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University of Pittsburgh, 2023

Multilevel, including bilevel, optimization has been widely applied in real world hierarchi-
cal systems, such as power systems and transportation systems. However, this optimization
scheme is complex and its extension to handle uncertainty is very limited. In this disser-
tation, we explore the mathematical structure and develop efficient solution methods for
two types of such optimization problem: bilevel mixed-integer nonlinear programming and
robust bilevel optimization. Two applications, wind farm capacity expansion problem and
optimal decision tree problem, are investigated using the proposed methods.

In our first study, we consider general bilevel mixed-integer nonlinear programming prob-
lems. By analyzing the structure of the problem, we provide optimality conditions based
reformulation and computing scheme for both optimistic and pessimistic cases.

Our second study focuses on bilevel optimization with uncertainty and develops robust
bilevel optimization (RBO) models along with solution methods. We first study single-stage
RBO problems and provide solution methods to deal with different types of uncertainties. For
single-stage RBO with discrete uncertainty set, we develop a novel cut-and-branch algorithm.
We then study two-stage RBO problems, which involve wait-and-see decisions. We provide
two basic models and their variations, as well as column-and-constraint generation algorithms
to exactly handle uncertainties.

Finally, we apply our proposed methods to wind farm capacity expansion problem and
optimal decision tree problem. In the first application, we formulate the wind farm invest-
ment problem into a two-stage RBO model and solve it by a proposed column-and-constraint
generation algorithm. In the second application, we develop a new mixed-integer program-
ming (MIP) based formulation to construct an optimal classification tree. We improve the
generalizability of the model through a data-driven hyperparameter tuning approach in the

bilevel optimization framework.
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1.0 Introduction

Bilevel optimization [43, 49] is a powerful framework to model and investigate hierarchical
systems such as power systems and transportation systems. However, solving bilevel opti-
mization problems is very challenging, and the simplest bilevel linear programming problems
have been proven NP-hard [53]. Moreover, uncertainty such as missing data and estimation
error is almost always involved in a decision making process. In this dissertation, we study
two types of bilevel optimization problems, namely, bilevel mixed integer nonlinear program-
ming problems and robust bilevel optimization problems. Two applications that take the

advantage of our proposed model and solution method are also included in this dissertation.

1.1 Bilevel Optimization

Many practical systems are organized and operated in a hierarchical structure, where two
types of decision makers (DMs) with different interests act in two levels. An upper level DM
(referred to as she) first makes her decision, which is then passed to DM(s) in the lower level
(referred to as he for a single DM) and affects his reasoning. After the lower level DM makes
his decision, he discloses it to the upper level DM. The performance of the upper level DM
will be evaluated by the aggregated decisions, i.e., the decision from her and the one(s) from
DM(s) in the lower level. For example, in a highway system, the transportation authority,
acting as the upper level DM, sets tolls on arcs of a transportation network to generate
revenue, and vehicle drivers, acting as the lower level DMs, select their routes considering
travelling costs. It is clear that the revenue received by the authority is jointly determined
by the overall toll scheme and traffic flows on arcs.

Similar situations can be found in a deregulated electricity market consisting of the
market administrator and market participants regarding power generation, market bidding,
and capacity expansion issues [114, 72, 77|, a waste management system consisting of a

regional planning agency and private firms to determine effective pollution control policies



[6], an emergency evacuation system consisting of a central planner and evacuees to deter-
mine shelter locations and support facilities [69]. Another typical application can be found
in a security system where one defender allocates protective resources with an assumption
that attacker(s) respond her decisions subsequently. Also, an interesting application arises
in biological engineering where the hierarchical structure includes the human DM in the
upper level to make biochemical or genetic changes and the biological system as the lower
level DM to respond according to biological mechanisms [110, 34]. Indeed, in many stud-
ies of economics, such sequential hierarchical decision making has long been recognized as
Stackelberg leader-follower game [123], where the leader and the follower correspond to the
aforementioned upper and lower DMs respectively. So, as in most existing literature, the
leader (the follower, respectively) and the upper level DM (the lower level DM, respectively)
are used interchangeably in this dissertation for ease of exposition.

To quantitatively analyze that hierarchical decision making process, especially to support
the upper level DM, the regular monolithic optimization formulation is extended in a nested
fashion to the following bilevel optimization (BO) formulation. Let x and y denote decision
variables, and F' and f be objective functions of DMs in the upper and the lower levels,

respectively. The BO formulation is

BO: ©O*= {m}% F(x,y) (1.1)
x?y

st. G(x) <0,x e X CRY xZ7, (1.2)

Y € ¢(x) = argmin{ f(x,y) : g(x,y) <0,y € Y C R} x Z""} (1.3)

We mention that the embedded optimization model in (1.3), which takes the upper level
decision x as input parameters, represents the decision making problem of the lower level
DM. The logic of the complete decision making goes as follows. The upper level DM selects
a particular x considering the upper level constraints, and sends it to the follower. After
receiving x, the follower computes and feeds back an optimal solution y to the upper level.
Hence, we, on behalf of the leader, should search for a feasible x that can generate, in an
indirect way, a desired ¥ to jointly minimize her cost function represented by F(x,y). This

formulation was initially presented in [29, 30] and referred to two-level or bilevel optimization



model in [36] in 1970s. Since then, because of its strong modeling capacity and practical sig-
nificance, bilevel optimization has received enormous research interests on its mathematical
structures, computational algorithms, and applications to solve real problems [43, 49].

It has been well recognized in the literature of the regular monolithic (i.e., single level)
optimization that assuming the deterministic information, i.e., no random or unknown pa-
rameters, is rather restrictive. It often fails to yield a solution that is feasible or with an
acceptable performance in practice. To address this challenge, countless research has been
devoted to modeling, analyzing or mitigating random factors or uncertainties within an op-
timization model. Up now, many variants that extend and generalize a deterministic single
level model to consider uncertainties have been developed, and abundant theoretical and
computational studies have been appeared in the literature. Examples include stochastic
programming, robust optimization and distributionally robust optimization schemes and re-
lated studies. Nevertheless, we observe that the study of bilevel optimization subject to
uncertainty is rather limited and many critical issues remain open. As described previously,
the challenge of uncertainty is generally fundamental and unavoidable in such a hierarchical
decision making problem. Compared with that of regular single level mathematical pro-
grams, the uncertainty issue in bilevel optimization is more prevalent, demonstrates a richer

variety of forms, and generates more complex impacts directly or indirectly on both DMs.

1.2 Bilevel Optimization With Uncertainty

In the context of regular optimization built for a single decision maker, many random
factors presented in the real world have been considered and studied. As they often directly
impact the decision making process and solutions’ performance, those factors generally can
be easily recognized, modeled and then incorporated into an optimization formulation. Nev-
ertheless, for bilevel optimization, the situation could be very different. One reason behind is
that some new types of random factors unique to this hierarchical system arise, which might
be hidden in this system or harder to be described. Another reason is that the participation

of random factors in the decision making process could be much more involved. Indeed,



given that two DMs exchange information and take actions in a sequential way, this whole
process might expose itself to various random factors and become vulnerable to them. To
help us understand random factors’ sources and their roles in this hierarchical system, we
introduce in Figure 1 a scheme that classifies them into three categories.

Leader's DMP

(DMP,)

Endogenous uncertainty
M Response uncertainty

Spatial/tem poral

Perception uncertainty

__________________ . | Modeling uncertzinty |

uncertainty [ Decision-dependent

- | uncertainty | ———
Sodialfculture | | | SSSSSSSSNNNSSS Communication |
uncertainty uncertainty

Follower's DMP
(DMPF,)

Figure 1: Different Types of Uncertainties

The left category in Figure 1, i.e., the exogenous uncertainties, includes random factors
originated outside of this hierarchical system. Basically all random factors occurred in the
external environment of this system, including those in the natural or the social/culture
environment, can be classified into this group. Typical examples include the wind speed,
the prices of products, and the customers’ choices, as long as that the nature, the price
maker or customers are not DMs in this system. Note that those random factors generally
can be observed and modeled easily, and their participation in the decision making process
is often straightforward. Hence, up to now, the majority of uncertainty studies on regular
monolithic optimization (i.e., optimization with single DM) and almost all of them on bilevel
optimization are concerned with this type of randomness [107, 27, 25, 17, 60]. Different from
this classical group, the middle and the right categorise of uncertainties are either unique
to the fundamental structure of this hierarchical system or much less common, to which we
refer as the endogenous uncertainties and the uncertainties in perception, respectively.

A bilevel optimization model is built on half of the leader. It is often the case that

the leader might not have perfect information of the follower. As a result, the lower level



decision making problem (DMP) she adopts may only be a surrogate of the actual one.
In another case, the follower may be a dynamic system switching between two or more
working modes over time, and such a system is not transparent to the leader. In both cases,
the leader will only have imperfect information regarding the follower’s DMP. Note also
that two-way communications are involved to transmit information between DMs. Since
communications are subject to intentional or unintentional modifications or errors, DMs
could receive inaccurate or erroneous information in their decision making process. Since
all those uncertainties, as well as other similar uncertainties occurred within the system, are
reflected in one DM’s understanding of the other one, we classify them as the uncertainties in
perception, as shown in the right category in Figure 1. Actually, it is often observed that the
leader uses a single lower level DMP or a simple one to approximate a set of lower level DMPs
or a complex one (e.g., a piecewise linear function to replace a nonlinear one) to simplify her
reasoning. Such approximation inevitably carries uncertainties in her perception.

The last category, i.e., the endogenous uncertainties in Figure 1, is introduced to represent

the following two types of random factors that are influenced by decisions.

1. One is the response uncertainty, which reflects an essential challenge underlying bilevel
optimization. It happens when the optimal solution set of the lower level DMP is not
guaranteed to be a singleton. If the follower is not fully cooperative with the leader and
is neutral to any optimal solution, his response towards the leader’s decision is subject
to implicit uncertainty hidden between DMs. This observation has been well recognized
in the bilevel optimization literature for a long time [98, 89, 94]. Actually, researchers
do not consider it from the perspective of uncertainty at the beginning. Nevertheless,
different treatments on this issue has led to a couple of fundamental bilevel optimization
formulations that coincide to several popular strategies on handling uncertainties. It is
worth mentioning that, if the follower is tolerable to take an e-optimal decision (which
has been interpreted as the bounded rationality), such response uncertainty is almost
unavoidable when continuous decisions are involved.

2. Another type is the decision-dependent uncertainty, a concept originally introduced for
the regular optimization [64, 101]. It indeed describes a situation when some exoge-

nous random factor’s sampling space and/or distribution is changing with respect to



the particular values of decision variables. In bilevel optimization, this concept is clearly
applicable when the upper or lower level DM has to handle similar exogenous random fac-
tor. Moreover, we mention that some uncertainties in perception could be evolved into
decision-dependent ones, noting that the scale of communication error or noise could
depend on the genuine signals. As a decision-dependent uncertainty stems from some
uncertainty in other two categories, we enclose the general concept by a dashed box with

links to two other types of uncertainties in Figure 1 to highlight such connections.

Table 1: Comparison of Different Categories of Uncertainties

Uncertainties Source Attributes Controllability

Exogenous external factors independent of the system not affected by DMs
Endogenous  DM’s decisions (upon external factors) within the system directly affected by DMs
Perception insufficient understandings between DMs within the system might be reduced or refined

A comparison among the three types of uncertainties is summarized in Table 1. Besides
the aforementioned classification scheme, we note that it is common to have multiple random
factors of different types co-exist and jointly affect a hierarchical system. For example, the
leader needs to handle an exogenous random factor, but she just has incomplete information
regarding the follower’s DMP. The situation could be more complicated if the follower is
tolerable to e-optimal decisions, yielding a pool of choices for him to select. Under such
a situation, the leader clearly needs to address those three types of random factors in a
holistic approach if she expects a sound decision. Indeed, different combinations of various
random factors could be found in practice, which indicates modeling tools should be flexible
to capture them within the associated bilevel optimization problem.

The hierarchical structure of bilevel optimization naturally provides a stage-wise decision
making interpretation. The consideration of random factors within a regular optimization
model generally renders it a stage-wise decision making structure. In particular, if there ex-
ist recourse opportunities after (some) random factors are fixed, i.e., some decisions can be
flexibly made according to the realized scenario, that regular optimization model will expand
into either a two-stage or a multi-stage model, depending on the number of recourse oppor-

tunities [105, 13]. Otherwise, that optimization model remains a single-stage formulation. In



the context of bilevel optimization, we present in Figure 2 a schematic diagram showing the
basic interactions between random factors (collectively denoted by ) and the associated hi-
erarchical decision making system. Note that the upper and lower level variables x and y are
separated into (x1,x2) and (yi,y2), respectively, to indicate the decisions made before and
after the randomness is fixed. Additionally, x* and y* are decisions transmitted between the

leader and the follower, which are subjected to the aforementioned communication errors.

Figure 2: Uncertainty in the Decision Making Process

Regardless of the fact that those two DMs make decisions sequentially, we would like
to mention that the existence of scenario-specific recourse decisions, which can be from
the leader or the follower, still differentiates between single-stage and two- or multi-stage
bilevel optimization. For example, only considering the response uncertainty in a bilevel
formulation (i.e., the pessimistic bilevel formulation) does not convert it into a two-stage
decision making model, given that there is no scenario-specific adjustments. Also, if both
DMs make a single decision across all scenarios and pass it to the other DM, the bilevel
formulation remains a single-stage one. The reason behind is that neither DM’s decision is
scenario-specific. Certainly, if one or both DMPs have scenario-specific decisions, the overall

bilevel formulation will naturally evolve into a two-stage or multi-stage one.

1.3 Contribution and Outline

In this dissertation, we investigate mathematical properties of and develop solution meth-
ods for bilevel mixed integer nonlinear programming problems and robust bilevel optimiza-

tion problems. The proposed methods are applied to two practical problems: wind farm



capacity expansion problem and data-driven optimal decision tree problem.

In Chapter 2, we study bilevel mixed integer nonlinear programming problems, where
the lower level problem is generally non-convex. In this case, the widely adopted KKT
conditions based reformulation approach is no long applicable. By exploiting the structure of
the problem, we provide optimality conditions based reformulation as well as a decomposition
based computing scheme for both optimistic and pessimistic cases.

Chapter 3 and Chapter 4 study robust bilevel optimization (RBO). In particular, Chapter
3 considers single-stage RBO problems, where both the leader and the follower make their
decisions before any realization of random variables. Several RBO models along with solution
methods are provided to deal with different types of uncertainties. For single-stage RBO with
discrete uncertainty set, a novel cut-and-branch algorithm is also developed. In Chapter 4,
we further consider two-stage RBO problems, where some of the leader’s decisions are made
after the realization of random variables. We provide two basic models and their variations
to take different types of uncertainties into consideration. Mathematical properties and
computational methods of those developed models are also explored.

In Chapter 5, we study wind farm investment problem, taking wind power uncertainty
into consideration. In a decentralized electricity market, investment decisions are made
before the randomness of wind reveals, and market operates after the wind generators are
built and wind intensity is determined. Thus, the wind farm capacity expansion problem
is indeed a multistage decision making process. We formulate this decision making process
as a two-stage RBO model. Our computational study on IEEE test sets demonstrates the
superiority of the proposed model and solution method.

Finally in Chapter 6, an optimal decision tree problem is studied. We develop a new data-
driven mixed-integer programming (MIP) based formulation that takes local information into
consideration We then apply the bilevel optimization framework to perform hyperparameter
tuning such that the generalizability of the model is enhanced. Numerical experiments are
performed on benchmark datasets, and the experimental results demonstrate the outstanding

performance of the proposed model.



2.0 On Solving Bilevel Mixed Integer Nonlinear Programming Problems

2.1 DMotivation

In this chapter, we consider the following bilevel optimization problem

OBO : minF(x,y)

x’y

st.G(x,y) <0,xe X
y € argmin{ f(x,y) : g(x,y) <0,y € R™},
y

where F, f : R™* xR - R, G: R™ X R"Y — RP, g: R™ X R™ — RY and X C R™. x is
the upper level decision variable and y is the lower level decision variable. If the lower level
problem has multiple optimal solutions for some fixed x, then (2.1) actually represents the
optimistic formulation, where the two DMs are cooperative, i.e. among all optimal solutions,
the follower picks the one that is favorable to the leader. If the two DMs are not cooperative,
pessimistic formulations are needed to reflect this conflict [94]. We use BO and optimistic
bilevel optimization (OBO) problem interchangeably in the remainder of this chapter, and
explicitly mention pessimistic bilevel optimization (PBO) formulation if needed.

As mentioned in the introduction section, solving BO is computationally challenging.
Even in the simplest case, where both the upper level problem and the lower level problem
are linear programs (LP), BO is still NP-hard [53]. Linear BO problems are often solved
through KKT conditions based single level reformulation. For BO with nonlinear convex
lower level problem, Edmunds and Bard [55] propose a branch-and-bound (B&B) algorithm
to deal with BO with convex quadratic lower level problem. Recently, Dempe and Franke
[50] propose a local algorithm for BO with fully convex lower level problem.

For BO whose lower level problem has integer variables, the KKT conditions based sin-
gle level reformulation cannot be applied directly, and only limited algorithms have been
developed. In particular, special cases of bilevel mixed integer nonlinear programming prob-

lems are studied by Giimiis and Floudas in [66] via a reformulation approach, where the



lower level integer variables are first relaxed to continuous ones through a constructed con-
vex hull and then replaced by its corresponding KKT conditions, and the resulting single
level mixed integer nonlinear problem is solved by B&B based algorithms [3]. For more
general BO problems, obtaining an exact solution may not be achievable. As a result, an
e-optimal solution is often considered being practically acceptable [96], and algorithms aim-
ing at e-optimal solution have been developed. To the best of our knowledge, Mitsos [97]
introduces the first global algorithm that deals with general BO problems by sequentially
generating tighter bound to approximate the optimal value function. Very recently, a novel
branch-and-sandwich algorithm, which branches the upper level and the lower level vari-
ables simultaneously while maintaining the bilevel feasibility, is employed by Kleniati and
Adijiman [81, 79, 80]. Due to the non-convex nature of bilevel programs, most of the afore-
mentioned algorithms are developed within the B&B framework. Nevertheless, those B&B
based algorithms often result in heavy computational burden, and only small size instances
are solved in the literature for demonstration purpose.

In addition to the B&B approach, scholars also attempt to address the challenging prob-
lem from other different perspectives, such as simulated annealing approach in [115] and
parametric programming approach for bilevel quadratic and bilevel mixed integer linear
problems in [56]. We notice that the former one does not guarantee global optimal, and that
the later one does not have numerical results.

In [133], a decomposition algorithm is developed and shows very strong capacity in solving
bilevel mixed integer linear programming (BiMILP) problems. In this chapter, we further
develop this framework to solve more general BO problems with mixed integer nonlinear
lower level problem, in both optimistic and pessimistic settings.

The remaining of this chapter is organized as follows. Section 2 provides preliminaries and
introduces a generalized pessimistic BO model. Several optimality based reformulations for
bilevel mixed integer nonlinear programming (BiMINLP) problems are derived in Section
3. Decomposition algorithms are provided in Section 4. Section 5 presents a systematic
computational study on various types of randomly generated BIMINLP instances as well as

a case study on pessimistic bilevel gene knockout model. Section 6 concludes this chapter.
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2.2 Single Level Reformulation of BO Problems With Convex Lower Level
Problem

2.2.1 Preliminaries

In this section, we review some important definitions and assumptions.

1. The constraint region of BO is denoted by
OQpo = {(x,y) € R™ x R™ : G(x,y) < 0,x € X, g(x,y) < 0}.
The projection of {2go on the upper level variable x is denoted by
Proj, (Qpo) = {x € X : 3y € R"™ such that G(x,y) <0, g(x,y) < 0}.
For a fixed x € Proj,(2g0), we denote the lower level feasible region by
L(x) ={y € R™ : g(x,y) < 0},

and assume that L(x) is bounded. For a fixed x € Proj, ({2g0), we denote the lower level

rational reaction set by
R(x) = argmin{ f(x,y) : y € L(x)}.
The inducible region (IR) of BO is denoted by
IRpo ={(x,y) e R"™ x R : G(x,y) <0,x € X,y € R(x)}.
With the concept of IR, we can rewrite BO as
rgiyn{F(x, y): (x,y¥) € IRpo}-

We assume that IRgo # 0, that F, G, f, g are continuous over their domains, and that

f and g are convex in y for fixed x. Denote the lower level of BO by

0(x) : myin{f(xa y) 1 g9(x,y) <0,y € R},

then it is easy to verify that 6(x) is a convex optimization problem for fixed x.
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The Lagrangian £(x,y, 1) : R™ x R? — R of §(x) for a fixed x € Proj,(2s0) is defined

as

L%y, p) = f(xy) + Y migi(x,y).

i=1
We denote p = (p1, pa, -y f1g)” and g = (g1, 92, ..., 94)". The Lagrange dual function
h(x, ) : R — R of (x) for a fixed x is defined as the minimum of L(x,y, u) over y, i.e.

Ak ) = inf LOcy )= i {FO6Y)+ D pigitey)}

YER™ YER™

The dual problem of §(x) is denoted by
AGx) : max{h(x, 4) s € RS},
o

which is also a convex optimization problem. For (x) and its dual problem A(x), we
have the following results. (1) Weak duality: for a fixed x € Proj,(Qpo), if y is feasible
to 0(x) and p is feasible to A(x), then f(x,y) > h(x,u). (2) Strong duality: for a fixed
x € Proj,(Q2p0), let 0*(x) and A*(x) be the optimal value of #(x) and A\(x) respectively,
we say the strong duality holds if 8*(x) = A*(x). The weak duality always holds while
the strong duality does not. For a convex optimization problem, the strong duality holds
if some constraint qualifications are satisfied. There are various constraint qualifications,
and Slater’s condition is often used in convex optimization [28].

For a fixed x € Proj, (o), 0(x) satisfies Slater’s condition (also called Slater’s constraint
qualification) if there exists a y € R™ such that g(x,y) < 0. If some of the constraints
in O(x) are affine, those constraints do not have to hold as strict inequalities. Hence, if

6(x) is an LP, it satisfies Slater’s condition as long as it is feasible.
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2.2.2 Bilevel Optimization With Convex Lower Level Problem
In convex optimization, the strong duality provides a condition to verify optimality for
a pair of primal-dual problems. Inspired by this observation, we have the following result.

Lemma 2.1. If (x) satisfies Slater’s condition for any x € Proj,(po), then BO is equiv-

alent to

1. The strong duality based single level formulation

min{F(x, Y> : G(Xv Y) < O,Q(X, Y) < va(Xay) < h(Xv ,u),x < Xay S Rnynu’ € R?i-}

XY, 4
(2.1)

2. The KKT conditions based single level formulation
min{F(x,y) :G(x,y) < 0, Vyf(x,y) + 1" Vyg(x,y) = 0,9(x,y) <0, 22)
Y 2.2

ng(x,y) =0,x€ X,y € R, u € R%}.

if f and g are continuously differentiable with respect to'y for any x € Proj,(Qpo).

Proof. 1. To show the equivalence between BO and (2.1), it is sufficient to show that a
pair of primal-dual variable (y*, u*) is optimal to #(x) and A(x) if it satisfies

9(x,y") <0, f(x,5") < h(x,p"),y" € R™, " € RY. (2.3)

It is obvious that y* is feasible to #(x) and that p* is feasible to A(x). From weak duality,
we have f(x,y*) > h(x, p*), which together with the second constraint of (2.3) implies
f(x,¥") = h(x,u1*). As 0(x) is a convex problem with Slater’s condition satisfied, the
strong duality holds. Therefore, the optimality of #(x) is guaranteed.

2. As 0(x) is a convex optimization problem with Slater’s condition satisfied for any x €
Proj,(Q2p0), the KKT conditions are necessary and sufficient condition for its optimality
28]. By replacing 6(x) with its KKT conditions, we have that (2.2) is equivalent to BO.

O
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Both of the two single level equivalent formulations depend on the fact that 6(x) satisfies
Slater’s condition for any x € Proj, (o). However, §(x) does not necessarily have this

property. To address this issue, we introduce an extended formulation for 0(x) as
O(x) : min{ f(x,y) + Me"y : g(x,y) <y,y € R™,y € R\ },
Y.y

where e € R? is a vector with all elements being 1 and M is a sufficiently large positive

number. Similarly, the dual problem of f(x) is

~

A(x) - max{h(x, ) : p < Me, € R},
o

where h(x, 1) : RL — R is defined as

~

h(x, p) = inf {f(x,y) +Me'y + Zﬂi(gi(xa Y) = i)},

ny < q
YER"™ yeR i—1

and S’ = (@17 3)27 Y gq)T.
Remark 2.1. é(x) satisfies Slater’s condition asy can be arbitrarily large. Hence, the strong

duality holds for 0(x) and A(x). Moreover, if f and g are continuously differentiable with

respect to 'y, the KKT conditions are necessary and sufficient optimality condition for é(x)

Lemma 2.2. 1. The extended formulation 0(x) is a relazation of 0(x).
2. If O(x) has an optimal solution and M is sufficiently large, then é(x) has an optimal

solution that is also optimal to 0(x).

Proof. 1. For a fixed x € Proj,(2go), if y is feasible to 0(x), then (y,y) with y = 0 is
feasible to (x).

2. For a fixed x € Proj, (Qpo), 0(x) has an optimal solution since L(x) is nonempty and
bounded. Let (y*,§*) be an optimal solution to f(x), and let y** be an optimal solution
to A(x). For a sufficiently large M, we have f(x,y*)+ M > 70 < f(x,y*) + MeTy" if
y* > 0. This contradicts the fact that (y*,y") is an optimal solution to é(x) Thus, we
have y* = 0 for a sufficiently large M. Since (y**,0) is feasible to 0(x), it is also optimal

to A(x), i.e. the relaxation is tight.
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In practice, checking whether 6(x) satisfies Slater’s condition for any x € Proj,(Q2po)
could be hard, and we can take the advantage of the extended formulation é(x) to have

single level formulations of BO.

Lemma 2.3. The strong duality based single level extended formulation

min {F(x,y) :G(x,y) <0,9(x,y) <y, pu < Me,x € X,

X,Y,¥ 1

s equivalent to BO.

Proof. From Remark 2.1 and Lemma 2.2, we know that 6(x) satisfies Slater’s condition and
is a tight relaxation of 6(x). Therefore, replacing 6(x) with #(x) and applying Lemma 2.1
lead to the result. O

Remark 2.2. Similar as Lemma 2.1, if f and g are continuously differentiable with respect
toy for any x € Proj,(Qpo), we can obtain the KKT conditions based single level extended

formulation, which is also equivalent to BO.

Remark 2.3. With minor modifications, Lemma 2.1 (as well as Lemma 2.3) can be applied
to BO with multiple followers. By replacing each lower level problem with its optimality
conditions, such a BO problem is converted to a single level problem with multiple sets of

optimality conditions based constraints.

2.2.3 Generalized Pessimistic Bilevel Optimization and Reformulation

As mentioned previously, pessimistic formulations are employed if the follower does not
cooperate with the leader, or if the leader wants to hedge against risks by considering the
worst case scenario.

