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New Ideas for the Penalty Method
Xihui Xie, PhD

University of Pittsburgh, 2022

My research is directed at accurate predictions of the flow of fluids and what the fluid
transports. This is essential for many critical engineering and scientific applications, includ-
ing climate change and energy efficiency optimization. For example, 85% of the energy in the
US is generated by combustion, for which accurate simulation of turbulent mixing is critical
for energy efficiency optimization. To address these, my research develops algorithms that
have the potential to break current barriers in accuracy, reliability and efficiency in CFD,
and a rigorous mathematical foundation addressing when they work and how they fail, at
the crossroads of theory and practical computation.

My research considers the adaptivity of the penalty parameter ¢ both in space and in
time. In the first project, I consider the e—adaptive penalty methods for the Navier-Stokes
equation. The unconditional stability is proven for velocity when adapting e. The stability of
the velocity time derivative under conditions on the rate of change of the penalty parameter
is also analyzed. The analysis and tests show that adapting € in response to |V - u|| removes
the problem of picking e and yields good approximations for the velocity. The adaptive
penalty parameter method is supplemented by also adapting the time-step. The penalty
parameter € and time-step are adapted independently.

The second project proposes and analyzes a new adaptive penalty scheme, which picks
the penalty parameter € element by element small where ||V -u|| is large. The research starts
by analyzing and testing the new scheme in the most simple but interesting setting, the
Stokes problem. Finally, this adaptive method is extended and tested on the incompressible
Navier-Stokes equation on complex flow problems. The scheme is developed in the penalty

method but also can be used to pick a grad-div stabilization parameter.
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1.0 Introduction

My research considers the adaptivity of the penalty parameter ¢ both in space and in
time. The penalty method on NSE decouples velocity and pressure and makes it easier
to solve the system. However, the penalty method is sensitive to the penalty parameter €
value and also has some accuracy issues throughout the time. We want to find an automatic
epsilon self-adaptive algorithm that is time efficient and also costs low storage of memory.

The method with the lowest space and computational complexity is based on penalization
of incompressibility and elimination of the pressure. This method has difficulties with its
high sensitivity to the precise choice of the penalization parameter. My research is inspired
by the observation of von Neumann that sensitivity makes prediction hard but control easy.
I thus consider the penalty parameter as a control for the incompressibility error, so the
algorithms act like an Al system which automatically selects near-optimal epsilons.

In the first project, I consider the e—adaptive penalty methods for the Navier-Stokes
equation (NSE).

Let u denote the fluid velocity, p pressure, v viscosity and f the external force:
w—vAu+u-Vu+Vp=f, V-u=0. (1)

The velocity and pressure are coupled together by the incompressibility constraint V -u = 0.
Coupled systems require more memory to store and are more expensive to solve. Penalty
methods replace V - u = 0 with V- u + €(t)p = 0 where 0 < ¢ < 1. The pressure can be
eliminated using Vp = —V/(1/€(t)V - u). This results in a system of u only, which takes less
computing time and less storage memory to solve than (1):

L
€(t)

Here u, - Vu, + %(V - ue)Uue is the modified bilinear term introduced by Temam [63]. This

1
Uey — VAU, + ue - Vu, + §(V “ue)ue — V( V-u) = f. (2)

bilinear term ensures the dissipativity of the system (28). The unconditional stability is
proven for velocity when adapting e. The stability of the velocity time derivative under

conditions on the rate of change of the penalty parameter is also analyzed. The stability



conditions on € that are derived from the linear Stokes problem are necessary for the case of
nonlinear NSE. The analysis shows that we could increase € arbitrarily in each time step but
could not decrease too much. The analysis and tests also show that adapting € in response
to the norm of ||V - u|| removes the problem of picking e and yields good approximations for
the velocity. The adaptive penalty parameter method is supplemented by also adapting the
time-step with the help of time-filter [26, 48]. The penalty parameter ¢ and time-step are
adapted independently.

In the second project, a new adaptive penalty scheme is proposed and analyzed, which
picks the penalty parameter € element by element small where the norm of ||V - u]| is large.
The research starts by analyzing and testing the new scheme in the most simple but inter-
esting setting, the Stokes problem.

Let u denote the fluid velocity, p pressure, v viscosity and f the external force:
—vAu+ Vp = f(x), V-u=0. (3)

On a bounded, open polyhedral domain €2 subject to no-slip boundary conditions v = 0 on
0€). Penalty methods replace V - u = 0 with V- u+ ep =0 where 0 < ¢ < 1. The pressure
can be eliminated using Vp = —V(1/eV - u). Here we consider € as a function of finite
elements A.

Hence, the penalty approximation we considered is: find u* € X" such that
v(Vul, Vol) + Z/ A VUl ot de = (f,0"). (4)
A A

Next, we localize the global tolerance TOL for |V - /|| and define the local tolerance as

1TOL?
LocTolp := §|OT’| |.
And here we have two options for ea:
Option 1. Elementwise Penalty (EP)
_ LocTola
STV R



Such that the variational form becomes: find u" € X" such that

h12 h h _ h
/vau . Vol dx+zﬁ||v-ue||A/AV-u€V-v dx—/Qf-v dr.  (5)

Option 2. Pointwise Penalty (PP)

LocTola

R AT

Such that the variational form becomes: find u” € X" such that

h . h h|2 h
/vaue.w dx+ZLOCTOlA/|Vu|Vqudx—/fvdx (6)

We focus herein on the analysis of option 2 (PP) and the numerical results of option 1 (EP).
In option 2 (PP), the resulting nonlinearity is both strongly monotone and locally Lipschitz
continuous, sharing structures with the p-Laplacian. Then, there is a well-trodden analytical
path to be adapted here. We proved the stability for both PP and EP. Also, error analysis
of PP using strong monotonicity and local Lipschitz continuity is given in Chapter 3.

Finally, this adaptive method is extended and tested on the incompressible time-dependent
Navier-Stokes equation on complex flow problems. The scheme is developed in the penalty
method but also can be used to pick a grad-div stabilization parameter.

In the following few sections of Chapter 1, the Navier-Stokes equations, notations and
preliminaries are introduced. Chapter 2 is based on paper A Doubly Adaptive Penalty Method
for the Navier-Stokes Equations [42]. In Chapter 2, we present an overview of penalty
methods and our results of time-adaptive penalty methods. Chapter 3 is based on paper
On Adaptive Grad-Div Parameter Selection [65]. In Chapter 3, a new space-adaptive was
developed and tested on the Stokes and the Navier-Stokes equations. Finally, conclusions

and future perspectives are presented in Chapter 4.



1.1 The Incompressible Navier-Stokes Equations

There have been plenty of work on details of derivation of the Navier-Stokes equations
(60, 64, 25, 37, 22, 30, 10, 24, 57, 19]. We refer the reader to [39, 47] for a more comprehensive
explanation. The derivation herein is derived from these two books.

Let Q be an open domain in R? (d = 2, 3) with boundary 992. We denote by x the spatial
variable, p the density of the fluid, u is the velocity, and p is the pressure of the flow. The
equation describing the conservation of mass is called the continuity equation. We let the

mass of the fluid equal

mit) = /Q » dx.

If mass is conserved, the rate of change of mass in €2 equal the net mass flux across 0€:

d

— dx:—/ u)-n dS.
i )" 69([))

The Divergence Theorem then implies:

_Lg(pu).ndsz—/ﬂv~(pu) dx.

ap B
/QE—FV-(pu) dx = 0.

Rearranging, we have

Shrinking €2 to a point yields

dp
E—FV-(pu)—O.

If the fluid is incompressible and homogeneous, p(x,t) = py and conservation of mass reduces
to:
V-u=0, (7)
which is the incompressible condition on the fluid velocity u we used for the rest of our thesis.
Conservation of momentum states that the rate of change of linear momentum equals
the net forces acting on a collection of fluid particles, i.e., force = mass x acceleration. Let
us consider a fluid particle. At position x, time ¢ and after At it moved to (x 4+ uAt,t + At).
The acceleration is therefore:

. u(x 4 ult t+ At) — u(x, t)
lim
At—0 At

=u + (u-V)u.



Then, mass x acceleration in € is

/ p(us +u - Vu) dx,
Q

and by the conservation of momentum this need to be balanced by forces (both internal and
external).
Let f be the external forces acting on the fluid. Internal forces of a fluid are contact

forces that act on the surface of the fluid. Then the net contribution of the external force

| 1 ix

Let t denote the internal force called Cauchy stress vector or traction vector, then the net

on §) is

contribution of the internal forces on {2 is

/ £ds.
o0

Thus, the equation for conservation of momentum is

/p(ut—i-u-Vu) dx—/fdx+/ t ds.
0 0 o9

Cauchy proved that if linear momentum is conserved then { is a linear function of the normal

vector n. Thus,

—

t(n) =n-II,
where II is a matrix called the stress tensor. Rearranging,
/p(ut+u~Vu)—V~de:/fdx.
Q Q
Shrinking €2 to a point yields
plug +u-Vu) =V 1I = f.

There are two main types of internal forces: pressure forces and viscous forces. The pressure

forces act on a surface purely normal to the surface. Therefore we define the pressure in



an incompressible flow is p := %(HH + Ilge + II33). Thus the pressure force is —pln. The

non-pressure part of the stress tensor is the viscous tress tensor V:
V=114 pl

The system is not closed until V is related to the fluid velocity. The internal force depends
on local velocity differences, so V depends on some combination of derivatives of u. The
combination is denoted by D, called the deformation tensor. We assume here the fluid
follows the linear stress-deformation relation: D = 3(Vu + Vu!). And considering here
we are dealing with the incompressible flow, the relation between Cauchy stress tensor and

deformation tensor is given by

V =2uD,
where p is the viscosity coefficient. The momentum equation then becomes,
plus +u-Vu) — V- (2uD — pl) = f.

Here V - (pI) = V- p and V - (2uD) = pAu. Dividing by the density p, the momentum
equation then reduce to

ut+u-Vu—HAu+V<2) =

/
p p) p

Now redefine the pressure p, f to be p/p, f/p respectively and let u/p =: v the kinematic
viscosity. Coupling with the incompressible condition (7), we then have the incompressible

Navier-Stokes Equation: V -« = 0 and

u+u-Vu—vAu+ Vp = f.



1.2 The Penalty Method

Consider the incompressible Navier-Stokes Equations,
u —vAu+u-Vu+Vp=f V.u=0. (8)

The velocity and pressure are coupled together by the incompressibility constraint V -
u = 0. Coupled systems require more memory to store and are more expensive to solve.
There are many strategies to overcome this difficulty; one popular approach is to relax
the incompressible constraint. Among these are the penalty method and the artificial
compressibility method, the pressure stabilization method and the projection method, see
(14, 15, 62, 63, 61, 11, 58, 59, 55, 43, 44]. Here we consider the Penalty method.

Penalty methods replace V-u = 0 with V-u+€(t)p = 0 where 0 < € < 1. The pressure
can be eliminated using Vp = —V(1/€V - u). This results in a system of u only, which is

easier to solve than (8):
1 1
Uey — VAU + Ue - VU + §(V U Ue — V(EV ue) = f. (9)

Here u. - Vu, + (V- u.)u. in the modified nonlinear term introduced by Temam [63].

1.3 Notation and preliminaries

We denote by || - || and (-, -) the L?(2) norm and inner product, respectively. We denote
by || - ||z the LP(€2) norm. The velocity space X and pressure space ) are:

X := (H} ()%, where H}(Q) = {v € L*(Q) : Vv € L*(Q) and v = 0 on 90},

Q:= L) ={qe L*O): /Qq dx = 0}.



Let X" C X be the finite element velocity space and Q" C @ be the finite element pressure
space. We assume that (X", Q") are conforming and satisfy the following approximation

properties and Condition 1.3.1:
inf [ju—v| < Ch™"Mulper, we H™(Q),
veXh
inf [V (u— )| < CH"ulyys, w € H(0) (10)
ve
inf [|p —ql| < CR"|plym, pe€ H™(Q).
qeQh

Condition 1.3.1. (The Ladyzhenskaya-Babuska-Brezzi Condition (LBB") see [22], p.62
[47]).

Suppose (X" Q") satisfies:

h o .,k
inf sup —(q,V U)>

> B >0, 11
s A LT P 1

where " is bounded away from zero uniformly in h.

The (LBB") condition is equivalent to:

(¢", V- vh)
A" < sup ~=———,
whexn || Vol]]

The space H () denotes the dual space of bounded linear functional defined on Hj}(12).

Vg e Q"

This space is equipped with the norm:

1l = sup 29

ovex [Vl
Let I" denote the interpolation in the space of C° piecewise linears, suppose the following
interpolation estimate in H () holds (see p.160 [47], p.146 of Theorem of Brenner and
Scott [9])
Ju = (W) -0y < Chllu — ()] (12)

Denote by b*(u, v, w), the skew-symmetric trilinear form, is

b*(u,v,w) == %(u -Vo,w) — %(u -Vw,v) Yu,v,w € [HY(Q))%

A weak formulation of the penalty NSE is: find w : (0,7] — X such that
1
(ug, v) + 0" (u, u,v) + v(Vu, Vo) + Z(V cu, V-v) = (f,v), YveX,

u(x,0) = u’(x).



Lemma 1.3.2. (skew-symmetry see p.123 p.155 [47], upper bound for the product of three
functions see p.11 [47]) There ezists Cy and Cy such that for all u,v,w € X, b*(u,v,w)

satisfies

b*(u,v,w) = (u - Vo, w) + %((V cu)v,w),

b* (u, v, w) < Ci||[Vull[[Vol[[[Vul],

b*(u, v, w) < Co/lul[[Vull [ Vol [Vw].

Moreover, if v € H?(Q), then there exists Cs such that
b (u, v, w) < Ca([lull[vll2| Vel + IV - wl[[[ Vo]l [ Vul]).
Further, if v € H*(Q) N L>®(Q), then
b (u,v,w) < (Csllvllz + [[vlle) lull | Vaol.

