)2ynt! (u= + v — 1)3unt+!
U2 (u, 03) 5w Mogu+vlogv) — (logv)*  u(logu)? + v~"(logv)?
u,vym) = — —
m2\t U5 1] (u= 4 v — 1)vr+! (u= 4 v=1 — 1)2ynt!
2(u"logu + v~ "logv)(—logv + 1) 2(u"logu + v logv)?
+
(w7 + v~ — 1)2pn+1 (u=1 4+ v~ — 1)3pntt
Ol (u, v;m) _Glog(u™+v7"—1)  6(u""logu + v "logv)
on B n 3 (u="+v""—1)
3(u"logu+ v logv)?  w (logu)* + v "(logv)?
n?(u™" 4+ v = 1) n?(u™ v —1)

3[u="(log u)? + v="(log v)?] (" log u + v~"log v)
- n(u=+ v —1)>2
u"(logu)® + v="(logv)? N 2(u"logu + v"logv)?
n(u="+ov1—1) n(u="+ov1—1)3

Y

where 17 = 7y, since the Clayton copula only has one parameter (k = 1). By following similar
arguments as in Chen and Fan [2006] that there are constants kq, ko > 0 and €1, €2 > 0 such

that the following inequalities hold for all u,v € (0,1) and all € A:

|[logu| < kyu™,|logv] < ko™ 2,0 <log(u™"+v 7 —1) < ko(u 4+ v ?)
u" v

0<——— — <10 ——— <L
u M+ vm—1 u M+ vm—1
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Then, we can verify Condition 2 by showing that there are constants €;, €5 such that

sup ||, (u, v; n)|| <const x (U™ 4+ v™%2) < const X U™ x v
neA

<const X {u(l —u)}~ x {v(1l —v)} ™2,
where the last inequality holds due to (1 — )~ > 1 and (1 — v)~® > 1. Likewise, we have

sup ||, (w, v;1)|| <const x (u™" + 72 4472 4722 4y x p72)
neA

<const X {u(l —u)}~* x {v(l —v)} ™,
which completes the verification of Condition 2. To verify Condition 3, we have

sup i1, 1 (u, v;n)|| <const x (u™'u™ 4 v™%2)
neA

<const x {u(1l —u)}~ x {v(1 —v)} "2,

sup ||il, 2 (u, v;n)|| <const x (u™ 4+ v~ lv~)
neA

<const x {u(l —u)}* x {v(1l —v)} 2,
where €, = €1 + 1 > €1,6 = €5 + 1 > €9. Similarly,

sup || 1 .1 (u, v; )| <const x (U™ u™ + 072 4 0™l x 4™ x ™)
neA

<const x {u(1l —u)}~ x {v(1 —v)} ™2,

sup || 1l 2 (u, v; )| <const x (U™ + v w72 4071 x u”D x )
neA

<const x {u(l —u)} = x {v(1l —v)} 2,

where €, = €1 + 1 > €1,60 = €5 + 1 > €. That completes the verification of Condition 3. To

verify Condition 4, given that n € N(n*) with n* € [A™, A], u,v € (0,1), we can see that

al"lm, (u,v5m)

o can be bounded, which completes the verification of Condition 4.
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Scenario II right censoring: Similar to interval censoring, the log-likelihood function

under right censoring is denoted as

1(Sy, S2;m) =log L(Sy, S2; 1)

:5152 log{cn(Sl, 52)} + 51(1 — 52) log {

+ (1 — 61)02 {%?2782)} + (1= 61)(1 = 62)C, (51, Sa),

0C, (51, 52)
05,

where ¢, (51, S2) is the density function of the copula model. Among the four components in
the log-likelihood function, the term log{c,(Si, S2)} is the most complicated one because it
involves the second-order derivative of the copula function whereas the other terms involve
at most only the first-order derivative. Therefore, in order to verify the boundedness of the
log-likelihood function, it is equivalent to the boundedness of log{c,(u,v)}, u,v € (0,1),n €
N(n*), with n* € A= [A7, A] for a large A > 1. Define ll(u,v;n) as

l(u,v;n) =log ¢, (u, v)
=log(1+7n)— (n+1)logu — (n+1)logv

— (' 4+ 2)log(u T+ 07" —1).

