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Real-time Reduced Order Modeling of High-dimensional Partial Differential

Equations via Time Dependent Subspaces
Prerna Patil, PhD

University of Pittsburgh, 2022

We present a new methodology for the real-time reduced-order modeling of stochas-
tic partial differential equations (SPDEs) called the Dynamically/Bi-Orthonormal (DBO)
decomposition. In this method, the stochastic fields are approximated by a low-rank decom-
position to spatial and stochastic subspaces. Each of these subspaces is represented by a set
of orthonormal time-dependent modes. We derive exact evolution equations of these time-
dependent modes and the evolution of the factorization of the reduced covariance matrix.
We show that DBO is equivalent to the Dynamically Orthogonal (DO) [1] and Bi-Orthogonal
(BO)[2] decompositions via linear and invertible transformation matrices that connect DBO
to DO and BO. We study the convergence properties of the method and compare it to the
DO and BO methods. Overall we observe improvements in the numerical accuracy of DBO
compared against DO and BO.

In the second part of this work we direct our attention towards solving SPDEs with non-
homogenous stochastic boundary conditions. A crucial question in this application is how
do we determine the distribution of random boundary conditions among spatial bases. The
DBO methodology is applied for determining the boundary conditions for time-dependent
bases at no additional computational cost beyond that of solving similar SPDEs with ho-
mogeneous boundary conditions. The boundary conditions are determined by forming a
variational principle whose minimization leads to the evolution of time-dependent bases
at the boundary as well as the interior points. The formulation is applied for stochastic
Dirichlet, Neumann and Robin boundary conditions and the performance of the method is
assessed.

In the third part of this work, the focus is shifted towards application of this method-
ology and development of techniques to solve deterministic partial differentiation equations.

A multi-dimensional variable is represented by a set of one-dimensional time-dependent or-

v



thonormal modes in each dimension and a core tensor. We derive evolution equations for
these modes and the core tensor. Due to low rank representation of the solution at every
time instant, the method also provides advantages in data storage for a large number of time

steps. This advantage is notably evident in higher dimensions (d > 2).
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The figure shows the structure of the POD modes for the two cases. The first
row shows the shape of the modes for T pserveq = 5.5. The second row shows the
shape of the modes for T,pserveq = 11. The first column shows the mean of the
snapshots taken. Column 2,3 and 4 show the modes in the order of decreasing
energy. We observe that the modes in row 2, occupy more area as compared
to the modes in row 1 due to the increase in the time for which the solution is
observed. . . . ... L
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drift of the vortices. . . . . . . . . . ...
The solution obtained from POD for the case where T pserveqd = 5.5 18 shown in
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vortex till £ = 5.5, the solution till ¢ = 6, is observed to be correct. However, the
vortices for t = 8,10 show distortion. . . . . . . . . ... ... ... L.
The solution obtained from POD for the case where T ps0rveq = 11 is shown in the
figure above. In this case, since the POD modes were exposed to the evolution
of the vortex till ¢t = 11, the solution is observed to match the DNS solution for
all time steps. No vortex distortion is observed. . . . . . . . . . ... ... ...
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orders r = 5,10, 15,20. It is observed that as the reduction order increases the
Lo error of the solution decreases. . . . . . . . . . . . ... ...
The schematic of the temporally evolving jet is shown in the figure above. The

domain is considered periodic in both stream-wise and cross-stream directions. .
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The above figure shows the density flow field at ¢ = 2,4 and 6 for TDB and
equivalent URDNS. We observe that for TDB (r = 40) and it equivalent URDNS
272 show the flow field matching the DNS 896. However for TDB r = 30 and
r = 25 the equivalent URDNS 212 and 232 show divergence after 4 Time Units.
The TDB solution for » = 25, also shows error in the capturing the higher modes
as can be seen in the solution at ¢ = 4. The build up in the error in the URDNS
due to aliasing can be seen in the solution of URDNS 212 x 212 along the x5 = 0.5
center line. . . . . . ..
The above figure shows the vorticity flow field at ¢ = 2,4 and 6 for DBO and
equivalent URDNS. We observe that for DBO (r = 40) and its equivalent URDNS
272 show the flow field matching the DNS 896. However for DBO r = 30 and
r = 25 the equivalent URDNS 212 and 232, show divergence after 4 Time Units.
The DBO solution for r = 25, also shows error in the capturing the higher modes
as can be seen in the solution at ¢ = 4. The build up in the error in the URDNS
due to aliasing error can be seen in the solution of URDNS 212 along the zo = 0.5
centerline. . . . . . . L
The comparison of singular values for density is shown for different reduction
orders with the singular values obtained from the instantaneous SVD of the flow-
field. Due to the clustering of the singular values, the figures in row 1 and 2 show
the singular values with every second singular value skipped while plotting. Row
1 and 2 show the comparison between the singular values for » = 20, 30, 40, 50.
Row 3 depicts the error in the singular value ¥9g for different reduction orders.
It is observed that for lower reduction orders the accuracy of the the singular
value is low. As more modes are added to the system the accuracy of the singular

value is improved. . . . . . . L
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The above figure shows the spectrum for the density at x5 = 0.5 for TDB (r =
50) and its equivalent URDNS 304. The spectrum for DNS 896 is plotted for
reference. The spectrums are shown for three different time steps: ¢t = 2,4 and
6. It can be observed that while the errors in the TDB can be attributed to the
incorrect capturing of the smaller scale structures, the errors in URDNS arise
from the aliasing errors due to deficit in the grid resolution. Both the methods
capture the large scale structures in the flow properly as can be seen in the
spectrum match for wavenumbers x < 50 for both URDNS and TDB. . . . . . .
The above figure shows the density spectrum for TDB with different reduction
sizes: r = 30,40,50. The DNS spectrum is also plotted for comparison. The
spectrum is shown for three time units: ¢ = 2,4,6. We observe that the spectrum
improves as the reduction size is increased. All the reduction sizes capture the
larger scale structures in the flow correctly as seen in the match of the x < 50. .
The above figure shows the shape of the first 3 modes at t = 2,3 and 4. The
shape of the modes adapts to the evolution of the flow field. For example, we
observe the shape of the first mode in zo-direction changes as the width of the
jet increases. This width change in the shape of the jet is reflected in the shape
of the first three xo-modes. . . . . . . . . . ..
The above figure shows the evolution of the shape of the first x5-mode according
to the evolution of the flow field. The first mode increases in width with the
evolution of the jet. . . . . . . . . . ..
The above figure shows the evolution of the shape of the second x;-mode ac-
cording to the evolution of the flow field. As the vortices evolve and merge the
seemingly sinusoidal-type structure of the mode is disrupted for ¢t > 4. . . . . .
The above figure shows the Lo-error obtained from the DBO flow field and the
DNS solution. The time-evolution of error for four different reduction orders i.e.,
r = 20, 30,40, 50 is plotted. It is observed that as the reduction order i.e., the
number of modes are increased the error is reduced. . . . . . . ... ...
The schematic of the 3D temporally evolving jet is shown in the figure above.

The domain is considered periodic in all the three directions. . . . . . . . . ..
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The above figure shows the density flow field at ¢ = 5,7 and 9 and z3 =
(0.1,0.5,0.9). The results are shown for DBO simulations for three different
reduction orders of ro which are 20,40 and 60. The top row shows the results
for the DNS simulation for the grid size 256 x 256 x 64.We observe that the flow
field errors are reduced as the reduction order is increased in the xy-direction.
The under-resolved DNS results are not showed for comparison as all of those
results diverge for the given reduction orders. . . . . . . . . ... .. ... ...
The above figure shows the density flow field at ¢ = 5,7 and 9 and z; =
(0.1,0.5,0.9). The results are shown for DBO simulations for three different re-
duction orders of r, which are 20,40 and 60 and their equivalent under-resolved
DNS. The top row shows the results for the DNS simulation for the grid size
256 x 256 x 64. We observe that the flow field errors are reduced as the reduc-
tion order is increased in the xy-direction. The under-resolved DNS results are
not showed for comparison as all of those results diverge for the given reduction
Orders. . . . . . e
The above figure shows a comparison between the singular values obtained from
the time dependent basis and the singular values obtained from instantaneous
SVD values of the density flow field. Due to the clustering of the singular
values, the figures show the singular values with every second singular value
skipped while plotting. The values are plotted for three different reduction or-
ders ro = 20,40, 60. The accuracy of the singular values in x5 direction improves
as the reduction order is increased . . . . . . ... ... ... L.
The above figure shows the Lo-error obtained from the DBO flow field and the
DNS solution. The figure shows the time-evolution of error for different reduction
orders. It is observed that as the reduction order i.e., the number of modes are

increased the error is reduced. . . . . . . ...
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Dynamically bi-orthonormal decomposition for flow over a bump in a channel in
chaotic regime: (a) The growth of the small perturbations in the forcing measured
by the horizontal viscous shear force on the walls. The signals are observed to
completely diverge after ¢ = 116. (b) The growth in the eigenvalues of the DBO
system with r = 2 and the eigenvalues of the Karhunen-Loéve decomposition.

The above figure shows the 3D Rossler attractor approximated by a 2D basis. In
the figure on the left the attractor is approximated by a 2D static basis derived
from POD. The figure on the right approximates the attractor using the time-
dependent basis. The basis adapt according to the trajectory of the system at
every time instant. Image courtesy: Michael Donello, Hessam Babaee: “Real-
Time Reduced Order Modeling Using Time Dependent Subspaces”, 72nd Annual
Meeting of the APS Division of Fluid Dynamics, Volume 64, Number 13 . . . .
The above figure shows a comparison between the spatial and stochastic modes
associated with the DO, BO and the DBO method. The scaling and the or-
thonormality /orthogonality conditions imposed on these modes are pictorially
represented in the figure. DO modes are shown in red, BO modes are shown in

green and DBO modes are depicted in blue. . . . . . . . .. ... ... ...
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1.0 Introduction

The pressing need of conducting verification and validation (V&V) for realistic simula-
tions in scientific and engineering applications requires propagating uncertainty in these sys-
tems. These systems are often subject to uncertainty that may come from imperfectly known
parameters — that can be modeled as random parameters — or random initial /boundary
conditions, or by systems that are characterized by inherent stochastic dynamics, such as
coarse grain models of multi-scale systems, in which the effects of unresolved scales are
modeled as stochastic processes [4]. Uncertainty quantification (UQ) in such systems can
disentangle the effects of different uncertain sources on the quantities of interest and it
can guide the decision making process and ultimately lead to more reliable predictions and
designs.

One of the fundamental challenges in performing UQ in complex engineering and scientific
systems is the computational cost associated with this task. These systems are often charac-
terized by high-dimensional ordinary /partial differential equations, whose forward simulation
can be computationally costly. There are a large number of techniques for performing UQ.
These methods are primarily either sample based such as Monte Carlo (MC) method and its
variants such as multi-level MC and quasi-MC (QMC) [5, 6, 7], or are based on polynomial
chaos expansion (PCE) [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18].

While PCE performs well for nearly elliptic problems or flow at low Reynolds numbers,
solving highly transient stochastic ordinary/partial differential equations (SODE/SPDE) is
particularly challenging for this method. It was shown in [19] that for the one dimensional
advection equation with a uniform random transport velocity the order of polynomial chaos
must increase with time to maintain the error below a given value. PCE also loses its
efficiency for nonlinear systems with intermittency and positive Lyapunov exponents [20].

Reduced order modeling approaches are popular tools for state prediction and control of
deterministic evolutionary dynamical systems [21, 22, 23, 24, 25, 26, 27, 28]. With the recent
developments in data-fusion and specifically multi-fidelity modeling approaches [29, 30, 31],

in which imperfect predictions can be effectively utilized when combined with high-fidelity



data, reduced order modeling techniques will play a crucial role as a surrogate model that
generates low-fidelity data at a low computational cost. In the context of SPDEs, the
dynamically orthogonal decomposition (DO) was introduced [1] as a stochastic reduced order

modeling technique, in which the stochastic field u(z,t;w) is approximated as:

u(z, tiw) = u(z,t) + Z ui(z, t)yi(t w),

where @(x,t) is the mean, w;(z,t) are a set of deterministic time-dependent orthonormal
modes in the spatial domain and y;(¢;w) are zero-mean random processes in the stochastic
domain and r is the reduction order. To remove the redundancy in time, the evolution of
the spatial subspace, i.e. Ou;(x,t)/0t, is chosen to be orthogonal to u;(z,t). By enforcing
the above constraints, one can derive closed-form evolution equations for @(z,t), u;(z,t)
and y;(t;w). The imposed conditions on the above decomposition are not unique. Bi-
orthogonal (BO) decomposition is one such variant, in which the spatial basis are orthogonal
and the stochastic basis are orthonormal [32]. Recently, a non-intrusive DO formulation
was introduced [33] and it was shown that the DO evolution equations are the optimality
conditions of a variational principle that seeks to minimize the distance between the rate
of change of full-dimensional dynamics and that of the DO reduction. For linear parabolic
SPDEs, the difference between the approximation error of r-term DO decomposition and
r-term Karhunen-Loéve (KL) decomposition can be bounded [34]. Independently and prior
to the development of DO/BO, the idea of using time-dependent basis had been introduced
in very different fields, namely chemistry and quantum mechanics for the approximation of
the deterministic Schrodinger equations by the Multi Configuration Time Dependent Hartree
(MCTDH) method [35, 36], and in deterministic settings [37].

It was shown in [3] that both DO and BO are equivalent: in both of these methods
u;(z,t) and y;(t;w) span the same subspace and a linear invertible time-dependent matrix
transforms one to the other. This matrix transformation amounts to an in-subspace rotation
and stretching for w;(z,t) modes and y;(¢;w) coefficients. In contrast to PCE, BO/DO
decompositions allow the stochastic coefficients evolve with time as opposed to time-invariant
polynomial chaos basis. This relaxation allows BO/DO decompositions to “follow” the

transient dynamics. It was shown that in the limit of zero variance of y;(¢; w), the subspace



of u;(z, t) converges exponentially fast to the most unstable subspace of the dynamical system
— associated with the r most dominant eigendirections of the Cauchy-Green tensor [38]. It
was shown that the reduction based on the time-dependent basis and coefficients can capture
the low-dimensional structure of the intermittent dynamics [39].

Although both DO and BO are mathematically equivalent, they exhibit different numer-
ical performance. When the eigenvalues of the reduced covariance matrix are close or cross
each other, the BO formulation becomes numerically unstable. On the other hand, the DO
decomposition does not have the issue of eigenvalue crossing. However, when the eigenvalues
of the reduced covariance matrix are not close, BO exhibits better numerical performance
than DO [3]. This is mainly attributed to the orthonormality of y;(¢; w) coefficients in the BO
formulation, which maintains a well-conditioned representation of the stochastic subspace
at all times. However, in the DO decomposition, the stochastic coefficients y;(¢; w) could be
highly correlated. This has inspired a hybrid DO/BO method where BO is the dominant
solver, but near the eigenvalue crossing the solver switches to DO [40].

Both DO and BO decompositions perform poorly when the covariance matrix is singular
or near singular. In the case of DO, the covariance matrix is full, while in the case of BO the
covariance matrix is diagonal. In DO the inverse of the covariance matrix is required for the
evolution of the spatial basis and in BO the inverse of the diagonal covariance matrix are
needed for the evolution of the stochastic basis. The issue of singular covariance matrix can
commonly occur in DO/BO decompositions, since one has to resolve the stochastic system
up to a small threshold eigenvalue. This necessitates adaptive DO/BO where modes are
added and removed at the threshold eigenvalue [3]. This issue has motivated using pseudo-
inverse of the covariance matrix [40], where the eigenvalue of the singular or near-singular
mode below a threshold value is replaced with a minimum tolerable value. This approach
trades the stability of the DO/BO systems with introducing errors in the system of the order
of the minimum tolerable value.

The motivation for this work is to introduce a new decomposition that resolves the
aforementioned challenges in using DO and BO. To this end, we present a new methodology
in which: (i) the spatial and stochastic bases are represented by a set of time-dependent

orthonormal modes; (ii) an additional equation for the evolution of a factorization of the



covariance is derived; and (iii) the condition number of the decomposition is reduced to

\/ Amaz (1) [ Amin(t), where Apin(t) and Aper(t) are the minimum and maximum eigenvalues
of the covariance matrix, respectively. A brief comparison of the three methods and their

constraints are provided in Table 1.

Table 1: The equations and constraints in vector discretized form for the three methods: DO,

BO and DBO. For more details regarding the evolution equations the readers are referred to

Appendix B, C and Ref. [3].

DO BO DBO
Spatial . U=UM +FY ,
U=(1-UUHFYC! : U= (1-UUHFYZ™
Basis M=YTY
Stochastic X Y = (FTU-YST)A ! | |
Y =FT'U , Y=>I-YY)FT'ux-7*
Basis S=U'U
Covariance .
- - > =U'FY
Factorization
U'U =1 UTU = A UTU =1
U’U=0 - U’U =0
Constraints
- YTy =1 Y'Y =1
B _ YTY =0

The structure of this thesis is as follows: In chapter 2, we review the formulation of the
DBO representation, its evolution equations and prove the equivalence of this method to the
DO and BO methods. We compare the performance of the presented method with DO and
BO via several benchmark problems: (i) Stochastic linear advection equation (ii) Stochastic
Burgers’ equation; and (iii) 2D stochastic incompressible Navier-Stokes equation for flow
over a bump.

In chapter 3, we explore the application of this method to solve linear and nonlinear

partial differential equations imposed with stochastic boundary conditions. Specifically, we



use the variational principle to derive the evolution equations for the stochastic modes, spatial
modes and the factor of the covariance matrix. The variational principle also factors in the
evolution of the spatial modes at the boundary and presents evolution equations for boundary
points. The evolution equations are derived for DBO and DO. The method is then applied
for three different stochastic boundary types: Dirichlet, Neumann and Robin boundary
conditions. We consider the following benchmark problems to evaluate the performance
of the method: (i) Stochastic linear advection-diffusion equation, (ii) Stochastic Burgers’
equation, (iii) 2D stochastic advection diffusion equation. The global errors and the boundary
errors are compared for both DBO and DO.

In chapter 4 and 5, we shift gears and demonstrate the application of the current work
for solving deterministic PDEs. We derive the evolution equations for time-dependent basis
for a multi-dimensional variable. The following demonstration cases are used to illustrate
the prowess of the method in chapter 5: (i) Linear advection diffusion equation, (ii) Vortex
dipole (iii) 2D temporally evolving jet, and (iv) 3D temporally jet.

In chapter 7, we conclude this work with a brief summary and chapter 6 sets the future

directions and applications of the presented methodology.



2.0 DBO Representation of Stochastic Fields

This chapter gives details of the notations and definitions of stochastic fields. In the
first section of this chapter, we define the properties of stochastic fields like inner product,
Lo-norm, expectation, covariance operator and a quasimatriz. The second section briefly
describes the system of stochastic PDEs. We then define the DBO decomposition to derive
the evolution equations of each of the components of the DBO decomposition. It is also shown
that the DO, BO and DBO decompositions are equivalent and can be transformed from one
form to the other using the equivalence relations. We further, show the ranking of modes in
the stochastic and spatial subspace of DBO and resolve the issue of time redundancy using
the approach of constraints and degrees of freedom. A few demonstration cases are used to
study the numerical properties of this method. We first take a look at the stochastic linear
advection diffusion equation where the stochasticity is introduced in the system through the
velocity. Using the analytical solution, we can evaluate the numerical performance of this
method for DO and DBO. The stochastic Burgers’ equation with manufactured solution is
considered as the second case. The manufactured solution approach is used to verify the
numerical accuracy of codes. We use this method to control the condition number of the
matrix inversion for the DO, BO and DBO methods and study the errors for each of the
methods. Additionally, the DBO method is applied to Burgers’ equation with stochastic
forcing and to Burgers’ equation with high-dimensional random initial conditions. We also
consider the case of random initial conditions for a stochastic incompressible Navier-Stokes

equation.

2.1 Definitions and Notation

We denote a random vector field by u(z,t;w), where x € D is the spatial coordinate in
the physical domain D C R%, where d=1,2 or 3, and ¢ > 0 is time and w € Q is the random

event in the sample space (2. The inner product in the spatial domain between two random



fields u(x,t;w) and v(z, t;w) is then defined as:

(u(x,t;w),v(x,t;w)):/Du(x,t;w)v(a:,t;w)dx,

and the L, norm induced by the above inner product is:

Hu(:z:,t;w)”2 = <u(x,t;w) , u(:c,t;w)>1/2.

The expectation of the random field is defined as:
u(x,t) =Elu(z, t,w)] = /Qu(:p,t;w)p(w)dw,
where p(w) is the probability density function. The inner product in the random space is
defined as the correlation between two random fields:
Elu(z, t;w)v(z, t;w)] = /Qu(x,t;w)v(ac, t;w)p(w)dw.

The covariance operator between two random fields at time ¢ is then obtained from:
C(z,2',t) = E(u(z, t;w) — u(z, 1)) (v(2', t;w) — 0(2’, 1))].

We introduce the quasimatriz notation as defined in [41], in which one of the dimensions is

discrete as usual but the other dimension is continuous:

u(z, t)} )
- (t; w)] ;

where U(x,t) and Y (t; w) are quasimatrices of size coxr. The inner product for two quasima-
trices U(z,t) = [ul(x,t) |u2(x,t) | s Uy (x,t)} and V(z,t) = [m(%t) ‘ vo(x,t) | e /U'I’Q(xat>:|
is defined by a matrix A such that,

Uz, t) = [ul(x,t) ‘ uy (2, 1) ‘

Y(tiw) = [yl(t;w) | Yo (t; w) ‘ e

A= (U(z,t),V(x,t)),
where
A = (ui(x,t),vi(x, 1)), i=1,2,...,m1, =12 .79 (2.1)

A is a matrix of dimensions 7; X 5. In general, for the case of r; = ry, matrix A is not

symmetric.



2.2 System of Stochastic PDEs

We consider the following stochastic partial differential equation (SPDE), which defines

the system evolution:

W =7 (u(x, t;w)), x € D weQ, (2.2a)
u(z, to;w) = uo(z;w), x € D w e, (2.2b)
PB(u(x, t;w)) = h(z,t), x € 0D, (2.2¢)

where .% is, in general, a non-linear differential operator, and 4 is, in general, a linear
differential operator, and 0D denotes the boundary of the domain D. In this work we
consider deterministic boundary conditions. For an algorithm to treat random boundary

conditions for time-dependent subspaces, see reference [42].

2.3 Dynamically Bi-orthonormal Decomposition

We consider the following decomposition,

u(a,tw) = ale,t) + > > iz, )S;(t)y;(w,t) + ez, t;w), (2.3)

j=1 i=1
which is referred to as the dynamically bi-orthonormal (DBO) decomposition. In the above

expression u;(x,t),i = 1,2,...,7 are a set of orthonormal spatial modes:

(uil@, 1), u; (2, 1)) = dij

and they constitute the spatial basis for the DBO decomposition, and y;(w,t),i = 1,2,...,r

are a set of orthonormal stochastic modes:

Ely:(t; w)y; (t; w)] = 04,

that have zero mean i.e., E[y;(t;w)] = 0,9 =1,2,...,7, the ¥;;(¢) represents a factorization

of the covariance matrix and e(z, t;w) is the reduction error. Moreover, both the spatial and



stochastic coefficients are dynamically orthogonal i.e., the rate of change of these subspaces

is orthogonal to the space spanned by these modes:

TJ_U([B,t) < <T,Uj(l',t) = 1,7 —1,...,7’, (24)
% 1LY(tw) < E {%ﬁjw)w(w)} = i,j=1..,r  (2.5)

If the spatial and stochastic modes are orthonormal at ¢ = 0, imposing the above constraints

ensures the orthonormality of the two bases for all time since:

St 0o 0) = (25D o)+ (e, 2020 0 i =1

(2.6)
and similarly,
d . oy itw) Cdyitw), L
EE[yl(t W)y](t, w)] - E[Ty] (t7 w)] + E[yZ(ta M)T] =0, L] = Lo
(2.7)

We show in Section 2.7, that imposing the above constraints leads to a unique decomposition.

