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Mathematical Modeling of Bladder Mechanobiology

Fangzhou Cheng, PhD

University of Pittsburgh, 2021

Lower urinary tract symptoms (LUTS), including an increase of urination urgency, fre-

quency, incontinence, residual volume, are relevant to the deterioration of bladder mechanical

function and can significantly lower the quality of life. Urodynamics, the gold standard of

bladder diagnosis, has often been used to assess bladder functionality. Urodynamic data,

which include pressure and volume change during filling, are affected by the mechanical

properties of the bladder. However, the underlying mechanisms of bladder pathologies are

not fully understood and therefore the interpretation of urodynamic data is highly subjec-

tive and may be inconclusive; often requiring further testing or leading to inappropriate

treatment. Although morphological changes such as smooth muscle hypertrophy and colla-

gen fibrosis have been commonly observed in the dysfunctional bladder, the effect of these

changes on the bladder mechanical function has not been fully explained. In this work, we

integrated in situ mechanical testing and multiphoton microscopy to assess bladder mechan-

ical properties and reorganization, growth and remodeling. As a first step, a constitutive

model, motivated by the collagen fiber structure, was developed and used to investigate the

mechanical function under aging, disease, and pharmacological treatments. This model was

then further sophisticated to model the bladder filling and voiding process by integrating

the results from in-vivo and ex-vivo experiments. Lastly, a growth and remodeling frame-

work, which has demonstrated its success in many other soft tissues (artery, heart, etc.), was

modified and used to simulate the adaptive remodeling within the bladder wall driven by

bladder outlet obstruction. Our long-range objective is to improve patient care and develop

novel treatments. This present work provides insights on mechanisms of bladder function

and remodeling that lay the necessary foundation for the next steps toward this goal.
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1.0 Introduction

The human bladder is a highly compliant organ that allows it to store a high volume of

urine under low pressure. Structurally, it is a layered composite with passive components

(elastin, collagen fibers, and smooth muscle cells) as well as active components (smooth

muscle cells). The components are distributed in laminated structures within the bladder

wall that are typically grouped into three layers, Fig. 1. Moving from the lumen, these are

the mucosa, the muscularis propria (herein referred to as the detrusor smooth muscle (DSM)

layer and the adventitia. The mucosa is composed of a urothelium, a basement membrane,

and a lamina propria (LP). The LP contains a densely packed, interwoven network of collagen

I and III fibers ([27] and [17]). The DSM is a composite of smooth muscle bundles intermixed

with type III collagen fibers and elastin fibers. Collagen fibers are believed to interconnect

the smooth muscle cells (SMC) within the bundles ([27]) and are less densely packed than

in the lamina propria layer. The outer surface of the bladder is formed of loose connective

tissue commonly termed the adventitia.

The main function of the bladder, a hollow organ, is to store and empty urine. During

filling, the unfolding of the tissue layers allows the bladder to expand at low pressure. After

the full capacity is reached, the contraction of the muscle cells is triggered to generate active

stress and initiate flow by overcoming the urethra resistance.

The lower urinary tract symptoms (LUTs), indicative of the increase of urination fre-

quency, urgency, and incontinence, can cause significant morbidity and dramatically lower

quality of life for those affected [34] [24]. It is a common disease in later life; 50 - 75% of men

over age 50 and 80% of men over age 70 experience LUTS [26] and is usually triggered by one

or more bladder disorders such as bladder outlet obstruction, detrusor disorders, urinary in-

continence, non-compliant bladder. Although morphological changes such as smooth muscle

hypertrophy and collagen fibrosis have been commonly observed in dysfunctional bladders,

the effect of these changes on the bladder mechanical function have not been fully explained.

Urodynamics or urodynamic testing is the gold standard to assess how the bladder and

urethra are performing their job of storing and releasing urine. It replicates the filling
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and voiding functions and allows the quantification of vesical and abdominal pressures, and

measures the flow of both to and from the bladder through the use of urethral and rectal

catheters. While the urodynamic studies provide a method of quantifying the mechanical

functionality of the bladder, these invasive tests are very subjective and do not always reveal

underlying disorders responsible for patient symptoms which could result in costly follow-up

procedures or inefficient treatment. It is envisaged that in silico models of the bladder will

offer new clinical tools to assist diagnosis, management, and treatment of bladder disease.

In this work, we integrated in situ mechanical testing and multiphoton microscopy to

assess bladder mechanical properties while observing the microstructure transformation and

using our experiment to inform the development of a novel mathematical model. Using this

model, we aim to understand the mechanical function from a microstructural perspective

and the growth and remodeling of bladder with and without pathology. In order to achieve

the overall goal, we plan to work on three main objectives.

1. Identify the effect of morphological changes on bladder compliance The blad-

der compliance decreases with age and disease. The loss of compliance not only dimin-

ishes the bladder capacity but also raises the filling pressure which can be transmitted

to the kidney and cause renal insufficiency. The loss of compliance was found to have a

strong correlation with morphological changes such as smooth muscle hypertrophy and

collagen fibrosis [16, 17]. However, the impact of these morphological changes on the

wall properties remains unknown. The structural changes that are primarily respon-

sible for decreased compliance will be investigated by combing mechanical testing and

multiphoton imaging.

2. Understand the bladder mechanical function from urodynamics While the uro-

dynamic studies provide a method of quantifying the mechanical functionality of the

bladder, these invasive tests do not always reveal underlying disorders responsible for

patient symptoms resulting in costly follow-up procedures, or inefficient treatment. To

increase diagnostic success or replace invasive procedures with non-invasive alternatives,

mathematical models have been developed and employed as a predictive tool to under-

stand the underlying mechanism of bladder function.
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3. Understand the bladder growth with and without pathology Among the non-

compliant bladders, the change of mechanical properties is highly relevant to the phys-

iological changes such as bladder outlet obstruction (BOO). These symptoms indicate

the changes of intramural pressure could drive the remodeling that leads to bladder wall

stiffening. To understand this process, the effect of intramural pressure on bladder wall

changes (e.g. size and wall thickness) have been simulated with a novel growth model.
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2.0 Layer Dependent Role of Collagen Recruitment during Loading of the Rat

Bladder Wall

The work in this chapter was largely reproduced from the following manuscript [20] with

permission granted by Biomechanics and Modeling in Mechanobiology (BMMB):

Cheng, F., Birder, L.A., Kullmann, F.A., Hornsby, J., Watton, P.N., Watkins, S.,

Thompson, M. and Robertson, A.M., 2018. Layer-dependent role of collagen recruitment

during loading of the rat bladder wall. Biomechanics and modeling in mechanobiology, 17(2),

pp.403-417.

2.1 Introduction

The human bladder is a highly compliant organ that can expand from an empty state

to store 450 ± 64.4 ml of urine at relatively low pressures of 43.5 ± 7.3 cm of H2O in young

adults (18 yrs) [49]. This is quite remarkable given the low extensibility of the collagen

fibers that make up the bulk of the extracellular matrix in the bladder wall. However, the

compliance of the bladder wall can decrease with age and disease [48, 52]. This increased

stiffness not only diminishes the bladder capacity but also results in increased filling pressures

that are transmitted to the kidney and can cause recurrent infection, abdominal pain and,

in severe cases, reflux nephropathy or chronic kidney failure [7, 91]. Hence, it is of great

importance to understand the mechanical source of the bladder extensibilty and how this

functional property is changed during aging and disease.
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Figure 1: Schematic of a cross section of the bladder wall showing the three major layers

(mucosa, detrusor smooth muscle layer and adventitia). The folds (rugae) of the mucosa

layer involve both the urothelium and LP layers. Smooth muscle bundles are shown aligned

in two layers within the DSM.

Structurally, the bladder wall is a layered composite with passive components (elastin,

collagen fibers and smooth muscle cells) as well as active components (smooth muscle cells).

The components are distributed in laminated structures within the bladder wall that are

typically grouped into three layers, Figure 1. Moving from the lumen, these are the mucosa,

the muscularis propria (herein referred to as the detrusor smooth muscle (DSM) layer and

the adventitia. The mucosa is composed of an urothelium, a basement membrane and a

lamina propria (LP). The LP contains a densely packed, interwoven network of collagen I

and III fibers [27, 17]. The DSM is a composite of smooth muscle bundles intermixed with

type III collagen fibers and elastin fibers. The collagen fibers are believed to interconnect

the smooth muscle cells (SMC) within the bundles [27] and are less densely packed than

in the lamina propria layer. The outer surface of the bladder is formed of loose connective

tissue commonly termed the adventitia.

Even though it is generally accepted that bladder compliance is of tremendous clinical

importance, a small number of studies performed nearly two decades ago are the main source

of information on the physical source of bladder wall extensibility.

In 1992, Ewalt et al. published what appears to be the first conjecture as to the source

of bladder compliance, attributing bladder extensibility to folds in the LP collagen fibers,
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[27]. They conjectured the wavy LP fibers have little resistance to straightening, enabling the

bladder to undergo large changes in volume with small increases in pressure. They attributed

the bladder filling capacity entirely to the LP layer, and in particular to the volume at which

the LP collagen fibers are engaged.

[17] explored the conjecture of Ewalt et al. by analyzing the collagen fibers in bladders

filled to 0%, 25%, 50%, 75% and 100% of their total capacity. They similarly attributed

bladder capacity entirely to the lamina propria and made a second conjecture that the

mechanical role of the detrusor layer is to simply serve as “the limiting or girding layer to

prevent over-distension of the bladder wall”. This emphasis on the LP layer as the limiting

factor for wall compliance was primarily supported by a comparison of estimates of the

maximum tension of the lamina propria and detrusor layer [75] and their change in thickness

during filling [17]. These conjectures, while often referenced, have not been reevaluated, (e.g.

[3, 6]) with the exception of recent uniaxial work on mouse bladder [46]. Hence, there is a

need for further direct evidence to prove or disprove these conjectures.

While there is a lack of direct measurements of the varied mechanical roles of the LP and

DSM layers during bladder filling, changes to the extracellular matrix have been associated

with altered mechanical function. For example, [27] found that, in the non-compliant blad-

ders of children (≤ 14), the interfascicular space (between SMC bundles) accumulates type

III collagen fibers and elastin. They postulated these changes prevent normal expansion of

the detrusor layer and thereby affect bladder compliance. Non-compliant bladders have also

been studied in the context of spinal cord injured and partial bladder obstruction [19]. In

these settings, non-compliant bladders were found to have increased density and volume of

smooth muscle cells [42], increased quantities of elastin, and decreased collagen fibers in the

detrusor layer [57, 51]. The ratio of collagen types I and III as well as collagen fiber orienta-

tion were also found to be significantly different in the detrusor layer of the non-compliant

bladder relative to the compliant [51, 17, 27]. These changes were speculated to directly or

indirectly cause the loss of bladder compliance.

In this work, we make use of advances in bioimaging coupled with mechanical testing to

revisit these two conjectures. In particular, the purpose of the current study is to investigate

the relationship between bladder wall structure and compliance during loading using recently
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developed imaging tools that enable concurrent imaging of collagen fibers and mechanical

testing in intact, unfixed bladder samples [43]. We developed a planar biaxial system com-

patible with multiphoton imaging (MPM) that enables imaging of collagen fiber recruitment

during simulated bladder filling - approximated as a planar biaxial deformation. The struc-

tural and mechanical data were quantified and used to evaluate the mechanisms responsible

for compliance and loss of compliance in rat bladders. Attention was given to changing roles

of the wall layers during loading from zero strain through supraphysiological levels.

An enhanced understanding of the structural mechanisms responsible for bladder com-

pliance will guide the development of novel medical treatments of bladder dysfunction, and

provide design objectives for tissue engineered bladders aimed at mimicking the remarkable

compliance of the bladder [68]. Furthermore, this study will identify the structural milieu of

the intramural cells, knowledge that is essential for understanding the growth and remodeling

process in health and disease [3].

2.2 Methods

2.2.1 Tissue Preparation

Nine male Fischer rats (Species F344, adult and aged rats from National Institute on

Aging of the NIH) were used in this study, separated by age with 4 adult rats (12 months)

and 5 aged rats (21-24 month). The unloaded meridional length (ho) and diameter (wo)

were measured in the explanted bladder. The bladders were then cut open longitudinally

and trimmed into square pieces with widths of 6mm ± 1mm such that the sides of the

samples were aligned with the in situ longitudinal and circumferential directions, Figure 2a.
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To inhibit smooth muscle cell contraction, samples were immersed in Hanks Buffer Salt

Solution (HBSS) containing, (in mM) NaCl 138, KCl 5, KH2PO4 0.3, NaHCO3 4, MgCl2 1,

HEPES 10, glucose 5.6, with pH 7.4, 310 mOsm/l) without calcium and with added EDTA

(0.5mM). The voltage calcium channel blocker nifedipine (5uM; Sigma) and the SERCA

pump inhibitor, thapsigargin (1uM; Tocris Biosciences), which prevents the reloading of

intracellular calcium stores, were also added.

2.2.2 Mechanical Testing and Constitutive Modeling

Mechanical testing was performed using a custom biaxial system specifically designed for

testing bladder tissue concurrent with imaging under a multiphoton microscope, Figure 2.

This design enabled imaging of collagen fibers in intact specimens without staining or fixa-

tion. In the biaxial system, displacement can be independently controlled by four actuators

(Aerotech, Inc., linear actuator ANT-25LA) and force measurements are performed using

load cells on two of the actuators (Transducer techniques, nonrepeatibility 0.05% of R.O.,

capacity 5 lbs), Figure 2b. Tissue is mounted on the device using biorakes (World Precision

Instruments, Inc.). The biaxial system includes a CCD camera and a 45 degree offset mirror

to enable imaging of strain markers from beneath the mounted tissue, Figure 2d,e. This

imaging system enables MPM imaging at prescribed biaxial strains.

Prior to testing, the unloaded thickness to of each sample was measured in 5 positions

using a 0-150mm digital caliper (Marathon watch company Ltd) and averaged. Fiducial

strain markers (Basalt microspheres, 425-500 µm, Whitehouse Scientific) were attached to

the abluminal side of each sample for strain calculation. During testing, the square sample

was first loaded lumen side up on the biorakes, Figure 2b. Following [90], a tare-load was

applied to the sample after which it was preconditioned, then unloaded, then loaded to

the tare-load, then mechanically tested. Five consecutive equibiaxial loading cycles to a

stretch of 1.8 were used for preconditioning with a tare-load of 0.02N. The post-precondition

tare-loaded state is used as reference configuration. The lumen surface was imaged under

MPM at stepwise increases in strains, Figure 2c, (Section 3.2.1.5). To avoid tissue damage

while obtaining a large range of strain, loading was stopped after collagen fibers were visibly
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Figure 2: Schematic of experimental system developed for mechanical testing and bioimaging

of bladder samples. Yellow arrows indicate input (one) and output (three) for the system. (a)

Bladder and schematic of of square tissue sample (input), (b) Biaxial testing system under

MPM lens with insert showing magnification of tissue loaded on biorakes, (c) Representative

projected stack of images showing second harmonic generation signal from MPM imaging

(output), (d) Image from 45o mirror showing underside of loaded sample, (e) Image from

CCD camera showing strain markers imaged using mirror system (output), (f) Representative

loading stress strain curve showing toe, transition and high stress regimes of curve obtained

using mechanical testing system (output).
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straightened (recruited) where it is defined as the maximum stretch. Hence, an individual

maximum stretch was identified for each sample. After lumen side imaging, 5 equibiaxial

loading cycles at a strain rate of 1% s−1 to the maximum stretch were performed with the

strain marker locations recorded by a CCD camera using the 45 degree mirror block beneath

the sample (Figure 2d,e) and used to obtain the loading curves. The sample was then flipped

and the imaging was repeated from the abluminal, once again until collagen recruitment

was observed. The components of the Green-Lagrange strains were calculated from the

fiducial marker locations using a finite element interpolation method [70]. Components of

the Cauchy stress tensor were calculated using load measurements with estimates of current

cross sectional area obtained from the strain measurements under the approximation of

isochoric motion.

The rat bladder was modeled as an incompressible, hyperelastic, isotropic material with

Cauchy stress tensor

σ = −pI + µ eγ(I1−3)B (2.1)

where p is the Lagrange multiplier associated with incompressibility, I1 is the first invariant of

the left Cauchy-Green deformation tensor B, µ is the shear modulus and material constant

γ controls the exponential dependence on I1. An exponential dependence on stretch was

proposed by [30] and the form in (2.1) is commonly used for soft biological tissues. Data sets

for the planar biaxial loading studies were combined for the longitudinal and circumferential

directions and used to obtain the material constants in (2.1).

2.2.3 Calculation of Bladder Compliance and Capcity

The International Continence Society (ICS) defines bladder compliance C as

C =
∆V

∆P
(2.2)

(given in units of ml per cm of H20) where ∆P is the change in intraluminal pressure between

two different loading states and ∆V is the corresponding change in volume [2].
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The initial loading state is chosen as the start of filling while the second and higher loading

state is either the cystometric capacity or the state immediately before any muscular bladder

contractions have started (that would lead to substantial bladder leakage). Cystometric

capacity is defined as the bladder volume when the patient has a normal desire to void, [2].

In this work, consistent with the ICS definition for compliance, we consider the two states

to be the zero pressure state (Po) and the cystometric pressure (P1) set equal to 45 mmHg

for rats, [4]. The corresponding volumes are denoted Vo and V1, respectively. The bladder

capacity is simply V1, namely, the amount of urine the bladder can hold at the cystometric

pressure. Since the compliance is calculated for a fixed cystometric pressure for a given

population, the compliance for this population is simply the bladder capacity multiplied by

a constant.

We used animal specific values for the unloaded volume (Vo) that were based on mea-

surements of the bladder geometry. An effective unloaded radius ro of a idealized spherical

membrane was then calculated from width (w0) and height (h0)

ro =
1

8
(woho)

1/3. (2.3)

The corresponding loaded volume was estimated from the analytic solution for pressure

inflation of a spherical membrane [11] with bladder specific material constants obtained

from the planar biaxial studies. In particular, the intraluminal pressure for the exponential

model as a function of stretch λ

P (λ) =
2to
λro

[1− 1

λ6
]µeγ(I1−3) (2.4)

where λ is the ratio of the current radius to ro.
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2.2.4 Assessment of Regimes of the Loading Curve

Following the approach of [70], the intramural stress in the bladder wall corresponding to

the maximum filling pressure is 100KPa, which is estimated from an equilibrium balance for

a sphere (Laplace’s law). Using the exponential fit, loading curves were extrapolated to this

maximum load with corresponding maximum strain, (εmax) and strain, ε = (λ2 − 1)/2. The

average curve for each of the principal directions was calculated and divided into 3 regimes:

toe regime, transition regime, and high stress regime as follows. To determine the strain

defining the end of the toe regime, first a linear fit of the data starting from the origin was

performed with an R2 of 0.99. The toe regime, or low stress regime was then defined by

strains in the range [0,ε1), where ε1 is the strain at which the loading data deviates from the

linear fit by 450 Pa. The high stress regime was defined as ε ∈ (ε2, εmax], Figure 2f. Here

ε2 was similarly defined relative to a linear fit to the data with an R2 of 0.98, in this case,

beginning with the maximum of the high stress data rather than the origin. The transition

regime was defined as the intermediate regime, ε ∈ [ε1, ε2 ], Figure 2f.

