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ABSTRACT

A well-posed thermal-electric coupled mathematical-numerical model to optimize the cross-sectional area
per length of a thermoelectric (TE) leg is introduced to maximize thermal conversion efficiency (η) or power
output (Po). To employ such optimization, the p- or n-type leg was divided into uniform length segments,
wherein the product of the electrical resistance (Rel) and thermal conductance (K) was minimized as to max-
imize the figure of merit (ZT ) of each individual partition. The minimization of RelK was dependent upon
the temperature difference established across each segment, which was resolved using a one-dimensional
finite difference (FD) scheme of the TE general energy equation (GEQ). The TE GEQ included all pertinent
phenomena —conduction, Joule, Peltier and Thomson effects —as well as temperature dependent proper-
ties. The boundary conditions of the FD scheme were provided via a one-dimensional thermal resistance
network. The current output of the unicouple was determined by the temperature bounds across the junction
and the internal resistance of the TE legs, and this was explicitly coupled to the TE GEQ to create a fully-
coupled model. The proposed model was validated to a fully-coupled thermal-electric finite volume method
model implemented in ANSYS CFX. The proposed optimization process yielded improvements in volumet-
ric efficiency and volumetric power output of 4.60% and 3.75%, respectively, in comparison to conventional
constant-area optimization processes.
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INTRODUCTION

Thermoelectric devices (TEDs) are a type of energy conversion apparatus that can convert a temperature
difference across semiconductor materials into an electrical power output, and vice versa. When used to
generate electrical power from a temperature difference across semiconductors via the Seebeck effect [1],
the TED is referred to as a thermoelectric generator (TEG). TED performance is intrinsically dependent
upon the n- and p-doped semiconductors that are connected electrically in series and thermally in parallel.
Although the conversion efficiency is low in comparison to conventional power generation technologies such
as the Rankine cycle, TEGs have several design advantages over such technologies that make them favorable
for waste heat recovery and remote power generation. Namely, they are small in size with no moving parts,
noiseless, emit zero-emissions, and have long operational lifetimes. Consequently, TEGs are utilized for large-
scale waste heat recovery in the automotive industry, where they have been integrated into the exhaust and
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radiator systems of automobiles to reduce fuel consumption via the conversion of heat flux into electrical
power [2–5]. Other studies have used the engine as the direct heat source for a TEG system, increasing thermal
conversion efficiency and power output [6, 7]. TEGs are also used to deliver power to space systems, where
high-efficiency materials, lightweight design, and reliable electrical energy production are critical [8–10].

The primary reason for limited implementation of TEGs is their low thermal conversion efficiency. A ther-
moelectric material’s maximum efficiency performance is characterized by the dimensionless figure of merit
expressed as

ZT =
α2T

ρλ
or ZT =

α2T

RelK
(1)

where α is the Seebeck coefficient, T is the average temperature across the material, ρ is the electrical resis-
tivity, λ is the thermal conductivity of the material, Rel is electrical resistance, and K is thermal conductance
[11]. The latter formulation takes into account geometric parameters. Semiconductors with increased values
of ZT are favorable because they produce more power and achieve relatively high power densities and ther-
mal conversion efficiencies compared to other materials [12, 13]. The present work uses bismuth-telluride
alloys as the material for the semiconductors [14, 15]. However, the proposed model herein is applicable to
all thermoelectric (TE) materials because its objective is the optimal geometric design for the semiconductor
leg regardless of TE material. In order to optimize performance, various device designs have been developed,
including segmented TEGs [16–18], multi-stage TEGS [19, 20], and annular TEGs [21].

Although material properties significantly impact device performance, other factors such as device geometry
and configuration are also critical. Optimization of semiconductor leg length and shape can be conducted
to develop a high performing TEG. Meng et. al found that the power output of a TEG is maximized at
a shorter leg length than that at which device efficiency is maximized [22]. Fabian-Mijanos and Alvarez-
Quintana studied pyramidal-shaped semiconductor legs and found that maximum power output was almost
two times greater than that of symmetric rectangular legs, which was accredited to the utilization of the
Thomson effect [23]. While these works give insight on the effects of individual geometric parameters, the
work presented herein eliminates the necessity for parametric studies by providing an algorithm that optimizes
the semiconductor leg shape profile based on the realized temperature difference.

