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Numerical analysis, testing and adaptive timestep considerations for filtered

implicit methods

Stephen Michael McGovern, M.S.

University of Pittsburgh, 2022

Pre- and post-filters can be added to many classic numerical methods to generate higher

order methods with strong stability properties. In this paper we test and analyze two filtered

Implicit Euler methods. The two methods are a natural embedded pair, so we also explore

variable timestep using their difference as an error estimator at each step.
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1.0 Introduction

There are many classic numerical methods for differential equations which are well-

studied, effective and generally easy to implement. Methods such as those from the BDF

family and Runge-Kutta family fall into this category. They are used often in applications

and legacy codebases across different fields.

Naturally, needs arise in these applications for improved methods, but stringent testing

requirements must still be met within a reasonable time frame. Therefore a balance of accu-

racy, stability and testing concerns must be kept in mind. In addition, ease of implementation

and cognitive complexity are also factors to be considered.

To address these needs for improved methods, it has been shown that new, higher order

methods can be generated by adding inexpensive pre-filtering and/or post-filtering steps to

many of the classic methods [5] [6] [4] [8]. Typically, these pre- and post-filters are only

a few lines of code each. This keeps cognitive complexity and implementation times low.

Moreover, the new methods have favorable accuracy and stability properties despite the

relative simplicity of the code modifications.

The objective of this paper is to numerically test, analyze and review the derivation

of two novel, Implicit Euler-based, filtered methods from [4]. There they were primarily

tested on the Navier-Stokes Equations. Here we will test them on a few stiff and oscillating

problems.

The first method is a second order, pre-filtered variant of Implicit Euler. We will follow

the original naming convention and call it IE-Pre-2. The next method has the same pre-filter

and solve step as IE-Pre-2, but adds an additional post-filtering step. This new method is

third order. We will refer to it as IE-Pre-Post-3.

Finally, these two methods are a natural embedded pair because the second order method

is performed at each step of the third order method. Denote the value computed from IE-

Pre-2 as y2ndn+1 and the the value computed from IE-Pre-Post-3 as y3rdn+1. Then we can use the

1



following

EST = |y3rdn+1 − y2ndn+1|

as an estimator of the error at each step. We will discuss how to adapt the timestep using this

estimator and discrete curvature ideas. An adaptive pre-filter and post-filter are presented,

along with an adaptive implementation using halving and doubling. Code will be available at

https://github.com/stevemcgov for the test problems and the filtered methods presented

here.
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2.0 The Filtered Methods

The filtered methods we will analyze and test are based on the Implicit Euler method.

Pre- and post-filters are added to the method to induce higher order methods with strong

stability properties. We will compare them to BDF methods of like orders.

The first method, IE-Pre-2, is a second order pre-filtered method from [4]. From the same

source, IE-Pre-Post-3 has the same pre-filter as IE-Pre-2 but then adds a post-filter after

the Implicit Euler solve. We will cover their derivations, stability properties and accuracy.

Both methods were primarily tested on the Navier-Stokes equations in [4]. We will test

the methods on some stiff and oscillating problems of the form y′ = f(t, y) in the following

sections.

We first state the original method setup from [4]. For the Navier-Stokes equations with

a suppressed spatial discretization, Implicit Euler reads:

un+1 − un

∆t
+ un+1 · ∇un+1 − ν∆un+1 +∇pn+1 = 0and∇ · un+1 = 0

With the pre- and post-filters [4]:

Step 1) Pre-filter ũn = un − 1

2
(un − 2un−1 + un−2)

Step 2) IE Solve


1
∆t
un+1 + un+1 · ∇un+1 − ν∆un+1 +∇pn+1 = 1

∆t
ũn

∇ · un+1 = 0

Step 3) Post-filter un+1
3rd = un+1 − 5

11
(un+1 − 3un + 3un−1 − un−2)

3



We will test the underlying idea on problems of the form y′ = f(t, y). Rewriting the

above method:

Step 1) Pre-filter ỹn = yn −
1

2
(yn − 2yn−1 + yn−2)

⇐⇒ ỹn =
1

2
yn + yn−1 −

1

2
yn−2 ,

Step 2) IE Solve
yn+1 − ỹn

k
= f(tn+1yn+1)

Step 3) Post-filter y3rdn+1 = yn+1 −
5

11
(yn+1 − 3yn + 3yn−1 − yn−2)

⇐⇒ y3rdn+1 =
6

11
yn+1 +

15

11
yn −

15

11
yn−1 +

5

11
yn−2

Note that we altered the notation slightly, swapping u for y and ∆t for k. Here step 2 is

using the standard Implicit Euler but with the pre-filtered value ỹn:

IE: yn+1 = ỹn + kf(tn+1, yn+1)

2.1 IE-Pre-2

According to [4], completing all three steps above yields the third order method IE-Pre-

Post-3 (to be discussed in a subsequent section). Interestingly, completing just the first two

steps above can be viewed as a standalone second order method. We use the original naming

convention and refer to it as

IE-Pre-2 : Pre-filtered Implicit Euler, Second Order

The method reads as follows:

Step 1) Pre-filter ỹn =
1

2
yn + yn−1 −

1

2
yn−2 ,

Step 2) IE Solve
yn+1 − ỹn

k
= f(tn+1, yn+1)

It is second order accurate and L-stable.

4



2.1.1 Local Truncation Error for IE-Pre-2

We can show that IE-Pre-2 is second order with the usual Taylor expansion methodology.

Starting with

ỹn =
1

2
yn + yn−1 −

1

2
yn−2

yn+1 − ỹn = kf(tn+1, yn+1)

Add these equations and then set f(tn+1, yn+1) equal to h(y′)n−1. This yields:

yn+1 =
1

2
yn + yn−1 −

1

2
yn−2 + k(y′)n−1

⇐⇒ 0 = yn+1 −
1

2
yn − yn−1 +

1

2
yn−2 − k(y′)n−1

The Taylor expansions are:

yn+1 = yn+1

−1

2
yn = −1

2
yn+1 +

1

2
ky′ − 1

2
· k

2

2
y′′ +

1

2
· k

3

6
y′′′ +O(k4)

−yn−1 = −yn+1 + 2ky′ − 4k2

2
y′′ +

8k3

6
y′′′ +O(k4)

+
1

2
yn−2 =

1

2
yn+1 − 1

2
· 3ky′ +

1

2
· 9k

2

2
y′′ − 1

2
· 27k

3

6
y′′′ +O(k4)

−k(y′)n−1 = − ky′

LTE = O(k3)

We can see after adding the rows above that the first three columns on the right-hand

side cancel out. The first nonzero term, and consequently the LTE, is O(k3). After the

accumulation of the LTE at each step, the global error is then O(k2). Thus we have shown

IE-Pre-2 is second order.

5



2.1.2 Derivation of IE-Pre-2

Here we cover how to choose the pre-filter and derive the method. It’s noted in [4] that

a 2-point pre-filter for Implicit Euler does not affect the order of the scheme, however, it

can help to improve some of the error constants. A 3-point pre-filter on the other hand can

affect the order of the scheme in a favorable manner. The Robert-Asselin filter [3][12] was

used in the method development as a pre-filter. It is:

ỹn = yn −
α

2
(yn − 2yn−1 + yn−2)

⇐⇒ ỹn = (1− α

2
)yn + αyn−1 −

α

2
yn−2

From here we can show how to derive IE-Pre-2 with a constant time-step. The goal is

to determine which value for α will result in an O(k3) local truncation error (LTE). A third

order LTE will accumulate into a second order global error, i.e. provide us with a second

order method. Start with

ỹn = (1− α

2
)yn + αyn−1 −

α

2
yn−2

yn+1 − ỹn = kf(tn+1, yn+1)

and add. Then rewrite f(tn+1, yn+1) as k(y
′)n+1 and we have:

yn+1 = (1− α

2
)yn + αyn−1 −

α

2
yn−2 + k(y′)n+1

⇐⇒ 0 = yn+1 − (1− α

2
)yn − αyn−1 +

α

2
yn−2 − k(y′)n+1

6



Taylor expanding each term yields:

yn+1 = yn+1

−(1− α

2
)yn = −(1− α

2
)yn+1 + (1− α

2
)ky′ − (1− α

2
) · k

2

2
y′′ + (1− α

2
) · k

3

6
y′′′ +O(k4)

−αyn−1 = −αyn+1 + α · 2ky′ − α
4k2

2
y′′ + α

8k3

6
y′′′ +O(k4)

+
α

2
yn−2 =

α

2
yn+1 − α

2
· 3ky′ +

α

2
· 9k

2

2
y′′ − α

2
· 27k

3

6
y′′′ +O(k4)

−k(y′)n+1 = − ky′

In order to get a consistent, second order method, we require the first three columns above

to sum to zero.

In the first column above, we have

1−
(
1− α

2

)
− α +

α

2
= 0

which is zero regardless of the choice of α.

Adding the coefficients in the second column:(
1− α

2

)
+ 2α− 3α

2
− 1 = 0

which is trivially zero again.

So far, we have that the first two columns zero out. This means we have at least a

consistent method. Next, we need the coefficients in the third column (corresponding to the

O(k2) terms) to also sum to zero. This will give second order accuracy. So we set the sum

equal to zero and solve for α:

0 = −(1− α

2
)− 4α +

9α

2
= −1− 4α + 5α

⇐⇒ α = 1

Thus when α = 1, the LTE is O(k3). After the LTE accumulates, the global error is O(k2).

Then the pre-filtered method is second order consistent by construction.

7



2.1.3 Numerical Test for Order: IE-Pre-2

To establish a numerical baseline for the order of the method, we test IE-Pre-2 on the

model problem. The successive error ratios are computed while doubling the number of steps

(i.e. halving the timestep). Then the base two log of the error ratios gives an estimate of

the order of the method. Note: The final column of the following tables is

log2 rn+1 , where rn+1 =
en
en+1

The canonical model/test problem is

y′ = λy

y(0) = 1

For simplicity, set λ = 1 and the solution to the initial value problem is:

y = et

Solved on the interval 0 ≤ t ≤ 1:

Figure 1: Test ODE Solution

8



The table of results for IE-Pre-2 show order 2. A table for BDF2 is given for comparison.

These tests are consistent with the LTE analysis and derivation in the previous sections.

