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A Higgs bundle over an algebraic curve is a vector bundle with a twisted endomorphism.
An important question is to calculate the volume of the groupoid of Higgs bundles over finite
fields. In 2014, Olivier Schiffmann succeeded in finding the corresponding generating function
and together with Mozvogoy reduced the problem to counting pairs of a vector bundle and
a nilpotent endomorphism. It was generalized recently by Anton Mellit to the case of Higgs
bundles with regular singularities. An important step in Mellit’s calculations is the case of
P! and two marked points, which allows him to relate the corresponding generating function
with the Macdonald polynomials. It is a natural question to generalize Mellit’s calculations
to arbitrary reductive groups.

We consider the case of P! with two marked points and an arbitrary split connected
reductive group G over F,. Firstly, we give an explicit formula for the number of I -rational
points of generalized Steinberg varieties of G. Secondly, for each principal G-bundle over P*,
we give an explicit formula counting the number of triples consisting of parabolic structures

at 0 and oo and compatible nilpotent sections of the associated adjoint bundle.
Keywords: Reductive group, principal G-bundle, parabolic structure, generalized Springer

variety, generalized Steinberg variety, affine fibration, stratification, coproduct, symmetric

function.
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1.0 Introduction.

Let k£ be a field. Let G be a reductive group over k. Reductive groups include some of
the most important groups in mathematics, such as the group of invertible matrices GL,,,
the special orthogonal group SO, and the symplectic group Spa,.

Let X be an algebraic curve over k. By a principal G-bundle over X, we mean a morphism
m : & — X with a fibrewise action of G on & such that for any ¢ € X, there is an etale
neighbourhood U of ¢ such that there exists an isomorphism &; = U x G compatible with the
action of GG, that is, £ locally looks like U x GG in the etale topology. A typical example of a
principal bundle is the frame bundle of a vector bundle, which consists of all ordered bases of
the vector space attached to each point. The group G L, acts on the collection of all ordered
basis by changes of basis. From this perspective, principal bundles are a generalization of the
vector bundles to more general groups and also include orthogonal and symplectic bundles,
which are vector bundles with a non-degenerate symmetric and skew-symmetric bilinear form
respectively. Principal bundles are central objects in the geometric Langlands program ([2],
[16], [17], [37]).

A Higgs G-bundle over X is a principal G-bundle over X together with a section of the
adjoint vector bundle twisted by the canonical bundle (in the case of vector bundles, roughly
speaking it can be thought of as a matrix of 1-forms on the curve). Higgs G-bundles have a
rich structure and recently received vast attention from researchers ([16], [17], [37]). In this
thesis, we are interested in the moduli stack of Higgs G-bundles over an F,-algebraic curve,
whose points parametrize Higgs G-bundles over the curve.

Let us now give more precise definitions (see Section 2.2). Let F, denote the finite field
of ¢ elements. In this introduction from now on, our base field will be F,. Let X be a
smooth geometrically connected projective curve over F, (geometrically connected means
that the curve remains connected after base change to the algebraic closure Fq). Let £ be
a principal G-bundle over X, then we can form a vector bundle ad(€) over X, which is the
vector bundle associated to the adjoint representation of G. It is defined as follows: let

g := Lie(G) be the Lie algebra of G and Ad: G — GL(g) be the adjoint representation, then



ad(&) is the quotient of £ x g under the right action of G given by g- (e, f) = (e-g, Ad,-1(f)),
ecé& fegged.

Definition. Let Qx denote the line bundle of algebraic differential 1-forms on X. A Higgs
G-bundle over X is a pair (£, 0), where £ is a principal G-bundle over X and O is a global
section of the vector bundle ad(€) ® Qx. The section O is called a Higgs field.

1.1 Volume of stack of Higgs G-bundles.

It is a natural question to calculate the volume of the groupoid of Higgs G-bundles over a
finite field. In addition, we mention two important applications. When G = GL,,, counting
the number of stable Higgs bundles over X is related to the number of geometrically inde-
composable vector bundles (vector bundles that remain indecomposable after base change
to the algebraic closure) (see [37, Theorem 1.2]). Now let G be a reductive group. Define
a principal G-bundle over X to be indecomposable if it does not admit a reduction to a
proper Levi subgroup. In this case, we expect that counting the number of stable Higgs
G-bundles is related to the number of geometrically indecomposable principal G-bundles,
(that is principal G-bundles that remain indecomposable after base change to the algebraic
closure).

Another application is related to the E-polynomial [24, Definition 2.1.4], which is an
important invariant of an algebraic variety over C. By a theorem of Katz [24, Theorem
2.1.8], in many cases one can compute the FE-polynomial of a separated scheme of finite
type over C by counting its number of points over finite fields. Since Higgs G-bundles over a
complex algebraic variety form a stack over C, one computes its E-polynomial by calculating
the volumes of groupoids of Higgs GG-bundles over finite fields.

Let us consider the case G = GL,, as this case is completely solved. One shows that the
number of Higgs GL,-bundles is infinity. In order to overcome this problem, one needs to

impose a stability condition on the Higgs bundles that we consider to get a finite answer:

Definition. Let (V,©) be a Higgs bundle over X. A subbundle W C V is called O-invariant



if O(W) C W ® Qx. We say that the Higgs bundle (V,©) is stable if for every proper ©-

invariant subbundle W C V', we have
deg(W)/1k(W) < deg(V')/ rk(V).

In a breakthrough paper [37], O. Schiffmann computed the number of stable Higgs bun-
dles over X of coprime rank and degree when char(F,) is sufficiently large (see [37, Theorem
1.2]). In a later paper [32] with Mozvogoy, the condition on char(F,) was removed. A major
step in their calculation is computing the weighted number of vector bundles over X with
nilpotent endomorphisms.

It is clear that, while the general strategy of Schiffmann may work for arbitrary reductive
group G, there are significant difficulties to overcome in the general case. One of the difficul-
ties comes from the fact that while the conjugacy classes of nilpotent matrices of size n are
easily parametrized by partitions of n (thanks to Jordan form theorem), it is complicated to

describe conjugacy classes of nilpotent elements of g for a general reductive group G.

1.2 Volumes of stacks of parabolic Higgs G-bundles.

A. Mellit in [29] has generalized the result of Mozvogoy and Schiffmann to the parabolic
case. In particular, Mellit counts vector bundles over X with nilpotent endomorphisms
preserving parabolic structures at marked points. An important part of his calculation
is the case of P! and two marked points. This case allows him to relate the count with
modified Macdonald polynomials. It is a natural question to generalize Mellit’s calculation
to arbitrary reductive groups. In this thesis, we complete this step, namely, we count the
number of principal G-bundles over P! with nilpotent sections of adjoint bundles compatible
with parabolic structures at 0 and oo for any split connected reductive group over F, (see

Corollary 3.2.2).



1.2.1 P! with two marked points.

Fix a set of simple roots II of G. For J C II, let P; denote the standard parabolic

[F,-subgroup corresponding to J. We need the following definition.

Definition. Let x be an F, -rational point of X. A parabolic structure on a principal G-
bundle £ over X at z of type J is a choice of a Fj-rational point P, of &,/P; where &, is
the fiber of £ at x. For vector bundles, this is equivalent to having a partial flag in the fiber

of the corresponding vector bundle at x.

For reductive groups, the case of P! with two marked points reduces to the following

question.
Problem 1. Fix a principal G-bundle £ over P'. Count the number of triples (Py, Ps, V),
where Py and P,, are parabolic structures on £ at 0 and co and W is a nilpotent section
of ad(€) compatible with Py and P, (for vector bundles, this means that the nilpotent
endomorphism preserves the corresponding partial flags at 0 and co).

As part of this thesis, we have an explicit formula (see Corollary 3.2.2) for Problem 1
when G is a split reductive group. In the case of P!, Mellit uses Hall algebras, which are not
easily accesible for a general reductive group. Instead, we use geometric techniques in our
proof. We also derive the Mellit’s result in the case of GL,, using our methods.

The counting has two important steps. In the first step, we give an explicit formula
for the number of points of generalized Steinberg varieties in Theorem 3.1. To this end we
introduce a coproduct (see Section 3.1 for more details) for any reductive group, which might
be of independent interest.

In the second step, we reduce the problem to counting the number of points of generalized
Steinberg varieties using the Bialynicki—Birula decomposition in Theorem 3.2. We note that
the applicability of the Bialynicki—Birula decomposition is not obvious since the schemes

that we work with are neither smooth nor projective.



1.2.2 P! with an arbitrary number of marked points.

The next step in this project is the case of P! with an arbitrary number of marked points.
Problem 2. Given a set D of rational points of P!, a collection .J, of subsets of II indexed by
D and a nilpotent n € Lie(G), calculate the volume of the stack of triples (&, P, V), where
£ is a principal G-bundle over P!, &€ satisfies a certain stability condition, P, is a parabolic
structure of type J,, x € D and V is a nilpotent section of ad(£) compatible with parabolic
structures such that ¥ is conjugate to n at the generic point.

[ am working on this problem with R. Fedorov. The idea is to write the generating
functions for the volumes as a product of a global term independent of the points of D and
local terms corresponding to the points of D. We plan to follow the strategy of Mellit [29,
Thm. 5.6]. If Problem 2 is solved, we are hopeful of calculating the volumes of the stacks
of parabolic Higgs G-bundles for X = P!. A more ambitious goal for the future is to solve

Problem 2 for higher genus algebraic curves.



2.0 Preliminaries.

Convention 2.1. k denotes an arbitrary field. When k is fized, we denote by P* the projec-
twe line over k and by G, the multiplicative k-group G,, . We denote by F, the finite field
with q elements. For any scheme X over F,, we denote by |X| the number of F,-rational

points of X.

2.1 Affine algebraic groups.

2.1.1 Split reductive groups and its Lie algebras.

By an affine algebraic group over k, we mean a smooth affine k-group scheme. A torus
over k is said to be split if it is isomorphic to G/, for some r. A connected affine algebraic
group G over k is said to be reductive ([30, Section 6.46]) if Gy is reductive. Recall that
a connected reductive group over k is called split ([30, Definition 19.22]) if it contains a
maximal torus that is split.

Let us recall the notion of the Lie algebra of an affine algebraic group over k from [30,
Section 10.6]. For an affine algebraic group G over k, the tangent space of G at the identity
element e is defined as:

T. ¢ = ker(G(kle]) — G(k)),

where k[e] is the ring of dual numbers over k. Let I be the augmentation ideal, which is
defined to be ker(O(G) LN k), where e* : O(G) — k is the co-identity map. One has the
following isomorphism

Te,G ~ Homk—linear<]G/Iéa k)

We define the Lie algebra of G' to be Homy_jinear(Ig/ 1%, k), which we will denote by g or
sometimes by Lie(G). For the definition of the Lie bracket on g, we refer to [30, Section
10.22]



Recall that an element x € g is said to be nilpotent if r(z) is nilpotent for every Lie
algebra homomorphism r : g — gl(V'), where V varies over all finite dimensional vector

spaces over k.

2.1.2 Parabolic and Levi k-subgroups.

Recall that a smooth closed k-subgroup P C G is parabolic if the coset space G/P is
proper over k (see [9, Section 1.3]). Since G/P is quasi-projective over k (see [11, Theorem
18.1.1]), we see that for a parabolic k-subgroup P of G, G/P is projective over k. By a Levi
k-subgroup of G we mean a Levi factor of a parabolic k-subgroup.

In the rest of the thesis, G will denote a split connected reductive group over k with a
fixed split maximal torus 7" and a Borel k-subgroup B containing 7" with unipotent radical
U. Denote by W the Weyl group of G relative to 7. Further, X*(7T") := Homy (T, G,,) and
X.(T) := Homy(G,,,T) will denote the lattices of k-characters of 7" and k-cocharacters of
T respectively. There is a natural perfect pairing X*(7T) x X,(T) — Z, which we denote by
(,). Next, [T € ®* C & € X*(T) will denote the corresponding simple roots, the positive

roots and the root system (see [9, Proposition 11.3.8]).

2.1.3 Parametrization of standard parabolic k-subgroups.

Let us now recall the description of standard parabolic k-subgroups of G and their Levi
factors. Pick J C II and let L; be the the scheme-theoretic centralizer of the identity
component of ([, Ker @).eq. Then L; is a split reductive k-group with root system ®; :=
ZJ N ® ([30, Proposition 21.90]). Next, let U; be the k-subgroup of G generated by U,
(root subgroups), a € &+ \ ®;. Then P; := L,U; is a parabolic k-subgroup and Uy is
the unipotent radical of P; ([30, Theorem 21.91]). The subgroups P; are called standard
parabolic k-subgroups and the subgroups L; are called standard Levi k-subgroups. It is
known that every parabolic k-subgroup is G(k)-conjugate to P; for a unique J C II (see
[30, Theorem 21.91 and Theorem 25.8]). It follows that in the case of G = GL,, parabolic
k-subgroups are precisely the stabilizers of flags in £™ and that the Levi k-subgroups are

precisely the stabilizers of ordered direct sum decompositions k" =V, & ... B V,,.



Notation. We denote by X (T") the semilattice of dominant k-cocharacters of T', i.e, A €
X, (T) if and only if (a, \) € Zsq for all & € ®F. We note that every W-orbit of X, (T')
contains exactly one element of X (T"), so we can identify X, (7") with X, (T)/W.

2.2 Principal G-bundles.

Convention 2.2. We make the following convention about fibre products of schemes over

k. For any two schemes X and Y over k, we will denote X X, Y by X x Y.

Definition. Let Y be a scheme over k. Let H be a quasi-compact group scheme over Y. Let
us review the definition of principal H-bundles. Recall that a Y-scheme P equipped with a
right action

PxH—TP

of H such that the morphism P — Y is H-invariant is called a principal H-bundle over Y,
if P is faithfully flat and quasi-compact over Y and the action is simply transitive, i.e, the
natural morphism P x H — P Xy P is an isomorphism. A morphism of principal H-bundles

m : P1 — Y and my : Py — Y is a morphism of H-schemes ¢ : P; — Py such that m; = my04.

Remark 2.1. (a) The above definition is equivalent to requiring the existence of a covering
U = (U; = Y) in the fpqc topology such that for any i, Py, is H-equivariantly isomorphic
to H xy U; with H acting on H xy U; by right multiplication on the first factor. ([39,
Section 2.2]).

(b) When the underlying group scheme H is smooth over Y, P can be trivialized in the
etale topology. Indeed, by Lemma 2.2 (to be proved later) it is enough to show that
there exists an etale cover U = (U; — Y') such that P xy U; — U; has a section. Since
H — 'Y is smooth and smooth morphisms satsify fpgc descent, we have that P is smooth
over'Y . Now the claim follows from the fact that every smooth surjective morphism has

a section etale-locally ([21, Proposition 17.16.3(ii)]).

Now let H be an affine algebraic group over k. Let us recall the construction of associated

bundles. Let Z be a quasi-projective k-scheme equipped with a left H-action and let £ be a



principal H-bundle over a k-scheme S. Then we denote by £ x# Z (or sometimes £(Z)) the
associated bundle with fibre type Z, which is the following scheme (see [18, Proposition 3.1]):
ExM 7 =(Ex Z)/H for the right action of H on € x Z given by h- (e,z) = (e-h,h™' - 2).