Geometric optimization of a TEG proves advantageous in several ways. Namely, it can result in a decrease
in the amount of material required to construct a TEG, which will then decrease rare earth element usage.
Additionally, the reduction in material results in a lighter TEG. While the difference in weight may be in-
consequential upon consideration of a single unicouple, it must be considered that in practical applications,
such as in the automotive or aerospace industries, hundreds of thermoelectric modules (TEMs) are required.
For example, Deng et al. constructed a 115 kg TEG from 240 TEMs for application in a heavy-duty vehicle
[3], and the GPHS-RTG used on the Cassini mission contained 572 SiGe junctions and weighs approximately
55.9 kg [24]. On this larger scale, reduction in weight via geometric optimization of the TEG is significant
as it will improve fuel efficiency of the vehicle in automotive applications or reduce payload weight in space
applications.

Previous models that have framed this work have directly analyzed the effect of thermoelectric leg geometry
using cross-sectional area optimization methods to provide predictions of the leg shape profile that maximizes
either thermal conversion efficiency or power output. Zare et al. optimized a segmented TEG by holding the
cross section of the p-type leg constant, while optimizing the cross section of the n-type leg. In doing so, they
obtained a maximum efficiency 4.98% greater than the best previously published results in a comparable tem-
perature range [18]. Barry et al. similarly varied n-type leg geometry to optimize a single-stage TEG, though
both cross-sectional area and leg length were simultaneously optimized via an analytical model. Effects of
electrical and thermal contact resistances were considered in the analysis, with geometric optimization result-
ing in a 29% increase in volumetric power density and a 12% increase in volumetric efficiency in comparison
to non-optimized geometries under comparable conditions [25]. Multi-objective and multi-parameter opti-
mization methods have also been developed to improve TEG design. Qing et al. proposed a multi-parametric
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model that optimized cross-sectional area ratio (AP /LP = AN/LN ), showing that the optimal value of
(AN/AP ) is larger for maximum power output than it is for maximum thermal conversion efficiency [26].
He et al. produced a cross-sectional area optimization method based on the Hill-climbing algorithm that
uses space trajectories throughout the optimization process to obtain maximum power output [27]. However,
the Hill-climbing method is problematic in that it continuously searches for a local extrema, though it may
never locate the global solution. Consequently, a genetic algorithm has been implemented for design opti-
mization due to its application of the fundamental principles of genetics. Namely, via selection, crossover,
and random mutation, the genetic algorithm searches for a better solution and surpasses the Hill-climbing
method in its ability to calculate the global solution [28–30]. While the genetic algorithm is advantageous
in its ability to find a global solution, it requires a large number of design evaluations, and does not provide
insight into how parameters reach their optimal values. Conversely, the simplified conjugate-gradient method
demonstrates how each design variable effects TEG performance through multi-objective and multi-parameter
geometry optimization. Like the Hill-climbing method, it may become trapped in local minimum solutions
[31, 32]. The previously mentioned optimization methods can be complicated and require significant compu-
tational time. He proposed a coupled electrical-thermal impedance matching model, in which the electrical
impedance matching condition was derived for maximum power output and maximum conversion efficiency.
Optimal geometry conditions are derived from the aforementioned model, which are solved in a 1D numerical
model [33].

Based upon the findings of the aforementioned optimization studies, a well-posed, iterative, thermal-electric
coupled analytic-numerical model is presented to conclusively determine the optimum leg shape profile that
maximizes thermal conversion efficiency or power output, based upon thermal conditions and electrical load
resistances. The model utilizes a one-dimensional thermal resistance network (TRN) of a thermoelectric junc-
tion, which includes thermal resistances of the interconnectors. The TRN provides the hot- and cold-side
junction temperatures, which serve as the boundary conditions for a second-order central difference finite-
differencing scheme of the TE general energy equation (GEQ), which governs the temperature distribution
within the TE legs. The TE leg is divided into segments, where the cross-sectional area of each segment is
optimized to maximize the local ZT by minimizing the RelK product, which in itself is governed by the
temperature gradient established across each segment as determined by the finite-differencing scheme. The
electric current generated by the unicouple, based upon the realized hot- and cold-side junction temperatures
and electrical resistance of the TEG legs, is coupled to the TE GEQ through the inherent source terms, which
then provides updated interior boundary conditions for the TRN, thus creating a thermal-electric coupled
model. By using temperature-dependent material properties for all components within the unicouple, as well
as the interconnectors, an iterative solution methodology is implemented to resolve the presented system of
equations. This proposed model requires one TE leg to have an invariant cross-sectional area, allowing for op-
timization of the cross-sectional area as a function of length of the remaining leg. Provisions for thermal and
electrical contact resistances between TE materials and interconnectors can be included, but are not currently.
The proposed multi-method is validated to that of a finite volume method (FVM) implemented in ANSYS
CFX.

