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Spurious Numerical Dissipation and Time Accuracy
Farjana Siddiqua, PhD

University of Pittsburgh, 2024

In this thesis, we do the numerical analysis of an advection-diffusion-reaction problem in
bioseparation and a corrected Smagorinsky model for turbulence. Numerical dissipation due
to time discretization schemes often contributes to or causes overdissipation. The goal of this
dissertation is to control spurious numerical dissipation and to acquire long-time high-order
accuracy.

In the first project, we analyze an advection-diffusion-reaction problem with the non-
homogeneous boundary conditions (useful for practical settings) that model the chromatog-
raphy process, a vital stage in bioseparation. We prove stability and error estimates using
finite elements for spatial discretization and the midpoint method for time discretization.
These yield a second-order convergence rate and better total mass conservation. The nu-
merical tests validate the theoretical results.

In the second project, we develop a turbulence model named the Corrected Smagorinsky
Model (CSM) and analyze it. When the ratio of dissipation of turbulent kinetic energy
(TKE) and the production of TKE is equal to 1, we call it statistical equilibrium. We ex-
tend a classical model for turbulence at statistical equilibrium to non-equilibrium turbulence
and propose and analyze algorithms for the solution of the extended model. The classical
Smagorinsky model’s solution is an approximation to a (resolved) mean velocity. Since it is
an eddy viscosity model, it cannot represent a flow of energy from unresolved fluctuations to
the (resolved) mean velocity. This classical Smagorinsky model was corrected to incorporate
this flow and still be well-posed. The computational experiments verify the properties of the
algorithms and show that the model captures the non-equilibrium effects.

In the third project, we analyze the one-leg, two-step variable time step methods of
Dahlquist, Liniger, and Nevanlinna (DLN) for the time discretization in the Corrected

Smagorinsky Model. Turbulent flows strain computational resources in terms of memory

v



usage and CPU (central processing unit) speed. The adaptive DLN methods are second-
order accurate and allow large timesteps, hence requiring less memory and fewer FLOPS
(floating point operations per second). We demonstrated the method’s second-order accu-
racy, quantified its numerical dissipation, demonstrated error estimates in addition to proving
the kinetic energy is bounded for various time steps and illustrated theoretical results by

numerical tests.
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1.0 Introduction

Understanding the intricacies of fluid flow dynamics is essential for decision making,
optimizing systems such as weather prediction, climate change, geophysical systems, en-
gineering applications, waste disposal, and cooling etc. Manufacturers can cut expenses,
increase productivity, and lessen their environmental effect by understanding these systems
and modeling their behavior. Computational fluid dynamics (CFD) is of worldwide impor-
tance, as it underlies many different fields and innumerable pragmatic applications. For
example, modeling and simulating flows of liquids and gases is important for understand-
ing river flows, blood flow within the body, the dispersion of smoke, atmospheric streams,
and vehicle aerodynamics. A broad variety of processes and industries rely on an under-
standing of fluid flows; as a result, accurate mathematical modeling of these processes is
critical for increasing efficiency and safety in the industrial setting. Advanced mathemat-
ical models of CFD can become computationally expensive and complex quite quickly, so
it is also important to ensure that CFD models are concise, simple, accurate, and effec-
tive. However, in computational fluid dynamics (CFD), minimizing numerical dissipation
and attaining long-time temporal accuracy are essential elements. Computational simula-
tions can represent complex fluid dynamics phenomena and small-scale flow features more
accurately by decreasing numerical dissipation and improving time accuracy. In [127], a
discussion of numerical dissipation is presented in the framework of characteristics-based
techniques for solving the Euler equations of fluid dynamics and the difficulties associated
with excessive dissipation and its consequences for accurately capturing shock waves and
other discontinuities are emphasized. More discussion of the impact of numerical dissipation
on the accuracy can be found in [5,31,34,53,70,126,132,142,144]. In [104,156,157], the im-
portance of minimizing numerical dissipation in advection-dominated problems is discussed.
In [83,105], topics related to time integration and the importance of reducing dissipation

for achieving accurate time-stepping solutions are covered. This thesis focuses on reduced



numerical dissipation while selecting time discretization schemes for two types of problems
in three chapters. We analyzed the advection diffusion reaction problem in Chapter 2 and
developed and analyzed a new turbulent model named the Corrected Smagorinsky Model in
Chapter 3 and Chapter 4. The numerical simulations are performed by using FreeFEM+-+
and MATLAB.

Applications of advection-diffusion-reaction problem form a wide array of nationally
funded research areas such as oil recovery, pollutant tracking/pollution abatement, chem-
ical processing, and global climate studies. The work in the Chapter 2 builds upon the
thesis work of Wilson [153] and we considered an advection-diffusion-reaction problem with
non-homogeneous boundary conditions which is a simulation tool of chromatography pro-
cess [18-20]. We proved the stability and error estimates using finite elements for spatial
discretization and the midpoint method for the time discretization, improving results in [153].
Due to the absence of numerical dissipation, the accuracy comes in two ways, such as the
rate of convergence is higher and the mass is better conserved when the midpoint method
is used. Numerical tests validate the theoretical results. The nonlinearity of the problem
makes the analysis challenging. We drop the following assumptions in our work that was

used in [153]:

e Liquid phase concentration C(xz,t) is nondecreasing in time at every x.
o C(x,t) =0 on inflow boundary Ty, = {z € T : 7 -u(z) < 0}.

o ((x,t) is non-negative.

Instead, we considered the non-homogeneous boundary condition at the inflow boundary and
using a maximum principle argument, we proved that the continuous solution is positive and
bounded above for all (z,t) € Q x (0, 7). Some results of this chapter is published in [136].

In Chapter 3 and Chapter 4, this PhD work improve the stability of viscosity models
and the accuracy of turbulent flow simulation, while reducing computational costs. Tur-
bulence is an essential phenomenon to understand, since it is fundamental to astrophysics,
water flow, geophysics, and engineering. Although it is a significant multiscale phenomenon

that affects our everyday life, turbulence is not well understood from a scientific standpoint.



Plane crashes, and climate changes, among other natural events, are sometimes caused by
turbulent effects. The crucial question that arises is: how can we predict when, where, or
how turbulent effects are determined in an application? This is a challenging subject, at the
same time mathematically deep and physically important. Moreover, progress in this area
is only possible through fundamental insights, since it requires bridging the physics of flow,
mathematical theory, and carefully designed simulation. In our work, we sought to develop
an accurate solution for including intermittent energy transfer from fluctuations to means.
To accomplish this, we adapted an eddy viscosity model to nonequilibrium turbulence in
Chapter 3. We developed a numerically efficient model for turbulent flow at statistical
non-equilibrium. The new model does not add the problematic complexity of any additional
fitting parameters, and it naturally extends the Smagorinsky model to nonequilibrium turbu-
lence. Impressively, our model demonstrates the ability to incorporate statistical backscatter
without using negative turbulent viscosities [35, 143, 148]. We validate the model with nu-
merical experiments in Section 3.6 and confirm that the model captures the energy transfer
from fluctuation to means. While comparing results of Backward Euler (BE) discretization
and Linearlized Crank Nicolson (CNLE) discretization in this model, we observe backscatter
in the latter case which indicates that added numerical dissipation in BE prevents us to see
backscatter. The new model represents an important contribution to studies of turbulence,
and CFD modeling. The results of this chapter is published in [137].

Due to the Corrected Smagorinsky Model’s sensitivity to time discretization method,
we do further investigation in Chapter 4 using a one-leg, two-step time discretization DLN
method proposed by Dahlquist, Liniger, and Nevanlinna [47,96-98]. The DLN method is
a l-parameter (0 < 6 < 1) family of A-stable, 2-step, G-stable methods. In Chapter 4,
we focus on reducing the computational cost and memory usage while speeding up CPU.
Since the adaptive DLN has second-order accuracy and allows for large timesteps, it results
in decreased memory usage and fewer FLOPS. We analyze the DLN methods with vari-
able timesteps applied to the Corrected Smagorinsky model. We prove the kinetic energy

is bounded, show second-order accuracy, quantify its numerical dissipation, and provide er-



ror estimates. Several numerical experiments verify the theoretical results. DLN for the
Corrected Smagorinksy has backscatter when # = 1, which is consistent with the purpose
of this model. On the other hand, we observe that the constant step DLN for # < 1 has
bigger numerical dissipation, which negatively impacts the backscatter from DLN. We prove
that adapting the time step produces a significant difference in the solution. Some numer-
ical experiments show that backscatter is visible even for # < 1 when variable timestep is

considered. The results of this chapter is published in [135].



2.0 A second-order symplectic method for an advection-diffusion-reaction

problem in Bioseparation

In this chapter, an advection-diffusion-reaction problem with non-homogeneous boundary
conditions is considered that models the chromatography process, a vital stage in biosepara-
tion. We do stability analysis and error estimates for constant and affine adsorptions using
the midpoint method for time discretization and finite elements for spatial discretization. In
addition, we did the stability analysis for nonlinear, explicit adsorption in the continuous,
semi-discrete, and fully discreet cases. For nonlinear, explicit adsorption, we also have done
an error analysis for the semi-discrete case and proved the existence of a solution for the

fully discrete case. The numerical tests are performed that validate our theoretical results.

2.1 Introduction

The global market for biopharmaceuticals is expected to hit $856.1 billion by 2030 and
50% of top 100 drugs will most likely be derived from biotechnology [2,41]. The high de-
mand for biopharmaceuticals is due to their effectiveness in treating various illnesses such as
diabetes, anemia, cancer, etc. [102]. For example, monoclonal antibodies [106, 123], general
products from bioseparation are very useful medications to treat Covid-19 [1,3,4]. Other
key factors driving the growth of the market are rising investments in the research and
development of novel treatments, favorable government regulations, and increasing adop-
tion of biopharmaceuticals by the global population [2]. To maximize production capacity
while minimizing costs, manufacturers are constantly developing new methods. As an al-
ternative to constructing new biomanufacturing facilities due to financial risk, integrating
new technologies into existing facilities would be more economically viable. Upstream and

downstream processes are typically part of a biomanufacturing facility. In the upstream



process, cells cultured by genetically engineered methods release the desired product into a
solution and in the downstream process, the product is purified from the solution [39]. The
capacity of production is often limited by downstream purification, usually including chro-
matography. In the protein chromatography process, when the solution is pushed through
the column, the materials in columns separate the proteins [153]. Ideal media for chro-
matography columns used for bioseparation are resin beds, monoliths, and membranes [149].
Membrane chromatography [18-20] addresses the low efficiency of resin chromatography, and
uses a porous, absorptive membrane as the packing medium instead of the small resin beads
The protein binding capacity is crucial in membrane chromatography as it determines the
volume of membrane required for purification. Most absorption mechanisms, such as ion-
exchange membranes, lose the protein binding capacity at relatively low conductivity and
often require additional processing stages, causing lower yield and higher production costs.
Recent research in [19,151] has focused on multimodal membrane-based chromatography.
The development of a modeling framework capable of characterizing the chromatography
process under continuous flow circumstances is critical. To model this process for creat-
ing a simulation tool for transport in a porous medium, the reactive transport problem
(advection-diffusion-reaction problem) considered in [9,43,143,145,153] is given below.

Let 2 be a bounded domain in R, d = 1, 2, or 3 with piecewise smooth boundary I'. We
partition the boundary into three non-overlapping segments I' = I';,, UT', Uyt where inflow
boundary, T, = {z € T': 77 -u(x) < 0}, outflow boundary, [y = {2 € T': 7 -u(z) > 0} and
boundaries comprising no-flow hydraulic zone(s), I';, = T'\ (I'j,Ulou ). Let u be a fluid velocity
through the membrane and 7 denote the unit outward normal to 2. We consider u is given,
which is computed by Darcy [43] satisfying V-u = 0 and u-ﬁ)(aj, t)y=0, z €Iy, t>0. Let
w be the total porosity of the membrane (0 < w < 1), ps be the density of the membrane, D
be the diffusion tensor that represents diffusivity of fluid through the membrane, C' and ¢(C')
be the concentration in the liquid and absorbed phases respectively. For a forcing function

f € L*0,T; L*(Q)), given velocity u and initial concentration Cy € L*(2), we consider the



following initial boundary value problem of finding concentration C(z,t):

(

woC + (1 —w)ps0q(C)+ V- (uC) -V - (DVC)=f, 2 €Q, t>0,
C(z,t) =g, x € Ty, t >0,
(DVC) -7 (x,t) =0, £ € Ty UTgy, t >0,

\ C(z,0) = Cy(z), = €.

For the inflow boundary, we keep the fixed concentration [16,43]. The illustration of the

Fin

Y

Figure 1: Domain €2

domain is given in Figure 1.
In this chapter, we consider three cases of isotherms. They are constant isotherm, ¢(C') =

K, affine isotherm, ¢(C) = K; + K,C and nonlinear, explicit isotherm ¢(C'). A typical

dmax KeqC

example of the nonlinear, explicit isotherm is Langmuir’s isotherm [20,138], ¢(C) = % TroweR

where K., is Langmuir equilibrium constant, ¢,q, is the maximum binding capacity of the
porous medium. New insights into adsorption processes have led to implicit representations
of q as a function of C' [111,112,114,150]. The main result of this chapter is gaining improved
accuracy by using the midpoint method for time discretization at the same computational
cost as the Backward Euler method. The accuracy comes in two ways, such as the rate

of convergence is higher and the mass is better conserved when the midpoint method is



used. The fully discrete formulation of the considered problem is given in Section 2.3. The
stability analysis and error analysis for constant and affine ¢(C') are given in Section 2.4. We
also show the stability analysis for the nonlinear, explicit ¢(C') in the same section. Error
analysis for nonlinear, explicit ¢(C') is given in Section 2.4.5. The proof of the existence of
the solution in a fully discrete case is given in Section 2.4.5.1. Numerical tests validating

these estimates are given in Section 2.5.

2.1.1 Related work

The general advection-diffusion equation has been the subject of extensive mathematical
study during the past decades [12,21,40,69,72,82]. The analysis and numerical solution
are typically more difficult in the presence of reaction terms, especially nonlinear ones [125].
In [153,154], constant, linear, and nonlinear adsorptions are analyzed by using Backward
Euler for time discretization and the upwind Petrov-Galerkin (SUPG) finite element for
spatial discretization and numerical validation for each of the priori estimates are provided.
Recently, a computational framework has been developed to model and optimize the capture

chromatography for the purification of monoclonal antibodies [42,129,130].

2.2 Notation and Preliminaries

We denote the L*(2) norm and inner product by | - || and, (-, -) respectively. We denote

the usual Sobolev spaces W™P(§2) with the associated norms || - |[ym.nr) and in the case
when p = 2, we denote W™2(Q) = H™(Q) = {v € L*(Q) : ¢ € L*(Q), |a| < r} where a is

0%

oz

2 1/2
dQ> . The function space for the liquid

a multi-index, with norm ||v||, = (Zla\gr Ja

phase concentration is defined as:

Hyp (Q):={v:ve H(Q) with v =0 on I'y}.



We define the space H'/?(Ty,) := {g € L*(Twn) : |9/l zr1/2(r,,) < 00} where

ol = inf Gl

Fin=9

The Bochner Space [6] norms are

1
T 2
1€ L2 0.7:x) = (/ ||C(~,t)H§<dt> » 1€l 0.7:x) = ess sup [|C(, 1) x-
0 0<t<T

We also define discrete LP-norms with p = 2 or oo

1€ 20rx) = AtZHC"HX 1€ 0. = max [[C"[|x

0<n<N

For the Finite Element Approximation, we consider a regular triangulation of Q, T, = {A}

with Q = (J s, A We choose a finite dimensional subspace X" C H'(Q) and define

={vy € X": v, =0o0n Iy}

111

with © a polyhedron, X' C Hjp (Q). Let X* be the dual space of X, , with norm

1l = SUPyexh . ||VvH We denote X# as the restriction of functions in X" to the boundary
Iy, and define Xél = {v, € X" : v, = 0 on 9Q} with Q a polyhedron, X C H}(Q).
Throughout, K will denote a constant taking different values in different instances. We

assume that there exists a & > 1 such that X" possesses the approximation property,

CmthC Crlls < KR2||C|;, for s=0,1 and 1<r <k+1. (2)
X

For example, (2) holds if X" consists of piecewise polynomials of degree< k. We assume

that a similar approximation holds on X[. In particular, if C' € H"(Q) N H} (), we will use
inf ||C —Cy|ly < Kr™Cl- (3)
ChEXg
We further assume that the space Xl’lm possesses the approximation property

inf ||C = Chllors < KW 2Cllr—1/2,1m- (4)

h m —
Ch eXFin



Lemma 1. For allv € Hyp (Q), there exists a constant Kpp such that
ol < Kpr[Vol.

Proof. This is the direct consequence of the Poincaré inequality that holds for v € Hyp ()
[58]. O

Lemma 2. (See [94, p.154]) Let P and P be the orthogonal projections with respect to the

L? inner product (u,v) and H' inner product (Vu, Vv), respectively. Then, for any w € X,
VPX}L'LU — Plvxhvw

Lemma 3. Let f,g : [0,a] — [0,00) be continuous and let C' be a nonnegative number. If

Ft) <O+ [ g(s)f(s)ds, 0 <t < a, then

¢
f(t) < C’exp/ g(s)ds, 0 <t < a.
0

Lemma 4. Given g € H"V*(T'y,) forr > 1, let I1,g denote the X} -interpolant of g. Then,
if X" satisfies the approzimation properties (2)-(4),
inf O = Cylly < KhHCr. (5)

Cpexh

Crlr,,=Mr9

Proof. This proof follows the proof of [61, Lemma 4]. We give the proof for the reader’s
convenience. Let II,C denote X"-interpolant of C' and II,g denote Xl’im— interpolant of g.

Then, for Ch

r,, = LI, we write the triangle inequality

IC = Culli < 1IC = TaCly + [|Ch = T C1.- (6)
From the interpolation theory [24], we get,
IC =,y < KR O, (7)

We may choose Cy so that it has the same value at all interior nodes as does II,C. Since

Ch

r, = g and (II,C)| =19, we get (é’h —I1,C) = 0, which concludes the argument.

in

O
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2.2.1 Assumptions and Preliminary Results

7.

We make the following assumptions [153]:

w and p, are constants in time and space [43].
u is nonzero and bounded in L*> norm [37,133].
D(z) = [di;]i j=1,2, n Is symmetric positive definite and || Dl < S, |a%idij| < By, for
all 4, 5 [8,37,43,133).

There exists a unique solution C' € L*°(0,T, L*(Q2)) N L*(0, T, H(Q)

~—

133].
=0, ¢(C) > 0 for

~—

q = q(C) € C' is an explicit, Lipschitz continuous function of C, ¢(0
C' > 0 and ¢(C) is strictly increasing. Moreover, we assume that ¢'(C) > k; > 0 VC > 0
[15,43,51,124, 125, 133)].

The rate of increase in adsorption is Lipschitz continuous and bounded above so that
;g = ¢'(C) < ko [43].

The second derivative of the adsorption, ¢”(C'), is Lipschitz continuous and bounded.

Remark 5. In our analysis, we drop the assumption “C(z,t) is nondecreasing in time at

every x and C(x,t) =0 on I';,” stated in [153]. Instead, we considered the non-homogeneous

boundary condition at the inflow boundary.

In [15,43,51,133,153], another assumption on the continuous and the discrete solution was

imposed, namely that “C' is non-negative”. Using a maximum principle argument, we prove

that the continuous solution is positive and bounded above for all (z,t) € Q x (0,7).

Proposition 6. Assuming no forcing term f = 0 and positivity of the initial condition

0 < Cy(x), then we have

0 < C(x,t) <max{C(z,0),9(z)} for all (z,t) € Q x [0,T).

e

Proof. Since u is incompressible, we rewrite the convective term as

V:wlC)=(V-u)C+u-VC=u-VC.

11



Next, we rewrite the adsorption term as

9q _ 9q0C _ /(0)@
ot _oc o T

Then the equation (1) writes
(w+ (1 —w)psqd(C)OKC +u-VC -V - (DVC)=f, 2€Q, t > 0. (8)

Since ¢'(C') > 0 by assumption (F5), we can divide (8) by (w + (1 — w)ps¢’(C)). Hence,
assuming f = 0, (8) writes,

0*C

8%'895]-

—0C+ ) ((w+ (1—w)p.d(C) "' Dy)

ij=1

0.

+ Z ((w +(1— w)ﬁsq/(o))_l(aggzj N uj))S_xc; B

We assume that Cy(x) > 0. Suppose the claim in the proposition is false. Then there is a
y € Qand T > 0 such that C(y,T) = 0 and C(z,t) > 0 for (z,t) € Q X [0,T). Therefore,
by Maximum Principle [120, pages 173-174], maximum of C(z,t) is on the boundary and
(DVC) - 7 (x,t) < 0. This contradicts the boundary condition we have in (1). Hence, we

proved the claim. O]

12



2.3 Variational Formulation

The standard Galerkin variational formulation for the transport problem (1) is: Find

C € H'(Q) such that C| =g and

in

(%(u}C + (1 — w)psq(C)),v) + (u- VC,0)+(DVC,Vv) = (f,v), Vove H&Fm(Q). (9)

This variational formulation (9) is equivalent to following:

oC

E’U) + (u- VC,0)+(DVC, Vv) = (f,v), Vv e Hyp (), (10)

((w+ (1 —w)psq'(C))

where we used Green’s Theorem to the diffusive term, the boundary condition (DVC) -
n(z,t) =0, z € I'y U Loy and the fact that v € Hyp  to get
(V- (DVC),v) = — / (DVC) - 7o ds + (DVC, Vo) = (DVC, Vo).
r

Next, we write a finite element approximation of the variational formulation of the transport

problem. We state both semi-discrete in space and fully discrete approximations.

2.3.1 Semi-Discrete in Space Approximation

We denote g;, as an interpolant of g. Then we obtain the following semi-discrete in-space

formulation: Find C} € X" such that C,| =g, and VY v, € X(}]L,Fin<Q)7

in

(%(wCh + (1 —w)psq(Ch)),vn) + (- VChyvp)+(DVCh, V) = (f,vp). (11)

The semi-discrete in-space formulation (11) is equivalent to the following: V v, € X} (),

(w+(1- w)psq’(C’h))%, vp) + (- VCh,vp)+(DV Cy, Vor) = (f, vn). (12)

13



2.3.2 Fully-discrete approximation

We partition the time interval as tg =0 < t; <ty < --- <ty =T. Let At =1, — 1,
be the time step size, t, = nAt and f"(z) = f(z,t,). Let C}'(z) denote the Finite Element

tnttni
L

approximation to C(x,t,). We define t,41/ = First, we recall the first order

Backward Euler time discretization scheme for Finite Element Approximation (12): Given

Cr e X", find CJ' € X" such that C7™'| = g, satisfying
Fin

G- ¢y (G — a(Ch)

1 — w)ps B vioian DVCHl v
( A7 +(1—w)p A7 ,un) + (u w s un) + ( W Vo) (13)
= (", vy), Yo, € X{p, (Q).
Equivalently,
ot — o

W+ (L= w)pd () o)+ (u- VO o)+ (DVCE, V)

At (14)
= (f" ), Yoy, € X&Fm(Q).

Next, we propose the midpoint method for time discretization in Finite Element Approxi-

mation (12): Given C' € X", find C}"' € X" such that C}'*!| = g, satisfying
g(Ci ") — a(Ch)
At

crt _ op
Sy
= (fn+1/2,vh)’ Vvh S X&Fin(Q),

+ (1= w)ps on) + (u- VO u)+  (DVCETY? W)

(15)

n 1 n n+1

where Ch+2 denotes %
Equivalently, Yo, € X{1. (€),

cptt—cp nt1/2 nt1/2
o = 1 (- VT2 ) 4 (DVCTTY W)

(w+ (1 —w)pag (C; %) A7 (16)

= (fn+1/27 Uh)'

To simplify computation, we use the refactorization of the midpoint method [29] for time

discretization. Hence, we get the following full discretization: Given C' € X", find C)'*! €

14



X" such that C;'*| = g, satisfying
Fin

Step 1: Backward Euler step at the half-integer time step t,,41/2,

(w C]?Z'i‘l/? _ C;Z
At/2

= (f"+1/2,vh), Yoy, € X&Fm(Q).

g(C;?) —q(Cp)
At/2

+ (1 —w)ps Jon) + (u- VO ) + (DY W)
(17)
Equivalently,

n+1/2 n
CrtE o

(w+ (1 — w)psg (CFH/2)) =0 Jon) + (u- VO )+ (DVCTTY? W)

At/2 (18)
= (fn+1/2,2)h), Yoy, € X&Fin(Q)'

Step 2: Forward Euler step at ¢,1,

cptt — ot g(CrYy — (Ot i1z
AL + (1 —w)ps Alj ;o) + (u- VO ,Un) (19)

+(DVCTY? W) = (712 0), Yo, € X (9Q).

(w

Equivalently,

cptt ot/
At/2

= ("2 up), Yo, € Xir, (9.

(w+ (1 — w)psg (CFT2)) Jon) + (u- VO ) + (DY W)

(20)

Remark 7. Step 2 is equivalent to a linear extrapolation C}ZH = QCZH/ 2 Cy.

15



2.3.3 Time-integrated finite element formulation

For the error analysis for the case of nonlinear, explicit adsorption, we formulate a time-
integrated version of the transport equation introduced in [115] and applied in different mixed
formulations [9,133,155]. To develop the time-integrated finite element discretization, we

rewrite (1) by integrating in time to obtain
t t t
wC+ (1 —w)psq(C) —|—/ u-VOdt' — V-/ DVCdt' = / fdt'+ wCo+ (1 —w)q(Coh). (21)
0 0 0
Multiplying (21) by v € Hgp, () and integrating over Q, we get,

(@C,0) + (1 — w)psq(C), v) + (/tu VAt v) — (V- /t DVCdt, v)
0 0 (22)

—( / Ft' v) + (@Co, ) + (1 — w)a(Co), ).

