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Electroweak and Higgs physics at high energies
Yang Ma, PhD

University of Pittsburgh, 2022

Though the Standard Model (SM) of particle physics is one of the most successful achieve-
ments in modern physics and has been confirmed with almost all experimental results, it
fails to explain mysteries such as the strong CP problem, the nature of dark matter, and
the origin of neutrino mass, etc. Along this line, it is important to study phenomena at
high-energy colliders to precisely test the SM and search for the hint of new physics beyond
the SM. This thesis contains works in the following two related directions.

For future ultra-high-energy colliders where the collisions happen at energies well above
the electroweak scale, the heavy SM particles could also be radiated off the beams. For
the phenomenology studies at future high-energy colliders, all the SM particles should be
treated as “partons” and a proper parton distribution function is needed. In this thesis,
the electroweak parton distribution functions (EW PDFs) framework is introduced, where
the Dokshitzer—Gribov-Lipatov—Altarelli-Parisi (DGLAP) evolution is employed to sum the
large logarithms to obtain the EW PDFs at the Leading-Log accuracy. Using the EW
PDF's formalism, partonic luminosities of a possible high-energy muon collider and the cross
sections of typical SM processes are calculated to show the partonic picture of future ultra-
high-energy lepton colliders.

The discovery of the Higgs boson at the Large Hadron Collider (LHC) is a milestone in
particle physics. Since it is directly related to the electroweak symmetry breaking mechanism,
Higgs is regarded as the portal to new physics. In this thesis, we suggest two approaches
to test the Muon-Higgs coupling and the Charm-Higgs coupling respectively. By calculating
the multi-boson production processes at a future multi-TeV muon collider, we show that it
is possible to precisely measure the Muon-Higgs coupling. Using the non-relativistic QCD
framework, we study the Higgs boson decay to a J/1¢ and a pair of free charm quarks and

show the possibility to measure the Charm-Higgs coupling at a 3 ab™" high-luminosity LHC.
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1.0 Introduction

1.1 The Standard Model of particle physics

The Standard Model (SM) of particle physics provides a remarkable successful description
of the elementary matter and forces that found the picture of the universe. The SM is a gauge
theory in the framework of quantum field theory and is based on the local symmetry group
SU(3). x SU(2)r, x U(1)y, where the indices denote color, weak isospin, and hypercharge.
The gauge structure uniquely controls the strong, weak, and electromagnetic interactions
between matter particles and force carriers with the coupling constants determined from
experiments. All elementary particles in the SM are listed in Fig. 1. According to the SM,
the matters are made of fermions, i.e. quarks and leptons, and the gauge interactions are
carried by gauge bosons i.e. photon, gluon, the W and Z bosons. The Higgs boson is the
only scalar particle (spin-0) in the SM and it gives rise of masses of all the other elementary
particles via the electroweak symmetry breaking (EWSB) mechanism. This chapter will

briefly introduce the SM, which helps the readers to understand my research.

Standard Model of Elementary Particles

three generations of matter
(fermions)

interactions / force carriers
(bosons)

=1.28 GeV/c?

=173.1 GeV/c*
%

=124.97 GeV/c*
0

@ | € '@ |- H
up charm top gluon higgs
=4.7 MeV/c? =96 MeV/c?* =4.18 GeV/c* [
@ IO IF® || @
down strange bottom photon
=0.511 MeV/c* =105.66 MeV/c* =1.7768 GeV/c* =91.19 GeV/c*
@ I® @ || @
electron muon tau Z boson
<1.0 eVic? <0.17 MeV/c? <18.2 MeV/c? =80.39 GeV/c?
% (Ve %V (Ve X W
neutrino | | neutrimo | | newtrin | | W bosON

Figure 1:

Elementary particles in the Standard Model.



1.1.1 The Standard Model Lagrangian
The dimension-four Lagrangian of the SM reads
ESM = EGauge + ﬁFermion + £Higgs + £Yukawa7 (1)

which includes the gauge, fermion, Higgs, and Yukawa sectors of the theory. We will discuss

these terms in details in the following.

1.1.1.1 SM gauge sector

The gauge sector of the SM is given by the gauge boson kinetic terms

1 11
»CGauge = _ZGZVGHV - ZW;VW’LH I

a 4B/1«VBle' (2)

The field strength tensors for SU(3)., SU(2), and U(1)y are

Go, = 9,Go—0,G% — gofuncGoGY,  a, b, c€ L, 8], (3)
Wi, = oW, —-0o,W, — geijkwgwf, i, j, k €[1,3], (4)
B,, = 0,B,—0,B,. (5)

where g; and g and the corresponding couplings, the indices a, b, ¢ = 1,...8 are introduced
for the color degrees of freedom, and 7, j, k = 1,...3 are for the left-handed weak isospin
degrees of freedom. The eight fields G}, and the three fields WZL correspond to the SU(3).
generator 7% = \%/2 and the SU(2);, generator 7/ = ¢*/2, respectively. Explicitly, we have

010 0 —i 0 1 0 0 00 1
M=1100f, ¥=]:i 0 of, =0 -1 0|, X=]0oo0 o0, (6
00 0 0 0 0 0 0 0 100
0 0 —i 000 00 0 10 0
NX=10 0 0], XN= 001), A= 00—1,A8=%01 0|,
—i 0 0 010 04 0 00 —2



and

01 0 —2 1 0
10 v 0 0 —1

There exist commutation relations between the SM gauge group generators
[T, T =i f*T,, [r',77] =ie*r, [Y,Y]=0, (9)

where €% is the three-dimensional Levi-Civita tensor and the non-zero antisymmetric color
structure constants f¢ are
123 458 s _ V3w 246 257 345 516 637 _ 1
= 17 e = —, = = = = = = —. 10
J = T L2 T 6 T S g6 T (10)
Due to the non-abelian property of the SU(2) and SU(3) groups, self-interactions between
the gauge fields show up as

Triple gauge boson coupling :  ig; Tr (0,V, — 9,V,) [V, Vi,

1
Quartic gauge boson coupling : igf Tr[V,,, v,

for V, =W, or G, and g; is the corresponding coupling constant.



1.1.1.2 SM fermion sector

The SM fermion sector contains massless chiral fermion fields that couple to the bosoinc
fields through gauge or Yukawa interactions. Consider a Dirac fermion field v, its left-handed

(LH) and right-handed (RH) components are defined by

1F7°
Y = Prr) = B Y, (11)

where the Pp gy is the chiral projection operator. The SM fermion sector contains the LH

doublets
L — om | L — m | (12)
L er
and RH singlets
ug”, dy", €, (13)

where « is the color index and m = 1, 2, 3 represents that there are three generations of
fermions. It is worthy to mention that there is no RH neutrino vg in the SM.

The Lagrangian of the SM fermion sector is

3
‘CFermion =1 Z (Q%mlDQ%m + E?ELTLH + a%mlpu%m + J%mlpd%m + égﬁe%) ’ (14)

m=1
where the covariant derivative D, is defined as
. ava . 7 1 . /Y
D, =0, +1ig, TG}, +igT'W}, + ig EB”' (15)

It can be read from the Lagrangian that a SM matter field ) couples to the a gauge field V,,

with an interaction coupling constant g; as
Fermion — gauge boson coupling : — gﬂ/_JVuv“w.
So far, we have the Lagrangian

»CGauge + £Fermion



that is invariant under the infinitesimal local gauge transformation of SU(2), and U(1)y as

SU(2) L U(l)y
Y — (1 —ig7-d(x)) Y v — (1 —ig' 2 8(x)) vy
Yr — YR VYr — (1 —ig'LB(x)) ¥r
W, — W, + 0,d(x) + ga x W, W, — W,
B, — B, B, — B, + 0,8(x)

By introducing the isospin raising and lowering operators
T+ = (t' £ir?) /V2, (16)
the Wﬁ field can be redefined as
W= (W, FiW) V2, W)=W} (17)
and hence

FW,=1W, = WL+ W+ W

= W+ rW, + W (18)

The W, W, and W° can be understood as gauge bosons that increases, decreases, or leaves
the weak isospin unchanged of a field that absorbs it. In order to unify the electromagnetic
interaction with the weak interaction, the electromagnetic term e A, should be included
in the neutral term of the covariant derivative D,. The above requirement indicates that
the gauge fields W3 and B can be related to A and another neutral field Z

w cosfy  sinOy Z,

= = , (19)
B, —sinfy  cos By A,

where Oy is the electroweak mixing angle. The neutral term in D, is then written as

Y Y Y
igT?’W/‘j’ + ig’gBﬂ =iA, (g sin Oy 7% + ¢’ cos 9W§> +iZ, (g cos Oy 1 — ¢’ sin 9W§> .(20)



Requiring the coefficient of the electromagnetic field A, to be ie(), we need the coupling

constants to obey

e , e
— = . 21
g sin Oy’ g cos Oy (21)

Finally, we have the covariant derivative in form

Dy, = 8, +ig T"Ga + = Wit + —Er W, + ieQA, + igz Zu(7° — sin® 0w Q). (22)

V2 V2
with the coupling gz = e/(sin Oy cos Oy ).
The weak hypercharge Y of a field is related to its electric charge ) and the third

component of its weak isospin 73 as

Q=Ty+ . (23)

The weak quantum numbers for the SM fermions in a single generation are listed in Table 1.

vy, er, uy, dL E€ER UR dR
1 1 1 1
T | 3 3 3 3 0] 0 0
1 1 1 1
T3 | 3 5| 3 51 010 0
Yo 1| 1| L | 1| _q|2/|_1
2 2 2 6 6 3 3
2 1 2 1
Q O | -1 5 |—5|-1] 3|3

Table 1: Weak quantum numbers for the quarks and leptons in a single generation. The
symbol T' denotes the weak isospin, T3 is the third component of 7', Y is the hypercharge,

and @ is the electric charge.



1.1.1.3 SM Higgs sector

In the SM, a set of complex scalar fields is introduced as an SU(2) doublet

ot
¢ = ;
¢0
whose self-interactions generate the mass terms for the gauge and fermion fields via spon-
taneous symmetry breaking (SSB). This SU(2) doublet is called “Higgs doublet” since it

gives rise to the only scalar particle in SM, 7.e. the Higgs boson. The electroweak quantum

numbers of the complex fields ¢ and ¢° are listed in Table. 2.

T T3 | 2|Q
" 13 3 |31
ANEIRE

Table 2: Weak quantum numbers for ¢ and ¢°. The symbol T' denotes the weak isospin,
T35 is the third component of T, Y is the hypercharge, and @) is the electric charge.

The Higgs sector of the SM Lagrangian is

Litiges = (D"0)' Dy = V(0),  V(9) = i’[6* + Aol", (24)
where V(¢) is the renormalizable Higgs potential, and

D¢ = (au +igr' W, + %BN> ¢. (25)

For ;2 < 0, the neutral component ¢° develops a vacuum expectation value (vev) v so that

L on=trsi0 = (20)
T (A )

In order to separate out the vev, we redefine the Higgs doublet in the “radial representation”

as

6 — exp(ir'€,(x)) " 27)
= exXplT ;i\ T 9
(v + H(z))/V2



where the real scalar fields & (), &(z), £3(x) and H(x) contain zero vev. It is convenient to

remove the overall phase factor by making an SU(2) gauge transformation

. 0
o(z) — exp(—it'&i(z))p(x) = (28)
P ) (v + H(x)/V2

to move ¢(z) into the “unitary gauge”. Applying the covariant derivative to ¢(z) then gives

D, = P +i—g(r+W++r*W*)+z’eQA +igz Z,(7° — sin® Oy Q) "
I V2 [ V2 I I H ® v+ H(x)
1 igW, (v + H(x))/V2

= . 29
V2 \0,H(z) - igsZ,(v + H(z))/2 )

The kinetic term in Lyiees then gives rise to the weak gauge boson mass terms and the

three-point and four-point interaction terms

T

(D) D, = 1 —gW* (v + H(z))/v2 igW,i (v + H(z))/v2
b= =
2\0“H(x) +igz 2" (v + H(x))/2)  \0uH(x) = igzZ,(v + H(x))/2
1 1
= GO"HOH + myWH W 4 om 2V Z, + gmw W W I H
2 2

Vgrmz 2" 7, + %W“*W:HH + %ZZ“ZMHH, (30)

where
mwy = =gu m—1 V=W (31)
W—297 Z—29Z _COSGW'

After the discovery of W* and Z boson at the CERN Super Proton Synchrotron in 1983, the
masses of W* and Z have been measured very precisely. The current world average values

are [1]
my = 80.379 £ 0.012 GeV, my = 91.1876 £ 0.0021 GeV (32)

Using relation in Eq. (31), we can relate vev to the Fermi constant G !

2
Cr_ 9 ) /Gr = 246 GoV. (33)

V3 snd

1Gp = 1.1663787(6) x 10~° GeV~? is derived from the muon lifetime measurement [1].




The Higgs mass term and its self-interaction terms are contained in the Higgs potential

2(v+H )\U+H) (34)

A
\[ my H? + 2 H4 _ %, (35)

Vig) =

[\DI — [\DP:

where the Higgs mass is

my = vV2\ = V2|l (36)

The Higgs boson was discovered by the ATLAS and CMS group at the CERN Large Hadron
Collider (LHC) in 2012 [2, 3]. The present most precise measurement of Higgs mass is given
by the CMS group [4]

my = 125.38 +0.14 GeV. (37)

1.1.1.4 SM Yukawa sector

In the SM, the fermions acquire their masses through their Yukawa couplings to the

scalars. The Lagrangian of the SM Yukawa sector reads

3
Lyukawa = — Z <Z/Z§@Li¢7«b}2j + Yl Qriddr; + yszLi¢€Rj) +h.c., (38)

1,j=1

where we have allowed inter-generation couplings, ¢, j are indices for the generations and o

is the conjugate of the Higgs doublet ¢ that satisfies

5 - ¢0*

For simplicity, we now consider the Yukawa Lagrangian that involves leptons in a single

generation, e.g. electron

EYukawa D) _yeZL¢€R + h.c.

= — Ye (U+H)(éL€R+éR€L)

V2

Yel _
= ——ee—

Ye
V2o V2

(39)



The first term in the last line of Eq. (39) is the mass term of electron

Yel

me =

, (40)

3

that given by the Higgs vev.
The SM mass generation mechanism for the quarks is similar to the lepton case, but a
little bit more complicated since the three generations should be considered together. The

Yukawa interaction in the Lagrangian
3
uyy 1 a7
Lyukawa D — Z (yz‘jQLi¢uRj + yijQLi¢de> +h.c., (41)
ij=1
depends on 18 complex coupling parameters in y;: and yldj. The up-type and down-type

quarks acquire their mass terms from the vev of ¢ and gz~5 as

Uy dy
Lyukawa D — (U1, Uz, U3) g M" | ug | — (0717 da, Cis)RMd dy | +h.c, (42)
us I d3 I

where the quark mass matrices in generation space are written as

u v u d __ v d
Mz’j = Eyija Mij = ﬁ ij (43)

In order to find the quark mass eigenstates, we need to define unitary transformations

Ul u d1 d
Us =ULr|c ; dsy =Drr|s (44)
) 1 r t LR ds LR b LR

where u, d, ¢, s, t, b are the quark mass eigenstates. The two complex matrices M, and

ij can then be diagonalized as

Ug'MUy=[0 m, 0|, DgMDr=|0 m, 0. (45)
0 0 my 0 0 my

10



1.1.1.5 Quark mass mixing and the Cabibbo—Kobayashi-Maskawa matrix

In the charged current weak interaction part in Eq. (14), we encounter the sum of quark

bilinear terms

3 dq d
ZaLMMd” = (W, 1, 03), V" [ dy | = (u,6,0),U+"Dy | s
=1
dg I b ;
d
= (ﬂa E,BL YV 1s , (46)
b
L
where
V=UlD, (47)

is the Cabibbo—Kobayashi-Maskawa (CKM) matrix that describes the generation mixing of

the mass eigenstates. It is straightforward to show that the CKM matrix is unitary
t o\ (ot tr7 ot
viv = (uipy) (vlpL) = DLusUlD, =1, (48)

so that it can be parametrized using three angles and a phase factor as

Vua Vus Vb

Vekm = | Vg Vos Vi

Via Vis Vi
1 0 0 cos 013 0 sin @363 cosfiy sinf, 0
= 0 cosfy3 sinfas 0 1 0 —sinfyy cosby, O
0 —sinfy3 cosba3 — sin 633 0 cos 013 0 0 0

The non-zero phase 913 in the CKM matrix indicates the CP violation in the SM weak

interaction.

11



In the neutral current weak interaction part of Eq. (14), there exist terms such as

3 Ul u
Z ureyure = (1,2, 03) ;Y | ug = (u,¢,t), UEVMUL cl - (49)
us t L

/=1
L

The fact UzU 1 = 1 forbids the mixing between generations. Similarly, the bilinear terms for

Ur and dj, g are also unmixed. As a result, there is no flavor change neutral current (FCNC)

at tree level in the SM.

1.2 Relativistic kinematics and phase space

1.2.1 Relativistic kinematics

In collider physics studies, we explore the phenomena of particle collisions at very high
energies, where the beam particles are ultra-relativistic. Consider a particle with mass m

moving in an inertial frame O with momentum p; then its four dimensional momentum is

written as
p=p'=(Ep) (50)
and the mass obeys the on-shell condition
pP=pp=E—p-p=m’ (51)
Furthermore, the particle's velocity (in unit of the speed of light ¢) is defined as
: (52)

3 | &

ol

I (-1<p <), VEWZ

Usually, we need to study the particle in another frame. Consider a frame O’ that is moving

|y

alone the Z direction with respect to O with a relative velocity y. The four-momentum of

the particle in these two frames are related using Lorentz boost

FE cosh —sinh FE
Yo Yo 7 ( 5 3)

o Yo —7050 B
Y50 Yo D= —sinhyy, coshyy D=

E/
p/
12



where 1 is the rapidity of the moving O

1. 14+
—In ,
2 1—0

Yo = (—o00 < Yy < ). (54)

More generally, if the frame O is moving in an arbitrary direction Bp, measurements of a
Lorentz covariant four-vector X in the two frames can be related by X’ = B(#)X, and the

boost B(¥) between the unprimed and primed frames is

Y0 —7050@ —VOBO,y —7050,z
Y080 1+ (v — 1)53@/53 (v — 1)50,m50,y/5§ (v — 1)50,x50,z/5g
—0B0,y (v — 1)50,;,50,:0/5(2) L+ (v - 1)5§,y/5§ (v — 1)50,y50,z/53
—Y0Bo. (Y= 1)Bo:Box/B8 (v —1)Bo:boy/B5 1+ (v—1)55./53

with £y = \/ B3 .+ 05, + B35, The above transformations are particularly useful when we
need to boost the momentum of a decay product from the parent rest frame (O’) to the lab

frame (O). In this case, the relative velocity Ea is given by the velocity of the parent particle

50 = gparent = ﬁparent/Eparent (56)

For two-body processes, the Kallen kinematic function, which is also known as the “basic

three-particle kinematic function”
Mz,y,2) = (v —y—2)* —dyz = 2> + y* + 2* — 22y — 222 — 2yz (57)

is widely used. This “X function” is also called “triangle function”, since \/W /4
equals to the area of a triangle whose three sides are \/z, \/y, and /2. Consider a two-
particle final state with the momenta p;, p>, the energies and the magnitudes of pj, ps in the
center of momentum frame are

AV2(s,mF, m3)

s+ m? —m3 s+m3—m3

—~ |cm — — |cm — , ECm — , ECm — , 58
where s = (p; + p2)?. Tt is useful to express the two-body kinematics by some Lorentz
invariant variables. For a 2 — 2 process

pa+pB = p1+ pe, (59)

13



there are three Lorentz-invariant “Mandelstam variables” defined as

5= (pa +pB)2 = (¢ +P2) Efm, (60)
t=(pa—p1)?=(pg—p2)? =m4+m]—2(EsE; — pap1cosfa), (61)
=(pa—p2)® = (pp—p1)? =m’ +mj — 2(EAEy — paps cos faz), (62)

where E,,, denotes the “center of momentum energy”, 641 (642) is the angle between p4 and

P (p2)'

1.2.2 Phase space

One of the far-reaching concepts in high energy physics is phase space (PS), which is
the set of all possible configurations that a system may exist according to the corresponding
conservation law. The Lorentz invariant phase space of an n-particle final state is written as

n

d*p;
dPS, = (2r)s* ( Z pz> I1 ) 52 A (63)

where P is the total momentum of the initial state and J-function constrains the phase space

to satisfy the four-momentum conservation. All the final state particles are required to be

on shell, i.e. p? =m?.

1.2.2.1 One body phase space

The phase space element for one-particle final state is quite special, for the invariant mass
of the final state particle is forced to equal the total c.m. energy by momentum conservation.
Consider a one-particle state with four-momentum p; and mass my, the phase space integral

follows

d*pi
dPS; = (27)* | ——=——84(P —py). 4
Japsi = emt [ G5B P - ) (64)
Making use of the relation
d3p
|55 = [ awaw ), (65)

14



we can write the one-body phase space integral as
/dP81 = 2W/d4p §(p? —m2)6* (P —p1) = 2m0(s — m?3), (66)

hence we know the “phase-space volume” of one-particle state is 2.

1.2.2.2 Two body phase space

For a two-body final state system with four-momenta p; and p,, the Lorentz-invariant

phase space is

435, A3,
4 p p 4
/dP82 = (2m) / 2B, @ 25 (P —p1 — pa). (67)

Without loss of generality, one can integrate over p, and have

/ dPS, = / PR (s B - B, (68)

(271')32E12E2
1 |ﬁ1|cm / 1 |ﬁ1|cm
w7 v Y R o
Taking Eq. (58), the above expression can be written as
dPS, — — lA1/2(1 m @%)dcose do (70)
27 (47)22 s s

One important tool in collider phenomenology studies is numerical simulation using
Monte Carlo (MC) integration. In order to implement the MC approach, we define xy,

To so that
cos =2xy — 1, ¢ =2mys, x1,29 € [0,1], (71)
to rescale the integration variables, and thus
11 m? m?
dPSy = — - AV2(1, =L, —2)da; da. 72
T 4r2 (’s’s)xlx2 (72)

The phase-space volume of a two-particle final state system is scaled down with respect to

that of a one-particle final state by

dPs, 1
S dPSl a (471')2.

(73)

15



1.2.2.3 Three body phase space

Given a three-particle final state with momenta p;, ps, and p3, the phase space integral

is written as

d’p dpy A
PS; = (27)* P —p1—ps— 4
/d S3 ( W) /(271')32E1 (27’(’)32E2 (271')32E35 ( P1— P2 p3) (7 )

Also integrating over ps using the d-function, the phase space element is given by

= — 23 23
1 AR IR TS

dPS; = o — b —Ey,—E .
3 (27)3 (Vs 1 2 3) 2F, 2E§23)2E§23)

(75)

The upper index “(23)” indicates the variable is in the pos-frame, satisfying the relations

May = \/pds — Fa3 = B + B, (76)
1 {23) m23 —(23)
dEy; = |p; ’<—E§23)E§23)>d|p2 E (77)
2 2
523 — 23 412 my Mgy 78
) = T (1 ) (78)

With appropriate substitutions to Eq. (75), we have

1 m2 m?2
dPS; = —— 2|7, |dEdQ,dQ, M2 (1, —2 23 )
S3 (47r)5 ’p1| 1 1 2 < ’m§37 m§3 (79)

In the c.m. frame, the maximum values of energy and momentum for particle 1 are

s+m?—(my+m3)? Lo A2(s,m2 (my +mg)?
) A (s ) )

NG NG

Similar to the two-body case, we need to rescale the variables to implement the MC integra-

max __
El —_—

tion by introducing z; ... x5 € [0, 1] so that
Ey = (ET™ —my)y; +mq, cosby =2x9 — 1, ¢1 = 271wy, cosbty =2xy — 1, ¢y = 2mxs.(81)

The three-body phase space integral then simplifies to

Fmax 2 2
/ dPS; = / diry dydsdarsdaos ——9 5| )\1/2( ig%) . (82)

(4m) 23 Mg
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1.2.2.4 Recursion relation for the phase space element

One useful property of phase space is that one can decompose an n-body phase space into
smaller ones, which makes automated MC event generator possible. The recursion relation
states that the n-body phase space element is equivalent to the product of an (n — 1)-body

phase space element and a two-body phase space element

dm?_,,
dPS,(P;p1,...pn) = dPSu_1(P;p1, - - Pr1,0)dAPS2(Pr—1n5 Pr1, - - -pn)TL7 (83)
where

n—2
mp—1 + mp S Mp—1n S \/_ - Zmz (84)

=1

Py Py Py
AN 1 — /,
p pn—l n pn

Figure 2: Ilustration for the recursion relation that relates an n-body phase space element
to the product of a two-body phase space element and an (n — 1) one. This figure is adopted
from Ref. [5].

