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Exploiting Structure and Relaxations in Reinforcement Learning and

Stochastic Optimal Control
Ibrahim EI Shar, PhD

University of Pittsburgh, 2022

Stochastic optimal control studies the problem of sequential decision making under un-
certainty. Dynamic programming (DP) offers a principled approach to solving stochastic
optimal control problems. A major drawback of DP methods, however, is that they become
quickly intractable in large-scale problems. In this thesis, we show how structural results
and various relaxation techniques can be used to obtain good approximations and accelerate
learning. First, we propose a new provably convergent variant of Q-learning that leverages
upper and lower bounds derived using information relaxation techniques to improve per-
formance in the tabular setting. Second, we study weakly coupled DPs which are a broad
class of stochastic sequential decision problems comprised of multiple subproblems coupled
by some linking constraints but are otherwise independent. We propose another Q-learning
based algorithm that makes use of Lagrangian relaxation to generate upper bounds and im-
prove performance. We also extend our algorithm to the function approximation case using
Deep Q-Networks. Finally, we study the problem of spatial dynamic pricing for a fixed num-
ber of shared resources that circulate in a network. For the general network, we show that
the optimal value function is concave and for a network composed of two locations, we show
that the optimal policy enjoys certain monotonicity and bounded sensitivity properties. We
use these results to propose a novel heuristic algorithm which we compare against several

baselines.

Keywords: Markov decision processes; Approximate dynamic programming; Reinforce-

ment learning.
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1.0 Introduction

Sequential decision-making problems are often modeled as Markov decision processes
(MDPs). In this setting actions influence not only immediate rewards but also the future
states and consequently the future rewards. The goal is to find an optimal policy that maps
states to actions which maximizes the total sum of rewards. DP based approaches such as
policy iteration and value iteration are classical methods for solving infinite horizon MDPs.
These methods however are only suitable for MDPs with small finite state spaces. In addition,
they require the knowledge of the reward function and transition dynamics. In many of the
problems to which we wish to find a good policy the state space is huge and combinatorial,
and the model may not be available to us. In such cases, the best we can hope for is finding
an approximate solution using finite computational resources. Various relaxation techniques
and different types of problem specific structures can be used to obtain good approximations
and make learning more efficient. In this thesis, we show how reinforcement learning and

optimal control can benefit from these techniques through the following contributions:

1. In Chapter 2, we study sequential decision making problems that are stochastic due
to exogenous random variables that affects the problem dynamics and rewards. Often
case, little is known about the support and distribution of these exogenous variables
but the way they affect our problem dynamics is partially known. This is the case in
many real-world problems. For example, inventory control problems where the next
inventory state is given by a well-specified function of the demand. Other examples
include vehicle routing, energy operations, portfolio optimization and dynamic pricing in
car-sharing problems. We exploit this partial knowledge of the dynamics by proposing a
new QQ-learning variant that makes use of information relaxation to learn and solve these
problems efficiently.

2. In Chapter 3, we study a broad class of sequential decision making problems called weakly
coupled DPs. These problem consist of multiple subproblems that are independent except
for a linking constraint on the action space. These problems are hard to solve since

they become exponentially larger with the number of subproblems. We propose a Q-



learning algorithm that exploits the weakly coupled DP structure by using Lagrangian
relaxation to generate upper bounds that are in turn used to accelerate learning and
improve performance. We then extend our algorithm to the function approximation case
by utilizing Deep Q-Networks.

3. Finally, we study problems where our actions have indirect influence on resources that
circulate in a network structure. These type of problems arise in shared resource systems
with a fixed number of resources where a decision maker needs to take actions that
influence the distribution of the resources over the network in such away that is appealing
from both revenue and logistic perspectives. We analyze the structure of the value
function and the policy in these problems and propose an effective heuristic that exploits

this structure.

1.1 Lookahead-bounded Q-learning

We introduce the lookahead-bounded Q-learning (LBQL) algorithm, a new, provably con-
vergent variant of Q-learning that seeks to improve the performance of standard Q-learning
(QL) in stochastic environments through the use of “lookahead” upper and lower bounds.
To do this, LBQL employs previously collected experience and each iteration’s state-action
values as dual feasible penalties to construct a sequence of sampled information relaxation
problems. The solutions to these problems provide estimated upper and lower bounds on the
optimal value, which we track via stochastic approximation. These quantities are then used
to constrain the iterates to stay within the bounds at every iteration. Numerical experiments
on benchmark problems show that LBQL exhibits faster convergence and more robustness
to hyperparameters when compared to standard Q-learning and several related techniques.
Our approach is particularly appealing in problems that require expensive simulations or

real-world interactions.



1.2 Weakly Coupled Deep Q-Networks

We introduce Weakly Coupled Deep Q-Networks (WCDQN), a novel deep reinforcement
learning algorithm that improves the performance of the standard Deep Q-Networks (DQN)
algorithm and its sister methods on a broad class of structured problems. WCDQN employs
multiple simultaneous DQN agents such that each runs on a separate easier subproblem and
when combined they form an upper bound on the action value of the original problem. The
upper bound is then used to constrain and guide DQN on the full problem towards optimality.
Theoretically, we show that the tabular version of our algorithm called Weakly Coupled Q-
learning (WCQL) converges almost surely to the optimal action-value function. Numerical
experiments on benchmark problems show that our algorithm exhibits faster convergence

when compared to DQN/QL and several related techniques.

1.3 Spatial Dynamic Pricing for Shared Resources Systems

Inspired by the growing popularity of shared transport systems, we then study dynamic
pricing of a fixed number of rental units to serve price sensitive customers over a network of
locations, in Chapter 4. One of the main challenges faced by these systems is dealing with
imbalanced rental units resulting from spatially imbalanced demand. A dynamic pricing
framework offers a natural approach to modulate the demand. We formulate the problem
as a stochastic dynamic program and analyze the structure of the optimal value and policy
functions. For the general problem, we show that the value function is concave in the state.
For the specific case, where we only have two locations, we show that the value function
enjoys a certain type of discrete convexity and the optimal policy has monotonicity and
bounded sensitivity properties. We then propose a heuristic called leave-one-out aggregation
that exploits the structure of the optimal policy for the two-locations network. The heuristic
decompose an N-location problem into N two-location problem and solve each of them

separately to obtain a policy for the full problem.



2.0 Lookahead-Bounded Q-learning

Since its introduction by Watkins in 1989 [74], Q-learning has become one of the most
widely-used reinforcement learning (RL) algorithms [63], due to its conceptual simplicity,
ease of implementation, and convergence guarantees [33, 68, 9]. However, practical, real-
world applications of Q-learning are difficult due to the often high cost of obtaining data
and experience from real environments, along with other issues such as overestimation bias
(64, 26, 45].

In this chapter, we address these challenges for a specific class of problems with partially
known transition models. We write the system dynamics as s;11 = f(S, ay, wir1), where s;
and a; are the current state and action, s;y; is the next state, wy,; is random noise, and f
is the transition function. We focus on problems where f is known, but the noise w;,; can
only be observed through interactions with the environment. This type of model is the norm
in the control [9] and operations research [53] communities. In this work, we propose and
analyze a new RL algorithm called lookahead-bounded @Q-learning (LBQL), which exploits
knowledge of the transition function f to improve the efficiency of Q-learning and address
overestimation bias. It does so by making better use of the observed data through estimating
upper and lower bounds using a technique called information relaxation (IR) [14].

Indeed, there are abundant real-world examples that fall into this subclass of problems,
as we now illustrate with a few examples. In inventory control, the transition from one
inventory state to the next is a well-specified function f given knowledge of a stochastic
demand wy; [42]. For vehicle routing, f is often simply the routing decision itself, while w;4
are exogenous demands that require observation [59]. In energy operations, a typical setting
is to optimize storage that behaves through linear transitions f together with unpredictable
renewable supply, w1 [38]. In portfolio optimization, f is the next portfolio, and wyyq
represents random prices [55]. In Section 2.4 of this work, we discuss in detail another
application domain that follows this paradigm: repositioning and spatial dynamic pricing
for car sharing [31, 12].

Although we specialize to problems with partially known transition dynamics, this should



not be considered restrictive: in fact, our proposed algorithm can be integrated with the
framework of model-based RL to handle the standard model-free RL setting, where f is
constantly being learned. We leave this extension to future work.

Main Contributions. We make the following methodological and empirical contribu-

tions in this section.

1. We propose a novel algorithm that takes advantage of IR theory and Q-learning to gener-
ate upper and lower bounds on the optimal value. This allows our algorithm to mitigate
the effects of maximization bias, while making better use of the collected experience and
the transition function f. A variant of the algorithm based on experience replay is also
given.

2. We prove that our method converges almost surely to the optimal action-value function.
The proof requires a careful analysis of several interrelated stochastic processes (upper
bounds, lower bounds, and the Q-factors themselves).

3. Numerical experiments on five test problems show superior empirical performance of
LBQL compared to Q-learning and other widely-used variants. Moreover, sensitivity

analysis shows that LBQL is more robust to learning rate and exploration parameters.

The rest of the chapter is organized as follows. In the next section, we review the related
literature. In Section 2.2, we introduce the notation and review the basic theory of IR. In
Section 2.3, we present our algorithm along with its theoretical results. In Section 2.4, we
show the numerical results where LBQL is compared to other Q-learning variants. Finally,

we state conclusions and future work in Section 2.5.



2.1 Related Literature

Upper and lower bounds on the optimal value have recently been used by optimism-
based algorithms, e.g., [22] and [77]. These papers focus on finite horizon problems, while
we consider the infinite horizon case. Their primary use of the lower and upper bounds is to
achieve better exploration, while our work is focused on improving the action-value estimates
by mitigating overestimation and enabling data re-use.

In the context of real-time dynamic programming (RTDP) [8], Bounded RTDP [46],
Bayesian RTDP [56] and Focused RTDP [61] propose extensions of RTDP where a lower
bound heuristic and an upper bound are maintained on the value function. These papers
largely use heuristic approaches to obtain bounds, while we use the principled idea of IR
duality.

More closely related to this work is the work of He et al. [30], which exploits multistep re-
turns to construct bounds on the optimal action-value function, before utilizing constrained
optimization to enforce those bounds. However, unlike our work, no theoretical guaran-
tees are provided. To the best of our knowledge, we provide the first asymptotic proof of
convergence to the general approach of enforcing dynamically computed (noisy) bounds.

There are also two papers that utilize IR bounds in the related setting of finite horizon
dynamic programming. Jiang et al. [34] use IR dual bounds in a tree search algorithm in
order to ignore parts of the tree. Recent work by Chen et al. [17] uses IR duality in a
duality-based dynamic programming algorithm that converges monotonically to the optimal
value function through a series of “subsolutions” under more restrictive assumptions (e.g.,

knowledge of probability distributions).



2.2 Background

In this section, we first introduce some definitions and concepts from Markov decision
process theory. Then, we describe the basic theory of information relaxations and duality,

which is the main tool used in our LBQL approach.

2.2.1 MDP Model

Consider a discounted, infinite horizon MDP with a finite state space S, and a finite
action space A, and a disturbance space W. Let {w;} be a sequence of independent and
identically distributed (i.i.d.) random variables defined on a probability space (2, F,P),
where each w; is supported on the set W. Let s; € S be the state of the system at time
t. We also define a state transition function f : & x A x W — §, such that if action a; is
taken at time ¢, then the next state is governed by siy1 = f(s¢, g, wep1). This “transition
function” model of the MDP is more convenient for our purposes, but we note that it can
easily be converted to the standard model used in RL, where the transition probabilities,
p(Si+1 ]| Sty ar), are modeled directly. For simplicity and ease of notation, we assume that w is
independent! from (s, a). Let 7(s;, a;) be the expected reward when taking action a; € A in
state s; € S. We assume that the rewards r(s;, a;) are uniformly bounded by Ry,.x and for
simplicity in notation, that the feasible action set A does not depend on the current state.
As usual, a deterministic Markov policy w € II is a mapping from states to actions, such that
a; = m(s;) whenever we are following policy m. We let II be the set of all possible policies
(or the set of all “admissible” policies).

Given a discount factor v € (0,1) and a policy 7w € II, the value and the action-value

functions are denoted respectively by

Z V(s ar)
t=0

where the notation of “conditioning on 7” refers to actions a; selected by m(s;). The ex-

VT(s)=E

ZVtT(Su at)

t=0

T, So = s] and Q" (s,a) = E

SOZS,CLO:CL,TF] s

pectation E, here and throughout this section, is taken with respect to P. Our objective is

'However, we can also allow for (s,a)-dependent w with essentially no fundamental changes to our
approach.



to find a policy m € II such that from any initial state s, it achieves the optimal expected
discounted cumulative reward. The value of an optimal policy 7* for a state s is called
the optimal value function and is denoted by V*(s) = max, V™ (s). Specifically, it is well-
known that an optimal policy selects actions according to 7*(s) = arg max,. 4 @*(s, a), where
Q*(s,a) = max, Q7 (s,a) is the optimal action-value function [54]. The Bellman optimality
equation gives the following recursion:

Q" (51, a¢) = (s8¢, a1) + ny[maX Q" (8141, at+1)]~

at+1

The goal in many RL algorithms, including Q-learning [74], is to approximate Q*.

2.2.2 Information Relaxation Duality

Now let us give a brief review of the theory behind information relaxation duality from
Brown et al. [14], which is a way of computing an upper bound on the value and action-value
functions. This generalizes work by Rogers [55], Haugh and Kogan [28], and Andersen and
Broadie [3] on pricing American options. Note that any feasible policy provides a lower
bound on the optimal value, but computing an upper bound is less straightforward. The
information relaxation approach proposes to relax the “non-anticipativity” constraints on
policies, i.e., it allows them to depend on realizations of future uncertainties when making
decisions. Naturally, optimizing in the class of policies that can “see the future” provides an
upper bound on the best admissible policy. We focus on the special case of perfect information
relazation, where full knowledge of the future uncertainties, i.e., the sample path (wy, wo, . ..),
is used to create upper bounds. The naive version of the perfect information bound is simply
given by

V*(sg) <E

max {Z v (se, az) }] ,

t=0

which, in essence, is an interchange of the expectation and max operators; the interpretation
here is that an agent who is allowed to adjust her actions after the uncertainties are realized
achieves higher reward than an agent who acts sequentially. As one might expect, perfect

information can provide upper bounds that are quite loose.



The central idea of the information relaxation approach to strengthen these upper bounds
is to simultaneously (1) allow the use of future information but (2) also penalize the agent
for doing so by assessing a penalty on the reward function in each period. A penalty function
is said to be dual feasible if it does not penalize any admissible policy 7 € II in expectation.
Let s;11 = f(s4, as, wi1) be the next state, ¢ : § X A — R be a bounded function, and w

have the same distribution as w;,;. Then, penalties involving terms of the form

7 (s wien | 9) = 7 (s w(sen)) = B[ (f (s 0 w) 7 fsesanw)) | ) (21)

are dual feasible because

E

t=0

> 27 (0 ap, wis | w)] =0.

This is a variant of the types of penalties introduced in Brown and Haugh [13], extended to
the case of action-value functions. Intuitively, if ¢ is understood to be an estimate of the
optimal action-value function @* and 7 an estimate of the optimal policy 7*, then 2] can be
thought of as the one-step value of future information (i.e., knowing w,,; versus taking an
expectation over its distribution).

These terms, however, may have negative expected value for policies that violate non-
anticipativity constraints. Let m, be the policy that is greedy with respect to the bounded
function ¢ (considered to be an approximate action-value function). Consider the problem
constructed by subtracting the penalty term from the reward in each period and relaxing

non-anticipativity constraints by interchanging maximization and expectation:

a

QY (s0,a0) = E [maX{i (vtr(st, ar) — 2 (8¢, Qy, Wy | s@)) }] : (2.2)

where a := (ag, ay,...) is an infinite sequence of actions. Brown and Haugh [13] shows that
the objective value of this problem, QY (sg,ap), is an upper bound on Q*(sg,ag). Our new
approach to ()-learning will take advantage of this idea, with ¢ and 7 being continuously
updated. Notice that in principle, it is possible to estimate the problem in (2.2) using Monte
Carlo simulation. To do this, we generate infinitely long sample paths of the form w =
(w1, wy, ...), and for each fixed w, we solve the inner deterministic dynamic programming

(DP) problem. Averaging over the results produces an estimate of the upper bound of

QU(SO, ao)-



2.2.3 Absorption Time Formulation

In practice, however, we cannot simulate infinitely long sample paths w. One solution is
to use an equivalent formulation with a finite, but random, horizon (see for e.g. Proposition
5.3.1 of [54]), where instead of discounting, a new absorbing state § with zero reward is added
to the state space S. This new state s can be reached from every state and for any feasible
action with probability 1 —~. We define a new state transition function h, which transitions
to § with probability 1 — « from every (s, a), but conditioned on not absorbing (i.e., with
probability 7), h is identical to f. We refer to this as the absorption time formulation, where
the horizon length 7 := min{t¢ : s; = §} has a geometric distribution with parameter 1 — =
and the state transitions are governed by the state transition function h instead of f. Let
Q be the set of bounded functions ¢ such that ¢(5,a) = 0 for all @ € A. The penalty terms
for the absorption time formulation are defined in a similar way as (2.1), except we now

consider ¢ € Q:

G (st arwia | 9) 1= plsier w(sen)) = E[p(hstanw), wlh(snaw)) |, (23)
where s;11 = h(sy, a,wir1). We now state a proposition that summarizes the information
relaxation duality results, which is a slight variant of results in Proposition 2.2 of [13].

Proposition 2.2.1 (Duality Results, Proposition 2.2 in [13]). The following duality results

are stated for the absorption time formulation of the problem.

(i) Weak Duality: For any m € Il and ¢ € Q,

T7—1
Q" (s0,10) < B|max 3 (v(s1, a0) = G (s1, 0, wiea | 9) )| (2.4)
=0
(ii) Strong Duality: It holds that
T—1
Q" (s0,a0) = S41yr€1fg E[mgx%(r(st,at) — ¢ (s¢, ag, weiq | @))], (2.5)

with the infimum attained at ¢ = Q*.

10



The DP inside the expectation of the right hand side of (2.4) is called the inner DP
problem. Weak duality tells us that by using a dual feasible penalty, we can get an estimated
upper bound on the optimal action-value function Q*(sg, ag) by simulating multiple sample
paths and averaging the optimal value of the resulting inner problems. Strong duality sug-
gests that the information gained from accessing the future is perfectly cancelled out by the
optimal dual feasible penalty.

For a given sample path w = (wy,ws, ..., w;), each of the inner DP problems can be

solved via the backward recursion

Q?(St, at) = T(St, at) - Ctmp (St, g, Wet1 \ %0) + m{?X qu(st—&-h a)v (2-6)

fort =7 —1,7—2,...,0 with s;;1 = h(s, as, wr1) and QY = 0 (as there is no additional
reward after entering the absorbing state §). The optimal value of the inner problem is given

by Qg(so,ao)-

2.2.4 Lower Bounds using IR

The penalty function approach also allows for using a feasible policy to estimate a lower
bound on the optimal value, such that when using a common sample path, this lower bound
is guaranteed to be less than the corresponding estimated upper bound, a crucial aspect of
our theoretical analysis. Specifically, given a sample path (wy, ws, ..., w,), the inner problem

used to evaluate a feasible policy 7 € II is given by

QtL(St, ar) = (s, ar) — ¢ (8t, ap, Wiy | ) + Qf+1(8t+1,7f(8t+1)), (2.7)

fort =0,...,7 — 1, with s;41 = h(ss, as, wey1) and QF = 0. Tt follows that E[Qé(so, ao)} =

Q™ (s0, ap), as the penalty terms (T (s¢, at, w1 | @) have zero mean.

11



2.3 QL with Lookahead Bounds

We now introduce our proposed approach, which integrates the machinery of IR duality

with @-learning in a unique way. An outline of the essential steps is given below.

1. On a given iteration, we first experience a realization of the exogenous information wy,

and make a standard -learning update.

2. We then set ¢ to be the newly updated Q-iterate and compute noisy upper and lower
bounds on the true Q*, which are then tracked and averaged using a stochastic approxi-

mation step.

3. Finally, we project the Q-iterate so that it satisfies the averaged upper and lower bounds
and return to Step 1.

Figure 1 shows an illustration of each of these steps at a given iteration of the algorithm.
Since we are setting ¢ to be the current )-iterate at every iteration, the information re-
laxation bounds are computed using a dynamic sequence of penalty functions and averaged
together using stochastic approximation. The idea is that as our approximation of * im-
proves, our upper and lower bounds also improve. As the upper and lower bounds improve,
the projection step further improves the QQ-iterates. It is this back-and-forth feedback be-
tween the two processes that has the potential to yield rapid convergence toward the optimal
Q"

The primary drawback of our approach is that in the computation of the information
relaxation dual bounds, expectations need to be computed. We first show an idealized version
of the algorithm where these expectations are estimated using unbiased samples of w;,; from
a black-box simulator. Later, we relax the need for a black-box simulator and show how our
algorithm can be implemented with a replay-buffer. Both versions are analyzed theoretically

and convergence results are provided.

2.3.1 An Idealized Algorithm

Let {w}, |, wi,q,...,wf } be a batch (as opposed to a sample path) of K samples from

the distribution of the exogenous information wyy; (i.e., from a black-box simulator). An

12
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Figure 1: Illustration of LBQL Algorithm at iteration n.

empirical version of (2.3) is simply given by:

K
N 1
(T (86, ap, wey1 | @) = @(Se41, T(St41)) — I Z<P(h(3ta at,wf+1), m(h(ss, at,wf+1))), (2.8)
k=1
where s;11 = h(sy, ag, weyq). Given a sample path w = (wy, ws, ..., w,) of the absorption

time formulation of the problem, analogues to (2.6) and (2.7) using (7, where in (2.7) we
set m = m, (i.e., the lower bound on the optimal value is constructed by approximately

evaluating the feasible policy 7,) are given by

Q?(St, a) =r(st, a;) — gw(st, ag, Wep1 | @) + mgx Qzlt{o-l(st-i-lu a) (2.9)
QtL(St7 a;) =1(ss, ap) — CAZW(St, a, Wey1 | @) + Q,:L+1(St+1a %(Stﬂ)) (2.10)
for t =0,1,...,7 — 1, where s,.1 = h(sy, ar, wis1), QU = QF = 0, and we assume that each

call to CAt” uses a fresh batch of K samples.

Proposition 2.3.1. The valid upper and lower bound properties continue to hold in the

empirical case:

for any state-action pair (s,a).
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We include the proof in Appendix A.1.1. The proof is similar to that of Proposition
2.3(iv) of [14], except extended to the infinite horizon setting with the absorption time
formulation. A detailed description of the LBQL algorithm is given in Algorithm 1, where
we use ‘n’ for the iteration index in order to avoid confusion with the ‘¢’ used in the inner DP
problems. We use IIj, 4 [z] to denote = projected onto [a, b], i.e., Iy [x] = max{min{x, b}, a},
where either a or b could be co. Let p = Rpax/(1 — 1), the initial lower and upper bounds
estimates are set such that Ly(s,a) = —p and Uy(s,a) = p for all (s,a) € S x A. The initial
action-value Qg is set arbitrarily such that Ly(s,a) < Qo(s,a) < Uy(s,a) forall (s,a) € SxA.