If there is no coupled constraints, i.e., y does not appear in the upper level constraints,
the pessimistic counterpart of BO is given by

min max){F(x,y) :G(x) <0,x € X},

X yeR(x

where R(x) is the lower level rational reaction set. Recent studies on pessimistic bilevel

optimization can be found in [40, 126, 52, 136, 93, 11, 86, 132]. For BO problems with

15



pessimistic coupled constraints, G(x,y) < 0 needs to be satisfied for all y € R(x), and a
reformulation method is introduced in [132].

Since BO with coupled constraints can be rewritten as
Ixntn}}{t F(x,y) —t<0,G(x,y) <0,xeX,t€ R ye Rx)},
we can without loss of generality consider BO in a reduced form as
BO-O: Iiuyn{F(x) x € X,G(x,y) <0,y € R(x)}.

In the optimistic setting, the follower picks a point in R(x) to satisfy the coupled constraints,
and the resulting problem is BO-O. However, if the follower does not cooperate with the
leader, he can pick a point in R(x) such that some of the coupled constraints are violated.
To ensure feasibility, the leader needs to choose an x € X such that G(x,y) < 0 holds for

all y in the rational reaction set by considering the following problem
BO-P: rinyn{F(x) x € X,G(x,y) <0,Vy € R(x)}.
Denoting the IR of BO-O by
IRpoo ={(x,y) € R"™ x RY :x€ X,G(x,y) <0,y € R(x)}
and the IR of BO-P by
IRpop ={(x,y) € R™ x R™ :x € X,G(x,y) <0,Vy € R(x)},

we have I Rgo.p C I Rpo.o, which implies BO-O is a relaxation of BO-P.

In fact, BOP-O and BOP-P are two extreme cases. In BO-O, all the coupled constraints
are optimistic, i.e., they are satisfied if there exist y € R(x) and x € X such that G(x,y) < 0.
In contrast, all the coupled constraints are pessimistic in BO-P, and thus G(x,y) < 0 must
hold for all y € R(x). We now consider a more general case where some coupled constraints

are optimistic while others are pessimistic and introduce a new bilevel model.
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Let CC = {1,2,...,p} be the index set of the coupled constraints, PCC C CC be the
index set of the pessimistic coupled constraints, and G; be the ith coupled constraint, then

a generalized pessimistic bilevel optimization (GPBO) problem is given by
GPBO : min{F(x) :G;(x,y) < 0,Vi € CC\PCC,
xy

Gi(x,y) <0,Vy € R(x),1 € PCC,x € X,y € R(x)},

where is the lower level rational reaction set.

Remark 2.4. GPBO reduces to BO-O if PCC = 0, and reduces to BO-P if PCC = CC.
Moreover, if PCC1 C PCCy C CC, then GPBO with PCC = PCC, is a relaxation of the one
with PCC = PCCs.

If we simply drop off the pessimistic coupled constraints, GPBO reduces to
GPBO-O : min{F(x) : G;(x,y) < 0,Vi € CC\PCC,x € X,y € R(x)},
X7y

which is a instance of BO-O and a relaxation of GPBO. By applying Lemma 2.3, we can
obtain a single level reformulation of GPBO-0O, and obtain a lower bound of GPBO by
solving this single level problem.

The projection of the IR of GPBO-O on x is denoted by
Proj, (I Rgppo.o) = {x € X : 3y € R(x) with G;(x,y) < 0,Vi € CC\PCC}.
For a fixed x* € Proj, (I Rgpo.o) and j € PCC, denote the optimal value of
max{G;(x",y) : y € R(x")} (2.4)
by v;(x*), then it is not hard to verify that
G,(x,y) < 0,¥y € R(x") = v;(x") < 0.

Hence, we can rewrite GPBO as

n)[(nyn{F(X) :Gi(x,y) <0,Vi € CC\PCC,v;(x) <0,Vi € PCC,x € X,y € R(x)}. (2.5)

We see that (2.5) is actually a tri-level problem since each constraint in the form of v;(x) < 0
requires solving a BO problem defined in (2.4). To solve such a complicated problem, we
introduce a reformulation method that converts GPBO to a standard BO problem with

multiple followers.
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Lemma 2.4. For a fired x* € Proj,(IRgppo.o) and j € PCC, v;j(x*) < 0 if and only if
there exist y7 € L(x*) and y§ € S;(x",¥}) = argmax, {G;(x",y) 1 g(x",y) < 0, f(x"y) <
f(x*,¥7),y € R} such that G;(x*,y;) <0

Proof. We first show the “=” part. Sicne x* € Proj, (I Rgppo.0), we have R(x*) # (). As
f, g are continuous and L(x*) is bounded, R(x*) is compact. By the continuity of G;, the
problem
max{G;(x".y) 1y € B(x")} (2.6)
has an optimal solution. Let y7 be an optimal solution to (2.6) and let y; = V;, then we
have Gj(x*,y}) = v;(x*) <0, ¥ € L(x*), and R(x*) = {y € R™ : g(x",y) <0, f(x",y) <
f(x*,y;f)}. Hence, y; € S;(x*,¥7).
We next show the “<=” part. For fixed x* € Proj,(/Rgppo.o) and y; € L(x*), let

y; €5 (x*, y;.), L.e., yj is an optimal solution to the problem

%(x,¥;) = max{G;(x",y) 1 g(x",y) < 0, f(x",y) < f(x7,57),y € R}, (27)
then we have
Uj(x*) < Zj(X*vy;) < Gj(x*7Y;') <0.
The first inequality follows the fact R(x*) C {y € R™ : g(x*,y) <0, f(x",y) < f(x*,¥])},

and the second inequality is implied by the optimality of y; to (2.7). O

Theorem 2.1. Let S;(x,y) be defined as in Lemma 2.4, then GPBO is equivalent to the

following BO problem

GPBO-R: min {F(x) :Gi(x,y) <0,Vi € CC\PCC, G;(x,y;) <0,Vi € PCC

T.Y,Y,Yi
yi € Si(x,y),Vi € PCC,x € X,y € L(x),y € R(x)}.

Proof. According to Lemma 2.4, it is easy to verify that GPBO is equivalent to

min {F(x) :G;(x,y) <0,Vi € CC\PCC,G;(x,y;) <0,Vi € PCC

X, Yi,¥,Yi

vi € Si(x,¥:),Vi € PCC,x € X,y; € L(x),y € R(x)}.
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Let y = min{y;}, then y € L(x). For a fixed x* € Proj, (I Rcppo.o) and an arbitrary
i € PCC, let y; € S;(x*,y;) and y? € S;(x*,y), then y? is an optimal solution to

H;aX{Gz(X*v}Iz) : g(X*7Yi) S 07 f(X*ayi) S f(X*7y)aYi € Rny}
If v;(x*) < 0, then we have
Gi<x*7y?) S ynel%%(y{GZ(X*a}Iz) : g(X*ayi) S Oa f(X*7yz‘) S f(x*’yz)} S GZ(X*7y;k> S O

The first inequality holds as y < y,, and the second inequality follows as y; € S;(x*,y;).
Conversely, for i € PCC, if y € L(x*), y; € S;(x*,y) and G;(x*,y;) < 0, then we have

vi(x") = max{G;(x",y;) 1 y; € R(x")}
Yi
< max{Gy(x",y;)  g(x",y3) < 0, F(x%,yy) < (X7, 3),y: € R} < Gi(x,y7) < 0.
Since i € PCC is arbitrary, the result follows. n

It is worthy to mention that we cannot replace y with y unless PCC = CC. Theorem 2.1
shows that GPBO is equivalent to a standard BO problem with |PCC| + 1 followers. Fur-
thermore, if G;(x,y) is concave in y for fixed x € Proj, (I Rgppo.0), then the maximization
problem max, {G;(x,y) : g(x,y) <0, f(x,y¥) < f(X,¥;),y € R™} is a convex optimization
problem. Therefore, if G;(x,y) is concave in y for all i € PCC, we can apply Lemma 2.3 to
obtain a single level problem that is equivalent to GPBO.

From Lemma 2.1, if 0(x) satisfies Slater’s condition, then y € R(x) implies there exists
p € RY such that g(x,y) < 0 and f(x,y) < h(x,u), where h(x,u) is the dual function.
Let R(x) = {(y,n) € R™ x R% : g(x,y) < 0,f(x,y) < h(x, )}, then for a fixed x* €

Proj, (I Rgppo.0), we can rewrite maxy{G,(x*,y) : y € R(x*)} as
max{G;(x",y) : (v, ) € R(x)}. (2.8)
Denote the optimal solution set of (2.8) by S;(x*), we can have an alternative reformulation

of GPBO as

min {F(x) :Gi(x,y) <0,Vi € CC\PCC,G;(x,y;) < 0,Vi € PCC,
XYY il

~

(yi, 1) € Si(x),Vi € PCC,x € X, (y, 1) € R(x)}.
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Similar as GPBO-R, we can also apply Lemma 2.3 to obtain a single level equivalent problem
if G;(x,y) is concave for all i € PCC. We indicate that applying the extended formula is
essential as both max, {G;(x*,y) : y € R(x*)} and (2.8) may not satisfy Slater’s condition,

which guarantees the strong duality.

2.2.4 Bilevel Optimization With Bounded Rationality and Suboptimality

In bilevel optimization, the follower is traditionally assumed to be fully rational, i.e., he
always selects a point in the rational reaction set R(x) as a response to the leader. However,
in practice, the follower’s rationality is often limited due to imperfect information.

For a fixed x € {x € X : L(x) # 0} and € > 0, we denote the optimal value of the lower

level problem by 6*(x), and denote the bounded rational reaction set of the follower by
R(x) ={y € R™ : g(x,y) <0, f(x,y) < 0"(x) + ¢} (2.9)

The parameter € measures the willingness and capacity of the follower to achieve opti-
mality, and a small e corresponds to strong willingness and capacity. It is easy to see that
R.(x) reduces to R(x) if € = 0, and reduces to L(x) if € is sufficiently large. In general, we
have R(x) C R.(x) C L(x) for e > 0.

Before incorporating R.(x) into GPBO, we revisit BO-O and BO-P to gain some insights.

Consider BO-O with a bounded rational reaction set
BO-O-BR : p(e) = min{F(x) : x € X, G(x,y) <0,y € R(x)},
X,y

then we have that I Rgo.o C IRpo.o-Br, and that p(e) is decreasing in e. By introducing a
new variable y, we can rewrite BO-O-BR as

min{F(x) :G(x,y) <0,x € X, f(x,y) < f(x,¥) + 6y € L(x),y € R(x)}, (2.10)

XY,y
which, according to Lemma 2.3, can be further converted to a single level problem.
In fact, BO-O-BR has a very meaningful economic interpretation and can be used for
sensitivity analysis. From the follower’s perspective, € can be interpreted as the maximum

loss that he would like to incur in order to benefit the leader. From the leader’s perspective,
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the additional benefit gained from the follower can be quantified by p(0)—p(e). If p(0)—p(e) >
€, the leader has incentive to compensate the follower up to e such that both she and the
follower are better off.

For BO-P, we can also introduce a bounded rational reaction set, and have the pessimistic

counterpart of BO-O-BR as
BO-P-BR : ¢(¢) = min{F(x) : x € X,G(x,y) < 0,Vy € R.(x)}.

Similarly, we have I Rgo.p.sr C I Rpo.p, and ¢(¢) is increasing in e.

We point out that the follower in BO-P-BR is implicitly assumed to act consistently, i.e.,
to have a homogeneous € toward all different pessimistic coupled constraints. However, as we
mentioned previously, the follower may not act consistently due to his bounded rationality,
and such inconsistency results in heterogeneous €. Suppose there are |PCC| pessimistic

coupled constraints in BO-P, then a generalized model is given by
GBO-P-BR : q(e1, €2, ..., €jpee)) = min{F'(x) : x € X, G;(x,y) < 0,Vy € R,,(x),i € PCC},

which has multiple bounded rational reaction sets. GBO-P-BR reduces to BO-P-BR if
€; = € for all 7, and reduces to BO-P if ¢;, = 0 for all 7. Without loss of generality, we can set
€ = max{ey, €, ..., €pcc| }, and have I Rgo.psr C I Raeo-p-Br C I Rpo-p-

In practice, if the leader does not know the safety margin, i.e., ¢;, for each constraint, she
can employ BO-P-BR with ¢ = max{ei, €2, ..., €pcc|} as a conservative estimation. However,
the leader can be significantly benefited if she has an accurate estimation of each ¢;. Consider
an illustrative example, where the lower level feasible region is set to be independent of x

for simplicity.
Example 2.1.
q(e1,60) =min{—x :0 <z <5 zx+y <2,Vy € R, (x)

r+2y <4,Vy € R, (z), Ry(z) = argmin{y : 1 <y < 2}}.
y
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The rational reaction set Ry(x) = {1}. For ¢; = €5 = 0, the unique optimal solution is
x* =1, and ¢(0,0) = —1. If the leader has little information about the follower and thus
conservatively estimates €; = €3 = 0.5, the bounded rational reaction set will be Ry 5(x) =
{y : 1 <y < 1.5}. The optimal solution will be z* = 0.5, and ¢(0.5,0.5) = —0.5, resulting
in 50% loss of the optimal value. If the leader has more accurate information and is able to
specify (e, €2) = (0.2,0.5), then the optimal solution will be z* = 0.8, and ¢(0.2,0.5) = —0.8,
which is much better than —0.5.

Now we can take bounded rationality into consideration by incorporating multiple bounded
rational reaction sets into the general GPBO model. Let R.(x) be defined as in (2.9), we
can extend GPBO to

GPBO-BR : min{ F'(x) :G;(x,y) < 0,Vi € CC\PCC
X?y
Gi(x,y) <0,Vy € R, (x),1 € PCC,x € X,y € R.,(x)},

which has |PCC| + 1 bounded rational reaction sets. Let S (x,y) = argmax{G;(x,y) :
g(x,y) <0, f(x,y) < f(x,¥) + €,y € R™}, we can apply Theorem 2.1 and (2.10) to have

a reformulation of GPBO-BR as
GPBO-BR-R: min {F(x) :Gi(x,y) <0,Vi € CC\PCC, f(x,y) < f(x,¥) + €0, Gi(x,y;) <0,
X3,

Vie PCC,y, € S, (x,¥),Vi € PCC,x € X,y € L(x),y € R(x)}.

Similar as for GPBO, we can also apply Lemma 2.3 to obtain a single level equivalent problem

to GPBO-BR if G;(x,y) is concave in y for i € PCC.
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2.3 Optimality Conditions Based Reformulation of Bilevel Mixed Integer

Nonlinear Programming Problems

2.3.1 Reformulation of Optimistic Bilevel Mixed Integer Programming Prob-

lems

In this section, we consider general bilevel mixed integer nonlinear programming (BiMINLP)

problem

BiMINLP : minF'(x,y, z)

X7y7z

st.G(x,y,2z) <0,xeX
(v, z) € argmin{f(x,y,z) : g(x,y,2z) <0,y € R,z € Z},
Y,z
where F, f : R"™* X R x 7™ - R, G: R™ X R x /"™ — RP, g: R™ X R™ x Z™ — RY,
X CR™ ZCZ", and |Z| = K < +o0o. We assume that f and g are convex in y in the
remainder of this chapter. It is easy to see that BIMINLP is an extension of BO, and thus

the concepts reviewed in the preliminaries section can be naturally extended. For example,

the projection of Qpivinpp on the upper level variable x is given by
Proj (Qpivinee) = {x € X : 3 (y,2) € R x Z with G(x,y,z) <0, 9(x,y,z) < 0}.
Denote the projection of Qppninep on the lower level integer variable by
Proj,(Qeinee) = {z € Z : 3 (x,y) € X x R™ with G(x,y,2z) < 0,9(x,y,z) < 0},

then BIMINLP is feasible only if Proj,(Qpnunep) # 0. We without loss of generality assume
that Z = Proj,(Qpnnnep) as otherwise we can re-define Z by Proj,(Qpnnnee) as in [131].
Due to the presence of the integer variable z, we cannot apply Lemma 2.1 or Lemma 2.3
to solve BIMINLP since neither the strong duality nor the KKT conditions holds for mixed
integer programming problems. However, we notice that for fixed (x,z) € Proj, (QpimiNLp) X

Z, the remaining lower level problem

£(x,2) : myin{f(x,y,Z),g(X,y,Z) <0,y € R}
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and its dual problem
ploc.2) s mac{s(e. 2, ) 1 € RL)
are convex optimization problems, where s(x,z, u) = infyepny { f(x,y,2)+> ¢, wigi(X,y,2)}.
Denote the feasible region of £(x,z) by P(x,z) = {y € R™ : g(x,y,z) < 0}, and that
of p(x,z) by Q(x,z), then we can also rewrite {(x,z) and p(x,z) as min {f(x,y,z) : y €
P(x,z)} and max,{s(x,z, 1) : p € Q(x,2)}, respectively.
If P(x,z) is nonempty and bounded, then £(x,z) has an optimal solution. We say the

problem £(x,z) has the relatively complete response property if it has a finite optimal value

for any fixed (X, Z) € Projx(QBiMINLP) X 7 [133]

Remark 2.5. If for any fized (x,z) € Proj, (Qpivinie) X Z, P(x,2z) is bounded, and &(x, z)
satisfies Slater’s condition, then £(X,z) has the relatively complete response property. More-
over, if the lower level problem of BiMINLP is a mized integer linear programming problem
that has the relatively complete response property, then £(x,z) satisfies Slater’s condition for

any fized (x,z) € Proj (Qpiminee) X Z.

Since the cardinality of Z is finite, we can obtain a single level reformulation of BIMINLP

by enumerating all the possible values of the integer variable z.

Theorem 2.2. [f £(x,z) has the relatively complete response property and satisfies Slater’s
condition for any (x,z) € Proj,(Qpiminee) X Z, then BiMINLP is equivalent to

1. The strong duality based single level formulation

min F(x,y° 2%

X,y0,20 ik
5.t.G(x,y°,2") <0
g(x,y°,2%) < 0 (2.11)
f(x,y%,2°% < s(x, pf, 2",k =1,2, ... K
xeX,y'e Rv,2° € Z, " € R k=1,2,.. K,

where zF € Z for k = 1,2, ..., K, and u* are dual variables corresponding to z*.
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2. The KKT conditions based single level formulation

min  F(x,y" z°)
x,y0,20y*, u

5.t.G(x,y%,2z") <0

A

9(x,y%,2°) <0

f(x,y%,2°% < f(x,y",2"), k=1,2,...K (2.12)
Vo f(x,¥%,2%) + (1) Vyrg(x,y",2") =0, k=1,2.., K

g(x,y",z") <0, k=1,2...K

(1) Tg(x,y",2") =0, k=1,2.... K

xeX,y'e Rv,2°€Z,y* e R, p)F € RY, k=1,2..., K,

k

where z8 € Z for k = 1,2,...,K, and y*, u* are corresponding to z* if f and g are

continuously differentiable with respect to'y for any fized (x,z) € Proj (Qpiminee) X Z.
Proof. 1. It is obvious that BIMINLP can be equivalently rewritten as

min {F(x,y", 2°) :G(x,y° 2°) <0,9(x,y°,2°) <0,x e X,y’ € R™,2° € Z

x,y0,20

f(x,y°,2°%) < Irylizn{f(x,y,Z) 1 g(x,y,2) <0,y € R,z € Z}}.
(2.13)

Since £(x,z) has the relatively complete response property, it has a finite optimal value
for any fixed (x,z) € Proj, (Qpivnwp) X Z. Thus, by enumerating all the possible values
of z and introducing corresponding variable y for each z, the last constraint in (2.13)

can be equivalently rewritten as
fxy°2%) <min{f(x,y",2") : g(x,¥",2") <0,y" €e RV} k=12, K, (2.14)
Y

where zF € Z are fixed for k = 1,2,..., K. Since £(x,z) satisfies Slater’s condition for
each k, the strong duality holds for the right hand side minimization problem of (2.14).

Replacing the minimization problem by its dual problem for each k, we have

f(x,y°,2% < m%X{s(x, k2" pF e Ry k=12, K. (2.15)
N
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Since the right hand side of (2.15) is a maximization problem, the "max” operator can

be dropped. Hence, (2.15) is equivalent to
f(x,y° 2% < s(x, p¥2%), 1 € R k=1,2,.., K. (2.16)

Replacing the last constraint in (2.13) by (2.16) leads to the result.
2. Since the right hand side problem of (2.14) is a convex problem with Slater’s condition
satisfied, and f and ¢ are continuously differentiable with respect to y, we can replace

it with its KKT conditions and rewrite (2.14) as

f(x,y% 2% < f(x,y5,2"), k=1,2, . K

Ve f(x, ¥, 2%) + (1) Vyrg(x,y",2°) =0, k=1,2...,. K

g(x,y",2") <0, k=1,2.... K (2.17)
(1) g(x,y",2") =0, k=1,2.... K

xeX,y'e Rv, 2" € Z,y* € R " € RL, k=1,2.., K,

where z* € Z are fixed, and y*, p* are primal and dual variables corresponding to z*.

Replacing the last constraint in (2.13) by (2.17) leads to the result.
[l

Remark 2.6. For any Z C Z, problem (2.11) (same for (2.12)) with Z replaced by Z is a
relaxation of BiMINLP.

We indicate that the strong duality based formulation is indeed more general than the
KKT conditions based one. To see this, we consider the following BIMINLP instance whose

lower level problem is a mixed integer quadratic programming (MIQP) problem.

Example 2.2.

1
min{-3z+y+2:0<zx<1,(y,2) € argmin{§y2 y—22>2,0<y<22€{0,1}}}.
1‘7y’z y?z

26



Example 2.2 has an unique optimal solution (z*,y*, 2*) = (1, 1,0) with the optimal value

of —2. The parameterized lower level problem of is

1
£(x, 2) :myin{éy2 Yy >a+22,0 <y <2},

and P(z,z) = {y € R:y > z+ 22,0 < y < 2} is the feasible region of {(z,z). For

(x,2) = (1,1), P(z,z) = (), and thus £(z, z) does not have the relatively complete response

property. Applying the strong duality based formulation to Example 2.2, we have

min — 3z 4 y° + 2°

st.0<zr<l,x—y" +2:"<0,0<y’ <2
1

5 W) < =i+ gy — ) + gy — 2
1

9 2
20 € {0, 1}, iy, p3, pu3, 13, s, 3 > 0.

1
(") < —o (] +ps — 13)? + (24 2)05 — 2443

(2.18)

It is easy to verify that (*,3°", 2°) = (1,1,0) is optimal to (2.18), and that the optimal

value is —2. The KKT conditions based formulation of Example 2.2 is given by

min — 3z + y° + 2°

s.t.()gxg1,x—y0+220§0,0§y0§2
1
(y')?

0\2

— < —

2(y) <3

r—y' <0,0<yt <2

y'— oy —py+py =0

pi(yt —z) =0, uby" =0, pu5(2—y") =0

1 0\2 ]‘ 2\2

— < —

5 W)= 5)

vy +2<0,0<y? <2

y' =i — i+ s =0

pi(y? —x—2) =0,pu5y° = 0,132 —y*) =0

20 € {0, 1}, py, pg, i3, 143, 143, 113 > 0.
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The optimal solution to (2.19) is (x*,y°", 2°") = (0,0,0) with the optimal value of 0. How-
ever, the optimal solution is infeasible to (2.19) since z — y* + 2 < 0 is violated when z = 1.

For the aforementioned example, the strong duality based formulation is equivalent to the
original bilevel problem while the KKT conditions based one is not. This is because the lower
level primal constraints that may be violated are not in the strong duality based formulation,
and thus do not cut off an optimal solution. Indeed, the strong duality based formulation is

applicable even if {(x,z) does not have the relatively complete response property.

Theorem 2.3. If Q(x,z) is independent of z, and &(x,z) satisfies Slater’s condition for
fized (x,2) € Proj (Qpivinee) X Z such that P(x,z) # 0, then the strong duality based
formulation (2.11) is equivalent to BIMINLP, i.e. if (x*,y*,z*) is optimal to BiMINLP then
there exists (i, s, ..., (W5) such that (X*,y*,z*, ui, us, ..., 1) is optimal to (2.11); and if
(z, o0, 2%k, s, ., i) is optimal to (2.11), (x*,y°",2%7) is optimal to BiMINLP.

Proof. We first show the existence of (uf, 13, ..., i};) and then show that the optimal value
of (2.11) is F(x*,y*,2z*). As (x*,y*,2*) is optimal to BIMINLP, we have G(x*,y*,z*) < 0
and g(x*,y*,z*) < 0. Moreover, as Q(x,z) is independent of z, we have Q(x*,z"*) # 0 for
all k. Otherwise we would have Q(x*,z*) = ) for all k, and thus £(x, z) is either infeasible
or unbounded for all k£, which contradicts the fact that BIMINLP has an optimal solution.
For a fixed k, if P(x*,z") = (), the problem

max{s(x", 1, 2%) : 4t € Q(x",2")}
o

is unbounded, and the constraint f(x*,y*, z*) < s(x*, u*, z*) naturally holds. If P(x*,z*) #

(), we have
f(x*y",z") <min{f(x",y,z) : g(x",y,2) <0,y € R,z € Z}

y,Z

< . * k . * k k Ny _ k

_m}{n{f(x 'Y ,Z) g(X Y 7Z) §0>y GR 4 =17 }
y

= max{s(x", u*,2") : " € Q(x",2")}.
I

The first inequality holds due to the optimality of BIMINLP, and the second one holds
because (y*,z") is feasible to BIMINLP. The last equality holds by the strong duality and
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implies that there exits a u* such that f(x*,y*, z*) < s(x*, u*,z"). Since such a dual variable
u*® can be found for each k, the existence of (u}, 3, ..., i) follows.

We next show that the optimal value of (2.11) is F/(x*,y*,z*) by contradiction. Suppose
there exists a feasible solution (X,y°, z°, fiy, fio, ..., fix) such that F(x,y°, z°) < F(x*,y*, z*).

By the feasibility of (x,¥°,2°, fiy, fia, ..., ix ), we have
f(x,3%2°% < s(x, 5%, 2", 0" € Q(x,2°),k=1,2, ..., K,
which is the same as

f(%.5°2°) < max{s(x, p*,2") : pf € Q(x, 2"}k =1,2,.. K.
1

For each k, if P(X,z*) = () then the problem
min{f(%,y",2) : g(%,¥",2") < 0,y" € R™}
is infeasible, and the constraint
f(%,9°,2°) < min{f(x,¥",2°) : g(%,5",2") < 0,y" € R™}
holds. If P(x,z*) # 0, by the weak duality, the above inequality also holds, and we have
f(x,5%2° < n;}cn{f(i,yk,ik) g%, y",2") <0,yF € R} k=1,2,..., K.

Thus (x,y°,z°) is feasible to BIMINLP, and F(x,y°,z°) < F(x*,y*,z*) contradicts the fact
that (x*,y*,z*) is optimal to BIMINLP.