Lemma 1.3.3. (The Poincaré-Friedrichs’ inequality see [46], p.9 [47]) There is a positive
constant Cpr = Cpp(§2) such that

lul| < Cppl|Vu| Vue X. (13)

Lemma 1.3.4. (A Sobolev inequality see [2], [47]) Let Q be a bounded open set and suppose
Vu € LP(Q) withu = 0 on a subset of O with positive measure. Then there is a C' = C (2, p)

such that for 1 < p < oo,

lullz,. < ClIVullz,
11 1

where — =
*

For example, with p =2, for 1 < p* < oo in 2d and 1 < p* < 6 in 3d,

[ullz,. < ClIVull (14)



Lemma 1.3.5. (Useful inequalities see [7], p.7 [47], polarization identity) The L* inner
product satisfies the Hélder’s and Young’s inequalities: for any u,v € X, for any 9, 0 < <

ooandi—l—é:l,lgp,qgoo,

) §—alp
(u,0) < Jullerlfollee, and (u,0) < el + == [lvllz. (15)

Further, for any u,v,w € X, for any p,q,r,1 < p,q,m < 00, with%—I—%—l— % =1,

/Q\UHUHw!dw < [Jull zo o[l zol[w]] - (16)
Polarization identity: for any u,v € X
1 1 1
(1,0) = lhull® + S ol = Sl — ol (7)

Proposition 1.3.6. (see p.173 of [8]) Let W™P(Q) denote the Sobolev space, d denote the
dimension of space S, let p € [1,+00| and q € [p,p*]. There is a C > 0 such that

ullza < Cllull FY Pl W57, Yu e Whe(Q) (18)

Lemma 1.3.7. (A L — L? type inverse inequality see Lemma 2.1 of Layton [53] also similar
result of p.112 Theorem of Brenner and Scott [9]) Let 6y be the minimum angle in the
triangulation and M* = {v(z) : v(z)|. € Pr(e) ¥V e € T"(Q)}, Pi. being the polynomials of
degree < k. Then, for V" the elementwise defined gradient operator, there is a C = C(6y,p, k)
such that for 2 < p < oco,d = 2,3 and all v € M¥,

2

10| 1oy < Ch2T | V. (19)

Proposition 1.3.8. (The continuous inf-sup condition see p.58 [47]) There is a constant
£ >0 such that

. (Q7v ’ U)
inf sup +=——-— > 8 > 0. 20
€Quex |[Vollg] -

10



Lemma 1.3.9. (A Discrete Gronwall lemma see Lemma 5.1 p.869 [31]) Let At, B, a,, by, ¢, d,
be non-negative numbers such that for [ > 1

-1 l

!
al—i—Athn < AtZdnan—FAthn—I—B, forl >0,

n=0 n=0 n=0

then for all At > 0,

! -1 l
a +Athn < exp(AtZdn)<Athn +B>, forl>0.
n=0 n=0

n=0
We will use the next lemma in Chapter 3 to analyze the space-adaptive penalty method.

On each mesh element A denote (¢, Y)a = | A @+t dr. The nonlinear term satisfies the

following, often called Strong Monotonicity, and Local Lipschitz continuity.

Lemma 1.3.10. (Strong Monotonicity and Local Lipschitz continuity) Let u,v,w € X, on

each mesh element A, then there exist constants Cy,Cy such that the following inequalities

hold:

(V- uPV-u— |V -w*V-w, V- (u—w))a > C1||V-(u— w)||i4(A), (21)
(|V-ulPV-u— |V -w]*V-w,V-v)a < Cor?®||V - (u — W)LV - v Laga), (22)

where r = max{[|V - ul|2a), |V - w|| L2a)}-
Proof. (of Local Lipschitz continuity)

(|V-ulV-u—|V-w*V-w,V-v)a
= (V- ulPV-u—|V-u!V-w,V-0)a+ (V- uPV-w— |V -w?V-w,V- v)a
:/|V-u|2V-(u—w)V-vd:v+/V-w(V-u+V-w)(V-u—V-w)V-vd:zc
A A
:/V-(u—w)V-v(|V~u|2—|—V~uV-w—|—]V~w\2) dx
A

§/ V- (u—w)||V-v|(|V-u| + |V - wl|)? dz
A

1/2
<V - (1= )y |V - ollaay ( 07419l d:c) ,
Denote r = max(||V - u||paa), |V - w[[z4(a)), then we have

(IV-uPV-u—|V-wPV-w,V-v)a <Cor?|V - (u—w)|ran|V - vllpaa)-

11



The proof of Strong Monotonicity follows similarly to the p-Laplacian in Barrett and Liu
[3], Glowinski and Marroco [23], so we omit the part here. O
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2.0 Adapting € in time

We develop, analyze and test adaptive penalty parameter methods. We prove uncondi-
tional stability for velocity when adapting the penalty parameter, €, and stability of the veloc-
ity time derivative under a condition on the change of the penalty parameter, €(t,1) —€(t,).
The analysis and tests show that adapting €(¢,+1) in response to V - u(t,) removes the prob-
lem of picking € and yields good approximations for the velocity. We provide error analysis
and numerical tests to support these results. We supplement the adaptive-e method by also
adapting the time-step. The penalty parameter ¢ and time-step are adapted independently.
We further compare first, second, and variable order time-step algorithms. Accurate recovery

of pressure remains an open problem.

2.1 Introduction

The velocity and pressure of an incompressible, viscous fluid are given by the Navier-
Stokes equations. Let u denote the fluid velocity, p the pressure, v the kinematic viscosity

and f an external force:
u—vAu+u-Vu+Vp=f, V-u=0, V(xt)eQx(0,T]. (23)

The velocity and pressure are coupled together by the incompressibility constraint V -u = 0.
Coupled systems require more memory to store and are more expensive to solve. Penalty
methods and artificial compression methods relax the incompressibility condition and result
in a pseudo-compressible system. This allows us to uncouple velocity and pressure, which will
reduce storage space and computational complexity. Penalty methods that allow complete
elimination of the pressure variable are the simplest and fastest and will be studied herein.

Penalty methods replace V - u = 0 with V - u + ep = 0 where 0 < ¢ < 1. The pressure
can be eliminated using Vp = —V(1/eV - u). As the pressure is entirely eliminated from

the system, we do not need to solve for it at every time-step, leading to further increases

13



in speed. The accuracy of penalty methods is known to be very sensitive to the choice of €
(see Fig. 6.1). This sensitivity suggests considering € as a control and picking € through a
self-adaptive algorithm. This problem of determining e self-adaptively is considered herein.

When adapting the parameter, €, ||V -u|| is monitored and used to adjust e. The stability
of the standard penalty method with variable € is examined in Section 2.2. No condition on
the rate of change of ¢ is required for the stability of ||u||. However, the stability of ||u.]| is
not unconditional. There is no restriction on the increase of €, however decreasing e quickly

will lead to growth in ||u||. In Section 2.2.2, we derive condition (34)
(1 — ka)e, < €,41 for some a > 0,

where k is the step-size. This condition is required for stability of ||u;||. Figure 13 of Sec-
tion 2.5.2.2 confirms that violating this condition leads to spikes of catastrophic growth in
e

The utility of penalty methods lies in accurate velocity approximation at low cost by
simple methods. Consistent with this intent, we couple the adaptive € algorithm with sim-
ple, low-cost time-stepping methods based on the backward Euler method. Simple time
filters allow us to implement an effective variable order, variable time-step adaptive scheme,
developing further an algorithm of [26]. The self-adaptive € penalty method can be easily
implemented for both constant time-step and variable time-step methods. We develop, ana-
lyze and test these new algorithms that independently adapt the time-step k£ and the penalty
parameter e.

In addition to adapting the time-step, we adapt the order of the method between the
first and second order. This variable time-step variable order (VSVO) method performed

better than both first and second-order methods in our tests (see Figure 12).

2.1.1 Review of a Common Penalty Method
Recall the incompressible Navier-Stokes equations,

u—vAu+u-Vu+Vp=f, V-u=0, V(xt)ex(0,T], (24)
u=0 V(x,t) €90 x (0,T], u(x,0)=mup(x) Vxe€Q. (25)

14



Perturbing the continuity equation by adding a penalty term to the incompressibility
condition and explicitly skew-symmetrizing the nonlinear term in the momentum equation

in (24) results in the penalty Navier-Stokes equations:
ut—uAu—i—u-Vu—i—%(V-u)u+Vp:f, (26)
V-u+ep=0. (27)
Here u-Vu+ 3(V-u)u is the modified bilinear term introduced by Temam [61]. This bilinear

term ensures the dissipativity of the system (26)-(27). By (27), p = (=1/¢)V - u. Inserting

this into (26) results in a system of u only, which is easier to solve than (24):
1 1
Uet — VAU + Ue - Vue + §(V U )Ue — V(EV cue) = f. (28)
From Theorem 1.2 p.120 of Temam [61] we know lim.,o(uc(t), pc(t)) = (u(t),p(t)). And
later the error bound of (u., pe) to (u,p) provided by Shen [59] indicates:

T 1/2
sup (7'72()) u(t) — we(t)llze + 7(0)l|u(t) — ue(t)lm) + (/0 T (t)llp — pellz- dt) < e,

0<t<T

where 7(t) = min(¢,1) and & is a positive constant depending on data (v, Q, ug, f,T).
Consider the first-order discretization of (26)-(27). k, is the n'® time-step, €, is the
parameter ¢ at n'" time-step, ty = 0,t, = t,_1 + k,. Let u* denote the standard (second

order) linear extrapolation of u at ¢,1:

k, ky, _
U = <1+ k:l) u" — k—:lu” 1

The backward Euler time discretization gives us

n+1 n

u —Uu

1
k +u - Vu't §(V cuF)u"tt E Vpt Tt — v Ay = (29)
n+1

Vu" 4 e, qp"t = 0. (30)

As before, we use p"t = ((—=1/€,41)V - u™™1), to uncouple (29)-(30) into the following time

discrete, velocity only equation

un+1 —un

1 1
+u* - Va4 §(V )ttt — v AT - V(——V -yt = (31)

kn+1 6n—‘,—l

For constant €,,1 = €, k,+1 = k, (31) is unconditionally stable by Theorem 4.1 of He and Li
[28]. The analysis of the stability of the variable €, constant k method see Theorem 2.2.1.

Analysis of stability of acceleration u; for linear Stokes problem can be found in Section 2.2.2.
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2.1.2 Related work

Penalty methods were first introduced by Courant in 1943 [16]. They were first applied
to the unsteady Navier-Stokes equations by Temam [61]. Error estimates for continuous
time, constant €, (28) were proved by Shen in Theorem 4.1 p.395 [59]. In Theorem 5.1
p-397, Shen further proved error estimates for the backward Fuler time discretization of the
penalty Navier-Stokes equations. This analysis suggests a choice of € = k. Shen [58] studied
higher-order projection schemes in the semi-discrete form and proposed a penalty-projection
scheme with improved error estimates. Prohl [56] suggested a new analytical approach to
the penalty method. He [27], He and Li [28] studied fully discrete penalty finite element
methods and proved optimal error estimates with conditions on €, At and mesh size h.

Bercovier and Engelman showed that the velocity error of penalty methods is sensitive
to the choice of €, see [4]. If € is too large, it will poorly model incompressible flow. Choosing
¢ too small will cause numerical conditioning problems, see Hughes, Liu and Brooks [32].
The optimal choice of the penalty parameter also varies depending on the time and space
discretization schemes used, see Shen [59]. [32] introduced a theory for determining the
penalty parameter, which only depends on the Reynolds number Re and viscosity v.

The penalty method gives inaccurate pressure (see Table 2 and Table 3), and we focus on
the velocity accuracy in this thesis. However, pressure recovery is essential when calculating
quantities based on stresses, e.g., lift and drag coefficients. The easiest way is by using
V -u+ ep = 0 and solving for pressure. There are also other possibilities to recover pressure,

e.g., Pressure Poisson equations and momentum equations, see Kean and Schneier [41].

2.1.3 Motivation For Choice of Estimator for ¢

We choose an estimator to control the residual in the continuity equation, ||V - u.||. The
immediate choice is to adapt € based on the size of |V -u.||. However, controlling the relative,
not the absolute error, is a more logical choice.

Taking L? inner product of (28) with u., we get:

1d 1
5 gl + VIV + 219 P = (F0).
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We aim to ensure v||Vu||? does not dominate ||V - u||>. This suggests an upper bound for

€

1 1/IV -]\
Loz e = e< (Il
€ v\ [|[Vu|

This motivates the choice of the estimator to be ||V - u||/||Vuc||, the relative residual. This
has the additional benefits of being non-dimensional and independent of the size of u.. Since
v is constant, scaling by 1/v is just a change of adaptive tolerance. The comparison of
absolute and relative residual estimators is presented in Section 2.5.3.

The rest of this chapter is organized as follows. In Section 2.2, stabilities of ||u|| and
|ue|| for the variable e penalty method with constant time-step are presented. Section 2.3
presents an error estimate of the semi-discrete, variable ¢ method. Using this, we develop an
effective algorithm that adapts € and k independently, presented in Section 2.4. We introduce
four different algorithms, including the constant time-step and variable time-step variable e

method. Numerical tests are shown in Section 2.5.

2.2 Stability of Backward Euler

This section establishes conditions for stability for the variable € first-order method with
constant time-step:

n+1 n

u —Uu

1 1
’ +u* - Va4 §(V )ttt — v AT - V(——V -yt = (32)
€nt1

We prove that the velocity is unconditionally stable, but |ju|| is stable with restrictions on

the change of €.
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2.2.1 Stability of the velocity

Theorem 2.2.1. (Stability of variable € penalty method). The variable € first-order method
(31) is stable. For any M > 0, the energy equality holds:

/|UM|2dZI7+ Z/( |un+1 n|2+klj|vun+l|2 o
]‘/ 2 1 1
=— [ |u’Pdx + k/u”+ -,
e S |

and the stability bound holds:
M-1
1 M2 Lo w2, kv n+12 k n41)2
5 [+ gn:jo/ﬂ(ém e+ e e g

n+1
< _/ |U0|2]l]7 E Y k H Fn+1||2
& n=0 v o

Proof. Consider (32) the constant time-step first-order method, let 7" denote the final time,
set M = T/k. Take the L? inner product of (32) with u"*1. We obtain

|V n+1|2) dx

n n n n 1 n mn TL
(™ P = () + v Ve - Ve FHE = ).

| =

Apply the polarization identity (17) to the term (u™,u™*!)