The covariance operator is approximated from the DBO decomposition as in the following:

Clz,2',t) = Elui(z, )25 ()y; (£ w)tum (27, 8) Bipn () yn (8 w)]
= Ui (T, ) (27, 8) Sij (8) Ein () Ey; (£ w)yn (£ )]
= w; (2, ) U (2, 1) 45 (1) X (£) 0

— (Ot ()5 (1) (1), (2.8)

where we have used the orthonormality condition imposed on the stochastic basis. The
matrix 3(t) € R™*" is a factorization of the reduced covariance matrix C'(t) € R"™" as in the

following:

Ct) =327, (2.9)

and it is related to the covariance matrix in the full-dimensional space with:

Clx,2',t) = Uz, ) C() U (2, 1). (2.10)



2.4 DBO Field Equations

In this section, we present closed-form evolution equations for u(x,t), 3(t), Y (t;w) and

U(x,t) for the DBO decomposition.

Theorem 2.4.1. Let Eq.(2.83) represent the DBO decomposition of the solution of SPDE
given by Fq.(2.2). Then, under the assumptions of the DBO decomposition, the closed-form
evolution equations for the mean, covariance factorization, stochastic and spatial bases are

expressed by:

5 E[Z (u(x,t;w))], (2.11a)
B0 (o, 0) B (uf, i) (5] ). (2.11b)
U)oy ), P (o :0))) — (g, 0), B (e ) 10)]) el S0) ™
(2.11c)
O] (B (e, 1)) 050 — e, ) (o, 0, B (e, ) 150)] )] B0~
(2.11d)
where j(x, t;w) is a mean-subtracted quantity
Z (u(z, t;w)) = F (u(z, t;w)) — E[F (u(z, t;w))].
The associated boundary conditions are given by:
Blu(z,t)] = h(z,t), x € 0D, (2.12a)
Blui(z,t)] =0, x € 0D. (2.12b)

The proof for the above theorem is given in Appendix A. We note that the inverse
of the factorization of the covariance matrix 3(t) appears in the DBO evolution equations,
as opposed to the inverse covariance matrix C(t) or inverse of the matrix of covariance

eigenvalues that appear in the DO and BO equations, respectively. As a result the DBO

systems has the condition number of \/ Amaz () / Amin(t) as opposed to DO and DBO that
have condition numbers of \,42(t)/Amin(t), where the minimum and maximum eigenvalues

of the covariance matrix.
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2.5 Equivalence of DO, BO and DBO Methods

Two decompositions are equivalent if they represent the same random fields for all
times. The spatial subspaces of two equivalent decompositions are identical and there-
fore, one can find invertible transformation matrices that maps one subspace to the other.
This amounts to an in-subspace rotation. The same is true for stochastic subspaces of two
equivalent decompositions. The equivalence of DO and BO was first shown in [3]. In this
section, we show that DBO is equivalent to DO and BO. We first show that DBO is equiv-
alent to DO and BO and then derive the equivalence relations. In the following section,
{Upo(z,t),Ypo(t;w)}, {Upo(x,t),Ypo(t;w)} and {Uppo(z,t), Eppo(t), Yppo(t;w)} repre-
sent the DO, BO and DBO decomposition of the SPDE in Eq.(2.2), respectively.

Lemma 2.5.1. Let DO and DBO be equivalent via the transformations: Upo = UppoR.
and Ypo = YppoW,, where R, € R™" and W,, € R"™*". Then: (i) R, is an orthogonal

dR,
matriz (ii) W, = X550 Ry, and (iii) = 0.

The proof for Lemma (2.5.1) is given in Appendix B.

Theorem 2.5.1. Let Upo(z,t), Ypo(t;w) represent the DO decomposition of SPDE in
Eq.(2.2) and let Upgo(x,t), Xppo(t) and Yppo(t;w) represent its DBO decomposition. Sup-
pose that at t = 0 the two bases are equivalent i.e., Upo(x,t9) = Uppo(x,to)Ru(ty) and

Ypo(to;w) = Yppo(to;w)W,y(to). Then the two subspaces remain equivalent for all t > 0.
The proof for Theorem (2.5.1) is given in Appendix B.

Lemma 2.5.2. Let DBO and BO be equivalent via the transformations: Upgo = UgoW,

and Yppo = YpoR,, where W,, € R™" and R, € R™". Then: (i) R, is an orthogonal
dR
matriz (ii) Sppo = W, 'R, (iii) 9 = —(M + A7'G)W,, (iv) d—ty = (ST — GT)A'R,;

> and G = <UBO,E[ﬁYBO]>.

aUBO
ot
The proof for Lemma (2.5.2) is given in Appendix C.

where M = E [Ygod‘gg(?], S = <UBO,

Theorem 2.5.2. Let Upp(z,t), Ypo(t;w) represent the BO decomposition of SPDE in
Eq.(2.2) and let Uppo(z,t), Xppo(t) and Yppo(t;w) represent its DBO decomposition. Sup-

pose that at t = 0 the two bases are equivalent i.e., Uppo(x,ty) = Upo(x,to)Wu(to) and

11



Yppo(to;w) = Ypo(to;w)Ry(to). Then the two subspaces remain equivalent for all t > 0.
The proof for Theorem (2.5.2) is given in Appendix C.

Remark 2.5.1. Based on the equivalence relation between BO and DBO, and that between
DBO and DO; it can be easily shown that the equivalence between BO and DO obtained from
[3] would be equal to Upo = UgoW, R, and Ypo = YpoR,W,,.

In Fig.(1) we summarize the equivalence relations between DBO, DO and BO. The
equivalence relation between BO and DO and the definition of matrices: M, G, S and ¥ are

taken from [3].

DBO

UDBO = U30Wu UDO = UDBORu
Ypgo = YpoR, Ypo = YppoW,y
dRy T _ ATyA-] dRy

—L =" -GHAT'R, =
aw, aw, ds’

L= (M +A'GW, 2y _ ZTDBOp

dt ( ) dt dr "

Ugo = UpoP"A'?
Ys0 = YpoPT A7/

E = -A"12zA" 2P
dt

Figure 1: Equivalence relations between the three methods. The equivalence between DO

and BO and the definitions of matrices S, G, M, ¥ are taken from reference [3].
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2.6 Mode Ranking

In this section, we determine the ranking of the modes in the stochastic and spatial
subspace of DBO as performed in [43]. The spatial and stochastic DBO modes are ranked in
the direction of the most energetic modes i.e., the modes are ranked based on the variance
captured by each mode. To this end, we perform a singular value decomposition (SVD) of

the X ppo matrix given by:
Sppo(t) = Vy(t)A) 2T (1),

where Wy (t) and Wy (t) are the left-singular vectors and the right-singular vectors of ¥ ppo,
respectively. A(t) is a diagonal matrix containing the eigenvalues of the covariance matrix.
The eigenvalues are ranked such that A;(¢) > Aa(t) > --- > A.(f). The ranked DBO modes

based on the variance i.e., A;(t), are obtained by an in-subspace rotation as in the following:
Upso(t) = Uppo(t) ¥y (1),

Ypso(t) = Yppo(t) ¥y (t).

2.7 Redundancy in Time

All three components of the DBO decomposition i.e., U(z,t), Y(x,t) and X(t) are time
dependent. The issue of time redundancy also exists in both BO and DO decompositions. We
present a simple but insightful and unifying approach to clarify the constraints and degrees of
freedom (DOF) in devising new time-dependent decompositions. For simplicity, we consider
a finite-dimensional example. In particular, we consider the full-dimensional decomposition
of a time-dependent matrix A(t) € R™**. In this simplification A(¢) can be considered as
a discrete representation of the mean subtracted random field, where n is the number of
discrete points in spatial domain and s is the number of samples of the random field. In this
section, we determine the degrees of freedom and the number of constraints imposed by a

decomposition, and we show that in DBO decompositions the total number of constraints
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is equal to the number of degrees of freedom — leading to a unique decomposition. In the
following analysis we drop the explicit dependence on ¢ for brevity.

We consider the DBO decomposition, which is given by: A = UXYT, where the spatial
modes and stochastic modes are a set of orthonormal bases. The total DOF for DBO are
given by the total number of elements in each of the matrices in the decomposition i.e.,
n X s entries in U matrix, s X s entries in the > matrix and s X s entries in the Y matrix.
Thus, the total DOF is: Npor = n X s+ s X s+ s x s. The constraints imposed by the
DBO decomposition are as follows: (i) There are N,y = n X s constraints imposed by the
compatibility conditions A;; = UjxXmYjm- (i) The orthonormality of stochastic and spatial
modes ((u;, u;) = d;; and Ely;y;] = d;;) imposes s(s + 1)/2 constraints each, which in total
imposes N.o = s(s + 1). Note that we only need to count the constraints for for j < i,
because for j > i the constraints are equivalent to those of i < j, since (u;, u;) = (u;, u;) and
Ely;y;] = E[y,v:], and therefore they are not independent constraints and thus not counted.
(iii) The dynamically orthogonal constraints for spatial and stochastic modes ({@;, u;) = 0
and E[g,y;] = 0) imposes s(s — 1)/2 constraints each. Note that (@;,u;) = 0,i =1,2,...,s
does not impose independent constraints as (u;, u;) = 1 already enforces this condition. This

can be seen by taking the time derivative of the orthonormality constraints:

d
i (Wi ui) = (Ui, ui) + (ug, ;) = 2y, w;) = 0.

Similarly, Elg;y;] = 0,7 = 1,2,...,s does not impose independent constraints. Thus, the
total constraints from the dynamically orthogonal condition are N3 = s(s — 1).

The total number of constraints for the DBO decomposition is n x s+ s(s+1)+s(s—1),
which is equal to the number of degrees of freedom, and this results in a fully determined
DBO decomposition for matrix A. A similar breakdown of constraints and degrees of freedom
can be performed for DO and BO and is summarized in in Table 2.

We conclude that to obtain a unique time-dependent decomposition, the number of de-
grees of freedom and the number of constraints need to be equal. Introducing additional
degrees of freedom requires additional constraints to keep the system fully determined and
thus unique. In the light of the above analysis, DBO allows for s x s additional degrees of

freedom compared to DO by adding the matrix ¥ to the decomposition. These additional
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Table 2: Number of constraints and degrees of freedom for BO, DO and DBO decompositions.

Each decomposition imposes n X s compatibility constraints, which are not listed.

Method | Matrix Decomposition | Degrees of Freedom Constraints
_ . s(s=1)
(U,U) = A ; 2e-l)

BO Apss = Upxs Y.L, ns + s> A is diagonal matrix
_ . s(st+1)
EYTY] =1 D
{UU)=1 ; dletl)

DO Apxs = Unxs YL, ns + s> ;

(0,U) =0 o)
_ . s(st+1)
(U,U)=1 DS
E[YTY] =1 ; 2etl)
DBO | Auxs = UpxsXsxs YL, ns + s + 52 : o)
(O,u)y=0 .o
y o . s(s—1)
EYTY] =0 ; 2e2l)

constraints are then utilized to enforce the orthonormality and dynamically orthogonal con-
ditions on the stochastic coefficients Y. The orthonormality of Y coefficients in the DBO
decomposition cannot be enforced in the DO decomposition. As we will demonstrate this
loss of orthonormality of Y in the DO decomposition can lead to degradation of accuracy in

highly ill-conditioned problems.
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2.8 Demonstration Cases

2.8.1 1D Stochastic Linear Advection Equation

We consider linear advection governed by:

ou ou
5+ V(w)% =0, z €[0,2r] and ¢ € [0,tf], (2.13a)
u(x,0) = sin(z), x € (0,27, (2.13b)

with periodic boundary condition. The randomness in the system comes from the advection
velocity V(w). The random velocity is specified by V(w) = © + 0§(w), where v = 1.0,
o = 1.0 and {(w) is a uniform random variable in the interval of { ~ U[—1, 1] with variance
1/3. The physical domain is discretized using the Fourier spectral method with Ny = 512
Fourier modes. The random space is one dimensional and is discretized with the probabilistic
collocation method (PCM) with N, = 256 Legendre-Gauss points. The third-order Runge-
Kutta scheme is used for the time integration with At = 1073. At ¢t = 0, the stochastic
fluctuations are zero, and therefore, the simulation is initialized at t = At to avoid singularity
of the covariance matrix. The system is numerically evolved till £; = 10. The linear advection

Eq.(2.13) has a closed-form solution as follows:
u(z, t;w) = gl — V(w)t) = sin(z — (0 + o&(w))nt). (2.14)

This system can be expressed exactly with KL modes and the reduction order of r = 2 as

follows:
uz, tw) = alx, ) + > VA, )yt w),
i=1
where,
_ : . sin(omt)
t) = — ptr)———
u(z,t) = sin(x — vtm) g
—1
uy(z,t) = —=sin(x — vnt), ug(z,t) = —= cos(x — omt),

Jr

3

Y _ sin(omt) ) — VT sin(oém
niti) = s (eostogrt) = 2T ) ftie) = ssin(otn)
M) =1 sz(j;?t) Mlt) =1+ sméj;;rt) B 28(127]—(:)'2'25)
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The mean, spatial and stochastic bases of the DBO decomposition are initialized with KL

modes given above. The covariance factorization is initialized by:

A (t) 0
X(t) = . (2.15)
0 Aa(t)
In Fig.(2a-2b), the Lo error of the mean and variance for both DO and DBO methods

are shown, respectively. The Ly norm of the error of the mean (e,,(¢)) is computed as in the

following;: b
en(t) = ( /D (@(x, 1) —uDBo(x,t))Qdas) , (2.16)

where u(z,t) represents the mean of the analytical solution and uppo(z,t) represents the
mean obtained from the DBO evolution equations.The error of the variance (¢,(t)) is calcu-

lated using the Lo-norm in both the spatial and stochastic dimensions:

T T

E(z, t;w) = u(z, t;w) — @z, t) — Y Y uppo,(x,)Spso, (Hypso, (W, t), (2.17a)

e(t) = ( /D E[E(x,t;w)Q}dx)l/z, (2.17b)

where u(z,t;w) represents the analytical stochastic field, @(x,t) represents the mean of the
analytical stochastic flow field, whereas uppo,(7,t), ¥ppo,,(t) and yppo, (w,t) represent the
solutions of the components of the DBO decomposition obtained from the DBO evolution
equations.

Since the solution of this problem can be exactly expressed with two DBO modes, the
errors in the mean and variance come from the temporal, spatial and the PCM discretization
of the random space. To the end, we present mean and variance errors for two values of
At = 1072 and 2 x 1074, in which the smaller At shows smaller errors. We also refined the
resolution for spatial and random discretizations, and we did not, however, observe noticeable
change in the mean and variance errors. This demonstrates that the temporal discretization
is the main source of error. For long time integration, the resolution of solving Eq.(2.11c)
must increase in time i.e., higher number of samples of £, to maintain a desired level of
accuracy as increasing time increases the wave number of y;(¢;w) modes. However, in the

DBO decomposition, the computational cost of increasing resolution in the random space is
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Figure 2: Stochastic linear advection equation: The Ly errors for the mean and the variance

are compared with the DO method.

insignificant, as we solve the stochastic ODE of small order (here r = 2) given by Eq.(2.11c).
This is in contrast to the PCM method, in which to maintain the desired level of accuracy
the PCE order must increase with time, which results in solving larger system of PDEs. See
reference [19] for detailed error analysis of the stochastic linear advection equation using
PCM. The BO method for this case would diverge because of eigenvalue crossing. It is clear
that both DBO and DO show similar errors as they are equivalent. However, the DBO shows

slightly smaller errors in both mean and the variance.

2.8.2 Stochastic Burgers’ Equation With Manufactured Solution

We consider the stochastic Burgers’ equation governed by:
ou N ou 0?u

_ Uu— = y—-

ot Ox Ox?
u(z,0;w) = g(x), x € [0, 27]. (2.18Db)

+ f(z, t;w), re€[0,2r] and te€[0,t;]. (2.18a)
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We consider the following manufactured solution expressed by the KL decomposition with

r = 2 modes:

u(z,t) = sin(x — t),

1 1
uy(z,t) = NG cos(z —t), us(z,t) = NG cos(2x — 3t),
yi(t;w) = sin(méi (w) — 1), Ya(t; w) = cos(méa(w) — 1),
Ai(t) = (4.5 + sin(t))?, Ao(t) = € - (1.5 + cos(3t))?.

We initialize the DBO systems with KL modes similar to the previous example. The stochas-
tic forcing f(x,t;w) is calculated accordingly such that the above decomposition satisfies
Eq.(2.18). In the above equation v = 0.05 and &; ~ U[—1,1]. Here, d is the dimension of the
random space, which for this case is taken to be d = 2. The parameter € scales the smaller
eigenvalue i.e., \y(t), which in turn controls the condition number of the covariance matrix.
The physical domain is considered to be periodic. We discretize the spatial domain using the
Fourier spectral method with N, = 128 modes. The random space is two-dimensional and is
discretized with the ME-PCM (Multi-Element Probabilistic Collocation Method) [9] with 8
elements each containing 4 points in each random direction. Thus, the total points in every
random direction is 32, which results in N, = 1024. The third-order Runge-Kutta method
is used for the time integration with At = 1073, Since at t = 0 the stochasticity is zero,
the numerical computation is started from ¢, = 0.01. The system is numerically evolved till
ty = 3m.

The purpose of this case is to compare the performance of DO, BO and DBO methods
for cases with ill-conditioned covariance matrices. We also compare the performance of DBO
with pseudo-inverse DO (PI-DO) [40], where the authors proposed using pseudo inverse in
the presence of singular or near-singular covariance matrices. Two values of € are considered
and the evolution of the system for DO, PI-DO, BO and the DBO methods are studied. We
use the Ly error for evaluation of the mean and variance errors i.e., Eq.(2.16) and Eq.(2.17)
between the four methods.

In Fig.(3), the evolution of the eigenvalues, mean and variance error are shown for two

values of ¢ = 1072 and € = 107°. Fig.(3c) and Fig.(3d) show a comparison between the
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mean errors for € values 1073 and 107°, respectively. Similarly, Fig.(3e) and Fig.(3f) show
the variance error for e values 1072 and 1075 respectively. The PI-DO case is studied only
for the case with € = 107°, since for the case with € = 10™2 the covariance matrix does not
become singular. Two threshold values are used for the inversion of the covariance matrix in
the PI-DO method: oy, = 107 and oy, = 10710, See reference [40] for more details on the
threshold values. As shown in [40], the choice of the threshold value can play a significant
role in the performance of PI-DO. Based on the formulation of the eigenvalues, lower values
of € creates an ill-conditioned covariance matrix for DO, BO as well as an ill-conditioned X
matrix for DBO. However, in both DO and BO the condition number for the inversion of
the covariance matrix is Kpo po = A1(t)/Aa(t), which scales with 1/€?, while the condition
number for the inversion of 3 in the DBO decomposition is kppo = /A1(t)/A2(t), which
scales with 1/e. Since DO, BO and DBO are equivalent, it is expected that they all perform
similarly for the well-conditioned covariance matrix, i.e., ¢ = 1073. This can be seen in
Fig.(3a), Fig.(3c) and Fig.(3e), where all three methods exhibit the same levels of error in
mean and variance and the eigenvalues of the covariance matrix match well with the true
eigenvalues. However, for the case with € = 1072, it is expected that DBO performs better
than BO and DO and this can be seen in Fig.(3b), Fig.(3d) and Fig.(3f). For this case
neither DO, BO nor PI-DO can capture the smallest eigenvalue i.e., A\y(t) correctly. As a
result they introduce error of the order of \/Ay(t) ~ O(¢), which can be observed in Fig.(3d)
and Fig.(3f). As seen in Fig.(3d) and Fig.(3f), the threshold value of oy, = 1079 for pseudo-
inverse introduces higher order errors than that of the oy, = 107!°. The pseudo-inverse
method introduces O(oy,) in the simulation whenever the lowest eigenvalue attains a value
lower than the threshold oy,.

We have also investigated the effect of the condition number of the system on the spatial
and stochastic modes. In Fig.(4), the two spatial modes and the phase space i.e., y;(¢;w)
vs. ya(t;w), are shown for four different times: ¢ = 0.2,1.2,3.2 and 5.2. For the purpose
of comparison, the DO and DBO stochastic and spatial modes are transformed to the BO
subspace using the transformation relations obtained in Section 2.5. At ¢t = 0.2, the spatial
modes and stochastic coefficients match well with those of the KL decomposition as shown

in Fig.(4a-4c). However, as time progresses to ¢ = 1.2 and ¢t = 3.2 the ability of the BO,
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DO, and PI-DO to retain the near-singular mode deteriorate as shown in Fig.(4e-4f) and
Fig.(4h-4i). At time t = 5.2, BO, DO, and PI-DO completely fail to capture the lowest
variance mode. Moreover, for both DO and PI-DO, the inability to accurately resolve the

low-variance mode adversely affects first mode. See Fig.(4g) and Fig.(4j).

2.8.3 1D Burgers’ Equation with Stochastic Forcing

In this section, we consider Burgers’ equation subject to random forcing where a large
number of modes are needed to resolve the system accurately due to nonlinear interaction
between the modes. We investigate the effect of low eigenvalues on the accuracy of the
solution and the effect of long time integration on the solution for both DO and the DBO
methods. The governing equation is given by:

(9_u+u8_u :V@+ (1+¢)
ot ox Ox? 2
u(z,0;w) = g(z) x €0, 27], (2.19b)

sin(27t), z €[0,2n] and t€]0,ty], (2.19a)

where v = 0.04 and £ ~ U[—1,1] is a one-dimensional uniform random variable and the

initial condition is taken to be:
g(x) = 0.5(exp(cos(z)) — 1.5) sin(z + 27 - 0.37). (2.19¢)

We use the Fourier spectral method for space discretization with Ny, = 128 Fourier modes,
and PCM is used for the discretization of the one-dimensional random space £. We use
N, = 64 Legendre-Gauss collocation points. The third-order Runge-Kutta scheme is used
for evolving the discrete systems in time with At =1073. At ¢t = 0 the system is deterministic,
hence the covariance matrix is singular. Therefore, neither DO nor DBO decompositions can
be initialized at t = 0. To this end, we evolve the stochastic systems up to t; = 2 using PCM
and the KL decomposition of the solution at this time is taken as the initial condition. This
is in accordance to methodology presented in [44].

This case is used to study two properties of an ill-conditioned system on the overall
accuracy of the mean and variance: (i) effect of low eigenvalues resulting in an ill-conditioned

covariance matrix, (ii) effect of unresolved modes on long term integration. To study the
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Figure 3: Burgers’ equation with manufactured forcing: A comparison between two values of
¢, which controls the condition number of the system, is shown. The left column:(a),(c) and
(e) correspond to the eigenvalues, mean error and variance error for the case with e = 1073,
respectively. The right column:(b),(d) and (f) correspond to the eigenvalues, mean error and
variance error for the case with e = 1073, respectively. It is observed that as the system
becomes ill-conditioned for ¢ = 1075, the errors for the DO, PI-DO and the BO method

increase whereas the DBO maintains the same accuracy for both the € values.
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Figure 4: Burgers’ equation with manufactured forcing: The two physical modes and the

phase space for the stochastic basis are shown at different times as the simulations progresses.