Here we show two examples of applying the recursion relation on three-body and four-
body phase space integrals respectively. A three-body phase space element can be decom-
posed into a product of two two-body ones

2
dm3s
or

dPS3(P;p17p2>p3) = dPS2(P;p1,p23)dpsz(p23;p2,p3) (85)

where

m2+m3§m23§\/_—m1. (86)
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For the four-body case, the recursion relation is

2
dms,

dPSy(P;p1, P2, pa, pa) = APS3(P: p1, P2, p3a)APSa(Paas 3, pa) == (87)
- dPSQ(P;pl,p234)dPSQ(p234;p2,p34)dPSQ(p34;pg,p4)d7;7j—§34d2£7§4, (88)

with
My 4+ Mgy < Magy < Vs —my, m3+my < mgy < /s — (my +my). (89)

1.2.3 Cross section and decay width

In high-energy colliders, antiparallel particle beams e.g. proton-proton beams or lepton-
lepton beams, are focused onto each other to make high-energy scattering processes happen.
One important parameter for a given collider is the number of particles passing each other
per unit time through unit transverse area at the collision point, which is known as the

instantaneous luminosity £. The number of scattering events N at a particular scattering

energy /s is given by
N(s) =0o(s)L, (90)

where o(s) is the corresponding cross section at /s. For a given luminosity, the cross section
can be interpreted as a measure of the likelihood for a particular scattering process to occur.

In general, a cross section is given by

Number of events Scattering likelihood (91)
o= = :
Incoming particle flux ~ (Number density) x (Relative velocity)

The numerator of the above expression is the matrix element square summed over final state
degrees of freedom. For an arbitrary 2 — n scattering process, A+ B — X, the cross section

can be written as

do 1
dPS,  2M\V/2(s,m%, m%)

7(A+B— X) = /dPSn /dPSn\M(A+B—>X)|2, (92)

where )\ is the Kéllen kinematic function and the symbol |M|? denotes that the sum over

final state degrees of freedom and average over the initial ones are already done.
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Heavy unstable particles can be produced in high-energy collisions. The decay width of
an unstable particle A into a particular final state f is called “partial width”. Assume A is

unpolarized, then its partial width I'(A — f) is given by

P(A = f) = — /dPSn|M(A ST (93)

2mA

Again, the sum over final state degrees of freedom and average over the initial ones are

absorbed into the symbol |M]2. The sum of all allowed partial widths of A gives the “total

decay width”

D = ) T(A—= ), (94)
!

which is related to A's mean lifetime 74 via

1

=—. (95)
1_\%ot.

TA

The fraction of times that a particle decays through an individual decay mode is called
“branching fraction” (BR)
NA—= f)

BR(A — f) = A
Tot.

(96)
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2.0 Electroweak parton distribution functions

For collisions that happen well above the electroweak scale, all the SM particles should be
treated as “partons” and be described using the electroweak parton distribution functions. In
this chapter, we will start from the existing “equivalent photon approximation” and “effective
weak boson approximation” to draw the partonic picture at high-energy colliders. We will
then introduce the electroweak parton distribution functions formalism at the Leading-Log

accuracy. The results in this chapter have been published on Ref. [6, 7].

2.1 Approximations at the leading order

2.1.1 Equivalent photon approximation

One of the central talent of perturbative QCD is to factorize the scattering amplitudes
into a product of process-independent terms (the parton distribution functions) and the
process-dependent hard scattering cross section. In this section, we will show that the
collinear photon emission results into an analogue of a parton distribution function (PDF),
which is very helpful to understand the method of factorization and the parton picture of
high-energy collisions.

For a general example, we take the scattering process of a fermion f(p4) with an arbitrary

initial state X (pp) as shown in Fig. 3

f(pa) + X(ps) = f(p1) +7"(¢) + X(pB) = f(p1) +Y, (97)

which contains the “partonic hard process”

7 (q) + X(pB) =Y, q=pa—p (98)
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Figure 3: Diagrammatic representation of fX — X~* — fY scattering.

The Feynman amplitude of the above fX scattering process can be written as

M = JMf ) g“” J(rX = Y), (99)
5 (_;iqf>ﬂ(p1)7”U(PA) (Z (0. Neo(, A)) (X =Y), (100
= CE S sl J6X V)L (101
= % ;M(f = fYM(HX = Y), (102)

where ¢ is the electric charge of the initial state fermion, M(f — f7v) is the Feynman
amplitude for the f — fv splitting, and M(yX — Y) is the Feynman amplitude of the
photon initialized process defined in Eq. (98). In Eq. (100), we took the on-shell limit of the

photon and used the replacement

Zg,uu +1
— € Ne(q, N). 103
qz Z}\: A) (103)

In future discussions, we would treat the photon as on-shell and write v* as ~ since we have
assumed that the dominant contribution is from the nearly on-shell photon. Now we see
that the entire Feynman amplitude of fX scattering can be separated into two pieces: the

f — fr splitting and the yX — Y scattering. The squared matrix element of fX scattering,
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averaged over the initial states and summed over the degree of freedom of the final state, is

expressed as

2 IMP =

d.o.f.

'Q
&Hw

Iy Z F = [P TMGX = V)P (104)

With phase space integral, the cross section is given by

o(fX — fY)
1
PP TTX doo.f.
1
7N, k) J s | dPSvXﬁYZ ME, (106)
R d.of.

Bpy AV3(S, m%mX ¢?
B /(2@32@ NT2(s, m2, ) Z\M o P—2o(yx =Y),  (107)

where s and $ are defined as

s=(pa+pp)’, 5= (q+pp)" (108)

In the case that both s and § are much larger than the initial state particle mass my, the

cross section can be further simplified to

2 2

Z M= )P —f G(1X = Y). (109)

dpl

U(fX_)fY):/(zw 2E, s

In the f — f~ splitting, the two final particles are almost collinear with a very small
transverse momentum. Choosing the incident fermion momentum to be along 2z axis and the
outgoing two particle to be in the  — Z plane and setting z to be the fraction of energy of

the incoming fermion carried off by the photon, we can write the 4-momenta as

pa = (E£4,0,0,pa), (110)
2
br
= (zF 0,zF _ 111
q (Z A,Pr, U, 2 A+2<1_Z)EA)7 ( )
2
br
=((1—-2)E,4, — 0, (1 —2)Fy — ——— 112
D1 (( Z) A, —PT, 7( Z) A 2(1—Z)EA)7 ( )
and have
2 2 p?r
=0 == 113
P 4 1_27 ( )
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up to O(pt). With respect to helicity conservation, we now consider a left-handed (LH)

initial fermion case (so that the final state fermion is also LH)

iM = g (pr)(—ieqry,)ur(pa)er (q), (114)

where the photon can be either LH or RH. Recall the helicity-basis formulae

0 o / £(pa)
Y = ! 5 UL(PA) = 2]9?4 ’ (115)
G, 0 0

we can write more explicitly

iM = —ieqr/2(1 — 2)par/2pa&l (p1)a’€(pa) - €5(q), (116)

for my ~ 0, where we have used the relateion £4 = p4 in the massless limit. Recall the

rotation of wave functions in Appx. A, we write the LH spinors

E(pa) = (1) )= pT/Q(ll_Z””‘ , (117)

and the polarization vectors for the photon

*i 1 . Pr *i 1 . pr
€r, (Q) = ﬁ (1727 _ZPTA> ) ER(C]) = E (1, —1, _ZPTA) . (118)

By substituting Eqs. (117, 118) into Eq. (116), we have

iM(f, = foyr) = ieqf—WpT, (119)
iIM(f, = fo) = ieqf—‘zil(l__z)z)pp (120)

For parity invariance, it is straightforward to obtain

iM(fr = frL) = iBQf—"Q(lz_Z)pT, (121)
iM(fr = frYr) = iequ—jl(l__z)z)pr (122)

Therefore, the initial polarization averaged amplitude square is

_2e%¢Fph {1 +(1— 2)2}

;‘MIQ_z(l—z) z

(123)
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Rewrite the integral over k in Eq.(109) to isolate the collinear singularity,

Pp = dpld pr = padz - ﬂde, (124)

so that the cross section fX scattering is

dz - mdp2  §2¢°¢5p7 [1+ (1 — 2)?] €
padz - mdpy. 5 prT|:+< z)] q; . 57X = ¥),(125)

2m)32(1 — 2)Ex s 2(1 — 2) 2 q*

(X = JY) = /(

Zmax dp an R
= [ [ 2R 95X S ), (126)

min

where we have assumed that all masses are negligible comparing to the scattering energy
so that ps = E4 and § = (¢ + pp)? = 2zpa - pp = zs. The symbol Pj;(z) is the so-called
“splitting kernel” for ¢ — j splitting with the energy E; = 2E; carried by particle j. The

three splitting kernels in quantum electrodynamics (QED) are listed below:

1 1—2)2 1 2
Mj Po(z) = Tz

P ;
z 1—=2

7€(z) =

P (2)=2"+ (1 - 2)%

In the above example, we notice that the cross section diverges at zero momentum
transfer i.e. ¢* = 0. However, this singularity could be regulated by the fermion mass my,

which can be seen in the photon virtuality

P =pa—m)= Qm?c — EAE (1 — Bafrcost), [ai <1. (127)

The fermion mass my serves as a regulator, thus it is natrual to evolve the momentum

transfer scale from ¢* = m7 to a typical scale Q* and give

o(fX 5 fY) = /m dz P (2)log (%) 51X = Y). (128)

This result is also known as “equivalent photon approximation” (EPA) or Weizséicker-
Williams approximation [8, 9]. A more commonly used form is
o(fX = fY) = / dzf,1(2,Q*)6(vX = Y), (129)

where the parton distribution function (PDF) of photon

ag? 2
fv/f(ZvQ2) = 2_7Tfpvf(2) log (%) (130)
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describes the likelihood of observing a photon in an energetic fermion f that possesses an
energy fraction z of f's total energy at a momentum transfer scale Q?. The integral limits

are controlled by the relation § = zs

S =§min
Zmax — g = 17 Zmin = P (131>

Zmin 18 the minimum invariant mass for the partonic process X — Y.

2.1.2 Effective weak boson approximation

In very high-energy collisions, where the Q% > m, my, the W and Z bosons could also
be treated as massless. Following the same procedure in the derivation of EPA, the PDFs
to describe the likelihood of finding a vector boson V' in a fermion f can be derived to give

the “effective weak boson approximation” (EWA) [10, 11]

C Q?
Foagr (2. @) = g v an+ lov F a0 - oo (), (132
C 1—2
fvosp(2) = In (9%/ +9§1) . (133)
The coefficients in the above PDFs for V = W= are
e
C= 57 gv = —ga = 17 (134)
and the ones for V = Z are
92 1 3 ) 1 3
C = C052 HW’ gv = ETf - Qf S1n 0W7 ga = _§ fo (135)

where g = e/ sin 6y is the weak coupling, Oy is the electroweek mixing angle, ¢ and TJf’ are

respectively electric charge and the third component of weak isospin for the fermion f.
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2.2 Electroweak parton distribution functions

Below the EW scale @ < My, the effects of the SU(2), gauge bosons are suppressed by
g*/M2. The gauge boson radiation off a charged lepton beam ((* = e* u*) is essentially
purely electromagnetic. At the EW scale and above, all electroweak states in the unbroken

SM are dynamically activated. The massless states involved at the leading order are
KR, gL, vy and B, Wi"g. (136)

We will not include the Higgs sector in the initial state partons since the Yukawa cou-
plings to e, u are not relevant for the current consideration. However, we must include the
effects of longitudinally polarized gauge bosons characterized by power corrections of the
order M%/Q?* Denote an EW PDF as f;(z, Q*) with i labeling a particle with an energy
fraction z at a factorization scale (). The EW PDFs evolve according to the full EW Dok-
shitzer—Gribov—Lipatov—Altarelli-Parisi (DGLAP) equations [12, 13]

dfi Z Oy 7
dIn Q? - o Zj i ® i (137)

where [ specifies the gauge group, and the Pzg

are the splitting functions for j — ¢. The
complete list of the EW splitting functions for the SM chiral states are available in listed
in Appx. B and can be found in Refs. [13, 14, 15]. The initial condition for a lepton beam
is fo(x,m?) ~ §(1 —x) + O(«a) and it evolves as In(Q?/m?). At the electroweak scale, the

matching conditions are f,(z, M2) # 0, fz(xz, M%) =0, f,z(x, M%) =0, with a general

relation
2 2 _ f
fB Cy Sy cw Sw 5
_ 2 2
Jws - Sw 677 CwSw fz |-
2 2
JBws 2ewsw  —2ewsw o Gy — Sy Jyz

where sy = sinfy is the weak mixing angle. The mixed PDF f,; (or fpws) represents a
mix state and is important to account for the interference between the diagrams involving
v/Z (or B/W?3) [16, 15, 13]. Chiral couplings and their RGE running are fully taken into
account including the correlation between the polarized PDFs and the corresponding polar-

ized scattering amplitudes. With one-loop virtual corrections, our results are accurate at
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the leading-log (LL) order. In Fig. 5(a), we present EW PDFs for the states in Eq. (136) for
¢ = p with a scale ) =3 TeV and 5 TeV. For completeness, we have also included the quarks
q= Zfz 4(¢; + @) and gluons from the higher-order splittings. We give the averaged mo-
mentum fractions (zf;) = [ «f;j(x)dz carried by various parton species in Table 3. The two
scale choices lead to less than 20% difference for the EW PDFs. As expected, the fermionic
states sharply peak at x =~ 1, while the bosonic states peak at x =~ 0, reflecting the infrared
behavior. It is noted that there is an enhanced rate at small x for the fermions, deviating
from the leading order behavior ~ 1/(1 — z). This is from the soft v*/Z*/W* splitting at
higher orders. Owing to the large flux of photons at low scales, the neutral EW PDFs are
largest. Unlike all the other EW PDFs that scale logarithmically with @, the longitudinal
gauge bosons (W, Z1) do not scale with @ at the leading order [17, 15, 13] — an explicit

example for Bjorken-scaling restoration.

Q o\ HZAZ | WEL v | e | q g
My [97.9| 2.06 0 | 0 |0.028]0.035 | 0.0062
3TeV | 915 | 3.61 | 1.10|3.59 | 0.069 | 0.13 | 0.019
5TeV | 89.9 | 3.82 |1.24|4.82|0.077| 0.16 | 0.022

Table 3: Momentum fractions (%) carried by various parton species. The sea leptons include

lgen = ﬂ+2##(€,~ +4;) and v = > ;(i+7;). The quark components include all the 6 flavors.

2.3 The evolution of the SM electroweak parton distribution functions

In this section, we present the full DGLAP equations for the quarks and gluons coupled
to the EW sector in the SM. In dealing with the full SM spectrum, the physics is character-
ized by two scales, namely, Aqcp ~ 200 MeV and Agw ~ 250 GeV. To assure perturbativity,
we take pgep = 0.5 GeV, inspired by the critical scale adopted in Ref. [18]. The different
choice of pqep is ascribed to the non-perturbative uncertainty. The EW threshold is taken at
pew = Mz to excite the EW gauge bosons and the top quark. We solve DGLAP equations
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numerically and calculate the quark and gluon PDFs of a lepton at representative factor-
ization scales. We find substantial quark and gluon luminosities resulting from an initial
electron and a muon, especially in the relatively low invariant mass region.

Different from a proton beam, the parton contents inside of a lepton can be calculated
perturbatively. The evolutions of parton distribution functions (PDF's) over a factorization

scale Q) are governed by the well-known DGLAP equations [19, 20, 21, 22]

df; op T
= — P . 1
dlog Q2 ;271’; i,J ® fj, (138)
where the index I loops the different SM interactions. The symbol & stands for a convolution
1 1 df T
[f®gl(z)= [ d&d¢s(z —£Q)f(§)g(C) = 3 (&)g ¢) (139)
0 T

PZI ; are the splitting functions for j — ¢ under the SM interaction [, and x is the momentum
fraction carried by the daughter particle i. The leading order QCD and QED splitting
functions are known for decades and can be found in textbooks [23, 24]. They are extended
to include mixed term O(aa;) in Ref. [25] and next-to-leading order (NLO) QED in Ref. [26].
The pure QCD splittings are known up to next-to-next-to-leading order (NNLO) [27, 28],
which are employed to determine the QCD PDFs of proton in several global fitting groups
29, 30, 31, 32, 33, 34]. The QED and QED mixed evolutions are adopted to determine the
photon content in Refs. [35, 36, 37]. Recently, a more precise determination of the photon
PDF of a proton in terms of the electromagnetic structure functions was proposed as the
LUXqed formulation [38, 39], which are employed in the global PDF analysis [40, 41, 42].
The splitting functions are extended to the EW theory to involve the EW gauge bosons and
chiral states in Refs. [12, 15], which are adopted to determine the proton EW PDF's [13, 43].

As discussed in the above section, for a leptonic beam, the DGLAP evolution equations
in Eq. (138) run differently in three regions of the physical scales. The initial condition
starts from the lepton mass, and the QED PDFs (including the photon, charged leptons,
and quarks) run in terms of the QED gauge group. Starting at uqcp, the QCD interaction
begins to enter. The QCD and QED evolutions run simultaneously until pgw, where the

complete SM sector begins to evolve according to the unbroken SM gauge group. In such a
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way, we need two matchings, at ugep and pgw, respectively.! As the QED and QCD gauge
groups conserve the charge and parity symmetry, the PDFs below pugw can be treated with
no polarization, as long as the initial lepton beams are unpolarized. As pointed out already
in Refs. [43, 6], the polarization plays an important role in the EW PDFs above the EW
scale, even for the unpolarized initial beams. Consequently, the photon and gluon become

polarized due to the fermion chiral interactions.

2.3.1 PDF evolution in QED and QCD

For the sake of illustration, we take the electron beam as an example. The presentation
is similarly applicable to the muon beam by recognizing a different mass. In solving the
QED and QCD DGLAP equations, it is customary to define the fermion PDF's in a basis of

gauge singlets and non-singlets. The singlet PDFs can be defined as
fo="> u+fa) fu=> (fu+fa) fo= D (fa + fz), (140)
i=e,u,T i=u,c i=d,s,b

where the subscripts refer to the fermion flavors and we have excluded the top quark below

the EW scale. The DGLAP equations in Eq. (138), involving the photon and gluon, can be

written as
fr Py 0 0 2N/Pp, 0 11
1 fu 0 Pu 0 2N,Pu, 2N,Py 7
dlog Q? fol =10 0 Py 2NgPyy, 2NgPyy | @ | fo | > (141)
Iy Py Py, Py P, 0 A
fq 0 Py Pua 0 Pyq £,

where the active flavors below the EW scale are

N,=3, N,=2, N;=3. (142)

'Tn a realistic situation, one should perform a matching whenever crossing a heavy-flavor threshold, such
as at m,,me, my, my. In practice, the multiple scales make the DGLAP evolution complicated, which is
beyond the scope of this work. We defer the related aspects to a future dedicated study [44]. As long as the
observables under consideration are not heavy-flavor sensitive and the physical scale is well above their mass
thresholds, the heavy flavors just behave similarly to the light sea flavors that are all generated dynamically.
Therefore, we treat them on the equal footing classified by the matching scales uqcp and pgw, just for
simplicity.
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We remind that the splitting functions P, and P,, (¢ = u,d) contain color factor implicitly.

In this work, we only consider the leading order splittings. The P;; defined here include the

gauge couplings « and «a; in Eq. (138), which evolve with scale as well. The initial condition

for an electron beam at the leading order is

fe/E(xvmg) - fL(x7mg) - 6<1 - x)?

while all the other PDFs are zero at the initial scale Q% = m?.

The non-singlet PDFs can be defined as

0= fo,— fo, fer2=fe— fa fois=fe— fr,
filt\is = fui_fﬂmfu,lQ:fu_fc;

2= fa—fa, faz=fa—fs, firz=fa— Fo

The DGLAP equations for the non-singlet PDF's are written as

d

NS NS
=P .
dlongf @ f

(143)

(144)
(145)

(146)

(147)

where f = (,u,d. At the starting scale Q* = m?, the only non-trivial non-singlet PDF is

S =fo—fe=06(1-u2),

(148)

while all the other non-singlet PDF's are trivially zero and remain to be zero at high scales

due to the zero initial conditions.

We can now construct the PDFs for each flavor in terms of the singlet and non-singlet

PDFs. The valence flavor PDF is

_ fo+ (2N, —1) [

f. N

and the sea fermion PDF's are

_ /NS
fomfu=tu=to= fr =Lt
P |
fu—fﬂ—fc—fé—ma
fa= d:fSZfSZbebeQf—]]\j[d.

A few remarks are in order.
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e We would like to remind the reader that the relations of the sea flavor PDF's in Egs. (150-
152) are valid only when we ignore the fermion masses in accordance with the rigorous
collinear factorization. The PDFs for heavy flavors will receive threshold corrections
when their masses are taken into account, as already commented on with multiple scales.
This would lead to finite corrections of the order («/27) log (mfc /m?) to the heavy-flavor
PDFs [44]. More detailed studies for the threshold matching are beyond the scope of our
current interests.

e Below pqgcp, the QCD confinement sets in. As such, the picture of “vector-meson-
dominance”, e.g. v—p mixing, gives the leading contribution to the photonic interactions,
as already included in most of the photon-PDFs. It is expected to be bounded by
o log?(dop/m?). In our practical treatment, we only run the QED gauge group in the
DGLAP evolution. The v — ¢q splitting serves as a source of the initial conditions of
the QCD PDF's at the matching scale piqcp, similar to the quark-parton model Ansatze
adopted in Ref. [18].

e Above ugw, the unbroken SM gauge interactions come into play and the PDFs receive
EW corrections. The EW gauge boson W/Z and top-quark parton become active,? and
the complete EW PDFs become polarized due to the chiral couplings, as outlined in
a previous publication [6]. We will properly include the EW effects in the rest of our

calculations.

2.3.2 The complete SM running above ugw

The QED and QCD run up to the EW scale ugpw = M. Crossing the EW threshold
uew, the EW gauge bosons become active, which should be taken into account as partons
as well. Meanwhile, the top quark is excited as well in the b — Wt splitting. That is to say,
all the N, = 3 generations of fermions should evolve simultaneously above the EW scale.
Due to the chiral nature of the EW theory, the parton should be polarized, as the left- and

right-handed fermion couple to the gauge boson differently.