1 1
(H n—i—lHQ HunH2 + Hun+1 - unHQ) + VHVUTL-HHQ HV un+1H2 (fn—i-l n—i-l)'
2k €n+1

Sum from n = 0,..., M — 1 and multiply by k, we will have the energy equality. By the

definition of the dual norm and Young’s inequality,

1 1 1 v
n+1 2 n n+l__ u” 2 v n+1||2 \VA n+1||2 < n+1||2 v/ n+1 2.
g Pl P |2 [V P = 9 )2 V|

Sum fromn =0,... M — 1

M-1

1 TL TL n n 1 n
2k,||uM|| +Z (Gl =45 ||Vu PP+ —IV-uIP) < 57 |u0||2+z ||f 2L

€n+1

Multiply by 2k and drop positive terms on the left hand side

M-1

[l < [ + 2k Z ||f”“||21~
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2.2.2 Stability of ||u|| for the linear Stokes problem

As V- u = —ep, in order to ensure V - u — 0 as € — 0, we need to bound ||p.|| following

the idea in Fiordilino [21]. By using the LBB inf-sup condition (20):

(p,V"U) —(f,?])+<U,t,?))+(U'VU,7’U)+I/(VU,VU)
<sup- ¥V _g
Pliell < sup S = Sup Vel

< A ll=x+ Nluell -y + ClIVull* + v Vull,

this implies we must begin with a bound of ||u|—;.

Remark 2.2.2. The linear Stokes problem is NSE without the nonlinear term u - Vu. The
stability conditions on € that are derived from the linear Stokes problem are essential for the
case of nonlinear NSE. The stability analysis of the nonlinear term of NSE will be more
involved but not alter the fundamental approach of this proof. Hence, this case shall be

omitted.

Consider the first-order method with penalty:

n

1

€n+1

- VAunJrl I v ( V- un+1> — fn+1' (33)

Theorem 2.2.3. (0-stability of linear Stokes) For any 0 < n < M — 1, if there is some
constant « such that 0 < ak < 1 and (1 — ka)e, < €,41 holds , then the following stability
bound holds

M—1
E uttt — v 1
S sll————1+ IV —u)|* + IV - (u™* = )|
2\ 2 k 2 2emi1
v 1
- v M 12 v M2
IR + V)

M-1
v 1 k.
< exp(aT) {§||VUO||2 + 2—60||V ALY SlIf +1||2} :
n=0

Remark 2.2.4. If « = 0 in (34), i.e., if €401 > €, for all n, then we have unconditional

stability.
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Proof. Take the L? inner product of (33) with u"™! — u",

1
_||un+1_un||2+y (VU"H,V(U"H _ un))+
k €n+1

(V0 - (=) = (4 ),

We will address terms successively. Denote 7,11 = 1/€,41 and apply the polarization identity

(17) to the second and the third terms on the left,

v

v (VunJrl, v<un+1 o un)) (Hvun+1|‘2 - ”VunHZ + Hv<un+1 o un)H2> ,

[\]

1

€n+1

(V . un-i—l’ v X (un—f—l _ Un)> 7n2+1 (||V . un+1||2 o ||V . Un||2 + ||v . (un—H _ un)”Z) ]
By adding and subtracting v, ||V - u"||?/2, we have

B (157 Va9 - - a)P)

Yn+1 n Tn n Yn+1 n n Yn — Vn+1 n
e L R R e R e A&

By Cauchy-Schwarz and Young’s inequalities (15)
n+1 , n+1l n k n+11|2 1 n+1 n|2
(P =) < B e gt

By combining similar terms, we have

1 n n
Sl =l [ (GIVur 2 4 2w 2) = (S + 2V -2
v n n Tn+1 n n Tn — Yn+l n k n
+ IV = )2+ TV - ()2 P a2 <

Moving (7, — Yns1)/2]|V - u"||? to the right. We obtain

1

2k
v n n Tn+1 n n k n Tnt1 — Tn n

SVt =)+ L et ) < B 2 g e

n n B n On+1 n Y " Tn "
st =t (ST 4 2R ) = (9 Sl

k n Tn+1 — In Tn n
= Sk () (T
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For each fixed constant o > 0, we need (V41 — Yn)/k7n < « to avoid catastrophic growth.
This leads to

1 1 1
Yn+1 — Tn S ka'%u — — | €En€n+1 S ka—en@z—&—h
€

€n+1 €n n
1

en < (1+ka)epi1, ——ep < €p41.

< (U4 )it T pen < fnss

If ka < 1, we approximate with the first two terms of the Taylor expansion

>1— ka.
1+ ka — @
Thus we have the stability condition on €
(1 —ka)e, < €pya. (34)
Under condition (34)
Sl P (2Tt 2 4 9w ) — (2| VP
2% D 2enit %,

14
L — ) +

k
(WP < G b (VR
(39

2€n+

Sum fromn=20,1,...,. M —1

fmaya| v 1
n+1 n||2 n+1 ny (|2 n+1 ny (|2
> (Gl = w4 ST =+ 9 = a)?)

n=0

v 1
+—||VUM||2+—||V'UM||2
v 012 4+ 02 n+12 2
< ZIVal + 5V o) +Z e +k2 (519 1R).
Apply the Gronwall inequality (1.3.9)

M-—1 1 U
Z (ﬁ”un—H . unH2 + §”V(un+l o un)H2 +

n=0

17 u+t =) P

2€n+1

1
—IIV ARt AT
2€n
M-1 U 1 M—-1 k
<exp(k ) a) {5||Vu”||2 5 IVl + §||f”+1||2} ,
n=0 n=0

M-1
v 1 k. .
= exp(a) {§||w°||2 s RATAE D +1||2} .
n=0

21



Thus we proved that, if (1 — ka)e, < €,41 for some a > 0 and ak < 1, stability of discrete
u; holds.
O

Remark 2.2.5. When € decreases, (34) is needed to ensure the boundedness of discrete ||us||;

If (34) does not hold, ||u|| may have catastrophic growth see Figure 13.

Theorem 2.2.6. Let u be the solution to penalized NSE (26)-(27), then u, € L*3(0,T; H™Y),
equivalently

T
/ ladl 2 dt < Cd0, £, kv, T, min_e(t)).

0 t+€[0,T]
Proof. Recall

(utvv)
Ug||—1 = sup )
|| t” 1 ex ||VU||

By skew-symmetry

(ug,v) = — /Q b*(u,u,v)de — v(Vu, Vuv) — L(V cu, V-v) + (f,v),

€(t)
1

< C(llull"2IVu IVl Vull + vl Vull[ Vol + @HV ~ul[[[Vol| + [Lf -l Vol

Thus,

1
< Cllull1Vul*’? + v||Vul| + @HV Sl (-1

||u|| is bounded by the problem data and initial condition from the stability of the velocity
Theorem 3.1.

(ut7 U)

Voll

1
el < C(, k)| VP + vV + %IIV “ull + 1l -1

Then
T T T
|l ar < e o) [ 190 de+c) [ 19l d
0 0 0
T 1 4/3 T 4/3
+0/ (—||V-u||> dt+C/ £ dt.
0 E(t) 0
From Theorem 2.2.1 the stability bound

T T
/ IVul? dt < C(®, f,k,v), and / %HV-UHZ dt < C(°, f,k, v).
0 o €
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By Holder’s inequality (15)

T T 2/3 T 2/3
/||Vu||4/3 dtg(/ E dt) </ ([ /3)3/2 dt) — () (/ Va2 dt> |
0 0 0
2/3
T/ 4/3 T ) 3/2
[ Gt o s () ([0) ([ Gt ) o)

T 1 2/3
=C(T, min (¢ </ —HV ul)® dt) :
t*€[0,7] o €(t)

Then the result follows. O

2.3 Error Analysis

Next, we will prove an error estimate for the semi-discrete, variable-e¢ penalty method.

Find (u?, pt) € (X", Q") such that

(u?t’ )+b*(ue7uevv )+V(Vu VU ) (p?,V-Uh)jL(qh,V-u?) ()(pe7 ) (f v )

(36)
for all (v", ¢") € (X", QM).
Definition 2.3.1. (Stokes Projection [45]) The Stokes projection operator
PS : (X7 Q) - (Xhth)7PS(u7p) - (aaﬁ)i satisﬁes
V(V(u— ), Vo) = (p— 5,V - 0") = 0,
(37)

for any v" € X" ¢" € Q".

Proposition 2.3.2. (Error estimate for the Stokes Projection) Suppose the discrete inf-sup
condition (11) holds. Let Cy be a constant independent of h and v and Cy = C(v,Q). IfQ is
a convex polygonal/polyhedral domain, then the error in the Stokes Projection (37) satisfies

~ . 1 h v ~
lp—pll < thgfgh(l + @)Hp —q"||+ @HV(U —a)ll,
VIV(u = D)|" < Cily jnf [IV(u— P+ v ot e = "%,

- . h . h
ond o~ il < Cal  jnt [V = o)+ jut o= ")
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Proof. From the first equation of (37),
(p—p,V-0") = v(V(u— 1), Vo).

Let ¢" € Q", by the discrete inf-sup condition (11),

h_ 5. ho_ b 5 b
5thh _ﬁH < sup (q p;Y v ) = sup (q p,V v )_'_;fp p),V v >’
sexn VU] oheXh Vo'

— swp (¢" —p, V- ") +v(V(u—a), Vol
sheXh [Voh| ’
< qup 14" =PIV + VIV (e = @[] Vo'
T yhexh Vo' 7

=lp ="l + VIV (u—a)l.
Then,

1 v
— 3l < inf — "l +llg" =Bl < inf (1+ =)Vp — "] + — ||V (u — @)]|.
P p||_qh€Qh(Hp q'|l + llq pll)_qhth( 5h>\lp q"] Bhll ( |

For detailed proof of the last two inequalities, see Proposition 2.2 and Remark 2.2 of [45]. O

We also need an estimator for ||V (u — @),||. Take the partial derivative with respect to
time ¢ of (37) to yield
V(V(u - ﬂ)ta vvh) - ((p - ﬁ)t’ V- Uh) =0,
(V- (u—1a),q") =0,

for all v € X", ¢" € Q"

Let v" = ¢!, ¢" = (p — I(p)):, by a similar argument as in Proposition 2.3.2, we have

VIV =@l < Cly inf 9= o")P+07 nf -l (38)

inf ||
qheqQh

where C' is a constant independent of A and v.
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Theorem 2.3.3. (Error Analysis of semi-discrete variable € penalty method) Let (X" Q")
be the finite element spaces satisfying (10) and (11). Let u be a solution of (26). Suppose
the interpolation estimate (12) in H=Y(Q) holds and ||Vu.|| € L*(0,T), then we have the

following error estimate:

s, [(ue =)0+ [ FIV ()P at <

0<t<T

T 0L e YO+ inf | ma e — o) (1))

( )eXh 0<t<T
T
C h t h2m 2 2 dt
+ ; (v, B")e(t) [wellFrmr1 (o) + 1Pl 7m0
+C (v, Q) [(h_‘m + WS g2 p2m <||u6||%2(0,T;Hm+1(Q)) + HpEH%?(O,T;Hm(Q)))
R4 (Jlug 3o sy + IPecllBorman ) | -

1
where a(t) = C(v)||Vue|* + 7

Proof. We denote (u,, pe) as penalty solutions to (26).
Multiplying first equation of (26) by v" € X" and second equation of (26) by ¢" € Q" gives

(e, ") + b (ue, ue, v") + (Ve VO') = (pe, V- 0") + (6", V - ue) + €(t) (pe, ¢") = (f, ")
(39)

Subtract (36) from (39) and denote e = u, — u”,

(4, V") 4 b* (e, ue, ") — b* (ul, ul, v") + v(Ve, Vo)

—(pe — P!,V 0"+ (¢",V - €) + €(t) (pe — L', ¢") = 0.
Denote n = u. — @, " = u? —@,e =n — ¢" and @ € X" \" € Q",
(¢?>Uh) + I/(Vd)h, vvh) - (p? - >‘h7 V- Uh) + (qh> % ¢h) + E(t)(p? - )‘ha qh)
= (ne. V") + v(Vn, Vo) — (pe = X V- 0") + (¢", V - ) + €e(t) (pe — A", ¢")

b (e, ue, V") — b (ul, ul ™).