All the methods start from the same initial condition. Each row corresponds to the system

at t = 0.1,1.2,3.2 and 5.2. It is observed that the low variance mode is affected first and

subsequently as the evolution continues the higher variance mode loses its accuracy as well.
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effect of low eigenvalues we consider two reduction sizes of r = 7 and r = 9 and the system
is evolved till ¢y = 3. Fig.(5) shows the eigenvalues for this case as extracted from the PCM
solution. It is observed that modes 8 and 9 (shown in red) have eigenvalues which are the
order of 107*°, rendering the covariance matrix C' highly ill-conditioned. The mean error
for reduction sizes r = 7 and r = 9 can be seen in Fig.(6a-6b), respectively. The variance
error is plotted in Fig.(6¢-6d). It can be seen that the lower modes affect the accuracy of
the solution for DO. The error affects the solution of the higher modes and we observe an
increased error for the DO method in case of reduction order » = 9. The DBO method,
on the other hand, resolves the lower mode accurately without affecting the accuracy of the
higher modes. In fact adding additional modes, improves the accuracy of the DBO solution

as seen from the variance error plots in Fig.(6d). The solutions for the long time integration
1 ‘ ‘ — kesolved modes
/\/\N\/\‘ ------- Unresolved modes

s :///%

10°

Eigenvalues

._.
<
S

Figure 5: Burgers’ equation with stochastic forcing: Growth in the eigenvalues as the system
evolves. The modes shown in red dotted lines are the unresolved modes i.e., modes which are
not included in the simulations. These eigenvalues are obtained by performing Karhunen-

Loéve decomposition on the instantaneous samples.

case for the stochastic Burgers’ equation is shown in Fig.(7). Between ¢t = 2 and ¢ = 3, we
observe that the DO has higher error as the lower modes affect the accuracy of the higher
modes. This result is same as seen from the previous case Fig.(6). As the lower modes start
gaining energy, the error from the unresolved modes dominates the error of the effect of lower
modes and hence, we observe that the error for both the DO and the DBO methods is the

same as time progresses.
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Figure 6: Burgers’ equation with stochastic forcing (effect of low variance modes on the
accuracy of the solution): It is observed that effectively resolving the modes with lower
variance improves the numerical accuracy of the solution. The DO method fails to resolve

the lower eigenvalues and hence the error for DO is higher than that of the DBO method.
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Figure 7: Burgers’ equation with stochastic forcing (long time integration effects): The 9
dominant modes are used to resolve the system. The mean error and variance error for DBO
and DO as compared with PCM are shown in (a) and (b). It is observed that DBO performs
better for short time (i.e., till 4 time units). After 4 time units the lower unresolved modes

gain variance and the effect of these unresolved modes dominate the error which is equal for

both DO and DBO methods.
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2.8.4 1D Stochastic Burgers’ Equation With 10-Dimensional Random Initial

Condition

In this example, we apply the DBO decomposition to solve stochastic Burgers’ equation
subject to high dimensional perturbations in the initial conditions. The purpose of this
example is to demonstrate that for systems that are low-dimensional when expressed in time-
dependent basis, the DBO decomposition does not suffer from the curse of dimensionality.
To this end we consider:

ou ou 0%u

§+U8—I—V@, xr € [0,27'('] and t e [O,th

where, v = 0.05. The mean for the initial condition is taken to be:
g(x) = 0.5(exp(cos(x)) — 1.5) sin(x + 27 - 0.37). (2.20)

The velocity field at ¢ = 0 is given by;

Si;f;‘;)g (2.21)

u(z,0;w) = g(z) + Za

where o = 0.5 and &, ~ U[—1, 1] is a uniform random variable in each direction in the random
space. The total dimension of the random space is given by d = 10. The random samples
are obtained from the ME-PCM code for high dimensional anchored ANOVA [16, 11, 12].
These samples are used to solve the SODE for the evolution of the stochastic coefficients.
We use the Fourier spectral method to discretize the space with Ny = 128. The third-order
Runge-Kutta scheme is used for evolving the discrete system in time with At = 1073, This
case is used to study the effect of high dimensional random space on the solution of the
system. We also study the convergence properties of the solution as the number of modes
is increased as well as the convergence properties of the solution with the increase in the
number of samples in the random space.

We investigate the convergence of the DBO low-rank approximation by increasing the
size of the reduction. In Fig.(8a), the eigenvalues for reduction sizes » = 5,7 and 9 and
a sample size of N, = 2880 are shown. However, the most dominant modes, i.e. modes

with largest eigenvalues, are accurately resolved. We observe that the accuracy of the lower
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energy modes improves as the number of modes is increased. We also increase the sample
size to N, = 11520 and the values of the eigenvalues for the two samples sizes are compared
in Fig(8b). It is clear that increasing the sample size improves the accuracy of the lower
modes. In all cases considered, i.e. cases with different r and different Nr, the three most
dominant modes with highest variance are captured correctly. These three modes capture
more than 99% of the total variance of the system. This example demonstrates that the first
three DBO modes can capture the intrinsic dimensionality of this problem in the presence

of a 10-dimensional random input space.
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Figure 8: Burgers’ equation with high dimensional stochastic forcing: (a) Convergence of
the eigenvalues as the number of modes is increased keeping the sample size (N, = 2880)
same. (b) Convergence of eigenvalues for N, = 2880 and N, = 11520 keeping the number of

modes (r = 9) same.

2.8.5 2D Stochastic Incompressible Navier-Stokes: Flow Over a Bump

In this example, we apply the DO and DBO decompositions to solve stochastic incom-

pressible Navier-Stokes equations. The governing equations are given by:

1
Z_‘; (- V)u= — Ty oVt (2.222)
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V-u=0. (2.22D)

where: u = (u,, u,) is the velocity vector field, f = (f,, f,) = (1,0) is the forcing and p is the
pressure field. We solve the flow over a bump in a channel as shown in Fig.(9a), where flow
is from left to right. Periodic boundary condition is imposed in the streamwise direction and
no-slip boundary condition is imposed at the bottom and top walls. We consider v = 0.04
and p = 1 and the Reynolds number is based on the channel height and time-averaged
centerline horizontal velocity which is roughly equal to Re = 1500. For these parameters the
flow is not chaotic, but it is time dependent due to constant shedding of separated region
behind the bump. The stochasticity is introduced in the flow via random initial conditions

given by the following equation:

d
u(z,y,0;w) = ug(x,y) + Zafi(w)@i(x, ), (2.23)

where ug(z,y) is the solution of a deterministic simulation at ¢ = 50. The deterministic
solution at this time has reached the statistically steady state. The spectral element solver
Nektar is used for the simulations. In the above initial condition ®; = (®,,,®,,) are the
proper orthogonal decomposition (POD) modes obtained from the deterministic simulation
of the flow over a bump at Re = 1500. We consider d = 2 and the ®, component of
the two corresponding POD modes are shown in Fig.(9b-9c¢). For the spatial discretization
of the mean flow and the spatial basis, we use spectral/hp element solver method with
quadrilateral elements for N, = 1451 and polynomial order 5. The spectral element mesh
is shown in Fig.(9a). A first-order time-splitting scheme is used for the evolution of mean
and the spatial basis, in which the nonlinear terms are treated explicitly and the diffusion
terms are treated implicitly. The time-integration step of At = 10™* is used. The random
space is two-dimensional and discretization of the stochastic coefficients in the random space
is performed using ME-PCM with 4 elements in each random direction and 4 quadrature
points in each element. Therefore, the total number of quadrature points in every direction
of the random space is 16 and hence, the total number of quadrature points in the two

dimensional random space is N, = 162 = 256. We solved both DO and DBO systems with
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Figure 9: Flow over a bump in a channel flow: (a) The schematic of the problem and the
mesh for the spectral /hp element. (b) and (¢) The y-velocity component of the two dominant
POD modes.

identical discretization schemes as described above till t; = 5, which amounts to 20 flow
through periods.

To compare the performance of DO and DBO we performed simulations for two reduction
sizes: v = 2 and r = 3. For the reference solution, we performed 256 non-intrusive direct
numerical simulation (DNS) at the same ME-PCM quadrature points. We then performed
KL decomposition of the 256 sample at each time step. The eigenvalues of the covariance
matrix of DO, DBO for the case of r = 2 and the two largest KL eigenvalues are shown in
Fig.(10a). It is clear that both methods perform well and match the two most energetic KL
modes, although the eigenvalues of DBO are more accurate than that of the DO.

In the case of r = 3, the eigenvalue associated with the third mode has very small
values. In fact at ¢ = 0 the third eigenvalue is zero. This eigenvalue gradually grows due
to nonlinearity of Navier-Stokes equations. To avoid an exact singularity, the DO and DBO
simulations for » = 3 are initialized at ¢ = 1 from the solution of the corresponding KL
decomposition. The system is ill-conditioned for r = 3 due to the low variance of the third
mode. At ¢t = 1, the third eigenvalue is roughly equal to 1071° as shown in Fig.(10b). The
third eigenvalue of the DO decomposition deviates from the truth due to the near singularity

and it eventually leads to the divergence of the DO system, while DBO performs accurately
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and all three eigenvalues match those of the KL.

Fig.(11) shows evolution of the u, of the mean and three dominant spatial modes of the
DBO and KL system at t = 1,2 and 3. By visual comparison we can observe that the KL and
DBO modes are similar at every time step. Mode 1 and 2 of the system are the POD modes
we have used as an initialization for the stochastic random conditions, convected through
the channel by the mean velocity, @, (x,y,t) of the flow. It is necessary to consider the lower
eigenvalues into the flow field as we observe that overtime the lower eigenvalues can gain

energy and alter the system dynamics.
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(a) Reduction size r = 2 (b) Reduction size r = 3

Figure 10: Flow over a bump in a channel: A comparison between eigenvalues for two
reduction orders r = 2,3 between KL, DO and DBO. For r = 3, it is observed that the
DO method is not able to resolve lower modes when the condition number for inverting the
covariance matrix is high and it eventually diverges, whereas the DBO does not have the
aforementioned issue due to a better condition number for ¥ inversion hence can resolve low

variance modes with better accuracy.
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Figure 11: Flow over a bump in a channel flow: The spatial modes of DBO and KL for the
stochastic flow in a channel with bump are visualized for comparison in the figure above.
Column 1: The u,(z,t) for different time instants. Column 2, 3 & 4: The three dominant
spatial modes for the DBO and KL simulation. Rows 1 and 2 correspond to the DBO and
KL spatial modes for ¢ = 1 respectively. Rows 3 and 4 correspond to the DBO and KL
spatial modes at t = 2 respectively. Finally, rows 5 and 6 correspond to the DBO and KL

spatial modes at t = 3 respectively.
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3.0 DBO Formulation for Random Boundary
Conditions

The focus of this chapter is to formulate a method to solve linear and nonlinear par-
tial differential equations imposed with stochastic boundary conditions. The main challenge
in solving problems with stochastic boundaries lies in the determining how the value of the
stochastic function at the boundary will be distributed across spatial modes whilst maintain-
ing orthonormality condition of the spatial modes. The DO method [1] introduced equations

to solve for stochastic boundary equations given by:

Blui(&,1)]lecop = E [Yi(t; w)h(&, 1 w)] Oy (yy, (1)

where C' represents the covariance matrix. The boundary modes consist of projecting the
Dirichlet boundary condition on the stochastic modes at each time step. Another method
called the dual Dynamically Orthogonal (or dual-DO) [45] was recently introduced for the
imposition of the stochastic Dirichlet boundary conditions using the dynamical low rank
(DLR) variational principle.

In this chapter, we look at the variational principle approach to derive the evolution
equations for the stochastic and spatial modes for the DBO method.A few demonstration
cases are considered to evaluate the numerical performance of the method. We first apply
the DBO equations for the stochastic linear advection-diffusion equation. For this case,
we apply three different boundary conditions: Dirichlet, Neumann and Robin. We further
apply stochastic boundary to the Burgers’ equation. The evolution of the singular values,
boundary errors and global errors are evaluated. We then consider a two dimensional domain
with a jet impingement. The stochastic boundary is considered for the temperature equation.
The propagation of uncertainty in the domain is studied for this problem for two cases: a)

constant Prandtl number b) temperature dependent Prandtl number.
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3.1 Variational Principle

Let the Dynamically Bi-Orthonormal decomposition defined in [46] to denote a random

field be written as:

s s

O(z,t;w) = Z Z wi(x, 1)3;;(t)y; (6 w) + e(x, tw), (3.1)
i=1 j=1
where u;(z,t),i =1,2,--- ,r are the spatial modes, y;(t;w),j = 1,2, - ,r are the stochastic

modes and ¥;;(¢) is the factorization of the covariance matrix.

Note: The decomposition considered here is different from the decomposition in [46], in
the sense that the mean is not subtracted from the solution.

We consider the following stochastic partial differential equation (SPDE), which defines

the system evolution:

W = N(u(z, t;w)) r € D weQ, (3.2)
au(z, t;w) + bw = g(u(z, t;w)) r€0dD,we, (3.3)
u(z, to; w) = up(x; w) x € D,we, (3.4)

where A is in general, a nonlinear differential operator, D denotes the interior domain
and 0D denotes the boundary and D = D U dD. Our strategy to determine the boundary
conditions for the spatial modes is based on the realization that the DBO evolution equations
are the optimality conditions of a variational principle. An analogous variational principle
was recently introduced in [47] for the reduced order modeling of deterministic reactive
species transport equation. Our approach is to define a unified evolutionary differential

operator that encompasses both the interior domain as well as the boundary as shown below:

N (u(z, t;w)), ifreD, weq,

M(u(z, t;w)) =
B(u(z,t;w)), ifxedD, we.
where B(u(z,t;w)) = % {# — 2%} Here, we consider the Dirichlet and Robin bound-

ary conditions, i.e., b = 0,a # 0 and b # 0,a # 0 respectively. For the special case of
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Neumann boundary condition see Remark 3.1.3. The variational principle for stochastic

DBO seeks to minimize the following functional:

2

, €D, (3.5)
f

F(U(x, 1), X(1),Y (1)) = a(uz’(%t)&j(f)yf(t)) — M(u)

subject to the orthonormality of the spatial and stochastic bases i.e., <uz(x, t), u;(z, t)> = 0
and E[y;(t)y;(t)] = 0;;. For the sake of brevity, in the rest of this section u;(x,t) is denoted
as u;, y;(t) is denoted as y;, 3;;(¢) is denoted as 3;; and M(u) is denoted as M. Here,
M € R**? is a quasimatrix, where s represents the number of discrete samples in the random
space. Taking time derivative of these constraints, we obtain the dynamic orthogonality of

the modes given by,

(U, u;) = Dy,
Elgiy;] = ¥y,
where ® and ¥ are skew-symmetric matrices i.e., ®;; = —®;; and ¥;; = —V¥;;. Incorporating

the orthonormality constraints using Lagrange multipliers in the functional (3.5) results in:

2

+ Ay ((s ) = i) + Agy; (Elgays] — Tyg), (3.6)

L o
F

ot

where Ay, (f), Ao, (t),i,j = 1,...,r are Lagrangian multipliers. It is shown in [47], that
any choice of the skew-symmetric matrices ® and W lead to equivalent decompositions which

correspond to an in-subspace rotation. The equations for the subsequent theorem, are derived
by taking ® =¥ =0

Theorem 3.1.1. Let Eq.(3.1) represent the DBO decomposition of the solution of SPDEs
given in Eq.(8.2-3.4). Then using the variational principle in Eq.(3.6) and first order opti-
mality conditions the evolution equations of spatial modes, stochastic modes and the factor-

1zation of the variance for DBO are given by:

agf = [ENy;] — we(ur, E[My;])] 251, @ € D, (3.7)
%? = [E[By;] — ur{ur, E[My;])] ©;',  z € 0D, (3.8)
Czi = [(M,u5) — tuElye (M, uy)]] 25, (3.9)
P — fu, BlMy). 510
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The proof of the above theorem is given in Appendix D.

Remark 3.1.1. Although the evolution equations in Theorem 3.1.1 have been derived without
subtracting the mean from the stochastic field, the variational principle can be easily extended

to mean subtracted form of equations.

Remark 3.1.2. Similar variational principles for the DO and BO modes can be obtained by
changing the constraints on the spatial and stochastic modes in the variational principle. The
variational principle for DO formulation as given in [33], leads to the following equations

for evolution of spatial and stochastic modes:

aa? [ENy;] — up{ur, EMy;])] C5',  z € D, (3.11)
381? ([E[By;] — ui{ur, E[My,])] C;t, w € 0D, (3.12)
Cilgf = (M, w). (3.13)
Remark 3.1.3. For the Neumann boundary condition, i.e., when a = 0, we get aga(tu) =
b% {%] This boundary condition is enforced by obtaining a discrete equivalent form of

the derivative at the boundary and using this discrete nodal equation to determine the value

at the boundary point.

3.2 Demonstration cases

3.2.1 Linear Advection-Diffusion Equation

As the first demonstration, we consider a linear advection-diffusion equation governed
by:

ou ou 0%u

a7 +e o= Vo) € [0,5] and t € [0, t¢], (3.14)

d

u(x,0;w) = cos(2mx) + Y o/ Agjtti (), z€[0,5],& ~U[-1,1], (3.15)

i=1

au + b% = g(u), r =0, (3.16)
ou
=0, z =5 (3.17)
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Here, v is taken to be 0.05 and ¢ = 1. Neumann boundary condition is imposed at = = 5.
The randomness in the system comes from the stochastic left boundary (z = 0) and random
initial conditions. We consider three types of stochastic boundaries at « = 0: (i) Dirichlet
boundary, (b = 0,a # 0) (ii) Neumann boundary (a = 0,b # 0) and (iii) Robin boundary
(a # 0,b# 0). The results for these cases are presented in the subsequent sections.

The SPDE given by Eq.(3.14-3.17) is solved using two methods: (i) DBO method according
to Eq.(3.7-3.10), (ii) DO method according to Eq.(3.11-3.13) and (iii) KL decomposition
obtained from the solutions of all samples. For spatial discretization of the domain, the
spectral /hp element method is used with N, = 101 and polynomial order 4. Uniform dis-
tribution is taken in all directions of the random space and the space is discretized using
Multi-Element Probabilistic Collocation Method (ME-PCM). The sparse grid construction
[10, 13] is used for obtaining all the samples for random space. We use d = 8, level(k) = 3
and 1 element per random dimension which gives the total samples s = 333. The same sam-
ples are used for all the three cases of boundaries in the linear advection-diffusion equation.
The Karhunen Loéve (KL) decomposition is used to obtain the spatial, stochastic modes
and eigenvalues from the solution of all samples obtained from ME-PCM. The DBO and DO
solutions are compared with the KL solution and the global error between the two fields is

defined as,

eg(x,t;w) = uppo(x, t;w) — ukp(z, t;w), (3.18)

£, = E [{ey(w, t:0), eg(w,1;0))]. (3.19)

Similarly, the boundary error is computed as,

lula b)) b dule. tiw)
a a on ’

eo(@lyp , t;w) = uppo(@lyp , t;w) — (3.20)

&=E [<€b($|aD yLw), 6b($|aD S tw))] . (3.21)
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3.2.2 Stochastic Dirichlet Boundary Condition
Dirichlet boundary condition is imposed at x = 0 as,
u(0,t;w) = g1(t;w).

where ¢ (t; w) is assumed to be a random process with a squared exponential temporal kernel

.0 = oo (200,

2

given by:

where, [; is the temporal correlation length, which is taken to be 1.0. The eigen-decomposition

of the above kernel results in:

Ly
0

where ¢;(t) and )\, are the eigenfunctions and eigenvalues of the temporal kernel respectively.
The boundary condition is approximated with a a truncated Karhunen-Loéve decomposition
as given in the following equation:

d
g1(t;w) = 0.5 cos(2nt) + oy Z A, i (0)&

i=1
Here, &; are the discrete points in a d-dimensional random space obtained by using ME-
PCM sparse grid construction. For this case, d = 8 is taken as this approximation captures
99.99% of the random process. o; is taken to be 1.0. Similarly to initialize the stochastic
initial conditions, we take a squared exponential kernel in the spatial domain,
—(r — :L‘/)2
K(z,2') = ex -2y ,
(z,2") = exp < e

where, [, is the spatial correlation length which is taken to be 1.0.

/ " K (o, e ) = M),
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Figure 12: Linear advection-diffusion equation (i) Dirichlet boundary condition: The first
row shows the singular value comparison for KL, DBO and DO methods. The values are
compared for three model reduction orders, » = 5,7 & 9. The evolution of the values of
the modes at the stochastic left boundary are compared in the second row for the three

aforementioned methods.
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Figure 13: Linear advection-diffusion equation (i) Dirichlet boundary condition: The global
and boundary error comparison is shown in (a) and (b) respectively. The lowest error is
obtained using DBO method for r = 9. The singular values obtained from DO method for
r = 9 are riddled with errors. The Lo-error for the third, sixth and ninth singular values is

compared in (c) for DO and DBO.

where v;(t) and \,, are the eigenfunctions and eigenvalues of the spatial kernel and x; =
0,2z, = 5 are the left and right boundaries of the spatial domain respectively. The initial

conditions are taken to be,

d
u(z, 0;w) = 0.5cos(2mx) + o, Z Ve Ui ()&
i=1

We take 0, = 1.0. The fourth-order Runge-Kutta method is used for time integration with
At =5 x 107%. The system is numerically evolved till ¢; = 5 using the three methods: (i)
DBO, (ii) DO and (iii) KL. The obtained results are compared and presented in Fig.(12-13).
The first row of Fig.(12) shows the comparison of singular values for three different orders
of model reduction, r = 5,7 & 9 for DBO, DO and KL. We observe that the singular values
improve in comparison as the order of model reduction is improved. The second row shows
the comparison of the value of the modes at the stochastic Dirichlet boundary i.e., x = 0.
The solution is exactly represented by » = 9. Hence, for the lower model reduction orders i.e.,

r =5 and 7, the last mode of DBO and DO solution shows noticeable differences from the KL
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both in the singular values and the evolution of the modes at the boundary. The error in the
solution for » = 5, 7 can be attributed to the unresolved modes. The error comparison for the
two methods as compared to KL is shown in Fig.(13). The global error in the representation
of the solution i.e., & is shown in Fig.(13a). The error at the stochastic boundary i.e., &
is shown in Fig.(13b). For » = 9, when the solution is represented exactly, DBO and DO
show the lowest errors of all model reduction order. However, between DBO and DO, DBO
shows the highest accuracy for » = 9 whereas the DO error for the same reduction order is
a few orders of magnitude higher than the DBO error. The DBO boundary error for r =9
shows the same value as the KL error. We observe high error in DO for » = 9 despite the
seemingly equal singular value comparison. The source of the error can be traced back to the
error in the singular values as shown in the Fig.(13c). The errors in third, sixth and ninth
singular values for the case r = 9 are shown. The Ls-errors are computed by comparing the
DBO and DO singular values with KL values. We observe that the DO solution is riddled
with error, which makes the error in solution for r = 9 higher than that of DBO. This can
be attributed to the better condition number for matrix inversion in DBO leading to lower
errors. The DO method has a condition number A4/ Amin (Where A and Auq. represent
the smallest and largest eigenvalues of the covariance matrix), whereas the DBO method
has a condition number \/W since the factorization of the covariance matrix i.e., X

is inverted.

3.2.3 Stochastic Neumann Boundary Condition

The stochastic Neumann boundary condition is imposed on the left boundary, z = 0 as,

ou(0, t;w)

o = ¢go(t; w).

To enforce this condition, we construct the discretized form of the boundary condition, given

by:

Dyyuy + Digug + - - - + Dipuy, = g2t w),

Uy — gg(t, w) — [D12U2 + -+ Dlpup]
1 — .

Dll
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Here, D represents the differentiation matrix, p represents the number of points in the
element used to evaluate the derivative. Similar discretized equations can be derived for
finite difference method as well. Similar to the problem setup as the Dirichlet boundary
case, the function go(¢;w) is taken as a function of eigenvectors and singular values of the
squared exponential kernel and the initial conditions are taken as a function of eigenvectors
and singular values of the spatial squared exponential kernel. The temporal correlation
length, [; is taken to be 1.0 and the spatial correlation length [, is taken to be 1.0. The

boundary conditions are taken to be,

d
g2(t;w) = 2w sin(27t) + oy Z At i ()&

i=1
and the initial conditions are taken to be,

d

u(z,0;w) = cos(2mx) + o, Z Ve, i (2)&;.

i=1
Here, 0y = 0.1 and 0, = 0.5. Similar to the Dirichlet boundary condition case, & € U[—1,1]
are discrete points in a 8-dimensional random space obtained by using ME-PCM. The fourth-
order Runge-Kutta method is used for time integration with At =5 x 107*. The system is
numerically evolved till t; = 5 using the KL, DBO and DO methods. The results for the three
methods are compared in Fig.(14-15). The first row in Fig.(14), shows comparison between
singular values for model reduction orders, r = 5,7 & 9. The singular values improve in
comparison as the model reduction order is improved. The second row, shows the comparison
of the value of modes at the stochastic Neumann boundary at = 0. Fig.(15a-b) show the
global error and boundary error comparison for the three reduction orders. Similar to the
previous case, when the solution is exactly represented by r = 9, DBO and DO show the
lowest errors of all reduction orders. Between DBO and DO, DBO shows higher accuracy
for r = 9. This can be seen in the errors for r = 9 for DBO and DO in Fig.(15a-b). DBO
boundary error for r = 9 shows the same value as the KL error. The error comparison
between individual singular values is shown in Fig.(15¢) for third, sixth and ninth singular
values. This error in the DO solution causes the global and boundary error for r = 9 to be

higher that of DBO error. This lower error for DBO method, can be attributed to the fact
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that the DBO method has a better condition number for inversion of > matrix than DO

method which inverts the covariance matrix.