Then, the derivatives of ll(u,v;n) are:

: 1 log(u™ 4+v™" =1
ll??(ua v;1n) :m — log(uv) + ( e )
F ot 42) u "Tlogu +v7" logv)

u 4+ vn—1

(s vi0) == s = o™ 07— 1) - HE R
R e e N T

)= e

Y

Y
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- 2v (logv — logu) + 2logu _ 2n(u="logu + v "log v)?
_ ( ) +(77 1+2) (7 — 5 +1)
(u=™ 4+ v=1 — 1)3un

”nn,l(%UW) = 77(“,,7 Loy — 1)2u77+1
2(u""logu + v "logv)(—nlogu + 1) — n{u""(logu)? + v"(log v)*}

(u™ 4 o= — 1)2unt!

—n(logu)? + 2log u
(w4 v — 1)u"+1}
. ~ 2u"(logu — logv) + 2logv 1, 2n(u""logu + v "logv)?
o +2) (u=n 4+ v=1 — 1)3ynt!

”nn,2(U,U§77) = T](U,_n Lo — 1)2UTI+1
2(u™"logu + v "logv)(—nlogv + 1) — n{u="(log u)? + v~"(log v)*}

(u=" 4 v=1 — 1)2pn+!

—n(logv)? + 2logw
(u=n + v — 1)1}77“]
Ol (u, v;m) 2w "logu+v"logv)  2(u"logu 4+ v "logv)?
o Plurren—1) n?(u™ + v — 1)
_ 2(u"logu + v~ "logv)?
) [ ( CEET=E )
3(u"logu + v logv){u""(logu)* + v~ "(logv)?}
a (u= 4+ v —1)2
u " (logu)® + v~"(logv)?
(u= 4071 —1) }

The verification procedures follow similar steps as the verification under interval censoring.

We will omit the details.

B.3 Proof for Theorem 3.2.1

Proof for Theorem 3.2.1. Define the rescaled empirical copula of (5}1, giQ),i =1,...,n by
N 1 n - N
C(s1,82) = nrl ;[{Sﬂ < 51,502 < 52}

For any 17 € ©, we can rewrite S(7), S(n), V(n),V(n) as follows:

5(77) = —/ [rm(sla 82;77)6500(81, 82);
Sl,SQE[O,l]

~ n+1 . ~
5(77) = - / lnn(sh S2; n)d0<317 82)7
n 51,826[0,].]
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and
Vi(n) :/ l'n(slu52;7]>Z.§(81752;7]>d00(51752>;
s1,82€[0,1]

n+1
n

‘7(77) = / in(31, 82;77)i;(31, 82§77)dé(81, 52),
S1 SQE[O 1]

where Cy(-) and C(-) are the true copula and the rescaled empirical copula.

By Condition 2, applying Lemma 1(c) in Chen and Fan [2005], we have

sup [|S(n) — S(n)

neEN(n*)

n+1~
C(s1,82) — Cols1, s2)}H| = 0,

= sup || Ln(s1, 525 m)d{
neN(n*) $1,52€[0,1]

as n — 0.
Therefore, using the two facts ||S(7) — S(n*)|| < |15() — S@H)|| + |S(H) — S(n*)|, and
i 2 n*, we obtain S (7) & S(n*). Applying the same arguments above, we can also show

that V(7) 2 V(n*). Furthermore, by Condition 1 and Slutsky’s theorem, we have

IR, = tr{S™Y i)V (i)} & tr{S™ (/" )V (")} = p.

