
Stochastic Analysis of Active Hydrodynamics

by

Yixuan Wang

B.S., Renmin University of China, 2014

M.S., Chinese Academy of Sciences, 2017

Submitted to the Graduate Faculty of

the Dietrich School of Arts and Sciences in partial fulfillment

of the requirements for the degree of

Doctor of Philosophy

University of Pittsburgh

2022



UNIVERSITY OF PITTSBURGH

DIETRICH SCHOOL OF ARTS AND SCIENCES

This dissertation was presented

by

Yixuan Wang

It was defended on

April 5th, 2022

and approved by

Prof. Dehua Wang, Department of Mathematics

Prof. Ming Chen, Department of Mathematics

Prof. Huiqiang Jiang, Department of Mathematics

Prof. Apala Majumdar, Department of Mathematics and Statistics, University of

Strathclyde, Glasgow

ii



Copyright c© by Yixuan Wang

2022

iii



Stochastic Analysis of Active Hydrodynamics

Yixuan Wang, PhD

University of Pittsburgh, 2022

We study the hydrodynamics of nematic liquid crystal flow perturbed by a multiplicative

noise under the Beris-Edwards framework. For the stochastic active liquid crystal system,

we built the existence of the weak global martingale solution in a 3-D smooth bounded do-

main through a four-level approximation scheme. The existence of the limit of approximate

solutions in the presence of random variables is guaranteed by the classical Skorokhod repre-

sentation theorem. For the three-dimensional compressible Navier-Stokes equations coupled

with the Q-tensor equation, we first constructed the local existence and uniqueness of strong

pathwise solution up to a positive stopping time to the system, then we proved that the local

stopping time could be extended to maximal. Note that the construction of the local solution

is built upon a cutting-off argument. We also studied the connection between the compress-

ible Navier-Stokes equations coupled by the Q-tensor equation for liquid crystals with the

incompressible system in the periodic case. As the Mach number approaches zero, we proved

that, both in the deterministic and stochastic case, that the weak solutions of the compress-

ible nematic liquid crystal model would converge to the solution of the incompressible one.

Keywords: Navier-Stokes equations, stochastic active liquid crystal system, stochastic

compressible liquid crystal system, weak solution, global martingale solution, local strong

pathwise solution, uniqueness, stochastic compactness, Mach number, incompressible

limit.
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1.0 Introduction

Starting from the 1880’s, a new material that shares both the property of conventional

liquids and those of solid crystals was found and named as liquid crystals [37]. Instead of

showing a single transition of solid to liquid, liquid crystals are more similar to a cascade of

transitions involving new phases. The forms of liquid crystals can be divided into nematics,

smectics, and columnar phases, and these forms can be observed by the structure of the

constituent molecules or groups of molecules. Among all the types of liquid crystals, nematic

liquid crystals are one of the most common liquid crystalline phases. In fact, the word

”nematic” was invented by G. Friedel to refer to certain thread-like defects that are commonly

observed in certain materials. Nematics are often made of elongated or rod-like objects, these

elongated molecules flow about freely as in a conventional liquid, but tend to align along

certain distinguished directions.

Due to the great importance of liquid crystals, a large amount of research concerning this

has appeared starting from the early 1950’s concerning its mathematical model. The liquid

crystal model is considered as a vector model in the beginning, including the Oseen-Frank

theory proposed in 1933 [72], the Ericksen-Leslie theory proposed in 1961 [29]. In these

models, the alignment of liquid crystal molecules at a certain point were described by a

direction field n. The setting is widely applicable due to its simplicity, but they can not reflect

the symmetry of these rod-like molecules. As a result, Doi [27] in 1986 and Onsager [71] in

1949 proposed the Doi-Onsager theory, which describes a molecular model. In this model, the

alignment of liquid crystal molecules is described by an orientational distribution function,

which contains more information than a direction vector. Later, Gennes [37] proposed the

Landau-de Gennes theory in 1995. A traceless symmetric 3×3 matrix Q was used to describe

the alignment of liquid crystal molecules. In the viewpoint of physics, the order-parameter

Q can be considered as a special form of orientational distribution function. The vector

theory and Q-tensor theory are also called as macroscopic theories, the construction of the

corresponding models are based on continuum mechanics. The molecular theory, however,

is called the microscopic theory, and the molecular model is built by statistical mechanics.
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There are also some studies that can show these theories, under certain assumptions, are

related to each other. See [34, 61, 89, 92, 94] as examples.

Active hydrodynamics describes the collective motion of active constituent particles,

each particle is driven by internal energy source that drives the system out of equilibrium.

Typical example including swarms of bacteria, vibrated granular rods, bird flocks and more

[23, 83]. If the particles have elongated shapes, the collective motion would make them

undergo orientational ordering at high concentration. Therefore, the active system can be

referred to as liquid crystals, forming liquid crystalline phases. Active hydrodynamics are

widely applicable in many fields. For examples, see [52, 78, 90] and the references within.

The PDEs perturbed randomly are considered as a primary tool in the modeling of

uncertainty, they are especially useful while describing fundamental phenomenon in physics,

climate dynamics, communication systems as well as gene regulation systems. In recent years,

the study of the well-posedness and dynamical behaviour of PDEs perturbed by the noise,

which is largely applied to the theoretical and practical areas, has drawn a lot of attention.

Among all the results, the studies concerning the Navier-Stokes equations, or the dynamical

system of fluid mechanics, has seen a drastic rise during all these years. For example, there

are abundant results about the weak solution of compressible Navier-Stokes equations. At

the beginning, [67, 68, 69] established the global existence of weak solution to compressible

viscous and heat-conductive fluids with restriction on the initial data. Next, when adiabatic

exponent γ > 9
5
, [59] gave the global existence of weak solution with large initial data and the

appearance of vacuum by introducing the re-normalized solution to surmount the difficulty of

large oscillations. Then, [32] extended the result to the case that adiabatic exponent γ > 3
2
,

which by now is the result that allows the maximum range of γ. The existence results of the

deterministic case had been extended to the stochastic case. In [30], authors obtained the

existence of global weak pathwise solution to the equation forced by additive noise, where the

special form of noise allows us to transform the stochastic system into the random equation,

enabling the deterministic result to be exploited. As for the existence result of the equation

driven by multiplicative noise, there are also some pioneering works, check [84] for global

weak martingale solution with finite-dimensional Brownian motion, check [43, 81] for global

weak martingale solution with cylindrical Wiener process, check [13] for stationary solution,
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check [11] for local strong pathwise solution, check [82] for weak martingale solution to non-

isentropic, compressible Navier-Stokes equation, check [9] for weak martingale solution to

non-isentropic, compressible Navier-Stokes-Fourier equation where energy balance equation

is also forced by a random heat source.

There are also a lot of results for the Q-tensor framework. Regarding the incompressible

Q-tensor liquid crystal model, Paicu-Zarnescu [74] have proved the existence of a global weak

solution to a system describing the evolution of a nematic liquid crystal flow in both 2D and

3D, they also proved higher global regularity as well as the weak-strong uniqueness in two

dimensions. Then, Paicu-Zarnescu continued his study and got the same results in [73] for

the full system, in which the presence of a certain item would allow quadruply exponential

increase of the high norms. De Anna in [2] propagated the result of [74] to the low regularity

space W s for 0 < s < 1 and proved the uniqueness of weak solutions in 2D, which filled

the gap in [74]. Wilkinson [91] obtained the existence and the regularity property for weak

solution in the general d-dimensional case in the presence of a singular potential. The

existence of a global in time weak solution for system with thermal effects is proved in [33],

where the natural physical constraints are enforced by a singular free energy bulk potential.

The existence and uniqueness of global strong solution for the density-dependent system is

established by Li-Wang in [56]. When it comes to the compressible model, there are fewer

results due to its complexity. In [85], Wang-Xu-Yu established the existence as well as long

time dynamics of global weak solutions. In fact, there are more results on the hydrodynamic

system for the three-dimensional flow of nematic liquid crystals. For example, Jiang-Jiang-

Wang [47] has proved the existence of a global weak solution to a two-dimensional simplified

Ericksen-Leslie system of compressible flow of nematic liquid crystals, and the existence of

a weak solution in a bounded domain for both 2D and 3D can be seen in [46] and [87].

For more studies related to the topic, check [22, 21] and the references within. For the

stochastic liquid crystal hydrodynamics system, we refer the readers to [17, 16, 18, 88] for

the well-posedness result of incompressible case,

The connection between the compressible flow and the incompressible flow has also been

well studied. Lions-Masmoudi had justified the limit of the global weak solutions in [60], the

convergence are proven to be global in time, and the result had no restrictions to the size
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of the initial conditions. Next, in [25], Desjardins-Grenier worked on the same problem, but

they used a different approach. They had taken into account the presence of acoustic waves,

and used Strichartz’s estimates for the linear wave equation, the convergence result were

thus improved. Later, Desjardins-Grenier-Lions studied the case of a viscous flow with the

Dirichlet boundary in [24], showed that the acoustic waves can be damped due to the thin

boundary layer, thus the strong convergence were obtained. The results were extended by

others, see [1, 14, 15, 66, 79] for example. In particular, for the compressible magnetohydro-

dynamic equations, Hu-Wang studied the convergence of the weak solutions. In [44], they

considered all the cases, including the periodic domain, the whole space and the bounded

domain. Jiang-Ju-Li [48] also studied the convergence of the weak solutions to the com-

pressible magnetohydrodynamic equations in the periodic case, they proved that the weak

solutions would converge to the strong solution of the viscous incompressible magnetohy-

drodynamic equations or the inviscid one, given that the strong solution exists. Later, the

incompressible limit of the nematic liquid crystal model was studied in Wang-Yu [87] where

the authors justified the weak convergence in a bounded domain. For more related results,

see [49, 42, 57, 31, 54, 65, 28, 26, 93].

In Chapter 2, we are devoted to establishing the existence of global weak martingale so-

lution to the active hydradynamics system, that is system (2.0.1)-(2.0.3). It’s worth noting

that in the stochastic case, unlike the deterministic case, there is no compactness in random

element ω since sample space has no topology structure. As a result, the usual compactness

criteria, such as the Aubin or Arzelà-Ascoli type theorems, can not be applied directly. A

common method to overcome this difficulty is to invoke the Skorokhod theorem. Using the

Skorokhod argument, we can obtain that there exists a sequence of new random variables

on a new probability space that converges almost surely to a certain random variable, and

its distribution is same as the original one, consequently, the new random variables also

satisfy the system on the new probability space. Our proof mainly relies on the four level

approximation developed by [32] and [43] which also consists of the Galerkin approxima-

tion, the artificial viscosity and the artificial pressure. Each level approximation contains

the argument of compactness and identify the limit. Here, we point out that the bounded-

ness of concentration c acquired via the maximum principle and the special construction of
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Q-tensor(symmetric and traceless) play a key role in obtaining the a priori estimates (can-

cel certain high-order nonlinear term) and establishing the weak continuity of the effective

viscous flow. Without this remarkable property of Q-tensor, we are not able to handle the

higher order nonlinear term ∇·(Q4Q−4QQ). In addition, the coupled constitution of four

equations makes the analysis much more complicated and more delicate arguments including

identifying the stochastic integral and showing the tightness of probability measures set are

necessary. The results in this chapter has been published in [77].

In Chapter 3, we are going to prove the existence and uniqueness of strong pathwise

solution to the stochastic system (3.0.2), where the “strong” means the strong existence in

both PDE and probability sense. That is, the solution has sufficient space regularity and

satisfies the system in the pointwise sense when the probability space is given. It’s worth

noting that even if in the deterministic case, there is no related result for the existence and

uniqueness result of strong solution for which the state space lies in (Hs)2×Hs+1 for integer

s > 9
2
. We would introduce the symmetric system considering the energy estimate of the

strong solution to compressible fluid. Therefore, for the convenience of the symmetrization,

we require the density ρ > 0, which means the vacuum state shall not appear. The main

difficulty in obtaining the strong solution is the high-order energy estimate of the approximate

solution. Therefore, when we apply Moser-type estimate, we could get the form (‖u‖2,∞ +

‖Q‖3,∞) · (‖u‖2
s,2 + ‖Q‖2

s+1,2) and (‖u‖2,∞ + ‖ρ‖1,∞) · ‖ρ,u‖2
s,2, making it difficult to get

the estimate. Inspired by [53], we could deal with the nonlinear terms by adding a cut-

off function. We could get that ‖ρ‖1,∞ would be bounded if ‖ρ0‖1,∞, ‖u‖1,∞ are bounded,

then the cut-off function only depends on ‖u‖2,∞ and ‖Q‖3,∞ under the assumption that

‖ρ0‖1,∞ is bounded. The benefit is, while building Galerkin approximation system, for every

fixed u we could first solve the mass equation directly which actually is a linear transport

equation and solve the “parabolic-type” Q-tensor equation. In turn, we obtain the existence

of approximate solution u in a finite dimensional space. Different from the deterministic

case, we will develop a new extra layer approximation to deal with the difficulty arising

from the stochastic integral, constructing the Galerkin approximate solution with the spirit

of [43]. Also, the cut-off function brings downside in proving the uniqueness. We have to

restrict our regularity index to integer s > 9
2

comparing with the martingale solution result

5



which only requires s > 7
2
. The results in this chapter has been published in [76].

In Chapter 4, we just consider the convergence in periodic case, and establish the incom-

pressible limit of (4.0.2). The main difficulty lies in the possible oscillation of the density,

the coupling effect between the Q-tensor and the motion, and the Q-tensor should be con-

sidered with new estimates. We overcome all the difficulties by using the weak convergence

method, then establish the new compactness criteria using the estimates. More precisely,

when the density goes to a constant, also when ε goes to zero, we will apply the Helmholtz

decomposition and prove that the divergence-free part of the velocity converges strongly to

a divergence-free vector, the curl-free part will converge weakly to zero at the same time.

Next, we consider the case when the equation is driven by a stochastic force. Our approach

in this part mainly relies on the method of finite energy weak martingale solution, and it is

motivated by [10]. Note that the existence of the weak martingale solution was obtained in

[77]. To get the uniform estimate, we follow the basic properties of Itô’s formula. Compared

with the deterministic case, the classical compactness criteria is not applicable when we

bring in the stochastic argument, since we do not have any compactness property posed on

the sample space Ω. As a result, we are motivated by the Yamada-Watanabe argument and

apply the Jakubowski-Skorokhod representation theorem, a modification of the Skorokhod

representation theorem to pass to a weakly convergent subsequence. By using this theorem,

we can get the existence of a new probability space, together with a sequence of random

variables that has the same law as the original variable.

In summary, the rest of the dissertation is organized as follows. In Chapter 2, we es-

tablished the existence of global weak martingale solution to the compressible active liq-

uid crystal system. The proof is mainly relied on four level approximations, including the

Galerkin approximation, the artificial viscosity and the artificial pressure. In Chapter 3,

we first established the existence of global strong martingale solution and strong pathwise

solution to the truncated symmetric system, then we built a series of local strong pathwise

solution. After generalizing the initial data, we proved that the solutions has a maximal

stopping time. In Chapter 4, we prove the convergence of the incompressible limit and verify

the limit in the deterministic case, then we present and prove similar results in the stochastic

case, where we note that the proof of compactness and the verification of the limit is more
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complex than the deterministic case.

7



2.0 Weak Martingale Solution to Active Liquid Crystals

In this chapter, we consider the following hydrodynamic partial differential equations

that model compressible active nematic systems:



∂tc+ (u · ∇)c = 4c,

∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u) +∇p = µ1∆u+ (µ1 + µ2)∇(divu) + σ∗∇ · (c2Q)

+∇ · (F(Q)I3 −∇Q�∇Q) +∇ · (Q4Q−4QQ) + ρf(ρ, ρu, c,Q)dW
dt
,

∂tQ+ (u · ∇)Q+QΨ−ΨQ = ΓH(Q, c),

(2.0.1)

where c, ρ, u denote the concentration of active particles, the density, and the flow velocity,

p(ρ) = ργ stands for the pressure with the adiabatic exponent γ > 3
2
, the nematic tensor order

parameter Q is a traceless and 3× 3 symmetric matrix, I3 is the 3× 3 identity matrix, µ1, µ2

are the viscosity coefficients satisfying the physical assumptions µ1 ≥ 0 and 2µ1 + 3µ2 ≥ 0,

Γ−1 > 0 is the rotational viscosity, σ∗ ∈ R is the stress generated by the active particles

along the director field. Ψ = 1
2
(∇u−∇u⊥) is the skew-symmetric part of the rate of strain

tensor. W is a cylindrical Wiener process which will be introduced later. Furthermore,

F(Q) =
1

2
|∇Q|2 +

1

2
tr(Q2) +

c∗
4

tr2(Q2),

and

H(Q, c) = 4Q− c− c∗
2

Q+ b

(
Q2 − tr(Q2)

3
I3

)
− c∗Qtr(Q2),

where the constant c∗ is the critical concentration for the isotropic-nematic transition and

b is material-dependent constant. And the term ∇Q � ∇Q stands for a 3 × 3 matrix, its

(i, j)-th entry is defined (∇Q�∇Q)ij =
∑3

k,l=1 ∂iQkl∂jQkl.

The system is supplied with the following initial data,

ρ(0, x) = ρ0(x), ρu(0, x) = m0(x), c(0, x) = c0(x), Q(0, x) = Q0(x), (2.0.2)
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and the boundary conditions,

∂c

∂n

∣∣∣∣
∂D

=
∂Q

∂n

∣∣∣∣
∂D

= 0, u|∂D = 0, (2.0.3)

here we omit the random element ω.

2.1 Preliminaries and Main Result

In this section, we begin by reviewing some deterministic and stochastic preliminaries

associated with system (2.0.1)-(2.0.3), followed by main result.

Define the inner product between two 3× 3 matrices A and B

(A,B) =

∫
D
A : Bdx =

∫
D

tr(AB)dx,

and S3
0 ⊂M3×3 the space of Q-tensor

S3
0 =

{
Q ∈M3×3 : Qij = Qji, tr(Q) = 0, i, j = 1, 2, 3

}
,

and the norm of a matrix using the Frobenius norm

|Q|2 = tr(Q2) = QijQij.

The Sobolev space of Q-tensor is defined by

H1(D;S3
0) =

{
Q : D → S3

0 , and

∫
D
|∇Q|2 + |Q|2dx <∞

}
.

Set |∇Q|2 = ∂kQij∂kQij and |4Q|2 = 4Qij4Qij.

The space Cw([0, T ];X) consists of all weakly continuous functions u : [0, T ] → X and

un → u in Cw([0, T ];X) if and only if 〈un(t), φ〉 → 〈u(t), φ〉 uniformly in t, φ ∈ X∗, where

X∗ is the dual space of X.

Let (Ω,F , {Ft}t≥0,P,W) be a fixed stochastic basis and (Ω,F ,P) be a complete prob-

ability space. W is a cylindrical Wiener process defined on the Hilbert space H, which is

adapted to the complete, right continuous filtration {Ft}t≥0. Namely, W =
∑

k≥1 ekβk with
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{ek}k≥1 being the complete orthonormal basis of H and {βk}k≥1 being a sequence of inde-

pendent standard one-dimensional Brownian motions. In addition, L2(H, X) denotes the

collection of Hilbert-Schmidt operators, the set of all linear operators G from H to X, with

the norm ‖G‖2
L2(H,X) =

∑
k≥1 ‖Gek‖2

X .

Consider an auxiliary space H0 ⊃ H, define by

H0 =

{
h =

∑
k≥1

αkek :
∑
k≥1

α2
kk
−2 <∞

}
,

with the norm ‖h‖2
H0

=
∑

k≥1 α
2
kk
−2. Observe that the mapping Φ : H → H0 is Hilbert-

Schmidt. We also have that W ∈ C([0,∞),H0) almost surely, see [75].

For an X-valued predictable process f ∈ L2(Ω;L2
loc([0,∞), L2(H, X))) by taking fk =

fek, the Burkholder-Davis-Gundy inequality holds

E

[
sup
t∈[0,T ]

∥∥∥∥∫ t

0

fdW
∥∥∥∥p
X

]
≤ cpE

(∫ T

0

‖f‖2
L2(H,X)dt

) p
2

= cpE

(∫ T

0

∑
k≥1

‖fk‖2
Xdt

) p
2

,

for any 1 ≤ p <∞.

Next, we define the global weak martingale solution of system (2.0.1)-(2.0.3).

Definition 2.1.1. Let P be a Borel probability measure on Lγ(D) × L
2γ
γ+1 (D) × (H1(D))2

with γ > 3
2
. {(Ω,F , {Ft}t≥0,P), ρ, u, c, Q,W} is a global weak martingale solution to system

(2.0.1)-(2.0.3) if the following conditions hold:

(i) (Ω,F , {Ft}t≥0,P) is a stochastic basis and W is an Ft cylindrical Wiener process,

(ii) the processes ρ ∈ Cw([0, T ];Lγ(D)), ρu ∈ Cw([0, T ];L
2γ
γ+1 (D)),

c ∈ Cw([0, T ];L2(D)), Q ∈ Cw([0, T ];H1(D)) are Ft progressively measurable, satisfying

ρ ∈ Lp(Ω;L∞(0, T ;Lγ(D))),

ρu ∈ Lp(Ω;L∞(0, T ;L
2γ
γ+1 (D))),

√
ρu ∈ Lp(Ω;L∞(0, T ;L2(D))),

c ∈ Lp(Ω;L∞(0, T ;L2(D)) ∩ L2(0, T ;H1(D))),

Q ∈ Lp(Ω;L∞(0, T ;H1(D)) ∩ L2(0, T ;H2(D))),
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for any 1 ≤ p <∞, 0 < T <∞,

(iii) the velocity u is a random distribution adapted to Ft, for the definition see [12, Definition

2.2.13], satisfying

u ∈ Lp(Ω;L2(0, T ;H1(D))),

for any 1 ≤ p <∞, 0 < T <∞,

(iv) P = P ◦ (ρ0,m0, c0, Q0)−1,

(v) for ` ∈ C∞(D), φ ∈ C∞(D), ϕ ∈ C∞(D), ψ ∈ C∞(D) and t ∈ [0, T ], P a.s.∫
D
c(t)`dx =

∫
D
c(0)`dx−

∫ t

0

∫
D

(u · ∇)c · `dxds−
∫ t

0

∫
D
∇c · ∇`dxds,∫

D
ρ(t)ψdx =

∫
D
ρ(0)ψdx+

∫ t

0

∫
D
ρu · ∇ψdxds,∫

D
ρu(t)φdx =

∫
D
m(0)φdx+

∫ t

0

∫
D
ρu⊗ u · ∇φdxds− µ1

∫ t

0

∫
D
∇u · ∇φdxds

− (µ1 + µ2)

∫ t

0

∫
D

divu · divφdxds+

∫ t

0

∫
D
ργ · divφdxds

−
∫ t

0

∫
D

((F(Q)I3 −∇Q�∇Q) + (Q4Q−4QQ) + σ∗c2Q) · ∇φdxds

+

∫ t

0

∫
D
ρf(ρ, ρu, c,Q)φdxdW ,∫

D
Q(t)ϕdx =

∫
D
Q(0)ϕdx−

∫ t

0

∫
D
ϕ(u · ∇)Q+ ϕQΨ− ϕΨQdxds

+

∫ t

0

∫
D

ΓϕH(Q, c)dxds,

(vi) for all ψ ∈ C∞(D) and t ∈ [0, T ], ρ satisfies the following re-normalized equation∫
D
b(ρ)ψdx =

∫
D
b(ρ(0))ψdx+

∫ t

0

∫
D
b(ρ)u · ∇ψdxds

+

∫ t

0

∫
D

(b′(ρ)ρ− b(ρ))divu · ψdxds,

where the function b ∈ C1(R) satisfies b′(z) = 0 for all z ∈ R large enough.
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Throughout the paper, we assume that the operator f satisfies the following conditions:

there exists a constant C such that∑
k≥1

|f(ρ, ρu, c,Q)ek|2 ≤ C
(
|ρ|γ−1 + |c,∇Q|

2(γ−1)
γ + |u|2

)
, (2.1.1)

and ∑
k≥1

|(ρ1f(ρ1, ρ1u1, c1, Q1)− ρ2f(ρ2, ρ2u2, c2, Q2))ek|2

≤ C|ρ1 − ρ2, ρ1u1 − ρ2u2, c1 − c2, Q1 −Q2|
γ+1
2γ , (2.1.2)

where |u, v| := |u|+ |v| and | · | stands for the absolute value. Condition (2.1.1) will be used

for obtaining the a priori estimate, while Condition (2.1.2) will be applied to identify the

limit.

In addition, we assume that initial data satisfy the following conditions for all 1 ≤ p <∞

ρ0 ∈ Lp(Ω;Lγ(D)), ρ0 ≥ 0 and m0 = 0 if ρ0 = 0, (2.1.3)

|m0|2

ρ0

∈ Lp(Ω;L1(D)), (2.1.4)

c0 ∈ Lp(Ω;H1(D)) and 0 < c ≤ c0 ≤ c̄ <∞, (2.1.5)

Q0 ∈ Lp(Ω;H1(D;S3
0)), (2.1.6)

where the lower and upper bounds c, c are two fixed constants.

Now, we state the main result.

Theorem 2.1.2. Let γ > 3
2
. Suppose that the initial data (ρ0,m0, c0, Q0) satisfy the assump-

tions (2.1.3)-(2.1.6), and the operator f satisfies the conditions (2.1.1), (2.1.2). Then, there

exists a global martingale weak solution to system (2.0.1)-(2.0.3) in the sense of Definition

2.1.1.
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The proof of Theorem 2.1.2 mainly relies on the four-level approximation. The first

level approximation actually contains two-step approximation. Because of the difficulty

technically, we need to cut-off the approximate solution such that in a sense the bound is

uniform in random element corresponding to the truncated parameter K inspired by [43].

Then, for any fixed n,K, the existence and uniqueness of the Galerkin approximate solution

in small time is established using the Banach fixed point argument. The uniform bound of

c obtained via maximum principle and the property of symmetric and traceless of Q-tensor

can be used for cancelling the high order nonlinear term, allowing us to get the uniform a

priori estimates, see Lemma 2.2.3. With the a priori estimates established, we can extend the

existence time to global. Next, we let K →∞ to establish the Galerkin approximate solution

for fixed n. Define a stopping time τK , on interval [0, τK), we can define the approximate

solution using the uniqueness of solution and the monotonicity of the sequence of stopping

time τK . Using the a priori estimates, it holds limK→∞ τK = T , P a.s. This means no blow-up

arises in finite time. Except for this level approximation, all other three level approximations

contain the compactness argument. Owing to the complex structure of the system, we have to

work with weak compactness, the classical Skorokhod theorem is replaced by the Skorokhod-

Jakubowski theorem applying to quasi-Polish space. To employ the theorem, it is necessary

to show the tightness of the set of probability measures generated by the distribution of

approximate solution, which can be achieved using the Aubin-Lions Lemma, the a priori

estimates and the delicate analysis. After obtaining the compactness of the new processes

on the new probability space, we identify all the nonlinear term by passing limit as n→∞.

In the second level approximation, the solution obtained in first level approximation will

be used as approximate solution. Here the boundedness of
√
ερε,δ ∈ Lp(Ω;L2(0, T ;H1(D)))

is not helpful in getting the strong convergence of density, which makes it difficult to identify

the nonlinear term with respect to ρ (the pressure term and stochastic term). Following

the ideas from [32, 59], we shall show the strong convergence of density by improving the

integrability of density, establishing the weak continuity of the effective viscous flow (here

the symmetric of Q-tensor plays a crucial role, see Step 1 in Section 4) and using the Minty

trick.

Following the same line as the second level approximation, improving the integrability
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of density, establishing the weak continuity of the effective viscous flow, introducing the re-

normalized solution to control the large oscillations and the truncated technique are required

to get the strong convergence of density. Here, the proof is standard, we only give the

necessary tightness argument and improve the integrability of density, for further details, we

refer the reader to [43, 81, 84].

2.2 The Existence of Martingale Solution When n Tends to Infinity

In this section, we are devoted to building the existence of global weak martingale solution

to the following modified viscous system

∂tc+ (u · ∇)c = 4c,

∂tρ+ div(ρu) = ε4ρ,

∂t(ρu) + div(ρu⊗ u) +∇(ργ + δρβ) + ε∇ρ · ∇u = µ1∆u+ (µ1 + µ2)∇(divu)

+σ∗∇ · (c2Q) +∇ · (F(Q)I3 −∇Q�∇Q) +∇ · (Q4Q−4QQ)

+ρf(ρ, ρu, c,Q)dW
dt
,

∂tQ+ (u · ∇)Q+QΨ−ΨQ = ΓH(Q, c),

(2.2.1)

where ε, δ > 0 and β > {6, γ}, with the boundary conditions

∂ρ

∂n

∣∣∣∣
∂D

=
∂c

∂n

∣∣∣∣
∂D

=
∂Q

∂n

∣∣∣∣
∂D

= 0, u|∂D = 0, (2.2.2)

and the modified initial data

ρ(0) = ρ0,δ ∈ Lp(Ω;C2+α(D)), (2.2.3)

ρu(0) = m0,δ ∈ Lp(Ω;C2(D)), (2.2.4)

Q(0) = Q0 ∈ Lp(Ω;H1(D;S3
0)), (2.2.5)

c(0) = c0 ∈ Lp(Ω;H1(D)) and 0 < c ≤ c0 ≤ c̄ <∞. (2.2.6)
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Moreover, assume that the initial data ρ0,δ satisfies the following conditions

0 < δ ≤ ρ0,δ ≤ δ−
1
β <∞, (ρ0,δ)m ≤M, ρ0,δ → ρ0 in Lγ(D) as δ → 0, (2.2.7)

where the (ρ0,δ)m denotes the mean value of ρ0,δ in domain D, and

m0,δ = hδ
√
ρ0,δ,

hδ is defined as follows. Let

m̃0,δ =

 m0

√
ρ0,δ
ρ0
, if ρ0 > 0,

0, if ρ0 = 0.

According to the assumption (2.1.4), we have
|m̃0,δ|2
ρ0,δ

∈ Lp(Ω;L1(D)) uniformly in δ for

1 ≤ p <∞. Therefore, we can find C2(D)-valued random variables hδ such that∥∥∥∥ m̃0,δ√
ρ0,δ

− hδ
∥∥∥∥
L2(D)

≤ δ.

Then, we have

|m0,δ|2

ρ0,δ

∈ Lp(Ω;L1(D)) uniformly in δ,

m0,δ√
ρ0,δ

→ m0√
ρ0

in Lp(Ω;L2(D)) for 1 ≤ p <∞.

Let Pδ = P ◦ (ρ0,δ,m0,δ, c0, Q0)−1. According to the construction, we have Pδ is Borel

probability measure on C2+α(D)× C2(D)× (H1(D))2, satisfying

Pδ
{

(ρ, ρu, c,Q) ∈ C2+α(D)× C2(D)× (H1(D))2;

and 0 < δ ≤ ρ ≤ δ−
1
β <∞, (ρ)m ≤M, 0 < c ≤ c0 ≤ c̄ <∞, Q ∈ S3

0

}
= 1,

and ∫
C2+α(D)×C2(D)×(H1(D))2

∥∥∥∥ |ρu|22ρ
+

1

γ − 1
ργ + |∇c,∇Q|2

∥∥∥∥p
L1(D)

dPδ

→
∫
Lγ(D)×L

2γ
γ+1 (D)×(H1(D))2

∥∥∥∥ |ρu|22ρ
+

1

γ − 1
ργ + |∇c,∇Q|2

∥∥∥∥p
L1(D)

dP , (2.2.8)

where P is a Borel probability measure on Lγ(D)× L
2γ
γ+1 (D)× (H1(D))2.

The proof will be divided into three subsections. For the first subsection, we establish

the Galerkin approximate solution and the a priori estimates. Then, the compactness result

is obtained in second subsection. In the third subsection, we get the existence of global weak

martingale solution by taking the limit as n→∞.
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2.2.1 The approximate solution and a priori estimates

First of all, we build the approximate solution to system (2.2.1)-(2.2.6) for fixed ε > 0

and δ > 0, we would need an extra approximation layer compared to the deterministic case

following the ideas of [43]. At the beginning, we introduce the following well-posedness

results taken from [22, 62].

Lemma 2.2.1. Suppose that the initial data ρ0 satisfies (2.2.3). If u ∈ C([0, T ];C2(D)) with

u|∂D = 0, then there exists a mapping S = S(u)

S : C([0, T ];C2(D))→ C([0, T ];C2+α(D)),

with the following properties:

(1) ρ = S(u) is a unique classical solution of system (2.2.1)2, (2.2.3), (2.2.7) with the

mapping S continuous on bounded subset of C([0, T ];C2(D)).

(2) It holds

δexp

(
−
∫ t

0

‖divu‖L∞dr
)
≤ ρ ≤ δ−

1
β exp

(∫ t

0

‖divu‖L∞dr
)
,

for all t ∈ [0, T ].

Lemma 2.2.2. For each u ∈ C([0, T ];C2(D)) with u|∂D = 0, then there exists a unique

strong solution (c,Q) ∈ [L∞(0, T ;H1(D)) ∩ L2(0, T ;H2(D))]2 to the system

∂tc+ (u · ∇)c = 4c,

∂tQ+ (u · ∇)Q+QΨ−ΨQ = ΓH(Q, c),

Q(0) = Q0 ∈ H1(D;S3
0) a.e. and ∂Q

∂n

∣∣∣∣
∂D

= 0,

c(0) = c0 ∈ H1(D) and 0 < c ≤ c0 ≤ c̄ <∞, ∂c
∂n

∣∣∣∣
∂D

= 0.

(2.2.9)

Moreover, we have 0 < c ≤ c ≤ c̄ <∞. Furthermore, the mapping

S̃ : C([0, T ];C2(D))→
[
L∞(0, T ;H1(D)) ∩ L2(0, T ;H2(D))

]2
,

is continuous on set BR :=
{
u ∈ C([0, T ];C2(D)); ‖u‖C([0,T ];C2(D)) ≤ R

}
and Q ∈ S3

0 a.e.
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Remark. The proof of Q ∈ S3
0 a.e. depends on the uniqueness of solution to system

(2.2.9), therefore, we have to lift the regularity of initial data c to H1(D) rather than L2(D)

in establishing the existence of strong solutions, making further effort to achieve the unique-

ness. It will also be used for defining the Galerkin approximate solution for fixed truncation

parameter K introduced later.

With these results in hand, we now find the approximate velocity field un satisfying the

integral equation∫
D
ρunφdx−

∫
D
m0φdx

= −
∫ t

0

∫
D

(div(ρun ⊗ un)− µ14un

−(µ1 + µ2)∇(divun) +∇ργ + δ∇ρβ)φdxds

+

∫ t

0

∫
D
σ∗∇ · (c2Q)φdxds−

∫ t

0

∫
D
εφ∇ρ · ∇undxds

+

∫ t

0

∫
D
∇ · (F(Q)I3 −∇Q�∇Q)φ+∇ · (Q4Q−4QQ)φdxds

+

∫ t

0

∫
D

√
ρPn(
√
ρf(ρ, ρun, c, Q))φdxdW , (2.2.10)

for t ∈ [0, T ], and φ belongs to the finite dimensional space Xn, which is defined by

span{hi}ni=1. The family of smooth functions {hi}ni=1 is an orthonormal basis of H1(D),

and Pn be the orthogonal projection from L2(D) into Xn.

Define by the operator M[ρ] : Xn → X∗n

〈M[ρ]u, v〉 =

∫
D
ρu · vdx for u, v ∈ Xn.

From the definition, we know M[ρ]u = Pn(ρu). Moreover, M[ρ] is a positive symmetric

operator with following properties,

‖M[ρ]−1‖L(X∗n,Xn) ≤ ‖ρ−1‖C(D), (2.2.11)

and

‖M[ρ1]−1 −M[ρ2]−1‖L(X∗n,Xn) ≤ ‖ρ−1
1 ‖C(D)‖ρ−1

2 ‖C(D)‖ρ1 − ρ2‖L1(D). (2.2.12)
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Introduce the functional N [ρ, u, c, Q](ϕ) by

N [ρ, u, c, Q](ϕ)

=

∫
D

(−div(ρu⊗ u)−∇(ργ + δρβ) + µ1∆u+ (µ1 + µ2)∇(divu)− ε∇ρ · ∇u

+∇ · (F(Q)I3 −∇Q�∇Q) +∇ · (Q4Q−4QQ) + σ∗∇ · (c2Q)) · ϕdx,

for all ϕ ∈ Xn. Due to the technical difficulty, we need further truncation to un. Following

the idea of [43], define the C∞-smooth cut-off function

ξK(z) =

 1, |z| ≤ K,

0, |z| > 2K.

Let uK =
∑n

i=1 ξK(αi)αihi, then we have ‖uK‖C([0,T ];C2(D)) ≤ 2K and the truncation operator

Tr : u→ uK satisfies

Tr : Xn → Xn, and ‖Tr(u)− Tr(v)‖Xn ≤ C(n)‖u− v‖Xn . (2.2.13)

Then, we rewrite (2.2.10) as

un(t) =M−1
[
S(uKn )

](
m∗0 +

∫ t

0

N [S(uKn ), uKn , S̃(uKn )]ds

+ Tr

(∫ t

0

M
1
2 (S(uKn ))Pn(

√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn )))dW

))
. (2.2.14)

Here, the stochastic integral should be understood evolving on space X∗n.

The mapping Y from L2(Ω;C([0, T ];C2(D))) into itself is defined by the right hand side

of (2.2.14). For fixed n,K, we can show the mapping Y is the contraction for T ∗ small

enough, for further details see [85, 21] for the deterministic part. Next, we give the estimate

of stochastic term. Using (2.2.13) and the triangle inequality, we have

E sup
0≤t≤T ∗

∥∥∥∥M−1(S(uKn ))

× Tr

(∫ t

0

M
1
2 (S(uKn ))Pn(

√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn )))dW

)
−M−1(S(vKn ))

× Tr

(∫ t

0

M
1
2 (S(vKn ))Pn(

√
S(vKn )f(S(vKn ),S(vKn )vKn , S̃(vKn )))dW

)∥∥∥∥2

Xn
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≤ E sup
0≤t≤T ∗

∥∥M−1(S(uKn ))−M−1(S(vKn ))
∥∥2

L(X∗n,Xn)

×
∥∥∥∥Tr

(∫ t

0

M
1
2 (S(uKn ))Pn(

√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn )))dW

)∥∥∥∥2

Xn

+ C(n)E sup
0≤t≤T ∗

∥∥M−1(S(vKn ))
∥∥2

L(X∗n,Xn)

×
∥∥∥∥∫ t

0

M
1
2 (S(uKn ))Pn(

√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn )))dW

−
∫ t

0

M
1
2 (S(vKn ))Pn(

√
S(vKn )f(S(vKn ),S(vKn )vKn , S̃(vKn )))dW

∥∥∥∥2

Xn

=: L1 + L2. (2.2.15)

For L1, using (2.2.12), Lemma 2.2.1(2) and the property of operator Tr, we have

L1 ≤ T ∗C(n,K, T ∗)E sup
0≤t≤T ∗

‖uKn − vKn ‖2
Xn . (2.2.16)

For L2, using (2.2.11), the boundedness of S(uKn ), we have from the Burkholder-Davis-Gundy

inequality

L2 ≤ C(K, δ, n)

× E sup
0≤t≤T ∗

∥∥∥∥∫ t

0

M
1
2 (S(uKn ))Pn(

√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn )))dW

−
∫ t

0

M
1
2 (S(vKn ))Pn(

√
S(vKn )f(S(vKn ),S(vKn )vKn , S̃(vKn )))dW

∥∥∥∥2

Xn

≤ C(K, δ, n)E
∫ T ∗

0

∑
k≥1

∥∥∥∥M 1
2 (S(uKn ))Pn(

√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn ))ek)

−M
1
2 (S(vKn ))Pn(

√
S(vKn )f(S(vKn ),S(vKn )vKn , S̃(vKn ))ek)

∥∥∥∥2

Xn

ds

≤ C(K, δ, n)E

(∫ T ∗

0

∑
k≥1

∥∥∥∥(M
1
2 (S(uKn ))−M

1
2 (S(vKn )))

× Pn(
√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn ))ek)

∥∥∥∥2

Xn

ds

+

∫ T ∗

0

∑
k≥1

∥∥∥∥M 1
2 (S(vKn ))Pn(

√
S(vKn )f(S(vKn ),S(vKn )vKn , S̃(vKn ))ek

−
√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn ))ek)

∥∥∥∥2

Xn

ds

)
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=: L21 + L22.