3.2.4 Stochastic Robin Boundary Condition

The stochastic Robin boundary condition is imposed on the left boundary at z = 0 as,

au(0,t; w) + bw = g3(t;w).

To enforce this condition, we construct the discretized form of the boundary condition, given

by:

auy + b[Dy1uy + Dious + - - - + Dypu,| = g3(t;w),

Uy — g3(t;w) — b[Digug + - - + Dlpup]
' a+bDy, '

Here, D represents the differentiation matrix and p represents the number of points in the
element used to compute the derivative. Similar equation can be derived for the finite
difference method as well. Similar to the problem setup as the previous cases, the function
g3(t;w) is taken as a function of eigenvectors and singular values of the squared exponential
kernel and @ = 0.1,b = 1. The temporal correlation length, /; is taken to be 1 and the spatial
correlation length [, is taken to be 1. The boundary conditions are taken to be,

d
g3(t;w) = — cos(2nt) + 27 sin(27t) + oy Z A, pi(8)Es,

i=1

and the initial conditions are taken to be,

d
u(z,0;w) = cos(2mzx) + o, Z Ve, i (2)&;.
i=1

Similar to the Dirichlet boundary condition case, & € U[—1,1] are discrete points in a
8-dimensional random space obtained by using ME-PCM. The samples are drawn from a
uniform distribution. Here, 0, = —0.1 and 0, = 0.01. The fourth-order Runge-Kutta method
is used for time integration with At = 5x107*. The system is numerically evolved till ¢; = 5
using the KL, DBO and the DO methods. The singular value evolution, evolution of modes

at the boundary and error comparison for this case are shown in Fig.(16-17). The first
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Figure 14: Linear advection-diffusion equation (ii) Neumann boundary condition: The first
row shows the singular value comparison for KL, DBO and DO methods, The values are
compared for three reduction orders, r = 5,7 and 9. The evolution of the values of the modes

at the left stochastic boundary are compared in the second row for the three methods.
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Figure 15: Linear advection-diffusion equation (ii) Neumann boundary condition: Error
comparison for DBO and DO as compared with the KL solution. The global error, £, and
the boundary error, &, are shown in (a) and (b) respectively. The lowest error is obtained
using DBO method for » = 9. The Ls-error in the third, sixth and ninth singular value is
compared in (c) for DO and DBO.

row in Fig.(16), shows comparison between singular values for the model reduction orders,
r = 5,7& 9. The singular values improve in comparison as the model reduction order is
improved. The second row, shows the comparison of the modes at the stochastic boundary
x = 0. Fig.(17a-b) show the global and boundary error comparison for the three reduction
orders. Similar to the previous case, when the solution is exactly represented by r = 9 for
DBO and DO, show the lowest errors of all reduction orders. Between DBO and DO, DBO
shows higher accuracy for » = 9. This can be seen in the errors for r = 9 for DBO and DO
in Fig.(17a-b). The boundary error for r = 9 for DBO shows the same error as the KL. The
error comparison between individual singular values is shown in Fig.(17¢) for third, sixth
and ninth singular values for the case r = 9. This error in the individual singular values in
the DO solution causes the global and boundary error for »r = 9 to be higher than that of
DBO error.
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Figure 16: Linear advection-diffusion equation (iii) Robin boundary condition: The first

row shows the singular value comparison for KL, DBO and DO methods. The values are

compared for three reduction orders, r = 5,7 & 9. The evolution of the values of the modes

at the left stochastic boundary are compared in the second row for the three methods.
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Figure 17: Linear advection-diffusion equation (iii) Robin boundary condition: Error com-
parison for DBO and DO as compared with the KL solution. The global and boundary
error comparison are shown in (a) and (b) respectively. Lowest error is obtained using DBO
method for » = 9. Lo-error in the third, sixth and ninth singular value is compared in (c)

for DO and DBO.

3.2.5 Burgers’ Equation

As a demonstration for the nonlinear one-dimensional equation, we consider the Burgers’

equation governed by:

ou  Ou _ Ou
ot Yor Vo2

d
u(z,0;w) = sin(27z) + 0, Z Ve, ()&, x € [0,1], (3.23)

z € [0,1] and ¢ € [0, ¢/], (3.22)

with Dirichlet boundary condition at + = 0 and Neumann boundary condition at x = 1.
Here, v is taken to be 0.05. We impose random Dirichlet stochastic boundary at = 0 given
by,

u(0,tw) = ga(t;w).

Similar to the problem setup as the previous cases, the random process g4(t;w) is taken as

a function of the eigenvectors and singular values of the squared exponential kernel. The

47



temporal correlation length is taken to be 3. The boundary conditions are taken to be,

d
ga(t;w) = —sin(27t) + 01 Y /A pil)in

i=1
Here, 0, = 0.01. The eigenvectors and eigenvalues of the spatial squared exponential kernel
are used to determine the random initial conditions. The spatial correlation length, [, is
taken to be 3. The initial conditions are given by,

d

u(z, 0;w) = sin(27z) + 0, Z Ve Ui ()&

i=1
The random space is taken to be d = 4 dimensional and o, = 0.005. For spatial discretization
of the domain, the spectral /hp element method is used with NV, = 101 and polynomial order
4. The 4 dimensional random space is discretized with the ME-PCM tensor product rule
[12, 48] with 1 element each containing 4 points in each random direction which give the
total samples to be s = 4* = 256. The fourth-order Runge-Kutta method is used for time
integration with At = 2.5 x 107%. We use the technique of switching time at t, = 0.3 to
initialize the spatial and stochastic modes. Although the switching time is used in cases
where the initial conditions are deterministic, in this case for r = 8, the singular values for
r > 6 have negligible values and give rise to computational issues for inversion of the X
matrix. The system is evolved till £, = 0.3 using PCM method to let the lower eigenvalues
gain energy. The computed KL modes and eigenvalues are used to initialize the DBO and
DO spatial and stochastic modes at this time step. The system is then numerically evolved
till £; = 5 using the KL, DBO and DO methods. The results for three reduction orders
r = 4,6 & 8 are shown in Fig.(18-19). The comparison of singular values is shown in first
row of Fig.(18). The evolution of the modes at the stochastic boundary is shown in the
second row of Fig.(18). For lower reduction orders, i.e., r = 4, 6, the singular values and the
evolution of the boundary modes show deviation from the KL solution. This error can be
attributed to the unresolved modes in the solution. Although the random dimension is 4, the
system cannot be exactly represented by 5 modes, due to the non-linearity of the equation.
The global and boundary error in the solution are shown in Fig.(19a-b). We observe that as

the model reduction order is increased the error reduces for both DO and DBO. Since the
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solution cannot be represented exactly for r = 8, the KL. and DBO show discrepancy in the

boundary error as seen in Fig.(19b).

3.2.6 2D Linear Advection-Diffusion Equation

The effect of stochastic boundary conditions is further demonstrated on a two dimensional

physical domain. We consider the linear advection-diffusion equation governed by:

oT 1,
o7 T (VT = 2 VT, (3.24)

The velocity field v = (u,v) is obtained by solving the 2D incompressible Navier-Stokes

equation:
ov 1
E‘F(V'V)V—-V}?‘i‘ﬁ

where p is the pressure field, Re is the Reynolds number of the incompressible flow and Pr

Vv, (3.25)

is the Prandtl number. For this case, the value of the Reynolds number and Prandtl number
are taken to be Re = 3000 and Pr = 1/300 respectively. The schematic of the domain for
this problem is shown in Fig.(20). The length of the bottom boundary is L = 10. The height
of the domain is H = 5. The left and right boundary at + = —5 and x = 5 are taken to
be outflow boundaries, i.e., g_x = 0. The velocity at the top inflow boundary is taken to
be (u,v) = (0, —(1 — 22/0.0625) exp(—x4/0.175") + 0.01 sin(rz)). The incompressible flow
is solved using spectral/hp method with N, = 4080 and polynomial order 5. The (u,v)
data from the incompressible solver is used for the solving Eq.(3.24). A stochastic Dirichlet

boundary is introduced at the bottom wall with the temperature profile given by,
T(x,y=0,t;w) = gs(x, t;w).

The random boundary condition is taken as;

d
1 1 nTr\ . nmt
gs(z, t;w) =1+ 0, Z T coS (L_> sin (Tt> &,

n=1

here, L, and L, are taken to be 5 and o, = 0.05. The choice of the spatial modes depends

on the boundary at (x,y) = (—=5,0) and (5,0). The spatial function cos ("L—”:> ensures

that the boundary at those points satisfy the Neumann boundary conditions imposed at the
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Figure 18: Burgers’ equation: The first row shows the singular value comparison for KL,
DBO and DO methods. The values are compared for three orders of reduction » = 4,6 and
8. The evolution of the values of the modes at the left stochastic boundary are compared in

the second row for the three methods.
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Figure 19: Burgers’ equation: Error comparison for DBO and DO as compared with the KL
solution. The global error i.e., & and the boundary error i.e., & are shown in (a) and (b)

respectively.

vertical outflow boundaries. The random space is taken to be d = 6 dimensional. The 6
dimensional random space is discretized with the ME-PCM tensor product rule [12, 48] with
1 element containing 3 points in each random direction which gives the total samples to be
s = 3% = 729. All the other boundaries are taken to be wall boundaries. The temperature
for all the boundaries is set to be T = 0. The fourth order Runge-Kutta method is used for
time integration with At = 5 x 107*. The system is evolved for ¢; = 11 Time Units and
the t, = 1, is the switching time. Since, the initial conditions at t = 0 are deterministic and
the stochasticity has not evolved in the system, the code is evolved till the switching time
with the ME-PCM samples and the KL. decomposition of the solution at t = ¢, is taken as
the initial condition for the DBO and DO solver. The singular values and the error of the
solution are compared with the solution obtained by solving for the ME-PCM samples. The
singular value comparison for three different reduction orders i.e., r = 3,5 & 7 is shown in
Fig.(21). The global and boundary errors for this case are plotted in Fig.(23). We observe

that the errors decrease as the reduction order is increased. As can be seen from the global
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and boundary errors for r = 9, DBO gives better accuracy than the DO due to the better
condition number of the ¥ inversion. We also observe that the DBO boundary error for
r = 9 is equal to the KL error. The evolution of the flow field for ¢ = 2.5,5,7.5,10 of the
tenth sample of the ME-PCM solution and the evolution of the spatial modes of the DBO
solution are shown in Fig.(24). The values of the boundary modes for different time instances
are represented in a surface plot in Fig.(22). Visual comparison shows that there is a good

match between the KL and the DBO solution.

3.2.7 2D Nonlinear Advection-Diffusion Equation

We lastly demonstrate the effect of stochastic boundary conditions on a two dimensional

nonlinear equation. We consider the 2D advection-diffusion equation governed by:

or 1

o TVVIT RePr

2
5 V2T, (3.26)

The velocity field v = (u,v) is obtained by solving the 2D incompressible Navier-Stokes
equation i.e, Eq.(3.25). The Prandtl number for this case however, is taken to be temperature
dependent: Pr = f(T'), which makes the governing equation weakly nonlinear. Here, we

take Prandtl number to be Pr = For this case, « = 1 and 5 = 0.9. The Reynolds

1
300(a+BT) "
number is Re = 3000. The schematic of the problem is same as the previous case. The
bottom boundary is taken to be Dirichlet boundary and the temperature profile at this

boundary is given by,

T(z,y = 0;w) = go(z;w)

go(z;w) =1+ 0, Z \/— (nmj> €n,

here, L, and L; are taken to be 5 and ¢, = 0.5. The Dirichlet boundary conditions for this
case are taken to be time-independent. The boundaries at x = —5 and x = 5 are taken to
be outflow boundaries i.e., e 0. The choice of spatial modes is made to ensure that the
points (x,y) = (—5,0) and (5,0) satisfy the Neumann boundary condition imposed at the
outflow boundary. The random space is taken to d = 6. The samples for the random space

are same as those taken in the linear case. The inflow condition at y = 5 is the same as the
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Figure 20: 2D linear case: The figure shows the computational domain for the Nektar
computations. The Nektar simulations are used to compute the velocity field used to solver
for the temperature equations using the DBO and DO methods. The dotted lines shows the
computational domain used for the DBO computations. An inflow boundary condition is
enforced at y = 5. Outflow boundary is enforced at x = 5 and x = —5. All other boundaries

are taken to be wall boundary (u,v = 0).
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Figure 21: 2D linear case: The singular value comparison for KL, DBO and DO methods is

shown. The values are compared for three orders of reduction r = 3,5 & 7.
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boundary at y = 0 are compared for DBO and KL.
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Figure 23: 2D linear case: Error comparison for DBO and DO as compared with the KL
solution. The figure on the left shows the comparison in the &, i.e., global error. The figure

on the right shows the comparison for the &, i.e., boundary error.
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previous case. The incompressible flow is solved using spectral /hp method with N, = 4080
and polynomial order 5. The (u,v) data obtained from the incompressible solver is used for
solving Eq.(3.26). All the other boundaries are taken to be wall boundaries. The temperature
of all the other boundaries is set to 7" = 0. The fourth-order Runge-Kutta scheme is used
for time integration with At = 5 x 107*. The system is evolved for ¢; = 11 Time Units
and the t, is the switching time. Since the initial conditions at ¢ = 0 are deterministic
and the stochasticity has not evolved in the system, the code is evolved till switching time
with ME-PCM samples and the KL. decomposition at ¢ = ¢, is taken as the initial condition
for DBO and DO modes. The singular values for this case are compared in Fig.(26). The
singular values are compared for three different reduction orders, » = 5,7 and 9. The error
comparison for this case is plotted in Fig.(25). We observe that the errors improve for both
DBO and DO as the order of reduction is increased. For the linear case, when d = 6 we
observe that r = 7 can define the system exactly. However for the nonlinear case, we observe
that modes 8 and 9 also have non-negligible singular values and that these values pick up
energy as the system is evolved. The values of the boundary modes are for different time
instances are shown in a surface plot in Fig.(27). The DBO shows a good match with the

KL solution for the boundary modes.
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4.0 Application of Time-dependent Basis for
Solving Deterministic PDEs

4.1 Introduction

The choice of basis is a fundamental decision in the representation of complex dynamical
systems in the discrete numerical format. Partial differential equations (PDEs) defining the
physical world systems can be expressed as a low dimensional encoding by exploiting the
correlations in the complex dynamics and flow evolution. Using these correlations we can
construct an optimal reduced order basis which is uniquely defined for the PDE we wish to
solve. This perhaps, is a generalizable way to beat the ‘curse of dimensionality ’(exponential
increase in computational cost with dimensions) for high dimensional PDEs. The goal of
these reduced order models is two-fold: simplicity of representations and faster and cheaper
computations. Proper Orthogonal Decomposition (POD) is a seminal technique in this area
which was developed to analyse turbulent flows and obtain a low order representation which
seeks to capture maximum energy-ranked modes of the system [49, 21, 22, 23]. The method
consists of an offline computations stage, where the covariance matrix of the DNS snapshots
is computed and the basis are extracted by eigenvector decomposition. During the online
stage the evolution of the flow-physics is computed by performing a Galerkin projection
of the basis on the model to obtain the time dependent coefficients. The POD technique
has found applications in image processing, extracting coherent structure in turbulence [50],
bifurcation analysis [51], flow control [52, 53] and complex geometry flows [54]. The POD
method belongs to a larger class of projection based-techniques [52, 55| and incurs a high 1/O
storage cost and computational cost in generation of representation basis. Besides the defined
basis are restricted by the snapshots of the solution and find it difficult to extrapolate the
solution to different operating conditions (eg., Reynolds number, Mach number) and long
time integration. Other techniques have been developed to overcome the aforementioned
limitations: Least squares Petrov-galerkin [56], nonlinear model reduction techniques [57, 58],

Koopman operators [59, 60, 61, 62] and Dynamic mode decomposition [24, 27].
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Recently developments in area of deep neural networks (DNNs) for extracting low di-
mensional feature space has found applications in solving PDEs. The DNNs can be thought
of as non-intrusive nonlinear reduced basis obtained through training the hyper-parameters
for a particular dataset. Recent works include physics informed neural networks (PINNs)
(63, 64, 65], DeepONet [66, 67], Deep Galerkin method (DGM) [68], autoencoders [69, 70, 71,
72, 73] which can be expressed as nonlinear extension of POD/SVD [74], Visual Interaction
Networks [75], multi-layer convolution framework [76, 77], latent space physics [78]. The
goal of the aforementioned techniques is to generate nonlinear representation functions for
the PDEs by observing a series of snapshots of the evolution of the flow and minimizing
the corresponding residual by computing the hyper-parameters of the neurons. As these
techniques are highly data driven, they suffer from data generation cost and storage issues
especially for high dimensional PDEs. Since these basis are static, they also suffer from the
inability to represent transient dynamics in the flow.

Most reduced order models aim at finding a separation of variables form of the primary
variable given by, V(x,t) = «a;(t)®;(x), where V(x,t) denotes the primary variable, «a;(t)
represents the time-dependent coefficients and ®;(x) are the low dimensional basis obtained
from the offline computations of snapshots. In this work, we seek to find time-dependent
reduced basis of the form ®;(x,¢). This allows the basis to “chase ”the solution wherever it
evolves and is useful in capturing transient dynamics. The concept of time-dependent basis
is not new and has been developed in the context of uncertainty quantification [1, 79| for
fluid flows. The method has previously existed in quantum mechanics [35], chemistry [36],
dynamical low rank approximations [37] and dynamical tensor approximations [80]. The
imposed conditions of orthonormality and dynamic orthogonality on the spatial basis need
not be unique. Variants of the above method are bi-orthogonal decomposition (BO) [2, 32],
hybrid BO-DO [40], dynamically bi-orthonormal (DBO) [46, 81]. The time-dependent basis
(TDB) techniques have been adopted to problems in transient dynamics [33, 39, 82, 38|, flow
control[83], extreme events [84], computing sensitivities [85], skeletal model reduction [86],
passive and reactive species transport [47], data compression in turbulent flows [87]. The
method shows a few similarities to the evolutional DNN approach of setting the parameters

for t = 0 and evolving them sequentially as time progresses [88, 89]. The dynamically bi-
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orthonormal decomposition has a form which can be readily expanded to higher dimensions.
The motivation of this chapter is to introduce the application of time-dependent basis for (i)
deterministic PDEs (ii) derive the evolution equations of the one dimensional basis in each
spatial directions and (iii) demonstrate the structure resolving capabilities of the method for

incompressible and compressible Navier-Stokes equations.

4.2 Methodology

4.2.1 Definitions and notation

We consider a partial differential equation given by,

%:M(V,x,t), xeD,t>0, (4.1)
V(x,to) = Vo(x), t=0. (4.2)

Here M is in general, a linear or non-linear differential operator, D denotes the domain,
x = {x1,2,...,x4} are d-dimensional independent variables. Vj(x) represents the initial

condition for the variable V(x,t). We introduce the Ly inner-product norm as,

VLU, = [+ [ VEUGI@)-plaa)dos - doa,

U]l = (U, U)">.

Here, p(x1),--- p(xq) are the density weights in each direction. Similarly, an inner product

for z,, is given by,
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We also introduce the following inner-product notation for inner-product with respect to all

spatial dimensions except z,, as,

V&), UX))ya, =

X\ Tn

/xdm/w /xn_l.../x1 VU ) p(1) - p(n-1)p(@ni1) - - plag)dey - day_1dapy - - - dzg

4.2.2 Time Dependent Basis

We decompose a given variable V(x,t) as a set of time-dependent orthonormal basis

(TDB) according to the equation,

rd 79 T1
1 2 d
Vet =3 Y T Oul () (1) -l (g, t) +e(x,t) (4.3)
ig=1 ig=141=1

Here T, ;. (t) € RMX72X"74 is a time-dependent core tensor and
U™ (2, 1) = [l (20, )|u (@, )] - - [ (2, )] are the set of orthonormal modes in the
n-direction. e(x,t) is the error obtained due to the reduced order modeling approximation.

We define the unfolding of a tensor T € R™*"2**7d along a direction n is a matrix T, €

R™ XTp41Tdr1 " Tn—1

4.2.3 Evolution Equations

We derive close form equation for the evolution of the core tensor and the orthonormal
modes in each direction. For simplicity, we derive the evolution equations for a three dimen-

sional field which can be easily extended to higher dimensions. The decomposition is given

by,

T3 T2 T1

1 2 3
V) =3 Y 3T o Out (@, ul (w2, )l (a3, 1)

iz3=1i2=111=1
The orthornormality condition of the modes is enforced through the inner product of the

modes,

<u£n)(xn,t),u§")(xn,t)> =0, 4,j=1,21, n=12---d. (4.4)
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For the purpose of this section d = 3. To obtain the evolution equations for the time-

dependent bases we take a time derivative of the decomposition as,

Vi t) =T, u@u@y® 41 g 0y@y® 4 (1,®,®) 4 (1),

—11,02,83 711 12 3 i inyis Wiy Wiy Uiy ==i1,82,83 11 i 13 11,802,803 11 2 13

(4.5)

Taking time derivative of the orthonormality condition,
d n n - (N n n - (N
7 <u£ )(xn,t),ug- )(xn,t)> = <u§ )(xn,t), g )(xn,t)> + <ul( )(mn,t),ug )(xn,t)> =0

Let gb < l(n) (T, t), ugn)(xn, )> where ¢(t)™ € R™*" . We can see that ¢(t)™ is a skew-
symmetric matrix i.e., ¢;;(t)™ = —¢;;(t)™. To obtain the evolution equation for the core
tensor, we take inner product <o,u£,1 )ugé)u§§)> on Eq.(4.5) and using the orthonormality

condition of the modes we obtain,

_ [y, 2 (3) 1) (2) (3)
Iz’l,i2 i = <V7 Ujr " Uiy Uy >x - Iil,ié,ié¢i1i’l - Ii’l,ig,z"3¢i2i/2 - I¢37i§7i3¢i3ig- (4.6)
To obtain the evolution of the orthonormal basis uz(»ll), we take the inner product < u(z)ui’)>
X\T1
of Eq.(4.5)
(2, (3) 1 oW MO (1) ,(3)
<V7uz’2 Ug >x\w1 - Iz1,7,2,7,guzl + Tzl R Uy, + T7,1 12,1 Uiy ¢227/ —7,1722723u7,1 gblﬂé

Substituting the value of T; , , from Eq.(4.6) in the above equation,

zlzz

3

7 o.(2), (3) _ 7o), (2), (3) (1) (2) (3) (1)
<V’ui’2 Uy >x\m1 = [<V7U Uy "Wy >x - Ijl,z'g,igﬁf)jlz‘l - Iil,iz,ig¢i2¢/2 - Iil,ig,igﬁbms] +

S 1P @ (3) 1(3)

—11712,13 11 —=11,12 13 11 —11,19,%3 711

The equation becomes,

(3) 1), (2, (3) (1) 1) (1)
<V iy U >x\a:1 [<V Ui uz Uiy >x _Ijl’ié’%gb]”l] +I’Ll’z2’zgu“

iz

Rearranging the above terms we obtain,

(1) 7 (2, 3) W/ o.M, @), 3) (1)
111712,Zéu11 <V’U’L/2 ui, >x\x1 - u’il |:<V’u'i1 U,L/Z u’bé >x _Ijl,i/277:é¢j1il

3

The above equation can be considered as an under-determined systems with respect to the

unknowns u ) if r1 > rorz and it could be an over-determined system otherwise. We find the
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least squares solution to the above problem by multiplying the above equation by I(Tl) and

computing the pesudo-inverse term given by T = T(T) <T(1)T(1)> . Thus the evolution

equation for the orthonormal modes ul(ll)

WP = l<v ul u(3)> <v ul u <3>> }T( 0+ ulell)
X\T1 x

is given by,

1 7,3 3 11,1573 2701

(2)

Similarly, the evolution equations for u,, ®)

and u,;;’ are given by,

ug) {<V u, u(3)> — ug) <V,u(1 u(Q)u(j)> } T;)Z,Z/ + u( )¢521)2
X\T2 X

i

2 3

uz(f) [<V w, )u52)> - ( <V u(l) (2) 53)> :|T§§)’Lll/ tu ¢z(§33
X\T3 12

4.3 Variational Principle

It is shown in [47, 81] that the evolution equations for time dependent modes for reduced
order modeling of stochastic fields in uncertainty quantification and species concentration
in passive/reactive transport equations are obtained as optimal conditions of a variational
principle. In this section we formulate the variational principle for the evolution of the time
dependent basis for a n-dimensional tensor. The variational principle for the time dependent

basis seeks to minimize the functional:

Y

) d /. . )
g(u(l) 'U/(Q) . 7u( ) 'I"il,iz,...,in> j— H_ (u(l) 'U/('2), e ( ) 'I‘ilgig,“,,in) _ M
F

11 ) T 0 n ? dt 11 7 T Zn7

(2

subject to the orthonormality conditions of the bases <u(-n) (X, t), ug-n) (xn,t)> = 0;;. Here,
M represents the linear /nonlinear differential operator. Simply put, the variational principle
seeks to minimize the distance between the time derivative of the time dependent basis de-
composition and the right hand size of the partial differential equation by optimally updating

the bases and the core tensor.
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5.0 Demonstration Cases: Time-dependent Basis

5.1 2D Linear Advection Diffusion Equation

This case demonstrates the application of the TDB method for solving linear partial dif-
ferential equations and the computational speed up obtained using this method as compared

to the evolution of the DNS system.