2Here, we ignore the threshold correction, log (Mf / M‘Qaw)a to the top-quark PDF's, which is valid as long
as the physical energy scale is far above the EW scale, i.e., Q% > pZ.
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The initial conditions of the EW PDFs at pgw is determined by a matching condition.
Due to the unpolarized feature of the low energy QED®QCD running, the left- and right-

handed components are equal at the matching scale pgw:

fro="Tm= %fﬁ Jr =T = %ff, (153)

where f = e, u,d for all the light generations. The neutrino and top quark PDFs are zeros
at pupw:

fo="rfe=0. (154)

Following the decomposition in Ref. [13, 43|, we work in the isospin (T) and charge-

parity (CP) basis. The PDF's for the leptonic doublets can be written as in the (T,CP) basis

"
0= U + o) % o+ Fe)ls B = 10— fo) % (o~ fe)]. (159)

Similarly, we have the quark doublet PDF' as
705 = 4 s+ ) i+ )]s 5 = 5 (s — ) % g — )] (150)

The right-handed fermion PDFs are given by

1 = Slfen  Feals 19 = 3lfun £ Fuals J35 = 2 an i) (157)

Keep in mind that each fermion carries a generation index, which is implicitly left out

for simplicity. We can combine them into singlet PDF's

NF]
N, + )
VA A M 3
]
Ny Ng
N,
BN SN I = A (150)
i )

At pgw, the massive gauge boson PDFs (including the mixing) are also zeros:

fZ:l: = f’YZ:I: = ijJf =0. (160)
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In our notation, the upper sign on the gauge boson indicates the charge, while the lower sign

specifies the polarization. The non-zero polarized PDFs for the massless gauge bosons are

1

—fq (161)

f'y+ = fv- = %fv’ fg+ = fg— = 9

due to the unpolarized QED®QCD evolution below ugw. We can rotate the neutral bosonic
PDF's into the gauge basis as

/B Cly Sy —CwSw fra
fws | = Sty Ciy Cw Sw Jze | (162)
fBw2 2ewsw  —2cwsw Gy — Siy frzs

where sy = sinfy and ¢y = cosfy,, and Oy is the Weinberg mixing angle.

We also need to decompose the bosonic PDFs into the (T,CP) basis:

b = 2 [(hwe + fs + Fun) £ (B + e+ 5 )] (163)
= 5 [ = fwe) 7 (e — )] (164)
3= G+ fwe = 20w ) £ (e + e — 26w )] (165)

The PDF's involving the hyper-charge gauge boson and gluon are given as

B =TI, [, fow = fow, £ fow_, f)" = fo, £ fo. (166)

Up to now, we can construct the DGLAP equations in the (T,CP) basis. For DGLAP
evolution for the singlet 0+ PDF's is

A S R AN

ill I B - S R N o N By

b 0 0 P 0 0 P 0 0 B
A lffl_f o 0 0 PRy 0 PRy 0 Py o v (167)
dL | poe 0 0 0 0 P¥YOPY 0 P o

vl e R R PR PR R0 o ||

W Py, Py 00 0 0 Py 0 W

ge) Nooms oo omE Ry o0 0 m) \ge



The specific expressions for the splitting functions can be found in App. B. Similarly, we

have the singlet 1+ PDF evolution as

A L T T AN
E S I N .
ALl g || R B 0 i

w) \en o o )\

where the symbol M indicates the mixing state BW. The 24+ PDF evolution is simple as

d
LW = Pidw @ fiw (169)

The non-singlet PDFs evolve independently,

+ 14 +

SEfiNs = Pri” ® fi'ns, fééﬁvs Py5" ® fos: (170)
d

ar J%iNS_Pg fENSu dL UNS_PZ(} fUNS? (171)

ir g,iNS = ® fp NS (172)

(173)

The non-trivial non-singlet PDF's are defined as

0,1+ 01f 0,1+ 0,1+ o 1+ 0,14

LNS — f by fQ NS — —Jgz > (174)
0+ 0+ 0+ 0+ 0+
ENS — Jer T Jea UNS — qu ) DNS f fd3 : (175)

The following non-singlet PDF's are trivially zero due to the zero initial conditions at ugw,

g’,;si— E23_0 fggﬁzi—fUu fD12— (176)

where the index 12, 23 specify the difference of the generations.
The PDFs in the (T,CP) basis for each generation can be reconstructed with singlet and
non-singlet PDFs as:

0,1+ 0,1+ 01+ _ (0,1%
fo SE fr 7+ (Ng=1)fp N5 fo SE o 1+ _ JL L.NS (177)
N, ’ )
g Ng
0,14 0,14
0,1+ 0,1+
01+ _ 01+ _ f@ " Hfiins 01+ _ f ( >fQ NS (178)
a1 q2 Ny ) q3 N

g
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Similarly for the right-handed components

0+ __ f‘%i‘F(Ng—l)fgyiNs

el Ny ’
0+, 0+

o+ _ po+ _ Ju tfuns

up — Juz Ny )

0+ |, 0+
fO:i: o f():i: o Ip +fD,NS
& —Jan T TN,

0+ __
ey

0+ __
uz

0+
fd3 =

0+ 0+
o+ _JE E,NS
ez )
Ng
0+ 0+
U (Ng - 1) UNS
Ng
0+ 0+
D (Ng - 1) D,NS
Ng

Y

(179)
(180)

(181)

(182)

Finally, all the chiral states for each generation can be determined in terms of PDF's in the

(T,CP) basis, through the inversion of the Eqs. (155-157,162-166).
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3.0 Standard Model physics at a high-energy muon collider

For future ultra-high-energy lepton colliders, such as a multi-TeV level muon collider, the
collision energy is far above the electroweak scale thus the collinear splitting mechanism of the
electroweak gauge bosons becomes the dominant phenomena via the initial state radiation
and the final state showering. In this chapter, we will present the partonic picture at a
possible multi-TeV level muon collider, where the electroweak PDF's formalism is employed
as the proper description for partonic collisions of the initial states. The results in this

chapter are reported in Ref. [6, 7, 45].

3.1 The physics picture of a high-energy muon collider

3.1.1 Introduction

With the discovery of the Higgs boson at the CERN Large Hadron Collider (LHC), the
particle spectrum of the Standard Model (SM) is complete. The next target at the energy
frontier will be to study the Higgs properties and to search for the next scale beyond the
SM [46]. The physics potential for TeV-scale eTe™ linear colliders, such as the International
Linear Collider [47] and the CERN Compact Linear Collider (CLIC) [48], has been studied
to great details. More recently, due to the breakthrough in the cooling technology for a
muon beam [49], there has been renewed interest in constructing a u*pu~ collider reaching
a center-of-momentum energy (c.m. energy) /s ~ O(10 TeV). Advancement of the wake-
field electron acceleration technology [50] has also been encouraging to have stimulated our
ambition for reaching multi-TeV threshold in leptonic collisions.

Lepton colliders provide a clean experimental environment for precision measurements
of physical observables and for discovery of new particles. Near a mass threshold, the ete™
annihilation may produce a new particle singly in the s-channel, or a particle/anti-particle

in pair. As the beam energy increases, the initial state radiation (ISR) becomes substantial.
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It not only degrades the colliding energies of the leptons, but also generates new reactions
of the radiation fields. The most familiar phenomenon is the collinear photon radiation off

the high energy charged particles given by the Weizsdicker-Williams spectrum [8, 9],

Pi(a) ~ P, () In % (183)
where the splitting functions are P,/ (z) = (14 (1 — z)?)/x for £ — ~ and Pp(z) =
(1+ 2?)/(1 — x) for £ — ¢, with an energy zF off the charged lepton beam of energy F.
This is the leading order effective photon approximation (EPA), which allows us to write the

cross sections for photon initiated processes as

. i - d7
(e~ (p)a = e~ (p)X) = %zwﬁwﬁw dPSXE/dx Py u(2) o(ya), (184)
ppaleA = = X) = / dz P, (z) 6(7A). (185)
10° : :
prpm = X
10° D>
2
&}
1071
1073

Figure 4: Production cross sections in utpu~ collisions versus the c.m. energy. The dashed
falling curves are for the direct 1~ annihilation, and the solid falling curves (slightly above
the dashed) include the ISR effects. The solid rising curves are for yy-EPA by Eq. (190) and
the dashed rising curves are from the leading-order v-PDF at Q = /3 /2.

37



In Fig. 4, we show some representative production cross sections versus the pu*u~ c.m. en-

ergy +/s for
ptpu- —=WTW~—, ZZ, tt, ZH and ttH. (186)

The dashed (falling) curves are for the direct "y~ annihilation, and the solid curves (slightly
above the dashed) include the ISR effects [51]. We see the typical fall of the annihilation
cross sections as 1/s. The ISR reduces the c.m. energy at the collision and thus increases the
cross section. At /s = 10 TeV (30 TeV), the cross section for utp~ — tt production can
be enhanced by 40% (60%) due to the ISR effects. Owing to the collinear enhancement, the
two-photon (v7) fusion processes grow double-logarithmically. We calculate the total cross

sections with the EPA spectrum in Eq. (190) for
vy = WTW™, tt and ttH. (187)

Those processes take over the annihilation channels at higher energies /s ~ 2.5,4.5,11 TeV
for WHW~, tt and ttH production, respectively, as shown in Fig. 4 by the rising solid curves
labeled by EPA. At /s ~ 30 TeV, the production rate for vy — ¢t is higher by two orders
of magnitude than that for pu*p~ — ¢t annihilation.

However, this description becomes inadequate at some high scales. First, at high en-
ergies £ > my, the collinear logarithm («/27)In (E?/m?) may be sizeable and needs to
be resummed for reliable predictions. This leads to the QED analogue of the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations [22, 20, 19], the concept of QED parton
distribution functions (PDFs) for the photon and charged fermions [52, 53, 54]. To estimate
the resummation effects, we plot the cross sections with the leading-order v-PDF with a scale
Q = V/3/2, where /5 is the 47 c.m. energy. As shown in Fig. 4 by the dashed rising curves
below those of EPA, we see that the rates are lowered as expected, and could be smaller by
about a factor of two at 30 TeV.

More importantly, as pointed out in Refs. [15, 13, 43] and explored in details [6], at scales
Q? > M2, the SM gauge symmetry SU(2),®U(1)y is effectively restored. Consequently,
the four EW gauge bosons (W3, B) in the SM must be taken into account all together
coherently with B-TW3 mixing and interference. The fermion interactions are chiral and

the couplings and states evolve according to the SM unbroken gauge symmetry. One needs
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to invoke the picture of electroweak parton distribution functions (EW PDFs) [16, 14, 55]
dynamically generated by the electroweak and Yukawa interactions. The longitudinally
polarized gauge bosons capture the remnants of the EW symmetry breaking. The effects are
governed by power corrections of the order M2/Q? [10, 11], a measure of the Goldstone-Boson

Equivalence violation [15, 56], analogous to higher-twist effects in QCD.

3.1.2 The partonic picture of a high-energy muon collider

While a lepton collider has the great merit for a monochromatic energy spectrum at
the designed center-of-momentum (c.m.) energy 4/s, it simultaneously offers a broad energy
spectrum due to the enhanced collinear radiation of the electroweak (EW) gauge bosons.
This leads to the familiar phenomena of the photon-photon collisions [57, 58]. In fact,
the vector-boson fusion (VBF) mechanism dominates the physical processes in high-energy
leptonic collisions [59, 60, 6]. To properly describe those reactions, it was emphasized recently
[6] that it is appropriate to adopt the partonic picture by introducing the electroweak parton
distribution functions (EW PDFs) [12, 15, 55, 61], which run according to the evolution
equations of the unbroken gauge theory of SU(2),®U(1)y at high energies above the EW
scale. It is important to formulate the EW PDFs to predict the SM expectations at the
ultra-high energies, before estimating the sensitivity for new physics searches.

We write the production cross section of an exclusive final state F' and the unspecified
remnants X in terms of the parton luminosity d£;;/dr and the corresponding partonic sub-

process cross section &

o(tH- = F+X) = [ dr 3, %2 6(ij = F), (188)
o — e [P e @ (5.07) + (0 )]

where 7 = §/s with /s (v/3) the collider (parton) c.m. energy. The production threshold is
T0 = m%/s.

In presenting our results for production of SM particles at a high-energy lepton collider,
for definitiveness, we consider a future ptpu~ collider with multi-TeV energies. It is informa-

tive to first examine the parton luminosities as shown in Fig. 5(b) for /s = 30 TeV versus
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\/7, with a variety of partonic initial states. The upper horizontal axis labels the accessi-
ble V5. Although we properly evolve the EW PDFs according to the unbroken SM gauge
groups, we convert the states back for the sake of common intuition, shown in the figure
for ptu=, v, v/ ZZ/vZ, WrWr and W W;. We see that the fermionic luminosities
peak near the machine c.m. energy 7 &~ 1, while the gauge boson luminosities, generically
called vector boson fusion (VBF) dominate at lower partonic energy v/5. As noted earlier,

the neutral gauge boson luminosities are the largest, followed by W and Wp.

| 1.5 3.0 V3 [TeV] 5 ;
102 ‘ | . |
\ 0 /5 =30 TeV
ot > w) o
\ Q=3
: S
E 100t 3
E :
3
N N N/ A
102 . oSN .« e | : | |
1073 102 107! 100 005 = . 1

Figure 5: Distributions for (a) EW PDFs f;(z) and, (b) parton luminosities d£;;/dr versus
VT for /s = 30 TeV with a factorization scale Q@ = v/3/2 (solid) and v/5 (dashed).

We emphasize the “inclusiveness” of the production processes. For example, for an
exclusive final state of ¢t production, one needs to sum over all the observationally in-
distinguishable partonic contributions in the initial state u*u=,vy,vZ, ZZ, W*W~ — tt.
Contributions from the quark and gluon initial states are sub-leading as seen in the par-
ton luminosities in Fig. 5(b), and we do not include them in the cross section calculations
throughout this letter. Since the collinear remnants are not observationally resolved, one
cannot separate the p*p~ /v,v, annihilations from the VBF. For this reason, we call such
processes, i.e., utpu~ — tt “semi-inclusive”. This is analogous to the ¢ production at hadron
colliders from the partonic sub-processes ¢gq, gg — tt.

In Fig. 6(a), we show the semi-inclusive production cross sections at a uu~ collider

versus the collider c.m. energy /s from 1 TeV to 30 TeV. We choose the factorization scale
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Figure 6: Production cross section for semi-inclusive processes at a u*pu~ collider versus the
c.m. energy. The solid curves are for (a) the total cross sections and the dashed (dotted)
curves from VBF (u*p~ annihilation) with EW PDF, and (b) for ¢¢ production decomposed
to the underlying contributions from p*p=,~v/Z/vZ, WrW, W W, and WrWr.

Q=5 /2 in calculating the EW PDFs.! The solid curves are the total cross sections for

the semi-inclusive processes for
pwru- = WHW~-, H, ZH, tt, HH and ttH, (189)

combining the contributions from both fermionic initial states and the VBF. We indicate
the VBF contributions by the dashed curves,? and the fermionic contributions by the dotted
curves, respectively, below the solid curves. It is important to note that, although there
is no logarithmic evolution for the W; PDF, the partonic sub-process cross sections are
much enhanced for W, Wy, Z;Z; — tt,ttH and H, ZH, HH, due to the Goldstone-boson
interactions. The VBF processes take over the annihilation channels at higher energies
Vs &~ 2.3,3.5,6.5 TeV for WHW~, tt and ttH, respectively. To appreciate the individ-

ual contributions from the underlying partonic subprocesses, we decompose them for the

!To validate the EW PDF approximation, we have imposed an angular cutoff for the W/Z initiated
processes in the c.m. frame cos@ < 1 —m?/3, where m is the relevant particle mass involved in the process.
We have included a tighter cut cosf < 0.99 and v/3 > 500 GeV for the WHW—, ZH final states.

2Many of the VBF processes have been calculated recently in Ref. [62] at the tree-level. We have good
agreements with theirs where ever they overlap.

41



process putp~ — tt versus the c.m. energy, as shown in Fig. 6(b) for utu~, vv/vZ/ZZ,
WoeWy, WiWp, as well as WyrWr. As expected, the QED contribution remains to be the
leading channel. Not well appreciated, the WpWp /W W} contributions become as signifi-
cant.

We now examine the kinematic distributions for the final state t¢ system, for the in-
dividual contributions u* =, v/Z, WeWr, W W, and WrWp. Shown in Fig. 7(a) are the
normalized invariant mass distributions m;;. We see that, for the ptp~ annihilation, the
distribution is sharply peaked at the collider c.m. energy, with a tail due to the radiative
return. For the VBF, they are peaked after the 2m; threshold. We show in Fig. 7(b) the
normalized rapidity distributions of the system 7,;. Again, events from the p*pu~ annihila-
tion are sharply central, while those from VBF are spread out, reflecting the boost due to

the momentum imbalance between the two incoming partons.
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Figure 7: Normalized differential distributions for the final state ¢t system (a) the invariant

mass my; and (b) the rapidity yyz.

We summarize our results utilizing the EW PDFs in Table 4 for a few characteristic
processes for a muon collider with a few representative energies 3, 6, 10, 14 and 30 TeV. For
the sake of illustration, we once again separate the partonic sub-processes by the fermionic

annihilation and by VBF.
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V5 (TeV) 3 6 10 14 30
o (fb) VBF  pup | VBF  up | VBF  pp | VBE  pp | VBF pp
WHw- 1300 540 | 2500 170 | 3800 73 4900 41 7800 11

it 13 23 25 6.2 36 24 43 1.3 61 0.30
ZH 12 1.8 26 048 | 41 0.18 51 0.097 | 75  0.023
HH 1.2 - 2.5 = 3.8 - 4.8 - 7.6 -

ttH 0.036 045| 0.12 0.15| 0.22 0.065 | 0.32 0.037 | 0.64 0.010

Table 4: Production cross sections at a muon collider in units of fb by VBF utilizing the

EW PDF and by direct p*p~ annihilation with ISR effects.

3.1.3 Discussions and conclusions

Some comments are in order:

e The naive EPA is inadequate at high scales. The QED evolution of In(Q?/m?) in the
v-PDF should capture the dominant effect at an appropriate physical scale Q?. Although
the Z contribution is typically small until reaching a very high scale, the mixed state
vZ(BW?3) needs to be taken into account that often interferes destructively.

e The EW PDF approach allows for calculating individual contributions from the po-
larized initial state partons, with correlations to the corresponding sub-process matrix
elements. This is an important feature when polarization is needed for exploring a
certain type of underlying dynamics. This option would be unavailable with the fixed
order (FO) diagrammatic calculations [63, 64, 62]. In addition, the FO calculations may
face a tremendous challenge for numerical stability dealing with the large collinear logs
In(Q2/m2).

e Although no logarithmic growth for the longitudinally polarized gauge boson PDFs, the
large Yukawa coupling to the top quark and the scalar self-interaction of the Goldstone

bosons make the sub-processes substantially enhanced, as seen for the VBF production

of tt,ttH, ZH and HH.
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e For the PDFs of fermions with a bare SU(2) charge, due to the incomplete cancellation of
the infrared divergence, they are not exactly factorizable. This is known as the violation
of the Bloch-Nordsieck theorem [14, 15]. This does not pose a problem to the beam
(valence) lepton because it is a numerically small higher-order correction. This could
lead to an unphysical solution to the dynamically generated neutrinos. We impose an
infrared cutoff as a regulator 7™ = 1 — M, /@, which assures the resummation to a
double-log accuracy [13].

e We have not taken into account the effects of the final-state radiations (FSR). This could
become one of the dominant features at very high energies, properly described by the
“fragmentation functions” [15, 65]. We leave this topic for future explorations.

e We did not quantify the potentially large corrections near the threshold Q2 > 4m?.
On the one hand, our formalism aims to address the physics far above the threshold
Q? > MZ%. On the other hand, the infrared behavior of the gauge boson radiation tends
to populate the events in the low-Q? region. We leave this topic for future investigations.

e Although we focused on a p*u~ collider in our presentation, the EW PDF formalism is
equally applicable for ete™ colliders. The only difference is the QED radiation effects,
further enhanced by a factor In (mi / mg) . It is also straightforward to apply our formalism
to the high energy hadron colliders, although the photon PDF of the proton at a low

scale is more subtle [38, 61].

In summary, we advocated that all particles accessible under the SM interactions should
be viewed as EW partons in high energy leptonic collisions well above the EW scale. We
presented a systematic approach to define the EW PDFs for leptons and gauge bosons accu-
rate to the order of LL under the unbroken gauge symmetry. We calculated the production
cross sections for some characteristic SM processes at a high-energy muon collider in the
EW PDF formalism. Polarized partonic cross sections can be evaluated individually that
are desirable for exploring new physics beyond the Standard Model at future high energy

colliders.
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3.2 Colored partons of high-energy leptons

In the subsequent splitting of the EW gauge bosons, quarks enter the picture of the EW
partons from +v/Z, W* — ¢q¢. The strong QCD interactions of quarks and gluons take over
and the coupled DGLAP equations of the full Standard Model must be invoked [13, 43].
This would yield QCD contributions in leptonic collisions and thus lead to new mechanisms
for the production of colored states [66]. In fact, quark contributions to QCD jet production
in eTe™ collisions were considered in the literature [18]. They are the dominant phenomena
in the kinematical region with forward-backward scattering and lower energy transfer. It is
thus important to have a clear understanding of the events and the characteristics taking
into account the EW and QCD interactions of the partons in high-energy lepton collisions.
Motivated by the recent discussions on the future high-energy ete™ or pu*u~ colliders, we

consider a collider with the c.m. energies
Vs =3 TeV — 15 TeV,

with a few benchmark points as 3 TeV, 6 TeV, 10 TeV, and 14 TeV. The 3-TeV c.m. energy
is the benchmark for the Compact Linear Collider [67] and the higher energies are those
under discussion for future muon colliders [68]. The total integrated luminosity is assumed

to be in the range of (1 — 10) ab™".

3.2.1 PDFs and partonic luminosities at a lepton collider

With the formalism in Chapter 2, we can compute the parton distribution functions of
quarks and the gluon in a high-energy lepton, along with leptons and the photon. At the
low energy below ugw, the massive gauge bosons, neutrinos, and the top quark are inactive.
We only have the PDF's for the flavors specified in Eq. (142) plus the photon and gluon. We
show the PDFs for an electron beam (e*) in Fig. 8(a) and a muon beam (p*) in Fig. 8(b)
for the factorization scales @ = 30 (50) GeV.

The initial condition for a valence lepton PDF is set as in Eq. (143). Including the

leading soft radiation near z — 1, it behaves as 1/(1 — z). In the low-z limit (z — 0),
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Figure 8: PDFs in a high-energy lepton for (a) an electron and (b) a muon below the EW
scale at @ = 30 (50) GeV; and for (c) an electron and (d) an muon above the EW scale at
Q=3 (5) TeV.
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the valence PDF deviates from the leading 1/(1 — x) behavior, and receives 1/z (and log )
enhancement from higher order splitting v — £*¢~. It coincides with sea flavor fo , ~ f7 |
shown explicitly in Fig. 8, because v — ¢*¢~ splitting gives the same amount of /™ and /™.
The photon is generated dynamically through the splitting of charged particles, ¢(q) —
0(q)y. The leading order splitting gives the traditional Equivalent Photon Approximation
(EPA) [8, 9
QQ
log —, (190)

1 1-— 2
f’y/Z,EPA($'ya Qz) = EM
5y my

o7 T

with a suitably chosen scale @) associated with the physical process.® All the sea fermions,
including leptons and quarks, are generated through v — ¢*¢~, qq, while gluon comes from
q — qg splitting. In the low-z limit, the generated PDFs behave as 1/x plus log? z correc-
tions.

Including higher orders, the valence PDF receives threshold corrections of the form 1/(1—
x) and log?(1 — x). The precise determination of the PDFs in the  — 1 limit requires all
orders of resummation. It can be only achieved for the valence non-singlet PDF under the
fixed coupling assumption when x asymptotically approaches 1. A smooth transition to the
x — 1 asymptotic form requires a consistent matching [70]. In our practical treatment, we

take the valence lepton PDF as a functional form as

2

oty = 4 @ (191)

LQ*)6(1—x), z>1—¢,

where ¢ serves as a regulator.! Within z < 1 — ¢, the fresum(7,Q?) is obtained through
the DGLAP resummation, which will converge to the all-order resummation form with a
sufficient higher order of iterations. Beyond the cutoff, the dynamically generated PDF's are
negligible, while the valence PDF is taken as the form of a local form, L(Q*)6(1 — z). The
coefficient L(Q?) is determined through the momentum conservation [13, 43],

Z(:L‘Q =1, where (z;) = /xfi(x,QZ)dx. (192)

i

3For consistency of the evolution and simplicity, we have only kept the leading-log term for the photon
splitting. The non-log term corrections [57, 69] may be sizable and become relatively more relevant for a
muon collider.