Algorithm 1: Lookahead-Bounded Q-Learning
Input: Initial estimates Lo < @y < Uy, batch size K, and stepsize rules (s, a),

Bn(s,a).
Output: Approximations {L,}, {Q.,}, and {U,}.

Set @ = Qo and choose an initial state s.
forn=20,1,2,... do

Choose an action a, via some behavior policy (e.g., e-greedy). Observe w,, ;1. Let

Qn+1(8n7 an) = Q/n(sm an) + an(sna an) Tn(sna an) +7 maaX Q/n(sn+1a a) - Q/n(sm an) .

Set ¢ = Qny1. Using a sample path w, compute QY (s,, a,) and Q¥ (s, ay) using (2.9)
& (2.10).

Update and enforce upper and lower bounds:

Uns1(Snsan) = ) [Un(sn, an) + Bn(Sn, an) [Qg(sn, an) — Upn($n, an)H, (2.11)

Ln—l—l(Sn; an) = H[oo,p} |:LTL(STL7 an) + 5n(5n7 an) [Qé(sm an) - Ln<5n7 an)H ) (212>
an+1 (Sny an) - H[Ln+1(sn,an),Un+1(sn,an)} [Qn+1(3n7 an)] . (213>
end for

14
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Figure 2: A simple stochastic MDP.

Example 2.1. We demonstrate the idealized LBQL algorithm using the simple MDP
shown n Figure 2. The MDP has two non-terminal states A and B. Fach episode starts in
state A, with a choice of two actions: right and left denoted by R and L respectively. The
rewards and transition probabilities of taking an action in each state are shown on the edges
in the figure. Assume that the transitions are governed by the outcome of a fair coin. If the
outcome is Head then we transition in the direction of our chosen action and in the opposite
direction for a Tail outcome. For a discount factor v = 0.95, the optimal policy is to go
right at both A and B. The optimal action-values are given by Q*(A, R) = Q*(B,R) = 0,
Q" (A, L) = Q*(B,L) = —1. Consider applying the idealized version of LBQL described in
Algorithm 1.

next iter.

next iter. Episode 58 : -

Episode 1: —

1
1
/

1
1
/

L6 R® Le RO L6 R® Le RO
Q.: 0 —0.1 0 —0.1 —1.05 0.15 —0.87 —0.12
L,:—20 —189 —20 —18.98 —5.56—0.12 —8.29 —0.08

o0 —0.1 0 —0.1 —1.05 0.07 —0.87 —0.08
U,: 20 19.3 20 —19.02 4.08 0.07 498 0.05

Figure 3: An illustration of LBQL iterates for Example 1.

We let a, = 0.1, B, = 0.05 for all n. Figure 3 illustrates two iterations from the first
and the 58th episodes. Initially Qo(s,a) = 0 and p = 20. After one episode the bounds are
still loose, so we have Q1(A, R) = Q) (A, R) = —0.1. At episode 58 (281 iterations): learning
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has occurred for the lower and upper bounds values for the right action at A and B. We see
that the bounds are effective already in keeping the Q-iterate close to QQ*. Interestingly, the
upper bound is enforced at A, while the lower bound is enforced at B. Note that these are the

results of a real simulation.

2.3.2 Analysis of Convergence

In this section, we analyze the convergence of the idealized version of the LBQL algorithm
to the optimal action-value function QQ*. We start by summarizing and developing some
important technical results that will be used in our analysis. All proofs are presented in
Appendix A.1.

The following proposition establishes the boundedness of the action-value iterates and
asymptotic bounds on the L, and U, iterates of Algorithm 1, which are needed in our proof

of convergence. The proof of this proposition is presented in Section A.1.2 in the Appendix.
Proposition 2.3.2 (Boundedness). For all (s,a) € S X A, we have the following:

(i) The iterates Qn(s,a) and Q. (s,a), remains bounded for all (s,a) € S x A and for all n.

(i) For everyn > 0, and with probability one, there exists some finite iteration index ng such
that
Ln(S,CZ) < Q*(S,CL) +n and Q*<Saa) —n< Un<3>a)7

for all iterations n > nyg.

Proposition 2.3.2(i) ensures that at each iteration n the action-value iterates @, and @/,
are bounded. This allows us to set ¢ = @), 1 at each iteration of Algorithm 1 and is required
to establish convergence in general. The proof is based on showing an inductive relationship
that connects @, and @', to the previous lower and upper bound iterates. Specifically,
we show that both action-value iterates are bounded below by the preceding upper bound
iterates and above by the preceding lower bound iterates. Proposition 2.3.2(ii) ensures that
there exists a finite iteration after which the lower and upper bound iterates L, and U, are

lower and upper bounds on the optimal action-value function * with an error margin of at
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most an arbitrary amount 1 > 0. In the proof of Proposition 2.3.2(ii), we bound the lower
and upper bound iterates by a noise process and another sequence that converges to QQ*.
We show that the noise process possesses some properties that help to eliminate the effect
of the noise asymptotically. With the effects of the noise terms vanishing, the boundedness
of the lower and upper bound iterates by * is achieved. Examining the update equations
(2.11) and (2.12) for U,41 and L, in Algorithm 1, we remark that they are not “standard”
stochastic approximation or stochastic gradient updates because QOU and Qé are computed
with iteration-dependent penalty functions generated by ¢ = @,11. In other words, the
noiseless function itself is changing over time. The proof of Proposition 2.3.2(ii) essentially
uses the fact that even though these updates are being performed with respect to different
underlying functions, as long as we can apply Proposition 2.3.1 in every case, then after the
noise is accounted for, the averaged values U,,;1 and L, are eventually bounded below and
above by Q*, respectively. The following lemma derives some guarantees on the lower and

upper bound iterates of Algorithm 1, whose proof appears in Section A.1.3 of the Appendix.

Lemma 2.3.1 (Consistency of Bounds). If Lo(s,a) < Uy(s,a), then L,(s,a) < U,(s,a) for

all iterations n and for all (s,a) € S x A.

In particular, Lemma 2.3.1 shows that the upper and lower bound iterates do not in-
terchange roles and become inconsistent. This is an important property; otherwise, the
projection step of Algorithm 1 loses its meaning and would require additional logic to han-
dle inconsistent bounds. The results of Lemma 2.3.1 follows mainly by the fact that we
are using the same sample path to solve the upper and lower bound inner problems, (2.9)
and (2.10), respectively. Before stating our convergence results, we first state a typical

assumption on the stepsizes and the state visits.

Assumption 2.3.1. We assume that:

(i) ZZO:O an(s’a) = 00, ZZO:O O‘?L(S’a) < 00, ZZO:O Bn(sva) = 00, ZZO:O ﬁ%(sva) < 00,

(ii) Each state s € S is visited infinitely often with probability one.

We now state one of our main theoretical results.
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Theorem 2.3.1 (Convergence of LBQL). Under Assumption 2.3.1, the following hold with

probability 1:

(1) Q.(s,a) in Algorithm 1 converges to the optimal action-value function Q*(s,a) for
all state-action pairs (s, a).

(i1) If the penalty terms are computed exactly, i.e. as per (2.3), then the iterates L,(s,a),
Q.. (s,a), Uy(s,a) in Algorithm 1 converge to the optimal action-value function Q*(s, a)

for all state-action pairs (s,a).

Due to the interdependent feedback between @), U, and L, it is not immediately obvious
that the proposed scheme does not diverge. The primary challenge in the analysis for this

theorem is to handle this unique aspect of the algorithm.

2.3.3 LBQL with Experience Replay

We now introduce a more practical version of LBQL that uses experience replay in lieu
of a black-box simulator. Here, we use a noise buffer B to record the unique noise values w
that are observed at every iteration. We further assume that the noise space W is finite, a
reasonable assumption for a finite MDP. The buffer B is used in two ways: (1) to generate
the sample path w and (2) to estimate the expectation in the penalty function. Here, we
track and update the distribution of the noise w after every iteration and directly compute
the expectation under this distribution instead of sampling a batch of size K, as we did
previously. To illustrate how this can be done, suppose W = {w,, wy, w., ws} and that at
iteration n we observe w, 1 = w,. Let p, denote the probability of observing w,, and N, (w,)
the number of times w, is observed in the first n iterations, then the empirical estimate of
Pa is given by pp(we) = N, (w,)/n.2 We denote by E,[.] the expectation computed using
the empirical distribution p,. To differentiate the penalty and the action-values (solutions
to the inner problems) that are computed from the buffer from those defined in the idealized

version of the algorithm, we define:

~ A

G (86, an,w [ @) := p(S41, T(S141)) — En[@(h(sm ag, w), w(h(s, a, w)))], (2.14)

2Note that LBQL could, in principle, be adapted to the case of of continuous noise (i.e., where w is
continuous random variable) using methods like kernel density estimation (KDE).
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and given a sample path w = (wy, ws,...,w,) the inner problems analogous to (2.9) and

(2.10) are given by

Q,{J(Sm ar) = 1(8¢, ar) — 5:¢(Sta g, Wiy | @) + max ng(stﬂa a) (2.15)
Qf (st ar) = 1(sp,ar) — G (80, a, Wi | ) + Qfiy (8141, T (5041)) (2.16)
fort =0,1,...,7 — 1, where s;11 = h(s;, a;, wsy1) and CNQTU = Nf = 0. The pseudo-code of

LBQL with experience replay is shown in Algorithm 4 in Appendix A.2.

2.3.4 Convergence of LBQL with Experience Replay

In this section, we prove that the version of LBQL with experience replay also converges
to the optimal action-value function. We start by stating a lemma that confirms Proposition

2.3.2 and Lemma 2.3.1 still hold when the penalty terms are computed using (2.14).

Lemma 2.3.2. If at any iteration n, the penalty terms are computed using the estimated

distribution p,, i.e., as per (2.14), then Proposition 2.3.2 and Lemma 2.5.1 still hold.

Theorem 2.3.2 (Convergence of LBQL with experience replay). Under Assumption 2.5.1,
the following hold with probability 1:

(1) Q.(s,a) in Algorithm 4 converges to the optimal action-value function Q*(s,a) for
all state-action pairs (s, a).
(ii) The iterates L,(s,a), Q' (s,a), Uy(s,a) in Algorithm 4 converge to the optimal action-

value function Q*(s,a) for all state-action pairs (s, a).

The proof is similar to that of Theorem 2.3.1, but using the observations collected in
the buffer naturally results in an additional bias term in our analysis. The proof of Lemma
2.3.2 shows that as we learn the distribution of the noise, this bias term goes to zero and
our original analysis in the unbiased case continues to hold.

Notice that the results in part (ii) of the theorem are, in a sense, stronger than that
of Theorem 2.3.1(ii). While both achieve asymptotic convergence of the lower and upper
bounds to the optimal action-value function, Theorem 2.3.2(ii) does not require computing
the penalty with the true distribution, i.e., using (2.3). This is because in the experience

replay version, the distribution of the noise random variables is also learned.
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2.4 Numerical Experiments

In our numerical experiments we make slight modifications to Algorithm 4, which help
to reduce its computational requirements. A detailed description of all changes is included
in Appendix A.3. We also open-source a Python package® for LBQL that reproduces
all experiments and figures presented in this section. We compare LBQL with experience
replay with several algorithms: Q-learning (QL), double Q-learning (Double-QL), speedy
Q-learning (SQL), and bias-corrected Q-learning (BCQL) [70, 5, 45]. The environments that
we consider are summarized below. Detailed description of the environments, the parameters
used for the five algorithms, and sensitivity analysis are deferred to Appendix A.4.
Windy Gridworld (WG). This is a well-known variant of the standard gridworld problem
discussed in [63]. There is an upward wind with a random intensity. The agent moves extra
steps in the wind direction whenever it reaches an affected square. The reward is —1 until

the goal state is reached, and the reward is 0 thereafter.

Stormy Gridworld (SG). We then consider a new domain that adds the additional com-
plexity of rain and multi-directional wind to windy gridworld. The location of the rain is
random and when it occurs, puddles that provide negative rewards are created. The reward

is similar to that of WG, except that puddle states provide a reward of —10.

Repositioning in Two-Location Car-sharing (2-CS-R). Our next benchmark is a syn-
thetic problem of balancing an inventory of cars by repositioning them in a car-sharing
platform with two stations [31]. The actions are to decide on the number of cars to be
repositioned from one station to the other before random demand is realized. All rentals are
one-way (i.e., rentals from station A end up at B, and vice-versa). The goal is to maximize

revenue for a fixed rental price subject to lost sales and repositioning costs.

Pricing in Two-Location Car-sharing (2-CS). Here, we consider the benchmark prob-
lem of spatial dynamic pricing on a car-sharing platform with two stations, motivated par-
tially by [12]. The actions are to set a price at each station, which influence the station’s

(stochastic) demand for rentals. Rentals are one-way and the goal is to maximize revenue

3https://github.com /ibrahim-elshar/LBQL_ICML2020.
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Figure 4: Illustration of LBQL Upper and Lower Bounds.
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under lost sales cost.

Pricing in Four-Location Car-sharing (4-CS). The final benchmark that we consider
is a variant of the above pricing problem with four stations. Now, however, we consider both
one way and return trips at each station. In this case, we have two sources of randomness:
the noise due to stochastic demand and the noise due to the random distribution of fulfilled

rentals between the stations.

First, we illustrate conceptually in Figure 4 how the upper and lower bounds of LBQL can
“squeeze” the Q-learning results toward the optimal value (the plots show a particular state-
action pair (s,a) for illustrative reasons). For example, in Figure 4a, we observe that the
LBQL iterates (orange) match the Q-learning iterates (solid black) initially, but as the upper
bound (green) becomes better estimated, the LBQL iterates are pushed toward the optimal
value (dotted black). We see that even though the same hyperparameters are used between
LBQL and QL, the new approach is able to quickly converge. In the 4-CS example, Figure
4e, ()* is not shown since it is computationally difficult to obtain, but the gap between the
upper and lower bounds, along with Theorem 2.3.2(ii), suggest that LBQL is converging
faster than standard Q-learning.

The full results (with 95% confidence intervals) of the numerical experiments are shown
in Figures 5 and 6. LBQL drastically outperforms the other algorithms in terms of the
performance curve on the gridworld domains, but for the car-sharing problems, double Q-
learning is superior in the first 20,000 steps. Afterwards, LBQL catches up and remains the
best performing algorithm. From the relative error plots (which measure the percent error,
in ls-norm, of the approximate value function with the true optimal value function, i.e.,
|V = V*l2/IIV*]]2), we see that LBQL has the steepest initial decline. In windy gridworld
and car-sharing, LBQL outperforms other algorithms in terms of relative error, but BCQL
and SQL achieve slightly lower relative error than LBQL for stormy gridworld.

We also conducted a set of sensitivity analysis experiments, where we varied the learning
rate and exploration hyperparameters across all algorithms (results are given in Appendix

A.4.3). We examine the number of iterations and CPU time needed to reach 50%, 20%,
5%, and 1% relative error. The results show that LBQL outperforms BCQL, SQL, and
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QL in terms of both iterations and CPU time in reaching 20%, 5%, and 1% relative error
across all 15 hyperparameter settings that we tested. For the case of 50% relative error,
BCQL outperforms LBQL in five out of 15 cases. This indicates that LBQL is significantly
more robust to hyperparameter settings than the other algorithms. Roughly speaking, this
robustness might be attributed to the “approximate planning” aspect of the algorithm, where

lower and upper bounds are computed.

2.5 Conclusion

In this chapter, we present the LBQL algorithm and prove its almost sure convergence to
the optimal action-value function. We also propose a practical extension of the algorithm that
uses an experience replay buffer. Numerical results illustrate the rapid convergence of our
algorithm empirically when compared to a number of well-known variants of Q-learning on
five test problems. LBQL is shown to have superior performance, robustness against learning
rate and exploration strategies, and an ability to mitigate maximization bias. Interesting
future work is the extension of our new framework to the model-based RL setting, where the
transition function f is learned while the policy is optimized. Other interesting future work
includes looking beyond the tabular case and adapting our algorithm to the setting of value

function approximations, such as DQN [47].
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3.0 Weakly Coupled Deep Q-Networks

Sequential decision-making is a core topic in machine learning, which involves learning
how to act in an uncertain environment so as to maximize a numerical reward signal. Re-
inforcement learning (RL) formalizes this problem by considering an artificial agent that
interacts with an environment, gathering experience in form of next states and reward sig-
nals, and aims to learn a mapping from states to actions that maximizes the discounted sum
of rewards [9, 63]. Notably, the agent’s actions have both immediate and future consequences
on the reward signals.

Due to its conceptual simplicity, ease of implementation and convergence guarantees, Q-
learning by Watkins [74], is one of the most widely-used RL algorithms [33, 68, 9]. Inspired by
the success of deep learning in computer vision and natural language processing [44, 41], the
deep @Q-networks (DQN) algorithm of Mnih et al. [47] extends the fundamental ideas behind
Q-learning to the case where Q-functions are approximated using deep neural networks.
The effectiveness of DQN was famously demonstrated on a set of Atari games, and achieved
“human-level” performance. Several extensions of DQN has been proposed in the literature
including Double DQN [71] and Dueling DQN [72].

One drawback of both Q-learning and DQN is that scaling to large action spaces can
be challenging and often require complex modifications [24, 69], hindering the potential of
RL for practical implementations on real-world problems. More generally, Q-learning and
DQN typically require a large number of samples, which can be costly to obtain in real
environments.

In this chapter, we focus our attention on a class of stochastic sequential decision making
problems called weakly coupled MDPs and show how, for these problems, one can leverage
their inherent structure to alleviate the challenges mentioned above. Weakly coupled MDPs
refers to a broad class of stochastic sequential decision-making problems that consist of mul-
tiple subproblems that are independent of each other except for a coupling constraint on
the action space [29]. This type of problem structure is fairly general, with many practical

examples exhibiting this structure, including supply chain management, multiclass queueing
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networks, auctions, stochastic job scheduling, disaster relief scheduling and a wide variety
of bandit-type problems [29, 1]. Such MDPs are computationally challenging to solve us-
ing naive techniques, given that their state and action spaces grow exponentially with the
number of subproblems [48].

Main contributions. We make the following methodological and empirical contribu-

tions in this chapter.

1. We propose a novel RL algorithm called weakly coupled deep Q-networks (WCDQN),
that exploits weakly coupled structure by employing multiple subproblem A-agents to
improve the performance of DQN, Figure 7. Our algorithm makes better use of the
collected experience by dynamically estimating upper (and lower) bounds via Lagrangian
relaxation, and integrates them into a constrained optimization approach when fitting
the Q-networks. We also propose Lagrangian DQN which is a lighter version of our
algorithm that does not require computing bounds and still performs well in practice.
Neither approach uses any knowledge of the environment dynamics nor do they require

restrictive assumptions on the weakly coupled problem such as indexibility [75, 15].

2. We also propose and analyze a tabular version of our algorithm called weakly coupled
Q-learning (WCQL), which serves to conceptually motivate WCDQN. We show that

WCQL converges almost surely to the optimal action-value function.
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3. We show numerical experiments on a suite of realistic problems, including electric vehicle
charging station operation, multi-product inventory control with a production constraint,
and online stochastic ad matching. The results show that our proposed algorithms out-

perform baselines by a relatively large margin.

In the next section, we review some of the related techniques in the literature and compare

it to our work.

3.1 Related Literature

There are a number of papers in the literature that attempt to enhance the learning,
stability, and convergence of the DQN algorithm as it was first proposed by Mnih et al. [47].
For example, to overcome the estimation problem and improve stability, Van Hasselt et al.
[71] proposes double DQN, which adapts the tabular approach of double Q-learning from
Van Hasselt [70] to the deep RL setting. The main idea is to use a different network for the
action selection and evaluation steps. Schaul et al. [57] modifies the experience replay buffer
sampling to prioritize certain tuples, and Wang et al. [72] adds a “dueling architecture”
to double DQN that combines two components, an estimator for the state value function
and an estimator for the state-dependent action advantage function. Another example is
bootstrapped DQN proposed by Osband et al. [49], which extends standard DQN to learn a
distribution over Q-values, allowing the agent to perform temporally-extended exploration
by executing a policy based on a sample of the Q-function. The amortized Q-learning algo-
rithm of Van de Wiele et al. [69] integrates a learned state-dependent proposal distribution
over actions into DQN to avoid the step of maximizing over a large action space.

Our approach, WCDQN (and WCQL), differs from the above works in the sense that
while these papers focus on improvements made to certain components of the DQN algo-
rithm (e.g., network architecture, experience replay buffer, exploration strategy), we focus
on exploiting the structure of a class of important problems.

More closely related to our work is He et al. [30], which uses a similar constrained opti-

mization approach to enforce upper and lower bounds on the optimal action value function
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in the DQN algorithm. Their bounds, however, are derived by exploiting multistep returns
in contrast to the dynamically-computed Lagrangian relaxation bounds that we propose in
this work. He et al. [30] also does not provide any convergence guarantees for their approach.

In addition, El Shar and Jiang [25] proposed a convergent variant of Q-learning that lever-
ages upper and lower bounds derived using the information relaxation technique of Brown et
al. [14] to improve performance of tabular Q-learning. Although our work shares the high-
level idea of bounding Q-learning iterates, El Shar and Jiang [25] focused on problems with
partially known transition models (which are necessary for information relaxation) and the
approach did not readily extend to the function approximation setting (i.e., DQN). Besides
focusing on a different set of problems (weakly coupled MDPs), our proposed approach is
model-free and naturally integrates with DQN.

There are two major ways to decompose weakly coupled DPs: mathematical program-
ming and Lagrangian relaxation. The mathematical programming approach formulates the
Bellman equation as a linear program where the value function is approximated as the sum
of the subproblem value functions. This approach is due to Schweitzer and Seidmann [58]
and was extended to the function approximation case using basis functions by De Farias
and Van Roy [23]. Lagrangian relaxation, on the other hand, involves relaxing the link-
ing constraints on the action space by penalizing the objective. This approach was used
to generate heuristic index policies for restless bandits by Whittle [75] and further studied
by Hawkins [29] and Adelman and Mersereau [1] for weakly coupled DPs. The latter show
various results that compare these two relaxations to each other. Lagrangian relaxation has
been used by Bertsimas and Mersereau [10] in interactive marketing problems and by Talluri
and Van Ryzin [65] and Topaloglu [66] for revenue management. Recent work that involves
Lagrangian relaxation includes the work of Nadarajah and Cire [48] and Brown and Zhang
[16]. Nadarajah and Cire [48] present a class of network relaxations that embed an exact
network encoding of the linking constraints into a linear programming flow model. They
develop a procedure to obtain self-adapting relaxations that automatically adjusts to the
structure of the linking constraints. Brown and Zhang [16] extends Adelman and Mersereau
[1] to provide theoretical justification on the closeness of the bounds obtained by the math-

ematical programming approach and Lagrangian relaxation and provide conditions under
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which the gap between the two relaxations is zero.