METHODOLOGY

A schematic of a TEG unicouple is shown in Fig. 1 a). The hot-side interconnector (HSI) is exposed to a
constant hot-side temperature, T∞,h, and has an associated thermal resistance Rth,int,h, as shown in Fig. 1 b).
The hot-sides of the p- and n-type materials are in contact with the bottom of the HSI and the temperatures at
the interface of these materials is assumed equal, and is denoted as one variable TN,h = TP,h = Th. The heat
entering the HSI is denoted as Qh, and is solved for via the application of a TRN to the hot-side interconnector
such that:

Qh =
T∞,h − Th

R̃th,int,h

. (2)
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Fig. 1 Schematic of TEG unicouple with a) prescribed geometry, b) nodal temperature values and bounds,
thermal resistances of HSI and CSI, and heats for TRN, and c) discretized n- and p-type legs with slice
temperatures and heat flows.

The thermal resistance of the HSI is expressed in terms of the length of the inteconnector, Lint taken in the
vertical direction, per the product of integral average of the thermal conductivity, denoted λ̃int,h, and the
cross-sectional area, denoted Aint,h, such that

R̃th,int,h =
Lint,h

λ̃int,hAint,h

. (3)

The heat entering the hot-side interconnector must also be the sum of the heat entering the hot-side of the p-
and n-type legs, which is given by [34] as:

QN,h = αN (TN,h)ITN,h + K̃N (TN,h − TN,c)−
I

2

(
IR̃el,N + τ̃N (TN,h − TN,c)

)
(4)

QP,h = αP (TP,h)ITP,h + K̃P (TP,h − TP,c)−
I

2

(
IR̃el,P + τ̃P (TP,h − TP,c)

)
. (5)

Within Eqns. 4 and 5, αN,P is the Seebeck coefficient evaluated at the hot-side temperature. I is the magnitude
of the current density vector, which is defined after the remaining terms. K̃ is the integral-averaged thermal
conductance evaluated between the hot- and cold-side material temperatures, Th and Tc, and is expressed as

K̃N,P =

M−1∑
i=1

λ̃kN,PA
k
N,P

Lk
N,P

(6)

where λ̃kN,P is the integral-averaged thermal conductivity of each slice evaluated between the temperatures
of Ti and Ti+1, Ak

N,P is the cross-sectional area of each slice and Lk
N,P is the length of the n- and p-type

materials of each slice. Similarly, R̃el,N,P is the electrical resistance of the n- and p-materials expressed as

R̃el,N,P =

M∑
i=1

ρ̃kN,PL
k
N,P

Ak
N,P

(7)

where ρ̃iN,P is the integral-averaged electrical resistivity of each slice. Lastly, τ̃N,P is the integral-averaged
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Thomson coefficient, which is expressed as

τN,P =

(
∂αN,P

∂T

)
T. (8)

The temperature at the cold-side of the n- and p-type materials is assumed to be the same, and thus TN,c =
TP,c = Tc. The heat exiting the legs must sum to the heat exiting both of the cold-side interconnectors (CSI),
and the heat exiting n- and p-type materials is provided by [34], which is expressed as

QN,c = αN (TN,c)ITN,c + K̃N (TN,h − TN,c) +
I

2

(
IR̃el,N + τ̃N (TN,h − TN,c)

)
(9)

QP,c = αP (TP,c)ITP,c + K̃P (TP,h − TP,c) +
I

2

(
IR̃el,P + τ̃P (TP,h − TP,c)