For the converse part, let (x*,y°",z°", uf, i3, ..., ;) be optimal to (2.11) but (x*, y°, z°")
not optimal to BIMINLP. Then there exists an optimal solution (X,y,z) to BIMINLP such
that F(%,y,2) < F(x*,y°",2°"). By the first part of Theorem 2.3, there exists (fi1, flg, ..., fix)
such that (X,¥,2, fi1, fl2, ..., fixc) is optimal to (2.11). As F(%,y,2) < F(x*y°",2°), it con-
tradicts the fact (x*,y°",z°", ut, i3, ..., i) is optimal to (2.11) and the result follows. [

29



In practice, verifying whether £(x,z) satisfies Slater’s condition for any fixed (x,z) €
Proj, (Qpiinep) X Z can be challenging. In this case, we can adopt the method introduced in
Section 2.2.2 to get an extended formulation of £(x,z) as £(x, z) : miny ¢{f(x,y,z)+Me"y :
g(x,y,2z) <y, y € R,y € R,}, where e € R? with all elements being 1, and M > 0. Same
as 0(x), £(x, z) satisfies Slater’s condition for any (x,z) € Proj, (Qgmep) X Z, thus we can
replace the lower level problem of BIMINLP by miny 3 ,{f(x,y,z) + Mely : g(x,y,z) <
y,y € R™,y € R, ,z € Z} and apply Theorem 2.2 or Theorem 2.3 to obtain a single level

formulation.

2.3.2 Reformulation of Generalized Pessimistic Bilevel Mixed Integer Program-

ming Problems

In this subsection, we consider the extension of GPBO with integer variables, which we

refer as generalized pessimistic bilevel mixed integer programming problem (GPBiMINLP)

GPBIMINLP : min{F(x) :G;(x,y,z) <0,Vi € CC\PCC,

X,y2
Gi(x,y,2z) <0,Y(y,z) € R(x),i € PCC,x € X, (y,z) € R(x)},
where R(x) = argmin, ,{f(x,y,2) : g(x,y,2) <0,y € R,z € Z} is the lower level rational
reaction set. For GPBiMINLP to have an optimal solution, it is necessary to assume that
Proj(Qcpeivinie) = {x € X :3 (y,2z) € R™ x Z with g(x,y,z) <0,
Gi(x,y,z) <0,Vi € CC\PCC} # 0.
Furthermore, since Theorem 2.1 makes no convexity assumption, we can apply it to convert

GPBIMINLP to a standard BIMINLP problem with multiple followers.

Corollary 2.1. Denote the lower level feasible set of GPBiMINLP by L(x) = {(y,z) € R™ x
Z : g(X7Y7Z> S 0}? (l’ﬂd l@t gl(ymZZ) = arg maXy,Z{Gi<X7Y7Z) : g(XayJZ) S O?f(XJY7Z) S
f(x,¥:,2;),y € R,z € Z}, then GPBiIiMINLP is equivalent to

~min  {F(x):Gi(x,y,z) <0,Vi € CC\PCC,G;(x,y;,2;) <0,Vi € PCC
XY, 2,y Yi %%

(Yia Zi) € Si(xaya Z),VZ € PCC,X € Xa (972) € L(X)v (Y7 Z) € R(X)}7
which is denoted by GPBiMINLP-R.

Proof. 'We omit the proof as it is almost identical to that of Theorem 2.1. O
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2.4 Solution Method for BIMINLP Problems

2.4.1 Decomposition Algorithm and Computational Complexity

Based on the reformulation method introduced in Section 2.3, a single level equivalent
formulation can be obtained for BIMINLP under certain conditions. However, as the cardi-
nality of Z can be extremely large, solving (2.11) or (2.12) directly is not practically possible
for medium or large size problems. According to Remark 2.6, if Z is replaced by its subset, a
relaxation problem can be obtained, and the optimal value of the relaxation problem provides
a lower bound. Moreover, by enlarging the subset of Z, the low bound can be tightened.

Following this observation, we propose a decomposition algorithm to solve BiMINLP.
In particular, in each iteration, we solve a relaxation problem of BiMINLP as the master
problem (MP) to get an optimal upper level solution x*, and then solve sub-problems for x*.
If the optimality gap is not within a predetermined tolerance, a new z* from the sub-problem
is added to the subset of Z so that a tighter lower bound can be obtained. Furthermore, by
solving the sub-problems, we may get a feasible solution that leads to an upper bound of
BiMINLP, and high quality upper bounds can significantly accelerate the convergence.

Let LB and UB be the lower bound and upper bound respectively, € be the optimality
tolerance, and [ be the iteration index. We present the detailed solution procedure based on

the single level formulation (2.11), and it can also be used for (2.12).

Theorem 2.4. For a BiMINLP instance that satisfies the conditions in Theorem 2.2 or
Theorem 2.3, Algorithm 1 returns an optimal solution of the instance in finite number of

iterations, and the optimality gap is bounded by e.

Proof. Since the cardinality of Z is finite, it is sufficient to show that a repeated z* obtained
from SP1 or SP2 leads to the termination of the algorithm. Suppose in iteration [, we obtain
(x*,y"",2°) from MP, and z* from SP1 or SP2, but z* has been obtained in a previous
iteration. If LB — UB < ¢, then the algorithm terminates; otherwise, new variables and

constraints are added to MP with z'*! = z*. In iteration [ + 1, LB does not change since z*
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Algorithm 1 Decomposition algorithm for solving BIMINLP

1: Initialize LB = —oc0, UB = 400, Z =0, and [ = 0
2: while UB — LB > ¢ do
3: Solve MP:

n* = min{F(x,y’, z°) :G(x,y",2°) < 0,9(x,y°,2°) <0,x € X,y € R™,

7’ € Z, f(x,y°,2°) < s(x, p¥, 2%), u* € R%, V2" € Z},

obtain an optimal solution (x*,y®", 2%, u'*, ..., "), and update LB = n*

4: For x* obtained from MP, solve the first sub-problem (SP1)
P(x*) = min{ f(x",y,2z) : g(x*,y,2) <0,y € R,z € Z},
Y.z

and get an optimal solution (yj., z},).

5: Solve the second sub-problem (SP2)

min{ F(x*,y,z) : G(x*,y,z) <0,9(x",y,2) <0, f(x",y,z) < P(x*),y € R"Y,z € Z}.
Y.z

6: if SP2 has an optimal solution (y%,z%5) then

7 Set z* = z% and update UB = min{U B, F(x*,y%,z%)}.
8: else

9: Set z* =z},

10: end if

11: Update Z = Z U {z*}
12: Set [ =1+1
13: end while

14: Return (x*,y%",2%") as an optimal solution.
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is repeated and the constraints added are identical to those added previously, thus we have

LB = F(x*,y"", 2"

= min {F(x*,y%2°): G(x* y%2°) <0, g(x* y" 2% <0,

y07ZO7Mk
f(x5y°,2°%) < s(x*, pF 2", k=1,2,..,1+1,
vy e R, 2 € Z, ) € R k=1,2,....1+ 1}

> min {F(x"y%2°): G(x*y’,z°) <0,9(x*y° z°) <0,

yO,ZO,/Ll+1
f(X*7yOJZO> S 8<X*7/"Ll+17zl+1)7
y' € R, 2" € Z, /™ € RL}

> min{F(x*,y°,2°) : G(x*,y°,2°) <0,9(x*,y° 2") <0,

- yO,ZO
f(x*,yo,zo) < P(x*),y0 € R, 2% ¢ Z}
>UB.

The first inequality holds as removing [ set of constraints results in a relaxation of MP. For
the second inequality, since z'*! is optimal to SP1, by weak duality, s(x*, u'*1, z™!) < P(x*).

Thus, replacing s(x*, p!1, z*1) with P(x*) leads to a further relaxation of MP. O

The number of iterations is bounded by |Z| + 1. Although |Z| can be very large, later
numerical study shows that the actual number of iterations is much smaller than |Z| as the
linking constraints f(x,y°, z°) < s(x, u*,z*) along with the dual constraints make the MP a
much tighter relaxation than a high point problem [99]. In addition to tighter relaxation, the
algorithm can be further improved if a high quality feasible solution can be found through
some heuristics. It is important to mention that finding a feasible solution to BIMINLP may
not be easy as the lower level variable y and z are involved in the upper level constraint. As
a result, solving the lower level problem for a fixed x does not necessarily lead to a feasible
solution. For fixed x*, the lower level problem may have multiple optimal solutions, and the
second sub-problem finds those satisfying the upper level coupled constraint and minimizing

the upper level objective function.
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2.4.2 Illustration Examples

In this section, two instances are solved by the proposed decomposition algorithm. In
particular, we first solve Example 2.2 using the strong duality based formulation (2.11) and
then solve another BIMINLP instance using the KKT conditions based formulation (2.12).

In the previous section, we see that 2.2 can be reformulated into a single level problem

through (2.11). Now we solve it through Algorithm 1. Specifically, the initial MP

moino{—3x+y0—|—z0:0§x§ Lr—y" +2°<00<y”<2,2°€{0,1}}

I7y 7Z

is solved. We have (z*,4°",2%") = (1,1,0) and LB = —2. We then solve SP1
P(z*) = nzr/l}zn{%yQ y—22>0,0<y<2,2€{0,1}}
is solved for z* = 1. We have (y5, z5) = (1,0) and P(z*) = 0.5. Next, SP2
n;7izn{y+z:y—2z—1 20,%} <050<y<22¢€{0,1}}

is solved for z* = 1 and P(2*) = 0.5. As SP2 has an optimal solution of (y§, z&) = (1,0),
we have UB = min{+oo, F(z*,y%, 2§)} = —2 = LB. Therefore, the algorithm stops and
returns the unique optimal solution, which is (1, 1,0).

The second example is adopted from [97], where we replace x; € [—1,1] with 2 € [-1,0]
so that the lower level problem is convex in y for any fixed (1, x2, 2). It is easy to verify that

Example 2.3 satisfies the conditions in Theorem 2.2, and thus can be solved by Algorithm 1.

Example 2.3.
min { —zy — 1 — 242y +10y% sz — 0525 <0, —1 < 27 < 0,24 € {0,1},
x1,22,Y,2

(y,2) € argmin{z — x> + 0.5y 1y — 022 <0,-1 <y <1,z € {0,1}}}
Y,z
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In the first iteration, we obtain an optimal solution (2%, z3,4°",2°") = (0,1,0,1) from

the following MP

min  {—x5 — 21 — 2° + 219° + 10(3°)* 1y — 0.525 < 0,9° — 0.22° <0

xl:x27yovzo

—1<2;<0,-1<9° < 1,29,2" € {0,1}},

and we have LB = F(z}, x5, y°", 2°") = F(0,1,0,1) = —2. Then, SP1
P(x},23) = rry1}izn{z +05yty—022<0,-1<y<1,2€{0,1}}
and SP2
12’izn{—1 —z4+10y% 1y —022<0,-1<y<1,2€{0,1}, 2+ 0.5y < P(z},235)}

are solved for (x},x3) = (0,1). An optimal solution (y%, z5) = (0,0) is obtained form the
SP2, and UB = min{+o0, F'(0,1,0,0)} = —1. Since UB > LB, the following variables and

constraints

2 =2 (y”)? +0.5(y") < —xi(y')? + 0.5y 200yt —2(y')° + pt >0
y 120,y 2ny —2y") ) =0, (y" +1) =0,y <0,p 20
are added to MP with z! = 2% = 0. In the next iteration, we obtain an optimal solution
(%, 25,90, 2%y, ') = (0,1,0,0,0,0) and LB = —1 from the augmented MP. Then the
two sub-problems are solved for (z},z3) = (0,1). The optimal solution to SP2 is (y%, 2§) =
(0,0), and UB = min{UB, F(0,0)} = —1. Since LB = UB, the algorithm terminates.
The optimal solution (27, 3, y*, z2*) = (0, 1,0, 0) and the optimal value —1 are the same as
those reported in [97]. As the original problem is a relaxation of Example 2.3 and its optimal

solution is feasible to Example 2.3, the two problems have the same optimal solution.
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2.5 Numerical Study

In this section, the proposed solution method is applied to BIMINLP instances. The
experiments are implemented in Julia [26], and the commercial solver Gurobi [68] and Mosek
[9] are used to solve single level formulations such as MP, SP1, and SP2. Some instances are
solved with the help of the Julia package Bilevel JuMP [62].

Our numerical study includes two parts. In the first part, we apply the proposed method
to solve a metabolic network [117, 140] optimization problem in the pessimistic settings. In
the second part, we test the method on randomly generated instances of general BIMINLP
problems. In particular, we study bilevel mixed integer quadratic programming (BiMIQP)
problems, bilevel mixed integer second-order cone programming (BiMISOCP) problems, and

bilevel mixed integer bilinear programming (BiMIBLP) problems.

2.5.1 Metabolic Network Optimization

Bilevel optimization has been applied in metabolic engineering [117, 140]. The upper
level problem is to achieve an engineering target such as to maximize the production of
certain chemicals through gene knockouts. The lower level problem is a metabolic networks
problem. Under the MOMA assumption [117], such a problem is formulated as a bilevel
quadratic programming (BiQP) problem [110]. We consider the pessimistic counterpart of

this problem, which is given by

P-MOMA: max min Usemical

Y VER(y)

st.) (1—y) <K, y;€{0,1}, VjeJ
jeJ
R(y) = arg m‘}n{ Z (v; —w;)?

j#chemical

ZSZ‘J‘UJ' =0, Viel

jeJ
Vglc = VUglc_uptake

target
Ubiom 2 Vpiom

oty < vy < Py, Ve T},
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The upper level objective is to maximize the desired biochemical production. Binary
variables y; € {0,1} for j € J indicates if reaction j is knocked out (y; = 0), we allow up to
K genes or reactions to be knocked out. The lower level problem is to minimize the metabolic
adjustment process subject to flux balance and bound restrictions. Since our purpose is to
evaluate the proposed algorithm rather than to study the metabolic network problem itself,
we do not provide the derivation of the bilevel MOMA model, which can be found in [110].

We also consider bounded rationality in P-MOMA. We denote the optimal value of the
lower level problem by 6(y), denote the lower level feasible set by L(y), and denote the

enlarged lower level optimal solution set by

R(y)={vivelly, Y (y-w)<(+eab(y)}

j#chemical

We replace R(y) with R.(y) in P-MOMA, and then apply Corollary 2.1 and Lemma 2.1 to
P-MOMA so that it can be solved by Gurobi.

The test data are based on [8] with modifications. The metabolic network has 77 nodes
with three configurations, i.e. with 80, 100, and 120 arcs (i.e., removable reactions). We
evaluate the solution of both the optimistic and pessimistic MOMA model for different €, and

the objective value and computing time are reported in Table 2 and Table 3, respectively.

Table 2: Computational Result of Metabolic Network Problem

Arcs € 0.1 0.2 0.3 0.4

80 O-MOMA 59.06 43.78 32.08 22.23
P-MOMA 58.55 43.98 32.86 25.98
100 O-MOMA 81.97 68.47 58.12 49.47
P-MOMA  106.17 106.17 106.17 106.17
120 O-MOMA 86.93 73.05 62.35 53.36
P-MOMA  107.77 107.77 107.77 107.77

Table 3: Computing Time for Solving P-MOMA

Arcs 0.1 0.2 0.3 04 Avg.(s)

80 739.85 675.40 365.56 312.95 523.44
100 1707.74 736.57  424.38  984.27 963.24
120 3147.29  1695.46  728.68 695.20 1566.66
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We observe that P-MOMA is better able to provide reliable solutions against uncertainty
caused by bounded rationality. Almost in all cases, P-MOMA has better evaluation result.
Moreover, in the 100-arc and 120-arc cases, P-MOMA gives unique solution regardless of e,
demonstrated its strong robustness.

From Table 3, we see that most instances are solved within half an hour. The computing
time increases as the number of arcs increases. We also notice that it takes much time to

solve P-MOMA than to solve O-MOMA, which typically only takes less than 5 minutes.

2.5.2 Numerical Study on General BIMINLP Problems

In this section, we further evaluate the proposed solution method on general BIMINLP
problems. In particular, we solve three types of BIMINLP instances: namely, BiMIQP,
BiMISOCP, and BiMIBLP. The formulations are provided in the appendix.

The computational results are reported in Table 4, Table 5, and Table 6. "NC” and
"NV” denote the number of constraints and that of variables, respectively. Moreover, we
use "NV (U)” to denote the number of upper level variables, and use "NV(C/D)” to indicate
the number of continuous/discrete variables in the lower level problem. For each setting,
we compute 10 randomly generated instances and report the average time and number of
iterations. The computing time is limited to one hour, and ”Gap (%)” is reported if an

instance was not solved to optimality in one hour.

Table 4: Experiment Results on Randomly Generated BiMIQP Instances

Type NC(U+L) NV(U) NV(C/D) # of iterations Time (s) Gap (%)
BiMIQP 5 5 5/5 4.8 12.99
10 10/10 3.7 317.23
10 5 5/5 2.4 3.11
10 10/10 4.7 495.93
20 10 10/10 5.2 392.14

15 15/15 3.0 1644.35 4.88

We observe that the proposed method can solve small to moderate size BIMINLP prob-
lems efficiently in just few iterations. For BIMIOP problem, instances with up to 20 con-
straints and 45 variables are solved in half an hour on average. For BIMISOCP, the computing

time is even much faster, and all the instances are solved in just few seconds. Furthermore,
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Table 5: Experiment Results on Randomly Generated BiMISOCP Instances

Type NC(U+L) NV(U) NV(C/D) # of iterations Time (s) Gap (%)
MISOCP 5 5 5/5 3.1 1.21
10 10/10 3.5 2.07
10 5 5/5 2.1 0.50
10 10/10 2.1 0.96
20 10 10/10 1.8 1.08
15 15/15 1.9 1.49

Table 6: Experiment Results on Randomly Generated BIMIBLP Instances

Type NC(U+L) NV(U) NV(C/D) # of iterations Time (s) Gap (%)
BiMIBLP 10 10 20/10 1.6 1.17
20 40/20 1.8 5.03
20 10 20/10 1.6 10.63
20 40/20 1.8 358.69
30 10 20/10 2.4 46.45

20 40/20 1.83 1627.55 5.34

our method is able to solve BIMIBLP instances with up to 30 constraints and 80 variables
within 2 iterations averagely. To the best of our to knowledge, no systematic computational

study on instances with similar size has been found in the existing literature.

2.6 Conclusion

In this chapter, we investigate general BIMINLP problems. Several optimality condi-
tions based reformulations are developed for both BO with convex lower level problem and
that with lower level integer variables. A generalized pessimistic BO framework is introduce
that includes optimistic and pessimistic optimization into special case. Based on the single
level reformulation, a computing scheme is developed. The numerical studies on real world
metabolic network problem and on general BIMINLP problems demonstrate the computa-
tional efficiency of the proposed solution method. Better reformulation and fast approxima-

tion algorithms could be a future research topic for large scale BIMINLP problems.
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3.0 Robust Bilevel Optimization

3.1 Motivation and Preliminaries

As mentioned in the introduction part, the current research on bilevel optimization con-
sidering uncertainties is rather limited. Indeed, existing methodologies in both modeling and
computational aspects are insufficient to address practical challenges. Up to now, we ob-
serve that stochastic programming based approaches are the dominating strategy to handle
random factors, primarily exogenous ones. Nevertheless, the uncertain response issue has
been long recognized and studied, although it is not treated as a uncertainty challenge. In

this chapter, we use BO to refer the problem defined by (1.1) - (1.3).

3.1.1 Current Status on Bilevel Optimization With Uncertainties

Stochastic Bilevel Optimization: Stochastic programming (SP) [27] is a method-
ology initially developed for the regular monolithic optimization to handle probabilistic un-
certainties. The basic idea is to consider the expected performance (or similar risk measure)
across all possible scenarios, especially for a finite set of scenarios that might be obtained
from sampling. When recourse decisions exist, the deterministic model will be extended to
build a two-stage (or multi-stage) SP model by introducing recurse variables and constraints
for every scenario. This simple and effective strategy can easily be applied to a bilevel opti-
mization model to develop a stochastic bilevel one. We note that if only the follower needs
to handle randomness, it is also related to stochastic programs with equilibrium constraints,
noting that the lower level DMP can be replaced by its optimality conditions [103, 91]. A
particular advantage of stochastic bilevel optimization is that its deterministic equivalent de-
rived from enumerating the finite number of scenarios (i.e., the associated recurse variables
and constraints), although large-scale, demonstrates a block structure friendly for developing
decomposition algorithms, e.g. [70] for the linear case. Hence, stochastic bilevel optimiza-

tion has been often adopted to study practical hierarchical systems. When the underlying
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distribution is continuous, similar to SP in the regular optimization, sampling or discretizing
methods are commonly used to approximate it by generating a finite set of scenarios [119].
In addition to capturing uncertainties occurring in external environment or in perception,
this SP based approach can model a decision-dependent uncertainty by allowing scenarios’
realization probabilities change according to some decision variables. For stochastic bilevel
linear program directly dealing with a general distribution, theoretical analysis regarding the
continuity, differentiability, and stability issues is reported in [35].

Applications of stochastic bilevel optimization can be found in addressing many practical
problems, such as pricing and operational problems of electricity market (e.g., [39, 83]),
capacity expansion problems in power systems (e.g., [127, 133]), and network design problems
in logistics, supply chain and transportation systems (e.g., [111, 130, 5]). It is noted that the
majority of applications consider exogenous random factors, e.g., demands, traffic flows or
wind power generations, which appear in the right-hand-sides of the lower level DMPs. Some
studies also recognize the unsureness regarding the follower’s DMP in practice, e.g., [41, 90,
75]. Also, the concerned randomness is often modeled by a finite set of scenarios with fixed
realization probabilities. One exception appears in [135], which studies a generation capacity
expansion problem subject to wind, demand and price uncertainties with decision-dependent
probabilities. So, it considers both exogenous and decision-dependent uncertainties.

Robust Bilevel Optimization: Robust optimization (RO) is a relatively new method-
ology that assumes no probabilistic information on uncertainties [17]. Rather, it simply
assumes that DMP’s random parameters belong to a set, referred to as an uncertainty set.
Hence, it is very suitable to model uncertainties whose distributional information is not
available or less reliable. Then, instead of considering probability-based risk measures, RO
seeks to derive solutions of the best performance in any worst situation within the uncer-
tainty set. Indeed, the existence of multiple optimal solutions in the lower level DMP has
been recognized long ago, and the philosophy behind RO has already been applied in bilevel
optimization to hedge against the associated response uncertainty [98, 89, 94]. Different from

BO, the resulting model imposes an additional maximization operation over y in the upper
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level objective function as the following.

PBL: o= mxinmgx{F(x,Sf) :(1.2) — (1.3)} (3.1)
Clearly, this formulation reflects the leader’s pessimistic belief that the follower is not coop-
erative and always feed back an optimal solution against her interest. Hence, it is referred
to as the pessimistic bilevel optimization(PBL) model, also known as the weak formulation
[94]. On the contrary, BO demonstrates that the follower is fully cooperative to the leader
and thereafter is referred to as the optimistic model, also known as the strong formulation.

Compared to BO, PBL, a complex tri-level formulation, is much less investigated or uti-
lized. Existing studies on optimality conditions and solution methods include [94, 52, 126,
132] and references therein. Research on robust bilevel optimization considering other types
of uncertainties only appear in a few papers. One study in [42] considers a robust bilevel
polynomial optimization model with linear upper level constraints and a linear lower level
DMP subject to interval uncertainty sets in constraints of both levels. A solution proce-
dure based on computing a sequence of semidefinite programming relaxations is developed.
Note that both the leader and the follower are robust optimizers when handle their own
(exogenous) uncertainties, and there is no scenario-specific recourse decision. Hence, it is
a single stage robust bilevel model. A couple of recent studies in [116, 32] analyze robust
bilevel linear programs with uncertain coefficients in the lower level objective functions from
the pessimistic perspective, therefore considering uncertainties both in perception and in
response. Because those models are of simple or particular structures, special algorithms
have been designed. Noting that the follower makes his decision after the exact information
is revealed, those models are actually two-stage robust bilevel formulations.

Hybrid Bilevel Optimization: Given the strength of SP and the very limited devel-
opment of RO in the context of bilevel optimization, we note that hybrid strategies making
use of both SP and RO have been developed. One is the strong-weak bilevel optimization
formulation proposed and studied in [1, 38] that computes a weighted sum of BO and PBL.
Since weights can be interpreted as the probabilities of the follower being cooperative and
non-cooperative, it employs SP and RO to jointly consider uncertainties in perception and in

response. Another one is a two-stage stochastic bilevel optimization model studied in [129].
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It adopts the pessimistic view to handel the response uncertainty and develops a decision
rule based approximation method to derive lower and upper bounds. Also, it is noted in [35]
that several structural properties developed for stochastic (optimistic) bilevel linear program

naturally extend to its pessimistic counterpart.

Overall, we mention that the existing research on bilevel optimization with uncertainties
is at its early stage and we do not have a full set of strong and general methodologies
to address practical challenges yet, regardless the ubiquitous existence of random factors
within a real hierarchical system. This is particularly the case for robust optimization
based approaches, which are believed to be more appropriate when a system cares more
on reliability or the distributional information is not available or accurate. To change such a
situation and to provide practical tools, we present a systematic study on RO based modeling
and solution methodologies to address the impacts of uncertainties in bilevel optimization.
Specifically, our provide a set of models that are able to capture all types of uncertainties and
their interactions, except the decision-dependent uncertainty (which requires an application-
specific function to describe the change of uncertainty set with regard to decisions). Also, we
consider decision making models within a single stage and over two different stages explicitly.
Then, a set of effective solution methods, along with their convergence analysis, are developed
to accurately compute all the proposed robust bilevel models. We expect that the presented
results provide a substantial support for bilevel optimization in practice, and pave the way

to address uncertainty challenges in hierarchical decision making systems.

3.1.2 Basic Concepts and Properties of Bilevel Optimization

In the remainder of this chapter, we assume that all functions involved in bilevel opti-
mization, i.e., F', G, f, and g, are continuously differentiable on their respective domains,
and X and Y are non-empty and compact with no discrete variable in y. Note that the
concepts and properties listed in this subsection are mainly developed for the optimistic
formulation BO, as it has been the mainstream in the literature.

The constraint set of a bilevel optimization model is defined by all constraints from both
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the upper and lower level problems, i.e.,
Q={(x,y):G(x) <0,9(x,y) <0,xe Xy € Y}.

A regular monolithic optimization model defined on €2 with the upper level objective function
F is called the high point problem [99], denoted by H(€2).

For a fixed upper level variable x, the lower level feasible set is
b(x) ={y:g(x,y) <0,y € Y},
and the lower level optimal solution set (also known as rational reaction set) is
6(x) = argmin{f(xy) :y € Y(x)}
The inducible region of a bilevel optimization model is defined as
IR ={(x,¥): G(x) < 0,x € X,¥ € ¢(x)},
which is actually the feasible region of BO. Therefore, we can rewrite BO as
win{F(x.9) : (x.9) € IR}.
The lower level optimal value function is
v(x) = min{f(x,y) 1 y € ¥(x)},
and BO can also be rewritten as
r;17iyn{F(x, V) :G(x) <0,xeX g(x,¥) <0,y €Y, f(x,¥) <v(x)}.