For L21, using the continuity of S(uKn ), the equivalence of norms on finite dimensional space,

condition (2.1.1), the boundedness of uKn ,S(uKn ) and Lemma 2.2.2, we have

L21 ≤ C(K, δ, n)E
∫ T ∗

0

∥∥∥M 1
2 (S(uKn ))−M

1
2 (S(vKn ))

∥∥∥2

L(Xn,X∗n)

×
∑
k≥1

∥∥∥Pn(
√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn ))ek)

∥∥∥2

L2
ds

)

≤ T ∗C(n,K, T ∗, δ)E

(
sup

0≤t≤T ∗
‖uKn − vKn ‖2

Xn

×
∫ T ∗

0

∑
k≥1

∥∥∥√S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn ))ek

∥∥∥2

L2
ds

)

≤ T ∗C(n,K, T ∗, δ)E

(
sup

0≤t≤T ∗
‖uKn − vKn ‖2

Xn

×
∫ T ∗

0

∫
D
|ρKn |γ + ρKn |cKn ,∇QK

n |
2(γ−1)
γ + ρKn |uKn |2dxds

)

≤ T ∗C(n,K, T ∗, δ)E

(
sup

0≤t≤T ∗
‖uKn − vKn ‖2

Xn

×
∫ T ∗

0

∫
D
|ρKn |γ + |cKn ,∇QK

n |2 + ρKn |uKn |2dxds

)
≤ (T ∗)2C(n,K, T ∗, δ)E sup

0≤t≤T ∗
‖uKn − vKn ‖2

Xn . (2.2.17)

For L22, using the continuity of S(uKn ), S̃(uKn )(see Lemma 2.2.2), the boundedness of S(uK),

condition (2.1.2) and the equivalence of norms on finite dimensional space, we also have

L22 ≤ T ∗C(n,K, T ∗)E sup
0≤t≤T ∗

‖uKn − vKn ‖2
Xn . (2.2.18)

Then, taking into account of (2.2.15)-(2.2.18), we infer that there exists a sequence of ap-

proximate solutions uKn ∈ L2(Ω;C([0, T∗];Xn)) to equation (2.2.14) for small time T ∗ by the

Banach fixed point theorem. Here we first assume that the a priori estimates (2.2.20) hold

uniformly in n,K which allows us to extend the existence time T ∗ to T for any T > 0.

Namely, we proved the existence and uniqueness of solution uKn ∈ L2(Ω;C([0, T ];C2(D))) to

equation (2.2.14) for fixed n,K.
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Next, we build the global existence of Galerkin approximate solution to system (2.2.1)

for any fixed n by letting K →∞. Define the stopping time,

τK = inf

{
t ≥ 0; sup

s∈[0,t]

‖uKn (s)‖L2

+ sup
s∈[0,t]

∥∥∥∥∫ s

0

M
1
2 (S(uKn ))Pn(

√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn )))dW

∥∥∥∥
L2

≥ K

}
.

Observe that the sequence of the stopping time τK is increasing. Define ρKn = S(uKn ),

(cKn , Q
K
n ) = S̃(uKn ), then (ρKn , u

K
n , c

K
n , Q

K
n ) is the unique solution to system (2.2.1). Using

the monotonicity of the stopping time and the uniqueness of solution, for K1 ≤ K2, we have

(ρK1
n , uK1

n , cK1
n , QK1

n ) = (ρK2
n , uK2

n , cK2
n , QK2

n ) on [0, τK1). Therefore, we could define the solution

(ρn, un, cn, Qn) = (ρKn , u
K
n , c

K
n , Q

K
n ) on interval [0, τK). In order to extend the existence time

to [0, T ], we show that

P
{

sup
K∈N+

τK = T

}
= 1.

Since the stopping time τK is increasing, we have

P
{

sup
K∈N+

τK < T

}
< P{τK < T}

≤ P

{
sup
t∈[0,T ]

‖uKn ‖L2 >
K

2

}

+ P

{
sup
t∈[0,T ]

∥∥∥∥∫ t

0

M
1
2 (S(uKn ))Pn(

√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn )))dW

∥∥∥∥ > K

2

}
=: J1 + J2.

Using the Burkholder-Davis-Gundy inequality, the Chebyshev inequality and the equivalence

of norms on finite-dimensional space, and the embedding H−l(D) ↪→ L1(D) for l > 3
2
, and

the condition (2.1.1), the bound (2.2.20), we have

J2 ≤
2

K
E

(
sup
t∈[0,T ]

∥∥∥∥∫ t

0

M
1
2 (S(uKn ))Pn

√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn ))dW

∥∥∥∥
L2

)

≤ C

K
E

(
sup
t∈[0,T ]

∥∥∥∥∫ t

0

M
1
2 (S(uKn ))Pn

√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn ))dW

∥∥∥∥
H−l

)
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≤ C

K
E
∫ T

0

∑
k≥1

∥∥∥M 1
2 (S(uKn ))Pn(

√
S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn ))ek)

∥∥∥2

L1
dt

≤ C

K
E
∫ T

0

∫
D

∑
k≥1

∣∣∣√S(uKn )f(S(uKn ),S(uKn )uKn , S̃(uKn ))ek

∣∣∣2 dx ∫
D
S(uKn )dxdt

≤ C

K

(
ρKn (0)

)
m
E
∫ T

0

∫
D
|ρn|γ + ρn|un|2 + |cn,∇Qn|2dxdt <

C

K
, (2.2.19)

where C is independent of K, leading to J2 → 0 as K → ∞. Corollary 3.2 in [43] given

J1 → 0 as K →∞. Therefore, passing K →∞, we have

P
{

sup
K∈N+

τK < T

}
= 0.

This means that no blow up appears in a finite time, we could extend the existence time to

[0, T ] for any T > 0.

We next establish the necessary a priori estimates of approximate solution. To simplify

the notation, we replace (ρKn , ρ
K
n u

K
n , c

K
n , Q

K
n ) by (ρ, ρu, c,Q).

Lemma 2.2.3. Suppose that (ρ, ρu, c,Q) is the Galerkin approximate solution to system

(2.2.1)-(2.2.6), and f satisfies the condition (2.1.1). Then, there exists a constant C which

is independent of n,K but depends on (µ1, µ2, σ
∗, c∗, b, T, p,Γ) and initial data such that for

all 1 ≤ p <∞

E

[
sup
t∈[0,T ]

(
‖c,∇Q,√ρu‖2

L2 + ‖Q‖4
L4 +

1

γ − 1
‖ρ‖γLγ +

δ

β − 1
‖ρ‖β

Lβ

)]p
+ E

(∫ T

0

‖∇c,∇u,4Q, divu‖2
L2 + ‖Q‖6

L6dt

)p
+ E

(∫ T

0

∫
D
ε(γργ−2 + δβρβ−2)|∇ρ|2dxdt

)p
≤ C. (2.2.20)

Moreover, we have

√
ερ ∈ Lp(Ω;L2(0, T ;H1(D))), (2.2.21)

ρu ∈ Lp(Ω;L∞(0, T ;L
2β
β+1 (D))). (2.2.22)
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Proof. Denote Φ(ρ,m) = (m,M−1(ρ)m), we obtain

∇mΦ(ρ,m) = 2M−1(ρ)m, ∇2
mΦ(ρ,m) = 2M−1(ρ),

∇ρΦ(ρ,m) = −(m,M−1(ρ)M−1(ρ)m).

Applying the Itô formula to function Φ(ρ, ρu), integrating with respect to time, taking the

supremum on interval [0, t ∧ τK ], then

sup
s∈[t∧τK ]

∫
D
ρ|u|2dx

≤
∫
D
ρ0|u0|2dx−

∫ t∧τK

0

∫
D
∇|u|2 · ρudxds+ε

∫ t∧τK

0

∫
D
∇|u|2 · ∇ρdxds

− 2

∫ t∧τK

0

∫
D
∇(ργ + δργ) · udxds

+ 2

∫ t∧τK

0

∫
D

(µ14u+ (µ1 + µ2)∇divu) · udxds

+ 2

∫ t∧τK

0

∫
D
ρu⊗ u : ∇udxds− 2ε

∫ t∧τK

0

∫
D
∇u∇ρ · udxds

− 2

∫ t∧τK

0

∫
D

(∇Q�∇Q− F(Q)I3) : ∇udxds

+ 2

∫ t∧τK

0

∫
D

(Q4Q−4QQ) : ∇udxds+ 2

∫ t∧τK

0

∫
D
σ∗(c2Q) : ∇udxds

+

∫ t∧τK

0

∑
k≥1

(M−1(ρ)M
1
2 (ρ)Pn(

√
ρf(ρ, ρu, c,Q)ek),

M
1
2 (ρ)Pn(

√
ρf(ρ, ρu, c,Q)ek))ds

+ 2 sup
s∈[0,t∧τK ]

∣∣∣∣∣
∫ s

0

∑
k≥1

∫
D
M

1
2 (ρ)uPn(

√
ρf(ρ, ρu, c,Q)ek)dxdβk

∣∣∣∣∣ . (2.2.23)

By equation (2.2.1)2, we have

−2

∫
D
∇(ργ + δρβ) · udx = −2

∫
D

(
γ

γ − 1
∇ργ−1 +

δβ

β − 1
∇ρβ−1

)
ρudx

= 2

∫
D

(
γ

γ − 1
ργ−1 +

δβ

β − 1
ρβ−1

)
div(ρu)dx

= 2

∫
D

(
γ

γ − 1
ργ−1 +

δβ

β − 1
ρβ−1

)
(−∂tρ+ ε4ρ)dx

= −2

∫
D

1

γ − 1
dργ +

δ

β − 1
dρβdx
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− 2ε

∫
D

(γργ−2 + δβρβ−2)|∇ρ|2dxdt.

Multiplying equation (2.2.1)1 with c, integrating over D, then

d

(
1

2

∫
D
c2dx

)
+

∫
D
|∇c|2dxdt = −

∫
D
cu · ∇cdxdt. (2.2.24)

Also, multiplying equation (2.2.1)4 with −(4Q − Q − c∗Qtr(Q2)), taking the trace and

integrating over D, adding (2.2.23) and (2.2.24), then we get

sup
s∈[t∧τK ]

∫
D

(
ρ|u|2 + c2 +

2δ

β − 1
ρβ +

2

γ − 1
ργ + |Q,∇Q|2 +

c∗
2
|Q|4

)
dx

+ 2

∫ t∧τK

0

∫
D
µ1|∇u|2 + (µ1 + µ2)|divu|2 + |∇c|2

+ Γ(|∇Q|2 + |4Q|2) + Γ(c∗|Q|4 + c2
∗|Q|6)dxds

+ 2ε

∫ t∧τK

0

∫
D

(γργ−2 + δβρβ−2)|∇ρ|2dxds

=

∫
D

(
ρ0|u0|2 + c2

0 +
2δ

β − 1
ρβ0 +

2

γ − 1
ργ0 + |Q0,∇Q0|2 +

c∗
2
|Q0|4

)
dx

−
∫ t∧τK

0

∫
D
∇|u|2 · ρudxds+ ε

∫ t∧τK

0

∫
D
∇|u|2 · ∇ρdxds

+2

∫ t∧τK

0

∫
D
ρu⊗ u : ∇udxds− 2ε

∫ t∧τK

0

∫
D
∇u∇ρ · udxds

+ 2

∫ t∧τK

0

∫
D

(∇Q�∇Q− F(Q)I3) : ∇udxds

− 2

∫ t∧τK

0

∫
D

(Q4Q−4QQ) : ∇udxds− 2

∫ t∧τK

0

∫
D
σ∗(c2Q) : ∇udxds

− 2

∫ t∧τK

0

∫
D
cu · ∇cdxds+ 2

∫ t∧τK

0

∫
D
u · ∇Q : (4Q−Q− c∗Qtr(Q2))dxds

− 2

∫ t∧τK

0

∫
D

(ΨQ−QΨ) : (4Q−Q− c∗Qtr(Q2))dxds

+

∫ t∧τK

0

∫
D

Γ(c− c∗)Q : (4Q−Q− c∗Qtr(Q2))dxds

− 2

∫ t∧τK

0

∫
D
bΓQ2 : (4Q−Q− c∗Qtr(Q2))dxds

+

∫ t∧τK

0

∫
D

2c∗ΓQ|Q|2 : 4Qdxds

+

∫ t∧τK

0

∑
k≥1

(M−1(ρ)M
1
2 (ρ)Pn(

√
ρf(ρ, ρu, c,Q)ek),
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M
1
2 (ρ)Pn(

√
ρf(ρ, ρu, c,Q)ek))ds

+ 2 sup
s∈[0,t∧τK ]

∣∣∣∣∣
∫ s

0

∑
k≥1

∫
D
M

1
2 (ρ)uPn(

√
ρf(ρ, ρu, c,Q)ek)dxdβk

∣∣∣∣∣
=:

∫ t∧τK

0

14∑
i=1

Jids+ 2 sup
s∈[0,t∧τK ]

∣∣∣∣∣
∫ s

0

∑
k≥1

J15dβk

∣∣∣∣∣ . (2.2.25)

Next, we control all the right hand side terms of (2.2.25). Note that J1+J3 = 0, J2+J4 = 0

and

J6 + J10 = −2

∫
D

(Q4Q−4QQ) : ∇udx

+2

∫
D

(ΨQ−QΨ) : (4Q−Q− c∗Qtr(Q2))dx

= −2

∫
D

tr(Q4Q∇u−4QQ∇u)dx+ 2

∫
D

tr(ΨQ4Q−QΨ4Q)dx

+2

∫
D

tr((ΨQ−QΨ)(−Q− c∗Qtr(Q2)))dx =: J1 + J2 + J3.

Due to the fact that Q is symmetric and traceless and Ψ is skew-symmetric we have J3 =

0,J1 + J2 = 0, also J5 + J9 = 0, see [21].

Applying Young’s inequality and the boundedness of c, we have

|J7| =
∣∣∣∣2∫

D
σ∗c2Q : ∇udx

∣∣∣∣
≤ C‖c‖2

L∞([0,T ]×D)‖∇u‖L2‖Q‖L2 ≤ ‖∇u‖2
L2 + C‖Q‖2

L2 ,

|J8| =
∣∣∣∣2∫

D
cu · ∇cdx

∣∣∣∣
≤ C‖c‖L∞([0,T ]×D)‖∇c‖L2‖u‖L2 ≤ ‖∇c‖2

L2 + C‖u‖2
L2

≤ ‖∇c‖2
L2 + µ1‖∇u‖2

L2 + C.

In addition

|J11| =
∣∣∣∣∫
D

Γ(c− c∗)Q : (4Q−Q− c∗Qtr(Q2))dx

∣∣∣∣
≤ Γ

2
‖4Q‖2

L2 + C‖Q‖2
L2 + C‖Q‖4

L4 ,

|J12| =
∣∣∣∣∫
D

2bΓQ2 : (4Q−Q− c∗Qtr(Q2))dx

∣∣∣∣
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≤ bΓ‖4Q‖L2‖Q2‖L2 +
c∗Γ

2
‖Q‖6

L6 + C‖Q‖4
L4

≤ Γ

2
‖4Q‖2 + C‖Q‖4

L4 +
c∗Γ

2
‖Q‖6

L6 + C‖Q‖2,

J13 =

∫
D

2c∗ΓQ|Q|2 : 4Qdx = −2c∗Γ

∫
D
|∇Q|2|Q|2dx− c∗Γ

∫
D
|∇tr(Q)|2dx

≤ 0.

Using the condition (2.1.1), J14 can be treated as

J14 ≤ ‖
√
ρf(ρ, ρu, c,Q)‖2

L2(H;L2(D))

≤
∫
D

∑
k≥1

|√ρf(ρ, ρu, c,Q)ek|2dx

≤ C

∫
D
ργ + |√ρu|2 + ρ|c|

2(γ−1)
γ + ρ|∇Q|

2(γ−1)
γ dx

≤ C

∫
D
ργ + |√ρu|2 + |c|2 + |∇Q|2dx.

Define the stopping time τR

τR = inf

{
t ≥ 0; sup

s∈[0,t]

‖√ρu‖2
L2 ≥ R

}
∧ τK , (2.2.26)

if the set is empty, taking τR = T . Note that, τR is an increasing sequence with

lim
R∧K→∞

τR = T.

Regarding the stochastic term, by the Burkholder-Davis-Gundy inequality and condition

(2.1.1) for all 1 ≤ p <∞

E

[
sup

s∈[0,t∧τR]

∣∣∣∣∣
∫ s

0

∑
k≥1

J15dβk

∣∣∣∣∣
]p

≤ CE

(∫ t∧τR

0

∑
k≥1

(∫
D
M

1
2 (ρ)uPn(

√
ρf(ρ, ρu, c,Q)ek)dx

)2

ds

) p
2

≤ CE

(∫ t∧τR

0

‖M
1
2 (ρ)u‖2

L2

∫
D

∑
k≥1

|ρf 2(ρ, ρu, c,Q)e2
k|dxds

) p
2

≤ CE

[
sup

s∈[0,t∧τR]

‖√ρu‖pL2

]
×

26



(∫ t∧τR

0

∫
D
ργ + |√ρu|2 + ρ|c|

2(γ−1)
γ + ρ|∇Q|

2(γ−1)
γ dxds

) p
2

≤ E

[
sup

s∈[0,t∧τR]

‖√ρu‖2p
L2

]

+CE
(∫ t∧τR

0

∫
D
ργ + |√ρu|2 + |c|2 + |∇Q|2dxds

)p
.

Considering all these estimates, taking the integral with respect to time, taking the supre-

mum on interval [0, t∧ τR], then power p and taking expectation on both sides, the Gronwall

lemma yields

E

[
sup

s∈[0,t∧τR]

(
‖c,Q,∇Q,√ρu‖2

L2 + ‖Q‖4
L4 +

1

γ − 1
‖ρ‖γLγ +

δ

β − 1
‖ρ‖β

Lβ

)]p
+ E

(∫ t∧τR

0

µ1‖∇u‖2
L2 + (µ1 + µ2)‖divu‖2

L2 + Γ‖4Q‖2
L2

+ ‖∇c‖2
L2 + c2

∗Γ‖Q‖6
L6ds

)p
+ E

(∫ t∧τR

0

∫
D
ε(γργ−2 + δβρβ−2)|∇ρ|2dxds

)p
≤ C,

where C is constant independent of n. Finally, we get the bound (2.2.20) by the monotone

convergence theorem.

Using the bound (2.2.20), we have

E
∫
D
|ρ|2dx+ 2εE

∫ t

0

∫
D
|∇ρ|2dxds = E

∫
D
|ρ0|2dx− E

∫ t

0

∫
D

divu|ρ|2dxds

≤ E
∫
D
|ρ0|2dx+ E

(∫ t

0

∫
D
|divu|2 + |ρ|4dxds

)4

≤ C,

consequently, (2.2.21) holds. We can obtain the bound (2.2.22) using the fact that
√
ρu ∈

Lp(Ω;L∞(0, T ;L2(D))) and ρ ∈ Lp(Ω;L∞(0, T ;Lβ(D))). This completes the proof.

Remark. By taking inner product with −(4Q−Q− c∗Qtr(Q2)) in equation (2.2.1)4 in

place of H(Q, c), we can prevent the interaction term of c and Q-tensor arising, making the

estimates concise.
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2.2.2 The compactness of approximate solution

Unlike the deterministic case, it may not be the case that the embedding L2(Ω;X)

into L2(Ω;Y ) is compact, even if X ↪→ Y is compact. Therefore, in order to obtain the

compactness of approximate solution, the key point is to obtain the compactness of the set

of probability measures generated by the approximate solution sequences. Define the path

space

X = Xu ×Xρ ×Xρu ×Xc ×XQ ×XW ,

where

Xu := L2
w(0, T ;H1(D)),Xρu := C([0, T ];H−1(D)),

Xρ := L∞(0, T ;H−
1
2 (D)) ∩ L2(0, T ;L2(D)) ∩ L2

w(0, T ;H1(D)),

Xc := L2
w(0, T ;H1(D)) ∩ L2(0, T ;L2(D)),

XQ := L2
w(0, T ;H2(D)) ∩ L2(0, T ;H1(D)), XW := C([0, T ];H0).

Define the probability measures

νn = νnu ⊗ νnρ ⊗ νnρu ⊗ νnc ⊗ νnQ ⊗ νW , (2.2.27)

where νn(·)(B) = P{· ∈ B} for any B ∈ B(X(·)), X(·) is the path space defined above, respec-

tively.

Next, we establish the following compactness result.

Proposition 2.2.4. There exists a subsequence of probability measures {νn}n≥1 still denoted

by {νn}n≥1, a probability space (Ω̃, F̃ , P̃) with X -valued measurable random variables

(ũn, ρ̃n, Pn(ρ̃nũn), c̃n, Q̃n, W̃n) and (ũ, ρ̃, ρ̃ũ, c̃, Q̃, W̃),

such that

(ũn, ρ̃n, Pn(ρ̃nũn), c̃n, Q̃n, W̃n)→ (ũ, ρ̃, ρ̃ũ, c̃, Q̃, W̃), P̃ a.s. (2.2.28)
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in the topology of X and

P̃{(ũn, ρ̃n, Pn(ρ̃nũn), c̃n, Q̃n, W̃n) ∈ ·} = νn(·), (2.2.29)

P̃{(ũ, ρ̃, ρ̃ũ, c̃, Q̃, W̃) ∈ ·} = ν(·), (2.2.30)

where ν is a Radon measure and W̃n is cylindrical Wiener process, relative to the filtration

F̃nt generated by the completion of σ(ũn(s), ρ̃n(s), c̃n(s), Q̃n(s), W̃n(s); s ≤ t). Moreover, the

process (ũn, ρ̃n, ρ̃nũn, c̃n, Q̃n, W̃n) also satisfies the system (2.2.1) and shares the following

uniform a priori estimates

ρ̃n ∈ Lp(Ω̃;L∞(0, T ;Lβ(D)) ∩ L2(0, T ;H1(D))), (2.2.31)

ũn ∈ Lp(Ω̃;L2(0, T ;H1(D))), (2.2.32)√
ρ̃nũn ∈ Lp(Ω̃;L∞(0, T ;L2(D))), (2.2.33)

ρ̃nũn ∈ Lp(Ω̃;L∞(0, T ;L
2β
β+1 (D))), (2.2.34)

c̃n ∈ Lp(Ω̃;L∞(0, T ;L2(D)) ∩ L2(0, T ;H1(D))), (2.2.35)

Q̃n ∈ Lp(Ω̃;L∞(0, T ;H1(D)) ∩ L2(0, T ;H2(D))). (2.2.36)

Combining the bound (2.2.31) and strong convergence ρ̃n in L2(0, T ;L2(D)), the Vitali

convergence theorem A.0.3 implies that P̃ a.s.

ρ̃n → ρ̃ in L4(0, T ;L4(D)).

In order to employ the Skorokhod-Jakubowski theorem, we next show the tightness of

set {νn}n≥1.

Lemma 2.2.5. The set of probability measures {νn}n≥1 is tight on path space X .
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Proof. It is enough to show that each set of probability measures {νn(·)}n≥1 is tight on the

corresponding path space X(·).

Claim 1. The set {νnPn(ρu)}n≥1 is tight on path spaces Xρu.

Decompose Pn(ρnun) = Xn + Yn, where

Xn = m0,n + Pn

∫ t

0

−div(ρnun ⊗ un)−∇(ργn + δρβn) + µ1∆un

+(µ1 + µ2)∇(divun) +∇ · (F(Qn)I3 −∇Qn �∇Qn)

+∇ · (Qn4Qn −4QnQn) + σ∗∇ · (c2
nQn)ds

+

∫ t

0

M
1
2 (ρn)Pn

√
ρnf(ρn, ρnun, cn, Qn)dW ,

and

Yn = ε

∫ t

0

Pn(∇ρn · ∇un)ds.

The main goal is to get

E‖Pn(ρnun)‖Cα([0,T ];H−k(D)) ≤ C, (2.2.37)

where C is independent of n for α ∈ [0, 1
2
) and k ≥ 5

2
.

Regarding the stochastic term, similar to (2.2.19), using the Burkholder-Davis-Gundy

inequality and condition (2.1.1), we get for all α ∈ [0, 1
2
)

E
∥∥∥∥∫ t

0

M
1
2 (ρn)Pn

√
ρnf(ρn, ρnun, cn, Qn)dW

∥∥∥∥
Cα([0,T ];H−k(D))

≤ E

 sup
t,t′∈[0,T ]

∥∥∥∫ tt′M 1
2 (ρn)Pn

√
ρnf(ρn, ρnun, cn, Qn)dW

∥∥∥
H−k

|t− t′|α


≤

E
∥∥∥∫ tt′M 1

2 (ρn)Pn
√
ρnf(ρn, ρnun, cn, Qn)dW

∥∥∥
H−k

|t− t′|α
+ δ′

≤
E
(∫ t

t′
‖M 1

2 (ρn)
∑

k≥1 Pn
√
ρnf(ρn, ρnun, cn, Qn)ek‖2

L1dr
) 1

2

|t− t′|α
+ δ′

≤ C|t− t′|
1
2
−αE

[
sup
t∈[0,T ]

(‖ρn‖Lγ + ‖√ρnun‖2
L2 + ‖cn‖2

L2 + ‖∇Qn‖2
L2)

]
+δ′ ≤ C.
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Using (2.2.20) and the Hölder inequality, we have

E‖∇ · (Qn4Qn −4QnQn)‖p
L2(0,T ;H−k(D))

≤ E
(∫ T

0

‖Qn4Qn −4QnQn‖2
L1dt

) p
2

≤ E
(∫ T

0

‖Qn‖2
L2‖4Qn‖2

L2dt

) p
2

≤ E

[
sup
t∈[0,T ]

‖Qn‖2p
L2

]
E
(∫ T

0

‖4Qn‖2
L2dt

)p
≤ C,

and

E‖σ∗∇ · (c2
nQn)‖pL∞(0,T ;H−1(D)) ≤ C‖cn‖2p

L∞([0,T ]×D)E‖Qn‖pL∞(0,T ;L2(D)) ≤ C,

moreover

E‖∇ · (F(Qn)I3 −∇Qn �∇Qn)‖p
L∞(0,T ;H−k(D))

≤ E

[
sup
t∈[0,T ]

‖∇Qn‖pL2

]
≤ C,

where the constant C is independent of n.

Furthermore, the bound (2.2.20) together with the Hölder inequality yields,

div(ρnun ⊗ un) ∈ Lp(Ω;L2(0, T ;H−1, 6β
4β+3 (D))),

then the Sobolev embedding H−1, 6β
4β+3 (D) ↪→ H−k(D) for k ≥ 5

2
implies that

div(ρnun ⊗ un) ∈ Lp(Ω;L2(0, T ;H−k(D))).

Also, the bound (2.2.20) implies ∇(ργn+δρβn) ∈ Lp(Ω;L
β+1
β (0, T ;H−k(D))) using the Sobolev

embedding H−1,β+1
β (D) ↪→ H−k(D).

To find the boundedness of Yn, we need to improve the time integrability of ρn following

Lemma 2.4 in [30]. By (2.2.20) and the Hölder inequality, we have

ρnun ∈ Lp(Ω;L2(0, T ;L
6β
β+6 (D))) ∩ Lp(Ω;L∞(0, T ;L

2β
β+1 (D))).
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The interpolation lemma A.0.2 implies that there exists q > 2 such that

ρnun ∈ Lp(Ω;Lq(0, T ;L2(D))),

this estimate together with the bound ρn ∈ Lp(Ω;L∞(0, T ;Lβ(D))) and equation (2.2.1)2

yields

ρn ∈ Lp(Ω;Lq(0, T ;H1(D))), for q > 2. (2.2.38)

Using (2.2.38) and (2.2.20), we have

E
∥∥∥∥ε∫ t

0

Pn(∇ρn · ∇un)ds

∥∥∥∥
Cα([0,T ];H−k(D))

≤ E

∥∥∥ε ∫ tt′ Pn(∇ρn · ∇un)ds
∥∥∥
H−k

|t− t′|α
+ δ′ ≤ E

ε
∫ t
t′
‖∇ρn · ∇un‖L1ds

|t− t′|α
+ δ′

≤ 1

|t− t′|α
E
∫ t

0

‖∇u‖2
L2dsE

∫ t

0

ε‖∇ρ‖2
L2ds+ δ′

≤ C|t− t′|
q−2
q
−αεE

(∫ t

0

‖∇ρ‖qL2ds

) 2
q

+ δ′ ≤ C, (2.2.39)

for any α ∈ [0, q−2
q

] and k ≥ 5
2
.

Combining all estimates, we get the desired bound (2.2.37). For any R > 0, define the

set

B1,R =

{
Pn(ρnun) ∈ L∞(0, T ;L

2β
β+1 (D)) ∩ Cα([0, T ];H−k(D)) :

‖ρnun‖
L∞(0,T ;L

2β
β+1 (D))

+ ‖ρnun‖Cα([0,T ];H−k(D)) ≤ R

}
.

By the Aubin-Lions lemma A.0.1, we know

L∞(0, T ;L
2β
β+1 (D)) ∩ Cα([0, T ];H−k(D)) ↪→ L∞(0, T ;H−1(D)), (2.2.40)

is compact, therefore, the set B1,R is relatively compact in L∞(0, T ;H−1(D)). Considering

(2.2.37), (2.2.22) and the Chebyshev inequality, to conclude

νnρu(B
c
1,R) ≤ P

(
‖ρnun‖

L∞(0,T ;L
2β
β+1 (D))

>
R

2

)
+ P

(
‖ρnun‖Cα([0,T ];H−k(D)) >

R

2

)
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≤ 2

R
E
(
‖ρnun‖

L∞(0,T ;L
2β
β+1 (D))

+ ‖ρnun‖Cα([0,T ];H−k(D))

)
≤ C

R
,

leading to the tightness of set {νnρu}n≥1.

Claim 2. The set {νnc }n≥1 is tight on path space Xc.

Note that, for any R > 0, by the Banach-Alaoglu theorem, the set

B2,R :=
{
cn ∈ L2(0, T ;H1(D)) : ‖cn‖L2(0,T ;H1(D)) ≤ R

}
,

is relatively compact on path space L2
w(0, T ;H1(D)). On the other hand, we have

∂tcn ∈ Lp(Ω;L2(0, T ;H−1(D))). (2.2.41)

Define the set

B3,R =
{
cn ∈ L2(0, T ;H1(D)) ∩W 1,2(0, T ;H−1(D)) :

‖cn‖L2(0,T ;H1(D)) + ‖cn‖W 1,2(0,T ;H−1(D)) ≤ R
}
,

which is compact on L2(0, T ;L2(D)). The bounds (2.2.20), (2.2.41) and the Chebyshev

inequality imply

νnc ((B2,R ∩B3,R)c) ≤ νnc (Bc
2,R) + νnc (Bc

3,R) ≤ C

R
.

Claim 3. The set {νnQ}n≥1 is tight on path space XQ.

The proof follows the same line as above, here we only give the necessary estimates.

Using (2.2.20) and the Hölder inequality again, we have

E‖ − (un · ∇)Qn − (QnΨn −ΨnQn) + ΓH(Qn, cn)‖
L2(0,T ;L

3
2 (D))

≤ CE
[∫ t

0

‖un‖2
L6‖∇Qn‖2

L2 + ‖Qn‖2
L6‖∇un‖2

L2 + ‖4Qn‖2
L2 + ‖cn‖2

L2‖Qn‖2
L6ds

] 1
2

≤ CE

[
sup
t∈[0,T ]

‖Qn‖2
H1

]
E
∫ t

0

‖∇un‖2
L2ds+ E

∫ t

0

‖4Qn‖2
L2ds

+ E

[
sup
t∈[0,T ]

(‖cn‖2
L2 + ‖Qn‖2

H1)

]
≤ C,
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leading to

E‖Qn‖Cα([0,T ];L
3
2 (D))

≤ E
∫ t
t′
‖ − (un · ∇)Qn − (QnΨn −ΨnQn) + ΓH(Qn, cn)‖

L
3
2
ds

|t− t′|α
+ δ′

≤ |t− t′|
1
2
−α · E‖ − (un · ∇)Qn − (QnΨn −ΨnQn) + ΓH(Qn, cn)‖

L2(0,T ;L
3
2 (D))

+ δ′ ≤ C,

where C is independent of n.

Claim 4. The sets {νnu}n≥1 and {νnρ }n≥1 are tight on path spaces Xu,Xρ.

Here, we only focus on the tightness of {νnρ }n≥1 on space L2([0, T ] × D). Since ρn ∈

L2(0, T ;H1(D)) and ∂tρn ∈ L2(0, T ;H−1(D)), then we can show the tightness using the

same argument as Claim 2.

Finally, Lemma 2.2.5 follows the result of Claims 1-4.

Proof of Proposition 2.2.4. With the tightness established, the Skorokhod-Jakubowski the-

orem is invoked to get that there exists a probability space (Ω̃, F̃ , P̃) with X -valued measur-

able random variables

(ũn, ρ̃n, q̃n, c̃n, Q̃n, W̃n) and (ũ, ρ̃, q̃, c̃, Q̃, W̃),

such that

(ũn, ρ̃n, q̃n, c̃n, Q̃n, W̃n)→ (ũ, ρ̃, q̃, c̃, Q̃, W̃), P̃ a.s.

in the topology of X . Moreover, the joint distribution of (ũn, ρ̃n, q̃n, c̃n, Q̃n, W̃n) is the

same as the law of (un, ρn, Pn(ρnun), cn, Qn,Wn), consequently, we have q̃n = Pn(ρ̃nũn),

Q̃n ∈ S3
0 , a.s. and the energy estimates (2.2.31)-(2.2.36) hold. Moreover, the process

(ρ̃n, Pn(ρ̃nũn), c̃n, Q̃n, W̃n) also satisfies the system (2.2.1) using the same argument as [84].

It remains to identify q̃ = ρ̃ũ. On the one hand, we have

Pn(ρ̃nũn)→ q̃ in C(0, T ;H−1(D)), P̃ a.s.
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On the other hand, from

ρ̃n → ρ̃ in L∞(0, T ;H−
1
2 (D)).

and

ũn ⇀ ũ in L2(0, T ;H1(D)).

it follows that Pn(ρ̃nũn) ⇀ ρ̃ũ in L2(0, T ;H−1(D)), P̃ a.s. Then, we infer q̃ = ρ̃ũ.

2.2.3 Taking the limit for n tends to infinity

Based on the Proposition 2.2.4, we identify the limit of the nonlinear term.

Lemma 2.2.6. For any φ ∈ L∞(0, T ;H1,6(D)) and t ∈ [0, T ], the following convergence

holds P̃ a.s. ∫ t

0

〈F(Q̃n)I3 −∇Q̃n �∇Q̃n + Q̃n4Q̃n −4Q̃nQ̃n + σ∗c̃2
nQ̃n,∇φ〉ds

→
∫ t

0

〈F(Q̃)I3 −∇Q̃�∇Q̃+ Q̃4Q̃−4Q̃Q̃+ σ∗c̃2Q̃,∇φ〉ds,

as n→∞.

Proof. Decompose∫ t

0

〈Q̃n4Q̃n −4Q̃nQ̃n − (Q̃4Q̃−4Q̃Q̃),∇φ〉ds

=

∫ t

0

〈(Q̃n − Q̃)4Q̃n,∇φ〉ds+

∫ t

0

〈Q̃(4Q̃n −4Q̃),∇φ〉ds

+

∫ t

0

〈(4Q̃−4Q̃n)Q̃,∇φ〉ds+

∫ t

0

〈4Q̃n(Q̃− Q̃n),∇φ〉ds

=: J1 + J2 + J3 + J4.

For J1, J4, by Proposition 2.2.4(2.2.28) and (2.2.36), we have P̃ a.s.

|J1 + J4| ≤
∫ t

0

‖∇ϕ‖L3‖Q̃n − Q̃‖L6‖4Q̃n‖L2ds

≤ ‖∇ϕ‖L∞(0,T ;L3(D))

(∫ t

0

‖Q̃n − Q̃‖2
H1ds

) 1
2
(∫ t

0

‖4Q̃n‖2
L2ds

) 1
2

→ 0.

Also, we have J2, J3 → 0 as n→∞ using the fact 4Q̃n ⇀ 4Q̃ in L2([0, T ]×D).
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On the other hand, by Proposition 2.2.4(2.2.28), (2.2.35) and (2.2.36), the following

convergences hold P̃ a.s.∫ t

0

〈∇Q̃n �∇Q̃n −∇Q̃�∇Q̃,∇φ〉ds

≤
∫ t

0

‖∇Q̃n −∇Q̃‖L2‖∇Q̃,∇Q̃n‖L6‖∇φ‖L3ds

≤ ‖∇φ‖L∞(0,T ;L3(D))

(∫ t

0

‖Q̃n − Q̃‖2
H1ds

) 1
2
(∫ t

0

‖∇Q̃n,∇Q̃‖2
H1ds

) 1
2

→ 0,

and ∫ t

0

〈c̃2
nQ̃n − c̃2Q̃,∇φ〉ds =

∫ t

0

〈(c̃2
n − c̃2)Q̃n + c̃2(Q̃n − Q̃),∇φ〉ds

≤
∫ t

0

‖c̃n − c̃‖L2‖c̃n, c̃‖L6‖Q̃n‖L6‖∇φ‖L6 + ‖c̃‖L6‖c̃‖L2‖Q̃n − Q̃‖L6‖∇φ‖L6ds

≤
(
‖Q̃n‖L∞(0,T ;L6(D)) + ‖c̃‖L∞(0,T ;L2(D))

)
‖∇φ‖L∞(0,T ;L6(D))

×
(∫ t

0

‖c̃n − c̃‖2
L2 + ‖Q̃n − Q̃‖2

H1ds

) 1
2
(∫ t

0

(1 + ‖c̃n, c̃‖L6)2ds

) 1
2

→ 0.

Similarly, we have P̃ a.s. ∫ t

0

〈F(Q̃n)I3 − F(Q̃)I3,∇φ〉ds→ 0.

This completes the proof.

Lemma 2.2.7. For any ϕ ∈ L∞(0, T ;L3(D)) and t ∈ [0, T ], the following convergence holds

P̃ a.s. ∫ t

0

〈(ũn · ∇)Q̃n + Q̃nΨ̃n − Ψ̃nQ̃n − ΓH(Q̃n, c̃n), ϕ〉ds

→
∫ t

0

〈(ũ · ∇)Q̃+ Q̃Ψ̃− Ψ̃Q̃− ΓH(Q̃, c̃), ϕ〉ds,

as n→∞.
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Proof. Decompose ∫ t

0

〈(ũn · ∇)Q̃n − (ũ · ∇)Q̃, ϕ〉ds

=

∫ t

0

〈(ũn · ∇)(Q̃n − Q̃), ϕ〉ds+

∫ t

0

〈(ũn − ũ) · ∇)Q̃, ϕ〉ds

=: J1 + J2.

For J1, using the Proposition 2.2.4(2.2.28), (2.2.32) and the Hölder inequality, to get P̃ a.s.

|J1| ≤
∫ t

0

‖ũn‖L6‖∇(Q̃n − Q̃)‖L2‖ϕ‖L3ds

≤ ‖ϕ‖L∞(0,T ;L3(D))

(∫ t

0

‖∇(Q̃n − Q̃)‖2
L2ds

) 1
2
(∫ t

0

‖ũn‖2
H1ds

) 1
2

→ 0.

Also, we have J2 → 0 as n → ∞ which is the result of the convergence of ũn in Xu, P̃ a.s.

By the similar argument as the first term, using the strong convergences of Q̃n in XQ and c̃n

in Xc, P̃ a.s. and (2.2.32), (2.2.35), (2.2.36), we have P̃ a.s.∫ t

0

〈Q̃nΨ̃n − Ψ̃nQ̃n − ΓH(Q̃n, c̃n), ϕ〉ds→
∫ t

0

〈Q̃Ψ̃− Ψ̃Q̃− ΓH(Q̃, c̃), ϕ〉ds.

as n→∞.