Definition. Let H and M be affine algebraic groups over k£ and let £ be a principal H-
bundle over a k-scheme S. If p: H — M is a homomorphism of groups defined over k, then
the associated bundle & x M for the action of H on M by left multiplication through p, is
naturally a principal M-bundle over S. We denote this principal M-bundle over S often by
p«€ and we say this principal M-bundle is obtained from &£ by extension of structure group.

Let F be a principal M-bundle over S. By a reduction of F to H, we mean a pair
(€,¢), where £ is a principal H-bundle and ¢ : p,€ — F is an isomorphism of principal
M-bundles over S. Two H-reductions (&1, ¢1) and (&, ¢2) of F are said to be isomorphic
if there exists an isomorphism of principal H-bundles w : & — &; such that the following

triangle is commutative:
prw

p*gl > p*(€2

If p: H— M is a closed subgroup, then we have the following well-known lemma (see [1,

Remark 2.5] for the details):

Lemma 2.1. There is a natural 1 — 1 correspondence between sections S — F(M/H) and

reductions of F to H up to isomorphism.
The following lemma tells us when a principal bundle is trivial.

Lemma 2.2. Let H be an affine algebraic group over k and let m : P — Y be a principal
H-bundle. Then P is trivial if and only if m has a section.

We only sketch the proof of Lemma 2.2. If P is a trivial principal H-bundle, then
we compose the identity section of the group scheme H x Y — Y with the isomorphism
H xY =P to get the required section. Conversely, let o : Y — P be a section of m. Then
the morphism ¢ : H x Y — P, (h,y) — o(y) - h gives a morphism of principal H-bundles

over Y. Since any morphism of principal H-bundles is an isomorphism (this can be checked



etale-locally since isomorphisms satisfy etale descent), ¢ gives the required isomorphism of

principal H-bundles.

2.3 The theorem of Grothendieck and Harder.

In this section, we give a sketch of the proof of the existence part of the theorem of
Grothendieck and Harder. We follow [35, Lemma 3.3]. The proof serves three purposes:
making the exposition more self-contained, making it clear why there is a natural description
of principal G-bundles over P! and discusses important techniques in the theory of principal
G-bundles over curves.

Consider the G,,-bundle O(1)* over P!, which is O(1) minus the zero section. Let

p € X,.(T), define a principal G-bundle over P! as:

where we view g as a morphism p : G, — G.

2.3.1 Principal T-bundles over P!.

Recall T' from Section 2.1.2. Note that T = GJ, for some r. Let £ be a T-bundle over
P!. Define a homomorphism pg : X*(T) — Z by mapping x to the degree of the line bundle
E xT A}, where T acts on A} via x. Using the natural duality between X,(T) and X*(T),
we will view g as an element in X, (7). We have the following classification of principal

T-bundles over P':

Lemma 2.3. Let G = T in the above notations. The association p — &, gives a 1 — 1
correspondence between X, (T) and the isomorphism classes of principal T-bundles over P!,

with the inverse given by € — pg.

Proof. Note that X,(T') can be identified with Z" and a principal T-bundle is just an

ordered n-tuple of principal G,,-bundles, which can be identified with line bundles. Now

10



the lemma follows by the well-known isomorphism (see [23, Proposition 6.4]) Z — Pic (P'),
d— O(d). O

2.3.2 Principal B-bundles over P'.

Recall B from Section 2.1.2; which is the Borel k-subgroup containing 7" with unipotent
radical U.

Definition. Let £ be a principal B-bundle over P!. Let p: B — B/U ~ T be the natural
projection. By the classification of principal T-bundles over P!, there exists a unique \ €

X.(T) such that p,E ~ Ty. We call A\ the T-type of £.

Let £ be a principal B-bundle over P! and let B act on U by conjugation. Then the
associated bundle £(U) is a group scheme over P!, locally isomorphic to U in the etale

topology. We have the following lemma.

Lemma 2.4. Keep notations as above. Let B act on B/T by left multiplication. Then the
associated bundle £(B/T) is a principal E(U)-bundle over P'.

Proof. Note that we have a simply transitive action of U on B/T acting by left multipli-
cation. Moreover, the action morphism U x B/T — B/T is B-equivariant where B acts
on U via conjugation. By functoriality of the construction of associated bundles, we have a

morphism of associated bundles
EWU)x EBJT) — E(BJT).

Now the lemma follows since the above action of E(U) on £(B/T) is a simply transitive

action as it can be easily checked etale-locally. O]
The next lemma guarantees that the B-bundle £ has a reduction to T" when its T-type
satisfies a certain condition.

Lemma 2.5. Keep notations as above. Let X be the T-type of £. If (a,\) > —1 for all
a € ®F, then every principal E(U)-bundle over P! is trivial and € ~ i, Ty, where i : T — B

18 the inclusion.

11



Proof. Since the first etale cohomology set classifies principal bundles for affine groups (see
[31, Chapter III, Corollary 4.7] and Remark 2.1(b)), we show that every principal £(U)-
bundle over P! is trivial by showing that H'(P!,£(U)) = 1. By (22, Section 1.1]), U has a
filtration by T-invariant normal subgroups such that the successive quotients are isomorphic

to G, with T acting by positive roots:
U=UDU;D...0U;DU;;1 D...2>U ={e}.

Note that the subgroups U;, 0 < ¢ < [ in the above filtration are B-invariant since they
are T-invariant and normal in U. Consider the following exact sequence of affine algebraic
groups with action of B:

1= U = U — (G — 1,

where (G,); ~ G, as groups and B is acting by o; € &, 0 <i <[ — 1. We get the exact

sequence of “twisted” groups:
1 = EUis1) = EWU;) = E((Gy);) — 1,
By [31, Proposition 4.5], we have the associated exact sequence of pointed sets
H'(P',E(Uiy)) — H'(P1,E(U) — H' (P, E((G)i)).

Note that £((G,);) =~ O(—{a;, \)) as group schemes over P!, which by Serre duality and the
assumption gives H'(P',£((G,);)) = 1. Therefore, the first map is surjective for all 7. Now
using induction, we have H'(P!, £(U)) = 1.

Now we can easily prove the second part of the lemma. Since H*(P!,E(U)) =1, E(B/T)
is a trivial principal £(U)-bundle over P! and so there is a section P! — £(B/T). Hence
by Lemma 2.1, £ has a reduction to 7. The lemma follows by noting that this reduction is

given by T). O]

12



2.3.3 Sketch of the proof of the existence theorem of Grothendieck-Harder.

The following theorem says that every Zariski locally trivial principal G-bundle £ over

P! is isomorphic to exactly one &,, u € X (T):

Theorem 2.6. (Grothendieck-Harder) Let £ — P be a principal G-bundle, which is locally
trivial in the Zariski topology. Then & ~ &, for some p € X.(T). For py,pe € X.(T),
Eu = &y if and only if 1 = w - po for some w € W. Therefore the Zariski locally trivial
principal G-bundles over P! are classified by X.(T)/W.

Before we proceed, we need the following useful consequence of the valuative criterion

for properness:

Proposition 2.1. Let X be a smooth projective curve over k and let f :' Y — X be a proper
morphism. Let K be the function field of X. Then any morphism n : Spec(K) — Y of X-
schemes can be uniquely extended to X, that is, there exists a unique morphismn: X — Y

of X-schemes such that nyg . ., =1

Proof. (of Theorem 2.6) We only give a sketch of the proof of the existence part. For the
proof of uniqueness of the cocharacter upto the action of Weyl group, see [35, Corollary
6.17]. We show that &£ has a reduction to 7" from which the claim will follow. To do so, note
that by Lemma 2.5 it is enough to find a B-reduction of £ of T-type u with (o, u) > 0 for
all v € O,

Let K denote the function field of P'. Since £ is assumed to be Zariski locally trivial,
Ek is a trivial principal G-bundle over Spec(K), thus by Lemma 2.1, £(G/B) has a section
over Spec(K). Since G/ B is proper, this section extends to whole of P! by Propostion 2.1.
Therefore by Lemma 2.1, £ has a reduction to a principal B-bundle.

Let 0 : P! — £(G/B) be a section of £(G/B) — P'. Then under the bijection in Lemma
2.1, o corresponds to a reduction ¢*& of £ to B. More explicitly, 0*& is the pullback of the
principal B-bundle & — £/B along o, where we note that £(G/B) = £/B. For a character
x of B, let x,0*E denote the line bundle associated to the principal B-bundle ¢*€ through
the character x. Set

n(x, o) := deg x.o*E.
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We note that n(x, o) = (x, A\,), where )\, is the T-type of o*&.

Let wy,...,w; be the fundamental weights of G corresponding to the pair (B,7). Let
s be a positive integer such that swy,...,sw; are characters of B. We claim that the set
of integers of the form n(sw;, o) is bounded from above as o varies over all B-reductions of
€. Indeed, fix i and let V' be the irreducible representation of G' with highest weight sw;.
Let V., denote the highest weight space of V. Since V_, is B-invariant, we can consider
the line bundle (sw;),.0*E = 0*€ xP V[ of degree n(sw;, o). Note that (sw;).0*& is a line
subbundle of the vector bundle (0*&) xB Vi = ((6*€) x# G) x“ Vi = £(V*). Now we need
the following lemma ([27, Lemma 13]):

Lemma 2.7. Let E be a vector bundle over a smooth projective irreducible curve X over

k. Then there exists an integer n(E) such that for every coherent subsheaf F C E, we have
deg(F) < n(E).

Proof. Our lemma will proceed using induction on the rank of the vector bundle E. If E is a
line bundle, then one can take n(FE) = max(0, deg(F)) since any non-zero coherent subsheaf
of F is locally free of rank one of smaller degree. Now suppose F has rank > 1. Take any
rational section of E and let E; be the corresponding line subbundle of E. Then we have a

short exact sequence of vector bundles
0—FE —-F— E/E; —0.

Note that E/E; is a vector bundle since X is a curve. Now let F' be a coherent subsheaf of

E. Then we have an exact sequence
0—-ENF—F—F/(E:NF)—0.
Since degree is addtive, we have
deg(F) = deg(E1 N F) + deg(F/(Ey N F)).
By inductive hypothesis, we have

deg(EyNF) +deg(F/(E1NF)) <n(Ey)+n(E/E)) = n(E).
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We return to the proof of Theorem 2.6. By Lemma 2.7, the set of integers of n(sw;, o) is
bounded from above as o varies over all B-reductions of £. Let o be such that n(sw;, o) are

maximal in the following sense: there exists no ¢’ with
n(sw;, ") > n(sw;, o) for all i

and

n(swiy, ') > n(swy,, o) for some io.

We claim that n(a,0) > 0 for all @ € II. Let a € II and let P, be the minimal
parabolic k-subgroup corresponding to «. Let T, denote the identity component of ker(«),
i.e, T, = (ker(a)yeq)® and let Up, denote the unipotent radical of P,. Consider P, /(T,-Up,),
it is a connected semisimple group of rank 1, therefore by [40, Theorem 7.2.4], P, /(T,-Up,) ~
SLy or PSLy. Moreover, under the surjective morphism P, — P,/(T, - Up,), the Borel
k-subgroups of GG that are contained in P, are in one-to-one correspondence with Borel
k-subgroups of P,/(T,-Up,). Thus if we consider a reduction of the principal SLy or PSLo-
bundle 0*&(P,/(T,-Up,)) to a Borel k-subgroup, then it gives a reduction of the G-bundle £
to a Borel k-subgroup of G contained in P,. Using explicit calculations with SLs and PS L,
one can show ([35, Theorem 4.2]) that there exists a reduction ¢’ of the G-bundle £ to a
Borel k-subgroup of G contained in P, such that if n(a, o) < 0, then n(sw;, o’) = n(sw;, o),
i # ip and n(sw;,,0’) > n(sw;,, o), where w;, is the fundamental weight corresponding to a.
This contradicts the maximality of o and thus n(a,o) > 0 for all « € II. Since n(x, o) is
additive in x, we get that n(a,0) > 0 for all & € ®*. Now by Lemma 2.5, we get that &
has a T-reduction and this finishes the sketch of the proof of the existence part of Theorem

2.6. [l

In the case k = F, every principal G-bundle is isomorphic to exactly one &,, p € X (T).
This follows from the following pair of results (see [25] and [20, Theorem 3.8a)] for proofs):

Theorem 2.8. (Lang) Let F, be the finite field with q elements and let H be a connected

affine algebraic group over F,. Then every principal H-bundle over Spec(F,) is trivial.
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Theorem 2.9. Let k be any field. Then the principal G-bundles over P! that can be trivialized
locally in the Zariski topology can be identified with the principal G-bundles over P* that are

trivial when restricted to the point {oo}, i.e, the following sequence of pointed sets is exact:
where for any principal G-bundle €, evs(E) is the fiber Eqaey of € at 0o,

Remark 2.2. The statement that every principal G-bundle over P* is Zariski-locally trivial
holds for more general fields. Recall that a field k is of dimesnion < 1 if BrK =0 for every
algebraic extension K of k ([34, Proposition 1.5.25]). Let k be a perfect field of dimk < 1.
Then a theorem of Steinberg (see [43, Theorem 1.9]) says that H'(k,G) = {*}. Therefore

by the above theorem, every principal G-bundle over P! is Zariski-locally trivial in this case.
For algebraic curves of positive genus, we have the following result when k = k:

Proposition 2.2. Let X be a smooth connected projective curve over k = k. Then any

principal G-bundle £ over X is locally trivial in the Zariski topology.
The main ingredient in proving this result is Tsen’s theorem [26, Theorem 17]:

Theorem 2.10. (Tsen’s theorem) Every principal G-bundle over Spec(K) is trivial, where
K is the function field of a smooth connected projective curve over an algebraically closed

field.

Proof.  (of Proposition 2.2) Since any principal T-bundle is locally trivial in the Zariski
topology (see [31, Proposition 4.9, Chapter III]), it is enough to show that £ has a reduction
to B and that every principal B-bundle has a reduction to 7.

Let K be the function field of X. By Tsen’s theorem, £k is a trivial principal G-bundle
over Spec(K). Thus by Lemma 2.1, £(G/B) has a section over Spec(K). Since G/B is
proper, this section extends to whole of X by Propostion 2.1. Therefore by Lemma 2.1 £
has a reduction to a principal B-bundle.

Since principal T-bundles are Zariski locally trivial, it is enough to show that F admits
a reduction to T" over every affine open subset Spec(A) C X. This is very similiar to the
proof of Lemma 2.5 using exact sequence of cohomology groups along with the fact that

H'(Spec(A), F(G,)) = 1. O

16



Remark 2.3. Theorem 2.10 is a particular case of Grothendieck-Serre conjecture in dimen-

sion one [33].

2.3.4 Examples of principal G-bundles over P'.

Let us give examples of the Grothendieck-Harder theorem in the classical cases.