4Below the EW scale, we take ¢ = 107%. For EW PDFs above pugw, we apply a more severe truncation
e = Mz/Q to assure the correct double-log behavior in the f — fZ(f'W) splitting [13, 6].
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The index ¢ runs through all the flavors, including the leptons, photon, light quarks, and
gluon below ppw, as well as neutrinos, weak gauge bosons W= /Z and top quark above pgw.
The momentum conservation in Eq. (192) ensures a cancellation of the regulator e between
the local term L(Q?) and the integration over z < 1—e¢ in a physical observable computation.

As discussed in Sec. 2.3.1, degeneracies exist for the sea leptons, up-type and down-type
quarks as in Egs. (150-152). The leading splittings v — ¢/~ ¢ result in the approximate

ratio for one flavor in the moderate = region

1
fo i fuifa~1:Ngel : Neej=1: = : 3 (193)

ol i

where N, = 3. At small z, the light-quark (u- and d-type) PDFs merge due to the resum-
mation of large and universal QCD logarithmic terms (o logz). In the relatively large z
region (z 2 0.5), the energetic quarks tend to radiate more than leptons and f, even be-
comes slightly smaller than fz, as a result of the additional QCD splitting ¢ — qg. For a
muon beam (u*), log(Q?/m2)/log(Q*/m?2) ~ 2 at Q ~ 30 (50) GeV. The QCD partons
(quark and gluon) in the electron beam are significantly larger than those in the muon beam,
because of the accumulation of the large QCD log terms. We also note that the PDF uncer-
tainties due to the scale choices of 30 GeV and 50 GeV are moderate, about 10% for f,/. and
20% for fy/,. Besides, we have also estimated the QCD threshold uncertainty by varying
the matching scale as pgep = 0.7 GeV [18], which is less than 20% (10%) for an electron
(muon) beam [45].

It is informative to consider the PDF evolution above the EW scale. We thus also show
the full EW PDF's at high scales of 3 (5) TeV in Figs. 8(c) and (d). In these plots, we have

summed over the non-valence fermions as

Ny Ny Ny Ny
fraw = Jom+ D et 1), fo=> (futFo) fo=> (futfa)+ D> (fa+fa). (194)
i#l g i i i

Here, N, = 3 as the top quark becomes active as well. The neutral-current EW PDF's
include v, Z, and yZ-mixing. The longitudinal PDFs (W}, Z;) were known at the leading
order as the Effective W' Approximation [10, 11, 71}, which do not run with the scale @, as
an explicit realization of the Bjorken-scaling restoration. We find that the EW corrections

from W/Z to the light particle PDFs at a high scale above TeV can be as large as 50%
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(100%) for faje (fasu), due to the relatively large SU(2);, gauge coupling compared with
the electromagnetic one. The scale choices of 3 TeV and 5 TeV give uncertainty about 15%
(20%) in the electron (muon) beam. The detailed comparison and potential physical impacts
are left for a future publication [72].

It is interesting to ask how much momentum each parton species carries along the longi-
tudinal beam direction. We explicitly show the average momentum fractions (z;) carried by
a parton ¢ in Table 5. Our results are shown for both an electron beam in (a) and a muon

beam in (b). Naively, the momentum ratio for the sea leptons and quarks may be estimated

by Eq. (193) as

(wg) Mo [2ileh + i)+ 2uled +eg)| 993
(Teen) ™ € T iz (€l +€p) g

(195)

The actual numbers in Table 5 are smaller than this estimation, as pointed out that gluon
takes part of the quark momentum fractions. After adding the gluon contribution, we obtain

an improved estimation

(zq) + (xg) ~ 22/3
(Tro.) 5

Table 5 gives us the relative size of each parton species and the variation at a few repre-

(196)

sentative scales. In addition, we see that there is less radiation and thus less sea quark

contribution for a muon beam than an electron beam.

Qe®) | e | 7 | lecea q g Q™) | toa | 7 | leea q g

30 GeV | 96.6 | 3.20 | 0.069 | 0.080 | 0.023 || 30 GeV | 98.2 | 1.72 | 0.019 | 0.024 | 0.0043
50 GeV | 96.5 | 3.34 | 0.077 | 0.087 | 0.026 || 50 GeV | 98.0 | 1.87 | 0.023 | 0.029 | 0.0051
My 96.3 | 3.51 | 0.085 | 0.097 | 0.028 My 97.9 | 2.06 | 0.028 | 0.035 | 0.0062

Table 5: The averaged momentum fractions [%] carried by each parton species for (a) an

electron beam and (b) a muon beam with a few representative values of the factorization

scale Q.
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To make the connection with the physical scattering processes, we next compute the

partonic luminosities for the initial states

0, v Yy, qq, g, 9, 99 and gg, (197)

for /s = 3 TeV and 10 TeV, as shown in Fig. 9 versus /7 = 1/3/s, the ratio of the
partonic c.m. energy and the collider energy, where the sea fermion species are summed as
in Eq. (194). We see that a high-energy lepton collider can offer a broad spectrum of initial
state particles. Of our particular interests, the QCD parton luminosities involving quarks
and gluons increase significantly at low /7. The parton luminosities of vg + vq are about
50% (20%) of that of v~y for an eTe™ (u* ™) collider. The QCD parton luminosities of qq, gq
and gg are about 2% (0.5%) of that of v for an ete™ (u*u™) collider. Correspondingly,
given the stronger coupling over QED, we may expect sizable QCD cross sections at low /7.

Our standard choice for the factorization scale is
Q=V3/2. (198)

Varying the scale from this default choice (solid curves) to Q = v/§ may result in a luminosity

uncertainty of 20% (50%) for a photon-initiated (gluon initiated) process.

3.2.2 The standard processes and jet production
3.2.2.1 EW processes

In high-energy ete™ collisions, one would expect that the leading reactions are of the
QED and electroweak nature, including Bhabha scattering ete™ — ete~, Compton scatter-
ing ve — e, and the s-channel annihilation processes for pair production ete™ — u™u™, qq
and WHW ™~ once above the threshold. While the cross sections for the annihilation pro-
cesses fall with the c.m. energy as o ~ a?/s, the t-channel processes receive the collinear
enhancement. Nevertheless, with a detector angular acceptance 6,,;,, the cross sections for

the 2 — 2 t-channel processes still fall as ¢ ~ a?/(s 6>

). Going beyond the fixed-order
calculations, the potentially large collinear logarithms (log 6#?) need to be resummed, lead-

ing to the appropriate description of the parton distribution functions (PDFs), as presented
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Figure 9: Parton luminosities d£;;/dr for (a) an e*e™ collider at /s = 3 TeV, (b) a ptpu~
collider at /s = 3 TeV, (c) an ete™ collider at /s = 10 TeV, and (d) a puTu~ collider at
/5 = 10 TeV. The factorization scale is chosen as @ = v/3/2 (solid curves) and v/3 (dashed

curves).
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in the previous section. As such, there will be substantial contributions coming from par-
tonic scattering processes initiated by those in Eq. (197), far below the collider c.m. energy.
Throughout this work, the partonic cross sections are calculated at the leading order with
the general purpose event generator MADGRAPHS v2.6.7 [63]. The annihilation processes
with the initial-state radiation (ISR) are calculated with WHIZARD v2.8.5 [64].

We first present some leading order production cross sections of typical electroweak
processes in Fig. 10 versus the collider c.m. energy for both an ete™ collider (left panels)
and a putp~ collider (right panels), including the effects of ISR [73]. In Fig. 10, the dashed

(falling) curves represent the Bhabha scattering and annihilation processes
00 =00, ttr, qgand WTW . (199)

The cross sections scale as 1/s, with the characteristic kinematics of the final-state pair
invariant mass close to the collider energy m;; ~ \/s. At high energies, the ISR effects
reduce the effective partonic collision energy § and thus increase the cross sections ~ 1/3.
For illustration, we compare the result without ISR for ¢*¢~ — 777~ by the dotted curves in
the panels. Typically, the effective reduction is about a factor of 20%—80% (10%—40%) for
an electron (muon) collider. The radiative returns to the Z resonant production also enhance
the light-particle cross sections significantly. The ISR effects for light-particle production
(7777, qq) are thus larger than the massive one (W ™), because of the lower threshold,
i.e., § > mj; versus § > (2My)>.

In considering the QED fusion processes, the initial state partons present an infrared
enhancement at low m;; and the two-parton cross section scales as

2 2\ 2
o~ 7;';—2] (% log %) . (200)

To separate the hadronic activities with the low-momentum transfer from the hard processes
of our current interests, we impose the following basic acceptance cuts on the outgoing
particles in the transverse momentum (p7T), the di-jet invariant mass and the pseudo-rapidity
(n;) in the lab frame

Vs
3 TeV

P> (4 + > GeV, my > 20 GeV, |n;| < 3.13 (2.44). (201)
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Figure 10: Cross sections for the annihilation processes versus the collider c.m. energy for
an ete” collider (left panels) and a u™p~ collider (right panels) with basic acceptance cuts
in Eq. (201). The downward dashed (dotted for 7777) curves indicate the corresponding
Bhabha scattering and ¢*¢~ annihilation processes with (without) ISR.
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The energy-dependent cut on the final state p]f is to uniformly control the collinear logs
of the form (as/m)log (p]T /+/s), numerically motivated by a CLIC study [74]. The pseudo-
rapidity cut corresponds to an angle with respect to the beam in the lab frame 6; ~ 5(10, in
accordance with the detector coverage. For an equal footing comparison, the same acceptance
cuts have been applied to the Bhabha scattering and annihilation processes in Fig. 10 as
well.

In Fig. 10, the solid lines show the Compton scattering and the fusion processes
v — vl oy — 00 qq (u,d,c,s,b), and WTW ™, (202)

by exploiting the EPA in Eq. (190). The upper panels and lower panels are with a different
rapidity (angle) cut as in Eq. (201). The cross section for the Compton scattering (/)
also falls as a?/(s6?), as evidenced from the figures. The cross sections for the other fusion
processes increase with energy logarithmically and decreases with pr (or m;;) as in Eq. (200).
The angular dependence is much weaker than 1/6% and becomes roughly like n* due to the
boost factor. We see that the fermion pair production can be larger than that of the WW
channel, which is known to be one of the leading channels for high-energy leptonic collisions.
For the sake of illustration, we have only included the leading contributions from ~~ fusion
in Fig. 10. We remind the reader that for the W W~ production at these energies, the sub-
leading channel vZ — W~ contributes to about 20% (40%), and ZZ, W*W~ — W+~
about 10% (30%) concerning the v contribution at an ete™ (u™u~) collider. They are

neglected in our comparison for simplicity, which does not change the conclusion [72].

3.2.2.2 Jet production

Before predicting the jet production rate, it is important to remind the reader that at
the low-momentum transfer, the majority of the events come from the hadronic production
of the photon-induced processes, constituting the substantial backgrounds at the detector.
This was pointed out in Refs. [75, 76] for ete™ collisions in the context of beamstrahlung,
and have been since extensively studied [77, 78]. Similar to the behavior of the total cross

sections in hadronic collisions [79, 80], the photon-induced hadronic cross section moderately
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increases with energy. Due to the non-perturbative nature of the low-energy reactions, one
would have to model the scattering. We estimate the total cross sections by adopting the

two well-studied parameterizations for vy — hadrons in Pythia [81, 82],
6.(8) & (211 nb) 8°0%% 4 (215 nb) 5704525, (203)
and by a SLAC group [77],

490 nb (0.3 GeV < V5 < 1.5 GeV),

50 (5) = (204
200 nb [1 + 0.0063(In 5)>! + 1.96 57937 (V5> 1.5 GeV),
where 3 is the c.m. energy squared for the vy collisions in units of GeV?. We show the results
for the photon-induced cross sections in Fig. 11. We see that the v cross section may reach
the order of micro-barns (ub) at the TeV c.m. energies. Folding in the v luminosity in
electron/muon collisions,® this brings the cross section down to the level of one hundred or
a few tens of nano-barns at high-energy electron or muon colliders. The axis on the right
indicates the event rate in kHz, assuming an instantaneous luminosity of 10*®/cm?/s. Those
hadronic final states dominate the event shape in this low energy regime. However, those
events are typically populated at very small scattering angles and low transverse momenta
below a few GeV [74]. While they should be taken into account for the detector design and
the experimentation, they would not have much impact on the high-py physics of our current
consideration.
Particularly important channels of our current interests are the jet production via the
fusion mechanism, which would be the dominant phenomena at low v/3. The production

channels include

Yy = qd, Y9 = 93, Yq — 94, (205)

qq9 — qq (99), 99 — 9q and gg — gg (¢q), (206)

where ¢ includes d, u, s, c,b and the possible anti-quarks as well. The PDFs and the cor-
responding partonic luminosities are already shown in Figs. 8 and 9 with the full DGLAP

5Here we have neglected the effects of beamstrahlung. This is justifiable for the large muon mass and for
the circular collider designs.
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Figure 11: The photonic (a) and leptonic (b) cross sections for photon-induced hadronic
production at high-energy lepton colliders. We adopted the models by Pythia [81, 82] or
SLAC [77] parameterizations as stated in the text.

evolution at a double-log accuracy. We present the cross sections for di-jet production from
initial states of photons, quarks, and gluons versus the collider c.m. energy /s = 3 — 15
TeV at an ete™ collider (left panels) and a p*pu~ collider (right panels) in Fig. 12, subject
to the acceptance cuts in Eq. (201) shown by the upper and lower panels. The patonic
QCD jet cross sections are calculated at the leading order with MADGRAPHS v2.6.7 [63]
and cross-checked with MCFM v9.1 [83] and SHERPA v2.2.10 [84].

The standard factorization scale is chosen to be Q = /3 /2, while varying the scale to
Q = V5 gives a 6~15% (30~40%) enhancement of the cross sections for an e*e™ (u*p~)
collider, which characterizes the scale uncertainty. The rather large difference resulting from
the scale choice is owing to the large o, log(Q?) resummation. It is important to note that,
even originated from the photon splitting to quarks and then subsequently to gluons, the
gluon and quark initiated processes exceed the photon fusion in the di-jet production rates
by two (one) orders of magnitude for the electron (muon) collider. This is the result of
large QCD resummation and the g/¢ multiplicity. Depending on the acceptance cuts, the
crossover of the gg fusion to the gq scattering happens around 3 — 4 TeV for the electron

collider and 8 — 12 TeV for the muon collider. For the same reason, the yg — 77 process
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Figure 12: Cross sections for di-jet (or W*TW ™) production (j = ¢, g) versus the collider
c.m. energy for an ete™ collider (left panels) and a ptpu~ collider (right panels) with basic

acceptance cuts in Eq. (201).
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grows faster over the energy than the vy — 77 fusion and takes over for the electron collider.
Compared with the photon-initiated processes, the angular dependence of the QCD jet cross
sections is much stronger, due to the large QCD collinear logarithms o, log #? effectively
resummed by the DGLAP equations.

There are a number of improvements for the results shown here with respect to the QED
calculations by EPA as in Fig. 10. First, the higher-order cascade splittings v — £747, qq
have been included, which will carry away a part of the momentum fraction from the initial
photon and is roughly 5% for an electron beam, and 3% for a muon beam, estimated from
Table 5. Second, in our treatment of the full DGLAP evolution, the running effect of the
QED coupling «(Q) is properly taken into account, with the boundary condition at the
lepton mass set to be a(m?) = 1/137 (a(m;) = 1/136) and proper matching cross the mass
thresholds. As expected, both effects tend to reduce the rate for photon-initiated processes
with respect to the naive EPA calculations. As such, the cross section for vy — qq receives
about 16% (8%) reduction over the EPA results for electron (muon) colliders evaluated with
the fixed value o = 1/132.5. Finally, we note that the other EW VBF contributions such as
VZ,WHW =, W*Z — qf are sub-leading and contribute less than 1%, due to the suppression
of the EW threshold above My or 2Myy.

One of the most striking aspects for a high-energy lepton collider is the combination of
two characteristically different production mechanisms: the direct ete™/ut ™ annihilation
channels and the fusion processes. The former carries the full collider energy to reach a
high threshold and the latter starts from the low energy to scan over the full spectrum.
These distinctive kinematic features can be best shown by the invariant mass (m;;) of the
final state di-jet system as in the upper panels of Fig. 13 at /s = 3 TeV for ete™ and 10
TeV for putpu~, respectively. We see the clear separation of events from these two classes
of reactions, peaked around the low threshold in m;; for the partonic fusion processes, and
sharply peaked at the beam collision energy +/s for the annihilation process (a factor of 100
is multiplied here because of the smaller production rate). The long tail in low m;; for the
annihilation process is due to the ISR, followed by another peek around the Z resonance
from the radiative return ¢(*¢~ — Z — jj. In the 10 TeV p*p~ collider case, the m;;

distribution has a threshold kink around m;; ~ y/se™" =~ 870 GeV, which is from the effect
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Figure 13: Invariant mass (m;;, upper panels) and rapidity (y;;, lower panels) distributions
for the di-jet (or WHW ™) system from various sub-processes for an ete™ collider at /s = 3

TeV (left panels), and a u*p~ collider at /s = 10 TeV (right panels), respectively.
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of the angular cut. This is not notable in the ete™ collider case with the cut |n| < 3.13,
because the location m;; ~ /se™" = 130 GeV is diluted by the falling from the resonant Z
peak. We also include a leading production channel vy — W*W ™ in high-energy leptonic
collisions for comparison. We see that the jet production is overwhelmingly larger until
the kinematical region with a high invariant mass m;; 2 200 GeV. The second distinctive
kinematic feature manifests itself in the rapidity distributions of the di-jet system shown
in the lower panels of Fig. 13 for ete™ and p*p~, where the annihilation process is very
central with back-to-back di-jets peaked at y;; ~ log(x1/x2) =~ 0, spreading out by the ISR.
In comparison, the fusion process spread out, especially for the processes involving a photon
due to the large imbalance between x; and 5. The distribution for vy — WTW™ is also
relatively more central.

Finally, we present some kinematic distributions of the inclusive jets in Fig. 14, the
transverse momentum (p7., upper panels), the jet energy (F;, middle panels), and the pseudo-
rapidity (n;, lower panels), at a 3 TeV e*e™ (left panels) and a 10 TeV pp~ (right panels)
collider, respectively.® The p]f distributions in Fig. 14 resemble very similar features as those
of m;; in Fig. 13, with the Jacobian peaks around the p} ~ m;;/2 for the fusion processes,
and peaked sharply at /s/2 and My /2 for the annihilation processes. We once again see the
dominant QCD jet production over the W~ channel until the kinematical region with a
high transverse momentum p7T > 60 GeV. We note that there is a peculiar peak structure in
the pjT distribution for the annihilation processes. After the peak at \/s/2, it falls and rises
again around pjf ~ /se”" = 130 (870) GeV, the same location as the m;; kink. The dip
around 300 GeV for the 10 TeV ptu~ collider case is just the cross point between the falling
from the Jacobi peak Mz /2 and rising to the cut point y/se~7. Furthermore, we see from
the energy distributions that the W*W ™ channel takes over after its energy above 400 GeV
(200 GeV) for the ete™ collider (u*p~ collider). The inclusive pseudo-rapidity distributions
in Fig. 14 demonstrate that the QCD partonic contributions are mostly forward-backward,
while those of vy and v¢(g) are more isotropic, and the 2-body annihilation process via an

s-channel vector boson exchange presents the typical (1 + cos?#) distribution.

6We remind the reader that inclusive jets include any jets in an event. That is to say, each di-jet event
is counted twice.
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Figure 14: Inclusive jet (or W) distributions for transverse momentum (p]f, upper panels),
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various sub-processes for an ete™ collider at /s = 3 TeV (left panels), and a u*pu~ collider

at /s = 10 TeV (right panels), respectively.
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3.2.3 Summary

In high-energy leptonic collisions, such as at a multi-TeV muon collider, the collinear
splittings of electroweak gauge bosons and leptons are the dominant phenomena, and thus the
scattering processes should be formulated in terms of the EW parton distribution functions
(EW PDFs). We complete this formalism in the Standard Model to include the QCD sector
and evaluate the quark and gluon PDFs inside a lepton by solving the fully-coupled DGLAP
equations at the double-log accuracy, as presented in Chapter 2. We see that, dominantly
from the photon splitting, there are significant gluon and quark contents in high energy
lepton beams as shown in Figs. 8 and 9. In comparison, while the photon PDF in an
electron is larger than that in a muon by about a factor of two below the EW scale, the
quark/gluon PDFs are substantially larger in an electron than that in a muon due to the
large log resummation from QCD splittings. The subsequent splittings also make a notable
effect as ISR on the lepton beam profile. The initial state of quarks and gluons will lead
to QCD processes with large cross sections and will dominate the overall event shape in
high-energy leptonic collisions with low and moderate transverse momenta. They may also
induce the production of new colored particles [66].

In Sec. 3.2.2, we studied the production cross sections in our PDF framework. We com-
pared the standard QED processes in leptonic collisions at multi-TeV energies and showed
the dominance of the fusion mechanism in Fig. 10. We then gave the prediction for jet pro-
duction of quarks and gluons in Fig. 12. We found that, as expected, the QCD jet production
initiated by ¢/g yields the dominant processes, about two orders (one order) of magnitude
larger than the EW fermion pair production at an ete™ (utp™) collider, reaching a large
production rate of about 1 nb (50 pb), with a moderate acceptance cut. We summarize

tem (utp™) collisions for a variety of energies in Ta-

some representative cross sections in e
ble 6. The total cross sections include both annihilation and fusion processes. The fusions
to WHW~ and ¢t only include the dominated ~+ initialized processes [6]. The kinematic
cuts in Eq. (201) are employed to the W boson and top quarks, as well. To have a more

complete picture with respect to the hadronic production at low scattering energies, we also

calculated the total cross section for the photon-induced hadronic production adopting two
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ete” [\/s| | opbljj | ete” | 7Fr= | WHW~— tt
3TeV | 800(470) | 33(15) | 16(11) | 1.9(1.2) | 0.035(0.032)
6 TeV | 1200(730) | 19(11) | 15(10) | 2.3(1.3) | 0.023(0.019)
10 TeV | 1400(880) | 15(9.5) | 13(9.1) | 2.5(1.4) | 0.023(0.017)
14 TeV | 1400(910) | 12(8.2) | 11(8.0) | 2.7(1.5) | 0.024(0.017)
prpT Vsl | o [pb] jj | ptuT | T | WEWT t
3TeV | 34(19) | 21(6.9) | 4.1(2.7) | 0.82(0.52) | 0.027(0.025)
6 TeV | 43(25) | 8.3(3.7) | 3.9(2.6) | 0.89(0.51) | 0.012(0.011)
10 TeV | 46(28) | 5.1(2.7) | 3.5(2.4) | 0.97(0.54) | 0.010(0.0078)
14 TeV | 45(28) | 3.8(2.3) | 3.0(2.1) | 1.0(0.56) | 0.010(0.0073)

Table 6: Some representative cross sections in ete™ and p* ™ collisions including both an-
nihilation and fusion for a variety of energies. We have included the ISR for the annihilation
processes. The fusion to WHTW ™~ tt cross sections only include the dominated v+ initialized
processes with the resummed v PDF. The acceptance cuts in Eq. (201) are applied to the
final-state particles, including the W~ and t¢ as well. The numbers outside (inside) of

the parentheses correspond cross sections with the acceptance cut |n;| < 3.13 (|n;| < 2.44).
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models: Pythia and “SLAC”, as shown in Fig. 11. We see that the cross sections can reach
the level of one hundred (a few tens) of nano-barns at high-energy electron (muon) colliders.
Although the rate for the hadronic production is high, the events populate in the low pp
region typically below a few GeV.

Of particular interests are the differential distributions for di-jet system in Fig. 13, and for
jet-inclusive in Fig. 14. The general features emerge again that the ete™ (p*p™) annihilation
is mostly central with § ~ s, the fusion processes populate at v/§ ~ mi;, and QCD jet
production dominates up to p]f ~ 60 GeV. Since the events tend to populate near the
threshold, the photon splitting governs the fate, especially below the EW scale, while the
heavy EW gauge bosons do lead to substantial contribution at high scales.