)
. (10)

Within Eqns. 9 and 10, αN,P is the Seebeck coefficient evaluated at the cold-side temperature. Finally, the
heat exiting the CSI is expressed as

Qc =
Tc − T∞,c

R̃th,int,c

. (11)

The thermal resistance of the CSI is defined as

R̃th,int,c =
Lint,c

λ̃int,cAint,c

. (12)

All temperature-dependent thermophysical properties listed in Eqns. 2 through 12 are represented as poly-
nomial functions in Tab. 1. When the n- and p-type legs are discretized into equal length slices as show in
Fig. 1 c), the value of M − 1 in Eqns. 6 and 7 is the number of slices in the thermoelectric element leg. In
order to calculate the integral average of the material properties of these slices, the intermediate temperatures
between the slices must be resolved. Additionally, Eqns. 4, 5, 9 and 10 are still applicable as to determine the
heat entering and exiting each slice, and the temperatures and temperature bounds within said equations are
modified to reflect those across the slice. To accomplish the resolution of the temperatures at the interface of
each slice, the steady-state GEQ taking into account conduction, Joule and Thomson heating, and the Peltier
effect for the semiconductors is employed. The GEQ [35] is expressed as

∇ · (λA∇T ) + ρAJ2 − TAJ
[
(∇α)T +

(
∂α

∂T

)
∇T
]
− αT∇J = 0 (13)

where the first term represents conduction through a non-uniform member, the second term is the Joule heat,
the third term is the Peltier heat, the fourth term is the Thomson heat, and the fifth term is the Bridgman
heat. The GEQ is considered in one-dimension —the axial direction. The Bridgman heat is neglected, for the
current density vector J in one dimension is represented as a scalar value. The magnitude of J is expressed
as the scalar value of current, I , per the cross-sectional area of the slice, A. The Peltier effect is not included
in the one-dimensional representation of the GEQ, for it occurs only at the interface of the thermoelectric
material and interconnectors. Thus, Eqn. 13 is represented in the axial direction as

∂

∂x

(
λA

(
∂T

∂x

))
+

ρI2

A
− TI

(
∂α

∂T

)
∂T

∂x
= 0. (14)
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Thus, after applying the product rule within the conduction term, and using Eqn. 8 within the third term of
Eqn.14, the following is obtained

dλ

dx
A
dT

dx
+ λA

d2T

dx2
+ λ

dA

dx

dT

dx
+

ρI2

A
− τI

dT

dx
= 0. (15)

The cross-sectional area of the n- or p-type leg slice was averaged based upon the cross-sectional area of point
i and i + 1 during the differencing scheme such that

Ai =
Ai + Ai+1

2
. (16)

With Eqn. 16 defined, a second-order accurate central differencing finite differencing scheme is applied to
Eqn. 15. In doing such, Eqn. 15 is expressed as

(
λi+1 − λi−1

2∆x

)
Ai

(
Ti+1 − Ti−1

2∆x

)
+ λiAi

(
Ti+1 − 2Ti + Ti−1

∆x2

)
+ ...

...λi

(
Ai+1 −Ai−1

2∆x

)(
Ti+1 − Ti−1

2∆x

)
+

ρiI
2

Ai
− τI

(
Ti+1 − Ti−1

2∆x

)
= 0.

(17)

The temperature at the intermediate interfaces of each leg, Ti, is solved as

Ti =

(
∆x2

2λiAi

)((
λi+1 − λi−1

4∆x2
Ai +

λAi

∆x2
+ λi

Ai+1 −Ai−1

4∆x2
+

τI

2∆x

)
Ti+1 + ...

...