Table 1: IE-Pre-2 Numerical Test for Order

Number of Steps Error Ratio Order

40 0.003478759798465 3.92804474303047 1.97381136299796

80 0.000885621225328 3.96192698470728 1.98620229270308

160 0.000223532949685 3.98041586855153 1.99291916950102

320 5.6158189764E-05 3.99006784696287 1.99641327818814

640 1.407449495E-05 3.99499857619393 1.99819498898096

1280 3.523028778E-06 3.99749065958741 1.99909466275310

2560 8.81310071E-07 3.99873773417948 1.99954466199163

5120 2.20397068E-07 3.99934523212429 1.99976382307753

10240 5.5108288E-08 4.00002037194924 2.00000734760883

Table 2: BDF2 Numerical Test for Order

Number of Steps Error Error Ratio Order

40 0.000540909807066 3.91022121777502 1.96725022921012

80 0.000138332277623 3.95414112869318 1.98336436374093

160 3.4984152847E-05 3.97681954530808 1.99161509898100

320 8.797017931E-06 3.98834589130650 1.99579053361606

640 2.205680794E-06 3.99415683290372 1.99789098215851

1280 5.52226887E-07 3.99707404607948 1.99894429903361

2560 1.38157783E-07 3.99853906596000 1.99947298317840

5120 3.4552065E-08 3.99926485475793 1.99973482803300

10240 8.639604E-09 3.99974074728926 1.99990649131964

9



2.1.4 A-stable and Stability Region

We apply the Boundary Locus Method to find the stability region and determine A-

stability for IE-Pre-2. According to the definitions presented in [7] [2], it is required for the

stability region of the method to contain the entire left half-plane of the complex plane to

be A-stable. We follow the method presented in [7] for finding the boundary of the stability

region, as this tends to be easier than explicitly finding the region itself. We then use test

points on either side of the boundary curve to determine the stability region.

To apply the Boundary Locus Method to IE-Pre-2, first construct the equivalent multi-

step method by substituting away ỹn as follows:

yn+1 − ỹn = kf(tn+1, yn+1) ⇐⇒

yn+1 −
(
1

2
yn + yn−1 −

1

2
yn−2

)
= kf(tn+1, yn+1) ⇐⇒

yn+1 −
1

2
yn − yn−1 +

1

2
yn−2 = kf(tn+1, yn+1) ⇐⇒

Then apply this multistep method to the model problem y′ = λy. We have

yn+1 −
1

2
yn − yn−1 +

1

2
yn−2 = kλyn+1

Denote kλ as k̂, analogous to hλ and ĥ in [7]. This is done because h/k and λ tend to appear

together. Then the stability polynomial is:

r3 − 1

2
r2 − r +

1

2
= k̂r3 ⇐⇒

(1− k̂)r3 − 1

2
r2 − r +

1

2
= 0

We will use the stability polynomial to verify which subregions satisfy the stability conditions.

However, to plot the boundary curve, solve for k̂ and use r = eis. We have:

r3 − 1
2
r2 − r + 1

2

r3
= k̂

1− 1

2
e−is − e−2is +

1

2
e−3is = k̂(s) 0 ≤ s ≤ 2π

10



Then using Euler’s: eix = cosx+ i sinx and gathering terms, we have:

1− 1

2
cos(−s)− cos(−2s) +

1

2
cos(−3s) + i

(
−1

2
sin(−s)− sin(−2s) +

1

2
sin(−3s)

)
= k̂(s)

1− 1

2
cos(s)− cos(2s) +

1

2
cos(3s) + i

(
1

2
sin(s) + sin(2s)− 1

2
sin(3s)

)
= k̂(s)

We can plot the above parameterized curve in the complex plane.

Additionally, we can take advantage of Python’s numpy and matplotlib.pyplot libraries

to simplify the process. The code boundary locus.py presented in the appendices only requires

the original function for k̂ in terms of r to generate the boundary curve below.

Function input:

r3 − 1
2
r2 − r + 1

2

r3
= k̂

Figure 2: IE-Pre-2 Stability Region Boundary Curve

11



Now we test each subregion to determine the true stability region. As noted in [7] p. 87,

the roots of the stability polynomial must satisfy the strict root condition |r| < 1 for each

k̂ ∈ C. To illustrate this, the values k̂ = 1 + 1.25i , 1 − 1.25i , 1 , 3 are chosen from each

region:

Figure 3: IE-Pre-2 Stability Region Boundary Curve with test points

The script find stability roots.py (presented in the appendices) uses the numpy library to

programmatically find the roots of the following polynomials:

Table 3: Ie-Pre-2 Stability Polynomial with different test values

k̂ Solve

1 + 1.25i (1− (1 + 1.25i))r3 − 1
2
r2 − r + 1

2
= 0

1− 1.25i (1− (1− 1.25i))r3 − 1
2
r2 − r + 1

2
= 0

1 + 0i (1− (1))r3 − 1
2
r2 − r + 1

2
= 0

3 + 0i (1− (3))r3 − 1
2
r2 − r + 1

2
= 0

12



The roots are subsequently tested against the strict root condition. After the roots are

found, we see that the each of the inner subregions fails the strict root condition. Thus the

stability region is the outermost region containing the test point k̂ = 3.

Figure 4: IE-Pre-2 Stability Region

Additionally, we compare to the BDF2 stability region. Here we can see that that IE-

Pre-2 has a larger stability region than BDF2. A larger stability region suggests the method

could be more dissipative [8].
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Figure 5: IE-Pre-2 vs BDF2 Stability Region Boundary Curves

Figure 6: IE-Pre-2 vs BDF2 Stability Region

14



2.1.5 L-Stable

IE-Pre-2 is not only A-stable but also L-stable. This is a stronger version of A-stability.

In [4], the method is shown to be L-stable by analyzing the eigenvalues of the incremental

operator which advance solutions to the next time level. Here, we apply the method to

y′ = λy, similar to A−stability. Then we show that yn goes to zero as λ goes to −∞.

Compared to A−stability:

A− stable : y(t) −→ 0 as t −→ ∞ for fixed λ, with Re λ < 0

L− stable : y(t) −→ 0 as λ −→ −∞ for fixed t and λ is real and negative

As mentioned above, first apply the method to y′ = λy, where λ is real and negative:

yn+1 −
1

2
yn − yn−1 +

1

2
yn−2 = kλyn+1

with corresponding characteristic:

r3 − 1

2
r2 − r +

1

2
= kλr3

Suppose that r1,2,3 are the roots of the above polynomial. Since the roots of a polynomial

depend continuously on the coefficients [1] [9] [10], IE-Pre-2 is L-stable if the roots ri(λ) −→ 0

as λ −→ −∞ for t fixed.

r3 − 1

2
r2 − r +

1

2
= kλr3 ⇐⇒

r3 −
(

1/2

1− kλ

)
r2 −

(
1

1− kλ

)
r +

(
1/2

1− kλ

)
= 0

Then as 1− kλ −→ ∞, we must have r3 = 0 and thus

lim
λ→−∞

ri(λ) = 0 , 0 , 0

Thus we have have that IE-Pre-2 is L-stable.
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2.1.6 Code Implementation IE-Pre-2

1 de f f i l t e r e d I E p r e g r a n t ( f ode , x range , y i n i t , num steps ) :
2 import numpy as np
3 from sc ipy . opt imize import f s o l v e
4

5 x = np . z e r o s ( num steps + 1 )
6 y = np . z e r o s ( ( num steps + 1 , np . s i z e ( y i n i t ) ) )
7 h = ( x range [ 1 ] − x range [ 0 ] ) / num steps
8 x [ 0 ] = x range [ 0 ]
9 y [ 0 , : ] = y i n i t

10

11 f o r k in range ( 1 , num steps + 1 ) :
12 x [ k ] = x [ k−1] + h
13 i f ( k < 3 ) :
14 y [ k , : ] = f s o l v e ( bef , y [ k , : ] , a rgs = ( f ode , x [ k−1] , y [ k−1 , : ] , x [ k ] ) )
15 e l s e :
16 temp ykm1 = I E p r e f i l t e r ( y [ k−1 , : ] , y [ k−2 , : ] , y [ k−3 , : ] )
17 y [ k , : ] = f s o l v e ( bef , y [ k , : ] , a rgs = ( f ode , x [ k−1] , temp ykm1 , x [ k ] ) )
18

19 r e turn x , y
20

21 de f I E p r e f i l t e r ( y n , y nm1 , y nm2 ) :
22 # th i s the pre f i l t e r
23 y n t i l d e = ( 1 . 0 / 2 . 0 ) ∗ y n + y nm1 − ( 1 . 0 / 2 . 0 ) ∗ y nm2
24 r e turn y n t i l d e

Listing 2.1: Python IE-Pre-2
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2.2 IE-Pre-Post-3

The next method we will analyze and test is the complete, pre- and post-filtered method.

We refer to it as IE-Pre-Post-3:

IE-Pre-Post-3 : Pre- and Post-filtered Implicit Euler, Third Order

The method reads as follows:

Step 1) Pre-filter ỹn =
1

2
yn + yn−1 −

1

2
yn−2 ,

Step 2) IE Solve
yn+1 − ỹn

k
= f(tn+1, yn+1)

Step 3) Post-filter y3rdn+1 =
6

11
yn+1 +

15

11
yn −

15

11
yn−1 +

5

11
yn−2

As mentioned previously, this method is third order. The local truncation error is ana-

lyzed in the next section. According to Section 4.1.3 of [4], we lose L-stability and A-stability

after the post-filter. However, it is still A(α) stable with α ≈ 71◦.
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2.2.1 Local Truncation Error for IE-Pre-Post-3

To analyze the local truncation error, we first rewrite the method above as a multistep

method. Starting at Step 3, solve for the pre-filtered yn+1. Denote it by y∗ and denote y3rdn+1

now by yn+1:

yn+1 =
6

11
y∗ +

15

11
yn −

15

11
yn−1 +

5

11
yn−2 ⇐⇒

y∗ =
11

6
yn+1 −

15

6
yn +

15

6
yn−1 −

5

6
yn−2

Now substitute this back into the solve step and we have the method:

11

6
yn+1 −

15

6
yn +

15

6
yn−1 −

5

6
yn−2 − ỹn = kf

(
tn+1,

11

6
yn+1 −

15

6
yn +

15

6
yn−1 −

5

6
yn−2

)
Then use Step 1 to substitute out ỹn and combine terms:

11

6
yn+1 −

15

6
yn +

15

6
yn−1 −

5

6
yn−2 −

(
1

2
yn + yn−1 −

1

2
yn−2

)