As a final remark, our approach to the quark/gluon PDFs induced by the EW interactions
is equally applicable to hadronic collisions with quarks as the radiation source. Since the
simulations for photon-induced high-pr jet events from perturbative QCD calculations do not
exist in the current event-generator packages, our formalism should be adopted by the event

generators to simulate SM processes and the leading QCD backgrounds at lepton colliders.
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4.0 Yukawa couplings of the second generation fermions

The Standard Model (SM) of elementary particle physics is constructed based on a non-
Abelian gauge theory of SU(3)c¢® SU(2),®U(1)y, that has been experimentally verified with
a high accuracy to the highest energies accessible to date [85]. On the other hand, there is
mounting evidence from observations for the need of new physics beyond the SM, such as the
dark matter, neutrino mass generation, and the matter/antimatter asymmetry. The Higgs
boson, which is directly related to the SM mass generation mechanism, is believed to be the
portal to new physics. In this chapter, I suggest two approaches to measure the Muon-Higgs

coupling and the Charm-Higgs coupling. The results are reported in Ref. [86, 87].

4.1 Precision test of the Muon-Higgs coupling at a high-energy muon collider

4.1.1 Introduction

Unlike the past decades, at the moment we are lacking well-defined traces of where to
look for new physics. While there are many loose ends in the SM of particle physics and
cosmology, however, there is no clear indication at what energy scales new phenomena would
appear below the Planck scale. This gives us the task to use all available tools to search
for new phenomena, particularly all the discovered particles as vehicles for our searches.
Especially, the scalar boson discovered in 2012 [2, 88] which closely resembles the SM Higgs
boson is very well suited for beyond the Standard Model (BSM) searches [89]. Currently,
the couplings of the Higgs boson to the third generation SM fermions have been established
with a precision of 10% — 20% (for an overview of the current status and projections, see
e.g. [90]). The high-luminosity phase of the LHC will study the properties of this particle
and its couplings to a precision at a few percent level [91, 92]. The next collider facility will
most likely be a Higgs factory [93, 94| in the form of an electron-positron collider running at

or slightly above the ZH threshold, such as the International Linear Collider (ILC) [95, 96],
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the Future Circular Collider (FCC-ee) [97], the Circular Electron-Positron Collider (CEPC)
98], or the Compact Linear Collider (CLIC) at higher energies [99, 100] to achieve a per-
mille level accuracy for the Higgs couplings to WYW =, ZZ, v+, gg and bb, 77, c¢, as well as
the invisible decay mode.

However, there will still be parts of the Higgs sector left unexplored or measured with
low precision because it can only be probed with very rare processes for which there are
too low rates at a Higgs factory and the LHC measurements (or searches) suffer from large
systematic uncertainties due to the challenging experimental environment. To this class
belong the couplings to the first and second generations of fermions. The Higgs mechanism
in the SM provides the mass for all elementary particles, and thus specifies the form of their
interactions associated with the electroweak symmetry breaking (EWSB). With only a single
SU(2), Higgs doublet and the minimal set of interactions at the renormalizable level, the
Yukawa couplings of SM fermions are proportional to the respective particle masses, and
thus exhibit a large hierarchy. It would be desirable to achieve a better precision for the
measurement of the Yukawa couplings of the light fermions, since this would be a direct and
important test whether the Higgs mechanism as implemented in the SM provides the masses
for all SM fermions, or whether it is a mixture of two (or more) mechanisms. Because of the
small Yukawa couplings for light fermions predicted in the SM, any small deviation due to
BSM physics may result in a relatively large modification to those couplings.

The next target is the Higgs-muon coupling. The recent evidence for the H — putu~
decay at ATLAS and CMS indicates that the Yukawa coupling is present within the predicted
order of magnitude [101, 102]. However, the results are not yet at the 50 level for discovery,
and thus leaves room for O(100%) corrections. Also, the measurement is insensitive to
the sign of the coupling. According to the current experimental projections, by the end of
the high-luminosity runs of the LHC in the late 2030s the muon Yukawa coupling could
be measured with an accuracy of about several tens of percent [103] in a model-dependent
way. This situation might not be improved very much neither at the Higgs factory due to
the limited rate, nor at a high-energy hadron collider like the FCC-hh [104, 105], due to
the systematics and the model-dependence. Thanks to the technological development [68], a

renewed idea that has recently gathered much momentum is the option of a high-energy muon
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collider that could reach the multi-(tens of) TeV regime with very high luminosity [106, 107,
108]. It has been demonstrated in the recent literature that a high-energy muon collider has
great potential for new physics searches at the energy frontier from direct p*p~ annihilation
and a broad reach for new physics from the rich partonic channels [6, 60, 109, 7, 45|, as well
as precision measurements for SM physics [110] and beyond [111, 112, 113, 114, 115, 116, 117,
118, 119]. Of particular importance is the connection between the muon collider expectation
and the tantalizing hint for new physics from the muon g — 2 measurement [120, 121].

In this section, we propose one unique measurement and BSM search in the Higgs sector
which serves as a paradigm example for exploiting a high-energy muon collider, namely the
direct measurement of the muon Yukawa coupling. At a high-energy p*pu~ collider, one
probes the coupling at a much higher energy scale and it may reach some sensitivity to
new physics with scale-dependent effects. Unlike the precision measurements at low energies
where one probes the virtual quantum effects, our proposal is to directly measure the muon
coupling associated with its mass generation. Our search strategy is generally applicable
to other new physics searches involving final states of charged leptons and jets, that may

provide general guidance for future considerations.

4.1.2 EFT Description of an Anomalous Muon Yukawa Coupling

In a purely phenomenological ansatz, if small modifications of the SM Lagrangian exist,
they should be detectable most easily in interactions which are accidentally suppressed in
the SM, and at the same time are unaffected by large radiative corrections. The muon mass
and the associated production and decay processes perfectly fit this scenario!. In this spirit,
we introduce representative new interactions in form of a modification of this muon mass
parameter, without referencing a specific model context. The modification is supposed to
be tiny in absolute terms, but nevertheless becomes significant if compared with the SM
muon Yukawa coupling which has a numerical value of less than 1073. A few well-motivated
physics scenarios with a modification of the SM can be constructed as we will discuss next.

They may describe rather different underlying dynamics, but represent physically equivalent

'For illustration, we show the effect of the running of the muon Yukawa coupling in Appx. C
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calculational frameworks in the perturbative regime.

4.1.2.1 The Yukawa interaction in the HEFT parameterization

In the Higgs Effective Theory (HEFT) [122, 123, 124, 125, 126, 127] or non-linear chiral-
Lagrangian description, the scalar sector consists of a physical singlet Higgs boson together
with unphysical triplet Goldstone bosons associated with the EW symmetry breaking. The
latter isolate the contributions of longitudinally polarized vector bosons. This property can

be formalized as the Goldstone-boson Equivalence Theorem (GBET) [71, 128]:

0, ViE Uy o3}
Uy V'QL \112 °°°:°o ¢2

= M o)
\I[q V;L \Ijq ¢7‘

Here, VI denotes a longitudinal EW vector boson, ¢, the corresponding Goldstone boson,
and Wy any possible SM fermion. This denotes that fact that matrix elements for multi-
boson final states including vector bosons are dominated in the high-energy limit by their
longitudinal component

ef( )—p—u+ ” (207)
Lp _m Up Y

where vl ~ O(m/4/s) is a four-vector depending on the boson momentum. According

to [129] the GBET in an EFT framework takes the form
MWVE .. VE®) = (H izuj) MO(¢y,..., b, ®)
J

+0 (%) +0 (\/TE)NH +0(9,9) (208)

where MO is the leading order of the matrix element in ¢, ¢, and O (g, ¢’) denotes terms,
which are suppressed by g, ¢’ in comparison to this leading term. The w; are specific phases
that differ between initial and final states within the amplitude. In this framework, the
matrix elements appear not only as series expansions in the gauge couplings, but also in
V/s/A, which are usually truncated after some finite order N. The high-energy scale A of

any such bottom-up EFT corresponds to a specific scale of BSM models, e.g. a reference
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mass of a single heavy new particle. All longitudinal gauge bosons V;* can be replaced by
the corresponding Goldstone bosons ¢; at high energies within the accuracy goal of the EFT.
The results will match at the leading order in g and ¢'.

In the present context, we can rewrite a modified muon Yukawa coupling as a gauge-
invariant operator in the HEFT Lagrangian, and conclude that this new interaction should
cause extra contributions to the production of multiple vector bosons in association with
the Higgs boson which rise with energy. By construction, these contributions exactly repro-
duce the effect of spoiled gauge cancellations in unitary gauge, as computed by automated
programs.

In the non-linear representation we introduce a field U

‘ 8 gt
U=e?m/" with ¢%7, =2 | V2 o (209)
o v
and its covariant derivative
/
1
DU = 0,U +igW,U — z%BMU@, with W, = Sl (210)

where 7, denote the usual Pauli matrices and {¢T, ¢, ¢°} are the Goldstone bosons to
the corresponding gauge bosons {W* W~ Z}. The most general extension of the SM La-
grangian can be written as

1 1 < T Th g
‘CEW = — 5 tr WHZ,W“V - ZLB‘MVBMV + Z Zf lDf

fe{trLr} (211)
+ ‘CUH + Egauge-ﬁx

The Higgs and Goldstone sector is given by

2

1
Lon = UZ tr[D, U DU Fy (H) + 50,HO"H — V (H)
v

2V2

o . (212)
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where we defined the right-handed doublets as (%, = (v%, e)?, and 4, j are the lepton-flavor
indices. In the SM, the functions Fy;(H), V(H) and Y.”(H) are simple polynomials in H /v

that can be generalized to

Fy(H) =1+ fun (g)n (213)

n>1
V) = 'S fon (%)n and (214)
n>2
-y () 215
n>0

We do not assume CP violation in this sector, hence the coefficient of these different series
are real, fUm, fvn, Y/ﬁl € R. They are general parameters that can be obtained by a matching
procedure from a possible underlying physical model, and in principle can be measured in
appropriate physical processes.
We are primarily interested in the Higgs-lepton couplings. So we read off the mass matrix
for the leptons
My =5V (216)
which is non-diagonal in general. As its eigenvalues are assumed to be positive, we can
perform the usual polar decomposition M, = U LMgUIT% with some unitary matrices Uy g
and compensate this by the rotation to the physical fields ¢, — Urfly, and (g — Uglg.
Furthermore this defines Yy, = UEYQ,HU r, where, again, n + 1 is the number of Higgs
fields involved in the corresponding vertex. We will focus on the physical basis from now
on. Note, that these equations all are still matrix equations, with the (2,2)-components
YZ{f = Yy, Yff = y, and Me2 2= m,, denoting the muon. Selecting the muon term
and requiring the physical muon mass to equal its observed value, we observe an effective

correction of the observable Yukawa coupling by the factor

v
K, = ) 217
g \/imuy1 ( )

which, for y; = yo = y,, would correspond to the SM case x, = 1. A priori, the size of the

coupling coefficients is unknown as it depends on the underlying dynamics. From the “naive
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dimensional analysis” [130, 131], one would expect the modification as y,, ~ y,(g*/1672)",
with g ~ 1 for a weakly coupled theory and g ~ O(4) a strongly coupled theory.

New operators in the series expansion in H/v introduce contact terms which couple
the muon to n Higgs or Goldstone bosons. These contact terms are proportional to y,,
where m < n denotes the number of Higgs bosons and they are the leading contributions
to ut ™ — ny scattering in the high energy limit. Hence, via the GBET, a modification of
Yy, is generically accompanied by new large contributions to multi-boson production in the

high-energy limit.

4.1.2.2 The Yukawa interaction in the SMEFT parameterization

In the SMEFT framework, the SM gauge invariance is represented in linear form, and
the Higgs boson combines with the Goldstone bosons as a complex SU(2) doublet. The pure
effect of a modified muon Yukawa coupling can be reproduced by an infinite series of higher-
dimensional operators in the SMEFT Lagrangian [132, 133, 134, 135], where all coefficients
are related to the original coupling modification. The results will be again identical to the
unitary-gauge calculation.

However, if we furthermore assume a decoupling property of the new interactions, i.e.,
their parameters are not intrinsically tied to the electroweak scale, we should expect higher-
order terms in the SMEFT series to be suppressed by a new heavy physics scale v?/A?,
such that truncation after the first term is permissible. In that case, we have to discard the
former relation between all orders, and accept that the resulting amplitudes will differ from
the unitary-gauge results for an anomalous Yukawa coupling. In concrete terms, in a decou-
pling new-physics scenario we expect anomalous production of multiple vector bosons to be
accompanied by anomalous production of multiple Higgs bosons. The clean environment of
a muon collider is optimally suited to separate such final states irrespective of their decay
modes, and thus to guide model building in either direction, depending on the pattern actu-
ally observed in data. The formalism set up here is very similar to the one used in [136] for
searching deviations in the charm and strange Yukawa couplings in multi-boson production

at the LHC and FCC-hh.
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In the linear representation of the Higgs doublet,

1 \/§¢+
= , 218
VG v+ H +i¢" (218)

the most general bottom-up extension of the SM Lagrangian,

Lew = — %tr W, WH — %B,WB“” +(Dup) (D) + Pl — %(s&*w)Q
b Y iPDF — (B e+ he) + Ly 219
fe{tr.er}
that leads to a modification of the Yukawa coupling, reads
N A(n)ij
L= Low+ | Y 5 ('0)"lhpe s+ hc. (220)
n=1

Operators of higher mass dimension are as usual suppressed by a large scale A that can be
understood as an energy cutoff for the validity of the theory, as it will lead to an expansion of
the scattering matrix elements in /s/A. Again, we do not consider CP violation, hence the
Wilson coefficients are real C’éz) € R. They can be obtained by a matching procedure from
an underlying physical model, and in principle can be measured.? For further calculations,
we absorb the large scale 1/A? in the Wilson coefficients.

We can read off the (non-diagonal) mass matrix for the charged leptons

N 2n

iy 2 (v -y 21

In the same way as for the non-linear representation, we can diagonalize the mass matrix by

redefinitions of the physical fields ey, — Uper, eg — Uger. This defines Y, = UEYQUR and
C = ULCY Up.

As already discussed for the non-linear case, the operator coefficients Céz) can shift the

muon Yukawa coupling away from its SM value. Because of its intrinsically small value,

a moderate new physics contribution could lead to a drastic effect, driving it to zero or

reversing its sign. The extreme case of a vanishing muon Yukawa coupling has the significant

consequence that multi-Higgs production, u*u~ — HM would be absent at tree level, while

20ne rather measures form factors, which are linear combinations of the Wilson coefficients.
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production of up to k € {1,..., M — 1} Higgs bosons associated with M — k vector bosons
would be allowed. As a paradigm example, we show how to embed this in our SMEFT
framework: we require all lepton couplings to k& Higgs bosons, Awy, k € {1,..., M — 1}, to

vanish while the mass of the measured muon mass m,, is fixed as an input. This leads to the

conditions
" M-1 2
My=— Y=Y P —| | (222)
\/5 n=1 7 2
Awy == —Z— Yi0p1 — Z ( ) o =0 , (223)

V2

n=nig

where nj, = max(1, [£517).
For the general case, we define the following modification of the SM Yukawa coupling,

still matrix-valued in flavor space, as

v 2n
Ki=1-—M; ! Z o 2n - (224)
Again, we can project to the muon via Yf’Q = Yu, C’K(Z)Q’g = EZ), M22 = m,, as well as
sz = Ky

As usual, we will consider the linear SMEFT expansion up to the first non-trivial order,
which adds to the dimension-4 SM Yukawa coupling operator, Lyu. = —(E_LYgeR)go at

dimension-6 a single operator that modifies the static Higgs coupling to leptons:

Oy = CZ@(SOT@)(ELeR)SO . (225)

Here, both I'; as well as Cj, are matrices in lepton-flavor space. On dimensional grounds,
Cyp ~ 1/A% where A is the scale at which new physics sets in. Inserting the Higgs vev,
we obtain at dimension-4 the SM value of the lepton mass matrix, Me(4) = \%Y}g, while at

dimension-6 we get a modified mass matrix

MO~ (v, - Ze (226)
Y4 \/§ ¢ 2 etp .

73



Specializing to the muon term and requiring the physical muon mass to equal its measured

value, we observe an effective modification of the observable Yukawa coupling by the factor

v
KO =1 — Cho. (227)

W ﬂmu L

Expanding the Higgs field, the new operator induces contact terms which couple the muon

ton = 1,2, or 3 Higgs or Goldstone bosons. The contact terms are all proportional to the

(1)

1, either scalar or pseudoscalar. Squaring this interaction, we obtain

operator coefficient ¢
local contributions to pu*u~ — ny scattering, in analogy with the HEFT description. The
physical final states are Higgs or longitudinal W, Z gauge bosons. The d = 6 contributions
to their production cross sections with multiplicity n = 3 rise with energy, o o s, while
the SM contribution falls off like 1/s. There is no interference, since — for these final states
— the SM requires a vector exchange while the new contact term is scalar. We obtain a
deviation from the SM prediction which is determined by the EFT contribution alone, which
becomes leading above some threshold which depends on HELG) — 1. The decomposition of
the anomalous contribution into particle types (WW Z, WWh, etc.) is fixed by electroweak
symmetry and the particular SMEFT operator content, such that the exclusive channels are
related by simple rational factors beyond the threshold where the new-physics part starts to
dominate the production rates.

If the correction was large enough to render k, = 0, we would obtain the unitarity
bound for d = 6, i.e. three-boson emission, as discussed in the next subsection. Generally
speaking, the modification from the SM Yukawa coupling could reach an order of 100% if
020) ~ 0.1/(10v)%. We emphasize that these two sample scenarios — a pure modified Yukawa
coupling, and a modified Yukawa coupling combined with truncation of the SMEFT series —
are to be understood as mere representatives of a potential new class of SM modifications that
are difficult to observe at lower energy. As our results indicate, there is a great redundancy
in the analysis of exclusive multi-boson final states, which should translate into significant
discrimination power regarding more detailed models of the Higgs-Yukawa sector beyond the

SM. If we translate an experimental bound on Ax, to the SMEFT coefficient M~ g/A?

we obtain a bound on the scale of new physics as

9

A > 10 TeV
> 10 Te A,

(228)
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4.1.2.3 Unitarity bounds on a nonstandard Yukawa sector

In the SM, the high-energy asymptotics of the multi-boson production cross sections
universally fall off with rising energy, manifesting themselves in delicate gauge cancellations
which become huge at high energies. A modification of the muon Yukawa coupling from
the SM prediction would show up as spoiling such cancellations, and thus eventually causes
specific scattering amplitudes to rise again, without limits. While in theory, such a unitary-
gauge framework does not do justice to the built-in symmetries of the SM, it is nevertheless
the baseline framework for any tree-level evaluations such as the ones that we use in this
work.

In Ref. [137], generic models have been investigated where the leading contribution to
a fermion mass originates from a dimension-d EFT operator that couples the fermion to
the SM Higgs field. Using the GBET, they computed the energy scale A; where unitarity
is violated by multiple emission of Goldstone bosons, representing longitudinally polarized
weak vector bosons, and Higgses.

_aN 1/(d—4) 1/(2(d—4

ANy = 47Ky <%:) ., where kgq= (%) " )). (229)
For any given d > 4, the most relevant bound corresponds to a final state that consists of
n = d — 3 Goldstone or Higgs bosons in total. For my = m, and d = 6,8, 10, the numeric
values of the unitarity bound are 95 TeV, 17 TeV, and 11 TeV, respectively. For d > 8, the
values of these bounds lie within the energy range that is accessible at a future muon collider.
They imply large amounts of observable multi-boson production. The strong suppression
of the corresponding SM processes enables a study already significantly below those upper
bounds. Furthermore, we expect observable effects even if only a fraction of the muon mass
is due to the new-physics contributions that are parameterized by those operators.

In the previous subsection, we have discussed an analogous sequence of phenomeno-
logical scenarios within the SMEFT framework, where we require that local Higgs-fermion
couplings are absent up to a given Higgs multiplicity n. This requirement enforces a specific
choice of the SMEFT operator coefficients C,SZ’ up to dimension d = 2n + 4, as defined by

Eq. (222). The limit d — oo corresponds to the case of no local Higgs-fermion couplings
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of any multiplicity. We emphasize that this peculiar choice is merely an extreme case of
a generic anomalous muon Yukawa sector. The generic case is parameterized within the
SMEFT or HEFT formalisms, allowing the coefficients of the higher-dimensional couplings
to vary freely within the constraints imposed by unitarity.

In quantitative terms, the unitarity constraint for the total inelastic cross section o+, x,

where X # pu*p~, is given by the inequality

> o xls) < 1 (230)
X

In Fig. 15 we display the total cross section for this sequence of scenarios, including operators
up to dimension d = 6,8,10,... and compare it with the upper bound in Eq. (230). The
cross section has been evaluated using the GBET, summing over all final states. The SM
contribution (d = 4) can be neglected for this purpose, and the boson masses are set to zero.
The multiplicity of the Higgs and Goldstone bosons extends up to n = d—3, which evaluates
ton =3,5,7,..., respectively.

We observe that for d < 10 (i.e.,, n < 7), the sum over cross sections does not touch
the unitarity bound before 15 TeV, while for higher dimension and multiplicity, the curves
cross already at collider energies within the range considered for a muon collider. In the
d — oo case, the multiplicity of extra Goldstone-boson production becomes unbounded, and
the unitarity limit for the sequence of scenarios in Eq. (222) formally drops towards the
original electroweak scale [137]. Even if we account for finite vector-boson masses, such a
scenario should be qualified as strongly interacting, and finite-order predictions in the multi-
TeV range become invalid. Of course, we do not expect the actual operator coefficients to
strictly follow such a pattern, so the argument should rather be understood as a guideline
regarding the inherent limitations of the EFT in the current context.

For this reason, we consider lower-dimensional operators in the SMEFT or HEFT ex-
pansions individually. The presence of extra Higgs bosons in the gauge-invariant SMEFT
operators of fixed dimension delays the potential onset of new (strong) interactions to higher
energy. While in the tables and plots of the subsequent sections we will frequently refer
to the d = oo limit for illustration, in our phenomenological study we work with Higgs—

Goldstone multiplicities n < 4 and limit the dimensions of the included SMEFT operators
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Figure 15: Inclusive inelastic cross section pu*pu~ — X for multiple Goldstone and Higgs-
boson production in the GBET approximation. We show the result for the sequence of
SMEFT scenarios defined by the conditions in Eq. (222), truncated at dimension d =
6,8,10,12, 14, respectively. The maximal multiplicity of the final state is n = 3,5,7,9,11,
respectively. The shaded area indicates the region that is excluded by the universal unitarity

bound for the inclusive cross section in Eq. (230).
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to d = 6,8,10. For those final states, Fig. 15 indicates that unitarity is not yet relevant at
a muon collider as proposed, even if we adopt one of the extreme scenarios described above.
Clearly, higher multiplicities may yield even stronger effects, but their contributions depend
on further coefficients in the EFT expansion and should therefore be regarded as model-
dependent. In fact, if in Eq. (230) we restrict the sum over final states to n < 4, there is no
problem with unitarity for any of the parameter sets shown in Fig. 15. The numerical results
of our study below will rely on the lowest multiplicities and analyze small deviations from
the SM where the actual effect is at the limit of the collider sensitivity, orders of magnitude

below the unitarity bound.