€ e
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Pick @ € X", \" € Q" to be the Stokes Projection (37) of (u.,p.) such that
v(V(ue — @), Vo) — (pe — A", V - 0") = 0 for all v" € X",
(V- (uc — 1),q") =0 for all ¢" € Q"
Set v = ¢", " = ph — \". 'We obtain,
S0P + T+ el = N = (s 6) + 8 e 6) — Bl 67)
+ e(t)(pe — A", pl — AM).
Consider the nonlinear terms

b*(u57u57¢h) b*(u€7u?7 h) = b*(u€7u€7 ¢h) - b*(u?’u€’¢h) _’_b*(u??uE?gbh) - *(u?7u?7 h)
= b*(e, ue, ") + b*(ul', e, 0") = b* (0, uc, ¢") = 0 (¢", ue, ") + b*(ul, m, ¢").
Thus we have
5 dtll¢hll2 + V|V P+ e(t)llpl = NP = (e, ") + 07 (0, ue, ") = 07(6" e, @) + 0% (ud m, 6")
+e(t)(pe = A" pt = AP).
Consider the right hand side terms of the equation
1 v
[Om, @)1 < o llmell20 + SIVO" 1,
. )\h )\h < ( ) )\h 2 ( ) )\h
le()(pe — A", Pl = A" < —=lpe = A2+ =2 lpk = A7)

Apply the trilinear inequality (16) to the first nonlinear term b*(n, u, ¢") to obtain

V" (0, e, 0| = 5 [+ Vue, ¢") = (- V" ue) | < Sl IVuellll6™ [z, + Il V6" el 2. )-

N =
N | —

Using the Sobolev inequality (14), we have ||¢"||;, < C||V¢"| and ||uc||z, < C||Vu|,
" (1,1, )| < Cllnll Ve[| V"] < %HVWHQ +C W) Vaue Pl
Apply Lemma 1.3.2 to the term |b*(¢", ue, ¢")|,
(6", ue, 0") < CQ)Q" V21V " [*2 ([ Ve
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Using Holder’s and Young’s inequality (15) with p = 4/3,q¢ = 4,

b (0", e, 6)] < |V + C0) 6" |2 T |

— 16

Next, we bound the nonlinear term b*(u’, 7, ¢") and use the trilinear inequality (16)

. 1
1
< §[||U?||Ls||V77||L3||¢h|| + [l |26 1V " 1] o]
1 1 v
< 1617 + ez I Vnliz, + 7 IVE" 1P + CO)llue Iz, Iz

Collect all the terms, combine similar terms and multiply through by 2, we have

d v 1

EIWII2 + ZHWﬁhH2 +e(®)p = AP < (C) || Vue]|* + §)H¢>hH2

1
+CW) [l 22+ IV uel Pllnlz, + 1z nl2] + 5w 21V allz, + e@)llpe — A1
Denote a(t) = C(v)||[Vue|* + 5 and its antiderivative
T
A(T) ::/ a(t)dt < oo for |Vu| € L}(0,T).
0

A(t)

Multiply through by the integrating factor e~

d B v
S A+ O [LIVH P ()l NP <

_ 1
e ADLOW) Ind2y + 9P, + k3, Il | + St 713, + el = 312}

A(T)

Integrate over [0, 7] and multiply through by e gives

T
DI+ [ FIVEHE + el — N7 de < AD{ o )
T " 1
+ [ ) Il + 1Tl + Bl + S0 B + ol = WP e}
Applying Holder’s inequality (15) gives
T
/0 w2, Il Zadt < 1w Zoo,reo 1nllEs 0700
T
/0 HVUEHQHUH%ﬂt < |’VU6H%4(0,T;L2)||77||%4(0,T;L4)>

T
/0 g 7, VN2, dt < Mg o000 V0128 0,70
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||| 60,710y and || Vue|| za(o.12) are bounded by problem data by the stability bound. Using
the Sobolev inequality (18), L? — L? type inverse inequality (19), the interpolation estimate
(12) and the Poincaré-Friedrichs’ inequality (13)

Inllzs < Cllnl* =1l lnllzs < Cllull*= IVl ¥,

IVl < CH00Vnll, nlls < Chllmll < CAIIVm.
By Proposition 2.3.2 and (38)
IV (. = DI < COI int [V (ac— ")+ nt llpc - "],
E_~2<C Qh2f €_h2 inf €_h2
Juc =l < C QL jut ¥ — o2+ int [ — o)
. — ~ 2 < C inf . — hy 112 inf . — hy 112
IV (. = @l < COIint, V(e =)+ int = o))
6_)\h2<cv h inf Ve_hZ inf €_h2.
e = X' < Clo Bt 9t = o)+ int o — o)
Thus,
h Ty B2 h B2
DI+ [ FIVSHE + el — N7 de <
0
T
AT [ 11 1h (o 112 h : NI _R)2
AO{I O+ [ Cw.Metw) (inf, 190w~ M+ int o~ 1)
+C (v, Q) [(hid/g +RP h27d/2) (vhlg)f(h IV (ue — ") H%Q(O,T;LQ) + qgggh e — qh’&?(O,T;L?))
#0 (int 190 = )y + ot 1= @ lloran ) ]

vheXh gheQh

Using the approximation properties (10) of the spaces (X", Q")
T
v
10" (T)|I* + / Z||V<Z5h||2 +e(t)|p" = NP dt <
0
T
AL ++ [ BN (s + i)
0

+C(v, Q) [(h_d/?’ S e Ve (||Ue||%2(o,T;Hm+l(Q)) + HpE”%Q(O,T;Hm(Q)))

N <||ue,t||%2(0,T;Hm+l(Q)) + ||pe,t||%2(0,T;Hm(Q))> ] }

Drop the pressure term on the left-hand side and apply triangle inequality, then we have the

error estimate. O
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2.4 Algorithms

The backward Euler method was chosen as our method of time discretization. A time
filter to increase the accuracy from first to second order was added [26], and later used to
implement time adaptivity easily.

We use the time discretization in [26]: for ' = f(t,y), select 7 = ky1/kn, . = 7(1 +
7)/(1 4 27), then

1
Yn —Un
21—1 = f(tn+17yn+1)7
n+
Ynt+1 = y71L+1 D) (myn—H = 2y + F]—{tﬂyn—1> ) (40)

EST = |yn+1 - y71L+1|'

This step uses the information of the previous two time-steps.

This above algorithm is second-order accurate for o« = 2/3 with constant time-step
7 = 1. Apply this time filter to our adaptive penalty method; we get the following variable
€, constant time-step Algorithm 1.

Next, we extend the algorithm to variable time-step methods based on the previous work
by Guzel and Layton [26] and Layton and McLaughlin [48]. We summarize as follows. In the
variable time-step, the first-order and second-order method, the next time-step is adapted

based on the following:

tTOL ) 1/2

first-ord dicti knew = ko
I'St-order prediction ld (tESTl

tTOL\'?
second-order prediction ke, = kog ( ) .

Let D, denote the difference

an 2kn+1

D )= oy, .
2(n 1) = e~ B

1-

29



Algorithm 1: Variable €, constant time-step, second-order penalty method

Given Uy, Up_1, €4, €n11, tolerance TOL, lower tolerance minTOL, €, €maz, and a.

Set u* = 2u,, — u,_1 Solve for u;

1
Upi1 — Un

k

1

€n+1

1
+u”- Vu?l’b+1 + §(V : U*)Uiﬂ -V ( V- “717,+1) - VAU/}H-l = fnt1-

Apply time filter, Compute estimator EST

1
1 1
Unt+1 = Upiq — g{un—&-l — 2uy, + Un_l},

ESTwn = IV -t |/ Vn ]

Adapt € using the standard decision tree:
if £ST,.1 > TOL then

if €,.1 = €, then

| CONTINUE
end
else

€nt1 < max{(1 — ak)ei1,0.5€641, €Emin} ;

REPEAT step

end

end

if £ST, .1 <minTOL then

€En+2 < mln{2€n+17 Emaz} ;

CONTINUE ;
end
Recover pressure p,,;1 if needed by: p,11 = _en1+1 V  Upaiq.

A simple estimate of the local truncation error in the first-order estimation is taken to be
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the difference between u,; and u,_,
T(1+7)
1427
a
tESTy = s — | = (| Da(n + D).

o =

And the local truncation error of the second-order method is given by

To(Tos1Tn + Tn + 1) (473 + 572 + Tos1)

“ 3(TaTiyy + 4T Tp1 + 2T + 7+ 1)
(6D) 3k5n_1 3kn+1
tEST, = — Dy(n+1) — D
? 6 kn—l—l + kn + kn—l 2(” ) kn—H + kn + kn—l 2(n)

For both first-order and second-order variable time-step methods, ¢ is still adapted indepen-

dently using the same decision tree as in Algorithm 1.

Remark 2.4.1. The estimator ||V - wpi1||/||Vuni1] is chosen over ||V - unii|| as it is di-

mension free and removes dependence on the size of w.

Next, we consider the variable time-step variable order method. This algorithm computes
two velocity approximations. wu! is first-order, and u is second-order by applying the time
filter. The first-order variable time-step method is unconditionally stable, while the second-
order variable time-step method is A-stable, which would require a time-step condition for
stability. Combining both first and second-order methods increases accuracy and efficiency
by adapting the method order .

The following Algorithm 4 gives the variable €, variable time-step variable order (VSVO)
penalty method. First (n=1) and second (n=2) order variable time-step method can be also
obtained from this following algorithm by using corresponding time-step estimator tE ST,
and time-step STEPn. In order to use first-order method, w,,,; is used and for second-
order method, u,,; is used instead. For detailed variable €, variable time-step, first and

second-order algorithms, see Algorithm 2 and Algorithm 3.
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Algorithm 2: Variable ¢, variable time-step, first-order penalty method

Given Uy, Up_1, €y41, €n, tolerance for e TOL=10"% and lower tolerance
minTOL=TOL/10, lower and upper bound of
€ €min = 1078 €0s = 1075, ar = 2, tolerance for At: tTOL=10"" and lower

tolerance mintTOL=tTOL/10

_ kng o T(1+T)
Compute 7 = o and o = 5~

Solve for u} .,
Set u* = (1 + 7)u, — Ty
1

U — Uy 1
L‘f‘u*-VU}H_l —l——(V-u*)uiH -V (
ki1 2

1

€n+1

1 1
V- Un+1> — VAU, = fota

Compute estimator EST and difference D,

2k, 1 2Kk 41
—u — Uy + ——————Upy_1,
kn + kn—i—l i kn + kn+1 '

ESTe(n+1) = [V - un [/ Vtn

tEST(n+ 1) = %||D2(n +1)|.

Adapt € and k using the standard decision tree:
if EST,(n+1)>TOL ortESTy(n+1) >tTOL then
€nt1 < max{(l — akni1)ent1, 0.5€041, €mint;
1/2
kn+1 <— max {09]{?” (%) ,O.5kn+1} )
REPEAT step

else
if EST, 1 <minTOL ortEST, 1 < mintT’'OL then

€En+2 A mln{2€n+17 Emam} ;

1/2
Ky ¢ max {min {O.9kn+1 (%) ,2kn+1} ,O.5kn+1} :

CONTINUE ;
end
end
Recover pressure p,,11 if needed by: p,11 = _en1+1 V Uy
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Algorithm 3: Variable ¢, variable time-step, second-order penalty method

Given Uy, Up_1, €p41, €n, tolerance for e TOL=10"° and lower tolerance

minTOL=TOL/10, lower and upper bound of

€ €min = 1078 €0s = 1075, ar = 2, tolerance for At: tTOL=10"" and lower

tolerance mintTOL=tTOL/10
_ k)n+1 _ T(1+T) _ Tn(Tn+lTn+Tn+1)(4Tg+1 +5T72L+1 +Tn+1)
Compute T = k and a1 = 14271 y Q2 = 3(TnTEL+1+4TnTn+1+2Tn+1+Tn+1)

n

Set u* = (1 + 7)uy — Ty

1
Solve for u,,

ul  —u, 1
thu*-Vu}lH%——(V-u*)u}lH—V(
kn—i—l 2

1 1
V- Un+1> - I/Aun-i—l = fns1-

€n+1

Compute estimator EST and difference Dy and apply time filter

2kn 2kk+1
D )= ——F— , -2 n T 7 Up-—1,
A ) = ey e T R T !
(e
Upt1 = u711+1 - EIDQ(TL + 1)7
EST.(n+1) = |V - tni[|/[[ Vg |,
(6] 3kn,1 3kn+1
tESTy(n+1) = — Dy(n+1)— Dy(n
2< ) 6 kn+l + kn + kn—l 2( ) kn—i—l + kn + kn—l 2( )

if EST.(n+1) >TOL ortESTy(n+ 1) > tTOL then
€ns1  max{(1l — akyni1)€ns1, 0.5€011, Emin};

1/3
kn+1 <— max {ngn (%) ,O.5kn+1} ;
REPEAT step

else

if EST, 11 <munTOL ortEST, 1 < mintTOL then

€En+2 — min{2€n+la Ema:r:} ;
' 1/3
kpio <— max {mln {O.ka_l (%) ,2kn+1} ,0.5kn+1} X

CONTINUE ;

end

end

Recover pressure ppy1 by: pny1 = —= 1+1 V Uy
n
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Algorithm 4: Variable ¢, variable time-step, variable order penalty method

Given Uy, Up_1, €y41, €n, tolerance for e TOL=10"% and lower tolerance
minTOL=TOL/10, lower and upper bound of € : €,,;, = 1078, €10, = 107°, a0 = 2,
tolerance for At: tTOL=10"° and lower tolerance mint TOL=tTOL/10

_ kpy1 o T(1+T) _ Tn(Tn+17_n+7_n+1)(47_2+1+57—2+1+7—n+1)
ComPUte T= "k, and a; = 1t2r X2 = 3(TnTp 41 +4TnTn+ 142741+ +1)

Set u* = (1 + 7)up — TUp_1
Solve for uj,, ,

1
Upiy — Un

1
+u” - VU}LH + §(V : u*)uwlﬂ-l -V ( V- Ualq,+1> - VAU/}H-l = fat1-

kn—l—l €nt1

Compute estimators for At and e and difference D, and apply time filter

2kn Qkk+1 (&5}
D 1:—1 _2n 7 7. Up—1,Un = u, - —=D 17
2(n+1) kn+kn+lun+1 Un + k‘n+k‘n+1u L Untl = Ungy = 5 2(n + 1)

(6]
EST.(n+1) = |V - tpsr||/[[Vttnia [, tESTi(n + 1) = 71||D2(n + D,
(0%} Bk‘n_l 3kn—i—l
tESTy(n+1)=— Dy(n+1) — Dy(n
2( ) 6 kn-l—l + kn + kn—l 2( ) kn-i—l + kn + kn—l 2( )

Adapt € and k using the standard decision tree:

(continue in next page)
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(Algorithm 4 continued)
if EST.(n+1) > TOL or min{tEST;(n+1),tESTy(n+ 1)} > tTOL then
€nt1 < max{(1l — akni1)€nt1, 0.5€6,41, €min};

1/2
STEP1 = max {O.an <%) ,O.5kn+1};

1/3
STEP2 = max {o.%n (LL)) ,O.5kn+1};

tESTQ(n+1
kpni1 < max{STEP1,STEP2} ;
REPEAT step

else
if EST,+1 <minTOL or min{tEST(n+1),tESTy(n+ 1)} < mintTOL then
€n+2 — min{26n+1, ema;r} ;

1/2
STEP1 + max {min {o.gan (LL)) ,2kn+1} ,0.5kn+1} :

tESTy (n+1

1/3
STEP2 « max {min {o.gan (%) ,zan} ,0.5k:n+1} :

knio < max{STEP1,STEP2};

CONTINUE
end

end
Pick method with larger time-step for next step:

if STEP1>STEP2 then
‘ Un41 = u711+1

end

Recover pressure p,4; if needed by: p,.q; = ——

€ntl VU

Remark 2.4.2. In this algorithm, 0.9 is used as a standard safety factor [48].
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2.5 Numerical Experiments

2.5.1 Modified Taylor-Green vortex, taken from [18]

First we verify the adaptive € penalty method does better than normal constant € penalty
method by comparing the adaptive € tests (Algorithm 1) with two different constant e options:
1) constant ¢ = 1078 and 2) constant € = k. Here option 1) is usually the approach used

by engineering people, and option 2) is derived from a previous penalty paper by Shen [59].