Finally, Killian et al. [36] studies restless, multi-armed bandits (RMAB) and propose
two Q-learning approaches: the first is based on the Whittle index policy which requires
indexibility and restrictive assumptions on the bandit’s actions, while the second seeks an
upper bound on the value function by minimizing the Lagrangian value function. Follow-up
work in Killian et al. [37] focuses on a robust variant of RMAB and a double oracle algorithm
that utilizes policy optimization to minimize minimax regret. Our work differs from these
papers in several essential ways: first, we study the more general case of weakly coupled
MDPs; second, we do not require any restrictive assumptions on our model; and lastly, our
methods target the optimal value and policy (with the help of Lagrangian relaxation) rather

than setting the Lagrangian value function as the end goal.

3.2 Preliminaries

3.2.1 Weakly Coupled MDPs

We study an infinite horizon weakly coupled DP with finite state space S := X x WW and
finite action space A, where X is the endogenous part and W is the exogenous part of the
full state space. We use the general setup of weakly coupled MDPs from [16]. Suppose that
the problem can be decomposed into N subproblems. The state space of subproblem 7 is

denoted by §; := &; x W and the action space is denoted by 4;, such that
X =) X and A=) A.

In each period, the decision maker observes an exogenously and independently evolving state
w € W, along with the endogenous states x = (x1, 9, ..., zy) of the N subproblems. Note
that w is shared by all of the subproblems, and this is reflected in the notation we use
throughout the paper, where s = (x,w) € S represents the full state and s; = (x;, w) is the

state of subproblem 1.

30



The linking constraints, which operate across the subproblems, take the form sz\il d;(si,a;) <
b(w), where b(w) € R? and d,(s;, a;) € R? is associated with subproblem i. We also denote

by d(s,a) = {d;(s;,a;)}Y,. The set of feasible actions for state s is given by

Als) = {a €A: ﬁ;di(si,ai) < b(w)}.

After observing state s = (x,w), the decision maker selects a feasible action a € A(s).

The transition probabilities for the endogenous component is denoted p(x’'|x,a) and
we assume that transitions are conditionally independent across subproblems: p(x’|x,a) =
Y, pi(2} | 25, a;), where we denote the transition probabilities for subproblem i by p; (2} | x4, a;).
The exogenous state transitions according to g(w’ | w). Finally, let r;(s;, a;) be the reward of
subproblem i and let r(s,a) = {r;(s;,a;)}Y,. The reward of the overall system is additive:
r(s,a) = ZL ri(si, a;).

Given a discount factor v € [0,1) and a feasible policy 7 : & — A that maps each
state s to a feasible action A(s), the value (cumulative discounted reward) of following
when starting in state s and taking a first action a is given by the action-value function
Q" (s,a) = E[> 2 7v'r(st,a) | 7,80 = s,a9 = a]. Our goal is to find an optimal policy
7%, i.e., one that maximizes V™ (s) := Q7(s,m(s)). We let Q*(s,a) = max, Q" (s,a) and
V*(s) = max, V" (s) be the optimal action-value and value functions, respectively. It is well-
known that the optimal policy selects actions in accordance to 7*(s) = argmax, Q*(s,a)

and that the Bellman recursion holds:
Q'(s,2) = (s, ) + 7 E|maxgeue Q'(s,2)|. (3.1)

where s’ = (x/,w’) is specified by p(-|x,a) and g(- | w).
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3.2.2 Q-learning and DQN

The Q-learning algorithm of Watkins [74] is a tabular approach that attempts to learn the
optimal action-value function Q* using stochastic approximation on (3.1). Using a learning

rate a,,, the update of the approximation @),, from iteration n to n + 1 is:

Qni1(Sn, an) = Qu(Sn, an) + an(s, a) [yn — Qn(sn, an)] )

where y,, = 7, +7maxy Q,(S,+1,a’) is the target value, computed using the observed reward
rn at (Sp,a,), the transition to s,;1, and the current Q.

The DQN approach of Mnih et al. [47] approximates @Q* via a neural network Q(s, a;0)
with network weights #. The loss function used to learn @ is directly based on minimizing

the discrepancy between the two sides of (3.1):

1(0) = Esanp [(y —Q(s, a; 9))2],

where y = r(s,a) + ny[maXa/ Q(s,a’; 9_)], 6~ are frozen network weights from a previous
iteration, and p is a behavioral distribution [47]. In practice, we sample experience tuples

(Sn, @n, T, Spt1) from a replay buffer and perform a stochastic gradient update:

en-‘rl =0n +ap [yn - Q(Snv An; 9)] VOQ(Sna An; 0)7

with y, = 7, + Yymaxy Q(s,+1,a’;07). Note the resemblance of this update to that of

Q-learning.
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3.2.3 Lagrangian Relaxation

The Lagrangian relaxation approach decomposes weakly coupled DPs by relaxing the
linking constraints to obtain separate, easier-to-solve subproblems [1]. The main idea is to
dualize the linking constraints ZZ]L d;(s;,a;) < b(w) using a penalty vector A € R and
optimize an augmented objective consisting of the original objective plus additional terms
that penalize constraint violations. The resulting Bellman equation of the relaxed DP in
(3.1) is given by:

N
Q*(s,a) =r(s,a) + AT [b(w) - Z d; (s, ai)} +~7E [max QMs',a)|. (3.2)

- a'cA
=1

Next, we define the following recursion for each subproblem ¢, when it is considered inde-

pendently:

QN (si, ai) = ri(si,a;) — A di(si, a;) + 7 E | max Q) (s, a;)]. (3.3)

a,€A;

It is well-known from classical results that any penalty vector A > 0 produces an MDP whose
optimal value function is an upper bound on the V*(s) [29, 1]. The upcoming proposition is
a small extension of these results to the case of action-value functions, which is necessarily

for Q-learning.
Proposition 3.2.1. For any A > 0 and s € S, it holds that:

(a) Q(s.2) < QN(s.2) for any a € Afs);
(b) The Lagrangian action-value function of (3.2) satisfies

N

Q*s,a) = ATB(w) + > Q) (s, a:) (3.4)
i=1
where Q2 (si, a;) is as defined in (3.3) and and B(w) satisfies the recursion
B(w) = b(w) + yE[B(w)], (3.5)

where w' follows q(w' |w).

Proof. See Appendix B.1. n
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Part (a) is often referred to as weak duality and part (b) shows how the Lagrangian
relaxation can be solved by decomposing it across subproblems, dramatically reducing the
computational burden. The tightest upper bound! is the solution of the Lagrangian dual
problem, Q> (s,a) = miny Q*(s, a), where A* is minimizer.

Note that solving the Lagrangian approximation still requires solving a dynamic program,
so knowledge of the underlying model (i.e., environment dynamics and reward functions) is
required. This is restrictive for applicability in many real-world problems. There exist
approximate dynamic programming approaches for solving general weakly coupled MDPs,
such as the ones discussed in [1], [48], and [16], but none of them naturally accomodate the

model-free setting.

3.3 Weakly Coupled Q-learning

We first introduce the tabular version of our RL algorithm, called weakly coupled (-
learning (WCQL) and show that our algorithm converges to the optimal action value func-
tion. The algorithm is completely model-free and does not require any knowledge of the
problem dynamics. In this section, we go introduce the main steps of WCQL, with an illus-
tration summarizing the idea in Figure 8. The full pseudo-code of the WCQL algorithm is
available in Appendix B.2.

To approximate the Lagrangian dual problem, we replace the minimization over all A > 0
by optimization over a finite set A, which we consider as an input to our algorithm. Consider
an experience tuple 7 = (s,a,d,r,b,s’) and suppose we are at iteration n + 1. Also, we
let 7, = (s4,a;,d;, 75, 5;) be the experience relevant to subproblem i; see (3.3). Note that b
is excluded from 7; because it does not enter subproblem Bellman recursion. The WCQL
algorithm can be decomposed into three main steps.

Subproblems and A-agents. First, for each subproblem i € {1,2,..., N} and every

A € A, we attempt to learn an approximation of Q(s;, a;) from (3.3), which are the Q-values

IThis optimal Lagrangian action-value function can be used to generate a heuristic policy called the La-
grangian policy that performs well in practice, but is not guaranteed to be optimal unless further assumptions
are made [75].
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of the unconstrained subproblem associated with A. We do this by running an instance of

Q-learning with learning rate 3,. Letting Qi}:n be the current iterate, the update is given by:

z?:n—&—l (Si7 a”i) = Qi):n(si7 ai) + ﬁn(si’ a’i) [yf,\n - z?\,n(sh CL,)} )

where the target value yf"n is given by

yi>,\n = 1i(s4,0;) — ATdi(Sm a;) + ymaxes > (s}, aj)-

1,m A\ g

Note that although we are running several learning “instances”, they all make use of a
common experience tuple 7. Each instance operates on a subproblem that is dramatically
simpler than the full MDP (since subproblem 7 has state and action spaces S; and A;). We
can think of each subproblem 7 and each penalty A € A as being associated an agent, which
we refer to generically as a A-agent, that tries to learn the value of Q7.

Learning the Lagrangian bounds. Next, we combine the approximations of Qf:n 41 to
form an estimate of the Lagrangian action-value function Q*, as defined in (3.4). However,
note that we need to learn an estimate of the resource value B(w) for w € W. This can be

done using a stochastic approximation step with a learning rate 7, as follows:

Bi1(w) = By, (w) 4 n,(w) [b(w) + 7B, (w') — B, (w)], (3.6)

where we recall that w and w’ come from s and s’. Now, using Proposition 3.2.1 (b), we

approximate the value of Lagrangian action-value function Q*(s,a) for each X € A,

N
Q)i1(s.a) = NTBa(w) + > QN 1 (s, a:). (3.7)
=1

Subsequently, we obtain an upper bound on Q* via

Qil(sa a) = Iglelil Q7>L\+1(Sa a)‘ (38)

There is empirical evidence that the Lagrangian policy 7", i.e., policy greedy with respect
to the Lagrangian action-value function Q*", can attain good performance [16, 67]. There-

fore, since we have access to the approximation Q) 1, We can approximately evaluate the
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Lagrangian policy and use it as an estimate of lower bound on @)*. To do so, we use the

following update:

Loti(s,a) = Lu(s,a) + (a(s,a) [r(s,a) + vLa(s',a) ;) — Ly(s, a)],

where (,, is a learning rate function and a),; = argmax, Q) (s, a).
Q-learning guided by Lagrangian bounds. Finally, we have Q-learning on the full
problem. Denote the estimate of Q* at iteration n by @!,. We first make a standard update

to an intermediate value @), 1 using learning rate av,:

Qn1(s,a) = Q,(s,a) + an(s,a) [yn — @ (s,a)]. (3.9)

where y, = r(s,a) + ymaxy @, (s’,a’). To incorporate the bounds that we previously esti-

mated, we then project @,.1(s,a) to satisfy the estimated upper and lower bounds:

Qpy1(s,a) = H[LRH,QQL][QnH(S, a)l, (3.10)

where IIj, p)[z] = max{min{z,b},a}. The agent now takes an action in the environment
using a behavioral policy, such as the e-greedy policy on @), (s, a).

The motivation behind the projection is that since the subproblems are much smaller in
terms of state and action spaces than the main problem, the A-agents for the subproblems
are expected to converge faster than the full problem Q-learning agent. As a result, our lower
bound and upper estimates will get better, improving thus the action-value estimate of the
main Q-learning agent through the projection step. We note that, especially in settings where
the limiting factor is the ability to collect enough experience, these bounds come nearly for
free in that they only require computing a few additional quantities and importantly, they

do not require additional experience. Figure 8 provides a visual summary of WCQL.
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Figure 8: Illustration of WCQL Algorithm.

3.3.1 Convergence Analysis
In this section, we show that WCQL converges to Q* with probability one (w.p.1). First,
we state a standard assumption on learning rates and state visitation.

Assumption 3.3.1. We assume the following:

(i) For all (s,a) € S, the sequence {a,(s,a)}, satisfies

o0 oo
Zan(s,a) = 00, Zai(s,a) < 00.
n=0 n=0

(ii) Analogous statements to (i) hold for {5, (s;, a;)}n, {nn(w)}n, and {(.(s,a)},.
(iii) The behavioral policy is such that all state-action pairs (s,a) are visited infinitely

often w.p.1.

We now state our main theoretical results.
Theorem 3.3.1. Under Assumption 3.3.1, the following hold w.p.1.
(i) For each subproblem i, XA € A, and (s,a) € S x A:
nh_g}o Qf‘n(su a;) = Q?(Si; a;),

li_)m Qg(s,a) > Q" (s,a).
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(i) For all state-action pairs (s, a),

lim @,(s,a) = Q"(s, a).

n—oo

Proof. The proof of Theorem 3.3.1 is given in Appendix B.1. O]

Theorem 3.3.1 ensures that the A-agents for the subproblems converge to the optimal
value for any A € A. Furthermore, it shows that asymptotically, the Lagrangian action-value
function given by (3.7) will be an upper bound on the optimal action-value function Q* of

the full problem and that our algorithm will converge to Q*.

3.4 Weakly Coupled DQN

In this section, we propose our main algorithm weakly coupled DQN (WCDQN), which
integrates the main idea of WCQL into a function approximation setting. WCDQN guides
DQN using Lagrangian relaxation bounds, integrated through a constrained optimization
approach.

Networks. Analogous to the WCQL, WCDQN has a main network @’(s,a;#) that
learns the action value of the full problem. In addition to the main network, WCDQN uses
a QM sy, a;; 0y) network to learn the subproblem action-value functions Q. The inputs to
this network are (i, A, s;, a;), meaning that we can use a single network to learn the action-
value function for all subproblems and A € A simultaneously. Lastly, WCDQN tracks the
parameters of a network L(s,a;#;), which aims to learn the value of the Lagrangian policy.

The Lagrangian state-action value function is then given by

N
Qs a;0y) = XTB(w) + Y Q) (si, a1 0y). (3.11)
=1

Loss functions. Before diving into the training process, we describe the loss functions
used to train each network, as they are instructive. Consider a behavioral distribution p for

state-action pairs and a distribution p over A.

lu(Oy) = Es apa~p [Zi\il (yzA - Q?(Szﬁ Qi; 9U>)2] ) (3.12)
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where the target value is

yr = ri(si,a) — Ady(sg, a;) + ’yE[maXagL_ QMsh, al; 95)}, (3.13)

3 1) )

and 6, are weights frozen from a previous iteration, as is done in DQN [47]. Denote by
(.)+ = max(., 0), the second loss function is for §;,, where we use a soft constraint to encourage

L(s, a;0;) to stay below the upper bound.

10(01) = Buaporen | (2 = L(5,2300))° + v (L(s,2301) = )’ (3.14)

where ky is a penalty coefficient for the soft constraint and
yr = r(s,a) + 7E[L(s',a*’;07)], (3.15)
yu = r(s,a) + 7E[max, minxea Q* (8, @’;0;)], (3.16)

with a*” = arg max, minyea Q) (s;11,a;0y). For the main network, we propose a loss func-

tion that soft penalizes both upper and lower bounds:

l(@) = Es,awp,)\wu [(y - Ql<s> a; 9))2
+r(yr — Q'(s,2;0)) (3.17)
+ ku (Q'(s, a;0) — yU)i],

where Ky, is a penalty coefficient similar to xky and
y =r(s,a) + yE[max, Q'(s',a;67)]. (3.18)

The penalties softly ensures that learned network satisfies the bounds obtained from the
Lagrangian relaxation.

Training process. The training process resembles DQN, with a few modifications. At
any iteration, we first take an action using an e-greedy policy using the main network, store
the obtained transition experience T = (s, a, d,r, b, s’) in the buffer, and update the resource
value B(w) following (3.6). Each network is then updated by taking a stochastic gradient
descent step on its associated loss function, where the expectations are approximated by
sampling minibatches of experience tuples 7 and A. Note that, since the As are decoupled

from the transitions, we can increase the sample efficiency by using a similar scheme to
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Hindsight Experience Replay [4]. Note that the penalty coefficients r; and ky can be held
constant to a positive value or annealed using a schedule throughout the training. The full

details are shown in Algorithm 2.

3.4.1 Lagrangian DQN

We also propose a variant of WCDQN, termed Lagrangian DQN, that does not require
the bounding, making it easier to implement and achieves reasonable performance in practice.
The details of Lagrangian DQN are shown in Algorithm 7 in Appendix B.3. This algorithm
has only one network, the subproblem Q}network. Here, however, the first step is to

compute the Lagrangian Q-value using (3.11), and compute Q*" following (3.8).

3.5 Numerical Experiments

In this section, we evaluate our algorithms on three different weakly coupled MDPs.
First, we evaluate WCQL on an electric vehicle (EV) deadline scheduling problem with mul-
tiple charging spots and compare its performance with several other tabular algorithms: Q-
learning (QL), Double Q-learning (Double-QL), speedy Q-learning (SQL), and bias-corrected
Q-learning (BCQL) [70, 5, 45]. Next, we evaluate Lagrangian-DQN and WCDQN on two
problems, multi-product inventory control and online stochastic ad matching, and compare
against the standard DQN and Double-DQN algorithms. We defer the details of the envi-
ronments and the algorithmic parameters to Appendix B.4.

EV charging deadline scheduling [76]. In this problem, a decision maker (DM) is
responsible for charging electric vehicles (EV) at a charging service center (SC) that consists
of N = 3 charging spots. An EV enters the system when a charging spot is available and
announces the amount of electricity it needs to be charged, denoted B, along with the time
that it will leave the system, denoted D;. The DM also faces exogenous, random Markovian
processing costs ¢, that affect the SC’s ability to process simultaneous charging jobs. At each

period, the DM needs to choose which EVs to charge in accordance with the period’s capacity
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Algorithm 2: Weakly Coupled DQN

Input: Initialized replay buffer D, Lagrangian multipliers set A, @-network weights 0 &
0~ = 0, subproblems Q}-network 6y & 6;; = 07, Lagrangian policy L-network weights 6y,
& 0, =0p, and k1, & Ky
Output: Approximation {Q,}
forn=0,1,2,... do

Choose an action a, ~ e-greedy(Q,)), update B, 1(w,) and store transition 7, in D

Sample a transitions minibatch 7 from D along with random A

Update subproblems network:

fori=1,..., N do

Compute targets y* according (3.13)
Perform a gradient descent step on (3.12)

end for

Find the best upper bound:

For A € A and a € A(s,,) find Q) (s,a) per (3.11)

Set Q) (s,a) = minyep Q2 (s, a)

Compute target y¥ as per (3.16)

Update lower bound network:

Set a* = argmax, Q) (s;11,a)

Compute target y” as per (3.15)

Perform a gradient descent step on (3.14)

Update main network:

Compute target y as per (3.18)

Perform a gradient step on (3.17)

end for
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constraint. For each unit of power provided to an EV, the service center receives a reward
1 —¢;. However, if the EV leaves the system with an unfulfilled charge of I units, the service
center will incur a penalty of F'(I). The goal is to maximize the revenue under penalty costs.

Multi-product inventory control with an exogenous production rate [32]. Con-
sider the problem of resource allocation for a facility that manufactures K = 5 products.
Each product has an independent exogenous demand given by Dy, k = 1,..., K. To meet
these demands, the products are made to stock. Limited storage Ny is available for each
product, and holding a unit of inventory per period incurs a cost hi. Unmet demand are
backordered at a cost by, if the number of backorders is less than the maximum number of al-
lowable backorders My. Otherwise, it is lost with a penalty cost [;. The DM needs to allocate
a resource level a; € {0,1,...,U} for product k from a finite resource quantity in response to
changes in the stock of level of each product denoted by x € Xy = {—My, —M+1,..., Ny}
A negative stock level corresponds to the number of backorders. Allocating a resource level
ay, yields a production rate given by the function py(ag, px) where py is an exogenous random
Markovian noise that affects the production rate.

The goal is to minimize the total cost, which consists of holding, back-ordering, and lost
sales costs.

Online stochastic ad matching [27]. We study the problem of matching N = 6
advertisers (subproblems) to arriving impressions. In each period, an impression of type e;
arrives according to a Markov chain. An action a;; € {0, 1} assigns impression e, to advertiser
1, with a constraint that exactly one advertiser is selected: Zf\il a;; = 1. Advertiser states
represent the number of remaining ads to display and evolves according to s;11; = S¢; — a;-
The objective is to maximize the discounted sum of expected rewards for all advertisers.

The results of our numerical experiments are shown in Figure 9. We see that in both the
tabular and the function approximation cases, our algorithms outperformed the baselines,
with WCQL and WCDQN achieving the best average episode total rewards amongst all
problems. In Figure 9a, for a given state-action pair in the EV charging problem, we plot
the evolution of the upper bound (blue) and lower bounds (red), WCQL Q-value (orange line
with ‘x” marks indicating the points projected by the bounds), standard Q-learning (green)

and the optimal action-value (purple). Notice at the last marker, the bound moved the Q-
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Figure 9: Numerical results: plots showing the bounds behaviour (a), the total rewards and
95% confidence bounds of WCQL and other tabular algorithms (b), and their relative error
(c) on the EV charging problem. Plots (d) and (e) show the total rewards for WCDQN and
other algorithms on the multi-product inventory control and online stochastic ad matching

problems, respectively.
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value in orange to a “good” value, relatively nearby the optimal value. WCQL then Q-value
evolves on its own and eventually converges. On the other hand, standard QL (green), which
follows the same behavior policy as WCQL, is still far from optimal. We also compute the
relative error (measures the percent error, in lo-norm, of the approximate value function
with respect to the true optimal value function, i.e., ||V, — V*||2/||V*||2), see Figure 9c. This
figure shows that WCQL has the steepest decline compared to the other algorithms. BCQL
and SQL come second and third respectively after WCQL. Note that in Lagrangian QL the
upper-bound value is estimated from the Q-values of the subproblems so there is no Q-value
for this algorithm to compare to V*.

From Figure 9b we see that the difference between the performance of Lagrangian QL
and WCQL was similar by the end of training. This is not the case however in the general
case, where we see a stark difference in the performance of WCDQN and Lagrangian DQN
starting from 3000 episodes until the end of training. Moreover, we see that WCQL has
a much lower variance compared to Lagrangian QL, which exhibits a high variance in the
first 4000 steps of training. We attribute this to the guidance provided by the Lagrangian
bounds.

Figure 9d shows a case where DQN and Double DQN initially outperform Lagrangian
DQN and WCDQN, but then fall behind by a large margin. Also, we remark that compared
to our algorithms, both DQN and Double DQN have a very noisy performance in the multi-
product inventory problem. In the online stochastic ad matching problem, WCDQN have
outperform the other algorithms while Lagrangian DQN had a comparable performance to

DQN and Double-DQN algorithms.

3.6 Limitations and Future Work

A limitation of our work, which can be improved upon, is the requirement to input a finite
set of Lagrangian multipliers A. Note that although we get an upper bound for any value of
A € A, we could potentially get tighter bounds by optimizing over A directly, for example

via subgradient descent [29]. While we believe this can bring an important improvement, we
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leave it for future work.