4.1.3 Phenomenology of Muon-Higgs Coupling at a high-energy Muon Collider

In this section, we explore the phenomenology of multi-boson production for the sensi-
tivity to the muon Yukawa coupling at a muon collider with collision energy in the range

1 < /s < 30 TeV, with an integrated luminosity, which scales with energy quadratically as

(68, 106],
(Vs Y .
L= (10 Tov ) 10 ab™ . (231)

4.1.3.1 Multi-boson production

To numerically determine the different multi-boson production cross sections and later
on assess the sensitivity to the muon Yukawa coupling, we parameterize the EFT contribu-
tions discussed in the last section with a model-independent coupling x,, e.g., Eq. (217) or
Eq. (227), and implement it into the multi-purpose event generator WHIZARD 2.8.5 [64, 138,
139] using its plugin to external models [140]. This is building upon the EFT frameworks
used for multi-boson production and vector-boson scattering at hadron [141, 142, 143, 144]
and electron-positron colliders [145, 146], which we adapted here for the muon collider. The
QED initial-state radiation (ISR), resummed to all orders in soft photons and up to third
order in hard-collinear radiation, is equally applicable to the muon collider. Beam spectra

for multi-TeV muon colliders are much less complicated than for electron-positron colliders
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Figure 16: The cross sections of diboson production at a pu*u~ collider as a function of
the c.m. energy /s. The solid and dotted lines are for the direct annihilation with muon
Yukawa coupling as x, = 1 and x, = 0 (2) (hardly visible), respectively. The dashed rising
curves are the (charged) vector boson fusions (VBF), p*u~ — v,7,X, calculated using the

fixed-order (FO) approach with a cut on the invariant mass of v,7, pair M, 5 > 150 GeV.

nVp

All calculations are carried out with WHIZARD 2.8.5.
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Figure 17: Similar to Fig. 16, the cross sections of three-boson production at a u*pu~ collider

as a function of the c.m. energy +/s.

102

—WtW-WHtWw- VBF ..

+ _ -__—, ~3
—WrW=zZ Annihilation I

109 —W**W-HZ

—W*W-HH
. — 7777
102 —HZZZ
5 —HHZZ
—HHHZ
1074
10_6 TN AV |
102 10° 10*

Vs [GeV]

Figure 18: Similar to Fig. 16, the cross sections of four-boson production at a u*p~ collider

as a function of the c.m. energy /s, for SM k,, = 1 only.
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Figure 19: The cross sections of four-boson production at a u*u~ collider via (a) annihilation
ptp~ — 4B and (b) the (charged) vector boson fusions (VBF), p*p~ — 1,7, X as functions
of the c.m. energy /s. The solid and dotted lines are for the results with muon Yukawa

coupling as k, = 1 and k, = 0 (2), respectively.
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and can be easily described with a Gaussian beam spread of 0.1%. They are, however, not
relevant at the level of this study.

In Figs. 16, 17 and 18, we first present the Standard Model (with m,, = y,v/v/2) cross
sections for the production of two, three and four bosons, respectively, including the Higgs
and the EW gauge bosons. The cross sections — in each case decreasing in size — are for
two-boson production,

WW, 27, ZH, HH (232)

for three-boson production,
WWzZ WWH, ZZZ, ZZH, ZHH, HHH (233)
and for four-boson production,

WWWW, WWZzZ, WWHZ, WWHH, ZZZZ, HZZZ, HHZZ, HHHZ (234)

respectively. The single Higgs (H) production is also illustrated in Fig. 16, which are ob-
tained through p*u~ — H recoiled by ISR. We present two classes of production mecha-
nisms, namely, the direct p™p~ annihilation and the vector boson fusion (VBF) resulting
from the initial-state radiation off the muon beams?. Representative Feynman diagrams for
these production mechanisms are shown in Fig. 20 for the W*W ™ H final state. Near the
threshold, the annihilation cross sections dominate. With the increase of collision energy,
they are suppressed by 1/s. The VBF mechanisms, on the other hand, increase with energy
logarithmically [60, 6] and eventually take over above a few TeV. The pp~ annihilation to
multiple Higgs bosons is induced by the Yukawa and possible Higgs self interactions, while
no gauge couplings. The corresponding cross sections are highly suppressed compared with
the channels involving gauge boson(s), with examples of HH and HHH demonstrated in

Fig. 16 and 17. Therefore, there is no need to include four-Higgs production in Eq. (234)

3If no specific indication, we only include the charged vector boson (W) in VBF, i.e., WTW~ — X.
The Z boson fusion, ZZ — X, is sub-leading due to its smaller vector coupling to leptons, with the example
of ZH H production demonstrated in Table 7. The final states involving charged particles, e.g., WTW~H,
can be produced through photon or photon-Z fusion as well, which are mostly collinear to the initial beams.
This background is largely excluded when a reasonable angular cut (e.g., 10° < 8 < 170°) is imposed, also
illustrated in Table 7.
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or Fig. 19, and the corresponding phenomenological study of the pure Higgs production is
largely left for the future.

In the presence of anomalous couplings, the characteristic high-energy behavior shown
in these figures is modified, as we discussed above in Sec. 4.1.2. At asymptotically high
energy, for each final state the new-physics contribution dominates over the SM and exhibits
a simple and uniform power law as shown in Figs. 16, 17 and 19 by the dotted curves, which
behave as straight lines in double-logarithmic plots.

In Sec. 4.1.2 we provided a description within the EFT framework, in which the muon
Yukawa coupling can receive contributions from new physics beyond the SM. Given real
data, measuring those ratios at various energy values will allow us to deduce the underlying
pattern. In particular, the absence of pure multi-Higgs states is a special feature for the
extreme scenario d — oo which we used for the plots in Fig. 17 and 19, i.e., there are no
direct muon-Higgs couplings at any order. In a more generic scenario, multi-Higgs states will
appear with a sizable rate, and the observable ratios of vector-boson and Higgs final states
are related to the operator structure in the SMEFT expansion.

We now discuss the phenomenology of a modified muon Yukawa coupling in more detail.
In the effective approach discussed above, the muon Yukawa coupling gets a modification
like Eq. (217) or Eq. (227). In such a way, x,, = 1 corresponds to the SM case. The deviation
of K, from 1 quantifies the new physics contribution, which serves as the signal in this work.
In Figs. 17-19, we showed two such benchmark cross sections for x, = 0 and 2 as dotted
curves. They coincide with each other, which reflects a symmetry of the annihilation cross

sections such that
U|@=1+5 = Ul@:l—& (235)

where 0 is the deviation from the SM muon Yukawa prediction, with an exception for the
pure Higgs production.

With x, = 0 (2) at a high energy, the annihilation cross sections of the ZZH and ZHH
channels merge in Fig. 17(a), which is a result of the Goldstone equivalence between the
longitudinal Z boson and the Higgs. A similar situation happens to the four-boson case at a
higher collision energy in Fig. 19(b). When compared with the Standard Model annihilation,

we find that the £, = 0 (2) cross sections agree at low collision energies, but gradually diverge
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Figure 20: Representative diagrams for the signal annihilation process ptu~ — WTW~-H
(left and middle), and for the VBF background process (right).

as the collision energy increases. At /s = 30 TeV, the relative cross section deviation can
be three orders of magnitude for the ZH H case, while it amounts to 20% for WW Z case.
This big difference provides us a good opportunity to test the muon Yukawa coupling at a
multi-TeV ptp~ collider.

As discussed above, and pointed out in [6, 60], the annihilation process, in our particular
case here for three-boson production, is overcome at high energies by the vector-boson fu-
sion (VBF) production which becomes dominant at all high-energy (lepton) colliders. Here
we show the VBF cross sections as dashed lines in Fig. 17, as well. They are calculated
with the fixed-order approach for fusion processes u*p~ — v,,X, where X represents the

desired final-state particles. We have imposed a cut on the invisible neutrinos, M, ; > 150

oz
GeV [147, 148], to suppress the on-shell decay Z — v,7,. We see that at an energy as high as
30 TeV, the VBF cross sections are generally 2 ~ 3 magnitudes larger than the annihilation
processes for three-boson production. The relative size is even larger for the four-boson case.

These channels will serve as backgrounds for the annihilation multi-boson productions when

we measure the muon Yukawa coupling.

4.1.3.2 Kinematic distributions

As we know, the kinematic distributions for the annihilation and VBF processes behave

very differently. We take the WW H and ZH H production at a /s = 10 TeV u*u~ collider
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Figure 21: The kinematic distributions of the boson angle 6g, the diboson distance Rpg,
and the triboson invariant mass Msp (B = W, H), respectively, in the WW H production at
a /s =10 TeV ptpu~ collider.
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Figure 22: The kinematic distributions for #g, Rgp, and Msg as in Fig. 21, but for ZHH

production at a y/s = 10 TeV p*p~ collider.
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as benchmark examples? and show the distributions of boson angles 0z (B = W, Z, H),

the diboson separation distances Rpp = /(An)? + (A¢)? in the rapidity-azimuthal angle
plane, and triboson invariant masses M;p, respectively, in Fig. 21 and 22. We see two main
differences. First, the invariant mass M;sp for the annihilation process is sharply peaked
at the collision energy /s seen in Fig. 21(a) and 22(a), with a small spread due to the
initial-state radiation (ISR). In contrast, in vector-boson fusion, the M;p is mainly peaked
around the threshold. This feature enables us to efficiently separate these two processes
and reduce the VBF background with an invariant mass cut. More specifically, with the
M;p > 0.84/s cut, the VBF background is reduced by three orders of magnitudes, with the
absolute differential cross sections falling below the lower axis limits in Figs. 21 and 22. In
comparison, the signal, x, = 0 (2), almost remains the same size, with specific numbers
listed in Table 7. We also include the cut flow for the cross sections of SM annihilation
to WWH and ZHH without including the ISR effect in Table 7. We see the invariant
mass cut does not impact at all in this case, because the Mzp = /s is exact as a result of
the momentum conservation. Another important observation is that the invariant mass cut
Msp > 0.84/s together with the ISR effect gives roughly the same cross sections without
ISR, which justifies neglecting the ISR effect when necessary.

Second, the final-state particles produced in the vector boson fusion are very forward,
shown in Fig. 21(b) and 22(b). In comparison, the annihilation-produced particles are much
more central, especially for the events induced by a Yukawa interaction with x, = 0 (2).
With an angular cut, such as 10° < 6 < 170° based on the detector design [106], we are
able to reduce the VBF background by more than another factor of 10. The SM annihilation
cross section will be suppressed by a factor of 2 for WW H, while the signal events with
k, = 0 (2) are only reduced by 30%. As for the case of the ZH H processes, the impact of
the angular cut is small both for the VBF background and for the annihilation process.

Finally, in order to reasonably resolve the final states within the detector, we need to
require a basic separation among the reconstructed final-state bosons. The distributions of

separation distance Rpp in the WWH and ZH H production are shown in Fig. 21(c) and

4In triboson production, we choose WW H as a demonstration example considering its large production
rate, and ZH H as another one for its relatively large deviation from the anomalous coupling. The WW Z
channel has an even larger cross section, while it suffers from a small relative deviation.
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Cut flow k=1 | w/oISR | k,=0(2) | CVBF NVBF
o [fb] WWH
No cut 0.24 0.21 0.47 2.3 7.2
Mg > 0.8y/5 0.20 0.21 0.42 55-1073 | 3.7-10°2
10° < 0 < 170° 0.092 0.096 0.30 2.5-107% | 2.7-107*
ARpp > 04 0.074 0.077 0.28 2.1-107% | 2.4-1074
# of events 740 770 2800 2.1 2.4
S/B 2.8
o [fb] ZHH
No cut 6.9-107% | 6.1-1073 0.119 9.6-1072 | 6.7-107*
Mg >0.8y/s [59-1073|6.1-1073 0.115 1.5-107* | 7.4-107
10° < 0 < 170° | 5.7-1073 | 6.0- 1073 0.110 88-107¢ | 7.5-1077
ARpp >04 |3.8-107%]4.0-1073 0.106 8.0-107% | 5.6-1077
# of events 38 40 1060 —
S/B 27

Table 7: The cut-flow for the cross sections of WW H and ZH H production through anni-
hilation (SM with x, = 1) with and without ISR, and the BSM signal models for s, = 0 (2)
(i.e., Ak, = £1). The last two columns are the SM backgrounds from charged (CVBF) and
neutral vector boson fusion (NVBF), respectively. All cross sections are at a /s = 10 TeV
wtu~ collider. The event numbers correspond to an integrated luminosity £ = 10 ab™*. The

signal and background are defined in Eq. (236).
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22(c). Besides the peak around Rpp ~ 7 due to the back-to-back configuration, we obtain
another minor peak around Rgp ~ 0 for the SM annihilations, which reflects the collinear
splitting behaviors, such as W — WH or Z — ZH. With a reasonable separation cut
Rpp > 0.4, the SM annihilation to ZHH is reduced by roughly 30% due to the removal
of radiation patterns with collinear splitting Z — ZH. In comparison, both signal and
backgrounds for WW H production are only reduced slightly, with specific numbers presented
in Table 7. In this case, the collinear splitting coincides with the forward beam region, which

is already cut away by the angular acceptance.

4.1.3.3 Statistical sensitivity on the Muon Yukawa Coupling

With the integrated luminosity in Eq. (231), we obtain the event numbers for annihilation
and VBF for WW H and ZHH, listed in Table 7. We see a big visible deviation from the
SM backgrounds (s, = 1) if we assume the muon Yukawa coupling varying within a range

ky=10...1...2. We can obtain the signal and background events as
S = Nnu - Nnu:h B = N/m:l + NVBF7 (236>

with a large signal-to-background ratio S/B for WW H and ZHH shown in Table 7. We
can define the corresponding statistical sensitivity to the anomalous (non-SM) muon Yukawa
coupling as

S = N (237)

We would like to emphasize that S is always positive due to Ny, > Ng,=1, so we can define
it without a modulus. We would expect a big sensitivity under the assumption x, = 0 (2)
for both WW H and ZH H channels, with the specific values even beyond the applicability
of Gaussian approximation adopted in Eq. (237).

We want to know how precisely we can measure the muon Yukawa coupling at a high-
energy muon collider. For this task, we perform a scan of the annihilation cross sections
over the collision energy /s and the effective coupling r,,, with results in the band of curves
shown in Fig. 23. We do not include the WW Z channel as the corresponding sensitivity is

small resulting from the relatively small deviation shown in Fig. 17. The ISR effect is safely
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Figure 23: The cross sections of annihilation without ISR for the three-boson production
channels p*pu~ — WWH,ZZZ,ZZH,ZHH versus the utu~ c.am. energy /s and the
effective coupling x,. The lower two clusters of curves correspond the flow cut: 6;; > 10°

and the accumulated AR > 0.4.
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discarded in this scan, thanks to the balance of the invariant mass cut, illustrated by the
example of WW H and ZHH production in Table 7. In Fig. 23, we present three clusters
of curves to illustrate the impact of the cut flow. The solid lines indicate the annihilation
cross sections without any cuts. The lower clusters of dashed and dotted curves correspond
to the angular cuts 10° < #g < 170° and the accumulated ARgg > 0.4. We see that at
large collision energy, the signal cross sections corresponding to x, # 1 are not hampered by
the kinematic cuts compared to the SM annihilation ones (k, = 1). Especially at a large x,
deviation, such as x, = 0(2), the cross sections with and without selection cuts are more or
less the same. The angular cut almost has no impact on the ZH H channel, because both the
Z and H boson are predominantly central in this channel, as mentioned above and shown
in Fig. 22 (b). Instead, the separation distance cut reduces the SM annihilation rate by a
factor of 30%~40%, due to the removal of collinear splittings of Z — ZH.

At this stage, we are able to obtain the sensitivity of a high-energy muon collider on the
muon Yukawa coupling, by combining the cross sections with the corresponding integrated
luminosity. In Fig. 24, we show two type of contours, corresponding to & = 2 and 5 respec-
tively, with an integrated luminosity as given in Eq. (231). We recall that the sensitivity
respects a symmetry that S \,{u:pﬂ; =S8 |'m=1*5> due to the nature of the symmetric cross
sections in Eq. (235). The channels — in decreasing size of sensitivity — are ZHH, ZZH,
WWH, and ZZZ, respectively. At the low energy end, around 3 TeV, we are able to probe
the muon Yukawa coupling about 100% by means of the ZH H channel, if we take the crite-
rion § = 2. At a 10 (30) TeV muon collider, we are able to test the muon Yukawa coupling
to a precision of up to 10% (1%), mostly because of two factors: large signal-to-background
ratios and large integrated luminosity. In addition, we see the sensitivity of the ZZ H is very
close to the ZH H channel, as a result of the Goldstone equivalence theorem. Again, in the
SMEFT formalism, the anticipated precision of 10% — 1% would translate to the sensitivity
of the scale as A ~ 30 — 100 TeV.

So far in this paper, we have focused on the sensitivity to the muon Yukawa coupling
from triboson production measurements at a high-energy muon collider. Similar analyses
can be performed in the two- and four-boson channels. However, the sensitivities from the

two-boson channels are expected to be weaker, due to the relatively smaller sizes of the cross-
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Figure 24: The statistical sensitivity of a high-energy muon collider to the muon Yukawa

coupling x, from the measurements of three-boson production.

section deviations from anomalous couplings, shown in Fig. 16. Though in the four-boson
channels, the signal-to-background ratios can be larger than that for the triboson channels,
the production rates become significantly smaller compared to the three-boson channels.
This elevates in our opinion the triple production to the “golden channels” for this kind of
measurement. Our event selection is based on imposing an invariant mass cut Msp > 0.84/s
in our analysis to enrich the annihilation channels. An opposite selection cut could likewise
yield enriched samples of VBF processes; this is also expected to have some sensitivity
on anomalous muon-Higgs couplings, based on the deviations shown in Fig. 19(b). As a
final remark, annihilation cross sections of (pure) multi-Higgs production do not respect the
symmetry in Eq. (235), which provides an opportunity to determine the sign of the deviation
0 = Kk, — 1. Nevertheless, the production rate is so small that not even a single expected
event survives the event selection, given the luminosity in Eq. (231). The only chance lies
in the single Higgs production with collision energy right on the Higgs mass threshold. We

leave all these possibilities to future dedicated studies.
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To summarize our results, a high-energy muon collider in the range of 10 — 30 TeV,
combining multi-TeV resolution power with the well-defined and clean leptonic environment,
allows probing a tiny and elusive parameter of the SM like the muon Yukaww coupling to

the single-digit percent level.

4.1.4 Summary

Motivated by the recent proposal for a multi-TeV muon collider, we explored the sensitiv-
ity of testing the muon-Higgs coupling at such a collider. Owing to the small muon-Yukawa
coupling in the SM, any new physics contributions to the muon mass generation different
from the SM Yukawa formalism would result in relatively large deviations from the SM pre-
diction, and thus deserve special scrutiny at future collider experiments. We claim that a
muon collider would be unique in carrying out such explorations. Our results are summarized
as follows.

After presenting the scale-dependence of the muon Yukawa coupling in the SM and in
an extra-dimensional theory, we discussed parameterizations for deviations of the muon-
Yukawa coupling from its SM values within the frameworks of HEFT and SMEFT effective
descriptions, and considered the implications on such anomalous couplings from perturbative
unitarity bounds. As paradigm observables, we applied this EFT formalism to multi-boson
production at a muon collider, particularly the production of two, three and four electroweak
gauge bosons associated with a Higgs boson. Our studies show that the sensitivity reach to
such anomalous muon-Higgs couplings rises with the number of gauge bosons as the onset
of the deviation from the SM is at lower energies. This is due to the fact that processes
with higher multiplicities are involved in more insertions of the operators generating the
deviations (and of higher operators) with high-energy enhancements and sizeable coupling
coefficients.

With the approach of a model independent effective coupling &, we further performed
detailed numerical analyses in Sec. 4.1.3, and found that two-boson production processes
have less sensitivity to the muon-Yukawa coupling, while those for four-boson production

have lower production rates. Therefore, to demonstrate the feasibility of such a study, we
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identified the optimal processes of triboson production pu*u~ — WYW~H, ZHH as prime
examples and showed how to isolate this from its most severe background, the same final
state produced in vector-boson fusion. Typical observables are diboson correlations, either
their invariant masses, their angular distributions or their AR distances. In this scenario, a
muon collider with up to 30 TeV center-of-mass energy has a sensitivity to deviations of the
muon-Yukawa coupling from its SM value of the order of 1%~4%. This can be interpreted in
the SM as a measurement of the muon Yukawa coupling with this precision. In the SMEFT
formulation, if we assume an order-1 coupling, this precision would correspond to a probe
to a new physics scale of about A ~ 30 — 100 TeV.

There are many ways such an analysis can be improved, e.g., by combining different
channels, performing measurements at different energy stages of the machines, by combining
final states with different multiplicities, by using multivariate analyses instead of simple cut-
based analyses and by using polarization information on the final-state vector bosons. All
of this is beyond the scope of this paper and is left for future investigations.

This paper highlights the tantamount possibilities to study one of the most elusive pa-
rameters within particle physics, the Higgs-muon coupling, and it also shows in more general
context how effective field theories can be utilized to make the utmost use of a discovery

facility like the muon collider.

4.2 Higgs boson decay to charmonia via charm quark fragmentation

The milestone discovery of Higgs boson (H) at the CERN Large Hadron Collider (LHC)
in 2012 [2, 3] was a remarkable success of the Standard Model (SM) of elementary particle
physics and the Electroweak Symmetry Breaking mechanism (EWSB). The outstanding
results of the Higgs boson studies by the ATLAS and CMS collaborations at the LHC are
consistent with the SM prediction within the current accuracy for the gauge boson final states
of vy, ZZ and WW [149, 150, 151], the third generation of fermions for the top quark coupling
[152, 153], and the decays to 77 [154, 155] and bb [156, 157, 158, 159, 160, 161]. The Higgs

decays to the second generation fermions, however, are much more challenging to observe
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because of the much weaker Yukawa couplings. While it is promising to observe H — pu* ™
with enough integrated luminosity [91, 92] because of the clean signature [162, 163], the
H — c¢ channel would be extremely difficult to dig out of the data because of the daunting
SM di-jet background at the hadron colliders. At present, ATLAS and CMS give the upper
limit on Higgs direct decay to charm quark mode of o(pp — ZH) x BR(H — c¢) < 2.7pb
and o(VH) x BR(H — ¢¢) < 4.5pb, which are about 100 and 70 times greater than the
SM prediction, respectively [164, 165]. Many dedicated efforts have been made to tackle the
problem from different directions [166, 167, 168, 169, 170, 171, 172, 164, 173, 174, 175, 165,
176, 177, 178], with limited successes.

A potentially promising method to separate the large QCD background is to consider
the decay of the Higgs boson into charmonium associated with a photon, H — J/¢ + =,
with effective triggers of J/¢¥ — putp~ plus a photon. The branching fraction for this decay
mode has been calculated to be BR(H — J/1 + ) ~ 2.8 x 107, within the non-relativistic
quantum chromodynamics (NRQCD) framework [167, 168]. Even though the final state from
this decay mode is quite distinctive with J/i¢ — ete™, u™p~, the branching fraction is still
rather small, far below the currently accessible limits 3.5 x 107% and 7.6 x 107, given by
ATLAS [179] and CMS [180], respectively. In addition, the dominant .J/¢ production is from
the “vector meson dominance” contribution v* — J/1, rendering this process insensitive to
the Hce Yukawa coupling. Other similar processes have been proposed to study the nature
Higgs boson [181, 182, 183, 184].

To take advantage of the clear decay of .J/v, we study another channel with a charmonium

production in the Higgs decay
H —c+c+ J/ (or n). (238)

The dominant contribution to these decay processes is the fragmentation mechanism built
upon the initial decay H — c¢, where the enhancements from the fragmentations result in a
relatively high rate. Within the NRQCD formalism, some diagrams for this process have been
previously calculated in the literature [185, 186]. In this paper, we calculate the full leading-
order contributions of the charmonium production in Eq. (238) via the fragmentation mech-

anism, including both QCD and QED contributions. We consider J/¢ and 7. production
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through both the color-singlet and the color-octet Fock states. We find power /logarithmic
enhancements to the total decay width due to the fragmentations of the ¢ quark, the photon
splitting and the gluon splitting. We also properly take into account the running mass effect
for the charm quark and the electroweak (EW) correction to the Higgs decay width, which
have been often neglected in the literature. We find that the decay branching fractions can
be about 2 x 107° for H — c¢¢ + J/1, and 6 x 1075 for H — ¢€ + 7.