Given that ZR C () and they share the same objective function, the high point problem
H(Q) is a relaxation of BO. This property and H(2) have often been employed as a basis

to make use of various methods of regular optimization to attack complex BO.

Remark 3.1. When f is continuous and 1 (x) is compact for fized x, the lower level problem
has an optimal solution as long as ¥(x) is not empty. Therefore, it is clear that TR # 0 if
and only if Q # (.
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Different from regular optimization problems, the existence of optimal solutions of BO
might not be straightforward. In the following, we present a set of sufficient conditions that

ensure the existence of an optimal solution to them.

Theorem 3.1. Suppose that Q # (), then BO has an optimal solution if (i) [Adapted from
[49]] the Mangasarian-Fromovitz constraint qualification (with respect to y) is satisfied for
all (x,y) € Q, or (1i) x is discrete, i.e., X C Z".

Corollary 3.1 (Adapted from [49]). If Q # 0 and all functions involved in BO are linear,

then it has an optimal solution.

Note that this result holds if x also involves discrete variables, given that we can enumerate

discrete variables.

Remark 3.2. (i) Bilevel optimization problems are generally difficult to solve. Even for the
simplest linear BO with both upper and lower DMPs being linear programs, it is strongly
NP-hard [53]. Since all robust bilevel optimization models presented in this chapter reduce
to standard BO if no uncertainty exists, they are strongly NP-hard too.

(ii) Regarding the computational issue of BO, many analytical and heuristic methods have
been developed [14, 49, 43], including vertex enumeration, penalty and descent methods. We
note that the most popular strategy adopted is to compute a reqular single level reformulation.
Specifically, if BO has a convex lower level DMP satisfying some constraint qualification,
then the lower level DMP can be replaced by its optimality conditions, e.q., those based on
Karush—Kuhn—Tucker (KKT) conditions and based on the strong duality. The resulting single
level formulation can be either computed by customizing nonlinear programming algorithms
according to its particular structure, or converted into a mized integer program (MIP) [10]

and computed by general-purpose MIP solvers.

3.2 Robust Bilevel Model With Exogenous Uncertainty

In this section, we study robust bilevel optimization without scenario-specific recourse

decisions, i.e., both the leader and the follower make a single decision across all possible
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scenarios. We start with the simple case where only exogenous uncertainty is involved.
Then we proceed to consider uncertainties in perception and response. In fact, if the response
uncertainty is ignored, it implies the optimistic settings are considered, where the follower

is cooperative towards the leader.

3.2.1 Model Development and Basic Properties

Let variables u € U (and w € W) respectively) represent the exogenous random factors
considered by the leader (and the follower, respectively). Without loss of generality, we
assume in the remainder of this chapter that uncertainty sets U and W are compact and non-
empty. Also, objective functions of both DMs, i.e., F and f, are independent of uncertainties,
noting that we can always introduce dummy variables to represent objective functions while
treat those objective functions as constraints. The single-stage robust bilevel optimization

model subject to exogenous uncertainties can be formulated next.

R1-BO: Of =minF(x,y) (3.2)
st. G(x,u) <0,VueUxeX (3.3)

y € ¢ow(x) = argmin{ f(x,y) : g(x,y,w) <0,Vw e W,y € Y}. (3.4)

Following the convention in bilevel optimization literature, we define the constraint set of

R1 - BO as
Qri-Bo = {(x,y) : G(x,u) <0,Yu e U, g(x,y,w) <0,Yyw € W x € X|y € Y},

and denote the corresponding high point problem by H(Qir Bo). Again, we have that
H(Qgr1-po) is a relaxation of R1 — BO. Note that H({2r1-Bo) can be treated as an RO
formulation of H(€2). Correspondingly, the inducible region of this robust bilevel optimiza-

tion is defined as
z'-,]?'RI—BO = {(X7 5’) : G(X? u) < 07vu S [U7X S X?S’ S ¢W(X>}

It is easy to verify that ZRri_Bo # 0 if and only if Qri_Bo # ?. Moreover, by using

maximization operation to replace the constraint satisfaction with respect to all u and w in
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Q)R1_BO, it is clear that computing the following bilevel optimization model helps check the

feasibility of R1 — BO.
Proposition 3.1. Let e; and ey be vectors with all elements being 1, and

* . T T
= ty+elts : G(x,u) < t,Yue U < to,Yw e W} (35
z xeX,yre%fl,g,thO{el 1T eyts (X, 11) < t;,Vu e U, g(x,y,w) < ty, VW € } ( )

We have that R1 — BO is feasible (equivalently TRr1-so # 0) if and only if z* = 0.

Proof. IfITRR1-Bo # 0, then Qr1_o # 0. Thus, there exists (x*,y*) such that G(x*,u) <
0,Vue U, g(x*,y",w) <0,Vw € W, x* € X|y* € Y. Let t] = t5 =0, then (x*,y*, t],t}) is
optimal to (3.5), and z* = 0. Conversely, if z* = 0, then we must have t} = t5 = 0. This
implies that Qr1_Bo # 0 and thus ZRr1_o # 0. ]

Note that the feasibility check problem (3.5) is a RO formulation of a single-level opti-
mization problem. It can be solved by a couple of matured methods in existing RO literature
such as those in [58, 22]. The next result provides a sufficient condition for the existence of

optimal solutions to R1 — BO. We omit the proof as it is directly implied by Theorem 3.1.

Corollary 3.2. Let Qri_o # 0, then R1 — BO has an optimal solution if the Mangasarian-
Fromovitz constraint qualification (MFCQ) is satisfied with respect to y for all (x,y) €
Qr1-BO-

Regarding the instance of R1 — BO studied in [42], its lower level problem is a robust
LP with matrix coefficients belonging to a box uncertainty set. As that robust LP can be
equivalently reformulated as a larger LP with constraints populated by enumerating extreme
points of the box set, MFCQ is satisfied and the problem has an optimal solution as long
as its constraint set is non-empty. Note that using the duality based reduction method

described in the following, this conclusion holds for any polyhedral uncertainty set.
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3.2.2 Reformulations and Relaxations for Computing R1 — BO

As both upper and low level constraints need to hold for all possible u € U and w € W,
the upper and lower level DMPs in R1 — BO could be two complex semi-infinite problems,
which makes the complete formulation R1 — BO very challenging to analyze and compute.
By using maximization operation to replace such constraint satisfaction, R1 — BO can be

readily converted into the following multi-level formulation.

Theorem 3.2. Let C; = {1,...,p} and C; = {1,...,q} denote the index sets of constraints
of the upper and lower level DMPs, respectively. The robust bilevel model R1 — BO is

equivalent to the following one.

min  F(x,) (3.6)
{Bg%c Gi(x,u;) <0, VieC (3.7)

x € X, (3.8)

y € argmin{f(x,y) : (3.9)

max g;(x,y,w;) <0, Vj € Cy (3.10)

y € Y}. (3.11)

Proof. Note that an upper level solution x" satisfies all upper level constraints simultane-

ously for u € U in R1 — BO if and only if
Gi(XO,ui) S O,Vui S U, 1€ (Cl

which is equivalent to

max G;(x%,1;) <0, i € C
u; €U

Since G; is continuous and U is non-empty compact, the maximization problems in (3.7)
achieve their optimal values. For a fixed upper level decision x°, the same argument holds

for a feasible lower level solution y° with respect to W. Hence, the conclusion follows. [
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Compared to the initial formulation R1 — BO, this constraint-wise equivalent one allows
us to consider the impact of randomness on constraints individually. Note that variable u;
or w; in one constraint is independent of those of other constraints. In particular, if U or W
is a convex set and G or g; is concave in u; or w;, the KKT conditions or the strong duality
for the maximization operation can be utilized to further reduce the model complexity. We

illustrate a strong duality based reduction for R1 — BO as follows.

Corollary 3.3. Suppose that U and W are convex sets satisfying Slater’s condition, and
G; and g; are concave in w; and w; for i € C; and j € Cy, respectively. Assume the dual
problem of (3.7) can be analytically represented as miny, {G}(x,vy,) : vi, € Vi, (x) fori € Ci},
and that of (3.10) as miny {9;(x,y,vy,) 1 vy, € Vi(x,y) for j € Cp}. R1—BO can be

reformulated as

R1-BO/D:min F(x,y)

Gi(x,v;;,) <0, i=1,...,p

v, €V, (x),i=1,...,p

x € X,

y € argmin{ f(x,y) :
g;(x,y,vy) <0, j=1,....¢q
vy, €Ve(xy), j=1,....,¢q
y € Y}.

Proof. Because the uncertainty set U, is convex with Slater’s condition satisfied and Gj; is
concave in vy, the strong duality holds and (3.7) can be replaced by its dual problem to
have

min G}(x,v;,) <0, v;, € V;,(x)

for all 4. The minimization operation can be safely removed as it appears in the left-hand-
side (LHS) of the ”"<” sign. By applying the same argument to the robust lower level DMP,
the desired result follows. m
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By applying Corollary 3.3, the multi-level robust optimization model R1 — BO can be
reduced to a deterministic bilevel optimization model R1 — BO/D. Note that the KKT
conditions can also be used to achieve a similar reduced formulation, which then has com-

plementary slackness constraints.

Remark 3.3. (i) Many uncertainty sets adopted in the robust optimization literature, in-
cluding interval, general polyhedral and ellipsoidal sets, readily support this duality based
reduction as they are convex sets satisfying Slater’s condition. Indeed, such reduction opera-
tion might not drastically increase the complexity of the upper or lower level DMP. As shown
in [23, 19], the dual problem of a robust linear constraint over a polyhedral uncertainty set
15 just a linear program of a size proportional to the dimensions of the uncertainty set and
the number of uncertain coefficients.

(ii) The deterministic bilevel reformulation R1 — BO/D provides us a great convenience to
study and compute the original R1 — BO using existing methodologies for classical bilevel
optimization. For example, if the lower level DMP in R1 — BO/D is convex and satisfies
some constraint qualification, it can be replaced by its KKT conditions or dual problems to
convert R1 — BO/D into a single level formulation that could be directly solved by off-the-
shelf packages.

(iii) If w; only appears in the right-hand-side (RHS) of the i—th constraint for some i € Cy,
i.e., the constraint is in the form of G;(x) < h(w;),Yu; € U, it can be simplified by pre-
processing. Specifically, let hi = min{h(w;) : u; € U}. Then, this constraint can be replaced
by Gi(x) < hf. The same strategy can be applied to a constraint in the lower level DMP if
the uncertainty only appears in its RHS.

Note that the duality or KKT conditions based reduction method is not applicable to
a general discrete uncertainty set. We might be interested in solving R1 — BO’s less com-
plicated relaxations. For the classical RO formulations of a single level optimization, it is
observed that an RO model built upon a subset of the original uncertainty set is a relaxation,
regardless of the original uncertainty set’s continuity. This observation actually is the foun-
dation to develop the iterative cutting plane (also known as constraint generation) method

for exact solutions [58, 22]. Nevertheless, as shown in the next, that relaxation strategy
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is only valid for the upper level DMP of R1 — BO, while it can be extended in a rather

counter-intuitive way to derive a correct relaxation of the complete robust formulation.

Theorem 3.3. Let @, W and W be three uncertainty sets such that UCUandW CW C W,

respectively. The following robust bilevel optimization problem is a relaxation to R1 — BO

R1 - BO/R(U, W, W) : min F(x,¥)
st. xeX, G(x,u) <0,VueTl,
yevY, gx,y,w)<0,VweW

f(x,¥) <n

n=min{f(xy) : g%, y,w) < 0,Yw € W,y € Y}.
Denoting its optimal value by ©%, (U, W, W), we have
é}k%lfe(uja W, W) < éj%lfe(tuv W? W) = @}k%l

Proof. As 7 is a dummy variable to enforce the optimality regarding g, it is easy to
see that R1 —BO and R1 — BO/R(U, W, W) are equivalent. Let the optimal value of
R1 — BO/R(U, W, W) denoted by 0%, (U, W, W). As W C W, we have

min{f(x,y) :y € Y, g(x,y, w) < 0,¥w € W} >

min{f(x,y) :y € Y, g(x,y,w) < 0,vw € W},
regardless the value of x. Hence,
O _o (U, W, W) < 6%, (U, W, W) = O%,.
Moreover, for any fixed W, we have
Or1—e(U, W, W) < Oy (U, W, W),

as the feasible set of (x,¥) in the first problem is at least as large as that in the last problem.

Hence, the desired conclusion follows. O

The next result simply allows us to consider the continuous relaxation of discrete W.
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Corollary 3.4. Assume W is a discrete set and W is a continuous set subsuming W, and
sets U and W are defined as in Theorem 3.3. Then, R1 — BO/R(U, W, W) is a relazation
to R1 — BO, and we have 6%, (U, W, W) < 0%, (U, W, W) = 0%,.

Remark 3.4. Let Or(W) denote the continuous relazation of W. If the convezity conditions
in Corollary 3.8 hold for Ct(W) and g;, the lower level problem of R1 — BO/R(U, W, Ct(W))
renders itself suitable for the optimality conditions based reduction method, through which we
will have a robust bilevel model with a deterministic lower level DMP as that of R1 — BO/D.
By replacing the lower level DMP with its optimality conditions, R1 — BO/R(U, W, Ct(W))
can be converted into an RO formulation for a single level optimization problem. As men-
tioned, this type of RO formulations, regardless of the continuity of U, can be directly com-
puted by the cutting plane method [58, 22].

By Corollary 3.4 and the aforementioned discussion, we can derive a more computation-
ally friendly relaxation and solve R1 — BO with discrete uncertainty sets approximately.
Moreover, it also provides a basis to develop an exact solution procedure by iteratively

strengthening that relaxation.

3.2.3 Cut-and-Branch Algorithm for Discrete Uncertainty Sets

In this section, we develop a novel algorithm to solve R1 — BO with discrete uncer-
tainty set, W = {w € Z™ : D(w) < 0}. As discussed previously, such a problem is
equivalent to R1 — BO/R(U, W, W), and we also have its continuous relaxation problem
R1 - BO/R(U,W, Cr(W)), where Or(W) is the continuous relaxation of W. Moreover, for
Wy, Wy C Or(W) such that Wy "Wy = () and W C W, U W, if we denote W = W; U Wy,
then we have R1 — BO/R(U, W, W’) is a stronger relaxation of R1 — BO/R(U, W, W).

To solve R1 — BO, we first solve R1 — BO/R(U, W, Cr(W)) and obtain an optimal
x* as well as a lower bound (LB). Then we solve the lower level problem through cutting
plane method for x* and obtain an optimal y* as well as an upper bound (UB). If the
difference between UB and LB is not within a pre-defined tolerance (€), we solve separation
problems to find w € Cr(W)\W and then branch on w to have Wy, Wy C Or(W) satisfying

the aforementioned conditions to get a tighter LB. We name this solution method Cut-
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and-Branch Algorithm since we borrow the branching idea from integer programming and
integrates it with the classical cutting plane method developed for the regular RO [58, 22].

In addition to UB, LB and €, we also denote by W* the relaxation of W in the kth
iteration. Following Remark 3.4, we assume that an oracle based on the cutting plane
method (i.e., the cutting plane oracle) is available to solve the RO formulation of a single
level optimization model, including R1 — BO/R(U, W, (t(W)) with the lower level problem

satisfying necessary convexity conditions and replaced by its optimality conditions.

Algorithm 2 Cut-and-Branch Algorithm for R1 — BO
1: Initialize UB = +00, UB = —00, k = 0, and W* = (W)

2: while UB — LB > ¢ do
3: Solve R1 — BO/R(U, W, W¥) by the oracle, obtain an optimal solution (x**, y**, n**)
4: Update LB = F(x"*, y**)

5: For x** solve the lower level problem in (3.9-3.11) and obtain an optimal y*
6: Update UB = min{U B, F(x**, y**)}
7: for j € C; do

8: Solve the separation problem
&(x™, y™) = max{g;(x"*, y**, wj) : wj € W"}

and obtain an optimal solution wi* for given (x**, y**)

9: if &(x,y") > 0 then

10: Branch on w}*, i.e., choose [ € {1,2, nw} such that w** is not an integer,
then set W* = {wh e W": wh < |[wh |} and W¥ = {wh e Wr: wh > [wi*]}

11: Update WF = Wk U sz, k=k+1

12: Break

13: else

14: Return (x**, y**) as a solution for R1 — BO and terminate

15: end if

16: end for

17: end while

18: Return (x**,y**) as a solution for R1 — BO and terminate

93



Theorem 3.4. Suppose (x**, y** n** y*) is an optimal solution to R1 — BO/R(U, W, W*)

kx

in the kth iteration, and y** € ¢w(x**), i.e., y* is an optimal solution to the lower level

problem of R1 — BO, then (x**,y**) is optimal to R1 — BO if
Ex kx k\ . k k .
arg max{g;(x"", y", w;) : wj € W'} NW #(,Vj € Cy.

Proof. 'Without loss of generality, we assume |Cy| = 1, then arg max{g;(x"*, y**, Wf) : W? €

WHENW #£ () for all j € C; reduces to arg max{g(x"*,y* wk) : wh € WF} N'W £ ). Let

wh* € arg max{g(x", y*, wk) : w* € WF} N'W, then we have
max{g(x", y*, w") : wh € W} < g(x™, y*, wh) <0,

where the second inequality follows the fact that w** € W and y** € ¢w(x**). Hence, y**
is feasible and thus optimal to the lower level problem of R1 — BO/R(U, W, W*) since the
lower level problem of R1 — BO is a relaxation of that of R1 — BO/R(U, W, W*). Thus,
the lower level problem of R1 — BO/R(U, W, W*) and that of R1 — BO have the same
optimal value for x** which is f(x**,y**). This implies that y** € ¢w(x**). Therefore,
(x¥*, §%*) is feasible and thus optimal to R1 — BO. ]

Corollary 3.5. If UB— LB > ¢, then there exists wh* € W* such that g;(x**,y** wi*) > 0
for some j € Cy. In this case, we can branch on w;-“*. As |W| < 400, Algorithm 2 converges

i finite number of iterations.
Proof. This result is directly implied by Theorem 3.4. O]

Remark 3.5. (i) If the lower level uncertainty set W is a mized integer set, we mention
that the Cut-and-Branch algorithm remains valid and still converges to an optimal solutions,
noting that the branching operation is readily applicable with little change. Also, if the upper
level uncertainty set U is a friendly convez set, the duality or KKT conditions based reduction
method can be adopted within the cutting plane oracle for the related robust constraints (as
showed in Corollary 3.3).

(ii) In the aforementioned implementation, only one branching operation is performed every
iteration on a single uncertainty set (and the associated constraint) in the lower level problem

of R1 — BO/R(U,W,W*). A straightforward extension is to branch multiple uncertainty
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sets and their associated constraints per iteration. By doing that, the number of iterations
certainly should also be reduced significantly, while the size of the lower level DMP also
increases quickly. Hence, a study on the number of branching operations can be considered

to achieve the desired trade-off with a better performance.

3.3 Robust Bilevel Model Under Uncertainties in Perception

In this subsection, we first consider single-stage robust bilevel optimization with uncer-
tainty in perception. As discussed in introduction part, uncertainty in perception occurs
when inaccurate or erroneous information is transmitted within this hierarchical system, or
either the leader or the follower has less confidence regarding the other’s DMP. We consider
a relative easier case here where the leader proactively hedges an inexact feedback from the
follower. We will investigate more sophisticated cases in the next chapter.

Specifically, let U, be a compact uncertainty set, and (y +y’) with y’ € U, represent the
perceived decisions in place of y, respectively. The robust bilevel optimization is formulated

as the next.

R1lp—BO: minmax F(x,y +y’) (3.12)
x,y y'€Uy
s.t. (1.2) = (1.3) (3.13)

Since y’ does not appear in any constraint, it will not affect the feasibility of R1p — BO.
Hence, it is clear that R1p — BO is feasible if and only if BO is feasible. Next, we give

some sufficient conditions guaranteeing the existence of an optimal solution.

Theorem 3.5. Assume that the deterministic counterpart BO satisfies the condition in
Theorem 3.1, then R1p — BO has an optimal solution (i) if F'(x,y) = maxycy, {F (X, ¥ +
y')} has a unique optimal solution for all (x,¥) € Qpo. or (ii) if the lower level optimal

value function v(x) is continuous.
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Proof. (i) Since maxycy, {F(x,¥ +y')} has a unique optimal solution for fixed (x,y), its
optimal solution can be denoted by y’(x,y) for fixed (x,y), and thus R1p — BO can be
rewritten as

min{F(x,3,y'(x,¥)) : x € X,G(x) < 0,3 € ¢(x)}.

As F is continuously differentiable with respect to x and y, by the implicit function theorem
[44, 84], F" is also continuously differentiable. Noting that R1p — BO and BO have identical
constraints, so R1p — BO also satisfies the conditions in Theorem 3.1, and thus has an

optimal solution. (i7) It is easy to see that R1p — BO is equivalent to
min{F'(x,y) : x € X,G(x) <0,y € Y, 9(x,¥) <0, f(x,¥) < v(x)}. (3.14)
x’y

Since v(x) is continuous, the feasible region of (3.14) is non-empty and compact. Moreover,
as F' is continuous, so is F’. Hence, R1p — BO has an optimal solution by the Weierstrass

theorem. O

Remark 3.6. Although v(x) is not continuous in general, it has this property for several typ-
ical lower level problems such as LP, second-order cone programming (SCOP), and semidef-

inite programming (SDP), where x appears in the RHS of the lower level problem.

3.4 Numerical Study

Facility location problem is a well-studied topic, and it has been widely applied in prac-
tice. In our numerical study, we consider a robust bilevel facility location problem. By
convention, we use a regular lower case letter to represent a scalar and a bolded letter to

represent the corresponding vector.

Sets

1 the index set of customers, indexed by i;

J the index set of potential building locations, indexed by 7;
Parameters
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fi the fixed cost of using location j;

g; the unit capacity cost of facility j;
h; the operating cost of facility j;
K budget;

U; the upper bound of the capacity of facility j;

Cij the cost incurred by customer ¢ if going to lacation j;
d; the demand of customer 7;
Variables
x; binary variables: z; = 1 if location j is used for building a facility,

and z; = 0 otherwise;
w the capacity of facility 7;

Yij the fraction of demand of customer ¢ provided by location j.

Using the aforementioned notations, a bilevel facility location model is defined as

wp S hs S, S0

€S(x,
yES(x,w) =

jeJ jeJ J el
ey (3.15)

w; S Ujﬂfj, Vj eJ
z; € {0,1},w; > 0,Vj € J

where S(x,w) is the set of optimal solutions to the following problem for fixed x and w.

m}}ﬂg g CijYij

icl jeJ

s.t. Zym Z di, Viel
jeJ (3.16)
Zyij <wj, VjeJ
el

yijz(), ViEI,jEJ

The upper level problem is to minimize the total cost subject to budget constraint and
capacity bound constraints, and the lower level problem is to minimize transportation cost

while meeting all the demands subject to capacity constraints.
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In practice, the system may be subject to various types of uncertainties. For instance,
some products may get damaged in transit. Such a scenario can be reflected by a stochastic
coefficient matrix in (3.16). Suppose that the coefficient matrix of the constraint 3, ; yi; >
d; is of the form A = [a;;] and that a;; € [a;; — a;5, a;j], Vi € I, j € J, then we have the robust

counterpart of (3.16) as

min E E CijlYij
y

el jeJ
s.t. Zaijyl-j — Sicf}l‘%i)l(<ri{z &Uylj} Z di, Viel
jet SN jes (3.17)

Zyij <wj;, VjeJ

el

yi; >0, Viel,jelJ
where I'; is the maximum number of the uncertain parameters in the ith constraint. We
replace (3.16) with (3.17) and refer the resulting problem as robust bilevel facility location
problem (RBFLP).

We first solve RBFLP instances approximately by applying Theorem 3.2 and Corollary
3.3, and then solve them by the proposed cut-and-branch algorithm. From Table 7, we see
that the total cost increases in I'. Table 8 reports the performance of the proposed cut-and-
branch algorithm. First, we observe that the relaxation is strong as the average gap is only
1.42%. Also, we see that the cut-and-branch algorithm is efficient in solving problems of
small to moderate size. All the instances are solved in just few minutes, and only very small

number of branching operations were performed.

Table 7: Result of RBFL

I J T 0 0.3 0.6 0.9 1.2

5 5  Optimal value (App) 3659.41  3775.25 3891.09 4006.93  4813.29
Optimal value (C&B) 3659.41 3756.90 3720.58 3754.19 4813.29

10 Optimal value (App) 2218.12 2291.29 2956.18 3111.06 3172.97
Optimal value (C&B) 2218.12 2291.29 2322.49 2335.58 3172.97
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Table 8: Performance of the Cut-and-Branch Algorithm

I J T 0 0.3 0.6 0.9 1.2 Avg.
5 5  Optimality gap (App) 0.00% 1.16% 2.28% 3.36% 0.31% 1.42%
Optimality gap (C&B) 0.00% 0.98% 0.62% 0.96% 0.31% 0.57%

Gap closed via branching 0.00% 0.18% 1.66% 2.41% 0.00% 0.85%

Time (C&B) 0.04 0.2 1.03 0.58 1.15 0.60

Number of branching performed 0 2 5 5 0 2.4

10  Optimality gap (App) 0.00% 0.00% 3.33% 5.18% 0.12% 1.73%
Optimality gap (C&B) 0.00% 0.00% 0.00% 0.00% 0.12% 0.02%

Gap closed via branching 0.00% 0.00% 3.33% 5.18% 0.00% 1.70%

Time (C&B) 0.06 0.06 0.44 1.62 0.33 0.50

Number of branching performed 0 0 2 4 0 1.2

3.5 Conclusion

In this chapter, we study single-stage robust bilevel optimization problems. We develop
a general single-stage robust bilevel optimization model that considers both upper level and
lower level uncertainty. We further provide a novel relaxation of this model, based on which
a novel cut-and-branch is developed for single-stage RBO problem with discrete uncertainty

set. The numerical study shows the effectiveness and the efficiency of our proposed model

and solution method in handling with uncertainty.
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4.0 Two-Stage Robust Bilevel Optimization

In the previous chapter, we assume that all the decisions are made before the uncertainty
is revealed, and thus no scenario-specific decision is involved. In practice, the leader may
have an opportunity to make some scenario-specific ”wait and see” decisions. Such decision
making processes are often described by a two-stage optimization model.

In this chapter, we first introduce robust bilevel optimization formulations with scenario-
specific decisions. Then we study their structural properties and develop algorithms to solve

this type of problem.

4.1 Bilevel Optimization With Scenario-Specific Decisions Under Exogenous

Uncertainty

We first consider two-stage bilevel optimization model with exogenous uncertainty. As
discussed in the introduction section, exogenous uncertainty refers to random factors outside
of the system. Such factors are often assumed to be in an uncertainty set that is independent

of the decisions made by the two DMs in a bilevel optimization problem.