2.2.5 Multiphoton imaging

Tissues were scanned with multiphoton imaging using a Z step size of 2 µm, following

methods in [43]. Briefly, a multiphoton microscope (Olympus FV1000 MPE) equipped with

a Coherent Chameleon TiSapphire pulsed Laser was used to image collagen fibers. An

excitation wavelength of 800 nm and 1.12 NA 25 x MPE water immersion objective were

used for all samples. Signals from second harmonic generation (SHG) were collected using a

400 nm emission filter with a ±50 nm spectral bin.

2.2.6 Evaluation of Fiber Recruitment from Multiphoton Images

Multiphoton image stacks were used to obtain 3D reconstructions of the collagen fiber

architecture that were mapped to the corresponding point on the loading curve by matching

the loading level. Collagen fibers could be clearly imaged up to depths of approximately 200

µm in unloaded samples. Collagen fibers were traced in 2D slices through the depth of the
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3D reconstructed model (Filament function in Imaris, Bitplane, Switzerland), Figure 3, [43].

Fiber arc length (s) was determined for each fiber tracing. Cord length (L) was defined as

the length of a best linear fit line to the same segment. Fiber straightness was defined as

the ratio of chord length to arc length L/s [43]. A fiber was designated as recruited to load

bearing when its straightness reached 0.98 [43, 44]. Careful attention was given to assuring

the fiber straightness results for each sample at each load were independent of the number of

fiber tracings. In particular, a mean value of straightness of the first j tracings was defined

as,

m(j) =
1

j

j∑
i=1

L(i)

s(i)
j = 1, 2, 3, · · ·n (2.5)

Figure 3: Collagen fiber tracings shown in white in a 2D projection of a representative 3D

reconstructed model formed from 2D multiphoton stacks. MPM signal from collagen fibers

seen in red.

The difference between the calculated straightness for j + 1 tracings and j tracings was

defined as a residual of m(j):

e(j) =
m(j + 1)−m(j)

m(j + 1)
, j = 1, 2, 3, · · ·n− 1 (2.6)
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Figure 4: Residual e(j) as a function of number of fibers considered in calculating fiber

straightness. Definition of residual is given in Eq. 2.6

When the residual satisfied abs[e(j)] < 0.005, the number of fiber tracings was deemed

sufficient to evaluate fiber straightness. A representative plot for e(j) is shown in Figure

4 and illustrates how the bounds on the residual diminish with increasing number of fiber

tracings, tending toward zero.

We developed a method to evaluate measured mean straightness and recruited fiber

percentage as a function of different bins of fiber length, Table ??. We tested this for one

of the sample adult02 and found the variance (sample standard deviation) is less 1.7 %.

Namely, the results were almost insensitive to the range of fiber tracing.

2.2.7 Quantification of the Flattening of the Lamina Propria

The mucosa of the unloaded bladder wall is wavy, Figure 1, and gradually flattens under

load. The flatness/waviness of the LP was assessed in 3D reconstructions of the MPM images

by calculating the vertical position of the surface. The lamina propria was defined to be flat

when the standard deviation of the vertical position was less than 20 microns.

14



Table 1: Mean fiber straightness and recruited fiber percentage at different fiber tracing

length range.

Fiber

length

20∼100

microns

30∼100

microns

40∼100

microns

50∼100

microns
Average over all bins

Mean fiber

straightness
0.76 0.82 0.81 0.80 0.80 ± 0.023

Recruited

fiber percentage
7.1% 8.1% 7.6% 7.6% 7.6 ± 0.41

Figure 5: Bladder cross section imagined using (a) Confocal microscopy and (b) Multiphoton

Microscopy. In (a), cell nuclei are shown in blue (DAPI), while red shows regions positive

for αSMA. Cell nuclei are yellow in (b) with collagen fiber signal in red. The y-z plane

corresponds to the longitudinal and transmural directions, respectively. Lumen side is on

the top of the image.

2.2.8 Immunohistochemistry

Immunofluorescent (IH) staining was performed to identify regions of smooth muscle

cell bundles and location of cell nuclei, following established protocols from the Center for

Biologic Imaging (CBI), (details can be found at www.cbi.pitt.edu/Protocols.htm). Briefly,
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after preparing the square sample for mechanical testing, a portion of the remaining tissue

was fixed in 4% PFA (paraformaldehyde). Cross sections were obtained by freezing the

specimen in OCT and 2 µm thick slices were cut using a cryostat (HM 50SE, Microm).

The sample was incubated (diluted by 1% NGS) with primary antibody for αSMA (Sigma

C6198). To stain cell nuclei, the slices were then washed with 1X PBS 3 times and incubated

without illumination in DAPI (4′,6-diamidino-2-phenylindole, 1:1000, Life Technologies). All

sections were then imaged using Olympus Fluoview 1000 confocal microscopy (Olympus

Imaging America, Melville, NY). A neighboring section similarly stained with DAPI but

without antibody for αSMA was imaged using multiphoton microscopy.

2.3 Results

2.3.1 Overview of Collagen Fiber and Cellular Distribution across the Wall

Layers

To provide context for discussions of the enface images of collagen fibers, a cross section of

the rat bladder is provided in Figure 5, with IH staining imagined under confocal microscope

and a neighboring section imaged using MPM. Figure 5(a) shows cell nuclei (blue) and αSMA

positive regions in red whereas Figure 5(b) shows the cell nuclei (yellow) and collagen fibers

(red). In Figure 5(a), moving from the lumen downwards, the cell density diminishes as

one moves through the mucosa from the urothelium to the lamina propria. The adjacent

detrusor layer has large regions of αSMA positive staining indicating areas of smooth muscle

bundles. Sparse cell nuclei can be seen in the adventitial layer. In Figure 5(b), consistent

with Figure5(a), the urothelium layer has a dense display of cell nuclei. Under MPM, the

collagen within the lamina propria can be seen. Moving into the detrusor layer, regions

of dense collagen fibers are interspersed with regions populated with cells corresponding

to regions of smooth cell bundles in Figure 5(a). Further outwards, the collagen within a

thin adventitial layer can be seen. This sample has been gently flattened before fixation, so

waviness is not seen in the mucosa layer.
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2.3.2 Mechanical Response of the Bladder Wall

Figure 6: Mechanical loading curves for bladder tissue showing Cauchy stress as a function

of strain (ε) with biaxial raw data (red) and exponential model of the averaged data of two

directions from Eq. 2.1 (blue). Material parameters in Table ??. The transition regime for

each curve is delineated by a colored rectangle. High stiffness regime following the transition

regime inhibits further extension.

The raw data for the biaxial testing for each sample are shown in Figure 6, averaged for

the longitudinal and circumferential directions. This data was well fit by the exponential

model (2.1) with an R2 > 0.94 for all samples, Table ??.

2.3.3 Two Bladder Wall types Identified based on Wall Extensibility.

The strains ε1 and ε2 at the interface between the three loading regimes (toe, transition,

and high-stress regimes) are given in Table ??. Two different categories of bladder were

defined based on these strains. In particular, the method of k means clustering was used to
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Table 2: Mechanical properties for each bladder sample. Material constants µ, γ and corre-

sponding R2 for fit of constitutive model in Eq. 2.1 to data shown in Figure 6. Strains ε1

and ε2 separate the low strain, transition and high strain regimes of the loading curve.

Sample µ (Pa) γ R2 ε1 ε2 Type

Adult01 4635 2.2 0.95 0.13 0.40 II
Adult02 22 4.2 0.98 0.40 0.63 I
Adult03 625 2.0 0.94 0.24 0.64 I
Adult04 90 3.3 0.98 0.34 0.64 I
Aged01 11,015 1.4 0.99 0.15 0.34 II
Aged02 1814 2.9 0.98 0.16 0.44 II
Aged03 4050 2.2 0.98 0.13 0.38 II
Aged04 7720 3.7 0.96 0.11 0.28 II
Aged05 1500 1.8 0.98 0.20 0.57 I

partition the n = 9 observations into k = 2 clusters, where each observation belongs to the

cluster with the nearest mean. Type I has mean values (ε1 = 0.29, ε2 = 0.62), while Type

II has means (ε1 = 0.14, ε2 = 0.37), Table ??. A student T-test showed these groups were

statistically distinct, (p=0.039 for ε1, and p=0.00016 for ε2). Type I wall is more extensible

due to longer toe regimes (larger ε1) and larger strains before the onset of the high stress

regime (ε2). These differences can be seen visually for each bladder in Figure 6 and for the

combined data set in Figure 7. The blinded separation of the samples into two wall types is

clearly seen in Figure 7, where data for Type I are shown in green and for Type II in red.

2.3.4 Bladder Compliance can be Maintained Despite Increased Wall Stiffness

The bladder capacity, defined here as the bladder volume at cystometric pressure, is an

important variable for the health of the animal since it determines how much urine can be

stored comfortably before voiding. As noted earlier, bladder compliance and capacity are

proportional for a fixed cystometric pressure. It follows from a simple equilibrium balance

that reduced capacity can arise due to increased stiffness (µ, γ), decreased volume (Vo)

and/or increased wall thickness to. The average compliance (and hence capacity) of the

more extensible Type I bladders is nearly twice that of Type II bladders and these groups

are statistically distinct (p=0.0038), Table 2.3.4 and Figure 8.
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Figure 7: Cauchy stress as a function of strain for wall types I (green) and II (red) corre-

sponding to composite of curves from Figure 6. The strain at the end of toe regime (ε1) and

end of transition regime (ε2) are designated by “+” and “x’, respectively.

Two of the (Type II ) bladders (Aged02 and Aged03) maintained a relatively large

capacity (compliance) despite lower extensibility through increased Vo, Figure 8 and Table

2.3.4. The wall thickness was within one standard deviation of the average for Type II

walls and therefore did not play a large role in maintaining a high bladder capacity. These

two bladders had the largest unloaded volumes of the entire cohort and Vo was more than

30% greater than the average volume of the Type I bladders, Table 2.3.4. As a result, the

capacities of these Type II bladder were within 70% of the average for Type I bladders. In

contrast, the other three Type II walls were not enlarged relative to the Type I bladders and

their capacities were reduced to less than 34% of the average capacity for the type I walls.

2.3.5 Relationship between Flattening of Rugae and Bladder Loading Curves

A representative projected stack of MPM images as viewed from the lumen side of the

bladder wall in the unloaded state is seen Figure 9(a), The waviness of the unloaded luminal

surface (rugae) can be seen with the undulated collagen fibers in red. Since the depth of
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Table 3: Comparison of the unloaded wall thickness to, unloaded volume Vo, volume expan-

sion V-Vo, and compliance C between the two wall types

Wall to Vo V − Vo C
Sample Type (mm) (mm3) (mm3) (ml/cmH2O)

Adult02 I 0.52±0.02 170 414 0.0069

Adult03 I 0.61±0.04 166 446 0.0074

Adult04 I 0.46±0.05 182 460 0.0077
Aged05 I 0.66±0.03 143 317 0.0053

Average I 0.56 165 409 0.0068

Std I 0.09 17 65 0.0011

Adult01 II 0.66±0.03 115 138 0.0023
Aged01 II 0.72±0.03 129 116 0.0019
Aged02 II 0.85±0.02 214 291 0.0048
Aged03 II 0.92±0.04 245 293 0.0049
Aged04 II 1.12±0.04 151 80 0.0013

Average II 0.85 171 184 0.0031

Std II 0.18 56 101 0.0017

Figure 8: Compliance of Type I (green) and Type II (red) bladder walls.

the stack is less than the depth of the unloaded LP layer, these undulations are truncated,

leading to areas absent of the red signal in this projected view. In Figure 9(b), the surface

elevation of the luminal surface is shown as a contour plot for the 3D reconstructed stacks in

Figure9(a). The surface folds are clearly multi-dimensional, not, for example, ridges running

in the longitudinal direction.
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Figure 9: Rugae of the unloaded bladder wall as seen in (a) Projected stack of multiphoton

images with collagen fibers in red and (b) Corresponding contour plot of surface elevation

with peaks of undulated surface (large z-value) shown in yellow.

2.3.5.1 Rugae are not Flattened until Transition Regime

The regime in the loading curve where rugae were lost for each sample is seen in Figure

10. The two “x” marks denote the strain (y-axis) at which the transition regime begins

and ends. The “o” denotes the strain at which the luminal surface was flattened. Since the

imaging was done at discrete strain values, for each sample, there is a bar, signifying the

largest strain at which the tissue was wavy and the smallest strain at which it was imaged as

flat. In all cases, the flattening occurred beyond the toe region, within the transition regime,

Figure 10. We found that LPs of Type II walls were flattened at lower strains in general

than Type I walls.

2.3.6 Collagen Fiber Recruitment across the Bladder Wall

Figure 11 shows the fiber recruitment with increasing strain as seen in projected stacks

of MPM images from both the luminal side (row 1) and abluminal side (row 2). From

the luminal side, both the flattening of the undulations as well as the straightening of the

collagen fibers in the LP and onset of recruitment can be seen. From the abluminal side,

highly coiled fibers can be seen in the DSM layer for the toe regime with gradual straightening

of the collagen fibers with increasing strain.
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Figure 10: Strain at which the undulations in the luminal surface (rugae) were lost for each

of the nine cases. The two “x” marks for each case denote the strain (y-axis) at which the

transition regime begins and ends. The “o” denotes the strain at which the luminal surface

was flattened. Green, red and black correspond to wall types I, II, and II′, respectively.
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Figure 11: Projected stacks of MPM images showing Adult04 as viewed from the luminal

(row 1) and abluminal (row 2) sides. Panels one to three correspond to the toe, transition

and high stress regimes, respectively. With increasing strain, undulations (rugae) of the

mucosa on the luminal side are flattened (row 1), followed by straightening (recruitment) of

the collagen fibers (column 3).

2.3.6.1 LP and DSM Collagen Recruitment is Coordinated in Extensible Blad-

der Walls

In order to understand the relative role of collagen recruitment in the DSM and LP

layers during loading, we quantified the percentage of recruited collagen fibers from both

the luminal (lamina propria) and abluminal sides (detrusor layer) and considered these with

respect to the toe, transition and high stress regimes, Figure 12.
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A representative fiber tracing for the abluminal side was shown in Figure 3. The fraction

of recruited fibers at 4 different strain points in each of the LP and DSM layers is shown in

Figure 12. Since the MPM images were performed independently on luminal and abluminal

sides, the data for the LP and DSM layers are obtained at slightly shifted strains within

each regime, and this is reflected in the horizontal location of the recruitment data within a

regime.

No fibers were recruited in the toe regime for any of the samples (n=9), Figure 12. In

Type I bladders, recruitment of collagen fibers was coordinated in the LP and DSM layers.

In particular, collagen fibers from both the lamina propria and detrusor layer began to be

recruited in the transition regime and most of the fibers were straightened in both layers

in the high stress regime. For all Type II samples except one (Aged04), the recruitment

of collagen in the LP and DSM layers was uncoordinated. Namely, few LP collagen fibers

were recruited in the transition regime and the recruitment of DSM fibers dominated this

regime. The premature recruitment of the DSM collagen continued through the high stress

regime for these walls In contrast, the Type II bladder (Aged04) showed a coordinated fiber

recruitment to Type I bladders and is referred to as Type II′ wall in further discussions and

shown as dashed red lines in Figure 7. The Type II′ wall (Aged04) had the earliest flattening

of the LP layer, Figure 10, and the shortest toe regime with ε1(II′) = 0.11, Table ??.

2.3.7 Aged versus Adult Bladder

The bladders from the adult rats were more likely to be Type I (3 out of 4), whereas

the aged bladders were generally Type II (4 out of 5). The aged bladders were thicker than

the adult bladders (p=0.019) with averages of 0.89 ± 0.18 mm and 0.56 ± 0.09 mm. The

Type I and Type II walls had average thicknesses of 0.56 ± 0.09 mm and 0.79± 0.12 mm,

respectively. The Type II′ wall, an aged bladder, was substantially thicker than the other

walls, with a thickness of 1.12 mm. In addition, we found the wall thickness of adult samples

are negatively correlated (R2= -0.85) to their initial volume while the aged samples, except

for the unusual case Aged04 (Type II′), showed the opposite trend (R2 = 0.95).
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Figure 12: Collagen fiber recruited percentage of the LP layer (red) and DSM layer (blue)

plotted with the exponential model fitting curve. The transition regime is delineated by

a colored rectangle. High stiffness regime following the transition regime inhibits further

extension. (a) demonstrate type I samples. (b) demonstrate type II samples.

2.4 Discussion

The bladder is one of the most compliant organs in the body. For example, a normal rat

bladder can expand to about three times its initial volume. The same passive components

of the bladder wall, such as elastin and collagen fibers, are also found in the walls of other

biological tissues. It is the wall architecture, or the way these components are combined,

that must be responsible for its extensibility. In this work, we mainly focus on the passive

properties of the rat bladder wall while SMC activity is removed. A custom designed planar

25



biaxial system compatible with multiphoton microscopy was made to directly investigate

the relationship between bladder wall structure and wall extensibility during loading in fresh

bladder samples from adult and aged rats.

To understand the changing roles of the wall layers during loading, we defined three

regimes for the bladder mechanical loading curves: the toe regime, transition regime, and

high stress regime. Since the bladder material stiffness increases so rapidly in the high

stress regime the bladder extensibility is largely determined by the length of the toe and

transition regimes, Figure 7. Namely, the steep increase in wall stiffness in the high stress

regime inhibits further substantial bladder expansion, essentially “locking in” the maximum

bladder volume.

2.4.1 Two Wall Types Classified by Extensibility

Within 5 aged samples and 4 adult samples, we found two types of bladders, defined

by measures of their extensibility, ε1 and ε2. Type I walls have longer toe regions and later

onset of the high stress regime compared with Type II and these differences reached statistical

significance. The increased extensibility of Type I walls is mainly due to significantly longer

toe regimes than Type II bladders. The average length of the transition regime is also longer,

but it does not reach statistical significance.