5.1.1 Problem Statement

A periodic two dimensional domain is considered with L,, = L,, = 27. V(z1,22,t) is a

scalar whose evolution is given by the linear advection diffusion equation,

2 2
)% oV o V(av av)’ z1, 72 € 10,27],t € [0,T%],  (5.1)

ot ta 011 e Ors or?  Ox3

where ¢; and ¢; denote the velocities in the x1- and xo-directions respectively. These velocities
are taken to be constant and ¢; = 0.5, co = 1.0. The diffusion coefficient is denoted by v
and we take the value to be 0.01. The initial condition for the scalar V(z1,zs,t) for which

the equation is solved is given by,

V (1, 29,t = 0) = exp(—sin(z;)? cos(222)?). (5.2)
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5.1.2 Evolution Equations Using The Time Dependent Basis Formulation

For the derivation of the evolution equations of the modes, we consider the time depen-

dent basis decomposition,

T T

2
xlaan ZZUE ) xla (t) u; )(Jfg,t)7+€,
=1 j=1
where ugl)(azl,t),ugz)(xg,t) are the time dependent orthonormal modes in the x; and
direction respectively, r denotes the reduction order and e represents the residual error due

to the reduction. T is a matrix which denotes the factor of the covariance matrix. For easy

readability and sake of brevity in notation for the subsequent section, we denote ugl)(:vl, t) as
(1)

u; u§-2) (x2,t) as u§2) and T;(t) as T;;. Thus, we can write the low rank form of V. (z1, xs, t)

as,

Vi (@, ot ZZu (1,8) Ty () ul? (s, ). (5.3)

i=1 j=1

To obtain the evolution equations for each of the components of the decomposition, we

substitute Eq.(5.3) in Eq.(5.1) to obtain,

) du” ou? 92V 0%
( gl)Tij“§2)> =0 o szU§2) - cw(l) i v Yo W, T )
i x

8t 3x1 U 8%2

The vV and «® modes are orthonormal and dynamically orthogonal i.e.,

M @ o )

@i,J>_%, sl ) =0, (5.5)
auz(?)

(=i (%)= 56)

Remark 5.1.1. < 52), §2)> is a skew symmetric matriz. It has been shown in [47], that

any choice of skew symmetric matriz leads to an equivalent low rank-approximation of the

solution. Without the loss of generality, we assume the matrix to be a zero matriz.

66



Taking inner product of Eq.(5.4) with u,(:) and using the orthonormality and dynamic

orthogonality condition from Eq.(5.5) we obtain,

(2) (1) 2)
ATy, u? 4T 9, = — <u(1) ou; > T‘ju(-z) — T o, +
R ]

dt 9 K L Oy

5 (1) 52 (2)
1 07y @) U
v (<uk o2 >Tz~juj + Ty, a;% > (5.7)

To obtain the evolution equation for T;;, we take an inner product of the above equation

with u{? and apply the orthonormality and dynamic orthogonality condition from Eq.(5.6).

dT o Ouy” T T ouy o)
—_— = — N —_— . — i 5 .
dt “ <“ BT e A S

2. (1) 2. (2)
1 07y, w2

To obtain the evolution equation of u® modes, we substitute the value of T from Eq.(5.8)

Thus, we obtain,

in Eq.(5.7). Thus, we obtain,

out? 5 oY 9 ou?
Tkja—]t = —C U( ) - TZJU( ) — CQTkj J
5 (1) 52 (2)
m 0y 2) Uy
+ v <<uk s —0$% > T,-juj + Tk;j 81’%
ouly ou'?
1 m 2 i 2 2
+ <u,(€ ), 0—351 iju§ ) + Ty 975 7U§- ) U§ )

2 (1) 2. (2)
(1) 0 Um ) Pum’ 2\ (2
— v (<Uk , 823% > ijuj + Tim < ax% s U > U > . (59)

We observe that term 1 and term 5 can be cancelled as well as term 3 and term 7. Simplifying

the above equation and multiplying the equation by T,;jl on both sides we obtain,

) ) ) ) )
Ow” _ 9w [Ou o)\ @ OCui” [Pu” @\ @ (5.10)
ot 7| Ox, Oy 0 ) O ox2 7 )0 '

+ v
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)

Now to obtain the evolution equation for u(!) modes, we take inner product of Eq.(5.4) with

uf) and using the orthonormality and dynamic orthogonality condition from Eq.(5.6) we

obtain,

We sustitute the value of T from Eq.(5.8) in the above equation. Thus, we obtain,

8u(1) 6@6(1) (1) 8'&(2)
[ Tz — _ 7 Tz o \ Tz _J (2)

1
0%ul! 1) Pul)
—i-l/(a%Tzk—Fu T;; 82’u
ou? 9
—l—clug < 5 > ]k—|—02u Z]<a;27ul(c)
aQu(l a2u(2)
(1) 1) (1) (2)
— v (uZ < u; 8;% T, +u;, Ty 8:1:]% , Uy, )

We observe that term 2 and term 6 can be cancelled as well as term 4 and term 8. Simplifying

the above equation and multiplying the equation by Ti_j1 on both sides we obtain,

ouy” ou /) ) ou *u) ) ) 0Pul
% = [8x1 —uy’ w7, o +v 722 —u; (U e )| (5.11)

Thus, Eq.(5.8), Eq.(5.11) and Eq.(5.10) describe the evolution equations of the modes and

the factor of covariance matrix.
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Figure 28: The evolution of the Ls-error is plotted for three different reduction orders:
r = 3,5 and 7. We observe that as the reduction order increases and as the modes capture

lower singular values, the Lo error reduces.

5.1.3 Computational Details

We discretize the domain using Fourier spectral methods with N = 256. The system is
evolved using the evolution equations for the time dependent basis till 7 = 10. The fourth
order Runge-Kutta method is used for time integration with At = 0.0005. The results of
the TDB method are compared with the DNS solution for three different reduction orders
r =3,5,7. Fig.(28) shows the evolution of Ly error for the three different reduction orders.
We observe that as the reduction order is increased i.e., the modes capture lower singular
values, the Ly error decreases. Fig.(29) shows the evolution of the modes and the flow field for
two different time step ¢ = 5 and 10. The first column shows the evolution of the flow field.
The second and the third column show the evolution of the z; and x5 modes respectively.

We observe that as the flow field evolves, the modes adapt to the solution as well.
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Figure 29: The above figure show the evolution of the flow field and the evolution of the x;

and z9 modes at ¢ = 5 and 10.
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5.1.4 Computational Cost

The computational cost associated with solving the evolution of T i.e., Eq.(5.8) is neg-
ligible as it as r X r matrix (where r is the order of reduction). As r < N and the right
hand side of Eq.(5.8) consists of computing matrices of size r X r, this equation is compu-
tationally inexpensive. The equations for the evolution of the time dependent modes i.e,
Eq.(5.10,5.11) consist of solving one dimensional partial differential equations of the size
N x r. This compressed form of the equations offers a massive computational speed-up as
compared to the DNS solver which computes the solution of the partial differential equation
of size N x N. Table.(??) shows a comparison of the computational cost for the TDB and
DNS solutions. We observe that the solution obtained from the evolution of the TDB modes
is computationally cheaper than the DNS solution for a linear equation. The computations
were performed on a Apple M1 processor.

The compressed form of the solution at every time step also offers memory storage advan-
tages. The compressed form can be used to obtain the solution for entire flow-field without
incurring the full storage cost. Considering N < r, the compression ratio can be given
by CR ~ N/r. These computational and storage savings can be important for high per-
formance computing problems where the bottle neck is generally memory limitations and

computational cost of solving for the full domain.

5.2 Computational Cost: 2D Nonlinear Advection Diffusion
Reaction Equation

In this case, we discuss the application of the TDB method for solving nonlinear partial

differential equations and the challenges associated with the computational cost of nonlinear

terms.
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Table 3: The table shows the computational cost for the TDB and the DNS solutions. We
see that the solution obtained from the evolution of the TDB modes is computationally
cheaper than the DNS solution for a linear equation. The computational time for each of

the simulations is evaluated on an Apple M1 processor.

Simulation Computational cost

TDB N = 256, =3 1483.7 iter/sec

TDB N = 256,r =5 1419.4 iter/sec

TDB N = 256,r =7 1217.3 iter/sec
DNS 256 x 256 85.7 iter/sec

TDB N =512,r =3 1009 iter/sec
TDB N =512,r =5 898.9 iter/sec
TDB N =512,r =7 751.9 iter/sec

DNS 512 x 512 19.6 iter/sec
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5.2.1 Problem Statement

Adding a nonlinear reaction terms to Eq.(5.1) we obtain the following equation,

ov ov ov V(E?QV 0*V

- tc +c = +
! 2Oy or? = O3

ot 0n )+S(V)7 r1,29 € [0,27],t € [0,Ty], (5.12)

where S(V,t) is a time dependent nonlinear reaction term. The S(V') term acts as a forcing

term for this equation. For the ease of notation, let us consider,

oV v (VP
L<V) - (91:1 B C28$2 v (6’x% (9953) ’
B~ L)+ 5V, (5.13)

where L(V') is the linear term for the above equation.

5.2.2 Evolution Equations

The derivation of the evolution equation for the linear terms L(V') is similar to the
previous section. Let us consider the nonlinear term S(V') which is a time dependent function
of the scalar V(zy,r2,t) to take the quadratic form ie., S(V) = f(V?). The quadratic
nonlinearity is a part of the Navier-Stokes equation through the term: v,a—;}; Considering
a discretized form of V' (z1,z9,t) at a given time instant, we obtain a matrix Vy,y. Where
N represents the number of discretized points in the x1- and x»- directions of the domain.
The f(V?) term now represents a Hadamard product (element-wise multiplication) of the

matrix V with itself. Due to the Hadamard product the rank of the nonlinear term changes.
rank(V?) < rank(V)rank(V)

This expansion/contraction in the rank needs to be taken into account while computing the
evolution equations of the modes. Consider two square matrices A,B € RV*V with the

singular value decompositions given by,
A =UpXA V4, B =UpXpVg.

Assuming a low rank representation of the matrices i.e., r4,rg < N, where r4 is the low

rank of A and rp is the low rank of B. Uy € RY*" Ug € RVY*"5 are the left eigenvectors
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of A and B respectively. V5 € RV*"4 Vg € RVX"5 are the right eigenvectors of A and B
respectively. X5 € R™4*" 3 g € R"™8*"B represent the diagonal singular value matrix of A
and B respectively. The Hadamard product of two matrices can be written in the following

representation,

T
NXrarp (

AoB= (Ui@Ug) YA ®XEp) (Vg@vg)

TATBXTATB rarg XN’

Here, o represents the Hadamard product of two matrices, ® represents the Khatri-Rao
product and ® represents the Kronecker product. In case of r4 < N,rg < N the equa-
tions can be computed in a low rank format or the compressed form. The size of the ma-

T
and

trices and the computational cost associated with computing the (U4 © Ug) Nxrars

(Vi o Vg)TMBX y can increase significantly for r4rp > N. This cost increase in the low
rank form can exceed the cost of the DNS simulation.
Besides the computational cost associated with the nonlinear term, the low rank format for
other nonlinearities cannot be easily computed. Hence, for nonlinear simulations we com-
pute the equations in the decompressed form, wherein the right hand side of the equations
are computed pointwise at every grid point in the domain. This makes the computational
cost of the TDB simulations of nonlinear equations equivalent to the computational cost
of the DNS simulations. Effective techniques for cost reduction of the TDB simulations of
nonlinear equations will be explored in future work.
To compute the evolution equations of the nonlinear term, we substitue the Eq.(5.3) in the
nonlinear part of Eq.(5.13),

9/ ) (1) )

5 <ul Tiju; ) = S(u; " (w1,t) Ty(t) u;” (w2, 1)). (5.14)
In numerical computations, the reconstructed form of V,(x1,xs,t) from the low rank form
is used to compute S(V;). Taking inner product of the above equation (nonlinear terms)

with u,(gl) and using the orthonormality and dynamic orthogonality condition from Eq.(5.5)

we obtain,

@
dTy; (2) Ou; 1)
) 4wy, :<uk ,S(w)>. (5.15)
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To obtain the nonlinear terms in the evolution equation of T;; we take an inner product
of the above equation wiht ug) and apply the orthonormality and dynamic orthogonality

condition from Eq.(5.6). Thus, we obtain,

o = ({50 ). (5.16)

Rewriting Eq.(5.15) and substituting the value of T}; from Eq.(5.16) we get,

8;_32) _ <U,(:),S(Vr)> B <<u,(€1),S(VT)> ,u§2)>u§-2),
O7 ((ul?, 50 ~ (a2 50 oyl T 5.17)

To obtain evolution equation of u(!) modes, we take the inner product of Eq.(5.14) with u,(f)

and using the orthonormality and dynamic orthogonality condition from Eq.(5.6) we obtain,

oulV

(1) ATk
ot '

Ty = <S(V}),u,(€2)> U

Substituting the value of T;; in the baove equation we obtain

agin _ <<S(Vr),u§€2)> —ulV <<ul(1)’ S(W)> ,ug)» T (5.18)

Thus, Eq.(5.16), Eq.(5.17) and Eq.(5.18) show the evolution of the nonlinear terms of the

linear advection diffusion equations for T, u®, u(!) respectively.
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5.3 Vortex Dipole

In this case, we demonstrate the ability of the time-dependent basis for solving incom-
pressible Navier-Stokes equations and the property of the modes to adapt according to the
evolution of the flow-field. The case has been referred from [90]. We also demonstrate the
advantage of using time dependent basis over static basis obtained from Proper Orthogo-
nal decomposition (POD). Due to the localization of the vortices in the domain at a given
time instant, static basis need to observe the solution for all the time steps to obtain the
appropriate basis. Static basis find it difficult to extrapolate the solution based on a few
observations. The POD solution in this example is shown for two cases: (i) POD basis are
extracted from solution at a few time steps (ii) POD basis are extracted from solution at all
time steps. We also study the error convergence properties of the two methods with different

reduction orders.

5.3.1 Problem Statement

A periodic to dimensional domain is considered with L,, = L,, = 1. w(xy,zs,t) is the
vorticity in the x3 direction and (x4, xe,t) is the streamfunction whose evolution is given

by the vorticity-streamfunction equations,

Oow Ow Ow 1 <82w 6%})

— t+Uvs—t+t—=— |5t 5>
ot = 'Ox, Oz, Re \ 922 ' 02

Vi) = —w.

Here, Re denotes the Reynolds number which is taken to be 2000. The streamfunction is
used to compute the velocities in the x; and the x,- directions i.e., v; and vy using the

following equations,
_H _o
n 8952 ’ ox 1 .

We use the TDB formulation to solve for the vorticity equation using the decomposition,

U1 Vg =

W, w2, t) = ul (w1, )Ty (Dul? (2, 1)
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5.3.2 Computational Details

At t = 0, we consider two vortices with Gaussian profile and opposite circulation. The

vorticity field at ¢ = 0 is taken to be superposition of the two vortices given by,

—0.1)° —0.47)?
w(wy, x9,t =0) _7r_r12 exp (_ (71 ) 7;2(272 ) >
1 1
T —0.1)? — 0.53)?
n 226 b <_($1 ) +2(:v2 ) )
Ty 5

Here we take, I'y = —T'y = —7/20, 7 = rZ = 1/1000. The vorticity at ¢ = 0 is shown
in Fig.(30). We discretize the space with 256 Fourier spectral modes in both z; and x5
directions. The fourth order Runge-Kutta method is used for evolving the system in time
with At = 0.0005. The system is evolved till T, = 11. For the TDB solution, the
system is evolved till 7; = 1 using the DNS evolution equations. We take the singular
value decomposition of the solution at ¢ = T} time instant and the modes are initialized
using the eigenvectors obtained from the SVD. Similarly the T matrix is initialized using
the singular values. For t > 1 the TDB formulation is used for the evolution of the vorticity.
The streamfunction at every step for both methods is computed by taking the inverse of the

Laplacian computed in the 2D Fourier transform space.
b=— ()"

For the POD solution, the system is initialized for the coefficients of the POD modes at
T; = 1 using the DNS solution. The POD modes are obtained by taking eigenvectors of
covariance matrix obtained by taking snapshots of the DNS solution till T ,pserveq at every
500th time step. The value of Typserveq taken for forming the POD modes affects the accuracy
of the solution. To demonstrate the effect of T,pserveq 0N the solution, we take two cases: (i)
Topservea = 5.5 (1)) Topservea = 11. The POD modes for both the cases are shown in Fig.(31).
The first row shows the shape of the modes for T yserved = 5.5. The second row shows the
shape of the modes for T pserveq = 11. The first column shows the mean of the snapshots
for the respective cases. Column 2,3 and 4 show the structure of the modes in order of
decreasing energy. The modes in row 2, can be seen to extend to more area as that case has

been exposed to more snapshots of the solution.
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Figure 30: The vorticity field at ¢ = 0 is shown. The vortex centers lie at (0.1,0.47) and
(0.1,0.53). The vortices have equal and opposite strengths. This vortex dipole configuration

induces a velocity to the right on both the vortices and we will see them move to the right

as time evolves.
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Figure 31: The figure shows the structure of the POD modes for the two cases. The first
row shows the shape of the modes for T pserveqa = 5.5. The second row shows the shape of the
modes for Tppserveq = 11. The first column shows the mean of the snapshots taken. Column
2,3 and 4 show the modes in the order of decreasing energy. We observe that the modes in
row 2, occupy more area as compared to the modes in row 1 due to the increase in the time

for which the solution is observed.
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The evolution of the vorticity flow field as time evolves is shown in Fig.(32) for the TBD
solution. The two vortices induces velocity in x; direction on each other and the vortices
convect towards right as seen at t = 4,6,8,10. Along with convection, we also observe that
the vortices diffuse as seen with the increasing area of the vortices and decreasing strength of
the vorticity field. Fig.(33) and Fig.(34) show the evolution of the vorticity solution with the
POD modes. The POD modes are constructed based on snapshots of a reference solution.
Since the snapshots of the reference solution are taken till Typserveq = 5.5 for Fig.(33), the
vortices in the figure show distortion for ¢ > 6. Extrapolation of the solution is one of the
drawbacks of the POD method. Extrapolation and the localized nature of the solution cause

the flow field to incorrectly evolve beyond T, pserved-
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Figure 32: The TDB evolution of the vortex dipole at ¢t = 4,6, 8, 10 is shown in the figure
above. We observe that the dipole convects to the right as time evolves. We also observe the
diffusion of the vortices as seen by the increase in the area of the vortices and the decreasing

strength of the vortices.

Fig.(35) shows the evolution of the first two modes time dependent modes at ¢t =
2,4,6,8,10. The first row shows the evolution of the modes in the x; direction. It is
observed that as the vortex convects to the right the localized mode convects to the right as
well. We also observe the decreasing strength of the vortices as seen in the reduction of the
amplitude of the first and second modes as time evolves. The second row show the evolution
of the modes in the x5 direction. We observe a change in the amplitude of the mode due to
diffusion as time progresses. Since, there is no drift of the vortices in the x5 direction, the

point of inflection of the modes stays constant at x5 = 0 for all times.
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Figure 33: The solution obtained from POD for the case where T,pserveq = 5.5 is shown in
the figure above. Since, the POD modes were exposed to the evolution of the vortex till

t = 5.5, the solution till £ = 6, is observed to be correct. However, the vortices for ¢t = 8, 10

show distortion near zs = 0.5.
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Figure 34: The solution obtained from POD for the case where T,pserveq = 11 is shown in
the figure above. In this case, since the POD modes were exposed to the evolution of the

vortex till ¢ = 11, the solution is observed to match the DNS solution for all time steps. No

vortex distortion is observed.
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Figure 35: Row one shows the evolution of the modes in the x; direction. It is observed that
as time progressed the modes convect to the right. The second row shows the evolution of
the o modes for t = 2,4,6,8,10. It is observed that the modes in the x5 direction change
in amplitude as the diffusion causes the vortices to lose their strength and increase in area.

This change in the structure of the vortices is observed from the modes in the x5 direction.
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We perform the analysis of the time-dependent basis for three different reduction orders
r = 5,10,15,20. The evolution of the error is plotted in Fig.(36) for both POD and TDB
solution. The figure on the left shows the comparison of error for TDB solution with the
POD case where T,pserveqa = 5.5. We observe that TDB solution has an overall lower error
as compared to POD. We also jump in the error beyond T,pserveq- The solution is not able
to extrapolate the solution for ¢ > 5.5. The figure on the right shows the error comparison
for T pservea = 11. Since no extrapolation of the solution is performed the solution does not
show a sudden jump in the error. The TDB solution shows a lower error than the POD
solution for the same reduction order. For both the cases we observe that as the reduction

order increases, the error decreases.
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Figure 36: The above figure shows the reduction error vs time for four different reduction
orders r = 5,10, 15,20. It is observed that as the reduction order increases the Ly error of

the solution decreases.

5.3.3 Asymmetric Vortex Dipole

In this case, we demonstrate the ability of the method for solving incompressible Navier-
Stokes equations and the property of the modes to adapt according to the evolution of the

flow-field. We also demonstrate the advantage of using time-dependent basis over static basis
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obtained from Proper Orthogonal Decomposition (POD). Due to the localized nature of the
vortices in the domain at any given time instant, static basis need to observe the solution
for all time steps to obtain the appropriate basis. Static basis are unable to extrapolate
the solution based on a few observations. The POD solution in this example is shown for
two cases: (i) POD basis are extracted form solution at a few time steps (ii) POD basis are
extracted from solution at all time steps. We also study the error convergence properties of

the two methods with different reduction orders.

5.3.4 Problem Statement

A periodic two dimensional domain is considered with L,, = L,, = 1. w(x,xe,t) is
the scalar vorticity field in the x3 direction and (z1,xs,t,t) is the streamfunction whose
evolution is given by the vorticity-streamfunction equations,

Ow Ow Ow 1 (0*w O*w
ot "om @ZE(@*@)
Vi) = —w

Here Re denotes the Reynolds number which is taken to be 2000. The streamfunction is
used to compute the velocities in the z; and x5 directions i.e., v; and vy using the following

equations,
_% __ X

= Vg = — .
8232’ 8131

We use the TDB formulation to solve for the vorticity equation using the decomposition,

U1

w(wy, e, t) = ne (21,8)T;; (t)ugg) (x2,1).

i
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5.3.5 Computational Details

At t = 0, we consider two vortices with Gaussian vorticity profile and opposite circulation.