3.7 Conclusion

In this study, we propose WCQL algorithm for learning in weakly coupled problems and
we show that our algorithm converges to the optimal action-value function. We then propose
WCDQN which extends the idea behind the WCQL algorithm to the function approximation
case. Our algorithms are model-free and learn upper and lower bounds using a combination
of a Lagrangian relaxations and Q-learning. These bounds are used in a constrained opti-
mization approach to improve performance and make learning more efficient. Our approaches

significantly outperformed competing approaches on our benchmark environments.
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4.0 Spatial Dynamic Pricing for Shared-Resource Systems

The recent years have seen an increase in the popularity of shared transport platforms.
This led to an increase in the study of complex control systems where resources circulate
inside a network. In this work, we study dynamic pricing for a system where a fixed number
of resources supply incoming price-sensitive demand at different locations in a network.

The crux of such systems is that serving a demand unit at one location causes a supply
unit to relocate from the origin to the destination. Dynamic pricing offers a natural approach
to modulate demand and help managing the the distribution of resources in the network.
At the beginning of each period, the service provider selects a price as well as a supply level
for each origin-destination pair in the network. Demand for each origin-destination pair is
fulfilled in accordance to the selected supply levels. Otherwise, unfulfilled demands are lost.
Both price and supply level decisions, may depend on the overall distribution of resources in
the system. Supplied requests reach their destinations by the end of the time period. Note
that demands can be non-stationary and depends on the geographical location.

The research question we are trying to answer is how to design a dynamic pricing and
allocation strategy that maximizes the expected revenue of the system. This problem is
challenging due to demand variability over space and time and in large networks is very
difficult to solve because the pricing policy depends on the number of resources in each
location.

To address this research question, we model the system as a network and formulate the
problem as a stochastic dynamic program (SDP). The demand modeling approach we use
allows for bulk demand arrivals with different origins and destinations. Each origin and
destination pair represents a different demand class. The limited number of resources in
the system necessitates using inventory rationing decisions as a control lever in addition
to pricing in order to allocate demand classes to resources. This work contributes to the
growing body of literature on sharing economy with reusable resources by incorporating
inventory rationing decisions in addition to dynamic pricing. The pricing and rationing

decisions depend not only on the origin but also on the destination of the trips, permitting
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price adjustment flexibility and capturing the spatial granularity of the network.
Theoretically, we analyze the structure of the optimal revenue function in a N-location
network and show that it is concave in the number of resources available at each location. In
addition, we use the concept of Li-concavity to perform structural analysis for the two-region
system, which allows for both continuous and discrete decision variables and thus provides
a unified approach for continuous and discrete demand. We prove that the optimal policy
for pricing and rationing is monotone in the available resources with bounded sensitivity.
For a large number of locations, the stochastic dynamic program is intractable due the
“curse of dimensionality” associated with the problem. To overcome this issue, we propose a
leave-one-out aggregation (LOOA) algorithm that makes use of the structural properties of
the optimal policy for the two-region problem. Finally, we conduct numerical experiments
to evaluate the performance of our proposed policy. We also compare the performance of

our pricing policy with myopic and static based pricing policies.

4.1 Literature Review

Academic research on sharing economy has increased in the recent years due to the
growing popularity of shared vehicle systems such as ride-sharing platforms, car-sharing,
and bike-sharing platforms. The majority of the literature study repositioning, matching
and pricing as control levers to manage the resources that flow over a network of locations.

A body of literature use closed-queueing networks and model the steady state equilibrium
of the system dynamics to study the impact of state-independent pricing on the flow of
resources in ride sharing systems while optimizing for various objectives such as revenue,
throughput, or welfare [73, 7, 50, 11, 12]. Some of these papers use fluid relaxations to get
upper bounds on the optimal pricing policy performance which are then used to propose
static pricing policies [73, 7].

Papers that study state-dependent pricing in a network include [6], [35], and [18]. Balseiro
et al. [6] study a constrained dynamic programming model for dynamic pricing in a star

network (also known as hub-and-spoke network) with a fixed number of resources and infinite
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horizon. The authors use a Lagrangian relaxation approach and show that their proposed
heuristic is asymptotically optimal in terms of the long-run average cost when the number
of demands nodes in the network is large. Travel time between nodes is ignored in their
theoretical results but later develop a tractable approach to incorporate relocation times
into their policies.

Kanoria and Qian [35] consider joint state-dependent control for ride-hailing platform
which besides pricing includes admission and matching decisions. Their algorithm does
not require knowledge of the demand arrival rates information with transient performance
guarantees and asymptotically optimal as well in the large supply regime. Instantaneous
relocation times is assumed.

Chen et al. [18] focus on real-time spatial-intertemporal dynamic pricing for ride-hailing
platforms with stochastic non-stationary demand over a finite horizon assuming resources re-
location travel times are deterministic. The authors propose static and dynamic (node-based
and arc-based) pricing heuristics which are all asymptotically optimal but with different op-
timality gaps in the setting where the demand and supply is large.

All of these papers make the assumption that the time periods are short enough such that
for each period there is at most one potential customer, which contradicts the instantaneous
arrival assumption. While we assume that trips arrive to their destinations at the end of
the period, our demand model does not require short time periods. On the contrary, our
bulk demand model allows us to assume that the time periods are large enough such that all
relocations are made before the end of the period. The modeling of the events is also different.
While the majority of these works assume that customers arrive according to a specific arrival
process, e.g., Poisson process, with customers having a private value according to which the
demand is either fulfilled or not, we use a more direct approach that links the demand to the
price and does not require us to explicitly make assumptions on the arrival process. We also
introduce inventory rationing decisions in our model in addition to pricing. Our theoretical
analysis is different in that it tackles the properties of the main stochastic dynamic program
formulation of the problem rather than alternative relaxations. Our proposed algorithms are

novel and makes use of the SDP properties.
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4.2 Preliminaries

Let R denote the real numbers and R, the nonnegative reals, Z, the set of nonnegative
integers and Z, , the set of strictly positive integers. We also define #Z = R N {oo}. For
any =,y € R let x Ay = min{z,y}, © Vy = max{x,y} and 27 = max{x,0}, where all
operations are taken component-wise. In addition, for any n € Z, we let [n] = {1,...,n}.
Finally, denote by e € R™ a vector whose all components are all ones and by e; € R™ a vector
whose i-th component is one and all the other elements being zero. A set S of R" is called a
convex set if for any z,y € 5,0 < a < 1, we have az + (1 — a)y € S. Moreover, S is called
a sublattice of R if t Ay,zVy € S forall x,y € S. A function f defined on a convex set S
of R™ is said to be convex if f(ax + (1 —a)y) < af(z)+ (1 —a)f(y) for all 0 < a < 1, and
x,y € S and f is supermodular if S is a sublattice and f(z)+ f(y) < f(z Ay)+ f(x Vy) for
all z,y € S. A function f is concave (submodular) if — f is convex (supermodular). We now
introduce the concept of Lf-convexity which can be defined for both integer and continuous
variables. We use .# to denote either the real numbers R or the set of nonnegative integers

Z, and the notation .%, to denote the nonnegative elements in .%.

Definition 4.2.1 (Lf-convexity). A function f : #" — % is L*- convex if for any x,y € .Z,
o€ y+

&)+ 1(y) =2 [(x+ae) Ay) + f(x V (y — ae)).

Note that if f(x) = +o00 or f(y) = +oo then the inequality is assume to hold automat-
ically. If a function f is LP-convex then —f is Lf-concave. A set ¥ is LP-convex if for all
x,y € ¥ and for all « € Z,, (x+ae)A\y € ¥ and xV (y — ae) € ¥. The effective domain
of an Lf-convex function f, denoted by dom(f) = {x € .#"|f(x) < +oo} is an L"-convex
set.

A function f is said to be Li-convex on a set ¥ C .Z™ if ¥ is a Li-convex set and the
extension of f to the whole space .Z" by defining f(x) = +oo for x ¢ ¥ is Lf-convex. One
can also show that an Lf-convex function restricted to an L*-convex set is also L-convex.

Equivalently, a function f : .#" — % is Lf-convex if and only if g(x,¢) := f(x — ce)

is submodular on (z,¢) € F" x ., where .7 is the intersection of .# and any unbounded
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interval in R. In addition, the Hessian of an L*-convex function is diagonally dominant.

4.3 Problem Formulation

Consider a firm that is responsible for pricing and inventory rationing decisions of a
fixed number of resources m, that circulate in a network over either a finite planning horizon
consisting of T' decision periods or an infinite horizon with discount factor . The time
periods are denoted by t € N, with ¢ = 1 being the first period in the planning horizon. The
network is represented by a directed graph consisting of N nodes indexed by : = 1,..., N
that represent the location of the resources. A trip from location i to location j is represented
by an arc ¢ — j. Demand requests can be return or one-way trips, where the origin and
destination are the same for return trips and different for one-way. We assume that the price
for return trips, at each location, are fixed to a nominal price p;;; € P;;; and we are interested
in setting the price for one-way trips p;;: € Pi;+ to maximize the expected revenue and ensure
that the resources are well distributed over the network. At the beginning of each period,
the firm needs to set the price p;;; € P;;; for the one-way demand from region ¢ to j and
the quantity 0,;; € ©;;, of this demand to accept. Demands are nonnegative, independent

and depends on the price according to a stochastic non-stationary demand function
Dija(pijas €ije) = Kija(Dije) + €ije,

where D;; (pijt, €:5.¢) is the demand in period ¢, €;;, are random perturbations with zero mean
that are revealed at the beginning of period ¢ + 1 and &;;,(p;j:) is a deterministic demand
function of the price p;;;. The random variables ¢;;; are independent, identically distributed
over time, with a bounded support € < 0 < € such that Dy;(pij, €;;,) > 0 for all 4, € [N].
We denote by Fj;(.) the distribution function of ¢;;; and we let Fj;(.) =1 — F;(.).
Furthermore, we assume that the expected demand E[D;; (pij+, €ij)] = Kije(pije) < 00 is
strictly decreasing in the price p;;+ which is restricted to P;;; := [giﬁ, Dijil, where Py and p,; ,

are the minimum and the maximum prices, respectively. This assumption implies a one-to-

one correspondence between the price p;;; and the expected demand d;;; € D;j;; := [c_iijjt, &j’t]
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for all py;; € Pyj¢ where d;;, = kij4+(Pp;;,) and dwt = n,]t( ) Denote by P;;(.) the inverse
of the expected demand function, x;;.(.). For convenience, we equivalently use the expected
demands d;;; instead of the prices p;;+ as the decision variables in our analysis and charge
the price P,;;(d;;+). For a given expected demand level d;;; and inventory rationing quantity
0;;+ between locations ,7, we let R(dijt,0ijt) = Piji(dije)E[min(d;j; + €54, 6055:)] be the
one-period expected revenue function. We make the following assumption on the revenue

function.

Assumption 4.3.1. R(d;;,0;;) is continuous and Lf-concave in (dij, 0:5) € Dij x ©;.

Assumption 4.3.1, implies that the marginal value of the expected revenue is decreasing
in both the demand level and the rationing quantity. Moreover, the demand and rationing
quantity are complementary to each other in the sense that increasing the rationing quantity
will increase the marginal revenue of increasing the demand level [21]. Next, we state the
conditions used by [51] that ensure that Assumption 4.3.1 is satisfied. Specifically, these
conditions are,

(C1) P[(dij)di; + Pj;(di;) <0 for all di; € Dy; and
(C2) oi(dij,0:;) > 1 for all d;; € D;; and 6, > 0,

where
—Py(di;) F'(6;; — dy;)
dz ’9 :dz zi 1) _\7Y v ’
ol 0) T diy Ply(dij) F(055 — dij)

is the lost-sales rate elasticity that measures the relative sensitivity of lost sales probabil-

ity. i.e., P(dij + €;; > 0;;) = F(0;; — d;;) with respect to rationing quantity and the price.
Condition (C1) is satisfied by many common demand models (see Table 1 in [21]). Con-
dition (C2) was first introduced by [40] and it requires the price elasticity of the demand
—Py(di;)/di; P;(d;;) and the random shock hazard rate F'(0;; — di;)/F(0;; — di;) be suffi-
ciently large for any d;; € D;;. These conditions insure that the expected revenue function

is concave and supermodular in (d;;, 6;;).
Proposition 4.3.1 (Proposition 3 in [21]). Suppose (C1) and (C2) hold, then R(d;;,0;;) is
LF-concave in (dgj, ;).

The problem can be formulated as a Markov decision process (MDP) with state x =

()iein), which is a vector whose components represent the number of available resources at
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each location. The state space is X' = {x = (2:)ic[N] € RN . ZiE[N] T = m} where m is the
maximum number of resources in the network. We penalize unmet demands by a lost sales
unit cost p;;; which is always larger than the price of trips. The decision vector is y; € Vi (xy),
where Y;(x,) = {dt = (dijs € Dige)izeinys 0 = (Ouge)izein) = X yeim Bist = @i, Vi € [N]}. Let
V*(x¢) be the revenue-to-go function with number of available resources x; and let Vi (x741) =

0. Fort=1,...,T, we have the Bellman recursion:

Vi(x;) = max Z R(d;j,0i50) + E[Ji(x¢,dy, 0y, €)]

Y€V (x¢) i€ N]

Jt<xt7 d;, 0., ‘Et) = Vt+1<xt+1) - Z Pijt (dij,t + €5t — wij,t)
ijE€[N] (4-1>

s.t. Wijt = min (dij,t + €ijit (91']'715) VZ,] - [N],

Tip41 = Tip — Z Wije + Z Wiy, Vi€ [N].
JEIN

] k€[N]
The quantity w;;, represents the total fulfilled requests from region ¢ to region j at time ¢.
The following proposition characterizes the structure of the optimal value function. The

proofs of all results are included in Appendix C.1.

Proposition 4.3.2 (Concavity of The Value Function). Fort=1,...,T7 + 1,

Ji(x¢,dy, 0y, €) = max Vi1 (Xeq1) — E Pijt <dz’j,t + €5t — wij,t)
wi
ij€[N]

S.t. ’wij7t S min (dij,t + eij,t; Hz-j,t) VZ,] & [N], (42>

Tit+1 = Tt — Z Wijt + Z Wity Vie [N]

JE[N] ke[N]
and Vi(x;) is concave in X;.

Due to the high dimensionality involved in the state, action, and noise spaces, solving
(4.1) is computationally challenging even though the value function is concave in the state.
In the next section, we study the case where there is only two locations and we analyze the

structure of the optimal value function and optimal policy.
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4.4 Dynamic Pricing and Rationing in Two Locations

In this section, we consider a two-location system consisting of regions 1 and 2. We
denote the state of the system at period t by z; which is equal to the number of resources
at location 1, i.e., x; = x1 ;. Since the number of resources m is fixed, we have x5, = m — ;.
The number of resources available for return trips are then given by 6y;;, = x; — th24, and
02y = m — x; — 01, at regions 1 and 2, respectively. The decision vector is given by

Vi = (di2, do1t, 624, 0011) € V(i) where the feasible set V() is given by:

y(fﬂt) = {y : d12,t € [C_l12,t7812,t]a d21,t S [dm,uam,t], 012,15 < 2y, 921,1& <m— $t}-

The next result characterizes the structure of the value function and the optimal policy.

Theorem 4.4.1. For the two-locations pricing and rationing problem, we have

Vi(r)) = max : Z Piji(dije)Blmin(dys + €554, 0i5.0)] + Bl (74, dg, O, €t)]}

yeeY(xy el1.2}

Ji(xy, de, O, €) = HvlvaX{VtH(xtﬂ) - Z Pijt(dije + €. — wij,t)}

ije{1,2
je{1,2} (4.3)
Tiy1 = Ty + Warp — Wigy
wz-j,t S l'IliIl (dij,t + 6ij,t7 eij,t) \V/Z] - {17 2}
and for t = 1,...,T, the functions Vi(x,) and J,(z;,ds, 0y, €) are L*-concave in z, and

(24, dy, Oy) respectively. Let (diy (1), d3y (1), 075, (1), 05, (1)) be the optimal policy at pe-
riod t as a function of the state x;. Then di,,(vy), 07y, (x) and d3 ,(x4), 05, (2;) are non-
decreasing, non-increasing respectively in x, i.e., the optimal prices piy ,(x:) and p5; ,(2;) are
non-increasing, non-decreasing respectively in x; and for any § > 0, diy (v +09) < diy () +90,

dél,t(iﬂ +9) > dél,t(x) -9, 9?2,7&@ +9) < 9?2,t(x) +0, ‘931,75@ +6) > 9;1,t($) — 9.

This result means that to find the optimal policy via dynamic programming, we do not
need to exhaustively evaluate all the actions for a given state. Instead, one can use the
optimal action found for state x; to derive the optimal action at state x; + 1. This limits the

number of actions y; that we need to evaluate to 8 actions at most.
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4.5 The Infinite Horizon Setting

In this section, we show that the concavity of the value function continue to hold for the
stationary problem with infinite periods. It is well known that a stationary policy n that
uses the same decision rule in each period is optimal for this setting. We denote by v € (0, 1)
the discount factor and denote the values of p;;+ and k;;¢ by p;; and k;;, respectively. We
first write the Bellman equation of the optimization problem in the infinite horizon setting
as follows:

V(x) = max Z R(d;;,0:;) +E[J(x,d,0,¢€)]

YEYO | ey
J(x,d.6,6) = V(f(x.y.€) — 3 piy(diy + ey — wy) (1.4)
ijE[N]
s.t. w=min(d+€,0)

f(x,y,€) =x—we+w'e.

Theorem 4.5.1 (Infinite Horizon: Preservation of the Structural Results). If Assumption
4.8.1 holds then the results in Proposition 4.3.2 and Theorem 4.4.1 continue to hold for

infinite horizon setting.

Proof. We follow the general approach outlined in [52]. The main idea is based on iterating
the structural properties of the one-stage problem. We show that the results for Proposition
4.3.2. The results of Theorem 4.4.1 for the two-location problem follows in a similar way.
Denote by V* the space of continuous, concave and bounded functions over X'. We have that
the revenue function is concave (by Proposition 4.3.1) and the lost sales cost is linear so the
one-step profit is concave. Moreover, by the induction argument in the proof of Proposition
4.3.2, we have that the one-step structure preservation property holds, that is the next period
value function is in V*, which means that the optimal value function of the next period is
also in V* [52]. This property and the fact that the set V* with the sup-norm is a metric
space allows us to apply Corollary 1 of [52] which allows us to conclude that V' € V* (other

conditions are easy to verify). O
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4.6 Leave-One-Out Aggregation Heuristic

Although we characterize the concave structure of the value function of the N locations
problem in Proposition 4.3.2, we still cannot directly use convex optimization to solve for
the value function or to obtain good policies because of the difficulty involved in the high
dimensional state and action spaces. In this section, we propose our heuristic approach
that simplifies the N-location problem into a two-location problem using a leave-one-out
aggregation (LOOA) strategy. The main idea involves approximating the N-location problem
by N two-location problems. The leave-one-out aggregation at location i € [IN], involves
approximating the remaining N — 1 locations into a single location denoted by ¢; such that
in the new two-location problem the price p;; = p;y, for all j # ¢. The demand functions in

the two-location problem are given by Dye(pre, €xe) = Kre(pre) + €xe for k, 0 € {i, ¢;}, where

;

Kii(pi) for k =1i,0 =i,p; € [giivﬁii];

N . —
Zj:m# Kij(pig;) for k =1i,0 = ¢i, pig, € [Qi@,pwi];

Kre(Pre) = (4.5)

N . _
Zj:l:j;éi Kji(Pgi i) for k= ¢i, 0 =i, py,i € [gd)ﬂapqﬁii];

ZTJ”?’“J#Z’ K/r.j<p¢i¢i> for k= ¢;, 0 = ¢i7p¢i¢i € [Bdnd’i’ﬁ(bi(m]'

\

Denote by Py(.) the inverse function of ry(.), we then have p = Py(dyy) and Py, =
Pre(dy,) where dwi = Zj;ﬁi Qlija E@-i = Zj;éi aji’ ddm = Zj;ﬁi Qljz‘a E@-i = Zj;éi ajzv and C_i¢i¢i =
Zr,j:r;ﬁi,j;ﬁi drj? E¢i¢i = Zr,j:r;ﬁi,j;ﬁi Zlm'-

Let d“994 and 67994 be the LOOA policies for the demand and resource allocation,
respectively, for the full problem. We solve the resulting two-location DP problems, {i, ¢;}
for i € [N], by dynamic programming (4.3) using the monotonicity and bounded sensitivity
results (Theorem 4.4.1).

The optimal demand/pricing and resource allocation policies obtained for each location
i, denoted by djy (z;) and ;;(z;) in the two-location problems are then disaggregated using

the following mechanism to generate a policy for the N-locations problem,

_ - le%
dLOOA(X>ij = H[dz‘jadij] ibs (%)m ) (4.6)
* O
QLOOA(X)ij = l‘z’z(xl)m’ (47)
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diy (i), 1 1]

where a;; = %J with dj; = and I, p)[2] = max{min{xz, b}, a}.
dixed  otherwise.

This means that the demand and resources allocated to location j from location i, are
proportional to the expected demand proportion from i to j and inversely proportional to
the number of resources at location j. This ensures that locations with fewer resources will
have higher demand proportion and resources allocated to them. We summarize the steps

involved in the leave-one-out heuristic in Algorithm 3.

Algorithm 3: Leave-One-Out Aggregation

Input: demand models between locations Dy, min and max prices [Bij’pij]’ number of
locations N, number of resources m.
Output: pricing and allocation policies: d“994(x) and 1994 (x)
fori=1,2,..., Ndo
Aggregate locations {1,...,N}/{i}:
Compute the demand function at location ¢ and the aggregated location ¢;, kie(pre),
k,l € {i,¢;} using (4.5).
Solve the resulting two-location problem via DP and record the optimal polices dj (x;)
and 07 (z;)
end for
Use the resulting optimal policies for each location to obtain d£994(x) and §L994(x)

following equations (4.6) and (4.7).
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4.7 Computational Experiments

In this section, we report the results of a series of computational experiments to in-
vestigate the performance of the leave-one-out aggregation heuristic for the infinite horizon
problem. We compare the quality of LOOA policy against the myopic policy that maximizes

the revenue of each location separately and the best fixed node and arc based pricing policies.

Qjj
Zk gk’
where «;; is as defined in Section 4.6. Our simulation study includes five sets of random

The allocation decisions for these baseline policies are made according to 6;;(x;) = z;

problems, summarized in Table 1. We assume a linear demand function of the price,
Kij (pij) = a;; — bpij,

where the parameters, a;; and b;; are generated randomly from uniform distributions U[7, 15]
and U1, 4], respectively. The random noise ¢;; are sampled from U[—-3, 3] for i, j € {1,..., N}.
The minimum price P is set to 1 for all 7,57 € {1,..., N}. On the other hand, the maximum
price is set to % such that x;;(p;;) +€; > 0 for all 4,5 € {1,..., N}. The return trips
price at each of the location is p; = P, The lost sales cost for all experiments was set such
that p;; = p;; for all © # j and to p; otherwise.