0
Then the semi-discrete in-space variational formulation is given by the following: Find C), €

X" such that C}, = g, and

}Fi'n
t t

(WCh,vp) + (1 —w)psq(Ch),vp) + (/ u- VCydt' vp) — (V- / DV Cpdt', vy,)
0 0

. (23)
— ( / Fdt' on) + @Co,vn) + (1 — w)g(Co)on). Vo € Xbr, ().

2.4 Time-Dependent Analysis
In this section, before we perform the stability and error analysis for the time-dependent

problem, first we construct a continuous extension of the Dirichlet data ¢ inside the domain

Q, C to deal with the non-homogeneous boundary condition.

16



2.4.1 Construction of C'

Denote C' as the solution of the following elliptic problem with nonhomogeneous mixed

boundary conditions:

é g, if x € 1—‘ina (24)
(DVC) -7 =0, if 2 € Ty U Tou.
Lemma 8. For every f € L*(Q) and every g € H'?(Ty,), there exists a unique solution

C e H?(Q) of (24) under the compatibility condition DV g - W =0ifzelinT,. The

enerqy estimates for C and VC' are as follows,

ICI < 4(KB1) NglIZe(e,.)- (25)
iz 20551
Ivel® < Tlllglliz(w- (26)

Remark 9. The energy bound given in [66, Theorem 2.3.3.6] is

||é||H2(Q) < KHgHHl/Q(Fm)
for all C € H2(Q) and some constant K .

Proof. The existence and uniqueness proof for the more general case can be found in [66,
Theorem 2.4.2.7]. For energy bounds, we take the dot product with C, then apply Green’s

Theorem to the diffusive term to obtain

—(V - (DVC(),0) = —

A

/ (DVC) -7 C ds+ (DVC, V()
I
/.

(DVC)-Tgds+ (DVC,VC)

in

17



where we used the boundary condition (DVC)-n = 0, € T, Uy and C(z) = g(x),
x € I';y. Hence, we get the following variational formulation,
1C|1? + (DVC, V() :/ (DVC) -7 g ds.
Dlin

Let A be the minimum eigenvalue of D.

A

(DVC,VC) = (DV?*VC,DY?V(C) = |DV2VC|? > AV
Hence, we get,

|]@||2+A||VC!|2§/ (DVC) - Ty ds,

in

< DVC -7 | 2w 9l L2y

< BiIVC T || e llgl r2ry)-
By using the trace theorem [25, p. 316], we get
ICII* + MVCIP < KB Cllm2 9l z2my)- (27)

We use the following equivalence of norms [25, p. 271],

1Cll20) < K(ICI+ 1V - (D C)).

By using Young and Cauchy-Schwarz inequalities (27) becomes,
1. - ~
SICI + AIVCI” < 2(KB) 91172,
Hence we get the bounds (25) and (26). O

Lemma 10. Let the domain Q be a conver polyhedral. Given g" € Xﬁm, there exists a

Ch € X" such that C* r, = g" and HéhHHl(Q) < K|g"ll g2,

18



Proof. When  is two-dimensional, we use a similar technique as in [67] to prove it. Under
the compatibility condition DV g"- W= 0, when z € I';, NIy, let C e H'(Q) be the solution
of

~

—V.-(DVC)+C =0, z€Q,
C = g¢", when z € T'y, (28)
(DVC) -7 =0, if € Ty UTgy.

Since X" is assumed to be a continuous finite element subspace, we see that ¢” is continuous

and piecewise smooth along the boundary I'y,, so that ¢" € HY?*¢(Ty,) for 0 < € < %

Thus, by elliptic regularity, we derive that C' € H'*(Q) and [|C|l14c < K|¢"|l1/21er,, for

0<e<3. Let Ch :=T1,C be the X"-interpolant of C' so that C*|p, = ¢". Then, we have

the estimates ||C' — IT,C||y < Kh¢||C||14c which can be proven as in, e.g., [56]. Thus, we get
the desired result

ICPl = ITClh < 1€ = TLCl + (IC ],
< K(h|Cllse + 1€,

< K(h)lg" 11 j2rers + 119" 1 /2.0)5

where in the last step we used an inverse assumption on Xfiin: there exists a constant K,

independent of h, p* such that

1P" |57 < KRB5(|p"||er

in —

vpte Xt 0<t<s<1

in?

Since the usual interpolant such as the one used in the two-dimensional case, is not defined

3

©, we use Scott-Zhang interpolant [50] when

in three dimensions for H"(Q)-functions, r <
Q is three-dimensional. Scott-Zhang interpolant is well-defined for any function in H'(Q)

134]. O
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Next, to have full insight into the analysis, we start with the simplest case of constant
adsorption. Unlike previous work, in [153] we dropped the assumption “C(z,t) is nonde-
creasing in time at every z” and considered non-homogeneous boundary condition at inflow

boundary.

2.4.2 Constant Isotherm

In this subsection, we state and prove a priori stability and a priori error estimate for the
case of constant adsorption. In this case of adsorption, ¢(C) = K with K > 0. Since ¢(C)

is constant, it implies % = 0 and hence the variational formulation given in (10) simplifies

to the following: Find C' € H'(2) such that C L= and :

in

oC

E’U) + (u-VC,v) + (DVC, Vo) = (f,v), Yo € Hyp. (Q). (29)

(w

The semi-discrete in space Finite Element formulation with constant adsorption is as follows:

Find C), € X" such that C), = g, and :
oCh,

-?%r,vh)+—01-‘76&dvh)—%(l)‘7C%,‘7vh)::(f,th Yo, € X{r, (Q). (30)

(w

By using Midpoint time discretization, we get a fully discrete approximation: Given C}' €

X" find C}*! € X" such that C)'t| = g, satisfying
1—‘in
crt _ op

A on) + (u Ve ) HDV O V) = (72, 0), Yo, € X (Q).

(31)

(w

For the analysis, we recall the refactorization of midpoint method [29] for time discretization
to get the following full discretization: Given C7 € X", find Cp'*' € X" such that C;'*!| =

1—‘in
gp, satisfying

Step 1: Backward Euler step at the half-integer time step ¢, /2,

C;_;L+1/2 - C;;L

XIE Jon) + (u- VO ) + (DY O T 0) = (£ 0), Yo, € X0, ().

(32)

(w

20



Step 2: Forward Euler step at t,1,

C’}TLLH _ C}’LL+1/2 o)+ (- vt on) + (DVC’"+1/2 Vo)
Atj2 e e (33)

= (fn+1/2,1)h), Vvh c X&Fin(Q).

(w

The next theorem gives a stability bound in the sense that the solution is bounded in space.
Theorem 11. Assume that (F1)-(F6) are satisfied and the variational formulation with
constant adsorption given by (29) has a solution C € L>(0,T, L*())NL*(0,T, H'(2)) with
f € L*0,T;L*(Q)). Let C be the continuous extension of the Dirichlet data g inside the
domain Q and satisfies (24). The bounds on |C||* and ||V C||?* are given in (25) and (26)
respectively. Then we get the following bound:

t 2 t
||c<t>||2+3 / ||v0<r>||2 ar+ 2 / / (CP)(u-7)dsdr < 2 / [ H°°||c||2d el
Fout
4/81 2 2 PF ! 2
2 ||vc|| ar -2 7)dsdr + 3| Coll? + V12 dr.
T, )\w 0

Proof. Let C € H'(Q) such that C

=g Takev=C—C ¢ Hjr, (). Then (29) yields

in

to
oC . A . R
(W5 O =) + (- VO, = C) + (DVC,V(C— 0)) = (f,C - C).
Thus, we get,
oC oC 4 A R .
(wE,C’)%—(wVC, C)+(DVC,VQ) = (WE’ C)+(u-VC,C)+(DVC,VCO)+(f,C-C).
(34)
We rewrite the first term in (34),
oc . oC 5
W2 0 =uE 0= Doy, (35)

By using the divergence theorem and boundary conditions, we get

1

(w-vo,0)= / (90 ds) + 5 / (- ys). (36)
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Let A be the minimum eigenvalue of D. Then we get,
(DVC,VC) = (DV?*VC,DV?V(C) = |IDV*VC|? > AV
In the right-hand side terms, we get the following estimates,
(@ 9C.0) < u- V€] £ - v+ e
Then by using boundedness of u, we get
- ve,0) < dpwey + e
Next,

. . A B
(DVC,VC) <Dl VCIIVC < BIVCIVC] < ZIVCI* + SV

A A 2K?2 A A A
(£,C = &) < IFlC — €1l < PRI + IV CIP + IV,

Next,

oC a aé 0 .

Combining (35)-(41), we get

2wy Jiwer+ 1 [ ep s < e

(3 61>1\VCH2—§(/Fin((g)Q)(uW)dS)+2K%F!|f|!2 Ful(0,0)

Next, integrating both sides from 0 to ¢, we obtain

slcr+ 3 [1vcwira [([ (op ) a

H Hoo 2 A 51 / 2012 w 2
< [ Wy arr (342 [1ver e+ Zico

_ 5/0 (/F ((9)2)(11.7)613) dr—w(C’(O),(j)Jr%/ot I£II? dr + w(C (1), C).

22
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Here,

~

w(C(1),C) <wlCONIC] < %IIC(t)II2 + wl| P2,

—(C(0).€) < wl(C10),0)] < CONIC] < L) +wlCI?
Hence (42) becomes
Hewp 5 [ivempasg [( [ (o s) a

_ / M o ar s (34 58) [1weir a5 [ ([ @i ) @

in

w A 2K2. [! w A w
+2ICOI +ollOf + 252 117 dr+ LUcIP + o017 + SICO,
0
Simplifying the above inequality and using C'(0) = Cp, we get the claimed result. O

Remark 12. Putting (35), (36) and (41) into (34), we get,

g%HCHQ 1 (/me?)(u . 7)ds) + (DVC, VC) = —</Fm(g2)(u s ) + (f,C = C)
w%(C, &)+ (u-VC, )+ (DVC, VO,

Iff=0and C =0 in (43), we get the balance of mass as follows

w 0

S lCiP + ( /F M(C?)(u-ﬁ)ds) +(DVC, V) = —( /F m(g2)(u-ﬁ>)ds). (44)

Recall thatu -7 >0 on T'yut and u - <0 on j

Next theorem gives a priori error estimate for the case of constant adsorption and semi-

discrete in space where we will use the notation:

8K3p||ull%, + 867 .0 8Kpw? o 4w
22 )Kl’ \2 Kl’T}'

K2:max{<2+
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Theorem 13. Assume that (F1)-(F6) are satisfied and the variational formulation with
constant adsorption given by (29) has an exact solution C € H(0,T, H*1(Q)) and Cy
solves the semi-discrete in space Finite Element formulation with constant adsorption given
by (30). Then for 1 < r < k+ 1 there exists a positive constant K independent of h such
that:

r— r— oC 5
IC = Cullzzomien < K (K ICl ooy + 17|57 +1(Ch = C ).

L2(0,T;H™ ()

Proof. The weak formulation of continuous and discrete problems are given by (29) and

(30), respectively, where C| =g and C,| = g, are required.

in in

First we let v = v, € X{p, C Hgp, (Q) in (29) and then subtract (30) from (29) to get

0(C —Ch)

m ,op) + (- V(C = Cp),v5)+(DV(C = Cy), Vo) =0, for all v, € X[ . (45)

(w

Then for any (fh € X" such that (fh

= gp, we have that

in

— (("' (— E)Eh); Uh) (11 : V (C — C >7Uh) (D : (C Ch)’ Uh)’ Un Oh,I in”®

We choose v, = C}, — C’h € X&Fm. Then, we get

(wa(ch@—;@), Ch— Cp) + (u- v(ch . (ih),ch G+ (DV(Ch . (ih) (ch . Ch))
(47)
0(C = Cy)
— (WT

O — C) + (u~v<0—éh),ch—(ih) +(DV(C—@> (Oh—0h>
Ti

Let ¢p = C — é’h and n = C — C’h Notice that both C), and C’h are equal to g, on

Hence ¢,,| = 0. Hence, (47) becomes
Fin

3%

(w ,¢h) (W-Von, én) +(DV o, Vor) = (W%,%)WL(U'V?% Gn) +(DVn, Vy). (48)
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We obtain lower bounds for the terms on the left and upper bounds for the term on the right

of (48) by using the assumptions and Young’s and Cauchy-Schwarz inequalities. We rewrite

the first term in (48),

o

(5 on) = (2

I%n wd
ot '’

_ 2

on)

Next,

(- Vonn) = 5 ([ (@0 7)ds).

il \ ]

(\]

1—‘out

We know that ¢,| =0, 0on gy, u- 7 >0 and on Iy, u-n

in

Hence, we get,

(u-Von,on) = %(/

1—‘out

((60)?)(w- 7)ds) = 0.
Following the same steps in Theorem 11, we get the following bounds

(DV 1, V) > M|V on|*

Kp 1o 2, A 2
(w-Vn,¢n) < ==l N0l + [V énll”.
A 4

i A
(DY, V6n) < Lol + 219 anl?

Next,

A
4K3

n
ot

K}%Fuﬂ
A

2 2
Kgpw

||¢h”2 S Y

@22 6n) < | 22 nl < o),

Combining (49)-(54) and integrating from 0 to 7', we get

)\ T
lon(T)||* + %/0 |V onl|? dt

25

(49)

= —(/F ((¢h>2)(u-ﬁ)ds+/ ((qsh)?)(u.ﬁ)ds+/n((¢h)2)(u-ﬁ>d8)-

(51)

(52)

(53)

2+ 2ol

(54)



< (P2 [Py s 2 O o, 69

Hence, (55) implies

T AKEp|lull%, + 48 4K Epw?
[ 1w ar < (BT Ty g T g 2, 0
0

(56)
By using the Lemma 1, we get
T 4K |al|% + 487 4K pw?
2dt<< Pr 1)/ dt PF / H H dt + =2 2
| el ar < o Ry ([ e 01
(57)
Triangle inequality gives
1C = Chllr < lInlls + l[¢nllr-
Thus, we get
T T T
[ ie-cid<e [ derz [ e (59)
0 0 0

Now using inequality (57) in (58) yields

r 8K2p|lul|2, + 852 8K Epw?
_ 2 < PF 1 PF
/0 IC = Cylly dt < <2+ \2 )/ Il dt + A2 / H ot H dat

4w
+ 2 on(O)
Since C), is arbitrary, we have the following inequality

T 2 2 2 T
SK +8 . 4
/ 1O — Cyl? dt < (2+ PF”“AH;O ﬁl)/ inf  ||C = Gy? dt
0 0 Cpext
Chlr;, =9n

4w
dt + 7H¢h(0)|!2-

R [T
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Let g, be the interpolant of g in X{im. Then by using Lemma 4, for 1 <r < k + 1 we get,

T SKZp|ul% + 852 o [T
/ IC — Callg dt < (2+ b A”Q L) Kin® 2/0 IC)? dt

(59)
SK2 w2K2h2” 2 4w
4 2 [ 15 e+ oo
Let
S8K32.||ull?, + 852 SK3pw? 4w

Kzzmax{<2 PF )\2 1)[(%,%[(12,7}

Thus (59) implies
oC ||
2( p2r—2 2r—2 2
10 = Chllisormiay < K> (B 2101 s + 7| G| ey sy T 16 OF)-

Consequently, we prove the claim. O

Next, we find the energy bound for the discrete version of the adsorption equation (1) for
constant isotherm using the midpoint method for the time discretization. At a continuous
level, we proved C' > 0 and bounded by initial and boundary conditions. But at a discrete

level, the Maximum Principle is very hard to implement, usually, the timestep has to be

O(h?) [147).

Theorem 14. Suppose the assumptions (F1)-F(7) are satisfied so that the fully discrete
formulation given by (31) has a smooth solution {CPIN_ € L*(0,T; HY(Q)). Then for all
N >0,

\ N
N+112 At n+1/2 _—> d 2AL n+1/22
oY + Z (] ue T)ds) + 5003 [V

Fout

AN Atllu §O+8)\w . 2N At ANALS? + NAtA? .
< ||oh||2+7( / ((g0)?) (- )as) + N IV

- WA WA

JLLS:
A Z LF 2] 4 3lICRlPP.
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Proof. Let C, € X" such that C| = gj,. Take v, = Cp7V? — () € X, (). Then (32)

1—‘in
yields to
At A
@O = O, G ) 4 S VO O ) SOV, v e
At n . n o At n .
:7(fn+1/27 Ch+1/2 _ Ch) + (W(Ch+l/2 N C}TZ), Ch) + 7(u . chh+1/27 Ch)
At .
+ 7(Dvc,’;“/ 2 V).
Using polarization identity in the first term, we get,
W m Wi W m N At n n
GICT IR = SICHIP + SICE ™2 = CRIP) + = (w - WO, )
At
+ 7(DV(JZ+1/2, Vet
At i1ge et A n+1/2 A At nt1/2 A (60)
= 7(]C 7Ch —Ch)—i-(CU(Ch —Ch),Ch)%—?(u-VCh ,Ch)
At .
+ 7(DV(J;}“/?, V).
Next, (33) yields to
ntl _ pmd1/2y mtlj2y | At O 2 w2y | At nt1/2 nt1/2
(w(Cy, Gy )0+ 5 (u- VG777 C ) + 5 (DVC, 7, VCT)
At N 5 At .
=5 (MO = G+ (w(C = GET), Gl + S (w VTG
At n -
+ 7(DVO,ﬁW, V).
Using polarization identity first term, we get
w n n n n At n n
SUCKTE = IC PP = lICR = G2 ) + (- VO 2, )
At
+ 7(DVC;}“/?, Vet N
At vije fmti2 4 il nt1/2y A At nt1/2 A4 (61)
:7(f ,Ch —Cp) + (w(C)™ = O, ),Ch)+7(u-VCh ,Ch)

At .
+ 7(DVO,?“/2, V).
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Adding (60) and (61), we get
w n n n n n n n mn
SUCETE = ICRIP + 1C3™2 = CRIP = G = G PIP) + At(u - VO, G )

+ AHDVCT? Oy = A2 CrtY — ) + (w(CPT = O, C)
+ At(u- VO G + AHDV T W EY).

(62)
Using (32) and (33), we get,
1 n+1/2 oz L n+1 n+1/22
Sl —cp — Sl — et P =0
Consequently, we have,
SUCH 2 = [CrIP) + At(u - VO G2+ aHDVC, v e
= A2 G = )+ (W(Cp T = G, Ch) + At(u - VG C) (63)

+ ADVCT? W Cy).

Doing a similar analysis as in the continuous case, we get,

n 0 1 1 .
(- vC 2 o) = o / ((g0)?)(u-)ds ) + 5 ( / (22 (- T)ds). (64)
l_‘in 1_‘out

Next,
(DVCH 2w o) = A v 2. (65)

The bounded term on the right side using similar techniques as in continuous case is shown

below:
T2 Gy < A vt 2 [ull% G2 66
(u-VC7, Ch) < SV + =G (66)
DY w6, < Mwert e 1 B v, 67
( ho VO = JIVETEIT A+ SHIVE (67)
n 5 2K32 A . h .
(2, G = Gu) < SEEI TR 4 SV PP SIVEE (68)

29



Putting (64)-(68) into (63), we get,

n At n JAN D) n
2c e = S1cpi + ([ e mas) + SR

< BBy - 28 [ (o Thas) + 2w (69>

2K2 At
+ %

n AL\ 5 n n 3
152+ 226 4 i - o). G

Next, we sum over n =0 to n = N to get

EHC}JLVHHQ ’00”2 Z /F +1/2 —>) > ZHVC’ +1/2H2
Nlul|Z At . NAt NAtBE 4
< M \|chu2—7</ <<gh>2><“'7>d5)+ X IV i

in

2K2 At N . NAE A 4
N LW IV G (G - G, G,

n=0

Here,
N+1 0\ A W AN+ 2 | Y012 5112
(@CIH = C),Ca) < ZICIHIP + IR + 20 G
After simplification, we get the desired result. O

Remark 15. Putting (64) into (63), we get,

W n At n n n
SICE I = SICIE + ([ (G- 7)as) + MUDVC 2 w0

—-5 ([ @i Ttas) + aegn 6 - 6) ()

2
+ (w(CMF = 1), ) + At(a- VCITY2 G + A(DV T2 V).
Iff=0and Cp =0 in (71), we get the balance of mass as follows

At
S =GP + 5 ([ (P Tds) + MDY V)

=5 ([ t@r)u-itas).

Recall that u- 7 > 0 on I'yut and u - <0 on j

(72)
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Next theorem gives a priori error estimate for the case of constant adsorption in the

fully discrete case where we will use the notation

K2 — s { (2 N 8K§F|]u)|\]230 + 85%)[(2?, 8K§2Fw2 K 8K1)7\;K1%F’ 27w}
Theorem 16. Suppose the assumptions (F'1)-F(7) are satisfied so that the fully discrete
formulation given by (31) has a smooth solution {CT}N_, € L?(0,T; H'(Q)) and the vari-
ational formulation with constant adsorption given by (29) has an exact solution C €
HY(0,T, H*(Q)). Let ¢9 = Cp —CP. Then for 1 < r < k+1 and N > 0 there ex-

1sts a positive constant K such that:

N+1 N+1 oC 112
At C(t, — Ci(t, 1< K? (hQT—QAt C(tn 2 h”—?H—
nz; [C(tns1/2) = Crltngay2)lli < nz; 1CEnray2)l + 3t | 20,z

+ (A Cur 3 02y + 16512)

CZ+1/2

Proof. Let the approximate solution at time ¢t"*1/2 be . Then by using the midpoint

method, we get, the fully discrete variational formulation as follows:

Given CF € X", find C;""' € X" such that C;"™'| = g, and satisfying,
Fin

e
h h
w Y

( o)+ (u Ve ) HDV O W) = (72, ), Yo € X (Q).

(73)
Let Cy represent %—?. We write the following variational formulation for the exact solution

C.

W <tn+1)A; Clt) 0y 4 (u- VC(tns1/2),v) + (DVC(tniry2), Vv) (74)

= (f""2,0) + (r",v), ¥ v € Hyp, (Q).

Cltns1)=Cltn) _ Cltns1)+Co(tn)

where time discretization error, r” = A7 5

Let " = C(t,) — Cp and v = v, € X{'r. C Hgp (Q) in (74) and then subtract (73) from
(74) to get

——— )+ (u- Ve"+1/2,vh) + (DV@"HQ7 Vo) = (r",v,), Y vy, € X&Fin(Q). (75)
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Then for any Ch € X" such that C),| = gn, we write that e" = C(t,) —Cp = C(t,) — Ch+
Fin
Ch,—Cr. Let ¢ = Cp, — C and 5" = C), — C(t,,). Notice that both C and C," are equal

= 0. We choose v, = ZH/Q € X{p, . Then (75) becomes

to g, on I'y,. Hence ¢}

in

n+1
— th n+1/2

@A) + (u

77nJrl —n" n+1/2 n+1/2 n+1/2 n+1/2 n+1/2 n n+1/2
At s Ph )+(UV77 >¢h )+(DV77 7V¢h )—|—(7“ h )

We obtain lower bounds for the terms on the left and upper bounds for the term on the right

V¢n+1/2, n+1/2) (Dv¢n+1/2 ¢n+1/2>

:(w

of (76) by using the assumptions and Young’s and Cauchy-Schwarz inequalities. We rewrite

the first term in (76),

¢n+1 ¢h n+1/2

(Wt ) = (g I = llhl). (76)

Following the same steps in Theorem 13, we get the following bounds

(u- ngn-‘rl/Z, n+1/2> > 0. (77)
(DV 2 Vo) > N[V oA (78)
n s 2K2 ||u||oo n n
(w- i, gti2) < 2R iy 4 g gz (79)
(DU 0 ) < R+ GV (80)
Next,
0"t =" n+1/2 w /t"+1 n+1/2
w—7 = A L /)7 dT ¢ b
( At ) (At A )
2K2 w2 tn+1
< L / melldr)? + S| wert 22,
g ( L )+ H [

Hence, after applying Cauchy-Schwarz inequality we get,

77n+1 —-n" n-+1/2 2](§Fw2 bot1 2 n+1/2)2
_ < — .
gt ) < SR i) + S19e (31
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Next,

n n 2K}
(" 6 < S 2

™% (82)
Combining (76)-(82), we get

w n n n
a7 IR I = lI6R11) + ||V<b s

83)
9K2 Il lnn+1/2)12 9 n+1/2)12 92 2 [tat 9|2 (
< prllullSln H1+ Bilin Hl+ PF (/ ||77t||2d7')+ PE |1m |2,
A A AAL ¢ A
Multiplying (83) by ZTN and summing over n = 0 to n = N, we get
N+1 N+1
n 4R35 a2, + 452 n
I+ 3 AR < el 40Y 5™ At
B (84)
N+1
4KPF/ 4K1%F 2 0112
dt Atl|r" )
# Rt ) Il 2RSS sl o)
To bound r", we use Taylor expansion about ¢"*1/2. Hence,
N+1 N+1
Z Atf|lr™|* < K, Z AL(AL||Ciae|| = (0, T; L))?,
n=0 n=0

< KlNAt(At2||Cttt||L°°(O,T;L°°))27

< KIT(At2||Cttt||L°°(O,T;L°°))2~

Therefore, (84) implies

N+1 N+1

||¢hN+1||2 ZAtHVCan/QHQ <4KPFHUH2 "‘451) ZAtH n+1/2||2

4K3pw
T

4K, TKE
[ s T (21 £ R
0

Hence, we can write,

N+1 N+1

AKZg||ul|%, + 453
ZAt||V¢Z+1/2H2 < ( PF”u||20o + 61) ZAtHnn‘H/QHQ
n=0 A n=0
AK2 02 4K\ TK? w
—;F / (|m¢] 3t + %(AtQHC’tttHL‘”(OTL‘” )2 + X||¢2||2
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By using the Lemma 1, we get

N+1 N+1

n AR ||ull3 + 467 n
> Aoyt < (RS ) S Aty
n=0 n=0
4KEw? (T 4K\ TKR, W o
—— [ lmlPdt + ——5— (A Cuse|l Lo 0,7))* + < |Gl
A A2 A
Triangle inequality gives
N+1 N+1

Z Atllem 12| < Z 28 ([l 20+ ).