2.4.2 Mechanisms for Long Toe Regimes

The high extensibility associated with longer toe regimes is only possible if both the

inner (mucosa) and outer (DSM and adventitial) layers of the wall are both extensible. In

this work, we showed the extensibility of the LP layer is due to folds (rugae) in the bladder

wall. With increasing strain the LP gradually flattens with little resistance to load. In

parallel, the LP collagen fibers become more planar and eventually begin to straighten.

Importantly, the rugae do not fully flatten, nor does collagen recruitment commence until

after the end of the toe regime (in the transition regime). Therefore, the bladder wall has

two levels of undulations to provide extensibility: wall undulations (rugae) on the order of

100 microns, Figure 9, as well as undulations in the collagen fibers themselves, on the order
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of tens of microns. This second level does not engage until the after the first (rugae) are

flattened. Previous work has suggested the high extensibility of the outer wall is provided

by the architecture of the SMC bundles and collagen fibers. In particular, that in the

unloaded bladder the SMC bundles are connected by wavy collagen fibers, [17]. Hence,

the reorientation and stretching of the SMC bundles as well as straightening of the wavy

collagen fibers are mechanisms that provide high extensibility in the DSM layer. Our results

are consistent with this conjecture. In particular, while we did not investigate the connection

between the SMC bundles and collagen fibers in this work, we have shown the DSM collagen

fibers were not recruited until the transition regime was reached. This is consistent with

the proposed mechanism for large extensibility of this layer. A schematic of mechanisms for

extensibility of the LP and DSM layers is shown in Figure 14.

2.4.3 Mechanisms Responsible for Stiffening in the Transition Regime of Type

I Bladders

In the transition regime of Type I walls, the stress increase is due to the gradual fiber

recruitment of fibers in both layers. The fiber recruitment in the LP and DSM layers are co-

ordinated in that both layers demonstrate collagen recruitment that continues to substantial

levels in the high stress regime, Figure 12 (a).

2.4.4 Physical Mechanisms Responsible for Loss of Bladder Bxtensibility (Type

II and Type II′ Walls)

The central difference in the Type II and Type II′ walls compared with the Type I walls

was the shortened toe regime. Since the toe regime is a region of high extensibility under

low loads, even a small amount of loading of stiff collagen fibers will end this regime and

force it to enter the transition regime. We found that Type II bladders have a shorter toe

regime because the DSM fibers were straightened prematurely (lower strains than Type I

walls), ending the toe regime and preventing extensive recruitment of LP collagen, Figs. 12.

In contrast, in the Type II′ wall, fibers from both the LP and DSM layers were recruited

prematurely, resulting in the earliest flattening of the LP among all the samples, Figure 10.
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As aresult, this case had the shortest toe regime. In Type II walls the early recruitment

of DSM collagen fibers prevented the LP fibers from engaging and straightening. In fact,

large fractions of LP fibers remained unrecruited even in the high stress regime, Figure 12

(b). In Type II walls, the DSM collagen fibers will take a more dominant role than LP

fibers in physiological and supraphysiological load bearing. In one sample (Aged01), we also

saw a lack of coordination of fiber recruitment even within the DSM layer itself with some

highly recruited fibers preventing continuing recruitment of other still highly tortuous fibers,

Figure 13. This is consistent with the unchanging fraction of recruited DSM fibers over the

transition regime in that sample, Figure 12 (b).

These findings suggest the DSM layer of Type II walls somehow lost one or more of

the mechanisms for structural transformation to accommodate extension before fibers are

recruited. Mure and Galdo found an increased ratio of type III to type I collagen in non-

compliant bladders [56]. Chang found that in normal bladder, type III collagen localization

is largely confined to the interfascicular regions (between SMC bundles) of the detrusor while

in non-compliant bladder, type III collagen is found not only in the intrafasciular region, but

also within the smooth muscle bundles [17]. The abnormal type III collagen fibers in the

SMC bundles may be the cause of the earlier fiber recruitment because they could stiffen

the SMC bundles, forcing earlier recruitment of the interfascicular fibers.

2.4.5 Overview of Structure/Function Relationship

The relative roles of the collagen fibers in the LP and DSM layers, including conjectures

regarding the role of the connection between SMC bundles and collagen fibers are shown

in a schematic in Figure 14. In the toe regime of all wall types, the LP is wavy and no

fibers are recruited to load bearing. The DSM layers collagen fibers are drawn to shown

an interconnection with smooth muscle bundles (following the conjecture of [16] and further

supported by recent work on murine bladder using MPM [46]).
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Figure 13: Collagen fibers in Type II wall (Aged01) as seen in projected stacks of abluminal

MPM images (a) toe regime and (b) transition regime. Unbalanced fiber recruitment is seen

in the DSM where some fibers are fully straightened and others are highly tortuous.

As shown in the present work, during further loading of the Type I wall, the LP layer

becomes flattened and collagen fibers in both layers are gradually recruited to load bearing.

For Type II walls, the toe regime ends earlier than for Type I walls and the fiber loading is

unsynchronized. For Type II walls, some of the DSM collagen fibers become load bearing

prematurely inhibiting the strains needed for the collagen in the LP layer to become load

bearing.

2.4.6 Elastin in Bladder Wall

Unlike arterial walls, there are no elastic layers (lamellae) in the bladder wall. Rather

elastin in the bladder wall has only been reported as small quantities of fibers throughout

the lamina propria, and in a loose network around the muscle fascicles (Murakumo 1995).

This is consistent with our own findings.
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2.4.7 Effects of Aging

The heterogeneous aging process seen across species (with some animals aging more

rapidly than others, for example, or in different ways), can confound analysis. For this

reason, we looked for wall types based on mechanical response, rather than trends with

aging. Despite the small numbers of samples in this study, a high statistical significance was

found, demonstrating a propensity for aged walls to be Type II and of increased thickness.

2.4.8 Extensibility, Bladder Capacity and Bladder Compliance

In this work, we have emphasized the need to consider bladder extensibility separately

from bladder capacity and bladder compliance. Like other soft tissues such as arteries, the

relationship between local stress and strain is highly nonlinear and cannot be captured with

a single measure of stiffness. This is particularly important for the bladder, since the the

bladder empties and fills during normal filling/voiding cycles. This is in contrast to, for

example, an artery wall where the cyclic loading takes place about a largely inflated state.

Bladder compliance, which is often used in the literature on the biology of the bladder

wall, is a linear approximation to the bladder pressure/volume relationship. In particular, it

is defined as the slope of in vivo bladder volume versus pressure curves, from the unloaded

bladder to the bladder capacity (near the leak point). This is a very rough approximation

to the mechanical response of the entire bladder. It does not separate out the three regimes

of loading, nor consider the wall properties independent of the response of the bladder as a

whole. While compliance may be the most amenable measurement in vivo, there are some

concerns when it is used ex vivo for assessment of the bladder wall. First, we have shown

that the bladder capacity is dominated by the length the toe regime, (not even the stiffness

in this regime). Secondly, we have found a bladder with a shorter toe region can compensate

for low extensibility through an increase in bladder size. Namely, two bladders can have

roughly the same compliance, yet one can have a shortened toe region due to uncoordinated

recruitment of collagen in the LP and DSM layers.
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Figure 14: Schematic of the findings for the relative roles of the collagen fibers in the LP and

DSM layers by wall type. This figure is a conjectured scheme based on [16] ’s assumption on

muscle cells mechanism and the findings of infiltration collagen fiber in SMC [17] (conjectured

to be a possible reason for the premature DSM collagen recruitment found in our study). In

all wall types, extensibility in the toe regime is achieved by flattening of the rugae without

fiber recruitment. In the toe regime, the extensibility of the DSM (conjectured by [16]) to

arise from the wavy nature of the collagen fibers connecting extensible SMC bundles. For

the transition regime of Type I walls, the fiber recruitment in the LP and DSM layers were

shown to be coordinated. In Type II walls, the toe region is cut short by early recruitment

of the DSM collagen which is conjectured to arise from infiltration of fibers in the SMC

bundles as well as other stiffening mechanisms. As a result, complete recruitment of LP

collagen is inhibited, even in the high stress regime. In Type II′ walls, although the LP and

DSM fiber recruitment is coordinated, the rugae are flattened prematurely, resulting in the

earliest recruitment.
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2.4.9 Limitations and Future Directions

In this study, we focused attention on a population of male Fischer rats. In future studies,

it will be important to extend this study to female rats as well as to human bladders. While,

we would have liked to have increased the population size for this study even further, we were

limited by the challenges associated with obtaining older rats as well as the time consuming

aspects of the MPM analysis. Nonetheless, statistical significance was achieved relating wall

type to structure of the extracellular matrix during loading.

The interconnection between layers is an interesting topic in the bladder wall as well as

in other soft tissues, where it is also relatively unexplored. Recent work has, for example,

explored these interconnections in the aortic wall in the context of delamination of wall layers

(e.g. Tsamis et al. 2014). We believe this interconnection will have only a secondary effect

on loading mechanisms during inflation, though this is certainly of interest for future studies.

The current work does not assume any level of importance on the role of these fibers during

bladder filling.

Necessarily, this study was carried out ex-vivo. There is currently no method for mea-

suring collagen recruitment across the wall layers in vivo. In the future, studies could be

performed to evaluate recruitment in fixed, inflated bladders to provide further evidence to

support the current findings. However, such studies would be limited by the need to con-

sider different bladders for each loading level, rather than a single sample across all loading

levels, such as was done in the present work. Future work could also explore the structural

mechanisms behind bladder viscoelasticity and anisotropy [57, 63].

2.5 Conclusions

This work has taken advantage of advances in bioimaging to directly assess collagen

fibers and wall architecture during biaxial loading. It was directly shown for the first time,

that the large extensibility of the bladder is determined largely by the length of the toe

region of the loading curve. which arises from gradual flattening of the folds in the bladder
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wall. These rugae provide a mechanism for low resistance flattening without any discernible

recruitment of collagen fibers throughout the toe regime. We have shown that, in contrast to

prior conjectures on the bladder wall, that a coordinated recruitment of collagen across the

LP and DSM layers is essential for the large extensibility of the bladder wall. In extensible

bladder walls, the collagen fibers in both the lamina propria and detrusor layers contribute to

limiting distension at higher filling pressures. Furthermore, wall extensibility can be lost by

premature recruitment of collagen in the DSM that cuts short the toe region and prevents

extensive recruitment of collagen fibers in the LP. Loss of bladder extensibility (Type II

walls) was more common in the aged population. Knowledge of the mechanisms responsible

for bladder compliance is essential for providing targets for improved diagnostics, developing

novel medical treatments of bladder dysfunction, and for understanding the biomechanical

environment of the intramural cells that drive changes in the bladder wall in health and

disease.
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2.7 Appendix to Chapter 2: Quantification of Collagen Recruitment Stretch

Distribution in Young, Adult, Aged and Treated Bladders

2.7.1 Introduction

As noted in this chapter, bladders were found to gradually lose compliance during ag-

ing and there is no effective treatment to reverse this change. In this study, we proposed

two treatments for the dysfunctional bladder. One is a mitochondrially targeted antioxi-

dant, MitoTEMPO. The other is a purine nucleoside phosphorylase (PNPase inhibitor) 8-

aminoguanine (8-AG). The effect of the two types of treatment was investigated by measuring

the change the bladder wall mechanical properties and collagen recruitment distribution.

2.7.2 Method

2.7.2.1 Tissue Preparation

Twenty four Fischer rats were used in this study with three young, five aged, six adult,

six aged treated by MitoTEMPO for 6 weeks, and five aged treated by 8-AG for 6 weeks.

The unloaded meridional length (ho) and diameter (wo) were measured in the explanted

bladder. The bladders were then cut open longitudinally and trimmed into square pieces

with widths of 6mm ± 1mm such that the sides of the samples were aligned with the in

situ longitudinal and circumferential directions, Figure 2a. To inhibit smooth muscle cell

contraction, samples were immersed in Hanks Buffer Salt Solution (HBSS) containing, (in

mM) NaCl 138, KCl 5, KH2PO4 0.3, NaHCO3 4, MgCl2 1, HEPES 10, glucose 5.6, with pH

7.4, 310 mOsm/l) without calcium and with added EDTA (0.5mM). The voltage calcium

channel blocker nifedipine (5uM; Sigma) and the SERCA pump inhibitor, thapsigargin (1uM;

Tocris Biosciences), which prevents the reloading of intracellular calcium stores, were also

added.
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2.7.2.2 Planar Biaxial Testing

Mechanical testing was performed using a custom biaxial system specifically designed for

testing bladder tissue concurrent with imaging under a multiphoton microscope, Figure 2.

This design enabled imaging of collagen fibers in intact specimens without staining or fixa-

tion. In the biaxial system, displacement can be independently controlled by four actuators

(Aerotech, Inc., linear actuator ANT-25LA) and force measurements are performed using

load cells on two of the actuators (Transducer techniques, nonrepeatibility 0.05% of R.O.,

capacity 5 lbs), Figure 2b. Tissue is mounted on the device using biorakes (World Precision

Instruments, Inc.). The biaxial system includes a CCD camera and a 45 degree offset mirror

to enable imaging of strain markers from beneath the mounted tissue, Figure 2d,e. This

imaging system enables MPM imaging at prescribed biaxial strains.

Prior to testing, the unloaded thickness to of each sample was measured in 5 positions

using a 0-150 mm digital caliper (Marathon watch company Ltd) and averaged. Fiducial

strain markers (Basalt microspheres, 425-500 µm, Whitehouse Scientific) were attached to

the abluminal side of each sample for strain calculation. During testing, the square sample

was first loaded lumen side up on the biorakes, Figure 2b. Following [90], a tare-load was

applied to the sample after which it was preconditioned, then unloaded, then loaded to the

tare-load, then mechanically tested. Five consecutive equibiaxial loading cycles to a stretch

of 1.8 were used for preconditioning with a tare-load of 0.02N. The post-precondition tare-

loaded state is used as reference configuration. The lumen surface was imaged under MPM at

stepwise increases in strains, Figure 2c. To avoid tissue damage while obtaining a large range

of strain, loading was stopped after collagen fibers were visibly straightened (recruited) where

it is defined as the maximum stretch. Hence, an individual maximum stretch was identified

for each sample. After lumen side imaging, 5 equibiaxial loading cycles at a strain rate of

1%s−1 to the maximum stretch were performed with the strain marker locations recorded by

a CCD camera using the 45 degree mirror block beneath the sample (Figure 2d,e) and used

to obtain the loading curves. The sample was then flipped and the imaging was repeated

from the abluminal, once again until collagen recruitment was observed. The components of

the Green-Lagrange strains were calculated from the fiducial marker locations using a finite
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element interpolation method [70]. Components of the Cauchy stress tensor were calculated

using load measurements with estimates of current cross sectional area obtained from the

strain measurements under the approximation of isochoric motion.

2.7.2.3 Evaluation of fiber recruitment from multiphoton images

The collagen fiber recruitment fraction was quantified at multiple loading levels following

a previously established method [20]. Briefly, collagen fibers are traced in the stack of 2D

slices corresponding to the depth of the 3D reconstruction (Filament function in Imaris,

Bitplane, Switzerland)[43]. The fiber arc length (c) was determined for each fiber tracing

and the cord length (L) was defined as the length of the best linear fit line to the same

segment. Fiber straightness was defined as the ratio of chord length to arc length L/c [43],

Figure 4. A fiber was designated as recruited to load-bearing when its straightness reached

0.98 [43]. The robustness of the fiber straightness measurement in one stack of images is

validated by checking the residual of average fiber straightness [20].

2.7.2.4 Models of Collagen Fiber Recruitment Distribution

The fiber recruitment distribution is represented with a triangular probability density

function ρiRc (λiRc) [18, 8, 13, 78]; λi,qRc relates to the the minimum (q = min), modal (q =

mode) and maximum (q = max) recruitment stretches of the distribution, Figure??. More

specifically:

ρiR
(
λiRc
)

=



0, λiRc ≤ λi,minRc

g1(λiRc), λi,minRc < λiRc ≤ λi,modeRc

g2(λiRc), λi,modeRc < λiRc ≤ λi,maxRc

0, λi,maxRc < λiRc,

(2.7)
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We determined the three main parameters of the distribution (λi,minRc , λi,modeRc , λi,maxRc ) by

fitting the cumulative triangular probability function using the tissue stretch and collagen

fiber recruitment fraction data obtained using method described in 3.2.1.5, as shown in Fig-

ure 27. The estimation of collagen fiber recruitment stretch helped us to understand the

loading mechanism of bladder and formulate hypothesis of collagen fiber layer dependent

role in the model.

2.7.3 Results

2.7.3.1 Mechanical Response of Bladder Wall

Mechanical loading curves from biaxial testings are shown in Figure 15 and 16, with

Cauchy stress as a function of stretch for averaged stress from the two loading directions. The

aged bladder is less compliant than both the young and adult bladders. The MitoTEMPO

treatment increased bladder compliance (shifting the loading curve to the right) though the

compliance is still lower than young and adult. The bladder treated by 8-AG has a similar

mechanical response compared with young and adult.

2.7.3.2 Collagen Fiber Recruitment Distribution

The collagen fiber recruitment distribution parameters (λi,minRc , λi,modeRc , λi,maxRc ) were com-

pared across different types of bladder to evaluate the change in fiber structure and loading

mechanism. Minimum Fiber Recruitment Stretch Compared with young and adult bladder,

the minimum collagen fiber recruitment stretch in both layers is lower in the aged bladder.

Compared with the aged bladder, the bladder treated by MitoTEMPO has higher minimum

collagen fiber recruitment stretch in both layers. The 8-AG treatment also increased the

minimum fiber recruitment stretch but only in DSM layer.

For young and adult bladders, the ratio (λdsm,minRc /λlp,minRc ) is close to 1 and higher than

the aged bladder. Both treatments shift this ratio toward 1 in the aged bladders, with 8-AG

showing larger improvement than MitoTEMPO.
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Figure 15: Individual mechanical loading curves (Stretch vs. Cauchy stress) obtained from

planar biaxial testing for (a) young (b) adult (c) aged (d) aged treated by MitoTEMPO for

6 weeks and (e) aged treated by 8-AG for 6 weeks
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Figure 16: Averaged mechanical loading curves (Cauchy stress vs stretch) obtained from pla-

nar biaxial testing for young (black), adult (green), aged (red), aged treated by MitoTEMPO

for 6 weeks (purple), and aged treated by 8-AG for 6 weeks (red)
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Figure 17: The minimum fiber recruitment stretch (λlp,minRc ) in LP layer for different types of

bladder.

Figure 18: The minimum fiber recruitment stretch (λdsm,minRc ) in DSM layer for different types

of bladder.
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Figure 19: The ratio between the minimum fiber stretch recruitment in DSM and the mini-

mum fiber recruitment stretch in LP (λdsm,minRc /λlp,minRc ) for different types of bladder.

Width of Fiber Recruitment Distribution In the LP layer, the width of collagen recruit-

ment distribution is not significantly different among the young, adult and aged bladder.