For the sake of elaborating the convergence of term ε∇ρ̃n ·∇ũn, in [32], Feireisl-Novotný-

Petzeltová showed ρ̃n → ρ̃ in L2(0, T ;H1(D)), P̃ a.s. Then, we have

∇ρ̃n · ∇ũn → ∇ρ̃ · ∇ũ in L∞([0, T ]×D)′, P̃ a.s. (2.2.42)

Moreover, [43, 81, 84] give

ρ̃nũn ⊗ ũn → ρ̃ũ⊗ ũ in L∞([0, T ]×D)′, P̃ a.s. (2.2.43)

and for q ∈ [1, 2β
β+1

)

ρ̃nũn → ρ̃ũ in Lq([0, T ]×D), P̃ a.s. (2.2.44)

Furthermore, using the Proposition 2.2.4(2.2.28), (2.2.32), (2.2.35), we have

ũn · ∇c̃n → ũ · ∇c̃ in L∞([0, T ]×D)′, P̃ a.s. (2.2.45)
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Define the functional for any φ ∈ ∪Xn

N (ρ, u, c, Q) =

∫
D
ρuφdx−

∫
D
m(0)φdx

−
∫ t

0

∫
D

(ρu⊗ u)− µ1∇u)∇φ− ((µ1 + µ2)divu+ ργ + δρβ)divφdxds

+

∫ t

0

∫
D
σ∗(c2Q)∇φdxds−

∫ t

0

∫
D
εφ∇ρ · ∇udxds

+

∫ t

0

∫
D

(F(Q)I3 −∇Q�∇Q+Q4Q−4QQ)∇φdxds.

Following ideas of [43, 20], we are able to obtain the limit (c̃, ρ̃, ũ, Q̃, W̃) satisfies the momen-

tum equation once we show that the process N (c̃, ρ̃, ũ, Q̃)t is a square integral martingale

and its quadratic and cross variations satisfy

� N (c̃, ρ̃, ũ, Q̃)t �=
∑
k≥1

∫ t

0

〈ρ̃f(ρ̃, ρ̃ũ, c̃, Q̃)βk, φ〉ds, (2.2.46)

� N (c̃, ρ̃, ũ, Q̃)t, β̃k �=

∫ t

0

〈ρ̃f(ρ̃, ρ̃ũ, c̃, Q̃)βk, φ〉ds. (2.2.47)

Here, we only focus on the noise term. It is enough to show that P̃⊗ L a.e.

〈M
1
2 (ρ̃n)Pn(

√
ρ̃nf(ρ̃n, ρ̃nũn, c̃n, Q̃n)·), φ〉 → 〈ρ̃f(ρ̃, ρ̃ũ, c̃, Q̃)·, φ〉 in L2(H;R). (2.2.48)

Toward proving the convergence, we estimate by the Minkowski inequality∥∥∥〈M 1
2 (ρ̃n)Pn(

√
ρ̃nf(ρ̃n, ρ̃nũn, c̃n, Q̃n)·, φ〉 − 〈ρ̃f(ρ̃, ρ̃ũ, c̃, Q̃)·, φ〉

∥∥∥
L2(H;R)

≤ C
∥∥∥M 1

2 (ρ̃n)Pn(
√
ρ̃nf(ρ̃n, ρ̃nũn, c̃n, Q̃n)− ρ̃f(ρ̃, ρ̃ũ, c̃, Q̃)

∥∥∥
L2(H;H−k)

≤ C

(∑
k≥1

‖ρ̃nf(ρ̃n, ρ̃nũn, c̃n, Q̃n)ek − ρ̃f(ρ̃, ρ̃ũ, c̃, Q̃)ek‖2
L1

) 1
2

+
∥∥∥M 1

2 (ρ̃n)Pn(
√
ρ̃nf(ρ̃n, ρ̃nũn, c̃n, Q̃n)− ρ̃nf(ρ̃n, ρ̃nũn, c̃n, Q̃n)

∥∥∥
L2(H;H−k)

≤ C

∫
D

(∑
k≥1

|ρ̃nf(ρ̃n, ρ̃nũn, c̃n, Q̃n)ek − ρ̃f(ρ̃, ρ̃ũ, c̃, Q̃)ek|2
) 1

2

dx

+
∥∥∥M 1

2 (ρ̃n)Pn(
√
ρ̃nf(ρ̃n, ρ̃nũn, c̃n, Q̃n))− ρ̃nf(ρ̃n, ρ̃nũn, c̃n, Q̃n)

∥∥∥
L2(H;H−k)

=: J1 + J2.
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Next, we show that J1,J2 → 0, as n→∞, P̃⊗ L a.e. Indeed, by condition (2.1.2) as well

as Proposition 2.2.4, we have

|J1| ≤ C‖ρ̃n − ρ̃, ρ̃nũn − ρ̃ũ, c̃n − c̃, Q̃n − Q̃‖
L

2γ
γ+1
→ 0.

Also, using the Hölder inequality, condition (2.1.1), the bound (2.2.20) and Proposition 2.2.4,

we have J2 → 0, as n→∞, see also [43, Proposition 4.11]. Then, (2.2.48) follows. We could

obtain equalities (2.2.46), (2.2.47) by combining (2.2.42)-(2.2.44), (2.2.48), Proposition 2.2.4

and the Vitali convergence theorem A.0.3.

Using the same argument as above, we infer that it holds P̃ a.s.∫
D
c̃(t)`dx =

∫
D
c̃(0)`dx−

∫ t

0

∫
D

(ũ · ∇)c̃ · `dxds−
∫ t

0

∫
D
∇c̃ · ∇`dxds,∫

D
Q̃(t)ϕdx =

∫
D
Q̃(0)ϕdx−

∫ t

0

∫
D

((ũ · ∇)Q̃+ Q̃Ψ̃− Ψ̃Q̃)ϕdxds

+

∫ t

0

∫
D

ΓϕH(Q̃, c̃)dxds,

for ` ∈ C∞(D), ϕ ∈ C∞(D), t ∈ [0, T ]. We summarize the result for this section,

Proposition 2.2.8. For β > max{6, γ}, fixed δ > 0. If conditions (2.1.1), (2.1.2) hold.

There exists a global weak martingale solution to modified system (2.2.1)-(2.2.6).

2.3 The Existence of Martingale Solution for Vanishing Artificial Viscosity

In this section, we let ε→ 0 to build the existence of global weak martingale solution to

the following system

∂tc+ (u · ∇)c = 4c,

∂tρ+ div(ρu) = 0,

∂t(ρu) + div(ρu⊗ u) +∇(ργ + δρβ) = µ1∆u+ (µ1 + µ2)∇(divu)

+σ∗∇ · (c2Q) +∇ · (F(Q)I3 −∇Q�∇Q) +∇ · (Q4Q−4QQ)

+ρf(ρ, ρu, c,Q)dW
dt
,

∂tQ+ (u · ∇)Q+QΨ−ΨQ = ΓH(Q, c).

(2.3.1)
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The solutions (ρε,δ, uε,δ, cε,δ, Qε,δ) obtained in the first level approximation will be used

for the approximate solution in this section, which shares the same energy bounds with

(2.2.31)-(2.2.36). Namely,

ρε,δuε,δ ∈ Lp(Ω;L∞(0, T ;L
2β
β+1 (D))), (2.3.2)

ρε,δ ∈ Lp(Ω;L∞(0, T ;Lβ(D))), (2.3.3)

uε,δ ∈ Lp(Ω;L2(0, T ;H1(D))), (2.3.4)

√
ρε,δuε,δ ∈ Lp(Ω;L∞(0, T ;L2(D))), (2.3.5)

cε,δ ∈ Lp(Ω;L∞(0, T ;L2(D)) ∩ L2(0, T ;H1(D))), (2.3.6)

Qε,δ ∈ Lp(Ω;L∞(0, T ;H1(D)) ∩ L2(0, T ;H2(D))). (2.3.7)

The proof also consists of the argument of tightness and identifying the limit. Note that,

here we are not allowed to make use of the a priori bound
√
ερε,δ ∈ Lp(Ω;L2(0, T ;H1(D)))

to gain the tightness of the distribution of density on path space L2(0, T ;L2(D)). Therefore,

we are not able to identify the pressure and stochastic term. To overcome this difficulty, we

first improve the integrability of density.

We replace (ρε,δ, uε,δ, cε,δ, Qε,δ) by (ρε, uε, cε, Qε) to simplify the notation.

Recall the operator T constructed by Bogovskii [7] related to the problem

divv = f, v|∂D = 0,

with the following properties:

1. T :
{
f ∈ Lp :

∫
D fdx = 0

}
→ H1,p

0 (D) is a bounded linear operator such that for all

p > 1

‖T (f)‖H1,p
0 (D) ≤ C‖f‖Lp(D). (2.3.8)

2. v = T (f) is a solution to above equation.

3. For any function g ∈ Lr(D) with g · ~n|∂D = 0, it holds

‖T (divg)‖Lr(D) ≤ C‖g‖Lr(D). (2.3.9)

The proof of above properties, we refer the readers to [8, 36] and the references therein for

details.

40



Lemma 2.3.1. The approximate sequence ρε satisfies the following estimate

E
∫ T

0

∫
D
ργ+1
ε + δρβ+1

ε dxdt ≤ C,

where the constant C is independent of ε.

Proof. The proof is similar to that of [32]. Applying the Itô formula to the function

Φ(ρεuε, T [ρε − (ρ0)m]) =

∫
D
ρεuε · T [ρε − (ρ0)m]dx.

Then ∫
D
ρεuε · T [ρε − (ρ0)m]dx

=

∫ t

0

∫
D
ργ+1
ε + δρβ+1

ε dxds+

∫
D
m0 · T [ρ0 − (ρ0)m]dx

− µ1

∫ t

0

∫
D
∇uε : ∇T [ρε − (ρ0)m]dxds

− (µ1 + µ2)

∫ t

0

∫
D

divuε · [ρε − (ρ0)m]dxds

+

∫ t

0

∫
D
ρεuε ⊗ uε : ∇T [ρε − (ρ0)m]dxds−

∫ t

0

(ρ0)m

∫
D
ργε + δρβε dxds

− ε
∫ t

0

∫
D
∇uε∇ρε · T [ρε − (ρ0)m]dxds−

∫ t

0

∫
D
ρεuε · T [div(ρεuε)]dxds

+ ε

∫ t

0

∫
D
ρεuε · T [4ρε]dxds−

∫ t

0

∫
D
σ∗c2

εQε : ∇T [ρε − (ρ0)m]dxds

−
∫ t

0

∫
D

(∇Qε �∇Qε − F(Qε)I3) : ∇T [ρε − (ρ0)m]dxds

−
∫ t

0

∫
D

(Qε4Qε −4QεQε) : ∇T [ρε − (ρ0)m]dxds

+

∫ t

0

∫
D
ρεf(ρε, ρεuε, cε, Qε) · T [ρε − (ρ0)m]dxdW

=

∫ t

0

∫
D
ργ+1
ε + δρβ+1

ε dxds+ J0 +

∫ t

0

J1 + · · ·+ J10ds+

∫ t

0

J11dW . (2.3.10)

Taking expectation on both sides of (2.3.10), rearranging and to obtain

E
∫ t

0

∫
D
ργ+1
ε + δρβ+1

ε dxds

= −E

(
J0 +

10∑
i=1

∫ t

0

Jids

)
+ E

∫
D
ρεuε · T [ρε − (ρ0)m]dx, (2.3.11)
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in fact E
∫ t

0
J11dW = 0, since the process

∫ t
0
J11dW is a square integrable martingale. Indeed,

using condition (2.1.1)

E
∫ t

0

∑
k≥1

(∫
D
ρεf(ρε, ρεuε, cε, Qε) · T [ρε − (ρ0)m]ekdx

)2

ds

≤ CE(‖T [ρε − (ρ0)m]‖2
L∞([0,T ]×D)×∫ t

0

∫
D

∑
k≥1

ρε|f(ρε, ρεuε, cε, Qε)ek|2dx
∫
D
ρεdxds)

≤ CE‖T [ρε − (ρ0)m]‖4
L∞([0,T ]×D)

+ CE
(∫
D
ρε(0)dx

)4

E

(∫ t

0

∫
D

∑
k≥1

ρε|f(ρε, ρεuε, cε, Qε)ek|2dxds

)4

≤ CE‖T [ρε − (ρ0)m]‖4
L∞([0,T ]×D)

+ Cδ−
1
βE
(∫ t

0

∫
D
ργε + |√ρεuε|2 + c2

ε + |Qε|2dxds
)4

≤ C(δ).

The desired result follows once each term on the right hand side of (2.3.11) can be controlled.

By the Hölder inequality, (2.3.2) and (2.3.9), we obtain∣∣∣∣−E∫ t

0

J3 + J6ds

∣∣∣∣
≤ CE

∫ T

0

‖ρεuε‖
L

2β
β+1
‖uε‖L6‖ρε − (ρ0)m‖Lβ

+‖ρε‖Lβ‖uε‖L6‖T [div(ρεuε)]‖
L

2β
β+1

dt

≤ CE
∫ T

0

‖ρεuε‖
L

2β
β+1
‖∇uε‖L2‖ρε − (ρ0)m‖Lβdt

≤ CE

(
sup
t∈[0,T ]

‖ρεuε‖
L

2β
β+1
‖ρε − (ρ0)m‖Lβ

∫ T

0

‖∇uε‖L2dt

)
≤ C.

Again, using the Hölder inequality, the Sobolev embedding H1,p(D) ↪→ L∞(D) for p > 3 and

(2.3.8) ∣∣∣∣E∫ t

0

−J5ds

∣∣∣∣ ≤ εCE
∫ T

0

‖∇uε‖L2‖∇ρε‖L2‖T [ρε − (ρ0)m]‖L∞dt

≤ εCE
∫ T

0

‖∇uε‖L2‖∇ρε‖L2‖T (ρε)‖H1,βdt

≤ εCE

[
sup
t∈[0,T ]

‖ρε‖Lβ

]
E
∫ T

0

‖∇uε‖2
L2dtE

∫ T

0

‖∇ρε‖2
L2dt ≤ C.
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Moreover, by the bounds (2.3.3), (2.3.4), (2.3.6), (2.3.7), we have∣∣∣∣E∫ t

0

−J7ds

∣∣∣∣ ≤ εCE
∫ T

0

‖∇uε‖L2‖ρε‖Lβ‖∇ρε‖L2dt ≤ C,∣∣∣∣E∫ t

0

−J8ds

∣∣∣∣ ≤ CE
∫ T

0

‖cε‖2
L6‖Qε‖L6‖∇T [ρε − (ρ0)m]‖L2dt

≤ CE

[
sup
t∈[0,T ]

(‖Qε‖4
L6 + ‖ρε − (ρ0)m‖4

L2)

]
E
(∫ T

0

‖cε‖2
L6dt

)2

≤ C,∣∣∣∣E∫ t

0

−J9ds

∣∣∣∣ ≤ CE
∫ T

0

‖∇Qε‖2

L
10
3
‖∇T [ρε − (ρ0)m]‖

L
5
2

+ (‖Qε‖2
L3

+ ‖Qε‖4
L6)‖ρε − (ρ0)m‖L3dt

≤ CE
∫ T

0

‖Qε‖2
H2‖ρε − (ρ0)m‖Lβ + (1 + ‖Qε‖4

L6)‖ρε − (ρ0)m‖Lβdt

≤ CE

[
sup
t∈[0,T ]

‖ρε − (ρ0)m‖2
Lβ

]
E
(∫ T

0

‖4Qε‖2
L2 + (1 + ‖Qε‖4

L6)dt

)2

≤ C,∣∣∣∣E∫ t

0

−J10ds

∣∣∣∣ ≤ CE
∫ T

0

‖Qε‖L4‖4Qε‖L2‖∇T [ρε − (ρ0)m]‖Lβdt

≤ CE

[
sup
t∈[0,T ]

‖ρε − (ρ0)m‖4
Lβ

]
×

E

[
sup
t∈[0,T ]

‖Qε‖4
H1

]
E
(∫ T

0

‖4Qε‖2
L2dt

)2

≤ C,

where C is independent of ε. The proof is complete.

2.3.1 Compactness argument

In order to acquire the compactness of the approximate sequence, we implement the

same procedures as the first level approximation. Define the path space

X = Xu ×Xρ ×Xρu ×Xc ×XQ ×XW ,

where

Xρ := L∞(0, T ;H−
1
2 (D)) ∩ Lβ+1

w (0, T ;Lβ+1(D)),
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and Xu,Xρu,Xc,XQ,XW are the same as the definition in subsection 2.2.2. Let X̃ = X ×

L
β+1
β

w ((0, T )×D). The set of probability measures {νε}ε>0 is constructed similarly to (2.2.27).

We also have the following result.

Proposition 2.3.2. There exists new probability space (Ω̃, F̃ , P̃), subsequence {νεk}k≥1 (still

denote by ε) and X̃ -valued measurable random variables

(ũε, ρ̃ε, ρ̃εũε, ρ̃
γ
ε + δρ̃βε , c̃ε, Q̃ε, W̃ε) and (ũ, ρ̃, ρ̃ũ, ρ̃γ + δρ̃β, c̃, Q̃, W̃),

such that

(ũε, ρ̃ε, ρ̃εũε, c̃ε, Q̃ε, W̃ε)→ (ũ, ρ̃, ρ̃ũ, c̃, Q̃, W̃), P̃ a.s. (2.3.12)

in the topology of X , moreover, we have P̃ a.s.

ρ̃γε + δρ̃βε → ρ̃γ + δρ̃β in L
β+1
β

w ((0, T )×D), (2.3.13)

and

P̃
{

(ũε, ρ̃ε, ρ̃εũε, ρ̃
γ
ε + δρ̃βε , c̃ε, Q̃ε, W̃ε) ∈ ·

}
= νε(·),

P̃
{

(ũ, ρ̃, ρ̃ũ, ρ̃γ + δρ̃β, c̃, Q̃, W̃) ∈ ·
}

= ν(·),

where ν is a Radon measure and W̃ε is cylindrical Wiener process, relative to the filtration

F̃ εt generated by the completion of σ(ũε(s), ρ̃ε(s), c̃ε(s), Q̃ε(s), W̃ε(s); s ≤ t). In addition,

ρ̃εdivũε → ρ̃εdivũε weakly in Lp(Ω̃;L2(0, T ;L
2β
β+2 )), (2.3.14)

ρ̃ε ln ρ̃ε → ρ̃ε ln ρ̃ε weakly star in Lp(Ω̃;L2(0, T ;L
2β
β+2 )). (2.3.15)

Furthermore, the process (ũε, ρ̃ε, ρ̃εũε, c̃ε, Q̃ε, W̃ε) also satisfies the system (2.3.1) and shares

the uniform bounds with (2.3.2)-(2.3.7).

Lemma 2.3.3. The sequence of probability measures {νε}ε>0 is tight on path space X̃ .
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Proof. In order not to repeat the trivial procedures, we mainly show limited parts that are

different from the Lemma 2.2.5. Decompose ρεuε = Xε + Y ε, where

Xε = m0 +

∫ t

0

−div(ρεuε ⊗ uε)−∇(ργε + δρβε ) + µ1∆uε + (µ1 + µ2)∇(divuε)

+∇ · (F(Qε)I3 −∇Qε �∇Qε) +∇ · (Qε4Qε −4QεQε)

+σ∗∇ · (c2
εQε)ds+

∫ t

0

ρεf(ρε, ρεuε, cε, Qε)dW ,

and

Yε = ε

∫ t

0

∇ρε · ∇uεds.

For the process Xε, one can treat it by the same argument as Lemma 2.2.5 Claim 1,

obtaining E‖Xε(t)‖Cα([0,T ];H−k(D)) ≤ C for any α ∈ [0, 1
2
), k ≥ 5

2
.

For process Yε, Using the bound (2.3.4), we have P a.s.∫ t

0

∫
D
|ε∇ρε · ∇uε|dxds ≤

√
ε

(∫ t

0

‖∇uε‖2
L2ds

) 1
2
(∫ t

0

‖
√
ε∇ρε‖2

L2ds

) 1
2

≤ C
√
ε→ 0, as ε→ 0,

which leads to Yε → 0 in C([0, T ];L1(D)), P a.s. Note that, the convergence a.s. implies the

convergence in distribution, therefore, we have

Yε → 0, in C([0, T ];L1(D)),

in the sense of distribution. The Sobolev compactness embedding L1(D) ↪→ H−k(D) for k >

3
2
, implies that there exists a compact set K ⊂ C([0, T ];H−k(D)) such that P(Yε ⊂ Kc) < ε.

We obtain the law of set {P ◦ (Yε)
−1} is tight on space C([0, T ];H−k(D)).

Define the set K̃ = K1 ∩ (K2 +K), where

K1 :=

{
ϕ ∈ L∞(0, T ;L

2β
β+1 (D)) : ‖ϕ‖

L∞(0,T ;L
2β
β+1 (D))

≤ R

}
,

K2 :=
{
ϕ ∈ Cα([0, T ];H−k(D)) : ‖ϕ‖Cα([0,T ];H−k(D)) ≤ R

}
.
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Then, by the Aubin-Lions lemma A.0.1, we can get that the set K is relatively compact in

C([0, T ];H−1(D)). Using the bound (2.3.2) and the Chebyshev inequality, to conclude

µερu(K̃c) ≤ P
(
‖ρεuε‖

L∞(0,T ;L
2β
β+1 (D))

> R

)
+ P

(
‖Xε‖Cα([0,T ];H−k(D)) > R

)
+ P(Yε ⊂ Kc) ≤ C

R
+ ε.

Thus, we obtain the tightness of {µερu}ε>0 on path space Xρu.

The tightness of {νερ}ε>0 on path space Lβ+1
w (0, T ;Lβ+1(D)) and P ◦ (ρ̃γε + δρ̃βε )−1 on path

space L
β+1
β

w ([0, T ]×D) is a result of the bound (2.3.3) and the Banach-Alagolu theorem using

the same argument as Lemma 2.2.5 Claim 2.

Proof of Proposition 2.3.2. The proofs follow the same manner as Proposition 2.2.4. The

convergence results (2.3.14), (2.3.15) follows from the bounds (2.3.2)-(2.3.5) after using the

Banach-Alagolu theorem, see also [81, Proposition 6.3].

2.3.2 Taking the limit for the artificial viscosity coefficient goes to zero

Now, we can pass to the limit ε→ 0 for fixed δ, to obtain:

Proposition 2.3.4. For all ` ∈ C∞(D), φ ∈ C∞(D), ϕ ∈ C∞(D), ψ ∈ C∞(D), t ∈ [0, T ],

there exist pressure ρ̃γ + δρ̃β and an L2(H;H−l)-valued martingale W̃ such that the process

(ρ̃, ũ, c̃, Q̃, W̃ ) satisfies equations, P̃ a.s.∫
D
c̃(t)`dx =

∫
D
c̃(0)`dx−

∫ t

0

∫
D

(ũ · ∇)c̃ · `dxds−
∫ t

0

∫
D
∇c̃ · ∇`dxds,∫

D
ρ̃(t)ψdx =

∫
D
ρ̃(0)ψdx+

∫ t

0

∫
D
ρ̃ũ · ∇ψdxds,∫

D
ρ̃ũ(t)φdx =

∫
D
m̃(0)φdx+

∫ t

0

∫
D

(ρ̃ũ⊗ ũ) · ∇φdxds−
∫ t

0

∫
D
µ1∇ũ∇φdxds

−
∫ t

0

∫
D

(µ1 + µ2)divũdivφdxds+

∫ t

0

∫
D

(
ρ̃γ + δρ̃β

)
divφdxds

−
∫ t

0

∫
D

(
(F(Q̃)I3 −∇Q̃�∇Q̃) + (Q̃4Q̃−4Q̃Q̃)

+σ∗(c̃2Q̃)

)
∇φdxds+

∫
D
φW̃dx,∫

D
Q̃(t)ϕdx =

∫
D
Q̃(0)ϕdx−

∫ t

0

∫
D

((ũ · ∇)Q̃+ Q̃Ψ̃− Ψ̃Q̃)ϕdxds
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+

∫ t

0

∫
D

ΓϕH(Q̃, c̃)dxds.

Proof. The argument is similar to that one in subsection 3.3. Note that due to the lack of

strong convergence of density, we can not identify the specific form of stochastic term, but

we could verify that W̃ is still a martingale process, see [43].

In order to identify the nonlinear term of ρ (the pressure term and the stochastic term),

the strong convergence of density is necessary, which can be acquired by two steps following

the idea of [32, 59].

Step 1. Weak convergence of the effective viscous flux.

The quantity ργ + δρβ − (µ2 + 2µ1)divu usually called the effective viscous flux which

enjoys many remarkable properties, see [41, 59]. Introduce the operator A

A[f ] = ∇4−1f, Aj[f ] = ∂j4−1f,

with the following properties:

divA[f ] = f, 4A[f ] = ∇f, (2.3.16)

‖A[f ]‖H1,p(D) ≤ C‖f‖Lp(D), for all p ≥ 1, (2.3.17)

‖A[f ]‖L∞(D) ≤ C‖f‖Lp(D), for all p > 3. (2.3.18)

Note that ρ̃ε, ũε could be extended to zero outside D satisfying

∂tρ̃ε + div(ρ̃εũε) = εdiv(1D∇ρ̃ε),

in the weak sense, where 1D stands for the indicator function. We could also do the zero

extension to limit function ρ̃, ũ to R3 which satisfies the equation (2.3.1)2 in the weak sense,

for further detail see [32, 22, 84].

Using the Itô formula to functions

f1(ρ̃ε, ρ̃εũε) =

∫
D
ρ̃εũε · ψ̃φ̃A[ρ̃ε]dx.

and

f2(ρ̃, ρ̃ũ) =

∫
D
ρ̃ũ · ψ̃φ̃A[ρ̃]dx.
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where the functions ψ̃ ∈ C∞c (0, T ), φ̃ ∈ C∞c (D)., taking expectation, to obtain

Ẽ
∫ t

0

ψ̃(s)

∫
D
φ̃(ρ̃γ+1

ε + δρ̃β+1
ε − (µ2 + 2µ1)divũε) · ρ̃εdxds

= −Ẽ
∫ t

0

ψ̃(s)

∫
D
φ̃(ρ̃γε + δρ̃βε )∂iφ̃Ai[ρ̃ε]dxds

+(µ1 + µ2)Ẽ
∫ t

0

ψ̃(s)

∫
D

divũε∂iφ̃Ai[ρ̃ε]dxds

+µ1Ẽ
∫ t

0

ψ̃(s)

∫
D
∂jũ

i
ε∂jφ̃Ai[ρ̃ε]dxds

−µ1Ẽ
∫ t

0

ψ̃(s)

∫
D
ũiε∂jφ̃∂jAi[ρ̃ε]dxds+ µ1Ẽ

∫ t

0

ψ̃(s)

∫
D
ũiε∂iφ̃ρ̃εdxds

−εẼ
∫ t

0

ψ̃(s)

∫
D
φ̃ρ̃εũ

i
εAi[div(1D∇ρ̃ε)]dxds

+Ẽ
∫ t

0

ψ̃(s)

∫
D
φ̃ũiε(ρ̃ε∂iAj[ρ̃εũjε]− ρ̃εũiε∂iAj[ρ̃ε])dxds

−Ẽ
∫ t

0

ψ̃s(s)

∫
D
φ̃ρ̃εũ

i
εAi[ρ̃ε]dxds− Ẽ

∫ t

0

ψ̃(s)

∫
D
ρ̃εũ

i
εũ
j
ε∂jφ̃Ai[ρ̃ε]dxds

+εẼ
∫ t

0

ψ̃(s)

∫
D
φ̃∂jũ

i
ε∂j ρ̃εAi[ρ̃ε]dxds

+Ẽ
∫ t

0

ψ̃(s)

∫
D
σ∗(c̃2

εQ̃ε) : (φ̃∇A[ρ̃ε] +∇φ̃⊗A[ρ̃ε])dxds

+Ẽ
∫ t

0

ψ̃(s)

∫
D

(F(Q̃ε)I3 −∇Q̃ε �∇Q̃ε) : (φ̃∇A[ρ̃ε] +∇φ̃⊗A[ρ̃ε])dxds

+Ẽ
∫ t

0

ψ̃(s)

∫
D

(Q̃ε4Q̃ε −4Q̃εQ̃ε) : (φ̃∇A[ρ̃ε] +∇φ̃⊗A[ρ̃ε])dxds

=: J ε1 + · · ·+ J ε13, (2.3.19)

and

Ẽ
∫ t

0

ψ̃(s)

∫
D
φ̃(ρ̃γ + δρ̃β)ρ̃− φ̃(µ2 + 2µ1)divũ · ρ̃dxds

= −Ẽ
∫ t

0

ψ̃(s)

∫
D
φ̃(ρ̃γ + δρ̃β)∂iφ̃Ai[ρ̃]dxds

+(µ1 + µ2)Ẽ
∫ t

0

ψ̃(s)

∫
D

divũ∂iφ̃Ai[ρ̃]dxds

+µ1Ẽ
∫ t

0

ψ̃(s)

∫
D
∂jũ

i∂jφ̃Ai[ρ̃]dxds

−µ1Ẽ
∫ t

0

ψ̃(s)

∫
D
ũi∂jφ̃∂jAi[ρ̃]dxds+ µ1Ẽ

∫ t

0

ψ̃(s)

∫
D
ũi∂iφ̃ρ̃dxds
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+Ẽ
∫ t

0

ψ̃(s)

∫
D
φ̃ũi(ρ̃∂iAj[ρ̃ũj]− ρ̃εũi∂iAj[ρ̃])dxds

−Ẽ
∫ t

0

ψ̃s(s)

∫
D
φ̃ρ̃ũiAi[ρ̃]dxds− Ẽ

∫ t

0

ψ̃(s)

∫
D
ρ̃ũiũj∂jφ̃Ai[ρ̃]dxds

+Ẽ
∫ t

0

ψ̃(s)

∫
D
σ∗(c̃2Q̃) : (φ̃∇A[ρ̃] +∇φ̃⊗A[ρ̃])dxds

+Ẽ
∫ t

0

ψ̃(s)

∫
D

(F(Q̃)I3 −∇Q̃�∇Q̃) : (φ̃∇A[ρ̃] +∇φ̃⊗A[ρ̃])dxds

+Ẽ
∫ t

0

ψ̃(s)

∫
D

(Q̃4Q̃−4Q̃Q̃) : (φ̃∇A[ρ̃] +∇φ̃⊗A[ρ̃])dxds

=: J1 + · · ·+ J11, (2.3.20)

here the stochastic integral is also cancelled resulting from the property of martingale.

Our main goal is to get for all t ∈ [0, T ]

lim
ε→0

Ẽ
∫ t

0

ψ̃(s)

∫
D
φ̃(ρ̃γ+1

ε + δρ̃β+1
ε − (µ2 + 2µ1)divũε · ρ̃ε)dxds

= Ẽ
∫ t

0

ψ̃(s)

∫
D
φ̃(ρ̃γ + δρ̃β)ρ̃− φ̃(µ2 + 2µ1)divũ · ρ̃dxds, (2.3.21)

it suffices to show that all right hand side terms of (2.3.19) converges to the right hand side

terms of (2.3.20). Denote J ε11 = J ε11,a + J ε11,b, J9 = J9,a + J9,b, decompose

J ε11,a − J9,a = Ẽ
∫ t

0

ψ̃(s)

∫
D
σ∗(c̃2

εQ̃ε − c̃2Q̃) : φ̃∇A[ρ̃ε]dxds

+Ẽ
∫ t

0

ψ̃(s)

∫
D
σ∗(c̃2Q̃) : φ̃∇A[ρ̃ε − ρ̃]dxds = J1,a + J2,a,

J ε11,b − J9,b = Ẽ
∫ t

0

ψ̃(s)

∫
D
σ∗(c̃2

εQ̃ε − c̃2Q̃) : ∇φ̃⊗A[ρ̃ε]dxds

+Ẽ
∫ t

0

ψ̃(s)

∫
D
σ∗(c̃2Q̃) : ∇φ̃⊗A[ρ̃ε − ρ̃]dxds = J1,b + J2,b.

By Proposition 2.3.2(2.3.13) and the bounds (2.3.6), (2.3.7), we have

J2,a → 0, as ε→ 0. (2.3.22)

J1,a can be handled as follows, by Proposition 2.3.2(2.3.12), the bounds (2.3.3), (2.3.6),

(2.3.7) and the assumption β > 6

|J1,a| ≤
∣∣∣∣Ẽ∫ t

0

ψ̃(s)

∫
D
σ∗(c̃2

ε − c̃2)Q̃ε : φ̃∇A[ρ̃ε]dxds

∣∣∣∣
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+

∣∣∣∣Ẽ∫ t

0

ψ̃(s)

∫
D
σ∗(c̃2(Q̃ε − Q̃) : φ̃∇A[ρ̃ε]dxds

∣∣∣∣
≤ σ∗CẼ

∫ t

0

‖c̃ε − c̃‖L2‖c̃ε, c̃‖L6‖Q̃ε‖L6‖ρ̃ε‖Lβds

+ σ∗CẼ
∫ t

0

‖c̃‖L2‖c̃‖L6‖Q̃ε − Q̃‖L6‖ρ̃ε‖Lβds

≤ σ∗CẼ
∫ t

0

‖c̃ε − c̃‖2
L2 + ‖Q̃ε − Q̃‖2

H1dsẼ

[
sup
t∈[0,T ]

(‖ρ̃ε‖2
Lβ + ‖c̃, Q̃ε,∇Q̃ε‖2

L2)

]

× Ẽ
∫ t

0

‖c̃ε, c̃‖2
L6ds→ 0, as ε→ 0. (2.3.23)

In addition, we could get limε→0 J
ε
11,b = J9,b, then it follows limε→0 J

ε
11 = J9 using (2.3.22)

and (2.3.23). Similarly, decompose

J ε12,a − J10,a

= Ẽ
∫ t

0

ψ̃(s)

∫
D

(F(Q̃ε)I3 − F(Q̃)I3 − (∇Q̃ε �∇Q̃ε −∇Q̃�∇Q̃)) : φ̃∇A[ρ̃ε]dxds

+ Ẽ
∫ t

0

ψ̃(s)

∫
D

(F(Q̃)I3 −∇Q̃�∇Q̃) : φ̃∇A[ρ̃ε − ρ̃]dxds = I1,a + I2,a.

Due to the same arguments as (2.3.22) and (2.3.23), as ε→ 0

I2,a → 0, (2.3.24)

|I1,a| ≤
∣∣∣∣Ẽ∫ t

0

ψ̃(s)

∫
D

(∇(Q̃ε − Q̃)�∇Q̃ε −∇Q̃�∇(Q̃ε − Q̃)) : φ̃∇A[ρ̃ε]dxds

∣∣∣∣
≤ CẼ

∫ t

0

‖∇Q̃ε,∇Q̃‖L6‖Q̃ε − Q̃‖L2‖∇A[ρ̃ε]‖Lβds

≤ CẼ

[
sup
t∈[0,T ]

‖ρ̃ε‖Lβ

]
Ẽ
∫ t

0

‖Q̃ε − Q̃‖2
L2dsẼ

∫ t

0

‖∇Q̃ε,∇Q̃‖2
L6ds→ 0, (2.3.25)

Ẽ
∫ t

0

ψ̃(s)

∫
D

(F(Q̃ε)− F(Q̃))I3 : φ̃∇A[ρ̃ε]dxds→ 0. (2.3.26)

Combining the convergence (2.3.24)-(2.3.26), we get limε→0 J
ε
12,a = J10,a. Using similar

estimate, we could get limε→0 J
ε
12,b = J10,b, it follows limε→0 J

ε
12 = J10.

Denote J ε13 = J ε13,a + J ε13,b, J11 = J11,a + J11,b, decompose

J ε13,b − J11,b = Ẽ
∫ t

0

ψ̃(s)

∫
D

(Q̃ε4Q̃ε −4Q̃εQ̃ε) : ∇φ̃⊗ (A[ρ̃ε]−A[ρ̃])dxds
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+ Ẽ
∫ t

0

ψ̃(s)

∫
D

((Q̃ε − Q̃)4Q̃ε −4Q̃ε(Q̃ε − Q̃)) : ∇φ̃⊗A[ρ̃]dxds

+ Ẽ
∫ t

0

ψ̃(s)

∫
D

(Q̃ε4(Q̃ε − Q̃)−4(Q̃ε − Q̃)Q̃ε) : ∇φ̃⊗A[ρ̃]dxds. (2.3.27)

Using Proposition 2.3.2(2.3.12), the bound (2.3.7), the estimate (2.3.18) and the Hölder

inequality, we deduce that the right hand terms of (2.3.27) go to 0, (similar to (2.3.25)).

Since the matrices Q̃ε, Q̃ are symmetric, hence Q̃ε4Q̃ε−4Q̃εQ̃ε, Q̃4Q̃−4Q̃Q̃ are skew-

symmetric, and note that ∇A[ρ̃ε],∇A[ρ̃] are symmetric, to conclude that J ε13,a, J11,a = 0.

(The special structure of Q-tensor makes the weak convergence possible, otherwise we are

not able to handle the high-order nonlinear term).

We also have J ε10 → 0 as ε→ 0. For J ε6, as ε→ 0

|J ε3| ≤
√
εCẼ

∫ t

0

‖
√
ε∇ρ̃ε‖L2‖ũε‖L6‖ρ̃ε‖Lβds

≤
√
εCẼ

[
sup
t∈[0,T ]

‖ρ̃ε‖Lβ

]
Ẽ
∫ t

0

‖
√
ε∇ρ̃ε‖2

L2dsẼ
∫ t

0

‖∇ũε‖2
L2ds

≤ C
√
ε→ 0.

The proofs of convergence of rest terms are standard, we refer the readers to [43, 84, 81].

Finally, we obtain the convergence result (2.3.21).

Step 2. Strong convergence of density.

In this step, we could show the strong convergence of density using the re-normalized

mass equation and the Minty idea, for further details see [32].

Now we can pass the limit to identify the stochastic term and nonlinear pressure term

using the same argument as (2.2.48), obtaining the following result,

Proposition 2.3.5. For β > max{6, γ}, δ > 0 and if conditions (2.1.1), (2.1.2) hold. There

exists a global weak martingale solution to the modified system (2.3.1).
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2.4 Vanishing Artificial Pressure

In this section, we shall pass the artificial pressure coefficient δ → 0 to establish the

Theorem 2.1.2. Also, the following uniform bounds hold for process (ρδ, uδ, cδ, Qδ)

ρδ ∈ Lp(Ω;L∞(0, T ;Lγ(D))), (2.4.1)

β
√
δρδ ∈ Lp(Ω;L∞(0, T ;Lβ(D))), (2.4.2)

uδ ∈ Lp(Ω;L2(0, T ;H1(D))), (2.4.3)

√
ρδuδ ∈ Lp(Ω;L∞(0, T ;L2(D))), (2.4.4)

cδ ∈ Lp(Ω;L∞(0, T ;L2(D)) ∩ L2(0, T ;H1(D))), (2.4.5)

Qδ ∈ Lp(Ω;L∞(0, T ;H1(D)) ∩ L2(0, T ;H2(D))). (2.4.6)

Lemma 2.4.1. The approximate sequence ρδ satisfies the following estimate

E
∫ T

0

∫
D
ργ+θ
δ + δρβ+θ

δ dxdt ≤ C,

where the constant C is independent of δ and the constant θ ∈
(
0,min

{
2γ−3

3
, γ

3

})
.