For each test problem, we compute the following quantities:

ZRode: Estimated expected value obtained through simulation of the best fixed node
based pricing strategy. To evaluate the fixed pricing policy we run a simulation to obtain
the value of the discounted sum of rewards. Each run is approximated by truncating the
infinite summation of discounted rewards such that the terms after ¢ periods are ignored,
where ' < 1073.

Z&re o Estimated expected value of the best fixed arc based pricing strategy obtained
using a differential evolution algorithm [62]. The algorithm is implemented in Python’s
scipy library. We use a population size of 10N, a differential weight of 0.8, and a crossover
probability of 0.7. The solution of the fixed node pricing is used as one of the initial solutions.

iyopic: Estimated expected value of the myopic policy that maximizes the revenue at

each location.
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Table 1: Numerical Results

Problem set

(N, m) Y Ziged Zihea  Myopic  ZLOOA
Problem 1 02  10.05 13.17 14.91 38.06
(3, 25) 0.5  15.98 17.15 93.68 60.16
0.9 7237 79.45  105.59 272.8
095 14328  146.17 20482  546.88
099 71405 72114  995.99  2592.85
Problem 2 02  21.94 24.82 31.91 69.21
(4, 40) 0.5  33.68 39.82 46.75 97.38
09 19148 19431  240.76  487.97
0.95 379.47 3848  481.22 979
0.99 1880.54  1898.37  2450.31  4905.68
Problem 3 02 14259  149.89 1535 182.34
(5, 80) 05  240.05 24219  246.8 291
0.9 1188.28 1203.38 123311  1441.56
0.95 2354.07 235523  2453.36  2877.13
099 11766.49 11769.25 1226452 14336.1
Problem 4 02 17135  177.11 180 230.55
(6, 100) 0.5 9275 9765  286.97  364.34
0.0 1381.97 138418 1452.92 1805.05
0.95 2769.32 2781.27 2884.88  3606.10
0.99 13615.04 13718.61 14391.05 18035.44
Problem 5 02 27811 28144  287.38 331.7
(7, 140) 0.5 44237 44883  451.04  525.95
09 214746 215212  2202.53  2587.42
095 4278.13  4291.85 4467.17 5170.71
0.99 21703.39 21736.16 22527.42 25834
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Zrooa: Simulated expected value of the LOOA policy. The aggregated two-location
problems are solved by Q-iteration [63].

The expected value of each heuristic is approximated using the average over 100 runs. The
heuristics and the simulation experiments were implemented in Python. All the experiments
were performed on a shared memory cluster with dual 12-core Skylake CPU (Intel Xeon
Gold 6126 2.60 GHz) and 192 GB RAM /node.

Table 1 shows five sets of problems with increasing complexity in terms of number of
locations and resources and various values of the discount factor v. Compared with the other
heuristics, LOOA yielded a significantly higher revenue (p < 0.05) on all problems. Problems
1 and 2 involve 3 and 4 locations with 25 and 40 cars, respectively. In these problems, LOOA
outperformed the myopic policy which in turn outperformed the fixed pricing policies.

As expected, the performance of the myopic heuristic becomes worse as the discount
factor increase, since in this case the long-term impact of the current decision becomes more
important. LOOA consistently outperformed the other heuristics on the larger problems as
well (Problems 3, 4, and 5). Compared to the best baseline heuristic LOOA achieves up to
18%, 30% , and 16% improvement on Problems 3, 4, and 5, respectively. On average over
all problems achieves LOOA 65% improvement, with a max improvement of 167% percent
on Problem 1 (y = 0.95).

Note that the solution of the myopic policy took significantly more time than the other
heuristic for the larger problems. This is because as the number of locations increase the
number actions becomes exponentially huge. For example for the 5 locations problem the
total number of demand actions is in the order of 1.3 trillion.

The separate and the aggregated expected demand functions for each origin-destination
pair of the three location problem, are shown in figures 10a and 10b, respectively.

Figures 11 and 12 show the plots of the value functions and policies obtained from running
LOOA algorithm on Problem 1 with v = 0.9. The plots show the concavity property of the
value function in addition to the monotonocity and bounded sensitivity property of the
pricing and allocation polices for each of the leave-one-out problems.

Finally, figure 13 shows a representation of the resulting LOOA’s demand and pricing

policy at location 1. Notice how the demand and allocation levels changes with the state.
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Figure 10: Plots showing the three location problem origin-destination expected demand

functions of the price (a) and the resulting expected demand functions after aggregation (b).
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Figure 11: Individual LOOA value functions for Problem 1, v = 0.9.
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Figure 12: Individual LOOA policies for Problem 1, v = 0.9.

For example, in figures 13a and 13b, as the number of cars increase at location 1, LOOA’s

demand levels from location 1 to 2 and 1 to 3 increase as well to hopefully re-balance the

resources across all locations.

4.8 Conclusion

In this chapter, we studied the structural properties of value function and policy for
a dynamic pricing and allocation problem of price sensitive resources that are shared in
a network of locations. We showed that the value function is concave in the state and
for the special case where the network consists of two locations, we showed that the value
function is L%-concave and the policy has monotonicity and bounded sensitivity properties.
We developed an efficient heuristic that divides the problem into smaller problems and
exploits that theoretical structural results to obtain a good approximate solution to the full

problem. Our heuristic consistently outperformed the baselines heuristic by a large margin

on a set of test problems.
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Figure 13: LOOA’s demand and allocation policies at location 1 for Problem 1, v = 0.9.
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5.0 Conclusions and Future Work

In this thesis, we exploit various relaxation techniques and inherent structural properties
to efficiently learn and solve sequential decision-making problems. We first study stochastic
infinite horizon MDPs where partial knowledge about the environment dynamics is available
and the randomness is due to exogenous information that is often observable but otherwise
unknown. These problems appear in many optimal control and logistics problems. Examples
include inventory management, vehicle routing, dynamic pricing, energy operations, and
many more. We develop an algorithm that leverages information relaxation to generate
upper and lower bounds on the optimal value to improve the performance of the celebrated Q-
learning algorithm. The partial knowledge of the transition function along with the observed
outcomes of the exogenous information is used to create and solve relaxed finite-horizon
deterministic DP problems. The solutions of these deterministic DPs can be used to obtain
a loose upper bound on the optimal value function. To get tighter bounds, we use the idea
of information relaxation where a penalty function is used to penalize the usage of future
information. Our algorithm takes the current Q-learning Q-value to construct a penalty
function and generate the lower and upper bounds. These bounds are then used to improve
the current action-value function estimate using a projection step that projects the Q-value
between the bounds. The projected values goes through a Q-learning step before it is used
again as in the penalty function for bounds generation. We propose two versions of our
algorithm that differs in how the samples and sample paths of the exogenous information are
obtained to generate the bounds. The first version assumes access to a black-box simulator to
generate the exogenous information samples while the other one makes use of a replay-buffer
to record the exogenous information obtained from interacting with the environment. In
both cases, we show that our algorithm along with the lower and upper bounds converge to
the optimal action-value function. One possible extension of our algorithm includes learning
the transition function from the experience obtained from interacting with the environment.
Another extension would be to extend the algorithm to the function approximation case.

We then study a broad class of problems that have a weakly coupled structure. These
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problems consist of multiple subproblems that are independent except for a linking constraint
on the action space. We use a Lagrangian relaxation technique to obtain an upper bound
on the optimal value. We also learn the value of the Lagrangian policy which serves as a
lower bound on @*. Unlike the information relaxation approach we developed in Chapter
1, this approach do not require any knowledge of the information dynamics and it is also
extendable to the function approximation case which we implement using Deep Q-Networks.
The latter works through a soft constrained optimization approach that replaces the hard
projection step in the tabular version. We also propose a simpler version of our algorithm
that directly learn the Lagrangian policy and does not require computing the bounds. An
interesting future work includes learning optimal Lagrangian multipliers through adaptive
ways, e.g., using subgradient descent.

Finally, we study the problem of pricing and allocation decisions for a finite number of
resources that circulates a network. This problem is inspired from the growing popularity
of car-sharing and bike-sharing systems. For the general problem that consists of N > 2,
we show that the optimal value function is concave in the state and for the two-location
problem, we show that value function enjoys a discrete convexity property and that the
policy in monotone and has a bounded sensitivity property. We then propose an efficient
heuristic that utilizes the structural properties of the two-location problem. It does so by
transforming the problem into N two-location problems. The two-location problems consist
of one location that is kept unchanged and a single a aggregated location that approximates
the remaining N — 1 locations in the network. The structural properties of the policy allows
us to solve these problems efficiently. The resulting policies at each location is then used
to generate a single policy for the whole problem. Our heuristic outperforms our baseline
heuristics on a different set of problems. Future work includes deriving bounds on the
performance of the heuristic and extending our approach to the function approximation case
where one could use convex neural networks [2] for example to model the structure of the

value function.
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Appendix A

A.1 Proofs for Chapter 2

A.1.1 Proof of Proposition 2.3.1

Proof. 'We provide a proof that is similar to that of Proposition 2.3 (iv) of [14] but for the
case of the absorption time formulation of an infinite horizon problem. Here, we define a
policy 7 := {m }+>0 as a sequence of functions, that maps from {w, };>; to feasible actions. We
may also use stationary policies where 7; is the same for all ¢ and only depends on the current
state s;. Let G = {Gi}i>0 be the perfect information relaxation of the natural filtration
F = {F}i>0. Under G, we have G, = F, i.e., we have access to the entire future uncertainties
at each t. Define by Ilg the set of policies that includes the policies that have access to future
uncertainties in addition to nonanticipative policies. Let G be a relaxation of G such that
in addition to what is known under G the estimate penalty terms Q:Zr “(s¢, ap, Wiy | @) are

revealed at time ¢.
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We first prove E[QF (s, a)] < Q*(s,a). For an admissible policy 7, we have

-1
A (a) .
E[QOL(Saa)] =E 7(se,m(st)) — G (8¢, a8, wep1 | @) |80 =5, ag = a]
| t=0
(b) [r—1
=E (r(se, m(s¢)) — ¢ (56, a, Weg1 | 90)) Lraooy | 50 = 8, ag = a]
L t=0

) [r/—1
(:) Z E Z(r(sty Tr(st)) - E[éf(‘%ﬁ? Aty Wi41 | 90) ‘ gt]) ]1{7':7"} | S0 = S, Gp = CL]

Z(T(Sta (1)) — Gt (815 ap, wer1 | ) L=y | s0 =8, ap = a]

t=0

D (s, 7(s0)) = G (50, a0, w1 |9)) Lreoay | S0 = 5, ap = a]

Z(T(Sta W(St)) - Ctﬂ(st, Qg, W1 | QO)) | Sg =38, ag = a]

Equality (a) follows from the definition of Qy(s, a) and equality (b) follows since 7 has finite
mean and r and ¢ are uniformly bounded. Equalities (c) and (d) follow from the law of total
expectations. Equality (e) follows from Lemma A.1 in [14] and from the estimated penalty
terms being unbiased, i.e., E[é:g(st,at,wtﬂ lo) | Gi] = C:*G<St7at,wt+1 | ©). Equalities (f)
and (g) follow by the law of total expectation and 7 being almost surely finite stopping
time, respectively. The inequality follows since the expected value of the penalty terms for a
feasible policy is zero and the action-value function of a feasible policy, Q™ (s, a), is less than
Q*(s,0).

Now, we prove Q*(s,a) < E[QY(s,a)]. Let mf, be the optimal solution for the dual
problem,

T—

1
max E (r(se, ma) — GO (Sey ar, wepr | ) | S0 =8, ap = a| . (A.1)
TG G —0
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T—1
max {ZT(Staat) — G 7 (¢, g, Wi | 90)} | s0 =5, ap = a]

=0
T—1
® ax E (r(se, ma) — CFC (50, ap, wisn | ©)) | S0 = s, ag = a]
ra€llg o
T—1 .
> B D (r(se,7g) = G50, an,wie | 9)) [ s0 =5, ag = a]
o *
2 E Z(T(St’ﬁ*c) - (A:G(St, g, Wey1 | 0)) Lir<oo} | S0 = 8, ap = a]
oo_t O_T'—l §
< Z E Z(T(Sta o) — CAtTrG(St, g, Wiy | ) Tir—rry | so =5, ag = a]
T'=1 t=0

© o | . o
= Z E Z(T(St, 7&) — E[G 9 (st, ar, w1 [ 9) [ Ge]) Lir=rry [ 50 = 5, a0 = a]

=1 | t=

00 [/ —1
(f % Tk
:) Z E Z(T(Stv 7TG) - Ct G(St7 Gty W1 | 90)) ]1{T=T/} ‘ So = 8, Gp = (I]

T'=1 t=0

T—1
. E Z(T(5t778> — (% (51, ap, wig | @) Lircoo} | 80 =5, ap = a]

[r7—1

(h) * T

= E Z(T(Stvﬂ-G) - CtG(Staa'th-l | (,D)) | S0 = S, g = CL]

t=0

0 T—1

= max E (r(se, mq) — GO (Se, a, wepr | ©)) | S0 = 8, ag = a]
WGEHG ¢

Il
o

> Q" (s, a).

Equality (a) and (b) follow from the definition of QU (s,a) and since G is a relaxation of
the perfect information relaxation G, which allows us to interchange the maximum and
the expectation. The first inequality follows because 7, € Il since Ilg C Ilg. Equality
(c) follows since r and ¢ are uniformly bounded and 7 has finite mean. Equalities (d)
and (e) follow from the law of total expectations. Equality (f) follows from Lemma A.1 in
[14] and from the estimated penalty terms being unbiased, i.e., E[éfa(st, at, W1 | @) | Ge] =
¢ G (8¢, ar, wir1 | ). Equalities (g) and (h) follow by the law of total expectation and 7 being

almost surely finite stopping time, respectively. Equality (i) follows since by definition 7
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is the optimal solution of ( A.1). The last inequality follows by weak duality (Proposition
2.2.1(1)). O

First, we state a technical lemma that is used in the proof of Proposition 2.3.2 and

Lemma 2.3.1.

Lemma A.1.1. For alln = 1,2,..., if L,_1(s,a) < U,_1(s,a) and Q),_, € Q then
L,(s,a) < Uy(s,a) for all (s,a) € S x A.

Proof. Fix an (s,a) € § x A. Note that the optimal values of the inner problems in (2.9)
and (2.10), QY (s, a) and Q& (s, a) respectively, are computed using the same sample path w
and for each period within the inner DP, the same batch of samples is used for estimating
the expectation in both the upper and lower bound problems. For clarity, let us denote
the values of QL(s,a) and QU (s,a) at iteration n = 1,2,... by Aﬁvo(s,a) and QnUp(s,a),
respectively. Assume a,(s,a) < 1 for all n. We provide a proof by induction. For n = 1, we

have:

Q1(807 ao) = Q6(807 ao) + CYo(So» ao) [7’(30, ao) + 7m§xx Q6(317 CL) - QS(SO, ao)]-

Since the rewards r(s,a) are uniformly bounded, 0 < v < 1 and |Q4(s,a)| < p then @y is
bounded. Set ¢ = )y, since the actions selected by the policy g, are feasible in (2.9), we

have
ng(s’ a’) - Q%,O(& CL) > 07
and with Lo(s,a) < Uy(s,a), it follows that Ly(s,a) < Uy(s,a). A similar proof can be used
to show the inductive case also holds at iteration n,
Qn(snfla anfl) = Q/n—l(snfla anfl)

+ an—l(sn—la an—l) T(Sn—la a’n—l) + Y mgx Q;_l(snv CL) - Q;-l(sn—h an—l) .

By the inductive hypothesis, we have @/, _; € Q and L,,_;(s,a) < U,_1(s,a). Then, similar to
the base case, we have @), € Q and Q%O(s, a)— Aﬁyo(s, a) > 0. Therefore, L, (s,a) < U,(s,a).

Since our choice of (s,a) was arbitrary then the result follows for all (s,a) € S x A. O
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A.1.2 Proof of Proposition 2.3.2

Proof. Part (i): First, note that by (2.11) and (2.12) the upper and lower bound estimates
Un(s,a) and L, (s,a) are bounded below and above by p and —p respectively for all (s,a) €
S x A and for all n, where p = Rpax/(1 — 7). We assume in this proof that a,(s,a) <1
for all n. Let L, = mMaX(sq) Ln(s,a) and U, = maX(sq) Un(s,a). We claim that for every

iteration n, we have that for all (s, a),

Ly < Qu(s,a) <U, and L, <Q(s,a) < T, (A.2)
where
Ly = min {0y (147),. 0, 00 05 7, =M S 7 | (A.3)
Un = Inax {zn—l<1 + 7)a s >I~Jl Z?;ol Via M Z:'L:o 71} ) (A4)
Ly = win {0, Ui (149), -, Ty g 4, =M iy 71} (A.5)
0 = max{in,in,lu ) L A M fyi} , (A.6)

and M is a finite positive scalar defined as M = max {Rmax, max(s q) Qo(s, a)} .
The result follows from the claim in ( A.2). To see this note that at any iteration n, L,
and L!, are bounded below by —p >"""  + since each term inside the minimum of ( A.3) and

( A.5) is bounded below by —p>~" ;4" As n — oo, we have

P <liminf L, and P <liminf L. (A7)

1— vy n—00 -7 n—00

An analogous argument yields

limsup U,, < P and  lim supU! < . (A.8)

n—00 1—7 n—00 L—v

Boundedness of Q,(s,a) and Q' (s,a) for all (s,a) € S x A follows from ( A.2), ( A.7) and
(A.8).
Now, we prove our claim in ( A.2) by induction. Since Algorithm 1 is asynchronous, at the
nth iteration, the updates for the action-value iterates for (s, a), Qny1(s,a) and @, (s, a),
are either according to (5) and (2.13) (case 1) or set equal to Q, (s, a) and @/, (s, a) respectively

(case 2).
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We first focus on Q',(s,a) < U,, part of ( A.2), since L, < Q'/(s,a) and L, < Q,(s,a) <

U, proceed in an analogous manner. For n = 1, we have Q) (s,a) = Qo(s, a), so if the update

is carried out as in case 1,

Q1(s,a) = (1 — ap(s,a)) Qy(s,a) + ag(s,a) [r(s,a) + ymax, Qy(s', a)]

< (1 —ap(s,a))M + ag(s,a)M + ag(s,a)yM

<M(1+7)

so Q' (s,a) < max{Li(s,a), min{U;(s,a), M(1+v)}}. Now consider the case where U;(s,a) <
M (1++). Since Q) is bounded by p and Ly(s,a) < Uy(s,a) then by Lemma A.1.1, we have

Ly(s,a) < Uy(s,a), so
Qi(s,a) < Ur(s,a) < M(1+7).

Otherwise, if Uy(s,a) > M(1 4+ ~), we then have

Q' (s,a) < max{La(s,a), M(1+7)}.

From ( A.9) and ( A.10), we have
Q1(s,a) < max{Li(s,a), M(1+7)}
< max{Ly, M(1+~)}.
If the update is carried out as in case 2, we have,
Q1(s,a) = Qg(s,a)
<M

< M(1+7)

< max{Ly, M(1+7)}.

(A.9)

(A.10)

(A.11)

Thus U/ (s,a) part of ( A.2) is true for n = 1. Suppose that it is true for n = 1,2,... k.

We will show it for n = k + 1. Consider first the instance where the update is carried out

according to case 1. We do casework on the inequality

Qi(s.a) < max{ Ly, L1 (1+9), o Lo SIS 4 M7}
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which holds for all (s,a). First, let us consider the case where the right-hand-side of ( A.12)

is equal to Ly Zf;é“ / vt for some k' such that 1 < k' < k. Then, we have

Qria(s,a) = (1= ar(s,a))Qi(s, a) + ax(s, a)[r(s, a) + v max, Q4 (s, a)]
< (1 — au(s, a)>£k’ Zf:f, v+ ag(s,a) M + ay(s, CL)VEk' Z;:(f/ ok
< (1= (s, @) L 2y ' + an(s, a) Ly + an(s, a) Ly T s
— (1 — an(s,)) L S5F 7 4 an(s, @) L T8 v+ anls, )Lyt F

The first inequality holds by the induction assumption ( A.12). The second inequality holds
since in this case we have the right-hand-side of ( A.12) is equal to Ly (1 4+~ + ... +~**).
It follows that

Li(T4+vy+ . ") > MO+ +... +95),

which implies that L > M. Finally, the third inequality holds by the assumption that
an(s,a) <1 for all n. We have
Q;c+1 (37 CL) = HlaX{Lk+1(S, CL), min{Uk+1(57 CL), Qk—l—l(sa CL)}}

< max{Lys1(s,a), min{Uyy1(s,a), L (1 4+ + ... + 4K+

Now, consider the case where Uyyi(s,a) < Ly (1 + v + ...+~ *+1). By the induction
assumption, @/, (s, a) is bounded below by —p>""" /" and above by p Y7 " for all (s,a) €
SxAand all n = 1,2,...,k. Since Lg(s,a) < Uy(s,a), Lemma A.1.1 can be applied
iteratively on n = 1,...,k 4+ 1 to obtain that Lx,i(s,a) < Ugii(s,a) for all (s,a) € S x A.

Thus, we have
Qpir(5,a) < Uppa(s,a) < Ly (14 + ... +4FFF), (A.14)
Otherwise, if Upy1(s,a) > Lp(1 4+~ 4 ... 4+ 4%+, we have

Qi1 (s,a) < max{Lyji(s,a), Ly(1 4+ +... + 7"}

< max{f)kH, Ek/(l +v+ ...+ ’}/k_k/+1)}. <A15)
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Moving on to the case where the right-hand-side of ( A.12) is equal to M (1 +~+...+~%):

Qri1(s,a) = (1 — ax(s,a)) Qi(s, @) + ax(s, a) [r(s, a) + ymax Qy(s', a)]
< (1= anls, )M 5571 + anls,@)M -+ (s, )M Ty
= (1 — ag(s,0))M 5 v + ar(s,a) M + ag(s,a) M S5 (A.16)
S MY 77— an(s, )M Y70y + an(s,a) M 320y + MAAH
=MQA+7y+...+9).
We have
Qjy1(s, @) = max{Lys1(s, @), min(Uys1(s, @), Qrs1(s, ) }
< max{Ly1(s,a), min(Upyq(s,a), M(1+ v+ ...+~

Now if Upy1(s,a) < M(1 4~ +...+~*1), then by applying Lemma A.1.1 as before,
Qi1(5,0) < Uppa(s,a) < ML+ + ..+, (A.17)
Otherwise, if Upy1(s,a) > M(1+~+ ... +~*1), we have

Qir1(s,a) S max{Lyyi(s,a), M(L+7+ ... +91)}

< max{Lp 1, M(1+~+ ...+ 1} (A.18)
Now, if the update is carried out according to case 2,
Q;c—i-l(sa CL) = Q/K(Sv CL)
<max{Ly, L_1(1+7),..., L1 Zf:_ol v M Zf:o v} (A.19)
< ma‘X{Ek-i-lJ (1 + ’Y)Lc; R 7-51 Z?:O ryiv MZ?:()l ryz}

By (A.14), ( A.15), ( A.17), (A.18) and ( A.19), we have Q. ,(s,a) < U'jy1. A similar
argument can be made to show L, < Q' (s,a) and L,, < Q,(s,a) < U,, which completes the

inductive proof. O
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Proof. Part (ii): Fix an (s,a) € § x A. By part (i) we have the action-value iterates @,

and @', are bounded for all n. We denote the “sampling noise” term using

~ ~

51%(87 CL) = Qﬁ,o(sa (l) - E[Qﬁ,o(sv a)]
We also define an accumulated noise process started at iteration v by W}, (s,a) = 0, and
Wi (s,0) = (1= an(s,a)) Wy, (s,0) + an(s,a) §4 (s,a) V>,

which averages noise terms together across iterations. Note that 7 is an almost surely finite
stopping time, the rewards (s, a) are uniformly bounded, and @,,.; is also bounded (by part
(i)). Then, Qﬁ,o is bounded by some random variable and so is the conditional variance of

¢ (s,a). Hence, Corollary 4.1 in [9] applies and it follows that

lim Wr,(s,a) =0 Yv>0.

n—oo

Let 7 be large enough so that «,(s,a) <1 for all n > . We also define

YDL($> a) =P

YnLH(s,a) = (1 —au(s,a)) YnL(s,a) + ap(s,a) Q" (s,a), Vn>o.