= kf

(
tn+1,

11

6
yn+1 −

15

6
yn +

15

6
yn−1 −

5

6
yn−2

)
11

6
yn+1 −

18

6
yn +

9

6
yn−1 −

2

6
yn−2 = kf

(
tn+1,

11

6
yn+1 −

15

6
yn +

15

6
yn−1 −

5

6
yn−2

)
We apply the method to y′ = λy = f(t, y) to analyze the local truncation error. Since

f(t, y) = λy, we have:

11yn+1 − 18yn + 9yn−1 − 2yn−2 = kλ(11yn+1 − 15yn + 15yn−1 − 5yn−2)

= 11kλyn+1 − 15kλyn + 15kλyn−1 − 5kλyn−2

For the LTE, λyn+1 = (y′)n+1, λyn = (y′)n, λyn−1 = (y′)n−1, λyn−2 = (y′)n−2:

11yn+1 − 18yn + 9yn−1 − 2yn−2 = 11k(y′)n+1 − 15k(y′)n + 15k(y′)n−1 − 5k(y′)n−2

⇐⇒ 11yn+1 − 18yn + 9yn−1 − 2yn−2 − 11k(y′)n+1 + 15k(y′)n − 15k(y′)n−1 + 5k(y′)n−2 = 0

18



Following the same process for the LTE of IE-Pre-2, we Taylor expand around each of

the terms:

11yn+1 = 11yn+1

−18yn = −18yn+1 + 18ky′ − 18 · k
2

2
y′′ + 18 · k

3

6
y′′′ − 18 · k

4

24
y(4)

+O(k5)

9yn−1 = 9yn+1 − 9 · 2ky′ + 9 · 4k
2

2
y′′ − 9 · 8k

3

6
y′′′ + 9 · 16k

4

24
y(4)

+O(k5)

−2yn−2 = −2yn+1 + 2 · 3ky′ − 2 · 9k
2

2
y′′ + 2 · 27k

3

6
y′′′ − 2 · 81k

4

24
y(4)

+O(k5)

−11k(y′)n+1 = − 11ky′

15k(y′)n = + 15ky′ − 15k · ky′′ + 15h · k
2

2
y′′′ − 15k · k

3

6
y(4)

+O(k5)

−15k(y′)n−1 = − 15ky′ + 15k · 2ky′′ − 15h · 4k
2

2
y′′′ + 15k · k

3

6
y(4)

+O(k5)

5k(y′)n−2 = + 5ky′ − 5k · 3ky′′ + 5h · 9k
2

2
y′′′ − 5k · 27k

3

6
y(4)

+O(k5)

LTE = O(k4)

The first four columns above sum to zero and so the local truncation error is O(k4).

Thus the global error is then O(k3) for IE-Pre-Post-3.
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2.2.2 Derivation of IE-Pre-Post-3

Supposing the post-filter is unknown, we have our method as:

Step 1) Pre-filter ỹn = yn −
1

2
(yn − 2yn−1 + yn−2) ,

Step 2) IE Solve
yn+1 − ỹn

k
= f(tn+1, yn+1)

Step 3) Post-filter y3rdn+1 = yn+1 − β(yn+1 − 3yn + 3yn−1 − yn−2)

Here in the pre-filter step, yn − 2yn−1 + yn−2 is the discrete curvature at the last step,

denoted κn−1. In the post-filter, the quantity yn+1 − 3yn + 3n−1 − yn−2 is the difference of

the curvature from the last step and the current step:

κn − κn−1 = yn+1 − 2yn + yn−1 − (yn − 2yn−1 + yn−2)

= yn+1 − 3yn + 3yn−1 − yn−2

In order to find the post-filter β, we proceed similar to the method used to find the LTE.

Denote the pre-filtered yn+1 as y∗. Denote y3rdn+1 as yn+1. Solve for y∗ as follows:

yn+1 = (1− β)y∗ + 3βyn − 3βyn−1 + βyn−2

y∗ =
1

1− β
yn+1 +

−3β

1− β
yn +

3β

1− β
yn−1 +

−β

1− β
yn−2

Now we substitute this and the pre-filter into the solve step:

1

1− β
yn+1 +

−3β

1− β
yn +

3β

1− β
yn−1 +

−β

1− β
yn−2 −

(
1

2
yn + yn−1 −

1

2
yn−2

)

= kf

(
tn+1,

1

1− β
yn+1 +

−3β

1− β
yn +

3β

1− β
yn−1 +

−β

1− β
yn−2

)
Combine terms and we have:

1

1− β
yn+1 +

−1− 5β

2(1− β)
yn +

−1 + 4β

1− β
yn−1 +

1− 3β

2(1− β)
yn−2

= kf

(
tn+1,

1

1− β
yn+1 +

−3β

1− β
yn +

3β

1− β
yn−1 +

−β

1− β
yn−2

)
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As with the LTE, we apply the method to y′ = λy:

1

1− β
yn+1 +

−1− 5β

2(1− β)
yn +

−1 + 4β

1− β
yn−1 +

1− 3β

2(1− β)
yn−2

= kλ

(
1

1− β
yn+1 +

−3β

1− β
yn +

3β

1− β
yn−1 +

−β

1− β
yn−2

)
The righthand side is

=
1

1− β
kλyn+1 +

−3β

1− β
kλyn +

3β

1− β
kλyn−1 +

−β

1− β
kλyn−2

=
1

1− β
(y′)n+1 +

−3β

1− β
(y′)n +

3β

1− β
(y′)n−1 +

−β

1− β
(y′)n−2

Together with the lefthand side:

1

1− β
yn+1 +

−1− 5β

2(1− β)
yn +

−1 + 4β

1− β
yn−1 +

1− 3β

2(1− β)
yn−2

+
−1

1− β
(y′)n+1 +

3β

1− β
(y′)n +

−3β

1− β
(y′)n−1 +

β

1− β
(y′)n−2 = 0

Assuming β ̸= 1, then

2yn+1 + (−1− 5β)yn + (−2 + 8β)yn−1 + (2− 6β)yn−2

−2(y′)n+1 + 6β(y′)n − 6β(y′)n−1 + 2β(y′)n−2 = 0
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Now we Taylor expand and add:

2yn+1 = 2yn+1

(−1− 5β)yn = (−1− 5β)yn+1 + (−1− 5β)(−ky′) + (−1− 5β)

(
k2

2
y′′
)

+ (−1− 5β)

(
−k3

6
y′′′

)
+O(k4)

(−2 + 8β)yn−1 = (−2 + 8β)yn+1 + (−2 + 8β)(−2ky′) + (−2 + 8β)

(
4k2

2
y′′
)

+ (−2 + 8β)

(
−8k3

6
y′′′

)
+O(k4)

(1− 3β)yn−2 = (1− 3β)yn+1 + (1− 3β)(−3ky′) + (1− 3β)

(
9k2

2

)
y′′

+ (1− 3β)

(
−27k3

6
y′′′

)
+O(k4)

−2k(y′)n+1 = −2k(y′)n+1

6βk(y′)n = 6βky′ + 6βk(−ky′′) + 6βk

(
k2

2
y′′′

)
+O(k4)

−6βk(y′)n−1 = −6βky′ + (−6βk)(−2ky′′) + (−6βk)

(
4k2

2
y′′′

)
+O(k4)

2βk(y′)n−2 = 2βky′ + 2βk(−3ky′′) + 2βk

(
9k2

2
y′′′

)
+O(k4)

For the coefficients corresponding to the yn+1 terms on the righthand side, we have

2− 1− 5β − 2 + 8β1− 3β = 0

Similarly, for the coefficients corresponding to the O(k) terms, we have

1 + 5β + 4− 16β − 3 + 9β − 2 + 6− 6 + 2β = 5− 5 + 16β − 16β = 0

Since these sums are both zero, we have at least a first order consistent method.
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Now for the O(k2) terms, we have:

− 1− 5β − 8 + 32β + 9− 27β − 2 · 6β + 2 · 12β − 2 · 6β

= −9 + 9 + 32β − 32β + 24β − 24β = 0

This shows that the method is at least second order, regardless of the choice of β. Finally,

we require the O(k3) terms to vanish for third order. We have

1 + 5β + 16− 64β − 27 + 81β + 18β − 18β · 4 + 2β · 9

= −10 + 22β

Set this to zero

0 = −10 + 22β ⇐⇒ β =
5

11

Thus when β = 5
11
, the method has an O(k4) LTE. This shows the method is third order.
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2.2.3 Numerical Test for Order: IE-Pre-Post-3

Now we test IE-Pre-Post-3 on the model problem. The setup is the same as the numerical

test for order for IE-Pre-2. The table of results for IE-Pre-Post-3 show order 3 and a table

for BDF3 is given for comparison.

Table 4: IE-Pre-Post-3 Numerical Test for Order

Number of Steps Error Error Ratio Order

40 4.1521257617E-05 7.59568706336048 2.92518046875255

80 5.466425522E-06 7.79817609627155 2.96313673364670

160 7.00987699E-07 7.89920286100073 2.98170707271935

320 8.8741575E-08 7.94973854111580 2.99090741239215

640 1.1162829E-08 7.97693060044225 2.99583372647718

1280 1.399389E-09 8.02117840515409 3.00381420106736

2560 1.74462E-10 8.37086360827598 3.06537647093630

5120 2.0842E-11 50.46344086021510 5.65716667501698

10240 4.13E-13 0.06764128300240 -3.88595216510007
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Table 5: BDF3 Numerical Test for Order

Number of Steps Error Error Ratio Order

40 9.553137484E-06 7.58275489160416 2.92272208934436

80 1.259850492E-06 7.79277593061643 2.96213733444276

160 1.61669026E-07 7.89673276042446 2.98125586780609

320 2.0472901E-08 7.94847999839999 2.99067899770101

640 2.5757E-09 7.97395660763608 2.99529575455539

1280 3.23014E-10 7.98221085785148 2.99678838954308

2560 4.0467E-11 7.97924693520140 2.99625259430264

5120 5.071E-12 7.70060687795010 2.94497214779557

10240 6.59E-13 12.05691056910570 3.59178837711539

2.2.4 Stability Region

Recall from the previous section that IE-Pre-Post-3 can be written as

11

6
yn+1 −

18

6
yn +

9

6
yn−1 −

2

6
yn−2 = kf

(
tn+1,

11

6
yn+1 −

15

6
yn +

15

6
yn−1 −

5

6
yn−2

)
We follow the same methodology we used to find the Stability Region for IE-Pre-2. First,

apply this method to y′ = λy.