4.1.1 Two-Stage Robust Bilevel Optimization Formulations and Properties

Denote the first and the second stage decision of the leader by x; and x,, respectively.
Also denote the uncertain parameter by u. Then, the follower makes a decision based on
given upper level decisions and a realized scenario. Hence, for fixed (x1, u,X3) the lower level

feasible region is
¢(X17u7 XZ) = {y : g(Xl,U,XQ,Y) < an € Y}a

and the lower level rational reaction set is

¢<X17 u7X2) = a‘rgm}}n{f(xla u7X27Y) 'y € w(xh u7X2)}'
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Then, the aforementioned decision making process is modeled by a two-stage robust bilevel

optimization (TSROBLO) formulation

TSROBLO : min max min F(x1,u,%3,¥).

{x1€X1,G(x1)<0} {ucl} {x2€X2,H(x1,u,%2)<0,§E€¢(x1,u,X2)}

In addition to the assumptions we made in the previous chapters, we further assume that
H is continuous, and that X, C R} x ZTQd is a non-empty compact set. We refer {xy €
Xy, H(x1,u,x2) < 0} as the second stage feasible region.

Since both the second stage and the lower level feasible region are jointly determined by
the first stage decision and the random factors, the leader needs to guarantee the second
stage and the lower level feasibility while making the first stage decision. Denote S(x;,u) =
{(x2,¥) : H(x1,u,%x3) < 0,9(x1,u,X2,y) < 0,%x5 € Xo,y € Y}, then S(x;,u) is compact
for fixed (x;,u). For a fixed x! € {x; € X;,G(x;) < 0}, either S(x},u) # 0,Vu € U or
Ju® € U such that S(x?,u’) = (). Hence, to make the second stage and the lower level

problem feasible for all u € U, x; has to be in
XU = {Xl X1 € Xl, G(Xl) < O,S(Xl,U) 7& (Z),Vu S U}

Theorem 4.1. Let e; and ey be a vector with all elements being one, and let z*(x;) be the

optimal value of the following problem for fixed x;

max{ min elt; +elty: H(x;,u,xo) <ty,g(x,u,Xy,y) <to, Xy € Xp,y €Y}, (4.1)
uel "x2,y,t1,t62>0

then x; € Xy if and only if x; € Xy, G(x1) <0 and z*(x1) = 0.

Proof.  For fixed (x1,u), let w*(x;,u) be the optimal value of the inner problem of (4.1)

w*(x1, 1) = xz,yI;Itlli,It}gZO{e{tl +elty: H(xp,u,%;) < t,9(x1,u,X0,y) < t9,Xs € Xp,y € Y},

(4.2)
then it is obvious that w*(xy,u) > 0. If S(x3,u) # (), then there exists (x2,y) € Xy X Y
such that H(x1,u,%x3) < 0 and g(x3,u,X2,y) < 0. Let t; = ty = 0, then (Xa,y,t1,ts) is
an optimal solution to (4.2), and w*(x1,u) = el t; + eIty = 0. Conversely, if (x5, y*, t], t3)

is an optimal solution to (4.2), then we have w*(x;,u) = el t; + elt; = 0, which implies
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t} =t = 0. Hence, we have xj € Xo, y* € Y, H(x1,u,%3) < 0 and g(x1,u,x5,y*) <0. As
(x3,¥*) € S(x1,u), we have S(xy,u) # 0.

If x; € Xy, then for any u € U, S(xy,u) # (0. This implies that w*(x;,u) = 0 for any
u € U, and thus z*(x1) = 0. Conversely, if z*(x;) = 0 but x; ¢ Xy, then there exists u* € U
such that S(x;,u*) = (). Hence, w*(x;,u*) > 0 = z*(x;), which contradicts the fact that the

optimal value of (4.1) is 0. Therefore, 2*(x;) = 0 implies x; € Xy. ]

Remark 4.1. We say TSROBLO has the relatively complete recourse property [133] if
S(x1,u) # 0 for any (x1,u). In this case, Xy simply reduces to the upper level first stage
feasible region {x; : x; € Xy, G(x1) < 0}.

For fixed first stage decision x; and uncertain parameter u, TSROBLO reduces to
min{ F(x1,u,X2,y) : X2 € Xo, H(X1,u,Xz) < 0,¥ € ¢(x1,u,X2)}. (4.3)

Notice that (4.3) is solved based on a particular realized scenario, and thus x, and y are
scenario-specific decisions. Denoting the index set of U by Ky = {k : u, € U} and introduc-

ing (xo,,¥x) for each k, then we can rewrite TSROBLO as

min 7

st. G(x1) <0,x; €X4 (4.4)
H(x1,ug,X%2,) < 0,%y, € Xy, Vk € Ky (4.5)
n > F(x1,ug, Xz, V1), Vk € Ky (4.6)
Vi € ¢(x1, ug, Xz, ), Vk € Ky, (4.7)

Indeed, we can have a relaxation of TSROBLO by considering a subset of the scenarios
in the uncertainty set, i.e., by replacing U with U. Such a relaxation provides a lower bound.

By generating scenarios and enlarging U, we can tighten the bound to achieve optimality.
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4.1.2 Decomposition Algorithm
As mentioned previously, for U C U, we have a relaxation of TSROBLO as
MP; : min{n : (4.4), (4.5) — (4.7),Vk € Kg},

whose optimal value provides a lower bound.
An optimal x] obtained from MP; may not be in Xy. In this case, a feasibility cut is gen-

erated by the following "max — min” problem, which we refer as a feasibility cut generation

problem (FCGP)

FCGP : 2*(x1) = maxyep{ min  elt; +elty: H(x;,u,x5) <ty
X2,y,t1,62>0

g(x1,u,X2,y) < tg,x3 € X,y € Y},

where e; and ey are both a vector with all elements being one. According to Theorem 4.1,
if u* is an optimal solution to FCGP with z*(x}) > 0, then S(x},u*) = ), and thus we can
add H(x1,u*,x3) <0 and g(x;1,u*,x2,y) < 0 to MP;. If 2*(x}) = 0, then x} € Xy, and we
solve the following sub-problem (SP)

SP; : max min F(x},u,%x3,¥).
{uel} {x2€X2,H (x],u,x2)<0,§€¢(x],u,x2)}

If (u*,x%,y*) is an optimal solution to SP;, then F(x},u* x5, y*) is an upper bound of
TSROBLO. If the gap between the upper bound and the lower bound is not within our
predetermined optimality tolerance, we set U = UU{u*} and go back to solve MP;; otherwise
we can terminate the algorithm. Denote the optimal value function of the lower level problem
by v(x1, u,X3) for fixed (x1,u,Xz), we can rewrite ¢(xy,u,xz) as {y : g(x1,u,Xs,y) <0,y €
Y, f(x1,u,%2,y) < v(x1,u,Xa) }

Let LB and U B be the lower bound and upper bound respectively, € be the optimality tol-

erance, and k be the iteration index, we propose a decomposition algorithm for TSROBLO.

Theorem 4.2. Suppose v is continuous, X1 and U are compact, then Algorithm 3 either
terminates in finite number of iterations returning an e-optimal solution, or generates a

sequence {x} }ien containing a limit point X} that is an e-optimal solution to TSROBLO.
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Algorithm 3 Decomposition algorithm for TSROBLO
1: Initialize LB = —oc0, UB = 400, U=0, k=0

2: while UB — LB > € do

3: Solve MP;, obtain an optimal solution xj
4: Update LB = n*
5: Solve FCGP and obtain an optimal solution u*

6: if 2*(x}) > 0 then

7 Add H(x1,u*,x3) <0 and g(x1,u*,x5,y) <0to MPy, k =k +1
8: else

9: Solve SP; for x3, obtain an optimal solution (u*,x3,y*)

10: Update UB = min{UB, F(x},u*,x3,¥*)}

11: end if

12: Set U = U U {u*}, add corresponding variables and constraints to MPy, k =k + 1
13: end while

14: Return xj as an optimal solution and terminate

Proof. We first assume that TSROBLO has the relatively complete recourse property
and extend the result to general case later. Let z* be the optimal value of TSROBLO, if
Algorithm 3 terminates, then we have UB—z* < UB— LB < ¢, and the best feasible solution
found is e-optimal. If Algorithm 3 does not terminate, by the Bolzano-Weierstrass theorem
and by taking necessary sub-sequence, we can assume that the sequence {(x%,7n",u’)}ien
generated by Algorithm 3 converges to a limit point (x},n*,u*). By the relatively complete
recourse property, we have S(xj,u) # 0,Vu € U. Let Q(x1,u) = {(x2,y) : H(x1,1u,%2) <
0,x2 € Xo,y € ¢(x1,u,Xz)}, then Q(x},u) # (), Vu € U, and there are two possible cases.

1) For any u® € U, there exists (x3,y%) € Q(x;,u’) such that n* > F(x},u’ x5, y").
Then we have LB = 1" > maxycpy Mil(x, y)eq(x:,u) F(X], 0, X2,y) > UB. As LB = UB, x]
is optimal to TSROBLO.

2) There exists u’ € U such that n* < F(x},u’ xa,y), V(x2,y) € Q(x},u’). Hence, we
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have

*

< min F(xtu’ x
(xz,y)GQ(xf,uo) ( 1 ) 2>Y)

< max min F(x],u, Xy, 4.8
uel (x2,y)€Q(x;,u) ( ! ? y> ( )

= min F(x* u*.x
(x2,y)€Q(x},u*) (1’ ) Qa}’),

*

where the equality follows the fact that u* is an optimal solution to SP; for xj. By the
continuity of F', f, and v, and the compactness of S, for sufficiently large ¢, we have

0

77i < min{F(Xivu ,Xz,}’) : (X27Y) S S(X§7u0)af(XZ‘17u07X27Y) < U(XihuO?X?)}

X2,y

< meaﬁ(min{F(Xi,u,XQ,y) : (X27Y) € S(Xihu)a f(XiauaX%Y) < U(Xli?u? XZ)}
u X2,y

= min{F<Xiaui7X27y> : <X27y) € S(Xiaui)af(xi7ui7x2>y) < U(Xiauiax2)}

X2,y
> UB.

If UB — LB < ¢, the algorithm terminates; otherwise the following constraints
n > F<X17 uiu Xéa y2>7 (X;7 yl) € S(Xh ui)v f(X17 ui7X§7 yl) < U(Xh ui7 X;)

are added to MP;. Let (x}™,7°"!) be an optimal solution to SP; in the next iteration, we

have

77i+1 2 ngii,l{F(X§+l7ui7x27Y) :(X27Y) S S(Xil—‘_luui)v f(Xl‘1+17ui7X27Y> < U(Xi+17ui7x2)}'

By the continuity of F', f, and v, and the compactness of S, as i — +00, we have

n* > min{F(x],u",X2,y) : (X2,y) € S(x],u"), f(x],u",X2,y) < v(x],u",X2)}

X2,y

= min F(xj,u",x5,y),
(s02.¥) €QUx} ) i )

which leads to a contradiction with (4.8), and thus completes the proof.
For a TSROBLO instance without the relatively complete recourse property, the feasi-
bility cuts generated by FCGP lead to an e-feasible solution [73, 82]. O

Remark 4.2. As mentioned in Remark 3.6, v is continuous for several typical problems
that are often used in practice. Furthermore, if the lower level problem is an LP, and the
uncertainty set U 1s a nonempty polytope, then there always exists an u that is optimal to
FCGP and is an extreme point of U. In this case, the number of iterations to generate an

x1 in Xy is bounded by the number of extreme points of U, which is finite.
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4.2 Bilevel Optimization With Scenario-Specific Decisions Under Endogenous

Uncertainty

In this section, we consider endogenous uncertainty, i.e., the follower may not cooperate

with the leader. To hedge against such uncertainty, we have the following formulation

TSRPBLO : min max min max F(x1,u,%2,y),
{x1€X1,G(x1)<0} {uelU} {x2€Xs,H (x1,u,x2)<0} {y€o(x1,u,x2)}

which is the counterpart of TSROBLO. Since the second stage and the lower level feasible
region of TSRPBLO are identical to those of TSROBLO, Theorem 4.1 and Remark 4.1
can be directly applied to TSRPBLO. Same as for TSROBLO, we can have a relaxation
of TSRPBLO by only considering a subset of the uncertainty set.

We can also obtain a lower bound by replacing ¢(xi,u, Xs) with ¥ (x;,u, Xs), i.e., by
ignoring the lower level objective function. The resulting problem is

TSRBLOy, : min max min F(x1,u,%2,y).

{x1€X1,G(x1)<0} {uel} {x2€Xs,H (x1,u,x2)<0,yE)(x1,u,x2)}

Furthermore, the following problem

TSRBLOy : min ma.

X min max F(x1,u,%2,y),
{x1€X1,G(x1)<0} {uc€lU} {x2€X2,H (x1,u,x2)<0} {y€tp(x1,u,x2)}

gives an over pessimistic solution and provides an upper bound for TSROBLO and TSRPBLO.

Theorem 4.3. Let 27, 23, 25, 2} be the optimal value of TSRBLO,, TSROBLO, TSRPBLO,
and TSRBLOvy, respectively, then

1) 27 < 25 <25 < z;;

2) If there exist a non-negative number a such that f(x1,u,X2,y) = aF(x1,u,Xs,y),
then 2§ = z5 and 25 = z;

3) If ¢(x1,u, Xa) is a singleton for any (X1, u,Xz) such that ¢(x1,u,xz) # 0, then z5 = z3.

Proof. We provide the proof in the appendix. O
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In practice, uncertainty may occur after all decisions are made by the leader. In this
case, there is no scenario-specific decisions for the leader, then TSROBLO reduces to
TSROBLO, : min max min F(x,u,¥),
{x€X,G(x)<0} {ueU} {Feo(x,u)}
and TSRPBLO reduces to

TSRPBLO; : min max F(x,u,y),
{xeX,G(x)<0} {uel,ye¢(x,u)}

where ¢(x,u) = argminy{f(x,u,y) : g(x,u,y) <0,y € Y}. Similarly, we have

TSROBLO,;, min max min F(x,u,y),
{x€X,G(x)<0} {uel} {yev(x,u)}

and

TSROBLO,y : i F(x,u,y),
2 {xex%l(g)@} {uemgléﬁ?x,u)} (<)

where ¥(x,u) = {y : g(x,u,y) < 0,y € Y}. As TSROBLO,y is a deterministic BO
problem, it is relatively easy to compute, and its optimal value provides an upper bound
for TSROBLO2 and TSRPBLO,. On the contrary, TSROBLO3y, is a two-stage robust
optimization problem, which is still not easy to solve. The following result shows that we
can obtain a lower bound of TSRPBLO, by solving a standard BO problem, and that the

bound is tight under some easily verifiable conditions.
Theorem 4.4. 1) Let ((x,u,¥) = {y : g(x,u,y) <0, f(x,u,y) < f(x,u,¥),y € Y}, then
the BO problem

TSROBLOY: : min max F(x,u,y)

{x€X,G(x)<0,9(x,u,5)<0,5€Y} {uel,ye¢(x,u,y)}
1s a relaxation of TSRPBLO,.
2) If (X*, ¥, Wh, Yi) is an optimal solution to TSROBLOY | (u*,y*) is an optimal solution
to maxyy{F(x*,u,y) : u € Uy € ¢(x*,u)} for fized x*, and g(x*,u*,y5) < 0, then
(x*,u*,y*) is an optimal solution to TSRPBLOx.
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Proof. 1) It is sufficient to show that a feasible solution to TSRPBLO, is also feasible to
TSROBLOZY . Suppose (x°, u’, y?) is a feasible solution to TSRPBLO3, then we have x° €
X,G(x%) <0, (u’y?) € argmax,y{F(x%u,y) : u € Uy € ¢(x,u)}, where ¢(x°,u) =
argming{ f(x°,u,y) : g(x°,u,y) <0,y € Y}. Let y° = y°, then for TSROBLOZ%; | we have
x? e X,G(x%) <0,y° € Y, g(x% u,y°) < 0. Furthermore, as y° = y° and y° € ¢(x°, u°),
we have ¢(x°,u’) = ((x%u%y°), and thus (u’,y°) € argmax, ,{F(x°,u,y) :u e U,y €
¢(x° u,y%)}. Therefore, (x°,y° u® y°) is feasible to TSROBLOZX, , and the result follows.
2) It is easy to verify that (x*,u*,y*) is feasible to TSRPBLOy, and thus F(x*,u*,y*) >

F(x*,u},y5). Moreover, we have
F(x*,u"y") = rrlllilx{F(x*,u, y):ueUy € o(x",u)}, (4.9)
and
F(x*, up, yi) = max{F(x"u,y) - u € U, g(x",u,y5) < 0,y € (", u,¥p)}. (4.10)
Let z* be the optimal value of the following problem
nlqlgx{F(x*,u,y) cue U g(x",u,y;) <0,y € ¢(x*,u)}, (4.11)

then (4.9) is a relaxation of (4.11), and thus F(x*,u*,y*) > z*. If g(x*,u*,y}) < 0,
then (x*,u*,y*) is optimal to (4.11), and F(x*,u*,y*) = z*. As ¢(x*,u) C ((x*,u,¥5),
(4.10) is a relaxation of (4.11), and thus F(x*,u}, y5) > 2%, which implies F(x*, u*,y*) <
F(x*,u},y5). Therefore, (x*,u*,y*) is optimal to TSRPBLO,, and F(x*, u*,y*) =

F(x*,u},y5), i.e. the relaxation is tight. O

Remark 4.3. For a special case of TSRPBLOs, where u only appears in the lower level
objective function [116, 32], the relaxation problem TSROBLOY, is tight since the constraint

g(x*,u*,y%) < 0 always holds in the absence of u.
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Algorithm 4 Decomposition algorithm for TSRPBLO
1: Initialize LB = —oc0, UB = 400, U=0, k=0

2: while UB — LB > € do

3: Solve MP,, obtain an optimal solution xj
4: Update LB = n*
5: Solve FCGP and obtain an optimal solution u*

6: if 2*(x}) > 0 then

7 Add H(x1,u*,x3) <0 and g(x1,u*,x5,y) <0 to MPy, k =k +1
8: else

9: Solve SP, for x3, obtain an optimal solution (u*,x3,y*)

10: Update UB = min{UB, F(x},u*,x3,¥*)}

11: end if

12: Set U= U U {u*}, add corresponding variables and constraints to MPy, k =k + 1
13: end while

14: Return xj as an optimal solution and terminate

To solve TSRPBLO, we can slightly modify Algorithm 3. In particular, we have
MP; : min{n : (4.4), (4.5) — (4.6), ¥x € (X1, U, X2, ), ¥ € ((X1, Uk, X2,,¥k), Vk € Kg},
where g(xlv u, Xy, y) = {y : g(X17 u, Xy, y) S 07 f(Xh u, Xy, y) S f(X17 u, X2, y)? y € Y}J and

SP; : max min max  F(x],u,x5,¥)
{uel} {x2€X2,H (x},u,x2)<0} {y€o(x7,u,x2)}

for TSRPBLO, respectively.

Theorem 4.2 holds for Algorithm 4 if w(x, 1, x3) = max{F(x1,u,X2,y) : g(X1,u,Xs,y) <
0,y €V, f(x1,u,X2,y) < v(x1,u,X2)} is continuous, where v(x;, u,X3) is the optimal value
function of the lower level problem. We further denote w(xy,u,x2) = miny {F'(x;, u, X2,y) :
g(x1,1,%2,y) <0,y €Y, f(x1,u,X2,y) < v(x1,u,Xs)}. In practice, verifying the existence
of optimal solutions of TSROBLO and TSRPBLO analytically can be very hard, and the

decomposition algorithm indeed provides us a method to investigate such problems.
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Theorem 4.5. Denote the lower level optimal value function of TSROBLO and TSRPBLO
by v and let w and w be defined as previously. Suppose that Xy # 0, X, U, and Xy are
compact, and that v, w and w are continuous in y, then we have the following sufficient
conditions for the existence of optimal solutions of TSROBLO and TSRPBLO.

1) If the cardinality of U or that of Xy is finite, then both TSROBLO and TSRPBLO
have an optimal x;.

2) If u does not affect X, i.e. the constraint H(xy,u,X2) < 0 reduces to H(x1,x2) < 0,
let p(x1,u,X) = argming{f(x1,u,Xs,y) : g(x1,u,X2,y) < 0} as defined previously, then

TSROBLO has an optimal x1 if the bilevel optimization problem

min{F(Xla u,x2,y) : H(Xlax2> S 07X2 € X2>y € ¢(X17u7 XQ)} (412)

X2,y

has an optimal solution for any fived (x1,u) € Xy X U; and TSRPBLO has an optimal x;

if the pessimistic bilevel optimization problem

min max{F(x1,u,X2,y) : H(x1,%X2) <0,%x2 € Xp,y € ¢(x1,u,%X2)} (4.13)

X2 y
has an optimal solution for any fized (x1,u) € Xy x U.
3)If f, g and H are convex and continuously differentiable, f is separable, x5 andy are
continuous variables, and the lower level problem satisfies Slater’s condition for any fized

(x1,u,X2), then TSROBLO has an optimal x; if the problem

min{F(xq,u,X2,y) : H(x1,u,%X2) <0,%x9 € Xp,y € ¢(x1,u,%X2)} (4.14)

X2,y

has an optimal solution for any fived (x1,u) € Xy x U.
Proof. We provide the proof in the appendix. m

Remark 4.4. Bounded rationality can be readily incorporated into the two-stage robust bilevel
models. For example, we can introduce bounded rationality to TSROBLO and TSRPBLO.

The resulting problems are

min max min F(x1,u,Xs,y) (4.15)
{x1€X1,G(x1)<0} {uelU} {x2€X2,H(x1,u,x2)<0,y € (x1,u,x2)}

and

min max min max F(x1,u,%3,y). (4.16)
{x1€X1,G(x1)<0} {uelU} {x2€X2,H (x1,u,x2)<0} {yE€pe(x1,u,x2)}

With slight modifications, (4.15) and (4.16) can be solved by the proposed algorithms.
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4.3 Extensions of Robust Bilevel Optimization Models

In this section, we extend our previously proposed robust bilevel models to deal with

different types of uncertainties and their combinations.

4.3.1 Robust Bilevel Optimization With Multiple Objectives

As mentioned previously, imperfect information may cause modeling errors. One typical
case is that the follower may have multiple objectives, i.e., for a fixed decision made by the
leader, the follower’s DMP is given by

1]

IIllel{Z wifi(xv y) : g(Xa y) S 07y € Y}a (417)
i=1
where w; is the weight of the objective function f; for i = 1,2,...,|I|.

As the leader may not know the exact value of the weight, she can consider the worse case
scenario through a robust bilevel model, where the weight is considered in an uncertainty

set W. Let ¢(x, w) be the optimal solution set of (4.17) for fixed x and w, then one has

min max min F(x,y) (4.18)
{xeX,G(x)<0} {weW} {yeo(x,w)}

if the follower is expected to cooperate, and

min max F(x, 4.19
{xeX,G(x)<0} {weW,yep(x,w)} (x.3) ( )

if the follower is not expected to do so. From Remark 4.3, we know that (4.19) can be solved
through the tight relaxation introduced in Theorem 4.4.

In addition to the uncertainty of the weight, other random factors may also be involved.
For this more general case, we can incorporate the modeling errors into the basic robust

bilevel models. For fixed (x;,u, w, Xs), the lower level problem is extended to

]
m}}n{z wifi(xla u, X, Y) : g(xh u, X, Y) < 07 ye Y}’ (420)
i=1
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whose optimal solution set is denoted by ¢(x1,u, w,x3). Thus, we can modify TSROBLO
as

min max min F(x1,u,%3,y), (4.21)
{x1€X1,G(x1)<0} {ucU,weW} {x2€Xs,H (x1,u,%x2)<0,y€p(x1,u,w,X2) }

and TSRPBLO as

min max min max F(x1,u,%2,y), (4.22)
{x1€X1,G(x1)<0} {uelU,weW} {x26X2,H (x1,u,x2)<0} {y€p(x1,u,w,x2)}

such that both the exogenous uncertainty (represented by U) and the perception uncertainty
(represented by W) are taken into consideration.

We point out that all the four models (i.e., (4.18), (4.19), (4.21), and (4.22)) can be
readily solved by Algorithm 3 or Algorithm 4. In particular, for fixed x;, the worst case
(u, w) is obtained from the sub-problem and its corresponding variables and constraints are

added to the master problem.

4.3.2 Robust Bilevel Optimization With Objective Function Uncertainty

The follower may partially cooperate with the leader [38]. This leads to a strong-weak
formulation

min oF; + (1 —a)F,

XY s Yw

st.G(x) <0,x € X

F,= min F(x,y,
Jmin Fx,ys) (4.23)

F,= max F(X,¥y,
yw6¢(x) ( y )

6(x) = argmin{f(x,y) : g(x.¥) < 0,y € ¥},
The parameter 0 < o < 1 represents the cooperation degree of the follower, and the optimal
value of (4.23) is non-increasing in a.

It is shown in [38, 137] that the follower can be better off by partially cooperating, i.e. by
setting 0 < o < 1. In this case, it is better for the leader to consider v being in an uncertain
set rather than a constant and to solve the following robust bilevel optimization problem

min max {aF,+ (1 —a)F,: F;,= min F(x,ys),F, = max F(x, . (4.24
{xeX,G(x)<0} OSOéSl{ 5 ( ) w s VsE€H(x) ( YS) w VwEb(X) ( yw)} ( )
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As (4.24) has a special structure, it can be solved more efficiently. Notice that the optimal
value of miny cqx) F(X,ys) and that of maxy, csx) F(X,yw) depend only on x, we do not
have to solve a complicated multi-level sub-problem. Instead, for fixed x, we can solve those
two problems independently to get the value of Fy and F,,. Then the worst case a can be
found by solving a very simple LP maxo<,<1 aFs + (1 — a)F,,, where F; and F,, are fixed.

In practice, the follower may not know the upper level objective function exactly. In this
case, he would make decisions based on an approximation of the true upper level objective
function. If we denote the approximation of F by F and the lower level optimal solution set

again by ¢(x), then the leader’'s DMP is
minF'(x,y)
st.G(x) <0,xeX (4.25)

¥ € Si1(x) = argmin{F(x,y) : y € ¢(x)}.
Due to the limited information the follower has, it might be better for the leader to also

consider the response uncertainty, leading to the pessimistic counterpart of (4.25)
minfF(x,y)
st.G(x) <0,xeX (4.26)
¥ € Sy(x) = argmax{F(x,y) : y € ¢(x)}.
In general, F is in an uncertainty set F rather than deterministic. Hence, we can extend

(4.25) to

min max min F(X>S’)7 (4'27)
{G(x)<0xeX} {FeF} {F€S1(x)}

and extend (4.26) to

min min F(x,y). 4.28
{G(x)<0.x€X} {FeF €59 (x)} ( y) ( )

Remark 4.5. If the true upper level objective function F' is in the uncertainty set F, then

(4.27) reduces to an instance of optimistic bilevel optimization problem
min F(x,y),
{G(x)<0,xeX,F€¢(x)} (x.5)

and (4.28) reduces to an instance of pessimistic bilevel optimization problem

min max  F(x,¥y).
{G(x)<0xeX} {yeh(x)}
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4.3.3 Robust Bilevel Optimization With Communication Uncertainty

In a hierarchical system described by a bilevel model, the two DMs interact with each
other by exchanging information. However, the information may get lost or affected by noise
while passing from one DM to the other. Such incomplete or inaccurate information causes
communication uncertainty, which is a typical instance of perception uncertainty.