2.5.1.1 Modified test 1

This test is a modified version of the historically used problem Taylor-Green vortex. The

exact solution is given by

u(z,y,t) = F(t)(cosxsiny, —sinz cos y),

1
p(z,y,t) = —Z—LF(t)Q(COS 2x 4 cos 2y).

Here F(t) can be any differentiable function of ¢. With velocity and pressure defined as

above, the body force is therefore
f(z,y,t) = (2vF(t) + F'(t))(cos xsiny, — cos y sin ).
To construct F'(t), first we construct a sharp transition function between 0 and 1 as follows

0 ift <0,
g(t) =

exp(—m) it t > 0.
A differentiable function F'(t) therefore can be constructed with shifts and reflections of this
function g(t). The plot of F(t) are shown as follows in Figure 1. This is a periodic function
with sharp increase and decrease. The test was done with 100 nodes per side of the square
0, 27] x [0, 27] using P, elements, and with final time of 7" = 25.

The result shown in Figure 2 is done with 100 mesh points on each side and At = 0.005.

The three different methods are: 1) constant epsilon penalty method with ¢ = 1078y, 2)
constant epsilon penalty method with € = k and 3) variable penalty method (Algorithm 1).
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Figure 1: plot of the differentiable function F(t) over time interval [0, 25]

All three methods are accomplished with a time-filter. The result shown in Figure 2 are plots
of ||V - ul|, discrete ||u||, evolution of €, velocity error ||u — u”|| and pressure error ||p — p"|.
In the fourth plot of velocity error ||u — u"||, the adaptive ¢ penalty method has a smaller
error. In the third plot of €, € of the adaptive penalty method does change periodically, and
these changes correspond to the sharp change of F'(¢) in Figure 1. When there is a sharp
decrease of € in the third plot, there is a sharp increase in ||u|| in the second plot. Moreover,
this verifies the necessity of epsilon restriction condition (34).

There are some spikes of pressure error of scale O(10%) for all three different penalty
methods from the last plot of Figure 2. To further see difference of the pressure error, we
zoomed in and get Figure 3. The pressure error are all of scale O(1072) except for those
spikes. And among the three penalty methods, adaptive € has comparable smaller pressure
error and constant € = 107%v has bigger pressure error.

Next, we check the time accumulated velocity error over the time interval [0,25]. The
velocity error |||u — u"|||1,., is shown in Table 1. The error of adaptive penalty is O(1072)
while for the other two constant penalty methods errors are O(107'). Thus, we see there is

an advantage in applying the adaptive penalty method.
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Figure 2: Testl: Comparison between adaptive penalty (Algorithm 1) and two constant
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penalty methods, tests are done with 100 mesh points per side and At = 0.005.
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Figure 3: Test1l: Pressure error comparison between adaptive penalty (Algorithm 1) and two

constant penalty methods, tests are done with 100 mesh points per side and At = 0.005.

k constant € = 1078y | constant € = k | variable €

0.005 0.246098 0.255838 0.0570719

Table 1: Comparison of velocity error |||u — u"|||,L,

2.5.1.2 Modified test 2

This test is also a modified version of Taylor-Green vortex and the exact solution is given

by

u(z,y,t) = e’Ql’t(cos xsiny, —sin x cosy),

1
p(z,y,t) = —16_4”t(cos 2x + cos 2y) + x(sin 2t + cos 3t) + y(sin 3t + cos 2t).

This is inserted into the NSE and the body force f(z,y,t) calculated.
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The test was done using uniform meshes with 100 nodes per side of the square [0, 27| x
0, 27]. We solve using P, elements and calculate up to time 7' = 25. Here we still compare
three different methods: 1) constant epsilon penalty method with ¢ = 1078y, 2) constant
epsilon penalty method with € = k and 3) variable penalty method (Algorithm 1). All three
methods are calculated with At = 0.005 with time-filter. The results are shown in Figure 4,
Figure 5, Figure 7 and Figure 8.
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Figure 4: Test2: Comparison of |V - u|| and discrete ||u;|| between adaptive penalty (Algo-
rithm 1) and two constant penalty methods, tests are done with 100 mesh points per side

and At = 0.005.

Figure 4 shows the evolution of ||V - u|| and discrete ||u;]|. Constant penalty € = k has
much more larger ||V - u|| and ||u than both constant penalty ¢ = 1078y and adaptive

penalty methods. The results of constant € = k is inaccurate as |V - u|| = O(1071).
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To further see the difference between constant penalty € = 107%v and adaptive penalty.
We zoomed in to get Figure 5 and further zoomed in to get a plot of ||V - u| of constant
¢ = 107y only see Figure 6. Constant ¢ = 1078 and adaptive penalty has comparable |||
values, both of order O(1072?). But adaptive penalty has larger ||V - u|| values than constant
penalty € = 107%v. ||V - u| of adaptive penalty is O(107°) from Figure 5 and ||V - u|| of
constant penalty € = 1078y is O(107%) from Figure 6.
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Figure 5: Test2: Zoomed in comparison of |V -u|| and discrete ||u;|| between adaptive penalty

(Algorithm 1) and constant penalty € = 1078y, tests are done with 100 mesh points per side
and At = 0.005.

The second plot of Figure 7 is the velocity error ||u —u"||, adaptive ¢ has a much smaller
error compared to the other two constant penalty methods. The first plot of Figure 7 is the

evolution of € of 1) constant ¢ = 1078y and 3) adaptive penalty. The evolution of € of 2)
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Figure 6: Test2: Evolution of ||V - ul| of constant penalty e = 1078y, tests are done with 100
mesh points per side and At = 0.005.

constant € = k is not shown in this plot due to the limitation of y—axis. € of 3) adaptive
penalty changes with time and gradually becomes stable over time. This shows that the
adaptive penalty method does pick a good € automatically. Because the penalty method is
very sensitive to the choice of € as we see in Figure 9, a good choice of € is not easy at the
beginning. Furthermore, by using the adaptive penalty method, we could eventually find
that good € with a little more calculation.

The behavior of pressure is not good as seen in Figure 8. Both pressure and pressure
error fluctuate. Accurate pressure recovery remains an open question.

As a conclusion, there are three main advantages of the adaptive penalty method over

the usual constant penalty method:

1. The errors of adaptive € and constant € are comparable. Finding a good, constant e value
can require an exhaustive search.
2. Constant € = 1078v behaves better than constant € = k in our tests. But as in the

previous two tests, with v = 0.01,¢ = 1078 = 107! leads to an extremely ill conditioned
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Figure 7: Test2: Evolution of € and ||u — u"|| between adaptive penalty (Algorithm 1) and
two constant penalty methods, tests are done with 100 mesh points per side and At = 0.005.

linear system. While adaptive € levels out with € ~ 107 and gives ||V - u| = O(107°).
Adaptive € controls ||V - u|| better than ¢ = k and controls ||V - u|| almost as well as
e = 1078y but leads to a much better conditioned system. Further, adaptive ¢ has smaller
velocity error than € = 1078v. Overall, adaptive e performed better.

3. The only way to find the best € is by exhaustive search for problems with an already
known solution. This is not possible for new problems but is not needed with the adaptive

penalty.
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Figure 8: Test2: Comparison of ||p — p”|| and discrete ||p"|| between adaptive penalty (Al-
gorithm 1) and two constant penalty methods, tests are done with 100 mesh points per side

and At = 0.005.

2.5.2 A test with exact solution, taken from [17]

This exact solution experiment tests the accuracy of the adaptive penalty algorithm.
The following test has the exact solution for the 2D Navier-Stokes problem (v = 1).
Let the domain © = (—1,1) x (—1,1). The exact solution is as follows:

u(z,y,t) = 7sint(sin 27y sin® 7o, — sin 27 sin? y)

p(z,y,t) = sint cos Tx sin wy
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This is inserted into the NSE and the body force f(x,t) calculated.
Uniform meshes were used with 270 nodes per side on the boundary. The mesh is fine
enough that the error resulting from the meshsize is relatively smaller than that from the

step-size. Taylor-Hood elements (P2-P1) were used in this test. We ran the test up to
T = 10.

48
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38 |
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34 |

32

5
epsilon 0* epsilon 07

(a) At = 0.05, minimum error occurs at ¢ = 1076 (b) At = 0.02, minimum error occurs at € = 5 %
1079

Figure 9: ||(u — «")(10)|| with constant time-step and different values of penalty parameter

€

Figure 9 indicates that velocity error is very sensitive to the choice of €. This sensitivity
is a known effect, motivating the e—adaptive algorithm of the penalized NSE (28). It also

suggests that e too large is safer than € too small.

2.5.2.1 Constant time-step, variable ¢ test

First, we tested the constant time-step, variable € test based on Algorithm 1. The error
at final time T=10 is in Table 2. We observe that the velocity error is good, but the pressure
approximation is poor. The recovery of pressure still remains a big problem. Also, when At

gets smaller, the velocity error reached a plateau.
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dt | # steps | [(u—u")(10)] | rate | [l(u—u)(10)1~ | rate | [l(p—p)(10)[1x | rate
0.1 100 0.00965699 - 0.00869 - 0.268895 -
0.05 200 0.00203366 2.2475 0.002075 2.0662 0.229891 0.2261
0.02 500 0.000332169 1.9775 0.0004969 1.5599 0.222597 0.0352
0.01 1000 0.000324625 | 0.0331 0.00043955 0.1769 0.196683 0.1786
Table 2: Constant time-step variable € error comparison
+f;tn5f' e aor
0.03 b a00s || 0.08 00 ||
—[3— dt=0.01 —[3— dt=0.01
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=002

0.01

true soln
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Figure 10: Comparison of results with different At of variable €, constant time-step method

(Algorithm 1)

||V - u|| in Figure 10 is well controlled for all three different time-steps. ||u;|| in Figure 10
is very close to the true value of problem. Decreasing the time-step improves accuracy of

the pressure at origin (0,0). The oscillations in the errors of p(0,0) and ||V - ul| arise from
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the multiplier sin(¢) in the exact solution.

This test has a smooth solution, ||[Vu| does not vary too much in the whole test. And
this result in the estimator EST = ||V - u||/||Vu]| is also very smooth. So € does not vary
too much in this test. Both |lu]| and ||V - u|| are well controlled. The values of ||u;|| are
very close to the true value. The values of |V - u|| are very close to 0 (up to 10~*) which is
the incompressibility condition. One surprising effect we see from the plot of |V - u]| is that
smaller At leads to larger ||V - ul|, which contradicts expectations from theory. This is due
to for smaller At, this adaptive € algorithm suggests larger €. V -u and p need to satisfy the
relation V - u + ep = 0 and this implies ||V - u|| = €|p||.

log-log plot of velocity error at T=10
—¥— Iogﬂu-u“p

—-—- slope 2

8 H— 1
'/.
R
K
9 '/ .
R
R
Kd
K4
-10 e R
K
Rd
rd

11 L 1 L L L 1

-5.5 5 45 -4 3.5 3 25 2

Figure 11: log-log plot, log of velocity error at final step T=10 ||(u — u")(10)| v.s. log At
using variable ¢ constant time-step method (Algorithm 1). Slope of plot ||(u — u)(10)]| is

close to 2.

Figure 11 is the log-log plot of velocity error at final time T=10 versus the time-step k.
We see the curve of log(||(u—u")(10)]]) —log(k) has slope close to 2. This constant time-step,

variable €, backward Euler algorithm with time filter (Algorithm 1) is second-order accurate.
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The error does not change too much when the time-step gets too small. This is due to the
choice of tolerance, TOL, for algorithm here is 107% and at this time-step reached the error

plateau.

2.5.2.2 Double Adaptive

Next, we test the same problem using the variable time-step algorithm (Algorithm 2,
Algorithm 3 and Algorithm 4). The errors of variable time-step, variable ¢ method are
presented at Table 3. From the table, the variable order method gives slightly better results
than the first-order and second-order methods. The velocity error is of order 102 using
VSVO and is of order 1072 for both first and second-order algorithms. The pressure error of
VSVO is approximately 50% smaller than first and second-order algorithms.

method | # steps | [|(u—«")(10)|| | [|(u — u")(10)]|z= | [(p — p")(10)|z

first 3450 0.0609278 0.0512269 0.348461
second 447 0.0567343 0.0476828 0.344317
VSVO 566 0.00364638 0.00314834 0.190205

Table 3: Variable time-step error comparison

For the variable time-step methods, in Figure 12 we track the evolution of ¢ and At,
the pressure at the origin, ||V - u|| and [Ju¢||. The last plot of Figure 12 shows that the
second-order method consistently chooses a larger time-step than the first-order method. In
the beginning, VSVO picks the second-order method, and after some time, VSVO picks the
first-order method. The VSVO algorithm takes larger time-steps than both the first and
second-order methods.

From Figure 13, the plot of ||u||, we see some spikes. The time where we see spikes is
exactly € is decreased a lot (see Figure 12.) From the analysis of stability of ||u||, when we
decrease €, (34) must be satisfied to avoid catastrophic growth of ||u:||. When adapting e
and k to ensure EST < TOL, we may reject due to EST exceeding TOL and redo the step

several times. This may result in the sudden decrease of €, as in Figure 12. This kind of
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Figure 12: Comparison of variable time-step, variable ¢ method (Algorithm 2,3,4)

sudden decrease of € violates (34) and results in the spikes as in Figure 13. This illustrates the
necessity of controlling the change in € using the method we derived from stability analysis

and decreasing € using (34): (1 — ka)e, < €,41.