11yn+1 − 18yn + 9yn−1 − 2yn−2 = 11kλyn+1 − 15kλyn + 15kλyn−1 − 5kλyn−2

Again, use kλ = k̂ and then the stability polynomial is:

11r3 − 18r2 + 9r − 2 = 11k̂r3 − 15k̂r2 + 15k̂r − 5k̂ ⇐⇒

0 = (11− 11k̂)r3 − (18− 15k̂)r2 + (9− 15k̂)r − (2− 5k̂)

This will be used for testing values in the subregions. Recall we solve for k̂ to plot the

boundary.
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Employing boundary locus.py to graph the boundary curve with

k̂(r) =
11r3 − 18r2 + 9r − 2

11r3 − 15r2 + 15r − 5

gives the following:

Figure 7: IE-Pre-Post-3 Stability Region Boundary Curve

Now we find roots of the stability polynomial with k̂ test values to determine which

subregions are absolutely stable. We choose k̂ = 5 , −5 , 5 + 5i and use find roots.py (see

appendices). This shows that the only subregion which satisfies the strict root condition

|r| < 1 for each k̂ within it is the region corresponding to k̂ = −5.

Table 6: Ie-Pre-Post-3 Stability Polynomial with different test values

k̂ Solve

5 + 0i (11− 11(5))r3 − (18− 15(5))r2 + (9− 15(5))r − (2− 5(5)) = 0

−5 + 0i (11− 11(−5))r3 − (18− 15(−5))r2 + (9− 15(−5))r − (2− 5(−5)) = 0

5 + 5i (11− 11(5 + 5i))r3 − (18− 15(5 + 5i))r2 + (9− 15(5 + 5i))r − (2− 5(5 + 5i)) = 0

26



Figure 8: IE-Pre-Post-3 Stability Region

Figure 9: IE-Pre-Post-3 Stability Region
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2.2.5 Code Implementation IE-Pre-Post-3

This version starts with the initial condition and then uses RK3 until there are enough

values to begin filtering. RK3 was chosen because it is the same order. In the code repository,

an alternative version is presented which uses the initial condition, then Implicit Euler, then

BDF2 and then starts the filtering process. Both versions seem to perform similarly.

1 de f f i l t e r e d I E p r e p o s t 3 ( f ode , x range , y i n i t , num steps ) :
2 import numpy as np
3 from sc ipy . opt imize import f s o l v e
4 from s t i f f o d e import s t i f f s o l u t i o n
5 from rk3 import rk3
6

7

8 y exact = s t i f f s o l u t i o n ( x range [ 1 ] )
9 x = np . z e r o s ( num steps + 1 )

10 y = np . z e r o s ( ( num steps + 1 , np . s i z e ( y i n i t ) ) )
11 h = ( x range [ 1 ] − x range [ 0 ] ) / num steps
12 x [ 0 ] = x range [ 0 ]
13 y [ 0 , : ] = y i n i t
14

15 f o r k in range ( 1 , num steps + 1 ) :
16 temp ykpost = 0 .0
17 x [ k ] = x [ k−1] + h
18 dx = h
19 i f ( k < 3 ) :
20 #rk3
21 # two inte rmed ia t e po in t s
22 xa = x [ k−1] + dx / 2
23 ya = y [ k−1] + dx / 2 ∗ f ode ( x [ k−1] , y [ k−1] )
24

25 xb = x [ k−1] + dx
26 yb = y [ k−1] + dx ∗ ( 2 ∗ f ode ( xa , ya ) − f ode ( x [ k−1] , y [ k−1] ) )
27

28 # est imate s o l u t i o n / true s tep
29 x [ k ] = x [ k−1] + dx
30 y [ k , : ] = y [ k−1 , : ] + \
31 dx ∗ ( f ode (x [ k−1] , y [ k−1]) + 4 .0 ∗ f od e ( xa , ya ) + f ode ( xb , yb ) ) / 6 .0
32

33 e l s e :
34 temp ykm1 = I E p r e f i l t e r ( y [ k−1 , : ] , y [ k−2 , : ] , y [ k−3 , : ] )
35 y [ k , : ] = f s o l v e ( be f , y [ k , : ] , a rgs = ( f ode , x [ k−1] , temp ykm1 , x [ k ] ) )
36 y [ k , : ] = I E p o s t f i l t e r ( y [ k , : ] , y [ k−1 , : ] , y [ k−2 , : ] , y [ k−3 , : ] )
37

38 r e turn x , y
39

40 de f I E p r e f i l t e r ( y n , y nm1 , y nm2 ) :
41 # th i s i s the pre f i l t e r
42 y n t i l d e = ( 1 . 0 / 2 . 0 ) ∗ y n + y nm1 − ( 1 . 0 / 2 . 0 ) ∗ y nm2
43 r e turn y n t i l d e
44

45 de f I E p o s t f i l t e r ( y np1 , y n , y nm1 , y nm2 ) :
46 # th i s i s the post f i l t e r
47 ynp1 th i rd = ( 6 . 0 / 1 1 . 0 ) ∗ y np1 + (15 . 0 / 11 . 0 ) ∗ y n − ( 1 5 . 0 / 1 1 . 0 ) ∗ y nm1 + (5 . 0 / 1 1 . 0 ) ∗

y nm2
48 r e turn ynp1 th i rd

Listing 2.2: Python IE-Pre-Post-3
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3.0 The Test Problems for Constant Time Step

Here we test IE-Pre-2 and IE-Pre-Post-3 with a constant timestep on two stiff problems

and the harmonic oscillator. We present tables of errors, error ratios and convergence rates

for reference. True solution graphs are also given.

3.1 Stiff ODE 1

3.1.1 Problem Statement

As remarked on page 50 of [2], “the concept of stiffness is best understood in qualitative,

rather than quantitative, terms.” Loosely speaking, a differential equation is stiff if the

step size required for stability is much smaller than the step size needed for desired accuracy.

Additionally, if different time scales are required on different parts of the differential equation,

or it is highly oscillatory, then it can be considered stiff. The first stiff problem we will

consider is 
y′ = λ(−y + sin t)

y(0) = 0

The general solution is:

y(t) = Ce−λt +
λ2 sin t− λ cos t

1 + λ2

= Ce−λt +
λ2 sin t

1 + λ2
− λ cos t

1 + λ2

With the initial condition y(0) = 0, the constant C becomes

C =
λ

1 + λ2

Here, as λ becomes more negative, the problem becomes more stiff. First are the plots

of the true solutions for λ = 4.0,−1.0,−2.0, followed by the numerical results , 0 ≤ t ≤ 5.
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Figure 10: True Solution for Stiff ODE 1 when Lambda = 4.0

Figure 11: True Solution for Stiff ODE 1 when Lambda = -1.0
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Figure 12: True Solution for Stiff ODE 1 when Lambda = -2.0

3.1.2 Numerical Results

Table 7: Stiff ODE 1, Lambda = 4.0 Error Table

Number of Steps IE-Pre-2 BDF2 IE-Pre-Post-3 BDF3

40 1.0724E-03 3.5843E-04 6.8730E-04 1.0765E-04

80 2.1230E-04 7.5629E-05 6.9624E-05 1.3806E-05

160 4.5999E-05 1.7151E-05 7.6460E-06 1.7436E-06

320 1.0612E-05 4.0680E-06 8.8870E-07 2.1893E-07

640 2.5421E-06 9.8952E-07 1.0687E-07 2.7423E-08

1280 6.2163E-07 2.4395E-07 1.3094E-08 3.4313E-09

2560 1.5367E-07 6.0557E-08 1.6202E-09 4.2912E-10

5120 3.8201E-08 1.5086E-08 2.0148E-10 5.3651E-11

10240 9.5232E-09 3.7647E-09 2.5079E-11 6.7060E-12
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Table 8: Stiff ODE 1, Lambda = -1.0 Error Table

Number of Steps IE-Pre-2 BDF2 IE-Pre-Post-3 BDF3

40 7.0771E+00 1.7464E+00 5.8170E-01 1.1738E-01

80 1.8149E+00 4.5555E-01 8.2118E-02 1.6293E-02

160 4.6581E-01 1.1697E-01 1.0947E-02 2.1479E-03

320 1.1844E-01 2.9680E-02 1.4139E-03 2.7575E-04

640 2.9892E-02 7.4783E-03 1.7966E-04 3.4932E-05

1280 7.5103E-03 1.8771E-03 2.2644E-05 4.3957E-06

2560 1.8824E-03 4.7022E-04 2.8421E-06 5.5130E-07

5120 4.7121E-04 1.1768E-04 3.5597E-07 6.9028E-08

10240 1.1788E-04 2.9434E-05 4.4485E-08 8.6338E-09

Table 9: Stiff ODE 1, Lambda = -2.0 Error Table

Number of Steps IE-Pre-2 BDF2 IE-Pre-Post-3 BDF3

40 5.9401E+03 1.7444E+03 1.0897E+03 2.4136E+02

80 1.3044E+03 4.3508E+02 1.5444E+02 3.5488E+01

160 3.2706E+02 1.1146E+02 2.1187E+01 4.8518E+00

320 8.3396E+01 2.8407E+01 2.7879E+00 6.3513E-01

640 2.1161E+01 7.1843E+00 3.5780E-01 8.1263E-02

1280 5.3369E+00 1.8074E+00 4.5325E-02 1.0277E-02

2560 1.3405E+00 4.5333E-01 5.7035E-03 1.2922E-03

5120 3.3596E-01 1.1352E-01 7.1531E-04 1.6199E-04

10240 8.4094E-02 2.8404E-02 8.9557E-05 2.0279E-05
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3.2 Stiff ODE 2

3.2.1 Problem Statement

The second stiff problem to be tested is
y′ = λ(y − sin t) + cos t

y(0) = 1

where the solution is

y(t) = eλt + sin t

Here, the problem becomes more stiff as λ increases. We can see from the solution graphs

that the problem requires a smaller relative stepsize at first due to the intial steepness of the

curve for small λ. After a sharp change in direction, not as small of a stepsize is required. The

varying timescales and sharp turn both contribute to the problem’s “stiffness.” Accuracy

for all methods starts to deteriorate at the λ = 3 test presented below.
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3.2.2 Numerical Results

Figure 13: True Solution for Stiff ODE 2 when Lambda = -12.0

Figure 14: True Solution for Stiff ODE 2 when Lambda = 1.0
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Figure 15: True Solution for Stiff ODE 2 when Lambda = 3.0