Proof. The proof follows the same line as Lemma 2.3.1. By the Di Perna-Lions commutator

lemmas, we infer that the following equation holds in the weak sense

d
[
ρθδ − (ρθδ)m

]
+ div(ρθδuδ)dt+

[
(θ − 1)ρθδdivuδ − (ρθδdivuδ)m

]
dt = 0, P a.s. (2.4.7)

Then, applying the operator T on both sides of (2.4.7), to obtain

dT [ρθδ − (ρθδ)m] + T [div(ρθδuδ)]dt+ (θ − 1)T [ρθδdivuδ − (ρθδdivuδ)m]dt = 0. (2.4.8)

Applying the Itô product formula to function Φ(ρδuδ, ρ
θ
δ) =

∫
D ρδuδ · T [ρθδ − (ρθδ)m]dx, and

taking expectation, we have

E
∫
D
ρδuδ · T [ρθδ − (ρθδ)m]dx

= E
∫ t

0

∫
D
ργ+θ
δ + δρβ+θ

δ dxds− E
∫ t

0

(ρθδ)m

∫
D
ργδ + δρβδ dxds

+E
∫
D
m0,δ · T [ρθ0,δ − (ρθ0,δ)m]dx− (µ1 + µ2)E

∫ t

0

∫
D

divuδ · ρθδdxds
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+E
∫ t

0

∫
D
ρδuδ ⊗ uδ : ∇T [ρθδ − (ρθδ)m]dxds

−µ1E
∫ t

0

∫
D
∇uδ : ∇T [ρθδ − (ρθδ)m]dxds

+E
∫ t

0

∫
D
ρθδuδT [div(ρδuδ)]dxds− E

∫ t

0

∫
D
σ∗c2

δQδ : ∇T [ρθδ − (ρθδ)m]dxds

+(1− θ)E
∫ t

0

∫
D
ρδuδT [ρθδdivuδ − (ρθδdivuδ)m]dxds

−E
∫ t

0

∫
D

(∇Qδ �∇Qδ − F(Qδ)I3) : ∇T [ρθδ − (ρθδ)m]dxds

−E
∫ t

0

∫
D

(Qδ4Qδ −4QδQδ) : ∇T [ρθδ − (ρθδ)m]dxds.

Our goal is to get the bound of E
∫ t

0

∫
D ρ

γ+θ
δ + δρβ+θ

δ dxds, which can be achieved after all

other terms get controlled. Here we just give a limit amount of details.

For θ ≤ 2γ−3
3

, the bounds (2.4.1), (2.4.3), the Hölder inequality and the Sobolev embed-

ding H1, 6γ
7γ−6 (D) ↪→ L

6γ
5γ−6 (D) imply∣∣∣∣E∫ t

0

∫
D
ρδuδT [ρθδdivuδ]dxds

∣∣∣∣
≤ CE

∫ t

0

‖ρδ‖Lγ‖uδ‖L6

∥∥T [ρθδdivuδ]
∥∥
L

6γ
5γ−6

ds

≤ CE

[
sup
t∈[0,T ]

‖ρδ‖Lγ
∫ t

0

‖uδ‖L6‖ρθδdivuδ‖
L

6γ
7γ−6

ds

]

≤ CE

[
sup
t∈[0,T ]

‖ρδ‖Lγ
∫ t

0

‖uδ‖L6‖divuδ‖L2‖ρθδ‖
L

3γ
2γ−3

ds

]

≤ CE

[
sup
t∈[0,T ]

‖ρδ‖Lγ‖ρδ‖θLγ
∫ t

0

‖uδ‖L6‖divuδ‖L2ds

]
≤ C,

where C is independent of δ. For θ < γ
3
, using the Hölder inequality and the bounds (2.4.1),

(2.4.6), to get ∣∣∣∣E∫ t

0

∫
D
σ∗c2

δQδ : ∇T [ρθδ]dxds

∣∣∣∣
≤ CE

∫ t

0

‖cδ‖2
L6‖Qδ‖L6‖ρδ‖θL2θds

≤ CE
(∫ t

0

‖cδ‖2
L6ds

)2

E

[
sup
t∈[0,T ]

(
‖Qδ‖4

L6 + ‖ρδ‖4θ
Lγ

)]
≤ C,
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∣∣∣∣E∫ t

0

∫
D

(∇Qδ �∇Qδ − F(Qδ)I3) : ∇T [ρθδ]dxds

∣∣∣∣
≤ CE

∫ t

0

(‖∇Qδ‖L2‖∇Qδ‖L6 + ‖Qδ‖L6)‖ρθδ‖L3ds

≤ CE

[
sup
t∈[0,T ]

(‖Qδ‖4
H1 + ‖ρδ‖4θ

Lγ )

]
E
∫ t

0

‖∇Qδ‖2
L6ds ≤ C,∣∣∣∣E∫ t

0

∫
D

(Qδ4Qδ −4QδQδ) : ∇T [ρθδ]dxds

∣∣∣∣
≤ CE

∫ t

0

‖Qδ‖L6‖4Qδ‖L2‖ρθδ‖L3ds

≤ CE

[
sup
t∈[0,T ]

(
‖Qδ‖4

L6 + ‖ρδ‖4θ
Lγ

)]
E
∫ t

0

‖4Qδ‖2
L2ds ≤ C,

where C is independent of δ. This completes the proof.

2.4.1 Compactness argument

Define the cut off functions

Tk(z) = kT (
z

k
), k = 1, 2, 3 · · ·

where T (z) is a smooth concave function on R such that T (z) = z if z ≤ 1 and T (z) = 2 if

z ≥ 3. The definition of Tk(z) implies that

Tk(z) =

 z, z ≤ k,

2k, z ≥ 3k.
(2.4.9)

Here, we define the path space X1 = Xu ×Xρ ×Xρu ×Xc ×XQ ×XW , where

Xρ := L∞(0, T ;H−
1
2 (D)) ∩ Lγ+θ

w (0, T ;Lγ+θ(D)),

and Xu,Xρu,Xc,XQ,XW are same as the definition in subsection 3.2. Let X = X1 ×

Cw([0, T ];Lp(D)) × L2
w(0, T ;L2(D)) × L

γ+θ
γ

w ((0, T ) × D) for all 1 ≤ p < ∞. Similarly, we

can define the set of probability measures {νδ}δ>0 as before. Following the same line as

previous section to build the compactness result,
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Proposition 2.4.2. There exists a new probability space (Ω̃, F̃ , P̃), a subsequence of {νδ}δ>0

(still denoted by νδ) and X -valued measurable random variables

(ũδ, ρ̃δ, ρ̃δũδ, ρ̃
γ
δ , c̃δ, Q̃δ, Tk(ρ̃δ), (ρ̃δT

′

k(ρ̃δ)− Tk(ρ̃δ))divũδ, W̃δ),

and (ũ, ρ̃, ρ̃ũ, c̃, Q̃, T̃1,k, T̃2,k, W̃) such that

P̃
{

(ũδ, ρ̃δ, ρ̃δũδ, ρ̃
γ
δ , c̃δ, Q̃δ, Tk(ρ̃δ), (ρ̃δT

′

k(ρ̃δ)− Tk(ρ̃δ))divũδ, W̃δ) ∈ ·
}

= νδ(·),

P̃
{

(ũ, ρ̃, ρ̃ũ, ρ∗, c̃, Q̃, T̃1,k, T̃2,k, W̃) ∈ ·
}

= ν(·),

where ν is a Radon measure and W̃δ is cylindrical Wiener process, relative to the filtration

F̃ δt generated by the completion of σ(ũδ(s), ρ̃δ(s), c̃δ(s), Q̃δ(s), W̃δ(s); s ≤ t), and the following

convergence results hold, P̃ a.s.

(ũδ, ρ̃δ, ρ̃δũδ, c̃δ, Q̃δ, W̃δ)→ (ũ, ρ̃, ρ̃ũ, c̃, Q̃, W̃), (2.4.10)

in the topology of X1, in addition

ρ̃γδ → ρ∗ in L
γ+θ
γ

w ((0, T )×D), (2.4.11)

Tk(ρ̃δ)→ T̃1,k in Cw([0, T ];Lp(D)), for all 1 ≤ p <∞, (2.4.12)

(ρ̃δT
′

k(ρ̃δ)− Tk(ρ̃δ))divũδ ⇀ T̃2,k in L2(0, T ;L2(D)). (2.4.13)

Moreover, the bounds (2.4.1)-(2.4.6) still hold for (ũδ, ρ̃δ, ρ̃δũδ, c̃δ, Q̃δ) uniformly in δ.

Lemma 2.4.3. The set of induced laws {νδ}δ>0 is tight on path space X .
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Proof. Observe that the argument used in Lemma 2.3.3 can be adopted. Decompose ρδuδ =

Xδ + Yδ, where

Xδ = m0,δ +

∫ t

0

−div(ρδuδ ⊗ uδ)−∇ργδ + µ1∆uδ + (µ1 + µ2)∇(divuδ)

+∇ · (F(Qδ)I3 −∇Qδ �∇Qδ) +∇ · (Qδ4Qδ −4QδQδ)

+σ∗∇ · (c2
δQδ)ds+

∫ t

0

ρδf(ρδ, ρδuδ, cδ, Qδ)dW ,

and

Yδ = δ

∫ t

0

∇ρβδ ds.

Also, the process Xδ has the bound

E‖Xδ(t)‖Cα([0,T ];H−l(D)) ≤ C for any α ∈ [0,
1

2
), l ≥ 5

2
.

For the process Yδ, using the bound (2.4.2), we have as δ → 0

δρβδ → 0 in L
β+θ
β ((0, T )×D), P a.s.

which implies

‖Yδ‖
C([0,T ];H

−1,
β+θ
β )

= sup
t∈[0,T ]

∥∥∥∥∫ t

0

δ∇ρδds
∥∥∥∥
H
−1,

β+θ
β

≤
∫ T

0

‖δ∇ρδ‖
H
−1,

β+θ
β
dt→ 0, as δ → 0, P a.s.

this convergence gives Yδ → 0 in C([0, T ], H−1,β+θ
β (D)) in the sense of distribution.

On the other hand, using the boundness of Tk and (ρ̃δT
′

k(ρ̃δ) − Tk(ρ̃δ))divũδ on spaces

C([0, T ];Lp(D)) and L2(0, T ;L2(D)) respectively, we can show the sequence of probabil-

ity measures P ◦ (Tk(ρ̃δ))
−1 and P ◦ ((ρ̃δT

′

k(ρ̃δ) − Tk(ρ̃δ))divũδ)
−1 are tight on path spaces

Cw([0, T ];Lp(D)) and L2
w(0, T ;L2(D)), see Claim 2, Lemma 2.2.5. This completes the

proof.

Proof of Proposition 2.4.2. The proof follows the same line of the Proposition 2.3.2.
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2.4.2 Passing limit for the artificial pressure coefficient goes to zero

Note that,

Ẽ
∫ t

0

〈δρ̃βδ ,∇φ〉ds ≤ δ
θ

θ+β ‖∇φ‖L∞Ẽ
∫ t

0

∫
D
δ

β
θ+β ρ̃βδ dxds

≤ Cδ
θ

θ+β ‖∇φ‖L∞Ẽ
∫ t

0

∫
D
δρ̃β+θ

δ dxds

≤ Cδ
θ

θ+β ‖∇φ‖L∞ → 0, as δ → 0,

this convergence result together with Proposition 2.4.2, using the same argument as sub-

section 3.3, to conclude that there exists an L2(H, H−l)-valued process W̃ and L
γ+θ
γ -valued

pressure ρ∗ such that (ũ, ρ̃ũ, c̃, Q̃, W̃ ) satisfies the momentum equation P̃ a.s.

∂t(ρ̃ũ) + div(ρ̃ũ⊗ ũ) +∇ρ∗

= µ1∆ũ+ (µ1 + µ2)∇(divũ) +∇ · (F(Q̃)I3 −∇Q̃�∇Q̃)

+∇ · (Q̃4Q̃−4Q̃Q̃) + σ∗∇ · (c̃2Q̃) +
dW̃

dt
, (2.4.14)

in the weak sense.

The proof of Theorem 2.1.2 will be completed once we build the strong convergence of

density, to identify the pressure term and the stochastic term in equation (2.4.14). Following

the idea of [32, 59], the proof of strong convergence of density shall be obtained by three

steps.

Step 1. Weak continuity of the effective viscous flow.

Choosing b = Tk(ρ̃δ) in the re-normalized continuity equation, it holds P̃ a.s. in the weak

sense

dTk(ρ̃δ) + div(Tk(ρ̃δ)ũδ)dt+ (T ′k(ρ̃δ)ρ̃δ − Tk(ρ̃δ))divũδdt = 0. (2.4.15)

In addition, (2.4.12) implies

Tk(ρ̃δ)→ T̃1,k in C([0, T ];H−1(D)). (2.4.16)

57



Then, combining (2.4.10), (2.4.16) and (2.4.13), letting δ → 0 in (2.4.15), to obtain that

dT̃1,k + div(T̃1,kũ)dt+ T̃2,kdt = 0, (2.4.17)

holds P̃ a.s. in the weak sense. We aim to get

lim
δ→0

Ẽ
∫ T

0

ψ̃(t)

∫
D
φ̃(ρ̃γδ − (µ2 + 2µ1)divũδ)Tk(ρ̃δ)dxdt

= Ẽ
∫ T

0

ψ̃(t)

∫
D
φ̃(ρ∗ − (µ2 + 2µ1)divũ)T̃1,kdxdt, (2.4.18)

where the functions ψ̃, φ̃ are the same as in (2.3.21). The proof of (2.4.18) is very similar to

that of the argument (2.3.21). Here, we skip it.

Step 2. Re-normalized solution.

Define the oscillations defect measure related to the family {ρ̃δ} by

Oγ+1[ρ̃δ → ρ̃](D) = sup
k≥1

(
lim sup
δ→0+

Ẽ
∫ T

0

∫
D
|Tk(ρ̃δ)− Tk(ρ̃)|γ+1dxdt

)
.

Lemma 2.4.4.[84, Lemma 5.3] There exists a constant C independent of k such that

Oγ+1[ρ̃δ → ρ̃](D) ≤ C.

With the help of the Lemma 2.4.4, we may show that the limit (ρ̃, ũ) satisfies the renor-

malized continuity equation using the same argument as Lemma 5.4 in [84]

∂tb(ρ̃) + div(b(ρ̃)ũ) + (b′(ρ̃)ρ̃− b(ρ̃))divũ = 0, (2.4.19)

P̃ a.s. in the weak sense.

Step 3. The strong convergence of density.

The proof is also standard, we refer the reader to [32, 84, 81, 43] for the deterministic

and stochastic case. The proof of Theorem 2.1.2 is completed.
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3.0 Local Strong Pathwise Solution to Liquid Crystals

Liquid crystal is a kind of material whose mechanical properties and symmetry properties

are intermediate between those of a liquid and those of a crystal. The complex structure

of liquid crystals made it the ideal material for the study of topological defects. As a

result, several mathematical models have been brought out to describe the dynamics of a

liquid crystal. For example, in [37], the Ericksen-Leslie-Parodi system has been used to

model the flow of liquid crystals, based on the fact that a nematic flow is very similar to a

conventional liquid with molecules of similar size. The challenge is, the flow would disturb

the alignment, thus a new flow in the nematic is induced. In order to analyze the coupling

between orientation and flow, a macroscopic approach has been used, and a direction field

d with unit length is adopted to describe the local state of alignment. However, the model

is restricted to an uniaxial order parameter field of constant magnitude.

In an effort to describe the motion of biaxial liquid crystals, a tensor order parameter Q

replacing the unit vector d was brought up in [6, 37] to describe the primary and secondary

directions of nematic alignments along with variations in the degree of nematic order, which

reflects better the properties of nematic liquid crystals and can be modeled by the Navier-

Stokes equations governing the fluid velocity coupled with a parabolic equation of Q-tensor;

see [3, 4, 64] for further background discussions. The compressible case we focus on reads as



dρ+ divx(ρu)dt = 0,

d(ρu) + divx(ρu⊗ u)dt+∇xpdt

= Ludt− divx(L∇xQ�∇xQ−F(Q)I3)dt+ divx(QH(Q)−H(Q)Q)dt,

dQ+ u · ∇xQdt− (ΘQ−QΘ)dt = ΓH(Q)dt,

(3.0.1)

where ρ,u denote the density, and the flow velocity, respectively; p(ρ) = Aργ stands for the

pressure with the adiabatic exponent γ > 1, A > 0 is the squared reciprocal of the Mach
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number. The nematic tensor order parameter Q is a traceless and 3× 3 symmetric matrix.

Furthermore, L stands for the Lamé operator

Lu = υ4u + (υ + λ)∇divxu,

where υ > 0, λ ≥ 0 are shear viscosity and bulk viscosity coefficient of the fluid, respectively.

The term ∇xQ�∇xQ stands for the 3× 3 matrix with its (i, j)-th entry defined by

(∇xQ�∇xQ)ij =
3∑

k,l=1

∂iQkl∂jQkl,

and I3 stands for the 3 × 3 identity matrix. Define the free energy density of the director

field F(Q)

F(Q) =
L

2
|∇xQ|2 +

a

2
tr(Q2)− b

3
tr(Q3) +

c

4
tr2(Q2),

and denote

ΓH(Q) = ΓL4Q+ Γ

(
−aQ+ b

[
Q2 − I3

3
tr(Q2)

]
− cQtr(Q2)

)
=: ΓL4Q+K(Q).

The coefficients in the formula are elastic constants: L > 0, Γ > 0, a ∈ R, b > 0 and c > 0,

which are dependent on the material. Finally Θ = ∇xu−∇xu>
2

is the skew-symmetric part of

the rate of strain tensor. From the specific form K(Q), we remark that

QH(Q)−H(Q)Q = L(Q4Q−4QQ).

The PDEs perturbed randomly are considered as a primary tool in the modeling of un-

certainty, especially while describing fundamental phenomenon in physics, climate dynamics,

communication systems, nanocomposites and gene regulation systems. Hence, the study of

the well-posedness and dynamical behaviour of PDEs subject to the noise which is largely
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applied to the theoretical and practical areas has drawn a lot of attention. Here, we consider

the system (3.0.1) driven by a multiplicative noise:

dρ+ divx(ρu)dt = 0,

d(ρu) + divx(ρu⊗ u)dt+ A∇xρ
γdt

= Ludt− divx(L∇xQ�∇xQ−F(Q)I3)dt+ Ldivx(Q4Q−4QQ)dt

+G(ρ, ρu)dW,

dQ+ u · ∇xQdt− (ΘQ−QΘ)dt = ΓH(Q)dt,

(3.0.2)

where W is a cylindrical Wiener process which will be introduced later. The system is

equipped with the initial data

ρ(0, x) = ρ0(x), u(0, x) = u0(x), Q(0, x) = Q0(x), (3.0.3)

and the periodic boundary, where each period is a cube T ⊂ R3 defined as follows

T = (−π, π)|{−π,π}3 . (3.0.4)

3.1 Preliminary and Main Result

First, we present some deterministic as well as stochastic preliminaries associated with

system (3.0.2). For each integer s ∈ N+, denote W s,2(T) as the Sobolev space containing

all the functions having distributional derivatives up to order s, and the derivatives are

integrable in L2(T), endowed with the norm

‖u‖2
W s,2 =

∑
k∈Z3

(1 + k2)s|ûk|2,

where ûk is the Fourier coefficients of u. W s,2(T) is an Hilbert space, and for any u, v ∈ W s,2,

the inner product can be denoted as

(u, v)s,2 =
∑
|α|≤s

∫
T
∂αxu · ∂αx vdx.
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For simplicity, we denote the notations ‖·‖ as the L2-norm, ‖·‖∞ as the L∞-norm, and‖·‖s,p
as the W s,p-norm for all 1 ≤ s <∞, 1 ≤ p ≤ ∞.

Define the inner product between two 3× 3 matrices M1 and M2

(M1,M2) =

∫
T

M1 : M2dx =

∫
T

tr(M1M2)dx,

and S3
0 ⊂M3×3 the space of Q-tensor

S3
0 =

{
Q ∈M3×3 : Qij = Qji, tr(Q) = 0, i, j = 1, 2, 3

}
,

and the norm of a matrix using the Frobenius norm

|Q|2 = tr(Q2) =
3∑

i,j=1

QijQij.

Set |∂αxQ|2 =
3∑

i,j=1

∂αxQij∂
α
xQij. The Sobolev space of Q-tensor is defined by

W s,2(T;S3
0) =

Q : T→ S3
0 , and

∑
|α|≤s

‖∂αxQ‖2 <∞

 ,

endowed with the norm

‖Q‖2
W s,2(T;S3

0) := ‖Q‖2
s,2 =

∑
|α|≤s

‖∂αxQ‖2.

To deal with the estimate of the nonlinear terms in the equations, we present the following

lemmas that involves commutator and Moser estimates. The proof of these lemmas can be

found in [51, 63].

Lemma 3.1.1. For u, v ∈ W s,2(T), s > d
2

+ 1, d = 2, 3 is the dimension of space, it holds∑
0≤|α|≤s

‖∂αx (u · ∇x)v − u · ∇x∂
α
x v‖ ≤ C(‖∇xu‖∞‖v‖s,2 + ‖∇xv‖∞‖u‖s,2), (3.1.1)

and

‖uv‖s,2 ≤ C(‖u‖∞‖v‖s,2 + ‖v‖∞‖u‖s,2), (3.1.2)

for some positive constant C = C(s,T) independent of u and v.
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Lemma 3.1.2. Let f be a s-order continuously differentiable function on the neighborhood

of compact set G = range[u] and u ∈ W s,2(T) ∩ C(T), it holds

‖∂αx f(u)‖ ≤ C‖∂uf‖Cs−1(G)‖u‖|α|−1
∞ ‖∂αxu‖,

for all α ∈ NN , 1 < |α| ≤ s.

The following result is crucial to handle the highest-order derivative terms in the mo-

mentum and Q-tensor equations.

Lemma 3.1.3. Assume that Q and Q′ are two 3×3 symmetric matrices, and Θ = 1
2
(∇xu−

∇xu
T), as ∇xu is also a 3× 3 matrix, and (∇xu)ij = ∂iuj, f(r) is a scalar function. Then

(f(r)(ΘQ′ −Q′Θ),4Q) + (f(r)(Q′4Q−4QQ′),∇xu
T) = 0.

Proof. In a similar way to [21, Lemma A.1], using the fact that tr(M1M2) = tr(M1M2) and

Q′, Q,Θ +∇xu
T are symmetric, f(r) is scalar function, we get

(f(r)(ΘQ′ −Q′Θ),4Q) + (f(r)(Q′4Q−4QQ′),∇xu
T)

= (f(r)(Q′4Q−4QQ′),Θ) + (f(r)(Q′4Q−4QQ′),∇xu
T)

= (f(r)(Q′4Q−4QQ′),Θ +∇xu
T) = 0,

we finish the proof.

Next, we introduce the following fractional-order Sobolev space with respect to time t,

since noise term is only Hölder’s continuous of order strictly less than 1
2

in time.

For any fixed p > 1 and α ∈ (0, 1) we define

Wα,p(0, T ;X) =

{
v ∈ Lp(0, T ;X) :

∫ T

0

∫ T

0

‖v(t1)− v(t2)‖pX
|t1 − t2|1+αp

dt1dt2 <∞
}
,

endowed with the norm

‖v‖pWα,p(0,T ;X) :=

∫ T

0

‖v(t)‖pXdt+

∫ T

0

∫ T

0

‖v(t1)− v(t2)‖pX
|t1 − t2|1+αp

dt1dt2,

for any separable Hilbert space X. If we take α = 1, then

W 1,p(0, T ;X) :=

{
v ∈ Lp(0, T ;X) :

dv

dt
∈ Lp(0, T ;X)

}
,
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we could see that the space returns to the classical Sobolev space endowed with the usual

norm

‖v‖pW 1,p(0,T ;X) :=

∫ T

0

‖v(t)‖pX +

∥∥∥∥dvdt (t)

∥∥∥∥p
X

dt.

Note that for α ∈ (0, 1), W 1,p(0, T ;X) is a subspace of Wα,p(0, T ;X).

For any α ≤ β − 1
p
, it holds

W β,p(0, T ;L2(T)) ↪→ Cα([0, T ];L2(T)). (3.1.3)

Let S := (Ω,F , {Ft}t≥0,P,W ) be a fixed stochastic basis and (Ω,F ,P) be a complete

probability space. Let W be a Wiener process defined on an Hilbert space U, which is adapted

to the complete, right continuous filtration {Ft}t≥0. If {ek}k≥1 is a complete orthonormal

basis of U, then W can be written formally as the expansion W (t, ω) =
∑

k≥1 ekβk(t, ω)

where {βk}k≥1 is a sequence of independent standard one-dimensional Brownian motions.

Define an auxiliary space U0 ⊃ U by

U0 =

{
v =

∑
k≥1

αkek :
∑
k≥1

α2
k

k2
<∞

}
,

with the norm ‖v‖2
U0

=
∑

k≥1

α2
k

k2
. Note that the embedding of U ↪→ U0 is Hilbert-Schmidt.

We also have that W ∈ C([0,∞),U0) almost surely, see [75].

Now considering another separable Hilbert space X and let L2(U, X) be the set of all

Hilbert-Schmidt operators S : U → X with the norm ‖S‖2
L2(U,X) =

∑
k≥1 ‖Sek‖2

X . For a

predictable process G ∈ L2(Ω;L2
loc([0,∞), L2(U, X))) by taking Gk = Gek, one can define

the stochastic integral

Mt :=

∫ t

0

GdW =
∑
k

∫ t

0

Gekdβk =
∑
k

∫ t

0

Gkdβk,

which is an X-valued square integrable martingale, and the Burkholder-Davis-Gundy in-

equality holds

E
(

sup
0≤t≤T

∥∥∥∥∫ t

0

GdW

∥∥∥∥p
X

)
≤ cpE

(∫ T

0

‖G‖2
L2(U,X)dt

) p
2

, (3.1.4)

for any 1 ≤ p <∞, for more details see [75]. The notation E represents the expectation.

64



We shall present the main result of this paper. First, we define local strong pathwise

solution. For this type of solution, ”strong” means in PDE and probability sense, ”local”

means existence in finite time.

Definition 3.1.4. (Local strong pathwise solution). Let (Ω,F , {Ft}t≥0,P) be a fixed prob-

ability space, W be an Ft-cylindrical Wiener process. Then (ρ,u, Q, t) is a local strong

pathwise solution to system (3.0.2) if the following conditions hold

1. t is a strictly positive a.s. Ft-stopping time;

2. ρ, u, Q are Ft-progressively measurable processes, satisfying P a.s.

ρ(· ∧ t) > 0, ρ(· ∧ t) ∈ C([0, T ];W s,2(T)),

u(· ∧ t) ∈ L∞(0, T ;W s,2(T,R3)) ∩ L2(0, T ;W s+1,2(T,R3)) ∩ C([0, T ];W s−1,2(T,R3)),

Q(· ∧ t) ∈ L∞(0, T ;W s+1,2(T, S3
0)) ∩ L2(0, T ;W s+2,2(T, S3

0)) ∩ C([0, T ];W s,2(T, S3
0));

3. for any t ∈ [0, T ], P a.s.

ρ(t ∧ t) = ρ0 −
∫ t∧t

0

divx(ρu)dξ,

(ρu)(t ∧ t) = ρ0u0 −
∫ t∧t

0

divx(ρu⊗ u)dξ −
∫ t∧t

0

∇x(Aρ
γ)dξ +

∫ t∧t

0

Ludξ

−
∫ t∧t

0

divx(L∇xQ�∇xQ−F(Q)I3)dξ

+

∫ t∧t

0

Ldivx(Q4Q−4QQ)dξ +

∫ t∧t

0

G(ρ, ρu)dW,

Q(t ∧ t) = Q0 −
∫ t∧t

0

u · ∇xQdξ +

∫ t∧t

0

(ΘQ−QΘ)dξ +

∫ t∧t

0

ΓH(Q)dξ.

We say that the pathwise uniqueness holds: if (ρ1,u1, Q1, t1) and (ρ2,u2, Q2, t2) are two

local strong pathwise solutions of system (3.0.2) with

P{(ρ1(0),u1(0), Q1(0)) = (ρ2(0),u2(0), Q2(0))} = 1,

then

P {(ρ1(t, x),u1(t, x), Q1(t, x)) = (ρ2(t, x),u2(t, x), Q2(t, x));∀t ∈ [0, t1 ∧ t2]} = 1.
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Definition 3.1.5. (Maximal strong pathwise solution) A maximal pathwise solution is a

quintuple (ρ,u, Q, {τn}n≥1, t) such that each (ρ,u, Q, τn) is a local pathwise solution in the

sense of Definition 3.1.4 and {τn} is an increasing sequence with limn→∞ τn = t and

sup
t∈[0,τn]

‖u(t)‖2,∞ ≥ n, sup
t∈[0,τn]

‖Q(t)‖3,∞ ≥ n, on the set {t <∞}.

From the Definition 3.1.5, we can see that

sup
t∈[0,t)

‖u(t)‖2,∞ =∞, sup
t∈[0,t)

‖Q(t)‖3,∞ =∞, on the set {t <∞}.

This means the existence time for the solution is determined by the explosion time of the

W 2,∞-norm of the velocity and W 3,∞-norm of the Q-tensor.

Throughout the paper, we impose the following assumptions on the noise intensity G:

there exists a constant C such that for any s ≥ 0, ρ > 0,

‖ρ−1G(ρ, ρu)‖2
L2(U;W s,2(T)) ≤ C(‖ρ‖2

1,∞ + ‖u‖2
2,∞)‖ρ,u‖2

s,2, (3.1.5)

and

‖ρ−1
1 G(ρ1, ρ1u1)− ρ−1

2 G(ρ2, ρ2u2)‖2
L2(U;W s,2(T))

≤ C(‖ρ1, ρ2‖2
1,∞ + ‖u1,u2‖2

2,∞)‖ρ1 − ρ2,u1 − u2‖2
s,2, (3.1.6)

where the norm ‖u, v‖2
s,2 := ‖u‖2

s,2 + ‖v‖2
s,2 for u, v ∈ W s,2. A typical example for G is

Gk(x, ρ,q) = Ak(x)ρq.

With Ak(x): T → R3×3 a smooth matrix function, and Gk = Gek. Assumption (3.1.5) will

be used for constructing the a priori estimate, while assumption (3.1.6) will be applied to

identify the limit and establish the uniqueness.

Remark 3.1.6. Set r =
√

2Aγ
γ−1

ρ
γ−1
2 . If the initial data r0 satisfies some certain assumption,

see Theorem 3.3.2, then the assumptions (3.1.5),(3.1.6) still hold if we replace ρ by r and

ρ−1G(ρ,u) by F(r,u) = 1
ρ(r)

G(ρ(r), ρ(r)u).

Our main result of this paper is below.
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Theorem 3.1.7. Assume s ∈ N satisfies s > 9
2
, and the coefficient G satisfies the assump-

tions (3.1.5),(3.1.6), and the initial data (ρ0,u0, Q0) is F0-measurable random variable, with

values in W s,2(T) ×W s,2(T;R3) ×W s+1,2(T;S3
0), also ρ0 > 0, P a.s.. Then there exists a

unique maximal strong pathwise solution (ρ,u, Q, t) to system (3.0.2)-(3.0.4) in the sense of

Definition 3.1.5.

3.2 Construction of Truncated Symmetric System

Before the construction of the strong solution, we need to assume first that the vacuum

state does not appear. By doing so, we are able to rewrite the system (3.0.2) into the sym-

metric system following the operation in [11]. To begin with, applying equation (3.0.2)(1),

then equation (3.0.2)(2) can be written into the following form

ρ∂tu + ρu · ∇xu + A∇xρ
γ

=Lu− divx(L∇xQ�∇xQ−F(Q)I3) + Ldivx(Q4Q−4QQ) + G(ρ, ρu)
dW

dt
,

as ρ > 0, divide the above equation by ρ on both sides, we could have

∂tu + u · ∇xu +
A

ρ
∇xρ

γ

=
1

ρ
Lu− 1

ρ
divx(L∇xQ�∇xQ−F(Q)I3) + L

1

ρ
divx(Q4Q−4QQ)

+
1

ρ
G(ρ, ρu)

dW

dt
. (3.2.1)

The pressure term can be written into a symmetric form:

A

ρ
∇xρ

γ =
A

γ − 1
∇xρ

γ−1 =
2Aγ

γ − 1
ρ
γ−1
2 ∇xρ

γ−1
2 .

Considering this, define

r =

√
2Aγ

γ − 1
ρ
γ−1
2 ,
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and

D(r) =
1

ρ(r)
=

(
γ − 1

2Aγ

)− 1
γ−1

r−
2

γ−1 , F(r,u) =
1

ρ(r)
G(ρ(r), ρ(r)u).

Then, the system (3.0.2) can be transformed into

dr +
(
u · ∇xr + γ−1

2
rdivxu

)
dt = 0,

du + (u · ∇xu + r∇xr)dt

= D(r)(Lu− divx(L∇xQ�∇xQ−F(Q)I3) + Ldivx(Q4Q−4QQ))dt

+F(r,u)dW,

dQ+ (u · ∇xQ−ΘQ+QΘ)dt = ΓH(Q)dt.

(3.2.2)

As mentioned in the introduction, we add a cut-off function to render the nonlinear

terms, where the cut-off function depends only on ‖u‖2,∞, ‖Q‖3,∞.

Let ΦR : [0,∞)→ [0, 1] be a C∞-smooth function defined as follows

ΦR(x) =

 1, if 0 < x < R,

0, if x > 2R.

Then, define Φu,Q
R = Φu

R ·Φ
Q
R, where Φu

R = ΦR(‖u‖2,∞),ΦQ
R = ΦR(‖Q‖3,∞) and add the cut-off

function in front of nonlinear terms of system (3.2.2), we have

dr + Φu,Q
R

(
u · ∇xr + γ−1

2
rdivxu

)
dt = 0,

du + Φu,Q
R (u · ∇xu + r∇xr)dt

= Φu,Q
R D(r)(Lu− divx(L∇xQ�∇xQ−F(Q)I3) + Ldivx(Q4Q−4QQ))dt

+Φu,Q
R F(r,u)dW,

dQ+ Φu,Q
R (u · ∇xQ−ΘQ+QΘ)dt = ΓL4Qdt+ Φu,Q

R K(Q)dt.

(3.2.3)

Remark 3.2.1. In system (3.2.3), we use the same cut-off function Φu,Q
R in front of the all

nonlinear terms to simplify the notation. Actually, we can replace Φu,Q
R by Φu

R on the left

hand side of equations (3.2.3)(1)(2) and in front of the stochastic term, replace Φu,Q
R by ΦQ

R

on the right hand side of equation (3.2.3)(3).

In the following, we mainly discuss the truncated system (3.2.3).
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3.3 Existence of Strong Martingale Solution

In this section, the main aim is that, proving the existence of a strong martingale solution

to system (3.2.3) which is strong in PDE sense and weak in probability sense if the initial

condition is good enough. To start, we bring in the concept of strong martingale solution.

Definition 3.3.1. (Strong martingale solution) Assume that Λ is a Borel probability mea-

sure on the space W s,2(T)×W s,2(T,R3)×W s+1,2(T, S3
0) for integer s > 7

2
, then the quintuple

((Ω,F , {Ft}t≥0,P), r,u, Q,W )

is a strong martingale solution to the truncated system (3.2.3) equipped with the initial law

Λ if the following conditions hold

1. (Ω,F , {Ft}t≥0,P) is a stochastic basis with a complete right-continuous filtration, W is

a Wiener process relative to the filtration Ft;

2. r, u, Q are Ft-progressively measurable processes with values in W s,2(T),W s,2(T,R3),

W s+1,2(T, S3
0), satisfying

r ∈ L2(Ω;C([0, T ];W s,2(T))), r(t) > 0, P a.s., for all t ∈ [0, T ],

u ∈ L2(Ω;L∞(0, T ;W s,2(T;R3)) ∩ C([0, T ];W s−1,2(T,R3))),

Q ∈ L2(Ω;L∞(0, T ;W s+1,2(T;S3
0)) ∩ L2(0, T ;W s+2,2(T;S3

0)) ∩ C([0, T ];W s,2(T;S3
0)));

3. the initial law Λ = P ◦ (r0,u0, Q0)−1;

4. for all t ∈ [0, T ], P a.s.

r(t) = r(0)−
∫ t

0

Φu,Q
R

(
u · ∇xr +

γ − 1

2
rdivxu

)
dξ,

u(t) = u(0)−
∫ t

0

Φu,Q
R (u · ∇xu + r∇xr)dξ

+

∫ t

0

Φu,Q
R D(r)(Lu− divx(L∇xQ�∇xQ−F(Q)I3)

+ Ldivx(Q4Q−4QQ))dξ +

∫ t

0

Φu,Q
R F(r,u)dW,

Q(t) = Q(0)−
∫ t

0

Φu,Q
R (u · ∇xQ−ΘQ+QΘ)dξ +

∫ t

0

ΓL4Q+ Φu,Q
R K(Q)dξ.
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We state our main result for this section.

Theorem 3.3.2. Assume the initial data (r0,u0, Q0) satisfies

(r0,u0, Q0) ∈ Lp(Ω;W s,2(T)×W s,2(T,R3)×W s+1,2(T, S3
0)),

for any 1 ≤ p <∞, s > 7
2

be the integer, and in addition

‖Q0‖1,2 < R, ‖r0‖1,∞ < R, r0 >
1

R
, P a.s.

for constant R > 0, the coefficient G satisfies assumptions (3.1.5),(3.1.6), then there exists

a strong martingale solution to the system (3.2.3) with the initial law Λ = P ◦ (r0,u0, Q0)−1

in the sense of Definition 3.3.1 and we also have

r(t, ·) ≥ C(R) > 0, P a.s., for all t ∈ [0, T ],

where C(R) is a constant depending on R, and

E

[
sup
t∈[0,T ]

(‖r(t),u(t)‖2
s,2 + ‖Q(t)‖2

s+1,2) +

∫ T

0

Φu,Q
R ‖u‖

2
s+1,2 + ‖Q‖2

s+2,2dt

]p
≤ C,

for any T > 0, where C = C(p, s, R,T, T, L,Γ) is a constant.

Remark 3.3.3. Here, we assume that ‖Q0‖1,2 < R, P a.s. for establishing the Galerkin

approximate solution, which could also be relaxed to general case, see Section 6.

The following part is devoted to proving Theorem 3.3.2 which is divided into three steps.

First, we construct the approximate solution in the finite-dimensional space. Then we get

the uniform estimate of the approximate solution, and show the stochastic compactness.

Next, the existence of the strong martingale solution can be derived from taking the limit of

the approximate system.
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3.3.1 Galerkin approximate system

In this subsection, we construct the Galerkin approximate solution of system (3.2.3).

First, for any smooth functions u, Q, the transport equation (3.2.3)(1) would admit a classical

solution r = r[u], and the solution is unique if the initial data r0 is given. The solution r[u]

shares the same regularity with the initial data r0. In addition, for certain constant c, we

have, see also [11, Section 3.1]

1

R
exp(−cRt) ≤ exp(−cRt) inf

x∈T
r0 ≤ r(t, ·) ≤ exp(cRt) sup

x∈T
r0 ≤ R exp(cRt),

|∇xr(t, ·)| ≤ exp(cRt)|∇xr0| ≤ R exp(cRt), for any t ∈ [0, T ].

(3.3.1)

Using the bound (3.3.1), after a simple calculation, yields

‖D(r)−1‖1,∞ + ‖D(r)‖1,∞ ≤ C(R) exp(cRt). (3.3.2)

In addition, by the mean value theorem, the bound (3.3.1) and Lemmas 3.1.1, 3.1.2, we have

for any s > d
2

‖D(r)‖s,2 ≤ C(R, T )‖r‖s,2, (3.3.3)

and

‖D(r1)−D(r2)‖s,2 ≤ C(R, T )‖r1, r2‖s,2‖r1 − r2‖s,2. (3.3.4)

Indeed, due to the mean value theorem, there exists some θ ∈ (0, 1) such that

‖D(r1)−D(r2)‖s,2

=

∥∥∥∥dDdr (θr1 + (1− θ)r2) · (r1 − r2)

∥∥∥∥
s,2

≤ C

∥∥∥∥dDdr (θr1 + (1− θ)r2)

∥∥∥∥
∞
‖r1 − r2‖s,2 + C‖r1 − r2‖∞

∥∥∥∥dDdr (θr1 + (1− θ)r2)

∥∥∥∥
s,2

≤ C(R, T )‖r1, r2‖s,2‖r1 − r2‖s,2.
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Lemma 3.3.4. For any smooth function u ∈ C([0, T ];XN(T)) and integer s > 7
2
, there

exists a unique solution

Q ∈ C([0, T ];W s+1,2(T, S3
0)) ∩ L2(0, T ;W s+2,2(T, S3

0))

to the initial value problemQt + Φu,Q
R (u · ∇xQ−ΘQ+QΘ) = ΓL4Q+ Φu,Q

R K(Q), in T× (0, T )

Q|t=0 = Q0(x) ∈ W s+1,2(T, S3
0).