It is easy to see that the sequence Y,X(s,a) — Q*(s,a). We claim that for all iterations
n > U, it holds that
Ly(s,a) <min{p, Y, (s,a) + W} ;(s,a)}.

To prove this claim, we proceed by induction on n. For n = v, we have
Vi(sa)=p and Wh(s.a)=0,

so it 1s clear that the statement is true for the base case. We now show that it is true for

n + 1 given that it holds at n:

Los1(s,a) = min{p, (1= an(s, ) Lu(s, a) + au(s, ) (Qr o(s, @) — E[Qr (s, a)] + E[Qyr (s, a)])}
= min{p, (1 — au(s,a)) La(s, a) + an(s,a) §7(s,a) + n(s, a) E[Qy o (s, )]}
< min{p, (1 — an(s,a)) (Y, (s,a) + W), (s,a)) + an(s,a) £ (s, a) + an(s,a) Q*(s,a)}

S min{p? Ynﬁ—l (37 a’) + erl—&—l,f/(‘s: (l)},
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(s,a)

<Q
follows by Proposition 2.3.1. Next, since Y,X(s,a) — Q*(s,a), Wk (s,a) — 0 and Q*(s,a) <

n,Vi

where the first inequality follows by the induction hypothesis and E[Q{;’O(s, a)]

p, we have

limsup L,(s,a) < Q*(s,a).

n—oo

Therefore, since our choice of (s, a) was arbitrary, it follows that for every n > 0, there exists
some time n' such that L, (s,a) < Q*(s,a) +n for all (s,a) € S x A and n > n'.
Using Proposition 2.3.1, Q*(s,a) < E[Q%O(s,a)], a similar argument as the above can
be used to establish that
Q" (s,a) < liminf U,(s,a).

n—oo
Hence, there exists some time n” such that Q*(s,a) —n < U,(s,a) for all (s,a) and n > n".

Take ng to be some time greater than n’ and n” and the result follows. ]

A.1.3 Proof of Lemma 2.3.1

Proof. We use induction on n. Since for all (s,a) € S x A, Ly(s,a) < Up(s,a) and —p <
Qp(s,a) < p then Ly(s,a) < Uy(s,a) by Lemma A.1.1. Suppose that L,(s,a) < U,(s,a)
holds for all (s,a) for alln =1,... k. For all (s,a) € S x A, we have @Q}.(s,a) is bounded
since by Proposition 2.3.2(i) @/,(s,a) is bounded for all n. We also have Li(s,a) < Ux(s,a)
for all (s,a) by the induction assumption. Applying Lemma A.1.1 again at n = k+ 1 yields

Liy1(s,a) < Ukya(s,a) and the inductive proof is complete. O

A.1.4 Proof of Theorem 2.3.1

Proof. We first prove part (i). We start by writing Algorithm 1 using DP operator notation.
Define a mapping H such that

(HQ')(s,a) =r(s,a) + vE [max, Q'(s',d')],

where s’ = f(s,a,w). It is well-known that the mapping H is a y-contraction in the maximum

norm. We also define a random noise term
&n(s,a) = ymaxy Q) (s, d) — vE [max, Q) (s',a")]. (A.20)
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The main update rules of Algorithm 1 can then be written as

Qn+1(57 a) = (1 - Ozn(S, a)) Q;(S, a) + an(sv a) [(HQ{IL)(S7 a) + §n+1(3’ a)] )
Unt1(s,a) = 1_, o [(1 — Bu(s,a))Uy(s,a) + Bu(s, a) Qg(s, a)} ,
Lusa(5:0) = i,y [ (1 = Bu(5,0)) Lu(s,0) + Bu(s,0) Qf (s, 0)}

Q;H-l(& a) = H[Ln+1(87a),Un+1(S,a)] [Qn+1(57 a)] . (A'Ql)

Assume without loss of generality that Q*(s,a) = 0 for all state-action pairs (s, a). This can
be established by shifting the origin of the coordinate system. Note that by ( A.21) at any
iteration n and for all (s, a), we have L,(s,a) < @/ (s,a) < U,(s,a).

We proceed via induction. First, note that by Propostion 2.3.2(i) the iterates of Al-
gorithm 1 @/ (s,a) are bounded in the sense that there exists a constant D, such that
|Q’.(s,a)| < Dy for all (s,a) and iterations n. Define the sequence Dy 1 = (v + €) Dy, such
that v+ € < 1 and € > 0. Clearly, D — 0. Suppose that there exists some time nj such
that for all (s,a),

max{—Dy, L,(s,a)} < Q',(s,a) < min{Dy, U,(s,a)}, Vn > n.
We will show that this implies the existence of some time ng,; such that
max{—Dy1, L,(s,a)} < Q' (s,a) < min{Dy,1,U,(s,a)} V(s,a), n>ng.

This implies that @/ (s,a) converges to Q*(s,a) = 0 for all (s,a). We also assume that
ap(s,a) < 1 for all (s,a) and n. Define an accumulated noise process started at ny by

Wieni (s,a) =0, and
Wigim, (s,0) = (1 — an(s,a) Wi, (s,a) + an(s,a) (s, a),  VYn > ng, (A.22)

where &,(s,a) is as defined in ( A.20). We now use Corollary 4.1 in [9] which states that
under the assumptions of Theorem 2.3.1 on the step size «,(s,a), and if E[§,(s,a) | F,] =0
and E[£2(s,a) | F,] < A, where the random variable A,, is bounded with probability 1, the
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sequence W41, (s,a) defined in ( A.22) converges to zero, with probability 1. From our

definition of the stochastic approximation noise &, (s, a) in ( A.20), we have
El¢.(s,a) | Fo] =0 and E[E2(s,a) | Fn] < C(1 4+ maxy o Q2(s, d')),
where C' is a constant. Then, it follows that

lim Wy, (s,a) =0 V(s,a), ng.

n—oo

Now, for the sake of completeness, we restate a lemma from [9] below, which we will use to

bound the accumulated noise.

Lemma A.1.2 (Lemma 4.2 in [9]). For every § > 0, and with probability one, there exists

some n' such that |W, .(s,a)| <46, for alln > n'.

Using the above lemma, let ny > n; such that, for all n > ng we have
(Win,, (8,a)] < veDy < Dy
Furthermore, by Proposition 2.3.2(ii) let vy > ny such that, for all n > v, we have
L,(s,a) <vyDy —~veDy and ~eDy —vDy < U,(s,a).
Define another sequence Y,, that starts at iteration v.
Y, (s,a) =Dy and Y,ii(s,a) =(1—a,(s,a))Y,(s,a)+ a,(s,a)y Dy (A.23)

Note that it is easy to show that the sequence Y, (s,a) in ( A.23) is decreasing, bounded

below by vDy, and converges to vD; as n — oo. Now we state the following lemma.

Lemma A.1.3. For all state-action pairs (s,a) and iterations n > vy, it holds that:

(1) Qu(s,a) < min{Un(s,a),Yn(s,a) + Wa,, (s, a)},
(2) max{Ly(s,a),—Yn(s,a)+ Wy, (s,a)} <Q.(s,a).
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Proof. We focus on part (1). For the base case n = 14, the statement holds because
Y, (s,a) = Dy and W, ,, (s,a) = 0. We assume it is true for n and show that it continues

to hold for n + 1:

Quir(s,a) = (1 = an(s,a)Q (s, a) + an(s, @) [(HQ;,)(s, @) + Enia(s, a)]
< (1 = an(s, @) min{Un(s, @), Yu(s, @) + Wi, (s, a)}
+an(s, a) (HQ,)(s,a) + an(s, a) éup (s, 0)
< (1= an(s,0)) (Ya(s,a) + Wi, (5.a)) + (s, a) YDy, + an(s, @) Eusi (s, @)

S Yn+1<87 a) + Wn—i—l,llk (87 CL),

where we used (H@Q;,) < v[|@Qy[| < vDy. Now, we have

Qni1(s,a) =TI, (s.0), Unia(s,0)] [@nai(s, a)]
<z, 5.0), Unsr (s,0)) [Yar1(8,a) + Wi, (s, a)]

S min{Un+1 (S: a)a Yn+1<57 a) + VVnJrl,u;C (37 CZ)}
The first inequality holds because
Qni1(8,a) < Yoii(s,a) + Wiii,, (s, a).

The second inequality holds because Y, +1(s,a) + Wy i1,,(s,a) > 7Dy — veDy, Ly(s,a) <

vDy — veDy, and L, (s,a) < U,(s,a) by Lemma 2.3.1. Symmetrically, it can be shown that
maX{Ln-H (S’ a)7 _Yn-l-l(sa a) + Wn+17Vk (57 a)} < Q;H-l (S’ a)v

which completes the proof. ]
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Since Y,,(s,a) = vDy and W, ,, (s,a) — 0, we have
Hm sup,, o0 | Qnll < 7Dk < Dy
Therefore, there exists some time n,; such that
max{—Dyy1, Ly(s,a)} < Ql,(s,a) < min{Dyy1,U,(s,a)} V(s,a), n > ng1,

completing thus the induction.
For part (ii) of the theorem: we fix (s, a) and focus on the convergence analysis of U, (s, a)
to Q*(s,a). A similar analysis can be done to show L, (s,a) — Q*(s,a) almost surely. First

note that we can write (2.11) the update equation of U,(s,a) as:

Un—i-l(Sn; an) = 1_1[—;)7 o] [Un(sm an) + ﬁn(sm an) [77Z)n(Un<Sm an)a Qn+1(8n7 an))”

where ¥, (U, (Sn, an), Qni1(Sn, arn)) is the stochastic gradient and in this case is equal to

Qg(sn, an) — Un(Sn, a,). We define the noise terms

gn-i-l(sm an) = @Z)n(UN(sm an)a Q" (Snv an)) - E[¢n(Un(3nv an)a Q*(Snv an))] (A-24)
6_n+1(3m an) = 7vZ)n(Un<Sna an)a Qn+1(3m an)) - ¢n(Un(8m an)? Q*<Sm an))' (A-25)

Note here that €,.1(sy,a,) represents the error that the sample gradient deviates from its
mean when computed using the optimal action-value Q* and &,,1($,, a,) is the error between
the two evaluations of 1,, due only to the difference between Q,,11(sp,a,) and Q*(s,, ay).

Thus, we have

wn(Un(Sna an)a Qn—i—l(Sm an)) = E[l/’n(Un(Sm an), Q" (Sm an))] + En+1<5m an) + Ent1 (5n= an)-

Since @), — Q* by part (i) of the Theorem, then &,(s,,a,) — 0 almost surely. It is now
convenient to view U, (s, a) as a stochastic process in n, adapted to the filtration {F,},>0.

By definition of €,.1(s, a), we have that
El€,11(s,a)|F,] =0 a.s.

Since €,41(s,a) is unbiased and &,.1(s,a) converges to zero, we can apply Theorem 2.4 of
[43], a standard stochastic approximation convergence result, to conclude that U,(s,a) —

Q*(s,a) almost surely. Since our choice of (s,a) was arbitrary, this convergence holds for all

(s,a) € S x A. O
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A.1.5 Proof of Lemma 2.3.2

Proof. First note that Lemma A.1.1 still holds in this case. To see this, note that if the
requirements of the lemma are satisfied (i.e., if we are at iteration n = 1,2,..., and in the
previous iteration, we had L,_;(s,a) < U,_1(s,a) for all (s,a) and Q),_, € Q), then @, is
bounded using the same argument as before. Since the rewards r(s, a) are uniformly bounded
and 7 is an almost surely finite stopping time, then Qfl,o and QL{’O are finite. Moreover, since

~n70 and Qg}o are computed using the same sample path w, it follows that
~£JL7()(,9,a) - 7;70(8,@) >0, forall (s,a) e S x A.

This can be easily seen if we subtract (2.16) from (2.15). Notice that the reward and the
penalty will both cancel out and we have Qgt — ~£7t >0 forallt=0,1,...,7 — 1. With
Ly—1(s,a) < Un_1(s,a) and QY (s, a) > QL (s,a) it follows that L,(s,a) < U,(s,a) for all
(s,a).

Now, we prove Proposition 2.3.2 again for the experience replay buffer case.

For part (i): our original proof still holds since Lemma A.1.1 still holds.

For part (ii): first note that since the experience replay buffer is updated with a new
observation of the noise at every iteration, then by Borel’s law of large numbers, we have
our probability estimate p(w) for the noise converges to the true noise distribution p(w) as
n — oo, i.e.,

lim p,(w) = p(w) for all w € W. (A.26)

n—00
Fix an (s,a) € § x A. By part (i) we have the action-value iterates @), and @), are bounded
for all n. Now we write the iterate Qio(s, a) in terms of a noise term and a bias term as

follows,

Qrols.a) = Qro(s,a) — E[Qr (s, )] + E[Qr (s, a)] — E[Q (s, a)] +E[Qr (s, a)].

(. J J
' ~~

noise bias

Now, we define the noise term using

&:(s,a) = Qo(s,a) — E[Q (s, a)].
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Also, similar to the original proof we define an accumulated noise process started at iteration

v by Wk, (s,a) =0, and
W71L+1,u(3> a) = (1 - an(sv a)) WnLﬂ/(S’ a) + an(3> a) 675—&-1(57 a) V>,

which averages noise terms together across iterations. We have E[Qfl’o(s, a)—E[QTLl’O(s, a)l|Fn] =

0, so Corollary 4.1 applies and it follows that

lim Wqﬁy(s,a) =0 Vv>0.

n—oo

Let © be large enough so that a,(s,a) <1 for all n > 7. We denote the bias term by

Xa(s,0) = E[Qyr (s, a)] — E[Qr o(s,a)].

Since as n — 00, we have p,(w) — p(w), the bias due to sampling from the experience buffer
Xn(s,a) — 0. Let n > 0 and v > & be such that [x(s,a)| < 7 for all n > v and all (s,a). We

also define

YDL(87 a) =P

Ui

YnLH(s, a) = (1 —ay(s,a)) YE(s,a) + an(s,a) Q*(s,a) + a,(s, a) 2 Vn>b.

It is easy to see that the sequence Y,(s,a) — Q*(s,a) + 2. Now we show that the

following claim holds. Claim: for all iterations n > v, it holds that
Ln(S, CL) S min{p’ YnL(Sa CL) + WnL,f/(S: a)}
To prove this claim, we proceed by induction on n. For n = v, we have

Yi(s,a)=p and Wh,(s,a) =0,
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so the statement is true for the base case. We now show that it is true for n 4+ 1 given that

it holds at n:

Lun(s,0) = min{p, (1= a(s,0)) Ly(s.a) + au(s.0) (@ (s, ) ~ EQro(s.a)]

+ B[Q%o(s.a)] — BlQ%o(s.a)] + EQfo(s.0)])}
= min{p, (1= au(5,)) Lu(s, @) + n(5.0) €5 (5,0) + (s, @) x5, )
+ 0 (s,0) BIQf s, )]}

< minp, (1= (s,0)) (VA(s.0) + W, (5,0)) + 0(s,0) (5. )
5 T au(s.0) Q" (s.a)}
< min{p, Y1 (5,a) + Wiy s(s.0)),

+ an(s,a)

where the first inequality follows by the induction hypothesis and E[Q7 (s, a)] < Q*(s, a).
Next, since Y, (s,a) = Q*(s,a) + 2, W}t

n,Vi

(5,a) = 0, then if Q*(s,a) + 7 < p, we have

limsup L,(s,a) < Q*(s,a)+ n

n—oo 2

Otherwise, if p < Q*(s,a) + 3, then

limsup Ly,(s,a) < p < Q*(s,a) + n

n—0o0 2

Therefore, since our choice of (s, a) was arbitrary, it follows that for every n > 0, there exists
some time n' such that L,(s,a) < Q*(s,a) +n for all (s,a) € S x Aand n >n'.

Using Proposition 2.2.1(i), Q*(s,a) < E[QY (s, a)], a similar argument as the above can
be used to establish that

Q*(s,a) — g < hgr_l}iol;)lf Uy,(s,a).

Hence, there exists some time n” such that Q*(s,a) —n < U,(s,a) for all (s,a) and n > n".
Take ng to be some time greater than n’ and n” and the result follows.

The proof of Lemma 2.3.1 when using an experience buffer is similar to that given in

appendix A.1.3 so it is omitted. O

A.1.6 Proof of Theorem 2.3.2

Proof. The proof of both parts (i) and (ii) are similar to that of Theorem 2.3.1, so we omit
them. ]
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A.2 LBQL with Experience Replay Algorithm

Algorithm 4: LBQL with Experience Replay

Input: Initial estimates Lo < Qo < Up, batch size K, stepsize rules «,(s,a), B.(s,a),
and noise buffer B.
Output:Approximations {L, }, {@,,}, and {U,}.
Set @ = Qo and choose an initial state s.
forn=20,1,2,... do
Choose an action a,, via some behavior policy (e.g., e-greedy). Observe w,, 1.
Store wy,41 in B and update pp(wp11)-

Perform a standard )-learning update:

Qn—i—l(sm an) - Q;L(Sm an) + an(3n7 an) [rn(sm an) + ’Vmc?x Q;L(Sn—i-la a) - Q;L(Sm an) .

Sample randomly a sample path w = (wq, ws, ..., w,) from B, where 7 ~ Geom(1 — 7).

Set ¢ = Qni1. Using w and the current p, compute QU (s, an) and Q% (s,, a,), using
(2.15) and (2.16), respectively.;

Update and enforce upper and lower bounds:

Un+1(5n7 an) - H[fp, o0] |:Un<3na an) + Bn(sny an) [Q(()](Sna an) - Un(sna an)}:| 3

Ln-i-l (Sm an) - H[OO,p] [Ln(snv an) + 671(5717 an) [Qé(sm an) - Ln(snv an)]] s

Q;Z+1 (8nsQn) = H[Ln+1(sn,an),Un+1(sn,an)] [Qn+1(8n, an)]

end for
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A.3 Implementation Details of LBQL with Experience Replay

We use a noise buffer B of size xk to record the noise values w that have been previ-
ously observed. The buffer B is used to generate the sample path w and the batch sample
{wy, ..., wk} used to estimate the expectation in the penalty function. Here, it is not neces-
sary that the noise space W is finite. This is also convenient in problems with a large noise
support such as the car-sharing problem with four stations where we have two sources of
noise. Specifically, the noise due to the distribution of the rentals among the stations has a
very large support.

In order to reduce the computational requirements of LBQL, the lower and upper bounds
updates are done every m steps and only if the difference between the current values of the
bounds is greater than some threshold .

Since we can easily obtain inner DP results for all (s,a) each time the DP is solved, we
perform the upper and lower bound updates for all (s,a) whenever an update is performed
(as opposed to just at the current state-action pair). However, only the action-value of the
current (s,a) is projected between the lower and upper bounds, so the algorithm is still
asynchronous. The pseudo-code of LBQL with experience replay with these changes, is

shown in Algorithm 5.
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Algorithm 5: LBQL with Experience Replay (Full Details)

Input:Initial estimates Ly < Qo < Uy, batch size K, stepsize rules a,(s,a), Bu(s,a),
noise buffer B of size x, number of steps between bound updates m, and threshold 0.
Output:Approximations {L,}, {Q.}, and {U,}.
Set Q) = Qp and choose an initial state s.;
forn=20,1,2,... do
Choose an action a,, via some behavior policy (e.g., e-greedy). Observe w,,;1.;
Store w, 41 in B.;
Perform a standard @)-learning update:

Qn+1(sna an) - an(sna an)

+ @ (Sn, an) [rn(sn, an) +ymax Q) (spi1,a) — Q) (Sp,an) |

if n >k and n mod m = 0 and |U,(Sn, an) — L(Sp,a,)| > d then
Sample randomly a batch D = {wy,ws, ..., wk} and a sample path
w = {wy,wy, ..., w,} from B, where 7 ~ Geom(1 — 7).;
Set ¢ = Q,+1. Using w and D, compute QOU(S, a) and Qé(s, a) for all (s,a) € S x A,
using (2.9) and (2.10), respectively.;
For all (s,a) € S x A, update upper and lower bounds:

Un+1 (Sna an) = H[—p, 0] [Un(sna an) + Bn(sn: an) [Qg(sna an) - Un(sna an):|:| 5

Ln+1 (Sn; an) = H[oo,p] |:Ln(5n7 an) + ﬁn(sna an) [Qé(sna an) - Ln<3n7 an)}i| 5

end if

Enforce upper and lower bounds:

Q/n+1 (Sm an) = ]'_‘[[Ln+1(5n7an)7Un+1(5n7an)] [Qn-i-l(sm an)]

end for
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A.4 Numerical Experiments Details

Let v(s,a) and v(s) be the number of times state-action pair (s, a) and state s, have been
visited, respectively. For all algorithms, a polynomial learning rate a,(s,a) = 1/v,(s,a)" is
used, where r = 0.5. Polynomial learning rates have been shown to have a better performance
than linear learning rates [70].

We use a discount factor of v = 0.95 for the pricing car-sharing/stormy gridworld prob-
lems, v = 0.9 for the windy gridworld problem and v = 0.99 for the repositioning problem.
Moreover, we use an e-greedy exploration strategy such that e(s) = 1/v(s)¢, where e is 0.4
for the four-stations pricing car-sharing problem and 0.5 for all the other problems. For the
car-sharing/windy gridworld problems, the initial state-action values are chosen randomly

such that Ly(s,a) < Qo(s,a) < Uy(s,a) where

Lo(s,a) = —Rupax/(1 —7) and  Up(s,a) = Ruax/(1 — )

for all (s,a). For the stormy gridworld problem, we set the initial state-action values to
zero (we find that a random initialization caused all algorithms except LBQL to perform
extremely poorly).