The vorticity at t = 0 is taken to be superposition of two vortices given by,

—-0.1)? —04)2\ T —0.1)2 —0.6)2
1 1 2 5

Here we take, I’y = —7/20, T’y = —1.1T'y 7# = r3 = 1/1000. The strength of T’ is 1.1 times
in strength of I'; which induces asymmetry to the solution as the vortex dipole evolves. The
vorticity at ¢ = 0 is shown in Fig.(37). We discretize the space with 256 Fourier spectral
modes in both z; and wz, directions. The fourth order Runge-Kutta method is used for
evolving the system in time with A¢ = 0.0005. The system is evolved till T;,a = 11. For
the TDB solution, we evolve the equations till 7; = 1 using the DNS evolution equations. At
t = T;, the singular values decomposition of the DNS solution is taken and the eigenvectors
are used to initialize the TDB in the z; and x5 direction. Similarly, the T matrix is initialized
using the singular values. For ¢ > 1, the TDB formulation is used for the evolution of the
vorticity equation. The streamfunction at every step for both methods is computed by taking

the inverse of the Laplacian computed in the 2D Fourier transformed space,
b=— (V)

For the POD solution, the system is initialized for the coefficients of the POD modes at
T; = 1 using the DNS solution. The POD modes are obtained by taking eigenvectors of
covariance matrix obtained by taking snapshots of the DNS solution till T, pserveq at every
500th time step. The value of T,pserveq taken for forming the POD modes for affects the
accuracy of the solution. To demonstrate the effect of T pserveq On the solution, we take two
cases: (1) Topserved = 5.5 (ii) Topservea = 11. The POD modes for both the cases are shown
in Fig.(38). The first row shows the shape of the modes for T,pserveq = 5.5. The second row
shows the shape of the modes for T pserved = 11. The first column shows the mean of the
snapshots for the respective cases. column 2,3 and 4 show the structure of the modes in order
of decreasing energy. The modes in row 2 can be seen to extend to more area as comapred

to the modes in row 1, since that has been exposed to more snapshots of the solution.
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Figure 37: The initial condition for the vorticity is shown in the figure above. The vortex
centers lie at (0.1,0.47) and (0.1,0.53). The vortex at the bottom has strength which is —1.1
times the strength of the vortex at the top. Due to this difference in the strength of the

vortices, we expect the evolution of the flow field to be asymmetric.
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Figure 38: The figure shows the structure of the POD modes for the two cases. The first
row shows the shape of the modes for T pserveqa = 5.5. The second row shows the shape of the
modes for Tppserveq = 11. The first column shows the mean of the snapshots taken. Column
2,3 and 4 show the modes in the order of decreasing energy. We observe that the modes in
row 2, occupy more area as compared to the modes in row 1 due to the increase in the time

for which the solution is observed.
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The evolution of the vorticity flow field as time evolves is shown in Fig.(39) for the TDB
solution. The two vortices induce velocity in x; direction on each other and the vortices
convect towards right as seen at ¢t = 4,6,8,10. Due to the unequal strength of the vortices
we also observe a drift of the vortices upwards. Along with convection, we also observe that
the vortices diffuse as seen with the increasing area of the vortices and decreasing strength of
the vorticity field. Fig.(40) and Fig.(41 show the evolution of the vorticity solution with the
POD modes. The POD modes are constructed based on snapshots of a reference solution.
Since the snapshots of the reference solution are taken till Tpserveq = 5.5 for Fig.(40), the
vortices in the figure show distortion for ¢ > 6. Extrapolation of the solution is one of the
drawbacks of the POD method. Extrapolation and the localized nature of the solution cause

the flow field to incorrectly evolve beyond Tipservea-  Fig.(42) shows the evolution of the
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Figure 39: The evolution of the flow field of the vortex dipole is shown in the figure above. We
observe that the dipole convects to the right as time evolves and diffuses. Due to asymmetry

in the strength of the vortices, we also observe an upwards drift of the vortices.

first two time dependent modes at t = 2,4,6,8,10. The first row shows the evolution of the
modes in the z; direction. It is observed that as the vortex convects to the right the localized
time dependent mode convects to the right as well. We also observe the decreasing strength
of the vortices as seen in the reduction of the amplitude of the first and second modes as
time evolves. The second row shows the evolution of the modes in the x, direction. We
observe a change in the amplitude of the modes due to diffusion as time progresses. Due to
unequal vortex strength we also observe a drift of the inflection point of the modes in the

positive x5 direction.
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Figure 40: The solution obtained from POD for the case where T,pserveq = 5.5 is shown in
the figure above. Since, the POD modes were exposed to the evolution of the vortex till

t = 5.5, the solution till £ = 6, is observed to be correct. However, the vortices for ¢t = 8, 10

show distortion.
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Figure 41: The solution obtained from POD for the case where T ,pserveq = 11 is shown in
the figure above. In this case, since the POD modes were exposed to the evolution of the

vortex till ¢ = 11, the solution is observed to match the DNS solution for all time steps. No

vortex distortion is observed.

87



0.6 -

&2

04+

0.2+

Figure 42: The above figure shows the evolution of the first mode in the x; and x5 direction
as time is evolved. As the vortex convects along the x; direction we observe that the first
mode evolves along x;. We also observe the drift in the x5 direction due to unequal vortex

strength.
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We perform the analysis of the time-dependent basis for three different reduction orders
r = 5,10,15,20. The evolution of the error is plotted in Fig.(43) for both POD and TDB
solution. The figure on the left shows the comparison of error for TDB solution with the
POD case where T,pserveqa = 5.5. We observe that TDB solution has an overall lower error
as compared to POD. We also jump in the error beyond T,pserveq- The solution is not able
to extrapolate the vorticity for ¢ > 5.5. The figure on the right shows the error comparison
for T pservea = 11. Since no extrapolation of the solution is performed the solution does not
show a sudden jump in the error. The TDB solution shows a lower error than the POD
solution for the same reduction order. For both the cases we observe that as the reduction

order increases, the error decreases.
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Figure 43: The above figure shows the reduction error vs time for four different reduction
orders r = 5,10, 15,20. It is observed that as the reduction order increases the Ly error of

the solution decreases.

5.4 Compressible Flow Solver

In this section the capability of using time dependent basis is demonstrated for solving

compressible Navier-Stokes cases. In the first case, we solve for a two dimensional temporally
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evolving jet with periodic domain. The solutions obtained from the time dependent basis
are compared with the results obtained from direct numerical simulations. The errors for

different reduction orders are compared for both the time dependent basis and equivalent

DNS.

5.4.1 2D Temporally Evolving Jet

This case demonstrates the application of the DBO method for solving the two-dimensional
compressible Navier-Stokes equations for a temporally evolving jet. The schematic of the
problem is given in Fig.(44). The domain is considered to be periodic in both stream-wise
and cross-stream directions. The length of the domain is taken to be 2L and the height is
taken to be L.

The primary variables considered here are, density p(xi,z2,t), velocity vector v(x,t) =
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Figure 44: The schematic of the temporally evolving jet is shown in the figure above. The

domain is considered periodic in both stream-wise and cross-stream directions.

[v1(21, 2, t), vo(x1, T2, t)], pressure p(xy,xs,t), total energy FEy(xi,z9,t) and temperature
T(x1,22,t). The equations for the evolution of the variables are given by,

oV OE OF

ov  OE OF _ 1
ot o o (5.19)

90



where U, E, F are the vectors given by,

P PU1 PU2
V- pUL E— pvf%—p—ﬁl Fo PUIV2 — T12
PU2 pUIV2 — Ti2 pvg +p— Tao
i Ey i _(Et + p)v1 — U1T11 — V2Ti2 + q1 | _(Et + p)Uz — V1T12 — U2To2 + 2 |

Here E, is the total energy per unit volume and e is the internal energy per unit mass. 7;
represents the components of viscous stress tensor and ¢; are the heat flux vectors. Further
details about the computations and initial conditions are given in Appendix E.

The time dependent basis decomposition is employed for the p, pvi, pvs and E; variables

in the following manner,

T T

p($1, T2, t) = Z me'(lé, t)zpij (t>plj(*r1= t)‘

j=1 i=1
We investigate how well the evolution of the vortices in the jet flow are captured by the time
dependent basis formulation by comparing the results to a fully resolved DNS. The fully
resolved DNS is computed on a grid of size 896 x 896. In addition, the solution obtained
from time dependent basis for different reduction orders is compared to an equivalent DNS
where the degrees of freedom for the two methods are taken to be same. The equivalent

DNS or referred to as URDNS (under-resolved DNS) in the subsequent text is computed as,

The Npyg in this case is taken to the resolution of the grid in the z; and x5 directions from
the DNS simulation, which in this case is taken to be 896. Table.(??) shows the values of
the URDNS grid for different reduction orders.

The results obtained from TDB are compared against the results obtained from DNS and
URDNS. Fig.(45) shows the comparison for the results for the density field. The results
are compared for three different time snapshots, ¢ = 2,4 and 6 for TDB and equivalent
URDNS grids. It is observed that the TDB solution for reduction order r = 40 and its
equivalent URDNS 272 x 272 show the flow field matching the DNS solution. However for
TDB r = 30 and r = 25, the equivalent URDNS 232 x 232 and 212 x 212 show divergence
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Table 4: The table shows the size of the URDNS grid i.e, Nygrpns for different TDB reduction

orders (7).

Reduction order(r) Nygpns
25 212
30 232
40 272
50 304

after 4 Time Units. The build-up in the error due to aliasing can be seen in the solution of
URDNS 212 x 212 along x5 = 0.5 center line. This error buildup in the solution results in
the divergence of the solution at ¢ = 6 for URDNS.

The TDB solution on the other hand, is not susceptible to this aliasing and shows the
flow field matching with the structures visualized in the DNS solution. However, the error
depends on the number of modes resolved or the reduction order of the solution (denoted
by r in these cases). The error caused by ignoring the higher modes in the solution can be
visualized in the TDb solution for » = 25 for t = 4 and 6. For ¢t = 2, as the solution has
a lower number of modes r = 25 is able to resolve the solution accurately. As the system
evolves, the lower modes of the system gain energy the error in the solution in much more
visible as seen at t = 4 and 6. We can observe salt and pepper type error in the solution as
compared to the DNS solution.

A comparison between the singular values obtained from instantaneous SVD of DNS solution
and TDB solution (3,) for density is shown in Fig.(47). The figure shows the error incurred
in the solution for lower reduction orders r = 20, 30. This is the cause of the salt and pepper
error mentioned in the previous figure. For r = 20 and 30 while the lower singular values
(higher energy) are captured accurately we observe large errors in the higher singular values

(lower energy) as can be observed from large deviations between those modes and their
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DNS counterparts. For r = 40 and 50 as more higher modes (lower energy) are resolved,
the errors will reduce and we observe that the accuracy of the lower singular modes is also
improved. The improvement in the accuracy of the singular value (¥99) as reduction order
is increased is seen in row 3 of Fig.(47). Fig.(48) shows a comparison between the density
spectrum obtained for reduction order r = 50, DNS solution for grid size 896 x 896 and
URDNS solution for grid of size 304 x 304. The spectrum is plotted for three different time
units: ¢t = 2,4 and 6. At t = 2 the spectrum extends till 107°. The TDB solution is able to
capture the spectrum accurately. However, the URDNS solution only captures the spectrum
till values up to 10~7. Due to the under resolved grid, the lower values are not captured.
While these errors are small (O(107%), the URDNS also has difficult capturing the values of
the lower wavenumbers. The errors introduced in capturing the lower wavenumbers introduce
higher inaccuracy than that in capturing the higher wavenumbers. At ¢t = 4, we observe that
the spectrum is captured correctly by the TDB solution and the errors in the URDNS solution
come from under resolution of the grid and inaccuracies in capturing lower wavenumbers.
At t = 6, we now observe an error in the TDB solution for the higher wavenumbers. This
error in capturing the higher wavenumbers can be attributed to fact that more reduction
orders are required to accurately capture the lower energy (high wavenumber) modes. As
the system evolves beyond ¢ > 4, the modes with negligible energy (r > 50) at the beginning
of the simulation start gaining energy and need to be resolved to keep the errors low.

A similar density spectrum comparison is shown for three reduction orders » = 30, 40, 50
with DNS spectrum in Fig.(49). This figure shows the behaviour of the spectrum for different
reduction orders. The behaviour of the spectrum depends on the energy of the modes in the
unresolved modes. At t = 2, we observe that since the unresolved modes have low energy
the spectrum is correctly resolved by all the reduction orders. At t = 4 modes 20 < r < 50
gain energy and are no longer negligible. Hence, the spectrum obtained for r = 20, 30 show
higher deviation from the DNS spectrum. Since, » = 50 accurately resolves the modes up to
the fiftieth mode; the spectrum for reduction order 50 follows the DNS spectrum. At t =6,
modes r > 50 start to gain energy and hence we now observe a deviation of reduction order

50 from the DNS spectrum.
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An important quality of the time dependent modes is the adaptivity of the modes to the
evolution of the flow field. Figs.(50,51,52) demonstrate this property of the time dependent
modes. In Fig.(50) the evolution of the first three modes in x; and x5 directions are shown
at t = 2,4,6. The modes in the z; direction follow the evolution and merging of the vortices.
The modes obtained in the z5 direction can be seen to be following the width of the jet. As
time evolves and the jet widens the modes in the x5 direction evolve to reflect this change.
The evolution of the first mode in the 5 direction is shown in Fig.(51). The width of the
jet widens as the flow evolves and the vortices in the flow merge together. Fig.(52) shows
the evolution of the second mode in the x; direction. As the flow evolves the seemingly
sinusoidal-type structure of the mode is disrupted as the vortices merge for ¢ > 4.

Finally, the errors in the TDB solution for different reduction orders is plotted in Fig.(53).
It is observed that as the reduction order increases i.e., more lower energy modes are resolved,
the errors reduce. The reduction in the errors is a property of the singular values spectrum
and the number of modes resolved at a particular time. The L error norm is computed by
taking the Frobenius norm of the difference in the solution between the DNS and the TDB

solution.

5.4.2 3D Temporally Evolving Jet

This case demonstrates the application of the TDB method for solving the three-dimensional
compressible Navier-Stokes equations for a temporally evolving jet. The schematic of the
problem is given in Fig.(54). The domain is considered to be periodic in all three directions.

The lenght of the domain in all three directions is taken to be L. The primary variables con-
sidered here are, density p(x1, 22, x3,t), velocity vector v(x,t) = [vi(x1, xo, 23, 1), vo(x1, T2, T3, 1),
v3(x1, 9, 23, 1)], pressure p(x1, X2, T3, 1), total energy Fy(xy, z9, x3,t) and temperature T'(xq, 29, x3,1).

The equations for the evolution of the primary variables are given by,

8_VJr OE N OF N oG
ot Ory Ory Oxs

0. (5.20)

The definition the vectors V, E, F, G, computational details and initial conditions are given

in Appendix E. We investigate how well the evolution of the vortices in the jet flow are
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captured by the TDB formulation by comparing the results to a fully resolved DNS. The
fully resolved DNS is computed on a grid of size 256 x 256 x 64. In addition, the solution
obtained from TDB for different reduction orders is compared to an equivalent DNS where
the degrees of freedom for the two methods are taken to be same. The equivalent DNS or
referred to as URDNS (under-resolved DNS) in the subsequent text and is computed as,

3
NURDNS

4 :NlDNS’f’l+N2DNST2+N3DNST3—|—7"1’/’2T3. (521)

The Ny, g, Napye i this case is taken to the resolution of the grid in the x; and x5 direction
from the DNS simulation, which in this case is taken to be 256. N3pyg in this case is taken
to be 64. Table.(??) shows the values of the URDNS grid for different reduction orders.
Since the DNS solution is computed on a grid where N3 = N; /4, the URDNS computed in
Eq.(5.21) also follows the same criterion. The x5 direction requires a large number of modes
for correct resolution, hence the reduction order study is done by increasing the number of
modes in the x9 direction i.e., ro. For constant (ry,r3) = (30,30), we consider three different
reduction orders for r3 = (20, 40, 60).

The results obtained from TDB are compared against the results obtained from the
DNS and URDNS. Fig.(55) shows the comparison for the results of the density field with
slices taken in the x3 direction at (0.1,0.5,0.9). The results are compared for three different
time snapshots at ¢ = 5,7 and 9. It is observed that the TDB solution for reduction orders
ro = 40,60 match the DNS solution. Whereas the URDNS solution for both these cases i.e.,
69 x 69 x 19 and 62 x 62 x 17 show large deviation from the DNS solution. The URDNS
solution for 43 x 43 x 11 diverges for ¢ > 5. The advantages of using the time dependent basis
is visible in the 3D simulations where the TDB is able to capture the flow field correctly
whereas the equivalent DNS struggles with capturing even the larger wavenumbers in the
flow correctly.

The source of the errors in the solution of the time dependent basis formulation is the
unresolved modes in the system and the accuracy of each of the resolved singular values.
Fig.(57) shows the evolution of the resolved singular values obtained from TDB solution.
The singular values are compared with the instantaneous SVD of the solution at each time

step. The singular values are computed for the density field unfolded along the x5 direction.
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Due to the clustering of the singular values, the figures show the singular values with every
second singular value skipped while plotting. The plot on the right in row 2 shows the errors
incurred in the computation of the singular values for the different reduction orders. It is
observed that the errors in the computation of the singular values reduce as more modes are
added to the TDB decomposition. As more modes are added in the system the error from
the unresolved modes can be controlled as well.

Fig.(58) shows the error in the solution due to unresolved modes. The error is taken
to be the sum of the unresolved singular values for different reduction orders of the DNS
solution. As more modes are added to the system the error from the unresolved modes is
reduced. This method is efficient in capturing systems where the first few modes capture

99% of the total energy of the system.
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Figure 45: The above figure shows the density flow field at ¢ = 2,4 and 6 for TDB and
equivalent URDNS. We observe that for TDB (r = 40) and it equivalent URDNS 272 show
the flow field matching the DNS 896. However for TDB r = 30 and r = 25 the equivalent
URDNS 212 and 232 show divergence after 4 Time Units. The TDB solution for » = 25, also
shows error in the capturing the higher modes as can be seen in the solution at t = 4. The
build up in the error in the URDNS due to aliasing can be seen in the solution of URDNS
212 x 212 along the x5 = 0.5 center line.
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Figure 46: The above figure shows the vorticity flow field at ¢ = 2,4 and 6 for DBO and
equivalent URDNS. We observe that for DBO (r = 40) and its equivalent URDNS 272 show
the flow field matching the DNS 896. However for DBO r = 30 and r = 25 the equivalent
URDNS 212 and 232, show divergence after 4 Time Units. The DBO solution for r = 25,
also shows error in the capturing the higher modes as can be seen in the solution at ¢t = 4.

The build up in the error in the URDNS due to aliasing error can be seen in the solution of

URDNS 212 along the z5 = 0.5 centerline.
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Figure 47: The comparison of singular values for density is shown for different reduction
orders with the singular values obtained from the instantaneous SVD of the flow-field. Due to
the clustering of the singular values, the figures in row 1 and 2 show the singular values with
every second singular value skipped while plotting. Row 1 and 2 show the comparison between
the singular values for r = 20, 30,40, 50. Row 3 depicts the error in the singular value ¥y
for different reduction orders. It is observed that for lower reduction orders the accuracy of
the the singular value is low. As more modes are added to the system the accuracy of the

singular value is improved.
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Figure 48: The above figure shows the spectrum for the density at 2o = 0.5 for TDB (r = 50)
and its equivalent URDNS 304. The spectrum for DNS 896 is plotted for reference. The
spectrums are shown for three different time steps: t = 2,4 and 6. It can be observed that
while the errors in the TDB can be attributed to the incorrect capturing of the smaller scale
structures, the errors in URDNS arise from the aliasing errors due to deficit in the grid
resolution. Both the methods capture the large scale structures in the flow properly as can

be seen in the spectrum match for wavenumbers x < 50 for both URDNS and TDB.
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Figure 49: The above figure shows the density spectrum for TDB with different reduction
sizes: r = 30,40,50. The DNS spectrum is also plotted for comparison. The spectrum
is shown for three time units: t = 2,4,6. We observe that the spectrum improves as the
reduction size is increased. All the reduction sizes capture the larger scale structures in the

flow correctly as seen in the match of the x < 50.
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Figure 50: The above figure shows the shape of the first 3 modes at t = 2,3 and 4. The

shape of the modes adapts to the evolution of the flow field. For example, we observe the
shape of the first mode in xs-direction changes as the width of the jet increases. This width

change in the shape of the jet is reflected in the shape of the first three x5-modes.
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Figure 51: The above figure shows the evolution of the shape of the first xo-mode according
to the evolution of the flow field. The first mode increases in width with the evolution of the

jet.
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Figure 52: The above figure shows the evolution of the shape of the second z1-mode according
to the evolution of the flow field. As the vortices evolve and merge the seemingly sinusoidal-

type structure of the mode is disrupted for ¢ > 4.
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Figure 53: The above figure shows the Ls-error obtained from the DBO flow field and
the DNS solution. The time-evolution of error for four different reduction orders i.e., r =
20, 30,40, 50 is plotted. It is observed that as the reduction order i.e., the number of modes

are increased the error is reduced.
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Figure 54: The schematic of the 3D temporally evolving jet is shown in the figure above.

The domain is considered periodic in all the three directions.
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Figure 55: The above figure shows the density flow field at ¢t = 5,7 and 9 and z3 =
(0.1,0.5,0.9). The results are shown for DBO simulations for three different reduction orders
of ro which are 20,40 and 60. The top row shows the results for the DNS simulation for the
grid size 256 x 256 x 64.We observe that the flow field errors are reduced as the reduction
order is increased in the zs-direction. The under-resolved DNS results are not showed for

comparison as all of those results diverge for the given reduction orders.
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Figure 56: The above figure shows the density flow field at ¢t = 5,7 and 9 and z; =
(0.1,0.5,0.9). The results are shown for DBO simulations for three different reduction orders
of ro which are 20,40 and 60 and their equivalent under-resolved DNS. The top row shows
the results for the DNS simulation for the grid size 256 x 256 x 64. We observe that the
flow field errors are reduced as the reduction order is increased in the zs-direction. The
under-resolved DNS results are not showed for comparison as all of those results diverge for

the given reduction orders.
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Figure 57: The above figure shows a comparison between the singular values obtained from
the time dependent basis and the singular values obtained from instantaneous SVD values
of the density flow field. Due to the clustering of the singular values, the figures show the
singular values with every second singular value skipped while plotting. The values are plotted
for three different reduction orders ro = 20,40, 60. The accuracy of the singular values in x4

direction improves as the reduction order is increased
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Table 5: The table shows the size of the URDNS grid i.e, Nygrpns for different TDB reduction

orders (ry,ry,13).

Reduction order(r1,72,73)  Nignpns: Novronss V3umons
(30,20,20) 43 x 43 x 11
(30,40,30) 62 x 62 x 17
(30,60,30) 69 x 69 x 19
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Figure 58: The above figure shows the Ly-error obtained from the DBO flow field and the
DNS solution. The figure shows the time-evolution of error for different reduction orders. It
is observed that as the reduction order i.e., the number of modes are increased the error is

reduced.
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6.0 Future Work

6.1 Stochastic Partial Differential Equations
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Figure 59: Dynamically bi-orthonormal decomposition for flow over a bump in a channel in
chaotic regime: (a) The growth of the small perturbations in the forcing measured by the
horizontal viscous shear force on the walls. The signals are observed to completely diverge
after t = 116. (b) The growth in the eigenvalues of the DBO system with » = 2 and the

eigenvalues of the Karhunen-Loéve decomposition.

We would like to show a limitation of the presented method for solving stochastic partial
differential equations. In particular we revisit the demonstration case for stochastic Navier-
Stokes equation as presented in Section 2.8.5.

We consider the same problem setup as the previous case of Reynolds number 1500
except that the kinematic viscosity is chosen to be v = 0.015 which changes the Reynolds
number to Re = 5000. For this Reynolds number the flow is chaotic. To ensure that the
flow is chaotic, we solved three deterministic cases by perturbing the horizontal forcing with
three values f, =1 —¢,1 and 1 + ¢ with € = 1073, The resulting shear viscous force in the

a-direction on the top and bottom walls is plotted in Fig.(59a). It is clear that difference
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between the three solutions due to the perturbation grows and after ¢ > 116 becomes O(1) —
verifying that the flow is chaotic. We consider DBO reduction with » = 2. The eigenvalues
of the covariance of the DBO system and those of the KL decomposition are plotted in
Fig.(59b). We observe that for the chaotic regime a fast decay of the eigenvalues is not
observed, since the randomness in the initial condition quickly propagates on large number
of independent dimensions in the phase space of the dynamical system due to strong non-
linear interaction between the modes and fast growth of small perturbations. As a result,

the effect of unresolved modes must be accounted for.