2.5.3 Flow Between Offset Circles, taken from [48]

The domain is a disk with a smaller off center obstacle inside. Let 1 = 1,75 = 0.1,¢ =

(¢1,c2) = (1/2,0), then the domain is given by

Q={(z,y): 2> +y* <r?and (x — c1)* + (y — c2)* > r3}.
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Figure 13: ||u|| plot of variable time-step, variable € method (Algorithm 2,3,4) The spikes

show at the time when e decrease too fast (violation of (34))

The flow is driven by a counterclockwise rotational body force
f(z,y,t) = min{t, 1}(—4y * (1 — 2* — y?), 4o % (1 — 2* — y*))", for 0 <t <10,

with no-slip boundary conditions on both circles. We discretize in space using P? — P!
Taylor-Hood elements. There are 200 mesh points around the outer circle and 50 mesh
points around the inner circle. The finite element discretization has a maximal mesh width
of hypae = 0.048686. The flow is driven by a counterclockwise force (f=0 on the outer circle).
The flow rotates about the origin and interacts with the immersed circle.

To better compare the results, tests is also done using the following algorithm:
Backward Euler with grad-div stabilization parameter v = 1 see Jenkins, John, Linke and

Rebholz [34]

n 1
+ un . Vun+1 + §<V . un>un+1 4 Vpn+1 - VAun+1 o ’va . un+1 — fn—i—l; (41)
V"t =0.
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Figure 14: Comparison between different estimators ||V - u| and ||V - ul|/||Vu|, Re =
100, At = 0.005 with Algorithm 1 (constant time-step, variable €). No penalty uses Back-
ward Euler with grad-div stabilization (41) with A¢ = 0.001. Tests without penalty use 320
mesh points around the outer circle and 80 mesh points around the inner circle. The finite

element discretization has a maximal mesh width of h,,,, = 0.0347224.

For both estimators EST = ||V - u|| and EST = ||V - u||/||Vu||, we use constant time-step
variable € (Algorithm 1) with the same tolerance TOL and lower tolerance minTOL. We

track the evolution of €, the pressure at the origin, the evolution of |V - ul|, ||u|| and the
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lift, drag coefficients. These are all shown in Figure 14.

The fourth plot in Figure 14 shows that with EST = ||V -ul|/||Vul| chooses larger € values
than with estimator EST = ||V - u|. The evolution of pressure, lift and drag coefficients
behave similarly for both estimators. ||V - u|| is smaller using adaptive € penalty algorithm
(Algorithm 1) than using Backward Euler with grad-div stabilization (41). ||V - u/|| from the
penalty method is at least 5 times smaller ||V - u|| from coupled Backward Euler with grad-
div stabilization (41). The adaptive penalty method has better control of ||V - u|| than the
coupled Backward algorithm with grad-div stabilization term (41). Lift coefficient calculated
from adaptive € penalty method looks good.
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3.0 Adapting ¢ in space

We propose, analyze and test a new adaptive penalty scheme that picks the penalty
parameter e element by element small where V - v is large. We start by analyzing and
testing the new scheme on the most simple but interesting setting, the Stokes problem.
Finally, we extend and test the algorithm on the incompressible Navier-Stokes equation on
complex flow problems. Tests indicate that the new adaptive-e¢ penalty method algorithm
predicts flow behavior accurately. The scheme is developed in the penalty method but also

can be used to pick a grad-div stabilization parameter.

3.1 Introduction

Consider the incompressible Navier-Stokes equations (NSE) with no-slip boundary con-

dition:

u+u-Vu+Vp—vAu = f, and V-u =0, in Q x [0,7], ()
42
u=20, on 00 x [0,7T], and u(z,0) = up(x), in .
Here w is the velocity, f is the known body force, p is the pressure, and v is the viscosity. The
penalty approximation to the Navier-Stokes equations replaces V-u=0by V-u+ep =0
and eliminates the pressure. This uncouples velocity and pressure, and the resulting system
is much easier to solve:
1 1
Uer + Ue - Ve + =(V - u)u, — vAu, — V(=V -u,) = fin Q x [0, 77,
2 € (43)
ue = 0,0n 02 x [0,7], and u(z,0) = up(z), in Q.
Here u, - Vu, + 5(V - uc)u, is the modified bilinear term introduced by Temam [61]. This
bilinear term ensures the dissipativity of the system (43). Supposing the spatial discretiza-

tion, a simple penalty method is given as follows. Given u™ ~ u(z,t,),k, = "' — " the
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n'* time step

U’?Jrl - u? n n+1 1 ny. n+l n+1 1 n+1 n+1 .
k—+u€~Vu + = (V-u)u!™ —vAu™ = V(—V -ul) = f(t"), in Q,

€ 2 ¢ €n+1
ut =0, on 90 and v = u(x,0) = ug(z), in Q.

(44)

The term —V (e~!V-u) also arises in artificial compression [48, 17] method and with grad-div
stabilization [34, 54, 13]. Penalty methods require less computing time and reduced storage

but still face two unsolved problems:

1. How to recover the pressure accurately, and

2. How to pick an effective value of the grad-div coefficient e.

Herein we present a self-adaptive algorithm answering question 2.

Many papers are devoted to the parameter choice of grad-div term for both grad-div
stabilization and penalty problems. Jenkins, John, Linke, and Rebholz [34] found that the
grad-div parameter for Stokes problem depends on the used norm, the solution, the finite
element space, and the type of mesh used. Ainsworth, Allendes, Barrenechea and Rankin
[1] introduced an approach to select stabilization parameters for the Stokes problem.

The velocity error of penalty methods is also sensitive to the choice of €, see Bercovier
and Engelman [4]. Care must be taken when choosing e. If € is too large, it will poorly model
incompressible flow. Choosing € too small will cause numerical conditioning problems, see
Hughes, Liu and Brooks [32]. In [32], the authors introduced a theory for determining the
penalty parameter, which depends on Reynolds number Re and viscosity pu. The optimal
choice of the penalty parameter also varies according to the time discretization schemes and
space discretization schemes used, see Shen [59]. With so many dependencies, an automatic
choice of € naturally becomes a problem to consider.

In Layton and McLaughlin [48] self-adaptive € selection in time (but not in space) algo-
rithms were developed, analyzed and tested. The basic idea in [48] is to monitor ||V - u"||

and pick € = €(t,,) to make ||V - u"|| < Tolerance in (44) in the computation of u"**,
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The natural question we answer herein is: can we let € = €(z, t) and pick €(z, t,,) pointwise

or element by element small where V - u” is large to enforce in a realizable sense
/ |V - u"|? do < Tolerance®. (45)
Q

This means ¢ is chosen small where V - u”" is large (and large where small). As a result, the
term (e 1V -u", V- v") becomes nonlinear. To our knowledge, this natural idea has not been
considered. Picking € pointwise and elementwise are two related ideas, but the resulting two
algorithms are different; see (50) and (52) below.

The idea we use is the path of many adaptive methods: monitor the residual (the left-
hand side of (45)), localize the global tolerance (45) and where the local residual [, |V-u"|? dz
is large, pick ex small (and visa versa). Picking € locally in space leads to a nonlinear grad-
div term in (44) quite amenable to numerical analysis. In the next sections, we start the

detailed analysis and test of this idea using the simplest setting, the Stokes problem.

3.1.1 Previous Work

Bernardi, Girault and Hecht [5, 6] derived posterior error estimates for the Stokes problem
with penalty. They performed the tests on adaptive meshes and tested using local penalty
parameters. Falk [20] derived a new finite element method that uses the trial function,
which is not div-free. By eliminating the constraint, one can use simple finite elements,
which inspired the proof in Section 3.2.2. Heavner and Rebholz [29] considered a local
choice of grad-div stabilization parameter. Moreover, in numerical tests, they showed that

local choice of stabilization parameter provides more accurate solutions.

3.1.2 Formulation

We begin the analysis and testing of this idea for the simplest interesting setting, the
Stokes problem
—vAu+ Vp = f(z), V-u=0. (46)

On a bounded, open polyhedral domain €2 subject to no-slip boundary conditions v = 0 on

09. Let d denote the dimension of 2, d = dim(£2) = 2 or 3.
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The penalty method replaces V - u =0 by V - u. + e¢p = 0 and eliminate pressure using
p=—c1V - u.
1
—vAu, —V (—V : ue) = f(z) in Q. (47)
€

Let X" C X := (H*(Q))% d = 2 or 3 denote a finite element space for the fluid velocity.
(-, ) is the L* inner product with norm |[|-|| and A denotes a mesh element (so that [, ¢ dz =
>-a Ja @ dz). The area/volume of a region D is denoted |D|. The L*(A) norm on a mesh
element ([ ¢* dz)"/? is denoted as ||¢] a.

The penalty approximation we consider to (46) is: find v € X" such that
v(Vaul, Vo) + Z/ XV -ulV o de = (f,0"), Vot e VI (48)
A A

The idea is the same as behind most adaptive algorithms: Monitor the residual to control
the error; localize a global residual tolerance; where the local residual ||V -u”||% is large pick
e small.

To develop this, we begin with the basic stability estimate. Setting v" = u" in (48) we
find

VAl + 3 [ Ul do = (£l = (1) + 0(1),
A YA

thus Z/A€A1’v cul? dr = O0(1).
A

This sugggests that globally halving (doubling) € halves (doubles) ||V - u”||2.
Next, we localize the global tolerance TOL for ||V - u”|| as follows:
We seek ||V - ul||? ~ 1TOL? or
1 1 TOL?
hyf2 h2 2
. = . dr ~ -TOL" = - —|A|.
IVl =3 [ 1Vt e 57O = 5 35 HE A

Thus we define the local tolerance

1TOL?

LOCTOIA = 5|T"A|?

and seek to enforce

|V - u"||A ~ LocTola.

o6



If this local tolerance is satisfied, the global tolerance is satisfied:
1
Vul|? = / V-ul)? de ~ LocToly = =TOL?.
IVl =3 [ IVl o = 3 ool =

The usual procedure would be to select (on each triangle A) €y4, solve for u”, compute

the ratio
LocTola
IV - ul|}’

then adjust € by €,c = 7 X €,q and resolve. The first step is therefore (starting with ex = 1)

r =

ean = ||V - u”||3% x LocTola,

There are two options. Both result in a nonlinear discretization.
Option 1. Elementwise Penalty (EP)

LocTola

STV R

so that
Z/ AVeulv oo dx—ZLocTol YV - uh||A/ V-ul'v ol do. (49)

Then (48) becomes: find u® € X" such that

1
howol do + —V.h2/v.h ol —/ o da.
/VVuE Vo' dz E TocTol IV - ul||A u Vv dz ) f-v"do (50)

Option 2. Pointwise Penalty (PP)

‘ LocT ol
S TR
so that
Z/ AV -ulv o de = Z LocToly! / IV - ul PV - ul Vot da (51)
N A A

Then (48) becomes: find u* € X" such that

h: hd / h|2 h d_/ d 2
/QVVUE Vo :E—I—ZLOCTOZA IV -’V -V ot da f-o"do. (52)

We focus herein on the analysis of option 2 (PP) and the numerical result of option 1
(EP). In option 2 (PP), the resulting nonlinearity is both strongly monotone and locally
Lipschitz continuous, sharing structures with the p-Laplacian. Then, there is a well-trodden

analytical path to be adapted here. Before proceeding, we address two points:
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1. Imposing the global condition locally suggests but does not imply the local condition is
satisfied. This will be tested in our experiments Section 3.4.1. We adapt based on the local
condition but aim for global TOL to be satisfied.

2. No analysis herein addresses how to pick TOL. TOL is user supplied.

Section 3.2 analyzes the stability and error for the Stokes problem of the new point-
wise penalty (PP) method. In Section 3.3, algorithmic aspects are discussed for the Stokes
problem and the Navier-Stokes problem using the elementwise penalty (EP) method. In Sec-
tion 3.4, we present three numerical tests using the elementwise penalty (EP). The first two

are for the Stokes problem, and the third one is an extension to the Navier-Stokes equations.

3.2 Analysis

In this section, we derived stability bounds for both new penalty methods (PP (52) and
EP (50)) and error estimates for the pointwise penalty (PP) method (52).

3.2.1 Stability

First, we consider the elementwise penalty (EP) method (50). Recall that LocToln =

N
o2l

Theorem 3.2.1. Suppose T" be a mesh of Q and A denote a mesh element in T", the
solution to (50) is stable, and the following stability bound holds

v 1 1
v/ h|l2 V- h|l4 < 2 )
IV 3 sV 1 < 1
Proof. Take v = u! in (50):
1
hy2 hyj2 h2 _ h
IV + 3 oo IV IV -l = [ £l de,
A
As (f,ul) < ||fll-1]|Vul|| and apply Holder’s and Young’s inequalities (15):
1 1 v
vh? —v_h4<_ 2 _vh2'
v[[Vul| +§LocTolA” uclla = o2+ Sl Vel

Combine similar terms and the claimed stability bound then follows. O
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From Theorem 3.2.1, we have the following proposition.

Proposition 3.2.2. Let N denote the number of elements A in mesh T" and TOL denote

the global tolerance, then the solution u" to (50) satisfy

IV - |t < (Nm;axm‘

TOL?||f||%;.
=) rorse,

Proof. From Theorem 3.2.1, we have
1 1
—_ ||IV- h|14 < 2 .
;LOCTOZAH U’EHA— QVHfH_l

Recall LocToly = $TOL? “é‘\

2 |9 b 1, o
<
> gor|a)lv A < I
TOL?
S ul 2
anv A < MR
2
TOL?
24 2
maX|A|Z(/ Ve o) < ol

2
S ([ v ) < A0
A A

Using the Cauchy Schwartz inequality:

2
1 > max A|TOL2
N<Z/A|V-u?|2 dx) < ([ imeupar) < 2SO e,
A A

Then the result follows. O

Next, we consider the pointwise penalty (PP) method (52). Recall that LocToln =

1 2|4]
;TOL Tl
Theorem 3.2.3. Suppose T" be a mesh of Q and A denote the mesh element in T", the
solution to (52) is stable, and the following stability bound holds

v 1 1
v/ h|2 - V- h4 < 2 )
IVt 3 g Il < g1
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Proof. Take v = u! in (52):

1
v||Vul||? + —/ V-uf4dm:/ -l du,
R g A

As (f,u) < ||f]|-1l[Vul|| and apply Hélder’s and Young’s inequalities (15):

1 1 v
VI Vul|® + Z m”v : U?HE(A) < 5||f||31 + QHVU?HQ-
A

Combine similar terms and the claimed stability bound then follows. O]

Directly from the result of Theorem 3.2.3, we have the following proposition.