We first consider the circumstances that information get affected while passing from the
leader to the follower. In this case, an upper level decision (denoted by x) along with noise

(denoted by uy) passes to the follower, who then makes a decision based on his DMP; i.e.,

min{ f(x, ux,y) : 9(x,ux,y) <0,y € Y},
Yy

whose optimal solution set is denoted by ¢(x, uy).

To consider the worst case noise, we have

min max ~ min  F(x,y) (4.29)
{xeX,G(x)<0} {uxeUx} {y€op(x,ux)}

for the cooperative case, and

min max F(x, 4.30
{xeX,G(x)<0} {ux€lUx,y€p(x,ux)} ( Y) ( )

for the non-cooperative case. Both (4.29) and (4.30) can be solved by Algorithm 3 and
Algorithm 4, respectively. Moreover, information can also get affected while passing back to
the leader, i.e., a lower level decision y comes back with noise uy as a respond to the leader.
If the follower is cooperative, we can consider him and the leader together as one DM,
and the noise as exogenous random factor in an uncertainty set U,. Since no decision is
made after the uncertainty reveals, we can employ a single-stage robust bilevel model

min max F(x,y,uy), 4.31
{x€X,G(x)<0,y€0(x)} {uy €Uy} (¥, uy) ( )

where ¢(x) = argminy, {f(x,y) : g(x,y) <0,y € Y} is independent of uy.

For fixed (x,y), the worst case scenario is obtained by solving

max{F(x,y,uy) : uy € Uy }. (4.32)

Uy
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From the continuity of F' and the compactness of U, we know that (4.32) has an optimal
solution for any fixed (x,y). Furthermore, we can have the dual problem of (4.32), namely

min{F(x,y,vy) : vy € Vy(x,¥)}. (4.33)

Vy

A sufficient condition for the strong duality to hold for (4.32) and (4.33) is that Uy is a
convex set with an interior point and F' is concave in u,. Then, we can rewrite (4.31) as
min {F(x,y,vy) : x € X,G(x) <0,y € ¢(x),vy € Vy(x,¥)},
X,Y,Vy
which is an instance of optimistic bilevel optimization problem.
If the follower is non-cooperative, we can consider him along with the noise together
as one follower, who plays against the leader. Such settings lead to a pessimistic bilevel

optimization instance as

min max F(x,y,uy), 434
{x€X,G(x)<0} {y€h(x),uy €Uy } ( y y) ( )

which can be solved by existing methods such as [136, 132].
Information interference may occur while going from and coming back to the leader. For

the cooperative case, we can combine (4.29) and (4.33) to have a robust bilevel model as

I oy (A min F(x,y,vy). 435
et o) (onEEl) trestmanmery ey T 0V YY) (4.35)

The existence of optimal solution of (4.32) along with the strong duality implies that (4.33)

also has an optimal solution for any fixed (x,y). Hence, we have

o(x, ux) = Projy (arg min{ f(x, ux, y) : (%, Ux,y) < 0,y € Y, vy € Vy(x,y)})

since Vy(x,y) # 0 for any fixed (x,y). Therefore, y and v, can be considered as one follower,
and thus (4.35) is reduced to an instance of TSROBLO.
For the non-cooperative case, we can combine (4.30) and (4.34) to have
min max F(x,y,uy),

{xeX,G(x)<0} {uxelUyx,y€o(x,ux),uy €Uy }

which is reduced to an instance of TSRPBLO.
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4.3.4 Robust Bilevel Optimization With Multiple Uncertainty Sets

In some cases, we may need multiple uncertainty sets to better capture the uncertainty
arising in practice. In the presence of scenario-specific decisions, we can extend the two
stage robust bilevel models to include multiple uncertainty sets, which can better reflect the
leader’s conservativeness and reduce the impact of unrealistic scenarios [7].

Suppose there are |I| uncertainty sets and p; is the weight of uncertainty set U;, then

TSROBLO can be extended as

min ;( max min F(x1,u;,%2.,y:)), 4.36
{x1€X1,G(x1)§0}iEZIpZ({uieUi} {x2, €X2,H;(x1,u;,%2,)<0,y; € (x1,u4,X2,;) } ( b T 22 Yz>> ( )

and TSRPBLO can be extended as
F(leui7x2i7Yi)); (437)

min E pi( max min max
{x1€X1,G(x1)<0} p {w;€U;} {x2, €Xo,H;(x1,u;,%2,)<0} {yi€di(x1,u,%2,)}

where ¢;(x1, 0, Xy,) = arg miny, { fi(X1, Wi, X2, ¥i) © gi(X1, Wi, X2, y:) < 0,y; € Y}.

With minor modifications, (4.36) and (4.37) can be solved by Algorithm 3 and Algorithm
4, respectively. Specifically, for fixed x;, || independent sub-problems are solved, and |/|
worst case scenarios are obtained. Then each scenario with its corresponding variables and
constraints are added to the MP. As the problem size of increases in the number of uncertainty

sets, it is better to keep || small in practice.

4.4 Computational Study
In this section, we apply the proposed model and algorithm to solve two practical prob-

lems arising from real world systems, namely, a vehicle sharing system design problem and

a plant selection problem, both of which are subject to uncertainty.
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4.4.1 Design of Vehicle Sharing System Under Uncertainty

In recent years, vehicle sharing systems (VSSs) have been implemented in many different
cities [118], and companies such as Zipcar, Hertz, Enterprise, now have car sharing programs.
With the help of VSSs, people have more traveling options, and vehicles are utilized more
efficiently. As a result, VSSs are expected to increase in the near future [138]. Studies on
design of VSSs can be found in [12, 46, 95, 100] and the references therein.

The model for our computational study is adopted from [100] with some modifications.
Most notations are the same as those in [100] for consistency purpose. By convention, we
use a regular lower case letter to represent a scalar and a bolded letter to represent the

corresponding vector.

Sets
GV, A) a transportation network
% the set of sites of G(V, A)
A the set of arcs of G(V, A)
Vs CV the set of candidate sharing sites
A, CA the set of sharing arcs
ACA the set of non-frequency based arcs
A\A the set of frequency based arcs
K the set of OD pairs, indexed by k
D the uncertainty set of the demand, and d;, € D
Parameters
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Tij revenue gained from arc (7, j) € A

Cs costs of building a vehicle sharing station
Cp costs of adding a parking slot
Cy unit cost for a vehicle
U the upper bound of the capacity of a candidate site
Y upper bound of a parking slot
Cij costs of traveling through arc (i,j) € A
d;1. demand at site ¢ € V for OD pair k&
fij frequency parameter for arc (i,7) € A\A
a the checkout replacement ratio, a > 1
Variables
T binary variable, 1 if a vehicle sharing station is built at site i € V;
0 otherwise
Yi the capacity of station ¢ € Vj
Z the number of vehicles at station ¢ € V
Vijk flow decision variable over arc (i, j) € A for OD pair k
Wik waiting time at site ¢ € V' for OD pair k

Using the aforementioned notations, a robust vehicle sharing system design problem (RVSSDP)

can be modeled as follows

RVSSDP: - sUj 4 Vi 5 Vidik s 4 38
(xym)eM (Z Colti + i + o) + deD,(v,vglel% x,¥,2,d) Z TigVisk )
i€Vs keK (i,j)€As

where
M ={(x,y,2) : Uz; > y;, VieV
(4.39)
Yi < yub, Vi € ‘/:g

€ {07 1}7%’72’1' S Z:,VZ S VS}?

R(x,y,z,d) = arg min{Z( Z CijVijk + Zwlk (v,w) € L(x,y,2,d)}, (4.40)

keK (i,j)€A eV
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and
L(x,y,z,d) ={(v,w) : Z Vijk — Z Vjig = di, VieV,ke K
J:(i,5)€EA J:(Gi)eA

Vije < fiwie,  V(i,7) € AAA ke K

Ux; > Zvijka V(i,j) € As
keK

Z; Z Zvijka V(Zvj) € As
keK . (4.41)

Z Z vigk < 2z, Vi€V,

keK ji(ij)EAs

Z Z vjie < aly; — 2), VieV

keK j:(4,i)€As
wy >0, VieVke K

viijO, V(l,j) GA,]{TEK}.

In the upper level, the system owner seeks to maximize the profit, which is the difference
between the revenue and the cost, by making decisions on the location (represented by x),
the capacity (represented by y) and the number of vehicles (represented by z) of each vehi-
cle sharing station in a transportation network, subject to capacity upper bound constraints
(represented by U). In the lower level, the customers choose an optimal path to minimize
their traveling cost for an existing VSS configuration, subject to flow conservation con-
straints, waiting time constraints, capacity constraints, and the non-negativity constraints.

We see that RVSSDP considers both exogenous and endogenous uncertainty. In par-
ticular, demand is an exogenous factor of the system with uncertainty, and is assumed to
minimize the revenue. For a fixed vector d, RVSSDP reduces to a deterministic pessimistic
bilevel model, which only has endogenous uncertainty. In this case, if a customer has multiple
optimal paths, i.e. different paths that give the same travelling cost, one would choose the
path that gives the least revenue to the system owner. In practice, customers may choose a
suboptimal path as long as it is not too far from an optimal one. There are two main reasons
for this irrational behavior. First, as customers do not have perfect information, they are not
able to find an optimal path, and thus choose a path according to their subjective judgment.

Second, customers may be insensitive to the difference between a suboptimal path and an
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optimal one as long as their traveling cost does not increase significantly. To deal with such
irrational behaviors, we apply the idea of bounded rationality to RVSSDP.
Let 0*(x,y,z,d) be the optimal value of the lower level problem for fixed (x,y,z,d),

then we can modify the lower level optimal solution set as

R.(x,y,z,d) ={(v,w) € L(x,y,z,d) : Z( Z CijVijk + szk (14¢€)*6"(x,y,2,d)},

kEK (ij)cA iV
and modify (4.38) as
RVSSDP,: max — Csxi + Coy; + Cozi) + min T5iUiiks
(x,y,z)EM (g‘;s rY ) deD,(v,w)ER(x,y,z,d) ];{ ge:A Jvigk

where € > 0 represents the degree of irrationality of the customers. It is obvious that
R(x,y,z,d) C R.(x,y,z,d) for any fixed (x,y,z,d), and that R.(x,y,z,d) reduces to
R(x,y,z,d) if e = 0.

Remark 4.6. For fized upper level decision variables (z,y, z), L(x,y, 2, d) # 0,Vd € D, i.e.,
the lower level problem has the relatively complete response property. This property indeed
comes from practice. In a real transportation network, customers can always find a path to
their destination without using a VSS. For example, they can drive, walk, or take a bus, but
dot not have to use a VSS. Mathematically, this means that for any fized (x,y, z, d), there

exists (v, w) such that all the constraints of the lower level problem are satisfied.

In our computational study, the demand is assumed to vary within an uncertainty set
in the form of d = d + Zle Ad'y; as in [24, 19, 134], where d is the nominal value, Ad' is
the direction of data perturbation, and u! are random variables . We consider a polyhedral
uncertainty set defined as D = {d € RIJYI*‘Kl cd = d+ X8, Adw,0 < w < 1,0 =
1,2,...,L, Zle w < Q}, where Q is a parameter reflecting the level of uncertainty. We set
L =2|K|, and let Ad' € R'fl be a vector with all its elements being zero except for the /th
element, which is 0.30xd;, for I = 1,2, ..., | K|, and is —0.30%d;, for [ = |K|+1,|K|+2, ..., 2| K|.

Figure 3 illustrates a typical transportation network with corridor structure, where the
VSS station candidate are represented by the round nodes, and the origin and destination

of customers are represented by the squared nodes. The bold black lines represent the paths
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Figure 3: Transportation Network With Corridor Structure

in a public transportation system such as subway; the red lines represent the walking paths;
and the blue lines represent the paths through which vehicle sharing service is offered.

We solve the test instances based on the transportation network in Figure 3. The time
limit is half an hour, and the optimality gap is 1%. If an instance is not solved to optimality
within the time limit, the best feasible solution is reported. Figure 4 shows the worst case
profit under different level of irrationality (e€) for @ = 0.2 and Q@ = 0.4. The blue line
represents the optimistic bilevel model, while the orange line represents the the proposed

two-stage robust bilevel model.
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Figure 4: Worst Case Profit for 2 = 0.2 and 2 =0.4

It is observed that the profit decreases in demand uncertainty (§2) and irrationality (e).
In all cases, RVSSDP provides more profit. Moreover, the difference of the profit from the

two models increase in € for fixed €2 and in 2 for fixed €. Such result shows that the robust
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model is better able to hedge against both the exogenous and endogenous uncertainty. By
carefully determining the parameters such as €2 and €, the proposed model can provide strong

decision support under various of uncertainties.

4.4.2 Capacitated Plant Selection Problem Under Uncertainty

In this subsection, we apply the two-stage robust belevel optimization model and the
proposed decomposition algorithm to solve a robust capacitated plant selection problem

(RCPSP), whose deterministic counterpart is originally introduced in [37].

Sets
1 the set of the potential plants, indexed by 7
J the set of the products, indexed by j

1S; the group of products that can be produced in plant i, and 1.5; C
JViel
JS; the set of plants that can produce product j, and JS; C I,Vj € J

D the uncertainty set of demand, and d; € D,Vj € J
Parameters
Di opportunity cost for unused production capacity of plant ¢ after it
is opened
d; customer demand of product j
s capacity consumption ratio for processing product j in plant ¢
w; cost of use production capacity in plant ¢

Cap; available production capacity in plant ¢

R;; transportation cost for shipping product j from the principal firm
to plant ¢
fi opening cost for plant ¢
Variables
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T binary variables, x; = 1 if plant 7 is selected and opened; and xz; = 0
otherwise

Yij the number of products j produced in plant ¢

Using the aforementioned notations, RCPSP is as follows, where we keep most of the nota-
tions the same as they are in [37] for consistency purpose.

RCPSP: min Zfinz + max min Zpi(Capi:L*i — Z aijYij), (4.42)
icl icl

1] deD yeS(x,d
x€{0,1} yeS(x,d) jels;

where S(x,d) is the optimal solution set of the following lower level problem
min E w; E aizYij + E E Rijyi;
y 4 : —
i€l JjEIS; i€l jEIS;

s.t. Z Yij Z dj, VJ eJ
i€JS; (4.43)

Z aiyi; < Capizy, Vi €1

JEIS;

yi; > 0,Vj e 1S;,iel.

In the upper level, the leader decides plant locations to minimize the total cost, which
includes opening cost and the opportunity cost of the unused capacity, and the "max — min”
term reflects the worst case consideration. In the lower level, the follower decides the number
of product to be made in each opened plant to minimize the total cost, which includes the
production cost and the transportation cost. The first lower level constraint ensures that
the all the demands are satisfied, the second constraint ensures that the number of products
made in a plant is no more than the capacity of that plant, and the last constraint introduces
the non-negativity requirement. Same as in the original model, the follower is cooperative
with the leader.

In our numerical study, the demand is assumed to be in the form of d = (_1+sz:1 AdFuy,
where d is the nominal value, Ad” is the direction of data perturbation for k = 1,2, ..., K, and
uk k= 1,2,..., K are random variables [24, 19, 134]. We consider a polyhedral uncertainty set
defined as D = {d € R'j:l cd=d+ Zle AdFu,, 0 <u, <1,k=1,2,.. K, Zszl ur < Q},

where () is a parameter reflecting the level of uncertainty.
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We first demonstrate the impact of uncertainty on the selection of plants using the
original deterministic model as a benchmark. The data is obtained from [37]. In particular,
we set d equal to the demand in [37], set K = 2|.J|, and let Ad" € ler” be a vector with all
its elements being zero except for the kth element, which is 0.3 * dy, for k = 1,2, ..., |.J|, and
is —0.3 % dy, for k = |J| +1,|J]| +2,...,2|J|. We set the optimality tolerance ¢ = 0.05%, and
the time limit is 1800 seconds.

Table 9 shows the result for various 2. Since the original model is solved for the nominal
value of the demand, it may need to purchase products in the market to meet the additional
demand. We set the unit price of a product in the marker to 3, and the worst case cost of
the original model is calculated as the total of the original cost and the purchase cost. As 2
increases, RCPSP recommends opening more plants to meet potential additional demands,
while the original model incurs additional purchase cost. Thus, the leader can make better
decision if she can have accurate estimation of the demand and the product price in the
market. Such information may be obtained through data mining techniques in practice.
With accurately estimated data, the proposed model is able to better support the leader to

make better decision under uncertainty.

Table 9: Impact of Uncertainty

Q Model Plants Purchase Worst case cost

0  Original 2,3 0 541.00
RCPSP 2,3 0 541.00
2 Original 2,3 26.00 619.00
RCPSP 1,6 0 589.33
4 Original 2,3 62.00 727.00
RCPSP 23,6 0 726.43
6  Original 2,3 88.00 805.00
RCPSP 23,5 0 825.40

In addition to solving RCPSP with the original data, we also test the algorithm on

randomly generated instances. In particular, we solve RCPSP instances of different sizes
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over a polyhedral uncertainty set. We set {2 = 3 and solve five instances for each problem
size. Table 10 shows the performance of the decomposition algorithm. ”|I|” and ”|J|” are
the cardinality of I and J, respectively. The time (in seconds) used for solving an instance
and the average are reported. We observe that all the instances are solved in half an hour,
and that some instances are solved in less than one minute. As expected, the solving time
increases as the size of the problem increases. For large size problems, developing advanced

approximation algorithm is a good future research direction.

Table 10: Computational Performance on Randomly Generated Instances

7| |J| Instance 1 Instance 2 Instance 3 Instance 4 Instance 5 Avg
10 10 19.74 0.27 0.43 1.11 0.38 4.39
15 11.96 3.03 11.51 12.53 2.64 8.33
15 10 0.38 1.31 1.93 0.64 0.78 1.01
15 1.01 233.52 65.27 14.4 476.82  158.20
20 10 0.38 0.73 0.44 0.64 0.77 0.59
15 228.37 37.86 473.07 1044.03 130.19 382.70

4.5 Conclusion

In this chapter, we study two-stage robust bilevel optimization problems under uncer-
tainty. Both theoretical and algorithmic results are derived. The numerical study on two
real world applications shows that the proposed algorithm can efficiently solve two-stage
robust bilevel optimization instances, and the optimal solutions are robust even under high

level of uncertainty.
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5.0 Capacity Expansion of Wind Farm in a Market Environment Under

Uncertainty

5.1 DMotivation

Wind power generation has become a primary clean and sustainable energy in many
countries, and investment in wind power facilities is one of the most important decisions in
an electricity market as it often involves large amount of capital. In a market environment,
investors build wind power generators and gain revenue from the market, which operates
to best achieve economic efficiency. Such interactions are often captured through bilevel
optimization models [61, 71, 78, 127, 76, 77]. Moreover, there is significant uncertainty
involved in wind power generation. On one hand, wind is random and intermittent and
thus hard to control and predict; on the other hand, the market desires reliable power to
meet the demand. To deal with uncertainty, stochastic bilevel optimization based models are
developed in [15, 16, 125]. Nevertheless, due to the limited solution capacity, large number
of scenarios can only be considered in small systems since problems of large systems with
large number of scenarios are very hard to solve. For example, it takes more than 10 hours
for CPLEX to solve an IEEE 118-Bus instance that only has 18 scenarios in [15], and takes
about 30 minutes to solve a similar instance that only has 4 scenarios in [125].

To overcome such a big challenge, we propose a novel two-stage robust bilevel optimiza-
tion model to support wind power investment in an electricity market. The proposed model
takes wind power uncertainty into consideration and thus is better able to find a reliable
solution. A decomposition algorithm is developed to efficiently solve the two-stage robust
bilevel model to global optimal solutions. Numerical experiments show high efficiency of the

algorithm and significant benefits by considering wind power uncertainty.
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5.2 Bilevel Wind Farm Capacity Expansion Formulation

In an electricity market, the system planner seeks to maximize the profit by investing
in wind farms. Such investment decisions are made before the randomness of wind reveals,
and market operates after the wind generators are built and wind intensity is determined.
Thus, the wind farm capacity expansion problem is indeed a multistage decisions making
process. We formulate this decision making process as a two-stage robust bilevel model.
Table 11 shows the list of notations, where a regular lower case letter represents a scalar and
a bolded letter represents the corresponding vector. A robust wind farm investment problem

(RWFIP) is formulated as

RWFIP: max — ;(qui +hig) i max b ; %, (5.1)

where

M= {(X, Ll) . Z(C,LUZ -+ Hll'l) S é, U; S UlI'Z,VZ € \IJ,JZ'Z' € {0, 1}7“1 Z O,VZ € \IJ}, (52)

1ev

and

R(x,u,k) = arg mina{ Z Z Pivgip + Z PiSi (5.3)

f.g,q,s,

j€d beB; iel
Zzgjb+Qz+Zfl+Sz—d+Zfla Viel (54)
jed; beB, L:d()=

o
o

fi =810y — bay), VI€L

ot
=)

—_— — —  — Y~~~

-fH<f<fi, VIEL

ot
\]

0<gp<gp Vj€JIbEB;

0<¢q<ku;, VieV

ot o~~~ —~
o
oo

—-0<6;<0, Viel\{r} 5.9
0, =0 (5.10
=0, Viel\V (5.11
si >0, Viel}. (5.12
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Table 11: Notation in RWFIP Formulation

Sets

B; set of generator blocks j, j € J

1 set of buses, indexed by i

J set of fuel-based generators, indexed by j
J; set of fuel-based generators at bus ¢, J; C J
L set of lines, indexed by [

L set of buses eligible for wind farms, ¥ C T
Q the uncertainty set of wind intensity, k € Q
d(l) destination bus of transmission line I

o(l) origin bus of transmission line [

r reference bus

Parameters

« hours of the target year

C overall budget of wind power investment

d; demand at bus 7

fi transmission capacity of line [

h;,c;  annualized fixed and variable cost of unit wind power generation capacity at i
H;,C; fixed and variable cost of unit wind power generation capacity at ¢

k; wind intensity at bus i

Djb price offered by generator j in block b;

Jib upper bound of fuel-based generation in b;th block

S susceptance of line [

U, upper bound of wind farm capacity at bus ¢

I6] weight coefficient for wind power penetration

Di load shedding penalty cost at bus i, p; > 0 for i € 1

0 maximum value of phase angle by generator j

Decision Variables

X5 binary variables, 1 if wind power is set at bus i; 0 otherwise
U; wind power installation capacity at bus i

fi power flow on line [

Gib power generation in b;th block by fuel-based generator j

Qi wind generation at bus ¢

S load shedding at bus i

0; phase angle at bus i
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In the upper level, the investor seeks to maximize the difference between the wind energy
absorption and the investment costs by making decisions on the installation and the capacity
of wind power generators, subject to capacity constraints and a budget constraint. The lower
level problem represents the market clearing conditions by minimizing the total dispatch
cost and load shedding, subject to the optimal power flow (OPF) based economic dispatch
constraints. In particular, (5.4) and (5.5) are the flow conservation constraints and power
balance constraints, respectively. (5.6) - (5.9) introduce bound constraints for power flow,
power generation, wind generation, and phase angle, respectively. (5.10) - (5.11) help to
set a reference bus, and (5.12) ensures the non-negativity of the load shedding. The wind
intensity parameter k is assumed to be in an uncertainty set 2. Without loss of generality,

we assume {2 is a non-empty compact set.

Remark 5.1. The lower level problem of RWFIP has an optimal solution for any combina-
tion of (x,u,k). This property is gquaranteed by the existence of the load shedding variables.

5.3 Solution Method

In RWFIP, all the upper level decisions are made before k is realized, while all the
lower level decisions are made after the realization of the parameter. Hence, the lower level
decisions are indeed scenario specific decisions. By introducing a set of lower level decision
variables for each scenario, we can have an equivalent reformulation of RWFIP.

Let (f¥, gk ¥, s¥, 6%) denote the lower level decision variables corresponding to k, which
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represents a particular scenario, we can rewrite RWFIP as
max — Z(czu, + hyx;) +t
iew
st.(x,u) e M
t < aﬁZqZk, vk € Q)

ev

(fk’ gk, qk’ Sk7 Qk) € arg min{z Z pjbg;(b + Z pisi( :

j€J beB;

}:}:%y+%+-§:f}+s-—d+ X:ﬁ,

jEJ; beB; Ld(l)=i
I 251(9 ed(l) vieL
—<ff<f, VIeL
0<g% <gp, VjeJbeB,
0<gf <k, VieWw

— <0<, Viel\{r}
o =0

=0, Viel\V

sk >0

i = Y

Viel}, Vke.

For Q) C Q,

MP:n* = max{— Z(Clul + hix;) +t: (5.14),(5.15) —

iew

(5.25),Vk € Q}

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

or.o ot v ot ot
NS T C R ORI
W = O ©

ot
)
=

is a relaxation of (5.13) - (5.25). We refer this relaxation problem as the master problem

(MP), which provides an upper bound of RWFIP. By expanding ©, the upper bound con-

verges to the optimal value of RWFIP. For fixed (x° u"), a wind intensity parameter k as

well as an optimal lower level solution can be obtained from the following pessimistic bilevel

optimization problem [94]

(0 0y . 0 .0
SP:{(x”,u”) = Iﬁggmax{aﬁz:qz :(f,g,q,s,0) € R(x",u”,k)},

1ew
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which we refer as the sub-problem (SP), and its optimal solution corresponds to a worst case
scenario. The nature of pessimistic bilevel optimization is better able to identify worst case
scenarios, and thus to effectively characterize the uncertainty set.

Starting from a subset {2 C €, we can approach to the optimality by adding scenarios

identified by SP to €. Following this idea, we provide the following decomposition algorithm.

Algorithm 5 Decomposition algorithm for solving RWFIP
1: Initialize: LB =0, UB = 400, Q = (), and it = 0

2: while UB — LB > ¢ do

3 Solve MP for (2 and obtain an optimal solution (x*,u*)
4: Update UB = n*
5: Solve SP for (x*,u*) and obtain an optimal solution (k*, f¥", gk’ gk sk", 6k")

6: Update LB = max{LB, ((x*,u*) = Y. ¢ (ciu; + hyz})}
7. Update Q = QU {k*}

8: Set it =it + 1

9: end while

10: Return (x*,u*) as an optimal solution.

Remark 5.2. As R(x,u,k) # 0 for any combination of (x,u,k) and the lower level problem
of RWFIP is an LP problem, the lower level optimal value function is a piecewise linear func-
tion and thus continuous. According to the convergence result in Chapter 4, the continuity of
the lower level optimal value function and the compactness of Q) guarantee that the algorithm

returns an e-optimal solution of RWFIP in finite number of iterations for any given e.