B.4 Proof for Theorem 3.2.2

plying the Mean Value Theorem, we have
Ozzin(gilagi% +Zlnn g 5’ —77*),
i=1
where 7) lies between n* and 7. Therefore,
lems = =~ ] 1 ~ ~ .
- Ezlnn(sil,sizm) gzln( i1, Siai ).
i=1 '

125



For any 1 < k,l < p, expanding 2;777(5*,-1, Sio; 1)k, which is an element in the p X p matrix

Znn(gﬂ, Sio; 1), around n* leads to
S = Zlnn (Si1, Sio;

Ve & ok 1= Oy (Sits Sioy Mt .
:Eizllﬁﬁ(sibSQ)n )kl + EZZI aTlT (TI -Mn )

3

1 "L . . 1 3j;7n<§i1,512;77)kl
_E;lm(sﬂ,&z,ﬁ) T onT

i—1
)

X {Ezlnn(smsm ]
i—1

—1 n
where 7 lies between n* and 7).

1
E;ln 5117812a 7

By Condition 4, applying again Lemma 1(c) in Chen and Fan [2005], we obtain

1 &= Ol (Sin, Siz; 1) O,y (S, Sa; 1 )
_Z nn 57 —pr Po{ o }.

Also, we know —1 7" Lyn(Si1, Siz; ) —pr S(7*) as n — oo. Therefore
77 Z{lrm 51175127 )kl +Mflsil(n*)ln(gzlvgl2vn*)} +Op(1)

éﬁ Z hs(gil, gi?? 77*>kl + Op(l)’

where M £ P {M} is a 1 x p vector, hg is a p X p matrix with element
hs(Sit, Sias 0¥ .

Employing the same arguments above, we have

V(i) = Z{l (Sit, Si2i 0 Vil (St Sizs ™)1
+ ME'S™ ()i (S, Sizi ™)} + 0p(1)

= Z hv<§i1, 5’127 7]*>kl + Op<1>7

i=1

where My = R, {Ml (S1, S2; ") + W%l (S1, S2; 7" )k}, hy is a p X p matrix

with element hV(Sil, Sioin Vi
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Under the null hypothesis of the copula model being correctly specified, by the Bartlett
identity, we have S(n*) = V(n*). Moreover, the IR test statistic estimator IR, can be

represented as follows:

VIR, — p) =v/ntr{S i)V (#) — I,}
—/ntr{S )V (7)) — S ")V (")}

—tr| 5LV G) - Vi)Y
tr 87V WAL () - )
o tr| SV WRLS () - S0P

Utilizing the asymptotic expansions above, we have

Vn{S(7) = S(n)}
:% Z{hS(gila 52'2; n") = Sn*)} +o,(1)

n+1 -

C(s1,52) — Co(s1,82)} + 0,(1),

=Vn hs(s1, 823" )d{

s1,52€(0,1)

and

Vi{V (i) = V(r)}
:T%E}m@m%mw—ww»+%m

"2 G (s1,92) — Colr,52)} + 0p(1).

:\/ﬁ h (31,82’ )d{

Sl,SQG(O,l)
By Conditions 2 and 3, employing Lemma 2 in Chen and Fan [2005]. we have ||S(7} —
SN = Op(n=?) and |[V(/ — V()| = Op(n~/?). In addition, given these facts:
ValIS(#H) = S()|)? = 0,(1), S(77) = S(*) and V(7)) —,. V(17*), we reach the following
expression:

LB s1,30) — Colsn, 520} + (1),

Va(IR, —p) =v/n ha(s1, s23777)d]

$1,52€[0,1]

where hp(s1, s2;0°) = Y0 1y S™ 0 ) udhs(s1, 5231 )ik + hv (51, 8250 ik }-
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Again, applying Lemma 2 in Chen and Fan [2005], we have
ﬁ(ﬁ%n - p) —d N(Oa 0-]2%)7
where 0% = varo{hr(s1, s2;n*) + D(S1, S9; %)}, and

2
» Ohg(sy, so;n*
D(S1,52m") = Z/ %I@gj < 8;)dCo(s1, 52).
j=1 51,52€[0,1] Sj
Note that the additional term D(Sy, S2;n*) comes from the uncertainty of the estimator
for the marginal distributions S;(-) and Sa(+). It vanishes when the distributions are known.

The asymptotic variance of o% may be consistently estimated by

p 2

R 1 5 & - S (N7 (5 g & .5
0f = n Z [hR(Sﬂ, Sia; 1)) — S0 V()i + D(Si1, Sia; 0)
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