(3.3.5)

Moreover, the mapping

u→ Q[u] : C([0, T ];XN(T))→ C([0, T ];W s+1,2(T, S3
0)) ∩ L2(0, T ;W s+2,2(T, S3

0)) (3.3.6)

is continuous on a bounded set B ∈ C([0, T ];XN(T)), where XN is a finite dimensional space

spanned by {ψm}Nm=1, see (3.3.17).

Proof. Existence: Step 1. Since the system (3.3.5) is a type of parabolic evolution system,

we are able to establish the existence and uniqueness of finite-dimensional local approximate

solutions Qm using the Galerkin method and the fixed point theorem, for further details,

see [22, 86]. Then, we could extend the local solution to global in time using the following

uniform a priori estimate.

Step 2. Let α be a multi index such that |α| ≤ s. Taking α-order derivative on both

sides of the m-th order finite-dimensional approximate system of (3.3.5), multiplying by

−4∂αxQm, then the trace and integrating over T, we get

1

2

d

dt
‖∂α+1

x Qm‖2 + ΓL‖4∂αxQm‖2

= Φu,Qm
R (∂α+1

x (u · ∇xQm −ΘQm +QmΘ), ∂α+1
x Qm)

+ Φu,Qm
R (∂α+1

x K(Qm), ∂α+1
x Qm). (3.3.7)

For the first term on the right hand side of (3.3.7), using the Hölder inequality and Lemma

3.1.1, we obtain

|Φu,Qm
R (∂α+1

x (u · ∇xQm −ΘQm +QmΘ), ∂α+1
x Qm)|
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≤ CΦu,Qm
R ‖∂α+1

x Qm‖‖∂α+1
x (u · ∇xQm −ΘQm +QmΘ)‖

≤ CΦu,Qm
R ‖∂α+1

x Qm‖(‖u‖∞‖∂α+1
x ∇xQm‖+ C‖∇xQm‖∞‖∂α+1

x u‖

+ ‖∇xu‖∞‖∂α+1
x Qm‖+ ‖Qm‖∞‖∂α+1

x Θ‖)

≤ C‖∂α+1
x Qm‖2 +

ΓL

4
‖∂α+2

x Qm‖2. (3.3.8)

We only deal with the high-order term Qmtr(Q2
m) in K(Qm), the rest of terms are trivial,

using the Hölder inequality and Lemma 3.1.1, to get

|Φu,Qm
R (∂α+1

x (Qmtr(Q2
m)), ∂α+1

x Qm)|

≤ Φu,Qm
R ‖∂α+1

x Qm‖‖∂α+1
x (Qmtr(Q2

m))‖

≤ Φu,Qm
R ‖∂α+1

x Qm‖(‖∂α+1
x Qm‖‖Qm‖2

∞ + ‖tr(Q2
m)‖∞‖∂α+1

x Qm‖)

≤ C‖∂α+1
x Qm‖2. (3.3.9)

Taking into account of (3.3.7)-(3.3.9), taking sum of |α| ≤ s and using the Gronwall lemma,

we have

sup
t∈[0,T ]

‖Qm‖2
s+1,2 +

∫ T

0

ΓL‖Qm‖2
s+2,2dt ≤ C. (3.3.10)

Then, using the estimate (3.3.10), it is also easy to show that

‖Qm‖W 1,2(0,T ;L2(T,S3
0)) ≤ C, (3.3.11)

where the constant C is independent of m.

Step 3. Using the a priori estimates (3.3.10), (3.3.11) and the Aubin-Lions lemma A.0.5,

we could show the compactness of the sequence of approximate solutions Qm, actually the

proof is easier than the argument of Lemma 3.3.7. Then, we could pass m→∞ to identify

the limit, the proof is also easier than the argument in Subsection 4.4, here we omit it. This

completes the proof of existence.

Uniqueness: The proof of uniqueness is similar to the following continuity argument.

Next, we focus on showing the continuity of the mapping u→ Q[u]. Taking {un}n≥1 is

a bounded sequence in C([0, T ];XN(T)) with

lim
n→∞

‖un − u‖C([0,T ];XN (T)) = 0. (3.3.12)
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Denote Qn = Q[un], Q = Q[u], and Q̄n = Qn − Q, then the continuity result (3.3.6) would

follow if we could prove

‖Q̄n‖2
C([0,T ];W s+1,2(T,S3

0)) + ‖Q̄n‖2
L2(0,T ;W s+2,2(T,S3

0)) ≤ C sup
t∈[0,T ]

‖un − u‖2
XN
. (3.3.13)

From (3.3.5), we can get that Q̄n satisfies the following system

d
dt
Q̄n − ΓL4Q̄n = Φu,Q

R

[
(u− un) · ∇xQ− un · ∇xQ̄n

+ΘnQ̄n − Q̄nΘn + (Θn −Θ)Q−Q(Θn −Θ)
]

+
(

Φun,Qn
R − Φu,Q

R

)
(un · ∇xQn −ΘnQn +QnΘn)

+Φu,Q
R (K(Qn)−K(Q))

+
(

Φun,Qn
R − Φu,Q

R

)
K(Qn), in T× (0, T ),

Q̄n(0) = 0.

(3.3.14)

Taking α-order derivative on both sides of (3.3.14) for |α| ≤ s, multiplying by −4∂αx Q̄n,

then the trace and integrating over T, we arrive at

1

2

d

dt
‖∂α+1

x Q̄n‖2 + ΓL‖4∂αx Q̄n‖2

=

∫
T

Φu,Q
R ∂αx

([
(u− un) · ∇xQ− un · ∇xQ̄n

+ ΘnQ̄n − Q̄nΘn + (Θn −Θ)Q−Q(Θn −Θ)
]

+
(

Φun,Qn
R − Φu,Q

R

)
(un · ∇xQn −ΘnQn +QnΘn)

+ Φu,Q
R (K(Qn)−K(Q))

+
(

Φun,Qn
R − Φu,Q

R

)
K(Qn)

)
: (−4∂αx Q̄n)dx

= : I1 + I2 + I3 + I4. (3.3.15)

As {Qn}n≥1 and Q are uniform bounded in

C([0, T ];W s+1,2(T, S3
0)) ∩ L2(0, T ;W s+2,2(T, S3

0)).

We can estimate I1 by Lemma 3.1.1 and the Hölder inequality

|I1| ≤
∥∥∂αx [(u− un) · ∇xQ− un · ∇xQ̄n + ΘnQ̄n − Q̄nΘn + (Θn −Θ)Q−Q(Θn −Θ)

]∥∥
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× ‖4∂αx Q̄n‖

≤ C(‖u− un‖s,2‖Q‖s+1,2 + ‖un‖s+1,2‖∂α+1
x Q̄n‖+ ‖u− un‖s+1,2‖Q‖s,2)‖4∂αx Q̄n‖

≤ ΓL

4
‖4∂αx Q̄n‖2 + C‖∂α+1

x Q̄n‖2 + C‖u− un‖2
s+1,2.

For I2, by Lemma 3.1.1 and the Hölder inequality again, we have

|I2| ≤ C(‖u− un‖2,∞ + ‖Q̄n‖3,∞)‖∂αx (un · ∇xQn −ΘnQn +QnΘn)‖‖4∂αx Q̄n‖

≤ ΓL

4
‖4∂αx Q̄n‖2 + C‖∂α+1

x Q̄n‖2 + C‖u− un‖2
s+1,2.

Similarly, for terms I3, I4

|I3 + I4| ≤
ΓL

4
‖4∂αx Q̄n‖2 + C‖∂α+1

x Q̄n‖2 + C‖u− un‖2
s+1,2.

Summing all the estimates up and taking sum for |α| ≤ s, we get

d

dt
‖Q̄n‖2

s+1,2 +
ΓL

2
‖Q̄n‖2

s+2,2 ≤ C‖Q̄n‖2
s+1,2 + C‖un − u‖2

XN
.

Applying the Gronwall lemma, then

‖Q̄n(t)‖2
s+1,2 +

ΓL

2

∫ t

0

‖Q̄n‖2
s+2,2dξ ≤ CeCT sup

t∈[0,T ]

‖un − u‖2
XN
,

for any t ∈ [0, T ]. So let n→∞, since supt∈[0,T ] ‖un − u‖2
XN
→ 0, then (3.3.13) follows.

Finally, we prove Q ∈ S3
0 , namely tr(Q) = 0 and Q = QT a.e in T × [0, T ]. If we apply

the transpose to the equation (3.3.5)(1), using the fact that ‖Q‖3,∞ = ‖QT‖3,∞, we have

(QT)t + Φu,QT

R (u · ∇xQ
T −ΘQT +QTΘ) = ΓL4QT + Φu,QT

R K(QT).

So QT also satisfies the equation. The uniqueness result leads to Q = QT. The proof of

tr(Q) = 0, we refer the reader to [22].
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For r1 = r[v1], r2 = r[v2], r1 − r2 satisfies

d(r1 − r2) + v1 · ∇x(r1 − r2)dt− γ − 1

2
divxv1 · (r1 − r2)dt

= −∇xr2 · (v1 − v2)dt− γ − 1

2
r2 · divx(v1 − v2)dt,

where v1 = Φ
u1,Q[u1]
R u1, v2 = Φ

u2,Q[u2]
R u2. Using the same argument as Breit-Feireisl-

Hofmanová [11, Section 3.1] and the continuity of Q[u], see (3.3.6), we are able to obtain

the continuity of r[u] with respect to u ∈ C([0, T ];XN(T)), that is,

sup
0≤t≤T

‖r[u1]− r[u2]‖2 ≤ TC(N,R, T ) sup
0≤t≤T

‖u1 − u2‖2
XN
. (3.3.16)

We proceed to construct the approximate solution to the momentum equation. Let

{ψm}∞m=1 be an orthonormal basis of the space H1(T,R3). Set the space

Xn = span{ψ1, . . . , ψn}. (3.3.17)

Let Pn be an orthogonal projection from H1(T,R3) into Xn.

We now find the approximate velocity field un ∈ L2(Ω, C([0, T ];Xn)) to the following

momentum equation

d〈un, ψi〉+ Φun,Qn
R 〈un∇xun + r[un]∇xr[un], ψi〉dt

= Φun,Qn
R 〈D(r[un])(Lun − divx(L∇xQ[un]�∇xQ[un]−F(Q[un])I3)

+Ldivx(Q[un]4Q[un]−4Q[un]Q[un])), ψi〉dt

+Φun,Qn
R 〈F(r[un],un), ψi〉dW, i = 1, . . . , n

un(0) = Pnu0.

To handle the nonlinear Q-tensor terms and the noise term above, with the spirit of [43], we

define another C∞-smooth cut-off function

ΨK(z) =

 1, |z| ≤ K,

0, |z| > 2K.

For any v =
∑n

i=1 viψi ∈ Xn, define vK =
∑n

i=1 ΨK(vi)viψi, then we have ‖vK‖C([0,T ];Xn) ≤

2K.
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Define the mapping

〈T [u];ψi〉 = 〈uK0 ;ψi〉 −
∫ ·

0

Φ
uK ,Q[uK ]
R 〈uK∇xu

K + r[uK ]∇xr[u
K ];ψi〉dt

+

∫ ·
0

Φ
uK ,Q[uK ]
R 〈D(r[uK ])(LuK − divx(L∇xQ[uK ]�∇xQ[uK ]−F(Q[uK ])I3)

+ Ldivx(Q[uK ]4Q[uK ]−4Q[uK ]Q[uK ]));ψi〉dt

+

∫ ·
0

Φ
uK ,Q[uK ]
R 〈F(r[uK ],uK);ψi〉dW, i = 1, . . . , n.

(3.3.18)

Next, we show that the mapping T is a contraction on B = L2(Ω;C([0, T ∗];Xn)) with fixed

K,n for T ∗ small enough. Denote the right side of (3.3.18) Tdet as the deterministic part,

and Tsto as the component
∫ ·

0
Φu,Q
R 〈F(r[u],u);ψi〉dW respectively.

Combining the assumption on initial data Q0 and the definition of uK , we have after a

easily calculation

‖Q[uK ]‖C([0,T ];W 1,2) ≤ C(K,R), P a.s. (3.3.19)

Together estimates (3.3.1), (3.3.4), (3.3.19), the continuity results (3.3.16), (3.3.6) with the

equivalence of norms on finite dimensional space Xn, we can show that the mapping Tdet
satisfies the estimate

‖Tdet(u1)− Tdet(u2)‖2
B ≤ T ∗C(n,R, T,K)‖u1 − u2‖2

B, (3.3.20)

see also [22, 86] and using the Burkholder-Davis-Gundy inequality (3.1.5), the mapping Tsto
satisfies the estimate

‖Tsto(u1)− Tsto(u2)‖2
B

= E sup
t∈[0,T ∗]

∥∥∥∥∫ t

0

Φ
uK1 ,Q[uK1 ]
R F(r[uK1 ],uK1 )− Φ

uK2 ,Q[uK2 ]
R F(r[uK2 ],uK2 )dW

∥∥∥∥2

Xn

≤ CE
∫ T ∗

0

∥∥∥Φ
uK1 ,Q[uK1 ]
R F(r[uK1 ],uK1 )− Φ

uK2 ,Q[uK2 ]
R F(r[uK2 ],uK2 )

∥∥∥2

L2(U;Xn)
dt

≤ CE
∫ T ∗

0

∣∣∣ΦuK1 ,Q[uK1 ]
R − Φ

uK2 ,Q[uK2 ]
R

∣∣∣2 ∥∥F(r[uK1 ],uK1 )
∥∥2

L2(U;Xn)
dt

+ CE
∫ T ∗

0

(Φ
uK2 ,Q[uK2 ]
R )2

∥∥F(r[uK1 ],uK1 )− F(r[uK2 ],uK2 )
∥∥2

L2(U;Xn)
dt
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=: J1 + J2. (3.3.21)

Using the equivalence of norms on finite-dimensional space, assumption (3.1.6) and the

continuity result (3.3.16), the bound (3.3.1), we have

J2 ≤ CE
∫ T ∗

0

(Φ
uK2 ,Q[uK2 ]
R )2

∥∥F(r[uK1 ],uK1 )− F(r[uK2 ],uK2 )
∥∥2

L2(U;L2)
dt

≤ CE
∫ T ∗

0

(Φ
uK2 ,Q[uK2 ]
R )2(‖r[uK1 ], r[uK2 ]‖2

1,∞ + ‖uK1 ,uK2 ‖2
2,∞)‖r[uK1 ]− r[uK2 ],uK1 − uK2 ‖2dt

≤ T ∗C(n,R,K, T )‖u1 − u2‖2
B. (3.3.22)

By the mean value theorem, the equivalence of norms on finite-dimensional space, assumption

(3.1.5) and continuity result (3.3.6), we also have

J1 ≤ T ∗C(n,K, T )‖u1 − u2‖2
B. (3.3.23)

Combining (3.3.19)-(3.3.23), we infer that there exists approximate solution sequence

belonging to L2(Ω;C([0, T∗];Xn)) to momentum equation for small time T ∗ by the Banach

fixed point theorem. Here we first assume that the estimates (3.3.51),(3.3.52) hold. Then,

we could extend the existence time T ∗ to any T > 0 for any fixed n,K.

Next, we pass K → ∞ to construct the approximate solution (rn,un, Qn) for any fixed

n. Define the stopping time τK

τK = inf

{
t ∈ [0, T ]; sup

ξ∈[0,t]

∥∥uKn (ξ)
∥∥
Xn
≥ K

}
,

with the convention inf ∅ = T . Note that τK1 ≥ τK2 if K1 ≥ K2, due to the uniqueness,

we have (rK1
n ,uK1

n , QK1
n ) = (rK2

n ,uK2
n , QK2

n ) on the interval [0, τK2). Therefore, we can define

(rn,un, Qn) = (rKn ,u
K
n , Q

K
n ) on interval [0, τK). Note that

P
{

sup
K∈N+

τK = T

}
= 1− P

{(
sup
K∈N+

τK = T

)c}
= 1− P

{
sup
K∈N+

τK < T

}
≥ 1− P {τK < T} = 1− P

{
sup
t∈[0,T ]

‖uKn ‖Xn ≥ K

}
.
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From the Chebyshev inequality, estimate (3.3.51) and the equivalence of norms on finite

dimensional space, we know

lim
K→∞

P

{
sup
t∈[0,T ]

‖uKn ‖Xn ≥ K

}
= 0,

which leads to

P
{

sup
K∈N+

τK = T

}
= 1.

As a result, we could extend the existence time interval [0, τK) to [0, T ] for any T > 0,

obtaining the global existence of approximate solution sequence (rn,un, Qn).

3.3.2 Uniform estimates

In this subsection, we derive the a priori estimates that hold uniformly for n ≥ 1, which

allow us to extend the existence interval to any T > 0 and provide a preliminary for our

stochastic compactness argument.

Taking α-order derivative on both sides of system (3.2.3) in the x-variable for |α| ≤ s,

then taking inner product with ∂αx rn on both sides of equation (3.2.3)(1) and applying the

Itô formula to function ‖∂αxun‖2, we obtain

1

2
d‖∂αx rn‖2 + Φun,Qn

R

(
un · ∇x∂

α
x rn +

γ − 1

2
rndivx∂

α
xun, ∂

α
x rn

)
dt

=Φun,Qn
R (un · ∂αx∇xrn − ∂αx (un · ∇xrn), ∂αx rn) dt

+
γ − 1

2
Φun,Qn
R (rn∂

α
xdivxun − ∂αx (rndivxun), ∂αx rn) dt

= : (T n1 dt+ T n2 dt, ∂
α
x rn) , (3.3.24)

and

1

2
d‖∂αxun‖2 + Φun,Qn

R (un∇x∂
α
xun + rn∇x∂

α
x rn, ∂

α
xun)dt

− Φun,Qn
R (D(rn)L(∂αxun), ∂αxun)dt

+ Φun,Qn
R

(
D(rn)divx∂

α
x

(
L∇xQn �∇xQn −

L

2
|∇xQn|2I3

)
, ∂αxun

)
dt
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− Φun,Qn
R

(
D(rn)divx∂

α
x

(
a

2
I3tr(Q2

n)− b

3
I3tr(Q3

n) +
c

4
I3tr2(Q2

n)

)
, ∂αxun

)
dt

− Φun,Qn
R (D(rn)divx (L∂αx (Qn4Qn −4QnQn)) , ∂αxun)dt

=Φun,Qn
R (un∂

α
x∇xun − ∂αx (un∇xun), ∂αxun) dt

+ Φun,Qn
R (rn∂

α
x∇xrn − ∂αx (rn∇xrn), ∂αxun)dt

− Φun,Qn
R (D(rn)∂αxLun − ∂αx (D(rn)Lun), ∂αxun)dt

+ Φun,Qn
R

(
D(rn)∂αxdivx

(
L∇xQn �∇xQn −

L

2
|∇xQn|2I3

)
− ∂αx

(
D(rn)divx

(
L∇xQn �∇xQn −

L

2
|∇xQn|2I3

))
, ∂αxun

)
dt

− Φun,Qn
R

(
D(rn)∂αxdivx

(
a

2
I3tr(Q2

n)− b

3
I3tr(Q3

n) +
c

4
I3tr2(Q2

n)

)
− ∂αx

(
D(rn)divx

(
a

2
I3tr(Q2

n)− b

3
I3tr(Q3

n) +
c

4
I3tr2(Q2

n)

))
, ∂αxun

)
dt

− Φun,Qn
R

(
D(rn)∂αxdivxL(Qn4Qn −4QnQn)

− ∂αx (D(rn)divxL(Qn4Qn −4QnQn)), ∂αxun

)
dt

+ Φun,Qn
R (∂αxF(rn,un), ∂αxun)dW +

1

2
(Φun,Qn

R )2
∑
k≥1

∫
T
|∂αxF(rn,un)ek|2dxdt

= :
8∑
i=3

(T ni , ∂
α
xun)dt+ Φun,Qn

R (∂αxF(rn,un), ∂αxun)dW

+
1

2
(Φun,Qn

R )2
∑
k≥1

∫
T
|∂αxF(rn,un)ek|2dxdt. (3.3.25)

To handle the highest order term divx(Qn4Qn −4QnQn), we multiply −D(rn)4∂αxQn in

equation 3.2.3(3) instead of −4∂αxQn, then take the trace and integrate over T, to get

1

2
d‖
√
D(rn)∇x∂

α
xQn‖2 − 1

2

∫
T
D(rn)t|∇x∂

α
xQn|2dxdt

−
∫
T
∇xD(rn)(∂αxQn)t : ∇x∂

α
xQndxdt+ ΓL‖

√
D(rn)4∂αxQn‖2dt

− Φun,Qn
R

∫
T
D(rn)(un · ∇x∂

α
xQn) : 4∂αxQndxdt

− Φun,Qn
R

∫
T
D(rn)((∂αxΘn)Qn −Qn(∂αxΘn)) : 4∂αxQndxdt

− ΓΦun,Qn
R

∫
T
D(rn)∂αx

(
aQn − b

(
Q2
n −

I3

3
tr(Q2

n) + cQntr(Q2
n)

))
: 4∂αxQndxdt
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=−
∫
T
D(rn)Φun,Qn

R (un · ∂αx∇xQn − ∂αx (un · ∇xQn)) : 4∂αxQndxdt

−
∫
T
D(rn)Φun,Qn

R ((∂αxΘn)Qn −Qn(∂αxΘn)− ∂αx (ΘnQn −QnΘn)) : 4∂αxQndxdt

= :

∫
T
(T9 + T10) : 4∂αxQndxdt. (3.3.26)

We next estimate all the right hand side terms. Using Lemma 3.1.1 and the Hölder

inequality,

|〈T n1 , ∂αx rn〉| ≤ CΦun,Qn
R (‖∇xun‖∞‖∂αx rn‖+ ‖∇xrn‖∞‖∂αxun‖)‖∂αx rn‖

≤ C(R)(‖∂αx rn‖2 + ‖∂αxun‖2),

|〈T n2 , ∂αx rn〉| ≤ CΦun,Qn
R (‖∇xrn‖∞‖∂αxun‖+ ‖divxun‖∞‖∂αx rn‖)‖∂αx rn‖

≤ C(R)(‖∂αxun‖2 + ‖∂αx rn‖2).

(3.3.27)

Also using Lemma 3.1.1, estimates (3.3.2), (3.3.3) and the Hölder inequality, we have the

following estimates for T n3 to T n10

|(T n3 , ∂αxun)| ≤ CΦun,Qn
R ‖∇xun‖∞‖∂αxun‖2 ≤ C(R)‖∂αxun‖2, (3.3.28)

|(T n4 , ∂αxun)| ≤ CΦun,Qn
R ‖∇xrn‖∞‖∂αx rn‖‖∂αxun‖ ≤ C(R)(‖∂αx rn‖2 + ‖∂αxun‖2), (3.3.29)

|(T n5 , ∂αxun)| ≤ CΦun,Qn
R (‖∇xD(rn)‖∞‖∂α−1

x Lun‖+ ‖Lun‖∞‖∂αxD(rn)‖)‖∂αxun‖

≤ C(R)Φun,Qn
R (‖∂α+1

x un‖+ ‖∂αx rn‖)‖∂αxun‖

≤ ν

8
Φun,Qn
R ‖

√
D(rn)∂α+1

x un‖2 + C(R)(‖∂αx rn‖2 + ‖∂αxun‖2), (3.3.30)

|(T n6 , ∂αxun)| ≤ CΦun,Qn
R

(
‖∇xD(rn)‖∞

∥∥∥∥∂αx (L∇xQn �∇xQn −
L

2
|∇xQn|2I3

)∥∥∥∥) ‖∂αxun‖

+

∥∥∥∥divx

(
L∇xQn �∇xQn −

L

2
|∇xQn|2I3

)∥∥∥∥
∞
‖∂αx rn‖‖∂αxun‖

≤ CΦun,Qn
R (‖∇xD(rn)‖∞‖∇xQn‖∞‖∂α+1

x Qn‖

+ ‖∇xQn‖∞‖Qn‖2,∞‖∂αx rn‖)‖∂αxun‖

≤ C(R)(‖∂α+1
x Qn‖2 + ‖∂αx rn‖2 + ‖∂αxun‖2), (3.3.31)

|(T n7 , ∂αxun)| ≤ CΦun,Qn
R

(
‖∇xD(rn)‖∞

∥∥∥∥∂α−1
x divx

(
a

2
I3tr(Q2

n)− b

3
I3tr(Q3

n) +
c

4
I3tr2(Q2

n)

)∥∥∥∥
+

∥∥∥∥divx

(
a

2
I3tr(Q2

n)− b

3
I3tr(Q3

n) +
c

4
I3tr2(Q2

n)

)∥∥∥∥
∞
‖∂αx rn‖

)
‖∂αxun‖
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≤ CΦun,Qn
R (‖Qn‖3

∞ + ‖Qn‖1,∞)(‖∂αxQn‖2 + ‖∂αx rn‖2 + ‖∂αxun‖2)

≤ C(R)(‖∂αxQn‖2 + ‖∂αx rn‖2 + ‖∂αxun‖2), (3.3.32)

|(T n8 , ∂αxun)| ≤ CΦun,Qn
R (‖∇xD(rn)‖∞‖∂αx (Qn4Qn −4QnQn)‖

+ ‖divx(Qn4Qn −4QnQn)‖∞‖∂αxD(rn)‖)‖∂αxun‖

≤ CΦun,Qn
R (‖Qn‖∞‖4∂αxQn‖+ ‖Qn‖2,∞‖∂αxQn‖)‖∂αxun‖

+ CΦun,Qn
R (‖∇xQn‖∞‖Qn‖2,∞ + ‖Qn‖∞‖Qn‖3,∞)‖∂αx rn‖‖∂αxun‖

≤ C(R)(‖∂αxQn‖2 + ‖∂αx rn‖2 + ‖∂αxun‖2) +
ΓL

8
‖
√
D(rn)4∂αxQn‖2, (3.3.33)

and ∣∣∣∣∫
T
(T9 + T10) : 4∂αxQndx

∣∣∣∣
≤ C(R)

∥∥∥Φun,Qn
R (un · ∂αx∇xQn − ∂αx (un · ∇xQn))

∥∥∥ ‖√D(rn)4∂αxQn‖

+ C(R)
∥∥∥Φun,Qn

R ((∂αxΘn)Qn −Qn(∂αxΘn)− ∂αx (ΘnQn −QnΘn))
∥∥∥ ‖√D(rn)4∂αxQn‖

≤ C(R)Φun,Qn
R (‖∇xun‖∞‖∂αxQn‖+ ‖∇xQn‖∞‖∂αxun‖)‖

√
D(rn)4∂αxQn‖

+ C(R)Φun,Qn
R (‖∇xQn‖∞‖∂αxun‖+ ‖∇xun‖∞‖∂αxQn‖)‖

√
D(rn)4∂αxQn‖

≤ C(R)(‖∂αxQn‖2 + ‖∂αxun‖2) +
ΓL

8
‖
√
D(rn)4∂αxQn‖2. (3.3.34)

According to the assumption (3.1.5) on G and the Remark 3.1.6, we could have the estimate∑
k≥1

∫ t

0

(Φun,Qn
R )2

∫
T
|∂αxF(rn,un)ek|2dxdξ

≤ C

∫ t

0

(Φun,Qn
R )2

∫
T
‖rn,∇xun‖2

1,∞(‖∂αx rn‖2 + ‖∂αxun‖2)dxdξ

≤ C(R)

∫ t

0

∫
T
(‖∂αx rn‖2 + ‖∂αxun‖2)dxdξ. (3.3.35)

Next, we proceed to estimate the terms on the left hand side of (3.3.24)-(3.3.26). Inte-

gration by parts, we get∣∣∣∣Φun,Qn
R

∫
T

un · ∇x∂
α
x rn∂

α
x rndx

∣∣∣∣ =

∣∣∣∣12Φun,Qn
R

∫
T

un · ∇x(∂
α
x rn)2dx

∣∣∣∣
=

∣∣∣∣12Φun,Qn
R

∫
T

divxun|∂αx rn|2dx
∣∣∣∣ ≤ C(R)‖∂αx rn‖2, (3.3.36)
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and

Φun,Qn
R

∫
T
(un · ∇x∂

α
xun + rn · ∇x∂

α
x rn) · ∂αxundx

=− 1

2
Φun,Qn
R

∫
T
|∂αxun|2divxundx− Φun,Qn

R

∫
T
rndivx∂

α
xun∂

α
x rndx

− Φun,Qn
R

∫
T
∇xrn · ∂αxun∂

α
x rndx

≤ C(R)(‖∂αxun‖2 + ‖∂αx rn‖2)− Φun,Qn
R

∫
T
rndivx∂

α
xun∂

α
x rndx, (3.3.37)

as well as we have by estimate (3.3.2)

Φun,Qn
R

∫
T
D(rn)L(∂αxun) · ∂αxundx

= Φun,Qn
R

∫
T
D(rn)(υ4∂αxun + (υ + λ)∇xdivx∂

α
xun) · ∂αxundx

=− Φun,Qn
R

∫
T
D(rn)(υ|∇x∂

α
xun|2 + (υ + λ)|divx∂

α
xun|2)dx

− Φun,Qn
R

∫
T
∇xD(rn)(υ∇x∂

α
xun + (υ + λ)divx∂

α
xun)∂αxundx

≤− Φun,Qn
R

∫
T
D(rn)(υ|∇x∂

α
xun|2 + (υ + λ)|divx∂

α
xun|2)dx

+ Φun,Qn
R ‖∇xD(rn)‖∞(υ‖∇x∂

α
xun‖+ (υ + λ)‖divx∂

α
xun‖)‖∂αxun‖

≤ − Φun,Qn
R

∫
T
D(rn)(υ|∇x∂

α
xun|2 + (υ + λ)|divx∂

α
xun|2)dx+ C(R)‖∂αxun‖2

+
1

8
Φun,Qn
R (υ‖

√
D(rn)∇x∂

α
xun‖2 + (υ + λ)‖

√
D(rn)divx∂

α
xun‖2). (3.3.38)

Also integration by parts, estimate (3.3.2), Lemmas 3.1.1,3.1.3 and the Hölder inequality

give

Φun,Qn
R

∫
T
D(rn)divx(L∂

α
x (Qn4Qn −4QnQn)) · ∂αxundx

=− LΦun,Qn
R

∫
T
D(rn)∂αx (Qn4Qn −4QnQn) : ∂αx∇xu

T
ndx

− LΦun,Qn
R

∫
T
∇xD(rn)∂αx (Qn4Qn −4QnQn) · ∂αxundx

=− LΦun,Qn
R

∫
T
D(rn)(Qn4∂αxQn −4∂αxQnQn) : ∂αx∇xu

T
ndx

− LΦun,Qn
R

∫
T
∇xD(rn)∂αx (Qn4Qn −4QnQn) · ∂αxundx
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− LΦun,Qn
R

∫
T
D(rn)(∂αx (Qn4Qn −4QnQn)− (Qn4∂αxQn −4∂αxQnQn)) : ∂αx∇xu

T
ndx

≤− LΦun,Qn
R

∫
T
D(rn)((∂αxΘn)Qn −Qn(∂αxΘn)) : 4∂αxQndx

+ C(R)Φun,Qn
R (‖∂αx (Qn4Qn −4QnQn)‖‖∂αxun‖

+ ‖∂αx (Qn4Qn −4QnQn)− (Qn4∂αxQn −4∂αxQnQn)‖‖∂α+1
x un‖)

≤− LΦun,Qn
R

∫
T
D(rn)((∂αxΘn)Qn −Qn(∂αxΘn)) : 4∂αxQndx

+ C(R)Φun,Qn
R (‖Qn‖∞‖4∂αxQn‖+ ‖Qn‖2,∞‖∂αxQn‖)‖∂αxun‖

+ C(R)Φun,Qn
R (‖∇xQn‖∞‖∂α+1

x Qn‖+ ‖Qn‖2,∞‖∂αxQn‖)‖∂α+1
x un‖

≤ − LΦun,Qn
R

∫
T
D(rn)((∂αxΘn)Qn −Qn(∂αxΘn)) : 4∂αxQndx

+ C(R)(‖4∂αxQn‖+ ‖∂αxQn‖)‖∂αxun‖+ C(R)(‖∂α+1
x Qn‖+ ‖∂αxQn‖)‖∂α+1

x un‖. (3.3.39)

Remark 3.3.5. Actually, Lemma 3.1.3 requires that the symmetric matrices are 3×3, here,

the4∂αxQ, ∂αx∇uT can be seen as the vector with each component is a 3×3 matrix, therefore,

we could apply Lemma 3.1.3 to each component in above argument, adding them together

then get the result.

Also, using the estimate (3.3.2), we have∣∣∣∣Φun,Qn
R

∫
T
D(rn)divx∂

α
x

(
L∇xQn �∇xQn −

L

2
|∇xQn|2I3

)
· ∂αxundx

∣∣∣∣
=

∣∣∣∣Φun,Qn
R

∫
T
∇xD(rn)∂αx

(
L∇xQn �∇xQn −

L

2
|∇xQn|2I3

)
· ∂αxundx

+ Φun,Qn
R

∫
T
D(rn)∂αx

(
L∇xQn �∇xQn −

L

2
|∇xQn|2I3

)
: ∂αx∇xu

T
ndx

∣∣∣∣
≤ C(R)Φun,Qn

R ‖∂α+1
x Qn‖(‖∂αxun‖+ ‖∂α+1

x un‖)

≤ C(R)(‖∂α+1
x Qn‖2 + ‖∂αxun‖2) +

υ

8
Φun,Qn
R ‖

√
D(rn)∂α+1

x un‖2, (3.3.40)

as well as∣∣∣∣Φun,Qn
R

∫
T
D(rn)divx∂

α
x

(
a

2
I3tr(Q2

n)− b

3
I3tr(Q3

n) +
c

4
I3tr2(Q2

n)

)
· ∂αxundx

∣∣∣∣
=

∣∣∣∣Φun,Qn
R

∫
T
∇xD(rn)∂αx

(
a

2
I3tr(Q2

n)− b

3
I3tr(Q3

n) +
c

4
I3tr2(Q2

n)

)
· ∂αxundx
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+ Φun,Qn
R

∫
T
D(rn)∂αx

(
a

2
I3tr(Q2

n)− b

3
I3tr(Q3

n) +
c

4
I3tr2(Q2

n)

)
: ∂αx∇xu

T
ndx

∣∣∣∣
≤ CΦun,Qn

R (‖D(rn)‖1,∞ + ‖D(rn)‖∞)(1 + ‖Qn‖3
∞)‖∂αxQn‖(‖∂αxun‖+ ‖∂α+1

x un‖)

≤ C(R)(‖∂αxQn‖2 + ‖∂αxun‖2) +
υ

8
Φun,Qn
R ‖

√
D(rn)∂α+1

x un‖2. (3.3.41)

According to equation (3.2.3)(1), we have the estimate of D(rn)t

‖D(rn)t‖∞ =

∥∥∥∥ρ[rn]t
ρ[rn]2

∥∥∥∥
∞
≤ C(R)Φun,Qn

R ‖divx(ρ[rn]un)‖∞

≤ C(R)Φun,Qn
R (‖rn‖∞‖divxun‖∞ + ‖∇xrn‖∞‖un‖∞) ≤ C(R). (3.3.42)

Considering equation (3.3.5), by Lemma 3.1.1, we can get the estimate of (∂αxQn)t as follows

‖(∂αxQn)t‖ =

∥∥∥∥ΓL4∂αxQn + Φun,Qn
R

[
− ∂αx (un · ∇xQn) + ∂αx (ΘnQn −QnΘn)

− Γ∂αx

(
aQn − b

(
Q2
n −

I3

3
tr(Q2

n)

)
+ cQntr(Q2

n)

)]∥∥∥∥
≤ C(R)(‖∂αxQn‖+ ‖∂α+1

x Qn‖+ ‖∂αxun‖+ ‖4∂αxQn‖). (3.3.43)

The above two estimates combine with (3.3.2), yielding∣∣∣∣12
∫
T
D(rn)t|∇x∂

α
xQn|2dx+

∫
T
∇xD(rn)(∂αxQn)t : ∇x∂

α
xQndx

∣∣∣∣
≤ C‖D(rn)t‖∞‖∂α+1

x Qn‖2 + C‖∇xD(rn)‖∞‖(∂αxQn)t‖‖∂α+1
x Qn‖

≤ C(R)‖∂α+1
x Qn‖2 + C(R)(‖∂α+1

x Qn‖+ ‖∂αxun‖+ ‖4∂αxQn‖)‖∂α+1
x Qn‖

≤ C(R)(‖∂α+1
x Qn‖2 + ‖∂αxun‖2) +

ΓL

8
‖
√
D(rn)4∂αxQn‖2. (3.3.44)

In addition, we also have

Φun,Qn
R

∣∣∣∣∫
T
D(rn)(un · ∇x∂

α
xQn) : 4∂αxQndx

∣∣∣∣
≤ Φun,Qn

R ‖D(rn)‖∞‖un‖∞‖∂α+1
x Qn‖‖4∂αxQn‖

≤ C(R)‖∂α+1
x Qn‖2 +

ΓL

8
‖
√
D(rn)4∂αxQn‖2, (3.3.45)

and

Φun,Qn
R

∣∣∣∣∫
T
D(rn)∂αx

(
aQn − b

(
Q2
n −

I3

3
tr(Q2

n)

)
+ cQntr(Q2

n)

)
: 4∂αxQndx

∣∣∣∣
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≤ Φun,Qn
R ‖D(rn)‖∞‖4∂αxQn‖

∥∥∥∥∂αx (aQn − b
(
Q2
n −

I3

3
tr(Q2

n)

)
+ cQntr(Q2

n)

)∥∥∥∥
≤ C(R)Φun,Qn

R (‖Qn‖∞ + ‖Qn‖2
∞)‖∂αxQn‖‖4∂αxQn‖

≤ C(R)‖∂α+1
x Qn‖2 +

ΓL

8
‖
√
D(rn)4∂αxQn‖2, (3.3.46)

in the last step, we also use the estimate (3.3.2). Summing all the estimates (3.3.27)-(3.3.46),

note that the first term in (3.3.39) was cancelled with the forth integral on the left hand side

of (3.3.26), also the second term in (3.3.37) was cancelled with the second term on the left

hand side of (3.3.24) after matching the constant, we conclude

d(‖∂αx rn(t)‖2 + ‖∂αxun(t)‖2 + ‖
√
D(rn)∇x∂

α
xQn(t)‖2)

+ Φun,Qn
R

∫
T
D(rn)(υ|∇x∂

α
xun|2 + (υ + λ)|divx∂

α
xun|2)dxdt

+ ΓL‖
√
D(rn)4∂αxQn‖2dt

≤ C(R)(‖∂αx rn‖2 + ‖∂αxun‖2 + ‖
√
D(rn)∂α+1

x Qn‖2)dt

+ Φun,Qn
R

∫
T
∂αxF(rn,un) · ∂αxundxdW. (3.3.47)

Define the stopping time τM

τM = inf

{
t ≥ 0; sup

ξ∈[0,t]

‖rn(ξ),un(ξ)‖2
s,2 ≥M

}
,

if the set is empty, choosing τM = T . Then, taking sum for |α| ≤ s, taking integral with

respect to time and sumpremum on interval [0, t∧ τM ], power p, finally expectation on both

sides of (3.3.47), we arrive at

E

[
sup

ξ∈[0,t∧τM ]

(‖∂sxrn‖2 + ‖∂sxun‖2 + ‖
√
D(rn)∇x∂

s
xQn‖2)

]p
+ E

(∫ t∧τM

0

Φun,Qn
R

∫
T
D(rn)(υ|∇x∂

s
xun|2 + (υ + λ)|divx∂

s
xun|2)dxdξ

)p
+ E

(∫ t∧τM

0

ΓL‖
√
D(rn)4∂sxQn‖2dξ

)p
≤ CE(‖r0,u0‖2

s,2 + ‖Q0‖2
s+1,2)p

+ CE
(∫ t∧τM

0

‖∂sxrn‖2 + ‖∂sxun‖2 + ‖
√
D(rn)∂s+1

x Qn‖2dξ

)p
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+ CE

[
sup

ξ∈[0,t∧τM ]

∣∣∣∣∫ ξ

0

Φun,Qn
R

∫
T
∂sxF(rn,un) · ∂sxundxdW

∣∣∣∣
]p
. (3.3.48)

Regarding the stochastic integral term, we could apply the Burkholder-Davis-Gundy inequal-

ity (3.1.4) and assumption (3.1.5)(Remark 3.1.6), for any 1 ≤ p <∞

E

[
sup

ξ∈[0,t∧τM ]

∣∣∣∣∫ ξ

0

Φun,Qn
R

∫
T
∂sxF(rn,un) · ∂sxundxdW

∣∣∣∣
]p

≤ C(p)E
[∫ t∧τM

0

(Φun,Qn
R )2‖F(rn,un)‖2

L2(U;W s,2(T))‖un‖2
s,2dξ

] p
2

≤ C(p)E
[∫ t∧τM

0

(Φun,Qn
R )2‖rn,∇un‖2

1,∞‖rn,un‖4
s,2dξ

] p
2

≤ C(p,R)E

[
sup

ξ∈[0,t∧τM ]

‖rn,un‖2
s,2

∫ t∧τM

0

‖rn,un‖2
s,2dξ

] p
2

≤ 1

2
E

[
sup

ξ∈[0,t∧τM ]

‖rn,un‖2p
s,2

]
+ C(p,R)E

[∫ t∧τM

0

‖rn,un‖2
s,2dξ

]p
. (3.3.49)

Combining (3.3.48)-(3.3.49), the Gronwall lemma gives

E

[
sup

ξ∈[0,t∧τM ]

(‖∂sxrn‖2 + ‖∂sxun‖2 + ‖
√
D(rn)∇x∂

s
xQn‖2)

]p
+ E

(∫ t∧τM

0

Φun,Qn
R

∫
T
D(rn)(υ|∇x∂

s
xun|2 + (υ + λ)|divx∂

s
xun|2)dxdξ

)p
+ E

(∫ t∧τM

0

ΓL‖
√
D(rn)4∂sxQn‖2dξ

)p
≤ C, (3.3.50)

where the constant C is independent of n, but depends on (s, p, R,T, T ) and the initial data.