Thus, we get

N+1 N+1

SKZ.||ull®2 + 8
ZAtuen_H/QH% S (2 PFH || El) ZAtH n+1/2||2

+ (AtQHCtttHLw(OTLOo)) +T”¢2H2'

8K2.w? [T 8K, TK?
S [ e+ 2T

Since C), is arbitrary, we have the following inequality

N+1 N+1

SK2 2 48 .
ZAtHe”“/?“% < < PFHuH + 51) ZAt 1nf G2 _ Gy 2
- Ch\r =9k
8KEpw® [T AC—Co) |2y o B TKEy oo .
- A2 /0 c}llrel)f(h H ot \2 2 (A Craa | oo 0,70))° +—||¢ I|°.

Chlry, =9n

Let g, be the interpolant of g in bem. Then by using Lemma 4, for 1 <r < k+ 1 we get,

N+1 N+1
8K3 2 +38
2 :AtHe”HﬂH% < ( PF||u>|\|2 + 51>K22h2r2 z: At||C’"H/2||f
— n=0 85
8KRpw? ) 0 2 8K1TKPF 2 2, 2902 -
+ I K3h H (A Conll o 0iriz))* + S IGRI
A A A
Let
SEZ ||ull2 + 862\ ., 8K2.w? ., SK\TK2, 2w
2 _ prll Ul 1) 72 SpF 2 PR
K —max{<2+ % >K2, K3 ’T}‘
Thus (85) implies the claim. O
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2.4.3 Affine Isotherm

In the case of affine adsorption, ¢(C) = K1+ K,C with K7, Ky > 0. It implies % = KQ%.

Let w = (w+ (1 — w)psK2). Hence, the variational formulation given in (10) simplifies to

the following: Find C' € H'(Q) such that C| =g and :
_oC 1
(wa, v) + (u- VC,v) + (DVC,Vv) = (f,v), for all ve Hyp (92). (86)

The semi-discrete in space Finite Element formulation with affine adsorption is as follows:

Find C), € X" such that C), = g, and

in

(w

oC,
a—th,vh) +(u- VG vp) + (DVCh, V) = (fop), for all v, € Xt (Q). (87)
For the analysis, we recall the refactorization of midpoint method [29] for time discretization,
and we get the following full discretization: Given C? € X", find C’,?”Ll € X" such that
Ct = gy satisfying

r

in

Step 1: Backward Euler step at the half-integer time step t,41/2

B C;:+1/2 . O}TLL

(@ AL/2 Jon) + (u- VO ) H(DV O W) = (f7HY2 ), Yo, € Xt ().

(88)
Step 2: Forward Euler step at ¢,

(@C;Z+l o C;Z+1/2
At)2

Jun) + (u- VO o) H(DVCTT? Vo) = (F77Y2 0,), Yo, € X ().
(89)

Remark 17. All the theorems proved for the constant adsorption are true for the affine

adsorption where w s replaced by .
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2.4.4 Nonlinear, Explicit Isotherm

We consider the nonlinear isotherm with an explicit representation, for example, Lang-
muir’s isotherm [20, 138] is as follows:

Amax Ker

1=T7F,c

(90)

where K., is Langmuir equilibrium constant, ¢y, is the maximum binding capacity of the

porous medium. Recall that for the case of nonlinear isotherm with explicit representation,
5= acar =15

We consider the variational formulation given in (10). The semi-discrete in space formulation

is given in (12) and the fully discrete formulation is given in the Section 2.3.2. Next, we

show the total mass balance for this isotherm. Unlike previous work, in [153] we dropped the

assumption “C(z,t) is nondecreasing in time at every x” and considered non-homogeneous

boundary conditions at inflow boundary.

Theorem 18. Assume that (F1)-(F6) are satisfied and the variational formulation given by
(10) has a solution C' € L>°(0,T, L*(Q))NL2(0, T, H'(Q)) with f € L*(0,T; L*(Q)). Let C be
the continuous extension of the Dirichlet data g inside the domain Q and satisfies (24). The
bounds on |C||? and |VC|? are given in (25) and (26) respectively. Let the antiderivative
be A(C) = fOC sq'(s)ds. Then we get the following bound:

cwe+ [ <1—w>psA<c<t>>dQ+3 2 [ivewras 2 [( [ wer ) a
<2 [Bgep arr (24 20) [iwcr -2 [ ([ i) o

SK%, (! 16(w? + (1 — w)2p2K?), Ay 4
3o+ S / 1517 ar-+ O PEE  oye 2 f (—appacionin

w2
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Proof. Let C'e H'(Q) such that C| =g. Takev=C —C € H. (Q). Then (10) yields
F‘ - In

in

to
, oC A . . .
(@+ (1= ) ()5, C = C) + (0-VC.0 = C) + (DV(J,V((J— 0)) — (f,C —O).
Thus, we get,
, oC
91)
oC . A A A (
= (W + (1 =w)pd' ()5, C) + (- VC,C) + (DVC, VO) + (f,C = C).
Let the antiderivative be
c c
A(C(t)) = / a(s)ds — / sq/(5)ds
0 0
We rewrite the first term in (91),
, oC , oC
(@ + (1= (€ 57.0) = [ @+ (=) (€)CGa0
(92)
_ 9 w2
~a (2 Cl 4+ (1 - w)pSA(C(t)))dQ.
Next using the same steps in Theorem (11), we get the following bounds:
1 1
- vC.0)= 5 ( [ (@ as) +5( [ (ePy-is). (o)
1—‘in Tout
(DVC,VC) > \|VC|J?. (94)
2
(w-ve. o) < pwep + ey (95)
- A 2, B oA
(DVC, V() < ZHVCH + THVCH : (96)
A 2K?2 A A A
(1.0 &y < 2By ey 2o+ J vl (97)

37



Next,

oc 0 0

(w4 1=t ()0 =2 (.0 + (- wp D @(C).C) (9
Combining (92)-(98), we get
%KXEWF+O—MmMC®Oﬂ%HﬁVQF+%4MWQWu7% < 1o e
+(§+§ww0w—§ﬁéﬂmwuﬂ%@) 2R 1w (.0

(=W (4(0), ).

Let C(0) = Cy and A(Cy) = Ap. Integrating both sides from 0 to ¢, we obtain

/(—IO( )‘2—1-(l—w)PsA(C(t))>dQ+é/tHVC'(r)szT—i—%/Ot(/Fom((C)Q)(u,ﬁ)dS) o

< [Eepars (34 5) [1vcra - [ ([ (o its) a

2K§,F/O £ ]12dr + w(C(t) — Co, C) + (1 — w)ps(a(C () — q(Co), C)

+ / <%\Col2 + (1 - w)pSAO) ds).
Q

(99)
Next,
~ ~ w ~
w(CO(t),C) < w[CONICT < IC@IP +20[IC1P.
~ ~ ~ w ~
—w(Co, €) < w|(Co, O) < W Go[lIC1] < SN Coll” + 201 C*.
By using Cauchy-Schwarz and Young’s inequalities, we get,
1- (1)) — a(Co), &) < L WPPEE e &z 4 e
(1= w)ps(q(C (1)) — q(Co), C) < - H I” + (II @ + 1 Coll7)-
Hence after simplification, we prove the claim. n

Remark 19. In the case of Langmuir’s isotherm (90),

1
AC(t) =In(1+C) + 5C + constant.
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Remark 20. Substituting (92) and (93) into (91), we get

%/Q (gHCHZJr(l—w)psA(C(t)))dQJr (/Fm<c2)<u.ﬁ>>ds) +(DVC,VC)

— _(/F (92)(u~%>)d5>.+(f,C—é)((w+(1_w)psq,(m)%_c* .

" C) ++(u-VvC,C)
+(DVC,VO)
(100)
If f=0 and C =0 in (100), we get the balance of mass as follows

9,
g/ﬂ (%HCI|?+(1 —w)psA(C(t)))dQ+ (/F (CQ)(U_.ﬁ)dS) L (DVC,VO)

_</ (92)(u-ﬁ>)ds).

Lin

(101)

Recall thatu -1 >0 on I'yut and u - <0 on i

= Jo als)ds.

3w [ 3w [t 8psq(C)(1 —
E(t) = > [ prve - —D7Y2Cu|]? dr + - |DY?VvC — p=q(C)(1 — w)
4 4 3
0 0 w

t
+ %w/ |DY?vC — gD‘1/2VO\|2 dr
0

Next, we do another approach to the stability analysis where we will use the following
notation: Q(«

D™V dr

t _ 1( A
+ %Tw / ||D1/2VC _ 8(1 w)ﬂsq (C>
0

DO dr
3w
+ lwC(®) + (1 = w)pag(C(#) = 2(wC + (1 = w)pua(O))
and
t t A i t )
B(t) = 3—”/ |\§D*1/2éu|y2 dr+ 3—“/ (BN =) poryay2 gy 3—“/ 1D w e dr
0 3w 4 0 3
/ || (C) 1/2VC«||2 dr
+ lwC(0) +

+ (1= w)psq(C(0)) — 2(wC + (1 — w)psq(C)) |
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Theorem 21. Assume that (F1)-(F6) are satisfied. The variational formulation given by
(10) has a solution C' € L>(0,T, L*(Q)) N L2(0,T, H(Q)) with f € L2(0,T; L2(Y)). Let C
be the continuous extension of the Dirichlet data g inside the domain Q and solution of (24).

We get the following result:

JwC () + (1 = w)paa(CO)|? + / |DY2VC ()P dr
+4(1 - w)ps/o </Qq'(0(r))(D1/2VC(T))2 dQ) dr ++&(t)

+4(1 — w)ps /Ot ( Qe W)ds> dr + 2w /Ot (/F C2(u- ﬁ)ds> dr

= [lwCo + (1 — w)psq(Co)||* + 4/0 (f.wC + (1 = w)psq(C) — (wC + (1 — w)psq(C))) dr

+B(t)—2w/0t(/Mg?(u.ﬁ)ds)dr— 41— w)p / /Q (u- n)ds)dr

Proof. Let C € H'(Q) such that é‘ = g. Take v = (WC + (1 — w)psq(C)) — (WC + (1 —
[in
w)psq(C)) € Hir, (). Then (9) yields to

( 2 (0 + (1~ )pglC)).C + (1 - w)pualC) — (C + (1 - w)psq@))
(u VCwO 1 (1 w)pe(C) — (€ + (1 w>p5q<é>>)
+ (DVC, V(wC’ (1= w)psq(C) — (wC + (1 — w)psq(é))>>
(f.wC + (1 = w)psq(C) — (WC + (1 — w)psq(C))).
Thus, we get,
0
(0 + (1= (@) + (1= w)pua(C))

+ (u- VC,wC + (1 = w)psq(C)) +w(DVC,VC) + (1 —w)ps(¢(C)DVC,VC)
(

= (f,wC + (1 = w)psg(C) — (WC + (1 — w)psq(C))) (102)
9]
ot
+ (u-VC, (WC+ (1 - w)psq(C’))) +w(DVC, V) + (1 —w)ps(¢'(C)DVC, V).

(20 + (1= w)pg(€)), (wC+ (1 — w>p3q<é>>)

~
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We rewrite the first term in (102),

(%(wC + (1 = w)psq(C)), wC + (1 — W)pst(C)> = 1—||w0 + (1= w)psq(C)]*.

By using the divergence theorem and boundary conditions, we get
(u-VC,wC + (1 —w)psq(C))

:L—u/ Pu-7)ds + =
Cin

. C2(u- T)ds + (1 — w)ps /F Qlg)(u - 7)ds

I—‘out

+ (1 — w)ps Q(C)(u- 7 )ds.

1—‘out

Next,

w(DVC,VC)+ (1 —w)ps(¢'(C)DVC,VC)
= w(DY?VC,DV*V ) + (1 — w)ps(d(C)DY*VC, DY?V ()

_ | DAV + (1 — w)ps/ {(C)(DV2V ()2 do.
Q

Next, in the right-hand side terms, we get the following equalities,

(u-VC,wC) = (VC-u,wl)
— (VC,wCu)

— w(DY?*VC, D™V?C)

_ ¥ pirye, §D1/2éu)

8
3w, 8

3w n 3w 8 A
= = | DV*VC|? + =[5 D7*Cu|* = =||D*VC — - DV*Cul?
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and
(u- VO, (1 —w)psq(C))

N

(VC - u, (1 —w)psq(C))

~

(VC, (1 —w)psq(C)u)

psa(C)(1—w)
= WDV 0, === D" ) (106)
W1
_ S—W(DI/QVC’, 8psq(C)( w>D_l/2u)
8 3w
_ 3w 2 g | 3w, 8psq(C)(1 —w) —1/2.(12
= v+ LS Y ey
_ B_WHDl/QVC _ 8pSQ(C)(1 — w) D_1/2UH2.
16 3w
Furthermore,
w(DVC, V()
= w(DY?vC, D7V ()
. (107)
— %‘"(DWV(J, gD‘WVC’)
3w 3w, 8 A 3w 8 A
_ Y ple 2 WO 172 2 _ Y12 _Sp-1e2 2
and
(DVC, (1 —w)psq (C)VC)
— ' ~
— w(D'?VC, (1= w)psq'(C) DV2w ()
w
3 8(1 — w)psq'(C .
8 3w
3w 3w, 8(1 — w)psq'(C) A
_ Y ple 2 | oW D12 2
e Ve
— % ~
_ S_WHD1/2VC’ _ 8(]‘ w>p5q (O) D71/2V0”2.
16 3w
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We also have,
(%(wC’ +(1— w)psq(C’)),wé +(1— w)ﬂsQ(é))

gt(wc + (1 = w)psq(C),wC + (1 — w)peq(C))

O(wC + (1 - w)psg(C)) 1)
wC 4+ (1 —w)ps
— (@C + (1= w)pua(C), )
0 . .
= 5; WO+ (1 = w)psq(C), wC + (1 — w)psq(C)).
Combining (112)-(118), we get
10 2, Wit 2 W 2/ =
26t||cuC’+( —w)psq(C)| +4HD VC|® + 5 C*(u-n)ds
Fout
Ha-wp [ QO Ry + (1= wp. [ {(CHDVVO) do
1—‘out Q
3_“ 1/2 _§ —1/2 A2 3_‘“’ 1/2 o 8psq(é’)(1—w) —1/2.112
+16||D \& 3D Cu|| +16||D vc " D~ /=u||
3w 8 .
et D1/2 __Dfl/Z 2
+ 16 | vcC 3 v A
16 3w
= (fowC + (1 = w)pq(C) = (W€ + (1 = w)psa(C))) + 16H3D 2Cul?
3w 8psq(CY(1 —w) 1 19 3w, 8 3w, 8(1 —w)psq'(C) A
= DY D12 24 D12 2
+ 2B L £ et el v

_g/r 2(u- )ds — (1 - w)p /Q(g 7 )ds

i %(wc + (1 = w)psq(C),wC + (1 — w)psq(C)).
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Next, integrating both sides from 0 to ¢, we obtain
sllecto+ (- +2 [1vcwra+y [([ i) a
s=wo [ ([ @ ys) ar
+ (1 — w)ps /t (/ ¢ (C(r)(DY2VC(r))? dQ) dr
0 Q

8 80:q(C)(1 — w)

3w

3 t
+—°"/ D2V C(r) —
16 J,

¢
+ 3_w/ HD1/2VC(7’) — §D_1/2Vé||2 dr
16 J, 3

D~2Cul? dr+—/ |DY2w C(r) —

3w [* 1 —w)psq'(C .
+ _w/ HDl/QVC(T) . 8( w)p q (C) D_1/2VCH2 dr
16 Jo 3w

- / (€ + (1 - w)put(C) — (WO + (1 w)psq@» ar 22 / 5Dl dr

t s A 1—w

/ I psq O D2v (| dr+—!lw0() (1 — w)psq(C(0))]?

—5/0 (/Fmg2( W)ds ) dr = (1 - w)p / /Q

+ (WC(t) + (1 — w)psq(C(t)),wC + (1 — w)psq(C))

- (WC(()) + (1 - w)pSQ<C(O)>7WO + (1 - w)ﬂsQ(é))'
(110)

Here,

(wC’(t) + (1 - w)p5q<0(t)), Wé + (1 - w)pSQ(é))

_ %(wC’(t) + (1= w)pa(C(1)), 2(wC + (1 — w)psa(C)))

= 11O + (1~ @)pa(CO)IP + I2C + (1~ w)pag( )

— O + (1~ )pua(C(0) — 200 + (1~ )]
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and

— (WC(0) + (1 — w)psq(C(0)), wC' + (1 — w)pyq(C))
_ —%(MC(O) + (1= w)psa(C(0)), 2(wC + (1 — w)psa(C)))
= 2 1@C0) + (1~ w)pa(CODI? - F12wC + (1~ w)paa( O]

+ %LHMC(O) + (1= w)psa(C(0) = 2(wC + (1 = w)psa(C))II*.
Hence (119) becomes

inC’(t)—}-(l—w)psq(C’(t))HQ-I—%/o IVO(r)|? dr+§/0 (/F C(u- 7)ds) dr+i€(t)

ra-ap [ ([ o mas) i

+a-wp [ ( [dconwevee) dﬂ) ir

= HICO0) + (1= hpalCON + [ (.00 + (1= 0)pa(€) = (o€ + (1 =)l C)
2 (] P Tis) dr— (1w | (] Qo) i) dr+ (B0
Simplifying the above inequality and setting C(0) = Cj, we get the claimed result. 0

Next, for stability in the case of semi-discrete in space, we will use the following notation:
Qn(e) = [ Pla(s))ds,
t
En(t) = %“’/ |DY2vCy, — §D1/2Cf'hu||2 dr
0
3w [ 8(1 — w)p,PH(¢'(C ;
+ _w/ ||D1/2VCh . ( W)p P (q ( h))D—l/ZVCh“Z dr
4 Jo 3w
+ |wCh(1) + (1 = w)psP(a(Ch(1))) = 2(wCh + (1 = w)pP(a(Ci))1?

t
+ %“’/ |DY?VC, — §D1/2V6h||2 dr
0

t > _
+2 [preve, - SPUHGNLZS) pareyz gy,
4 Jo dw
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and

t t 5
A P 1 —
By(t) = _3“’/ ||§D_1/2Cu||2 dr + —35 / 122 (q((;h”( “) D122 g
0 w

1—W s /é — 3 Sw t 8 B )
/H p ( () przg 2 dr+z/0 |3D7 2V dr

+ [[wC(0) + (1 = w)p, P(a(C(0))) = 2(wCh + (1 = w)ps P(a(Ci))) .

Theorem 22. Assume that (F1)-(F6) are satisfied. The variational formulation given by
(10) has a solution C' € L>(0,T, L*()) N L*(0,T, H(Q)) with f € L*(0,T; L*()). Let C
be the continuous extension of the Dirichlet data g inside the domain Q0 and solution of (24).

We assume Q(« ))ds >0 and P*(¢'(Cy)) > 0. We get the following result:
o

[wCh(t) + (1 = w)psP(q(Cr(t)) HQ+W/ IDY2V Gy (r) | dr

+4(1—w)p /(/P (CL(r))(DY2V Oy (r) QdQ)dr

+4(1—w)ps/0 ( QG- ) ds dr—i—Qw/O (/F -ﬁ)ds) dr + Ex(t)
= wCh(0) + (1 — w)psP(q(Cw(0)))[* + Bi(t)

4/0 (f,wCh + (1 = w)p,P(q(Ch)) = (WCh + (1 = w)psP(g(Ch)))) dr

t

—2w/0t (/ g (u - 7)ds) dr—4(1—w)ps/0 ( 5 Qulgn)(u - 7)ds) dr.

wm

Proof. Let Cj € X"(Q) such that C’h‘ = g. Let P and P! be the orthogonal projections
I_‘in

with respect to the L? inner product and H' inner product, respectively. Take v, = (wC), +
p p

(1= ) P(a(C) = (@O + (1~ )p.P(a(Ch) € X, (). Then (1) yields to
(50 + (L= palCul) (eCr + (1= DpP(CO) ~ (o + (1 = D Pla(Col))
(8 V(e (1= Pa(CH) - (Gt (L= )prPlalC))

+ (D96 V(o + (1= )pPlalC) - (Cot (1= ). PlalC) )
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= (f, (WCh + (1 — w)psP(q(Ch))) — (WCh + (1 — w)psP(q(Ci)))).

Thus, we get,

(w0 + (1= @pa(C) o+ (1 =)o Pla(Ch) )
+ (u- VCh,wC, + (1 = w)psP(q(Ch))) + w(DVCy, VCy)
+ (1 = w)ps(DVCy, P (¢'(Ch)VCh))

= (f,wCh + (1 = w)p,P(q(Ch)) = (WCh + (1 = w)psP(a(Ch)))) (111)
+ (% wCh + (1 = w)psg(Ch)), (WCh + (1 — w)psP(q(éh))))
+ (u-VC, (WC, + (1 — w)psP(q(Ch)))) +w(DVCh, VCy)
+ (1= w)ps(DVCi, PH(q (C)V Cr)).

We rewrite the first term in (102),

0 10
= (WO + (1= w)psg(Ch)), wCh + (1 = w)psP(a(Ch)) | = 557 lwCh + (1 = w)psP(a(Ch)) .
ot 20t
(112)
By using the divergence theorem and boundary conditions, we get
(u-VCh,wCh, + (1 —w)psPq(Ch)))
w w
= 5/ gi(u- ﬁ))ds + 5 CHu- ﬁ)ds (113)
1_‘in Fou

+ (1 — w)ps - Qh(gh)(u . W)ds + (1 — w)ps Qh(Ch)(u . ﬁ)dS
Next,

w(DVCy,, V) 4 (1 = w)psPH (¢ (C) DV Cy, V)
= w(DY2VCy,, DYV C) + (1 — w)ps(PHq (Cy)) DYV Oy, DYV Cy)

= w|| D2V CL|? + (1 — w)ps / P (Cy))(DY2V C)? dQ.
Q
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Next, in the right-hand side terms, we get the following equalities,

(11 . VC’h,wéh)
= (VCh : u,wéh)

= (VCh, Wéhll)

N 114
= w(DY?VC,, D7V2Cyu) (114)
= 3—w(D1/2VCh, ng/QCA’hLO

8
3w 3w, 8 N 3w 8 N
= EHDWVC}LH2 + 1—6||§D_1/20hu||2 — EHDUZVC% — §D_1/20h11||2,

and

A~

(u- VG, (1 = w)psP(q(Ch)))
(VCh -, (1 —w)psP(q(Ch)))
= (VCh, (1 = w)psP(q(Cr))u)

)
P(g(Ch) (X —w) 1)
w D) (115)
_ %(DWV(J,“ 8p573(q 32}))(1 - w) D_1/2u)
— ?—:HDl/zVC’h’P + ?i_(gHSPSP(Q(C?;}:d))(l — w)
8psP(q(Ch)) (1 — w)
3w

I
s
«»

— w(D'*VC,, 22

D71/2uH2

3
- %||D1/2V0h - D=2y,

Next,

w(DVC,, VCy)

= w(DV?VCy,, D72V CY)

3 8 .
- %(DWVC;L, S0PV Gy

3w 3w, 8 A 3w 8 A
= 1—6||Dl/2VCh||2 + 1—6||§D_1/2V0h||2 — EHDWVCh - §D_1/2V0h||2>

(116)
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and

(DVCy, (1 — w)psPH(d (Ch))VCh)

_ (0 (Y R
w(D1/2VC'h, (1 —w)psP (g (Ch))D_1/2VC'h)

w
_ 1/ (Y R
— %(DUQVC}L, 8(1 W)p;)f (q (sz))Dfl/ZVCh) (117)
(A (T

_ 3_w||D1/2VC«h||2 3w || 8( )psP (q (Ch))D—l/QVChHQ

16 3w

3w — w)p. P (C B .
_ 1_6||D1/2VOh . ( )Pgw (¢'( h))D 1/2V0h||2.

Next,
(50 + (1= Dpa@).Ci + (1 = p.Pla(Co)

DO+ (1 — w)psa(Ch),wCa + (1 — w)peP(a(Cn))

K oot ( ¢ e
— (WCh + (1 = w)psq(Ch), (WCh + ( _ai)psP(Q( h))))
= 2 (Gt (L= w)pa(C),wCo+ (1~ w)p PlalCa)

Combining (112)-(118), we get

10 w w
S+ (=PI + LDV CP +2 [ it Tas
F—wp [ OO T)ds + (1 - w)p /79 C))(DV2VC,)? 0

1—‘out

+ ?—:HD”QVC;L —~ §D—1/2Chu||2
8psP(q(C))(1 — w)
3w
8(1 —w)psP (¢ (Ch))

3w

3 5 5 ;
+ 2 prve, - Dl + 2 peve, - Sy, 2

D_1/2Véh‘|2

3w

DYV, —
+ 16” h
3w 8

DG

= (f,wCh + (1 = w)psP(q(Ch)) — (WCh + (1 — w)psP(q(Ch)))) +
_wH8ps7’(Q(C”))(1 —w)
3w
3_(“')H8< )pspl(q/(éh))
3w

- / g(u T)ds — (1 w)p, / Qulgn(u T)ds

D71/2ul|2 SMH8D I/ZVCA«hHQ

D—l/?véhHQ
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+ %(wch + (1 = w)psq(Ch), wCh + (1 = w)pP(q(Ch))).