We report LBQL parameters used in our numerical experiments in Table 2. Note that
for a fair comparison, the parameter K of bias-corrected Q-learning algorithm is taken equal
to K of LBQL in all experiments. In addition, the x steps used to create the buffer for LBQL
are included in the total number of steps taken. Results of the gridworld and car-sharing
problems are averaged over 50 and 10 runs, respectively. All experiments were run on a 3.5

GHz Intel Xeon processor with 32 GB of RAM workstation.
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Table 2: LBQL parameters.

Parameter

Problem @ kK m )

2-CS-R  0.01 40 20 10 0.01
2-CS 0.01 40 20 15 0.01
4-CS 0.01 1000 20 200 0.01
WG 0.2 100 10 10 0.01
SG 0.2 500 20 20 0.05

A detailed description of the environments is given in the next two sections.

A.4.1 Gridworld Examples

First we consider, windy gridworld, a well-known variant of the standard gridworld prob-
lem discussed in [63]. Then we introduce, stormy gridworld, a new environment that is more
complicated than windy gridworld. The environments are summarized below.

Windy Gridworld. The environment is a 10 x 7 gridworld, with a cross wind point-
ing upward, [63]. The default wind values corresponding to each of the 10 columns are
{0,0,0,1,1,1,2,2,1,0}. Allowable actions are {up, right, down, left}. If the agent happens
to be in a column whose wind value is different from zero, the resulting next states are
shifted upward by the “wind” whose intensity is stochastic, varying from the given values
in each column by {—1,0,1} with equal probability. Actions that corresponds to directions
that takes the agent off the grid leave the location of the agent unchanged. The start and
goal states are (3,1) and (3, 8), respectively. The reward is —1 until the goal state is reached,
where the reward is 0 thereafter.

Stormy Gridworld. Consider the stochastic windy gridworld environment. Now, how-
ever, we allow the wind to blow half the time as before and the other half it can blow from

any of the three other directions. The horizontal wind values corresponding to each row
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from top to bottom are given by {0,0,1,1,1,1,0}. Also, it can randomly rain with equal
probability in any of the central states that are more than two states away from the edges of
the grid. The start and goal states are (3,1) and (3, 10) respectively. Rain creates a puddle
which affects the state itself and all of its neighboring states. The reward is as before except

when the agent enters a puddle state the reward is —10.

A.4.2 Car-sharing Benchmark Examples

In this section, we give the detailed formulations of the two variants of the car-sharing
benchmark, repositioning and pricing. The essential difference is that in the pricing version,
the decision maker “repositions” by setting prices to induce directional demand (but does

not have full control since this demand is random).

A.4.2.1 Repositioning Benchmark for Car-sharing

We consider the problem of repositioning cars for a two stations car-sharing platform,
[31]. The action is the number of cars to be repositioned from one station to the other,
before random demand is realized. Since repositioning in both directions is never optimal,
we use 7 > 0 to denote the repositioned vehicles from station 1 to 2 and r < 0 to denote
repositioning from station 2 to 1. The stochastic demands at time ¢ are D;; and Dy, for
stations 1 and 2 respectively, are i.i.d., discrete uniform, each supported on {3,...,9}. The
rental prices are p; = 3.5 and py = 4 for stations 1 and 2, respectively. All rentals are one-
way (i.e., rentals from station 1 end up at station 2, and vice-versa). The goal is to maximize
profit, where unmet demands are charged a lost sales cost p; = py = 2 and repositioning
cost ¢; = 1 for cars reposition from station 1 to 2 and ¢, = 1.5 for cars repositioned from
station 2 to 1. We assume a total of § = 12 cars in the system and formulate the problem as
an MDP, with state s, € S = {0, 1,...,12} representing the number of cars at station 1 at

beginning of period t. We denote by V*(s;) the optimal value function starting from state
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s¢;. The Bellman recursion is:

V*<5t> = max E{ Z Di Wit(Di,tJrl) - Z Pi (Di,t+1 _wit<Di,t+1))

$t—8<ry<st
€{1,2} 1€{1,2}

— ¢gmax(ry, 0) + ¢ min(ry, 0) + ’yV*(sHl)] ,
(A.27)
wlt(Dl,tJrl) = min<D1,t+17 St — 7”t)a

wor(Dapr1) = min(Doyi1,5 — 5+ 1),
Spp1 = 8¢ — 1t + wor(Dapy1) — wie(Drp41),

where v € (0, 1) is a discount factor. The repositioning problem for two stations is illustrated
in Figure 14a. The nodes represent stations, solid arcs represent fulfilled demands, and

dashed arcs represent repositioned vehicles.

A.4.2.2 Pricing Benchmark for Car-sharing

Suppose that a vehicle sharing manager is responsible for setting the rental price for the
vehicles at the beginning of each period in an infinite planning horizon. We model a car
sharing system with NV stations. The goal is to optimize the prices to set for renting a car at
each of the N stations; let the price at station ¢ and time ¢ be p;; fori € [N] := {1,2,..., N}.
Demands are nonnegative, independent and depends on the vehicle renting price according

to a stochastic demand function

Di(pits €i441) = Ki(pit) + €441,

where Dj(pit, €i44+1) is the demand in period ¢, €;,4; are random perturbations that are
revealed at time ¢ + 1 and k;(p;) is a deterministic demand function of the price p; that
is set at the beginning of period ¢ at station i € [N]. The random variables ¢; ;41 are
independent with Ele; ;1] = 0 without loss of generality. Furthermore, we assume that the
expected demand E[D;;(pi, €;14+1)] = ki(pir) < 00 is strictly decreasing in the rental price p;
which is restricted to a set of feasible price levels [p.,p;] for all i € [N], where p ,p; are the

minimum and the maximum prices that can be set at station i, respectively. This assumption
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implies a one-to-one correspondence between the rental price p; and the expected demand
di € ® := [d,, d;] for all p; € [}_Dl.,@} where d; = k;(p;) and d; = /ﬁzi(&).
The problem can be formulated as an MDP with state s;, which is a vector whose
components represent the number of available cars at each of the N stations at beginning of
period t. The state space is S¥~! with S = {0,1,...,5} and 5 is the maximum number of
cars in the vehicle sharing system. We assume that a customer at station ¢ goes to station j
with probability ¢;; for all 4,5 € [N]. Let Yi;44+1 be a random variable taking values in [V]
that represents the random destination of customer k£ at station i, which is only observed
at the beginning of period ¢ + 1. We have Y}, ;41 = j with probability ¢;;, so Yz ;41 are
i.i.d. for each customer k. Denote by [;; the distance from station ¢ to j, for all 7,5 € [N].
We penalize unmet demands by a lost sales unit cost p;, ¢ € [N]. The decision vector is
p: = {pix € [p.Pi].Vi € [N]}. Let V*(s;) be the revenue-to-go function with number of
available vehicles s;. Thus, we have the Bellman recursion
V*(st) = max E ; lijwiji(€ii41) — i(m it) + €1 — wir(€;, ) V*(s }
(50 = ma L%]pt 3 )= 32 st et = ) V(o)

wit(€i4+1) = min (K;(pit) + €441, i) Vi € [N],

wit(€5,64+1)

wiﬁ(ﬁi:t‘i‘l) = H{Yz'k,tﬂ=]} Vi, j € [N]’
k=1
Sitr1 = Sit + Z Wiit(€i41) — wit(€i141), Vi€ [N],
J€[N]

(A.28)

where v € (0,1) is a discount factor. Note that the MDP in ( A.28) can be reformulated
using the action-value function Q(s;, p;) instead of V' (s;). The quantity w;:(€;+41) represents
the total fulfilled customer trips from station ¢ at time ¢ for a given realization of the noise
€;++1. Notice that in ( A.28) there are two sources of randomness: the noise due to stochastic
demand represented by ¢;, for all i € [N] and the noise due to the random distribution of

fulfilled rentals between the stations, i.e., due to the random variables Yj;, ..., Y, y for

€, t+1
all ¢ € [N]. Due to the high dimensionality involved in the state, action, and noise spaces,

solving ( A.28) is computationally challenging.
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Spatial Pricing in Two-Location Car-sharing. We first consider the pricing problem
on two stations and 12 cars in total. The state space is S = {0, 1,...,12} representing the
number of cars at station 1. All rentals are one-way. The prices, at each period t, are
restricted to py; € [1,6] and po; € [1,7]. The stochastic demand functions at period t are
given by: Dyy(pit, €14+1) = 9—p1r+€1441 and Doy (par, €244+1) := 10— poy + €244 for stations 1
and 2 respectively. The random variables €; ;41 and €341 are independent, discrete uniform,
each supported on {—3,—2,...,3}. We use the discretized expected demands, as our actions:
dir € {3,...,8} and dy € {3,...,9}. The lost sales cost is 2 at both stations.

Spatial Pricing in Four-Location Car-sharing. Consider the car-sharing problem
for four stations with § = 20 cars and d;; € {3,4} for each station. In total there are 1771
states and 16 actions. The random variables €;,4; are independent, discrete uniform, each
supported on {—3,—2,...,3}. We consider both one way and return trips at each station.
Figure 14b shows an illustration of the stations (nodes) and the rentals between the stations
(arcs). The probabilities ¢;; = 0.25 for all 4,5 € {1,2,3,4} and the lost sales costs (p;) are
1.7,1.2,1.5,2 at stations 1, 2, 3, 4, respectively. The distance between the stations are taken
such that [;; = 1 if ¢« = j, and the other distances being symmetrical, meaning /;; = [;; with

l12 = 18, l13 = 15, 114 = 14, 123 = 16, l24 = 11, and l34 =1.2.
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(b) Pricing problem with 4 stations.

r>0
(a) Repositioning problem with 2 sta-
tions.

Figure 14: Illustrations of the repositioning and pricing car-sharing problems.
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A.4.3 Sensitivity Analysis

We also perform sensitivity analysis on the five algorithms with respect to the learning
rate and exploration parameters r and e for the car-sharing problem with two stations. Here,
r controls the polynomial learning rate defined by, «,(s,a) = 1/v,(s,a)” and e controls the
e-greedy exploration strategy, where € is annealed according to €(s) = 1/v(s)®. We use
v(s,a) and v(s) to denote the number of times a state-action pair (s,a) and state s, have
been visited, respectively. We report our results in Table 3. These results show the average
number of iterations and CPU time until each algorithm first reach 50%, 20%, 5%, 1%
relative error for each case of the parameters e and r while keeping all other parameters
as before. The “-” indicates that the corresponding % relative error for the corresponding
case was not achieved during the course of training. The values in the table are obtained
by averaging five independent runs for each case. Except for the few cases where BCQL
performs slightly better, LBQL once again drastically outperforms the other algorithms
and exhibits robustness against the learning rate and exploration parameters, an important
practical property that the other algorithms seem to lack.

The effect of varying parameters m and K of LBQL is presented in Figure 15. These plots
are obtained by tuning parameters m € {1, 10,50, 150,200} and K € {1,5,10, 100,1000} of
LBQL algorithm in the car-sharing problem with two stations. All other parameters are kept
the same as before. Figures 15a and 15¢ show the mean total reward with a 95% CI. Figures
15b and 15d show the mean and 95% CI of the relative error given by: ||V, — V*||2/||V*|2.
The results are obtained from 10 independent runs. Using larger values of m reduces the
strength of LBQL in both the performance and relative error metrics, as shown in Figures
15a and 15b. This is expected since the effect of the bounds fades as we update the bounds
less frequently. Interestingly, we can see from the performance plot that m = 10 strikes a
good balance between how often to do the bounds and Q-learning updates and achieves a
performance that is slightly better and more stable than that of m = 1 after about half of the
training process (50,000 steps). In terms of the sample size K, Figures 15¢ and 15d clearly
show that larger values of K improve the performance of LBQL in terms of performance

and relative error measures. This is not unexpected because a larger sample yields a better
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approximation of the penalty.
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Figure 15: Plots showing the effect of tuning the parameters m and K of LBQL algorithm.
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Table 3: Computational results for different exploration & learning rate parameters. Bold

numbers indicate the best performing algorithm.

LBQL

% Relative error

e T 50% 20% 5% 1%
n t(s) n t(s) n t(s) n t(s)
04 05 36726 19 9,323.6 4.6 18,456.6 8.9  33,054.0 15.7
06 3,632.0 1.7 9,147.4 4.4 18,270.0 8.6  39,624.8 18.6
0.7 3,725.2 1.8 9,087.4 4.3 18,217.8 8.6 41,941.2 19.7
0.8 3,698.2 1.8 9,321.8 4.4 20,860.0 9.9 53,752.6 25.6
09 3,992.2 1.9 10,119.2 4.9 23,070.2 11.0 80,252.8 384
0.5 0.5 3,316.0 1.6 8,040.2 3.8 15,050.2 7.2 27,912.8 13.2
0.6 3,014.4 1.7  8,529.4 4.0 16,595.6 7.9 36,100.2 17.0
0.7 3,531.8 1.7 8712.8 4.1 17,835.6 8.6 46,010.0 21.9
0.8 3,449.2 1.6 8,571.8 4.0 18,152.6 8.5 65,007.6 30.4
09 3,3984 1.6 8,346.4 3.9 18,844.8 8.8 99,820.2 46.6
0.6 0.5 2,877.4 1.3 7,129.0 3.3 13,046.0 6.2 23,822.0 11.2
0.6 3,182.8 1.5 8,066.0 3.8 15,4214 7.3 33,286.0 15.6
0.7 2,9794 14 7,625.6 3.6 15,414.6 7.2 34,238.0 15.9
0.8 3,272.6 1.6 8,431.0 4.1 17,809.2 8.5 114,032.8 54.2
09 3,185.6 1.5 8,480.0 4.1 19,2424 9.2 123,331.2 58.8
04 0.5 3,200.8 1.0 224550 7.0 65329.0 20.3 107,785.6  33.7
0.6 4618.2 1.5 43,724.6 13.6 159,662.6 49.6 292,421.0 34.9
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Table 3: (continued)

SQL

% Relative error

e T 50% 20% 5% 1%
n t(s) n t (s) n t(s) n t(s)
0.7 8,009.4 2.5 1234842 384 - - - -
0.8 17,2870 5.3 - - - - - -
09 67,162.2 20.9 - _ ] _ )
0.5 05 2,209.6 0.7 15604.0 4.9 48,7156 15.3 80,317.4  25.2
06 3,274.2 1.0 314228 9.8 124,319.6 38.7 243,101.4  75.6
0.7 5,619.6 1.8 89,857.0 27.8 - - - -
0.8 11,4170 3.6 - - - - - -
0.9 42,6054 13.1 - _ ] ] )
06 05 11,8304 0.6 11,639.6 3.6 35,763.0 11.1 61,249.0 19.0
06 2,612.4 0.8 235716 74 92,101.4 288 177,127.6  55.5
0.7 4371.2 1.3 66,526.0 20.5 - - - -
0.8 9,028.2 2.8 297,368.6 17.9 - - - -
09 31,673.6 9.8 - - - - . }
0.4 0.5 7,750.6 1.9 37,8890.8 9.1 93,820.0 22.5 141,171.0 33.8
0.6 11,3294 2.8 75364.0 183 233,422.0 564 - -
0.7 20,1314 4.8 212;767.0 51.0 - - - -
0.8 46,986.8 11.3 - - - - - -
0.9 182,890.0 43.8 - - - - - -
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Table 3: (continued)

QL

% Relative error

e T 50% 20% 5% 1%
n t(s) n t (s) n t (s) n t(s)
0.5 0.5 6,122.2 1.5 30,9448 74 79,1674 19.0 120,527.8  29.0
0.6 9,166.6 2.2 62,540.6 14.9 201,822.4 48.2 - -
0.7 15,835.6 3.8 174,233.6 42.0 - - - -
0.8 36,548.8 8.7 - - - - - -
0.9 157,029.0 37.7 - - - - - -
0.6 0.5 4984.0 1.2 24989.0 6.0 64,6054 154 98,554.6 23.6
0.6 7,396.2 1.8 50,2824 12.0 165,574.2 39.8 - -
0.7 13,0188 3.1 143,142.6 34.1 - - - -
0.8 292010 6.9 S ] ] ] )
0.9 1223356 29.2 S _ ] ] )
0.4 0.5 7,743.0 1.7 38,114.2 82 93,303.4 20.2 136,851.4  29.6
0.6 11,6440 25 76,625.0 16.6 232,679.4 50.9 - -
0.7 20,181.6 4.4 2124014 46.3 - - - -
0.8 45987.2 10.1 S _ ] ] )
0.9 191,442.2 41.9 - - - - - -
0.5 0.5 6,143.6 1.3 30,996.2 6.8 78,131.8 16.9 116,361.2  25.3
0.6 9,331.6 2.0 63,998.2 13.9 204,593.6 44.6 - -
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Table 3: (continued)

Double-QL

% Relative error

e T 50% 20% 5% 1%
n t(s) n t (s) n t(s) n t(s)
0.7 16,247.0 3.5 178,842.8 384 - - - -
0.8 38,2970 8.2 - - - - - -
0.9 165,835.8 35.7 - - - - - -
0.6 0.5 5,005.2 1.1 248772 54 63,777.8 13.7 96,402.0 20.8
0.6 7,547.0 1.9 51,3694 13.1 166,179.2 42.3 289,882.8  46.1
0.7 13,288.2 3.1 144,318.2 33.1 - - - -
0.8 30,1726 6.5 - - - - - -
0.9 139,952.6 30.3 - - - - - -
0.4 0.5 224490.2 51.2 - - - - - -
0.6 - - - - - - B, }
0.7 - - - - - - B, }
0.8 - - - - - - - -
0.9 - - - - - - B, }
0.5 0.5 - - - - - - - -
0.6 - - - - - - - -
0.7 - - - - . - . ;
0.8 - - - - - - - -
0.9 - - - - - - - -
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Table 3: (continued)

% Relative error

e r 50% 20% 5% 1%

n t(s) n t(s) n t(s) n t(s)

0.6 0.5 - - - - - - - -

0.6 - - - - - -

0.7 - - - - - -

0.8 - - - - - - - -

0.9 - - - - - -
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Appendix B

B.1 Proofs for Chapter 4

B.1.1 Proof of Proposition 3.2.1
Proof. We prove part (a) by induction. First, define

Qsfs.) =r(s.a) and Q)(s.a) = r(s.a) + A" [b(u) - =, di(si.a)]
and suppose we run value iteration for both systems:

Q;41(s,a) =r(s,a) + yE[maXaleA(s/) Q; (s, a’)},

QX (s,2) = r(s,2) + X [b(w) = X, disi, ai)] + 7 Bmaxyes QNS a)].
It is well-known that, by the value iteration algorithm’s convergence,
. Y . A T A
Q <S7 a) - tlirg Qt (S> a) and Q (Sa a) - tli)rg Qt (Sa a)'
Consider a state s € S and a feasible action a € A(s). We have,
Qé\(s? a) = T(S7 a) + >‘T [b(w) - Zf\il di(8i7 ai) > T(S, a) = QS(Sa a)'

Suppose Q2 (s,a) > Qi(s,a) holds for all s € S and a € A(s) for some ¢t > 0 (induction

hypothesis). Then,

QM1 (s,a) =7(s,a) + AT [b(w) — Zfil d;(s;, ai)} + 7 E[maxyeca Q) (s, a)]
> r(s,a) + AT [b(w) — Zi\;l d; (s, ai)} + VE[maXareA(sl) Qi (s, a’)]

> r(s,a) + v E[maxycaw) Qi (s, )] = Q; (s, a).

Thus, it follows that Q*(s,a) > Q*(s, a).
For the proof of part (b), define

Bo(w) =b(w) and Byyi(w) =b(w) + v E[By(w')].
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We use an induction proof. We have for all (s,a) € S x A,

b(w) = > di(s;, ai)]

i=1

Q3 (s,a) = r(s,a) + A"

N
Z[n Si, ;) )\Tdi(si,ai)} )\Tb ZQOZ Si, ;) )\TBO(w),

=1
where Qai(si, a;) = ri(si,a;) — )\Tdi(si, a;). Similarly, for all (s,a) € S x A,

N

b(w) — Z di(si, CLZ‘)

=1

Q1(s,a) = r(s,a) + A" +9E[maxyes Q)(s',a')]

max{z:QOZ s, ab) + ATBo(w )}]

[ri(si,al) Xd,(s;, a;) —|—”yE[maXa/€A Qs Z)H —I—)\T< (w )—I—’YE[BO(U/)D

[ri(si, a;) — X'd;(s;, ai)} +ATb(w) +vE

M= 11

=1

Qi‘,i(si, OJZ') + )\TBl(U}>

I
AMZ

=1

If we continue in this manner, we arrive at Q}(s,a) = ZZ]\LI QNi(siy a;) + ATBy(w). Finally,

we have
Q*(s,a) = lim Qf‘(s,a)
= hm ZQ“ 81, 03) + AT By(w Z QM (si,a;) + AT B(w),
which follows by the convergence of value iteration. O]
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B.1.2 Proof of Theorem 3.3.1

Proof. We first prove part (i). For a fixed A, we can define a new MDP with a reward
function given by 7;(s;, a;) — ATd;(s4,a;). It follows that the Q-learning algorithm on this
new MDP converges almost surely to the optimal action value function Q»*, see for example
[9]-

We now prove the second result: lim,_,o, Q) (s,a) > Q*(s,a). Recall that
N
Qg(sv a) - ATB?Z(U}) + Z Qén(si) a’i)'
i=1

By part (i), we have that Q},(s;, a;) — QM (s;,a;) as n — co. Also by standard stochas-
tic approximation theory, we have lim, . B,(w) = B(w) for all w [43]. Thus, we have
lim,, ,0o Q2 (s,a) = Q*(s,a) for all (s,a). The result follows by Proposition 3.2.1(a) which
states that Q*(s,a) < Q*(s,a) for any A € A.

For part (ii), we provide a sketch of the proof. The idea is similar to the proof of Theorem
1 of [25]. Assume without loss of generality that Q*(s,a) = 0 for all state-action pairs (s, a).
First, note that the iterates @’ (s,a) are bounded in the sense that there exists a constant
Dy = Ruyax/(1 —7), Rmax = maxa) [7(s,a)|, such that | (s,a)| < Dy for all (s,a) and
iterations n [26]. Next, define the sequence Dy1 = (7+€) Dy, such that y+¢ < 1 and € > 0.
Clearly, Dy, — 0.

We then proceed by induction. The goal is now to show that there exists some time ny

such that for all (s, a),
max{—Dy, Ln(s,a)} < Q. (s,a) < min{Dy, Q) (s,a)}, Vn > n. (B.1)

This would impliy that @/ (s,a) converges to Q*(s,a) = 0 for all (s, a).