Taking M → ∞ in (3.3.50), using the fact that 1
C(R)

≤ D(rn) ≤ C(R) and the monotone

convergence theorem, we establish the a priori estimates

rn ∈ Lp(Ω;L∞(0, T ;W s,2(T))), un ∈ Lp(Ω;L∞(0, T ;W s,2(T,R3))), (3.3.51)

Qn ∈ Lp(Ω;L∞(0, T ;W s+1,2(T, S3
0)) ∩ L2(0, T ;W s+2,2(T, S3

0))), (3.3.52)

for all 1 ≤ p <∞, integer s > 7
2
.
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3.3.3 Compactness argument

Let {rn,un, Qn}n≥1 be the sequence of approximate solution to system (3.2.3) rela-

tive to the fixed stochastic basis (Ω,F , {Ft}t≥0,P,W ) and F0-measurable random variable

(r0,u0, Q0). We define the path space

X = Xr ×Xu ×XQ ×XW ,

where

Xr = C([0, T ];W s−1,2(T)), Xu = L∞(0, T ;W s−ε,2(T,R3)),

XQ = C([0, T ];W s,2(T, S3
0)) ∩ L2(0, T ;W s+1,2(T, S3

0)), XW = C([0, T ];U0),

where ε is small enough such that integer s− ε > 3
2

+ 2.

Define the sequence of probability measures

µn = µnr ⊗ µnu ⊗ µnQ ⊗ µW , (3.3.53)

where µnr (·) = P{rn ∈ ·}, µnu(·) = P{un ∈ ·}, µnQ(·) = P{Qn ∈ ·}, µW (·) = P{W ∈ ·}. We

show that the set {µn}n≥1 is in fact weakly compact. According to the Prokhorov theorem,

it suffices to show that each set {µn(·)}n≥1 is tight on the corresponding path space X(·).

Lemma 3.3.6. The set of the sequence of measures {µnu}n≥1 is tight on path space Xu.

Proof. First, we show that for any α ∈ [0, 1
2
)

E‖un‖Cα([0,T ];L2(T,R3)) ≤ C, (3.3.54)

where C is independent of n.

Decompose un = Xn + Yn, where

Xn = Xn(0) +

∫ t

0

−Φun,Qn
R Pn(un∇xun + rn∇xrn) + Φun,Qn

R Pn(D(rn)(Lun

− divx(L∇xQn �∇xQn −F(Qn)I3) + Ldivx(Qn4Qn −4QnQn)))dξ,

Yn =

∫ t

0

Φun,Qn
R PnF(rn,un)dW.
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Using the a priori estimates (3.3.51), (3.3.52) and the Hölder inequality, we have

E‖Xn‖W 1,2(0,T ;L2(T,R3)) ≤ C,

where C is independent of n. By the embedding (3.1.3), we obtain the estimate

E‖Xn‖Cα([0,T ];L2(T,R3)) ≤ C.

Note that, for a.s. ω, and for any δ′ > 0, there exists t1, t2 ∈ [0, T ] such that

sup
t,t′∈[0,T ],t 6=t′

∥∥∥∫ t′t fdW∥∥∥
L2

|t′ − t|α
≤

∥∥∥∫ t2t1 fdW∥∥∥L2

|t2 − t1|α
+ δ′.

Regarding the stochastic term Yn, using the Burkholder-Davis-Gundy inequality (3.1.4) and

assumption (3.1.5), we get

E
∥∥∥∥∫ t

0

Φun,Qn
R PnF(rn,un)dW

∥∥∥∥
Cα([0,T ];L2(T))

≤ E

 sup
t,t′∈[0,T ],t 6=t′

∥∥∥∫ tt′ Φun,Qn
R PnF(rn,un)dW

∥∥∥
L2

|t− t′|α


≤

E
∥∥∥∫ t2t1 Φun,Qn

R PnF(rn,un)dW
∥∥∥
L2

|t2 − t1|α
+ δ′

≤
CE

(∫ t2
t1

∥∥∥Φun,Qn
R F(rn,un)

∥∥∥2

L2(U;L2(T))
dξ

) 1
2

|t2 − t1|α
+ δ′

≤ C(R)|t2 − t1|
1
2
−α + δ′ ≤ C.

Thus, we get the estimate (3.3.54). Fix any α ∈ (0, 1
2
), by the Aubin-Lions lemma A.0.5, we

have

Cα([0, T ];L2(T,R3)) ∩ L∞(0, T ;W s,2(T,R3)) ↪→↪→ L∞(0, T ;W s−ε,2(T,R3)).

Therefore, for any fixed K > 0, the set

BK :=

{
u ∈ Cα([0, T ];L2(T,R3)) ∩ L∞(0, T ;W s,2(T,R3)) :

‖u‖Cα([0,T ];L2(T,R3)) + ‖u‖L∞(0,T ;W s,2(T,R3)) ≤ K

}
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is compact in L∞(0, T ;W s−ε,2(T,R3)). Applying the Chebyshev inequality and the estimates

(3.3.51)2, (3.3.54), we have

µnu(Bc
K) = P

(
‖un‖L∞(0,T ;W s,2(T,R3)) + ‖un‖Cα([0,T ];L2(T,R3)) > K

)
≤ P

(
‖un‖L∞(0,T ;W s,2(T,R3)) >

K

2

)
+ P

(
‖un‖Cα([0,T ];L2(T,R3)) >

K

2

)
≤ 2

K

(
E‖un‖L∞(0,T ;W s,2(T,R3)) + E‖un‖Cα([0,T ];L2(T,R3))

)
≤ C

K
,

where the constant C is independent of n,K. Thus, we obtain the tightness of the sequence

of measures {µnu}n≥1.

Lemma 3.3.7. The set of the sequence of measures {µnQ}n≥1 is tight on path space XQ.

Proof. We only need to show that the set {µnQ}n≥1 is tight on space L2(0, T ;W s+1,2(T, S3
0)),

the proof of tightness on space C([0, T ];W s,2(T, S3
0)) is the same as the proof of the set

{µnu}n≥1.

From the equation (3.2.3)(3), we can easily show that

E‖Qn‖W 1,2(0,T ;L2(T,S3
0)) ≤ C, (3.3.55)

where C is a constant independence of n. For any fixed K > 0, define the set

BK :=

{
Q ∈ L2(0, T ;W s+2,2(T, S3

0)) ∩W 1,2(0, T ;L2(T, S3
0)) :

‖Q‖L2(0,T ;W s+2,2(T,S3
0)) + ‖Q‖W 1,2(0,T ;L2(T,S3

0)) ≤ K

}
,

which is thus compact in L2(0, T ;W s+1,2(T, S3
0)) as a result of the compactness embedding

L2(0, T ;W s+2,2(T, S3
0)) ∩W 1,2(0, T ;L2(T, S3

0)) ↪→ L2(0, T ;W s+1,2(T, S3
0)).

Applying the Chebyshev inequality and the estimates (3.3.52), (3.3.55), we get

µnu
(
B
c

K

)
≤ C

K
,

where the constant C is independent of n,K.
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Using the same argument as above, we can show the tightness of the sequences of set

{µnr }n≥1. Since the sequence W is only one element and thus, the set {µnW}n≥1 is weakly

compact. Then, the tightness of measure set {µn}n≥1 follows.

With the weakly compact of set {µn}n≥1 in hand, using the Skorokhod representation

theorem A.0.7, we have:

Proposition 3.3.8. There exists a subsequence of {µn}n≥1, also denoted as {µn}n≥1, and

a probability space (Ω̃, F̃ , P̃) as well as a sequence of random variables (r̃n, ũn, Q̃n, W̃n),

(r̃, ũ, Q̃, W̃ ) such that

(a) the joint law of (r̃n, ũn, Q̃n, W̃n) is µn, and the joint law of (r̃, ũ, Q̃, W̃ ) is µ, where µ is

the weak limit of the sequence {µn}n≥1;

(b) (r̃n, ũn, Q̃n, W̃n) converges to (r̃, ũ, Q̃, W̃ ), P̃ a.s. in the topology of X ;

(c) the sequence of Q̃n and Q̃ belong to S3
0 , almost everywhere.

(d) W̃n is a cylindrical Wiener process, relative to the filtration F̃nt given below.

Proof. The results (a), (b), (d) are a direct consequence of the Skorokhod representation

theorem. The result (c) is a consequence of result (a).

Proposition 3.3.9. The sequence (r̃n, ũn, Q̃n, W̃n) still satisfies the n-th order Galerkin

approximate system relative to the stochastic basis S̃n := (Ω̃, F̃ , P̃, {F̃nt }t≥0, W̃n), where F̃nt
is a canonical filtration defined by

σ
(
σ
(
r̃n(s), ũn(s), Q̃n(s), W̃n(s) : s ≤ t

)
∪
{

Σ ∈ F̃ ; P̃(Σ) = 0
})

.

Proof. The proof is similar to the one in [39, 84], here we omit the details.

3.3.4 Identification of limit

We verify that (S̃, r̃, ũ, Q̃, W̃ ) is a strong martingale solution to system (3.2.3), where

S̃ := (Ω̃, F̃ , P̃, {F̃t}t≥0) and the canonical filtration F̃t was given by

F̃t = σ
(
σ
(
r̃(s), ũ(s), Q̃(s), W̃ (s) : s ≤ t

)
∪
{

Σ ∈ F̃ ; P̃(Σ) = 0
})

.
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Define the following functionals

P(r,u)t = r(t)− r(0) +

∫ t

0

Φu,Q
R

(
u · ∇xr +

γ − 1

2
rdivxu

)
dξ,

N (Q,u)t = Q(t)−Q(0)−
∫ t

0

ΓL4Qdξ +

∫ t

0

Φu,Q
R (u · ∇xQ−ΘQ+QΘ−K(Q))dξ,

M(r,u, Q)t = u(t)− u(0) +

∫ t

0

Φu,Q
R (u · ∇xu + r∇xr)dξ

−
∫ t

0

Φu,Q
R (D(r)(Lu− divx(L∇xQ�∇xQ−F(Q)I3) + Ldivx(Q4Q−4QQ))dξ.

First, we show that for any function h ∈ L2(T), almost every (ω, t) ∈ Ω̃× (0, T ]

〈P(r̃n, ũn)t,h〉 → 〈P(r̃, ũ)t,h〉, 〈N (Q̃n, ũn)t,h〉 → 〈N (Q̃, ũ)t,h〉,

as n→∞. We only give the argument of high-order term Qtr(Q2) in K(Q). Note that∣∣∣∣∫ t

0

(Φũn,Q̃n
R Q̃ntr(Q̃2

n)− Φũ,Q̃
R Q̃tr(Q̃2),h)dξ

∣∣∣∣
≤
∣∣∣∣∫ t

0

((Φũn,Q̃n
R − Φũ,Q̃

R )Q̃ntr(Q̃2
n),h)dξ

∣∣∣∣+

∣∣∣∣∫ t

0

Φũ,Q̃
R (Q̃ntr(Q̃2

n)− Q̃tr(Q̃2),h)dξ

∣∣∣∣
≤
∣∣∣∣∫ t

0

((Φũn,Q̃n
R − Φũ,Q̃

R )Q̃ntr(Q̃2
n),h)dξ

∣∣∣∣+

∣∣∣∣∫ t

0

Φũ,Q̃
R ((Q̃n − Q̃)tr(Q̃2

n),h)dξ

∣∣∣∣
+

∣∣∣∣∫ t

0

Φũ,Q̃
R (Q̃(tr(Q̃2

n)− tr(Q̃2)),h)dξ

∣∣∣∣
=: J1 + J2 + J3.

Using the mean value theorem, the Hölder inequality and Proposition 3.3.8(b), we get

J1 ≤ C‖h‖
∫ t

0

(‖ũn − ũ‖2,∞ + ‖Q̃n − Q̃‖3,∞)‖Q̃ntr(Q̃2
n)‖∞dξ

≤ C‖h‖
∫ t

0

(‖ũn − ũ‖s−ε,2 + ‖Q̃n − Q̃‖s+1,2)‖Q̃ntr(Q̃2
n)‖∞dξ

≤ C‖h‖ sup
t∈[0,T ]

‖Q̃ntr(Q̃2
n)‖∞

∫ t

0

(‖ũn − ũ‖s−ε,2 + ‖Q̃n − Q̃‖s+1,2)dξ

→ 0, as n→∞, P̃ a.s.

We could use the same argument to get J2, J3 → 0, n → ∞, P̃ a.s.. Furthermore, by the

Vitali convergence theorem A.0.6, we infer that (r̃, ũ, Q̃) solves equations (3.2.3)(1)(3).
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It remains to verify that (r̃, ũ, Q̃, W̃ ) solves equation (3.2.3)(2) by passing n→∞. With

the spirit of [20], we are able to obtain the limit (r̃, ũ, Q̃, W̃ ) satisfies the equation (3.2.3)(2)

once we show that the processM(r̃, ũ, Q̃)t is a square integral martingale and its quadratic

and cross variations satisfy,

〈〈M(r̃, ũ, Q̃)t〉〉 =

∫ t

0

(Φũ,Q̃
R )2‖F(r̃, ũ)‖2

L2(U;L2(T,R3))dξ, (3.3.56)

〈〈M(r̃, ũ, Q̃)t, β̃k〉〉 =

∫ t

0

Φũ,Q̃
R ‖F(r̃, ũ)ek‖dξ. (3.3.57)

We clarify that the F̃t-Wiener process W̃ can be written in the form of W̃ =
∑

k≥1 β̃kek.

Since W̃n has the same distribution as Wn, then clearly its distribution is the same to W .

That is, for any n ∈ N, there exists a collection of mutually independent real-valued F̃nt -

Wiener processes {β̃nk }k≥1, such that W̃n =
∑

k≥1 β̃
n
k ek. Due to the convergence property of

W̃n, therefore the same thing holds for W̃ .

For any function h ∈ L2(T,R3), by Proposition 3.3.9, we have

Ẽ
[
h(rsr̃n, rsũn, rsQ̃n, rsW̃n)〈M(r̃n, ũn, Q̃n)t −M(r̃n, ũn, Q̃n)s,h〉

]
= 0,

Ẽ
[
h(rsr̃n, rsũn, rsQ̃n, rsW̃n)

(
〈M(r̃n, ũn, Q̃n)t,h〉2 − 〈M(r̃n, ũn, Q̃n)s,h〉2

−
∫ t

s

(Φũn,Q̃n
R )2‖(PnF(r̃n, ũn))∗h‖2

Udξ

)]
= 0,

Ẽ
[
h(rsr̃n, rsũn, rsQ̃n, rsW̃n)

(
β̃nk (t)〈M(r̃n, ũn, Q̃n)t,h〉 − β̃nk (s)〈M(r̃n, ũn, Q̃n)s,h〉

−
∫ t

s

Φũn,Q̃n
R 〈PnF(r̃n, ũn)ek,h〉dξ

)]
= 0,

where h is a continuous function defined by

h : Xr|[0,s] ×Xu|[0,s] ×XQ|[0,s] ×XW |[0,s] → [0, 1]

and rt is an operator as the restriction of the path spaces Xr, Xu, XQ and XW to the interval

[0, t] for any t ∈ [0, T ].

In order to pass the limit in above equality, we show that for almost every (ω, t) ∈

Ω̃× (0, T ]

(M(r̃n, ũn, Q̃n)t,h)→ (M(r̃, ũ, Q̃)t,h). (3.3.58)
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We only consider the nontrivial term divx(Q4Q−4QQ). Note that∫ t

0

(
Φũn,Q̃n
R D(r̃n)Ldivx(Q̃n4Q̃n −4Q̃nQ̃n)− Φũ,Q̃

R D(r̃)Ldivx(Q̃4Q̃−4Q̃Q̃),h

)
dξ

≤
∫ t

0

(
(Φũn,Q̃n

R − Φũ,Q̃
R )D(r̃n)Ldivx(Q̃n4Q̃n −4Q̃nQ̃n),h

)
dξ

+

∫ t

0

(
Φũ,Q̃
R (D(r̃n)−D(r̃))Ldivx(Q̃n4Q̃n −4Q̃nQ̃n),h

)
dξ

+

∫ t

0

(
Φũ,Q̃
R D(r̃)Ldivx(Q̃n4Q̃n −4Q̃nQ̃n −4Q̃Q̃+ Q̃4Q̃),h

)
dξ

=: K1 +K2 +K3.

Using the mean value theorem, the Hölder inequality, (3.3.2) and Proposition 3.3.8(b), we

get

K1 ≤ C‖h‖
∫ t

0

(‖ũn − ũ‖2,∞ + ‖Q̃n − Q̃‖3,∞)‖D(r̃n)‖∞‖Q̃n‖1,∞‖Q̃n‖3,∞dξ

≤ C‖h‖ sup
t∈[0,T ]

‖Q̃n‖2
s+1,2

∫ t

0

(‖ũn − ũ‖2,∞ + ‖Q̃n − Q̃‖3,∞)dξ

→ 0, as n→∞, P̃ a.s.

Similarly, using (3.3.4), the Hölder inequality and Proposition 3.3.8(b), we get K2 → 0, P̃

a.s.. Using the Hölder inequality, (3.3.2) and Proposition 3.3.8(b), we also get K3 → 0, P̃

a.s..

Last, let n→∞, by (3.3.58) and the Vitali convergence theorem A.0.6, we could find

Ẽ
[
h(rsr̃, rsũ, rsQ̃, rsW̃ )〈M(r̃, ũ, Q̃)t −M(r̃, ũ, Q̃)s,h〉

]
= 0,

Ẽ
[
h(rsr̃, rsũ, rsQ̃, rsW̃ )

(
〈M(r̃, ũ, Q̃)t,h〉2 − 〈M(r̃, ũ, Q̃)s,h〉2

−
∫ t

s

(Φũ,Q̃
R )2‖(F(r̃, ũ))∗h‖2

Udξ

)]
= 0,

Ẽ
[
h(rsr̃, rsũ, rsQ̃, rsW̃ )

(
β̃k(t)〈M(r̃, ũ, Q̃)t,h〉 − β̃k(s)〈M(r̃, ũ, Q̃)s,h〉

−
∫ t

s

Φũ,Q̃
R 〈F(r̃, ũ)ek,h〉dξ

)]
= 0.

Thus, we obtain the desired equalities (3.3.56) and (3.3.57), the Definition 3.3.1(4) follows.
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From the estimate (3.3.51)1 and the mass equation itself, we are able to deduce that the

process r is continuous with respect to time t in W s,2(T) using the [55, Theorem 3.1], see also

[11] for the compressible Navier-Stokes equations. Moreover, by the initial data condition

and estimate (3.3.1), we infer the process r has the uniform lower bound which depends on

R, P̃ a.s.. Since the high-order terms divx(Q4Q−4QQ) and ΘQ−QΘ arise in momentum

and Q-tensor equations, again by [55, Theorem 3.1] and the estimates (3.3.51), (3.3.52) and

the equations itself, we could only infer that (u, Q) is continuous with respect to time t in

W s−1,2(T,R3)×W s,2(T, S3
0). This completes the proof of Theorem 3.3.2.

3.4 Existence and Uniqueness of Strong Pathwise Solution to Truncated

System

In this section, we establish the existence and uniqueness of strong pathwise solution to

system (3.2.3) and start with the definition and result.

Definition 3.4.1. (Strong pathwise solution) Let (Ω,F , {Ft}t≥0,P) be a fixed stochastic ba-

sis and W be a given cylindrical Wiener process. The triple (r,u, Q) is called a global strong

pathwise solution to system (3.2.3) with initial data (r0,u0, Q0) if the following conditions

hold

1. r, u are Ft-progressively measurable processes with values in W s,2(T),W s,2(T,R3), Q is

Ft-progressively measurable process with value in W s+1,2(T, S3
0), satisfying

r ∈ L2(Ω;C([0, T ];W s,2(T))), r > 0, P a.s.

u ∈ L2(Ω;L∞(0, T ;W s,2(T;R3)) ∩ C([0, T ];W s−1,2(T;R3))),

Q ∈ L2(Ω;L∞(0, T ;W s+1,2(T;S3
0)) ∩ L2(0, T ;W s+2,2(T;S3

0)) ∩ C([0, T ];W s,2(T;S3
0)));

2. for all t ∈ [0, T ], P a.s.

r(t) = r0 −
∫ t

0

Φu,Q
R

(
u · ∇xr +

γ − 1

2
rdivxu

)
dξ,

u(t) = u0 −
∫ t

0

Φu,Q
R (u · ∇xu + r∇xr)dξ
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+

∫ t

0

Φu,Q
R D(r)(Lu− divx(L∇xQ�∇xQ−F(Q)I3)

+ Ldivx(Q4Q−4QQ))dξ +

∫ t

0

Φu,Q
R F(r,u)dW,

Q(t) = Q0 −
∫ t

0

Φu,Q
R (u · ∇xQ−ΘQ+QΘ)dξ +

∫ t

0

ΓL4Q+ Φu,Q
R K(Q)dξ.

In this section, we shall obtain the following result.

Theorem 3.4.2. Assume the initial data (r0,u0, Q0) satisfies the same conditions with The-

orem 3.3.2 and the coefficient G satisfies the assumptions (3.1.5),(3.1.6). For any integer

s > 9
2
, the system (3.2.3) has a unique global strong pathwise solution in the sense of Defi-

nition 3.4.1.

Following the Yamada-Watanabe argument, the pathwise uniqueness in probability ”1”

in turn reveals that the solution is also strong in probability sense, this means the solution

is constructed with respect to the fixed probability space in advance. Therefore, we next

establish the pathwise uniqueness.

Proposition 3.4.3. (Uniqueness) Fix any integer s > 9
2
. Suppose that G satisfies as-

sumption (3.1.6), and ((S, r1,u1, Q1), (S, r2,u2, Q2)) are two martingale solutions of system

(3.2.3) with the same stochastic basis S := (Ω,F , {Ft}t≥0,P,W ). Then if

P{(r1(0),u1(0), Q1(0)) = (r2(0),u2(0), Q2(0))} = 1,

then pathwise uniqueness holds in the sense of Definition 3.1.4.

Proof. Owing to the complexity of constitution and the similarity of argument with the a

priori estimate, here we only focus on the estimate of high-order nonlinearity term. Let α be

any vector such that |α| ≤ s− 1, taking the difference of r1 and r2, then α-order derivative,

we have

d∂αx (r1 − r2)

=− Φu1,Q1

R ∂αx

(
u1 · ∇xr1 +

γ − 1

2
r1divxu1

)
dt

+ Φu2,Q2

R ∂αx

(
u2 · ∇xr2 +

γ − 1

2
r2divxu2

)
dt
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=−
(

Φu1,Q1

R − Φu2,Q2

R

)
∂αx

(
u1 · ∇xr1 +

γ − 1

2
r1divxu1

)
dt

− Φu2,Q2

R ∂αx

(
u2 · ∇x(r1 − r2) + (u1 − u2) · ∇xr1

+
γ − 1

2
(r1 − r2)divxu1 +

γ − 1

2
r2divx(u1 − u2)

)
dt. (3.4.1)

Multiplying (3.4.1) by ∂αx (r1 − r2) and integrating over T, then the highest order term can

be treated as follows

− Φu2,Q2

R

∫
T

(
u2 · ∇x∂

α
x (r1 − r2) +

γ − 1

2
r2divx∂

α
x (u1 − u2)

)
· ∂αx (r1 − r2)dx

=
1

2
Φu2,Q2

R

∫
T

divxu2|∂αx (r1 − r2)|2dx− γ − 1

2
Φu2,Q2

R

∫
T
r2divx∂

α
x (u1 − u2) · ∂αx (r1 − r2)dx.

From the smoothness of Φ, the mean value theorem and the Sobolev embedding, we have

for s > 3
2

+ 3 ∣∣∣Φu1,Q1

R − Φu2,Q2

R

∣∣∣ ≤ C(‖u1 − u2‖2,∞ + ‖Q1 −Q2‖3,∞)

≤ C(‖u1 − u2‖s−1,2 + ‖Q1 −Q2‖s,2). (3.4.2)

Thus we get from above estimates

1

2
d‖∂αx (r1 − r2)‖2

≤ C(R)

(
1 +

2∑
j=1

‖rj,uj‖2
s,2

)
(‖r1 − r2,u1 − u2‖2

s−1,2 + ‖Q1 −Q2‖2
s,2)dt

− γ − 1

2
Φu2,Q2

R

∫
T
r2divx∂

α
x (u1 − u2) · ∂αx (r1 − r2)dxdt. (3.4.3)

Similarly, for u1 and u2, we have the equation

d∂αx (u1 − u2)

=− Φu1,Q1

R ∂αx (u1 · ∇xu1 + r1∇xr1 −D(r1)Lu1) dt

+ Φu2,Q2

R ∂αx (u2 · ∇xu2 + r2∇xr2 −D(r2)Lu2) dt

− Φu1,Q1

R ∂αx (D(r1)divx(L∇xQ1 �∇xQ1 −F(Q1)I3 − L(Q14Q1 −4Q1Q1))) dt

+ Φu2,Q2

R ∂αx (D(r2)divx(L∇xQ2 �∇xQ2 −F(Q2)I3 − L(Q24Q2 −4Q2Q2))) dt

+ Φu1,Q1

R ∂αxF(r1,u1)dW − Φu2,Q2

R ∂αxF(r2,u2)dW
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=−
(

Φu1,Q1

R − Φu2,Q2

R

)
∂αx
(
u1 · ∇xu1 + r1∇xr1 −D(r1)Lu1

)
dt

− Φu2,Q2

R ∂αx
(
(u1 − u2) · ∇xu1 + u1 · ∇x(u1 − u2) + (r1 − r2)∇xr1 + r2∇x(r1 − r2)

− (D(r1)−D(r2))Lu1 −D(r2)L(u1 − u2)
)
dt

−
(

Φu1,Q1

R − Φu2,Q2

R

)
∂αx

(
D(r1)divx(L∇xQ1 �∇xQ1 −F(Q1)I3

− L(Q14Q1 −4Q1Q1))

)
dt

− Φu2,Q2

R ∂αx

(
(D(r1)−D(r2)) divx(L∇xQ1 �∇xQ1 −F(Q1)I3

− L(Q14Q1 −4Q1Q1))

)
dt

− Φu2,Q2

R ∂αx

(
D(r2)divx(L∇x(Q1 −Q2)�∇xQ1 + L∇xQ2 �∇x(Q1 −Q2)

− (F(Q1)−F(Q2))I3)

)
dt

+ Φu2,Q2

R ∂αx

(
D(r2)divxL(Q14(Q1 −Q2)−4(Q1 −Q2)Q1 + (Q1 −Q2)4Q2

+4Q2(Q1 −Q2))

)
dt

+
(

Φu1,Q1

R ∂αxF(r1,u1)− Φu2,Q2

R ∂αxF(r2,u2)
)
dW. (3.4.4)

Applying the Itô formula to function 1
2
‖∂αx (u1 − u2)‖2, then the high-order term in the

formula reads

− Φu2,Q2

R

∫
T
r2∇x∂

α
x (r1 − r2) · ∂αx (u1 − u2)dx

= Φu2,Q2

R

∫
T
r2divx∂

α
x (u1 − u2) · ∂αx (r1 − r2)dx+ Φu2,Q2

R

∫
T
∇xr2∂

α
x (u1 − u2)∂αx (r1 − r2)dx

≤ C(R)‖r1 − r2,u1 − u2‖2
s−1,2 + Φu2,Q2

R

∫
T
r2divx∂

α
x (u1 − u2) · ∂αx (r1 − r2)dx.

The last integral in above could be cancelled with the last term in (3.4.3) after matching the

constant. Furthermore, integration by parts and the Hölder inequality give

Φu2,Q2

R

∫
T
D(r2)L(∂αx (u1 − u2)) · ∂αx (u1 − u2)dx

= −Φu2,Q2

R

∫
T
D(r2)(υ|∇x∂

α
x (u1 − u2)|2 + (υ + λ)|divx∂

α
x (u1 − u2)|2)dx
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− υΦu2,Q2

R

∫
T
∇xD(r2)∇x∂

α
x (u1 − u2) · ∂αx (u1 − u2)dx

− (υ + λ)Φu2,Q2

R

∫
T
∇xD(r2)divx∂

α
x (u1 − u2) · ∂αx (u1 − u2)dx

≤ C(R)‖u1 − u2‖2
s−1,2

− Φu2,Q2

R

∫
T
D(r2)(υ|∇x∂

α
x (u1 − u2)|2 + (υ + λ)|divx∂

α
x (u1 − u2)|2)dx

+
1

4
Φu2,Q2

R

∫
T
D(r2)(υ|∇x∂

α
x (u1 − u2)|2 + (υ + λ)|divx∂

α
x (u1 − u2)|2)dx,

as well as using Lemma 3.1.3

Φu2,Q2

R

∫
T
D(r2)Ldivx(Q14∂αx (Q1 −Q2)−4∂αx (Q1 −Q2)Q1

+ (Q1 −Q2)4∂αxQ2 −4∂αxQ2(Q1 −Q2)) · ∂αx (u1 − u2)dx

=− Φu2,Q2

R

∫
T
D(r2)L(Q14∂αx (Q1 −Q2)−4∂αx (Q1 −Q2)Q1) : ∂αx∇x(u1 − u2)Tdx

− Φu2,Q2

R

∫
T
∇xD(r2)L(Q14∂αx (Q1 −Q2)−4∂αx (Q1 −Q2)Q1) · ∂αx (u1 − u2)dx

+ Φu2,Q2

R

∫
T
D(r2)Ldivx((Q1 −Q2)4∂αxQ2 −4∂αxQ2(Q1 −Q2)) · ∂αx (u1 − u2)dx

≤− Φu2,Q2

R

∫
T
D(r2)L(∂αx (Θ1 −Θ2)Q1 −Q1∂

α
x (Θ1 −Θ2)) : 4∂αx (Q1 −Q2)dx

+ C(R)

(
2∑
j=1

‖Qj‖2
s+2,2

)
(‖u1 − u2‖2

s−1,2 + ‖Q1 −Q2‖2
s,2)

+
ΓL

8

∫
T
D(r2)|4∂αx (Q1 −Q2)|2dx.

By Lemma 3.1.1, estimate (3.3.4), we have∫
T

Φu2,Q2

R ∂αx
(

(D(r1)−D(r2))Ldivx(Q14Q1 −4Q1Q1)
)
· ∂αx (u1 − u2)dx

≤ Φu2,Q2

R

∥∥∂αx ( (D(r1)−D(r2))Ldivx(Q14Q1 −4Q1Q1)
)∥∥ ‖∂αx (u1 − u2)‖

≤ CΦu2,Q2

R (‖r1, r2‖s,2‖Q1‖2
s,2‖r1 − r2‖s−1,2 + ‖Q1‖s,2‖Q1‖s+2,2‖r1, r2‖s,2‖r1 − r2‖s−1,2)

× ‖∂αx (u1 − u2)‖

≤ C(‖r1, r2‖s,2‖Q1‖2
s,2 + ‖Q1‖s,2‖Q1‖s+2,2‖r1, r2‖s,2)‖r1 − r2,u1 − u2‖2

s−1,2.
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Finally, by Lemma 3.1.1 and the Hölder inequality∫
T

Φu2,Q2

R ∂αx
(
D(r2)divx(tr

2(Q2
1)I3 − tr2(Q2

2)I3)
)
· ∂αx (u1 − u2)dx

≤ Φu2,Q2

R ‖∂αx (u1 − u2)‖
∥∥∂αx (D(r2)divx(tr

2(Q2
1)I3 − tr2(Q2

2)I3)
)∥∥

≤ Φu2,Q2

R ‖u1 − u2‖s−1,2

× (‖D(r2)‖∞‖tr2(Q2
1)− tr2(Q2

2)‖s,2 + ‖D(r2)‖s,2‖tr2(Q2
1)− tr2(Q2

2)‖1,∞)

≤ C(R)(1 + ‖Q1‖3
1,∞)‖r2‖s,2‖u1 − u2‖s−1,2‖Q1 −Q2‖s,2

+ C(R)(1 + ‖Q1, Q2‖3
s,2)‖u1 − u2‖s−1,2‖Q1 −Q2‖s,2.

Since the order of the rest of nonlinearity terms is lower than above, these terms can be

handled using the same way, so we skip the details. In summary, we could get

1

2
d‖∂αx (u1 − u2)‖2

+ Φu2,Q2

R

∫
T
D(r2)(υ|∇x∂

α
x (u1 − u2)|2 + (υ + λ)|divx∂

α
x (u1 − u2)|2)dxdt

≤ C(R)
2∑
j=1

(1 + ‖rj, uj‖2
s,2 + ‖Qj‖3

s+1,2)(1 + ‖uj‖2
s+1,2 + ‖Qj‖2

s+2,2)

× (‖r1 − r2,u1 − u2‖2
s−1,2 + ‖Q1 −Q2‖2

s,2)dt

+ Φu2,Q2

R

∫
T
r2divx∂

α
x (u1 − u2) · ∂αx (r1 − r2)dxdt+

ΓL

2

∫
T
D(r2)|4∂αx (Q1 −Q2)|2dxdt

− Φu2,Q2

R

∫
T
D(r2)L(∂αx (Θ1 −Θ2)Q1 −Q1∂

α
x (Θ1 −Θ2)) : 4∂αx (Q1 −Q2)dxdt

+
(

Φu1,Q1

R ∂αxF(r1,u1)− Φu2,Q2

R ∂αxF(r2,u2), ∂αx (u1 − u2)
)
dW

+
1

2

∥∥∥Φu1,Q1

R ∂αxF(r1,u1)− Φu2,Q2

R ∂αxF(r2,u2)
∥∥∥2

L2(U;L2(T,R3))
dt. (3.4.5)

The second and forth terms on the right side of (3.4.5) could be cancelled later. By

assumptions (3.1.5),(3.1.6), we could handle∥∥∥Φu1,Q1

R ∂αxF(r1,u1)− Φu2,Q2

R ∂αxF(r2,u2)
∥∥∥2

L2(U;L2(T,R3))

≤
∥∥∥(Φu1,Q1

R − Φu2,Q2

R

)
∂αxF(r1,u1)

∥∥∥2

L2(U;L2(T,R3))

+
∥∥∥Φu2,Q2

R ∂αx (F(r1,u1)− F(r2,u2))
∥∥∥2

L2(U;L2(T,R3))
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≤ C(R)
2∑
i=1

(1 + ‖ri,ui‖2
s)(‖r1 − r2,u1 − u2‖2

s−1,2 + ‖Q1 −Q2‖2
s,2).

For the Q-tensor equation, we also get

d∂αx (Q1 −Q2)− ΓL4∂αx (Q1 −Q2)dt

=− Φu1,Q1

R ∂αx (u1 · ∇xQ1 −Θ1Q1 +Q1Θ1 −K(Q1))dt

+ Φu2,Q2

R ∂αx (u2 · ∇xQ2 −Θ2Q2 +Q2Θ2 −K(Q2))dt

=−
(

Φu1,Q1

R − Φu2,Q2

R

)
∂αx (u1 · ∇xQ1 −Θ1Q1 +Q1Θ1 −K(Q1))dt

− Φu2,Q2

R ∂αx ((u1 − u2) · ∇xQ1 + u2 · ∇x(Q1 −Q2))dt

− Φu2,Q2

R ∂αx ((Θ1 −Θ2)Q1 −Q1(Θ1 −Θ2) + Θ2(Q1 −Q2)− (Q1 −Q2)Θ2

+K(Q1)−K(Q2))dt. (3.4.6)

Multiplying (3.4.6) by −D(r2)∂αx4(Q1−Q2) on both sides, taking the trace and integrating

over T, as the a priori estimates, we consider the first term

−
∫
T
∂αx (Q1 −Q2)t : D(r2)∂αx4(Q1 −Q2)dx

=
1

2
∂t

∫
T
D(r2)|∂αx∇x(Q1 −Q2)|2dx− 1

2

∫
T
D(r2)t|∂αx∇x(Q1 −Q2)|2dx

+

∫
T
∇xD(r2)∂αx∇x(Q1 −Q2) : ∂αx (Q1 −Q2)tdx.

Using (3.3.42) once more, similar estimate as (3.3.43) , estimate (3.3.1) and Lemma 3.1.1,

the Hölder inequality∣∣∣∣12
∫
T
D(r2)t|∂αx∇x(Q1 −Q2)|2dx

∣∣∣∣ ≤ C(R)‖Q1 −Q2‖2
s,2,∣∣∣∣∫

T
∇xD(r2)∂αx∇x(Q1 −Q2) : ∂αx (Q1 −Q2)tdx

∣∣∣∣
≤ C(R)‖Q1 −Q2‖s,2

(
‖Q1 −Q2‖s+1,2 + Φu2,Q2

R ‖Q1‖s,2‖u1 − u2‖s,2

+
2∑
j=1

(‖uj‖s+1,2 + ‖Qj‖s+2,2)(‖u1 − u2‖s−1,2 + ‖Q1 −Q2‖s,2)

)
≤ ΓL

8

∫
T
D(r2)|4∂αx (Q1 −Q2)|2dx+

υ

8
Φu2,Q2

R

∫
T
D(r2)|∂sx(u1 − u2)|2dx
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+ C(R)
2∑
j=1

(1 + ‖Qj‖2
s,2 + ‖uj‖2

s+1,2 + ‖Qj‖2
s+2,2)(‖u1 − u2‖2

s−1,2 + ‖Q1 −Q2‖2
s,2).

We rewrite the highest-order term in (3.4.6) as

−
∫
T

Φu2,Q2

R (∂αx (Θ1 −Θ2)Q1 −Q1∂
α
x (Θ1 −Θ2)) : (−D(r2)∂αx4(Q1 −Q2))dx

= Φu2,Q2

R

∫
T
D(r2)(∂αx (Θ1 −Θ2)Q1 −Q1∂

α
x (Θ1 −Θ2)) : 4∂αx (Q1 −Q2)dx,

which can be cancelled with the forth term on the right hand side of (3.4.5). Again, by

Lemma 3.1.1, (3.4.2) and the Hölder inequality(
Φu1,Q1

R − Φu2,Q2

R

)∫
T
∂αx (u1 · ∇xQ1 −Θ1Q1 +Q1Θ1 −K(Q1)) : D(r2)∂αx4(Q1 −Q2)dx

≤ ΓL

8

∫
T
D(r2)|4∂αx (Q1 −Q2)|2dx+ C‖u1‖2

s,2‖Q1‖2
s,2(‖u1 − u2‖2

s−1,2 + ‖Q1 −Q2‖2
s,2).