Next, integrating both sides from 0 to ¢, we obtain

SsCult) + (1 = PaCoN+2 [ e a2 ([ ciitis) a

out

+(1—w)ps /Ot( Q) n)ds> dr

(- w)p, / ( / PU(Ch(r))) (DAY Cy(r))? dsz) dr

8

3w [ .
+ %/ | DY2V O (r) — gD—l/Q(Jhu”2 dr
0

t y J—
3_w/ HDl/QVCh(r) o 8psP(q(Cr))(1 —w) Dfl/ZuHQ dr
16 Jo 3w

8

t
+ 3—“’/ |DY2V Cy(r) — =D7V2V |2 dr
16 J, 3

3w [t 8(1 — w)ps P (CL)) .
%A HDl/ZVCh(T)— ( )p?)w (Q( h>>D 1/2VChH2 dr

- / (f,wCh + (1~ )peP((Ch)) — WCih + (1 — w)peP((Ch)))) dr
3_(*) /t H 8PSP(Q(éh))(1 — w) D71/2uH2 dr + 3_w /t ||§D71/2Véh”2 dr

/ || WO gy ar + & 1Ch(0) + (1~ w)oPla(Ch(0)) P

_5/0 (/Fmgh( )ds)dr—(l—w / / Qulgn) (- 7 )ds) dr

+ (WO(t) + (1 = w)psa(Ci(t)), wCh + (1 = w)psP(a(Ch)))

— (WCH(0) + (1 = w)psq(Cn(0)),wCh + (1 = w)psP(q(Ch))) / Iz D~*Cyul|* dr.
(119)

Here,

(WG (1) + (1 = w)psa(Ch (1)), wCh + (1 = w)p,P(a(Ch)))
1

= 5 (WC(t) + (1 = w)psa(Ch(?)), 2(wCh + (1 = w)psP(a(Ch))))

20



= I@C0) + (1 = w)paa(CLO)IP + F120Ch + (1~ @) PG
— 16 (1) + (1 = @)pua(Ca(t)) — 2ACo+ (1~ ), Pl G

and

— (@CA(0) + (1~ w)pa(C10)), G + (1~ )p.P(a(Cr)

= S (@CH(0) + (1= w)pa(Ch0)), 2C + (1~ ), P(a(C)

= 2 1@C(0) + (1 g CLODI? ~ FI2Ci + (1~ w)p,Ple(G))
+ 119G (0) + (1 = )pa(Ch(0)) — 20Ci + (1~ w)pPla(C) I

Hence (119) becomes
e+ 1= appacion+ 5 [ Ivanray [([ cia i) a
sa-an [ ([ @i i)

(1—w)p / (/73 ((CL(r))(DY2V Cy(r))? dQ) dr + ish(t)

= LOH0) + (1~ W) Pla(CO)I + 1Bu()

n / (f.wCh + (1~ )peP((Ch)) — WCh + (1 — w)peP((Ch)))) dr

_g/()t(/rmgg(u.ﬁ)ds)dr—(1_w / /Qgh u- n)ds)dr

Simplifying the above inequality, we get the claimed result. O]
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2.4.5 Semi-discrete in space error Estimate

Next theorem gives a priori error estimate for the case of nonlinear adsorption and

semi-discrete in space where we will use the notation:

37T 2 D—1/2 2 3(1 — 222
sy 1= exp (4 I (e a2 0=

Theorem 23. Assume that (F1)-(F7) are satisfied and the time-integrated method vari-
ational formulation with nonlinear adsorption given by (22) has an exact solution C' €

HY(0,T, H*Y(Q)) and C), solves the semi-discrete in space method Finite Element formula-
tion with nonlinear adsorption given by (23). Then for 1 < r < k+1 and for each T > 0,

there exists a constant Ko > 0 independent of h such that
T T T
w/ |C — CylPdt + ||/ D2V (C - Cydt'|? < KQhQM/ 1C||?dt. (120)
0 0 0

Proof. The weak formulation of continuous and semidiscrete problems are given by (22)

and (23), respectively, where C'| =g and C)| = g, are required.

in in

First we let v = v, € X{p, C Hyp (Q) in (22) and then subtract (23) from (22) to get

(@(C = Cr)yon) + (1 — w)pa(a(C) — a(Ca))sun) + ( / - V(C — Gt vy)

t (121)
— (V . / DV(C — C’h)dt’,vh) = O, Yoy, € X[})L’len(Q)
0
We choose v, = Cj, — Cp=Cj, — C +C —C), € X&Fm. Then, we get
(W(C = Ch),C = Ch) + (1 —w)ps(q(C) = q(Ch)),C = Cy)
t t
+ (/ u-V(C —Cy)dt',C —Cp) + (/ DV (C — Cy)dt',V(C — Cy))
0 0 (122)

= (W(C' = Ch),C = Ch) + (1 = w)ps(a(C) = q(Ch)),C — Ch)
n (/tu-V(C— Cy)dt', C — Cp) + (/tDV(C—Ch)dt’,V<O— C*h)).
Here,

(W(C = Ch),C = Ch) = wl|C = Call?,
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(1~ w)pu(a(C) — ¢(C)),C — C) = (1 — w)p, / ( / ({(0C + (1 — 0)C1))db)(C — Cy)d,

t
,%/ D2V (C — Cy)dt)

t t
(/ DV (C —Cy)dt', V(C —C)) = (/ DYV (C — Cy)dt'
0
DY/2 2
mu/ V(C = )t
Next, we get the following bounds for the right-hand side terms,
(@(C = Ch),C = Co) < SwllC = Ghll? + 5 [1C = Gu

t . t ' .

(/ DV(C — Gyt V(o . (Jh>) - (/ DYV (C — Cpdt', DYV ((J . (Jh>)
0 0

t
<l [ pev(c - cnar| 1DV (C - )|
0

IDY2|3

€2 ! 1/2 2 g oo 5\ 12
<20 [ pevie -+ =V (0 -G,

/ SV(C = Cp)dt',C —C) = (/ D1/2V(C Cy)dt', D™V (C = Cy))

ull% 1D~

00 2
s 2lC = Gl

t
<21 [ pvic -l +
0

’(/Otu-V(C—Ch)dt’,C—Ch)

t
(/ D2V (C — Cy)dt', D™ V2u(C — Ch))‘
0

Jull3 HD V215
IC = Cll?,

t
ﬁ”/ D2y (C —Cpat||* + |

(1= w)ps(a(C) = a(Ch)), C = Cr) < (1= w)pslla(C) = a(Cu)|C — Ca
< (1= w)p,K[|C = Gill|C = Cil

(1 —w)*piK?

€5
Sle =P + =

IC — Cul®.

Let 1 = %, Ea=€3 =23 g4 = w €5 = §. Combining all terms, (122) yields

IS

fuc— ol + (1 — w)p, / ( / (¢ (0C + (1 — 6)C1))d6) (C — C)?dS)

||/ DYV (C — Cy)dt’ H2

th o
Bl 0D~ 21 [ e N
S(Q M DIV - Cdr I+ 2D IV (C -Gl
3w _ 3(1 — w)?p?K? .
+ (5 + 2l D% + S —)llC = Cul”

o3



After integrating (123) in time from ¢t = 0 to t = T, we obtain,

/||c Coll2dt +2(1 — w)p /// (0 + (1 — 0)C,))d0)(C — Cp)?dQt

+ ||/ D2 (C — Cy)dt'||?
0

2 || p-1/2)2 T ¢
< (1 n 3““”00”(/u ”oo) / ”/ D1/2V<C . Ch)dt/||2dt (124)
0 0

T
LD [ (C - G
0

1 —w)?p?K?
o+ 02+ 2B Mo 6 par

Then continuous Gronwall’s inequality applied to (124) gives us

/Hc Crll2dt + 201 — w)p /// 6C + (1 — 8)Cy))dh) (C — Cy)ddt

" H/ DI2Y(C — Cy)dt |
0 (125)

3T 2 D71/2 2
< xp(1 FTIAEIDR)
w
3(1 — 2K*? .
« (4||D1/2||2o N e e . )]
0
Here 2(1 — w)ps fo Jo fo "(0C + (1 —6)C}))do)(C — C,)*dQAdt is a positive term. Hence we
can rewrite (125),
T T
w/ |C — Chl[*dt + ||/ D'V (C — Cy)dt'|)?
0 0
3T 2 D—1/2 2
< xp(1 FTIARID) (126)
w

3(1 — w)?p?K?
< (110 + o+ a0+ S [Ty ),
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Since C), is arbitrary, we have the following inequality,

T T
w/ ||C—C’h||2dt+||/ D'V (C —Cy)dt'||?
0 0

ST [ull3 I D215
W

< exp (T +

3(1 — 2 2K2 T .
(D2 3t a0+ S T o= car).
w 0  Chexh
Chlry, =9n

(127)
Let g, be the interpolant of ¢ in X{iin. Then by using Lemma 4, for 1 <r < k4 1 we get,

T T
w/ ||C—Ch||2dt+|]/ DYV (C — Gyt ||
0 0

3T 2 D—1/2 2
< eXp(T+ [l I3 Hoo) (128)
w
3(1 — 2 2K2 T
(A0 430+ a0 + P 2 [ o)
W 0
Let
3T 2 D71/2 2 3(1 — 222
sty = exp 7+ D) (o g o+ 2022
Thus (128) implies
T T T
w/ IC = CylPdt + ||/ DYAV(C — C)dt|? < thQT_Q/ IC|2dt.
0 0 0
Consequently, we prove the claim (120). O
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2.4.5.1 Existence of solution of approximate system

In this subsection, we prove the solvability of the approximating system (15) for the
nonlinear, explicit isotherm (90). We first define all necessary operators and prove associated
lemmas to do that. Then, we use the Leray-Schauder fixed-point Thoerem [100, Theorem 16]
to prove the existence of the solution of the approximate system. By adding and subtracting
Ch, we can rewrite the fully discretized form Equation (15) as follows:

Given Cf — Cj, € X{r, find Cpt' — €, € X{p, such that

(DV(C;;H - éh> Vo)

O O+ O O (CP = Cy) — (Cr = C
2(( (1 ("')pSQ( h h2 L h)>( B h)ét( g h)avh)

F (Y2 0,) — (u - V(c;;“ GOt éh> 0n)

+ (V- (Dv(o;; + éh)),vh), Yo e XI

For simplicity, we drop h throughout this section. By the Lax-Milgram Theorem [25, corol-
lary 5.8],

V1 € X*, there exists an unique solution ¥ € Xy,  of (DVV¥,Vv) = (l,v), Vv € Xop,,.

Then, the operator T' : X* — Xy, defined by T(I) = VU is a well-defined linear and

continuous operator. Indeed, T is a bounded operator:

T(l 4 AvAVj 1 1
1) = sup L Oor, _  IVE 1w < g
lex* )]« exs ||« A A

Next, we define the nonlinear operator N : X, — X* by

N()

w+cn+é))w—<cn—é
2 At

:2f”+%—2(w+(1—w)psq’( )—u-V<¢+C"+é>

+V-(DV(C”+C))

and the operator F : Xor, — Xor,, by F =T(N(v)).

o6



Lemma 24. N : Xor,, — X is a bounded operator, i.e.,

2w+ 2(1 —w) 2w+ 2(1 —w)
At At
+ V- (DY (C"+ )l + Il |7 (¢ + €)1l

H /ﬂ; ~ 1
IN@IL < e V) + 2|l + 2l — O + 1257+

Proof. Using the definition, triangle inequality, and Cauchy-Schwarz inequality, we get,

[N ()]«
o L+ C+C Y —(Ch = C o
— 2 = 2w+ (1 - w)ped (2 )Y ( )—u-v(¢+c +0>
2 At
+V-(DV<C“+@>)||*,
. : Y —(C"=C)
< [[2f"t2 . "
<1203+ |V - (DY (€ + CDl. + 20— —I.
L+ 0+ C - (C7 =) .
+112(1 = w)pd () =l + [u- V(v + "+ )
Notice,
[u- 9 (v +C"+C)l. < Il Vol + Jullel 7 (€7 + C) .
W —(Cm = C) 2w 2w .
A e A gt 1o = Ol
2w ="l < Tl + Sollem = €l
Next,
A+ C+C Y — (Cm = C) 2(1 — w)koy 21 —w)ky, - ~
_ < S o )
201 = w)pud () = < SR )+ TP o - )
Combining all concludes the argument. O

Lemma 25. N : Xor,, — X" is a continuous operator.
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Proof. 1t suffices to show that || N (1) — N(¢9)||« — 0if ||V (101 — 9)]|« — 0. Here,

IN (1) = N(2)[«

< 22yl + - V0 = )l
2(1 — w)ps, , cr+C o , cr+C
3 B ey 2 LGy, (on -0 (T

Notice, &5z — ¥l < 252V (Y2 — )| and [u- V(¢ — ¢1)[lc < [[ullol|V (22 — 1)
Next,

)W — (C" = O))|-

cr+C
12Dy — ) < oKl 9 2 — )]

Using Lipschitz continuity of ¢’ we get,

)= (ETED - - Ol

< K Kpp ||V (1 = ¢n)||[¢n = (C" = ).

4+ CM 4+ C
(o=

Hence, using Cauchy-Schwarz, Poincaré-Friedrichs inequalities and Lipschitz continuity of ¢/

we get,

[N (1) = N ()]

QWKPF 2(1 — (A))pSKJQKpF 2(1 — W)pSKKpF
<
< (250 4l + 205l 2By, (- )
X [V (@2 = ¢4
which concludes the argument. O]

Lemma 26. If N : Xop,, — X* is a compact operator and T : X* — Xor,, is a bounded

linear operator, T o N is compact .

Proof. Let x, € Xor,, be a sequence such that ||z,|| < 1. Then, since N is compact Nz,
has convergent subsequence , say, Nz, — y. Since T is a bounded linear operator, we
get T'Nx,, — Ty which shows that 7o N has a convergent subsequence proving 7" o N is

compact. O
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Lemma 27. F: Xor, — Xor,, S a compact map.

Proof. Since T' : X* — Xy, is a bounded linear operator, all we need to show that

N : Xor,, — X" is a compact map. In Lemma 24 and Lemma 25, we proved that N :
Xor

»Lin

— X* is a bounded and continuous operator respectively. The Rellich-Kondrachov
Compactness Theorem [59, page 272] ensures the embedding X, 1, < L*(Q) is compact.

Hence, N : Xor, — L? — X* is compact. The following diagram gives a better explanation.

@ZJ - X()Im —> L2(Q) — N(¢) e X*

stin

]

To prove the solvability of the problem Equation (129), it suffices to show that F has a
fixed point, i.e., a fixed point ¢ of ¢ = F(¢) in Xy, exists.

Theorem 28. For any v € Xor,, and f € X*, a solution ¢ = C"1 — Ce Xor,, erists to

in

the problem Equation (129).

Proof. Consider ¢, = aF (,) in Xor,,, 0 < o < 1. Hence, we write,

¢+0n+é)>¢—(0n—é)
2 At

e = T(zaf"+é — 20w+ (1 = w)psq/(
_au.v<¢+0”+é) +04V-(DV<C”—|—(5>)),

which holds if and only if ¥, € Xor,, satisfies

~

(DVIDQ, VU) = —204((w + (1 _ w)psq'(%‘ + C" 4+ O)) 77/)& _ (C’n _ C)’U)

2 At

(130)
+2(af™2 v) = (ou - V<¢a +C" + C’),v) — (aDV (C’” + C’),VU), Vv e Xor

in*®

29



By the Leray-Schauder fixed-point Thoerem [100, Theorem 16], we only need to prove a
priori bound on [|[V1),||, independent of «. Setting v = 1), in Equation (130) and using

Cauchy-Schwarz, Poincaré-Friedrichs inequalities, we get,

N Vibal < 20Kpg | 72| + aKppllu- V(€ + C)|| + aBy |V (€7 + C) |

N 2aKpp(w + a(l —w
At

pSH n A
JPtiz)y on ¢y

Thus, for 0 < a <1,

2K; K o R
[Vl < 250 vz B (04 ) 4 e (00 4 0))

£
2Kpp(w + (1 — w)pska) A
" =K
v L el

and a solution exists. O

Next, we find the energy bound for the fully discrete version of the adsorption equation
(1) for nonlinear, explicit isotherm using the midpoint method for the time discretization. At
a continuous level, we proved C' > 0 and bounded by initial and boundary conditions. But

at a discrete level, the Maximum Principle is very hard to implement usually, the timestep

has to be O(h?) [147]. We will use the following notation: Qy(a) = [P s,
A .
e — 3Atw Z ||D1/2VO”+1/2 iD_l/QChUHQ

3At 8psP(q(Cp))(1 —
w Z ||D1/2V0n+1/2 psP(q( 32:))( w) D—1/2u||2

3At ., 8 .
w Z HD1/2VO +1/2 gD—1/2VOh||2

n=0

At 1— Y(q'(C .
3 w Z HD1/2VCn+1/2 8( W)pz;)sz)) (q (Oh>>D71/2VChH2

+ WG+ (1= w)psa(CR™) = 2(wCh + (1 = w)psP(a(C)))II,
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and

. 3NAtw 8 . 3NAtw , 8pPq(C))(1 —w)
Bh || °D- I/QChu||2+ ; || ( (3:;))( D 1/2u||2
3NAtw 8 3NAtw 8(1 — w)ps P (Ch))

D_1/2th|’2

D20 |12
13DV E" + — | 30

+ HwCh + (1= w)psa(CR) = 2(wCh + (1 = w)p, P(a(Ch)))II.

Theorem 29. Suppose the assumptions (F1)-F(7) are satisfied so that the fully discrete
formulation given by (15) has a smooth solution {CPIN_ € L*(0,T; HY(Q)). Then for all
N >0,

[wCN T+ (1 — w)psP(gq (CN+1)||2+Ath||V(J +1/2||2+2Ath/ CrYh2 (. 7 ds

n=0

4(1 — w)Atps Z n+1/2)(u - )ds

Faut

4(1 — w)Atps Z/ 7) ”+1/2 (Dl/QVC’ZH/Q)Q 40+ ;15;?

= [wC + (1 = w)psP(a(CY)* + By,

HAAEY (f w4 (1= w)p, P(g(CT) = (WCh + (1 — w)pP(a(Ch))))

n=0

— QNAtw/ GZ(u-7)ds —4(1 —w)NAtpS/ Qnlgn)(u- 7 )ds.
Fm Fm

Proof. Let éh € X" such that éh = gp. Take

in

vn = WO+ (1= w)P(g(Cr %)) = (WCh + (1 = w)psP(g(Ch))) € Xiir,, ().
Then (17) yields to

(WO 4 (1= w)psg(CF ) — wC — (1 — w)psg(C), wCy 2 4 (1 = w)P(g(CrT?)))

At
+ 5 (W VO WO 4 (1= w)Pe(C)

At mn mn n
+ S (DVCTE Y (WO 4 (1 - w)P(a(Ch )
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= S WO 1 (1 )P — (Gt (1 ) Pla(C)

A

+ (WO 4 (1= w)peg(CF?) = wC — (1= w)psg(CR), (WCi + (1 — w)psP(q(Ch)))

At . . .
+ 5 (0 VO (@ + (1= w)psP(a(Ch))

+ %(DVC"“/ 2V ((@Ch+ (1= w)pPa(Ch)))

Using polarization identity in the first term, we get,
1 n n mn
S UG 4 (1= w)p PG )P + |+ (1= w)paPla(C))?

— [lwC 2+ (1 = w)pP(CRT2)) = (WO + (1 = w)psP(a(CIN)1P)

+ S VO WG (- )P )
+ 2N DV v (WO (- WP )
= S WO 1 (L PG — (Gt (- ) Pla(C)
+ @G 4 (1= w)psa(Cr %) = wCit = (1= w)psg(CR), (WCh + (1 = w)psP(a(Chn))
+ 2 VO WOyt (1 ) Pla(C)
At

S (DVCEH, v((wéh +(1- w)pSP(q(C'h)>)).
(131)

Next, (19) yields to

(wC'}Z“ + (1 - w)psq((]}?ﬂ) — wC’,?H/Q - (1- )psq(Cn+1/2)
WO 4+ (1= w)P(g(Ch )

At
+ 5 (e VO WO 4 (L= w)P(a(C)

At
2

= S Lo 4 (1 PG WGt (1 ) P(a(C)

S (DVCE v (WO 4 (1= w)P(a(C )

~

+ (WO + (1= w)pug(CE) = wC 2 = (1= w)psa(CT2), (WCh + (1 = w)p P(a(C)))
At .

+ 7(“ : VCZH/Q,Wéh + (1 —w)psP(q(Ch)))
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+ %(DV(J"H/Q V((w(ih +(1- w)pﬁ(q(@))))

Using polarization identity first term, we get

1 n n
S (WG 4 (1= )pPa(CrHDIP — WG 4 (1= w)pPla(Cy )P

— lwCy ™ + (1= w)p PUCHT) = (WO + (1 = w)psPla(CREN)IP)

At n n n
+ 5 (W VO WG 4 (1= w)Pe(C)

At

+ 7(DVC”“/2 v (wC 2 4 (1= w) PG )

L WO 4 (1= )P () = (wCn + (1 - ) Pla(C))

~

+ (WO + (1= w)pa(Cp ) = w2 = (1= w)psa(CiT2), wCh + (1 = w)p, Pg(Ch))

~

At N .
+ = (u- VO wC, + (1 — w)psP(g(Ch)))

2
+ EH DV 9 (@G + (1~ ) Pl(Cn))
(132)
Adding (131) and (132), we get

§<ch;z“ + (1= w)p PO )12 = wCy + (1 — w)p Plg(CF)|I?

— w2+ (1= w)pPUCET?)) = (WO + (1 = w)p, Pla(CpHH)) |2

+lwCr Y + (1= w)pPU(CRT2)) = (WO + (1 = w)ps Pa(C))I1P)

+ A VO L0m (1= WY P ()

+ AUDVCT W (WO 4 (1= w)Pa(Ch))) (133)

= A2, WO 4 (1 )P (g(C?) — (wCh + (1 - w)p, P(a(Ch)))

+ (WO + (1= w)psq(CrT) = wC = (1= w)pag(CR), (WCh + (1 = w)psP(q(Ch)))
+ At(a- VO wC, + (1 — w)psP(g(Ch)))

+AHDVC?, v((wéh +(1— w)psp(q(é’h)))).

Using (17) and (19), we get,
— lwCy ™ 4+ (1= w)p, PUCH) = (WO + (1= w)p,Pla(CREN)IP
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w2+ (1 = w)pPUCEH?)) = (WO + (1 — w)psP(a(CEN))I? = 0

Consequently, we have,

%(ch;:“ + (1= w)p P(a(Cr )P = lwCy + (1 = w)p P(a(CR)1P)
+ At(u- VO WO 4 (1= w)P(g(C )
+ AUDVCE Y (WO 4 (1= w)Pa(Ch))
= A2 w4 (1= w)P(g(C?)) = (WCh + (1= w)pP(q(Ch)))) (134)
+ (WO + (1= w)peq(Cptt) — wCy — (1 — w)peq(CR), (wCh + (1 — w)psP(q(Ch)))
+ At(u- VO (G, + (1 w)pP(a(Ch))
+ AUDVC 9 (WCh + (1= w)p,P(a(Ch) ).
Doing a similar analysis as in the semidiscrete case, we get,

At(u- VO WO 4 (1= w)p Pla(CF %))

Atw Atw n
=~ | gl W)ds+ == [ (G u-T)ds (135)

2 1—‘in 1—‘out

+ AHL - w)p, / Qulgn)(u - )ds + At(1 - w)p, / Qu(Cy ) (u - T )ds.

out

Next,

Atw<DVCZL+1/2, VC’?+1/2) + At(l - W)pspl (q/(0;11+1/2))DV0}7Z+1/2’ VC}:L+1/2>
= Atw(Dl/QVC‘Z'i'l/z? Dl/?vc«;-ﬁ-l/Q)
+ At(1 — w)ps(Pl (CI'(CZH/Z))D”QVCZ“/Z, D1/2VCZ+1/2)

= Atw|DYPV O |2 4 AL — w)p, / PUq (CrTA) (D2 )2 dn.
Q
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Next, in the right-hand side terms, we get the following equalities,

At(u- VO WGy

= ALV u w0y

= AH(VC? wCyu)

= Atw(DY?V O D20 0)

3A8tw (Dl/QVCn+1/2 §D1/2é u)
A A ; A ;
3 tw ||D1/2vcn+1/2||2 3Atw H 8D 1/2Ch11|| 3Atw ”DI/QVOn-H/Z iD—1/2Chu||2’
(136)
and
At(u- VC2 (1 - w)pP(a(Ch)))
= (VO (1 - w)peP(a(Ch)
= AHVCT (1 — w)psP(g(Ch))u)
s ) 1— —
— Ato(p vy 2P Z}D( <) p-izg (137)
A ) (1 —
3 tw (D1/2VCn+1/2 8psP(q CZ;]ZU))( W)D—1/2u)
3Atw HDl/QVCnH/zHQ 3Atw H 8Ps73((](éh))(1 - w)D*1/2u||2
16 3w
3Atw HDl/QVCnJrl/2 SPSP(Q(Ch))(l — w) D_l/QuHQ.
3w
Next,
Atw(DVCI? vy
= Atw(DY*V OV DAY C)
3A8tw (DI/QVCnH/z §D1/2Vé )
A A . A ;
= 2 prrgep 4 B Sy - 22 D opt - DD v )
(138)
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and
ALDV O (1= w)p, PHE(CL) V)

_ (A R
_ Atw(Dl/QVC;lL+1/2’ (1 —w)psP (g (Oh))D_I/ZVCh)

w
3Atw
8
3Atw

1 —w)psPHq(C .
<D1/2VC7L+1/2 8( w)pSZJD (q (Oh>>D71/2VCh) (139)

3Atw I 8(1 — w)psP (¢ (Ch))
A3w

HDI/QVCH-H/?HQ

BAtw ||D1/2von+l/2

Combining (135)—(138), we get

1 wAt .
S UG+ (1= w)p PGP~ [wC + (1= w)pP(C))|P) + = [ DV2w 2

+(1—w)Atp, [ QuCI) (- 7)ds + At(1 — w)p /731 (CTH2N) (DA O a6

1—‘out

% Fm(cg“/?) (u-7)ds + i)’Aﬂ||pl/2vc"“/2 §D—1/2Chu||2
N 3AthD1/2VCn+1/2 8/)87)((1(6;3)( - W)D—l/Qqu
+ ?)?%HDWVO,’Z“/Q - gD‘WV@II2

3Atw B gt/ 8(1 — W)pspl<q/(dh))D—l/zvéhHQ

3w
= At(f”“/% WO 4 (1= w)pP(g(CRT?)) — (WCh + (1 — w)psP(a(Ch))))

Atw 3Atw 8 .
5 gh(u-7)ds + —|| D™'2Cyul?
Fin
At W) (1 — At .
M IR PCIEZ ) prapsge 4 358 2D 2w Gy
w

3Atw 8(1 — w)pPHq(C _ .