In the light of the upcoming LHC Run 3 and the High-Luminosity LHC (HL-LHC)
[187], we comment on the perspective on searching for the Higgs boson to .J/v transition for
testing the charm-quark Yukawa coupling, in terms of the signal statistics and the significant
background contamination. The higher rate and a clean J/i¢ — pp signal could make this
channel searchable by using the existing LHC data or in the future HL-LHC, and potentially

improve the sensitivity on testing the Higgs-Charm Yukawa coupling.

4.2.1 Calculational Formalism

NRQCD is an effective theory derived from QCD in the non-relativistic approximation
to describe the behavior of bound states made of heavy quark-antiquark pairs (QQ) [188].
It is valid when the velocity v of @ (Q) in the QQ center of mass frame is nonrelavistic
(v < 1). In the NRQCD framework, the decay width of the Higgs boson can be factorized

D=3 Tu(H = Q@) + X) x (O"N)), (29)

where N stands for the involved QQ Fock state with quantum numbers n(zS“L!;Olor}). [y is
the perturbatively calculable short-distance coefficient (SDC), which can be expressed in a

differential form

2
dfy = 1+ M

N = QmH <OQQ> 35

(240)

where my is the Higgs boson mass, (O99) is the long-distance matrix element (LDME) for a
free QQ pair Fock state. M is the perturbative matrix elements from the QCD dynamics and
all the spin, color and polarizations are summed over. d®3 is the 3-body phase space. The

last factor in Eq. (239), O[N] represents the long-distance matrix elements for an exclusive
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Figure 25: Feynman diagrams for a charmonium Fock state (c¢) production from Higgs decay

via charm-quark fragmentation.

hadronic quarkonium state h, that contains all the non-perturbative hadronization informa-
tion. The leading order color-singlet LDMEs can be related to the wave function at the
origin and scale as v3: (O7/¥ [35?1}) and (O [15([)1]]). Current phenomenological applications
for J/4 and 7, also include color-octet LDMEs up to order v7: (O7/Y[3SI)), (07/v[1g8)),
(O7/¥]3 P}S}D, (On[351)) (O [1 PPI]). We next present the calculations according their color

quantum numbers of singlet and octet.

4.2.1.1 Color-singlet states

There are two color-singlet (CS) Fock states, 3S£1] and 15([)1], that respectively contributes
to J/v¢ and n. productions. For the Higgs boson decay to a charmonium bound state (cc)
via the CS Fock states,

H(po) = c(p1) + &(p2) + (cc) (k), (241)

the Feynman diagrams are presented in Fig. 25 for the g and 7 contributions, and Fig. 26
for additional QED only contributions.
The CS LDMEs can be related to the wave function at the origin R(0) by

3N,
21

Ne

ROP. (05 =5

(O sy = [R(0)], (242)

using the vacuum saturation approximation, valid up to corrections of order v*, where N, = 3

is the number of colors. The value of the radial wave function |R(0)[> = 1.0952 GeV* can be
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Figure 26: QED Feynman diagrams for color-singlet (CS) charmonium state production via

H — c+c+(co).

calculated using the potential models [189]. In calculating the SDC as in Eq. (240), we have
the LDMEs for the free QQ color-singlets

(099 = 6N, for >S1",  (09Q) =2N,, for 'SH. (243)

The Feynman amplitudes have the form

c 62 !
M=2 L alp)ea [(Crg? +a26%) A7 + Cag2e’B)]| g v(p). (244)
/=1

V2 VN &

where y. and ¢, are the charm-quark Yukawa coupling and the electric charge, respectively.
€, is the polarization vector of the QQ Fock state®, ¢ = ps — p4 is the relative momentum
between the constitute quarks @ and @, 7 and j are the color indices of Q and Q, C4 = 3,
Cr = 4/3, g is the strong coupling, and ¢, is the charm quark electric charge. The dominant
contribution A¢ is from the “quark fragmentation mechanism”, which can be read from the

Feynman diagrams in Fig. 25,

I (me _pl _pQ _'7)4)7V

A = o T o1 + ot PR — D)
45— v (me+ P, + P, + P IS
? (p2 + p3)%((p1 + p2 + p3)? —m2)’
AS = — (me — Po =P — p4)7VH?7V :
(p2 + p3)2((p2 + p3 + pa)? — m?)
Ao = — ISy (me +§) + P+ ) (245)

(p1 + pa)?((p1 + p3 + pa)? —m2)’

5For a spin-zero state such as 15'([)1], €q — 1 and A%, By are scalar functions independent of «, as given
explicitly below.
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where II is a spin projector for a spin-s state. The pure QED amplitudes 57 can be read

off from Fig. 26,

T Mg (me = p, = = )
(ps + pa)*((p2 + ps + pa)®> —m2)’
Te[y" TSNy (me + g, + Py + )
(ps + pa)?((p1 + p3 + pa)? — m2)’
WV T[(me — g, — P, — p IV
S (pr+p2)2(pr A+ 2+ pa)? —m2)
YTy (me + p, + p, + po)1S]
(p1 + p2)%((pr + p2 +p3)? —m2)

By =

By =

B} =

(246)

Thanks to the “single photon fragmentation” (SPF) mechanism in Fig. 26(a,b), the QED
diagrams have a notable enhancement to SSP} production via their interference with the
QCD diagrams. Meanwhile, for CP conservation, the SPF diagrams are forbidden in 15([)1]

production. The spin projectors II¢ for the outgoing heavy quark pair are given by

H?:#(é— —m)vo‘<§+q+m), (247)

for spin-0 and spin-1 states respectively, where k = p3+p,. By substituting Eqs. (242)—(247)
into Eq. (239), one obtains the decay width of I'(H — c¢ + J/1(n.)) through the CS states.

The polarization sum formulae are listed in Appx. D.

4.2.1.2 Color-octet states

A key property of NRQCD is that a quarkonium can also be produced through color-
octet (CO) Fock states. The CO LDMEs have to be extracted from fitting the experimental
data with the NRQCD calculations. Different fitting strategies result in different values of
LDMES; some of the recent CO LDMEs fitting results for the J/i production are listed in
Table 8. In our computation, a combined fit of CDF and CMS .J/v production data for the
CO LDMEs [190] is employed. One reason for choosing this extraction is due to the fact
that it relies on high py hadronic data. Since the possible factorization issues at small pp

are not present for the Higgs decay, we feel that the extraction in Ref. [190] is closest to
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Reference (O [sg)) (0 ps) (O PRFY) fm?
G. Bodwin, et al [190]  (9.94£22) x 1072 (1.1+1.0) x 1072 (4.89 +4.44) x 1073
K.T. Chao, et al [191] (8.940.98) x 1072  (3.0+£12) x107®>  (5.6+2.1) x 1073
Y. Feng, et al [192] (5.66 £ 4.7) x 1072 (1.774+0.58) x 1073 (3.42 £+ 1.02) x 1073

Table 8: Some fitted numerical values of color-octet (CO) LDMEs for J/¢ production (in
units of GeV?)

our current interest, and will thus use these as our canonical value for the LDMEs. We also
note another merit that the CO LDMEs in Ref. [190] is independent of the value of the wave
function at origin.

Based on the heavy quark spin symmetry (HQSS), there exist the following relations

O = (O ps),
(0P = (0718, (0" P = 3(07 VPR, (248)

that allow us to relate all the needed LDMESs to those in Table 8.
The SDC calculation for the CO states is similar to those for the CS ones, with the free
QQ pair state LDMEs

(09Q(1sgl)y = (N2 —1), (099(sT))) = 3(N2 - 1),
(ORI PEY) = 3(N? — 1), (09FPH)) = (27 + 1)(N?> —1), J=0,1,2. (249)

In addition to the Feynman diagrams in Fig. 25, there are new QCD Feynman diagrams for
the CO final states, as shown in Fig. 27. The “single gluon fragmentation” (SGF) diagrams
in Fig. 27(a,b) contribute only to SSES] and causes it to dominant over the other CO states.
The Fig. 27(c,d) diagrams are non-zero only for the 35! and the 1 P¥ cases due to the CP

symmetry. Again, following Eq. (240), the CO Feynman amplitudes can be written as

M = %u(pl)]\/l’v(pg), (250)
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Figure 27: Feynman diagrams for color-octet (CO) charmonium state production. (a) and
(b) are the single gluon fragmentation to 3S£8] state, while (c) and (d) contribute to both
3S£8] and 1P1[8] states.

where
=2, { (T°T'T"), g2 + Tha2e?| 3 A7 + ~'9: ZB?)} : (251)
(=1 (=1 q=0
for s-wave states (note e, — 1 and B — 0 for 15([)8]),
d i
— ﬁeﬁd—qﬁ { [(T“T”T“)Zj Thqle 2] ZAE + —Jg,? ZBE } (252)
q=0
for 1P and
4
= V26,5 T [(T“TbTa)ij e +T;;q§e2] 3o (253)
(=1 q=0

for 3P}8] (J =0, 1, 2). The polarization vector and tensor are denoted by €, and £,5, and b
is for the color of the CO QQ Fock state.

A special remark is in order about the color-octet mechanism in the J/1 and 7. produc-
tion. As described in Eq. (239), the decay width I' can be factorized into the LDME (O"[N])
and the SDC T'y, following the NRQCD framework. The CO LDMEs are in higher orders of

v than the CS ones as

OTCSN oy, O | ooay (OCED) o
(075 (075 - (0es) |
O CS) oy, LOCRD) o -
ety "~ orasy T .
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Fig. 25 Fig. 26 TFig. 27
QCD QED QCDx QED QED  QCD

cs 16/9 1 4/3 9 -

co  2/9 8 —4/3 - 2

Table 9: Color factors of different Feynman diagrams for the CS and CO SDCs. The pure
QCD contribution, pure QED contribution and the QCD/QED interference are represented
as QCD, QED, and QCDxQED, respectively.

which naively suppresses the rates to produce J/v and 7. via the CO states. The SDCs
for different Fock states can be very different since they may include different contributing
diagrams and therefore different color structures. We present the color factors of different
Feynman diagrams for the CS and CO SDCs in Table 9. As shown in the table, the QCD
quark fragmentation mechanism (the Feynman diagrams with a gluon propagator in Fig. 25)
is suppressed in the CO productions by a factor of 8. Among all the CO states, 3S£8] has the
largest SDC, due to both its relatively larger color factor of Fig. 27 and the large logarithmic
SGF enhancement from Fig. 27(a,b). For the other CO states, i.e. 15([)8], 1Pl[g], and 3P}8], the
main production process is via charm-quark fragmentation as shown in Fig. 25, where the
QED diagrams make sizeable contributions via the QCD/QED interference terms because

of a large color factor.

4.2.1.3 Electroweak contributions

Besides the Feynman diagrams in Figs. 25, 26 and 27, we also consider the electroweak
(EW) production mechanism through the HZZ coupling, as shown in Fig. 28. The color
factors of these two Feynman diagrams are listed in Table 10. The Feynman diagram in
Fig. 28(a) could give a sizable correction for the CS states productions for both its relatively
larger color factor (5 times of the charm quark QCD fragmentation) and the resonance en-
hancement of the on-shell Z splitting to a pair of free cé. For Fig. 28(b), one of the two Z
propagators could be very closed to Z mass shell with p%, < m?% /2 —4m? ~ (88.34 GeV)?, so
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Figure 28: Feynman diagrams for charmonium state production through the HZZ coupling.

Fig. 28(a) Fig. 28(D)
Cs 9 1
Co - 8

Table 10: Color factors of the HZZ diagrams for the CS and CO SDCs.

its contribution is also non-negligible. Particularly, for the CO state production, where only
Fig. 28(b) exists, the EW correction can be quite large due to nearly on-shell Z enhancement
and the relatively larger color factor (36 times of the charm quark QCD fragmentation). We
note this EW contribution possesses contamination to the charm-Yukawa coupling measure-
ment. Numerical comparisons will be shown in the following section.

Before ending this section, one remark is in order. Owing to the large top-quark Yukawa
coupling, the Higgs boson decay via the top-quark loop may be substantial. The best known
example, as the Higgs boson discovery channel, is gg — H and H — v, which would also
contribute to the final state of our current interest. We show the contributing Feynman
diagrams for H — ¢*¢*/v*v* — J/v + c¢ in Fig. 29. The branching fraction for the g*g¢*
contribution is estimated to be around 2.5 x 10~° in the heavy top limit, which is significantly
smaller than that from the charm-Yukawa contributions. As already noted earlier, the decay
H — J/v + 7 is dominated by the VMD contribution via H — v*y — J/¢ +~. The photon
splitting will contribute to the final state under our consideration H — v*v* — J/v + cc.

However, it is quite small, less than 2 x 10~7. We will not discuss those contributions further.
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Figure 29: Feynman diagrams for charmonium state production with top-quark and W loop
contributions. The gluonic diagram in (a) only contributes to 35@, while the photon one in

(c) only contributes to 3S£1].

4.2.2 Phenomenological results

4.2.2.1 Standard Model results
In our numerical calculations, the SM parameters are taken as

1/a=1325, a,(2m.) =0.2353, mP" =1.500 GeV, m.(my) = 0.6942 GeV,

my = 125.0 GeV, my = 80.42 GeV, myz =91.19 GeV, v = 246.2 GeV,

where the QCD running coupling as(2m,) and the charm quark running mass m.(mg) are
obtained by running from ag(myz) = 0.1181 [193] and m.(3 GeV) = 1.012 GeV [194] at
one-loop level. The SM Yukawa coupling at the scale of the Higgs boson mass is

y M = V2me(ms) ~ 3.986 x 1073,
v
which gives a branching fraction BR(H — ¢¢) = 2.9%, consistent with Ref. [89].

The numerical SDCs can be obtained by substituting the Feynman amplitudes Eq. (244)
and Eq. (250) into Eq. (240). We decompose the SDCs into pure QCD contribution, pure
QED contribution, QCD/QED interference, the EW correction, and present the ratios of
the SDCs to the corresponding pure QCD values I / fﬁCD in Table 11. The QCD diagrams

dominate for the SDCs of both the CS states and most of the CO states, especially for 3S£8}.

6The amplitude square can be analytically simplified using FeynCalc [195, 196, 197], the numerical
parameters for the SM parameters, as(Q) running, and m.(Q) running are implemented using para [6, 198].
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fN /f%CD 1 Séll 3 S{l] 1 S[[]S} 3 S{S] 1 Pl[S] 3 P(ES] 3 P1[8] 3 Pz[s]

QCD 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0

QED 1.1 x107* 0.077 0.0073 1.1 x 107® 0.0068 0.0073 0.0073 0.0073
QCDxQED 0.021 0.14 -0.17 0.0012 -0.15 -0.17 -0.17 -0.17

EW 0.24 0.051 028 2.6x10~* 1.4 0.29 0.33 1.5

Table 11: The ratios of the SDCs to their pure QCD values fN/f’gCD. The pure QCD con-

tribution, pure QED contribution, QCD/QED interference, and EW correction are marked
as QCD, QED, QCDxQED, and EW, respectively.

The QED diagrams introduce sizable corrections mainly via the QCD/QED interference,

which affects different Fock states differently:

For 38{”, the QED contribution is enhanced by both the logarithmic enhancement and the
large color factor of the single-photon-fragmentation diagrams (Fig. 26 (a, b)). Together
with the QCD/QED interference, the total QED correction is around 22% compared to
the pure QCD contribution.

For 15([]1}, the Fig. 26 diagrams are forbidden by CP conservation, leading to the total
QED correction of only 2%.

For 35’?], the QCD contribution is absolutely dominant for the single-gluon-fragmentation
diagrams (Fig. 27 (a,b)), for which both the QED and EW corrections are orders of
magnitude smaller.

For 1388] and 3P}8], the charm-quark fragmentation (Fig. 25) is the only production
channel. The QCD and QED Feynman diagrams have exactly the same topology and
the corresponding amplitudes differ from each other only by the couplings and the color
factors. The QCD/QED interference is negative becasue of its negative color factor, and
the ratio could be estimated as IR°P*Y"P /18P = _12¢20/a, = —0.171.

The 1P1[8} case is quite similar to the above one, where the charm-quark fragmentation
is the most dominant production channel. The only difference is that there exist Fig. 27

(c, d) diagrams that result in a relatively smaller QCD/QED contribution.
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QCD [CS] QCD+QED [CS] Full [CS]  Full [CO]  Full [CS+CO]
[(H — ce+ J/¢Y) (GeV) 4.8 x 1078 5.8 x 1078 6.1 x107% 22x10% 83x107®

BR(H — cc+ J/v) 1.2 x 107° 1.4 x 107° 1.5x107° 53x107% 20x107°
D(H — ce+n.) (GeV) 4.9 x 1078 5.1 x 1078 6.3x107% 1.8x1077 24x1077
BR(H — cc+1.) 1.2 x 107° 1.2 x107° 1.5x107° 45x107°  6.0x107°

Table 12: The decomposed numerical values of I'(H — c¢¢+ J/1(n.)) and the corresponding

branching fractions.

Owing to the combination of the larger color factor and the on-shell Z enhancement, the EW
corrections from the HZZ diagrams (Fig. 28) is also sizable. The relative size of the EW
correction is process dependent. The correction for 15([)1} is larger than that of 3S£1] because
the Zff axial coupling is larger than its vector counterpart. For the CO states, the EW
corrections are also significant, ~ 30% of the QCD contributions for 13([)8] and 3P}8:]07 ., and
~ 140% of the QCD contributions for !P* and 3P,

For numerical calculations, we employ the J/v color-octet LDMEs from Ref. [190], which
is independent of the choice of the color-singlet LDMEs. Given the SDCs and the LDMEs,
it is then straightforward to obtain the decay width I'(H — c¢¢ + J/v¢(n.)) and the corre-
sponding branching fractions. We decompose the total decay width into CS QCD only, CS
QCD+QED, full CS, full CO, and full CS4+CO and present the numerical results in Table 12.
The results for the charm-quark fragmentation into CS states are rather robust. In addition,
the QED diagrams introduce a 22% (2%) correction to J/v¢ (n.) production and the EW
correction is 5% (24%) for J/¢ (n.). It is interesting to compare the two mechanisms of the
CS and CO production. The production rate of J/v (n.) through CO Fock states is around
36% (295%) of the CS one, which is due mainly to the large 35@ SDC via the single-gluon
fragmentation diagrams. We see that the CO contribution to J/v production is about 1/3
of the total; while it is about a factor of 3 larger than the CS contribution for 7. production,
because of the large value of (O [35{8]]) = (0¥ [15([)8}]) We find it instructive to examine

the contributions in some details from different CO states as shown in Table 13, where the

106



dominance of 3S£8] is shown (~ 95% (100%) the total CO rate of J/1 (n.) production). We

quote our final results as

BR(H — cc+ J/v) = (2.0 £0.5) x 1077, (255)
BR(H — cc+1n.) = (6.0 £1.0) x 107, (256)

where the quoted errors are calculated by using the conservative estimate from the 3S£8]
LDME fitting as in Ref. [190]. More work in fitting the LDMEs needs to be done to reduce
the uncertainty and improve the precision. In comparison with the well-studied decay mode
BR(H — J/¢+7) = 2.8 x107% [167, 168], we see an enhancement by an order of magnitude,
which is a result of the fragmentation mechanisms.

The J/v and 7. energy distributions dI'/dE /.y, are presented in Fig. 30. As shown
in the plots, the SPF and SGF diagrams have dramatic enhancement on 35{” and 3S£8]
production in the low meson energy range, and the charm-quark fragmentation dominates the
relative high energy region. As for the EW contribution, it is quite interesting to recognize the
enhancements by the approximate two-body kinematics evidenced by the two contributing
diagrams as shown in Fig. 28: the first diagram yields an on-shell Z process at Ej ;) =
tmp (1 —m%/m¥ +4m?/m¥;) ~ 30 GeV; and the second diagram results in a back-to-back
kinematics at Ej () = Fez = mp/2. These features will serve as an effective discriminator
against the contamination from the non-Yukawa contributions.

From the observational point of view, it is important to predict the transverse momentum
spectrum for the decay products. We show the transverse momentum distributions in the
Higgs rest frame for H — c¢+ J/v (n.) in Fig. 31: (a) and (b) for J/v and 7. distributions,
respectively; (c) and (d) for the charm quark distributions associated with J/v and 7.,
respectively, where the solid curves are for the p® and dashed curves are for the p&H™"
distribution. We see that the contribution from the color-octet tends to be softer in p;, ; T2
due to the single-gluon-splitting mechanism, as seen in (a,b); while the pi® distribution of
the charm quark from the color-singlet tends to be softer, as seen in (c,d), consistent with

the fact that the color-signlet mesons are harder.
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Figure 30: Charmonium energy distributions for (a) J/¢ and (b) n.. The blue dotted and
orange dashed curves are for color-singlet (CS) QCD only and QCD+QED contributions,
the red (green) solid curve is for the sum of full leading order (full CS) result. All curves are

normalized using the full leading order decay width in Table 12.

4.2.2.2 Probing the charm quark Yukawa

Given the clean decay channels J/1¢ — p*p~ and ete™, we will focus on our discussion
to the J/v mode. With the predicted decay branching fraction of 2 x 107 for H — cc+ J /v
and the Higgs production cross section at the LHC as o ~ 50 pb, we will expect a signal rate
of 1000 event per ab~! integrated luminosity. It is thus promising to search for this channel
at the HL-LHC [187]. We would like to reiterate that the leading contribution to this process
directly involves the charm-quark Yukawa coupling, unlike the process H — J/1 + v where
the leading contribution is from +* — J/1.

For simplicity, we adopt the x framework [166] and allow the charm quark Yukawa

coupling 7. to deviate from the SM value y5M by a factor of &,
Ye = ’fcny' (257)

Neglecting the sub-leading contributions from the EW and top-loop diagrams, the branching
fractions and thus the production rates for the processes under consideration scale with the

charm-Yukawa coupling as

BR ~ x? BR™™. (258)
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Figure 31: Transverse momentum distributions in the Higgs rest frame H — c¢ + J/¢ (n.):
(a) and (b) for J/¢ and 7. distributions, respectively; (c) and (d) for the charm quark

distributions associated with J/v¢ and 7., respectively, where the solid curves are for the

max

7 and dashed curves are for the pm*" distribution. The red, green and black curves are for
CS, CO, and the full leading order result. All curves are normalized using the full leading

order decay width in Table 12.
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e 15 p PP Total

[(H = ce+ J/1) (GeV) 2.0x 1078 9.8 x 1071° - 2.2x1071% 2.2 x 1078
BR(H — cc+ J/v) 50x 1075 24 x 1077 - 53x 1078 53x107°
I(H —cc+n.) (GeV)  1.8x 1077 3.6x 107 1.0x 10710 - 1.8 x 1077
BR(H — ¢+ 1n.) 45%x107° 89x107° 25x 1078 - 45% 1075

Table 13: The CO contributions to I'(H — ¢¢ + J/1(n.)) and the branching fractions.

Assuming a detection efficiency e for the final state c¢ + ¢T¢~ (¢ = p,e) and an integrated

luminosity L, we write the anticipated number of events as

L €
N=1L BR(ce+ (T07) ~ 12 k? X —— X ——, 259
oy € (cc+ ) K. T < 10% (259)

where the 12% branching fraction for J/¢) — p"u~,ete™ has been included.” Considering

the statistical error only 0 N ~ v/ N, one would get an accuracy for the coupling determination

L €
Ak, ~ 15 — -1/2, 260
R e ST (260)

In Fig. 32, we show the J/¢ and 7. energy distributions for a few illustrative couplings
ke =1 (SM), 3, 5, by the red, green and blue curves, respectively. We note that, the results
confirm the simple, yet important, relation in Eq. (258). The EW contribution is seen near
Ejpm. = 30 GeV, that does not follow this relation, and it becomes invisible for larger
values of k.. To have a more complete comparison, we also employ the four-loop charm
quark running mass m.(mg) = 0.629 GeV via the package RunDec [199, 200] in addition
to the one-loop m.(mpy) = 0.694 GeV, as shown by the dashed curves correspondingly. The
color-octet long-distance matrix element (LDME) uncertainties are indicated by the colored
bands around the solid curves. We see that the uncertainty is more significant at the low
energy region, due to the enhancement of the single-gluon-fragmentation diagrams to the

3S£8] contribution which has a large uncertainty.