After all the estimates we could have

1

2
d‖
√
D(r2)∂α+1

x (Q1 −Q2)‖2 + ΓL

∫
T
D(r2)|4∂αx (Q1 −Q2)|2dxdt

≤ C
2∑
j=1

(1 + ‖uj‖2
s,2 + ‖Qj‖2

s+1,2)(1 + ‖uj‖2
s+1,2 + ‖Qj‖2

s+2,2)

× (‖u1 − u2‖2
s−1,2 + ‖Q1 −Q2‖2

s,2)dt

− Φu2,Q2

R

∫
T
D(r2)(∂αx (Θ1 −Θ2)Q1 −Q1∂

α
x (Θ1 −Θ2)) : 4∂αx (Q1 −Q2)dxdt

+
ΓL

4

∫
T
D(r2)|4∂αx (Q1 −Q2)|2dxdt+

υ

4
Φu2,Q2

R

∫
T
D(r2)|∂sx(u1 − u2)|2dxdt. (3.4.7)

Adding (3.4.3), (3.4.5) and (3.4.7), taking sum for |α| ≤ s − 1, also using the fact that

1
C(R)

≤ D(r2) ≤ C(R), then the following holds

d(‖r1 − r2,u1 − u2‖2
s−1,2 + ‖Q1 −Q2‖2

s,2)

≤ C(R)
2∑
j=1

(1 + ‖rj,uj‖2
s,2 + ‖Qj‖3

s+1,2)(1 + ‖uj‖2
s+1,2 + ‖Qj‖2

s+2,2)

× (‖r1 − r2,u1 − u2‖2
s−1,2 + ‖Q1 −Q2‖2

s,2)dt

+ C
∑
|α|≤s−1

(
Φu1,Q1

R ∂αxF(r1,u1)− Φu2,Q2

R ∂αxF(r2,u2), ∂αx (u1 − u2)
)
dW.
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Denote

G(t) = C(R)
2∑
j=1

(1 + ‖rj,uj‖2
s,2 + ‖Qj‖3

s+1,2)(1 + ‖uj‖2
s+1,2 + ‖Qj‖2

s+2,2).

Then we could apply the Itô product formula to function

exp

(
−
∫ t

0

G(τ)dτ

)
(‖r1 − r2,u1 − u2‖2

s−1,2 + ‖Q1 −Q2‖2
s,2),

obtaining

d

[
exp

(
−
∫ t

0

G(τ)dτ

)
(‖r1 − r2,u1 − u2‖2

s−1,2 + ‖Q1 −Q2‖2
s,2)

]
=

[
−G(t) exp

(
−
∫ t

0

G(τ)dτ

)
(‖r1 − r2,u1 − u2‖2

s−1,2 + ‖Q1 −Q2‖2
s,2)

]
dt

+ exp

(
−
∫ t

0

G(τ)dτ

)
d(‖r1 − r2,u1 − u2‖2

s−1,2 + ‖Q1 −Q2‖2
s,2)

≤ C(R)
∑
|α|≤s−1

(
Φu1,Q1

R ∂αxF(r1,u1)− Φu2,Q2

R ∂αxF(r2,u2), ∂αx (u1 − u2)
)
dW

× exp

(
−
∫ t

0

G(τ)dτ

)
.

Integrating on [0, t] and then expectation, we have by the Gronwall lemma

E
[
exp

(
−
∫ t

0

G(τ)dτ

)
(‖r1 − r2,u1 − u2‖2

s−1,2 + ‖Q1 −Q2‖2
s,2)

]
= 0.

Here, we use the fact that the stochastic integral term is a square integral martingale which

its expectation vanishes. As

exp

(
−
∫ t

0

G(τ)dτ

)
> 0, P a.s.

since ∫ t

0

G(τ)dτ

≤
2∑
j=1

sup
t∈[0,T ]

(1 + ‖rj,uj‖2
s,2 + ‖Qj‖3

s+1,2)

∫ T

0

1 + ‖uj‖2
s+1,2 + ‖Qj‖2

s+2,2dt

≤ C
2∑
j=1

[
sup
t∈[0,T ]

(1 + ‖rj,uj‖2
s,2 + ‖Qj‖3

s+1,2)2 +

(∫ T

0

1 + ‖uj‖2
s+1,2 + ‖Qj‖2

s+2,2dt

)2
]

<∞, P a.s..
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We conclude that for any t ∈ [0, T ]

E
(
‖r1 − r2,u1 − u2‖2

s−1,2 + ‖Q1 −Q2‖2
s,2

)
= 0,

then the pathwise uniqueness holds.

From the uniqueness, we shall use the following Gyöngy-Krylov characterization which

can be found in [40] to recover the convergence a.s. of the approximate solution on the

original probability space (Ω,F ,P).

Lemma 3.4.4. Let X be a complete separable metric space and suppose that {Yn}n≥0 is a

sequence of X-valued random variables on a probability space (Ω,F ,P). Let {µm,n}m,n≥1 be

the set of joint laws of {Yn}n≥1, that is

µm,n(E) := P{(Yn, Ym) ∈ E}, E ∈ B(X ×X).

Then {Yn}n≥1 converges in probability if and only if for every subsequence of the joint prob-

ability laws {µmk,nk}k≥1, there exists a further subsequence that converges weakly to a prob-

ability measure µ such that

µ{(u, v) ∈ X ×X : u = v} = 1.

Next, we verify the condition for the above lemma is valid. Denote by µn,m the joint law

of

(rn,un, Qn; rm,um, Qm) on the path space X = Xr ×Xu ×XQ ×Xr ×Xu ×XQ,

where {rn,un, Qn; rm,um, Qm}n,m≥1 are two sequences of approximate solutions to system

(3.2.3) relative to the given stochastic basis S, and denote by µW the law of W on XW . We

introduce the extended phase space

X J = X × XW ,

and denote by νn,m the joint law of (rn,un, Qn; rm,um, Qm;W ) on X J . Using a similar

argument as the proof of the tightness in subsection 4.3, we obtain the following result.

Proposition 3.4.5. The collection of joint laws {νm,n}n,m≥1 is tight on X J .
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For any subsequence {νnk,mk}k≥1, there exists a measure ν such that {νnk,mk}k≥1 con-

verges to ν. Applying the Skorokhod representation theorem A.0.7, we have a new probability

space (Ω̃, F̃ , P̃) and X J -valued random variables

(r̃nk , ũnk , Q̃nk ; r̃mk , ũmk , Q̃mk ; W̃k) and (r̃1, ũ1, Q̃1; r̃2, ũ2, Q̃2; W̃ )

such that

P̃{(r̃nk , ũnk , Q̃nk ; r̃mk , ũmk , Q̃mk ; W̃k) ∈ ·} = νnk,mk(·),

P̃{(r̃1, ũ1, Q̃1; r̃2, ũ2, Q̃2; W̃ ) ∈ ·} = ν(·)

and

(r̃nk , ũnk , Q̃nk ; r̃mk , ũmk , Q̃mk ; W̃k)→ (r̃1, ũ1, Q̃1; r̃2, ũ2, Q̃2; W̃ ), P̃ a.s.

in the topology of X J . Analogously, this argument can be applied to both

(r̃nk , ũnk , Q̃nk , W̃k), (r̃1, ũ1, Q̃1, W̃ ) and (r̃mk , ũmk , Q̃mk , W̃k), (r̃2, ũ2, Q̃2, W̃ )

to show that (r̃1, ũ1, Q̃1, W̃ ) and (r̃2, ũ2, Q̃2, W̃ ) are two martingale solutions relative to the

same stochastic basis S̃ := (Ω̃, F̃ , P̃, {F̃t}t≥0, W̃ ).

In addition, we have µn,m ⇀ µ where µ is defined by

µ(·) = P̃{(r̃1, ũ1, Q̃1; r̃2, ũ2, Q̃2) ∈ ·}.

Proposition 3.4.3 implies that µ{(r1,u1, Q1; r2,u2, Q2) ∈ X : (r1,u1, Q1) = (r2,u2, Q2)} = 1.

Also since W s,2 ⊂ W s−1,2, uniqueness in W s−1,2 implies uniqueness in W s,2. Therefore,

Lemma 3.4.4 can be used to deduce that the sequence (rn,un, Qn) defined on the original

probability space (Ω,F ,P) converges a.s. in the topology of Xr×Xu×XQ to random variable

(r,u, Q).

Again by the same argument as in subsection 4.4, we get the Theorem 3.4.2 in the sense

of Definition 3.4.1.
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3.5 Proof of Theorem 3.1.7.

In the process of proving the Theorem 3.4.2, it is worth noting that due to technical

reason, we assume that the initial data is integrable with respect to the random element ω,

and that the density is uniformly bounded from below. Next, based on the Theorem 3.4.2,

we are able to remove these restrictions on the initial data and discuss the general case, thus

the proof of the main Theorem 3.1.7 will be completed.

We start with the proof of the existence of the strong pathwise solution, which is divided

into three steps. For the first step, we show the existence of the strong pathwise solution

under the assumption that the initial data satisfies

ρ0 > ρ > 0, ‖ρ0‖s,2 ≤M, ‖u0‖s,2 ≤M, ‖Q0‖s+1,2 ≤M, Q0 ∈ S3
0 , (3.5.1)

for a fixed constant M > 0 such that R > CM , where C is a constant satisfying

‖u‖2,∞ < C‖u‖s−1,2, ‖Q‖3,∞ < C‖Q‖s,2.

Introduce a stopping time τR = τ 1
R ∧ τ 2

R, where

τ 1
R = inf

{
t ∈ [0, T ]; sup

γ∈[0,t]

‖uR‖2,∞ ≥ R

}
, τ 2

R = inf

{
t ∈ [0, T ]; sup

γ∈[0,t]

‖QR‖3,∞ ≥ R

}
.

If two sets are empty, choosing τ iR = T, i = 1, 2. The fact that u, Q having continuous

trajectories inW s−1,2(T,R3) and inW s,2(T, S3
0) for integer s > 9

2
respectively and the Sobolev

embedding W s,2 ↪→ Wα,∞ for s > 3
2

+ α, P a.s. guarantee the well-defined of τR and strictly

positive P a.s..

Since rR(t, ·) ≥ C(R) > 0, P a.s. for all t ∈ [0, T ], we could construct a local strong path-

wise solution (ρR,uR, QR, τR) of system (3.0.2), based on the existence of unique pathwise

solution (rR,uR, QR) of the truncated system (3.2.3) with initial data conditions (3.5.1),

where ρR =
(
γ−1
2Aγ

) 1
γ−1

r
2

γ−1

R .
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For the second step, we drop the auxiliary boundedness assumption of the initial data

following the ideas of [39]. For the solution (rR,uR, QR) of the system (3.2.3), define the

following stopping time

τ 1
M = inf

{
t ∈ [0, T ]; sup

γ∈[0,t]

‖uR‖s,2 ≥M

}
,

τ 2
M = inf

{
t ∈ [0, T ]; sup

γ∈[0,t]

‖QR‖s+1,2 ≥M

}
,

τ 3
M = inf

{
t ∈ [0, T ]; sup

γ∈[0,t]

‖rR‖s,2 ≥M

}
,

τ 4
M = inf

{
t ∈ [0, T ]; inf

x∈T
rR(t) ≤ 1

M

}
,

where M relies on R such that M → ∞ as R → ∞ and M ≤ min
(
R
C , R

)
. Then we could

define τM = τ 1
M ∧ τ 2

M ∧ τ 3
M ∧ τ 4

M , such that in [0, τM ], again using the Sobolev embedding

W s,2 ↪→ Wα,∞ for s > 3
2

+ α, P a.s., we have

sup
t∈[0,τM ]

‖rR(t)‖1,∞ < R, sup
t∈[0,τM ]

‖uR(t)‖2,∞ < R,

sup
t∈[0,τM ]

‖QR(t)‖3,∞ < R, inf
t∈[0,τM ]

inf
T
rR(t) >

1

R
.

According to the Theorem 3.4.2, we could construct the solution with respect to the stopping

time τM for the general data. Indeed, define

ΣM =

{
(r,u, Q) ∈ W s,2(T)×W s,2(T,R3)×W s+1,2(T, S3

0) :

‖r(t)‖s,2 < M, ‖u(t)‖s,2 < M, ‖Q(t)‖s+1,2 < M, r(t) >
1

M

}
,

then, we have there exists a unique solution (rM ,uM , QM) to system (3.2.2) with the initial

data (r0,u0, Q0)1(r0,u0,Q0)∈ΣM\∪M−1
j=1 Σj

, which is also a solution to the original system (3.0.2)

with the stopping time τM .

Define

τ =
∞∑

M=1

τM1(r0,u0,Q0)∈ΣM\∪M−1
j=1 Σj

,

(r,u, Q) =
∞∑

M=1

(rM ,uM , QM)1(r0,u0,Q0)∈ΣM\∪M−1
j=1 Σj

.
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Using the same argument as [38, Proposition 4.2], we infer that the (r,u, Q, τ) is a solution

to system (3.2.2) with the initial condition (r0,u0, Q0) being F0-measurable random variable,

with values in W s,2(T)×W s,2(T,R3)×W s+1,2(T, S3
0) and r0 > 0, P a.s..

Next, we show (r,u, Q) has continuous trajectory in the space W s,2(T)×W s−1,2(T,R3)×

W s,2(T, S3
0), P a.s.. Define

ΩM =

{
ω ∈ Ω : ‖r0(ω)‖s,2 < M, ‖u0(ω)‖s,2 < M, ‖Q0(ω)‖s+1,2 < M, r0(ω) >

1

M

}
.

Observe that
⋃∞
M=1 ΩM = Ω. Therefore, for any ω ∈ Ω, there exists a set ΩM such

that ω ∈ ΩM , and by the construction, we have (r,u, Q)(ω) = (rM ,uM , QM)(ω). Since

(rM ,uM , QM) has continuous trajectories in W s,2(T) × W s−1,2(T,R3) × W s,2(T, S3
0) and

rM(t ∧ τM , ·) > C(M), P a.s. for all t ∈ [0, T ], then we deduce that (r,u, Q) has con-

tinuous trajectories in W s,2(T) × W s−1,2(T,R3) × W s,2(T, S3
0), P a.s. and r(t ∧ τ, ·) > 0,

P a.s. for all t ∈ [0, T ]. In addition, for the fixed ω, we have Φu,Q
R = 1 on [0, τM(ω)],

thus uM1t≤τM ∈ L2(0, T ;W s+1,2(T,R3)), then by the construction, we deduce that u1t≤τ ∈

L2(0, T ;W s+1,2(T,R3)), P a.s..

Finally, since r(t∧τ, ·) > 0, P a.s. for all t ∈ [0, T ], after a transformation, we summarize

that if (ρ0,u0, Q0) just lies in W s,2(T)×W s,2(T,R3)×W s+1,2(T, S3
0) and ρ0 > 0, P a.s. this

means dropping the integrability with respect to ω and the positive lower bound of ρ0, we

establish the existence of a local strong pathwise solution (ρ,u, Q) to system (3.0.2) in the

sense of Definition 3.1.4, up to a stopping time τ which is strictly positive, P a.s..

The final step would be constructing the maximal strong solutions. That is, extending

the strong solution (ρ,u, Q) to a maximal existence time t. The proof is standard, so we

refer the reader to [19, 39, 70] for details.

Regarding the proof of uniqueness to Theorem 3.1.7, first, under the assumption (3.5.1),

we could prove the uniqueness result by introducing a stopping time and applying the path-

wise uniqueness result derived before. Then, we can remove the extra assumption on the

initial data by a same cutting argument as above. This completes the proof of Theorem

3.1.7.
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4.0 Incompressible Limit of the Compressible Q-tensor System of Liquid

Crystals

In this paper, we are focused on the incompressible limit of the three-dimensional Navier-

Stokes equations coupled with the Q-tensor equation in this paper. By [37, 27], the equations

of the compressible nematic liquid crystal model have the following form:

ρ̃t + divx(ρ̃ũ) = 0,

(ρ̃ũ)t + divx(ρ̃ũ⊗ ũ) +∇xAρ̃
γ = ν̃4ũ− divx(L∇xQ̃�∇xQ̃−F(Q̃)I3)

+Ldivx(Q̃H(Q̃)−H(Q̃)Q̃),

Q̃t + ũ · ∇xQ̃− Θ̃Q̃+ Q̃Θ̃ = Γ̃H(Q̃),

(4.0.1)

where ρ̃ > 0 denotes the density, ũ denotes the velocity, and Q̃ is a symmetric traceless 3×3

matrix denoting the nematic tensor order. For the pressure Aρ̃γ, we require that A > 0 and

γ > 1. The constant ν̃ > 0 denotes the viscosity. We remark that the term ∇divxũ in the

Lamé operator is dropped in the momentum equation for the simplicity of presentation since

it can be treated easily. The term ∇xQ̃�∇xQ̃ is a 3×3 matrix, and its value on the (i, j)-th

entry is

[∇xQ̃�∇xQ̃]ij =
3∑

k,l=1

∂iQ̃kl∂jQ̃kl.

The term I3 stands for the 3 × 3 identity matrix. In (4.0.1), the free energy density of the

director field F(Q̃) is

F(Q̃) =
L

2
|∇xQ̃|2 +

a

2
tr(Q̃2)− b

3
tr(Q̃3) +

c

4
tr2(Q̃2),

and we denote

H(Q̃) = L4Q̃− aQ̃+ b

[
Q̃2 − I3

3
tr(Q̃2)

]
− cQ̃tr(Q̃2).

The numbers L, Γ̃, a, b and c are often called as elastic constants with: L > 0, Γ̃ > 0,

a ∈ R, b > 0 and c > 0, and these coefficients are dependent on the material. The term
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Θ̃ = ∇xũ−∇ᵀ
xũ

2
is the skew-symmetric part of the rate of strain tensor, note that the notation

“ᵀ” represents the transpose. From the structure of H(Q̃), we remark that

Q̃H(Q̃)−H(Q̃)Q̃ = Q̃4Q̃−4Q̃Q̃.

From the pointview of physics, when the density approaches a constant, the compressible

flow behaves asymptotically like the incompressible flow. We can describe this phenomenon

in the following way. For the compressible flow, we can define the Mach number as:

M =
|ũ|√
aγρ̃γ−1

.

In the case when the Mach number approaches zero, we expect that ρ̃ keeps the scale, without

loss of generality we can assume the scale to be 1. So ũ and Q̃ are of the order ε, with ε > 0

and ε could be infinitely small. The scaling of ρ̃, ũ and Q̃ is described as follows:

ρ̃(t, x) = ρε(εt, x), ũ(t, x) = εuε(εt, x), Q̃(t, x) = εQε(εt, x).

The viscosity coefficient and the elastic coefficient are scaled as

ν̃ = ενε, Γ̃ = εΓε, νε → ν as ε→ 0+, Γε → Γ as ε→ 0+.

Then the corresponding free energy is

Fε(Qε) =
L

2
|∇xQε|2 +

a

2
tr(Q2

ε)−
εb

3
tr(Q3

ε) +
ε2c

4
tr2(Q2

ε).

We also have

Hε(Qε) = L4Qε − aQε + εb

[
Q2
ε −

I3

3
tr(Q2

ε)

]
− ε2cQεtr(Q

2
ε).

After the above scaling, the system (4.0.1) yields

(ρε)t + divx(ρεuε) = 0,

(ρεuε)t + divx(ρεuε ⊗ uε) +∇xAρ
γ
ε = νε4uε − divx(L∇xQε �∇xQε −Fε(Qε)I3)

+Ldivx(Qε4Qε −4QεQε),

(Qε)t + uε · ∇xQε −ΘεQε +QεΘε = ΓεHε(Qε),

(4.0.2)
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with Θε = ∇xuε−∇ᵀ
xuε

2
. Considering our prior assumption, we assume that ρ0

ε is of the order

1+O(ε), and when ε→ 0, we can expect that ρε → 1. Furthermore, from (4.0.2)1, it follows

that divxuε → 0 in distribution, which implies the fact that the fluid is incompressible. Then

the corresponding incompressible system reads
ut + divx(u⊗ u) +∇xπ = ν4u− divx(L∇xQ�∇xQ) + Ldivx(Q4Q−4QQ),

Qt + u · ∇xQ−ΘQ+QΘ = ΓH(Q),

divxu = 0.

(4.0.3)

The term ∇xπ is the limit of ∇x
1
ε2
Aργε when ε → 0. In this paper, we are devoted to the

convergence of the above incompressible limit for the global weak solutions to the compress-

ible equations of nematic liquid crystals in the periodic case. Note that the existence of the

global weak solutions to the compressible model was established in [85].

4.1 The Deterministic Case

First, we consider the problem in the deterministic setting. To avoid the boundary layer,

we only discuss the case of the periodic domain, that is, the case of the equations in the

flat torus T = (−π, π)3. Recall the “div-curl” decomposition, define the two projectors P

and Q, such that for any u ∈ W k,p(T), with 1 < p < ∞ and k ≥ 0, u = Pu + Qu,

divxPu = curlQu = 0. Note that P and Q are both bounded linear operators in W k,p(T).

Now consider a sequence of weak solutions {ρε,uε, Qε}ε>0 to the system (4.0.2) in the

periodic case, equipped with the following initial condition:

ρε|t=0 = ρ0
ε, ρεuε|t=0 = m0

ε, Qε|t=0 = Q0
ε. (4.1.1)
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They satisfy the following conditions:

ρ0
ε ≥ 0 a.e in T,

1

ε2
(ρ0
ε)
γ ∈ L1(T),

m0
ε ∈ L

2γ
γ+1 (T), m0

ε = 0 a.e in {ρ0
ε},

|m0
ε|2

ρ0
ε

∈ L1(T), and
|m0

ε|2

ρ0
ε

= 0 a.e in {ρ0
ε},

Q0
ε ∈ H1(T).

(4.1.2)

Letting ε→ 0+, we can assume that

|m0
ε|√
ρ0
ε

converges weakly to some u0 in L2(T) as ε→ 0+,

Q0
ε converges weakly to some Q0 in L2(T) as ε→ 0+.

(4.1.3)

Moreover, we assume that the initial values are uniformly bounded:

1

2

∫
T

|m0
ε|2

ρ0
ε

dx+
A

ε2(γ − 1)

∫
T
((ρ0

ε)
γ − γρ0

ε + γ − 1)dx

+

∫
T
(
L

2
|∇xQ

0
ε|2 +

a

2
tr((Q0

ε)
2)− εb

3
tr((Q0

ε)
3) +

ε2c

4
tr2((Q0

ε)
2)) ≤ C.

(4.1.4)

For some constant C > 0. Note that from the fact that
∫
T((ρ0

ε)
γ−γρ0

ε +γ−1)dx ≤ Cε2, and

that the function f(x) = xγ is a convex function when γ > 1, then ρ0
ε is of order 1 + O(ε).

According to [85], for any ε > 0, there exists a weak solution (ρε,uε, Qε) to the compressible

flow (4.0.2) satisfying

ρε ∈ L∞([0, T ];Lγ(T)),

√
ρεuε ∈ L∞([0, T ];L2(T)),

uε ∈ L2([0, T ];H1(T)),

Qε ∈ L∞([0, T ];H1(T)) ∩ L2([0, T ];H2(T)).

The main result of the deterministic part is presented as the following:
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Theorem 4.1.1. Assume that {(ρε,uε, Qε)}ε>0 is a sequence of weak solutions to the com-

pressible flow of liquid crystals (4.0.2), in the domain T ⊂ R with the initial condition

(4.1.2)-(4.1.4), and γ > 3
2
, a > b2

2c
. Then for any T > 0, as ε → 0, {(ρε,uε, Qε)} converges

to a weak solution (u, Q) of the incompressible flow of liquid crystals (4.0.3), with the initial

data u|t=0 = Pu0, Q|t=0 = Q0 periodic. More precisely, as ε→ 0

ρε → 1 in L∞([0, T ];Lκ(T)),

uε → u weakly in L2([0, T ];H1(T)),

Qε → Q strongly in L2([0, T ];H1(T)) and weakly in L2([0, T ];H2(T)).

4.1.1 Proof of theorem 2.1

To prove Theorem 4.1.1, we have taken the idea in [44], [60] and [87]. So we start from

the energy estimate of (4.0.2). First, multiply (4.0.2)2 with uε, integrate over T and apply

(4.0.2)1, then it follows that

d

dt

∫
T
(
1

2
ρε|uε|2 +

A

ε2(γ − 1)
ργε )dx+ νε

∫
T
|∇xuε|2dx

=−
∫
T

divx(L∇xQε �∇xQε −Fε(Qε)I3)uεdx+ L

∫
T

divx(Qε4Qε −4QεQε)uεdx.

(4.1.5)

Next, multiply (4.0.2)3 with −Hε(Qε), take the trace then integrate over T, we get

d

dt

∫
T
(
L

2
|∇xQε|2 +

a

2
tr(Q2

ε)−
εb

3
tr(Q3

ε) +
ε2c

4
tr2(Q2

ε))dx+ Γε

∫
T

tr(H2
ε(Qε))dx

=

∫
T
(uε · ∇xQε) : Hε(Qε)dx−

∫
T
(ΘεQε −QεΘε) : Hε(Qε)dx.

(4.1.6)

Adding (4.1.5) and (4.1.6), we integrate with respect to time, then for any given t ∈ [0, T ],

the following holds:∫
T
(
1

2
ρε|uε|2 +

A

ε2(γ − 1)
(ργε − γρε + γ − 1)

+
L

2
|∇xQε|2 +

a

2
tr(Q2

ε)−
εb

3
tr(Q3

ε) +
ε2c

4
tr2(Q2

ε))dx

+ νε

∫ t

0

∫
T
|∇xuε|2dxdt+ Γε

∫ t

0

∫
T

tr(H2
ε(Qε))dxdt

=

∫
T
(
1

2

|m0
ε|2

ρ0
ε

+
A

ε2(γ − 1)
((ρ0

ε)
γ − γρ0

ε + γ − 1))dx

+

∫
T
(
L

2
|∇xQ

0
ε|2 +

a

2
tr((Q0

ε)
2)− εb

3
tr((Q0

ε)
3) +

ε2c

4
tr2((Q0

ε)
2)) ≤ C.

(4.1.7)
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Considering the fact that tr(Qε) = 0, assume that the eigenvalues of Qε are λ1
ε, λ

2
ε and

λ3
ε, then tr(Qε) = λ1

ε + λ2
ε + λ3

ε = 0. So we can get

tr(Q2
ε) = (λ1

ε)
2 + (λ2

ε)
2 + (λ3

ε)
2 = 2((λ1

ε)
2 + (λ2

ε)
2 + λ1

ελ
2
ε),

tr(Q3
ε) = (λ1

ε)
3 + (λ2

ε)
3 + (λ3

ε)
3 = −3λ1

ελ
2
ε(λ

1
ε + λ2

ε),

as |λ1
ελ

2
ε| ≤ 1

2
tr(Q2

ε), and |λ1
ε + λ2

ε| = |λ3
ε| ≤

√
tr(Q2

ε). So |tr(Q3
ε)| ≤ (tr(Q2

ε))
3
2 = |Qε|3, the

following estimate holds

| − εb

3
tr(Q3

ε)| ≤
εb

2
|Qε|3 ≤

ε2c

4
|Qε|4 +

b2

4c
|Qε|2.

Thus from the estimate (4.1.7), by the assumption a > b2

2c
,∫

T
(
L

2
|∇xQε|2 + (

a

2
− b2

4c
)|Qε|2) ≤

∫
T
(
L

2
|∇xQε|2 +

a

2
tr(Q2

ε)−
εb

3
tr(Q3

ε) +
ε2c

4
tr2(Q2

ε))dx ≤ C.

So we can get the estimate that Qε ∈ L∞([0, T ];H1(T)). From the definition of Hε(Qε))dx,

there is a further estimate about Qε,∫
T
|4Qε|2dx ≤C(

∫
T

tr(H2
ε(Qε))dx+ a2

∫
T
|Qε|2dx+ b2

∫
T
|Qε|4dx+ c2

∫
T
|Qε|6dx)

≤C
∫
T

tr(H2
ε(Qε))dx+ C(a, b, c)(‖Qε‖6

H1 + ‖Qε‖2
H1).

Combing the above calculation and (4.1.7), the following estimate holds

√
ρεuε is bounded in L∞([0, T ];L2(T)),

Qε is bounded in L∞([0, T ];H1(T)),

1

ε2
(ργε − γρε + γ − 1) is bounded in L∞([0, T ];L1(T)),

(4.1.8)

together with

∇xuε is bounded in L2([0, T ];L2(T)),

Hε(Qε)) is bounded in L2([0, T ];L2(T)),

4Qε is bounded in L2([0, T ];L2(T)).

(4.1.9)
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Note that all the bounds above are uniform with respect to ε, and hold for any T > 0.

Consider the function f(x) = xγ, as γ > 1, then the following fact stands true to any x ≥ 0,

with some c0 > 0 and any positive number R,

xγ − γx+ γ − 1 ≥ c0|x− 1|2 if γ ≥ 2,

xγ − γx+ γ − 1 ≥ c0|x− 1|2 if γ < 2 and x ≤ R,

xγ − γx+ γ − 1 ≥ c0|x− 1|γ if γ < 2 and x ≥ R.

Choose R = 1
2
, then from the uniform bounds of ρε in (4.1.8), it is easy to see that∫

T
(ργε − γρε + γ − 1)χ|ρε−1|≤ 1

2
dx+

∫
T
(ργε − γρε + γ − 1)χ|ρε−1|> 1

2
dx

=

∫
T
(ργε − γρε + γ − 1) ≤ Cε2.

(4.1.10)

If γ ≥ 2, then clearly we can get ‖ρε‖L2 ≤ Cε. If γ < 2, then

‖ρε‖Lγ ≤ ‖ρεχ|ρε−1|≤ 1
2
‖Lγ + ‖ρεχ|ρε−1|> 1

2
‖Lγ ≤ Cε

2
γ .

Denote κ = min{2, γ}, then

ρε → 1 in C([0, T ];Lκ(T)) as ε→ 0. (4.1.11)

Next we split uε using the bounds of ρε

uε = uεχ|ρε−1|≤ 1
2

+ uεχ|ρε−1|> 1
2

= u1
ε + u2

ε,

from the estimate (4.1.8), it is obvious that∫
T
|u1
ε|2dx ≤ 2

∫
T
ρε|uε|2dx,

and ∫
T
|u2
ε|2dx ≤ 2

∫
T
|ρε − 1||uε|2dx ≤ 2‖ρε − 1‖Lκ‖uε‖2

L
2κ
κ−1
≤ Cε‖uε‖2

L
2κ
κ−1

,

by embedding, as H1(T) ↪→ L6(T), we require that 2κ
κ−1
≤ 6, namely γ ≥ 3

2
. Then we have de-

prived that u1
ε is bounded in L∞([0, T ];L2(T)) and that ε−

1
2 u2

ε is bounded in L2([0, T ];L2(T)).
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Consider the convergence of ρε, and from the equation (4.0.2)1 and the fact that divxuε

is bounded in L2([0, T ];L2(T)), then

divxuε → 0 weakly in L2([0, T ];L2(T)),

by the elliptic equation theory, as ∇2
xQε ∈ L2([0, T ];L2(T)), thus Qε ∈ L2([0, T ];H2(T)). In

summary the following convergence results hold

uε → u weakly in L2([0, T ];H1(T)),

divxuε → 0 weakly in L2([0, T ];L2(T)),

ρε → 1 in L∞([0, T ];Lκ(T)),

4Qε →4Q weakly in L2([0, T ];L2(T)),

Qε → Q weakly in L∞([0, T ];H1(T)) ∩ L2([0, T ];H2(T)),

in order to show that the convergence of Qε is strong, we can make use of the Aubin-Lions

compactness lemma (see [58]), the lemma reads as follows:

Lemma 4.1.2. For X0, X and X1 three Banach spaces, assume that X0 and X1 are reflexive,

X0 embeds in X compactly and X embeds in X1 continuously. If for any constants p and q,

with 1 < p, q <∞, we have

W =

{
u ∈ Lp([0, T ];X0)|du

dt
∈ Lq([0, T ];X1)

}
.

Then the embedding from W into the space Lp([0, T ];X) is compact.

From (4.0.2)3, we can get the bounds of ∂tQε, that is

‖∂tQε‖L 3
2
≤ C(‖uε · ∇xQε‖L 3

2
+ ‖ΘεQε‖L 3

2
+ ‖QεΘε‖L 3

2
+ Γε‖Hε(Qε)‖L 3

2
)

≤ C(‖uε‖L6‖∇xQε‖L2 + ‖∇xuε‖L2‖Qε‖L6 + ‖Hε(Qε)‖L2),
(4.1.12)

the estimate (4.1.7) yields that ∂tQε is uniformly bounded in L2([0, T ];L
3
2 (T)). Consider the

fact that Qε is uniformly bounded in L2([0, T ];H2(T)), as H2(T) is compactly embedded in
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H2(T) and H1(T) is continuously embedded in L
3
2 (T), by lemma 4.1.2, Qε is precompact in

L2([0, T ];H1(T)). Then by taking subsequence we have

Qε → Q weakly in L2([0, T ];H2(T)),

Qε → Q strongly in L2([0, T ];H1(T)).
(4.1.13)

Also by (4.1.13), it is easy to deduce that

divx(L∇xQε �∇xQε −Fε(Qε)I3)− Ldivx(Qε4Qε −4QεQε)

→ divx(L∇xQ�∇xQ−F(Q)I3) + Ldivx(Q4Q−4QQ) as ε→ 0,

in distribution. Denote

πε =
A

ε2
ργε −Fε(Qε).

So we can rewrite (4.0.2)2 and apply the divergence-free projector on the equation, that is

∂tP(ρεuε) + P(divx(ρεuε ⊗ uε))

=νε4Puε − P(divx(L∇xQε �∇xQε)) + P(Ldivx(Qε4Qε −4QεQε)),
(4.1.14)

then from (4.1.14),

∂tP(ρεuε) is bounded in L2([0, T ];H−1(T)) + L1([0, T ];W−1,1(T)) + L∞([0, T ];W−1,1(T)),

from above, we know that ∂tP(ρεuε) is bounded in L1([0, T ];W−1,1(T)). Furthermore, as

the operator P is bounded, we can get the estimate of P(ρεuε) from (4.1.7)

P(ρεuε) is bounded in L∞([0, T ];L
2γ
γ+1 (T)) ∩ L2([0, T ];L

6γ
γ+6 (T)).

The convergence of the nonlinear term follows from the following lemma (see Lemma 5.1 in

[59]).
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Lemma 4.1.3. If the sequence gn converges weakly to g in Lp1([0, T ];Lp2(T)), and the se-

quence fn converges weakly to f in Lq1([0, T ];Lq2(T)), with 1 ≤ p1, p2 ≤ ∞ and

1

p1

+
1

q1

=
1

p2

+
1

q2

= 1.

Moreover, assume that

∂gn
∂t

is bounded in L1([0, T ];W−m,1(T)) for some m ≥ 0 independent of n,

and that

‖hn(t, ·)− hn(t, ·+ ζ)‖Lq1 ([0,T ];Lq2 (T)) → 0 as |ζ| → 0 uniformly in n.

Then gnhn would converge to gh in distribution in [0, T ]× T.

Apply the Lemma 4.1.3, we get that P(ρεuε) · P(uε) converges to |u|2 in distribution.

Since u = P(u) and the convergence of uε, we have P(uε) converge to u in distribution from∫ T

0

∫
T
(|P(uε)|2 − P(ρεuε) · P(uε))dxdt ≤ C‖ρε − 1‖L∞([0,T ];Lγ(T))‖uε‖

L2([0,T ];L
2γ
γ−1 (T))

.

The detail for the convergence of Quε follows the same steps as in [24], [44] and [87], then

the proof is complete.
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4.2 Stochastic Case

In this section, we will discuss the case of the equations driven by the stochastic force.

The system is written as

dρ̃+ divx(ρ̃ũ)dt = 0,

d(ρ̃ũ) + [divx(ρ̃ũ⊗ ũ) +∇xAρ̃
γ]dt = [ν̃4ũ− divx(L∇xQ̃�∇xQ̃−F(Q̃)I3)]dt

+Ldivx(Q̃H(Q̃)−H(Q̃)Q̃)dt+ C̃Φ(ρ̃, ρ̃ũ)dW,

dQ̃+ [ũ · ∇xQ̃− Θ̃Q̃+ Q̃Θ̃]dt = Γ̃H(Q̃)dt,

(4.2.1)

where W is a cylindrical Wiener process. We will use the same scaling as the deterministic

case, and in addition the scaling of the stochastic coefficient is as follows

C̃ = εC̄, with C̄ to be some constant.

Then the system (4.2.1) becomes

(ρε)t + divx(ρεuε) = 0,

(ρεuε)t + divx(ρεuε ⊗ uε) + 1
ε2
∇xAρ

γ
ε = νε4uε − divx(L∇xQε �∇xQε −Fε(Qε)I3)

+Ldivx(Qε4Qε −4QεQε) + C̄Φ(ρε, ρεuε)dW,

(Qε)t + uε · ∇xQε −ΘεQε +QεΘε = ΓεHε(Qε).

(4.2.2)

Also, the corresponding incompressible system reads

ut + divx(u⊗ u) +∇xπ = ν4u− divx(L∇xQ�∇xQ)

+Ldivx(Q4Q−4QQ) + Ψ(u)dW,

Qt + u · ∇xQ−ΘQ+QΘ = ΓH(Q),

divxu = 0.

(4.2.3)

The stochastic term Ψ(u) = PHΦ(1,u), where the operator PH is the Helmholtz projector

onto the divergence-free field and will be specified later. We are going to show that, given an

initial law Λ for (4.2.1), when the density converges to a constant, the velocity as well as the
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Q-tensor will converge in law to a weak martingale solution to the system (4.2.3) equipped

with the same initial law.

4.2.1 Main result in the stochastic case

We first set up the condition for the stochastic perturbation in (4.2.2). For the stochas-

tic basis (Ω,F, (Ft)t≥0,P),the filtration (Ft)t≥0 is defined to be complete as well as right-

continuous. Also, the process W is defined to be a cylindrical Wiener process with the

form W (t) =
∑

k≥1 βk(t)ek, where the set (βk(t))k≥1 are mutually independent real-valued

standard Wiener processes relative to (Ft)t≥0, and (ek)k≥1 a complete orthonormal basis of

a separable Hilbert space U. When it comes to the diffusion term Φ, given its coefficients

ρ ∈ Lγ(T), ρ ≥ 0; and v ∈ L2(T), combined with
√
ρv ∈ L2(T). Denote q = ρv, then

Φ = Φ(ρ,q), as a mapping from U to L1(T) satisfies the following conditions:

Φ(ρ,q)ek = gk(·, ρ(·),q(·)) = hk(·, ρ(·)) + αkq(·),

the coefficients αk are real-valued constants, the function hk : T×R→ R are C1-functions

and satisfy ∑
k≥1

|αk|2 <∞,

∑
k≥1

|hk(x, ρ)|2 ≤ C(ρ2 + |ρ|γ+1),

∑
k≥1

|∇ρhk(x, ρ)|2 ≤ C(1 + |ρ|γ−1).

(4.2.4)

Due to the lack of a priori estimates, we can not simply assume that the value of Φ(ρ,q) is

integrable. As a result, we consider the embedding L1(T) ↪→ W−l,2(T), with l > 3
2
, then we

can assume that the stochastic integral is a process in W−l,2(T). Then, from (4.2.4)

‖Φ(ρ, ρv)‖2
L2(U;W−l,2) =

∑
k≥1

‖gk(ρ, ρv)‖2
W−l,2 ≤ C

∑
k≥1

‖gk(ρ, ρv)‖2
Ll

≤ C
∑
k≥1

(

∫
T
(|hk(x, ρ)|+ ρ|αkv|)dx)2

≤ C(ρ)T

∫
T
(
∑
k≥1

ρ−1|hk(x, ρ)|2 +
∑
k≥1

ρ|αkv|2)dx

≤ C(ρ)T

∫
T
(ρ+ ργ + ρ|v|2)dx <∞.