However, we observed that both treatments widen the width of collagen recruitment distri-

bution in the LP layer.

The width of DSM collagen recruitment distribution in the aged bladder is much higher

than the young and adult bladders, Figure 20 and remains elevated in both treated bladders

(MitoTEMPO and 8-AG).

2.7.4 Discussion

2.7.4.1 Initiation of Fiber Recruitment

As noted in the prior chapters, the bladder consists of elastin and collagen fibers. The

highly undulated LP and folded muscle bundles in the DSM allow the bladder to extend

without bearing much load at the early stage of filling. This unique mechanism gives the long

toe regime in the loading curve. However, any fiber recruitment will steepen the loading curve

and immediately end this toe regime. In this study, we use the minimum recruitment stretch

parameter λi,minRc to estimate the begin of collagen fiber recruitment. We found that the aged
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Figure 20: The width of collagen fiber recruitment stretch distribution (λlp,maxRc − λlp,minRc ) in

LP layer for different types of bladder

Figure 21: The width of collagen fiber recruitment stretch distribution (λdsm,maxRc −λdsm,minRc )

in DSM layer for different types of bladder
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Figure 22: The ratio between DSM fiber recruitment stretch distribution width and LP fiber

recruitment stretch distribution width, (λdsm,maxRc − λdsm,minRc )/(λlp,maxRc − λlp,minRc ), for different

types of bladder

bladder has a premature collagen fiber recruitment in both DSM and LP layer and this is

why it has a much shorter toe regime compared with young and adult. The MitoTEMPO

treatment seems to be able to increase the minimum recruitment stretch of both layers in

the aged bladder. The 8-AG treatment can also delay the premature recruitment of fibers,

though mainly happens in the DSM layer.

2.7.4.2 Coordination of Fiber Recruitment

The coordination of fiber recruitment between the two layers was assessed in two ways.

The first was to assess the coordination of the onset of fiber recruitment. The other was to

assess the consistency of the width of collagen fiber distribution, namely if it takes the same

stretch to recruit the majority of fibers in both layers. As shown in Figure 19, for both the

young and adult bladder the ratio between the minimum fiber stretch recruitment in DSM

versus LP is close to 1. Moreover, for both young and adults bladders, the fiber recruitment

distribution width between DSM and LP in young and adult bladders is also close 1. This

indicates that their collagen fibers from both layers are almost well coordinated. However,
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Table 4: The collagen recruitment stretch distribution parameters for all samples

λdsm,minRc λdsm,modRc λdsm,maxRc λlp,minRc λlp,modRc λlp,maxRc

mito01 1.21 1.44 2.07 1.28 1.58 1.67

mito02 1.18 1.33 1.88 1.37 1.59 1.60

mito03 1.33 1.37 1.68 1.39 1.44 1.57

mito04 1.06 1.65 2.01 1.17 1.34 1.53

mito05 1.31 1.43 1.82 1.41 1.42 1.69

mito06 0.98 1.33 1.37 1.25 1.21 1.93

8amino01 1.16 1.42 1.93 1.26 1.44 1.57

8amino02 1.17 1.63 1.83 1.05 1.55 1.64

8amino03 1.25 1.26 2.05 1.34 1.37 1.77

8amino04 1.25 1.35 1.53 1.31 1.32 1.40

8amino05 1.04 1.13 1.25 1.03 1.04 1.28

Young01 1.35 1.39 1.51 1.33 1.38 1.45

Young02 1.37 1.43 1.45 1.33 1.39 1.48

Young03 1.48 1.52 1.56 1.49 1.52 1.57

Aged02 1.13 1.31 1.72 1.38 1.42 1.49

Aged03 1.13 1.22 1.54 1.30 1.35 1.45

Aged04 1.03 1.43 1.47 1.22 1.28 1.33

Aged05 1.17 1.29 1.38 1.28 1.45 1.59

Aged06 1.12 1.25 1.96 1.36 1.43 1.61

Aged07 1.15 1.53 1.68 1.10 1.46 1.56

Adult01 1.16 1.37 1.38 1.31 1.33 1.51

Adult02 1.52 1.54 1.65 1.51 1.54 1.55

Adult03 1.32 1.56 1.67 1.32 1.49 1.65

Adult04 1.31 1.42 1.45 1.39 1.43 1.56
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the aged bladder has less coordination between the two layers displaying both premature

fiber recruitment and a wider recruitment distribution developed in the DSM layer versus

the LP layer. Both treatments, MitoTEMPO and 8-AG, tended to recover the coordinated

initiation of recruitment between the layers.
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3.0 A Novel Hybrid Constrained Mixture Model for the Bladder

3.1 Introduction

Lower urinary tract symptoms (LUTs) are a collection of symptoms that include increase

of urination frequency, urgency, and incontinence, and can be categorized as being related

to urine storage or voiding. LUTS can cause significant morbidity and dramatically lower

quality of life for those affected [34] [24]. They are usually triggered by one or more bladder

disorders such as bladder outlet obstruction, detrusor disorders, and non-compliant bladder.

Diagnosis of patients presenting with LUTs heavily rely on an invasive, time consuming and

costly procedure called urodynamics. Urodynamic studies replicate the filling and voiding

functions and allow the quantification of vesical and abdominal pressures, and measures the

flow both to and from the bladder through the use of urethral and rectal catheters. While

the urodynamic studies provide a method of quantifying the mechanical functionality of the

bladder, these invasive tests do not always reveal underlying disorders responsible for patient

symptoms, resulting in costly follow-up procedures, or inefficient treatment. To increase

diagnostic success or replace invasive procedures with non-invasive alternatives, a better

understanding of the relationship between underlying disorders, the mechanics of bladder

function and LUTS is needed. In this work, mathematical models have been developed and

employed in order to understand the underlying mechanism of bladder function.

The mechanical function of the bladder is usually assumed to be attributed to the fol-

lowing properties: elasticity, contractility, nervous control, and urethra resistance relation

(URR). Griffiths [39] created the first bladder micturition model including the contractility,

nervous control, and URR. However, elasticity was neglected in this model as the elastic

passive stress was assumed to be much smaller than the active stress. After that, multiple

micturition models were developed with the focus mainly on the interaction between muscle

and urethra [28, 66]. Even though the micturition models improved the understanding of the

bladder voiding function, they neglected or oversimplified the elastic contributors and did

not provide information into the specific structural mechanism driving bladder function. To
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bridge this gap, constitutive models [23] [12] [85] of the bladder with the focus on the passive

bladder elasticity were developed based on Fung’s exponential model [31]. While these mod-

els provide high-quality fitting to mechanical testing data, they are mainly phenomenological

and therefore can not explain the correspondence between individual model components and

bladder function. In 2010, Wognum et al. introduced the first ensemble fiber bladder model

including the fiber orientation and recruitment [89]. Following this idea, [59] created a con-

strained mixture model using separate strain energy functions for the ground matrix and

collagen fibers. Even though these recent efforts captured the properties of some bladder

components, they were not used to understand the bladder micturition function.

In the current study, we developed a novel hybrid model that couples a constrained

mixture model with a micturition framework. The model includes the bladder elasticity,

contractility, nervous control, and urethra resistance relation (URR) and is informed by

both in-vivo (planar biaxial testing) and ex-vivo (cystometry) experiments. Collagen fiber

distribution of individual layers were directly measured from multiphoton images. The col-

lagen fiber stiffness was calibrated by planar biaxial testing data and muscle stiffness was

calibrated by bladder cystometry. This model was then applied to a an idealized case of

spherical inflation of the bladder using an isotropic representation for the wall components.

Using this structurally motivated model, we were able to explain for the first time the role

of bladder wall components in bladder mechanical function during filling and.

3.2 Methods

We utilise an integrative in vivo in-vitro in-silico modelling approach (see Figure 23).

An in silico model is developed that simulates the mechanics of the micturition cycle in

healthy bladder. Where possible, model parameters are informed from in vivo pressure-flow

experiments and in vitro planar biaxial testing coupled with multi-photon microscopy of the

collagen fibers.
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Figure 23: An integrative in vivo in-vitro in-silico modelling approach. Figure provided by

P. Watton, with permission.
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3.2.1 Experimental Studies

3.2.1.1 In vivo Measurements: Pressure-flow Study

Twelve young (6-month old, male) Sprague Dawley rats, weighing 370±8.9g, were used in

the cystometry (pressure-flow) studies[76] with Institutional Animal Care and Use Commit-

tee guidelines being observed. Under isoflurane anaesthesia, a PE-50 polyethylene catheter

(Clay-Adams, Parsippany, NJ) was inserted through the bladder dome and a purse-string

suture was placed tightly around the catheter. The implanted catheter was exteriorized

through the abdominal wall, and the wound was closed with 4-0 silk sutures. After the

surgery, the rats were placed in restraining cages (W 80 mm × L 300 mm × H 150 mm,

Yamanaka Chemical Ind., Ltd, Osaka, Japan) and allowed to recover from isoflurane anaes-

thesia for 1–2 h before starting cystometry. After recovery, a three-way stopcock was used

to connect the intravesical catheter to a pressure transducer (Transbridge 4M, World Pre-

cision Instruments, Sarasota, FL, USA) for recording intravesical bladder pressure and to a

syringe pump (company) for infusing saline at a fixed flowrate. Saline was initially infused

at 0.1 ml/min; subsequently, the infusion rate was adjusted to 0.04–0.3 ml/min to obtain an

intercontraction interval around 10-15 min [60]. The recorded data were used to construct

the pressure/flow curves (Figure 24), from which the following parameters were evaluated:

(i) maximum voiding pressure P voiding
max (the peak pressure minus the basal pressure during

each voiding cycle); (ii) maximum passive filling pressure P passive
max (the pressure immediately

after the reflex contraction minus the basal pressure; the basal pressure is the the passive

pressure in the empty bladder and measured from the lowest pressure during cystometry).

The maximum active voiding pressure (P active
max ) is defined as the difference between maximum

voiding pressure and maximum passive filling pressure, i.e. P active
max = P voiding

max −P passive
max . The

voiding duration (∆tvoid) was also recorded and voided urine was collected using a plastic

cup placed underneath the restraining cage and measured to determine the voided volume

(∆Vvoid), and post-void residual volume (VPV ) was collected and measured by draining the

post-void bladder using the bladder catheter with gravity [76]. Bladder capacity (VF ) was

calculated as the sum of voided and residual volumes.
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Figure 24: Schematic representation of the pressure flow curve during the cystometry study.
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3.2.1.2 In vitro Measurements: Planar Biaxial Testing

As described below, mechanical testing was performed on square samples from four

young rat bladders using a custom biaxial system specifically designed for testing bladder

tissue concurrent with imaging under a multiphoton microscope (MPM) [20]. This approach

enables imaging of the reorganization and recruitment of collagen fibers during loading within

fresh, intact specimens without staining or fixation. In particular, after the bladder was

harvested, the ex-vivo unloaded width (W0), height (Y0) and thickness (Ho) of the bladder

were measured and the bladder volume was approximated as an ellipsoid (V0 = πW0
2Y0/6),

Table 8.

To inhibit smooth muscle cell contraction [20], the dissected intact bladders were im-

mersed in Hank’s buffer salt solution (HBSS) containing, (in mM) NaCl 138, KCl 5, KH2

PO4 0.3, NaHCO3 4, MgCl2 1, HEPES 10, glucose 5.6, with pH 7.4, 310 mOsm/l) without

calcium and with added EDTA (0.5 mM). The voltage calcium channel blocker nifedipine

(5µM ; Sigma) and the SERCA pump inhibitor, thapsigargin (1µM ; Tocris Biosciences),

which prevents the reloading of intracellular calcium stores, were also added. The bladders

were then cut open longitudinally and trimmed into square pieces with widths of 6 ± 1 mm

such that the sides of the samples were aligned with the in situ longitudinal and circumfer-

ential directions. Prior to testing, the unloaded thickness H0 of the samples were measured

at 5 locations using a digital caliper (0–150 mm range, Marathon Watch Company Ltd) and

averaged.

Fiducial strain markers (Basalt microspheres, 425–500 µm, Whitehouse Scientific) were

attached to the abluminal side of each sample for strain calculations. The square samples

were then mounted lumen side up in the biaxial device using biorakes (World Precision

Instruments, Inc.). During testing, displacement was controlled by four actuators (Aerotech,

Inc., linear actuator ANT-25LA) and force measurements were taken using load cells on two

of the actuators (Transducer Techniques, nonrepeatability 0.05% of rate output, capacity

5 lbs). A CCD camera and a 45o offset mirror enabled imaging displacement of fiducial

markers from beneath the mounted tissue, [20].

The testing protocol follows [90]. Briefly, five consecutive equibiaxial loading cycles
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to a prescribed sample stretch of 1.8 were performed for preconditioning, followed by five

consecutive main loading cycles. As the penetration depth for MPM imaging for bladder

tissue is less than the bladder thickness, the sample was imaged from both lumen and

abluminal sides to assess collagen recruitment as a function of applied stretch. To avoid tissue

damage at large strains, loading was stopped when collagen fibers were visibly straightened

under MPM.

Load taring was applied before the preconditioning and main loading cycles following

the methods described [90]. The purpose of load taring is to avoid the immeasurable low

force due to the extreme softness of bladder at small stretch and create a common reference

configuration during mechanical testing for all samples. Briefly, a force value of F1 = 0.02N

was subtracted from the load cell values when calculating the Cauchy stress. The post-

precondition tare-loaded state κ1 is used as the reference configuration. The stretch relative

to κ1, denoted as λ̄(1)(t), was calculated from the displacements of the fiducial markers using

a finite element interpolation method [70]. Namely, we denote the specimen width and

thickness in κ1 as L1 and H̄1, respectively. Then, the width of L1 is used as a reference

length when calculating specimen stretch λ̄(1) = L/L1. Here, the overbar is used as needed

to distinguish quantities in the planar biaxial testing from those in spherical inflation. We

denote the tared force value (with F1 subtracted) as F ′,

F ′ = F − F1 (3.1)

The corresponding stress σ̄′ is

σ̄′ = F ′/(LH̄) = (F − F1)/(LH̄). (3.2)

The experimental data can then be presented as a function of λ̄(1). Namely, σ̄′ = σ̄′(λ̄(1)).
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3.2.1.3 Kinematics for the Cystometry Data

The modeling studies in this chapter idealize the bladder as a spherical membrane. In

this context, we define an equivalent bladder radius for each of the configurations of interest

which have measured volumes, Figure 25. Namely, R is calculated as the radius of a sphere

with the equivalent volume. In particular, the bladder radius for the unloaded configuration,

κ0 is obtained from the explanted bladder volume V0, the post void radius RPV is calculated

from measured voided volume VPV , and RF is calculated from the measured filled volume

VF = VPF + ∆Vvoid, Table 5. The stretch associated with inflation of a spherical membrane

at an arbitrary intermediate state can then be calculated relative to κ0,

λ(0)(s) =
R(s)

R0

. (3.3)

The corresponding thicknesses follow directly for this isochoric motion, given the measured

thickness in κ0. Definitions of various quantities relevant to the spherical models are sum-

marized in Table 5

3.2.1.4 Extending the Bi-axial Data to the Unloaded State

In order to make use of the biaxial testing data in the studies of bladder filling/voiding, it

is necessary to extend the data from the bi-axial testing to the unloaded state, κ0. As noted

above, the mechanical loading curves were obtained using κ1 as the reference state and data

was obtained for stretches of λ̄(1) ≥ 1. However, the ex-vivo tared load would correspond to

a loaded (deformed) bladder in vivo. In order to model the entire filling voiding cycle, we

need to obtain the complete loading curve

σ̄′ = σ̄′(λ̄(1)) λ̄(1)(s) ≥ 1 −→ σ̄ = σ̄(λ̄(0)) λ̄(0)(s) ≥ 1. (3.4)

We first note that it follows from Eq. 3.5,

σ̄ = σ̄′ + λ̄(1)σ1 where σ̄1 = F1/(L1H̄1) (3.5)

Furthermore,

λ̄(0)(s) =
L(s)

L0

=
L(s)

L1

L1

L0

= λ̄(1)(s)λ̄
(0)
1 (3.6)

53



Figure 25: Schematic of different reference configurations relevant to modeling cystometry.

Here, κ0 represents the unloaded state of the bladder, κF the filled state right before the

voiding and κPV the state where voiding is just completed (post voiding). The symbols R

and H represent the radius and thickness at the corresponding state labeled by the subscript.

Here, the radii are calculated for a sphere with the equivalent volume measured in cystometry.

Further, λ represents the bladder stretch at the configuration labeled by the subscript with

stretch relative to the reference configuration labeled by the superscript, Table 5. Namely, λ

represents the bladder stretch at the state labeled by the subscription with reference to the

state labeled by the superscript.
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Figure 26: Schematic of overview experimental setup
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Table 5: Summary of definitions of variables for studies of spherical bladder models.

Pressures

Ppassive
min (Basal pressure) Passive pressure in the empty bladder, mea-

sured from lowest pressure in cystometry

Ppassive
max Pressure immediately after reflex contraction minus P passive

min

P voiding
max Peak pressure minus P passive

min

Bladder Volumes

V0 Volume of explanted empty bladder, (estimated from W0, Y0)

VPV Bladder post void volume, measured in cystometry

∆Vvoid Bladder voided volume, measured in cystometry

VF Bladder filled volume (VF = VPV + ∆Vvoid)

Equivalent Radii from 4/3 πR3 = volume

R0 From explanted bladder volume in κ0

RPV From bladder post void volume, VPV

RF From bladder filled volume, VF

Stretch values

λ
(0)
PV λ

(0)
PV = RPV /R0

λ
(0)
F λ

(0)
F = RF/R0

λ
(0)
1 λ

(0)
1 = λ

(0)
F /λ

(1)
F

Wall Thickness

H0 Measured in ex-vivo unloaded bladder κ0

HPV Calculated assuming isochoric motion: HPV = H0/λ
(0)
PV

2

HF Calculated assuming isochoric motion: HF = H0/λ
(0)
F

2
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where λ̄(0)(s) denotes the stretch at an arbitrary intermediate state κ(s) relative to the

unloaded bladder. However, we do not know the value of λ̄
(0)
1 , which is needed to extend the

biaxial data to the unloaded state of the bladder.