To show inequality ( B.1), we have that as n — oo, the L-iterate will converge to
the Lagrangian policy’s action-value function, which gives a lower bound on Q*. Also,
Q*(s,a) < QM (s,a) by part (i). Thus by construction of @, (projection step), we can

establish that there exist some n}, such that for all n > nj we have

Lu(s,a) < Q,(s,a) < Q7 (s, a).
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Finally, given the above inequality, and combined with standard theory (see [9]), we can

establish that there must be some ny, for which ( B.1) holds for all n > ny.
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B.2 Weakly Coupled Q-learning Algorithm

Algorithm 6: Weekly Coupled Q-learning

Input: Initial estimates Ly, o, and @); o, and stepsize rules a,, B, My, and (,.
Output: Approximations {L,}, {Q.,}, and {Q;,}-

Set @ = Qo and choose an initial state s.

forn=20,1,2,... do

Choose an action a, via some behavior policy (e.g., e-greedy). Let
Qn+1(sna an) = Q;@(Sna an) + Ay, |:Tn(sn7 an) + 7y max Q%(Sn-ﬁ—l) a) - Q;L(snu an) .

Run a separate Q-learning for each A € A, for each subproblem ¢ € {1,..., N}

i}:n+1(5i,n7 Uin) = i‘n(si,m i) + Bn [T’i(si,n, Qi) — >\Tdi<5i,n7 i)

+ ymax Qg\m(si,nﬂa a;) - Q?L(Si,m ai,n)} :
a'

Update B,,;1(w,) according to equation (3.6).

Find the best upper bound:

For A € A and a € A(s,) compute Q) (s, a) using (3.7).
Set QX4 ($n,a) = minxea Q2 (0, a)

Update lower bound:

Set a),, = arg min, Q) (Sy+1,a)

Lyy1(sn,a,) = Ly(sp,a,) + G, [rn(sn, a,) + YLy (Snt1, 3211) — Ly(sp,a,) |-

Project to satisfy the bounds using (2.13).

end for
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B.3 Lagrangian DQN Algorithm

Algorithm 7: Lagrangian DQN
Input: Initialized replay buffer D, Lagrangian multipliers set A, subproblems

Qf‘-network Oy & 0, =0y

Output: Approximation {Q}
forn=20,1,2,... do
Find the best upper bound:
For A € A and a € A(s,,) find Q) (s,,a) per (3.11).
Choose an action a,, via some behavior policy (e.g., e-greedy(Q?")), observe the
transition experience and store (s,, a,, d,, rn, by, S,4+1) in D.
Update B,,;1(w) according to equation (3.6).
Update subproblems network:
Sample a minibatch of transitions 7 from D along with random A.
fori=1,..., N do
Compute targets y; as per (3.13).
Perform a gradient descent step on (3.12).
end for

end for

B.4 Numerical Experiments Details

A discount factor of 0.9 is used for the EV charging problem and 0.99 for the multi-
product inventory and online stochastic ad matching problems. In the tabular setting, we
use a polynomial learning rate that depends on the state-action pairs visitation given by
an(s,a) = 1/v,(s,a)”, where v, (s, a) represent the number of times (s,a) has been visited
up to iteration n, and r = 0.4. We also use an e-greedy exploration policy given by €(s) =
1/v(s)¢, where v(s) is the number of time the state (s) has been visited and e = 0.4. In

the function approximation setting, we an e-greedy policy that decays € from 1 to 0.05 after
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200,000 steps. All state-action value functions are initialized randomly. Experiments were
ran on a shared memory cluster with dual 12-core Skylake CPU (Intel Xeon Gold 6126 2.60
GHz) and 192 GB RAM /node.

B.4.1 EV Charging with Exogenous Electricity Cost

In this problem, there are in total three charging spots N = 3. Each spot represents a
subproblem with state (ct, B; ¢, D;), where ¢; € {0.2,0.5,0.8} is the exogenous electric cost,
B;; < 2 is the amount of charge required and D;; < 4 is the remaining time until the EV
leaves the system. The state space size is 36 for each subproblem. At a given period ¢, the
action of each subproblem is whether to charge an EV occupying the charging spot a;; = 1
or not a;; = 0. A feasible action is given by Zfil a;+ < b(c), where 5(0.2) = 3,0(0.5) = 2,
and b(0.8) = 1. The reward of each subproblem is given by the reward function,

/

(1 — ct)ai,t if Bz’,t > 0, Di,t > 1,

i((ct, Big, Dig), aiy) = (1—c)ais — F(Biy —a;) if Biy >0,D;4 =1,

0, otherwise,
\

where F(B;;—a;;) = 0.2(B;;—a;;)? is a penalty function for failing to complete the charging
of the EV before the deadline. The endogenous state of each subproblem evolves such that
(Bit+1, Digy1) = (Big—ais, Diy—1)if D;y > 1, and (B 441, Dit+1) = (B, D) with probability
q(D, B) if D; < 1, where ¢(0,0) = 0.3 and ¢(B, D) = 0.7/11 for all B > 0 and D > 0. On

the other hand, the exogenous state ¢; evolves following the transition probabilities given by:

04 0.3 0.3
P(CtJrl‘Ct) = 0.2 0.5 0.3
0.6 0.2 0.2
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B.4.2 Multi-product Inventory Control with an Exogenous Production Rate

We consider manufacturing K = 5 products. The exogenous demand Dy, for each prod-
uct k € {1,2,...,5} follows a Poisson distribution with mean value pj. The maximum
storage capacity and the maximum number of allowable backorders (after which lost sales
incur) for product k are given by N, and My, respectively. The state for subproblem k
is given by (pg,xy), where z, € Xy = {—My, —M; + 1,..., Ni} is the continuous inven-
tory level for product k, and p, is an exogenous random Markovian noise with support
{0.8,0.85,0.9,0.95,1.,1.05,1.1,1.15,1.2}. A negative stock level corresponds to the number
of backorders. For subproblem k, the action a; is the number of resources allocated to the
product k. The maximum number of resources available for all products is U = 4 so a
feasible action is such that ), ay < 4. Allocating a resource level a;, yields a production
rate pg(ag, pr) = pe(10ax)/(5.971 + ax). The cost function for product k, cx(pk, Tk, ax), is
the sum of the holding, backorders, and lost sales costs. We let hy, by, and [ denote the
holding, backorder, and lost sale costs per unit respectively. The cost function cx(pg, x, ax)

is given by,

i (Prs iy ar) = hi(zr + pr(ar, pr))+ + be(—xk — pe(ar, pr))+

+ 1((Dx — 2k — pr(ag, pr))+ — My)+,

where (.); = max(.,0). We summarize the cost parameters and the mean demand for each

product in Table 4. Finally, the transition function for subproblem £k is given by

f(pes Tty agt) = (Peyr, max(min(zg ¢ + pr (ks pt) — Dits Nit), —Mit)),

where the exogenous noise p; evolves according to a transition matrix sampled from a Dirich-

let distribution whose parameters are each sampled from a uniform U(1,20) distribution.
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Table 4: Multi-product inventory environment parameters

Product k 1 2 3 4 5

Storage capacity Ny 10 11 16 20 25
Maximum backorders M, 5 10 7 15 12

Mean demand p, 1.3 1.2 14 15 1.6
Holding cost hy 1.3 1.2 1.1 14 5
Backorders cost b, 6 5 15 12 8
Lost sales cost 1; 12 11 25 30 10

B.4.3 Online Stochastic Ad. Matching

In this problem, a DM needs to match N = 6 advertisers to arriving impressions [27].
An impression e; € F := {1,2,...,5} arrives according to a discrete time Markov chain
with transition probabilities given by Pg(esy1]e¢), where each row of the transition matrix
Pr is sampled from a Dirichlet distribution whose parameters are sampled from a uniform
distribution U(1,20). The action a;; € {0, 1} is whether to assign impression e, to advertiser
1 or not. The DM can assign an impression to at most one advertiser, Zf\il a;+ = 1. The
state of advertiser ¢, x;; gives the number of remaining ads to display and evolves according
to ;441 = Siy —a;y. The initial state is 2o = (10, 11,12, 10, 14,9). The reward obtained from
advertiser ¢ in state s;; = (er, Ti1) is 1i(er, Tig, i) = lie, min(z; 4, a;4), where the parameters
lie, ~U(1,4).

Training settings. We train the algorithms for 6000 episodes on the EV charging
and the multi-product inventory control problems and for 10000 episodes on the online
stochastic ad matching problem. Each episode consists of 50 time steps except for the online
ad stochastic ad matching problem which consists of 80 steps. The result of each algorithm
is averaged over 5 runs. We use a neural network architecture that consists of two hidden

layers, with 64 and 32 hidden units respectively, for all algorithms. A rectified linear unit
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(ReLU) is used as the activation function for each hidden layer. All algorithms were trained
using Adam with a learning rate of 0.0001 [39]. For Lagrangian DQN and WCDQN, we use
a Lagrangian multiplier A € [0, 10], with a 0.1 discretization. We also used an experience
buffer of size 500,000 and initialized it with 100,000 experience tuples that were obtained
using a random policy. For the WCDQN algorithm, we set the penalty coefficients 7, and

7y to 1 and 10, respectively.
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Appendix C

C.1 Proofs for Chapter 3

C.1.1 Proof of Proposition 4.3.2

Proof. Let fi(w;) = Vi1 (Xa1) — Zije[N] pijt(dije + €ij1 — wije) for a given €, t =1,...,T.

We first show that the solution wj;, = min (d;;; + €, 0ij,t) for all i,j € [N], is optimal

ijt
for the maximization problem in (4.2) confirming thus that J;(z;,dy, 0y, €) = fi(w]), for
t=1,....T.

Suppose, on the contrary, for some ¢, there exist an optimal solution wy, , < min (dg; +
€kt Oe) for some k,l € [N], w.lo.g. Denote by x; , the state in period ¢ + 1 under wy.
Let € = min (dg+ + €xit, Orat) — Wiy ¢ > 0, then the solution constructed by wy; = wy,, + €
for any ij # kl is still feasible solution to (4.2) and

and Wijt = zy n

fe(we) = Viga (Xe1) — Z Piji(dije + €t — Wijt)
ij€[N]

§ : /
- ‘/tJrl Xt+1 pzy, z]t + €ijt — ij,t) + Pkl tE-
ij€[N]

(C.1)

Note here if k = [ then xj,, = X441, i.e., Viy1(xe11) = Viqa(x},,) therefore fi(w;) >
fi(wi). We claim that f;(w;) > f;(wy}) still holds for the case when k # [, forallt =1,...,T.
We give a proof by induction. At time 7', we have

fr(wr) = Vri(Xrg1) — Z pijr(dijr + €ijr — w;j7T> + PR TET
ijE[N]

= - Z pijr(dijr + €ij0 — w;j,T) + Pkl,TET
ije[N]

= fT(W/T) + PriTET

> fr(wr).
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Thus, our claim is true at time 7. Suppose it is true at time t + 1, i.e., fii1(Wep1) >

fe41(wi ). Then, at time t, we have

fe(wi) = Vigr (Xe41) — Z Piji(dije + €ije — Wi ) + prices
ijE[N]

= max Zpij,t—&-l(dij,t-irl)E[(WtJrl)ij] + E[fiy1(Wig1)]

Yi+1€Y(X¢41) P
- Z Pijtr1(dijes1 + €t — ng,t) + PriiEt
ij€[N]
> max > Piira(dije ) BIWii 1 )i] + Elfipa(wiyy)]
yer1€Y(xe41) | 4
ijE[N]
- Z Pijir (dijig1 + €ij.0 — ng,t) + Pk i€t
ij€[N]
= Vi (Xi1) = D pigent (i + €50 — wie) + priges
ijE[N]

= fi(W}) + prie
Z ft(wbv

where the second equality follows by definition of Viii(x411), wir1 and fir1(wyp1). The
first inequality follows because wyy1 > wy,; and fi11(Wep1) > fir1(Wip,) by the induction
hypothesis and because expectation is a linear operator. Accordingly, w, is optimal, for
t=1,...,T.

We now turn to prove the concavity of the value function. Clearly, Vi1 (x741) is concave.
Suppose that Vi 1(x;41) is concave for some t < T. We have the objective in (4.2) is jointly
concave in x;,d;, 8; and w;. Since the constraint set is convex, then for any €;, we have
Ji(x¢,dy, 0y, €;) is jointly concave in x;,d;, and 6; by Proposition 2.1.15 in [60]. By the
linearity of the expectation, we have E[J;(x;,d;, 6, €;)] is jointly concave in x;,d;, and 6.
Since the rest of the terms in the objective of (4.1) is concave and the constraint set is again

a convex set, we have V;(x;) is concave in x;. O
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C.1.2 Proof of Theorem 4.4.1

Proof. The proof that wj;, = min (dij; + €554, 0ij,t) Vij € {1,2}, is optimal for the maxi-
mization problem in (4.3) is similar to the one given in Proposition 4.3.2.

For the second part of the theorem, we will first do the following variable transformation
o (4.3):
Let 0?12,15 = Tt — d12,t,CZ21,t = _d21,t7w12,t = Ty — w12,t7w21,t = _w21,t7é21,t = _021,t7é12,t =
2y — 194, and let dg, 0, and ¥, = (dioy, dory, 0194, 0214) € Y(x;) denote the transformed

decision vectors where the transformed feasible set Y(z;) is given by:
y(fft) = {y : d12,t_a7t < —C_iu,t, ft—dlz,t < J12,t, CZQl,t < —C_igua J217t > —d21,t>912,t > 0,9~21,t > ft—f}-
Equivalently, we can write (4.3) as

Vt*(xt) = max {Pn,t(dn,t)E[miﬂ(dn,t + €111, élQ,t)]

vi€Y(xt)

+ Psot(doos)Elmin(dag s + €204, T — x4 + 01 )]
+ Py, t(a:t dyo)E[min(z; — dioy + €104, 21 — O124)]
+ Py 4(—do ) E[min(— CZQM + €214, _é21,t>]

E[J, (27, d, 6, et)]}

Jt(l’t, dt: éu Gt) = max {W+l(wl2,t - 71121,15) - Z pij,t+1(dij,t+1 + €5t — wij,t)

W12,¢,W21,t €W 1.2} i=
— plQ,t(_sz,t + €194 + Wi2) — p21,t(_d21,t + €21+ + @21,15)}
where,
W, = {w: é127t — w2 <0, d12,t — W2t < €124, JQl,t — Wary < €214, 0~21,t — Wiy <0,
Wiy — dirg < €114, Wonr — doot < €94}

(C.2)

We now show by induction that L-concavity is preserved in the dynamic program recursion.
Clearly Vi, (2441) is Li-concave. Assume that it holds for ¢ + 1, then using Lemma 1 in [21]
V;H—l(le,t - 1521,t) is L*-concave in (ﬂUt,é12,t,9~21,t76212,t,d21,t> 1@21,t,7])21,t) for t < T. The LA

concavity of the rest of terms is straight-forward to verify. By Proposition 1. part (f) in [19]
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the constraint set in W is Li-convex then by Lemma 2 in [21] Jy(xy, dt, ét, €t) is Li-concave
in (x, é12,t; 9~21¢, aim, Jm, Way ¢, Way ¢). Since Lb—concavity is preserved by expectation and
the rest of the terms in the objective of ( C.2) are Li-concave, (see Proposition C.1.1), then
the objective function is also L*-concave in (x, élg’t, 921715, cilzt, czgl). By Proposition 1. part
(f) in [19] the constraint set ) is L*-convex. Finally, by Lemma 2 in [21] we have Vj(x;) is
Lf-concave in z;. By Proposition 1. of [20], the optimal solution HAIQ,t(xt), cf’{lt(act), é;u(xt),
and czgu(xt) are all nondecreasing in z; and for any w > 0, the following inequalities hold,
de,t($+W) < CZTz,t(x)WLW , dél,t@"’“’) < Jél,t(w)ﬂw, éfz,t(mﬂ%") < éiQ,t("L‘)—’_w g é;l’t(x%—w) <
5317,5(93) + w. Since we have 6212,15 = 2 — digg, dory = —dorg, Oy = —921,t,é12,t = x; — thay,
it follows that 67, (7)), diy,(z:) and 05, (x),d5, ,(2;) are nondecreasing and nonincreasing
respectively in x,. Moreover, for any w > 0, the following inequalities hold. dj, (v + w) <
dig () +w, diy 4 (2 +w) = d5; (1) —w, 01, (z +w) < Oy (2) +w, 05 (2 +w) =05 () —w.
Q.E.D. 0

Proposition C.1.1. Under conditions (C1) and (C2), Ry (612) = Pi1(dyy)E[min(dy; +
€11, élZ)];

Ros(z, 9~21) = Py (da2)E[min(deg + €92, 19 — v+ 521)]; R12(CZ127 z, é12) = Pz — d12)E[miﬂ($ —
d12 + €12, T — élg)] and Rgl(dgh 521) = P21<—J21)E[Hlin(_dv21 + €21, —921)] are Lh—concave m

their respective variables.

Proof. First we start by showing that Rn(élg) = Py1(d11)E[min(dy; + €11, 512)] is Li-concave
in élg. Note that since we fix dj; then we only need to show that Ry; is Lf-concave in ém.
It is enough to show that R11<é12 — () is supermodular in (élg, ()for(e{(:0<(< éIQ}.
Note that we can write Rn(élg — () as P11(d11)d1 + Pi1(dyp)E[min(eqq, 0y — ¢ —dn)

82R11
901,0¢

= Pn(dn)Fl(éH —( —dn)

> —Pfl(dll)p(ém —(—dn)

>0

Where the first inequality follows from (C2) and the second inequality follow from Pj; < 0.
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Similarly, we fix dos and study the Lf-concavity of RQQ(a:,égl) = Pyy(dye)E[min(dyy +
€99, Lo — T + 921)]. We need to show that Ras(z — (, Oy — () is supermodular in (z, 01, ().
But Ros(z —(, Oy — ()= Ras(x, 521), so it is enough to show that Rgs(x, 921) is supermodular
in (x,0).

Note that we can write Rao(z, 521) as Pao(dag)das + Poo(des)E[min(€gn, xg — doo — = + 0~21)].

82R22
8958521

= Pyo(dog) F'(xg — dog — x + 9~21)

> — P}y (da2) F (g — daz — x + 1)

> 0.

Where the first inequality follows from condition (C2) and the second inequality follow from
Py, <0.

To show that R12(c212, x, éu) = Pp(x — cflg)E[min(x —dyp + €12, T — élg)] is Li-concave
in ((Ju,x,élz), it is enough to show that ng(cilz — (o — C,élg — () is supermodular in
(dlg, z,(). But ng(dlg —Cox—C b — () = ng(dlg, x, é12)7 so we show that ng(dlg, x, élg)
is supermodular in (dys, z,015). Note that we can write Ryy(dya, ,012) as Pry(x — dyo)(z —
di2) + Pio(r — dio) E[min(er2, diz — 012)].

0?R1y

Ody20x

= —QPIIQ(ZL‘ — dlg) — P{IQ(ZL‘ — dAlg)(ilf — dlg) — P{IQ(ZE — dAlg)E[min(Elg, dAlg — élg)]
+ Pllz(.f — dAu)F(dAlg — ém)
If P5(d) <0 then,

% 9P (1 — du) — Ply(x — dio)Emin(z — dis + 19,7 — O12)]
+ Ply(x — dio) F(diz — 012)
> 2P, (x — dio) + Ply(x — dyo) F(dys — 015)
> 0

Where the first inequality follows since E[min(z — dyp + €12, T — 912)] > () and the second

inequality follow from P/, < 0.
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If P%(d) > 0 then,

82R12
adAlgal’

= —2P1/2(LE — Cilz) — P{/Q(LC — 6212)(1’ — 6212> — P{é(l’ — dlg)E[miH(Elg, 6212 — éu)]
+ Pll2($ — Cim)F(Cle — élg)
> —2P}y(x — dz) — Ply(x — dio)(x — d1a) + Ply(w — daz) F(dra — 612)

> —(Ply(z — dia) + P"5(z — dia)(x — di2))

v

0

The first inequality follows from E[min(eo, dip — élg)] < Ele1p] = 0. The second inequality
follows since —Pll2<$ — Cilz) -+ P{Q(QI — CZlg)F(CZu — ém) = —P{Q(;E — Czlg)F(Cilz - éu) Z 0 and
the last inequality follows from condition (C1).
Deriving with respect to dlg and élg,
82Rl? _ p! 7 N A ) 7 13 2

———— = Py(x — di2) F(dia2 — 012) + Pia(x — di2) F'(d12 — 612)
0d1200,2

= —P{Q(SL’ — dAlz)F(dAlz — élg)[—l + Q(fC — &127 xr — élg)]

>0

Where the last inequality follows from condition (C2).
Deriving with respect to 015 and x,

82R12

5@ 81‘ = —P{Z(I — Czlg)F(Czlg — élg)
12

>0

Finally, we prove the L-concavity of Rzl(ng, 521) = P21(—J21)E[min(—cigl + €91, —521)] in
(da1,01). We do that by showing Ray(day — ¢, 051 — ¢) is supermodular in (day, 61, ¢) for
CefC:0< (<0},

Note that we can write Ryi(dy — €, 02 — ¢) as Py (—day + C)(—=day + ¢) + Por(—doy +
¢()E[min(ezr, —0a; + day)]-

82R21
0dy10¢

= —2P5, (¢ — do1) — P (¢ — dn)(C — don) — P (¢ — don)E[min(ear, doy — 0a1)]

+ P211(C - CZ21)F(CZ21 - 521)
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If P} (d) <0 then,

82 R21
ddy ¢

= —2P} (¢ — d21) — P, (¢ — dor)E[min(¢ — day + €21, — 021))]
+ Py (¢ — do1)F(day — 02n)

> —2P3, (¢ — do1) + P}y (¢ — do1) F(do1 — 0n)

>0

Where the first inequality follows since E[min(¢ — doy + €21,( — 521)] > 0 and the second
inequality follow from Pj; < 0.
If PJ(d) > 0 then,

82 Rzl
Ddo1OC

= —2P} (¢ — da1) — P (¢ — don)(¢ — da) — P3i(C — dor) E[min(ear, oy — 1))
+ Py (¢ — do1 ) F(day — 0a1)
> 2P} (¢ — do) — P3(¢C — dnn) (¢ — dar) + Py, (¢ — day) F(day — 1)

> —(P3(C — doy) + P"PA(¢ — don )(C — don))
0

v

The first inequality follows from E[min(ey, doy — 521)] < Eleg1] = 0. The second inequality
follows since _P2/1(< — J21> + P2,1(C — J21>F(Ci21 — 521) = _P2/1(C - dQl)F(JQl - égl) Z 0 and
the last inequality follows from condition (C1).

Deriving with respect to 0721 and 9~21,
62R21 o / 7 =/ 7 ~ 1 ¥t ~
———— = Py (C— da1) F(da1 — 021) + Por(C — do1) F'(do1 — 0n1)
= —P},(¢ = do) F(day — 021)[=1 + 0(C — da1,{ — 01)]
>0
Where the last inequality follows from condition (C2).

Deriving with respect to fy; and ¢,

82R21 ~ _ o~ ~
- = —Py (¢ —do)F(doy — 0
aé’zlaf 21(C 21) ( 21 21)

>0
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