Table 10: Stiff ODE 2, Lambda = -12.0 Error Table

Number of Steps IE-Pre-2 BDF2 IE-Pre-Post-3 BDF3

40 3.7332E-04 1.4954E-04 3.2668E-04 2.7097E-06

80 9.4161E-05 3.7686E-05 4.1778E-05 2.9170E-07

160 2.3643E-05 9.4555E-06 5.2664E-06 3.3490E-08

320 5.9234E-06 2.3679E-06 6.6085E-07 3.9995E-09

640 1.4824E-06 5.9247E-07 8.2759E-08 4.8824E-10

1280 3.7080E-07 1.4818E-07 1.0354E-08 6.0298E-11

2560 9.2725E-08 3.7052E-08 1.2948E-09 7.4910E-12

5120 2.3185E-08 9.2639E-09 1.6162E-10 9.3400E-13

10240 5.7961E-09 2.3161E-09 2.0634E-11 1.1700E-13
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Table 11: Stiff ODE 2, Lambda = 1.0 Error Table

Number of Steps IE-Pre-2 BDF2 IE-Pre-Post-3 BDF3

40 3.4167E-01 8.8169E-02 2.1288E-02 8.0383E-03

80 8.8982E-02 2.2602E-02 2.8775E-03 1.0515E-03

160 2.2804E-02 5.7305E-03 3.7419E-04 1.3452E-04

320 5.7790E-03 1.4433E-03 4.7708E-05 1.7012E-05

640 1.4550E-03 3.6222E-04 6.0227E-06 2.1390E-06

1280 3.6508E-04 9.0731E-05 7.5656E-07 2.6815E-07

2560 9.1439E-05 2.2705E-05 9.4796E-08 3.3568E-08

5120 2.2881E-05 5.6790E-06 1.1848E-08 4.1993E-09

10240 5.7229E-06 1.4201E-06 1.4686E-09 5.2552E-10

Table 12: Stiff ODE 2, Lambda = 3.0 Error Table

Number of Steps IE-Pre-2 BDF2 IE-Pre-Post-3 BDF3

40 3.5941E+03 1.1312E+03 6.5642E+02 1.9514E+02

80 8.3630E+02 2.8661E+02 9.3534E+01 2.7570E+01

160 2.1215E+02 7.3554E+01 1.2753E+01 3.6923E+00

320 5.4174E+01 1.8732E+01 1.6706E+00 4.7836E-01

640 1.3740E+01 4.7336E+00 2.1388E-01 6.0888E-02

1280 3.4633E+00 1.1902E+00 2.7059E-02 7.6805E-03

2560 8.6961E-01 2.9843E-01 3.4029E-03 9.6445E-04

5120 2.1789E-01 7.4721E-02 4.2663E-04 1.2083E-04

10240 5.4535E-02 1.8694E-02 5.3412E-05 1.5121E-05
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3.3 Harmonic Oscillator

3.3.1 Problem Statement

The next problem we consider is a simplified Harmonic Oscillator, given as:

u′′ + ω2u = 0

u(0) = 1 , u′(0) = 0

This problem has the solution:

u(t) = cosωt

As we increase ω, the solution oscillates more rapidly. This differential equation also presents

an opportunity to test our method implementations on vector inputs. Using the substitutions

y1 = u and y2 = u′, we can rewrite the problem as

dy

dt
=

 y2

−ω2y1

 , y(0) =

 1

0


Solve on the interval 0 ≤ t ≤ 2π.
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Figure 16: True Solution for the Harmonic Oscillator Omega = 5.0

Figure 17: True Solution for the Harmonic Oscillator Omega = 10.0
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Table 13: Harmonic ODE, Omega = 5.0 Error Table

Number of Steps IE-Pre-2 BDF2 IE-Pre-Post-3 BDF3

40 9.6563E-01 1.1652E+00 1.0548E+01 2.5423E+00

80 1.3171E+00 8.4141E-01 8.0214E-01 4.2550E-01

160 4.9784E-01 1.2032E-01 2.6517E-01 5.7772E-02

320 6.6587E-02 1.2066E-02 3.2043E-02 7.3291E-03

640 8.4662E-03 1.2343E-03 4.0057E-03 9.2328E-04

1280 1.3146E-03 1.3554E-04 5.0194E-04 1.1580E-04

2560 2.4807E-04 1.5737E-05 6.2826E-05 1.4497E-05

5120 5.3292E-05 1.8910E-06 7.8580E-06 1.8133E-06

10240 1.2319E-05 2.3159E-07 9.8253E-07 2.2673E-07

3.3.2 Numerical Results

Table 14: Harmonic ODE, Omega = 10.0 Error Table

Number of Steps IE-Pre-2 BDF2 IE-Pre-Post-3 BDF3

40 1.0000E+00 9.9918E-01 2.6031E+01 2.6382E+00

80 1.0002E+00 1.0068E+00 1.4079E+02 6.2370E+00

160 8.9692E-01 1.4605E+00 9.4896E+00 9.5662E-01

320 1.1396E+00 3.5303E-01 5.9785E-01 1.1985E-01

640 1.7369E-01 3.3796E-02 6.5369E-02 1.4780E-02

1280 1.7875E-02 3.1019E-03 8.0438E-03 1.8516E-03

2560 2.1467E-03 3.1101E-04 1.0052E-03 2.3189E-04

5120 3.2929E-04 3.3975E-05 1.2572E-04 2.9010E-05

10240 6.1997E-05 3.9383E-06 1.5720E-05 3.6276E-06
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4.0 Variable Timestep

We follow the definition of discrete curvature presented in [8], pages 7-8. Briefly, we find

the Lagrange interpolating polynomial for yn+1, yn and yn−1. Call this quadratic interpolant

ϕ(t):

ϕ(t) = yn+1ℓn+1(t) + ynℓn(t) + yn−1ℓn−1(t)

ϕ(t) = yn+1
(t− tn−1)(t− tn)

(tn+1 − tn−1)(tn+1 − tn)
+ yn

(t− tn−1)(t− tn+1)

(tn − tn−1)(tn − tn+1)

+ yn−1
(t− tn)(t− tn+1)

(tn−1 − tn)(tn−1 − tn+1)

Differentiate twice to find the discrete second difference ϕ′′(t):

ϕ′′(t) =
2

(tn+1 − tn−1)(tn+1 − tn)
yn+1 +

2

(tn − tn−1)(tn − tn+1)
yn

+
2

(tn−1 − tn)(tn−1 − tn+1)
yn−1

Denote kn as the timestep between tn and tn+1. Likewise, denote kn−1 as the timestep from

tn−1 to tn. Then we have:

ϕ′′(t) =
2

(kn−1 + kn)kn
yn+1 +

2

kn−1(−kn)
yn +

2

(−kn)(−(kn + kn−1))
yn−1

Curvature κn, as defined in [8], is then ϕ′′(t) scaled by kn−1kn:

κn = kn−1knϕ
′′

κn =
2kn−1

kn + kn−1

yn+1 − 2yn +
2kn

kn + kn−1

Similar ideas are presented in [13] [11]
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The underlying idea for both constant and variable timestep is

Step 1) Pre-filter ỹn = yn −
α

2
κn−1

Step 2) IE Solve
yn+1 − ỹn

kn
= f(tn+1, yn+1)

Step 3) Post-filter y3rdn+1 = yn+1 − β(κn − κn−1)

where α and β are chosen accordingly for 2nd and 3rd order. For the constant time step

methods in the previous sections, the curvatures at steps n− 1 and n are:

κn−1 = yn − 2yn−1 + yn−2

κn = yn+1 − 2yn + yn−1

Now for variable timestep, we use

κn−1 =
2kn−2

kn−1 + kn−2

yn − 2yn−1 +
2kn−1

kn−1 + kn−2

yn−2

κn =
2kn−1

kn + kn−1

yn+1 − 2yn +
2kn

kn + kn−1

yn−1

We can use direct Taylor expansions to determine pre-filter α.
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4.1 Adaptive Timestep Pre-filter

Consider first Steps 1) and 2) above with the new curvature:

ỹn = yn −
α

2

(
2kn−2

kn−1 + kn−2

yn − 2yn−1 +
2kn−1

kn−1 + kn−2

yn−2

)
yn+1 − ỹn

kn
= f(tn+1, yn+1)

Substitute the pre-filter into the solve step, gather terms and simplify:

yn+1 −
(
yn −

α

2

(
2kn−2

kn−1 + kn−2

yn − 2yn−1 +
2kn−1

kn−1 + kn−2

yn−2

))
= knf(tn+1, yn+1)

yn+1 +
(α− 1)kn−2 − kn−1

kn−1 + kn−2

yn − αyn−1 +
αkn−1

kn−1 + kn−2

yn−2 − kn(y
′)n+1 = 0

Taylor expand around each of the terms:

yn+1 = yn+1

(α− 1)kn−2 − kn−1

kn−1 + kn−2

yn =
(α− 1)kn−2 − kn−1

kn−1 + kn−2

yn+1 −
(α− 1)kn−2 − kn−1

kn−1 + kn−2

kny
′

+
((α− 1)kn−2 − kn−1)

kn−1 + kn−2

k2
n

2
y′′ +O(k3

n)

−αyn−1 = −αyn+1 + α(kn + kn−1)y
′

− α
(kn + kn−1)

2

2
y′′ +O((kn + kn−1)

3)

αkn−1

kn−1 + kn−2

yn−2 =
αkn−1

kn−1 + kn−2

yn+1 −
αkn−1

kn−1 + kn−2

(kn + kn−1 + kn−2)y
′

+
αkn−1

kn−1 + kn−2

(kn + kn−1 + kn−2)
2

2
y′′ +O(kn + kn−1 + kn−2)

3)

−kn(y
′)n+1 = −kny

′

α must be chosen so that the yn+1 , y′ and y′′ terms above sum to zero.
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Summing the coefficients on the yn+1 terms above:

= 1 +
(α− 1)kn−2 − kn−1

kn−1 + kn−2

+ (−α) +
αkn−1

kn−1 + kn−2

=
kn−1 + kn−2 + αkn−2 − kn−2 − kn−1 − αkn−1 − αkn−2 + αkn−1

kn−1 + kn−2

= 0

This is zero regardless of the choice of α. Similarly, sum the coefficients on the y′ terms

above:

= −(α− 1)kn−2 − kn−1

kn−1 + kn−2

kn + α(kn + kn−1)−
αkn−1

kn−1 + kn−2

(kn + kn−1 + kn−2)− kn

=
−αkn−2kn + kn−2kn + kn−1kn

kn−1 + kn−2

+
αkn−1kn + αkn−2kn + αk2

n−1 + αkn−2kn−1

kn−1 + kn−2

+
−αkn−1kn − αk2

n−1 − αkn−2kn−1

kn−1 + kn−2

+
−kn−1kn − kn−2kn

kn−1 + kn−2

= 0

This is also trivially zero. Finally, sum the coefficients on the y′′ terms:

=
((α− 1)kn−2 − kn−1)

kn−1 + kn−2

k2
n

2
+−α

(kn + kn−1)
2

2
+

αkn−1

kn−1 + kn−2

(kn + kn−1 + kn−2)
2

2

=
k2
n((α− 1)kn−2 − kn−1)

2(kn−1 + kn−2)
+

−α(kn + kn−1)
2(kn−1 + kn−2)

2(kn−1 + kn−2)
+

αkn−1(kn + kn−1 + kn−2)
2

2(kn−1 + kn−2)

=
αk2

nkn−2 − k2
nkn−2 − k2

nkn−1

2(kn−1 + kn−2)

+
−αk2

nkn−1 − αk2
nk

2
n−2 − 2αknk

2
n−1 − 2αknkn−1kn−2 − αk3

n−1 − αk2
n−1kn−2

2(kn−1 + kn−2)

+
αk2

nkn−1 + 2αknk
2
n−1 + 2αknkn−1kn−2 + αk3

n−1 + 2αk2
n−1kn−2 + αkn−1k

2
n−2

2(kn−1 + kn−2)

We require this to sum to zero:

0 = −k2
nkn−2 − k2

nkn−1 − αk2
n−1kn−2 + 2αk2

n−1kn−2 + αkn−1k
2
n−2

0 = −k2
nkn−2 − k2

nkn−1 + αk2
n−1kn−2 + αkn−1k

2
n−2

αkn−1kn−2(kn−1 + kn−2) = k2
n(kn−1 + kn−2) ⇐⇒ α =

k2
n

kn−1kn−2
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Now that α has been found, the variable timestep method so far is:

Step 1) Pre-filter ỹn = yn −
k2
n

2kn−2kn−1

(
2kn−2

kn−1 + kn−2

yn − 2yn−1 +
2kn−1

kn−1 + kn−2

yn−2

)

Step 2) IE Solve
yn+1 − ỹn

kn
= f(tn+1, yn+1)

Step 3) Post-filter y3rdn+1 = yn+1 − β(κn − κn−1)

4.2 Adaptive Timestep Post-Filter

To find the adaptive timestep post-filter, we use an alternative method to the Taylor

expansions used in previous sections. We require the method to be exact on y = t3. For

simplicity, use n = 3. Then we’ll work with y1, y2, y3, y4 in the method and:

y1 = t31 t1 = k0

y2 = t32 t2 = k0 + k1

y3 = t33 t3 = k0 + k1 + k2

y4 = t34 t4 = k0 + k1 + k2 + k3

The difference of curvatures in the post-filter step is given by:

κn − κn−1 =
2k2

k2 + k3
y4 − 2y3 +

2k3
k2 + k3

y2 −
(

2k1
k1 + k2

y3 − 2y2 +
2k2

k1 + k2
y1

)

= − 2k2y1
k1 + k2

+

(
2k3

k2 + k3
+ 2

)
y2 +

(
− 2k1
k1 + k2

− 2

)
y3 +

2k2
k2 + k3

y4

Then the post-filtered y4 is:

y3rd4 = y4 − β (κ3 − κ2)

=
2βk2

k1 + k2
y1 − β

(
2k3

k2 + k3
+ 2

)
y2 − β

(
− 2k1
k1 + k2

− 2

)
y3 +

(
1− 2βk2

k2 + k3

)
y4
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Denote y4 as y∗4. Denote y3rd4 as y4:

y4 =
2βk2

k1 + k2
y1 − β

(
2k3

k2 + k3
+ 2

)
y2 − β

(
− 2k1
k1 + k2

− 2

)
y3 +

(
1− 2βk2

k2 + k3

)
y∗4

We solve for y∗4 and plug it into the method, along with the prefilter step:

y∗4 =
2βk2

(k1 + k2)
(

2βk2
k2+k3

− 1
)y1 − β

(
2k3

k2+k3
+ 2

)
2βk2
k2+k3

− 1
y2 −

β
(
− 2k1

k1+k2
− 2

)
2βk2
k2+k3

− 1
y3 −

1
2βk2
k2+k3

− 1
y4

ỹ3 = y3 −
k2
3

2k1k2

(
2k2

k1 + k2
y1 − 2y2 +

2k1
k1 + k2

y3

)
The method with y1, y2, y3, y4 defined above is:

y∗4 − ỹ3 = k3(y
∗
4)

′

⇐⇒ 2βk2

(k1 + k2)
(

2βk2
k2+k3

− 1
)k3

0 −
β
(

2k3
k2+k3

+ 2
)

2βk2
k2+k3

− 1
(k0 + k1)

3

−
β
(
− 2k1

k1+k2
− 2

)
2βk2
k2+k3

− 1
(k0 + k1 + k2)

3 − 1
2βk2
k2+k3

− 1
(k0 + k1 + k2 + k3)

3

−
(
(k0 + k1 + k2)

3 − k2
3

2k1k2

(
(2k2) k

3
0

k1 + k2
− 2 (k0 + k1)

3 +
(2k1) (k0 + k1 + k2)

3

k1 + k2

))
=

k3

 2βk2

(k1 + k2)
(

2βk2
k2+k3

− 1
)3k2

0 −
β
(

2k3
k2+k3

+ 2
)

2βk2
k2+k3

− 1
3(k0 + k1)

2

−
β
(
− 2k1

k1+k2
− 2

)
2βk2
k2+k3

− 1
3(k0 + k1 + k2)

2 − 1
2βk2
k2+k3

− 1
3(k0 + k1 + k2 + k3)

2


Solve the equation above for β:

β =
−k2

3 (k2 + k3) (k1 + 2 (k2 + k3))

2k2 (2 (k2 + k3) k2
1 + (k2

2 − 5k3k2 − 7k2
3) k1 + 3k0 (k1 − k3) (k2 + k3)− 2k2k3 (k2 + k3))

Thus we choose the adaptive post-filter to be:

−k2n(kn−1+kn)(kn−2+2(kn−1+kn))

2kn−1(2(kn−1+kn)k2n−2+(k2n−1−5knkn−1−7k2n)kn−2+3kn−3(kn−2−kn)(kn−1+kn)−2kn−1kn(kn−1+kn))

See the appendices for using this idea to find the constant step filters and the adaptive

step pre-filter.
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4.3 Code Implementation: Adaptive Timestep

Here is a prototype of the adaptive timestep method with halving and doubling. The

script test1 adapt.py shows it achieves a comparable error to IE-Pre-Post-3 in fewer steps

on the model problem. The result for IE-Pre-Post-3 can also be seen in row 6 of Table 4 in

Section 2.2.3.

python test1 adapt.py

IE-Pre-Post-3

Number of steps taken: 1280

Error at final step: 1.3993890490837657e-09

IE-Pre-Post-Adapt

Number of steps taken: 1000

Error at final step: 2.9330733397614495e-09

1 # Adaptive IE− f i l t e r e d embedded pa i r
2 de f i e p r e po s t adap t ( f ode , t range , y i n i t , dt , TOL , max steps ) :
3 ”””
4 RK3 un t i l the re are enough s t ep s f o r adapt ive f i l t e r
5 ”””
6 import numpy as np
7 from sc ipy . opt imize import f s o l v e
8

9 m = np . s i z e ( y i n i t )
10 t = np . z e r o s ( 1 )
11 y = np . z e r o s ( ( 1 , m ) )
12 e = np . z e r o s ( 1 )
13

14 k = 0
15 t [ k ] = t range [ 0 ]
16 y [ k , : ] = y i n i t
17

18 ### BEGIN RK3 f o r 0 < k < 2 ================================ ###
19 whi le ( k < 2 ) :
20

21 # add new t , y , e va lue s
22 t = np . append ( t , 0 . 0 )
23 y = np . vstack ( ( y , np . z e r o s ( m ) ) )
24 e = np . append ( e , 0 . 0 )
25

26 ta = t [ k ] + dt / 2
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27 ya = y [ k ] + dt / 2 ∗ f od e ( t [ k ] , y [ k ] )
28

29 tb = t [ k ] + dt
30 yb = y [ k ] + dt ∗ ( 2 ∗ f od e ( ta , ya ) − f od e ( t [ k ] , y [ k ] ) )
31

32 # est imate s o l u t i o n / true s tep
33 y [ k+1] = y [ k , : ] + \
34 dt ∗ ( f ode ( t [ k ] , y [ k ] ) + 4 .0 ∗ f od e ( ta , ya ) + f ode ( tb , yb ) ) / 6 .0
35

36 t [ k+1] = t [ k ] + dt
37 k = k + 1
38 ### END RK3 ================================================= ###
39

40 # i n i t i a l the f i r s t th ree t imes teps
41 knm1 = t [ k ] − t [ k−1]
42 knm2 = t [ k−1] − t [ k−2]
43 knm3 = t [ k−2] − t [ k−3]
44

45 # to be updated in loop
46 kn = dt
47

48 whi le ( t [ k ] < t range [ 1 ] ) :
49

50 # add new t , y , e va lue s in outer loop
51 # w i l l be updated un t i l i nne r loop i s s a t i s f i e d
52 t = np . append ( t , 0 . 0 )
53 y = np . vstack ( ( y ,np . z e r o s ( m ) ) )
54 e = np . append ( e , 0 . 0 )
55

56 whi le ( True ) :
57 t [ k+1] = t [ k ] + kn
58

59 i f ( t [ k+1] > t range [ 1 ] ) :
60 t [ k+1] = t range [ 1 ]
61 kn = t [ k+1] − t [ k ]
62

63 temp yk , kappa nm1 = IE a d a p t i v e p r e f i l t e r ( y [ k , : ] , y [ k−1 , : ] , y [ k−2 , : ] , kn
, knm1 , knm2 )

64 y [ k+1 , : ] = f s o l v e ( bef updated , y [ k+1, : ] , a rgs = ( f ode , kn , temp yk , t [
k+1] ) )