(
−
(
λi+1 − λi−1

4∆x2

)
Ai +

λAi

∆x2
− λi

(
Ai+1 −Ai−1

4∆x2

)
− τI

2∆x

)
Ti−1 +

ρI2

Ai

) (18)

The variable I is calculated from the open-circuit voltage, Voc, and the internal and load resistance, Rin and
Rload, respectively. Thus, I is expressed as

I =
Voc

Rin + Rload
=

(|α̃N |+ α̃P )(Th − Tc)

R̃el,N + R̃el,P + Rload

(19)

where both the integral-average Seebeck coefficient is evaluated and the electrical resistance is calculated on
a per-slice basis. The load resistance was set to either of two values, as to either maximize power output or to
maximize efficiency:

Rload =


Rin maximize power output

Rin

(
1 +

(
(|α̃N |+ α̃P )2

[(ρ̃N λ̃N )
1
2 + (ρ̃P λ̃P )

1
2 ]2

)(
Tc + Th

2

)) 1
2

maximize efficiency
(20)

Once the temperatures at each slice interface are determined, the ratio of cross-sectional areas of the n- and
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p-type materials can be optimized based upon the formulation provided by Angrist [11] such that

AN

AP
=


(
ρ̃N

ρ̃P

) 1
2

maximize power output(
ρ̃N λ̃N

ρ̃P λ̃P

) 1
2

maximize efficiency

(21)

The system response quantities (SRQs), namely power output, denoted as Po, and efficiency, denoted as η,
are calculated as follows. The power output is expressed as

Po = I2Rload. (22)

The efficiency is expressed as

η =
Po

Qh
(23)

To optimize the cross-sectional area, the following solution algorithm is implemented. This methodology is
illustrated in Fig. 2.

1. The cross-sectional areas of both the n and p-type materials are initialized with a reasonable value (e.g.
25 mm2), and the bounding and interfacial temperatures of the thermoelectric materials are prescribed
as to populate Eqns. 2 and 11. The value for current is initialized as zero.

2. Using the prescribed temperature values, as well as the free-stream temperatures across the TEG, mate-
rial properties of the interconnector and thermoelectric materials are defined on a per-slice basis, namely
λ̃int,h in Eqn. 3, λ̃N,P in Eqn. 6, ρ̃N,P in Eqn. 7, τ̃N,P as defined by Eqn. 8, and λ̃int,c in Eqn.12.

3. The temperatures at the interfaces of the slices are then calculated via Eqn. 18 considering Eqn. 16.

4. Next, Th is solved for using the continuity of heat via Eqns. 2, 4 and 5, and Tc is solved for using the
continuity of heat via Eqns. 9, 10 and 11.

5. The cross-sectional area of one of the legs is then optimized on a per-slice basis using Eqn. 21.

6. Then the current is calculated via Eqn. 19, and is used to re-initialize the aforementioned system of
equations. This process is repeated until there is convergence of temperatures, heat, and current to a
residual criteria of a maximum of 1e-10.

7. Once all SRQs reach the specified convergence criteria, Rload as defined by Eqn. 20 is calculated and
used to determine Po as defined by Eqn. 22 and η as defined by Eqn. 23.

Initialize AN,
AP, T, and I

Solve α,
 τ, ρ, λ

Optimize
AN/AP=f(ρ, λ)

Calculate T=f(α, τ, ρ, λ, AN, AP, I) &
 QN,h,, QP,h ,QN,c, QP,c= f(T, λ, AN, AP)

Yes

No

Calculate
I=f(T, α, ρ, AN, AP)

Convergence of
I, T and Q?

Calculate Po and η

Start

Fig. 2 Iterative solution algorithm.
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Table 1 Polynomial expressions for temperature dependent thermoelectric and interconnector properties.

n-type Bi2Te1.9Se1.1 [15] p-type Ge0.7Pb0.13Te+3% Bi2Te3 [14]
αN = (-3.202118465009907e-19)T 6 +

(9.203585371307136e-16)T 5 +
(-1.073152310161369e-12)T 4 +
(6.493910899794523e-10)T 3 +
(-2.15109875689092e-7)T 2 +
(3.646981516744837e-5)T +
(-0.002561458547361978)

αP = (-1.500813826446285e-19)T 6 +
(4.293338680148655e-16)T 5 +
(-5.014714714245148e-13)T 4 +
(3.042590912073281e-10)T 3 +
(-1.010501330398025e-7)T 2 +
(1.822883155906853e-5)T +
(-0.001365897370156843)

λN = (3.634218867237926e-15)T 6 +
(-1.119227631273517e-11)T 5 +
(1.410461035072385e-8)T 4 +
(-9.307231318913803e-6)T 3 +
(0.003396895991439032)T 2 +

(-0.6552982139209359)T +
(54.70633936832369)