1. G = GL,: Over any scheme, principal GL,-bundles can be identified with vector bundles
of rank n. Any vector bundle over P! of rank n is isomorphic to exactly one vector bundle
of the form:

Ola) ... O(an), a;€Z,a1>...> ay.

2. G = Spa, (n > 2): Any principal Spy,-bundle over P! is Zariski locally trivial [38, 4.4
(c)]. Moreover, principal Spy,-bundle over P! can be regarded as vector bundles with

extra structures. In this case, the corresponding vector bundles are of the form
(O(a1) ® O(—a1)) & ... ® (O(an) ® O(—ay)), @ €ZLyay>...>a,

equipped with a non-degenerate skew-symmetric form induced by the perfect pairing
between O(a;) and O(—a;), 1 <i < n.

3. G = S0y, (n > 3): (char k # 2) Consider the even dimensional special orthogonal
group SOsy,, which is the subgroup of SL,, preserving the non-degenrate quadratic form
q(x1,. .., Ton) = T1Tpi1 + ... + TpTo,. Principal SOy,-bundles over P* which are Zariski

locally trivial can be identified with vector bundles of the form
(O(a1) ® O(—a1)) ® ... ® (O(an) ® O(—ay)), @ €Z,a;>...>a, >0

equipped with a non-degenerate quadratic form given by the orthogonal sum of the
hyperbolic form on O(a;) ® O(—a;) induced by the perfect pairing between O(a;) and
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4. G = SOg,41 (n > 2): (char k # 2) Consider the odd dimensional special orthogonal
group SOs,.1, which is the subgroup of SLs, 1 preserving the non-degenrate quadratic
form q(xox1,...,29,) = T3 + T1Xpy1 + ... + TpTo,. Principal SO, 1-bundles over P!

which are Zariski locally trivial can be identified with vector bundles of the form
O® (0O(a) ®O(—a1)) ®...® (O(an) ® O(—ay)), @ €Z,a;>...>a,>0

equipped with a non-degenerate quadratic form given by the orthogonal sum of the
quadratic form z2 on O and the hyperbolic form on O(a;) & O(—a;) induced by the

perfect pairing between O(a;) and O(—a;), 1 <i < n.
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3.0 Main Results.

In this chapter we formulate the main results of this thesis. In the special case G = GL,,

and k = IF,, they give a counting result of Mellit [29, Section 5.4].

3.1 Coproduct.

Let H be a split connected reductive group over [F, with a split maximal torus Ty and
let By be a Borel F,-subgroup containing 7. Let IIy C X*(T%) denote the corresponding
set of simple roots of H. For J C Iy, let Py denote the standard parabolic F,-subgroup of
H and let L; denote the standard Levi factor of P; (see Section 2.1.3). Let Wy denote the
Weyl group of H relative to Ty and Jy, Jo C IIy. We let W, denote the subgroup of Wy

generated by s,, a € J;, @ = 1,2. We need the following notation:

Notation. It is known that every double coset in W1 \Wy /W5 has a unique minimal length

representative (see [7, Proposition 2.7.3]) and we denote this set of representatives by D ;.

Let P(IIy) denote the set of subsets of IIy. We let Z[P(Ily)] denote the lattice of
functions on P(Ily) taking values in Z. For any f € Z[P(Ily)], define

which is given by
Au(f)(T, )= Y f(hNw-Jy).

H
wEDJl,J2

We will call Ag(f) the coproduct of f. We have:

Ay ZIP(I1y)] — Z[P(Iy)] ® Z[P(I1y)] = Z[P(11ly) x P(Ily)).
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3.1.1 Generalized Springer and generalized Steinberg varieties.

For any J C Iy, let Spy(J) denote the generalized Springer variety of H with respect

to J, which is defined as the following scheme of pairs:
Spu(J) :={(n, P) : P is F,-conjugate to P;,n is nilpotent, n € Lie(P)}.

In particular, P is a parabolic subgroup defined over F,. For any two subsets J;, Jo C
[y, let Sty(Ji, J2) denote the generalized Steinberg variety of H with respect to J; and
Jo, which is defined as the scheme of triples (n, P, (), where P is F -conjugate to Py,
@ is F-conjugate to Py,, n is nilpotent such that n € Lie(P) N Lie(Q). In particular, P
and @) are parabolic subgroups defined over FF,.

Observe that Spy(J) = Sty (Ily, J). Define
[Spg] : P(lly) = Z, J+— |Spu(J)]
and define
[Sty) : P(g) x P(Ug) = Z, (J1,J2) = |Sta(J1, J2)l.

Let @5 denote the root system of H with respect to T and let @}, denote the set of positive
roots with respect to By and Ty. For J C Ilg, let ®; denote the root system of L; with

respect to Ty and let @7 denote the set of positive roots with respect to By N Ly and Ty.

Notation. Let M be an affine algebraic group over F, and let m be the associated Lie
algebra. Recall that the rank of M is the dimension of a maximal torus of M or equivalently
the dimension of a Cartan subalgebra of m. We will denote the rank of M by rk(M) or
rk(m).

The following theorem gives an explicit formula for the number of points of generalized

Steinberg varieties:
Theorem 3.1. With notations as above, we have

(i) |Spu(J)| = ¢®s1+1%x] D Wy /W, ¢, where [(w) represents the minimal length of the
elements in wW; and also, |®F| + |®%| = dim(Py) — rk(Py).
(ii) Au([Spu]) = [Stu].

We give the proof of Theorem 3.1 in Chapter 4.

20



3.2 Stratification of triples.

Definition. Fix a k-rational point = of P!. For J C II, a parabolic structure on a principal
G-bundle € over P! at x of type J is a choice of a k-rational point P, of £,/P; where &, is
the fiber of £ at x.

Let p € X4 (T) and let £, = 1. O(1)* be as in Section 2.3. Let ad(€,) denote the adjoint
vector bundle over P! associated to £,. Recall that ad(€,) = Ex%g = (€ x g)/G for the right
action of G on € x g given by g-(e,z) = (e-g, Ad,-1-z). Note that ad(E,) = O(1)* xCmg, i.e,
it is the quotient of O(1)* x g under the action of G,, given by g- (e, f) = (e g, Ad,g)-1(f)),
e€ O(1)*, f € g,g € Gy,. The sheaf of sections of the adjoint vector bundle ad(&,) form a
sheaf of Lie algebras and thus H°(P', ad(€,)) has the structure of a Lie algebra. Nilpotent
elements of the Lie algebra H°(P',ad(&,)) are called nilpotent sections of ad(E,,).

Let p € X4 (T) and Jy, J C II, define Trip,(Jo, J) to be the scheme parameterizing
triples (Fp, Px, ¥) such that VU is a nilpotent section of ad(€,), Fy (resp. Px) is a parabolic
structure at 0 (resp. oo) of type Jy (resp. Jy) and ¥y € Lie(F), Vo € Lie(Py) (we
will explain the meaning of this condition later). We note that Trip,(Jo, J) is a scheme
because it is the closed subscheme of &/ Py, X Ex /Py, x H° (P, ad(€,)) given by three closed
conditions, which are: W is nilpotent, ¥y € Lie(FP), Vo, € Lie(Py).

Now let us explain the meaning of Lie(P,), x = 0, 0o in the definition of Trip,(Jo, Jo)-
For x = 0, 00, we view (£,), as a principal G-bundle over the point z and we let Aut((€,),)
denote the k-group scheme whose R-valued points are the principal G x Spec(R)-bundle
automorphisms of (€,), x Spec(R). Since &, is a pushforward of the G,,-bundle O(1)*,
(€u)z 1s a trivial principal G-bundle over the point z and therefore Aut((€,),) can be non-
canonically identified with G. Now, Aut((£,),) acts on (£,),/F;, and the stabilizer of P, is
a parabolic subgroup of Aut((€,),). We denote by Lie(P,) the Lie algebra of this stabilizer.
This is a parabolic subalgebra of Lie(Aut((£,).)) = ad(&,).-

Since O(1)* is a principal G,,-bundle over P!, G,, acts on &, = (O(1)* x G)/G,, by
acting on the first component. This gives a G,,-action on the parabolic structures and on

ad(€,), which gives a G,-action on H°(P!,ad(€,)). On combining these actions, we get a
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G,,,-action:

G ~ Tripu(Jo, Joo). (1)

In this thesis, in the case when k = F, we want to count the number of F,-points of
Trip,(Jo, Joo) for each p € X (T),Jo, Joo C II. For this, we would like to apply the
Bialynicki-Birula decomposition to 7Trip,(Jo, J) with respect to the G,,-action (1). Note
that it is not immediate in this case because Trip,(Jo, J) is neither smooth nor projective
in general but nevertheless we will prove below Theorem 3.2, which allows to reduce counting

| T7ip,(Jo, J)| to counting points of the generalized Steinberg varieties.

Notation. For J C II, denote by W; C W the subgroup generated by s,,a € J, here s,
denotes the reflection corresponding to . For any p € X, (T'), let II, C II denote the set
of simple roots that are annihilated by p and denote by L, the identity component of the
centralizer of 1(G,,) in G. Since Lie(L,) = Lie(Ly, ) ([30, Theorem 13.33] and Section 2.1.3),
L, = Ly,. We note that II, is the set of simple roots of L, corresponding to T"and BN L.

Example. In the special case G = GL,,, if u is of the form

t»—>diag(tml,...,tmlj,...,fms,...,tms), m; #m; for i # jomj € Zfor 1 <j <s,
i1?i?nes iS?i?nes

then L, ~ GL; x ... x GL;,.

Notation. Let X be a scheme over k and let H be an affine algebraic group over k acting

on X. We will denote the fixed point locus of this action by X*.

Theorem 3.2. Keep notations as above. Let G, act on Trip,(Jy, Jx) asin (1). Then there

exists a stratification of Trip,(Jo, Js) by locally closed subsets as:

TTipM(JO, Joo) = |_| TT’Z'p#(Jo, JOO):;,w’
WEWHH\W/WJO
’wIEVVHM\VV/VVJoo

and a decomposition of Trip,(Jo, Joo)®™ as:

Trip.(Jo, Joo) 5 = | ] Tripu(Jo, Joo) ST

w,w’?
U)GWHH \W/WJO
w’EWH# \W/WJOO
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where Trip,(Jo, Joo)Sm  are the connected components of Trip,(Jo, Joo)®™ with morphisms

w,w

Tripu(Jo; Joo)uw = TTipu(Jo, Joo)®

m
w,w’?

which are given by the limit map ast — 0 and are affine fibrations for w € W, \W/W  ,w' €
Wn, \W/W,.. of relative dimensions dim(Aut(&,)) — dim(L,,).

Moreover, the schemes Trip,(Jy, Joo)g% are isomorphic to the generalized Steinberg va-
rieties Sty, (T, N - Jo, T, Nw' - Jo), W € DF, 5 w' € DY ;.

The proof of Theorem 3.2 will be given in Chapter 6.

Upto this point, the base field £ in Theorem 3.2 was arbitrary. Now let & = F,. For
p € X (T), define 7, : Z[P(I1,)] — Z[P(II)] as:

()= D, fWnw- ), f€ZPL)]
wEDgH’J

and define [Trip,]| : P(II) x P(II) = Z as:
[Tripu)(Jo, Joo) == |Tripu(Jo, Joo)|
As an easy corollary of Theorem 3.2, we get:

Corollary 3.2.1. Keeping the above notations, we have:
[T?"ipu] — qdim(Aut(Su))fdim(Lu) (71,“ ® Wu)([StL#]).
Proof. Let Jy, Joo C II. From Theorem 3.2, we have

(Tripd(Jo. o) = Y |Tripu(Jo. Juc)i
’LUEW]‘[M \W/WJO
’LU/GWHM \VV/VVJoo

_ Z qdim(Aut(Su))—dim(LM) ’Tripu(Jo, Joo)Gm ) ‘

w,w
U)GWHM \W/WJO
'LU,GWH# \W/WJOO

Since the schemes Trip,(Jo, Joo)g% are isomorphic to the generalized Steinberg varieties

Str, (I, N@ - Jo, T, N’ - J), W € D 5, w' € D (see Theorem 3.2), we have

[Tripu)(Jo, Joo) = g & dimLu) N gty (T, Nw - Jo, I, Nw' - Joo).
wEDgM’

/ G
w GDHM,Joo

Jo

Now the corollary follows from the defintion of 7. O
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Remark 3.1. (i) For deducing Corollary 3.2.1 from Theorem 8.2, it is crucial that all
fibers of the morphism Trip,(Jo, Joo)sz, — Trip,(Jo, JOO)SZL, have the same dimen-
Si0n.

(ii) Notice that 7, is an instance of Ag. More precisely, let f € Z[P(I1,)] and let f
be any extension of f to P(II), i.e, f € Z[P(I1)] and ﬁP(Hm = f. Then we have

T (f) = Ac(f) (1L, ).
More explicitly, we have the following corollary.

Corollary 3.2.2. Keep notations as above. Then |Trip,(Jo, Joo)| is equal to

of |+ (047 +1) “1>+ ‘ I
q| 11, 2 (>0 \{enm) § § g TN onu!” (M Joo) A(,u,w,w,w ;CI),
eDg Lu
u/) DguJo WEDY . sy ! - Jo
w'e

0, Jo00

where P11, nw. Jonw - (nw'-Jo) 18 the Toot system of Ly, - Jorw! (TN - 7o) With respect to T and

A(Pn w, w/, w//; q) _ Z ql(w///).

L
"1 H
WEDY 1w dg ! (T - Js)

In particular, we see that |Trip,(Jo, Jso)| is a polynomial in q with non-negative integer

coefficients.

To prove Corollary 3.2.2, we need the following result (see [35, Proposition 5.2]), which

describes Aut(&,) as a scheme:

Fact 3.1. Let £, be as above. Then Aut(E,) is isomorphic as a scheme to

Lox [ H(B'.O((o, ).

a€d:(a,u)>0

Proof. (of Corollary 3.2.2) By Theorem 3.1(i7) and Corollary 3.2.1, we get

(Tripu)(Jo, Joo) = qmAmE=dimLud N Ay ([Spy, ) (I Nw - Jo, I, N’ - Jw). (2)

G
weD
Oy, Jo

’ G
w GDH#,JOO

Using the defintion of Ay, [Trip,)(Jo, J) is equal to

qdim(Aut(SH))—dim(LM) Z Z |SPLH (HM Nw-JyN W' - (Hu Aw' - Joo))|
weDguJO wﬂeDl%[me-JO,Humw’-Joo
w’GDﬁ"‘hJOQ
Now the corollary follows from Theorem 3.1(i) and Fact 3.1. O]
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It follows from definitions that Tripy(Jo, Joo) = Sta(Jo, Js) and Trip(IL, 1) = N (g),
the nilpotent cone of g. In particular, we see that even in the trivial case up = 0, Jy = J, = 11,
Trip,(Jo, Joo) is neither smooth nor projective.

We note the following corollary.

Corollary 3.2.3. Keep notations as above and assume that p € X, (T) is a central cochar-

acter. Then [Trip,] = [Stq].