Proposition 3.2.4. Let TOL denote the global tolerance, then the solution u® to (52) satisfy

max |A
vl < () TOLA R,

Proof. From Theorem 3.2.3, there holds
1 1
- v . h|14 < - 2 '
g LocT ol IV uelzoa) < 2V“f”—1

Recall LocToly = 3TO LQ%,

2 19| hyja L
Y v. <
< TOL2 | é | || ue ||L4(A) — 2V||f||—17

1 . TOL® | .,
_ . 4 < ,

1 wa o\ TOL?
E . d < .
max |A = (/A V-] a:) ~ 4v|Q| 1=

Then the result follows. O
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3.2.2 Error analysis

We consider the error between continuous Stokes problem (46) and discretized pointwise
penalized (PP) Stokes problem (52). Recall Q := {q € L*(Q) : [, q dz = 0}. The variational
form of the Stokes problem (46) is:

Find (u,p) € (X, Q) such that

/qu:Vvda;—/p(V‘v)dx:/fmdx for all v € X,
and /(V-u)qdmzo for all ¢ € Q.
Q

Theorem 3.2.5. Let (u,p) be a solution to the Stokes problem (53) and u” be the solution
of the penalty approzimation (52). Let d denote the dimension of Q and Cp,Cy be two
constants defined as in (21) and (22). TOL denote the global tolerance and LocTola be the

local tolerance for each element A in mesh T". Then it follows that

V|V (= uf)I* + C1 Y LocTol M|V - (u = ul')||aa)
A

vheXxh

< inf C(Cy,Cy) Z LocTol M|V - (u — vh)||i4(A)
A

+C(u)h2m_2 |lu|

tma ) + B2 pl1* + Cv= A £ TO LY (max |A[) 4[|

Remark 3.2.6. If X" has a divergence free subspace with good approximation properties,

the first term of the RHS of the estimate in Theorem 3.2.5 vanishes.

Proof. As a(u,u,v") =Y, LocToly" [ |V-u[*V-uV-v" dz and V-u = 0, so a(u, u,v") = 0.
From (53), adding a(u,u,v) to the left-hand-side :

v(Vu,Vv) — (p, V- v) + a(u,u,v) = (f,v), YVvelX.
Subtract (52) and let v = v":

v(V(u—ul), Vo) + a(u, u, v") — a(ul, u”, v") = (p, V - o).

€) €
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Denote e = u — ul, let V@ € X" n=u— @ and ¢" = u" — @, then e = n — ¢", the error

equation becomes:

v(Vn, Vo) + a(u, u,v") — a(@, @, v")

= V(v¢hv VU ) + a’(uh uh Uh) - a(ﬂ,&, vh) + <p7 V- Uh)7

€ e

Letting v = ¢", the error equation becomes:
v(Ve", Vo) +a(ud, ul, o) —a(a, @, ¢") = v(Vn, V') +a(u, u, ") —a(d, a,¢") — (p, V- ¢").
Apply Strong Monotonicity (21) to a(u®, u?, ¢") — a(a, @, ¢"):
a(u!,u!,¢") — a(a, a, ¢")
:;T}r%/ (V- a2V - — |V - PV - @)V - (u — 1) da

1
> _— - (ul — )|t d.
> Y poeay O IVt s

Apply Local Lipschitz continuity (22) to a(u,u, ¢") — a(a, @, ¢"):

a(u7u>¢h) _a(aaa7¢h)
:Z;/(yv-uﬁv-u—|v-a|2v-a)v-¢h dz
A

LocT ol
1
< —a) hi4
Z—LOCTOZ Cori (/ |V - (u—a)| dx) (/ |V - o" )
where ran = max{[|V - ul|zaa), |V - @||Laa)} = |V - @[ La(a)-

Then the error equation becomes

C
VIV + 3 T IV - 6 sy < v(V, V")
A

2
CQT’A

_ZA . ik B o
* = LOCTOZAHV MesallV - @ llLsa) = (p, V- ¢7).
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Apply Holder’s and Young’s inequality (15) with p =4,¢ =4/3:

C
V||V ||* + Z mllv <" |71

R

< SlIvall* + HV¢’"”H2—(p,V-¢h)

3 ot V- S
_— . 4A ./)7 4A
A LocTollA/4 P Cll/ 4LOCTO[Z/4 P

1%
< <[|[Vn|* + §IIV¢hH2 — (p, V- ")

(\]

|
N R

C4/3,8/3

c 1/4 3/4
! h4 2 A 4/3
—— |V 1 _ 72 A

Z LocTolAH ol (A)> (Z 011/3LocTol IV - nll A)>

A

+
T/_\

| N

S IVnl” + HV¢’"”H2—(p,V-¢h)

1 _ 4/3 8/3 1
ECTEIPTTIN I § oRe i ST
n LocT ol 4/3 N 011/3L00T0l

Letting 6 = 2 and combining similar terms gives

_|_

=]

Ch

. Ah4
LOCTOZAHV (b HL4(A)

1
S+

4/3 8/3

v 4/3 h
< —[|Vn|* + p, V- ).
5 IVall” + 4\[2 1/3LocTz IV nll aay — ( )

Consider the last term of the error equation inspired by the proof of Falk [20]:

h2
< PV -l de 4+ = |p|? + = ||V nll?
> [t B

1 h 1/4 h o

1/4 P 3/4
b 1/3) 14/3
< E (/ LocTolA|v uy | dx) (/A LocTol " |p| dx)

IVl

Sl -l

- 2
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1/4 3/4
1
< — V-uMta /L Tol}3|p|*/3 d
B (ZA:/ALOCTOZA|V ue x) (Z A ool TIpl T d

A

h'2 2 2
+§lel +2h2HV all
< - v h14 L T ll / 2
< (S gttt ) (5 (o) (v

h2 2 2
+ bl + 55V -

1 1/4 1/3 2/3\ 3/4

< E—— VA LocTol 2
= (; LocTolAH UEHL4(A)> (;/A oc 0A> <§/A|P| )

h2 2 2
I+ 19

1/4 1/4
1 hid hQ 2 2
- (;—LOCT%HV-UGHLM)) (;rA\LocTozA> oI+ 2l + 55519 -0l

By the stability bound,

v R)|2 1 R4 1 2
-z - ) < )
IV + 3 fo o I el < 1P,

Thus,

1/4
_ h?
(p, V- ¢") < Com )| £|| 12 (ZIAILocTola> ||p||+7|lp||2+ IV -l
A

2h2

Plug back to the error equation:

304/3,8/3

v 4 4/3
- V h|2 4 v . b4 < = V 2 2 A
SV + 3 a1Vl S GV 32 i

A)

1/4
_ h?
e (5 altacra ) ol 1 it
A

where

v 1 TOL2 o TOL? o
(Z\A]LOCTOZA> (Z\A] T \) = (WZ’AP)
A A

1/4 14
TOL'? 1o (max|A|
— — /2 221
< Sii (, | aX‘A]E |A|) I'OL ( 5 )
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Apply triangle inequality: |le] < |In]| + |¢"|
u||Ve||2+ZL TV el < inf {unvw—v Z 4+ A2V - (u— o™)|?
+c<cl,c2>ZLocTozr( LNV - (=" [y + IV - (= 0" gy ) }
A
+h2||p|? + Cv YA F Y ETO LY (max |A]) /4 |p) %,
where
ZLocTozAl LIV (= "), ZLocTolAl\IV A IV - (= M)A,
= Z LocTol ;M |V - (u —v")[|74a)
A
The error satisfies
u||Ve||2+ZL TV el < ot {unvw—v 2+ b2V - (u—ot)|?
+C(C1,C2) Y LocTol3 |V - (u— v >||L4(A>} + B2||p||2 + Co VA £ ETOLY? (max | A V4]
A
As ||V - (u— o) < [V(u— "),

2 . -2 b2
Vel +ZL oIV el < it {CON1+R V=)

HO(C1 o) 3 LocTol3 [V (= 0" | + W2l + Co IS TOLY (max AL} ]
A

Using the approximation properties (10) of the spaces X"

Ci : _
I/HV6H2—|—Z LocTolx v -6”%4(A) < Uhlél)f(h C(Cl,CQ)ZLOCTolAlHV- (U_Uh)HLIl}(A)
A

+C) 2 ullfgmis @y + Pl + +Cv ™A I ETOLY? (max |A]) 4| p]|
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3.3 Algorithm

This section presents the algorithms to implement the elementwise variable € elementwise
penalty (EP) method (50) introduced in Section 3.1.2. The following Algorithm 5 is for

Stokes problem.

Algorithm 5: Elementwise variable € penalty (EP) method for Stokes

Given tolerance TOL, epsilon lower bound LowerEps and mesh 7, MaxIter=10

1TOL? |A|

Compute on each element triangle LocTola = 5 il

Set ea =1

Solve for u" using penalty method: find u* € X" such that

v(Vul, Vol —1-2/ A VUl " de = (f,0") Vol e X
~ J/a

while iteration < Maxlter and retry=true do
Loop over all triangle elements A € T

Compute estimator for each triangle
esta = / IV - ul)? do
A

if esta > LocTolan then

_ LocTola .
T esta !

ea < max(LowerEps,r X ep);

retry=true;
end
REPEAT step;

end

Recover pressure p if needed

Remark 3.3.1. We need to set a maximum number of iterations MaxlIter in the loop to

avoid the program running infinitely. However, this may lead to the situation that esta >
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LocTol local tolerance is not satisfied. However, our ultimate goal is |V - u"|| < TOL no

matter whether local tolerance is satisfied or not.

We also want to test the elementwise variable € penalty method on the unsteady Navier-

Stokes equation. For time-dependent problem (44), there are two options:

1. use ||V - u||a from the previous time step, adjust ¢ and do not repeat the current time-
step,
2. for each time-step, repeat using €,., and loop until tolerance or maximum iteration is

reached.

Since this is a new algorithm, we do not know which is better. We still need to do further

research, and Algorithm 6 follows.
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Algorithm 6: Elementwise variable € penalty (EP) method for Navier-Stokes

Given tolerance TOL, epsilon lower bound LowerEps and mesh 77, final time T,

time-step At, initial condition wug(z)

Compute on each element triangle LocTolp = %T%f |A|

Set en1 = 1,19 = 0;

while ¢ < T}, do
Update t, 1 = t, + At;

h

€,n)

Given u/,, solve for u” ., using penalty method: find w/, ., € X" such that

Ue n — Uy 1
(—v—“At M)+ (u?n . V“?,nﬂ,vh) + 5 ((V ) ugn)ugnﬂwh) 4 V(VU?,nH,Vvh)

+Z/ e;}wv : ugnHV M de = (f7T ") vl e X
A A

Loop over all triangle elements A € T"

Compute estimator for each triangle

esta :/ IV ul | da
A

Update €n:

~ LocTola
N esta

r

€ante < max(LowerEps,r X €a n+1),

retry = false;

Recover pressure p if needed

1

€EAn+1

_ h
PAn+1 = — V- Ue py1-

end
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3.4 Numerical Tests

In the following numerical tests Section 3.4.1 and Section 3.4.2, the problems are tested
using both elementwise penalty algorithm (Algorithm 5) and also this following coupled
system: find u" € X" p" € Q" such that

v(Vul, Voly — (p", vV - o) = (f,0") Wl e XN,

(54)
(V-u",¢")y =0 Vq¢"eQ"

3.4.1 Test 1: An exact solution problem, taken from Burman and Hansbo [12]

This model problem is constructed to test the convergence rate. The analytic solution is

given below
u(z,y) =20zy®, w(z,y) =5z'—5y', p(z,y) =602y —20y° — 5. (55)

on 2= (0,1) x (0,1). Inserting (55) into Stokes equations (46) with Re = 100 recovers the
body force f.

In this test, take ¢ lower bound LowerEps = 1078, global tolerance TOL = 107° and
LocTolp = %T%‘LQ |A| &~ 1.5625 x 107! for the case of 40 mesh points on each side. From
Table 7 with 40 mesh points per side: |V-u"||? = 5.49293x 10~¢ < TOL, the global tolerance

condition satisfied using elementwise penalty. However from Figure 17(b): max ||V - u”|% ~
1.15 x 107°|A] &~ 3.59 x 107 > LocTol, the local condition does not satisfy but is very close
to the local tolerance.

Table 4, Table 5 and Table 6 present the numerical errors of Test 1 of comparison between
coupled system (54) and elementwise penalty method (Algorithm 5). The convergence rate

of the elementwise penalty is also presented in the fourth column.
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IsoValue IsoValue

1283
w0243127

(a) Coupled Stokes problem, the scale is about (b) Elementwise penalty method (Algorithm1) for
107! Stokes problem, the scale is about 103

Figure 15: |V - u"|%/|A| with 10 mesh points on each side

IsoValue IsoValue

00013142
000138806

WO000145183

m0000153579

m0000180968
||n 000178432

AAAMAAMAMMAMMARAAN

(a) Coupled Stokes problem, the scale is about (b) Elementwise penalty method (Algorithm1) for
1073 Stokes problem, the scale is about 1074

Figure 16: |V - u”*|/|A] with 20 mesh points on each side
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(a) Coupled Stokes problem, the scale is about (b) Elementwise penalty method (Algorithm1) for
10—° Stokes problem, the scale is about 106

Figure 17: |V - u"|%/|A| with 40 mesh points on each side

# mesh points on each side | coupled ||u — u"||;> | penalty ||u — u”||;2 | rate
10 0.00520688 0.00528456 -
20 0.000327941 0.00132306 1.99790
40 2.05561e-05 0.000340571 1.95785

Table 4: numerical error ||u— u"||;2 and convergence rate of elementwise penalty (compared

with coupled system (54))

3.4.2 Test 2: Flow between offset cylinders, taken from Layton and McLaughlin
[48]

This test is to test Algorithm 5 on a more complex flow problem and also a comparison
between the coupled system and elementwise penalty scheme.