T H ( )p?)w ( ( h))D 1/2VOhH2 _ (1 _ w)pSAt/ Qh(gh)(u . ﬁ)ds
Fin

~

+ (WO + (1= w)psa(Ci) = WO — (1= w)p,a(Ch), (WCh + (1 = w)p,P(a(Ch))).
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Next, we sum over n = 0 to n = N to obtain

1 WAL .
§Hw0}1\’+1 +(1- W)Psp(q(qff“)),p X — Z HDl/ZVCthl/ZHQ
n=0

Atw i / n+1/2 _ ﬁ)ds) + A1 = w)ps i < Qu(C n+1/2(u _ W)ds)
2 Tout n=0 Tout

+At(1 —w ps (/ 73 n+1/2 Dl/2vcn+1/2) dQ)

SAt n 8 4
w Z ||D1/2VC +1/2 3D_1/20hu||2

At ) (1 —
3 w Z ||D1/2vcn+1/2 8PSP(Q(C;;)))( W)D—1/2u||2

3At . 8 .
w Z HDl/ZVC +1/2 §D71/2V0h||2

At 1 —w)p, P (C .
3 WZHDWVCTLH/Z 8( w)ﬂgf (CJ(C*fL))lTl/QVC,hH2

= AtZ (P2, 0G24 (1= w)p, P(a(CT%) = (WCh + (1= w)psP(a(Ch)))

SNAtw 8 . 3NAtw, 80, P(q(C)) (1 — w

3NAtw 8 w)psPY (¢ (C _ A 1
e )?M W) gy G2 4+ Ll + (1~ Pl

NA
257 [ gt Tyds = (- VA, [ Qo Tds
Fln 1n

D—1/2u||2

2

+ (WO + (1 = w)psq(CR T wCly + (1 — w)pP(q(Ch)))

3NAtw 8

— (WO} + (1 = w)psa(Cp, wCh + (1 = w)p,P(a(Ch))) + I5D" ey

(140)
Here,

(WO + (1= w)psa(CY™),wCh + (1 = w)psP(a(Ch)))

A~

— %(WC}]LV“ + (1= w)psq(CF ), 2(wCh + (1 — w)pP(g(Ch))))
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1 1 A N
= ZI @O+ (1= w)pg(CY I + Z12(wCh + (1 = w)p PGP

]. A A
- ;leCéV“ + (1 = w)psq(CR™1) = 2(wCh + (1 — w)psP(q(Ci))) I,
and

— (WO + (1 = w)psa(CR)), wCh + (1 = w)p,P(a(Ch)))

A

_ _%W;g + (1= w)pea(CY, 2(wCh + (1 = w)psP(g(Ch))))
= —i“(wC’g + (1 — w)psq(CO|? — }l\|2<wéh + (1= w)pPg(C)))II?

+ O]+ (1= @)paa(C9) — 2ACo+ (1 PG

Hence (140) becomes

1 Atw & n
PO+ (1= W) PGP+ = IV P

n=0

Atw N nt1/212 N 1 N 1 .
At o |
S G e g 0= b3 [ QG s

out

N
- Y [P a0
n=0 "<

1 1
= Z1wCs + (1 = w)p P(CIP + ;B

+ ALY (fwC 4 (1= w)pP((Ch ) = (WCh + (1 = w)p, P(a(Cr))

25 [ s — (1wt [ Qlou- 7)ds
Tin [Cin

Simplifying the above inequality, we get the claimed result.
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2.5 Numerical Test

In this section, we perform numerical tests to show that the midpoint method described
in Section 2.3.2 gives a second-order convergence rate for the considered PDE model for the
constant, affine, and nonlinear, explicit adsorptions. For checking the order of convergence,
we assume the following: u = (1,1), D = I, Q = [0,1] X [0,1], w = 0.5, X" = the
space of continuous piecewise affine functions, the exact solution is C(z,y,t) = (23 — %xZ +
1) cos (7y). The true solution determines the body force f, initial condition Cy, and boundary

conditions. The norms used in the table are defined as follows,

T 1/2
[Cllca i=ess sup I, Dllzey and [Clloo = [ 1€ 010 ot
Next, for the plot of the concentration profile in each case, we consider the following: f = 0,
g=1T =30, h =1/128, dt = 1/128, u = (0,2z(x — 2)), D = I, Q = [0,2] x [0, 10],
w = 0.5, X" = the space of continuous piecewise affine functions.

2.5.1 Tests for the case of constant isotherm

In this subsection, we first check the convergence rate for the case of constant isotherm
in the first test, and in the second test, we plot the concentration profile. We also show the

comparison of evolution of total mass

géwc+u—wmgwwan

after each test.
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(h, At) — (3 | (w1 |G |[(@wmse | (&5
IC = Chllsoo 0.0871011 | 0.0462486 | 0.0238288 | 0.0120901 | 0.00608901
Rate - 0.91328 | 0.9567 0.97888 0.98955
IC' = Chlloo 0.0622419 | 0.0340122 | 0.0179402 | 0.00923882 | 0.00469204
Rate - 0.87183 | 0.92286 | 0.95742 0.97749
IVC — VChlloo | 0.100308 | 0.0548173 | 0.0289367 | 0.0149649 | 0.00773043
Rate - 087173 | 0.92173 | 0.95132 0.95296
IC = Chllos 0.11805 | 0.0645117 | 0.0340468 | 0.017587 | 0.00904294
Rate - 0.87177 | 0.92204 | 0.95301 0.95965

model to the non-steady-state problem.

Table 1: Temporal convergence rates for the BE approximation with a constant adsorption

(h, At) — (3503 | (e 1) | (med) | (B 16 (5 3)
1C = Chllss0 0.0465279 | 0.011173 | 0.00269747 | 0.000664032 | 0.000164628
Rate - 2.0581 2.0503 2.0223 2.012

1C = Chllog 0.0385999 | 0.00906892 | 0.00219412 | 0.000539591 | 0.000133763
Rate - 2.0896 2.0473 2.0237 2.0122
IVC — VChlloo | 0.714751 | 0.178008 | 0.0442268 | 0.0110284 | 0.00312606
Rate - 2.0055 2.0089 2.0037 1.8188

1C = Chllos 0.715792 | 0.178239 | 0.0442812 | 0.0110416 | 0.00312892
Rate - 2.0057 2.009 2.0037 1.8192

Table 2: Temporal convergence rates for the midpoint approximation with a constant ad-

sorption model to the non-steady-state problem.
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<-- Error -->

—#— Mid [IC-C,
—o— Mid: IC-Cy
e Mid: [|V(C-C, )
Mid: [[C-C ly
........ BE:ICC,ll., |3
—<— BE:[IG-Gy
—e— BE:[IV(C-Cy )l
BE:[IC-Cy ll 4

lloo

10

1

Figure 2: Constant Isotherm: Temporal rate of convergence of BE and Midpoint, T" =

1.0, h = 1/128. Notice that Midpoint is giving order 2 whereas BE is giving order 1.
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0.7

—#%— Exact
— — BE
Midpoint
06 BE: F of imate (deci
7,
/,
/
05 /,
/,
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@ 0.4 /,
3 /,
= /,
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© o3 /
Z,
7,
z,
7,
02 ,
7
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7z,
7z,
0.1 _ “
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~
_ =
—
o I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 3: Constant Isotherm: Comparison of total mass for exact solution, BE, Midpoint,

T = 1.0, h = 1/128, dt = 1/8. Notice that BE overestimates total mass rather than

underestimates.

IsoValue

m0
m0.739535

m0:89275
0923393
m0.954036
103064

IsoValue
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Figure 4: Constant isotherm: Plot of concentration while using BE (Left) & Midpoint

(Right), f=0,¢g=1,T=3.0, h=1/128, dt = 1/128, u = (0,2z(z — 2)), D = .
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Figure 5: Constant isotherm: Comparison of total mass, f =0, g =1, T = 3.0, h = 1/128,
dt =1/128, u = (0,2z(x — 2)), D = I.

2.5.2 Tests for the case of affine isotherm

In this subsection, we first check the convergence rate for the case of affine isotherm in
the first test, and in the second test, we plot the concentration profile. We also show the

comparison of total mass
([ e+ (= w)pa©))as)
Q

after each test.
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(h,At) — (33 |1 | (s | (e | (G
1C' = Chllss.0 0.141342 | 0.075632 | 0.039242 | 0.0200057 | 0.0101035
Rate ; 0.90212 | 0.9466 | 0.97199 | 0.98556
1C' = Chllo.o 0.0954833 | 0.0510779 | 0.0266862 | 0.0136784 | 0.00693
Rate - 0.90255 | 0.93661 | 0.96419 | 0.98097
IVC — VChlloo | 0.154705 | 0.0827994 | 0.0432733 | 0.0222213 | 0.0113464
Rate . 0.90183 | 0.93614 | 0.96153 | 0.96971
IC = Chllos 0.181798 | 0.0972866 | 0.0508403 | 0.0260938 | 0.0132953
Rate ; 0.90202 | 0.93627 | 0.96227 | 0.97279

model to the non-steady-state problem.

Table 3: Temporal convergence rates for the BE approximation with an affine adsorption

(h,At) — (m3) | i) s | Gew) | (G

IC = Chlloo | 0.0362764 | 0.00901857 | 0.00224664 | 0.000561211 | 0.000140536
Rate . 2.0081 2.0051 2.0012 1.9976

1C = Cilloo 0.0306995 | 0.00722705 | 0.00174822 | 0.000429612 | 0.000106604
Rate . 2.0867 2.0475 2.0248 2.0108
IVC = VCilloo | 0.712515 | 0.177229 | 0.0439172 | 0.0108973 | 0.00307773
Rate . 2.0073 2.0128 2.0108 1.824

IC = Chlloa 0.713176 | 0.177376 | 0.043952 | 0.0109057 | 0.00307958
Rate . 2.0074 2.0128 2.0108 1.8243

Table 4: Temporal convergence rates for the midpoint approximation with an affine adsorp-

tion model to the non-steady-state problem.
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<-- Error -->
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Figure 6: Affine Isotherm: Temporal rate of convergence of BE and Midpoint, T" = 1.0,
h = 1/128. Notice that Midpoint is giving order 2 whereas BE is giving order 1.
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Figure 7: Affine Isotherm: Comparison of total mass for exact solution, BE, Midpoint,

T = 1.0, h = 1/128, dt = 1/8. Notice that BE overestimates total mass rather than

underestimates.
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Figure 8: Affine isotherm: Plot of concentration while using BE (Left) & Midpoint (Right),
F=0,g=1,T=30h=1/128, dt = 1/128, u = (0, 2x(z — 2)), D = I.
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Figure 9: Affine isotherm: Comparison of total mass, f =0, g =1, T = 3.0, h = 1/128,
dt =1/128, u = (0,2z(xz — 2)), D = 1.

2.5.3 Tests for the case of nonlinear, explicit isotherm

In this subsection, we first check the convergence rate for the case of nonlinear, explicit
isotherm in the first test, and in the second test, we plot the concentration profile. We also
show the comparison of total mass ([,(wC + (1 — w)psq(C))dQ) after each test. In these

test problems, we use Langmuir’s isotherm with ¢4, = K¢y = 1 where ¢(C) = % =
eq

_C

Trc- We simplify the problem formulation to a single (nonlinear) transport equation in one

unknown C' using
dq  0q 0C 1 oC
ot 0C ot  (1+C)2 ot
While using Backward Euler discretization, we compute solutions by lagging the nonlinearity
¢'(Cy™) as [49]
it

ortt — o
At )

q(Cpt) N

~ ¢ (Cy)

7



For the midpoint method, we use the standard (second order) linear extrapolation [95] of

C;ZH/ ? while computing ¢ (C}?H/ %) as
G e e PP e 2 el
(h,At) — (3 | (@1 | (@) | (@we | (s
|C = Chlloo0 0.0636074 | 0.0374917 | 0.0206665 | 0.0108985 | 0.00558454
Rate - 0.76262 0.85928 0.92316 0.96462
|IC' — Chlloo 0.0522838 | 0.0310798 | 0.0169125 | 0.00883222 | 0.00451535
Rate - 0.75039 0.87789 0.93724 0.96794
|IVC — VCloo | 0.0847469 | 0.0502647 | 0.0273473 | 0.0143409 | 0.00746467
Rate - 0.75362 0.87815 0.93126 0.94199
IC = Chllo. 0.0995773 | 0.0590973 | 0.0321544 | 0.0168424 | 0.00872408
Rate - 0.75272 0.87808 0.93292 0.94902

Table 5: Temporal convergence rates for the BE approximation with a Langmuir adsorption

model to the non-steady-state problem.
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(b, At) — (35:3) | (B 1) (35 8) (135 76) (35> 1)
IC = Chllsoo 0.0357416 | 0.00951864 | 0.00242801 | 0.000611192 | 0.000153313
Rate - 1.9088 1.971 1.9901 1.9951
IC = Chlloo 0.0307399 | 0.00741601 | 0.00181065 | 0.00044712 | 0.000111214
Rate - 2.0514 2.0341 2.0178 2.0073
IVC — VChlloo | 0.744766 | 0.191186 | 0.0475431 | 0.0117471 | 0.00323681
Rate - 1.9618 2.0077 2.0169 1.8597
1C = Chllos 0.7454 0.19133 0.0475776 | 0.0117556 | 0.00323872
Rate : 1.962 2.0077 2.0169 1.8599

Table 6: Temporal convergence rates for the midpoint approximation with a Langmuir ad-

sorption model to the non-steady-state problem.

<-- Error -->
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Figure 10: Langmuir Isotherm: Temporal rate of convergence of BE and Midpoint, 7" = 1.0,
h = 1/128. Notice that Midpoint is giving order 2 whereas BE is giving order 1.
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Figure 11: Langmuir Isotherm: Comparison of total mass for exact solution, BE, Midpoint,
T = 1.0, h = 1/128, dt = 1/8. Notice that BE overestimates total mass rather than

underestimates.
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Figure 12: Langmuir isotherm: Plot of concentration while using BE (Left) & Midpoint
(Right), f=0,9=1,T7=3.0, h=1/128,dt =1/128, u = (0,2z(x — 2)), D = I.
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Figure 13: Langmuir isotherm: Comparison of total mass, f =0, ¢g=1,T = 3.0, h = 1/128,
dt =1/128, u = (0,2z(z — 2)), D = 1.

In Figure 3, Figure 7, and Figure 11, it is observed that the midpoint method gives
exact total mass evolution and BE has an error in total mass evolution. In the Figure 4,
Figure 8 and Figure 12, the concentration front gradually advances through the height of the
membrane over time as it evolves following the contour of the velocity profile. Though we
can’t visibly see the difference among two plots for BE and midpoint in Figure 4, Figure 8
and Figure 12, we can see the significant difference in total mass evolution in Figure 5,

Figure 9, and Figure 13.
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3.0 Numerical Analysis of a Corrected Smagorinsky Model

The classical Smagorinsky model’s solution is an approximation to a (resolved) mean
velocity. Since it is an eddy viscosity model, it cannot represent a flow of energy from unre-
solved fluctuations to the (resolved) mean velocity. This model has recently been corrected
to incorporate this flow and still be well-posed. Herein we first develop some basic properties
of the corrected model. Next, we perform a complete numerical analysis of two algorithms

for its approximation. They are tested and proven to be effective.

3.1 Introduction

Consider the Smagorinksy model [139]', with prescribed body force f, kinematic viscosity
v in the regular and bounded flow domain Q@ C R? (d = 2, 3), which was later advanced

independently by Ladyzhenskaya [90,91]: V - w = 0 and
w4+ w- Vw —vAw+ Vg -V - ((C:6)?| Vw|Vw) = f(). (141)

Here (w, q) approximate an ensemble average of Navier-Stokes solutions, (@, p). This is an
eddy viscosity model with turbulent viscosity, vy = (C,6)?| Vw|, where C, ~ 0.1, Lilly [107],
d is a length scale (or grid-scale). Like all eddy viscosity models, the Smagorinsky model
represents a flow of energy from means to unresolved fluctuations (v’ = u — @, for a precise
formula, see Definition 40) and has errors by not representing any intermittent energy flow
from fluctuations back to means. Corrections have recently been made representing this

flow in Jiang and Layton [78] and Rong, Layton, and Zhao [131]. Following their ideas, we

'The mechanically correct formulation is with the V*w instead of Vw in the term —V - ((C,6)?| Vw|Vw)
where V* is the symmetric part of the gradient tensor. But since the estimates are the same and analyses
are simpler with Vw due to Korn’s inequality Hv||%11(9) < C[Hv||2L2(Q) + ||VSUH%2(Q)], we use Vw throughout
the chapter.
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develop a corrected model in Section 3.3. We also analyze and test numerical algorithms for

effective approximation of the resulting corrected model: V - w = 0 and
wy, — CLP 2 Awy +w - Vw — vAw + Vg — V - ((CS(S)QIVw\Vw) = f(x). (142)

Here p is a constant from Kolmogorov-Prandtl relation [85,119].

The main result of this chapter is the complete numerical analysis and computational
testing of effective algorithms for this model. This chapter gives detailed numerical analyses
in Section 3.4 and Section 3.5. This model can capture the phenomenon of transferring
energy from fluctuation to means, which is tested numerically in Section 3.6.2. There were
few attempts made to extend the model that represents flow from statistical equilibrium to
non-equilibrium. For instance, in a previous work by Jiang and Layton [78], there was an
extra fitting parameter 5 in the second term of (142) which is needlessly complicated. In
this work, a different idea results in a simpler model with no new fitting parameters other

than from the Smagorinsky model (141).

3.1.1 Related Work

For simulating turbulent flow, there are different approaches, see [57,63,109,116,128,146,
152]. A summary of some recent work in eddy viscosity models of turbulence is presented
in [79]. One of the recent approaches is by adding a term of Kelvin-Voigt form to the
equations for the mean-field [7]. Smagorinsky model is a classical model. Its positive and
negative features are well understood. There has been a lot of work correcting negative
features, for example, Tommy K. Kim [84] did a different modification than ours which
corrects near-wall behavior. The new term in our model has a similarity to the Voigt term
used in Voigt/Kelvin-Voigt /Kelvin Model [141] for viscoelastic fluids. There have been lot
of recent works on the Voigt Model, see for example [13,86,92,93|. Recently, Rong, Layton
and Zhao [131] and Berselli, Lewandowski and Nguyen [17] all studied the extension of the
Baldwin & Lomax model [11] to non-equilibrium (%W # 0, for a precise definition see

Remark 43) problems. A variant of the Smagorinsky model and detailed analysis is presented
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in chapter [36]. Jiang and Layton [78] derived a corrected eddy viscosity model for flow not

at a statistical equilibrium state.

3.2 Notation and Preliminaries

In this section, we introduce some of the notations and results used in this chapter. We

denote by || - || and (-,-) the L?(Q) norm and inner product, respectively. We denote the
LP(2) norm by || - ||zr. The solution spaces X for the velocity and () for the pressure are
defined as:

X ={vel*Q): Vve L*Q) and v = 0 on 99},
Q=L@ =g e 19 [ qdo=0),
Q
and V:={veX:(¢,V-v)=0, VqgeQ}.

The space H'(Q) denotes the dual space of bounded linear functionals defined on Hj(Q2) =

{ve HY(Q) :v =0 on 0N} and this space is equipped with the norm:

(f,v)
1 = Su Ery——
”f” 1 07£11£X HVUH

The finite element method for this problem involves picking finite element spaces [100] X" C

X and Q" C Q. We assume that (X", Q") satisfies the discrete inf-sup condition:

h X . b

h
>0
N A UITT 2T

where 3" is bounded away from zero uniformly in A.

Definition 30. (Trilinear Form) Define the skew symmetrized trilinear form b* : X x X x

X — R as follows

b* (u, v, w) = %(u - Vo, w) — %(u - Vw,v).
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Lemma 31. (p.114, Girault and Raviart [65]) For any u € V and v,w € X,
b*(u,v,w) = (u- Vo,w), and b*(u,v,v) =0, Vu, veX.

Lemma 32. For any u, v, w € X,

/u~Vv~wdx
Q

/u-Vv~wdx
Q

Lemma 33. (Polarization identity)

< ClIVull[[ Vol Vwl],

< Cllull21Vul 2 Vo[ Fw]].

1 1 1
(1,0) = 5l + Sl = S — ] (143)

Lemma 34. (The Poincaré-Friedrichs’ inequality) There is a positive constant Cpp =

Cpr(Q) such that
|u|| < Cpr||Vul|, Yue X. (144)

Next is a Discrete Gronwall lemma see Lemma 5.1 p.369 [71].

Lemma 35. Let At, B, a,, b,,c,, d, for integers n > 0 be nonnegative numbers such that

forl>1, if
-1 !

l
a + Aty by SALY dnay + ALY e, + B, forl >0,

n=0 n=0 n=0

then for all At > 0,

! -1 !
a —|—At2bn < exp(AtZdn> (Athn +B>, forl > 0.
n=0 n=0 n=0

In this chapter, we will need the following well-known lemma, see, e.g., [55,81,99]

Lemma 36. (Strong Monotonicity (SM) and Local Lipschitz Continuity (LLC))
There exists Cy, Co > 0 such that for all u, v, w € L*(Q), Vu, Vv, Vw € L3(Q)

(SM) (|Vu|Vu—|Vw|Vw,V(u—w))>C]|[V(u— w)||3is(9), (145)
(LLC) (|Vu|Vu— |Vw|Vw, Vv) < Cor||V(u —w)l| sl V|| 3@, (146)

where r = max{||Vu| 13, [|Vw|rs@)}
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Proposition 37. (see p.173 [23]) Let W™P(Q) denote the Sobolev space, let p € [1,+0o0]

and q € [p, p*], where % = Ilj — é if p<dim(Q)=d. Thereis a C >0 such that
+d/q—d d/p—d
lullzaey < Cllull iy~ Pllullyig), Y€ WH(Q) (147)

The weak formulation of (142) is: Find (w,p) € (X, @) such that
04
(we, v) + M—;52(th, Vo) + (w- Vw,v) +v(Vw, Vo)
—(p, V -v) + ((055)2|Vw|Vw, VU) = (f,v) for all v € X, (148)
(¢, V -w) =0 for all ¢ € Q.

For the stationary Smagorinsky model, Du and Gunzburger [54,55] proved that the discrete
solution converges to the continuous problem under minimal regularity assumptions. The
existence and uniqueness of the strong solution of the Smagorinsky model (141) on a periodic
domain have been discussed [101,103,108]. Recently, the error estimates for Smagorinsky
model have also been studied in [30] and it showed that both the accuracy and the stability
are enhanced for flows with high Reynolds numbers. The existence and uniqueness of strong
solutions of the incompressible Navier-Stokes-Voigt model is studied in [13].

Here we omit the proof for the existence of a strong solution for the new CSM Model.

We assume the model has a solution in the following sense.

Definition 38. A solution w of the Corrected Smagorinsky Model (142) is a strong solution
if w satisfies the following

1. we L>0,T; H(Q)) N L*(0, T; W'3(Q)) N L*(0,T; L5()),

2. w(x,t) = wo(z) in L*(Q) ast — 0,

3. w satisfies the model’s weak form (148) for allv € L*(0,T; H'(Q))NL*(0,T; W'3(Q))N
L2(0,T; 15()).

Remark 39. Though the existence of strong solutions is not yet proven for the new model,
we believe it is reasonable to assume existence because it is known for the Smagorinsky Model

and the extra Voigt term is linear and regularizing.
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Definition 40. (Mean, Fluctuation and Variance) The ensembles u(x,t;w,),

j=1,...,J wherew is a a random variable, mean u and fluctuation v’ are defined as follows:

J
1
t) = j ZU($,t;Wj), u’(ac,t,wj) = U(.T,t;&)j) - ﬂ(l’,t)
j=1
The variance of u and Vu are, respectively,
w) :/W— [l dv, V(Vu):= / |Vul? — |Val|* d.
Q Q

Definition 41. (Reynolds Stresses) The Reynolds stresses are

Ru,u) =u®@u—u®u=—u ®u.

Ensemble averaging satisfies the following properties, e.g., [110,113,117]

U=, =0, w-v=w-71, w-v =w-v =0,
WRIUVU=WKRT TRV =wxv =0 gu—gu ﬁﬂ—g
N ’ N 9t ot or  Ox

Theorem 42. Suppose that each realization is a strong solution of the NSE. The ensemble is
generated by different initial data and u(x,0;w;) € L*(Q), f(x,t) € L>=(0,00; L*(Q)). Then
the following two properties are satisfied.

Property 1 : (Time averaged dissipativity)
lim —/ / u,u) : Vu dedt = hm T/QVW dzdt > 0.
Property 2 : (Equation for the evolution of variance of fluctuations)
/QR( u): Vu de = ——/ |[u/|? dx+/V|Vu’|2 dz. (149)
Proof. Proof of this theorem can be found in Section 2 of [7§]. O

Remark 43. (Statistical steady state and statistical equilibrium, see [78]) The statistical
steady state is P/e = 1 where

e = dissipation of turbulent kinetic energy (TKE) = v||Vu/||?,
P = production of TKE = / R(u,u) : Vudz.
Q

Hence, £ =1 implies [, R(u,u) : Vu dz = [, v|Vu/|? du.
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3.3 Model derivation

In this section, we develop a model for turbulence not at statistical equilibrium unlike
the Smagorinsky model (141).