Proof. Tt follows from Corollary 3.2.2 that [Trip,] = [Tripo]. O

3.3 Comparison between different groups.

In this section, we let k& = F,. We will compare |Trip,(Jo, Jx)| for different groups

below. For this, we introduce the following notation.

Notation. Let H, Ty, By, 11y be as in Section 3.1. Let v € X, (Ty) and let &, denote the
principal H-bundle over P! induced by v. For Jy, Jo C Iy, as before we let Trip, u(Jo, Joo)
denote the scheme parameterizing triples (P, Px, V) such that ¥ is a nilpotent section of
ad(&,), Py (resp. Py) is a parabolic structure at 0 (resp. oo) of type Jy (resp. J) and
U, € Lie(Fy), Vo € Lie(Py). Again as before, define

[Tm’pyﬂ] : P(HH) X P(HH) — 7

[TripV,H](JO7 JOO) = |TTZ.pV,H(J07 JOO)|
Consider the following two situations:

(i) Recall G,T, B,II from Section 2.1.2. Let G’ := [G,G] be the derived group of G.
Let j : G — G be the natural inclusion. Denote the split maximal torus TN G’ of
G’ by T" and the Borel F,-subgroup B NG’ of G’ by B'. Let ' € X, (1"), we have
p = jou € X, (T). Since the root systems of G and G’ are isomorphic, we will

consider [Tripy ] and [Trip, | as functions with domain IT x II.
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(ii) Recall that a morphism u : G; — G2 of connected affine algebraic groups over F, is
called a central isogeny if it is a finite flat surjection such that ker(u) is central in Gy
(see [10, Definition 3.3.9]). Now let u : G; — G5 be a central isogeny of split connected
reductive groups over IF,. Let 7T} be a split maximal torus of G; and let B, be a Borel
[F,-subgroup of G; containing 77. Then T3 := u(7}) is a split maximal torus of Gs
and B := u(By) is a Borel F -subgroup of G5 containing 75 (see [9, Section 3.3]). Let
p1 € X (Th), we have g := wo py € X (T3). Since the root systems of G; and G
are isomorphic, we will consider [T7ip,, ¢,] and [T7ip,, c,] as functions with domain

IT; x II;, where II; is the set of simple roots of Gy with respect to (By,T}).
We have the following:

Corollary 3.2.4. (a) With notations as in (i) above, we have
[Tripy o] = [Trip.cl-
(b) With notations as in (ii) above, we have
(Tripu e = [Tripu.c,)-

We give the proof of Corollary 3.2.4 in Chapter 6.
As special cases, we may take G = GL, and G' = SL, in Corollary 3.2.4 (a) and
SL, — PGL, = SL,/u, or Spin,, — SO,, in Corollary 3.2.4 (b).
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4.0 Generalized Steinberg Varieties.

In this chapter, we give a proof of Theorem 3.1. Recall that for any scheme X over F,,
we denote the number of F -rational points of X by | X].

We now prove a simple lemma that will be used several times in the thesis:

Lemma 4.1. Let M be an affine algebraic group over F, and let M' be a connected F,-

subgroup of M. Then |M/M'| = |M|/|M’|.

Proof. Let z : Spec(F,) — M/M’ be an F,-rational point of M/M’ and let M = M/M’
be the natural morphim giving M a structure of a principal M’-bundle over M /M’'. Pulling
back the principal M’-bundle M = M /M’ along z, we get a principal M’-bundle z*M —
Spec(F,). Recall that a theorem of Lang ([25]) asserts that for any connected affine algebraic
group H over a finite field K, every principal H-bundle over Spec(K) is trivial, thus we get
that *M — Spec(F,) is a trivial principal M’-bundle and so, 2*M = M’. Since F,-rational
points of M map to F,-rational points of M /M’ under 7, the number of F,-rational points

of M mapping to z is equal to |M’| and the lemma follows. O

Notation. Let M be an affine algebraic group over F, and let m be the associated Lie

algebra. We will denote the nilpotent cone of m by N (m).
We will need the following proposition later.

Proposition 4.1. Let k be a perfect field. Let M be a connected affine algebraic group
over k and let R, (M) denote the k-unipotent radical of M. Then M/R,(M) is a connected

reductive k-group.

Proof. Consider the k-group M /R, (M;). We claim that M; /R, (M) 1S & connected reductive
group over k. To see this, consider the natural projection 7 : My — My /R.(My), assume
that there exists a non-trivial connected, unipotent, normal subgroup U of M;/R. (M),
then 71 (U)° satisfies the same properties and strictly contains R, (M), which contradicts
the fact that R, (My) is the unipotent radical of M. Next, we need the following result [8,
Proposition 1.1.9(1)]:
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Fact 4.1. Let G be a connected affine algebraic group over k and let K/k be a separable
extension of fields. Then we have Ry x(G)x = Rux(Gk) inside Gk.

We return to the proof of Proposition 4.1. Since (M/R,(M)); = M;/R.(M); and
Ru(Mz) = Ry(M) inside M, we get that R, (M/R.(M)); = {1}. As a consequence, we
have R, (M/R,(M)) = {1}, therefore M/R,(M) is a connected reductive group over k. [J

Remark 4.1. When k is not necessarily perfect, then M/R,(M) is only a pseudo-reductive
group (see [8] for the theory of pseudo-reductive groups).

The following proposition is proved in [41, (7)] in the case of connected reductive groups
over [F,. We deduce the statement in the general case using the case of connected reductive

groups over [F,.

Proposition 4.2. Let M be an arbitrary connected affine algebraic group over IF, and m be

its Lie algebra. Then |N'(m)| = gdimm)—rk(m),

Proof. The case of connected reductive groups over F, is proved in [41, (7)]. We claim that
the general case follows from the case of connected reductive groups over F,. Indeed, let
R.(M) denote the F,-unipotent radical of M. Then by Proposition 4.1, M/R,(M) is a
connected reductive group over F,. Now let u denote the Lie algebra of R, (M), we have
Lie(M/R,(M)) = m/u.

We need a simple lemma:

Lemma 4.2. With notations as above, we have
N (m)] = g™ N (m/u))].

Proof. Consider the natural projection m = m/u. We will prove that A/'(m) = 7=} (N (m/u))
from which the lemma would follow easily. Since 7 maps nilpotent elements of m to nilpotent
elements of m/u, we get 7(N(m)) C N (m/u). Now suppose x € 7' (N (m/u)), using Jordan
decomposition write x = x4+ x,, where x, is a semisimple element, x,, is a nilpotent element
and [zs,z,] = 0. Assume on the contrary that x5 # 0. Since 7 is a Lie algebra morphism,
m(x) = m(xs) + 7(z,) is the Jordan decomposition of w(x). Since x; & u, we have 7(z;) # 0 .

Therefore, w(z) & N (m/u), which is a contradiction. Thus, we have N'(m) = 7= (N (m/u)).
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Since 7 is clearly surjective, we get |N(m)| = |u||AV(m/u)|. Now the lemma follows from

|U.| — qdim(u)‘ 0

We return to the proof of Proposition 4.2. Since the statement of Proposition 4.2 is

known for reductive groups (see [41, (7)]), we obtain

N ()] = gimm/o-simss
Since rk(m) = rk(m/u), we get

N ()] = ) )
By applying Lemma 4.2 to (3), we get

|N(m)| — qdim(u)qdim(m/u)—rk(m) — qdim(m)—rk(m)'

This finishes the proof of Proposition 4.2. O

4.1 Proof of Theorem 3.1(i).

Let H be a split reductive group over I, with a split maximal torus T and let By be a
Borel F,-subgroup containing 7. Let IIy C X*(T) denote the corresponding set of simple
roots of H. Let Wy denote the Weyl group of H relative to Ty. For any J C Ily, let P; be
the corresponding standard parabolic [F -subgroup of H. Let L; and U; be the Levi factor
and the unipotent radical of Pj, respectively and let W; be the corresponding subgroup of
Wi

The number of points of the generalized Springer variety of H corresponding to J C Iy
is given by

| H|

H| .
1Spu(J)| = = N (Lie(Py)| = L] gk, (4)
1P| P

where the first equality holds because the normalizer of P; is itself and the fact that if P
is a parabolic subgroup of G' conjugate over F, to Py, then N (Lie(P)) = N (Lie(Py)). The

second equality follows from Proposition 4.2.
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Since H/Pj has a stratification by locally closed subsets as | ], ¢y, W, Al (see [4,
Proposition 3.16]), where [(w) represents the minimal length of the elements in wW;, using

Lemma 4.1 we get that [H|/[Ps| = >, cw,, /w, ¢'™), which gives
Flodt
|Spu ()] = g!®s a0 gl
”LUEWH/WJ

This finishes the proof of part (i) of Theorem 3.1.

4.2 Proof of Theorem 3.1(ii).

In the proof of part (i7) of Theorem 3.1, we will need another formula for |Spg(J)|, which

we now give. First we need a lemma.

Lemma 4.3. Let U be a connected unipotent group over k. Assume that k is perfect. Then

U ~ AMU) g6 schemes over k.

Recall that a connected solvable group M over k is k-split ([40, Section 14.1]) if there
exists a sequence

{e}=MyCcMyC...CM, 1CM,=M

of closed, connected, normal k-subgroups such that the quotients M;/M;_; are k-isomorphic
to either G, or G,, over k. Lemma 4.3 is an easy consequence of the following two facts (see

[40, Corollary 14.2.7 and Corollary 14.3.10]):

Fact 4.2. Let M be a connected solvable group over k that is k-split. Then M 1is isomorphic
to G, x G5 as k-schemes with r = dim(M /R, (M)) and s = dim(R,(M))). In particular,

if in addition M is unipotent, then M ~ AY™M) g5 schemes over k.

Fact 4.3. Let M be a connected solvable group over k. Assume that k is perfect. Then
Ru(M) is k-split.

Let us return to the proof of Theorem 3.1(i7). Let J C Ily be as in the statement of
Theorem 3.1. Let U; denote the unipotent radical of P;. Then, we have |U;| = ¢@™Us) by
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Lemma 4.3. Since P; = L; x U as schemes over F,, we have |P;| = |L,||U,|. Substituting
this in (4) gives

H i —r
|Spu(J)| = qulmm k(Lj) (5)
| L]

Now Proposition 4.2 gives

|H| |N(L16(LJ))|

Spa()| = [P 7T ©)

For any J; C Ilg, let P, := P;, be the corresponding standard parabolic F,-subgroup of H,
1 =1,2. Let L, := Ly, and U; := Uy, be the Levi factor and the unipotent radical of P
respectively, and let W; := W, be corresponding subgroup of Wy, ¢+ = 1,2. Consider the
natural action of H(F,) on Sty (Ji,Jz). Since the normalizer of P, in H(F,) is P (F,), the

number of points of Sty (Ji, J2) is given by

|StH(J1,J2)| = @ Z ’N(Lle(P]_thQ)”

Is1N
€H(Fq)/P2(Fq)

_@“Dﬂ Z WV (Lie(PyNh - Py))|

P P Nh-P
| 1| heP1(Fg)\H (Fq)/P2(Fq) | lm 2|

where the second equality follows from the following easy lemma.

Lemma 4.4. Let A be a finite abstract group and let B and C be subgroups of A. Then for

any x € A, we have
|B||C|

BxC| = PN
[B2C |BNaCaz~1

We will need the following fact:

Proposition 4.3. Keep notations as above. Then we have a natural bijection
Py(F\H (Fq)/ Pa(Fy) = Wi\Wy [Ws.

Proof. (Sketch) The proposition follows from [14, Theorem 65.21] , [30, Theorem 21.91] and
the well-known fact that H(IF,) is a finite group with a BN-pair [13] for B = By (F,), N =

Ny, (F,), where N7, is the normalizer of Ty in H. O
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We return to the proof of Theorem 3.1. By Proposition 4.3, Lemma 4.1 and Proposition

4.2, we get
dim(P1 ﬂw~P2)—rk(P1 ﬂw~P2)

|P1ﬂU)P2|

Sta(J B) =1H > 2

wGWl\WH/WQ
Next, we have the following decomposition (the statement is easily reduced to Fq in which

case it is given by [15, Proposition 2.15]):
Pl Nw - Pg = (Ll Nw - LQ)(Ll Nw - Uz)(Ul Nw - Lg)(Ul Nw - UQ), (7)

which is a direct product of varieties over [F,. By Lemma 4.3, we obtain

din’l(L1 ﬂw-Lg)frk(Ll ﬁw~L2)

St k) =1 Y4

weW\Wy /W |L1 nw: L2|

1| Z |V (Lie(L; Nw - Lg))|‘
weW1\Wpr /Wa L1 Nw - Ly|

where we use Proposition 4.2 for the second equality. Recall Dﬁ ., from Section 3.1 and let
w e DJHL 7,- In this case, we also have the following decomposition (the statement is easily

reduced to F, in which it is given by [7, Theorem 2.8.7]):
P1 Nw - PQ = (leﬁw-Jg)(Ll Nw - Uz)(Ul Nw - Lg)(Ul Nw - Ug) (8)

By (7), (8) and the fact that Ly, C Ly Nw - Ly, we get Ly nw.s, = L1 N w - La, which

gives
Lie(L j, ~w.
Sty (Ji, J) = H| Y |V (Lie(L s,n JQ))|' o)
|LJ1ﬁw-J2|
wEDbe2

Recalling that Ay is given by

Ap(f)(h) = > f(hnw-J),

H
weD
LT

we get from (6) and (9) that
Apn([Spu]) = [Stu].

This finishes the proof of part (ii) of Theorem 3.1. O
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4.3 More on coproduct.

In this section, we would like to prove a few properties of Ay that are of independent

interest and will be used later in Chapter 7 in the case of GL,,. First we need some definitions.

Definition. Let J;, J; C Iy, we say J; and Jo are associates whenever ®;, = w - ¢, for
some w € Wy. This gives an equivalence relation on P(Ily), which we denote by ~p. Let
f € Z[P(Ily)], we say f is associate invariant if f(J;) = f(J2) whenever J; and J, are

associates.

Let O be an equivalence class of ~pg. Let dp € Z[P(Ilg)] be the function on P(Ily)
that takes the value 1 on J if J € O and 0 otherwise. Let us fix a representative Jo in each
equivalence class 0. We say that a function of two variables is associate invariant if it is
associate invariant in each variable. The following lemma states that Ay preserves associate

invariant functions.
Lemma 4.5. Keep notations as above. Then
Ap(d0) = > ng 60, @ do,, (10)
(01.02)e (P(11g) /~) x (P(1Ts) /~)

where
01,0
ne? = |{w e Wio, \Wi/Wio : @jp Nw- @y, =w'- 0y, for some w' € Wi}
In particular, Ay preserves the subspace of associate invariant functions.

Proof. First we rewrite the coproduct Ay for associate invariant functions. Set R(J) := &,
so that R is a bijection from P(IIy) onto the set of root systems of all Levi subgroups of
H containing Ty. Let f € Z[P(Ily)] be associate invariant. Then for (Ji,J;) € P(Ily) X
P(Ix),

Ap(N(T) = Y (R, Nw- D). (11)

wGle \WH/WJ2
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We note that in this reformulation of A g for associate invariant functions the summands does
not depend on a particular choice of the element of a double coset. For any J;, J € P(Ily),

Ay (00) evaluated at (Jy, Jo) is equal to
Z 5O(R71(®J1Q’LU'®J2)>7
wEWJl\WH/WJQ

which in turn is equal to
[{w e Wy \Wg /Wy, : @), Nw- Oy =w' - Dy, for some w' € Wy}|.