6.2 Deterministic Partial Differential Equations

While the methodology shows a lot of promise in improving the computational cost for
linear equation, compression ratio for saving data and structure resolving properties of the
flow; the method has a major drawback in the initialization of the solution of the modes.
Currently, the equations are evolved until a time ¢ = T; called the initialization time, where
we take SVD or HOSVD of the DNS solution to initialize the TDB components. The solution
at t = 0 for most cases can be written as a single mode and lower modes in the system gain
energy during the evolution of the system. Hence, it is difficult to initialize the lower modes of
the system at ¢ = 0. One solution to this problem is implementing adaptive modes strategy,
where the lower modes i.e., (r+ 1) mode can be initialized as the last mode i.e., " mode in
the system passes a certain energy threshold. However, it is difficult to determine the initial
direction of the mode which is orthogonal to the other modes currently in the system. Using
this adaptive strategy can help in minimizing the errors in the solution due to unresolved
modes during long term integration.

Another current major drawback of the the method is the computational cost for eval-
uating the nonlinear equations. We have demonstrated in the previous sections, the com-
putational advantages of using the method for compressed form of linear equations as com-
pared with the computational time for DNS solution. However, due to the expansion of

the subspace for the nonlinear terms and the inability to obtain a cost effective reduced
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order formulation for every nonlinearity withholds us from making the nonlinear equations
computationally faster. Future work in this direction would address the computational cost
which would make the method applicable to a larger set of problems.

As observed in the case of the temporally evolving jet, the method resolves the larger
coherent structures in the flow. As we consider only a limited number of modes in the
reduced order model, the smaller modes containing smaller structures in the flow and higher
wavenumbers are ignored. It is necessary to consider the dissipative effects of these small
scale structures on the time dependent modes and their evolution. Closure modeling studies
have been carried out in the context of the POD method [91, 92, 93]. Preservation of the
stability of these modes for long time integration and preventing the solution from drifting

to erroneous states is necessary to improve the accuracy and efficacy of the TDB method.
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7.0 Conclusions

In this work, we have presented a new real-time reduced order modeling methodology
called the dynamically bi-orthonormal (DBO) decomposition for solving stochastic partial
differential equations. The presented method approximates a random field by decomposing
it to a set of time-dependent orthonormal spatial basis, a set of time-dependent orthonormal
stochastic basis and a low-rank factorization of the covariance matrix. We derived closed
form evolution equations for above components of the decomposition as well as the time-
dependent mean field.

We show that the presented method is equivalent to the dynamically orthogonal and
bi-orthonormal decompositions via an invertible matrix transformation. We derive evolu-
tion equations for these transformation matrices. Although DBO is equivalent to both DO
and BO decompositions, it exhibits superior numerical performance especially in highly
ill-conditioned systems. In both BO and DO decompositions, the condition number of co-
variance matrix, whether diagonal (BO) or full (DO), is Ayax(t)/Amin(t), where Apin(t) and
Amaz(t) are the smallest and largest eigenvalues of the covariance matrix, respectively. How-

ever, in the DBO decomposition, a factorization of the covariance matrix (¥(t)) is inverted,

and X(t) has the condition number of \/ Amaz () /Amin(t). The improvement in the condition
number of the DBO systems compared with BO or DO is important for adaptive reduced
order modeling as the newly added or removed mode has very small eigenvalues. The DBO
decomposition tolerates significantly smaller eigenvalues compared to BO and DO without
degrading the accuracy. Moreover, in comparison with BO, DBO does not become singular in
the case of eigenvalue crossing, and in comparison with DO, the DBO stochastic coefficients
are orthonormal, resulting in better-conditioned representation of the stochastic subspace
compared to that of DO.

We demonstrated the DBO decomposition for several benchmark SPDEs: (i) linear ad-
vection equation, (ii) Burgers’ equation with manufactured solution, (iii) Burgers’ equation
with stochastic forcing, (iv) and Burgers’ equation with 10-dimensional random initial con-

dition. We also applied DBO to stochastic incompressible Navier-Stokes equation. We com-
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pared the performance of DBO against BO and DO. We conclude that for well-conditioned
cases, the numerical accuracy of all three decompositions are similar. However, for ill-
conditioned systems, where BO and DO either diverge or show poor numerical performance,
the DBO decomposition performs well.

We further implement the DBO methodology to solve for stochastic boundary conditions
using the variational principle for the DBO decomposition. Minimization of the functional
obtained from the variational principle leads to the evolution of the time-dependent DBO
basis. The methodology assists in determining the value at a stochastic boundary for the
spatial modes. We apply the method to one dimensional linear advection-diffusion equation
for three different boundary conditions: (i) Dirichlet boundary (ii) Neumann boundary and
(iii) Robin boundary. The error comparison for the method is presented for three methods
KL, DBO and DO and three reduction orders. We observe that the DBO method performs
better in the absence of unresolved modes of the system or when the order of reduction
defines the system exactly. This can be attributed to the better condition number of the X
matrix or the factorization of the covariance matrix.

The method is also applied to stochastic one dimensional Burgers’ equation for stochastic
Dirichlet boundary. The results for KL, DO and DBO are presented for three different
reduction orders. In this case, due to the error from the unresolved modes being greater
than the error in DO from the inversion of the covariance matrix, both the methods show
same order of error with respect to the KL solution.

The method is applied to two dimensional linear advection-diffusion problem. We con-
sider two cases for this equation, for the first case the conduction coefficient is kept constant
making the equation linear and for the second case, the conduction coefficient has a linear
temperature dependence, making the equation weakly nonlinear. The error comparison and
the evolution of the modes at the boundary are compared. It is observed that both the DO
and DBO methods show similar levels of accuracy.

In the third part of this work, we present a reduced order approach to solving determinis-
tic partial differential equations with time dependent bases. We derived close form evolution
equations for the time dependent bases and the core tensor. The presented methodology

shows the evolution of the modes according to the evolution of the flow field.
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We demonstrate the application of the method for a linear advection diffusion equation.
We derive the compressed form of equations for the linear equation. The compressed form of
equations offer computational advantages as compared to the DNS solution. The computa-
tional expense of these two methods is compared and it is observed that the linear equations
in the compressed form offered a computational speed of around 16 times for the TDB for a
grid size of 256 x 256 and around 46 times for a grid size of 512 x 512. While a massive speed
up is obtained in computations for linear equations, the nonlinear equations are currently
begin solved at the same cost as the DNS equations due to the nonlinearity and increase in
the cost of computing nonlinear terms in a low rank form.

We solve the incompressible Navier-Stokes equation in the vorticity streamfunction for-
mulation. Two cases are considered: (i) a vortex dipole with Gaussian vortices of equal
strength, (ii) asymmetric vortex dipole where the strenght of one vortex is 1.1 times the
strength of the other. The advantages of using time dependent bases are compared with
the static basis method i.e., Proper Orthogonal Decomposition (POD). The time dependent
basis save the cost of storage of the data for the determination of the static basis obtained
through the covariance matrix of the snapshots. Besides, due to the localized nature of vor-
tices the method is unable to extrapolate the results for evolution of the vortices for extended
time periods. The method can only predict solutions within the time frame of the snapshots
which has been given as an input for construction of the basis.

We further apply the methodology for solving a compressible 2D temporally evolving jet.
We investigate how well the evolution and merging of the vortices in the jet flow are captured
by the time dependent basis formulation by comparing the results to a fully resolved DNS.
Besides, we also show a comparison in the solution obtained from the TDB method with
an equivalent under-resolved DNS solution (URDNS). The URDNS is based on the same
degrees of freedom as the TDB. The URDNS solution obtained for a low reduction order
show divergence after a few time units. The TDB show a good match in resolving larger
coherent structures in the flow as observed from the comparison of the spectrum plots with
the DNS solution. We also observe the evolution of the modes as the flow field evolves as

evident from the increase in the jet width for the x5 modes.
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The methodology is further applied to a 3D temporally evolving jet. A higher compres-
sion in the storage cost for saving the flow field at every time step is observed in higher
dimensions. We observe better performance of the TDB basis as compared to its equivalent

URDNS simulations.

114



Appendix A : Derivation of the DBO Evolution
Equations

A.1 Proof of Theorem(2.4.1)

For the sake of brevity in notation, we denote w(x,t) as u, u;(x,t) as u;, y;(t;w) as y;
and ¥;;(t) as X;;. The complete stochastic field given by u(z,t;w), will be denoted as u. To
obtain the evolution equations of each of the DBO components, we first substitute the DBO
decomposition, given by Eq.(2.3), into a general form of SPDE as given by Eq.(2.2a). This

follows:

Ju  Ou; dX;; dy;
% T -2y + ui— = Lyj U Dy dtj = .7 (u) (A1)

We take expectation of the above equation:

o .
5 = ElF (), (A-2)

where we have used E[y;] = 0 and dE[y;]/dt = 0. The above equation denotes the evolution
of the mean field, which is given by the first equation in the theorem i.e, Eq.(2.11a). We
proceed further by obtaining a mean subtracted form of the original SPDE, by subtracting

the above mean evolution equation from Eq.( A.1). This follows:

ou; d>i; dy;
o Sl i gy

i = F (u), (A.3)

where % (u) = % (u) — E[#(u)]. We then project the mean-subtracted equation onto the

stochastic modes y;,

8Ui

dZ

IRy ] + 0B ] = ELF (u)u]

The stochastic modes are orthonormal i.e., Ely;yx] = 6;; and dynamically orthogonal i.e.,

d
E[%yk] = 0. Using these two conditions and changing index k to j, the above equation

simplifies to:

(9ui dZ ~
ST+ u S = ElF 0y (A4
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We now project the above equation onto the spatial modes uy,
<Uk, §> Yij + (uk, i) WJ = <Uk>E[ff(U)yj]> :

By enforcing the orthonormality property i.e., (uy, u;) = dx; and the dynamical orthogonality
Guk
o Wi
ot
corresponding to Eq.(2.11b):

property i.e., = 0 of the spatial basis, we obtain the evolution equation of the ¥;;

= (wEF (). (A5)

To obtain the evolution equations for the spatial modes, we substitute Eq.( A.5) into Eq.(
A.4) and we then multiply both sides by Zi_jl. This results in:

8 U;
ot

— [E# ] - (o ELF )] =5

Similarly, to obtain the evolution equation for the stochastic modes, we project Eq.( A.3)

onto the spatial modes u. This results in:

<uk’ §> Eijyj + <uka uz> ijj + <Uk; ’LLZ> Ewd_f,‘] = <uk,

W

().

Once again we utilize the orthonormality and dynamical orthogonality of the spatial modes
and substitute Eq.( A.5) into the above equation. We finally swap the indices j and i to get
the form in Eq.(2.11c). The resulting equation is:

(Zi B [<“j’j(“>> - <UJ7E[j(u)yk]> yk} I

Since the boundary conditions are deterministic, the boundary conditions for the mean and

the spatial modes are given by:

PBlu(x,t)] = h(x,t), x € 0D,
Blui(z,t)] =0, x € dD.

The initial conditions for the mean are given by applying the mean value to the stochastic
field at t = 0:

Up(z, ty) = Elug(z; w)].

This completes the proof.
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Appendix B : Equivalence of DO and DBO Methods

B.1 Proof of Lemma (2.5.1)

(i) The transformation matrix R, can be obtained by projecting the equivalence relation

Upo = Uppo R, onto Uppo. This results in:
Upo = UppoRu,
R, = (Upso,Upo) , (B.1)
where we have used the orthonormality property of Upgo basis: (Uppo,Uppo) = I,

where [ is the identity matrix. Similarly projecting the equivalence relation onto Upo

and using the orthonormality property of the Upo basis:(Upo, Upo) = I we obtain,

(Upo,Uppo) Ru =1,
R,' = (Upo,Uppo) -
It follows from the definition of inner product of quasimatrices i.e., Eq.(2.1), that the
transpose of the inner product can be written as (V (x,t), U(x,t)) = (U(z,t),V(x,1))".

The above equation can be re-written as the transpose of inner product of quasimatrices

in the following form:

R;' = (Upgo, Upo)" .

u

Now, using the result from Eq.( B.1), the above equation can be written as,

R—l — RT
RT'R, = 1.

This equation shows that RT is an inverse of R,, which is a property of orthogonal

matrices. Therefore, R, is an orthogonal matrix.

117



(ii) Since the two decompositions are equivalent, we have
UpsoXpsoYppo = UpoYrho-

Using the transformation definition Uppo = UppoRR, and Ypo = YppoW,, the DO de-

composition can be expressed as:
T T T
UDBOZDBOYDBO = UDBORuWy YDBO'

Projecting the above equation on the Uppp basis and using the orthonormality property

of the DBO basis i.e., (Uppo,Uppo) = I, we get:

(Ubgo,Upso) XpsoYppo = (Unso, Unso) RuW, Y g0,

YpsoYppo = RuWy Yppo-
We now project the above equation on the stochastic DBO basis, i.e. Ypgo:
2proE[YppoYprol = RuW, E[Y)50YnB0).

The stochastic basis of DBO are orthonormal i.e., E[Y2;,Ypgo] = I. We apply this

property to the above equation and simplify it further, which results in:
Sppo = RJW,.

Multiplying the above equation by RI from left and using Rl = R;! and transposing

u

the resulting equation yields:
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(iii) We now prove that the R, matrix does not evolve in time. The evolution equation for

Upo in a quasimatrix form can be written as:

OUpo
ot

= |E[ZYpo] — UpoE [<UDO, ﬁ> YDOH O5L.

Substituting the transformation Upp = UppolR, and Ypo = YppoW, in the above

equation results in:

IUpgo dR,
ot R, +Upgo 7

= |El#Ypeo] — Ubso RuRLE((Unso, F ) Yosol | WyCrb.

Projecting the above equation on the Uppo bases, using the dynamically orthogonal
condition i.e., <U pBo,Up BO> = 0, orthonormality property of DBO spatial modes i.e.,
(Uppo,Uppo) = I and orthogonal matrix property i.e., RuRf = [ on the previous

equation results in:

dR,
dt

= [<UDBO7 E[jYDBO]> - E[<UDBO, j> YDBO]] W,Cho-

The expectation operator and the spatial inner product operations commute, which

results in:

dR,

=0.
dt

This completes the proof.
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B.2 Proof of Theorem (2.5.1)

In this section, we prove that the DO and DBO decompositions of SPDE in Eq.(2.2)
remain equivalent for all time. We begin with the evolution equations for the stochastic and

spatial DO bases in the quasimatrix form:

a[(gfo - [EL@N‘YDO} — Upok [<UD07 j> YDO” 05107 (B.Qa)
d};lt)o - <‘¢’ UDO>' (B.2b)

We substitute the transformation Upo = UppoR, and Ypo = YppoW, in the evolution

equation for spatial DO modes i.e., Eq.( B.2a). The equation thus becomes:

aUvDBO dRu
ot R, +Uppo 7

= [E[jYDBO] — UDBORuREEKUDBOa j> YDBO]] W,Cho-

Using the results of (i) and (iii) from Lemma (2.5.1), the above equation can be simplified

as:
OUppo

ot

The covariance matrix for DO is defined by the following equation:

R, = [JE[gZ*YDBO] . UDBO]E[<UDBO, ,92> YDBO]} W,C5h. (B.3)

Cpo = E[Y25Ypol. (B.4)

We can simplify the above equation by using the transformation Ypo = YppoW, and using

the orthonormality of the DBO stochastic modes:

Cpo = E[YpoYnol,
Cpo = W, E[Ypp0YDB0IWy,
Cpo = W, W,.
Thus, Cp can be written as Cpg, = W, 'W, 7. We now simplify the W,Cp/, which
appears in Eq.( B.3) and using inverse of W' from the property (i) from Lemma (2.5.1).
W,Cpo = W,W, "W, ™,

=Y bR
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Multiplying Eq.( B.3) by RI from right and using the value of WyCE}) from the above
equations and using the property of orthogonal matrix R, i.e., RIR, = I, the evolution

equation simplifies to:

OUpgo
ot

= E[QYDBO] — UDBOE[<UDBng> YDBO]} X DB0-

The above equation is the evolution equation of the DBO spatial modes in quasimatrix
form. Similarly, substituting the transformations Upo = UppoR, and Ypo = YppoW, in

the evolution equation for Ypo, i.e. Eq.( B.2b), results in:

dYppo aw, /=
22OV, + Yopop? = </,UDBO> R.. (B.5)
. dW,  dX}po . . :
From parts (ii) and (iii) of Lemma (2.5.1), we have: 7Rl R,,. Using this relation
in Eq.( B.5):
dY, dxTt N
DBO W, + Yppo—289R, = <35, UDBO> R,
dt dt
dy, - N
%Wy = [<9, UDBO> — YppoE [YEBO <9, UDBO>H R,,

T ~
where evolution of X% 5, given by: dzd'% =E [YEBO <¢? : UDBOH is substituted in the

above equation. Multiplying both sides of the equation by I/Vy’1 from the right and using
the result of part (ii) of Lemma (2.5.1), we get:

dYppo
dt

= [<L¢, UDBO> — YppoE [YgBO <j7 UDBO>H S bBo-

The above equation is the evolution equation of the DBO stochastic modes in the quasimatrix
form. Thus, we see that the equivalence between the stochastic basis is maintained V¢ > 0.

This completes the proof.
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Appendix C : Equivalence of DBO and BO Methods

C.1 Proof of Lemma (2.5.2)

(i) We begin with the transformation equation for the stochastic modes given by:
YpBo = YeoR,.

We project the above equation onto the DBO stochastic modes and use the orthonor-

mality property of the DBO modes i.e., E[Y5,Ypgo] = I:

YpBo = Yeo Ry,
E[YpsoYpsol = E[Ypp0YEo] Ry,
By using the orthonormality of the DBO stochastic coefficients, the above equation is

simplified to:
R;' =E[Y}50Y50) (C.1)

Y
We also project the transformation equation on the BO stochastic modes and use the

orthonormality condition of the BO modes i.e., E[YZ,Ypo] = I:
Ypeo = Yo Ry,
E[Y30Ypso] = E[Y0YEo] Ry,
which results in
R, = E[YA,YDBO).

Taking transpose of the above equation and using Eq.( C.1):

E[YppoYso) = R,
R'=R],
R,R] =1.
This equation shows that RZ is an inverse of R,; which is a property of orthogonal

matrices. Therefore, R, is an orthogonal matrix.
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(i)

(iii)

Now, since the two decompositions are equivalent, we have
T T
UppoXpsoYppo = UpoYpo-

Using the transformation equations i.e., Yppo = YpoR, and Uppo = UpoW, in the
above equation:

UpoWuXpBoR, Y50 = UpoYpo-

We now project the above equation on the Upp bases and use the BO condition, i.e.,

(Upo,Upo) = A, which results in:
(Upo.Upo) WuEppoR, Yo = (Uso, Uso) Yo,
AW, SppoR]Yio =AY,
W.Xpso R, Y50 = Yio.
We now project the above equation onto the stochastic BO bases and use the orthonor-
mality property of the bases:
W.Eppo R E[Y 0 Ys0] = E[YioYsol,
W,SpsoRT =1,
Yppo = W, 'R,. (C.2)

We now derive the evolution equation for W,. We begin by using the transformation

relation for the spatial modes given by:
Uppo = UpoW..

We project the above equation onto the DBO spatial modes and use the orthonormality

condition of the DBO modes, i.e., (Upgo,Uppo) = I:

Upso = UgoW,,
(Uppo,Uppo) = (Uppo, Upo) W,
(Upgo,Upo) = W, . (C.3)
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We also project the transformation equation onto the BO spatial modes and use the BO

condition i.e., (Upo, Upo) = A:

Upo = UpoW,
(Upo,Uppo) = (Upo,Upo) Wi,
(Upo,Uppo) = AW,,.

Taking transpose of the above equation and using Eq.( C.3):
(Uppo,Upo) = WA,
W, =WIA,
W, WwWh=A"1 (C.4)

We now consider the evolution equation of Uppo given by:

JUpgo
ot

= |E[#Ypgo| — Upso <UDBO7 E[j.YDBOD] SbBo-

Substituting the transformation Ypgo = YpoR, and Uppo = UpoW, in the above

equation, we obtain:

oU dw, ) ) )
Wt Uno— " = []E[JOZYBO]Ry — UpoW, W7 <UBO,IE[9‘YBO]> Ry} STl

We now use Eq.( C.2) to obtain X5, versus W, and R, and use Eq.( C.4) to simplify

the above equation further:

IOy 4 Upott = [E[,QZ’YBO] — UpoA~! <UBO, E[,?YBOM W,. (C.5)

The evolution equation for Upg is given by:

ouU .
8150 = UpoM + E[ZYpo),
dYpo
M = E[Y .
[ BO dt ]
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We further simplify the equation by substituting the evolution equation for Ugp in Eq.(
C.5):

. dw, " _ >
[UBOM _i_E[yYBO] Wu + UBO dt = [E[ﬁYBo] — UBOA 1 <UBO>E[QYBO]>] Wu7
dW, - 7
Uso™2" = ~UpoMW, — UpoA™ {Upo, E[FYp0]) Wi

We project the above equation onto the Upp bases and use the BO orthogonality condi-

tion of the spatial modes:

aw,
dt

AT = A [M 4 A (Upo, ELFYio] )| W

Denoting G = <U BO» E[ﬁ YBO]> according to the notation in reference [3], the evolution

equation for W, becomes:

aw,
dt

We now derive the evolution equation for /2,. We begin with the evolution equation for
YpBo given by:

dY) < - _

222 = [(#.Unso ) = YouoE |Yhpo (. Ubso)| | Toho:

The transformation equations i.e., Yppo = Yo R, and Uppo = UppW,, are substituted
in the above equation. We also use Eq.( C.2) to replace 2571;0 versus W, and R,. The

equation, thus, becomes:

d};—foRy + YBO% = [<j, UBO> Wy, — YBORyR;ZE [Ygo <°¢7 UBO> Wu” WuTRy’

Using property of orthogonal of matrix R, and Eq.( C.4) to simplify the above equation

simplifies to:
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On the other hand, the evolution equation for Ypp is given by:

0 _ (3,010} o]

Substituting the evolution equation for Yo in Eq.( C.6), results in:

[<ﬂ UBO> . YBOST] AR, + YBO% - [<3? UBO> — YyoE [Yg’o <ﬁ, UBO>H AR,
~Y3oSTAT'R, + YBO% = —YpoE [Ygo <ﬁ, UBO>] A7'R,.

Projecting the above equation onto Ypp and using the orthonormality property of the

stochastic BO modes, results in:

~STAIR, + % = ~E Vi (F.Upo)| AR,

The term E [Ygo <j U BO>] can be expressed as G according to the notation in refer-

ence [3]. Thus, the evolution equation for R, can be written as:

d
% = (ST - G")A'R,.

This completes the proof.
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C.2 Proof of Theorem (2.5.2)

In this theorem, we prove that the equivalence relation is valid for all ¢ > 0. The DBO

evolution equations in the quasimatrix form are given by:

8Ua[;BO — [E[f;YDBO] — UDBOE[<UDBOQ¢> YDBO]} ZBIBO’ (C.7a)
dYZBO — [<fi, UDBO> — YppoE [YgBO <f/;, UDBO>” Yheo- (C.7b)

We plug Uppo = UpoW,, and Yppo = Ypo R, into the evolution equation for Uppgp i.e., Eq.(
C.7a). The equation thus becomes:

Uso AW,
T8Oy LU
ot +Uso— g

_ [E[jYBO]Ry — UpoW, W7 <UBO, E[ YBo]> Ry] Y bBo-

Using Eq.( C.4) and Eq.( C.2) in the above equation, results in:

aU qu > — T
a—:@Wu + Ugo e [E[gZYBO] — UgoA™! <UBO,E[9YBO]>} Wi.

Using property (iii) of Lemma (2.5.2) and definition of G, i.e., G = <UBO,E[jYBO]>:

agfo Wy = Upo [M + MG W, = [E[F Vo] — UpoA™'G| W,
ag—fom = Upo MW, + E[Z Y5o]|W.,
OUgo

ot = UBoM—l—E[g}YBo].

The above equation is the evolution equation for Ugp. Thus, we see that the equivalence
between the spatial bases is maintained V¢ > 0. Similarly, we substitute the transformations
Uppo = UgoW,, and Yppo = YpoR, into the evolution equation for Yppo ie., Eq.( C.7b).