Consider the Navier-Stokes Equations (NSE) which govern the flow of an incompressible
fluid with velocity wu(z,t), pressure p(z,t), prescribed body force f and kinematic viscosity

v in the regular and bounded flow domain Q C R%(d = 2, 3):
u+u-Vu—vAu+ Vp= f(z)in Q, and V - u =0 in . (150)

To derive the Corrected Smagorinsky model, following the work in [78], we begin with an
ensemble of NSE solution u(z,t; w;) with perturbed initial data u(z, 0;w;) = uo(z;wj), Jj =
1, 2,..., J, x e

The goal of a turbulent model solution of (141) and (142) is to approximate w(z,t).
By ensemble averaging the NSE gives a system that is not closed since uwu # wu. Hence
the Reynolds stress tensor, R(u,u) = uu — wu which is accountable for all effects of the
fluctuations on the mean flow must be modeled [131]. We rewrite wu as uu = uu — R(u, u).

Note that by using properties in (41), we get R = —u/u’. Hence we get,
U+ u-Vu—vAu+Vp—V-R=f(z)inQ, and V- =0 in Q. (151)

Take the dot product of the first and second equation in ((151)) with mean flow @ and p

respectively and doing integration by parts, we get the energy estimate as follows [78,131]

1d
5 llalf? + v||Val®
2dt ——
rate of change of kinetic energy energy dissipation due to viscous forces
—|—/ R(u,u) : Vu dx = (f,a). (152)
Q

~~ energy input through body force-flow interaction
effect of fluctuation

In ((152)), if the term [, R(u,u) : V@ dx > 0, the effect of R(u,u) is dissipative while
if [ R(u,u): Vi dr < 0, fluctuations u' transfers energy back to mean @ which causes

increased energy in mean flow.
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Property 1 in Theorem 42 is consistent with the assumption of Boussinesq [22] that
turbulent fluctuations are dissipative on the mean in the time-averaged case. In property 2
of Theorem 42, the term |, v|Vu'|? dx is clearly dissipative while <[ |w/|? dx = 0 for flows
at statistical equilibrium. The idea of any EV model is based on three assumptions [78].
Firstly, the statistical equilibrium assumption that dissipativity holds at each instant time

/R(u,u) : Vu dr ~ / v|Vu'|? dz. (153)
Q

Q
The second assumption is that Vu' aligns with Va. Third, calibration [78] provides that

the action of fluctuating velocities can be represented in terms of mean flow
action(Vu') ~ a(u) V.
Combining all these three assumptions results in the eddy viscosity closure,
-V - R(u,u) <= —V - (vp(a)Va) + terms incorporated in Vp.

Here vy denotes the turbulent viscosity. Thus we have the eddy viscosity (EV) model:
V. w =0 and
wy+w-Vw—vAw+Vqg—V - (vp(w)Vw) = f(x). (154)

The solution (w,q) of ((154)) is an approximation of the ensemble average (@, p). In 1963,
Smagorinsky [139] model vr by
Vr = (Csé)Q‘Vw’7 (155)

where C ~ 0.1, Lilly [107]. Let Az to be the mesh size and 6 = Az << 1 is the model
length scale [140]. Thus we get the classic Smagorinsky model (141).
By taking the dot product with w, here we have the energy equality for Smagorinsky
model:
1d

5 g 1wl + VIVl + (G [Vl = (f,w).

(C0)?||[Vw||®> > 0 approximates the average energy dissipated by fluctuation. Since it is

positive, it prevents the energy from returning to the mean flow. We aim to remove this flaw
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in the corrected model. Notice that in (153), the term <4 [_ [u/|? dz is omitted for flows at
statistical equilibrium. This term is accountable for backscatter and other non-equilibrium
effects. To model this term, we must express v in terms of . One idea in [78] is that since the

Smagorinsky model is dimensionally consistent, it must conform to the Kolmogorov-Prandtl

relation [85,119]

vr = plVE, (156)

where 1 =~ 0.3 to 0.55, [ = turbulent length scale and k" is the turbulent kinetic energy:
K (x,t) = %W Thus, the Smagorinsky model contains an implicit model of [ and &’

Equating (155) with (156) gives

C?6
1

PIVE = vy = (C6)*| V| = ua( \Vw|>.

Here ¢ is the obvious choice for . With § = [, the Smagorinsky Model yields the model
kK = C*u~2|Vw|®>. Hence, the omitted term responsible for non-equilibrium effects is

modeled as

d d
pr K dx = aC’féQu’Q(Vw, Vw) = CH% 2 (—Awy, w).
Q

By including C362u~2Aw; in the model, its energy balance has a consistent representation

of the term 14[[«/|2. As a result, the Corrected Smagorinsky Model (CSM) is: V - w = 0

and
w; — C2* 2 Awy +w - Vw — vAw + Vg —V - ((035)2|Vw|Vw> = f(x). (157)

Here we impose the no-slip boundary condition, w = 0 on 92.
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3.4 Basic Properties of the Model

In this section, we develop some basic properties of the model which are useful in numer-
ical analysis. In particular, we derive the basic energy estimate, we prove a stability bound
and the uniqueness of the solution. We also analyze the modeling error and numerical error

of the model.

3.4.1 Energy Estimate for the CSM

We will identify the model’s kinetic energy and energy dissipation in Theorem 44.

Theorem 44. Let w be a strong solution of the Corrected Smagorinsky Model (157), then

the following energy estimate holds

11 d 0452
Stor Ulwl? + =5 Vw]?
1 2|Q|1dt< w 1 ) (158)
+—v||Vu|]* + = (C6)?[| Vw35 = — (f, w).

Proof. First, we take dot product in ((157)) with w and do integration by parts which is

shown below,

/ (wt — Ol P Awy +w - Vw — vAw + Vg — V - ((085)2\Vw|Vw)> - wdx
Q

:qumm

Here, [, w;-w dx = %(% Jo [w]? d:c). By Lemma (31), [, w-Vw-w dz = 0. Next, —v [, Aw-
w dr = [, v|Vw|* de. The next term, [, Vq-w dz = [, pw - i ds— [,pV - w dz = 0. The

final term,

/ —V - ((Cs6)? | Vw|Vw) w do = /(055)2|Vw|Vw -Vuw dr = /(055)2|Vw|3 dx.
Q Q Q
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Hence combining all these terms we get the following energy estimate per unit volume,

11d ,  Cl5? 5
§@E0ww+7ﬂwww
1
l/Vw2+—C'5 Vuw|3s = —(f,w).

Remark 45. In (158), we can identify the following quantities:

1. Model kinetic energy of mean flow per unit volume

2 4 2 2
MKE—§mﬁnn ﬁHVMU.

The second term in MKE coming from the Corrected Smagorinsky Model is the turbulent

kinetic energy per unit volume.

2. Rate of energy dissipation of mean flow per unit volume
cosn(t) = MKHVMP (CO Vi),

This controls the time rate of change of kinetic energy. It’s always positive and it reduces
the accumulation of kinetic energy.

3. Rate of energy input to mean flow per unit volume is %(f, w).
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3.4.2 Stability

Next, we give the stability bound of the Corrected Smagorinsky Model (157) in The-
orem 46. We prove the model kinetic energy is bounded uniformly in time and the time-

averaged model energy dissipation rate is bounded as well in the same Theorem.

Theorem 46. (Stability of w) (157) is unconditionally stable. The solution w of (157)

satisfies the following inequality
cs o s C o
()P + 0T < e () + VO + o7 = 1)}

where a = min{ 57—, 0452} and if f € L*(Q2), we get
PF

max (|]w|]2 + ﬁHVwHZ) <C'< oo
0<t<oo 2 - ’
and
Ok + o [ (L1wul? + CopI i) @ ok [T
QT ), \2 ’ B =00lT

Proof. Take L? inner product of (157) with w, we get the following energy equality,
A
35 (Il + SEIVulP) + AVl + COFIVulls = (Fow). (159

Consider the RHS of (159), (f,w) < §|lw||* + 5 || f]|*. Thus (159) implies

d c? 1
gy (1l + 2581V wl?) + vVl + v Vul? + 2C07 |Vl < el + L1

Using the inequality ||w|| < Cpp|Vw||, we have

d 2 Cg 2 2 2 2 2 2
(1l + ZEIV0l?) + Zllol? + AVl +2C02 Tulls < eluwl? + 2117

2
CPF

Pick € = and drop the term 2(C0)?||Vw|3;. We obtain

_v_
203,

d ce [ ce 2
g el + 581V wl?) + ool + g (S5 0IVul?) < SChAfIP
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. 2 . .
Let o = min{547—, #zzv}, resulting in
PF s

d o o 2
g (el + 5821V wl?) + ol + 507V wl?) < ZChel 17

Multiply by the integrating factor e* and integrate from ¢t = 0 to t = T', leading to
C Cd C
() + S5 T < e {JuO) + 0 TuO) + = - 1)},

where C' = 2C% || f||.
This implies that kinetic energy is uniformly bounded, i.e. if f € L*(Q), we get
C45?
max (ku2 + S—Quwjuz) < ' < 0.
0<t<oc w
Integrate (159) from ¢t = 0 to ¢t = T" and divide by |§2| and T', we have

e (W@ + Se1vuP) - (lwoF + Sevuorr)}

v [ (Il vl an= o [
QT Jo NV TR S gy

Consider the term on the right. Using the Poincaré-Friedrichs’ inequality (144), Cauchy

(160)

Schwarz and Young’s inequality gives

T T
o [ wmas / S 1Cor V] i

Ty [2K)
11 (7 11 (73
<t | srvurae L [ g

The first term in (160) is bounded by the previous result. Thus,

1 11 (" ) ) 5 11 CZp o
) —— ~ <
O(=) + |Q|T/O (SI9wl? + (CopIVwls) di |Q|T/ 1117 dt.

The time-averaged dissipation is bounded. O]
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3.4.3 Uniqueness

In this subsection, we prove the uniqueness of the strong solution to (157) in Theorem 47.

Theorem 47. The solution w of (157) is unique.

Proof. Suppose (w1, q;) and (ws, go) are two different solution of (157) and let ¢, ¢ denote

the difference between two solutions: ¢ = w; — ws, ¢ = q1 — @2, ¢ satisfies V - ¢ = 0 and

0 C4 9
e 5Agb +wy - Vwy —wse - Vwy —vA¢p + Vg

—(C6)°V - (|Vw | Vw, — |Vwy|Vws) = 0.
Take the L? inner product with ¢ and let @ represent either w; or ws,, we obtain
ld 2 COf o 2 2
3 (1017 + S5a1wal ) + vl
+(C’S(5)2/[\Vw1\Vw1 V| Vi) - V(w1 — ws) da = —/ 6 V-6 do.
0 Q
Using the Strong Monotonicity (145), we get

loll* + < 52||V¢||2 +v||Vol* + Ci(CH)PIVlL, < — [ ¢ Vw- ¢ da.
th Q
Consider the RHS, using (147) in 3D space,

]—/Qqs-w-wx < [Vallp 61,

< CIvwl(lel IV ell?)?,
€
< sIVSIP + COlIVwlisgl*

Pick € = 2 £ 62, leading to

(||¢||2 552I|V¢|| ) + [ Vol* + Ci(Cs0)? |V 8|75
C§52 V 2 C V 2 2
IVo|" + Cle)l[ Vwllzs o]l

< max{1, C(e) [ V|7 }( 552HV¢>H2 +11611%).
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Here a(t) := max{1, C(€)||Vw||3s} € L'(0,T), because

T T 1/3 T o3 2/3
[rivatas ([ea) ([ vt a)
0 0 0

T 1/3 T 2/3
()" (i) <
0 0

Then we can form its antiderivative
T
A(T) = / a(t) dt < co, for Vw € L3(0,T: I3(Q)).
0
Multiplying through by the integrating factor e=4® gives
d |1 4 , O 2 —A(t) 2 2 3
prll b ol + 7||V¢|| +e Vel + CL(C0)7([Vol[1s] < 0.
Then, integrating over [0, 7] and multiplying through by e4®) gives
1 2 Cs o 2 ! 2 2 3
S (I + 251w oDI?) + [ (VIVI + G (COPIVollLs) d

1 Cid
< AOZ (IO + 5IVO)I).
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3.4.4 Modelling error

In this subsection, we analyze the error between the solution to the NSE (150) and the
Corrected Smagorinksy Model (157) in Theorem 48.

Theorem 48. Assume Vu, € L*(Q) and Vw € L*(0,T; L?), let ¢ = unsp — Wsmag be the

modelling error of the Corrected Smagorinsky, then ¢ satisfies the following:

cl Ty C
SEIVODIF) + [ FIvel + 5

— (C0)2IV@ll7s dt
1% 0

1
5 (o] +
(1 c ’ %
<o {5 (1001 + S5e1vs0)) + [ C.omIvull + Sooul i)
K 0 K
Here C* depends on v, T, fOT Vw2, dt.
Proof. unsg satisfies V - u = 0 and the following equation

4
ug +u - Vu—vAu+ Vp — (C6)°V - (|Vu|Vu) — C—‘;(SZAut
(?4 (161)

= f—(C0)*°V - (|Vu|Vu) — M—;52Aut.

Subtract (157) from (161). We obtain, V - ¢ = 0 and
04
O — N—;52A¢t+u-Vu—w-Vw—VA(b—i—V(p—q)

Cy

—(C40)*V - (|Vu|Vu — |Vu|Vw) = —(Cs0)*V - (|Vu|Vu) — ﬁ(;?Aut.

Here, u-Vu—w-Vw=u-Vu—u-Vw+u-Vw—-—w-Vw=u-Vo+ ¢ - Vuw.
Take L? inner product with ¢ gives

1d

04
331 (162 + Z521VoIP) + [ 6- Vw6 do+ vVl do

+(C40)? /Q(\Vu|Vu — |Vw|Vw) - V(u—w) de

4
= (03(5)2/ |IVulVu: V¢ de + %52/ Vu, : Vo de.
0 0
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Using Strong Monotonicity (36), we have

4
331 (1017 + 52 VoIF) + VoI + CuC.oP IVl
- (162)
—/gb-Vw ¢ dx + (055)2/ |Vu|Vu: Vo dx + —;52/ Vu, : Vo dz.
Q Q 2 Q
Consider the first term in the RHS, similar to the previous steps
€
= [0 Vu-odd] < FIVO + Cl)IVul ol

The second term in the RHS is

‘(085)2/Q|VU|VU Vo dx‘ < (CH)2 VS| e || Vulls,

IN

€
gQ(Cs5)2|\V¢I|?i3 + O(e2)(Co0)* ([ V]| 72)*2,
€
= S (COPIVollis + Cle) (C0)* | Vulls.

The third term in the RHS satisfies

04

Cest [ Vu: V6 do| < Sawuliivol.
es Cy 2 Cy o 2
< 3 20 Vel + Cles) 507 Vull™

Pick €; = v, 6, = 31 collect all terms, (162) becomes

Ci v C
331 (101 + 52 1VaIF) + SIVolE + SHCoP Vel

< max {Ce)IVul ) (1ol + 55270l
cs
+C(e2)(CL0)* (| Vullzs + 0(63)7;52HV%HQ-
Denote a(t) := max {C(&)||Vwl|2:, £} and its antiderivative is given by

T
AT) = /0 a(t) dt < oo for Vw € L*(0,T; L?).
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A(t)

Multiplying through by the integrating factor e\ gives
d |1 —A(t) . C0? 2 —A@) | Y TR 2 3
1370 (1ol + 190l )| + 0 [ Z1valr + ScaPivats,
452
S S

C2o
e~ AW {0(62)(055)2HVUH%3 + 0(53) N2 ||Vut||2} :

Then, integrating over [0, 7] and multiplying through by eA®) gives

1 04 TV Ol
+ T2 4= 25 52 2 v 2, 1 2 3
(10N + Z1967) + [ SIV0lR + SOOIVl ar
1 Cy
< Y= 2 | Ys 2 2
< O T [Vull){ 5 (16O + 581 Vo(0)1?)
T 04
= [ (COPIvully + RV e}
0

and C(v,T) depends on v, T, fOT Vw2, dt. O

3.5 Numerical error

Consider the semi-discrete approximation of the CSM (157) with grad-div stabilization.
Suppose w"(x,0) is approximation of w(x,0). The approximate velocity and pressure are
maps

w' [0, T] — X" p":(0,T] = Q"

satisfying

4
(wh, v™) + %52(wa, Vo) 4 b* (0", w", ") + (V' Vo) +4(V - w", ¥ - oh)

(", Vo) + <(C’sé)2|th|th, Vvh) = (f,o") for all o" € X", (163)
(¢", ¥V -w") =0 for all ¢" € Q".

In this section, we analyze the error between the strong solution to the CSM (157) and

the semi-discrete solution to (163) in Theorem 49.
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Theorem 49. (Numerical error of semi-discrete case) Let w be the strong solution of the
CSM (157) (in particular ||w|| € L>(0,T), ||[Vw| 2 € L*0,T), w € L*(0,T; WH3(Q)) N
L2(0,T; L5(9))) and w" be a solution to the semi-discrete problem (163). Let

1
a(t) == CW) | Vellzs + Zllwlze.

Then, for T > 0 the error w — w" satisfies

(w — wh)(T)]? + ”n V (1 — w") (1)

[ LI =) AV = )P+ SOOI (= ) }
< [ ate){ljw - )OI
FETIV (w =) O+ inf lw— o)D)

+/0T [C’(y) . <”wt ot (C’:(SQ) |V (w; — Ut)H2 + |V (w - )”2)

hev

+C int ((COPIV (w = ") 3 4+ 07 lw = 57 + 4]V - (w = "))

vheVh

—1y __hy|2
+O(Y it lp— o)t}

Proof. Consider the variational problem of the CSM (157): Find w : [0,T] — X =
L>=(0,T; L2(Q2))NL3(0,T; WH3(Q)) satisfying (148). Let v" € V' = {v" € X" : (V -0l ¢h) =
0V ¢" e Q"}. Sincev e X & v € Vi c X" C X, we restrict v = v" in continuous varia-
tional problem. Then subtract semi-discrete problem (163) from continuous problem (148).
Let e = error = w — w”. This gives,

(€1, v") + (C2? 2V e, Vo) + b (w, w, ") — b*(w", w", v")

+v(Ve, V") + (V- e,V - 0") + (035)2/(]Vw|Vw — V" Vw") : Vo' de (164)

—(p—-p",V-o")=0.
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We can write,

b (w, w,v") — b* (w", w", ")
=b* (w, w,v") — b*(w", w,v") + b*(W", w, v") — b* (W", W", V"),

=b*(e,w,v") + b* (", e, v").
Also,
/Q(|Vw|Vw IVt Vuh) - Vo da
= /Q(|Vw|Vw — |V@|VD + |V@| VD — [V | V") - Vo' da.

Pick w € V". Let n=w-—w, ¢h — wh_@’ ¢h c V" This implies e = (w_@>_(wh_@) _
1 — ¢". Then (164) becomes

(@), 0") + (C{n7V gr, Vo) + b (e, w,0") + b*(w", e, ")
+u(Voh, Vo) +4(V - 4",V - 0"
+(Cs5)2/(|th\th — |[V@|V®) : (V") do — (p—p", V - o)

Q
= (N1, v") + (C28* ™2V, V) + v(Vn, V') + 4(V -, V - ")

+(Cs5)2/9(|Vw|Vw — |V@| V) : (Vo) da.

Take v" = ¢" and \* € Q" . Here b*(w", e, ¢") = b*(w",m — ", ¢") = b*(w", n, ") since
b*(wh, ¢, ¢"*) = 0. Using strong monotonocity (36), we get

(055)2/(|th\th —|V@|V®): (V¢") dv > C1(Cs0)*[ V"2
Q
Using local Lipschitz continuity (36), we get

(085)2/(\Vw|Vw — | V@| V) : (Vo) de < (C6)2Cor||Vn|| 13| Vo™ || 13,
Q

where r =max{||Vw| s, ||Vwl|rs}.
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Hence,

C 52
= ||v¢h||2}+u||v¢h||2+vuv o2

h 2
337 {11P +
+b*(n - ¢h> w, ¢h) + b* (wh7 T’? ¢h) + 01(085)2||V¢h”i3
< (M, @) + (CL8° 12V, V) + v(Vn, V') +4(V -, V - ¢)

+H(C0)2Cor [Vl 2| V" s + (0 — X", W - "),

We can rewrite it as

1d @y
3 {1017+ SEFIT |+ IV 4119 P+ CUCO? IV
4
< (m,¢") + %52(%%7 V") +v(Vn, V') + (p =N,V - ¢") +~9(V -0,V - ¢")
H(COPCar Tl [V s — B, 0, 67) + 57 (6w, 6) — b (" . 0.

Next, we find the bounds for the terms in the RHS. For the first five terms on the right, use

the Cauchy Schwarz and Young’s inequality,

14
(11, )] < el 2| V6" < §IIV¢’ZII2 +CW) el
! Ci5?
Fézl(Vnt,Vdfb)l < |!V<Z>h|| >[IVl

452
s

Cso
anhn? row (%

| /\

2
) I7ml

v[(V, V)| < o[Vl V6| < — V| + C(v)[[ V]

T
((p = A" V- ") < lp = NIV - ¢"]| < ZIIV P+ COy e = A
8
NV -0, V- ") <AV -l V- ¢"] < LIV "2+ CIIV -l
For the fifth term on the right, use the Holder’s inequality,

C 2
(C6)*Cor | V]| 1| V6" 12 < (C.6)? {gluwhuig + 301 1/2r3/2|rvm|ié2} -
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Next, for the first and the third nonlinear terms, here we follow the estimates in [81, p.1007-
1008, equations (4.5) and (4.6)] and we omit the details.

. 1 ~1/2 3/2
6" (1, w, ¢")| < ;lIIVwH%Hqﬁhll2 HnIILe + el V|3 + Ce 2wl PR nl35.  (165)

(6", w, ") < [Vl V¢"|[1s,
< IVwllzs (0" 172V " [2)?,

14
< IV 1P+ COvwlisl e,

. 1 1 _
b (w0, 6" < Zlwlslls” P + 19 mlE: + @l V6 1 + Cey 2w [l (166)
Setting €; = €3 = %01(056)2 and collecting all the terms gives
Ll 192 + Sy + LIV + LIV - 02 + U CoPIv eI
th 2 8 2 3 1\ s L
1 1
< [CONVwlls + FIVwli + il 16"

C15°
Hew) I+ Sz 1vnl? + 9l

+CO e = NP+ COIV AP + (Co0)*r | V][

1 _ 32 1 - 3/2
5 lmliEe + 67 w2l + 21 nlds + 07 w12l 3}
Denote a(t) := C(v)||Vwl|2: + 1| Vw||2s + 1||w||%s and its antiderivative is
T
At) == / a(t) dt < oo for w € L*(0,T; W'*(Q)) N L*(0, T; L5(Q)).
0
Multiplying through by the integrating factor e=4® gives

d (1 _aw (2. G0 o2
o |3 (b + S 1w

+e A0 [LIVS I 4 JIV -+ SOUCOPIV I

B 04 2
< MOl + oIV + 9l
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_ 1
HCOlp = NP+ COIY -l + (CoPr2 [ Vml + 4 Il

5wl Il + iuwuim1Hwhu3/2un\|ié2}-
Integrating over [0, 7] and multiplying through by eA®) gives
1 4 $2
3 { I+ S v
+ [ G+ 310+ 3 CaPIvat L)
<o [ atorie) {3 (1601 + S veror)

4 2 )
PIoml? + [ Vn)?)

+ [ [ew(imiz + G

. 1
+C( )l = NP+ CONIV - il + (C8)>r*2 | V75 + + 7 lmllzs

3/2 1 — 3/2
67 ol I3+ Il + 6 2 i
Apply the Holder’s inequality gives
T 3/2 T 12 3/2
/ r?>/2||V17||L/3 dt < (/ r3 dt) IVll7s07.00)
0 0

T
3/2 3/2
/0 ol 22 dt < [0l puzm 1120 gz

T
3/2 3/2 3/2
/0 " 17213 dt < (w755 pey M 65 sy

|wl| 20,7522y and [lw" || [2(0,1522) are bounded by problem data by stability bound. Here

r = max{|| Vel s, | V] } and ( J; r? dt) = |V wlf} s oF
HV@H%Z(O’T;L% also bounded. Using triangle inequality: |le|| < ||¢*|| + ||n]|, we obtain the

desired result.

Remark 50. If w is taken to be the Stokes projection, then |[Vn|* does not occur at the

RHS.
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Remark 51. Considering the nonlinear terms (165) and (166), alternatively we have

. 1
(1,0, 6")| < MUV [Vl [ V6] < e Vo2 + M2l Vil
b (w1, @) < Cllw |2 Wt |2 [ ]l V6"
< e[V ? + (e ) [ Ve [ 7P

3/2

By taking € = v/32, we can avoid the term d7'||n||s at the RHS but instead we have

vVl

3.5.1 Time discretization of the Corrected Smagorinsky model

This subsection presents the unconditionally stable, linearly implicit, full discretization

of (157). Let the time step and other quantities be denoted by

time-step = k, t, = nk, f.(x) = f(z,t,),

w’(z) = approximation to w(z,t,),

p(z) = approximation to p(z,t,).

We perform the finite element spatial discretization and the first-order Backward Euler

scheme for time discretization to get the following full discretization: Given (wh ph) €

(X", QM), find (wh,,,pl,,) € (X", Q") satisfying

Vuwl, , — Vuwh
n+1 n 7 V'Uh> + b*(wz, w7}71,+17 Uh)

(wZ-I—l —wy, Uh) 0452
k )

(167)
(fn+1( ) )vvheXha

(V- wnﬂ, M =0V ¢" e Q.