λP = (5.238086549608868e-17)T 6 +
(-2.927636770231909e-13)T 5 +
(5.844390241944433e-10)T 4 +
(-5.642804450717544e-7)T 3 +
(0.0002909446395983974)T 2 +

(-0.08063418038142083)T +
(11.00293123390308)

σN = (-3.253703447464733e-8)T 5 +
(8.721294302777075e-5)T 4 +
(-0.09344706416614766)T 3 +

(50.97626108178136)T 2 +
(-14667.25239632805)T +

(1892814.656277739)

σP = (1.319288092705862e-10)T 6 +
(-3.85669843140294e-7)T 5 +

(0.0004638862454473422)T 4 +
(-0.297110247163325)T 3 +
(109.4552349385509)T 2 +
(-22997.10238999909)T +

(2309068.907784006)
Interconnectors - Copper

λint = (1.5625e-5)T 2 - (8.5625e-2)T + 4.0555e+2
ρint = (6.7872e-11)T - 3.0865e-9

RESULTS AND DISCUSSION

For the optimization of the leg shape profile when solving for either maximum η or Po, the p-type material
cross-sectional area was varied, while the length for both n- and p-type materials, as well as the cross-sectional
area for the n-type material, were held constant. The cold- and hot-side interconnectors had a length of 1 mm,
and the area was taken as 2.5 times the maximum of the p- and n-type materials cross-sectional areas. The
cold-side temperature T∞,c was fixed at 300 K and the hot-side temperature T∞,h was fixed at 700 K.

3.1 Validation

The proposed analytic model was validated to a fully-coupled three-dimensional FVM model implemented in
ANSYS CFX [36]. A non-optimized (constant cross-section) and optimized case were individually compared
to the numeric models, and the percent differences of SRQs are presented in Tab. 2. The geometrical inputs
for the analytic and numeric models are as follows - the p and n-type materials had a leg length of 10 mm and
the p and n-type material had cross-sectional areas of 25 mm2.

The optimized model used in the validation study was studied to determine the requisite number of slices
needed to achieve a grid independent solution, as shown in Tab. 3. Once again, the leg lengths of the p and
n-type materials were held invariant at 10 mm, and the cross-sectional area of the n-type was fixed at 25
mm2. The cross-sectional area of the p-type material was then optimized. Once the number of slices equals
or exceeds 256, the percent difference between successive refinements remains below 1e-3 for all variables
of interest, and said value is used for all remaining analyses. It is noted in Tab. 3 that the scenario of the
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Table 2 Validation of analytic model to fully-coupled FVM model with T∞,c=300 K, T∞,h=700 K, and
solving for maximum power.

Non-optimzed Optimized
SRQ Numeric Analytic % Diff. Numeric Analytic % Diff.
Qh 4.160 090 4.169 074 0.22 4.506 100 4.528 489 0.50
Voc 0.192 091 0.192 941 0.44 0.192 226 0.192 954 0.38
I 4.914 890 4.920 140 0.11 5.372 490 5.415 763 0.80

Rin 0.019 542 0.019 607 0.33 0.017 890 0.017 814 0.42
Po 0.472 052 0.474 648 0.55 0.516 367 0.522 497 1.18
η 11.347 200 11.384 972 0.33 11.459 300 11.537 998 0.68

legs being represented by a singular slice is reflective of the conventional cross-sectional area optimization
proposed by [11]. Even for the validation case, when optimizing the cross-sectional area as a function of
length, the power output increases 1.65% in comparison to the conventionally optimized scenario (M=1),
and 11.43% in comparison to the non-optimized case. The cross-sectional area as a function of number of
slices is portrayed in Fig. 3 a), where AP is plotted against the leg length. Figure 3 b) provides a depiction
of the medium mesh used within the numerical validation, as well as the shape profile of the p-type leg in
comparison to the n-type leg.

Table 3 Grid independence study of optimized geometry model with T∞,c=300 K, T∞,h=700 K for all SRQ
with reported percent difference, solving for maximum power.