"The 10% efficiency for € is a rough estimate with a double charm tagging of (40%)? [164], and a kinematic
acceptance of 50% based on the distributions in Fig. 31.
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Figure 32: Charmonium energy distributions for (a) J/¢ and (b) n. for k. = 1 (SM), 3, 5.
The solid curves are for the one-loop running mass m.(myg) = 0.694 GeV; the dashed curves
are for the four-loop running mass m.(myg) = 0.629 GeV. The dotted purple curve is for the
background from Hbb decay mode. The colored bands are for the uncertainties from the CO

LDMEs. All curves are normalized using the full SM leading order decay width in Table 12.

4.2.2.3 Backgrounds

In the realistic experimental search for the signal H — c¢ + J/¢ at the LHC, there are
large backgrounds to the signal.

The quarkonium production mechanism could result in hadronic jets associated with the
quarkonium state, which serve as the main background for the signal H — c¢ + J/v. The
formidable background is the associated production of J/1 and light g,g-jets. The cross
section of the prompt .J/1) production has been measured to be BR(J/¢¥ — ptp™) X o(pp —
J /1) =~ 860 pb for 20 < pr < 150 GeV, with a data sample of 2.3 fb~! by CMS [201],® where
the J/v state is reconstructed in the dimuon decay channel for dimuon rapidity |y| < 1.2.
Requiring to tag two additional charm-like jets from the inclusive .J/v sample would likely
reduce this background rate by several orders of magnitude. Detailed simulation would
be needed for charm tagging and kinematic optimization in order to draw a quantitative
conclusion for the signal observability.

The leading irreducible background comes from the QCD production of .J/v plus heavy

8We obtained the cross section by summing over the data from their differential cross section.
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flavor jets, i.e. gg,qq — cc+ J/1. As presented in Ref. [202], the cross section falls sharply
versus the transverse momentum, dropping by 4 orders of magnitude at pr ~ 20 GeV. Ex-
perimental measurements of such processes at the LHC have not yet been performed, but
the high performance of jet flavor tagging at ATLAS/CMS offers potential for the future
measurements at the HL-LHC [203]. The event yield was estimated to be 75000 with an
integrated luminosity of 3 ab™! [203], translating to a cross section of 25 fb. Although this
background rate is large comparing with the expected signal about 1 fb, their kinemati-
cal distributions are quite different from the Higgs decay. We may expect to reduce the
background by applying some suitable judicious kinematic cuts.

In addition, due to the larger Hbb coupling, the decay H — bb + J/1(n.), as shown in
Fig. 33, may yield significant contamination to the test of the charm-Yukawa coupling. Fol-
lowing our calculational formalism, it is straightforward to obtain the corresponding branch-

ing fractions as

BR(H — bb+ J/1p) = (8.6 £ 7.5) x 1077,

BR(H — bb+1n.) = (7.44+1.6) x 1074, (261)

where the main contribution is through the 3S£8] state and the errors are estimated using
the uncertainty of (O7/Y[35!]). We note the large uncertainty which is attributed to both
the large Hbb coupling and the single-gluon-fragmentation enhancement. To appreciate the
relative size, we present the charmonium energy distributions from bb+.J /¢ (1.) productions
in Fig. 32, as shown by the purple curve. The band around it indicates the uncertainty.® Its
overall rate is about a factor of 4 larger than that of ¢¢ + J/v. It is quite conceivable that
an effective charm-tagging would be implemented to separate those two contributions in the

experimental analysis.

9The H — bb + J /1) was recently calculated to NLO in « [204]; our estimation is consistent with their
LO results under the same parameter settings.
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Figure 33: Feynman diagrams for H — bb -+ .J/1(n.) production. The gluon diagrams in (a,
b) only contribute to 35@, while the photon ones only contribute to 35’{1]. (¢) is nonzero

only for the CS states.

4.2.3 Summary

It is of fundamental importance to study the Higgs boson couplings to light fermions. It
is extremely challenging to test the charm-quark Yukawa coupling at hadron colliders due
to the large QCD background to the decay H — cc. Instead, other decay modes that may
be sensitive to the coupling have been suggested. In this paper, we considered a new decay
channel, the Higgs boson decay to J/¢ and 7, states via the charm-quark fragmentation. We
calculated the branching fractions for the decays in Eq. (238). The decay rates are governed
by the charm-quark Yukawa coupling ., unlike the decay H — J/¢ +~, which is dominated
by the v*-J/1 mixing.

We performed the calculation in the framework of NRQCD, including the contributions of
both the color-singlet and color-octet mechanisms, as well as the electroweak contributions
from the HZZ coupling. For the color-singlet production, we adopted the long-distance
matrix elements (LDMEs) from the most updated value of wave function at origin R(0)
[189]. For the color-octet production mechanism, the LDMEs would have to be extracted
from fitting the experimental data. There is a significant uncertainty from the fitting [190,
191, 192], and we adopt the results from Ref. [190], which used the high p; data as input,
more relevant to the situation of our current consideration.

It is interesting to note the different relative sizes from contributions of color-singlet

versus color-octet. Numerically, we found that the contribution from the color-singlet state
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is about three times larger for J/v¢ (but three times smaller for 7.) than that from the color-
octet states. We found the electroweak contributions to the decay via the HZZ coupling
to be small for 3S£1] (the color-singlet contribution to J/1) and 3S£8] (the main color-octet
contribution to both J/ and 7.), at the order of percentage. We finally commented on the
sub-leading contributions from H — ¢*¢* via the top-quark loop, and from H — v*v* via

the top-quark and W loops. We conclude that the decay branching fractions are
BR(H — cc+ J/1) ~2.0x 107° and BR(H — c¢+1n.) ~ 6.0 x 107°. (262)

We comment on the perspective on searching for the Higgs to J/¢ transition at the
HL-LHC for testing the charm-quark Yukawa coupling. If only based on the statistics,
with the large Higgs boson production rate anticipated at the HL-LHC of 50 million per
ab™!, we would expect to reach a sensitivity of about 15% on the coupling ¥,., which is in
the same ballpark as the ~ 25% theoretical uncertainty in Eq. (255) and the ~ 16% EW
contamination from the HZZ (3%) and the H — ¢*g*/v*v* (13%) channels. There are,
however, formidable SM QCD backgrounds for this channel. Assuming 10,000 background
events after the selection cuts at the HL-LHC, one could reach a 20 sensitivity for the
coupling k. ~ 2.4. Detailed analyses including the detector and the systematic effects would
be called for to reach a quantitative conclusion.

Our formalism and results are also applicable to the Higgs decays to other fragmentation
channels with heavy quarkonia, if the heavy quark mass is properly adjusted, as explicitly

shown for H — bb + J/1 (1.) in Eq. (261).
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5.0 Conclusions

We study the electroweak (EW) physics and Higgs physics at high-energy colliders. The
key features of the studies in previous chapters are collected as following:
Electroweak parton distribution functions

For future high-energy colliders, the machine energy is far above the EW scale so that
the massive EW bosons can be radiated off from the beam particles. Along this line, all
the particles in the Standard Model (SM) should be treated as “partons” of the beam
particle and described using the parton distribution function (PDF) formalism. In Chap-
ter 2, we briefly introduce the existing “Equivalent photon approximation” (EPA) and “ef-
fective weak boson approximation” (EWA) and then present a formalism for the EW PDFs
at the Leading-Log (LL) accuracy. We demonstrate the the procedure to solve the Dok-
shitzer-Gribov-Lipatov—Altarelli-Parisi (DGLAP) evolution of the SM electroweak PDFs.
The discussions are based on Ref. [6, 7].
The partonic picture of future high-energy lepton colliders

For collisions well above the EW scale, the EW gauge boson content of the high-energy
lepton beams becomes increasingly relevant, similar to the gauge content of gluon content
of high-energy hadron beams. In this sense, a future ultra-high-energy lepton collider can
be treated as an electroweak version of LHC, where the vector boson fusion (VBF) channel
becomes important. In Chapter 3, we use the EW PDFs formalism to draw the partonic
picture of future Multi-TeV level high-energy lepton colliders. The partonic luminosities
of a possible high-energy muon collider and the cross sections of typical SM processes are
calculated in Sec. 3.1. In addition, we also analyze the QCD jet production to estimate the
largest background of future lepton colliders in Sec. 3.2. The results have been reported in
Ref. [6, 7, 45].
Yukawa couplings of the second generation fermions

The discovery of the Higgs boson at CERN LHC is a milestone that marks the end of
one era and the dawn of another. The next target in high-energy physics is to search for the

hint of new physics beyond the SM. Since it is directly related to the electroweak symmetry
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breaking mechanism, Higgs is regarded as the portal to new physics. In Chapter 4, we suggest
two approaches to test the Muon-Higgs coupling and the Charm-Higgs coupling respectively.
By the subtle interplay between the muon Yukawa coupling y,, in the high energy production
of multiple bosons, we have shown that it is possible to measure y, to an accuracy of ten
percent at a 10-TeV muon collider in Sec. 4.1. In Sec. 4.2, we use the non-relativistic QCD
framework to study the Higgs boson decay to charmonia (.J/1¢ and 1, meson) and a pair of
free charm quarks. Our results show that the H — J/v + c¢ process can be used to measure
the Charm-Higgs coupling at a 3 ab™' high-luminosity LHC and it is possible to constrain
ke < 2.4. These two studies are published in Ref. [86] and Ref. [87], respectively.
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Appendix A Rotation of Wavefunctions

In the derivation of splitting functions, one need to consider the rotations of the spinors
and polarization vectors along 2 axis in 1-3 plane.

The rotation of polarization vector is

0 cosf —sinf
et — e Vet = . (263)

sinf  cos@
zZT

More explicitly, we write the transverse polarization vector as

1
(0,1,4,0) — —2(0,0059,ii,—sin9), (264)

N
S

which can be approximatly rewriten as

1
—(0,1, &4, —0), 265
\/5( ) (265)
when 6 is small.

The rotation of a spinor u is

, cosf/2 —sinf/2
—i0o2g, — / / u. (266)
sinf/2  cosf/2

u—e

In collinear limit, i.e. # < 1, spinors transform as

0 —sinf/2 —0/2

&= — ~ , (267)
1 cosf/2 1
and
1 cosf/2 1
€, = — ~ . (268)
0 —sinf/2 6/2
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Appendix B The splitting functions

In this appendix, we list all the splitting functions. The QED®QCD splitting functions

involving the leptons and photon are given as

a [ 1+22 3
P.,=——1| N+ N, (1— P, — 4+ =0(1 — 269
<£+ g ) z), Pu= o (1_$)++2( )| ,(269)
o 14 (1—a)?
P, 1 —1)? P ey 270
o7 on [a:' + (1 -2y, " on x ’ (270)
al+(1—a)?

where ¢ = u,d. The quark charges are e, = 2/3, and e; = —1/3. The splitting of v — ¢¢
contains a color factor N. = 3 to sum over all the possible final states.

The quark and gluon splitting functions are

_ Oy (Lo @ R
P, = 27TQCA { — 1= +z(1 x)} 53 (1 —x), (272)
1+ z? 3
P, = — 4+ =0(1 — 2
w=(Cizy + Cr3y) {(1—x)+ R x)} ’ (273)
1+ (1—x)?
P, = g—;TF [2°+ (1 —=2)?], Py = CF—(x z) ; (274)

where g = £C4 — 3T#(Ny 4+ Ng). The QCD group constants are
Ca=3, Tr=1/2, Cr=4/3. (275)

The complete EW splitting functions can be constructed from Refs. [13, 43, 6]. We list

the polarized splitting functions as

Pros. = Prrgn = Prp= A=, " 301 =2), Pr gy = Pregy, =0, (276)
Pyip, = Pvigp = G $)2> Py j, = Puygn = i (277)
Pryv, = Py = %(1 — )%, Py = Py, = e (278)
Prv, = Pyy = i [ Caz — ;lTF(Ng + NcNg)} 5(1 —x)

+C;2 [(11_+;)+ +%—x(1+x)] , (279)
Pyyv. = Pyy, = %(1 ;x)s (280)
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We have the SU(2);, group constants Cye = 2 and Cpy = 3/4. The N, + N N, is to sum

the generations for the lepton and quark doublets. The gluon splitting functions are

1]11 4
Porgo = Pg—g_:Z {ECA—g FQNQ} (1 —2x)
CA 1+ 1
— |7 +——z(1 281
2 [(1—x>++x i ”ﬂ’ (281)
CA (1—1‘)3
Pyg- Py g = o s (282)

where 2N, sums over all the up- and down-type quarks. We have restored the plus-
prescription to deal with the soft singularity in the  — 1 limit, which is different from
the cutoff x <1 — My/(Q) adopted in Refs. [13, 43].

Then we construct the splitting functions in the (T,CP) basis.

Pfif = PfoL :l: PfoR = Pff7 P\#V = PV+V+ :l: PVJrV,; (283)
P%f = PV+fL + PV_fL, P;[V = PfLV+ + Pva_. (284)

The self splittings involving the virtual B boson are

1
Pi. = —N [AY7? + Y2 + N, (47 +2Y7 +2Y7)] 6(1 — =), (285)

1 1
P%, = — N, [4Y, + NedYy] 50(1 — ). (286)

The coefficient of the mixing splitting Pgw contains a hyper charge and a SU(2), gauge
coupling.

As for now, we can construct all the splitting functions in Eqs. (167-170). The splittings
into SU(2), doublets are

0+ (O1y,0 | Q2 + 0+ _ nr Yyt

PT = <%YK + %C’m) P, Ps = Ng%YE Ps, (287)

o

P = Ngﬁcngfv, (288)
0+ _ (Gl Q2 o3 + 0+ _ Q10 5t

Foa = (%Yq + 5Ot §0F> iy, Fop = NeNyg Y Py, (289)

Qg Qa3
Pc%/ - NCNQ%CIQP;:{N szgt == NQ%TFP?:V. (290)
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The splittings into SU(2)y, singlets are
&3]
P — o YQP;;, Py — +N, Q—YQP;EV,
PO:E — (_YQ
vuu It
0+ _ +  p0+ _
PYE = 4N, Q—TFPfV, PR = (o

Pl = £N.N, YdP;EV, Pl = :I:NQ%TFPJ?V.

SCr ) Pfy, PYs = £NN,S2VEPF,

Y+ CF) if

Keep in mind that the signs of fg”R < B are . The splittings into gluon are

+ _ +
P CF =, Py = CF o
0+ 0+ +
P = :|:2 SCrPly. Py = Zﬂng

The splittings into B are

o
0+ _ p+ 0+ _ “1
PBB_PBB7 PBL_%

a1
%2322]3\%7 PJ(E)% ==+

WERE. P = SLaviRy,

The splittings into W are

PIE)ViL_ o P\j/[f’ Pgl}lQi* o P%ﬂ PVOViW:;_;P\j/Ev-
For the splittings involving 1+ states, we have
ple= 102pe - pre 102
LL Aot tow 9997V

Pl = —722pt, Pl =NN,S22PF,
Pl = NggMZ"PfV, Pyt = N.N, ZMZ"P;EV,
PvlviL - _WP\:/Fﬂ PvlviQ - g_;qu/:f’
Pl = Davipg,. Pl = Sy,
Pvlviw = ;é_;P\j/FVv P]%/[iM = az_fpfatw-

A1 5y 2 pt

The symbol M indicates the mixing state BW. Finally, the 24 splitting is

0621 +

Pv2ViW T T ogo vV
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Appendix C The running of the Muon Yukawa Coupling

When testing the muon-Higgs Yukawa coupling, it is necessary to properly take into
account the energy-scale dependence of the coupling, which is a fundamental prediction in
quantum field theory. The specific form of this running depends on the particle spectrum and
their interactions in the underlying theory. In the electroweak sector of the SM, the dominant
contribution to the renormalization group (RG) running is the top Yukawa coupling, followed
by the strong and EW gauge interactions.

For the sake of illustration, the coupled renormalization group equations (RGEs) of
Yukawa couplings y,, ¥, vacuum expectation value v, and gauge couplings g; are given in

the MS scheme at leading order (LO) in one-loop by [205, 206, 207, 208, 209, 210, 211]

By = % = 15;2 (gyf — 893 — 295 - ;—ggf) , (307)
By, = % = 1?7;2 <3yf - %(93 +gf)) : (308)
By = % = 161;2 (%gi + 2%9? - 33/3) : (309)
S 310)

with ¢ = In(Q/Myz) and the coefficients b; for the gauge couplings (g1, g2, g3) given as
LM =(41/10,-19/6, 7). (311)

We show the LO RGE running of the muon Yukawa y,, in the SM in Fig. 34 (red solid curve)
and the SM vacuum expectation value v in Fig. 35 (left axis) as functions of the energy scale

@, respectively. With the relation

we also show the running of the muon mass, m,(Q), in Fig. 35 (right axis). At the energy

scales accessible in near future colliders, the change in y, is observed to be rather small, for
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Figure 34: LO RGE running of the muon Yukawa y,, coupling as a function of the energy scale
@, in the SM (red solid). In the extra-dimensional scenarios (with inverse radius 1/R = 3
TeV), we consider 1) Bulk: all fields propagating in the bulk, and 2) Brane: all matter fields

localized to the brane.
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Figure 35: LO RGE running of SM vacuum expectation value v (left scale) and muon mass

m,, (right scale) as functions of the energy scale Q).
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example, y,(Q = 15 TeV) is found to be around 3% smaller compared to y,(Myz). Similarly,
v (my,) runs down by about 4% (2%).

New states appearing in beyond SM scenarios can modify the running of the relevant
gauge and Yukawa couplings. Generically, the beta function for a coupling A is given as

By = M + > 0(Q — M) x N,A (312)

s: massive new states

where S8 is the SM beta function, and Y} represents the contribution of a new heavy
state s of mass M, with N, number of degenerate degrees of freedom. The theta function
encodes the fact that the effect of new heavy states is included in the RG running once the
energy scale () is above the threshold M, ignoring here for simplicity the effect of threshold
corrections.

In extensions of the SM, the muon-Higgs Yukawa coupling could also be affected both at
the tree level and at the quantum level. In addition, the Higgs sector may show a rich flavor
structure. In flavor-sensitive Higgs models, the SM prediction for the Yukawa couplings is
lost, and the Yukawa couplings become free model parameters. The physical coupling of the
SM Higgs to muons may be larger or smaller than its expected SM value. In principle, it could
be completely absent, such that the muon mass is generated by other means. The assumption
we make for the study in this paper is that the muon Yukawa coupling is a free parameter,
as the mass generation for the muon is in general a mixture of the SM mechanism and a yet-
unknown mechanism. A typical example for this is a Two-Higgs doublet model (2HDM), or
in a general multi-doublet model, that generates third-generation Yukawa couplings, while
the second generation couplings are from a different sector (a sample implementation of
such a mechanism can be found in [212]). Clearly, the LHC offers also some opportunities
to probe first and second generation Higgs Yukawa couplings to light quarks [213], which
applies mostly to the Higgs charm Yukawa coupling [167, 182, 169, 214], and maybe even
strange tagging is possible at a future Higgs factory [215]. In weakly-coupled theories, the
running effects for the muon-Yukawa coupling are rather moderate, similar in size to that in
the SM. We will not show it separately.

An interesting question is also whether there could be considerable CP violation in the

Higgs Yukawa sector beyond CKM, where there are bounds e.g. for the electron Yukawa
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coupling [216]. Though it is perfectly possible in our setup in Sec. 4.1.2 to discuss CP-
violating operators for the muon Yukawa couplings, such a study is beyond the scope of this
current paper.

We add the remark that additional, flavor-dependent, higher-dimensional operators that
are responsible for a deviation of the SM muon Yukawa coupling could easily lead to flavor-
violating Yukawa couplings that induced H — eu. This has been studied e.g. in [217],
however, we are not further investigating such flavor-violating processes in this paper. The
EFT setup for our study is presented in detail in the next section.

Large modifications to the running couplings compared to the SM case are not expected
in four-dimensional quantum field theories essentially due to the logarithmic nature of the
running. A qualitatively different scenario however is obtained if there is a tower of new
physics states modifying the RGEs, asymptotically leading to a power-law running of the
Yukawa coupling [218, 219]. This four-dimensional description is equivalent to a theory with
compactified flat extra space-like dimensions, with gauge and/or matter fields propagating
in the higher-dimensional bulk. To illustrate this, we consider two scenarios of compactified
flat extra-dimensions [220]: a 5D model with the extra-dimension compactified on an Sy /Z,
orbifold, and a 6D model with the two extra dimensions compactified on a square T?%/Z,
orbifold [220, 221]. In both models, we consider two cases: 1) all SM fields propagating in
the bulk and 2) the SM gauge fields to be propagating in the bulk, with the matter fields
of the SM restricted to the brane [222, 223, 224, 225, 226]. The beta functions of the gauge
couplings in such scenarios are given as:

1 41 21 8
bR =b2M + (S(t) — 1) x Kl_()’ ~ 5 —7) - 577}

1 13 8
6D __1SM 2 _ - - —
b;” =b" + (wS(t)° — 1) x {(10, 5 10) + 377] . (313)

Here, S(t) counts the number of degrees of freedom S(t) = 'R, R being the radius of the
extra dimension, n being the number of generations of fermions propagating in the bulk.
The corresponding one-loop RGE equations for the Yukawa couplings v, y, in the extra-

dimensional scenarios are as follows [227, 223, 226]

124



dy Yy 3 9 17
dYu =pM Yu 2(S(t) — 1) 9.2 _|_9 2 5D B 314b)
dt - Yu - 1677'2 )_ 492 491 ) rane’ (

dy Y 15 28 15 101

d_tt —pM 4 F;(S(t) —1) (7%2 — 3932’ - §g§ — mgf) , 5D Bulk, (314c)
dy Yy 15 99
= oM+ W;Q(S(t) —1) (6y§ — ggg — ng> , 5D Bulk.  (314d)
dy Yy 3 9 17

d_tt =M + F;247T(S(15)2 - 1) (éyf — 895 — Zg% — Q—ng) : 6D Brane, (315a)
W _gsst _ 0 g5y — 1y (22 4 202 6D Brane,  (315b)
dt v T 16m2 " 12T o) e

d 32 3 5

% = StM + 15;27r(5(t)2 - 1) (Qyt2 - ggg - 595 — gg%) ) 6D Bulk, (315¢)
dy,, __aSM Yu 2 s 35, 27,

o P + 167T27r(5(t) — 1) ( 6y; — 292 — 10g1 , 6D Bulk. (315d)

We see from Fig. 34 that in the presence of such a tower of new states, the running of y,
can be substantially altered for both the 5D (dot-dashed curves), and 6D (dashed curves)
models. We note that the effects only become significant when close or above the new
physics threshold, 1/R ~ 3 TeV in our illustration. Above the threshold, the other more
direct effects from the existence of the extra dimensions may be observable as well and a
coordinated search would be beneficial.

We conclude that while in the SM the energy dependence of the y, is a minor effect,
there are viable models where the value and the running of this quantity could both follow
completely different patterns, as illustrated above with extra-dimensional scenarios. In the

next subsection, we will extend this direction in the EFT framework.
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Appendix D Polarization sum

In order to perform the proper polarization sums, we define
las = ~gas + =5~ (316)

where m = 2m, is the mass of the QQ bound state.

e For 23S, and ' P, states, the polarization sum is
> oy =Moo, (317)
h
e For 3P; states, there are three multiplets, i.e. J = 0,1, 2. We need to define the

polarization tensor &£ C(;Q

0 0)x* 1
EHED, = FHasllas,
1 1)* 1
EESL = 5 Maa gy — TagIlas)
2 2)* ]— ]-
EX)edy = 3 (Moo gsr + Maplarg) — 3Hapllarp. (318)
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