The domain is a disk with a smaller off-center disk inside. Let 1 = 1,7 =0.1,¢; = 0.5
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# mesh points on each side | coupled ||V (u — u")||z2 | penalty |V (u — u")||z2 | rate
10 0.384253 0.433158 -
20 0.0494622 0.21608 1.00333
40 0.0062691 0.107975 1.00087

Table 5: numerical error ||V (u — u")||z2 and convergence rate of elementwise penalty (com-

pared with coupled system (54))

# mesh points on each side | coupled ||V - (u — u")||2, | penalty |V - (u—u")||2, | rate
10 0.186365 0.00049467 -
20 0.00302458 3.12998e-05 3.98224
40 4.81016e-05 1.96239e-06 3.99547

Table 6: numerical error ||V - (u — u")||2, and convergence rate of elementwise penalty

(compared with coupled system (54))

# mesh points on each side | coupled ||V - u"|? | penalty ||V - u"||
10 0.135344 0.00140525
20 0.002331 8.78752e-05
40 4.23739e-05 5.49293e-06

Table 7: ||V - u"||?> numerical result of Test 1

and ¢y = 0, the domain is given by

Q={(z,y): 2> +y* <riand (z —c1)* + (y — c2)* > 13 }.

We take Re=100 and the body force is given by

flzy) = (—4y(1 —2? — %), 4a(1 — 2% — 7).
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In this test, € lower bound LowerEps = 107! and global tolerance TOL = 107°. There
are 60 mesh points on the outer circle and 30 mesh points on the inner circle. The mesh is
denser near the inner circle. And for this mesh the shortest edge of all triangles is min.h, =
0.0220132 and the longest edge maz.h, = 0.141732. The smallest area of element triangle
mina|A| = 0.000166354 and the largest area of triangle maza|A| = 0.00528893. The local
tolerance LocTola = %ﬂOTfQ]A\ ranges from 1071¢ to 10717

In this test, from Table 8: ||V - u*|> = 1.01872 x 107!® < TOL? and from Figure 18(b):
max |V - u||A ~ 8.59 x 107'7|A| &~ 1072° < LocTola. Here local condition and global

condition are both satisfied.

method IV - uh|?
coupled 0.255675

elementwise penalty | 1.01872e-19

Table 8: numerical result |V - u"||? of Test 2 Stokes problem

In the test using elementwise penalty (Algorithm 5) at final iteration, €,,,, = 2.92232 %
107% and €, = 10710,

From Figure 18, the incompressibility condition is satisfied for the penalty method. For
the coupled system max ||V - u”||% /|A| =~ 30.08 which does not satisfy the incompressibility
condition.

From the velocity plot Figure 19, the coupled system and elementwise penalty system
have similar results. But the elementwise penalty method has far smaller ||V - u”||? values.

3.4.3 Test3. Comparison test between constant penalty and elementwise penalty

see Layton and Xu [52]

In this test, we verify the adaptive elementwise penalty method (Algorithm 5) does better
than normal constant penalty method by comparison Algorithm 1 with constant € = 10™8v
for all elements. Here constant ¢ = 1078y is usually the approach used by engineering papers.

This comparison test problem is solved by using P1, conforming linear elements. Let the
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(a) Coupled Stokes problem (b) Elementwise penalty method (Algorithm 5) for
Stokes problem

Figure 18: ||V u"||%/|A| of Test 2, comparison between coupled (54) and elementwise penalty
system (Algorithm 5) (Note the scale in two plots are different. Coupled Stokes problem

maxp ||V - u”[|A = O(10?), elementwise penalty method maxa |V - u"||A = O(10717))

body force,
fla,y) = (sin(z +y), cos(z +y))",

on 2 = (0,1) x (0,1). In this test, Re = 1, global tolerance TOL = 107% and there are 40
mesh points on each side. The test results are shown in Table 9.

From Table 9, constant penalty e = 107 is a ill conditioned linear system while elemen-
twise penalty with average € = 6.3 x 10™* leads to a much better conditioned system. And
|V - u"||? of adaptive elementwise penalty is smaller than constant penalty, thus adaptive

elementwise penalty controls ||V - u|| better than constant penalty method.
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Ver Vaiue Ver Vaiue

(a) Coupled Stokes problem (b) Elementwise penalty method (Algorithml) for
Stokes problem

Figure 19: velocity plot of Test 2, comparison between coupled (54) and elementwise penalty

system (Algorithm 5)

constant penalty € = 107® | elementwise penalty (Algorithm 5)

|V - ul||? 7.20178e-17 3.7741e-19
average € le-8 0.000629366

Table 9: comparison of ||V - u"||? and average value of e between constant penalty and

elementwise penalty (Algorithm 1)

3.4.4 Test4: Flow around a cylinder, see Ingram [33], John, Matthies and Rang
[40]

This section is an extension of the elementwise penalty method test on the nonlinear
Navier-Stokes equation (Algorithm 6). Even though the local condition is only partially
satisfied in this test, the global condition is satisfied and well controlled.

The domain 2 is a [0, 2.2] x [0, 0.41] rectangle. The cylinder S centered at (0.2, 0.2) with
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the diameter 0.1 units. The external force f = 0, the final time is 7' = 8 and the prescribed

viscosity v = 1073. The flow has boundary conditions:

u(z,0,t) = u(z,0.41,t) = ulsqs = (0,0)7, 0<x <22,

u(0,y,t) = u(2.2,y,t) = 0.41*sin(7t/8)(6y(0.41 — y),0)", 0 <y <0.41.

The mean inflow velocity is U(t) = sin(nt/8) such that U, = 1.

Let the initial condition satisfy the steady Stokes problem. The following results using
P3 finite element space for velocity. The number of degrees of freedom of velocity is 5091.
The mesh is denser near cylinder S, and for this mesh, the shortest edge of all triangles is
minsh, = 0.0101291 and the longest edge max.h. = 0.154404. The smallest area of element
triangle mina|A| = 3.46846 x 107 and the largest area of triangle maxa|A| = 0.00773693.
In this test, € lower bound LowerEps = 1071Y and global tolerance TOL = 107°. The local

1TOL?
2719

T =2,4,5,6,7,8 for low with Re=1000. We can see the vortex shedding off the back of the

tolerance LocTola = |A| ranges from 10712 to 1071, Figure 20 is the speed-profile at
cylinder in the test result.

Figure 21 is the plot of |V - u"||* throughout the whole time interval. The red curve
(Algorithm 6 with step repeated) has smaller ||V - u"||? values than the blue curve (without
repeating the step). Both global ||V - u|| values are well controlled.

In order to check the local condition, we look at the elementwise value |V - u|%/|A|
at the final time T=8. From Figure 22(a) without repeating the step: max |V - u"||A ~
3 x 1078 A| ~ 10~ slightly larger than the local tolerance LocTola. From Figure 22(b)
with step repeated: max ||V - u"||4 ~ 5 x 1071 A| ~ 10~ satisfies the local tolerance. For
Algorithm 6 with step repeated, the global and local ||V - u"|| values are smaller but need
more computing time compared with Algorithm 6 without retry. For Algorithm 6 without

repeating the step, the overall result is satisfying even though the local conditions are only

partially satisfied.
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Figure 20: magnitude of velocity field at T' = 2,4,5,6,7,8 of Test 4 Algorithm 6 for NSE,
At = 0.005

3.4.4.1 Comparison with constant penalty methods

This section compares Elementwise adaptive penalty (EP) method for the NSE with 1)

constant € = 107%v and 2) constant € = k penalty methods using the same flow around a
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Figure 21: Plot of ||V - u"||? from T=0 to T=8

cylinder test.
The characteristic values of the flow are the drag coefficient c4(t), the lift coefficient ¢;(t)
at the cylinder, and the difference of the pressure between the front and the back of the

cylinder at the final time. These coefficients can be computed by

ca(t) = —20[(ug, vg) + v(Vu, Vog) + ((u - Vu,vg) — (p, V - v4)],
alt) = —20[(ug, vi) + v(Vu, Vo) + ((u - V)u,v) — (p, V - vy)],
Ap(T) = p(0.15,0.2, T) — p(0.25,0.2,T),

for any function vy € (H'(Q))? with (v4)|s = (1,0)* and v; vanishes on all other boundaries
and for any test function v; € (H'(Q2))? with (v;)|s = (0,1)7 and v; vanishes on all other

boundaries.

78



IsoValug

IsoValue

(a) |V - u"|%/|A| at Tfina = 8 without repeating
the step (Algorithm 6), the scale is about 1078 ~ (b) |V - u"[4 /|A| at Tpina = 8 with step repeated (Al-
1079 gorithm 6 with retry), the scale is about 107 ~ 10712

Figure 22: result of Test 4 Algorithm 6 for NSE, At = 0.005

According to [38], the reference values for this difference and the maximal values of the

drag and lift coefficient are given by:

t(Camaz) = 3.93625,  Camaa = 2.950921575,
t(Clmaz) = 5.693125,  Clmaw = 0.47795,
Ap(8) = —0.1116.

As in the calculation of drag, lift coefficients, pressure is also an important factor. Here we
used two different methods to recover the pressure: 1) by solving the system V-u" +exp" = 0
and 2) by direct calculating p" = —1/ea(V - u").

Figure 23 is the comparison of ||V -u"|| using different penalty methods. ||V -u"|| will not
change no matter which pressure recovery methods used. As in the plot, all three penalty
methods controlled |V - u"|| well and constant € = k has larger ||V - «”|| value than both

constant penalty € = 107%v and Elementwise adaptive penalty method (Algorithm 6).
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Figure 23: Comparison of ||V - u"|| using Algorithm 6 and constant penalty methods

Figure 24 is the plot of drag and lift coefficients calculated by solving system V - u” +
eap™ = 0 and Figure 25 is the plot of drag and lift coefficients calculated by direct calculating
p" = —1/ea(V - u"). These two have similar results no matter which pressure recovery
methods used. In Figure 24 and Figure 25, constant € = k and Elementwise adaptive
penalty method (Algorithm 6) have similar drag, lift coefficients. The lift coefficient of
constant ¢ = 1078y is very different from the other two penalty methods. And the reason
for that is still unknown.

Table 10 is the comparison of values Ap(8) calculated using different penalty methods and
two different pressure recovery methods. As pressure recovery is still an unknown problem
in the penalty method, the results are all not good and far away from the reference value
Ap(8) = —0.1116. For the elementwise adaptive penalty method, pressures recovered by

both methods are positive, which could not reflect the pressure drop phenomena we should
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Figure 24: Comparison of drag and lift coefficients, pressure recovery by solving system

V-ul +eapt =0
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Figure 25: Comparison of drag and lift coefficients, pressure recovery by direct calculating

ph = —1/ea(V - uh)

observe in this test. The elementwise adaptive penalty method is not accurate in this test.
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pressure recovery | constant € = 107%v | constant € = k& | Elementwise adaptive penalty

method 1) -1.20012e-23 -2.86496e-06 2.18002e-11
method 2) -1.41875e-23 -3.79273e-06 1.89583e-11

Table 10: Comparison of Ap(8), method 1) by solving system V - u” + eap” = 0, method 2)
by direct calculating p" = —1/ea(V - u")
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4.0 Conclusions and future perspectives

The first project presents a stability and error analysis for the adaptive € penalty method.
Also, four different algorithms for both constant and variable time-step were introduced.
There remain open problems and algorithmic improvements possible in the future. In this
thesis, we introduced the adaptive e scheme with a condition from stability analysis that
could ensure the stability of the result. It is unclear how sharp this bound is or if the
restriction (34) is necessary for all time-steps.

Further, rejecting and repeating steps to guarantee EST<TOL results in violating the
restriction (34). The problem has a different optimal € value for different time-step. An
algorithm that adapts € and k independently may be inferior to one that relates the step
size to the penalty parameter. However, there is no an obvious relation between € and k, so
further research may be necessary to find a more efficient doubly adaptive algorithm. The
pressure recovered directly from the continuity equation, V - u 4 ep = 0 (26) is not a good
estimate compared with the pressure from the coupled system. We can look into alternate
ways to recover the pressure, such as using the Pressure Poisson equation (PPE) see Kean
and Schneier [41].

We proposed a new variable € penalty method starting from the Stokes problem in the
second project. We proved the stability and derived an error approximation of the new
pointwise penalty (PP) (52) on the Stokes problem. Furthermore, at the end we test the
algorithm on the Stokes problem and extend it to test the time-dependent nonlinear Navier-
Stokes problem using elementwise penalty (EP) (50). This is just the start of this new
scheme; there are plenty of improvements possible. Picking the right global tolerance TOL
and maximum iteration MaxlIter is still a problem to consider. Algorithm 6 is new, and we
currently do not know if or not we need to repeat each time-step after setting the new e.
We emphasize that our target is the 3d, time-dependent NSE problem for which the method
is implemented as Algorithm 6, without appreciable complexity increase over simple, linear
constant € penalty methods.

In Chapter 2 and Chapter 3, we focused on the velocity and did not pay much attention
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to the accuracy of pressure. Pressure recovery is also a big problem to consider. In Kean and
Schneier [41], two different pressure recovery methods are introduced and analyzed. As for
the time-dependent problem, only constant time-step schemes are considered in this thesis.
To further optimize the algorithm, adding a time filter Guzel and Layton [26] and adapting
the time-step is also a promising research direction in the future. Both the stability and error
analysis is given based on the assumption that the grad-div term can be replaced by the
variational form (51). The numerical analysis based on assumption (49) (i.e. elementwise
penalty) is also an interesting problem. Also, other estimators for adjusting ||V - u|| can be
considered, e.g. ||V -ul|/||u]|. And here we only develop the adaptive penalty methods based
on the Backward Euler method, other higher order time-discretization schemes can be used.
Penalty combined with ensemble [36, 35], sparse grad-div [51] or DLN [49, 50] are also some

possible directions in the future.
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