To determine λ̄
(0)
1 , we consider Eq. 3.6 at the filled state through λ̄

(0)
F = λ̄

(1)
F λ̄

(0)
1 , or

λ̄
(0)
1 = λ̄

(0)
F /λ̄

(1)
F . (3.7)

If we determine λ̄
(0)
F and λ̄

(1)
F , we will have determined

(0)
1 . We first recall that the analytical

stress solution of equi-biaixal stretch and spherical inflation have the same functional form

for the exponential model (see Appendix 3.8). We define the σ̄F equal to the stress in the

filled bladder σF . As the functional forms are the same, the stretch corresponding to the

filled stress state in the specimen, λ̄
(0)
F , will be the same at that in the filled spherical bladder,

λ̄
(0)
F = λ

(0)
F = RF/R0. (3.8)

Hence, we have a means to calculate λ̄
(0)
F in Eq. 3.7. We now note that the stretch λ̄

(1)
F in

Eq. 3.7 can be obtained from the experimental data for σ̄′(λ̄(1)) as the stretch corresponding

to the σ̄′F . From Eq. 3.5

σ̄′F (λ̄
(1)
F ) = σ̄F − σ1λ̄

(1)
F (3.9)

where

σ̄F = σF σ1 = F1/(L1H̄1). (3.10)

Hence, we can solve for λ̄
(1)
F using Eq. 3.9 and therefore, can determine λ̄

(0)
1 .

The experimental data is in the form σ̄′ = σ̄′( ¯λ(1)) where λ̄(1) ≥ 1. It can now be mapped

to σ̄ = σ̄( ¯λ(0)) with λ̄(0) ≥ λ̄1 using Eqs. 3.5 and 3.6. We furthermore extend the definition

of σ̄(λ̄(0)) down to λ̄(0) = 1 using a linear fit between (λ̄(0), σ̄) = (1, 0) and (λ̄1, σ̄1).

3.2.1.5 Evaluation of Fiber Recruitment from Multiphoton Images

The collagen fiber recruitment fraction was quantified at multiple loading levels following

a previously established method [20]. Briefly, collagen fibers are traced in the stack of 2D

slices corresponding to the depth of the 3D reconstruction (Filament function in Imaris,

Bitplane, Switzerland)[43]. The fiber arc length (c) was determined for each fiber tracing
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Figure 27: Procedure for fitting the fiber recruitment distribution function shown for repre-

sentative data set: (a) fiber tracing overlaid on multiphoton image (red is collagen fiber) (b)

Fiber recruitment fraction versus stretch (c) Cumulative density function as fit to the fiber

recruitment fraction. This curve is used to obtain the three layer specific (i) parameters of

the collagen recruitment (Rc) stretch distribution: λi,minRc , λi,modeRc and λi,maxRc

and the cord length (L) was defined as the length of the best linear fit line to the same

segment. Fiber straightness was defined as the ratio of chord length to arc length L/c [43],

Figure4. A fiber was designated as recruited to load-bearing when its straightness reached

0.98 [43]. The robustness of the fiber straightness measurement in one stack of images is

validated by checking the residual of average fiber straightness [20].

3.2.2 Constitutive Modeling for the Bladder Wall Mechanics

The bladder wall was modeled as an incompressible, nonlinear elastic material. We

assume an additive decomposition of the stresses due to the passive component (elastin and

collagen) and and active components (smooth muscle cells)

σ = σL,e + σL,c + σa. (3.11)

where σL,e and σL,c are the Cauchy stress for elastin and collagen fibers, respectively, and

σa is the active stress from smooth muscle contraction.

58



3.2.2.1 Kinematics

The deformation gradient tensor is denoted as F and the right Cauchy-Green tensor

as C = F TF . The tensor invariants for C are I1 = tr(C), I2 = (tr(C)2 − tr(C2))/2 and

I3 = det(C) = 1. The direction of the collagen fibers is denoted by the unit vector aic where

i ranges over the number of fiber orientations at each point within the tissue. The stretch in

the collagen fibre direction, denoted by λi4c, can then be written with respect to I i4c through,

(
λi4c
)2

= I i4c = C : aic ⊗ aic, (3.12)

where I i4c is a pseudo-invariant of C and aic ⊗ aic.

Similarly, denoting the SMC direction by the unit vector am, the stretch λ4m in the SMC

direction is (
λi4m

)2
= I4m = C : am ⊗ am (3.13)

3.2.2.2 Strain-energy Functions

The passive response of each layer L receives contributions from elastin and collagen

fibers (anisotropic components). Hence

ΨL = ΨL,e(I1) +
∑
i

Ψi
L,c(I

i
4c) (3.14)

Here, we consider three layers, L = LP denotes lamina propria and L = DSM denotes the

destrusor muscle layer, and L = ADV denotes the adventitia layer.

3.2.2.3 Elastinous Constitutents

The elastin components in each layer are modeled as isotropic, and in particular as a

neo-Hookean material [88]:

ΨL,e = Ke (I1 − 3) , (3.15)
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with Ke being material constants. The corresponding Cauchy stress tensor σL,e can be

calculated as :

σL,e = −pI + 2KeB (3.16)

where p is the Lagrange multiplier and B is the right Cauchy-Green deformation tensor.

3.2.2.4 Collagenous Constituents

The constitutive model for the collagen accounts for both the collagen fiber orientation

distribution as well as the experimental observation that collagen fibers have a a distribu-

tion of waviness in the unloaded configuration and thus have a distribution of recruitment

stretches ([43]). The strain energy function involves integrating the strain energy for a fiber

(Ψ̃i
L,c) over the distribution of recruitment stretches (ρiR),

ΨL,c(I
i
4) = mL,c ·

∑
i

∫ √Ii4

1

Ψ̃i
L,c

(
λic
)
ρiRc
(
λiRc
)
dλiRc. (3.17)

where λiRc =
√
I iRc denotes the recruitment stretch of the collagen fiber and mL,c is the

(dimensionless) normalized mass density of collagen fibers that can adapt to simulate collagen

growth/atrophy[87]. We model each individual fiber to have a linear relationship between

its 1st Piola-Kirchoff stress and its stretch (λic)([8, 78])

Ψ̃i
L,c

(
λic
)

=
kiL,c
2
·
(
λic − 1

)2
(3.18)

where KL,c is a stiffness-like material constant,

λic =


λi4c
λiRc

, λi4c ≥ λiRc

1, otherwise ,

(3.19)

where λi4c =
√
I i4c. Therefore, the Cauchy stress tensor σL,c can be calculated as a function

of λi4c:

σL,c = λi4c
δ

δλi4c

∫ λi4c

1

kiL,c
2

(
λi4c
λiRc
− 1)2ρ(λiRc)a

i
c ⊗ aicdλiRc (3.20)
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Figure 28: Schematic simplification of (a) structural transformation during filling and void-

ing. From left to right shows the voided state (κV ), the unloaded state (κ0), the filled state

of normal capacity (κF ). (b) three states of constituents (collagen, SMC) during loading. l0,

l1, lT denote the tissue length at the state of unloaded, barely recruited, and stretched. λR

is the constituent recruitment stretch defined as the ratio of l1 to l0. λC is the constituent

stretch defined as the ratio of lT to l1. λ is the total tissue stretch defined as the ratio of lT

to l0.
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Figure 29: Schematic of triangular distribution of collagen recruitment stretch

The fiber recruitment distribution is represented with a triangular probability density

function ρiRc (λiRc) [18, 8, 13, 78]; λi,qRc relates to the the minimum (q = min), modal (q =

mode) and maximum (q = max) recruitment stretches of the distribution, Figure 29. More

specifically:

ρiR
(
λiRc
)

=



0, λiRc ≤ λi,minRc

g1(λiRc), λi,minRc < λiRc ≤ λi,modeRc

g2(λiRc), λi,modeRc < λiRc ≤ λi,maxRc

0, λi,maxRc < λiRc,

(3.21)

where

g1(λiRc) =
2
(
λiR − λ

i,min
Rc

)(
λi,maxR − λi,minRc

) (
λi,modeRc − λi,minRc

)
g2(λiRc) =

2
(
λi,maxRc − λi4r

)(
λi,maxRc − λi,minRc

) (
λi,maxRc − λi,modeRc

) . (3.22)

Insertion of equations 3.19 and 3.21 into 3.17 followed by integration yields analytic expres-

sions for the strain energy from which analytic expressions for the stress can be derived (see

[78]).

We determined the three main parameters of the distribution (λi,minRc , λi,modeRc , λi,maxRc ) by
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fitting the cumulative triangular probability function using the tissue stretch and collagen

fiber recruitment fraction data obtained using method described in 3.2.1.5, as shown in Fig-

ure 27. The estimation of collagen fiber recruitment stretch helped us to understand the

loading mechanism of bladder and formulate hypothesis of collagen fiber layer dependent

role in the model.

3.2.2.5 SMC Active Stress

The active stress generated by the bladder during voiding is correlated to nerve activity

[53] and occurs over a large range of bladder contractility [82], i.e. the active stress is

generated within a range of SMC stretch, λminm to λmaxm , and is zero outside this range. We

define the active (Cauchy) stress tensor, σa,

σa = σactm am ⊗ am (3.23)

where, σactm is defined to be a function of SMC stretch (λm), nervous stimuli S(t) and nor-

malised SMC mass-density mm, i.e. σactm = σactm (S(t),mm(τ), λm(t)).

σactm =

S(t)mmk
act
m (λm)4(λm − λminm )(λmaxm − λm) λminm ≤ λm ≤ λmaxm

0 otherwise

(3.24)

The neurogenic control system of the bladder is complex with feedback loops such as voiding

and guarding reflexes instigated by afferent and efferent nerve signals continuously transmit-

ted between the bladder, urethra, and sphincters [84]. Despite the complexity of the bladder

neurogenic control system, the neurogenic control of micturition can be idealized. For ex-

ample, Fletcher et al. [29] idealize the contraction and relaxation of bladder musculature as

being controlled by a nerve signal quantified as a normalized stepwise linear function. In this

work, we extend the work of Fletcher et al. to include boht the normalized function of stimuli

as a smoothed stepwise function as well as a feedback mechanism to decrease the stimulus
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and relax the muscle when the flow rate falls below a critical value Qcrit (Qcrit = 0.02ml/s)

at t = tcrit, i.e.

S(t) =


1− 1

1+(t/k1)4
0 ≤ t ≤ tcrit(

1− 1
1+(tcrit/k1)4

)(
1

1+((t−tcrit)/k2)4

)
tcrit < t ≤ tend

0 t > tend

(3.25)

where k1 = 1 and k2 = 2 control the rate of increase and decrease of signal strength,

respectively; tend denotes when Q(t) = 0.

Table 6: Parameter values relevant to the model of contractility and micturition with the

description of methods.

Parameters Value Method

λminM 0.25 Based on [71], λmaxM > 8λminM

λmaxM 2.5

kactM 6212 Pa Estimated by the maximum voiding pressure in cystometry

Pc 380 Pa Determined by the estimated pressure at κV

α 3.5e−5ml/spa Estimated based on the total voiding period

3.2.3 Micturition Model

3.2.3.1 Active Bladder

In the active bladder state, the SMCs are able to generate sufficient wall tension to

overcome the urethral outlet resistance and induce voiding. For the in silico model, this

process is simulated through a coupling between SMC stretch and the active stress generated

by the SMCs. In particular, as the bladder fills and enlarges, the nervous stimulus function

S(t) is triggered when the SMC stretch reaches a critical value, i.e. when (λm = λatm).

Consequently, SMC active stress increases and voiding is initiated when the internal bladder
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Figure 30: Example plots of (a) muscle stretch dependent active stress function σactM (λM)

and (b) function of normalized stimuli S(t)

pressure (passive + active) exceeds the cutoff pressure (Pc) at which the urethra opens and

closes. Voiding is complete when the internal pressure falls below the cutoff pressure.

The temporal dynamics of the pressure and outflow-rate of the active bladder can be

computed during voiding. Following earlier works, we assume a linear relationship between

voiding flow rate Q(t) and bladder pressure P (λ, t) [38, 10]:

Q(t) =


1
α

(P (λ, t)− Pc) P (λ, t) > Pc

0 P (λ, t) ≤ Pc

(3.26)

where 1
α

is the slope of the urethral resistance relationship. As voiding progresses, the

updated volume is computed to calculate updated pressure (P (λ, t)). On completion of

voiding, relevant metrics are calculated (volume voided, residual volume, voiding duration,

contractile range).
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3.2.4 Spherical Membrane Model of Bladder

In this work, we apply the general constitutive model above to the case of quasi-static

inflation of an incompressible, two-layered nonlinear elastic, spherical membrane. Each wall

component is idealized as having an isotropic contribution. In the absence of external body

forces, the displacement field must satisfy ∇ · σ = 0 where, as previously noted, σ is the

Cauchy stress tensor.

During the deformation, the spherical membrane with unloaded radius R0 is inflated

to radius R(s) due to an applied transmural pressure P . The corresponding kinematics in

spherical coordinates (er, eφ, eθ) are:

F = Diag[1/λ2, λ, λ], B = Diag[1/λ4, λ2, λ2], (3.27)

where, λ denotes the tissue stretch (R/R0), with reference to the unloaded state κ0. Due

to the symmetry of the loading conditions and the symmetry of the material response,

σφφ = σθθ, which we simply denote as σ. Employing the governing equation for mechanical

equilibrium of the membrane and the boundary conditions, it follows that,

P =
2H0

R0λ3

(
rHLPσc,LP + rHDSM(σe + σc,DSM + σactm ) + rHADV σc,ADV

)
(3.28)

where rHL denotes the ratio of the thickness of layer L to total wall thickness H0 where

L = LP,DSM,ADV . σe denotes the Cauchy stress of elastin, σcL denotes the Cauchy stress

of collagen in layer L and σactm denotes the active Cauchy stress of smooth muscle; H0 and

R0 denote the thickness and radius at the unloaded state, respectively. It should be recalled,

that for this study, each contribution is idealized as isotropic.
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3.3 Results

3.3.1 Passive mechanical response of the bladder wall

The raw data and fitted curves from biaxial testing for each sample are shown in Figure

31 averaged for the longitudinal and circumferential directions. According to Table 7, the

average stiffness modulus of collagen fiber kC is 1e6 which is much higher than the non-

collagenase components kNC . The individual plots of the probability density function of

collagen recruitment distribution are shown in Figure 32. For samples Y02, Y03, Y04, the

DSM fiber recruitment starts earlier than LP fibers. For samples Y01, even the DSM and LP

collagen fibers recruitment almost starts at the same time, the DSM recruitment happens

much quicker than LP due to the skew of the distribution. Thus, in general, LP acts as a

protective sheath.

Table 7: Summary of all fitted parameters for the passive mechanical response. Values of

stiffness terms are in units of Pa.

Parameters Y01 Y02 Y03 Y04 Average STD

kNC 820 1510 232 1468 1007 606

kDSMC 6.2e5 1.6e6 1.1e6 1.1e6 1.1e6 0.4e6

kLPC 2.5e6 6.4e6 4.4e6 4.4e6 4.4e6 1.4e6

LP λminR 2.1 2.1 2.2 2.2 2.2 0.05

λpeakR 2.5 2.4 2.2 2.3 2.4 0.11

λmaxR 2.6 2.5 2.5 2.7 2.5 0.08

DSM λminR 2.0 2.0 1.9 2.0 2.0 0.04

λpeakR 2.1 2.1 2.0 2.1 2.1 0.04

λmaxR 2.6 2.2 2.4 2.8 2.5 0.20
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3.3.2 The Role of Bladder Constituents for Mechanical Function

Figure 33 shows the intramural stress on each component of the bladder during filling

and voiding at the normal capacity. During the early filling stage, the non-collagenase

components (light) dominate the passive response (purple) and passive stress is very low.

When the bladder reaches its normal capacity, the muscle active stress (blue dashed) kicks

in and dominates the total stress (blue). The collagen fiber only gets recruited if the bladder

passes its normal capacity. DSM collagen fibers were recruited earlier than the LP collagen

fibers. Once the collagen fibers kicked in, the curve of total passive stress becomes steep.

This indicates that collagen fibers in the bladder play a role in preventing over-extension.

The stress curve of voiding at different bladder fullness (70% capacity, 100% capacity,

110% capacity) is shown in Figure 40. The voiding at a larger initial stretch can generate

larger stress. This is because higher initial stretch has both higher passive stress and active

stress. At 110% capacity, there is high passive stress caused by the recruitment of collagen

fibers before the onset of voiding. The high passive stress helps to generate flow in the

urethra at t = 0, see Figure 39b.

3.3.3 Simulation of Bladder Urodynamics

The urodynamic study is the gold standard for the diagnosis of dysfunction bladder.

It plots the pressure and flow rate with time and allows one to make a diagnosis of void-

ing and storage abnormalities responsible for LUTS. In this study, we simulate the bladder

urodynamics during the voiding phase to understand the bladder voiding function (see Fig-

Table 8: Dimensions of young bladders (n=4)

Young Y01 Y02 Y03 Y04 Average STD

unloaded width W0 (mm) 4.31 5.05 4.76 4.84 4.74 0.27

unloaded height Y0 (mm) 11.10 10.32 9.64 9.36 10.10 0.67

unloaded thickness H0 (mm) 0.72 0.71 0.85 0.82 0.78 0.06
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Figure 31: Quantitative measurement of bladder mechanical properties and fiber distribu-

tion: (a) data fitting of mechanical loading curves (n = 4, blue: R2=0.97, green: R2=0.92,

red: R2=0.97, purple: R2=0.97)
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Figure 32: Plots of the probability density function of collagen recruitment stretch distribu-

tion (directly measured from MPM images) (a) sample Y01 (b) sample Y02 (c) sample Y03

(d) sample Y04. Blue represents DSM and red represents LP.
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Figure 33: The intramural stress versus stretch (relative to κ0) during bladder filling and

voiding at the normal capacity: total stress during filling (purple), total stress during voiding

(blue), muscle active stress during voiding (blue dash), the stress of DSM collagen (red), the

stress of LP collagen (yellow), and stress of elastin components (light blue). The region

highlighted by the dashed box shows the working range of SMCs. Stretch is relative to κ0.

Table 9: In vivo measured cystometry parameters.

Quantities symbol Young

voided volume (ml) ∆Vvoid 0.84 ± 0.03

post void volume = residual volume (ml) VPV 0.02 ± 0.008

void duration (s) ∆tvoid 12 ± 0.4

max filling pressure (Pa) P passive
max 300 ± 80

max void pressure (Pa) P voiding
max 3900 ± 220

71



Figure 34: The simulated urodynamic curves during the voiding phase: (a) flow rate vs.

time (b) pressure vs. time. Baseline of k1 is chosen to be 1 and k2 is chosen to be 2.

ure 34). Before the active response is initiated, the bladder pressure is dominated by the

passive response and that’s why we see an initial pressure at t=0 (see Figure 34b). After

the contraction starts, the bladder pressure increases but the voiding doesn’t start until the

pressure reaches Pc (the minimum pressure required to generate flow in the urethra). The

flow/pressure curves can be generally divided into two phases: an increasing phase and a

decreasing phase. During the increasing phase, the active response is dominated by nervous

stimulation. Thus, the pressure/flow rate increases in a linear fashion. During the decreas-

ing phase, the nervous stimulation is maintained at the maximum level, the curve is now

dominated by the stretch-dependent stress σM . When the flow rate drops below the critical

threshold Qcrit (Figure 34a), the muscle starts to relax caused by a gradual decrease of nerve

stimulation. The complete relaxation is done after the flow stops.