On the other hand, RHS of (10) evaluated at (.J, .J,) is equal to ng"?, where O; (resp. Os)
is the equivalence class of J; (resp. Jy). There exists wy, ws € Wy such that &5, = w; - ® Jo,»
Dy, = ws - <I>J02 and so, Wy, = wIWJ(Dlwfl and Wy, = wQWJO2w;1. Now the lemma follows

from the bijection
VVJO1 \VI/V]][/VVJO2 — WJI\WH/WJQ, Wjol UJWJO2 — le (wlwwgl)WJQ.
This finishes the proof of Lemma 4.5. O

Remark 4.2. The proof of Lemma 4.5 suggests that (11) may be a better definition for Ay
as it does not use [7, Proposition 2.7.3]. In fact, it may be even better to view f as a function
on the set of root systems of the Levi subgroups. Moreover, using this formulation it is easy

to see that Ay is co-commutative for associate invariant functions.
We have the following corollary.

Corollary 4.5.1. Let [Spy| and [Stg] be as in Section 3.1. Then [Spy| and [Sty] are

associate invariant functions.

Proof. Let J,J" € Il be such that J ~y J'. Then we have L; ~ L and as a consequence
of (6), it follows that [Spg] is associate invariant. Now Lemma 4.5 together with Theorem

3.1(73) imply that [Sty] is associate invariant in each variable. ]
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Assume that H = H; x...x H,. For k =1,...,n, let [ be the set of simple roots of Hy
with respect to some maximal torus and a Borel subgroup containing it. We can identify [15
with the disjoint union | |, IT;. Thus, P(Ily) = [, P(Ilx) and Z[P(Ily)] = @, Z[P(I1;)].

Under this isomorphism, the following lemma follows from the definitions.

Lemma 4.6. Keep notations as above. Then

[StH] = [StHl] X...0 [StHn].
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5.0 Bialynicki—Birula decomposition.

In this chapter we recall the Bialynicki-Birula decomposition. We will use these facts in

the next chapter to give a proof of Theorem 3.2.

Definition. Let X and Z be two schemes. A morphism ¢ : X — Z is called an affine
fibration of relative dimension d if for every z € Z, there is a Zariski open neighborhood
U of z such that Xy = U x A% and this isomorphism identifies ¢, : Xy — Z with the
projection on the first factor.

A morphism ¢ : X — Z is called a trivial affine fibration of relative dimension d if
X = Z x A% and this isomorphism identifies ¢ : X — Z with the projection on the first

factor.

We use the following result (see [6, Theorem 3.2]), known as the Bialynicki-Birula de-

composition which is key to our calculation:

Fact 5.1. (Bialynicki-Birula, Hesselink, Iversen). Let X be a smooth, projective scheme
over k equipped with a G,-action. Then the following holds:

(i) The fized point locus X®m is a closed subscheme of X and is smooth over k.
(ii) There exists a numbering X®m = | |!_| Z; of the connected components of X®, and a

filtration of X by closed subschemes:
X=X,20X,.1D..20XoDX_1 =0

and affine fibrations ¢; : X; — X;_1 — Z;.
(11i) The relative dimension of ¢; is the dimension of the positive eigenspace of the G, -

action on the tangent space of X at an arbitrary closed point z € Z; and dim(Z;) =
dim(7T7g) .

In particular, we obtain a stratification of X by locally closed subsets X" := X; — X;_;.
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Definition. Let Y be a separated scheme over k. Let ¢ : A'\{0} — Y be a morphism. If
¢ extends to a morphism q~5 : Al — Y we say that lim;_,o ¢(¢) exists and we set it equal to
5(0) Since Y is separated over k£ and A! is reduced, the extension (;3 is unique. Note that

if, moreover, Y is proper over k£ then an extension of ¢ always exists.

Remark 5.1. (see [6, Section 3]) The Bialynicki—Birula decomposition is explicit in the sense
that the locally closed subscheme X;“ 15 the set of all points x € X such that lim;_,gt-x € Z;
where (t,x) — t -z is the G,-action. Moreover, the map ¢; : X;* — Z; is then given by

x> limy_ot - x.

Example. Consider the G,,-action on P" given by:

tolwo:iayr . imy] =[tP0 .. ity i, tE€EGu,[wo: ... ixi. .. p,] € P
This action has n + 1 fixed points, namely p; =[0:...:0: 1 :0:...:0],0 <7 <mn. For
0 < i < n, over the i-th coordinate chart U; = {[xo : ... :x; : ...z, : x; # 0}, this action
is

tefro:. ol rap) =t 2o o1t ).
Therefore, X; = {[0:...:0:1:21...: 2]} =2 A" 0 < i <n and we have the following

decomposition, which is analogous to the CW-decomposition of the classical projective space:
Pr=AL.. . UA"U...UA™

Let k£ be a field. Let S be a smooth separated scheme over k£ equipped with a G,,-action.
By [8, Proposition A.8.10], S®m is smooth over k. By a smooth equivariant compactification
of S, we will mean a scheme S that is smooth and projective over k, S is an open and dense
subscheme of S and S is equipped with a G,,-action that extends the G,,-action on S. The

following proposition is a consequence of Fact 5.1.
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Proposition 5.1. Assume that there is a smooth equivariant compactification S of S. Let
S be the subset of S consisting of points x in S for which lim_ot-x exists in S. Then S

is a constructible subset of S and there exists a stratification of S™ by locally closed subsets

as:
fin +
s | s
ael
and a decomposition of S®m as:
G G
S [ p— |_| Samv
ael

where S, are the connected components of S, o € I. Moreover, there are affine fibrations

limg : St — S given by the limit map ast — 0.

Proof. By Fact 5.1 applied to S, we get a stratification of S by locally closed subsets as:

S=|]9.

ael

. —=Gm
and a decomposition of S as:

Caa

where S," are the connected components of S ™, a € I. Moreover, we get retractions
. - -G . . o
lim,, : Sz — S, ", a € I. Note that these retractions are given by the limit map as t — 0

(see Remark 5.1).

Nl iMma, &Gm =Gm =Gm
Now by base change of S;r oma S, along S, NS — S.", we get a scheme say S
with a retraction to S¢= := S_™ N S, which is an affine fibration and we denote it again by

limg : ST — S®m. Next, we claim that S C S. Indeed, since S\S is projective and G,,-

stable, lim, preserves S\S and hence S C S. Thus S = | | _,; S& and S is constructible

since ?;—, a € I are locally closed subsets of S.
5. . ... —=Cm
Now we show that SS= are the connected components of S®=. Since S is projective, S
is noetherian. Thus there are finitely many irreducible components of 5% Since §°™ is

. Gm . . . —Gm . .

smooth ([8, Proposition A.8.10]), S,™ is irreducible and we get that S,™ NS is irreducible.
- -G .

This gives us that S." NS, a € I are the connected components of S® since the number

of connected components of §Gm is finite.

This finishes the proof of Proposition 5.1. O
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In the case of an equivariant vector bundle over a smooth projective scheme equipped
with a G,,-action, we can say a bit more about the strata in Proposition 5.1. Let k be a field
and let X be a smooth projective scheme over k equipped with a G,,-action. Let 7 : £ — X
be an equivariant vector bundle over X. Compactify E by considering the projectivization
P(E @ (X x A')) =: E. We extend the given G,,-action on E to a G,,-action on E by
letting G,, act trivially on A! and via the given G,,-action on X. Since a projectivization
of a vector bundle over a smooth scheme is smooth, F is smooth. Thus E is a smooth
equivariant compactification of F.

Now let us consider the Bialynicki-Birula decomposition of X. By Fact 5.1, X has a

stratification by locally closed subsets as:

X=|]xf
aecl
and a decomposition of X% as:
XOm =] | XEm
acl

where X® are the connected components of X® o € I.

Since G,, acts trivially on X% and 7 is G,,-equivariant, G,, acts on the vector bundle
7 XEm) — XCm fibrewise. Therefore, 771(X%m) decomposes according to the characters
of G,,,

W_I(XS"L) = @nezVan,

where V,,, is the subbundle of 7=1(X%) on which ¢ € G,, acts via multiplication by t". We

have the following proposition.

Proposition 5.2. Keep notations as above and as in Proposition 5.1. Then E is a con-

structible subset of E and there exists a stratification of E® by locally closed subsets as:

E = | |E}
acl
and a decomposition of E® as:
EGm - |_| Va,07
ael

where Vo are the connected components of Em, o € I and there are affine fibrations

limg : EX — Vo given by the limit map as t — 0.
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Proof. Notice that we have E®™ = | | _; Vi0. Since V, o = (W_l(XSm))Gm, Vo is closed,

acl
a € I. Moreover, since V, o, o € I are connected, we get that V, o, o € I are the connected

components of E®. It remains to use Proposition 5.1. O
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6.0 Counting triples.

This chapter will be devoted to the proof of Theorem 3.2. Let G, T, B,1I, W, ® be as in
Section 2.1.2 and let u, Jy, Joo be as in the statement of Theorem 3.2. Let g := Lie(G) be
the Lie algebra of G. Since u, Jy and J, are fixed in the statement of Theorem 3.2, we will
denote Trip,(Jo, Jso) by Trip in the proof of Theorem 3.2.

6.1 Strategy of the proof.

In this section, we outline the strategy of the proof of Theorem 3.2. Let G,, act on g
via p, so t € G,, acts trivially on h and via multiplication by t/** on the root spaces ga.
Let g := h ®a=0 80, 07 = Blay>00a and g~ 1= B m<08a. Then we get the following
G,-stable decomposition of g:

g=g'og" ®g . (12)
Note that we have g" = Lie(L,).

For J C 11, define B; to be the scheme of pairs (P, v) such that P € G/Pjy,v € Lie(P),
where we identify G/P; with the scheme of parabolic subgroups of G that are conjugate to
Pj. Note that B is vector bundle over G/P; (see Lemma 6.2 for the proof), in fact, it is a
vector subbundle of the trivial vector bundle G/P; x g over G/P;. As vector bundles over
smooth schemes are smooth, we get that B; is smooth. Note that G acts in a natural way
on G/P; x g preserving B3;. Pulling back this action along p : G,, - T — G, we get an
action

G ~ By, (13)
We introduce the following object for our proof of Theorem 3.2.

Definition. Let Quad be the closed subscheme of B, x B;_ consisting of quadruples
(Po, Vo, Pxo, Vo) such that vy and v, are nilpotent and with respect to the decomposition

(12), the g~-components of vy and v,, are zero and their g’-components are equal.
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Note that Quad depends on p, Jy and J.

Remark 6.1. The requirement of vy and v being nilpotent in the definition of Quad is

equivalent to the requirement of the g°-components of vy and v, being nilpotent.

Recall B from Proposition 5.1. Since B; is an equivariant vector bundle over G/ Py,
we stratify B by applying Proposition 5.2 on B;. We obtain the required stratification of
Trip in the following manner: trivialize the fibers of the line bundle O(1) at 0 and oo to
identify ad(€,)o and ad(€,) with g, now evaluating the nilpotent sections at 0 and oo gives
us a Gy,-equivariant morphism 7rip — B, x B, with G,, acting diagonally on By, x By_..
We will see in Lemma 6.1 that this evaluation morphism is a trivial affine fibration onto its
image, which is equal to Quad. Thus it is enough to stratify Quad. We show that for points
in Quad, the limit exists in By, x B, as t — 0 (see Lemma 6.3), so Quad C B x B .
We will see in Lemma 6.4 that intersecting the strata of B5* x BS with Quad, we obtain a

stratification of Quad.

6.2 Reduction to Quad.

Now we consider evaluations of the nilpotent sections of ad(£,) at 0 and oo and then
use them to reduce Theorem 3.2 to finding a stratification of Quad. Recall that as O(1)*
is a G,,-bundle over P!, G,, acts on ad(€,) = O(1)* x®m g (Section 2.2) and this gives an
action:

Gm ~ HY (P ad(E,)). (14)
First, we describe sections of the adjoint bundle ad(&,) over P'. Since ad(&,) = O(1)* x®m g,

the G,,-stable decomposition (12) of g gives a G,,-stable decomposition of ad(&,) as
ad(&,) = ad(E,)" ® ad(&,)" @ ad(E,) 7,

where ad(&,)? := O(1)* x®m g° ad(€,)" := O(1)* x® g™ and ad(€,)” := O(1)* xCm g~.
Since ad(&,)” is a direct sum of the line bundles O(m), m < 0 and H°(P*,O(m)) = 0 for
m < 0, we get

H(P',ad(&,)) = ¢’ @ H°(P',ad(&,)T).
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Thus
HO(P',ad(,)) = 8° @ ( Baasyso H (P, O{a, 1)) ). (15)
For z = 0,00, ad(&,), has a structure of a Lie algebra and for ¥ € H°(P! ad(&,)), denote

the value of ¥ at x by ¥,, which is an element of ad(&,),.
We get the following G,,-stable decomposition of ad(€,),:

ad(E,). = ad(&,)° @ ad(&,)F @ ad(&,),, = =0,00.

Remark 6.2. By trivializing the fibers of the G,,-bundle O(1)* at 0 and oo, we identify
(Eu)z/ Py, with G/P;, and we get a G,-equivariant isomorphism (which is fixed from now

on) ad(E,), = g, which maps ad(E,)Y isomorphically onto g°, x = 0,00. We note that the

T

isomorphism ad(€,)% = g° is independent of the trivialization. From now on, we will use the

isomorphism ad(E,), = g to identify elements of ad(&,), with those of g, x =0, 00.

The G,,-action (13) on By, x = 0,00 gives a G,,-action on By, x B;_ by G,, acting

diagonally. Since the decomposition (12) is G,,-stable, we get an action
Gy ~ Quad. (16)

Using Remark 6.2, we consider the evaluation morphism at 0 and oo as taking values in

Bj, x Bj..:
e Trip — By, x By, (Py, P, V) = (Py, ¥g, Py, ¥oo).
Consider the evaluation map at 0 and oo,
eval : HO(P',ad(£,)) » g®g, Vs (Ug, V).

Notice that for ¥ € g°, eval(¥) = (¥, ¥). Since ¥ € H(P',ad(&,)) is nilpotent if and only
if the g’-component of ¥ is nilpotent and the evaluation map H°(P', O(m)) — Al x Al
& — (¢o, Poo) is surjective for m > 0, the image of ev®™ is equal to Quad.

The next lemma relates 7rip and Quad via evaluation at 0 and oo.
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Lemma 6.1. The evaluation morphism
ev®™ : Trip — Quad

is G,,-equivariant and a trivial affine fibration of relative dimension Z<a7u>>0 ((a, wy — 1).