The equation thus becomes:

dY; dR - 2
d?o R, + YBOd_ty = [<ﬁ7 UBO> Wy — YBORyRS]E [YLD:’FO <ﬁ’ UBO> Wu” Eppo:

Using Eq.( C.4) and Eq.( C.2) to simplify the above equation:

dYpo

L0k, + Yo Wl _ [(#.Us0) — Yook [Vio (#.Us0)]] AR,

dt
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Using property (iv) of Lemma (2.5.2) and definition of GT, i.e., GT = E [Ygo <ﬂi, UBO>]:

d};—fORy + Yo [$" = G']AT'R, = [<j’ UBO> B YBOGT} ATy,
({3 ) -]

The above equation is the evolution equation of the BO stochastic bases in the quasimatrix
form. Thus, we see that the equivalence between the stochastic basis is maintained V¢ > 0.

This completes the proof.
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Appendix D : DBO Evolution Equations Using The
Variational Principle and The First Order Optimality
Conditions

In this section we obtain the closed form evolution equations for DBO using the first
order optimality conditions on the functional in the variational principle.
We begin with the functional form of the variational principle. For simplicity of notation we
denote M(u, z,t) as M, u;(x,t) is denoted as w;, y;(t) is denoted as y; and 3;;(¢) is denoted
as Y;;. Here M is a quasimatrix, M € R**°, where s is the number of discrete sample
points in the random space.
2

+ A1y, ((,uy) — @45) + Aoy, (Elgiy;] — 9y5) -

o o
GU,%Y) = H—(uizijyf) - M
_F

ot

The first term in the above equation can be expanded further as:

2

0 o G
F
— 2E[(M, ;)35 5i; — 2E[(M, its)y;] 55 — 2E[(M, ui)y;]5
+ M5
The first order optimality conditions enforce 2& =0, 29 =0 and 29 =0, k,l=1,...,r.

Oty Yk 03kt
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1. We take a look at the first optimality condition by taking a derivative of the above

functional w.r.t. wuy:

5G . QU+, Y) - G(U,S,Y)

OUp =0 €

+ 2(ts, ) Siy SB[y 9] — 2E[(M, 03y y;]%i5 + M, (i, uy)

A,
— E[Muy;]%; + Tuj>

= 0
Since the variation @, is assumed to be arbitrary, the constraint equation is,

. A
(umEz‘jZmn + umzz’jsz) E[Y;9n] + tn ZisZmnEly;9n) — EIMy;|Sy + =Zu; = 0.
(D.1)

Projecting the above equation on the u; and using the orthonormality conditions of the
spatial and stochastic modes i.e., <ui, uj> = ¢0;; and Ely,y;] = d;; as well as the dynamic
orthogonality constraints of the modes i.e.,<u7;, uj> = ®;; and E[y,y;] = ¥;; we obtain the

value of the Lagrangian multiplier A;:
/\11.]. =2 |:<UJ,E[Myk]> - @ijmk - Ejk - ‘llnkEjn sz (D2)

The equation for A;;; obtained in Eq.( D.2) is substituted in Eq.( D.1) to obtain the evo-
lution equation for ;. After substitution, the orthonormality condition of the stochastic
modes i.e., E[y;y;] = 0;; and the dynamic orthogonality constraint on the stochastic
modes i.e., E[y;y;] = U;; are applied to simplify the equation further. Thus, the obtained

equation is,

U X520 — E[Myg] i + uj<uj> ]E[MykDZik = Uy D jn 20 D

+ <ujzjkzik - szjkzik> + (550 Wk ik — 550 Vi Xik) = 0.
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The final equation for evolution of the modes is obtained by multiplying Zi_kl Ej_kl on both

sides of the equation,
; = [E[My;] — up(ur, E[My;])] B35 + u; P, (D.3)

where M represents the evolution at the boundary points and the interior points, defined
as,
N(u, z,t; w) if r € Q,
M(u,z, t;w) =
B(u,x,t;w) if z € 09),
We take a look at the second optimality condition by taking the derivative of the func-
tional G w.r.t. :
5G GU,S,Y +¢V) —G(U,%,Y)
Oy, =0 €
= 2<ui; um>2232mnE[y]gn] + 2<ui7 um>zzj2mn]E[ngn]

+ 2(u;, Um>2ij2mnE[yj§n] — 2E[(M, ui>§j]2ij + )\anE[yj?jn]

w)in].

Since the variation ¢, is assumed to be arbitrary, the constraint equation is,

A2,

. - . A2,
<Uz'7 Um> (Zijzmnyjr + Ez‘jzmnij> + <Ui, Um>2ij2mnij - Em<uz‘, M> + ij]T =0.
(D.4)
Projecting the above equation on ¥, and using the orthonormality conditions of the
spatial and stochastic modes i.e., <ui, uj> = 0;; and Ely;y;] = 0;; as well as the dynamic
orthogonality constraints of the modes i.e.,(u;, u;) = ®;; and E[j;y;] = ¥;; we obtain the

value of the Lagrangian multiplier As:

The value obtained for Ay, in Eq.( D.5) is substituted in Eq.( D.4) to obtain the evolution

equation for g;. After substitution, the orthonormality condition of the spatial modes
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ie., <ui,uj> = 0;; and the dynamic orthogonality constraint of the spatial modes i.e.,
<ui, uj> = ®,; are applied to simplify the equation further. Thus, the obtained equation

is,

The equation is simplified further by multiplying both sides of the above equation with
2—1

Emjyjr = <uma M> - E[<um7 M>yj]y]T + Emj‘;[ljkyl’f‘
The final equation is obtained by taking the transpose of the above equation and multi-

—1
jm

plying both sides of the obtained equation with ¥
gi = [(M, ;) = grBlyn (M uy)]] S5t + 05 (D-6)

We take a look at the third optimality condition by taking the derivative of the functional
g w.r.t. Ekl

G . GU.E+ S,Y) — G(U,3,Y)
5Skl =0 €
+<Ui, um>2mnE[yjyn] - EKM, Uz>yg]) izy

= 0

Since the variation f]ij is assumed to be arbitrary the constraint equation is,

Using the orthonormality conditions of the spatial and stochastic modes i.e., <ui, Uj> =
;; and Elyy;] = d;;, as well as the dynamic orthogonality constraints of the modes

i.e.,<ui, uj> = &;; and E[y,y;] = U;;, the equation for the evolution of the Y is,

Ny = E[{M, u;)y;] — PixSes + VS (D.7)
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Appendix E : Computational Details- Temporally
Evolving Jet

This appendix gives the computational details for the temporally evolving jet problem

in Chapter 5.

E.1 2D Temporally Evolving Jet

The primary variables considered here are, density p(z1,x2,t), velocity vector v(x,t) =
[v1(21, 2, t), vo(x1, T2, 1)], pressure p(xy,xs,t), total energy FEy(x1,z9,t) and temperature

T(z1,x2,t). The equations for the evolution of the variables are given by,

oV OE OF
ot  OJxr;  0Oxy (E.1)
where U, E, F are the vectors given by,
P PU1 PU2
vV — pU1 E- pvi +p— T F— PUIV2 — T12
PU2 pUIV2 — Ti2 pvg +p— Too
i E, | _(Et + p)uy — V1711 — VaT12 + iy _(Et + p)ua — V112 — VaTag + g2

Here F; is the total energy per unit volume, which can be written as

2 4 .2
E,=p (e + 1}1—2#—1)2> . (E.2)

where e is the internal energy per unit mass. The components of viscous stress tensor are

ov;  0Ov; 2 . Oug
- B Wt E.
Ty = [(&Uj * &xi) 35” 835J (E3)

The heat flux vectors are given by

given by

o L or
%= (v — 1)MZ RePr dx;’
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where M, is the free stream Mach number and Re, Pr are the Reynolds number and the
Prandtl numbers respectively. The values of these parameters are taken to be, Re = 8000,
Pr =1, M,, = 0.5. The pressure and the temperature are obtained from the equations of

state,

p=(y—1)pe (E.4)
T= M?’p (E.5)

We take the value of v to be 1.4. p, pvy, pvy and E; are taken to be independent variables
and are expressed in the time dependent basis decomposition. The initial conditions for the

mean velocity profile are given by,

Vma:v To — X min L2 — X2,
b="n <tanh (T) ~ tanh (T) _1)

1_12:0

Here Voo =1, 2o, and x5, denote the lower and upper boundaries of the jet which are

set to 0.45 and 0.55 respectively. h represents the thickness of the jet which for this case is
taken to be 1/100. The velocity profile for v; is shown in Fig.(44). The jet boundaries are

imposed with perturbation to trigger the transition. The perturbations are given by,

{sin(l?w Ty 4 Sin(8r—L) + sin(207 ; ! )} ,

x1 1 Tl
5 T9 — b)? T — a)? T T T
Uy =T {exp(—%) + exp(—%)} [12 cos(127 : ) + 8 cos(8m : ) + 20 cos(20m : )

A = max(1/0? + 03),
o Vmaw
4047

(617 62) == (5171; 662)
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Here, L,, =2 and L,, =1, a = 0.45, b = 0.55. The initial conditions for the other variables

is,

p(t=0)=1,
yMZp
D
e(t=0) = ,
t=0) (v=1)p
v2—|—v2
E(t—O)—p<e+ 12 2)

E.2 3D Temporally Evolving Jet

The primary variables considered here are, density p(x1, z2, x3,t), velocity vector v(x,t) =
[Ul (3717 X2, T3, t)v U?(xl7 X2, T3, t>7 U3(x17 X2, T3, t)]a pressure p(xla T2, T3, t)’ tOtal energy Et(xla X2, T3, t)
and temperature T'(z1, xq, x3,t). The equations for the evolution of the primary variables

are given by, ) ) ) G
\% E F

ot o T om T om ()
where U, E, F, G are the vectors given by
p pu1
PU1 pui +p —
V= |pv|l E= pULV2 — Ti2 )
pU3 pUIV3 — T13
i (B¢ + p)ur — 01711 — vaT12 — U3T1s + (1 |
PU2 PU3
PUIV2 — T12 pU1V3 — T13
F = pU3 4+ p — Tao G = pU2V3 — Ta3
pU2V3 — To3 pU3 +p — Ta3
_(Et + P)v2 — V1T12 — VaTap — U3Taz + 92 _(Et +P)v3 — viT13 — VaToz — U3Ts3 + a3
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Here F, is the total energy per unit volume, which can be written as

v+ vl + 1132,) . (B.7)

Et:p(e+ 5

where e is the internal energy per unit mass. The components of viscous stress tensor are

o avi (%j 2 C%k

The heat flux vectors are given by

given by

B I or
%= (v — 1)M2 RePr Ox;’

where M, is the free stream Mach number and Re, Pr are the Reynolds number and the
Prandtl number respectively. The values of these parameters is taken to be, Re = 5000,
Pr =1, M, = 0.5. The pressure and the temperature are obtained from the equations of

state,

p=(y—1)pe (E.9)
Y MZp
P

T

(E.10)

We take the value of v to be 1.4. p, pvy, pvo, pvs and E; are taken to be independent variables
and are expressed in the TDB decomposition. The initial conditions for the mean velocity

profile are given by,

- Vmax 'CCQ - x2min 'IQ - :L‘Q'maz
o= Yo (222 ) (22 ) 1)

Here Viyar = 1, 29, and x, ., denote the lower and upper boundaries of the jet which are
set to 0.45 and 0.55 respectively. h represents the thickness of the jet which for this case is
taken to be 1/200. The mean velocity profile used for initialization is shown in Fig.(54). The
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jet boundaries are imposed with perturbation to trigger the transition and the perturbations

are given by,

T3

L,,

. L1
8
) + sin( 7er1

[Sin(27r i ) + sin(47 o1

L. L. )} [sin(27r i ) + sin(47

T3 T3
) + cos(6m—) 4 cos(8m )} ,
Lx3 Lxs LI3

_ )2 2
g = exp(—m) + exp(—m) 2 cos(2m 1 ) + 4 cos(4m 1 ) + 8 cos(8x 1 )
h2 h/2 xT1 T Lzl
{sin(27r ij?)) + sin(4m Lx;) + cos(6m I:Z) + cos (87 Lx; )} :
3 L, x9 — b)? Ty — a)?
Uy =g |:(l'2 —b)exp (—%) + (zg — a) exp <—%)}
[2 cos(2m 1 ) + 4 cos(4m 71 )+ 8005(87?51 )}
—2 cos(2m s ) — 4 cos(4m 3 ) + 6sin(67 T3 ) + 8sin(87 3 )
T3 LxS 3 Lw?)
A = max(y/0} + 03 + 03),
o Vmam
4047
U1 = 00y,
Ty = 8Ty,
’(~J3 = 5173

Here, L,, = L, = L,, =1, a = 0.45, b = 0.55. The initial conditions for the other variables

are,

p(t=0)=1,
YMZp
t=10) =
p( ) T b
p
e(t=0)= :
(y—="1)p
2 2 2
E(tzO)zp(e—i—Ul—i_U;—i_v?’)
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Appendix F : Summary of The Reduced Order
Modeling Techniques

In this appendix, we discuss the various reduced order techniques discussed in the thesis
and present a comprehensive summary and comparison of the relevant methods. The intent
of this chapter to provide the reader with a brief essence of the thesis and discuss the

important advantages and drawbacks of the different methods in a broader perspective.

F.1 Proper Orthogonal Decomposition (POD)

The proper orthogonal decomposition is a method developed by Lumley [49] in the
context of fluid dynamics to obtain ‘coherent structures ’from turbulent flow fields. The
method has been known by different names in other fields: Principal component analysis
(PCA), Hotelling transform, empirical eigenfunction decomposition, Karhunen-Loéve de-

composition.

F.1.1 POD Decomposition

We consider a random field u(x, t; w) and subtract the time average of the DNS simulation

u(x). The mean subtracted value can then be expressed as,
u(x, tw) — a(x) = Y ot w) Py (x). (F.1)

Here, a;(t;w) denotes the time dependent stochastic coefficients and ®;(x) denote a gener-
alizable basis for the particular flow field. The decomposition thus seeks to obtain a low
dimensional static basis. The above decomposition performs a separation of variables in
stochastic time dependent coefficients and spatial basis. The instantaneous solution is ob-
tained by evolving the coefficients a;(t; w) by performing a Galerkin projection of the original

governing equations to the orthonormal spatial basis u;(x).
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F.1.2 Algorithm

The POD algorithm consists of finding out the two components of the decomposition:

the static basis ®;(x) and the time dependent coefficients a;(t;w).

F.1.2.1 Compute The Spatial Basis

To compute the spatial basis ®;(x) we take a collection of n snapshots (method of
snapshots[94, 21, 22, 23]) of the deterministic DNS solution at different time instants ¢ =
t1,ts,...,t,. Thus we obtain a data matrix A of size N x n where N is the number of grid
points at which the solution is evaluated and n is the number of time instants at which the

solution is collected such that n << N. We compute the eigenvectors of AT A given by W:
ATAY,; = N0
The spatial basis are then computed as:

D, = AV, —— i=1,2, .7

J )
VA
Here, r is the number of spatial modes considered. The spatial modes obtained using this

technique are energetically ranked and rule of thumb is to choose the reduction order such

that at least 95% energy of the total energy of the system is captured by r modes.

F.1.2.2 Compute The Time-dependent Coefficients

The obtained spatial modes are orthonormal to each other and thus, using this orthonor-
mality condition we can perform a Galerkin projection on the partial differential equation
defining the evolution of the system and obtain the evolution equation for the time-dependent

coeflicients.
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F.1.3 Advantages of the Method

1.

Using the method of snapshots described above we can convert a partial differential equa-
tion of a large grid size into a reduced order model evaluating only the time dependent
coefficients.

The POD technique is a widely used technique for data compression, flow reconstruction,
design optimization, pattern recognition.

The POD modes are computed with L, optimality. The POD modes is optimal in
terms of minimizing the mean-square error between the signal and the its truncated

representation.

F.1.4 Drawbacks

The construction of the spatial modes require large memory for storing the data matrix
A. This memory requirement is especially significant for larger grid sizes.

The POD basis obtained from a particular set of operating conditions e.g., Mach number
(Ma), Reynolds number (Re) may or may not be useful when the operating conditions
are changed. POD basis are also ineffective in extrapolating solutions of localized flows.
The POD modes are arranged in order of significance in terms of energy and not in terms
of dynamical importance. The lower energy modes which are ignored in the reduced order
model can have significant effects on the solution at later time steps which will lead to
loss of accuracy of the solution.

The dependence of the solution on the random parameters may significantly vary over
time. As POD uses static basis, higher number of modes are required in long time
integration to maintain the same level of accuracy which leads to larger computational

expense.
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F.2 The Need for Time-dependent Basis

The POD technique mentioned in the previous section derives static manifold based on
the visualized data from the time snapshots. A major disadvantage of this technique is the
inability of the method to predict transient behaviour. A pictorial representation is shown
in Fig.(60) which shows a 2D approximation of a 3D Rossler attractor. In the subfigure on
the left, the attractor is approximated by 2D static basis derived from POD. We observe
that the 2D plane approximates the behavior correctly in the x — y plane. Even though the
plane is slightly titled to take into the data points from the transient part, the system will
face difficulty in approximating the out-of-plane transient behaviour. The figure on the right
shows the same Rossler attractor approximated by time dependent basis. The out-of-plane
transient behaviour is captured accurately due to the evolution of the basis as the system

evolves.

F.3 Dynamically Orthogonal (DO) Method

The dynamically orthogonal technique is a time-dependent basis technique developed by
Sapsis [1, 79] in context of stochastic partial differential equations. The method performs

separation of variables similar to the POD technique but not in time.

F.3.1 DO Decomposition

We consider a random field given by wu(x,¢;w) which can be expressed in DO decompo-

sition as,

u(x,t;w) — u(x,t) = Zﬁ(t;w)ui(x,t), (F.2)

where Y;(t;w) are stochastic processes, u;(x,t) are the orthonormal spatial basis and the
u(x,t) is the expected value of all random samples. In this decomposition, both the Y;(¢;w)

and u;(x,t) evolve in time. The basis thus, adapt to the stochasticity of the flow.
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F.3.2 Algorithm

The DO algorithm consists of the initializing the basis at ¢ = 0 and evolving the stochastic
and spatial basis according to the evolution equations. The evolution equations of DO
decomposition are first order optimality conditions of its variational principle. The reader is
referred to Table.(1) and [1] for the evolution equations of DO modes.

The evolution of the spatial basis is restricted by the ‘dynamically orthogonality’condition

given by,
Ou;(x,t)
<T,Uj(x7t)> = 0.

The DO decomposition provides a set of explicit equations for the evolution of the stochas-
tic and spatial modes. The original SPDE is transformed to a r-dimensional stochastic

differential equation for Y;(t;w) and r + 1 deterministic PDEs for a(x,t) and u;(x,t).

F.3.3 Advantages of the Method

1. The original SPDE is transformed into a system of equations for the evolution of the DO
modes which evolve according to the evolution of the flow field. This decomposition is
effective is capturing in strongly transient and non-stationary response.

2. From the DO representation the first and second order moments i.e., mean and variance

are obtained readily.

F.3.4 Drawbacks

1. The inversion of the covariance matrix in the evolution equations leads to inaccuracy in
the solution for large condition number (ratio of largest to smallest eigenvalue) of the

covariance matrix.

F.4 Bi-Orthogonal (BO) Method

The bi-orthogonal technique [2, 32] is another time-dependent basis technique developed

by Cheng et. al. The BO decomposition is similar in form to the DO decomposition however
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differs in terms of the conditions imposed on the spatial and stochastic modes. Imposition

of these different conditions affects the numerical properties of this method.

F.4.1 BO Decomposition

We consider a random field given by wu(x, t;w) which can be expressed in BO decompo-

sition as,
u(x, tw) — u(x,t) = Z Vi(t; w)u(x, 1) (F.3)

where Y (t; w) are stochastic processes, u;(x, t) are the spatial basis and @(x, t) is the expected

value of all random samples.

F.4.2 Algorithm

The BO algorithm consists of the initializing the basis at ¢ = 0 and evolving the stochas-
tic and spatial basis according to the evolution equations. The evolution equations of BO
decomposition are first order optimality conditions of its variational principle. In case of the
BO method, orthonormality of the stochastic modes and orthogonality of the spatial modes
is imposed. The constraints imposed on BO modes are static. The reader is referred to

Table.(1) and [2, 32] for the evolution equations of BO modes.

F.4.3 Advantages of the Method

1. The BO method is more stable than the DO method for higher modes in non-linear
problems.

2. A low dimensional structure is computed on-the-fly at every time instant.

F.4.4 Drawbacks

1. Due to constraints imposed on the method and the corresponding evolution equations
obtained, the method diverges when two eigenvalues are very close to each other or when

two eigenvalues cross each other.
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2. If the system is strongly transient and nonlinear a low reduction order might not be
effective in capturing the solution accurately. An increasing number of modes are needed

as time evolves to keep the error to a minimum.

F.5 Dynamically Bi-Orthonormal (DBO) Method

The dynamically bi-orthonormal technique was developed [46] to overcome some of the
limitations associated with the DO and BO method. The method adds an additional factor
of covariance matrix to the decomposition which helps in improving the numerical properties

of the time dependent basis technique.

F.5.1 DBO Decomposition

We consider a random field given by u(x,t;w) which can be expressed in DBO decom-

position as,

u(x,t;w) — u(x,t) = Z Z ui (x, )25 (1)Y;(t; w) (F.4)

where Y;(t;w) are stochastic processes, u;(x,t) are the spatial basis, ¥;;(¢) is the factor of

the covariance matrix and u(x,t) is the expected value of all random samples.

F.5.2 Algorithm

The DBO algorithm consists of the initializing the basis at t = 0 and evolving the
stochastic basis, spatial basis and Y(t) according to the evolution equations. The evolution
equations of DBO decomposition are first order optimality conditions of its variational prin-
ciple. In this method the dynamically orthogonality condition and orthonormality condition
is imposed on both the stochastic and spatial modes. The reader is referred to Table.(1) and
[46] for the evolution equations of DBO modes.

A pictorial representation of the conditions imposed on the stochastic modes and spatial
modes are shown in Fig.(61). The figure on the left shows the spatial modes u;(x,t). We

can see that all three methods impose the orthogonality conditions on the spatial modes.
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However, the DO and DBO methods impose orthonormality condition which means that the

inner product of the modes can be written as,
(wi(x, 1), u;(x,t)) = 0i;.

The BO modes on the other hand are scaled according to the eigenvalues associated with
the modes. Similarly, the stochastic modes are represented on the subfigure on the right. In

this case, the BO and DBO methods impose the orthonormality condition such that,

Ely;(t; w)y;(t; w)] = 6.

The DO modes on the other hand impose neither the orthonormality condition nor the

orthogonality condition thus, the modes can be highly correlated.

F.5.3 Advantages of the Method

1. Due to the low condition number of the inversion of the factor of covariance matrix, the
method preserves accuracy in large scales of separation between singular values where

the DO and BO would be inaccurate.

F.5.4 Drawbacks

1. The three time dependent basis methods discussed before are ineffective in flow regime
where the growth of eigenvalues is swift and small perturbations lead to propagation
of uncertainty in large number of independent directions. To preserve accuracy in such
cases, the reduction order i.e., the number of modes needs to be increased. However, this
can lead to an increase in the computational expense.

2. In case of turbulent flows, lower energy modes which are discarded at an initial time can
have significant impact on the flow dynamics at a later stage. Closure models are needed

to take into account the effect of these unresolved modes.
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Figure 60: The above figure shows the 3D Rossler attractor approximated by a 2D basis.
In the figure on the left the attractor is approximated by a 2D static basis derived from
POD. The figure on the right approximates the attractor using the time-dependent basis.
The basis adapt according to the trajectory of the system at every time instant.

Image courtesy: Michael Donello, Hessam Babaee: “Real-Time Reduced Order Modeling
Using Time Dependent Subspaces”, 72nd Annual Meeting of the APS Division of Fluid
Dynamaics, Volume 64, Number 13
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Figure 61: The above figure shows a comparison between the spatial and stochastic modes
associated with the DO, BO and the DBO method. The scaling and the orthonormal-
ity /orthogonality conditions imposed on these modes are pictorially represented in the figure.
DO modes are shown in red, BO modes are shown in green and DBO modes are depicted in

blue.
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