3.3.4 Radius Changes with Time

From Figure 35, we can see that radius of the bladder remains unchanged at the beginning

of contraction. This is because initiating the flow in the urethra requires a minimum bladder

pressure (Pc). After the voiding starts, the radius decreases nearly linearly with time.
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Figure 35: Radius vs. time during the voiding phase. Baseline of k1 is chosen to be 1 and

k2 is chosen to be 2.
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3.3.5 The Effect on Voiding of Nervous Control

Increasing k1 will delay the full activation of SMCs and thus delay the onset of voiding,

Figure 36a. As a result, the maximum voiding pressure are reached at a lower stretch with

smaller magnitude, Figure 37b. Figure 36 shows that as k1 increase, the time stays at

the maximum stimulation, the maximum pressure, and maximum flow rate decrease which

causes the increase of total voiding time increases. In facts, there is a linear relationship

between the k1 and total voiding time (Figure 37a).

3.3.6 The Effect on Voiding of Bladder Fullness

Figure 39 shows that both the bladder maximum pressure and flow rate increase with the

initial volume. From 70% to 100% capacity, the maximum pressure and flow rate increases

because when the voiding starts at the left side of the peak, the higher initial volume is

corresponding to higher maximum active pressure (Figure16). From 100% to 110% capacity,

the maximum pressure and flow increases mainly because of the high passive stress caused

by the recruitment of collagen fibers (Figure 40). According to Figure 39, the total void-

ing duration increase even though voiding with higher initial volume can generate higher

maximum pressure.
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Figure 36: The effect of nervous stimulation constant k1 on voiding function. Plots include

(a) normalized nervous stimulation vs. time (b) pressure vs. time (c) flow rate vs. time (d)

radius vs. time. The values of k1 are 1, 2, 4, and 8 with the arrow showing increasing k1

Figure 37: (a) The relation between k1 and total voiding time (b) The stretch and pressure

relation for k1 = 1, 2, 4, 8 (the arrow shows increasing k1).
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Figure 38: The relation between muscle stretch and active pressure when nervous stimuli

reaches maximum (S = 1). The dots label three different initial voiding volume (black: 70%

capacity, blue: 100% capacity, and green: 130% capacity)
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Figure 39: The effect of initial volume on voiding function. Plots include (a) pressure vs.

time (b) flow rate vs. time and (c) fraction of voided volume for three different initial

volumes: 70%, 100%, and 130% of the bladder capacity vs. time with the arrow showing

increasing initial volume. Baseline of k1 is chosen to be 1 and k2 is chosen to be 2.

3.4 Discussion

3.4.1 Novelties

Traditional mathematical models for bladder can be categorized into two types: the

constitutive model and the micturition model. The constitutive model focused on material

properties of the bladder tissue (elasticity and contractility) but disregard the connection be-

tween the material properties and the micturition function. The micturition model focused

on the interaction between the bladder contractility, neutral control, and urethra resistance

but often ignored the bladder elasticity. Our model integrated a novel microstructural mo-

tivated constitutive model with a micturition framework. For the first time, we were able to

understand the bladder function from the material properties of its components.

3.4.2 Experiments Informed Novel Microstructural Model

To date, the constitutive modeling of the bladder has been largely phenomenological [23]

[12] [85]. The microstructural modeling of collagen fiber only existed in a few studies [89]
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Figure 40: The stress during bladder filling and voiding at the capacity 70%, 100%, and

130%: total stress during filling (purple), total stress during voiding (green: 130% capacity,

black: 100% capacity, blue: 70% capacity), the stress of DSM collagen (red), stress of LP

collagen (yellow), and stress of non-collagenase components (light blue). Baseline of k1 is

chosen to be 1 and k2 is chosen to be 2.
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[59]. However, these studies were theoretical studies with little experimental validation or

quantification. We presented a microstructural mechanical model that is informed by the

collagen fiber distribution directly measured from 3D reconstructed MPM images. As we

noticed the collagen fiber distribution for the two main layers is substantially different [20],

the collagen fiber distribution for individual layers was measured separately. Our model, for

the first time, allows individual constituents and layers of the bladder tissue to be coupled

back to the gross mechanical response.

3.4.3 Optimal Bladder Function

As shown in Figure 33, we found that the collagen fibers were only recruited after the

bladder reached its normal capacity and within the muscle work range. If the collagen fibers

were recruited earlier, the bladder lost its compliance. If the collagen fibers were recruited

later and out of the working range of the muscle (indicated by the dashed box in Figure

33), the bladder stored more of urine but lost voiding capacity. Interestingly, these two

scenarios correspond to the two main types of bladder dysfunction: non-compliant bladder

and over-compliant bladder.

In conclusion, when collagen fibers are recruited right after the bladder reaches capacity,

the bladder achieves optimal function. On one hand, it allows the bladder to store urine at

low pressure. On the other hand, it prevents over-extension of the bladder and ensures the

bladder is always within the muscle working range. In the cases of voiding at higher volume

(Figure 40), the higher stress caused by the recruitment of collagen fibers can also contribute

to the initial voiding.

3.5 Future work

3.5.1 Complete Neurogenic Control Model

As mentioned previously, the neurogenic control system has various feedback loops and

is extremely complicated. In the present study, the neurogenic control of the bladder is
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simplified and not based on physiological data. A feedback mechanism is assumed so that

the muscle is not relaxed until voiding is completed and this allows the bladder to efficiently

empty itself at any initial volume. Even though the simplified model adequately described

realistic response and allowed investigation of the other non-neural components of the system,

a more complete neurogenic control model is desirable in the future.

3.5.2 Growth and Remodeling Model

The bladder tissue constantly remodels itself during aging [74] [17] [20] and in response

to the mechanical environment [50] [17] [36]. Remodeling of the bladder microstructure can

dramatically alter its function. For instance, in the aged bladder tissue, premature fiber

recruitment found in the DSM layer causes significant loss of bladder compliance [20]. To

predict the mechanical function, it’s important to understand its homeostatic tendency to

adapt in response to changes in the mechanical environment. In the future, our model can

be further developed to examine the role of growth and remodeling response in dysfunctional

bladders.

The early bladder constitutive models including [23] [12] [85] are so-called phenomeno-

logical models which provided the stress-strain relation but cannot capture the underlying

mechanism contributing to tissue behavior and the model parameters are not based on phys-

iological phenomena. In recent years, structural models [89, 59] were developed based on

collagen fiber recruitment and orientation. These types of models can relate the tissue level

mechanical response to individual collagen fiber properties. Microstructurally motivated

constitutive models for bladder tissue have been developed [45, 20].

Traditional micturition models[39, 25, 83, 67, 28] modeled the urethral resistance relation

that relates detrusor pressure/contractile force to flow rate during voiding with the focus

on nervous control of the SMC. These models predict muscle contraction force simply by

assuming a relationship between contraction velocity and muscle contraction[28] and don’t

explain the underlying mechanism of the muscle.

Over the years, studies have been conducted to understand the mechanics of bladder

tissue through mechanical testing with the focus gradually shifting from quantifying the
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bladder material properties [35, 58, 79, 86] to understanding the association between load

transfer mechanism and the bladder’s microstructure [33, 45, 20, 15, 81]. Early constitutive

models of bladder wall are phenomenological [23] [12] and don’t explain the correspondence

between individual model components and the bladder function.

3.6 Conclusion

We present a novel hybrid model that couples a constrained mixture model with a mic-

turition framework. The model included the bladder elasticity,contractility, nervous control,

and urethra resistance relation (URR) and was informed by both in-vivo (planar biaxial

testing) and ex-vivo (cystometry) experiments. This model, for the first time, has the po-

tential to infer the structural changes that are primarily responsible the change of mechanical

function from the urodynamics data.
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3.8 Appendix: Analytic Solution of Stress for Sphere Inflation and

Equi-biaxial Stretch

3.8.1 Introduction

An exponential dependence of stress on stretch was proposed by [30] and is commonly

used for soft biological tissues. In Chapter 2, we found that the exponential model fits data

with an R2 > 0.94 for all samples. Therefore, we would like to use this simple model to

understand the difference of stretch-stress relationship between sphere inflation and equi-

biaxial stretch.

The Cauchy stress tensor of the exponential model is

σ = −pI + µ eγ(I1−3)B (3.29)

where p is the Lagrange multiplier associated with incompressiblity, I1 is the first invariant

of the left Cauchy-Green deformation tensor, B,

I1 = tr(B), (3.30)

µ is the shear modulus and material constant γ controls the exponential dependence on I1.

3.8.2 Analytic Solution for Spherical Inflation of a Membrane

In this section, we recall the solution for inflation of a spherical membrane of current

radius R and thickness H under transmural pressure P . The unloaded radius and thickness

are denoted as R0 and H0, respectively. The Cauchy stress as a function of stretch λ = R/R0

for a spherical membrane composed of the isotropic, exponential material described above

(see, e.g. [11]) is

P (λ) =
2H0

λR0

[1− 1

λ6
]µeγ(I1−3) (3.31)
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It follows from equilibrium that the relationship between pressure and stress in a spherical

membrane is

σrr(λ) = P (λ)
R0

2

2H0λ3
. (3.32)

and therefore, the Cauchy stress as a function of stretch for spherical inflation can be ex-

pressed as

σrr(λ) = (λ2 − 1

λ4
)µe(γ(I1−3)). (3.33)

3.8.3 Analytic Solution of Stress for Equi-biaxial Stretch

In this section, we recall the solution for equi-biaxial planar stretch of a square specimen

of unloaded length L0 and thickness H̄0 to loaded length and thickness L and H̄, respectively.

The Cauchy stress as a function of stretch λ̄ = L/L0 during planar equi-biaxial stretch of

the isotropic exponential material,

σ11 = σ22 = λ̄2µe(γ(Ī1−3)) − p σ33 =
µe(γ(Ī1−3))

λ̄4
− p (3.34)

where Ī1 = If we apply the stress free boundary condition to the top surface with normal ē3,

we can solve for the Lagrange multiplier as

p =
µeγ(Ī1−3)

λ̄4
. (3.35)

The solution for planar biaxial stress can therefore be expressed as

σ11 = σ22 = (λ̄2 − 1

λ̄4
)µeγ(Ī1−3) (3.36)

3.8.4 Conclusion

The functional form for the solution for Cauchy stress as a function of stretch is identical

for spherical inflation and planar equi-biaxial stretch of a membrane, despite the different

definitions of stretch.
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4.0 A Mechanobiological Model of the Urinary Bladder: Integrative

Modelling of Outlet Obstruction

4.1 Introduction

The function of the bladder is to serve as a low pressure reservoir for storing urine and

then efficiently expel this urine at a convenient time. Bladder outlet obstruction (BOO) is a

urodynamic diagnosis that signifies the existence of increased urethral resistance, sufficient

to alter the voiding process. Over time, BOO can lead to changes in the bladder’s storage

capacity as well. A clinical diagnosis of BOO is based on the presence of specific changes to

the bladder pressure flow relationship that are defined in the International Continence So-

ciety (ICS) Standardisation report and can be measured using urodynamic studies [1]. The

mechanical causes of BOO include an enlarged prostate, such as induced by benign prostatic

hyperplasia (BPH) [64, 65, 69] and urethral narrowing from scarring or strictures [40, 80, 5].

BPH induced BOO is increasingly prevalent for men over the age of 50, with 50 - 75% of

men over age 50 and 80% of men over age 70 experiencing lower urinary tract symptoms

(LUTS) as a result of BPH[26], voiding hesitancy, prolonged micturition, incomplete blad-

der emptying, increased urination frequency, urgency, and incontinence, which dramatically

lower the quality of life, both physically and psychologically [61]. Two-thirds or more of the

men with BOO have storage problems where there is increased urinary frequency associated

with urgency to void, and the majority of these patients have bladder overactivity that is

measurable in urodynamic testing [37]. The economic burden of BPH induced BOO is signif-

icant; 4 billion dollars annually in 2006, a sum that will only increase as the US population

continues to age [77].

The structure of the bladder wall is often considered with respect to three layers: the mu-

cosa, the muscularis propria (herein referred to as the detrusor smooth muscle (DSM) layer)

and the adventitia. The mucosa is the innermost layer and is composed of an urothelium, a

basement membrane and a lamina propria (LP) which contains a densely packed, interwoven

network of collagen fibers. The DSM is a composite of smooth muscle cell (SMC) bundles
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intermixed with collagen and elastin fibers and the outer surface of the bladder is formed of

loose connective tissue commonly termed the adventitia. During filling, the unfolding of the

tissue layers allow the bladder to expand under low pressure[20]. To void, the contraction

of the muscle cells is triggered to generate active stress and initiate flow by overcoming the

urethral resistance.

In silico models of the bladder that have been developed to date can, broadly speaking,

be classified into two main types: constitutive models [?, 23, 47, 12, 90, 59, 45, 20, 15, 81]

and whole bladder micturition models [39, 25, 83, 67, 28, 72]. The constitutive models focus

on the strain-stress relation for the passive and, in some cases, active mechanical response,

whilst the micturition models focus on simulating the pressure-flow relation of the bladder

during voiding.

The bladder, like other soft tissues can alter its constituents and geometry through a

growth and remodeling process. Recently, we developed an integrated constitutive model

that combines a constrained-mixture model of this G&R process for the bladder wall with

a micturition model[22]. Using this model, urodynamic curves can be interpreted with

respect to the underlying microstructure (and vice-versa), providing fundamental insight

into the structure-function relation of the bladder during filling and voiding. This coupled

micturition/GR model has the potential to provide insights into bladder pathophysiology

and its effect on bladder function. In the present work, we extend this model to the BOO

bladder.

In bladders with BOO, the urethral resistance increases, requiring the SMC in the wall

to generate larger pressures to void, inducing a growth and remodeling (G&R) response that

leads to changes in bladder size and tissue composition [32]. While this G&R response can

restore voiding, there can be associated deficits in mechanical function such as weak stream,

incomplete emptying, and increased voiding frequency. The changes to bladder functionality

are intimately related to changes in the mechanics and microstructure of the tissue. Although

experimental and computational models of the G&R process, can potentially provide insight

into the evolving pathophysiology of the BOO bladder, thus far, no computational models

have been developed to simulate the G&R evolution of any bladder disease.

In the present work, we extend cheng2021a model to incorporate G&R scheme and
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apply the model to simulate the adaptive response of the bladder to BOO. An integrative

interdisciplinary modelling approach is adopted in which an experimental rat model of outlet

obstruction is used to inform the in silico model. The model is parameterized using data from

a healthy rat bladder, BOO is simulated by an increase in outlet resistance and competing

hypotheses for the adaptive response of the bladder to increased urethral flow resistance are

investigated.

The structure of the paper is as follows: Section 4.2 details the experimental model,

protocols for tissue characterization and computational methodology; Section 4.3 illustrates

model simulations and compares predictions with experimental observations. Lastly, Sec-

tion 4.4 concludes with a summary and critique of the model and provides an outlook for

future research.

4.2 Methods

We utilise an integrative in vivo in-vitro in-silico modelling approach (see Figure 23).

An in silico model is developed that simulates the mechanics of the micturition cycle in

healthy bladder and it’s G&R in response to outlet obstruction. Where possible, model

parameters are informed from in vivo pressure-flow experiments and in vitro planar biaxial

testing coupled with multi-photon microscopy of the collagen fibers.

4.2.1 Experimental Studies of BOO Model

4.2.1.1 Creation of BOO Model

Male Sprague Dawley rats were used for producing the experimental BOO model [76].

Briefly, under isoflurane anesthesia, the bladder and the proximal urethra were exposed via

a lower abdominal midline incision.
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A 4-0 silk ligature was placed around the urethra and tied at the urethrovesical junction

level proximal to the urethral fenestration with a metal rod (outside catheter diameter of

1.27 mm) placed alongside the urethra, and then the rod was removed. The abdominal

wound was closed. This ligation was maintained in place throughout the duration of the

experiments. Sham rats underwent similar procedures without urethral ligation.

4.2.1.2 In vivo Measurements: Pressure-flow Study

Twenty four Sprague Dawley rats (twelve BOO and twelve SHAM) were used in the cys-

tometry (pressure-flow) studies, performed 4 weeks after inducing BOO,[76]. Under isoflu-

rane anaesthesia, a PE-50 polyethylene catheter (Clay-Adams, Parsippany, NJ) was inserted

through the bladder dome and a purse-string suture was placed tightly around the catheter.

The implanted catheter was exteriorized through the abdominal wall, and the wound was

closed with 4-0 silk sutures. After the surgery, the rats were placed in restraining cages

(W 80 mm × L 300 mm × H 150 mm, Yamanaka Chemical Ind., Ltd, Osaka, Japan) and

allowed to recover from isoflurane anaesthesia for 1–2 h before starting cystometry. After

recovery, a three-way stopcock was used to connect the intravesical catheter to a pressure

transducer (Transbridge 4M, World Precision Instruments, Sarasota, FL, USA) for recording

intravesical bladder pressure and to a syringe pump (company) for infusing saline at a fixed

flowrate. Because variability in bladder capacity among BOO rats is typical of this model,

saline was initially infused at 0.1 ml/min; subsequently, the infusion rate was adjusted to

0.04–0.3 ml/min to obtain an intercontraction interval around 10-15 min [60]. Intravesical

pressure changes were measured using data acquisition software (AD Instruments, Castle

Hill, NSW, Australia) at a sampling rate of 100 Hz using a PowerLab. Saline infusion was

continued until stable voiding cycles were established.

The recorded data was used to construct the presssure/flow curves (Figure 24), from

which the following parameters were evaluated: (i) maximum voiding pressure P voiding
max (the

peak pressure minus the basal pressure during each voiding cycle); (ii) maximum passive

filling pressure P passive
max (the pressure immediately after the reflex contraction minus the basal

pressure; the basal pressure is the the passive pressure in the empty bladder and measured

87



Table 10: In vivo measured parameters for SHAM and BOO experimental models.

Quantities symbol SHAM BOO

void volume (ml) Vvoid 0.84 ± 0.03 0.82 ± 0.12

residual volume (ml) Vresidual 0.02 ± 0.008 1.2 ± 0.23

void duration (s) tvoid 12 ± 0.4 45 ± 5

max filling pressure (Pa) P passive
max 300 ± 80 280 ± 70

max void pressure (Pa) P voiding
max 3900 ± 220 8900 ± 640

from the lowest pressure during cystometry). We define the maximum active voiding pressure

(P active
max ) as the difference between maximum voiding pressure and maximum passive filling

pressure, i.e. P active
max = P voiding

max − P passive
max . Measured quantities are summarised in Table 10.