Moreover, ev®®® gives the following commutative triangle:

Trip = s Quad x W

ev’

Quad

where W is a Gy,-representation with G, acting by positive weights and all morphisms in
the above triangle are G,,-equivariant. In particular, ev®>® : Trip — Quad induces an

isomorphism

ev®® : Trip®™ = Quad®™. (17)

Proof. Put goo to be the affine space consisting of pairs (vp,vs) € g @ g such that
g’-components of v, are equal, g~-components of v, are 0, x = 0,00. Since the image of

eval lies inside gg o, we will consider eval with codomain gg o,
eval : H(P', ad(£,)) = 80.00-

Since the evaluation map HO(P',O(m)) — A! x A', ¢ — (¢o, doo) is surjective for m > 0
and eval(v) = (v,v) for v € g°, the morphism ewval is surjective.
Let W := ker(eval). Notice that W is a G,,-representation acting by positive weights.

Since G,, is reductive, we get a G,,-equivariant isomorphism:
HO(Pla ad(‘(:u)) =W x 90,00

Denote the nilpotent elements of H(P',ad(&,)) by H(P',ad(E,))"". Let gf”, denote the

set of elements (v, Vo) € @000 such that the g’-components of vy and v, are nilpotent.
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Since ¥ € H°(P', ad(£,,)) is nilpotent if and only if the g°-component of ¥ is nilpotent, we

get a G,,-equivariant isomorphism

HO(]P)l, ad(glu))m'l >~V x gnil

0,00°

Since ev®> : Trip — Quad is the pullback of HO(P!, ad(&,))" <% gi, along the natural

nil

or., we get a G, -equivariant isomorphism

projection Quad — g
Trip =W x Quad.

The statement about relative dimension follows from the fact that ¥ € H(P' ad(&,)) is
nilpotent if and only if the g°-component (12) of ¥ is nilpotent, (15), eval(¥) = (¥, ¥) for
U € g° and by the fact that the evaluation map H°(P', O(m)) — Al x A, ¢ — (P, P ) has
nullity m — 1 for m > 0. This finishes the proof of Lemma 6.1. O]

Thus we have reduced the problem of finding a stratification of Trip to finding a strati-
fication of Quad.

6.3 Stratification of Bfi.

First let us give a quick proof that B is in fact a vector bundle over G/Pj.
Lemma 6.2. Consider the natural morphism By — G /P;. Then By becomes a vector bundle

over G/ P;.

Proof. Consider G x7 Lie(Py) := (G x Lie(Py))/ Py, which is the quotient of G x P; for the
twisted action of Py on G x Lie(P;) given by p-(g,v) = (g-p~', Ad,(v)). Then G x*7 Lie( Py)

becomes a vector bundle over G/ Py via (g,v) — gP;g~'. The assignment
F: (g,v) = (gPsg™", Ady(v))

gives a G-equivariant isomorphism G x 77 Lie(P;) — By of schemes over G/ P;, where G acts
on the first factor via left multiplication on G x*7 Lie(P;). This isomorphism gives B; a

structure of a vector bundle over G/Pj. O
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The following example of the Bialynicki-Birula decomposition will be important to us.

Let G,, act on G/P; via u. We have an explicit description of the connected components
of the fixed point locus given by the following result (the statement follows by reducing to k
and by noting that the proof of [19, Lemma 1] works for any algebraically closed field):

Fact 6.1. Recall from Section 3.2 that L, is the identity component of the centralizer of
w(Gy,) in G. Then

(G/Py)sm = |_| Zw

weEWn, \W/W,
with Zy, the orbit of w - Py under L,. In particular, the connected components Z; of the
fized point locus (G/P;)®™ appearing in the Bialynicki-Birula decomposition of G/P; (Fact
5.1(ii)) are in one to one correspondence with the elements of Wy \W/W .

Note that Z,, = L,/(L, Nw - Py) (see [30, Proposition 7.12]), which is a partial flag
variety of the Levi subgroup L, of G defined over k. From Fact 6.1 we get:

@/PSr= || L/@unw- Py,

weWn, \W/W;
Let m : By — G/P; be the projection. Note that 7 is G,,-equivariant where G,, acts on
B; as in (13). Thus By is an equivariant vector bundle over the smooth projective scheme
G/P;. By Proposition 5.2, we have a stratification of B* by locally closed subsets as:

Bin = || Bl (18)

U)EWHM\W/WJ
and a decomposition of Bf‘,}m as
Bim= || Vo (19)
’UJEW]‘[H\W/WJ

where V,,( are the connected components of Bf(];’m, w € Wi, \W/W;. Moreover, there are

affine fibrations lim,, : B}“’w — Vw0 given by the limit map as ¢ — 0.
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Remark 6.3. We can describe V,, o more explicitly, it is isomorphic to Bu,nw.7, where the
underlying group is L,. Indeed, identify L,/(L, N w - Py) with the scheme of parabolic
subgroups of L, that are conjugate to L, Nw - P;. By Fact 6.1, we obtain

Vio 2 {(P,v): P' € L,/(L,Nw- Py),v € Lie(P')}, (20)

where the above isomorphism is given by (P,v) — (PN L,,v). Note that if, for some V' € g
we have Ady,yy -v' =" for allt € G,,, then v' € Lie(L,). Therefore, v € Lie(P) NLie(L,) =
Lie(PNL,). Thus (P,v) — (PN L,,v) is a well-defined morphism.

The next proposition gives the relative dimension of lim,,.

Proposition 6.1. The relative dimension of the affine fibration lim,, : ij — Vo s

(dim G — dim L,,) /2.

Proof. To calculate the relative dimension of lim,, : B}L’w — Vo, we will use Fact 5.1(iii)
on B (this gives us the desired relative dimension because lim,, is obtained by base change
of the affine fibration that we get by applying the Bialynicki-Birula decomposition on Bj).

Let a = (w- Py,0) € Vi, o(k). Since a is a G,,-fixed point (see Fact 6.1), we get an action

G TQ<EJ) = T@(BJ)a

where T, (B;) = T,(B,) because B; is an open subscheme of B;. Let T,7 (B,) (resp. T, (B;))
denote the positive (resp. negative) eigenspace of the G,,-action on the tangent space of B,
at a and let T’ QO(B 7) denote the fixed eigenspace of the G,,-action of the tangent space of B,
at a. Since a € V,,o(k), the relative dimension of the affine fibration lim,, : B}fw — Vo 18
equal to dim T} (B;) by Fact 5.1(iii), so it suffices to calculate dim T, (B;). Note that T, (B;)
is G,,-equivariantly isomorphic to g/Lie(w - P;) @ Lie(w - Py). Since L, is in the centralizer
of u(G,,), we see that Ad,y) acts on Ad,(ge) via multiplication by t®*# ¢ € G,,, a € @
and acts trivially on Ad,,(h). Thus, T,(B;) is G,,-equivariantly isomorphic to g, which gives

dim T, (B;) = (dim G — dim L) /2.
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6.4 Stratification of Quad.

We will now work towards obtaining a stratification of Quad by using the stratification
(18) of Bin. Once we have such a stratification, Theorem 3.2 will be an easy consequence of

it as explained in Section 6.1. First, let us show that the Quad is contained in B x B .

Lemma 6.3. Keep notations as above. We have Quad C B x B .

Proof. Note that it is enough to show that Quad is contained in the constructible subset
B§§ XB?ZO at the level of closed points. Let K be a finite extension of k. Let (P, vg, Pxo, Vo) €
Quad(K), then (P, vg) € By, (K) and (Px, V) € By (K). The lemma will follow if we show
limy ot - (Py,v,) exists in By, z = 0, cc.

Since G/ P;, is a projective scheme, we get that lim,_,q ¢- P, exists, x = 0, 0o. By defintion
of Quad, g~-component (12) of v, is 0 and therefore lim;_,o ¢ - v, exists and is equal to the g°-
component (12) of v,, = 0,00. Thus, lim;_,ot- (P, vo) exists in By, and limy_,ot - (P, Vo)

exists in By . ]

Recall Wi, , Wy, W, L, from Section 3.2. For w € Wy, \W/W,,, w" € Wi \W/W_,

recall Vi, 0, Vi 0, limy,, lim,,y from Section 6.3 and put
Quadﬁf{u, = (V.o X Vi o) N Quad.

Let Quad;w, be the pullback of lim, x lim, : BT

Tow X B:I;,w’ — Vo X Vo along

Quadgz}, — Vo X Vi o, that is, we have the following cartesian square:

+ + +
Q’U/adw7w/ % BJO,’UJ X BJOwa/

l llimw x L,

Quad®r, —— Vi X Vg

Let us denote the left vertical arrow in the above diagram again by lim,, X lim,,. Next,
we would like to show that the schemes Quad;w, give a stratification of Quad, which is the

content of the next lemma.

Lemma 6.4. Keep notations as above. We have Quad;w, C Quad.
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Proof. Note that it is enough to show that Quadiw is contained in Quad at the level of
closed points. Let K be a finite extension of k. Let (P, vo, P, Voo) € Quad;w,(K), then
we have limy ot - (P, v, Peo, Vo) € Quadﬁgj,([( ). In particular, lim; ,ot - v, exists in g and
is equal to the g°-component (12) of v,, z = 0,00. Since for any v € g, lim; ,ot - v exists
in g if and only if the g~-component (12) of v is zero, the g~-components of vy and v, are
zero. Moreover, since Quadg%, is the closed subscheme of Quad consisting of quadruples
(Py,n, Py, n) such that Py € Z, (resp. Py € Z,), n is a nilpotent element of g such that
n € Lie(Py) and n € Lie(P.,), we get that the g’-components (12) of vy and v, are equal

and nilpotent. The lemma now follows from Remark 6.1. O]

The following lemma identifies the schemes Quadﬁj’;}, with the generalized Steinberg

varieties.

Lemma 6.5. Keep notations as above. Then the schemes Quadgjf[v, are isomorphic to the

generalized Steinberg varieties Sty (II, Nw - Jo, I, Nw' - J), w € DIC{MJO, w' € Dﬁu’JOO.

Proof. Notice that Quadﬁj’[v, is the closed subscheme of Quad consisting of quadruples
(Py,n, Py, n) such that Py € Z,, (resp. Py € Z,), n is a nilpotent element of g such that
n € Lie(FPy) and n € Lie(Py) (note that the g™ and g~-components of n are 0 since G,, acts

trivially on Quadﬁ%,). Thus we have

Quadgﬁv, = Stp, (I, Nw - Jo, I, Nw' - J), (21)
where the above isomorphism is given by (P, n, P, n) — (n, oM Ly, Px N L,). O

Next, we show that the generalized Steinberg varieties (see Section 3.1) are connected.

Lemma 6.6. Recall 1y, Jy, Jo and Sty (J1,J2) from Section 3.1. Then Sty (Jy,Js) is con-

nected.

Proof. We show that Sty (Ji, o) is geometrically connected, that is, Sty (Ji, Jo)x is con-
nected where K is the algebraic closure of k. Note that natural projection Sty (Ji, J2)x —
Sty (Jy, Jo) is surjective as surjective morphisms are preserved under base change [42, Lemma

29.9.4]. Thus we will have that Sty (Ji, J2) is connected.
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Since closed points of Sty (J1, Jo) i are dense in Sty (Ji, Jo)x and the connected compo-
nents are closed, it suffices to show that all the closed points of Sty (Ji, J2)k are contained

in the same connected component. Let (n, P,Q) € Sty (J1, J2)(K). Consider the morphism
¢: Ay — Sty(Ji, o)k, te (t-n,P,Q).

Since Al is connected, the image of ¢ is connected. Therefore, (n, P,Q) and (0, P, Q) are
contained in the same connected component of Sty (J1, Jo) k. Since H/P;, x H/ P, is geomet-
rically connected (see [34, Proposition 5.2.4] and use the fact that quotient commutes with

field extensions), each closed point of Sty (Ji, Jo)k is contained in the connected component

containing {0} xx (H/Pj, )k Xk (H/Py,)k. This finishes the proof of the lemma. O

Thus by Lemma 6.3 and Lemma 6.4 we get a stratification of Quad by locally closed

subsets as:

Quad = |_| Quady, (22)
’LUGWHM\W/WJO
w,EWHu \VV/VV(]Oo

and a decomposition of the fixed point locus Quad®™ as:

G Gm
Quad”™™ = |_| Quadw’w,,
’wEWHH \W/WJO
'LU/GWH#\W/WJOO

where Quadg'ju, are the connected components (see Lemma 6.5 and Lemma 6.6) of Quad®™.
Moreover, we have retractions

y y . + G‘"L
limy, X limy, : Quad%w/ — Quadwvw,,

which are affine fibrations.

Finally we calculate the relative dimension of the affine fibration lim,, X lim,,.

Corollary 6.6.1. The relative dimension of the affine fibration
limy, X limy Quadsz, — Quadgj’;ﬂ
is equal to dim G — dim L,,.

Proof. Since the affine fibration lim,, x lim,, : Quad:;’w, — Quadﬁ:’;}, is obtained by base

+

change of the affine fibration lim,, x lim,, : B} ,

X Bj_ . = Vo X Vi, the corollary

follows from Proposition 6.1. O
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6.5 Completing the proof of Theorem 3.2.

Recall ev”> defined in Lemma 6.1. For each w € Wy, \W/W,,, w' € Wi \W/W,_, put
Tm'p;w, = (evo’oo)_l(Quad:;,w,).

Since Quad,, ., w € Wy, \W/Wy,, w' € Wy, \W/W,_ form a stratification of Quad, we get
a stratification of 7Trip by locally closed subsets as:
Trip = |_| Tripy -

WEWHH \W/WJO
wIGWHH\W/WJoo

Now let (ev®®) = eVl i (o)t - Consider the morphism
(limw X limw/) o (evo’oo)ww, : T?"ip;w, — Quadszﬂ.

Lemma 6.1 and Corollary 6.6.1 have the following consequence.

Lemma 6.7. The morphism (limw X limw/) o (evo’oo)ww, is an affine fibration of relative

dimension dim(Aut(€,)) — dim(L,,).

, is

Proof. Since lim,, x lim,, is a trivial affine fibration (see Lemma 6.1) and (evo’oo)ww

an affine fibration (see Corollary 6.6.1), their composition (limw X lz’mw/) o (evov"o)w 0 18 an
affine fibration.

Now let us calculate the required relative dimension. By Fact 3.1, we have
dim(Aut(&,)) — dim(L,) =dim ([ B°®,0%a,m)) = 3 ((em +1).
a€d:(a,u)>0 (o, p)>0

As (ev®>) s of relative dimension > () >0 ({ct, ) —1) (see Lemma 6.1) and lim, X lim,,

is of relative dimesnsion dim G — dim L,, (see Corollary 6.6.1), we see that (lim,, x lim,,) o

(evo’oo)w . 18 of relative dimension
dimG —dim L, + Z <<a,,u> — 1).
(o,p)>0
Now the lemma follows by noting that dim G — dim L, = 2|{a € @ : («, u) > 0}|. O
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We define Tripgjﬁjv, to be the subscheme of Trip®" corresponding to Quadgm, in (17).

SW

Thus, Lemma 6.7 gives the required affine fibration in Theorem 3.2:
Trip;w, — Tripg:;j},.