No. Slices Qh % Diff. Rin % Diff. Voc % Diff. I % Diff.
1 4.608 755 0.018105 0.192951 5.328661
2 4.575 990 7.13E-1 0.017 680 2.37E+0 0.192 952 7.42E-4 5.456 645 2.37E+0
4 4.543 042 7.23E-1 0.017 767 4.89E-1 0.192 954 6.56E-4 5.430 089 4.88E-1
8 4.533 104 2.19E-1 0.017 797 1.70E-1 0.192 954 1.97E-4 5.420 893 1.70E-1
16 4.530 376 6.02E-2 0.017 806 4.76E-2 0.192 954 5.41E-5 5.418 317 4.75E-2
32 4.529 671 1.56E-2 0.017 808 1.24E-2 0.192 954 1.40E-5 5.417 645 1.24E-2
64 4.529 482 4.16E-3 0.017 809 3.48E-3 0.192 954 3.73E-6 5.417 457 3.48E-3

128 4.529 391 2.01E-3 0.017 809 2.27E-3 0.192 954 1.78E-6 5.417 334 2.27E-3
256 4.529 193 4.37E-3 0.017 810 6.20E-3 0.192 954 3.83E-6 5.416 998 6.20E-3
512 4.528 443 1.66E-2 0.017 814 2.43E-2 0.192 954 1.45E-5 5.415 681 2.43E-2

The uncertainty associated with casting the set of partial differential equations into a finite volume formulation
via the process of discretization was quantified through the use of a grid convergence index (GCI) as defined
by [37] and modified by Oberkampf and Roy [38]. This GCI value represents the numeric uncertainty, Unum,
associated with each SRQ, and is the gold standard of the American Society of Mechanical Engineers. Three
successively refined meshes were used in the determination of the GCI and subsequent numeric uncertainty,
which represent a 95% confidence interval, with the details provided by Celik [39]. The coarse mesh consisted
of 117,404 cells, the medium 1,102,500 cells, and the fine 9,366,836 cells. Furthermore, the values in Tab. 4
indicate a grid independent solution was obtained.

To ascertain the device efficiency and power output improvement, the results for optimizing the cross-sectional
area as a function of length were compared to the standard constant cross-sectional area optimization proce-
dure (i.e. when M=1). These results are shown in Fig. 4 below.
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Fig. 3 Representation of a) cross-sectional area shape profile of the p-type material as a function of number
of slices, and b) the medium mesh of the optimized p-type leg used within the validating numerical model.

Table 4 Grid independence and discretization uncertainty study of optimized geometry model with T∞,c=300
K, T∞,h=700 K for all SRQ, solving for maximum power.

SRQ Coarse Medium Fine GCI Unum

Qh 4.488 260 4.494 320 4.506 100 0.033 0.73
Voc 0.196 126 0.191 019 0.192 226 4.77e-4 0.25
I 5.421 820 5.361 940 5.372 490 0.010 0.19

Rin 0.017 713 0.017 813 0.017 890 5.39e-4 3.01
Po 0.520 695 0.512 116 0.516 367 0.013 2.53
η 11.601 300 11.394 700 11.459 300 0.094 0.82

In Fig. 4 a), the height of the TEM is varied between 1 and 10 mm in 1 mm increments, while the cross-
sectional area of the n-type is held invariant at 25 mm2. While varying the height of the TEM, maximum
power output is obtained via the aforementioned optimization processes. Fig. 4 b) varies the cross-sectional
area of the n-type material from 1 to 25 mm2, while the height of the TEM is held invariant at 10 mm. At
discrete points in this range, the cross-sectional area of the p-type leg is optimized along the length of the
leg to yield maximum power output. Figures 4 c) and d) depict the results of the optimization process for
achieving maximum efficiency using the same geometric ranges of Figs. 4 a) and b), respectively.

It is seen throughout the optimization process to maximize power output that there are minimal gains. For
instance, when the height of the TEM is 1 mm, the variable cross-sectional area optimization increases the
power output by 2.26% in comparison to the conventionally optimized geometry. This increase in power
output decreases with increase in leg height, as seen in Fig. 4 a), decreasing to a value of 1.66%. Changing
the seed area of the n-type leg had the opposite effect of increasing TEM height; there was an increase in
power output as the seed area increased, as seen in Fig. 4 b). The improvement in power output increases
from 1.58% to 1.66% - an insignificant amount. Although the system performance shown in Figs. 4 a) and b)
was generated by optimizing the power output, the thermal conversion efficiency of the cross-sectional area
optimized devices are consistently better than conventionally optimized devices by an average of 3.50%.