65 ynp1 order2 = y [ k+1 ,0]
66 y [ k+1 , : ] = IE a d a p t i v e p o s t f i l t e r ( y [ k+1 , : ] , y [ k , : ] , y [ k−1 , : ] , kappa nm1 ,

kn , knm1 , knm2 , knm3 )
67 ynp1 order3 = y [ k+1 ,0]
68

69

70 e [ k+1] = np . l i n a l g . norm( ynp1 order2 − ynp1 order3 )
71

72 i f ( TOL ∗ kn < e [ k+1] ) :
73 kn = kn / 2 .0
74 e l i f ( e [ k+1] < TOL ∗ kn / 32 .0 ) :
75 kn = kn ∗ 2 .0
76 break
77 e l s e :
78 break
79

80 k = k + 1
81 # add t h i s l i n e to r e s e t s t ep s
82 kn = dt
83 knm1 = t [ k ] − t [ k−1]
84 knm2 = t [ k−1] − t [ k−2]
85 knm3 = t [ k−2] − t [ k−3]
86

87 # te s t
88 i f ( k > max steps ) :
89 pr in t ( ’ Reached maximum number o f a l l owab l e s t ep s . ’ )
90 break
91

92 r e turn t , y , e
93

94
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95 de f I E a d a p t i v e p r e f i l t e r ( y n , y nm1 , y nm2 , kn , knm1 , knm2 ) :
96 kappa nm1 = (2∗knm2/(knm1+knm2) ) ∗ y n − 2 ∗ y nm1 + (2∗knm1/(knm1+knm2) ) ∗ y nm2
97 y n t i l d e = y n − ( kn∗∗2/(2∗knm1∗knm2) ) ∗ kappa nm1
98

99 r e turn y n t i l d e , kappa nm1
100

101 de f I E a d a p t i v e p o s t f i l t e r ( y np1 , y n , y nm1 , kappa nm1 , kn , knm1 , knm2 , knm3 ) :
102 kappa n = (2∗knm1/(kn+knm1) ) ∗ y np1 − 2 ∗ y n + (2∗kn/(kn+knm1) ) ∗ y nm1
103 p o s t f i l t e r = −( kn∗∗2 ∗ (knm1 + kn) ∗ (knm2 + 2 ∗ ( knm1 + kn ) ) ) / \
104 ( 2∗knm1∗(2∗knm2∗∗2∗(knm1+kn) + 3∗knm3∗(knm2−kn ) ∗(knm1+kn) − 2∗knm1∗kn∗(knm1+kn) +

knm2∗( kn∗∗2 − 5∗knm1∗kn − 7∗kn∗∗2) ) )
105 ynp 1 f i r s t = y np1 − p o s t f i l t e r ∗ ( kappa n − kappa nm1 )
106

107 r e turn ynp 1 f i r s t
108

109 de f bef updated ( yp , f , kn , yo , tp ) :
110

111 value = yp − yo − kn ∗ f ( tp , yp )
112

113 r e turn value

Listing 4.1: Python IE-Pre-Post-Adaptive

48



5.0 Conclusions

The filtered methods IE-Pre-2 and IE-Pre-Post-3 have errors close to or comparable to

the errors of BDF2 and BDF3, respectively, in many of the constant step tests. One key

advantage of IE-Pre-2 and IE-Pre-Post-3 is that they are a natural embedded pair. The

methods have overlapping steps and only a single “solve” step. These are both beneficial

from a computational standpoint when adapting the timestep.

Further benefits of the new filtered methods are that they require only minor mod-

ifications of existing code, they are computationally cheap and IE-Pre-2 has a relatively

larger absolute stability region. The combination of these benefits suggests that pre- and

post-filtered versions of many of the classic numerical methods convenient and practical

solutions.

Herein, we have found adaptive timestep pre- and post-filters for the IE-based methods.

Next steps are further research on the implementation and analysis of the adaptive timestep

method. Also, adaptive timesteps can be explored for higher order filtered versions of the

Midpoint, BDF2 and BDF3 methods.

Regarding the code implementations: In order for IE-Pre-Post-3 for achieve third order

convergence, the initial steps need to be taken carefully. There are two versions in the code

repository. One version uses RK3 in the first few steps until the method has enough points

to begin filtering. The other version builds up with Implicit Euler, then BDF2 until the

method has enough values to begin filtering. Both versions appear to work equally as well.
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Appendix A Graphing stability regions with the Boundary Locus Method

A.1 boundary locus.py

1

2 de f boundary locus ( jpg name , t i t l e , h hat , c o l o r , s c a l a r , x range , y range ) :
3 import matp lo t l i b . pyplot as p l t
4 import matp lo t l i b . c o l o r s as mcolors
5 import numpy as np
6

7 f i g , ax = p l t . subp lo t s ( )
8 s = np . z e r o s ( 10001 , dtype=complex )
9 theta = np . l i n s p a c e ( 0 .0 , s c a l a r ∗ np . p i , 10001 )

10

11 f o r i , va l in enumerate ( theta ) :
12 s [ i ] = complex ( np . cos ( va l ) , np . s i n ( va l ) )
13 # pr in t ( s )
14

15 boundary curve = h hat ( s )
16 x = np . r e a l ( boundary curve )
17 y = np . imag ( boundary curve )
18 # pl t . xl im (−1 , 5)
19 # pl t . yl im (−3 , 3)
20 p l t . xl im ( x range [ 0 ] , x range [ 1 ] )
21 p l t . yl im ( y range [ 0 ] , y range [ 1 ] )
22 p l t . p l o t ( x , y , c o l o r )
23 p l t . g r i d ( True )
24 ax . axh l ine ( y=0, c o l o r=’k ’ )
25 ax . axv l i n e (x=0, c o l o r=’k ’ )
26 p l t . x l ab e l ( ’Re ax i s ’ )
27 p l t . y l ab e l ( ’ Im ax i s ’ )
28 p l t . t i t l e ( t i t l e )
29 p l t . s a v e f i g ( jpg name )
30 p l t . show ( )
31 p l t . c l o s e ( )
32

33 de f b o u nd a r y l o c u s f i l l ( jpg name , t i t l e , h hat , c o l o r , back co l o r , s c a l a r , x range ,
y range ) :

34 import matp lo t l i b . pyplot as p l t
35 import matp lo t l i b . c o l o r s as mcolors
36 import numpy as np
37

38 f i g , ax = p l t . subp lo t s ( )
39 s = np . z e r o s ( 10001 , dtype=complex )
40 theta = np . l i n s p a c e ( 0 .0 , s c a l a r ∗ np . p i , 10001 )
41

42 f o r i , va l in enumerate ( theta ) :
43 s [ i ] = complex ( np . cos ( va l ) , np . s i n ( va l ) )
44 # pr in t ( s )
45 ax . s e t f a c e c o l o r ( back co l o r )
46 boundary curve = h hat ( s )
47 x = np . r e a l ( boundary curve )
48 y = np . imag ( boundary curve )
49 p l t . xl im ( x range [ 0 ] , x range [ 1 ] )
50 p l t . yl im ( y range [ 0 ] , y range [ 1 ] )
51 p l t . f i l l ( x , y , c o l o r )
52 p l t . g r i d ( Fa l se )
53 ax . axh l ine ( y=0, c o l o r=’k ’ )
54 ax . axv l i n e (x=0, c o l o r=’k ’ )
55 p l t . x l ab e l ( ’Re ax i s ’ )
56 p l t . y l ab e l ( ’ Im ax i s ’ )
57 p l t . t i t l e ( t i t l e )
58 p l t . s a v e f i g ( jpg name )
59 p l t . show ( )
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60 p l t . c l o s e ( )
61

62 i f ( name == ’ ma in ’ ) :
63

64 # boundary curves IE−Pre−2 / IE−Pre−Post−3
65 boundary locus ( ’ i epre2 boundary . jpg ’ , ’ IE−Pre−2 S t a b i l i t y Region Boundary Curve ’ , \
66 lambda r : ( r ∗∗3 − ( 1 . 0 / 2 . 0 ) ∗ r ∗∗2 − r + ( 1 . 0 / 2 . 0 ) ) / r ∗∗3 , ’b ’ , 2 . 0

, [ −1 , 5 ] , [ −3 , 3 ] )
67 boundary locus ( ’ i eprepost3 boundary . jpg ’ , ’ IE−Pre−Post−3 S t a b i l i t y Region Boundary

Curve ’ , \
68 lambda r : ( ( 11 .0 ∗ r ∗∗3 − 18 .0 ∗ r ∗∗2 + 9 .0 ∗ r − 2 .0 ) / (11 . 0 ∗ r ∗∗3

− 15 .0 ∗ r ∗∗2 + 15 .0 ∗ r − 5 . 0 ) ) ,\
69 ’ b ’ , 2 . 0 , [ −20 , 20 ] , [ −20 , 20 ] )
70

71 # boundary curves BDF2 / BDF3
72 boundary locus ( ’ bdf2 boundary . jpg ’ , ’BDF2 S t a b i l i t y Region Boundary Curve ’ , \
73 lambda r : ( 3 . 0 ∗ r ∗∗2 − 4 .0 ∗ r + 1 ) / ( 2 .0 ∗ r ∗∗2 ) , ’ r ’ , 2 . 0 , [ −1

, 5 ] , [ −3 , 3 ] )
74 boundary locus ( ’ bdf3 boundary . jpg ’ , ’BDF3 S t a b i l i t y Region Boundary Curve ’ , \
75 lambda r : ( ( 11 .0 ∗ r ∗∗3 − 18 .0 ∗ r ∗∗2 + 9 .0 ∗ r − 2 .0 ) / ( 6 . 0 ∗ r ∗∗3

) ) ,\
76 ’ r ’ , 2 . 0 , [ −2 , 10 ] , [ −6 , 6 ] )
77

78 # f i l l e d in s t a b i l i t y r e g i on s
79 b ound a r y l o c u s f i l l ( ’ i e p r e p o s t 3 s t a b i l i t y f u l l . jpg ’ , ’ IE−Pre−Post−3 S t a b i l i t y Region ’

, \
80 lambda r : ( ( 11 .0 ∗ r ∗∗3 − 18 .0 ∗ r ∗∗2 + 9 .0 ∗ r − 2 .0 ) / (11 . 0 ∗ r ∗∗3 −