This finishes the proof of Theorem 3.2. O]

6.5.1 Connection with calculation of volumes.

Definition. Let X be a groupoid having finitely many isomorphism classes of objects and

finite automorphism groups. We define the volume of the groupoid X as

where the sum is taken over the set of isomorphism classes of objects of X, and for an
isomorphism class of objects £, Aut(&) is the automorphism group of any representative of

€. In case X = X is a set, [X] is just the number of elements of X.
We need a simple lemma which compares volumes of groupoids:

Lemma 6.8. Let X and ) be two groupoids having finitely many isomorphism classes of
objects and finite automorphism groups and let ¢ : X — ) be a morphism such that ¢ is

surjective at the level of isomorphism classes of objects. Then

[Fib(n)]
X= 2 # Aut(n)

where Fib(n) is the groupoid defined as:
Ob(FiL(n) = {(x. /) : 2 € OB(X). [+ 6(x) = n}
and for (z, f), (', f') € Ob(Fib(n)),

Mor((z, f), (2, f")) ={g:z =2 : foo(g) = f}.
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Proof. Tt is clear that the lemma can be reduced to the case when ) has a single isomorphism

class of objects, say . Thus we have to prove

1 1 1
ZN#Aut(g) ~ #Aut(y) 2 # Aut(C)

For each isomorphism class of object £ € X/ ~, choose a representative z¢. Now let (z, f) €
Fib(n), then there is a unique £ € X/ ~ such that (z, f) = (x¢, f') for some f': ¢(x) — 7.

Thus the required sum can be rewritten as

1 1
2 FAuilE) e P S SR T

€€3€/~ [(z¢,f)]€Fib(n)/~

Thus its enough to prove

1 1 1
#Aut(€)  # Aut(n) 2 # Aut([z, f])

[(ze,f)]€Fib(n)/~

for all £ € X/ ~. Now for any z¢, we get the natural group morphism ¢, : Aut(ze) —
Aut(¢(xe)). We have by definition that # Aut([(ze, f)]) = ker(¢y,)-

Now fix z¢ as above. Consider the action of ¢, (Aut(x¢)) on Mor(¢(z¢),n) by precom-
posing. Then

#H{[(ze, /)] - [(wg, )] € Fib(n)/ ~} = ¢u(Aut(ze))\Mor(¢(z¢), ).

Thus we want to show

1 1 1 1
#Aut(ze)  #Aut(n) #on (Aut(ze))\Mor(p(ze),n) #ker(ee)

The above identity holds by noting that size of the stabilizer of any f € Mor(¢(z¢),n) equals
# ker(¢£§ ) . D
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Consider the case when k& = F,. Define a nilpotent parabolic pair of type (G, P!, {0, 00})
to be a collection (&, Py, Py, ¥), where & is a principal G-bundle over P!, P, is a parabolic
structure on £ at x, ¥ is a nilpotent section of ad(&) such that ¥, € Lie(Fy) and ¥, €
Lie(Ps). We will denote the groupoid of nilpotent parabolic pairs by Pair™? (G, P!, {0, cc}).
Then Pair™?(G, P!, {0, 00}) decomposes into subgroupoids according to the type of parabolic
structures at 0 and oco. We denote these subgroupoids by Pair%?}oo (G, P!, {0,00}), Jo, Joo C
II.

For p € X (T),Jy,J C II, let Pair?i{?o’:(G,Pl,{O,oo}) denote the subgroupoid of
Pair?é{f}m(G, P! {0, 00}) such that the underlying principal G-bundle over P! is isomorphic
to £,. Explicitly knowing |7 rip,(Jo, J)| allows us to calculate the volume of the groupoid

Pair?éf’}o’: (G, {0,00}). More concretely, by Lemma 6.8 we have

. nilp,u 1 _ |Tripu(J07Joo)|
['PCLZTJO’JOO(G,]P ,{0,00})] = Aut(E)]

where [X] denotes the volume of any groupoid X.

6.6 Proof of Corollary 3.2.4.

In this section, we will give the proof of Corollary 3.2.4. First we need the following

notation:

Notation. For any affine algebraic group H over I, and a cocharacter p of a maximal torus,

we will denote the centralizer of u(G,,) in H by Zg(p).
Now we will prove Corollary 3.2.4. We need a lemma:

Lemma 6.9. Keep notations as in Section 3.3. Then we have
[L/u Lu} = [Lu’vLu’]-

In particular, the root systems of L, and L, are isomorphic.
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Proof. We have L, = Zg(p)° and
Ly = Za(i)° = (Za(m) NG = (L, G')° (23)

Clearly by (23), we have [L,,L,] C [L,,L,]. Now we show the other inclusion. Since
G' = [G,G], we have [L,,L,] C G'. Thus we have [[L,,L,|,[L,,L,]] C [G',G']. Since
derived group of any connected reductive group over F, is perfect (see [8, Proposition 1.2.6]),
[[Lyu, L), Ly, L)) = [Ly, L) and hence [Ly, L,] C [G',G']. Combining it with the fact that

[L,, L,] is connected, we get that
(L L) € (LN GT)?

Now (23) gives us that [L,,L,] C L, and hence we have the other inclusion [L,, L,] C
L/, L,y]. This finishes the proof of Lemma 6.9. O

We return to the proof of Corollary 3.2.4. By Lemma 6.9, root systems of L, and L, are
isomorphic, which gives us that [Spr,| = [Spr,| as the number of points of the generalized
Springer variety depend only on the root system of the underlying affine algebraic group (see
Theorem 3.1(i)), hence Ar,([Spr,]) = A, ([Spr,]) (see the definition of coproduct in 3.1).
Now Corollary 3.2.4 (a) follows from the equality dim(Aut(€,))—dim(L,) = dim(Aut(&E,))—
dim(L,/) (see Theorem 3.2 and Fact 3.1).

Now we give a proof of Corollary 3.2.4 (b). Keep notations as in Section 3.3. We
have w, —: Ly, — L, is a flat surjective morphism (see [8, Corollary 2.1.9]). Morover,
uj

Ly L,, — L,, is finite as the restriction of a finite morphism to closed subschemes is

again a finite morphism. Clearly, ker( ) is central in L,, as ker(u) is central in G;.

Uy,
Hence, u Ly L, — L,, is a central isogeny. So we get that the root systems of L, and
L,, are isomorphic (see [9, Proposition 3.4.1]), which gives us that [Spr, | = [Spr,,] as the
number of points of the generalized Springer variety depend only on the root system of the
underlying affine algebraic group (see Theorem 3.1(¢)), hence Ar, ([Spz,]) = Ar,, ([Spz,])
(see the definition of coproduct in 3.1). Now Corollary 3.2.4 (b) follows from the equality
dim(Aut(€,,)) — dim(L,,) = dim(Aut(&,,)) — dim(L,,) (see Theorem 3.2 and Fact 3.1).

This finishes the proof of Corollary 3.2.4 (b). O
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7.0 Special case of vector bundles over P!.

In this chapter, we work over k = [F, and derive the Mellit’s result [29, Section 5.4] using
our method. Let us recall the notions of lambda rings, plethystic substitutions and plethystic

exponentials from [29, Section 2.1, Section 2.2].

7.1 Symmetric functions.

Fix a base ring R. Let f € R[xy,...,x,]. We say that f is a symmetric polynomial if f

remains unchanged when the variables x1,...,x, are permuted, i.e,

f(fL"U(l),...,[EU(n)) :f(l‘l,...,l"n), o€eSs,.

We denote the ring of symmetric polynomials in the variables x4, ..., z, with coefficients in

R by Sympg[xy,...,z,]. Consider the morphism of R-algebras
T Rlzy, .. 2] = Rlxy, .. 2], flo,. .o x0) — f(o,. ., 2,21,0) n > 2.

Note that m, preserves symmetric polynomials, thus we get a direct system of the rings
of symmetric polynomials. We define the ring of symmetric functions in the sequence of
variables (x1,z,...) with coefficients in R as the direct limit ligSymR[a:l, ..o, Ty and we
will denote it by Sympy[X], where X = (21, ,...). In other words, a symmetric function
in X is a sequence (f,)n,>1 of symmetric polynomials, f, € Sympg[zi,...,z,] such that
Tn(fn) = fu_1 for all n. Note that there is a well-defined notion of the degree of a symmetric
function since 7, preserves the degrees of symmetric polynomials. We will denote the degree
d component of Sympy[X] by Sym%[X].

We will denote the ring of symmetric functions with coefficients in R that are symmetric
in the two sequences of variables X = (x1,2,...) and Y = (y1,¥2,...) by Symz[X,Y]. We
have

Symp[X, Y] ~ Symg[X] ®g Symz[Y].
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We will denote the bidegree (d,d) component of Symz[X,Y] by Sym%[X, Y].

Now let us give examples of symmetric functions, which will be used later in this chapter.

Example. For n € N| consider the following symmetric functions:

hn(X) = Z Tiy .. T, andpn(X):Zx?.

Let v = (14,14, ..., 1) be a finite sequence of positive integers. We define the following three

types of symmetric functions:

e Complete homogeneous functions: h,(X) = Hé:l hy,(X).

e Power sum functions: p,(X) = []._, pu, (X).

e Monomial symmetric functions: m, (X) = Z ry! ...z, where the sum is taken over all
distinct monomials of the form 7" ...z} such that i, # i; for s # t.

We will need the following fact about Sym[X].

Fact 7.1. If Q C R, then Sympy[X] is isomorphic to the polynomial ring R[p1,ps, .. .|, given
by pu(X) = pn, n € N. In particular, {py : X is a partition} forms an R-module basis of
Symp[X].

Definition. Let A be a ring such that Q C A. A lambda ring structure on A is a collection
of ring homomorphisms p, : A — A, n € Z~ satistying:

1. pi(z) =2,z €A and

2. Pm(pn(x)) = prn(x), myn € Zsg, x € A.

In other words, giving a lambda ring structure on A is equivalent to giving a monoid ho-

momorphism Z-o — Endgings(A). By a lambda ring, we will mean a ring together with a

lambda ring structure.

Remark 7.1. In the above defintion, we require A to contain Q because of the fact that
{px : X is a partition} forms an R-basis of Symg|X| when R contains Q (Fact 7.1).

When our base ring R is itself a lambda ring, then we define a lambda ring structure
on Sympg[X] as follows: note that our ring is freely generated as an R-algebra by p,,(X)

since R O Q (Fact 7.1). Thus for each n € Z, there is a unique homomorphism p,, :
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Symp[X] — Symp[X] whose restriction to R is given by the lambda ring structure on R and
Prn(Pm(X)) = pum(X) for all m € Z-y. We define the lambda ring structure on Symy[X, Y]
similarly.

The lambda ring structure that we consider on Q(q) is defined as:

pn:Q(q) = Q(g), neN
r—r, q—q", reQ.
The lambda ring structure that we consider on Q[[¢~!]] is defined as:
po:Qlle™'] = Qllg™'], neN
resr, ¢t g, reQ.
The lambda ring structure that we consider on Q[[¢~]][[t]] is defined as:
o Qe N = Qllg '], neN
rer, ¢ leqg" teth, reQ.

Note that Q(q)[[t] is a sub lambda ring of Q[[¢~1]][[t]], that is, the inclusion

Q@[] = Qllg " N[[2]

is equivariant with respect to the action of the monoid Z-.

Definition. Let A be a lambda ring containing Q. Let F' € Symg[X] and » € A. We define
the plethystic action of F' on x as follows: write F' as a polynomial in power sum symmetric

functions, say F' = f(p1,p2,...) for some f € Q[p1,po,...|, we set

Flz] = f(pi(x), p2(2),...).

The plethystic action satisfies the following properties:
(FG)[z] = Flx|G[z], (F+G)x] = Flz]+Glz], rlx]=r, F,GeSymg[X],rcQ,zcA.

For each x € A, the plethystic action F' +— F[x] gives a homomorphism of Q-algebras from

Symg[X] to A.
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We will need the following lemma later:

Lemma 7.1. Let h,(X) € Symg,[X] be the complete homogeneous symmetric function.
Then we have hy,[qA] = q"ha[A] for any A € Symg,[X].

Proof. Let A € Symg,)[X]. Let us recall one of the Newton’s identity that expresses

complete homogeneous symmetric polynomials in terms of power sum functions:

ha(X)= Y le e

My, Mp >0 1=1

S imi=n
By the properties of the plethystic action mentioned above, we have
zmZ

nopm (nlaA)™

mi,...,mp>0: 1=1 mi,...,mn>0: 1=1 Mmi,...,mMp >0 1=1

> imi=n > imi=n S imi=n

> TTEEE

mi,...,mp >0 1=1
im;=n

]

Definition. Let R be a base ring such that Q C R. Let A be a topological lambda ring
containing R, that is, a lambda ring equipped with a topology such that p, : A — A is

continuous for all n > 1. For x € A, define Exp[z] as

Explz] = exp (i pTM)

n=1

provided that the right hand side converges.
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7.2 Counting vector bundles over P! with nilpotent endomorphisms

preserving flags at 0 and oo.

Let =2, := {e; — es,...,e,1 — €,} denote the set of simple roots of GL, relative to
the diagonal torus 7}, and the Borel subgroup B, consisting of upper-triangular matrices.
Consider the standard full flag E, = {E;} in Fy. Let J C Z,. Recall from Section 2.1.3
that P; denotes the standard parabolic subgroup of GL, corresponding to the subset J.
Then Pj is the stabilizer in GL,, of the flag obtained by removing from £, the terms F; for
e; —ejy1 € J. From now on, we identify P(=Z,,) with the set of standard parabolic subgroups
of GL, via J +— Pj.

Let II,, denote the set of partitions of {1,--- ;n}. For any partition v = (11 > vy > ... >

v) € 11, set
Jw):={ei—eip1 i F v, +ve,..., s+t ...+y=n1<i<n-—1}

This gives a inclusion from II, to P(Z,), v — Py, where the image consists of stabilizers
in GL, of standard partial flags with jumps given by partitions. If we compose this map
with the map that associates to each standard parabolic subgroup its Levi factor, then we
get a bijection between the set of partitions of n and GL,(F,)-conjugacy classes of Levi
IF ,-subgroups of GL,,. Define u(v) : G,, — 1), as:

v1 times v, times

ts diag(t!, ...t ...t .. 1)

Recall L, from Section 3.2. We set L, := L. Notice that we have L, = GL,, x...xGL,,
(see Section 3.2).

Before proceeding, we make the following convention.