Both MP and SP can be further converted to a solver friendly single level problem. Specif-
ically, MP is an optimistic bilevel optimization problem with multiple lower level problems.
By replacing each lower level problem with its KKT conditions, we can convert MP to a
single level mixed integer programming (MIP) problem, which can be readily solved by com-
mercial solvers. SP is a pessimistic bilevel optimization problem, to which various of solution
methods can be applied, such as those in [2, 126, 136, 51, 132]. For example, we can apply

the level reduction technique introduced in [132] to obtain a tight relaxation of SP. For fixed
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(x°,u°), the resulting problem is

SP’:min{aﬁZqi . (f,8,q,8,0) satisfy (5.4) — (5.12),k € Q, (f, g,q,s,0) € d(x",u’)},

iew
where
d(x°,u’) = argmax{af Z% :(f,g,q,s,0) satisty (5.4) — (5.12),
eV
Z Z Pjvgip + Z pisi < Z Z Pjvgio + Z piSi}-
j€J beB, iel j€J beB, iel

Same as for MP, we can also convert SP’ to a single level MIP problem, which can be

efficiently solved by solvers.

5.4 Computational Experiments

The proposed two-stage robust optimization model and the decomposition algorithm
are applied to IEEE reliability test system (RTS). Test cases are adopted from [65, 102]
with some modifications, and we include RTS-96 24-bus, 57-bus, and 118-bus system in our
study. The experiments are implemented using Julia programming language [26], and all the
instances are solved by Gurobi [68] with the help of the Julia package Bilevel JuMP [62].

Similar as in [24, 19], we assume the wind intensity parameter k in the form of k =
k+ Zg'l Ak );, where k is the nominal value, Ak is the largest amount of data perturbation,
and \; are random variables. We take a polyhedral uncertainty set defined by 2 = {k €
RV k =k+ ZLZ'I Ak, 0 <\ < 1,0 =1,2,.., |9, Zg'l Ai < K} in our computational
experiments. The parameter K controls the volume of the uncertainty set, and €2 reduces to
a singleton {k} for K = 0.

For each system, we solve both RWFIP and its deterministic counterpart, which only
considers the nominal value. We refer the deterministic model as the ”original model”. To

better reflect the reliability requirement in practice, we evaluate the worst case performance

for the two models. In particular, an optimal solution of each model is evaluated through
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SP, whose optimal value along with the cost term Zie\y(ciui + h;z;) represents the worst
case performance.

The worst case performance evaluation is reported in Table 12, where ” Original” refers
to the deterministic model. The worst case optimal value of the upper and lower level
problem are denoted by "U” and ”"L” respectively in the table. We first study the upper
level performance evaluation, which is our primary interest. It is observed that RWFIP
always provides better solutions, and the performance gap between the two models increases
as K increases. We see that RWFIP model provide more than 6%, 30%, and 14% profit than
the original model does for the 24-bus, 57-bus, and 118-bus system respectively for K > 3.
Such differences can have huge impact in practice, especially when the wind intensity is
expected to vary considerably, i.e., when K is large.

In addition to the great performance in terms of the upper level optimal value, we also
notice that RWFIP model provides better lower level solutions in 17 out of 18 cases. Our
numerical experiments suggest that considering wind intensity uncertainty not only benefits
the system planner but also benefits the whole market as the total dispatch cost of the

market is reduced.

Table 12: Worst Case Performance Evaluation

K 0 1 2 3 4 5

RTS-24 Robust (U) 79844.09 67129.96 58893.39 54974.50 54835.69 54835.69
Original (U) 79844.09 66724.48 57427.15 51859.18 50890.86 50890.86

RTS-57 Robust (U) 26792.75 20171.78 19481.05 19481.05 19481.05 19481.05
Original (U) 26792.75 15757.27 14881.26 14881.26 14881.26 14881.26

RTS-118 Robust (U) 51239.17 43218.19 35829.13 35829.13 35829.13 35829.13
Original (U) 51239.17 40644.98 31908.79 31421.71 31391.35 31391.35

RTS-24 Robust (L) 957687.30 992782.14 976637.98 966507.24 973602.01 973602.01
Original (L) 957687.30 996627.89  1003588.54  1017494.54 1019974.04 1019974.04

RTS-57 Robust (L)  9092410.68 9187952.49  9210976.83  9210976.83  9210976.83  9210976.83
Original (L)  9092410.68 9454128.34  9473276.54  9473276.54  9473276.54  9473276.54

RTS-118 Robust (L) 5683685.86 5658006.80 5729231.12  5729231.12 5729231.12  5729231.12
Original (L) 5683685.86 5633353.93 5748120.45 5749744.05 5749845.24 5749845.24

We notice that the proposed solution method has very strong capacity in solving RWFIP
instances. From the left part of Figure 5, we see that all the instances are solved in one
minute, and approximate 85% of the instances are solved in just 10 seconds. The right part
of Figure 5 illustrates the convergence of the decomposition algorithm on a typical instance.

It only takes five iterations to find an optimal solution. This implies that the algorithm can
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effectively identify crucial scenarios and thus efficiently characterize an optimal solution.
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Figure 5: Performance Evaluation of the Solution Method

5.5 Conclusion

In this chapter, we develop a novel two-stage robust bilevel optimization model to in-
vestigate the wind farm investment problem in an electricity market under uncertainty.
A decomposition algorithm is applied to solve this challenging robust bilevel model. The
proposed model and solution method are evaluated on IEEE reliability test systems. The
numerical experiments show that both the investors and the electricity market significantly
benefit from taking wind intensity uncertainty into consideration. Also, our computational
method demonstrates strong solution capacity in solving instances of small to moderate size.
We believe it provides a good foundation for future research on more comprehensive large

scale problems.
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6.0 Data Driven Optimal Decision Trees Considering Local Information

6.1 Motivation and Related Work

Machine learning (ML) models have achieved better-than-human performance in many
modern tasks, such as speech recognition, visual object recognition, playing Go [88, 120].
However, most of these techniques are essentially black-box models, i.e., one often has very
limited information about how the model makes predictions [112]. The lack of interpretability
still limits the potential usages of black-box models in critical domains [113]. ML systems
have to be granular in explanation and transparent before trust can be earned [106, 63].
Therefore, there is an urgency in the MLL community to develop intrinsic interpretable models
(112, 113].

As one of the most classical machine learning models, decision tree enjoys its popularity
due to its simplicity, good performance, and especially its interpretability. The traditional
decision tree models, e.g., CART [31] and C4.5 [109], generally adopt a greedy and recursive
approach to learning a hierarchical model. Different heuristics including different splitting
criteria have been proposed, such as Gini Index [31], entropy and information gain [108,
109]. However, as the decision tree presents a hard splitting hierarchy, learning the optimal
decision tree is an NP-hard problem in nature [87]. The recursive methods are greedy
algorithms, which may lead to sub-optimal solutions. To improve the solution quality, studies
on learning optimal decision trees have been proposed in recent years, such as [20, 4, 57].
By formulating the optimization problem using mixed-integer programming (MIP), those
methods can solve the optimal classification tree (OCT) problem to optimality, but only for
a very limited size (in terms of the number of features and tree depth) problems. The MIP
based formulations are good at capturing the non-convex nature of decision trees and thus
better able to fit the training data set. However, this advantage of MIP formulations may
laed to an OCT that overfits the training data and thus does not perform well on unseen
data.

In this chapter, we propose a novel and fully interpretable OCT model as well as an
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efficient hyperparameter tuning method. The new model learns from both global and local
information among samples to improve the generalizability and robustness of an OCT. Our
main contributions are summarized as follows.

First, we develop a new mixed-integer programming formulation that takes local infor-
mation into consideration in addition to the global information. In particular, to improve
the robustness of a model, we explicitly consider the local distribution information of each
sample in a training set. Such information is then reflected by the sample weight in the loss
function through a data-driven approach, reducing the effect of outliers and noises in the
training set.

Second, we, for the first time, apply the bilevel optimization framwork to perform hy-
perparameter tuning for OCT. Such a framework enables us to consider the training set and
the validation set simultaneously to maximize the model generalizability.

Third, we propose an efficient decomposition algorithm to solve the resulting bilevel
optimization problem for efficient and automatic hyperparameter tuning. Extensive exper-
iments are performed on widely used benchmark datasets in comparison with both con-
ventional recursive heuristics and modern MIP-based OCT algorithms. The experimental
results demonstrate the outstanding performance of the proposed OCT model on benchmark
datasets.

Learning an optimal decision tree is NP-hard [87]. As a result, this problem has been
primarily approached by heuristic methods such as CART [31]. Those greedy methods are
simple and efficient, but often lead to sub-optimal solutions, without quality guarantees. In
recent years, numerous studies on mathematical programming based decision tree models
have been proposed [20, 122, 74, 121, 47, 124, 48, 139, 92, 67].

In this section, we mainly discuss those MIP based OCT learning methods, which are
closely related to our work. In [20], the authors proposed an MIP based OCT formulation,
which find an optimal branching and labeling decisions in a single formulation rather than
making branching decisions at each level like the recursive methods. This formulation leads to
higher test accuracy than that from CART for small trees. Later in [122], Verwer and Zhang
proposed a binary OCT (BinOCT) formulation, which has fewer variables and constraints

compared with the model in [20]. The proposed BinOCT model is solved by MIP solvers,
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and the numerical results show it runs faster than the one in [20]. In [67], small-size decision
trees with categorical data are studied through the integer programming (IP) framework.
Similar as in [122], the decision variables are defined based on the features not individual
data point. The topology of a tree is an input parameter of the IP formulation. It is selected
from a small size candidate pool through a validation set. In [4], the authors propose a big-M
free network flow-based MIP formulation to provide strong LP relaxation. By introducing
a source node connected to the root node and a sink node connected to all leaf nodes, a
classification tree is converted to a directed acyclic graph. We notice that the classical MIP
techniques such as cutting planes and dynamic programming are applied in OCT formulation
to accelerate the convergence in [92, 47]. Also, hyperplane and soft margin from support
vector machines (SVM) are applied to OCT formulation in [139]. The hyperplanes help to
achieve higher prediction accuracy at the cost of lower interpretability.

While the majority of the MIP based OCT formulations try to find the best possible
classification tree by capturing the global information of a dataset, we propose a novel MIP
model that considers both local and global information. In particular, we consider the
neighborhood of each sample. Such local information help us to differentiate samples and

thus increases the generalizability of the model.

6.2 Problem Formulation

In this section, we present an MIP formulation for OCT. As mentioned previously, an
MIP formulation is good at capturing global information to learn ground truth. However,
such a powerful feature of MIP formulation may lead to overfitting while being applied to
OCT problems. To address this issue, we expand the classical MIP model by taking local
information into account. Our basic idea is to assign weight to each sample by considering
their neighbourhoods. In particular, we assign a very small weight to an outlier, which has
very few or no samples within its neighborhood and thus unlikely to appear in an unseen
data set. On the other hand, we assign a large weight to a sample that has many other

samples around. Such consideration helps us to focus on representative samples and thus
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improve the generalizability and robustness of an OCT.

Through this chapter, we use a boldface letter to represent a vector and a regular letter to
represent a scalar. For a dataset (x;, y;) for i € I with the collection of features denoted by F,
we assume each feature f € F as well as the class label y; are binary, i.e., (x;, ;) € {0, 1}/F1+1
for i € I. In fact, categorical and numerical features can be easily binarized via discretization
and comparison method [45, 128, 67].

Denote the distance between sample 7 and sample j by d;;, and assume a distance function
g : F — R, that maps (x;,X;) to d;;. For binary valued samples, a typical metric is the
Hamming distance, which takes the number of different feature values between two samples
as its value. We note that, as the Hamming distance treats all features equally, it does not
reflect the reality since some features are more important than others in determining the
label of a sample. Hence, we introduce ¢ to denote the weight of feature f, with a larger
¢y corresponding to a more important feature. For a sample pair (x;,x;), we can consider
di; as a function of ¢;. For example, we can define dj; = >, cf|iy — xj4| as a distance
function, which takes the Hamming distance metric as its special case. It is worth to notice
that the feature weights are not directly observable and thus need to be learned.

With distance d;; introduced, we further define a function h(d;;) : R — R to represent
the influence of sample 7 to sample i. To properly reflect the influence, we require the

function h to have the following three properties 1) 0 < h(d;;) < 1 for i, j; 2) with h(0) = 1;

3) h is monotonically decreasing in d. For example, h(d;;) = ﬁ and h(d;;) =1— ‘C]l\jl with
M = max; jer{d;;} are such a function. We denote the neighborhood of sample i by B(i, R),
with parameter R denoting the radius. Let w; be the weight of sample ¢ in the loss function,
then we have w; = >, p(; g) h(dij) = >~ ;cpu.ry Mg(c)). Note that once the functions g and
h are selected, w; is determined by the unknown hyperparameters ¢ and R. We denote the
weight of sample i by w;(c, R) and assume that both ¢ and R are given as hyperparameter
in this section. We will solve the hyperparameter tuning problem by a data-driven approach
in the next section.

A full binary tree of depth K has 2% — 1 branching nodes and 2% leaf nodes. In this

chapter, the nodes are ordered according to the breadth-first search method, and the root

node is denoted by n;. We use N and Ny, to denote the set of branching nodes and that
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of leaf nodes, respectively. Note that there is an unique path from n; to each leaf node, and
we define R(n;) as the set of branching nodes in this unique path to leaf n;. Moreover, we
have parameter a;; to indicate if the value of feature f of sample ¢ is 1 and s,,,, € {—1,1}
to indicate if node n; is in the left or the right subtree of node n;,. Specifically, s,,,, = 1 if
ny is in the left subtree of n, and —1 otherwise.

For the OCT problem with binary features, the key decision is to configure the structure
of the tree, i,e., to assign each branching node a feature and assign each leaf node a label.
While most of existing work explicitly makes use of these two sets of variables, we take a
slightly different modelling approach.

Specifically, we assign 1 to the leaf node with even number and 0 to those with odd
number rather than introducing variables to determine the label of each leaf node. Moreover,
we allow the branching nodes that are just one level higher than the leaf nodes in the tree to
select features from F' = {—f|f € F} so that all samples can flow to any of the pre-labelled
leaf node. We define binary variables z,, s € {0, 1} to indicate if feature f is selected at node
n; for branching. The full list of notations is shown in Table 13.

For a given (c, R), the following MIP formulation derives an OCT on the training dataset
I,

L(c, R) :minZwi(c, R) Z Unyi (6.1)

i€l nENL,
1—sun
s.t.K — Z (T”’ + Snmy Z QifZnyf)
npER(nY) feF
+ Upy + Y > 1,Vi€]T,nl EN}J (62)
1- Snn
K — Z (le + Snyny Z aifznbf)
ny€R(ny) fer
+ Upy; — i > 0,Vi € Ir,ny € NY (6.3)
Zznbf =1, Vny, € Np (64)

fer

Unyiy Zny f - {0, 1},‘v’nl - NL,nb - NB,

i€l feF. (6.5)
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Table 13: Notation in the OCT Formulation

Sets

1 the index of a dataset, indexed by

Iy the index of the validation dataset

I the index of the training dataset

F the set of features, indexed by f

Np the set of branching nodes, indexed by ny
Ny, the set of leaf nodes, indexed by n,

N? the set of leaf nodes that are labelled 0
N; the set of leaf nodes that are labelled 1

R(ny) branching nodes in the path from the root

node to node ny

Parameters

K the depth of the OCT, K >0

iy indicating if feature f of sample i is 1,
a;; € {0,1}

Snymy indicating n; is in the left or right subtree

of ny, Spn, € {—1,1}
cr the weight of feature f
R the radius of the neighborhood
w;(c, R) the weight of sample i for given ¢ and R

Decision Variables

Zny f indicating if feature f is selected at node ny,
Znyf € {0, 1}
Up,i indicating if data point 7 is correctly classified

at ny, un,; € {0,1}
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The objective function is to minimize the weighted sum of mis-classified samples. Con-
straints (6.2) and (6.3) ensure that sample i is correctly classified if and only if it flows into a
leaf node whose label is the same as y;. Specifically, if sample ¢ flows into n;, then it visits ev-

1—=snny

ery branching node in R(r;), we must have > po, (=5 + Snyny D e Qigzn,f) = K. To

see this, we first consider the case that sample i flows to n; through the left child of ny, in R(n;),

i.e., sp,n, = 1. Then there must be at least one feature of sample ¢ with value 1 being selected

at node ny, which implies ZfeF @iz, = 1. Then we have 1_8% + Spyny ZfeF QifZn,r = 1,

which in fact holds for all branching node n, € R(n;) with s,,,, = 1. Similarly, for a branch-

ing node n; with s,,,, = —1, sample ¢ can flow to n; only if no feature with value 1 is selected

at node n,. This implies ZfeF a;fzn, s = 0, which also indicates l_sgl"b +Snymy ZfeF QifZn,f =

1_8"1'”1)

1. In other words, aneP(nz)( 2

+ Smmy, 2 jer GifZn,y) = K if and only if sample i is di-
rected to leaf node n;. Thus, u,,; = 0 if and only sample ¢ flows into n; and n; is labelled with

y;. Finally, Constraints (6.3) ensures that each branching node can only select one feature.

Remark 6.1. As a special case, if we set w;(c, R) =1 for alli, then the proposed OCT model
s to minimize the number of mis-classified samples by only considering global information.
If, however, w;(c, R) is determined by the aforementioned approach, which assigns large
weight to representative samples and assigns small weight to outliers, the local information

s then taken into consideration.
6.3 Data-Driven Hyperparameter Tuning
As previously discussed, the hyperparameters (c, R) play a very crucial role since they
provide local information that increases the capacity of the model. In this section, we propose

a data-driven hyperparameter tuning method to effectively discover local information.

6.3.1 Bilevel Formulation

In this work, we take a bilevel optimization approach to tune the hyperparameters. The

bilevel optimization framework enables us to construct a fully interpretable OCT model, and
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fully make use of available data.

A bilevel optimization problem defined by (6.6) - (6.9) is indeed an embedded optimiza-
tion problem. In BiO, (6.6) - (6.8) is the upper level problem with its decision variable x,
and (6.9) is the lower level problem with its decision variable y. The decision making process
in BiO is in a sequential fashion: the upper level decision maker (often called the leader)
determines x first, the the lower level decision maker (often called the follower) solves (6.9)
for a given x. Both the leader and the follower make decision for their own interest. Because
of its strong modeling capacity, bilevel optimization has been applied to various problems,

including hyperparameter tuning [18, 85, 59].

BiO:min  F(x,y) (6.6)
st G(x)<0 (6.7)

y € ¢(x) (6.8)

6(x) = argmin{f(x.9) : 9(x.5) < 0} (6.9

For hyperparameter tuning problems, the upper level decision variable x is the hyperpa-
rameter to be tuned, and the lower level decision variable y is the parameter of a machine
learning model to be learned. As discussed in the last section, the hyperparameter we want
to tune are the feature weights (c) and radius (R), which then turn to be the decision vari-
ables in the upper level problem of the bilevel OCT model. The lower level problem is the
OCT model defined by (6.1) - (6.5). Let Iy C I be a validation dataset and ¢(c, R) be
the optimal solution set of the lower level problem for given (c, R), then the bilevel OCT
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formulation is given by (6.10) - (6.15).

Bi-OCT:min » ) iy, (6.10)

i€ly n€Np,
sty ¢p=1 (6.11)
feF
1 - Snyn ~
K= > ( 5 + Smny, Y g )
ny€R(ny) fer
+ Gpys +yi > 1,Vi € Iy,ny € N} (6.12)
1—s,n N
K — Z (—2 b + Snmeaifznbf)
’I’LbER(nl) feF
+ ?lnﬂ' —Y; > O,VZ € [V,nl € Ng (613)
Z € ¢(c,R) = arg min{z w;(c, R)
i€l
D i c (62) = (6.5)} (6.14)
’I’LZENL

R,Cf > O,’&nli S {0,1},an € Np,n, € Np

i€l feF. (6.15)

The objective function of Bi-OCT is to minimize the number of misclassified samples in the
validation set. Unlike the objective function in BiO, the samples in the validation set are
unweighted. This setting reflects the goal of hyperparameter tuning, i.e., to help the OCT
correctly classify unseen data.

Compared with grid search methods, the proposed bilevel model has two main advan-
tages. First, bilevel optimization approach is more computationally friendly as it tunes all
parameters at once. As shown in [18], bilevel optimization based hyperparameter tuning
method is more favourable than the grid search methods as the number of candidates in-
creases exponentially. Second, it is easier to incorporate domain specific knowledge into the
bilevel optimization based hyperparameters tuning process. For example, we add (6.11) in
the upper level problem of Bi-OCT. In fact, more sophisticated relationship that may be
hard to model in grid search methods could be formulated as constraints in the upper level

problem. Next, we present a critical relaxation result.
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Proposition 6.1. Let P be the collection of all possible configurations of an OCT, i.e.,
P={z:(62)—(6.5)}, then

min E E Upyi

i€ly njeNp,

5.t.(6.2) — (6.5), (6.11) — (6.13), (6.15)
> wile,R) Y upi <Y wile, R)ui(2"),v2" € P/ (6.16)

i€l nENp, i€l

is a relazation of Bi-OCT for any P' C P.

Proof. Aswvi(z¥) =

for a given OCT configuration z*, and we have v;(z*) € {0,1} for i € Ir. Moreover, v;(z")

mEN], Up,; for ¢ € Ip, it indicates whether sample 7 is correctly classified

can be calculated once z* is fixed. Therefore, for given (c, R), the optimal value function
of the lower level problem can be written as ®(c, R) = mingrep{>_,c;, wi(c, R)vi(z")} and

then we have

min{» Y i :(6.2) — (6.5), (6.11) — (6.13), (6.15),

i€ly nieNp,
> wi(e,R) > i < ®(c, R)}
i€l nENL,
=min{) Y i, :(6.2) — (6.5), (6.11) — (6.13),(6.15),
i€ly njeNp,
Z wi(c,R) Z Ui S Z w,-(c, R)vi(zk),‘v’zk € P}
i€lr n€NL i€l
<min{) Y i, :(6.2) = (6.5), (6.11) — (6.13), (6.15),
iely meNy,
Z wi(c,R) Z Ui S Z wi(c, R)vi(zk),‘v’zk S Pl}
i€l n €N i€l
As the inequality holds for any P’ C P, the result follows. m

By making use of this relaxation, we develop an iterative decomposition algorithm to

compute Bi-OCT in the following subsection.
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6.3.2 Decomposition Algorithm

Bilevel optimization is NP hard even in the linear case [53]. Conventially, it can be
reformulated as a single level problem through Karush-Kuhn—Tucker (KKT) conditions if
its lower level problem is convex and satisfies some technical conditions. However, this widely
used approach is not applicable to Bi-OCT as its lower level problem is an MIP problem,
which is highly non-convex. In this section, we develop a decomposition algorithm to tackle
this challenge.

According to Proposition 1, for P’ C P, we have the following relaxation of Bi-OCT, to

which we refer as the master problem (MP).
MP: p* =min{) > iy, :(6.2) = (6.5), (6.11) — (6.13), (6.15) — (6.16)}
i€ly meNy,

MP provides a lower bound (LB) to Bi-OCT, and we can approach the optimality by grad-
ually tightening the LB. This is achieved by expanding P’. After obtaining an optimal
solution (c*, R*) from MP, we can solve the lower level problem L(c*, R*) to get an OCT
configuration and its optimal value ®(c*, R*). To get an upper bound (UB) of Bi-OCT, we
solve the following sub-problem (SP), and denote its optimal value by ((c*, R*).

SP: min{> Y iy, :(6.2) — (6.5),(6.12) — (6.13), 1, € {0, 1},

i€ly njeNp,

Vn; € Np,i € Ir, Zwi(c*,R*) Z Ui < O(c*, R}

i€lr n €N

Let z* be an optimal solution to SP, we can add z* into P’ until UB < LB.
Proposition 6.2. Algorithm 6 converges the global optimum of Bi-OCT in a finite number
of iterations.

Proof. We provide the proof in the appendix. O

Remark 6.2. For large size datasets, solving Bi-OCT can be very challenging. In this case,
we can tune the hyperparameters on a subset of the training dataset, and then train the OCT
model for the obtained hyperparameters. Numerical experiments show that this data-driven

approach can be efficient and effective.
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Algorithm 6 Decomposition algorithm for solving Bi-OCT
1: Initialize: LB =0, UB = |Iy|, P' =0, and k =0

2: while UB > LB do

3: Solve MP for P’ and obtain an optimal solution (c*, R*)

4: Update LB = n*

5: Solve the lower level problem for (c*, R*) and obtain its optimal value ®(c*, R*)
6: Solve SP for (c¢*, R*) and obtain an optimal solution z*

7: Update UB = min{U B, {(c*, R*)}

8: Update P' = P'U{z*}

9: Set k=Fk+1

10: end while

11: Return (c*, R*) as an optimal solution

6.4 Experiments

In this section, we benchmark the proposed approach with respect to state-of-the-art

methods on public datasets.

6.4.1 Experiment Setup

All testing datasets are obtained from the UCI repository [54]. They are first binarized
as in [45] and then downsampled so that the number of features is small to moderate. For the
comparison purpose, we take a state-of-the-art mathematical programming based package,
"Interpretable AI” (IAI) [20, 21], the random forest (RF) method [104, 33|, as well as the
popular CART approach as our baseline models. Default settings of IAI, RF, and CART
are adopted in our numerical study.

For the proposed method, we practice two implementations: a standard one and a sim-
plified one. In the standard implementation with Bi-OCT, we consider all (i,7) € Ir to
determine radius R. In the simplified version (denoted by Bi-OCT(S)), we define an initial

neighborhood for each sample, and only samples in that initial neighborhood are considered
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in determining R, which helps to reduce the computational burden. Also, we adopt the data
driven approach. In particular, we first take 100 samples from the training set as a dataset
for solving the bilevel model to get an optimal (c, R), and then retrain an OCT on the whole
training set based on this obtained (c, R).

As previously mentioned, all the datasets (except for COMPAS-binary and FICO-binary
that are already binary featured) are first binarized as in [45]. For each categorical feature
Xif € {q1, ¢, ...,qf}, we create two features for each category. For example, we create
X5, = 1 and x;5, # qq for the category ¢;. Numerical features are binarized via binning.
Note that the number of features may significantly increase after binarization. Hence, we
also apply the downsampling technique to each dataset to reduce the number of features. In
our experiments, we apply CART with maximum depth 5 to select up to 31 features for each
dataset. The data statistics are summarized in Table 14, where #features(O), #features(B),
and #features(D) denote the number of features (excluding the label) in the original dataset,
after binarization, and after downsampling, respectively.

In MP, the numbers of variables and of constraints increase in the order of O(|Ir|?).
To overcome this computational challenge, we take a data-driven strategy based on a small
size subset of the training dataset. Specifically, in our experiments, we first compute w; by
setting ¢y = |—;| for f € F and R = 0. Then, we select 100 samples with the largest weight
to form a dataset for hyperparameter tuning, and 25 of them are used as a validation set to
populate Bi-OCT. Last, an optimal (c, R) derived from Bi-OCT is used to solve (6.1) - (6.5)
on the original training dataset to learn the final OCT.