15 .0 ∗ r ∗∗2 + 15 .0 ∗ r − 5 . 0 ) ) ,\
81 ’w ’ , ’ b ’ , 2 . 0 , [ −20 , 20 ] , [ −20 , 20 ] )
82 b ound a r y l o c u s f i l l ( ’ i e p r e 2 s t a b i l i t y f u l l . jpg ’ , ’ IE−Pre−2 S t a b i l i t y Region ’ , \
83 lambda r : ( r ∗∗3 − ( 1 . 0 / 2 . 0 ) ∗ r ∗∗2 − r + ( 1 . 0 / 2 . 0 ) ) / r ∗∗3 ,\
84 ’w ’ , ’ b ’ , 2 . 0 , [ −1 , 5 ] , [ −3 , 3 ] )
85

86 b ound a r y l o c u s f i l l ( ’ b d f 2 s t a b i l i t y f u l l . jpg ’ , ’BDF2 S t a b i l i t y Region ’ , \
87 lambda r : ( 3 . 0 ∗ r ∗∗2 − 4 .0 ∗ r + 1 ) / ( 2 .0 ∗ r ∗∗2 ) , \
88 ’w ’ , ’ r ’ , 2 . 0 , [ −1 , 5 ] , [ −3 , 3 ] )
89 b ound a r y l o c u s f i l l ( ’ b d f 3 s t a b i l i t y f u l l . jpg ’ , ’BDF3 S t a b i l i t y Region ’ , \
90 lambda r : ( ( 11 .0 ∗ r ∗∗3 − 18 .0 ∗ r ∗∗2 + 9 .0 ∗ r − 2 .0 ) / ( 6 . 0 ∗ r ∗∗3 ) )

,\
91 ’w ’ , ’ r ’ , 2 . 0 , [ −2 , 10 ] , [ −6 , 6 ] )

Listing A.1: Code to generate stability regions
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A.2 find stability roots.py

1

2 de f f i n d s t a b i l i t y r o o t s ( r , h hat ) :
3 import numpy as np
4

5 r r o o t s = np . r oo t s ( r )
6 pr in t ( r r o o t s )
7 f ound g r ea t e r than 1 = False
8 pr in t ( f ’ root # \ t \ t r oo t \ t \ t \ t \ t \ t \tnorm ( root ) \ t \ t g r e a t e r than one? ’ )
9 f o r i , root in enumerate ( r r o o t s ) :

10 pr in t ( f ’ root { i } = \ t { root }\ t {abs ( root ) } ’ )
11 i f ( abs ( root ) > 1 ) :
12 f ound g r ea t e r than 1 = True
13 pr in t ( ’ ’ )
14 i f ( f ound g r ea t e r than 1 ) :
15 pr in t ( f ’ \nFound abs ( root ) g r e a t e r than 1 −> not s t ab l e in the r eg i on conta in ing {

h hat }\n ’ )
16 e l s e :
17 pr in t ( f ’ \nStable in the r eg i on conta in ing {h hat }\n ’ )
18 r e turn
19

20 i f ( name == ’ ma in ’ ) :
21 # t e s t s f o r IE−Pre−2
22 h hat = complex ( 1 , 1 .25 )
23 f i n d s t a b i l i t y r o o t s ( [ 1 − h hat , −(1 .0/2 .0) , −1.0 , 1 . 0 /2 . 0 ] , h hat )
24

25 h hat = complex ( 1 , −1.25 )
26 f i n d s t a b i l i t y r o o t s ( [ 1 − h hat , −(1 .0/2 .0) , −1.0 , 1 . 0 /2 . 0 ] , h hat )
27

28 h hat = complex ( 1 .0 , 0 . 0 )
29 f i n d s t a b i l i t y r o o t s ( [ 1 − h hat , −(1 .0/2 .0) , −1.0 , 1 . 0 /2 . 0 ] , h hat )
30

31 h hat = complex ( 3 .0 , 0 . 0 )
32 f i n d s t a b i l i t y r o o t s ( [ 1 − h hat , −(1 .0/2 .0) , −1.0 , 1 . 0 /2 . 0 ] , h hat )
33

34

35 # t e s t s f o r IE−Pre−Post−3
36 h hat = complex ( 5 .0 , 0 )
37 f i n d s t a b i l i t y r o o t s ( [ 11 .0 − 11 .0∗ h hat , −18.0 + 15.0∗ h hat , 9 . 0 − 15 .0∗ h hat , −2.0

+ 5.0∗ h hat ] , h hat )
38

39 h hat = complex ( −5.0 , 0 )
40 f i n d s t a b i l i t y r o o t s ( [ 11 .0 − 11 .0∗ h hat , −18.0 + 15.0∗ h hat , 9 . 0 − 15 .0∗ h hat , −2.0

+ 5.0∗ h hat ] , h hat )
41

42 h hat = complex ( 5 .0 , 5 . 0 )
43 f i n d s t a b i l i t y r o o t s ( [ 11 .0 − 11 .0∗ h hat , −18.0 + 15.0∗ h hat , 9 . 0 − 15 .0∗ h hat , −2.0

+ 5.0∗ h hat ] , h hat )

Listing A.2: Test points in subregions formed from boundary curve
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A.3 BDF2 / BDF3 Stability Regions

The stability regions for BDF2 and BDF3 are well-known. We recreate them here, follow-

ing the same methodology as for the filtered methods, to demonstrate and test boundary locus.py.

Also, we can compare them to the stability regions for IE-Pre-2 and IE-Pre-Post-3.

BDF2: yn+2 −
4

3
yn+1 +

1

3
yn =

2

3
kf(tn+2, yn+2)

BDF3: yn+3 −
18

11
yn+2 +

9

11
yn+1 −

2

11
yn =

6

11
kf(tn+3, yn+3)

Use the following inputs for the script:

BDF2: k̂(r) =
3r2 − 4r + 1

2r2

BDF3: k̂(r) =
11r3 − 18r2 + 9r − 2

6r3
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A.3.1 BDF2

Figure 18: BDF2 Stability Region Boundary Curve

Figure 19: BDF2 Stability Region
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A.3.2 BDF3

Figure 20: BDF3 Stability Region Boundary Curve

Figure 21: BDF3 Stability Region
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Appendix B Constant Timestep Filters Revisited

Method outline

Step 1) Pre-filter ỹn = yn −
α

2
κn−1

Step 2) IE Solve
yn+1 − ỹn

kn
= f(tn+1, yn+1)

Step 3) Post-filter y3rdn+1 = yn+1 − β(κn − κn−1)

For constant timestep:

κn−1 = yn − 2yn−1 + yn−2

κn = yn+1 − 2yn + yn−1
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B.1 Alternative Pre-filter Calculation

Step 1) Pre-filter ỹn = yn −
α

2
(yn − 2yn−1 + yn−2)

Step 2) IE Solve yn+1 − ỹn = kf(tn+1, yn+1)

For second order, we require the method to be exact on t2.

y1 = t21 t1 = k

y2 = t22 t2 = 2k

y3 = t23 t3 = 3k

y4 = t24 t4 = 4k

When n = 3, we have:

y4 − ỹ3 = kf(t4, y4)

y4 − (y3 −
α

2
(y3 − 2y2 + y1)) = k(y4)

′

y4 − y3 +
α

2
y3 − αy2 +

α

2
y1 = k(y4)

′

y4 +
(α
2
− 1

)
y3 − αy2 +

α

2
y1 = k(y4)

′

Substitute:

(4k)2 +
(α
2
− 1

)
(3k)2 − α(2k)2 +

α

2
k2 = k · 2(4k)

We find that α = 1. This is consistent with the Taylor expansion derivation in Section 2.1.2.
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B.2 Alternative Post-filter Calculation

Step 1) Pre-filter ỹn = yn −
1

2
(yn − 2yn−1 + yn−2)

Step 2) IE Solve
yn+1 − ỹn

kn
= f(tn+1, yn+1)

Step 3) Post-filter y3rdn+1 = yn+1 − β(yn+1 − 2yn + yn−1 − (yn − 2yn−1 + yn−2))

We require the method to be exact on y = t3. For simplicity, use n = 3. Then we’ll work

with y1, y2, y3, y4 in the method and:

y1 = t31 t1 = k

y2 = t32 t2 = 2k

y3 = t33 t3 = 3k

y4 = t34 t4 = 4k

In the post-filter step, we have:

y3rd4 = y4 − β(y4 − 2y3 + y2 − (y3 − y2 + y1))

= (1− β)y4 + 3βy3 − 3βy2 + βy1

Denote y4 as y∗4. Denote y3rd4 as y4. Solve for y∗4.

y4 = (1− β)y∗4 + 3βy3 − 3βy2 + βy1

⇐⇒ y∗4 =
1

1− β
(y4 − 3βy3 + 3βy2 − βy1)
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The method becomes:

y∗4 − ỹ3 = kf(t4, y4) = k(y∗4)
′

1

1− β
(y4 − 3βy3 + 3βy2 − βy1)−

(
y3 −

1

2
(y3 − 2y2 + y1)

)
=

(
1

1− β
(y4 − 3βy3 + 3βy2 − βy1)

)′

1

1− β
((4k)3 − 3β(3k)3 + 3β(2k)3 − β(k)3 −

(
(3k)3 − 1

2
((3k)3 − 2(2k)3 + (k)3)

)
=

(
1

1− β
(3(4k)2 − 3β · 3(3k)2 + 3 · 3β(2k)2 − β · 3(k)2)

)
We solve the above equation and find that β = 5

11
. This is consistent with the derivation in

Section 2.2.2.
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Appendix C Adaptive Timestep Pre-filter Revisited

We require the method to be exact on y = t2. For simplicity, use n = 3. Then we’ll work

with y1, y2, y3, y4 in the method and:

y1 = t21 t1 = k0

y2 = t22 t2 = k0 + k1

y3 = t23 t3 = k0 + k1 + k2

y4 = t24 t4 = k0 + k1 + k2 + k3

y4 −
(
y3 −

α

2

(
2k1

k1 + k2
y3 − 2y2 +

2k2
k1 + k2

y1

))
= k3(y4)

′

Substitute:

(k0 + k1 + k2 + k3)
2−(

(k0 + k1 + k2)
2 − α

2

(
2k1

k1 + k2
(k0 + k1 + k2)

2 − 2(k0 + k1)
2 +

2k2
k1 + k2

(k0)
2

))

= k32(k0 + k1 + k2 + k3)

Solve the above for α and we find that α =
k23

k2k1
. Then the pre-filter is k2n

kn−1kn−2
. This is

consistent with Section 4.1.
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