Convention 7.1. We identify symmetric functions of degree n with the associate invariant

functions on P(Z,) by identifying my with o0, A € 11,.
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Let u € X (T,). Recall from Section 3.2 that [Trip,| is the function on P(Z,) x P(Z,)
that counts the number of F,-points of Trip,(Jo, Jx), (Jo, Jx) € P(E,) x P(Z,). Since
[Str,] is an associate invariant function (Lemma 4.5) and 7, = Agy, (I, -) (Remark 3.1(iii)),
(m, ® m,)([StL,]) is associate invariant by Corollary 4.5.1. Now using Corollary 3.2.1, we
consider [Trip,| as a symmetric function (see Convention 7.1). Thus we can write [Trip,]

as:
[Tripd = Y |Trip (J0°), J@™))muo(X)my,e(Y).
(V9,v>°)€ell, xI1,

Notice that [Trip,] € Symg,[X,Y] by Corollary 3.2.2. Let u € X (T,,), define the sym-
metric function C,[X,Y;¢q| as:

[Trip,)

C.[X,Y;q) = m

and consider
Qo PHX, Vgt = D &0, [X, Y],
pEX 4 (Tn)*

where X, (7T},)* consists of cocharaters p : G,, — T, of the form

p1 times m, times
A A m

t diag(t™®, .7t 0<dy < <dp, Y =, > OV
=1

Explicitly, Qio(o,oo) (PYH]X,Y;q,t] is equal to

S e S |'T7"2’pu(J(y0),J(l/oo))|my0<X)myoo<y)'

REX 4 (Tp)* (10,v°)€ell, XI1, | AUt(g“) |

Notice that Qi?o,oo (PYH[X,Y;q,t] defined above is the same as the one considered in [29,

)
Section 5.4]. Now using our techniques, we would like to re-derive the following result of

Mellit [29, Section 5.4].

Proposition 7.1. The following holds as formal series in t with coefficients in the completion

of Symg,) [ X, Y]:

= XY
E Q=0 (PHY[X,Y;t]=Exp | ———————|, where XY = E T3y
n=0 (0:5) (q o 1)<1 - t) 2% !

The proof of Proposition 7.1 will be given in Section 7.2.2.
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7.2.1 Reproducing kernel.

Let us briefly mention how the plethystic exponential occuring in the right hand side of

Proposition 7.1 is used in the proof of [29, Theorem 5.5].

Notation. We will denote the set of all partions by P. For any A € P, we will denote the
size of the partition A by |A|.

Let us consider Symp[X]| where R D Q. Then the Hall scalar product on Symy[X] is
defined as:
(hM(X)7m)\(X)) = 6)\,;m

where A\, u € P.

Let (ax(X))aep be a basis of Sympg[X] such that deg(a, (X)) = |A| and let (5x(X))rep
be the dual basis. We define the reproducing kernel to be the infinite sum ), ., o (X) 85 (X)
(this makes sense in the completion of Symy[X, Y]). Then we have

EXP[XY] = Z OéA(X)ﬂx(X)-
AeP

In particular, the infinite sum is independent of the basis (a)(X))xep. One of the main
properties of the reproducing kernel is the following: if (o) (X))rep and (55(X)) are such
that deg(al, (X)) = || = deg(8(X)) and

Exp[XY] = 3 o} (X)),
AEP

then (o) (X))aep and (55(X)) are dual basis of Symp[X,Y].
Now let us consider the ring Symg, »[X]. Define a g, t-scalar product on Symg, ;[ X]

as:

(F(X).9(X)),, = ([X].al(a — D~ 0)X]).

at
Definition. The modified Macdonald polynomials H, [X ;q,t} € Symg,»[X], A € P are

the unique symmetric functions defined by the following three properties:

e orthogonality: <fl>\ [X;q,t},f[# [X;q,tD ,=0if A # p.

q7
e normalization: ITI,\ [1} = 1.
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e upper-triangularity: ]:U[(t — l)X} € M), where M, is the span of the monomial

symmetric functions m,(X), p < A

Mellit in the proof of [29, Theorem 5.5] used the above property of the reproducing
kernel to identify certain unknown functions (namely, F) ,[X;t] in [29, Theorem 5.6]) with

the modified Macdonald polynomials. We refer the reader to [29] for details.

7.2.2 Proof of Proposition 7.1.

Recall from Section 3.1 that [Spgy, | is the function on P(Z,,) that counts the number of
[F,-points of Spgr, (J), J € P(Z,). Using Corollary 4.5.1 and Convention 7.1, we consider
[Spar,| as a symmetric function.

As a first step in proving Proposition 7.1, we prove the following:

Proposition 7.2. The following holds in Symg,[X]:

X 1
o [55] = ot

Proof. By (5), the desired equality can be rewritten as:

X qdim(LV)
o |——| = m,(X). 24
{q—l} ; q"|Ly| o )

We have the following idenitity(see [28, Chapter 4, Section 2]) in Symg, [X, Y]:

ha(XY) =Y my (X)h, (Y). (25)

I/EHn

Then the specialization z; — x;,y; ¢ UV i, j € N gives a homomorphism of lambda
rings Symg, [X, Y] — Symg,-1[X]. Thus this specialization commutes with the plethystic

action and we have

1 1 1 1
h | X 1+—+---—.+---)}: mVXhV{1+—+---—.+--- in Symg, 1 [X
[ ( ¢ ¢ g{‘n (%) g ¢ )
qX 3 q :
hn |:q——1:| = m,,(X)h,, |:ﬁ:| m Sme[[qfl]] [X]
VEHn

Since the terms of the above identity lie in Symg,[X], the equality holds in Symg, [X].
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Since h,[qA] = ¢"'h,[A] for any A € Symg,)[X] (see Lemma 7.1), we get
X 1
hy | —| = m,(X)h, | —| . 26
L—l} ; o {q—l} 20)
Now we need to calculate h, [q_%} , this follows from the following lemma:

Lemma 7.2. The following holds in Q(q):

hn{liq} - (1—q)(1—q12)~--(1—qn)'

Proof. Let H(w) = -oh.(X)w" € (Symg,[X])[[w]] be the generating function for the

homogeneous symmetric functions and let P(w) := 3 -, pr(X)w'™" € (Symg,[X])[[w]] be
the generating function for the power sum symmetric functions. Then we have the following

well-known identity in (Symg, [X])[[w]]:

Htw) = eap ([ Pluytu).

Now,

=Y w! ( Z(qT)m) =>> %. (27)

By (27) we have

et - o) ool [ )T

m>0

Now the lemma follows from [28, Chapter I, Section 2, Example 4]. m
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We return to the proof of Proposition 7.2. The specialization ¢ — 1/q,z; — ;1 € N
gives an automorphism of lambda rings Symg, [X] — Symg,[X]. Thus, this specialization

commutes with the plethystic action on Symg,[X] and we have

1 1 qq2--.qn
S8 T B TG e Sl PR S B (I
I TOh0- 505 @ D@D @D
Since h,[qA] = q"ha[A] for any A € Symg,)[X] (see Lemma 7.1), we get
h { 1 }_l qu---qn
“la—=1] g (@-1)(@-1)- ("= 1)

Now (26) gives

KNS T ] = S o [0’ q"
h"{q—l] 2 ”<X>Hh”{q—11 2 ) S e e )

Ve, i=1 Ve,
(28)
The coefficient of m, (X) in equation (28) is equal to
1 15 (qq® - q")? - gz 1 i
Tl e (e =) (0 =) @ TIL IGL(F)| 6" T, G L (Fy)]
Since L, = GL,, x ... x GL,,, Proposition 7.2 follows. O

Next, consider one of the two standard coproducts on symmetric functions:
A" Symy[X] — Symy[X] @ Symz[Y] = Symz[X, Y], f(X) — f(XY).

Let Af;; ~denote the restriction of Agz, to the associate invariant functions. We would like
to show that A" agrees with Af,; by identifying symmetric functions of degree n with the

associate invariant functions on P(Z,) (see Convention 7.1). First we need a notation.

Notation. For any sequence of positive integers o = (s, ..., a,,) such that ZTzl a; =mn,

we will denote the subgroup S,, x ... x S,,, of S, by S,.
We have the following proposition.

Proposition 7.3. Keep notations as above. Then we have Ay, = A™.

65



Proof. Since m,,, v € 1I,, form a basis of Symz[X], it is enough to check that Ay, agrees
with A” on this basis. We re-write the conclusion of Lemma 4.5 for GL,,. Let v be a partition
of n. It gives an equivalence relation ~, on {1,...,n}, where i ~, j if and only if there
exists a t such that vy + ...+, <i,j <vi+...+1v,1. Note that S, acts on {1,...,n} and
thus on the equivalence relations. For an equivalence relation ~ on {1,...,n}, we will write
Part(~) € 11, for the corresponding partition of n, that is, the ordered sequence of sizes of

equivalence classes. By Lemma 4.5, we have

G, (M) = Y mytma @ my,

A u€lly,
where
= {w € S3\Su/S, : Part(~y Nw(~,)) = v}|.
Thus we have
—1
nyt = . 29)
P S, 151
Part(~xNw(~y))=v
Now consider the coproduct A”. We have
Am)) = > (XY (X4Y5)

[(i17j1)7"'7(in7jn)]
where the sum is over all multisets [(i, j;)], where the multiplicities of elements are given by
v.
The group S, is acting naturally on length n sequences. Let (1) be the standard sequence
1,...1,2.....2.....

S——

p1 times  po times

In A"(m,), X Y* occurs as:

1
Z |Orb1t Of S)\ on ]17 . 7jn’ <X1Y71 . e XI}GAI)(X2}/}>\1+1 . X2Y]>\2) ,
J1yeeesdn
where the summation is over all sequences ji,...,J, such that [ji,...,j,] = [(n)] and

Part(~y N ~;) = v, where ~; denotes the equivalence relation ¢ ~; s iff j; = j,. Let
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nyt denote the coefficient of my @ m,, in A"(m,). The condition [ji, ..., j,] = [(#)] is equiv-
alent to the existence of w € S, such that w- (1) = (ji1,...,Jn), in which case w- (~,) =~;.

Since there are exactly |S,| such w, we get

~ “1Swn S,
i WS 5],
2 |Sul|S)]

wWES :
Part(~xNw(~y))=v

which agrees with (29). This finshes the proof of Proposition 7.3. [

Recall the vector bundle € of rank n over P! in [29, Section 5.4], which is defined as:

E=0(-d)" @ ...®» O(—d,y)", O§d1<...Sdm,m>0,1§i§m,zmzn.

i=1
Let p : G,, — T, be the cocharacter of the form

p1 times Wm times
7\ 7\

m
t diag(t™®, ..t ) 0<dy << dp, Y =1, > OV
i=1

Then we have p € X (7,) and we get that £ = &, (see Section 2.2).
Let us write p = (i1, . . . i), where fiy, : G,,, = T}, , 1 < k < m is the cocharacter

pi times

——~
t > diag(t=%, ... t~%),

We have ji, € X4 (7),,). The following is a key factorization result, which is a corollary of

Theorem 3.2:

Corollary 7.2.1. For the vector bundle £ over P, we have

m

CulX, Y54l =[] Ca[X, Y3 ql.

k=1
Proof. Let f; be an associate invariant function on P(Z,, ), where =, is the set of simple

roots of GL,,, 1 < k < m. According to our Convention 7.1, f; is viewed as an element

o
of SymZ*[X]. However, we can also view f; as a symmetric polynomial f; in the variables
Tpytotpip 1415 - > Tpytogpy- Recall the map 7, defined in Section 3.2. In the case of GL,,
this map relates products for the two different interpretations of the associate invariant

functions fi, 1 < k < m in the following way:
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Lemma 7.3. Keep notations as above. Then

froo e =mufi- fi)-

Proof. Note that in the case of GL,, the map 7, is the symmetrization map. O

We return to the proof of Corollary 7.2.1. Recall from Section 3.1 that [Stcy, | is
the function on P(Z,,) x P(E,,) that counts the number of F-points of Ster, (Ji,J2),
(J1,J2) € P(E,,) x P(E,,). Using Corollary 4.5.1, we consider [Stgr, | as a symmetric
function (see Convention 7.1). We can also view [Stgr, | as a symmetric function [Stgyr, |'

in the variables @, + 40 1415 -+ Tpygopp,- We have

(At EN) —dim(L ) (T @ 7,) ([Str,]
C.U[X7Ya Q] - qd @ t(Eu)) d (LH) . |Alﬁ](f€ )| ) = (ﬂ-ll ® 7T-M)([Stlzu])/l_‘[ |GLMk|>
H k

where the first equality follows from Corollary 3.2.1 and the second equality follows from

Fact 3.1. Now by Lemma 4.6, we get
CL[X,Y:q) = (m, ® ) (H StGL%]’)/H GL,,|.
k k
Using Lemma 7.3 in each variable, we get
(my @ m) ([T18tr,,)")/ TT1G Ll = TT18ter,, ) /1G L) = T Crul X, Y4,
k k k k

where we used Corollary 3.2.3 for the second equality. This finishes the proof of Corollary
7.2.1. ]

Let us illustrate the Corollary 7.2.1 with the following example.
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Example. Consider the rank 2 vector bundle £ := O & O(—1) over P'. Let p € X, (Ty)*
be the following cocharacter

t s diag(1,t71),

here 17 = s = 1 and d; = 0,dy = 1. The cocharacters jiq, o : G,, — G,, aret — 1 and t —
t1 respectively. Then € ~ &, L, ~ G,, X G, and we have that Cy,[X,Y;q] x Cy,[X,Y; ]

is equal to

(T oy 1)) (TR )

_ (q_%(zy) <XJI%>) (ﬁ(zx) (;%» B (q—11>2(2“)2(2%>2'

On the other hand,

XY= Y 'T”pj(jfl’;(;; T (= (1)

(I/O,I/DO)EHQ x1Io

- %mm)mm“’l)[y] * \Tripri@l;t{(zi ez}ﬂm(l,l)[X Jm[Y]
‘TTZprlg{jtl(;u)ef}v qj)’m(g) [X]m(l,l) [Y] + ‘Tﬂpu({e‘lA—u;zg;){'el - 62})|m(2) [X]m@) [Y]

4q> 2> )
= 'qg(q _ 1)2 (Zi<j Iil’j> <Zz"<j/ yi'yj/) + —q2(q — 1)2 Zi<j Tk Zi’ Yy
2

2
e () (S ) + e () ()
Thus, we get
CulX,Y;q] =Ch[X,Y;q] x Cp|X, Y5 ¢l
We have the following corollary.
Corollary 7.3.1. Keep notations as in Corollary 7.2.1. Then

i XY
k=1
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Proof. By Corollary 7.2.1, we have

e [Star = Acr, ([Spar,. )
X, Y g C.[X,Y;q] = ”’“ = L ko

kﬂl Al H GL,..| kHl GL,|
where the second equality follows from Corollary 3.2.3 and the last equality follows from

Theorem 3.1 (ii). By Proposition 7.3, we have

- AP ([Spar, | - XY
k=1 He k=1
where the second equality follows from Proposition 7.2. O

Now we are ready to prove Proposition 7.1. We have

ZQ<°OOO)(IP>1 [X,Y:q,1] Z Y, I, [X Y]

n=0 peX 1 (Tn)*

_§ E t2k=1 debk ]y _XY
H q—l )
B=(H15e s ),
d (0<d1<da<...<dm):
> pE=n

where the second equality follows from Corollary 7.3.1. The above is equal to

XYy = XY XYy XYy
H Z tdkhk = H Exp = Exp Z td] = Exp [— )
it i - q—1 (¢—1A-1)
This finishes the proof of Proposition 7.1. ]
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