When maximizing thermal conversion efficiency, the variable cross-sectional area optimization near uniformly
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increases said SRQ across the entire range of TEM heights, as seen in Fig. 4 c). The thermal conversion
efficiency increases by 4.48% when the TEM height is taken as 1 mm, and this increase diminishes to a value
of 4.33% when the TEM height is taken as 10 mm. Additionally, changing the seed area of the n-type leg
has minimal effect on thermal conversion efficiency, but the efficiency improvement diminished as the seed
area decreased, as seen in Fig. 4 d). The average improvement in thermal conversion efficiency was found to
be 4.32%. It is noted that the power output increased on average 3.37% over the range of TEM heights and
3.26% over the range of n-type areas when optimizing thermal conversion efficiency.

Lastly, there are appreciable improvements in volumetric efficiency and volumetric power output, i.e. the
thermal conversion efficiency and power output normalized to the volume of thermoelectric material. In the
situation of maximizing thermal conversion efficiency while varying TEM height, there is a maximum in-
crease in volumetric thermal conversion efficiency of 4.60%, in comparison to the 4.48% increase in thermal
conversion efficiency, and a 3.75% in volumetric power output, in comparison to the 3.63% increase in power
output. Similarly, in the situation of maximizing thermal conversion efficiency but varying the seed area of the
n-type material, the maximum volumetric thermal conversion efficiency and power output improvements are
found to be 4.42% and 3.37%, respectively, in comparison to thermal conversion efficiency and power output
value improvements of 4.33% and 3.29%, respectively.
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Fig. 4 Maximization of power out, Po, for varying a) TEM height and b) n-type area, and thermal conversion
efficiency, η, for varying c) TEM height and and d) n-type area. Conventionally optimized geometry denoted
by dashed lines and a subscript of unity, and cross-sectional area optimization along leg length values denoted
by subscript 256.
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CONCLUSIONS

A thermal-electric coupled mixed-method algorithm that predicts TEG performance and optimizes the cross-
sectional area along the leg length in order to optimize power output or thermal conversion efficiency was
introduced, validated and demonstrated over a range of TEM geometries. The primary result from the pre-
sented variable cross-sectional area optimization algorithm is that the proposed method always improved the
power output and the thermal conversion efficiency compared to a conventionally optimized device. Through
the implementation of the aforementioned algorithm in a limited design space, the maximum power output
and thermal conversion efficiency improvements of a cross-sectional area optimized TEG, in comparison to a
conventionally optimized TEG, were 2.26% and 4.48%, respectively, when said quantities were the objective
of the optimization method. The maximum attainable increases power output and thermal conversion effi-
ciency were 3.75% and 4.60%, respectively, in comparison to a conventionally optimized TEG, when said
quantities were normalized to the volume of thermoelectric material.
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NOMENCLATURE

Variables

A area (m2)
I current (A)
J current density vector (Am−2)
K thermal conductance (WK−1)
L Length (m)
M number (-)
N n-type
P p-type

Po power output (W)
Q heat (W)
R resistance, electrical or thermal (Ω or KW−1)
T temperature (K)
Unum numeric uncertainty (%)
∀ volume (m3)
Voc open-circuit voltage (V)
ZT dimensionless figure of merit (-)

Subscripts and Superscripts

c cold-side
el electrical
h hot-side
i indices
in internal
∞ free-stream

int interconnector
k indices
load load
N n-type
P p-type
th thermal

Greek Letters

α Seebeck coefficient (VK−1)
η thermal conversion efficiency (-)
λ thermal conductivity (Wm−1K−1)

ρ electrical resistivity (Ωm)
σ electrical conductivity (Sm−1)
τ Thomson coefficient (VK−1)

Acronyms

CSI cold-side interconnector
FD finite difference
FVM finite volume method
GCI grid convergence index
GEQ general energy equation
HSI hot-side interconnector

SRQ system response quantity
TE thermoelectric
TED thermoelectric device
TEG thermoelectric generator
TEM thermoelectric module
TRN thermal resistance network
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