In addition to the data-driven approach, we also define an initial neighborhood for each
sample to reduce both the number of variables and the number of constraints to build the
simplified Bi-OCT(S). The initial neighborhood of sample i is calculated in three steps.
First, we let ¢y = ﬁ for f € F and calculate d;; for i,7 € Ir. Then we calculate M =
max; jer, {d;; }. Finally, we identify B(i, M * r) for each sample as its initial neighborhood,
where r is the rate to control the volume of B(i, M x r). It is easy to see that r = 1

corresponds to Bi-OCT(S), and we set » = 0.3 in our experiments.
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6.4.2 Numerical Results

The four methods (including CART(O) that directly handles original features without
binarization) are tested on 13 datasets. The depth of a tree is set to be 3 for all methods
except for RF, whose maximum depth is set to be 50. Tables 15 and 16 report their training
and testing accuracies, as well as standard deviations (in the parentheses), respectively,
across 13 datasets. For each dataset, the accuracy is the average over 4-folds tests, and the
highest accuracy is highlighted. We include RF as a benchmark baseline, but we do not
highlight RF even if it has the highest accuracy since it takes a total different approach.
CART was unable to perform classification on the ”breast-cancer” dataset, so we report
”"N/A” in the table. From those numerical results, we have the following observations.

First, both Bi-OCT and Bi-OCT(S) demonstrated strong classification capacities. Bi-
OCT(S) ranks 6 times (out of 13) with the highest accuracy, and Bi-OCT ranks 5 times
(excluding RF).

Second, Bi-OCT, Bi-OCT(S) and CART(O) have consistent performances over both
training and testing stages. In the training stage, both Bi-OCT and Bi-OCT(S) won 5 times
first place, CATR(O) 6 times, while IAl and CART fail to won in any datasets. In the
testing stage, both Bi-OCT and Bi-OCT(S) maintain their strength, CATR(O) degrades
significantly, while TAT and CART actually are not bad if we compare their performances to
those in the training stage. From this observation, we believe that the MIP based Bi-OCT
and Bi-OCT(S) are better able to learn the ground truths of a dataset.

Third, compared with IAI, another mathematical programming based OCT package, our
Bi-OCT and Bi-OCT(S) models are significantly better able to handle challenging datasets.
For 5 datasets where [AI’s accuracy is lower than 70%, we note that Bi-OCT or Bi-OCT(S)
won 4 times. This supports that our Bi-OCT model captures more fundamental structures
such as local distribution information.

Fourth, no significant information loss caused by binarization and downsampling is ob-
served from our numerical results. Comparing the result of CART and CART(O) on 10
datasets (excluding breast-cancer, COMPAS-binary, and FICO-binary), we see that CART
(CART(O)) won 3 (7) out 10 in terms of the training accuracy and that CART (CART(O))
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won 6 (4) out 10 in terms of the test accuracy. This suggests that binarization and down-
sampling method could be considered for large dataset in practice.

For the scalability, from Figure 6, we see that our proposed algorithm can generally solve
more than 50% (around 50% for Bi-OCT and around 60% for Bi-OCT(S)) instances in 500
seconds. About 80% instances can be solved in half an hour. However, similar as other MIP
based OCT models, some cases require much time to solved. While other fast computing
methods such as CART can fit a tree in less than a minute for most cases, our methods
achieve higher accuracy at the cost of more time spending. Developing strong algorithms

that can solve Bi-OCT faster is an important future research direction.

Table 14: Dataset Statistics

Dataset #samples #features (O) #features (B) #features (D)
breast-cancer 286 9 40 13
heart 303 13 59 23
liver 345 6 53 25
ionosphere 351 34 283 10
WDBC 569 30 270 15
transfusion 748 4 32 21
pima 768 8 67 14
banknote 1372 4 36 17
COMPAS-2016 5020 7 15 14
musk 6598 166 1461 25
COMPAS-binary 6907 12 12 12
FICO 10459 23 156 25
FICO-binary 10459 17 17 15

6.5 Conclusion

In this chapter, we propose a new OCT model that considers local information. Such a

task is addressed through a data-driven approach. Specifically, two crucial hyperparameters,
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Table 15: Average Training Accuracy

Dataset Bi-OCT Bi-OCT (S) IAI
breast-cancer 0.8122 (0.0611)  0.8111 (0.0598) 0.7668 (0.0550)
heart 0.8536 (0.0335)  0.8514 (0.0274) 0.8206 (0.0469)
liver 0.7382 (0.0061)  0.7382 (0.0061) 0.7256 (0.0144)
ionosphere 0.9146 (0.0233)  0.9146 (0.0233) 0.9212 (0.0214)
WDBC 0.9151 (0.0063)  0.9156 (0.0064) 0.9098 (0.0094)
transfusion 0.8039 (0.0251)  0.8026 (0.0258) 0.7843 (0.0262)
pima 0.7513 (0.0236)  0.7526 (0.0215) 0.7522 (0.0228)
banknote 0.9570 (0.0176) 0.9730 (0.0017) 0.9691 (0.0064)
COMPAS-2016 0.6708 (0.0035) 0.6708 (0.0035) 0.6687 (0.0040)
musk 0.9201 (0.0494)  0.9177 (0.0518) 0.9206 (0.0475)
COMPAS-binary  0.6710 (0.0044) 0.6710 (0.0044) 0.6699 (0.0045)
FICO 0.7158 (0.0045)  0.7158 (0.0045) 0.7153 (0.0060)
FICO-binary 0.7200 (0.0055) 0.7200 (0.0054) 0.7187 (0.0050)
Dataset CART CART(O) RF
breast-cancer 0.8111 (0.0584) N/A  0.9160 (0.0173)
heart 0.8492 (0.0265) 0.8602 (0.0236) 1.0000 (0)
liver 0.7430 (0.0057) 0.7469 (0.0196) 0.9739 (0.0032)
ionosphere 0.9250 (0.0226) 0.9288 (0.0134) 0.9582 (0.0103)
WDBC 0.8963 (0.0078) 0.9731 (0.0053) 0.9438 (0.0043)
transfusion 0.7928 (0.0223)  0.7972 (0.0228) 0.8373 (0.0226)
pima 0.7435 (0.0181) 0.7669 (0.0092) 0.8477 (0.0084)
banknote 0.9487 (0.0131)  0.9380 (0.0043) 0.9983 (0.0004)
COMPAS-2016  0.6614 (0.0065)  0.6589 (0.0087) 0.6730 (0.0036)
musk 0.9140 (0.0503) 0.9272 (0.0436) 0.9790 (0.0127)
COMPAS-binary ~ 0.6603 (0.0059)  0.6603 (0.0059) 0.6784 (0.0047)
FICO 0.7109 (0.0011)  0.7104 (0.0013) 0.8303 (0.0079)
FICO-binary 0.7080 (0.0084)  0.7080 (0.0084) 0.7854 (0.0058)
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Table 16: Average Test Accuracy

Dataset Bi-OCT Bi-OCT (S IAI
breast-cancer 0.7543 (0.1536)  0.7437 (0.1663)  0.7610 (0.1826)
heart 0.7255 (0.1075)  0.6766 (0.0792)  0.6567 (0.0705)
liver 0.6725 (0.0378)  0.6725 (0.0378)  0.6783 (0.0207)
ionosphere 0.8778 (0.0663)  0.8749 (0.0686)  0.8721 (0.0715)
WDBC 0.8911 (0.0256)  0.8981 (0.0226)  0.8893 (0.0267)
transfusion 0.7901 (0.0727) 0.7901 (0.0727)  0.7687 (0.1026)
pima

banknote 0.9570 (0.0174) 0.9585 (0.0168)  0.9504 (0.0151)

COMPAS-2016

musk

0.6651 (0.0115)

(
(
(
(
(
(
0.6966 (0.0259)
(
(
0.6940 (0.2175)
(
(
(0

0.6651(0.0115

0.6925 (0.2154

0.6612 (0.0140)

(
(
(
(
(

(
0.7227 (0.0430)
(

(

0.7057 (0.2569)
(
(
(0

)

)

( )
( )
( )
( )
( )
0.6979 (0.0306)
( )
( )
( )
( )
( )
)

)

COMPAS-binary 0.6669 (0.0141) 0.6669 (0.0141 0.6637 (0.0128)
FICO 0.6986 (0.0238) 0.6986 (0.0238 0.6954 (0.0221)
FICO-binary 0.6998 (0.0253)  0.6998 (0.0253) 0.7026 (0.0244)
Dataset CART CART(O RF
breast-cancer 0.7716 (0.1720) N/A  0.7402 (0.1551)
heart 0.6393 (0.1789) 0.6627 (0.1228)  0.7058 (0.0866)
liver 0.6841 (0.0258) 0.6463 (0.0349)  0.7188 (0.0425)
ionosphere 0.8721 (0.0715) 0.8833 (0.0386)  0.9232 (0.0491)
WDBC 0.8753 (0.0288) 0.9228 (0.0363)  0.8806 (0.0299)
transfusion 0.7794 (0.0989) 0.7660 (0.1067)  0.7500 (0.0925)
pima 0.7096 (0.0307) 0.7201 (0.0334) 0.7070 (0.0215)
banknote 0.9147 (0.0208) 0.8899 (0.0281)  0.9898 (0.0053)
COMPAS-2016  0.6526 (0.0166) 0.6498 (0.0167)  0.6637 (0.0120)
musk 0.7204 (0.2266) 0.6866 (0.2588)  0.7164 (0.2508)
COMPAS-binary ~ 0.6576 (0.0116) 0.6576 (0.0116)  0.6673 (0.0114)
FICO 0.6910 (0.0209) 0.6879 (0.0210) 0.6643 (0.0260)
FICO-binary 0.6087 (0.0222) 0.6987 (0.0222)  0.6826 (0.0235)
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Figure 6: Percentage of Instances Solved Over Time

namely, the feature weight and the radius are introduced to help discover local information
of each sample. We then propose a bilevel optimization model to tune the hyperparameters
such that the whole model is fully interpretable. A decomposition algorithm is designed to
solve the bilevel hyperparameters tuning model globally. The proposed method is evalu-
ated through a comprehensive computational study on various datasets. The superiority of
our method over the state-of-the-art is observed. The main limitation of this work is the
scalability issue. Hence, a potential future research direction is to develop approximation
algorithms for the bilevel hyperparameters tuning problem. Extending this work to other

types of decision trees such as regression trees could be another interesting topic.
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7.0 Conclusion

In this dissertation, we explore two types of bilevel optimization problems, i.e., bilevel
mixed-integer nonlinear programming problem and robust bilevel optimization problem. In
addition, we apply the proposed model and solution method to two applications, namely,
wind farm capacity expansion problem and optimal decision tree problem.

In Chapter 2, we study general bilevel mixed-integer nonlinear programming problems
and provide optimality conditions based reformulation and decomposition algorithm, which
is able to solve instances of moderate size efficiently.

Chapter 3 studies single-stage robust bilevel optimization problems with different types of
uncertainties. For those with discrete uncertainty set, we provide a strong relaxation, which
helps us to develop a novel cut-and-branch algorithm. Numerical study on bilevel facility
location problem shows the relaxation provides very strong approximation. However, the cut-
and-branch does not work well on large scale instances, and thus more advanced solution
methods are a good future research direction.

Chapter 4 studies two-stage robust bilevel optimization problems. Two basic models
along with their variations are provided to handle different types of uncertainties. Both
theoretical and algorithmic results problems are derived. The numerical study on two real
world applications shows that the efficiency of the proposed algorithm .

In Chapter 5, we study a real world wind farm capacity expansion problem. We model
such a problem as a two-stage bilevel optimization problem and solve it by a proposed
column-and-constraint generation algorithm. The computational study shows that both the
investors and the market significantly benefit by considering wind power uncertainty.

In Chapter 6, we study optimal decision tree problem. In particular, we propose a
novel mixed-integer programming based formulation that considers both global and local
information of a dataset to construct an optimal classification tree. We further take the
advantage of the bilevel optimization framework to develop a data-driven hyperparameter
tuning approach. Numerical study shows that the proposed model has better generalizability

than some state-of-arts method.
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Appendix A Computational Study Detail for BIMINLP Problems

In this appendix, we provide the BIMIQP, BIMISOCP, and BiMIBLP formulation used
in the numerical study in Chapter 2. We first consider the following BiIMIQP problem
BiMIQP: min c¢’x + dTy + e’z
st.Ax <b,xe X
(y,z) € arg min{%yTQly + %ZTQQZ :
Giy+Goz<Hx+fyeY,zeZ}
where G; and Gy are positive semidefinite matrix. Similarly, the BIMISOCP problem in the
numerical study is
BiMISOCP:min ¢{x +dly +efz
st Ax <b,xe X
(y,z) € argmin{dly +elz:
Gy +Hiz + || <plx+¢,i=12,...mycY,zcZl)
By applying Theorem 2.2, we can rewrite BIMIQP and BiMISOCP as a single level problem
and solve them by the proposed algorithm. The BiMIBLP problem is
BiMIBLP: min ¢"x + d’y + elz;, + elz,
st Ax <b,xeX
(y,21,22) € argmin{y” (z, + 25) : Gy < Hx +f,
Quz1 + Quzo < q,y € Y, 21 € Zy,29 € Z},
where Y C R™, Z; C R™™™ Zy C Z™. Although the lower level problem of BIMIBLP is
not convex in the continuous variables, the fact that z; is independent of x enables us to apply
the proposed solution method. In particular, for fixed x* € Proj, (Qpinusrp), there always
exists an optimal solution (y*,z},z5) such that z} is an extreme point of the polyhedron

{z1 € Z1 : Qiz; < q— Qqz}}. Since |Zs| is finite, the number of such polyhedrons are finite,

Hence, the solution method is able to solve BIMIBLP in finite number of iterations.
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Appendix B Proofs

B.1 Proof of Theorem 4.3

Proof. 1) Using the definition of ¥ (x1,u,x2) and ¢(x1,u,x2), TSRBLOr, TSROBLO,
TSRPBLO, and TSRBLOvy can be respectively rewritten as

2z = min max min min  F(x1,u,Xs,y), (B.1)
{x1€X1,G(x1)<0} {uel} {x2€Xs,H (x1,u,x2)<0} {y€(x1,u,x2)}

2y = min max min min  F(x1,u,Xs,y), (B.2)
{x1€X1,G(x1)<0} {ucU} {x2€X2,H (x1,u,x2)<0} {y€h(x1,u,x2)}

23 = min max min max  F(x1,u,Xs,y), (B.3)
{x1€X1,G(x1)<0} {ueU} {x2€Xs,H (x1,u,%x2)<0} {y€o(x1,u,x2)}

2y = min max min max  F(xy,u,X3,y). (B.4)

0 €X1,0(x1) <0} {uel} {xaeXa H(x1,u,x2)<0} {yet(xi.ux:)}
Let z}(x1,u, Xa), 25(X1, 1, X2), 25(X1,1,X2), and z;(x1, u,Xz) be the optimal value of ( B.1),

( B.2), ( B.3), and ( B.4) respectively for fixed (x1,u,Xs), then we have

27 (x1,u, %) = min{ F(x1,u,X2,y) : ¥y € ¥(x1,u,X2)}, (B.5)
Z;(Xla u7X2) = min{F(Xb u, X27Y) 'y € qb(Xl? u, X2)}7 (BG)
23 (X1, u,X2) = max{F(x1,u,Xs,¥) : ¥y € ¢(x1,u,%2)}, (B.7)
25 (X1, 1, X2) = max{ F(x1,u,X2,y) : ¥y € ¥(X1,u,X2)}. (B.8)

It is obvious that z}(x;,u,x2) < zi(x1,u,%2) for any fixed (x;,u,x5), and thus we have
zy < zi. Moreover, since ¢(x1,u,%x3) C ¥(X1,u,Xy) for any fixed (x1,u,x2), ( B.5) is a
relaxation of ( B.6), and ( B.8) is a relaxation of ( B.7). Hence, z](x1,u,x2) < 25(x1, u, Xs)
and z}(x1,u,X2) < 2 (X1, u,Xg) for any fixed (x1,u,Xs), and we have 2] < z} and z§ < zj,
which imply 2 < 25 < 25 < 2.

2) For fixed (x1,u,X2), let Py(x1,u,Xs), Py(x1,u,X2), P3(X1,u,X3), and Py(xy,u,x3) be
the optimal solution set of ( B.5), ( B.6), ( B.7), and ( B.8), respectively, then it is sufficient to

show that P;(x1,u,x2) = Pa(x1,u,Xs) and P3(x3,u,Xy) = Py(x1,u,x3), for any (x1,u,xs).
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If @« =0, then ¢(x1,u,x3) = ¥(x1,u,x3) for any (x;,u,xz), and the result holds naturally.

Therefore, we focus on the case a > 0.

0 0 0

Suppose for a fixed (x?,u

x9), then we have F(x{,u’ x9,y?) <

,x9), yi € Pi(x},u’,

F(x%u x5 y),Vy € (x0,u’ x9). To show yi € Pp(x},u’ x9), it is sufficient to show

that y7 € ¢(x%,u’ x9) as ( B.5) is a relaxation of ( B.6). If yi ¢ ¢(x{,u’ %), then

there exists y3 € ¥(x$,u’ x9) such that f(x$,u’ x93, y3) < f(x%,u’ x9,y5). As a > 0, we

have éf(x(l)vuovx(2)7yz> < if(xgau07xgay1<)7 and thus F(X[f?uoaxg?yg) < F<X?7uoax(2)7}q)7

which contradicts the fact y; € P;(x?,u’ x9). Hence, y; € ¢(x?,u’ x9), and thus y} €

0 0 0

Py(x?, 1’ x9). As (x0,u’ x)) is arbitrary, we have P (x1,u,%s) C Py(xy, u, X3).

The converse part can be proved through a similar argument. If y3 € Py(x{,u’ x9)

for a fixed (x9,u’ x9), we have F(x{,u’ x5, y3) < F(x%u%x9,y),Vy € ¢(x?,u’ x9). As

ys € o(x2,u’ x9), we have y; € ¥(x},u’ x9). If y5 ¢ P;(x{,u’ x3J), then there exists y} €

P(x§,u’ x9) such that F(x?,u®,x9,y7) < F(x%,u’ x9,y3), which implies a F(x9,u’, x9, yi) <

0 0

aF(x%,u% x5, y3) and f(x{,u’ x%,y;) < f(x%,u’ x9,y3). This contradicts the fact y3 €
o(x9,u’ x9). Therefore, we have y5 € Py (x{,u’, x9) and Py(x;,u,x3) C P;(x1,u,x3). Since
Pi(x1,u,%5) = Py(x1,u,x3) for any fixed (x1,u,X3), we have 2 = z5. Similarly, we have
z;3 = 7, and the result follows.

3) The proof of the last statement is simple. In particular, if ¢(x1,u,Xs) is a singleton

for any fixed (xi,u,x3) whenever it is non-empty, then P(x1,u,x3) = P3(x1,u,X3), and

thus 25 = 23. ]
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B.2 Proof of Theorem 4.5

Proof. 1) If |U| < 400, let |U| = Ky, then TSROBLO can be rewritten as

min 7
s.t.G(x1) <0,%x; € X
H(x1,ug,%2,) <0,%9, € Xo,k=1,2,..., Ky (B.9)
n > F(xy,ug, X2, ¥k), k=1,2, ..., Ky
g(x1,up, X0, y%) <0y, €Y, k=1,2,.... Ky
f(x1,ug, X, , ¥i) < v(xy, 0, Xo, ), k= 1,2, ..., Ky.
As Xy # 0, ( B.9) is feasible. Since all the variables are bounded and F, G, H, f, g, and v are
continuous, the feasible region of ( B.9) is compact. Therefore, by the Weierstrass theorem,
TSROBLO has an optimal solution. For TSRPBLO, a similar argument can be made. In
particular, TSRPBLO can be rewritten as

min 7
s.t.G(x1) <0,%x; € X
H(x1,ug,%2,) <0,%9, € X9, k=1,2,..., Ky
n > F(xi,u, Xg,, ¥i), k= 1,2,..., Ky (B.10)
g(x1,up, %o, yk) <0,y €Y, k=1,2,..., Ky
f(x1,ug, X, ¥i) < v(xy, 0, X2, ), k= 1,2, ..., Ky
F(xy,ug,X2,,¥k) > wi(x1, W, Xg,), k= 1,2, ..., Ky.
Since wy is continuous and Xy # (), the feasible region of ( B.10) is nonempty and compact,
and thus TSRPBLO has an optimal solution. We also indicate that for fixed x; € Xy, by
enumerating all possible value of u € U, a worst case u can be obtained. If the cardinality
of Xy is finite, by enumerating all possible value of x;, an optimal solution can be obtained.

2) As Xy # 0, it is sufficient to show that an optimal x| and u’ can be obtained from

MP; and SP; , respectively. According to 1), we know that an optimal x can be obtained
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from MP; of in each iteration. Moreover, as u does not affect x5, we can apply Algorithm

3 to solve SP; for fixed x;. MP; in the Kth iteration in this subroutine is

max
ucl "

sty < F(xp,u,X,,yk), k=1,2,.., K
g(x1,u,%9,,yk) <0,y €Y, k=1,2,.., K
f(x1,u,%a,, k) < v(xp, Uy, X9, ), k=1,2,.. K

F(X17u7 X2k7yk) < wg(Xl,Uk,XQk),k = 1a27 "'7Ka

which has an optimal solution due to the compactness of its feasible region and the continuity
of the objective function. The sub-problem in this subroutine is (4.12), which has an optimal
solution by our assumption. Therefore, we can apply Theorem 4.2 to conclude that u’ can be
obtained from SPy, and thus complete the proof. For TSRPBLO, a very similar argument
can be made, and thus we just give a simplified proof. In particular, the master problem of
TSRPBLO is a special case of ( B.10), and thus has an optimal solution. Additionally, the

master problem in the subroutine for solving SPs is

max
uelU "

st < F(x1,u,Xg,, V%), k=1,2, .., K
g(xlauax2k7yk) S 07y]€ € Y,]{f = 1a27 7K

f(Xl)u) X2k7Yk) S U(Xl)u7 ng),k' = ]-)27 "'aK)

which has an optimal solution due to the same reason as for TSROBLO, and the sub-
problem in the subroutine is (4.13), which has an optimal solution by our assumption.
Therefore, u’ can be obtained from SPs,, and the result follows.

3) Without loss of generality, we assume y € R™ and ys € R™2. Then same as for
2), it is sufficient to show that an optimal x{ and u’ can be obtained from MP; and SPy,
respectively. It is easy to verify that the master problem has an optimal x¢ in each iteration
as the it is identical to ( B.9). For the sub-prboem, the lower level problem is a convex

optimization problem with Slater’s condition satisfied, and thus the KKT conditions are
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necessary and sufficient for optimality. Hence, y € ¢(x1,u,x5) if and only if there exists

(y,z) that satisfies the KKT conditions, i.e. (y,z) € M(x1,u,X3), where
q
M(x1,u,%2) = {(y,2) :Vy [(x1,u,%2,y) + Zzivygi(xly u,x2,y) =0
i=1
gi(X17 u, Xo, Y) S 07 1= 17 27 g
Zigi(xla u, Xo, y) = 072 = 17 27 cey Q}
Then the SP can be rewritten as

maﬁimil}{F(Xl)u) X27y) : H(Xl)u) XQ) S Oag(xlaua X27y) S 07
uec X2,y

fxu,%0,y) < f(x1,u,%2,¥), (y,2) € M(x1,u,%2)}
As f is separable, f(x1,u,X2,y) — f(x1,u,X2,y) is convex in y. Assuming the problem
miny, 5 {F(x1,0,%2,¥) 1 H(x1,u,%2) < 0,9(x1,u,%2,¥) <0, f(x1,u,%2,y) < f(x1,u,%2,¥)}
satisfies Slater’s condition for any fixed (x1, u,y) and denoting the ith constraint of H(x;, u,x3) <
0 by H;(x1,u,x2) < 0 and the jth constraint of g(x;,u,x2) < 0 by g;(x1,u,x3) < 0, respec-

tively, we can further rewrite the sub-problem as

IlIlleaéiF(Xla u, Xo, y)

5.6V, F(x1,0,%0,§) + Y AV, Hi(31,10,%0) + > 7V, 05(x1, 1, %5, )

J
+ ,LL(VXQf(X]J u7X27}_’) - szf(xh u, X2>Y)) =0

va(Xla u7X27y) + Zﬂjvygj(xla uaX27y) + :U’vyf(xla uaX27y) =0
J

H;(x1,u,%5) < 0,Vi

9j(X1,1,%9,¥) <0, (B.11)
f(x1,0,%9,¥) < f(x1,1,%2,y)

NiHi(x1,u,%x5) = 0,Vi

7;g; (X1, U, Xa,y) = 0,V

p(f(x1,u,%2,¥) — f(x1,0,%2,y)) =0

(v,z) € M(x1,u,x3)

)\i Z O,Vl.,ﬂ'j Z O,VJ,M Z 0.
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By enumerating all possible combination of the complementary slackness constraints, an
optimal solution of ( B.11) can be obtained since (4.14) has an optimal solution, and we can
apply Theorem 4.2 to complete the proof. In fact, it is easy to verify that a linear TSROBLO
formulation, which is often used in practice, satisfies all the conditions in 3), and thus has

an optimal x;. O

B.3 Proof of Proposition 6.2

Proof. Since the cardinality of P is bounded by (25 — 1) x |F|, it is sufficient to show that
a repeated z* obtained from SP leads to UB = LB. Suppose that we get (c*, R*), 1",
d(c*, R*), z*, ((c*, R*), and P* from the respective step in the k-th iteration and that z*
has been obtained in a previously iteration, then it is easy to verify that P* does not change.

Hence, in the (k + 1)-th iteration, LB does not change either. Therefore, we have

LB=min{) > iy :(6.2) = (6.5),(6.12) — (6.13), s € {0,1},Yny € Ny,i € Ir,

i€ly nj€Np,
> wi(ch R DYt <) wile”, RY)ui(z"), v2k € P
Z'GIT TLZENL iGIT
>min{ ) Y g1 (6.2) = (6.5),(6.12) — (6.13), i1y, € {0,1}, Yy € Npi € Iy
i€ly ni€Np,
S wi(c R D ung Y wi(e”, RY)vy(z")}
iGIT TLZENL iGIT
=min{) Y i : (62) = (6.5),(6.12) — (6.13), 11y, € {0,1},Vny € Npi € Iy
i€ly nieNp,
> wi(e B > ug < O(c, R}
i€l nENL,
> UB.

The first inequality holds since k — 1 constraints are dropped, resulting in a relaxation
problem. The second equality holds due to the fact that z* is optimal to SP for (c*, R*).
Since LB > UB in the (k + 1)-th iteration, the algorithm terminates and returns (c*, R*) as

optimal hyperparameters. L]
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