Voided urine was collected using a plastic cup placed underneath the restraining cage

and measured to determine the voided volume (Vvoid), and post-void residual volume Vv

was collected and measured by draining the post-void bladder using the bladder catheter

with gravity [76]. Bladder capacity (VF ) was calculated as the sum of voided and residual

volumes. After the bladder was harvested, the ex-vivo unloaded width (W0), height (D0)

and thickness of the bladder were measured (see Tables. 11 and 12).

Table 11: Dimensions of Sham bladders (n=4)

Sham S01 S02 S03 S04 Average STD

unloaded width W0 (mm) 4.31 5.05 4.76 4.84 4.74 0.27

unloaded height D0 (mm) 11.10 10.32 9.64 9.36 10.10 0.67

unloaded thickness t0 (mm) 0.72 0.71 0.85 0.82 0.78 0.06
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Table 12: Dimensions of BOO bladders (n=4)

BOO B01 B02 B03 B04 Average STD

unloaded width WO (mm) 7.92 8.40 9.38 10.08 8.95 0.84

unloaded height D0 (mm) 19.14 17.39 13.75 15.35 16.41 2.04

unloaded thickness (mm) 1.61 1.53 1.98 1.10 1.56 0.36

4.2.2 Constitutive Modeling for the Bladder Wall Mechanics

The bladder wall experiences large displacements that are modeled as quasi-static and

constrained to be isochoric (as the bladder is idealized as incompressible). In the absence of

external body forces, the displacement field therefore must satisfy the following equilibrium

equation∇·σ = 0 where σ is the Cauchy stress tensor. We assume an additive decomposition

of the stresses due to the passive and active components

σ = σp + σa. (4.1)

4.2.2.1 Kinematics

The Lagrangian formulation used in this work denotes the deformation gradient as F ,

and the right Cauchy-Green tensor as C = F TF . The tensor invariants are I1 = tr(C),

I2 = (tr(C)2 − tr(C2))/2 and I3 = det(C̄) = 1. The direction of the collagen fibers is

denoted by the unit vector a ic where i ranges over number of orientations at a point within

the tissue. The stretch λi4c in the fibre direction is

(
λi4c
)2

= I i4c = a ic · Ca ic (4.2)

i.e., associated with I i4c, a pseudo-invariant of C and a i. Similarly, denoting the SMC

direction by the unit vector am, the stretch λ4m in the SMC direction is

(λ4m)2 = I4m = am · Cam (4.3)
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4.2.2.2 Strain-energy Functions

The strain energy function for the passive response of each layer L (where L = LP

denotes lamina propria, L = DSM denotes the destrusor muscle layer and L = ADV

denotes the advential layer) receives contributions from elastin, passive smooth muscle cells

and collagen fibers (anisotropic components). Hence

ΨL = ΨL,e(I1) +
∑
i

Ψi
L,c(I

i
4c). (4.4)

4.2.2.3 Elastinous Constitutents

The isotropic elastic components are modeled as a neo-Hookean material [88]:

ΨL,e = KL,e (I1 − 3) , (4.5)

with KL,e being stiffness-like material constants.

4.2.2.4 Collagenous Constituents

The constitutive model for the collagen accounts for the experimental observation that

collagen fibers have a a distribution of waviness in the unloaded configuration and thus have

a distribution of recruitment [?]. The strain energy function involves integrating the strain

energy for a fiber (Ψ̃i
L,c) over the distribution of recruitment stretches (ρiRL),

ΨL,c(I
i
4) = mL,c ·

∑
i

∫ √Ii4

1

Ψ̃i
L,c

(
λic
)
ρiRLc

(
λiRLc

)
dλiRLc. (4.6)

where mL,c is the (dimensionless) normalized mass density of collagen fibers that can adapt

to simulate collagen growth/atrophy[87]. We model each individual fiber to have a linear

relationship between its 1st Piola-Kirchoff stress and its stretch (λic)([8, 78])

Ψ̃i
L,c

(
λic
)

=


kiL,c
2
· (λic − 1)

2
λic ≥ 1

0, otherwise ,

(4.7)
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where KL,c is a stiffness-like material constant and the fibre stretch λic is given by

λic =
λi4c
λiRLc

(4.8)

λiRLc =
√
I iRc denotes the recruitment stretch of the collagen fiber in layer L, and λi4c =

√
I i4c.

The fiber recruitment distribution is represented with a triangular probability density func-

tion ρiRc [18, 8, 13, 78]; λi,qRc relates to the the minimum (q = min), modal (q = mode)

and maximum (q = max) recruitment stretches of the distribution (see Figure 29 ). More

specifically:

ρiRL
(
λiRLc

)
=



0, λiRLc ≤ λi,minRLc

g1(λiRLc), λi,minRLc < λiRLc ≤ λi,modeRLc

g2(λiRLc), λi,modeRLc < λiRLc ≤ λi,maxRLc

0, λi,maxRLc < λiRLc,

(4.9)

where

g1(λiRLc) =
2
(
λiRLc − λ

i,min
RLc

)(
λi,maxRLc − λ

i,min
RLc

) (
λi,modeRc − λi,minRLc

)
g2(λiRLc) =

2
(
λi,maxRLc − λi4RLc

)(
λi,maxRLc − λ

i,min
RLc

) (
λi,maxRLc − λ

i,mode
RLc

) . (4.10)

Insertion of equations 4.12 and 4.9 into 4.6 and integration yields analytic expressions for

the strain energy from which analytic expressions for the collagen stress can be derived (see

[78]). The three main parameters of the distribution (λi,minRc , λi,modeRc , λi,maxRc ) are inferred from

collagen fibre attachment stretch distributions at the onset of voiding.

4.2.2.5 SMC Active Stress

The active stress generated by the bladder during voiding is correlated to nerve activity

[53] and occurs over a large range of bladder contractility [82], i.e. the active stress is

generated within a range of SMC stretch, λminm to λmaxm , and is zero outside this range. We
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define the active (Cauchy) stress, σactm , to be a function of SMC stretch (λm), nervous stimuli

S(t) and normalised SMC mass-density mm, i.e. σactm = σactm (S(t),mm(τ), λm(t)).

σactm =

S(t)mmk
act
m (λm)4(λm − λminm )(λmaxm − λm) λminm ≤ λm ≤ λmaxm

0 otherwise

(4.11)

where the SMC stretch λm is related to the tissue stretch by

λm =
λ4m

λRm
(4.12)

and λRm is the SMC recruitment stretch. We set λminm = 0.25 and λmaxm = 2.5. Examples of

SMC stretch and active pressure curves are shown in Figure 49.

The stimuli S(t) ramps up at the onset of voiding and incorporates a feedback mechanism

to decrease the stimulus and when the flow rate falls below a critical value Qcrit (Qcrit =

0.02ml/s) at t = tcrit, i.e.

S(t) =


1− 1

1+(t/k1)4
0 ≤ t ≤ tcrit(

1− 1
1+(tcrit/k1)4

)(
1

1+((t−tcrit)/k2)4

)
tcrit < t ≤ tend

0 t > tend

(4.13)

where k1 = 1 and k2 = 2 control the rate of increase and decrease of signal strength,

respectively; tend denotes when Q(t) = 0.

4.2.3 Modeling Two States of Micturition

Due to the induction of BOO, the pressure required to void the bladder increases. Ini-

tially, the SMCs cannot generate sufficient tension to achieve this pressure and urine only

exits the bladder through leakage. As remodeling progresses, the SMC mass increases and

the bladder recovers the capacity for voiding. As elaborated on below, the micturition model

of the BOO bladder therefore has two different states (see Figure 41): active bladder and

leaky bladder. The animal model initially exhibited the early phase of leaky bladder shown

by overflow incontinence due to BOO-induced high urethral resistance. Then, the active

bladder phase with micturition events gradually developed along with SMC hypertrophy.
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Figure 41: Schematic implication of the bladder maximum passive state under two different

modes: functional mode (left) and leakage mode (right)
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4.2.3.1 Active Bladder

In the active bladder state, the SMCs are able to generate sufficient wall tension to

overcome the urethral outlet resistance and induce voiding. For the in silico model, this

process is simulated through a coupling between SMC stretch and the active stress generated

by the SMCs. In particular, as the bladder fills and enlarges, the nervous stimulus function

S(t) is triggered when the SMC stretch reaches a critical value, i.e. when (λm = λatm).

Consequently, SMC active stress increases and voiding is initiated when the internal bladder

pressure (passive + active) exceeds the cutoff pressure (Pc) at which the urethra opens and

closes. Voiding is complete when the internal pressure falls below the cutoff pressure.

The temporal dynamics of the pressure and outflow-rate of the active bladder can be

computed during voiding. Following earlier works, we assume a linear relationship between

voiding flow rate Q(t) and bladder pressure P (λ, t) [38, 10]:

Q(t) =


1
α

(P (λ, t)− Pc) P (λ, t) > Pc

0 P (λ, t) ≤ Pc

(4.14)

where α is the slope of the Pressure-Flow relationship and is a measure of urethral resis-

tance. As voiding progresses, the updated volume is computed to calculate updated pressure

(P (λ, t)). On completion of voiding, relevant metrics are calculated (volume voided, resid-

ual volume, voiding duration, contractile range). If the bladder cannot generate sufficient

active pressure to overcome the BOO cutoff pressure PBOO
c then it will continue to fill. As

it enlarges, the passive pressure increases; when passive pressure exceeds the cutoff pressure,

the bladder will begin to leak. A new steady state occurs when the passive pressure increases

until the leaky flow rate matches the filling rate of the bladder, i.e. Qout = Qin. The passive

pressure (P leaky) this occurs at can be determined from eqn.4.14:

P leaky = αQin + PBOO
c (4.15)
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Figure 42: The average collagen stretch distribution at voiding configuration κV of BOO

and SHAM

4.2.4 Homeostasis, Growth and Remodelling

4.2.4.1 Homeostasis

Collagen recruitment distributions of SHAM and BOO tissue samples were quantified

using biaxial mechanical testing and multiphoton microscopy. The distribution of collagen

stretches at the onset of voiding is calculated from recruitment stretch distributions and the

in vivo stretch at the onset of voiding, i.e. λ|shamκmax
, λ|booκmax

. We observed that whilst the BOO

bladder’s onset of voiding radius increased by around 33%, collagen stretch distributions in

this configuration were similar in each layer and maximum stretches were maintained below

1 (see Figure 42). Hence we observed that collagen is configured to be a protective sheath for

the SHAM bladder and remodels during outlet obstruction to maintain this mechanical role.

Based on our observations, for the in silico model, we assume that collagen is configured

with a preferential stretch distribution at the onset of voiding and this distribution is fixed

during remodelling; values for the distribution (see Table 13 are based based on Figure 42)

We assume SMC configures to achieve a preferred stretch at the onset of voiding, i.e. λatm.

We further assume that the muscle stretch at the onset of voiding is configured to the left
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Figure 43: Schematic of active pressure vs. muscle stretch curve and configuration of muscle

stretch at the onset of voiding

of the maxima of the active pressure-muscle stretch curve which occurs at an SMC stretch

of λpeakm , i.e.

λatm = λpeakm − x (4.16)

where we take x = 0.1. The rationale for this choice is as follows: configuring to the left of

the peak still enables the bladder to generate active stress to void at a larger size (if voiding

is withheld), Figure 43; we don’t configure too far to the left of the peak so that we can

simulate a sufficient contractile voiding range.

4.2.4.2 Remodelling

We assume that constituents are configured about the maximum passive state κmax

during the voiding cycle, i.e. about the onset of voiding for the active bladder and about

the steady flow state for the leaky bladder. We assume collagen continually remodels to

maintain it’s mechanical role as a protective sheath at the maximum passive state (κmax).

Collagen recruitment stretch distributions remodel so that the collagen stretch distribution
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remodels towards the (homeostatic) attachment stretch distribution[8, 13, 78]:

∂λminRLc

∂τ
= αc

λmaxLc (τ)|κmax − λ
at,max
Lc

λat,maxLc

(4.17)

∂λmodRLc

∂τ
= αc

λmodLc (τ)|κmax − λ
at,mod
Lc

λat,modLc

(4.18)

∂λmaxRLc

∂τ
= αc

λminLc (τ)|κmax − λ
at,min
Lc

λat,minLc

(4.19)

where the max, mode and minimum collagen fibre stretches evaluated at κmax are, respec-

tively:

λmaxLc |κmax =
λ|κmax

λminRLc

, λmodLc |κmax =
λ|κmax

λmodRc

, and λminLc |κmax =
λ|κmax

λmaxRLc

. (4.20)

We hypothesise that SMCs remodel to maintain their stretch towards a homeostatic

value about the onset of voiding, i.e. typical maximum passive state, κmax:

∂λRm
∂τ

= αm
λm(τ)|κmax − λatm

λatm
|κmax (4.21)

Where λRm is the SMC recruitment stretch, λatm is the SMC attachment stretch, αm is a

remodeling rate parameter and λm|κmax is the SMC stretch at the maximum passive state,

i.e. at the onset of voiding or leaky bladder.
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4.2.4.3 Growth

The bladder responds to outlet obstruction with SMC hypertropy so that it can generate

more force to overcome the outlet resistance and successfully void. In this study, we simulate

SMC hypertrophy by evolving the SMC mass density and consider three illustrative mech-

anisms to drive growth. SMC hypertrophies to maintain: (i) volume voided; (ii) average

voiding flow rate; (iii) contractile range. Based on the experimental observations, the total

voided volume of bladder is restored at 4 weeks post-obstruction. Thus we assumed that the

muscle grows to maintain the total volume voided of bladder.

∂msmc

∂τ
= βsmcmsmc

(
V 0
void − Vvoid(τ)

V 0
void

)
(4.22)

where V 0
void is the volume voided at τ = 0 (normal bladder) and Vvoid(τ) is the volume voided

at time τ ; βsmc is the growth rate parameter of muscle cells. The urethra can sense flow[14]

and we assume that the the muscle grows was driven by the average flow rate of voiding

sensed by urethra. Specifically,

∂msmc

∂τ
= βsmcmsmc

(
Q0
avg −Qavg(τ)

Q0
avg

)
(4.23)

Where Qavg(0) is the average voiding flow rate at t = 0 (normal bladder) and Qavg(τ) is

the average voiding flow rate at time τ . We assumed that the muscle grows to maintain

the contraction range λm−cyc during voiding, which is defined as the difference between the

muscle stretch at the filled state λFm and the muscle stretch at the voided state λVm, i.e.

∂msmc

∂τ
= βsmcmsmc

(
λ0
m−cyc − λm−cyc(τ)

λ0
m−cyc

)
(4.24)

where λm−cyc = λFm−λVm and, λ0
m−cyc and λm−cyc(τ), are the muscle contractile ranges during

voiding at τ = 0 and τ , respectively.

Hypertropy of SMC will lead to a thickening of the bladder wall. The evolving wall

thickness can be inferred from initial constituent volume fractions and constituent mass-

densities; this allows for comparison with experimental observations. For the geometrical
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model of the bladder considered (spherical membrane), the wall thickness in the voiding

configuration, hg(t), is

hg(t) = H0v̂(t)
1

λ(t)2 |κmax

(4.25)

where λonset(t) denotes the stretch at onset of voiding and the normalised tissue volume v̂(t)

is

v̂(t) = f 0
eme(t) + f 0

cmc(t) + f 0
mmm(t), (4.26)

and f 0
e , f

0
c , f

0
m are initial volume fractions of elastin, collagen and SMCs. We assumed that

at t = 0, the volume fractions of elastin, collagen, and SMCs are 10%, 30% and 60%,

respectively.

4.2.5 Computational Implementation

4.2.5.1 Spherical Membrane Model of Bladder

In this work, we apply the general constitutive model above to the case of quasi-static

inflation of an incompressible, two-layered nonlinear elastic, spherical membrane. Each wall

component is idealized as having an isotropic contribution. In the absence of external body

forces, the displacement field must satisfy ∇ · σ = 0 where, as previously noted, σ is the

Cauchy stress tensor.

During the deformation, the spherical membrane with unloaded radius R0 is inflated to

radius R due to an applied transmural pressure P . The corresponding kinematics in spherical

coordinates (er, eφ, eθ) are:

F = Diag[1/λ2, λ, λ], B = Diag[1/λ4, λ2, λ2], (4.27)

where, λ denotes the tissue stretch (R/R0), with reference to the unloaded state κ0. Due

to the symmetry of the loading conditions and the symmetry of the material response,

σφφ = σθθ, which we simply denote as σ. Employing the governing equation for mechanical

equilibrium of the membrane and boundary conditions involving the transmural pressure, it

follows that

P =
2H0

R0λ3

(
rHLPσc,LP + rHDSM(σe + σc,DSM + σactm ) + rHADV σc,ADV

)
(4.28)
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where rHL denotes the ratio of the thickness of layer L to total wall thickness H0 where

L = LP,DSM,ADV . σe denotes the Cauchy stress of elastin, σcL denotes the Cauchy stress

of collagen in layer L and σactm denotes the active Cauchy stress of smooth muscle; H0 and

R0 denotes the thickness and radius at the unloaded state, and λ denotes the tissue stretch

with reference to the unloaded state κ0. It should be recalled, that for this study, each

contribution is idealized as isotropic.

4.2.5.2 Set-up Initial Configuration: Geometry; Material Parameters; G&R

Parameter

Geometric, mechanical, urodynamic features of the in silico model are informed from

experimental measurements (see Tables 10, 11 and 12). At the onset of voiding, the bladder

has a radius of 5.8 mm and a wall thickness of 0.21mm. The passive pressure within the

bladder at the onset of voiding is 300Pa and the pressure increases to 3800Pa as the SMC

generates active force. Voiding takes 12s during which 0.8ml is voided leaving a residual

volume of 0.02ml. The modelling steps to set-up the in silico model of the the healthy

bladder are as follows:

• The radii of the unloaded, voided and filled states, R0, RV and RF were computed by as-

suming the bladder to be a hollow sphere. The unloaded spherical radius is R0 = (3V0
4π

)1/3

where V0 is the volume of the unloaded bladder which is assumed to be an ellipsoid.

Similarly, the bladder radii at voided state κv and filled state κF (Figure 25) were cal-

culated by approximating the bladder as a spherical membrane, i.e. RF = (3VF
4π

)1/3 and

Rv = (3Vv
4π

)1/3 where VF and Vv are the filled and voided volumes, respectively.

• The tissue stretches at filled and voided configurations are λF = RF/R0 and λV =

RV /R0, respectively.