(an+17VU )+ (Co6)(|Vwl | Vwl,,, Vo)
+7(V'wZ+1>V'U ) — (pn+1vv o) =
q')

This method is semi-implicit. We shall prove it is unconditionally stable in Theorem 52.
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Theorem 52. (167) is unconditionally energy stable. For any N > 1,

N-1

1, 4 2, 10462 1 L B2
(Gl + 5= 19wl) + 3 5 (s — i
0452
=Vl — V| )+kz/ v+ (C0)2 |Vl V!, 2 da+ (168)

1 10 52
S b + 5= [V )+kz (o1, Wl

+ IV -l = (3

Proof. Multiply (167) by k and take v" = w/,,. Use Lemma (31) to get
b*(wh,wh,  wh, ;) = 0. Hence,

C45? Ci5?
g ll* = (wp ) + A il = e 5= (Vwy, V)

+7||V : w1}1+1”2 + k/ﬂ[” + (055)2|Vw2|]|Vw2+1|2 dr = k(fni1, w2+1)'

For the second and fourth terms, apply the polarization identity (143),

h||2

1
(Whi1rwn) = llwn* + 5 lwy, lI?

- 5”“’24—1 -

1
(Vwp,, Vwy) = HV nl® + —IIVwZ||2 — 5IIVen, = Vug|”
Collecting terms and summing from n = 0 to N — 1, we get the result. O]

Remark 53. (168) is an energy equality, we can identify the following quantities:

1. Model kinetic energy = 5|/wh||* + 10452 [V wh]|?.
2. Eddy viscosity dissipation = [,(Cs0) |Vwm|an+1|2 dx.
3. Numerical diffusion = §(||w!, —wZ||2+$ |Vwh, =V wh||?). This numerical diffusion

arises due to the Backward Euler scheme.
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Remark 54. The energy equality (168) can be also written as

1 1
o7 (o l” = lwill?) + - lwns — wnl + v Vg [P + 41V - wp |2

42 . o) .
+{W<uv bl IValE) + e gl — Tl

+/(Cs5)2|VwZI|VwZ+1|2 dx} (frt1 Was)-
Q

Line one and the RHS are from the backward Euler discretization of the usual NSE. The
bracketed term is a discretized form of model dissipation att = t,,1. Here the term model
dissipation in the chapter can be positive or negative. When it is positive, it aggregates enerqgy
from mean to fluctuations. When it is negative, energy is transferred from fluctuations back

to the mean.

Remark 55. For (167), the model dissipation is

Cio?
k12

Clo?
2%k

+/(CS5)2|VwZ||VwZ+1|2 dx.
Q

MD™ = = (Vw17 = [Vwn ) + 5o [ V= Vg |?

In this Test 8.2, we use both Backward Euler and Crank-Nicolson to see the difference.
We perform the finite element spatial discretization and the linearly implicit Crank-Nicolson
(also called CNLE-CN with Linear Extrapolation) scheme for time discretization to get the
following full discretization: for function w, we denote

h h h h
b Wy, + Wy, o 3w, —w,_4
n n

w, ., 1= 5 ,

Given <w27p2) € (thQh) ﬁnd ( n+17pn+1) € (Xha Qh) satisfying

1
+§ 2

N

<w7’;+1k_ wﬁ,zﬁ) X 02152 (sz—i-l - szjvvh> I b*<u~]h . W .\ vh)
2

,u2 k n+i” n+3’
(an+ , Vo) + (C6)*(|Vw +1|an+1,Vvh) (169)
—F’Y(V"LU:IH_%,V"Uh)—( n+1av v ) (fn-i-%(x)av )VU GXha

(V-wp 1,q") =0V q" €Q"
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We will prove it is unconditionally stable in Theorem 56.

Theorem 56. (169) is unconditionally energy stable. For any N > 1,

1

(Gl +
1C 52

ANl = (Gl + 55 19 h||2)+k2(n+, u).

Proof. Multiply (169) by k and take v" = w” ,. Use Lemma (31) to get b*(@"  ,,w" , wh+l) =
2

1C1o*
HVwN||2) +k2/ v+ (Cs6)? V! |]\an+1|2

0. Hence,

1, 1 10162 1046 _
St sl = S + S 2Vl 2 = S = vt

IVl P+ [u+<036>2|vwn+%mw ([ dr = k(fn+ ol
Collecting terms and summing from n =0 to N — 1, we get the result. O

Remark 57. (170) is an energy equality, we can identify the following quantities:
1. Model kinetic energy = 5 ||wh||* + 1 0452 = [V wh 2.
2. Eddy viscosity dissipation = fQ(CS(S |an+%]|an+%|2 dz.
3. No Numerical diffusion.
Remark 58. The energy equality can be also written as
1
o7

0452 v 2 _ |1V C.O2 V" ||V . |? d
+ (H wh P = ([Vwl ) + Q( 0)7| wn+%|| wn+%! x

g1 = llwnl®) + vV |17+ A1V w2

= (fn+%7w2+%)

Line one and line three are from the CNLE discretization of the usual NSE. The bracketed

term in the second line is a discretized form of model dissipation att =t,.1.

Remark 59. For (169), the model dissipation is

O

MDn—H
2k u?

S IVl = IVal®) + [ (CoPvial, vul,F do
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3.6 Numerical Tests

In this section, we perform two numerical tests. In the first test, we show the numerical
error and the rate of convergence of the Backward Euler scheme. In the second test, we
show among Backward Euler (BE) and Crank-Nicolson with Linear Extrapolation (CNLE),
CNLE exhibits intermittent backscatter.

3.6.1 A test with exact solution

(Taken from V. DeCaria, W. J. Layton and M. McLaughlin [52]) The first experiment
tests the accuracy of the Corrected Smagorinsky Model (157) and the convergence rate of
(167). The following test has an exact solution for the 2D Navier Stokes problem.

Let the domain 2 = (—1,1) x (—1,1). The exact solution is as follows:

u(z,y,t) = 7sint(sin 27y sin® o, — sin 272 sin? y).

p(z,y,t) = sint cos Tx sin wy.

This is inserted into the CSM and the body force f(z,t) is calculated.

Uniform meshes were used with 270 nodes per side on the boundary and the degrees of
freedom for the velocity space is 292681 and for the pressure space is 73441. The mesh is
fine enough compared to the time step so that the main error from the time steps is only
considered here. Taylor-Hood elements (P2-P1) were used in this test. We ran the test up
to T' = 10. We take Cs = 0.1, u = 0.4, ¢ is taken to be the shortest edge of all triangles.
The norms used in the table heading are defined as follows,

T 1/2
o = ess sup. [l e Flloo = ( [t 0l o)
0<t<T 0
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At | lw —wh|so | Tate | [[V(w—w")]op| rate | |p—p"loo | rate
0.05 3.27068 - 5.25129 - 0.640537 -
0.02 0.823036 1.506 1.59313 1.302 0.235862 | 1.091
0.01 0.348629 1.239 0.739145 1.108 0.108216 | 1.124
0.005 0.169429 1.041 0.39714 0.89621 | 0.0470406 | 1.202
Table 7: Numerical error and temporal convergence rate, Re = 5,000, Tfnq = 10, C5 =

0.1, p=0.4, 6 =0.0104757.

h=06 | |lw—w"|xpo | rate | [|[V(w—w")|oo| rate | lp—p"[loo | rate
0.08571 57.9769 - 88.1677 - 14.5602 -
0.04221 1.41386 5.244 3.30974 4.635 | 0.313994 | 5.418
0.02095 0.407421 1.776 0.95483 1.774 | 0.0562327 | 2.455
0.01048 0.169429 1.266 0.39714 1.266 | 0.0470406 | 0.258

Table 8: Numerical error and spatial convergence rate, Re = 5,000, Tfin = 10, Cs =

0.1, =04, At =0.005.

From the Table 7, we see the temporal convergence rate is 1 which is expected from
Backward Euler (167) discretization. Using Taylor-Hood elements, Theorem 49 predicts
a convergence rate in space of O(h!'™), with a moderate constant, for ||w — w"||.0 and
|V (w — w")|lo0. But with the estimates in Remark 51, the order of convergence is O(h?),
with a large constant % In Table 8, the third and fifth columns show rates O(h™) until the
error plateaus (last line) at the error in the time discretization (last line in Table 7). There
is still some gap between the theoretical convergence rate and the actual convergence rate
we get in Table 8. The behavior of the pressure error for this test problem is unclear as well

in Table &.
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3.6.2 Test2. Flow between offset cylinder

(Taken from N. Jiang and W. J. Layton [78]). This flow problem is tested to show the
transfer of energy from fluctuations back to means in the turbulent flow using the Corrected
Smagorinksy Model (157).

The domain is a disk with a smaller off-center obstacle inside. Let r1 = 1,7, = 0.1,¢ =

(c1,¢2) = (1/2,0), then the domain is given by
Q={(z,y): 2> +y* <riand (z —c1)* + (y — &2)* > 13}.
The flow is driven by a counterclockwise rotational body force

[y t) = (—4y = (1 —2” —y?) o (1 -2 — y?))",

with no-slip boundary conditions on both circles. We discretize in space using Taylor-Hood
elements. There are 80 mesh points around the outer circle and 60 mesh points around the
inner circle. The flow is driven by a counterclockwise force (f=0 on the outer circle). Thus,
the flow rotates about the origin and interacts with the immersed circle.

We start the initial condition by solving the Stokes problem. We compute up to final
time Tfing = 3. Take C5 = 0.1, 1 = 0.3,6 is taken to be the shortest edge of all triangles
~ 0.0112927, Re=10,000. For Backward Euler (167), we compute the following quantities:
04(52 Vuwl, | — Vuwh

k
+ (C40)? |th||VwZ+1|2) dx

C152 Vuh | — V!
k

Eddy viscosity dissipation EV D = /(CS(S) V! || Vw!, |? da.
Q

h
’ an—i—l

Model dissipation M D = /

h
-Vw,  dx.

Effect of new term from CSM, CSMD = /

Viscous dissipation VD = v| V!, ||*.

For Crank-Nicolson CNLE (169), we compute the following quantities:

0452 Vul,, — V!
k s

Model dissipation M D = /

111



+(COP VL, ||Vul s ) do.
C42Vul -V
p? k
Eddy viscosity dissipation EV D = /(055)2|V1T)Z+1||Vw2+1 % du.
Q 2 2

h
Effect of new term from CSM, CSMD = / Yn VwZJrl dx.
Q 2

Viscous dissipation VD = V||VU)Z+; 2.
2
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Figure 14: Comparison of Backward Euler (167) and linearized Crank-Nicolson (169) with
At =0.01, Re = 10,000, Tpina =3, Cs = 0.1, p = 0.4, § = 0.0112927.

It can be seen from the Figure 14, model dissipation MD becomes negative sometimes
for linearized Crank-Nicolson (169) and MD are all positive for Backward Euler (167). Only
CNLE for the Corrected Smagorinksy has a backscatter, which is consistent with the purpose

of this model. Backward Euler has too much numerical diffusion, which makes it harder to



In the Figure 15, we notice the flow becomes smoother as it approaches statistical equi-

librium.

3.6.2.1 Comparison with NSE and standard Smagorinksy

Here we compare the CSM (157) with Navier Stokes (150) and the standard Smagorinsky
(141). The Taylor microscale [100] is defined as

Ar = lull/[[Vull
, which represents an average length scale for the flow. We use the same setting but with
Re = 100,000

to compare the Taylor microscale of each model. All numerical tests are calculated using

Crank-Nicolson with grad-div stabilization

v=1.
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T T T

corrected smagorinsky
smagorinsky
nse

Taylor microscale

Figure 16: Taylor microscale comparison between CSM, NSE and the standard Smagorinsky
with At = 0.01, Re = 100,000, Tfing = 10, Cs =0.1, = 0.4, 6 = 0.0112927.

To further see the difference between these three models, here we focus on time-interval
[7,10] and see the relative length-scale
Ar/h
with h being the mesh size.
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Figure 17: Relative length-scale (Ar/h) comparison between CSM, NSE and standard
Smagorinsky with At = 0.01, Re = 100,000, Cs = 0.1, pu = 0.4, 6 = 0.0112927, time-

interval shown as [7, 10].

From Figure 16, notice the CSM has a larger Taylor microscale. Since the CSM models
backscatter, more energy is expected in velocity means. Consistent with this, the averaged
length scale of CSM is larger than Smagorinsky and NSE. And from Figure 17, the relative
length-scale of the CSM at the final time is almost twice as large as the relative length-scale

calculated with NSE and standard Smagorinsky:.
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(d) t=10

Figure 15: Streamline plot using CNLE (169). There are 270 mesh points around the outer

circle and 180 mesh points around the inner circle.
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4.0 Variable Time Step Method of Dahlquist, Liniger and Nevanlinna(DLN)
for a Corrected Smagorinsky Model

Turbulent flows strain resources, both memory and CPU speed. The DLN method has
greater accuracy and allows larger time steps, requiring less memory and fewer FLOPS. The
DLN method can also be implemented adaptively. The classical Smagorinsky model, as
an effective way to approximate a (resolved) mean velocity, has recently been corrected to
represent a flow of energy from unresolved fluctuations to the (resolved) mean velocity. In
this chapter, we apply a family of second-order, G-stable time-stepping methods proposed
by Dahlquist, Liniger, and Nevanlinna (the DLN method) to one corrected Smagorinsky
model and provide the detailed numerical analysis of the stability and consistency. We prove
that the numerical solutions under any arbitrary time step sequences are unconditionally
stable in the long term and converge in second order. We also provide error estimates under
certain time-step conditions. Numerical tests are given to confirm the rate of convergence
and also to show that the adaptive DLN algorithm helps to control numerical dissipation so

that backscatter is visible.

4.1 Introduction

Eddy viscosity (EV) models are the most common approaches to depict the average of
turbulent flow of Navier-Stokes equations (NSE). Various eddy viscosity models in practical
settings are proposed for analytical and numerical study [14, 60, 62,73, 74]. Unfortunately,
most EV models have difficulties in simulating backscatter or complex turbulent flow not at
statistical equilibrium due to the neglection of the intermittent energy flow from fluctuations
back to means. To overcome this defect, Jiang and Layton [78] calibrated the standard eddy
viscosity model by fitting the turbulent viscosity coefficient to flow data. Rong, Layton, and
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Zhao [131] extended the usual Baldwin-Lomax model so that the new model can account for
statistical backscatter without artificial negative viscosities. Recently, Siddiqua and Xie [137]
have corrected the classical Smagorinsky model [139] with no new fitting parameters to reflect
a flow of energy from unresolved fluctuations to means in the corrected Smagorinsky model
(CSM henceforth). Most recently, Dai, Liu, Liu, Jiang, and Chen [48] proposed a new
dynamic Smagorinsky model by an artificial neural network for prediction of outdoor airflow
and pollutant dispersion. Herein we give an analysis of the method of Dahlquist, Liniger,
and Nevanlinna [47] (the DLN method henceforth) for the CSM [137] with variable time
steps. Let f(z,t) be the prescribed body force, v be the kinematic viscosity in the regular
and bounded flow domain Q@ C R? (d = 2, 3). We analyze the variable step, DLN time
discretization for the CSM: V - w = 0 and

w; — C2*p 2 Awy +w - Vw — vAw + Vg -V - ((055)2|Vw|Vw> =f,zeQ, 0<t<T.

(171)
Here p is a constant from Kolmogorov-Prandtl relation [85,119] and (w, ¢) approximate an
ensemble average pair of velocity and pressure of Navier-Stokes solutions, (@, p). This is an
eddy viscosity model with turbulent viscosity, vr = (C)?|Vw|, where C; & 0.1, (suggested
by Lilly [107]), ¢ is a length scale (or grid-scale). In [137], the CSM model derivation and some
basic properties of the CSM are developed and two algorithms for its numerical simulation are
proposed. However, the significant backscatter of model dissipation is not observed in specific
examples except for Linearized Crank-Nicolson time discretization. Besides that, constant
time discretization in their algorithms (backward Euler and Linearized Crank-Nicolson time-
stepping schemes) excludes the use of time adaptivity since the solution pattern (in terms
of stability and convergence) under extreme time step ratios is hard to expect. Dahlquist,
Liniger, and Nevanlinna designed a one-parameter family of one-leg, second-order methods
for evolutionary equations [47]. This time-stepping method (the DLN method) is proved to
be G-stable (non-linear stable) under any arbitrary time grids [44-46] and hence the ideal
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choice for time discretization of fluid models '. Herein we apply the fully-discrete DLN
algorithm (finite element space discretization) for the CSM in (171) and present a complete
numerical analysis of the algorithm. We prove that the numerical solutions on arbitrary
time grids are unconditionally long-term stable, and converge to exact solutions at second
order with moderate time step restrictions. Let {¢,}"_, be the time grids on interval [0, 7]
and k,, = t,.1 —t, is the local time step. Let wﬁ and qﬁ be the numerical approximations of
velocity and pressure at time ¢, of the CSM in (171) respectively on certain finite element
space with the diameter h, the fully discrete DLN algorithm (with parameter 6 € [0, 1]) for
the CSM in (171) is written as follows: V- w!,, = 0 and
h

h h h 452 h h
QWy 1 + onwy + apwy GG A <a2wn+1 + oyw, + agwn_1>
ok, — apky_1 u?

ook, — akn—1

+ S Bl ,) -V ( S Bl _,) = va( S Bl _) + S 7is)
=0 =0 =0 =0

2 2 2
+ V- ((Cop| V(3 8wt )9 (Do Bt ) ) = F (3 a0E), for1<n<N -1,
=0 =0 =0
(172)
where | - | is the Euclidian norm on R? and the coefficients in (172) are
n 1 1-62 6(1-6%) ]
ay 3(0+1) By 1 (1 + Tt EnngE T 9)
n _ 02
| — —0 ’ 5£ ' = %(1 - (1}r539)2>
n _ _p2
@ 10 -1) CRINE (1 + oty ety 9)_

The step variability €, = (k, — kn—1)/(kn + kn—1) is the function of two step sizes and
en € (—1,1).

The main result of this chapter is the complete numerical analysis of the DLN method and
computational tests showing backscatter phenomena for the CSM model (171). The chapter
is organized as follows. We provide some necessary notations and preliminaries for numerical

analysis in Section 4.2. We present the fully discrete variational formulation in Section 4.3.

ITo our knowledge, the DLN method is the only variable step method which is both non-linear stable
and second-order accurate.

120



We show that the DLN solutions are long-term, unconditional stable in Theorem 70 of
Section 4.4.1 and perform the variable step error analysis with the moderate time step
restriction in Theorem 73 of Section 4.4.2. Furthermore, in Section 4.5.1, we present the
test problem with exact solutions [52] to confirm the fully discrete DLN algorithm is second-
order in time, and in Section 4.5.2, we present the test problem about flow between offset
cylinders [77] to check the unconditional stability and the efficiency of the time adaptivity
of the DLN algorithm.

4.1.1 Related Work

Due to the fine properties of stability and consistency, the whole DLN family calls great
attention to the simulation of evolutionary equations and fluid models. The DLN method
with 0 = % is suggested in [47] to relieve the conflict between error and stability. Kulikov and
Shindin find that the DLN method with 6 = \/lg has the best stability at infinity [87]. The
midpoint rule (the DLN method with § = 1), conserving all quadratic Hamiltonians, has
been thoroughly studied and widely used in computational fluid dynamics [10,26-29, 68, 89].
Recently, the whole DLN family is applied to some time-dependent fluid model and shows
its outstanding performance in some specific examples [96,121,122]. In addition, the DLN
implementation has been simplified by the re-factorization process (adding time filters on
backward Euler method) for wide application [97]. Time adaptivity of the DLN method (by

the local truncation error criterion) is proposed to solve stiff differential systems for both

efficiency and accuracy [98].

4.2 Notations and preliminary results

In this section, we introduce some of the notations and results used in this chapter.
Recall that Q C R? (d = 2, 3) is the bounded domain of the CSM in Equation (171).

Banach space LP()) (p > 1) contains all Lebesgue measurable function f such that |f|? is
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integrable. For r € {0} UN, Sobolev space W™?(2) with norm ||.||,,, contains all functions
whose weak derivatives up to m-th belong to LP(Q2). Thus W™P(Q) is exactly LP when
m = 0. We use H” with norm || - ||,, and semi-norm |- |, to denote the inner product space
Wm2(Q). ||-]| and (-, -) denote the L*(2) norm and inner product, respectively. The solution

spaces X for the velocity and @) for the pressure are defined as:
X = {v e (12(Q)": Vv e (L), |, = 0}, Q= {q e L2(Q) : /Qq dr = 0},
and the divergence-free velocity space is
V:{UEX:(q,V-v)zo, VqEQ}.
X" is the dual norm of X with the dual norm

1l = sup 29

: Ve X'
0£vEX ||VU|| d

Definition 60. (Trilinear Form) Define the trilinear form b* : X x X x X — R as follows
1 1
b*(u,v,w) := §(u-Vv,w)—§(u-Vw,v)7 Yu,v,w € X.

Lemma 61. The nonlinear term b*(-, -, -) is continuous on X x X x X (and thus on VXV xV')

which has the following skew-symmetry property,
b*(u,v,w) = —=b*(u, w,v), b*(u,v,v) = 0. (173)
As a consequence, we get

b*(u,v,w) = (u- Vo,w), YueVandv, we X,

b*(u,v,v) =0, Yu, vexX.

Proof.  Proof of this lemma is standard, see p.114 of Girault and Raviart [65]. O

122



Lemma 62. For any u, v, w € X

b*(u, v, w) < CQ)[Vull[[Voll[[ V],
b (u, v,w) < C(Q)l|ul] V2| Vul 2| Vo[ Vwl]. (174)

Proof. By Holder’s inequality, Poincaré-Friedrichs’s inequality and Ladyzhenskaya’s in-
equality. O

Next is a Discrete Gronwall Lemma, see [71, Lemma 5.1, p.369].

Lemma 63. Let At, B be non-negative real numbers and {a,}5° o, {bn}o0, {cn}o0, {dn}22,

be non-negative sequences of real numbers such that
¢ ¢ ¢
a+ ALY by ALY dya, +AtY ¢+ B, VIEN,
n=0 n=0 n=0

and Atd,, < 1 for all n, then

ag—kAth <exp<AtZl_dAtd )(AtZCnJrB) Vvl € N,

n=0

Proof. See [71, p.369]. ]

Lemma 64. (Strong Monotonicity (SM) and Local Lipschitz Continuity (LLC))
There exists Cy, Co > 0 such that for all u, v, w € W13(Q),

(SM) (|Vu|Vu—|Vw|Vw,V(u—w))>Ci||V(u—w)l}s, (175)
(LLC) (|VulVu—|Vw|Vw, Vo) <Cy(max{||[Vullos, [Vwllos}) [V (u—w)|losl|Vollos.

(176)

Proof. We refer [55,81,99] for proof. O
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Let 75, be the edge-to-edge triangulation of the domain € with diameter h > 0. X" ¢ X
and Q" C @ are certain finite element spaces of velocity and pressure respectively. The

divergence-free subspace of X" is
Vh .= {vh c X" (", V") =0, W'e Qh}.

Given (w, q) € X x @, the finite element pair (X", Q") satisfies the approximation theorem
(See [24,38]): for any r,s € {0} UN and ¢ € {0, 1},

inf |lw— "], < CR™ P |wll,1, for ue (H)4n X,
vheXh
inf g —p"|| < Ch*|q]l 41, for g€ H*'NQ, (177)
pheQh

where r and s are highest degree of polynomials for X" and Q" respectively. We need the

LP — L?-type inverse inequality [99].

Theorem 65. Let © be the minimum angle in the triangulation of domain Q C RY (d =2,3)
and X" be the finite element space with highest polynomial degree v. For any v" € X" and
2 < p < o0, there is a constant C = C(©,p,r) > 0 such that

V"0 o, < CHEGD | Wh (178)
where V" is the element-wise defined gradient operator.

Proof. See [99, p.349-350] for proof. ]

We assume that (X" Q") satisfies the discrete inf-sup condition:
h V- h
inf sup w20>0,
peQt yrexn [PM|[IVor]]
where C' > 0 is some constant independent of A. We define the Stokes projection IT: V' x Q) —
Vh x Q" as follows: given the pair (w,q) € V x Q, the Stokes projection II(w, q) = (W, Q)

satisfies
v(Vw, Vo) — (¢, V -o") = v(VW, Vo) — (Q, V - "), (179)
(" V-W)=0, V(" p") e X" xQ"
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The above Stokes projection on V" x Q" is well defined since X C (H}(Q2))? if the domain
Q2 is bounded. We need the following approximation of Stokes projection (see [64,80] for

proof)
w—W| < Ch(v! inf —p"| + inf |w—2"1),
I I < Ch( ot g —ptll+ inf | 1) 150,
W[, <C(v! inf —p""|| + inf —o"y).
lw =W < C(v nf Mg =ptll+ inf fw = 1)

4.3 The variable step DLN method for CSM

We denote w(t,) by w, and ¢(t,) by ¢, in the CSM in (171). w! € X" and ¢" € Q"

represent the DLN solutions of w,, and ¢, respectively. For convenience, we denote

2
tn,ﬁ = Zﬁén)tn,prg, Wn,p = Z/Bg [ 1+€ nB - Zﬁg Wy 1445

qn,B = Zﬂg 29 1+Z qz,ﬁ = Zﬁlgn)qul+€7 an = Zﬁg 29 1+£
=0

and represent the average time step ask, — apk,_1 by En The variational formulation of

the variable time-stepping DLN scheme (with grad-div stabilizer [33]) in (172) is: given

h h

wh wh € X" and ¢, ¢" | € Q" find wzH and qZH satisfying

<a2wz+1 + oaqw! + auh | vh) n Clo? <oz2an+1 + oVl + apVul
b | w Fon
+ V(szﬁ, Vo) 4 b (w! Wy, 5, W nﬁ,vh) +y(V- wﬁﬂ, Vo) — (qﬁﬂ, Vv oM

+ ((035)2|VwZ’B|VwZ’5,VU > = (fus, V"), o e XM

, Vv )
(181)

(V ’ wz,,(%ph) =0, vph € Qha

where constant 7 > 0 needs to be decided by specific problems. Let 7;/2 denote the standard

(second order) linear extrapolation [95] of w!