(4.2.5)
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Note that the term (ρ)T = 1
|T|

∫
T ρdx, the mean value of ρ on T. If we have the additional

assumption that

ρ ∈ Lγ(Ω× (0, T ),P, dP⊗ dt;Lγ(T)),

√
ρv ∈ L2(Ω× (0, T ),P, dP⊗ dt;L2(T)),

with the symbol P denoting the progressively measurable θ-algebra associated to (Ft), here

the mean value (ρ)T is essentially bounded. As a result, we know that the stochastic integral∫ ·
0

Φ(ρ, ρv)dW is a well-defined (Ft)-martingale, taking values in W−l,2(T). At last, we can

define the auxiliary space U0 ⊇ U by

U0 = {v =
∑
k≥1

ckek; v =
∑
k≥1

c2
k

k2
<∞},

endowed with the norm

‖v‖2
U0

=
∑
k≥1

c2
k

k2
, v =

∑
k≥1

ckek.

Note that the embedding U ↪→ U0 is Hilbert-Schmidt, with the trajectories of W are P-a.s

in C([0, T ];U0).

In this section, our aim is to build the convergence result for the finite energy weak

martingale solution to the stochastic compressible Navier-Stokes system coupled with the

Q-tensor equation. We start from the definition of the solution.

Definition 4.2.1. The quantity {(Ω,F, (F)t,P); ρ,u, Q,W} is a weak martingale solution

to the equations (4.2.2) equipped with the initial law Λ, given that the following holds:

1. (Ω,F, (F)t,P) is a stochastic basis with a complete right-continuous filtration;

2. W is an (F)t-cylindrical Wiener process;

3. The density ρ ≥ 0, and for any ψ ∈ C∞(T), the mapping t 7→ 〈ρ(t, ·), ψ〉 ∈ C[0, T ] P-a.s,

and it is progressively measurable. The following holds:

E

[
sup
t∈[0,T ]

‖ρ(t, ·)‖pLγ(T)

]
<∞ for all 1 ≤ p <∞;

4. The velocity field u is adapted, u ∈ L2(Ω× (0, T );W 1,2(T)),

E
[
(

∫ T

0

‖u‖2
W 1,2(T)dt)

p

]
<∞ for all 1 ≤ p <∞;
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5. The momentum ρu satisfies, t 7→ 〈ρu(t, ·), φ〉 ∈ C[0, T ] P-a.s for any φ ∈ C∞(T)3, the

mapping is also progressively measurable

E

[
sup
t∈[0,T ]

‖ρu(t, ·)‖p
L

2γ
γ+1 (T)

]
<∞ for all 1 ≤ p <∞;

6. The Q-tensor Q is adapted, Q ∈ L2(Ω × (0, T );W 2,2(T)), for any ϕ ∈ C∞(T)3×3, the

mapping t 7→ 〈Q(t, ·), ϕ〉 ∈ C[0, T ] P-a.s, and it is progressively measurable,

E

[
sup
t∈[0,T ]

‖Q(t, ·)‖W 1,2(T)]
p + E[(

∫ T

0

‖u‖2
W 2,2(T)dt)

p

]
<∞ for all 1 ≤ p <∞;

7. Λ = P ◦ (ρ(0), ρu(0), Q(0))−1;

8. For all ψ ∈ C∞(T), φ ∈ C∞(T)3 and ϕ ∈ C∞(T)3×3, it holds P-a.s

〈ρ(t), ψ〉 = 〈ρ(0), ψ〉+

∫ t

0

〈ρu(t), ψ〉ds,

〈ρu(t), φ〉 = 〈ρu(0), φ〉+

∫ t

0

〈ρu⊗ u,∇xφ〉ds− ν
∫ t

0

〈∇xu,∇xφ〉ds

+
A

ε2

∫ t

0

〈ργ, divxφ〉+

∫ t

0

〈(L∇xQ�∇xQ−F(Q)I3),∇xφ〉ds

− L
∫ t

0

〈(Q4Q−4QQ),∇xφ〉ds+ C̄

∫ t

0

〈Φ(ρ, ρu)dW, φ〉,

〈Q(t), ϕ〉 = 〈Q(0), ϕ〉 −
∫ t

0

〈u · ∇xQ,ϕ〉ds+

∫ t

0

〈(ΘQ−QΘ), ϕ〉ds+ Γ

∫ t

0

〈H(Q), ϕ〉ds.

Next, we present the definition of the martingale solution to the incompressible model,

that is, the solution to system (4.2.3).

Definition 4.2.2. If Λ is a Borel probability measure on L2(T), then the quantity

{(Ω,F, (F)t,P); u, Q,W}

is a weak martingale solution to the equations (4.2.3) with the initial law Λ, provided the

following holds:

1. (Ω,F, (F)t,P) is a stochastic basis with a complete right-continuous filtration;

2. W is an (F)t-cylindrical Wiener process;
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3. The velocity field u is (F)t-adapted, u ∈ Cω([0, T ];L2
div(T)) ∩ L2([0, T ];W 1,2

div (T)),

E

[
sup
(0,T )

‖u‖L2(T)

]p
+ E

[
(

∫ T

0

‖u‖2
W 1,2(T)dt)

p

]
<∞ for all 1 ≤ p <∞;

4. The Q-tensor Q is adapted, Q ∈ L2(Ω × (0, T );W 2,2(T)), for any ϕ ∈ C∞(T)3×3, the

mapping t 7→ 〈Q(t, ·), ϕ〉 ∈ C[0, T ] P-a.s, and it is progressively measurable,

E

[
sup
t∈[0,T ]

‖Q(t, ·)‖W 1,2(T)

]p
+ E

[
(

∫ T

0

‖u‖2
W 2,2(T)dt)

p

]
<∞ for all 1 ≤ p <∞;

5. For all φ ∈ C∞div(T)3 and ϕ ∈ C∞(T)3×3, it holds P-a.s

〈u(t), φ〉 = 〈u(0), φ〉+

∫ t

0

〈u⊗ u,∇xφ〉ds− ν
∫ t

0

〈∇xu,∇xφ〉ds

+

∫ t

0

〈(L∇xQ�∇xQ−F(Q)I3),∇xφ〉ds

− L
∫ t

0

〈(Q4Q−4QQ),∇xφ〉ds+ C̄

∫ t

0

〈Ψ(u)dW, φ〉,

〈Q(t), ϕ〉 = 〈Q(0), ϕ〉 −
∫ t

0

〈u · ∇xQ,ϕ〉ds+

∫ t

0

〈(ΘQ−QΘ), ϕ〉ds+ Γ

∫ t

0

〈H(Q), ϕ〉ds.

The main result in the stochastic case is presented as the following:

Theorem 4.2.3. Assume that Λ is a given Borel probability measure on L2(T), Λε is a Borel

probability measure on Lγ(T)×L
2γ
γ+1 (T)×L6(T), for certain constant M > 0, M independent

of ε, it holds that

Λε{(ρ,q, Q) ∈ Lγ(T)× L
2γ
γ+1 (T)× L6(T); ρ ≥ 1

M
, (ρ)T ≤M, |ρ− 1

ε
| ≤M} = 1,

and for all 1 ≤ p <∞,∫
Lγx×L

2γ
γ+1
x ×L6

x

(‖1

2

|q|2

ρ
‖pL1

x
+ ‖Q‖pL1

x
)dΛε(ρ,q, Q) ≤ C(p).

If the martingale law of Λε corresponding to the second and the third component converges to

Λ weakly in the sense of measure on L
2γ
γ+1 (T)×L6(T), and ((Ωε,Fε, (Fε)t,Pε), ρε,uε, Qε,Wε)

is a finite energy weak martingale solution to (4.2.2) with the initial law Λε, ε ∈ (0, 1), then

ρε → 1 in law on L∞(0, T ;Lγ(T)),

uε → u in law on (L2(0, T ;W 1,2(T)), ω),

Qε → Q in law on (L2(0, T ;W 2,2(T)), ω),

where (u, Q) is a weak martingale solution to (4.2.3) with the initial law Λ.
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To prove Theorem 4.2.3, we will follow the similar arguments to [10]: first, we will get

the estimates of the solutions that are uniform in ε; next, by the compactness criteria, we

can prove that the limit of (ρε,uε, Qε) exists; last, we will verify that the limit of (ρε,uε, Qε)

is the solution to (4.2.3).

4.2.2 Uniform estimate

In this subsection, we will focus on the study of the limit ε → 0 for the system (4.2.2).

For every ε ∈ (0, 1), there exists at least one quantity

{(Ωε,Fε, (Fε)t,Pε); uε, Qε,Wε},

which is, by the means of Definition 4.2.1, a weak martingale solution. Without loss of

generality, it suffices to consider in just one probability space, that is

(Ωε,Fε, (Fε)t,Pε) = ([0, 1],B([0, 1]),L) ∀ε ∈ (0, 1),

with L denotes the Lebesgue measure on [0, 1]. Moreover, we can assume that there exists

one common Wiener process W for all ε.

In the beginning, we get the energy estimate of (4.2.2). From Itô’s formula, the following

estimate holds.

Proposition 4.2.4. For any p ∈ [1,∞), the following estimate holds uniformly in ε

E[ sup
0≤t≤T

(

∫
T
(
1

2
ρε|uε|2 +

A

ε2(γ − 1)
(ργε − γρε + γ − 1)

+
L

2
|∇xQε|2 +

a

2
tr(Q2

ε)−
εb

3
tr(Q3

ε) +
ε2c

4
tr2(Q2

ε))dx)]p

+ E
[
νε

∫ t

0

∫
T
|∇xuε|2dxdt+ Γε

∫ t

0

∫
T

tr(H2
ε(Qε))dxdt

]p
≤CpE

[∫
T
(
1

2

|m0
ε|2

ρ0
ε

+
A

ε2(γ − 1)
((ρ0

ε)
γ − γρ0

ε + γ − 1))dx

]p
+ CpE

[∫
T
(
L

2
|∇xQ

0
ε|2 +

a

2
tr((Q0

ε)
2)− εb

3
tr((Q0

ε)
3) +

ε2c

4
tr2((Q0

ε)
2))

]p
≤ Cp.

(4.2.6)

Similar to the calculations in the previous section, the following estimates also hold.
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Proposition 4.2.5. For all p ∈ [1,∞), we have the following uniform bounds,

√
ρεuε is bounded in Lp(Ω;L∞([0, T ];L2(T))),

Qε is bounded in Lp(Ω;L∞([0, T ];W 1,2(T))),

1

ε2
(ργε − γρε + γ − 1) is bounded in Lp(Ω;L∞([0, T ];L1(T))),

(4.2.7)

together with the following uniform bounds

∇xuε is bounded in Lp(Ω;L2([0, T ];L2(T))),

Hε(Qε)) is bounded in Lp(Ω;L2([0, T ];L2(T))),

4Qε is bounded in Lp(Ω;L2([0, T ];L2(T))).

(4.2.8)

Note that all the bounds above are uniform with respect to ε, and hold for any T > 0.

To deal with the estimate for the pressure term, for any function h, we can define the

essential and residual component for this function:

h = hess + hres,

hess = χ(ρε)h, χ ∈ C∞c (0,∞), 0 ≤ χ ≤ 1, χ ≡ 1 in some open interval containing 1,

hres = (1− χ(ρε))h.

Consider the function f(x) = xγ, as γ > 1, we have the following lemma.

Lemma 4.2.6. Let P (ρ) = ργ−1−γ(ρ−1), with ρ ∈ [0,∞), then there exist some constants

C1, C2, C3, C4 positive such that

C1|ρ− 1|2 ≤ P (ρ) ≤ C2|ρ− 1|2 if ρ ∈ supp χ,

P (ρ) ≥ C3ρ
γ if ρ /∈ supp χ,

P (ρ) ≥ C4 if ρ /∈ supp χ.

Proof. The first conclusion is a natural result of Taylor’s theorem. We observe that the

function P (ρ)
ργ

is increasing for ρ ∈ [1,∞), and achieves minimum at ρ = 1. Moreover, the

function P is strictly convex, so the second and third conclusions hold true.

125



Therefore, from Lemma 4.2.6, and the uniform bounds (4.2.8), we can get that for all

p ∈ [1,∞), the following bounds are uniform:

[
ρε
ε

]ess ∈ Lp(Ω;L∞([0, T ];L2(T))),

[
ρε
ε

]res ∈ Lp(Ω;L∞([0, T ];Lγ(T))).

That is, if we define ϕε := 1
ε
(ρε − 1), then uniformly in ε, we have

ϕε ∈ Lp(Ω;L∞([0, T ];Lmin(γ,2)(T))). (4.2.9)

In the following, we want to show that

ρε → 1 in Lp(Ω;L∞([0, T ];Lγ(T))), (4.2.10)

and that leads to

ρε ∈ Lp(Ω;L∞([0, T ];Lγ(T))).

Combined with the estimates (4.2.7) and (4.2.8), we have the following uniform estimate for

all p ∈ [0,∞)

ρεuε ∈ Lp(Ω;L∞([0, T ];L
2γ
γ+1 (T))),

ρεuε ⊗ uε ∈ Lp(Ω;L2([0, T ];L
6γ

4γ+3 (T))).

To verify (4.2.10), we need to use the fact that for all δ > 0, there exists a constant Cδ > 0,

such that

ργ − 1− γ(ρ− 1) ≥ Cδ|ρ− 1|γ

if |ρ− 1| ≥ δ and ρ ≥ 0, thus we obtain

E
[

sup
0≤t≤T

∫
T
|ρε − 1|γdx

]p
=E

[
sup

0≤t≤T

∫
T
|ρε − 1|γχ|ρε−1|≤δdx

]p
+ E

[
sup

0≤t≤T

∫
T
|ρε − 1|γχ|ρε−1|≥δdx

]p
≤CδE

[∫
T
(ργε − γρε + γ − 1)dx

]p
+ Cδγp

≤Cδε2p + Cδγp.

(4.2.11)

Let ε→ 0, then δ → 0 and the claim is proven.
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Next, we can apply the Helmholtz projection PH , which projects L2(T) onto divergence

free vector fields

L2
div(T) := C

∞
div(T)

‖·‖2
.

Furthermore, the operator Q = Id − PH is the projection onto the curl free vector fields.

It has been proven that both PH and Q are bounded in W l,q(T), with any real number l

and p ∈ [1,∞). Project (4.2.2)2 onto the divergence-free field, then we get the following

equation:

dPH(ρεuε) + PH(divx(ρεuε ⊗ uε))dt

=νε4PHuεdt− PH(divx(L∇xQε �∇xQε))dt+ PH(Ldivx(Qε4Qε −4QεQε))dt

+ C̄PΦ(ρε, ρεuε)dW.

(4.2.12)

After we have got all the uniform bounds, we will get the weak convergence using the

following compactness criteria.

4.2.3 Compactness

First, we define the path space

X = Xρ ×Xu ×Xρu ×XQ ×XW ,

with

Xρ = Cw([0, T ];Lγ(T)),

Xu := (L2([0, T ];W 1,2(T)), ω),

Xρu := Cw([0, T ];L
2γ
γ+1 (T)),

XQ := Cw([0, T ];W 1,2(T)) ∩ L2([0, T ];W 2,2
w (T)),

XW := C([0, T ];U0).

We denote the corresponding law of ρε, uε, PH(ρεuε) and Qε by µρε , µuε , µPH(ρεuε) and

µQε . Denote by µW the law of W on XW , and their joint law on X is denoted by µε. After

that, we establish the tightness of {µε; ε ∈ (0, 1)}.
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Proposition 4.2.7. The set {µuε ; ε ∈ (0, 1)} is tight on Xu.

Proof. The tightness is a consequence of the estimate (4.2.8). Moreover, for any fixed R > 0,

the set

BR = {u ∈ L2([0, T ];W 1,2(T)); ‖u‖L2([0,T ];W 1,2(T)) ≤ R},

is relatively compact in Xu and

µuε(B
c
R) = P(‖uε‖L2([0,T ];W 1,2(T)) ≥ R) ≤ 1

R
E‖uε‖L2([0,T ];W 1,2(T)) ≤

C

R
.

Then the claim holds true.

Proposition 4.2.8. The set {µρε ; ε ∈ (0, 1)} is tight on Xρ.

Proof. From (4.2.7), it’s easy for us to get that, the set {divx(ρεuε)}ε∈(0,1) is bounded in

Lp(Ω; L∞([0, T ];W−1, 2γ
γ+1 (T))). Then from the continuity equation, the following bound is

uniform, for all p ∈ [1,∞):

ρε ∈ Lp(Ω; C0,1([0, T ];W−1, 2γ
γ+1 (T))).

Then the desired tightness follows from the embedding

L∞([0, T ];Lγ(T)) ∩ C0,1([0, T ];W−1, 2γ
γ+1 (T)) ↪→c Cw([0, T ];Lγ(T)).

Proposition 4.2.9. The set {µPH(ρεuε); ε ∈ (0, 1)} is tight on Xρu.

Proof. First, we decompose PH(ρεuε) into three parts. That is

PH(ρεuε) = PH(ρεuε(0))−
∫ t

0

PH(divx(ρεuε ⊗ uε)− ν4uε)ds

−
∫ t

0

PH(divx(LQε �Qε −Fε(Qε)I3))ds+

∫ t

0

LPH(divx(Qε4Qε −4QεQε))ds

+

∫ t

0

PH(Φ(ρε, ρεuε))dW (s)

= Y ε
1 (t) + Y ε

2 (t) + Zε(t).
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We will prove the Hölder continuity of all the above terms, starting from {Y ε
1 (t)}. It suffices

for us to show that there exists l ∈ N, such that for any κ ∈ (0, 1
2
), it holds true that

E‖Y ε
1 ‖Cκ([0,T ];W−l,2(T)) ≤ C. (4.2.13)

Choose l > 5
2
, such that L1(T) ↪→ W 1−l,2(T), then from the a priori estimate (4.2.6) and

(4.2.7), combined with the boundedness of PH , it yields that

E‖Y ε
1 (t)− Y ε

1 (s)‖θW−l,2(T)

=E‖
∫ t

s

PH(divx(ρεuε ⊗ uε)− ν4uε)ds‖θW−l,2(T)

≤CE‖
∫ t

s

ρεuε ⊗ uεds‖θW 1−l,2(T) + CE‖
∫ t

s

∇xuεds‖θW 1−l,2(T)

≤CE‖
∫ t

s

ρεuε ⊗ uεds‖θL1(T) + CE‖
∫ t

s

∇xuεds‖θL1(T) ≤ C|t− s|
θ
2 .

Then (4.2.13) follows from the Kolmogorov continuity criterion.

Now we prove the Hölder continuity of {Y ε
2 (t)}. Follow the same way as above, we can

have the following estimate from (4.2.8),

E‖Y ε
2 (t)− Y ε

2 (s)‖θW−l,2(T)

=E‖ −
∫ t

s

PH(divx(LQε �Qε −Fε(Qε)I3))ds

+

∫ t

s

LPH(divx(Qε4Qε −4QεQε))ds‖θW−l,2(T)

≤CE‖
∫ t

s

(LQε �Qε −Fε(Qε)I3)‖θW 1−l,2(T) + CE‖
∫ t

s

(Qε4Qε −4QεQε))ds‖θW 1−l,2(T)

≤CE‖
∫ t

s

(LQε �Qε −Fε(Qε)I3)‖θL1(T) + CE‖
∫ t

s

(Qε4Qε −4QεQε))ds‖θL1(T) ≤ C|t− s|
θ
2 .

Therefore, we can get

E‖Y ε
2 ‖Cκ([0,T ];W−l,2(T)) ≤ C. (4.2.14)

Finally, we prove the Hölder continuity of {Zε(t)}. We also need to show that

E‖Zε‖Cκ([0,T ];W−l,2(T)) ≤ C. (4.2.15)
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Following the similar way to the above two proofs, we have

E‖Zε(t)− Zε(s)‖θW−l,2(T)

=E‖
∫ t

s

PH(Φ(ρε, ρεuε))dW‖θW−l,2(T)

≤CE‖
∫ t

s

Φ(ρε, ρεuε)dW‖θW−l,2(T)

≤CE(

∫ t

s

∑
k≥1

‖gk(ρε, ρεuε)‖W−l,2(T)dr)
θ
2

≤CE(

∫ t

s

∑
k≥1

‖gk(ρε, ρεuε)‖L1(T)dr)
θ
2

≤CE(

∫ t

s

∫
T
(ρε + ρε|uε|2 + ργε )dxdr)

θ
2

≤C|t− s|
θ
2 (1 + E(sup

[0,T ]

‖√ρεuε‖θL2) + E(sup
[0,T ]

‖ρε‖
θγ
2
Lγ )) ≤ C|t− s|

θ
2 .

Then the proof is complete.

Proposition 4.2.10. The set {Qε}; ε ∈ (0, 1)} is tight on XQ.

Proof. From the uniform bounds in (4.2.7) and (4.2.8), the tightness is a natural conse-

quence. That is, from the equation (4.2.2)3, we have

(Qε)t = −uε · ∇xQε + ΘεQε −QεΘε + ΓεHε(Qε).

Then, we have that, for any p ∈ [1,∞)

Qε is uniformly bounded in Lp(Ω; Cκ([0, T ];L
3
2 (T))).

Therefore, by embedding,

Qε is compact in Lp(Ω; L2([0, T ];W 2,2(T))) ∩ Lp(Ω; Cw([0, T ];W 1,2(T))).

By all the compactness results, since we also have that the law µW is tight on the Polish

space XW , the tightness of the joint law follows.

Proposition 4.2.11. The set {µε}; ε ∈ (0, 1)} is tight on X .
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As the path space X is not a Polish space, we use the Jakubowski-Skorokhod represen-

tation theorem, a refinement of the Skorokhod representation theorem, see [45] for details.

Proposition 4.2.12. One can find a subsequence µε, a probability space (Ω̃, F̃, P̃), and X -

valued Borel measurable random variables (ρ̃ε, ũε, q̃ε, Q̃ε, W̃ε), for any εin(0, 1), also there

exists the set(ρ̃, ũ, q̃, Q̃, W̃ ), such that the following holds

1. the law of (ρ̃ε, ũε, q̃ε, Q̃ε, W̃ε) is the same as (ρε,uε,qε, Qε,Wε), that is, given by µε;

2. similarly, the law of (ρ̃, ũ, q̃, Q̃, W̃ ) is the same as (ρ,u,q, Q,W ), can be denoted by µ;

3. (ρ̃ε, ũε, q̃ε, Q̃ε, W̃ε) converges to (ρ̃, ũ, q̃, Q̃, W̃ ) P-a.s, in the topology of X .

Next we fix some notations that will be used later. For any t ∈ [0, T ], denote rt as the

restriction operator onto the interval [0, t], which restrict the various path spaces. That is,

if X is one of the path spaces mentioned above, and t ∈ [0, T ], we define

rt : X → X|[0,T ], f → f |[0,T ], (4.2.16)

and rt is a continuous mapping. Denote by {F̃εt}ε>0 and F̃t the P̃–augmented canonical

filtration of the process (ρ̃ε, ũε, Q̃ε, W̃ε) and (ρ̃, ũ, Q̃, W̃ ). That is

F̃εt = σ(σ(rtρ̃ε, rtũε, rtQ̃ε, rtW̃ε) ∪ {N ∈ F̃; P̃(N) = 0}), for t ∈ [0, T ],

F̃t = σ(σ(rtũ, rtQ̃, rtW̃ ) ∪ {N ∈ F̃; P̃(N) = 0}), for t ∈ [0, T ].

4.2.4 Justification of the limit

In this section, we aim at verifying the limit process we got in Proposition 4.2.11 is a

weak martingale solution to (4.2.3). Namely, we prove Theorem 4.2.3 by proving this result.

Theorem 4.2.13. The quadruplet ((Ω̃, F̃, P̃), ũ, Q̃, W̃ ) is a weak martingale solution to equa-

tion (4.2.3) equipped with the initial law Λ, and the process W̃ is a (F̃t)-cylindrical Wiener

process.

The proof can be divided into several steps. At first, we show that the approximate

system ρ̃ε, ũε, Q̃ε solves the system (4.2.2) in the new probability space (Ω̃, F̃, P̃).
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Proposition 4.2.14. For any ε ∈ (0, 1), the quadruplet

((Ω̃, F̃εt , P̃), ρ̃ε, ũε, Q̃ε, W̃ε)

is a finite energy weak martingale solution to (4.2.3) with the initial law Λε, and the process

W̃ε is a (F̃t)-cylindrical Wiener process.

Proof. As W̃ε has the same law as W , it follows that W̃ε is a (F̃t)-cylindrical Wiener process.

Therefore, there exists a collection of mutually independent real-valued (F̃t)-Wiener processes

(β̃εk)k≥1, such that W̃ε =
∑

k≥1 β̃
ε
kek.

We show that the continuity equation (4.2.2)1 is satisfied. For all t ∈ [0, T ], and ψ ∈

C∞(T), define the functional

L(ρ,q)t = 〈ρ(t), ψ〉 − 〈ρ(0), ψ〉 −
∫ t

0

〈q, ψ〉ds.

The mapping (ρ,q)→ L(ρ,q)t is continuous on the path space Xρ×Xρu. In the Proposition

4.2.12, we know that the law of L(ρε, ρεuε)t coincide with the law of L(ρ̃ε, ρ̃εũε)t. Note that

ρε, ρεuε solves (4.2.2)1

Ẽ|L(ρ̃ε, ρ̃εũε)t|2 = E|L(ρε, ρεuε)t|2 = 0.

This also means that (ρ̃ε, ρ̃εũε) solves (4.2.2)1.

The next step is to verify that the momentum equation (4.2.2)2 holds true. Similarly,

for any t ∈ [0, T ], ϕ ∈ C∞(T)3, define the functional

M(ρ,v,q, Q)t = 〈q(t), ϕ〉 − 〈q(0), ϕ〉+

∫ t

0

〈q⊗ v,∇xϕ〉ds− ν
∫ t

0

〈∇xv,∇xϕ〉ds

+
A

ε2

∫ t

0

〈ργ, divϕ〉ds−
∫ t

0

〈L∇xQ�∇xQ−F(Q)I3,∇xϕ〉ds

+ L

∫ t

0

〈Q4Q−4QQ,∇xϕ〉ds,

N (ρ,q)t =
∑
k≥1

∫ t

0

〈gk(ρ,q), ϕ〉2ds,

Nk(ρ,q)t =

∫ t

0

〈gk(ρ,q), ϕ〉ds.
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For any s, t ∈ [0, T ], we can define the M(ρ,v,q, Q)s,t as the increment of the functional

from s to t, that is,

M(ρ,v,q, Q)s,t =M(ρ,v,q, Q)t −M(ρ,v,q, Q)s.

The same definition holds for N (ρ,q)s,t and Nk(ρ,q)s,t. From the uniform estimates (4.2.7)

and (4.2.8), we can infer that the following mappings

(ρ,v,q, Q) 7→ M(ρ,v,q, Q)t,

(ρ,v,q, Q) 7→ N (ρ,q)t,

(ρ,v,q, Q) 7→ Nk(ρ,q)t

are well defined and measurable on the path space Xρ×Xu×Xρu×XQ, and all the estimates

hold true.

To be specific, for N (ρ,v,q, Q)t∑
k≥1

∫ t

0

〈gk(ρ,q)ϕ〉2ds ≤ C
∑
k≥1

∫ t

0

‖gk(ρ,q)‖2
L1ds ≤ C.

The estimates of M(ρ,v,q, Q)t and Nk(ρ,v)t follow the same way. As stated before, the

following variables have the same laws

M(ρε,uε, ρεuε, Qε) v
dM(ρ̃ε, ũε, ρ̃εũε, Q̃ε),

N (ρε, ρεuε) v
d N (ρ̃ε, ρ̃εũε),

Nk(ρε, ρεuε) vd Nk(ρ̃ε, ρ̃εũε).

Now fix time s, t ∈ [0, T ] with s < t, and define

h : Xρ|[0,s] ×Xu|[0,s] ×XQ|[0,s] ×XW |[0,s] → [0, 1]

as a continuous function. It is easy to infer that from the equality (4.2.2)2

M(ρε,uε, ρεuε, Qε)t =

∫ t

0

〈Φ(ρε, ρεuε), ϕ〉ds =
∑
k≥1

∫ t

0

〈gk(ρε, ρεuε), ϕ〉2dβk
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is a square integrable (Ft)-martingale, as a result

[M(ρε,uε, ρεuε, Qε)]
2 −N (ρε, ρεuε)

and

M(ρε,uε, ρεuε, Qε)βk −Nk(ρε, ρεuε)

are (Ft)-martingales as well. By the equality of laws

Ẽh(rsρ̃ε, rsũε, rsQ̃ε, rsW̃ε)[M(ρ̃ε, ũε, ρ̃εũε, Q̃ε)s,t]

=Eh(rsρε, rsuε, rsQε, rsWε)[M(ρε,uε, ρεuε, Qε)s,t] = 0,
(4.2.17)

Ẽh(rsρ̃ε, rsũε, rsQ̃ε, rsW̃ε)
[
[M(ρ̃ε, ũε, ρ̃εũε, Q̃ε)

2]s,t −N (ρ̃ε, ρ̃εũε)s,t

]
=Eh(rsρε, rsuε, rsQε, rsWε)

[
[M(ρε,uε, ρεuε, Qε)

2]s,t −N (ρε, ρεuε)s,t
]

= 0,
(4.2.18)

Ẽh(rsρ̃ε, rsũε, rsQ̃ε, rsW̃ε)
[
[M(ρ̃ε, ũε, ρ̃εũε, Q̃ε)β̃

ε
k]s,t −N (ρ̃ε, ρ̃εũε)s,t

]
=Eh(rsρε, rsuε, rsQε, rsWε) [[M(ρε,uε, ρεuε, Qε)βk]s,t −N (ρε, ρεuε)s,t] = 0.

(4.2.19)

The last step is to verify that the Q-tensor equation, (4.2.2)3 is true. Then for any

t ∈ [0, T ], φ ∈ C∞(T)3×3, define the functional

P(v, Q)t = 〈Q(t), φ〉−〈Q(0), φ〉+
∫ t

0

〈v ·∇xQ, φ〉ds−
∫ t

0

〈ΘQ−QΘ, φ〉ds−Γ

∫ t

0

〈H(Q), φ〉ds.

We know that the mapping (v, Q)→ P(v, Q)t is also continuous on the path space Xu×XQ.

Furthermore, we know that the law of P(uε, Qε)t coincide with the law of P(ũε, Q̃ε)t. As

uε, Qε is the solution to (4.2.2)3

Ẽ|P(ũε, Q̃ε)t|2 = E|P(uε, Qε)t|2 = 0.

That is, (ũε, Q̃ε) also solves (4.2.2)3, so the proof is complete.
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By proving that (ρ̃ε, ũε, Q̃ε) solve the equation (4.2.2) as well, all the estimates of

(ρε,uε, Qε) also apply. In particular, we have from (4.2.10)

ρ̃ε → 1 in Lp(Ω;L∞([0, T ];Lγ(T))) P̃− a.s, (4.2.20)

and the following bounds hold.

Proposition 4.2.15. For all p ∈ [1,∞), we have the following uniform bounds if l > 3
2
,√

ρ̃εũε is bounded in Lp(Ω;L∞([0, T ];L2(T))),

Q̃ε is bounded in Lp(Ω;L∞([0, T ];W 1,2(T))),

ϕ̃ε is bounded in Lp(Ω;L∞([0, T ];Lmin(2,γ)(T))),

F̃ε is bounded in Lp(Ω;L∞([0, T ];W−l,2(T))).

(4.2.21)

with ϕ̃ε = ρ̃ε−1
ε

and

F̃ε = νε4Qũε −Qdivx(ρ̃εũε ⊗ ũε)−
1

ε2
∇xA(ρ̃γε − 1− γ(ρ̃ε − 1))

−Q(divx(L∇xQ̃ε �∇xQ̃ε −Fε(Q̃ε)I3)) + LQ(divx(Q̃ε4Q̃ε −4Q̃εQ̃ε)),

Note that all these bounds are uniform with respect to ε, and hold for any T > 0.

After we have got all the uniform bounds, we can easily get that

PHũε → ũ in L2(0, T ;Lq(T)), P̃− a.s, for any q < 6, (4.2.22)

we denote its dual space by

W−l,2
div (T) =

[
W l,2

div(T)
]∗
.

Note that two elements of W−l,2
div (T) are identical if their difference is a gradient. With the

definition, we can prove that

divx(ρ̃εũε ⊗ ũε) ⇀ divx(uε ⊗ uε) in L1(0, T ;W−l,2
div (T)). (4.2.23)

The proof of (4.2.22) and (4.2.23) follows from [10].

Then we proceed to the proof of Theorem 4.2.13. From Proposition 4.2.14, it’s easy for

us to get that for any ε ∈ (0, 1), all W̃ε are cylindrical Wiener processes. As a result, there
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exists a collection of mutually independent real-valued (F̃t)-Wiener processes (β̃εk)k≥1, such

that W̃ =
∑

k≥1 β̃
ε
kek.

It remains to show that the equation (4.2.3) is satisfied. Take any divergence free test

function ϕ ∈ C∞div(T), use all the notations in Proposition 4.2.14, when ε→ 0, then we need

to show that

Ẽh(rsũ, rsQ̃, rsW̃ε)[M(1, ũ, ũ, Q̃)s,t] = 0, (4.2.24)

Ẽh(rsũ, rsQ̃, rsW̃ε)
[
[M(1, ũ, ũ, Q̃)2

s,t]−N (1, ũ)s,t

]
= 0, (4.2.25)

Ẽh(rsũ, rsQ̃, rsW̃ε)
[
[M(1, ũ, ũ, Q̃)β̃k]s,t −Nk(1, ũ)s,t

]
= 0. (4.2.26)

By proving these, the proof is complete. Note that from the equation, we can get that the

process M(1, ũ, ũ, Q̃) is a F̃t-martingale, and its quadratic and cross variations satisfy

〈〈M(1, ũ, ũ, Q̃)〉〉 = N (1, ũ), 〈〈M(1, ũ, ũ, Q̃), β̃k〉〉 = Nk(1, ũ),

also, we have 〈〈
M(1, ũ, ũ, Q̃)−

∫ ·
0

〈Φ(1, ũ)dW̃ , ϕ〉
〉〉

= 0.

Then the equation (4.2.3)1 is satisfied in the sense of definition 4.2.2.

Now we verify (4.2.24)-(4.2.26). By Proposition 4.2.12 and (4.2.23), we know that

M(ρ̃ε, ũε, ρ̃εũε, Q̃ε)t →M(1, ũ, ũ, Q̃)t a.s.

Considering all the uniform estimates (4.2.6)-(4.2.8), the passage to the limit is thus justified.

Last, we work on the limit of the stochastic integral. We can start by showing that

〈Φ(ρ̃ε, ρ̃εũε)·, ϕ)〉 → 〈Φ(1, ũ)·, ϕ)〉 in L2(U ;R) P̃⊗ L− a.e. (4.2.27)

We can write that

‖〈Φ(ρ̃ε, ρ̃εũε)·, ϕ)〉 − 〈Φ(1, ũ)·, ϕ)〉‖L2(U ;R)

≤ (
∑
k≥1

|〈hk(ρ̃ε)− hk(1), ϕ〉|2)
1
2 + (

∑
k≥1

|αk|2|〈ρ̃εũε − ũ, ϕ〉|2)
1
2 = I1 + I2.
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By (4.2.4) and (4.2.22), I2 → 0 for a.e (ω, t)U × R. We then use the Minkowski integral

inequality to deal with I1, that is

I1 ≤ C(
∑
k≥1

‖hk(ρ̃ε)− hk(1)‖2
L1)

1
2 ≤ C

∫
T
(
∑
k≥1

‖hk(ρ̃ε)− hk(1)‖2
L1)

1
2dx

≤ C

∫
T
(1 + ρ̃

γ−1
2

ε )|ρ̃ε − 1|dx ≤ C[

∫
T
(1 + ρ̃

γ−1
2

ε )pdx]
1
p [

∫
T
|ρ̃ε − 1|qdx]

1
q ,

where the constants p, q ∈ (1,∞) are conjugate and satisfy

p
γ − 1

2
< γ + 1 and q < r.

From the estimate of ρ̃ε and (4.2.20)

Ẽ
∫ T

0

I1dt→ 0.

So I1 → 0 for a.e (ω, t) ∈ U × R, up to a subsequence. Therefore, (4.2.27) follows, and we

can get ∑
k≥1

〈gk(ρ̃ε, ρ̃εũε), ϕ〉2 →
∑
k≥1

〈gk(1, ũ), ϕ〉2, P̃⊗ L− a.e.

Moreover, for all p ≥ 2,

Ẽ
∫ t

s

‖〈Φ(ρ̃ε, ρ̃εũε)·, ϕ)〉‖pL2(U ;Rdr

≤CẼ
∫ t

s

‖ρ̃ε‖
p
2

L2(1 + ‖ρ̃ε‖γLγ + ‖
√
ρ̃εũε‖2

L2)
p
2dr

≤C(1 + Ẽ sup
0≤t≤T

‖ρ̃ε‖γpLγ + Ẽ sup
0≤t≤T

‖
√
ρ̃εũε‖2p

L2) ≤ C.

From the boundedness, the weak convergence yields, then the limit (ũ, Q̃) solves (4.2.3). It

follows that for all p ∈ [1,∞)

ũ ∈ Lp(Ω̃;L2(0, T ;W 1,2
div (T))).

As from Proposition 4.2.12 and (4.2.20), we have

√
ρ̃εũε ⇀ ũ in L1(Ω̃;L1(0, T ;L1(T))).
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By the semi-continuity of the functional

w̃ 7→ Ẽ
[

sup
0<t<T

∫
T
|w̃|2dx

] p
2

,

one has that ũ ∈ Lp(Ω̃;L∞(0, T ;L2(T))) by (4.2.21). Finally, the convergence in distribution

implies that

ũ ∈ Lp(Ω̃;Cw(0, T ;L2
div(T))).

Then the proof is complete.
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Appendix Some Basic Theories and Lemmas

In the appendix, we present some theorems and lemmas that will be used frequently in

this paper.

Lemma A.0.1. [35, Theorem 2.1] Suppose that X1 ⊂ X0 ⊂ X2 are Banach spaces, X1 and

X2 are reflexive, and the embedding of X1 into X0 is compact. Then for any 1 < p <∞, 0 <

α < 1, the embedding

Lp(0, T ;X1) ∩Wα,p(0, T ;X2) ↪→ Lp(0, T ;X0)

is compact.

Lemma A.0.2. [5, Theorem 1.1.1] Let L : Lp1(0, T ) → Lp2(D) and Lq1(0, T ) → Lq2(D)

be a linear operator with q1 > p1 and q2 < p2. Then, for any s ∈ (0, 1), the operator

L : Lr1(0, T )→ Lr2(D), where r1 = 1
s/p1+(1−s)/q1 , r2 = 1

s/p2+(1−s)/q2 .

Theorem A.0.3. [50, Chapter 3] Let p ≥ 1, {Xn}n≥1 ∈ Lp and Xn → X in probability.

Then, the following are equivalent

(1). Xn → X in Lp;

(2). the sequence |Xn|p is uniformly integrable;

(3). E|Xn|p → E|X|p.

Theorem A.0.4. [45, Theorem 1] Let X be a quasi-Polish space. If the set of probability

measures {νn}n≥1 on B(X) is tight, then there exists a probability space (Ω,F ,P) and a

sequence of random variables un, u such that theirs laws are νn, ν and un → u, P a.s. as

n→∞.

Lemma A.0.5. (The Aubin-Lions Lemma, [58, Chapter I]) Suppose that X1 ⊂ X0 ⊂ X2 are

Banach spaces, X1 and X2 are reflexive, and the embedding of X1 into X0 is compact. Then

for any 1 < p <∞, 0 < α < 1, the embedding

Lp(0, T ;X1) ∩Wα,p(0, T ;X2) ↪→ Lp(0, T ;X0),

L∞(0, T ;X1) ∩ Cα([0, T ];X2) ↪→ L∞(0, T ;X0)
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is compact.

Theorem A.0.6. (The Vitali convergence theorem, [50, Chapter 3]) Let p ≥ 1, {un}n≥1 ∈ Lp

and un → u in probability. Then, the following are equivalent

(1). un → u in Lp;

(2). the sequence |un|p is uniformly integrable;

(3). E|un|p → E|u|p.

Theorem A.0.7. (The Skorokhod representation theorem, [80, Theorem 1]) Let X be a

Polish space. If the set of probability measures {νn}n≥1 on B(X) is tight, then there exists

a probability space (Ω,F ,P) and a sequence of random variables un, u such that theirs laws

are νn, ν and un → u, P a.s. as n→∞.
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