• The three recruitment parameters of the collagen triangular recruitment distribution are

determined from the collagen attachment stretch distribution parameters (see Figure 44

and Table 13) and the tissue stretch at the filled state (λF ).

• The initial value of the muscle recruitment stretch is determined by dividing the tissue

stretch at filled state λF by the muscle attachment stretch λatm, i.e. λRM = λF/λ
at
m.

100



Table 13: Default model parameters.

Parameter Meaning Value

ke elastin material parameter 1.15e3 Pa

kLP,c collagen material parameters 6.4e6 Pa

kDSM,c layer L (L=LP,DSM,ADV) 1.6e6 Pa

kADV,c 6.4e6 Pa

λattLPc min/mode/max 0.75, 0.775, 0.9

λattDSMc collagen attachment stretches 0.775, 0.95, 0.975

λattADV c layer L (L=LP,DSM,ADV) 0.6, 0.7, 0.8

kactm SMC active modulus 6212 Pa

λminm SMC active stress parameter 0.25

λmaxm SMC active stress parameter 2.5

λattm SMC attachment stretch 1.6

P SHAM
c cutoff pressure SHAM 380 Pa

PBOO
c cutoff pressure BOO 6300 Pa

αSHAM urethral resistance SHAM 28570Pa/(ml/s)

αBOO urethral resistance BOO 52630Pa/(ml/s)

Qin bladder filling rate 0.8ml/day

αc collagen remodeling rate 7.5

αm muscle remodeling rate 7.5

βm muscle growth rate 4
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• We observed that collagen was not bearing load at the onset of voiding and hence acts

as a protective-sheath against overdistension. Therefore kE was computed based on the

force balance at the initial maximum passive state (RF ) and assumption that only elastin

is load bearing. Specifically KE = P passive
max

R0λ7F
2H0rHDSM (λ6F−1)

.

• Collagen material parameters (kLP,c, kDSM,c, kADV,c) are determined by fitting the passive

model to the mechanical loading data.

• In the pressure-flow experiment, we measured the maximum passive filling pressure

P passive
max and maximum voiding pressure P voiding

max . The difference between these two is

the maximum active pressure P act
max. From the active force balance equation, we can

determined kactm analytically from P act
max = kactm

2H0rHDSM

R0(λrmλ
at
m)3

(λatm)4(λatm − λminm )(λmaxm − λatm).

• The urethral resistance parameters, PC and PBOO
C , are determined as follows. At the

tissue voided stretch λV , the flow-rate Q(t) = 0. Hence from eqn.4.14, we obtain Pc =

P act(λm(λV , λ
R
M)) − PC = 0 where P act is the active pressure (and similarly for PBOO

C ).

The slope of urethral resistance relationship, α, is then determined by matching the

voiding duration of the SHAM bladder; we assume α is a constant and does not adapt

during BOO remodelling.

• The collagen remodeling rate αc and muscle growth rate βm are numerically determined

so that the final void radius matches the experimental void radius and smooth muscle

hypertrophy stabilises after around 2 weeks.

The model is implemented into Matlab and uses two timescales: a longer time-scale τ

(days/weeks) for G&R; a short-time scale t (seconds) for computation of urodynamics during

voiding; parameter values are detailed in Table.13.

The bladder model is subject to a constant inflow rate. To facilitate visual illustration of

the model behaviour, we set the inflow to be 0.8ml/day so that the healthy bladder fills and

voids once per day. At each time step, as the bladder fills, the updated volume (and radius)

of the bladder is computed. The bladder continues to fill until either: voiding is triggered

or of it is unable to void, it leaks. If voiding is triggered, urodynamic metrics are computed,

the bladder is emptied and the cycle of filling begins again.

• For τ < 0, the bladder can functionally void and is in a homeostatic state.
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Figure 44: Collagen attachment stretch distributions in the lamina propria, detrusor and

adventitial layers.

• To simulate the creation of outlet obstruction, parameters of the pressure-flow relation-

ship (see eqn. 4.14) are instantaneously changed at τ = 0: the cutoff pressure is increased

from P SHAM
c to PBOO

c and the resistance parameter is increased from αSHAM to αBOO.

• Throughout the simulation, maximum stretches of all constituents are computed during

voiding cycle (or in the leaky state). These are used to drive remodelling of collagen and

SMC recruitment stretches to maintain a homeostatic state about the voiding configu-

ration (see eqns. 4.17, 4.19, 4.18 and 4.21). Voiding metrics are used to control SMC

growth using eqns. 4.22 or 4.23 or 4.24

• Growth and remodelling continues until a new homeostasis is achieved and voiding func-

tionality of bladder restored.

4.2.5.3 Simulations

In Section 4.3, we illustrate the in silico model of the bladder and its adaptive response to

BOO. We then investigate how the SMC growth rate parameter influences model behaviour

and examine several mechanisms to drive SMC growth. Lastly, we compare model predictions

with experiment at 4 weeks post-BOO.
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Figure 45: Bladder adaption from pre-obstruction (t < 0) to post-obstruction (t > 0). (a)

Evolution of radius with illustrative filling and voiding cycles. Temporal evolution of (b)

volume voided and (c) average flow rate.

4.3 Results

Figure 45 overviews the voiding behaviour of the in silico bladder, prior to, and in

response to outlet obstruction. Note that in this illustrative simulation, the bladder is

subject a constant inflow rate of 0.8ml/day and consequently, during the pre-obstruction

period (t < 0), the healthy bladder voids once per day: the radius varies from around 2mm

to 6mm during voiding cycles (see Figure 45(a)); voiding of 0.8ml/s takes 12 seconds; the

peak flow rate is 0.12 ml/s and the average flow rate is 0.06 ml/s. Following obstruction,

the bladder is unable to actively void and consequently continues to fill and enlarge. The

increase in size is accompanied by a significant increase in the passive pressure as collagen is

recruited to load bearing. When the passive pressure becomes sufficiently large, it overcomes

the outlet resistance and the bladder begins to leak (leaky bladder). The passive pressure

continues to increase until the outflow rate matches the filling rate.

During the leaky bladder phase, the SMC does not generate sufficient force to contract the

bladder and thus the (active) volume voided is zero (see Figure 45b). Between 0 < t < 1.5

weeks, the leaky bladder increases in size to around 8.5mm as the collagen (which acts as a

protective sheath for the healthy bladder) remodels. Once the bladder is able to void again,
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Figure 46: Evolution of collagen stretch distribution (maximum, mode and minimum) for

individual layers: (a) lamina propria (b) detrusor and (c) adventitia.

the maximum stretches of collagen during the voiding cycle reduce below 1 and collagen

reverts to being a protective sheath (see Figure 46). Note that as the bladder enlarges, the

collagen recruitment stretch distributions remodel (see Figure 47) to maintain the collagen

stretch distribution towards the attachment stretch distribution at the onset of voiding.

Hypertropy of SMC occurs rapidly during the leaky bladder phase (Figure 48). In the

model, functional voiding is restored when SMC can generate sufficient force to generate a

contraction of the bladder so that the voided SMC stretch is less than the homeostatic SMC

voiding stretch (λattm = 1.6). After around 1.5 weeks, the bladder starts to (actively) void

again with a small volume and high frequency. As SMC hypertropy increases, the contractile

range of SMC during voiding increases and thus the volume voided increases whilst the

voiding frequency decreases. After 3 weeks, the total volume voided is fully restored but the

average flow rate is only about 50% of the normal bladder (see Figure 45b,c). Interestingly,

due to an increase in size, the post-obstructed bladder can void the same amount of urine

as the pre-obstructed bladder with a smaller range of contraction (see Figs. 45a and 49).
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Figure 47: Recruitment stretch distributions in the layers of the bladder for the SHAM

bladder ((t = 0) and following G&R in response to BOO.

Figure 48: The change of SMC mass during BOO growth and remodeling
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Figure 49: The relation between muscle stretch and active pressure for pre and 30+ days

post obstruction. The blue dots showed the onset of voiding and red dots showed the end of

voiding

Figure 50: The urodynamic curves of selected time points including (a) time vs. flow rate

curve and (b) time vs. pressure curve
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Figure 51: The simulated time as a function of radius with different hypothesis of SMC

growth (a) SMC growth driven by voided volume driven (b) SMC growth driven by average

flow rate (c) SMC growth driven by SMC contraction range

4.3.1 Bladder Urodynamics Pre and Post Obstruction

From Figure 50a, it can be seen that the maximum flow rate of the bladder decreases

by approximately 75% and the voiding duration more than doubles. The maximum voiding

pressure doubles during voiding for the BOO bladder (see Figure 50b) due to the SMC

hypertrophy.

4.3.2 Comparison of Different Growth Hypotheses

Three illustrate mechanisms to drive SMC hypertrophy were investigated, restoration

of: volume voided; 2. average voiding flow-rate; 3. contractile range. For all cases, the

bladder maximum radius was increase by 33 % (see Figure 51) following obstruction. It

can be seen that if the bladder adapts to restore average flow rate or contractile range then

the volume voided increases (Figure 52(b)). However, significant increases in SMC mass

are required to maintain the contractile range (Figure 52(a)) and it takes a longer time to

achieve homeostasis.
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Figure 52: The time dependent change of (a) SMC mass and (b) volume voided using

different SMC growth evolution functions: GF1 (blue) - SMC hypertrophy acts to restore

volume voided; GF2 - (red) SMC hypertrophy acts to restore average flow rate; GF3 -

(yellow) SMC hypertrophy acts to restore contractile range
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Figure 53: Comparison between in silico and experimental model bladder parameters at 4

weeks post-BOO.

4.3.3 Comparison Between Simulation and Experiment

We conclude the results section by comparing predictions of the in silico bladder model

with experimental observations. Figure 54 illustrates the rightward shift of the stress-stretch

curves for (a) the experimental model and (b) the in silico model. Note for comparison

with the experimental model, the BOO mechanical response has been plotted relative to the

SHAM reference configuration. Figure 53 depicts relevant bladder metrics pre-BOO and 4

weeks post-BOO. It can be seen that there is consistency between model predictions and

experiment observations, i.e. the in silico bladder: enlarges in size and the wall thickens;

voiding volume is conserved whilst the residual volume increases; voiding duration increases;

a reduction in the passive filling pressure occurs whilst the maximum void pressure approx-

imately doubles. In fact, quantitative consistency is achieved for most quantities; however,

the in silico model underestimates the increase in wall thickness and void duration.
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Figure 54: The comparison between (a) experimentally measured mechanical loading curves

of SHAM (n=4) and 4 week BOO (n=4) and (b) simulated passive mechanical loading curves

of SHAM and 4 week BOO. Note for the comparison, the experimentally measured stretch

of BOO bladder is defined relative to the unloaded state κ0 of SHAM bladder by multiplying

the stretch by the ratio of unloaded radii (R0,BOO/R0,Sham).
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4.4 Discussion

We have presented the first G&R model of the urinary bladder and used it to simulate

the response of the bladder to outlet obstruction. The model provides a mechanistic under-

standing of how the bladder wall adapts in response to BOO to restore voiding functionality.

An integrative in-vivo in-vitro in-silico modelling approach underpins the work and enables

calibration of the healthy bladder model and informs remodelling assumptions. Consistent

with experimental observations in a rat model of BOO, the model predicts that following

initiation of BOO, the bladder enters a leaky state after which hypertrophy of SMC restores

the ability to void. Moreover, the model correctly predicts that whilst volume voiding is

restored by this G&R response, residual volume increases, the average voiding flow rate de-

creases and the voiding duration increases. Although the model has good consistency with

experiment, it has several limitation, that are discussed below.

Experimental data confirms the bladder undergoes three stages of remodelling in re-

sponse to BOO: an initial hypertrophy phase, followed by a compensation phase, and finally,

a decompensation phase [32]. The hypertrophy stage consists of SMC growth accompanied

by angiogenesis to meet the increased metabolic demands of the tissue. During the com-

pensation stage, the bladder maintains effective voiding function but is subject to cyclic

ischaemia-reperfusion injury; this leads leads to matrix accumulation (fibrosis) and also

neuronal loss [54] that is accompanied diminished SMC contractility. Finally, in the de-

compensation stage, SMC atrophy occurs leading to loss of bladder functionality. In the

present work, we only model the hypertrophy and early compensation stages of BOO- with-

out ischaemic damage. Our integrative in-vivo in-vitro in-silico modelling approach provides

foundations for developing a more complete representation of all stages of BOO. We envisage

such a model may assist in designing/evaluating pharmacological or surgical interventional

strategies for clinical management of the disease.

While numerous studies have investigated the relationship between mechanical stimuli

and SMC remodeling in arteries as well as the associated set points for homeostasis, very

little is known about this type of coupling in the bladder wall. Here, we used the G&R model

to investigate hypotheses linking SMC growth to bladder biometrics (volume voided, average
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voiding flow rate, contractile range). The first hypothesis we investigated is that the growth

of SMC is driven by volume voided. This is based on our experimental observations that

volume voided was restored following hypertrophy. Interestingly, others have also observed

the bladder to increase in size with higher residual volume whilst maintaining volume voided

[62]. However, whilst it is known that mechanical stress can activate signals that mediate

bladder wall hypertrophy, the mechanobiological mechanisms that would enable the bladder

to sense how much volume it has voided (to drive SMC growth) remain an open question.

We also evaluated the hypotheses that SMC growth evolves to restore either average voiding

flow rate or SMC contractile range. However, both these hypotheses led to larger increases

in volume voided than observed in experiment. We therefore enlisted the first hypothesis for

much of the present work. Nevertheless, we conjecture that flow or SMC stretch sensors may

be relevant for adaption in non-pathological conditions, e.g. bladder enlargement during

development.

Consistent with experiments, the in silico bladder was unable to void following the in-

crease in outlet resistance, resulting in overflow incontinence after which voiding was recov-

ered. Simulations with the G&R model enabled a mechanistic understanding of how this

recovery was achieved. Imposition of BOO stimulates rapid SMC hypertrophy. In time,

SMC growth is sufficient to generate adequate intravesical pressures to overcome the in-

creased outlet resistance. However, initially, the remodeled bladder voids smaller volumes at

higher frequency, compared with the normal bladder. Subsequently, the bladder transitions

to the compensated phase as smooth muscle growth stabilises in response to recovery of void-

ing function; by design, this model restored volume voided. Consistent with experiments,

the model predicted increased void duration following imposition of BOO. However, the

predicted increase in void duration was greater than in experiments: 12s to 32s in in silico

model whilst in the rat model it increased from 12s to 45s. This difference may be attributed

to the modelling idealization that neither the stimulus function S(t) nor the functional form

of the active stress-stretch relationship are changed in response to BOO. Experimental guid-

ance is needed to gain greater insight into the evolving functionality of SMC so the model

can be sophisticated to more accurately simulate the bladder’s evolving structural-functional

relationship in response to BOO.
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We modelled the bladder as a 1D non-linear elastic incompressible, homogeneous spher-

ical membrane. However, the real bladder is not spherical and has spatially heterogenous

material properties[55, 81]. Future developments of the model will build on existing compu-

tational growth models that account for anatomical geometries[78]; anisotropic volumetric

growth [41]; and incorporation of regulatory fibrotic pathways [8]. Consideration of the

molecular aspects of the remodelling, (for example, those associated with ischaemia) during

the compensation, decompensation stages of BOO will provide insights on the reversibility

of pathological changes associated with BOO.

The clinical diagnosis of BOO in the context of a non-neurogenic history, involves taking a

detailed urological history and assessing the lower urinary tract symptoms including storage,

voiding and post-voiding symptoms. A variety of symptom score questionnaires are available

[37] including the International Prostate Symptom Score, the International Consultation

on Incontinence questionnaire, and the Danish Prostate Symptom Score. There is strong

evidence that a validated symptom score questionnaire should be used. More generally, the

mainstay of assessment of lower urinary tract symptoms (LUTS) is the use of a bladder

diary to assess frequency of voiding and the volumes of urine produced, ideally recorded

over a consecutive three-day period. Following a clinical examination and analysis of the

urine, the use of a blood test to exclude cancer (prostate specific antigen), a post-voiding

residual to check that the bladder is emptying to completion and where appropriate a flow

test to assess the flow of urine from the bladder through the urethra. In this work, we used

our silico model to understand the cause of changes to clinical parameters such as residual

volume and voided volume during the G&R response to BOO. In the future, simulations of

this kind could be extended to other types of data available in clinical evaluations in order

to more directly impact clinical practice.

The animal model of BOO induced by partial urethral ligation has most commonly been

used to investigate the pathophysiology of male LUTS associated with BOO resulted from

BPH. However, the majority of previous basic research studies on BOO have utilized female
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animals. Therefore, this project used male rats to produce the BOO condition underlying

male LUTS [92]. A recent study also reported that this male BOO model exhibits the early

hypertrophy-compensation phase followed by the later decompensation phase of bladder

dysfunction, similar to those observed in human BPH/BOO[73].

Animal models may also provide the critical data needed to overcome limitations in

current diagnosis and treatment practices. For example, a pressure flow analysis is the

conventional approach for diagnosing and defining the severity of BOO in patients who have

a complex situations such as failure to respond to initial therapy, existence of significant

post-voiding bladder residual, or prior to surgery. Whilst this test has been considered the

“gold standard” evaluation for BOO and is used as a predictor of outcome to any surgical

intervention to relieve the outlet obstruction, recent work in a randomised study looking

at the role of urodynamics prior to surgery raised concerns over this previously widely held

opinion[9]. We conjecture that a more mechanistic understanding of the relationship between

the urodynamic data and progressive changes to the bladder wall during the three stages of

BOO pathology is essential for addressing these limitations. Such an understanding requires

a modelling approach of the kind developed here that integrates a model of filling/voiding

with a longer time scale G&R model. Moreover, we envisage future work that leverages the

in vivo in vitro in silico approach introduced here will enable the design of new diagnostic

tools for assessing bladder dysfunction and provide guidance on developing new treatments.

4.5 Conclusion

We present a novel model for the bladder’s adaptive G&R response to outlet obstruction.

Predictions of the model were consistent with in vivo experiments of bladder outlet obstruc-

tion. This work is an important step towards the development of patient specific in silico

models of the bladder that can predict changes to bladder functionality and hence guide the

selection and timing of patient treatment. We envisage these models can be leveraged in

the future so clinicians can make more effective use of diagnostic data and researchers can

design new pharmacological and surgical interventions.

115



Bibliography

[1] I.C. Society, ICS Standards 2020-2021. 2021.

[2] P. Abrams, L. Cardozo, M. Fall, D. Griffiths, P. Rosier, U. Ulmsten, P. van Kerre-
broeck, A. Victor, and A. Wein. The standardisation of terminology of lower urinary
tract function: Report from the standardisation sub-committee of the international
continence society. Neurourology and Urodynamics, 21(2):167–178, 2002.
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