7 n k'n kn n n
w2=6§){<1+k )wﬁ—(k )w2_1}+6§ hwp + G5l
n—1 n—1
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After applying the linearly implicit DLN scheme for time discretization, we get the following

discretization:

h h h
QoW + oqw,, + W,
( 2 ntl ]1;" 0 l,vh> —i—V(VwZﬂ,Vvh)
n

C40% [ VWl + ot Vul + apg V! ~
82 < 2 ntl 1/\ n 0 ”_1,Vvh +b*(wﬁ>w25avh)+7(V‘WZB’V'Uh)
% kn , |

~ (4o g V - 0") + ((085)2\V172\V’w2,5, Vvh) = (f(tng), "), Vo € X",

(V-whs,p") =0, Vp" € Q"
(182)

4.4 Numerical Analysis

We define the discrete Bochner space with time grids {¢,}_, on time interval [0, T,

(0, Ny (W) T) s={f (-, 1) € (W) [ fllomp < 00},
e, Ny (W) ) = {f (-, 1) € (W) [ fllprimpes < 00},

where the corresponding discrete norms are

N ” 1/p1
£ lloomp :== Og}%}%\[ 1fCoti)llmps Nl llpympe,s = (Zl(kn + k)| tn,ﬁ)”m,pz) :

Definition 66. For 0 < 6 < 1, define the semi-positive symmetric definite matriz G(0) by

1(1+0)I, 0

G(9) =
0 110,

We present two Lemmas about stability and consistency of the DLN method.
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Lemma 67. Let {y,})_, be any sequence in L*(2). For any 0 € [0,1] andn € {1,2,--- ,N—

1}, we have

2 2 2
n yn+1 yn n 2
(Z CpYn—1+¢, Z 6{S )yn71+£> = - + H Z Aé )yan»f ) (183)
=0 £=0 Yn |l ®) Yn-1]| 4 ®) £=0
where the || - [|G@)-norm is
1 2 1 2 2
= Ol + 0= Bl Vv € L(9), (184)
! G(0)
and the coefficients {\{"}2_, are
9 1 - 92 n 1 — Cn n n 1 n n
PRI Chl ) I\ N e Y RV SR a3 (185)
V2(1 +€,0) 2 2
Proof. The proof of identity in (183) is just algebraic calculation. m

Remark 68. If we replace L*(Q) by Euclidian space R?, the identity in (183) still holds and
implies G-stability of the DLN method. (See [{4, p.2] for the definition of G-stability.)

Lemma 69. Let Y be any Banach space over R with norm || - ||y, {t.}2_, be time grids on

time interval [0,T] and u be the mapping from [0,T] to Y. We set

kmax = max {k,},

0<n<N-1

and assume that the mapping u(t) is smooth enough about the variable t, then for any 0 €

[07 1]?

2 tn41
|32 B utteria) = )|, <CORme [ Nt
/=0 n—1

1 2 2 tnt1
|= X avultnr0) = waltns)|, <COR / e d. (186)
n (=0 tn—1

Proof. We use Taylor’'s Theorem and expand u(t,+1), u(t,), u(t,—1) at t, 3. By Hoélder’s
inequality, we obtain (186). O
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4.4.1 Stability of the DLN scheme for the CSM

The DLN method is a one parameter family of A-stable, 2 step, G-stable methods (0 <
0 < 1). It reduces to a one-step midpoint scheme if # = 1. The important property of it is
G-stability matrix does not depend on the time step ratio but on € in Lemma 67. In this
section, we prove the unconditional, long-time, variable time step energy-stability of (181)

by using the G-stability property (Lemma 67) of the method.

Theorem 70. The one-leg variable time step DLN scheme by (181) is unconditionally, long-
time stable, 1.e. for any integer N > 1,

146 (@50) 1-6 052
T(H“’?\/H2Jr w7v||2) + T(||wz}if_1||2+

(I
1
+Zk / [(C6)2 IV gl] [Vl P < === | full o e+ NI 1.6

Cls?
(llwg |1+ ?).

181). By Lemma 31 and identity (183) in Lemma 67,

IVwh_,|°)

Wl )+Zk IV )

(187)
C(0)k

1—

%

+T(|| e+

- IVwi]?) +

Proof. We set v" = wn@ P = qn,ﬁ in

we obtain

0452 ~
(Z Oéewn 146 W n5> + 12 (Z @szz—uea wam) + Vk?nHV ’ wZ’BHQ
£=0

oy / (v + (Co0)2 |Vl s [V 52 dr = En(frp w0l 5) < Fall sl 1|V 5]].

The G-stability relation (67) implies

2

w2+1 wﬁ v 2 h ko2
i +HZ e /Q (5+(Ceo) V) )|Vl 5 de
n n—1
G(0)
|| Ak 2
C45% /|| Vw Vwy n 2 188
7wl P+ (- H| A vut) -
G Vwﬁ Vw2—1 &0
G(9) G(9)
< In 2
< sl
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By triangle inequality and (186) in Lemma 69, we get,

) A 1 PR [V

ClO)kL,. [ o + i
A [ g2+ By g, 2,

tn—1

IN

Summing (188) over n from 1 to N — 1, we have desired result (187). O

Remark 71. We identify the following quantities from the energy equality in (187):

1. Model kinetic energy,

Cis? 1-6 Clo?

1+06
8 = = (bl + =25 [Vl ?) + == (k=2 IV ).

2. Energy dissipation due to viscous force,
h 2
EXP = V“szv—m” .
3. Eddy viscosity dissipation,

g _ / (C.o IVl ]| Vel P do.
Q

4. Numerical dissipation,

g _ ‘ Do N W |[F L O | o A Vi |
ENY vanishes if and only if 6 € {0,1}.
5. The model dissipation originating from the CSM in (171),
2 2
e e I e I SR a0
kn-1p? ™|Vl o) Vwn_1 G

+/Q [(Csé)Z\wa{_wH|Vw]}(,717ﬁ\2dx.

Model dissipation in this chapter can be positive or negative. When it is positive, it
aggregates energy from mean to fluctuations. And when it is negative, energy is being

transferred from fluctuations back to mean.
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Remark 72. The one-leg linearly implicit DLN method by (182) is unconditionally long-time
stable, i.e. for any integer N > 1,

119 (sl 05

N—-1 2 )
+ Z (” Z )‘én)wZ—H%}

+Zk/ [(C6)?|wh ﬁ]]|an5| dr <
C%?

C?

1—46
wh?) + T<||w?v_1||2+ 7o)

O
2

wl ] )+Zk I+l -l

) (189)
C0)
Tufttum(mw I1711B -
1460
+ 2 (et P+ wf?).

1-6
IVt ?) + 22 (Juh?+=

4.4.2 Error Analysis of the DLN Scheme for the CSM

In this section, we analyze the error between the semi-discrete solution and the fully
discrete solution to (171) in Theorem 73 under the following time step condition !:

C(0)

i (B Von sl + k[ Vwngll' + ko[ Vonag)) <1, 9o (190)

Theorem 73. Let (w(t), q(t)) be sufficiently smooth, strong solution of the CSM. We assume
that the velocity w € X, pressure q € Q, body force f of the CSM in (171) satisfy

w € (27(0, N5 (H™)%) 0 047(0, N5 (H™)%) 0 27(0, N5 (H™1)%) 0 6270, N3 (WH*)7),
wy € L*(0,T; (HY),  ww € L*(0,T5 (H"Y)Y),
wy € L2(0,T; (H™H)N) N L (0, T3 (WHHH) 0 L2 (0,75 (H™)") n L4 (0, T (H™1)9),
q e P(0,N;H*™),  fue L*0,T;X)

Under the time step condition in (190), the variable time-stepping DLN scheme (with 0 €
[0,1]) for the CSM in (181) satisfies: forr, s,€ {0} UN and any integer N > 2

N-1 1/2
max [l = wall + COWVP( Y Tl V(w5 = wap)?)
0<n<N Z (191)

< O(K2 0, B hH 6hT 5, 6k3/2

max’ max)

!To our best knowledge, time step condition like At < O(r~2) cannot be avoided for fully-implicit schemes
in error analysis.
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Remark 74. Since § has the same dimension as h, the spatial convergence rate in (191) is
min{r, s+ 1} as long as the highest polynomial degree for velocity r € {1,2}. Thus the DLN
algorithm in (172) is second-order accurate in both time and space if we choose Taylor-Hood

P2 — P1 finite element space and set the time step At =~ h.

Proof. We start with the CSM at time t,5 (1 < n < N —1). For any v" € V" the

variational formulation becomes

C15? .
(wt(tnﬁ)) Uh) + #2 (th(tnﬂ)v vvh) +0 (w(tn,ﬁ)v w(tnﬁ% Uh) - (q(tnﬁ)) V- Uh)

FUT (), V") + ((Cob 2Vt ) Vet ), Vo' ) = (f(tas), "), w0 € VP

Equivalently,

~ ~

<a2wn+1 + aqw,, + cpwp_q | vh) N 02132 <a2an+1 + oy Vw,, + agVw,_1 ’ Vvh>

ky, H kn,
* h h h h (192)
+ b (W3, Wi g, V") — (q(tng), V- 0") + v(Vwy g, Vo) + 5(V - w5,V - 0")
+ (G0 IV 5l Vit 5, T0") = (fu 3 0") + (0",
where the truncation error is
h Q2Wp41 + Wy + QQWp—1 h h
(V") = < - — wi(tnp),v ) +v(V(wnp — w(tng)), Vo)
Ci6% 1 auVwny 1 + aVw, + agVw, W
- ( - — Yy (tn,3), Vo)
+ 0 (w5, w5, V") = b (w(tn ), w(tnp), 0") + ((tnp) = Fupr ")
+ (0P (Vw5 = [Vo(tn ) [Veltn s), Vo' ).
Let W, be velocity component of Stokes projection of (w,,0) onto V" x Q". We set
en =Wy — W, =Wy — Wi, O = wh — Wy, (193)

2 2 2
enp = B en 146 s = > B Ncrre, Ol = > Bk i
=0 =0 =0
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Then the velocity error e, can be decomposed as e,, = 1, —¢". We subtract the DLN scheme

in (181) from (192) to get the following,

ase, e, en_ C45% rasVe, Ve, + agVe,_
(2 11+ are, + Qg 1,vh>+ s (2 +1+041A + ap l,Vvh)

K I k,

b (Wi g, Wi, V") — b (W g, w5, 0") + V(Veng, VO') +9(V - €5,V - 0")

+((055)2(|an,5|v%5 — [Vl 4|Vl o), Vvh> = (q(tnp), V- 0") + 7 ("), WM eVh
Notice that,

b* (wn, 5, wn g, ") — b*(wzﬁ, w,};ﬁ, o)
=b"(wy, 5, Wn.g, ") — b*(wzﬁ, Wy, 3, ") + b*(wzﬁ, W, 3, ") — b*(wﬁﬁ, wz,ﬂ, o),

=b*(en,p, wng, V") + b" (W) 5, €n3,0"),
and
/Q(|an,ﬂ|vwn,,g — |VwZ,B|VwZ,B) - Voldx
= (VT 05 = [FWos VW 4 [T T Wo = [Vl Tl )5 Vo'

Hence,

wdh 4+ ool + gl C402 (V! | + oy Vol + Vel _, h

< = U ) +— < = , Vo )
k,, iz ky,

- b*<en,5’ Wn, 8, Uh) - b*<wz,ﬁv €n,B; Uh) + V(V¢Z,B> Vvh) + ’)/(V ) QSZ”B? V- Uh)

+ (C40)? / (IVwp 5| Vwl 5 — VW, 5| VW, 5) (VU )da
Q

nt1 + a1y, n— C*6? 1V i1 + a1V, 4 agVn,—
:<04277 +1 0%7] + aon l,vh> 4 32 (042 Mn+1 Oél’]% N + Qo V1) l,vvh>
n ’LL n

+ (C40)? /Q (VW 6| Vwn g — |V Wo 5| VW, 5) : Vo'da

+ (V1 VO") + (V- 1, V- 0") = (q(tg), V - 0") — 7 (0").
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We set v = ¢ 5 in (194) and use (183) in Lemma 67,

d)gﬂ 2 ¢h 2 2 (n) 2 ~ ~
gbh Al +HZ)‘; ¢Z—1+€H +anHv¢Z,BH2+7k"“V'¢ZﬁH2
"l e
h ? h i 2
452 Vo V(bn n 2
PSR ) ) 9
2 Voh Vol 0
™l a(o) L P10,

+(Cs8)%k,, / (IVwl 4| Vwp 5= VW, 5| VW, 5): (Vh 5)da

452 R
(Zawn 1445 n5> + CM(S (ZOMV%—HE, ng’;ﬁ) + vk, (Vg ngfz”g)

+ ’Ykn(v * M, B V- (bn,ﬁ) + knb*<€n,57 Wn, 3, QﬁZ”B) + knb* (wZ”Ba €n,B, sz ﬁ)

+ (055)2/];”/9(|an,5 |an,5 - |VWn,ﬁ|VWn,B) 3V¢Z,5d9€—7€\n( ( n 5) V- ¢n ,8) nTn @Z, )

By strong monotonicity property (175) in Lemma 64,
Co0)%kn | (IVWl 5|Vl s — [ VW, 5| VW, 5) (V@ 5)da> Cy(Co8) k|| VL 513 196
(LY, [ (VT s~ [TWoal VW) (V6 )= Cr (COPR Tl (196)
By Cauchy Schwarz inequality, Poincaré inequality and Young’s inequality, we obtain

(Zaenn 1+6; ng) < —Hzazﬂln 1+zH + o ||V¢ sl° (197)

We use the approximation of Stokes projection in (180) and Holder’s inequality

2 2
’ <Ch*t? i 198
Z Qeln—1+2|| > Z QpWn—14+¢ (198)
=0 =0 i
SC(Q)hgTH(HwnH - wnH72"+1 + lwns1 — wn71|’72~+1)
tn+1
OO s+ ) [
tn—1
By (198), (197) becomes
2 - :
(X aomriaséhs) < 0O [ fulodi+ 2T 099
=0 tn—1
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Similarly, we have

tnp

0452 . 0452
- (ZaNnn_w,wnﬁ)<c<9>h2( =) / a2+ 22 st Sl (200

n—1

By the definition of Stokes projection in (179), (Vi s, V@) ;) = 0. By Cauchy Schwarz

inequality, Poincaré inequality and Young’s inequality,

07216
Vsl + —||V¢>n5||2 (201)

V(Y - gy V- 08 5) < vdken ||V 5[V 5| <

By the approximation of Stokes projection in (180), triangle inequality and (186) in Lemma
69

V761" <CP (llwn,s = w(tn,p) 7 + lw(tnp)ll751) (202)

2r 1.3 o
<O (B [ 1 + s )

tn—1

Hence (201) becomes

VeV 10,5,V - 81 5) (203)
C~2h?r tnt1 Vkn
<L (b [ Nl + G+ ) () 1) + 1900

tn—1

By (174) in Lemma 62, Young’s inequality and approximation of Stokes projection in 177

Enb* (en.s, Wn s, @’; 5) (204)
:knb* (nn,/ﬁa Wn, 3, ¢Z7ﬁ> - knb*(¢z,ﬁa Wn, 3, ¢Z”B)
<Ckal Vsl IVwn sl VO] sll + Chill @k 1YV wn gl [V b1 51>

Ch, Cly vk,
< 2 +— nall?+ §HV¢Z,5H2
Chnh2r Ck vk,
< (lwnsllirs + IVwnsll*) + 5||2+§IIV¢Z,5II2

We use triangle inequality, (186) in Lemma 69 and Holder’s inequality
lwnsll741 SC(Ilwa,s — wltns)llrer + wts) )
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tn+1
<O[(CH [ 1 Iwal210)* + ot

tn—1

tni1
<O (ke [ it + ol ).

tn—1

tn+1
Vsl <CO) (K [ IVual'dt + [Vt

tn—1

Thus (204) becomes

knb*(en,,ﬁa Wn, 3, (ZSZ 5)

C(O)h2r bt o
S ( ) (kiax/ Hwtt|’7‘+1dt+kmax/ |’tht”4dt
v th—1 tn—1
o U+ Fn) [0t ) [+ B+ o) [F0(t,0) )
Chn vk,
+ n,ﬁ||2 + 3_2||V¢Z,ﬂ||2’

By (173) and approximation of Stokes projection in (180)

o~

C'k vk,
n PV n,801% + —!|V¢hﬁ|!2

kb (W) 5, €08, 0 5) <
Chr

w36 1.2l Veon 6l* + —|IV¢ sl
By Local Lipschitz continuity (176) in Lemma 64
(L8 [ (19051V05= [V, o[ TWo5): (V0 )

(C30)*knCoR Vi1 sll0.5 V! 503

C(C,0)2C3 %, CL(C5
< ( \}Fl n RS2V 22 + %Hv%ﬁuog,

where R,, = max{||Vw,zsllos, || VWhnzllos}. By triangle inequality,

R, < max {||Vwnsllos,

(205)

(206)

(207)

V (Wh,s — wnp) Ho,g + [|[Vwngllos} = Vimsllos + [ Vwnsllos.

We use (178) in Theorem 65, triangle inequality and approximation theorem of interpolation

n (177)

annﬁHOﬁ < Ch_d/GHVUnﬁH < Chr_d/6||wn76”r+l
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By the fact: for any a,b,c € R with ¢ > 1,
(lal + 10D < 27 (|al* + [0]), (208)
we have

3/2 3/2 3/2
R Vinsllys <CUIVImslEs + Vsl [ Viwonslls) (209)
<OR*=Yw, 6|24, + CRY2 = fw,, 221V, s5s

<SOR3,y + CRYZ =4 (w6l + (Ve 135).

By triangle inequality, the fact in (208), (186) in Lemma 69 and Holder’s inequality,

sl <Cllns = wlta p) 24+ Cllwltu s, (210)
3 e 2 3/2 3
<O (Ko [ Nl irdt) 4l
tn—1

tn41
<O [ Tl e+l
tn—1
By (209) and (210), (207) becomes

(C6)%, /Q (V3 Vv s — [V Wi sl VW) : (V) ) d (211)

0(035)203/2 s 4o s 4 tn+1
< [ [ s+ b+ Bl )

tn—1

tn+1
05 W [ N0l + (ot ) V() )]

tn—1

We choose p" to be L*-projection of q(t, 5 onto Q", then

Eon(q(tns), V-0 5) =k (q(tns) —0", V-0l ) <Vdkn||q(tns) —" [V 5]I. (212)

By Young’s inequality and approximation of pressure in (177), (212) becomes

-~

R C«h23+2 kn
(ko 4 K1) lla(tn )31 + o5 9 IV 5112 (213)

ki (4(tn.5), V- 5) <
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Now we deal /k\inTn @ 5): by Cauchy Schwarz inequality, Poincaré inequality and (186) in
n?ﬁ

Lemma 69, the first three terms become

C'/k\:n QoWpt1 + W, + oWy H2 u/k\n b9
< — — t, — ||V
< : wiltns)]| + 5t IVGh
CO)kpa [ 2 VEn b2
<O [ it + 1960 (214)
_ o vy,
Vkn (V(wns — w(tn,g)), VO© 5) < ” | Vwn,s — Vw(ty )| + §||V¢Z,,8||2
Ck* bnt1 vk
< —max Vwy||2dt + —=||V " ,||? 215
< [ - VLI, (215)
and
4%k, n 0 n—
S i (asz +1 +a1AVw + apgVw,_1 B th(tn,ﬁ)7v¢ﬁ,5>
2 k,
Ck, 0452\ 2 QoWnt1 + Q1Wy, + QWh—_1 2k, -
< s 1 —wy(t, Vhkn
v < 12 ) ‘V( k., wt(t 6))H + 32 qub”é)”
COkL  ,C462\2 [t vk,
<A (SN [ i+ 22T (216
v 7 P 32

By (174) in Lemma 62 and triangle inequality, two non-linear terms become

Eenb (i, W, 0L 5) — Fenb* (w(tn ), W(tnp), AL 5)

:/k?nb* (wnﬂ — w(tn,ﬁ), wnﬁ, ¢Z,ﬂ) + /lf\nb* (w(tnﬁ), wnﬁ — w(tnﬂ), gbz,ﬂ)
Chy
1

Ckn ko
2|9 (w5 = (k)| (9 (wn = wltns))|* + 20V (tap)I?) + SV 511

o~

kn
|9 (s = wltn)| (1900l + IVwtn)) + 51V 4l

<

<
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By (186) in Lemma 69 and Hélder’s inequality,

max
tn—1

tni1
9w = wltns)|* <CORL, [ Ve

max

tn+1
2
IV (w5 = w(tnp) || I Veo(tns)* <C(O)K] / IV (tn,s) 7| Vwee | *dt
tn—1

tn+1
<COR,, [ (ITwltna)|+ [T
tn—1
tn+1
<COR,. [ ITualld+ CORITult]*

tn—1
/l%nb* (wnﬁ, Wn, 8, ¢Z,,B) — /];nb* (w(tn,g), w(tnﬂ), Z,ﬂ) (217)
C(O)k! tnt1 vk,

STW[(HkiaX)/ [Vewal'dt + (ko + k) [Vwltag) | + 2 IV O5s1"
tn—1

~ C’k‘A VEn
kn (f(tn,g) = fr, Ol 5) < (tng) = fasll®1 + —||V<bhg||2

Ck

tn
nm/ ana+—4w¢w2 (218)
tn 1

By (176) in Lemma 64 and Young’s inequality,

Fon ((C0)2 (V01 V03 — V0 (b, ) V0t ), Vb ) (219)
<k (C40)2CoS, ||V (w5 — w(tnﬁ»HO’gqubz,BH()zi

(el 8)2Cak,, ng C1(Cy0)2k,
e (Ens)) 4

where S, = max {||Vwy, g0, [[Vw(tns)llos}. By (186) in Lemma 69 and Young’s inequality,

83/2”V wng —

HV(anHO 3

5/ (220)

S|V (wtn ) = was)|[o'g
gwwwa>—wmmfwvww> wns) 33 IV 51135

tn+1 tnt1
<OO) (K [ IValt)” +C0) (e [ 1l 19035

tn—1
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tn+1 3/2 tnt1 3/2
<CORE( [ IVualde) + CORE( [ IVwl )+ CORTunalls
th—1 tn—1

tnt1 3/2 tnt1 3/2
<cOR( [ 1vunldsar) "+ cOBE( [ IVl )
tn—1

tn—1

+ OO (¥ (k) - wnﬁ)||§3+meﬁ)na,g).

tn+1
<O (k22 + K+ 2N ([ 1IN0l de) "+ COR T (0001

tn—1
By Hoélder’s inequality,

tnt1 tn+1
([ Ivwalgsae) ™ < onz [7 19wl (221)

tn—1 tn—1

By (220) and (221), (219) becomes

En((cﬁ)z(! Vwn,s|Vivn,g — [Vw(tng) [ Vw(tsg)), V¢Z,B> (222)
C(0)K2,, (C20)2C % 1 3 et 3 3
< V. _ V .
> /—Cl [(kmax + kmax ) /tn_l H wtt”O,Sdt + (kn + kn 1)” w(tnﬁ)HO,S

We combine (196), (199), (200), (203), (204), (206), (211), (213)-(218), (222) in (195) and
then sum (195) over n from 1 to N — 1 to obtain

2 2

¢h 05452 V¢h N-1 .
o I Al D (D oR e Y Dot
¢N1 G(9 V(ﬁNfl G’(9) n=1

N-1 N-1
V-~ ~ ~
+ Z FFnllVnsl® + D Akl -0l s+ CuCh) Rl Vn 5115 5
n=1 n=1 n=1

2

N-1

—1
< 3 GOl ot + o )+ G lllleina (X v vu, 1)
n=1 "=
h 2 452 h ’
+ F(6, Kmax, h, 8) + ¢2 ¢ &0 W; :
Po Go) Vg G(9)

(223)

where

Che2\2
F(0, kmax, b, ) = CO)R* 2|l wel| 2o gpgrsny + 0(9)(7> W2 (w1220 g4
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C”)/Zh%
+ o (Kl ooy + Mool 1.2

C(O)h>
+ > (kiawattHf‘;Ax(O,T;mﬂ) + kﬁlax|\tht”4L4(o,T;L2) + H‘wl”i,r—&-l,z,ﬁ
+ IVl o)

3r

C(C,8)2Cy* se_d. s 4
+—2[(1+h2 D=5 (el wal a0 0y + 0ll3541.2,6)

ven

3r_d
+ B E 7 (kI V 0l 0 1,00 + 11V 0l 05)]
Ch25+2 C(H)kfnax Ck?nax
* v H|QH|§,5+1,2,,3 THWWH%Q(&T;LQ) t vattH%%O’T;LQ)
C(O0)kimax (C50%\? 2
+— < 2 > Vw2 0,,12)
C(O)k Ck,
+ - v o [(1 + kfnax)vattH%‘l(o,T;L?) + H|V@U\Hi,o72ﬁ} M ymx H‘}C“H%Q(O,T;X’)
C(6) ke C:6)°C5
+ \/01 : [(k?nax + kfnax + 1) vattl|i3(0,T;L3) + |||vw|”§’0’3’6 .

By (187) in Theorem 70,

N-1
> vk ||Vl P < C(6).
n=1
We set
T 4
kmaxyg
and
(
D1 n=~0
Dl + D2 n=1
dn =19 Dy 1+ Dp+Dpiy 2<n<N-2- (224)
Dn_o+ Dy n=N-1
\DN,1 n=N
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By the time step restriction in (190), we have kpaxd, < 1 for all n. Then we use the definition
of G(f)-norm in (184) and apply Gronwall’s inequality in Lemma 63 to (223) (with d,, defined
in (224) and At = kpax)

knl V0 517 (225)

(CIIN

N-1
Ik [I* +C(6) >
n=1

N-—1

kmaxdy, C(O)h"
<exp (0 22 ) [ a2 10+ PO i 1,0)

n=1

C(6)015?
O + 168l) + S22 (9ot + 191)].

By triangle inequality and approximation of Stokes projection in (177), we have (191). O

Remark 75. The Semi-implicit DLN algorithm has been applied to the Navier Stokes equa-
tion [118] and outperforms the corresponding fully implicit algorithm in two aspects: remov-
ing the time step restriction like (190) as well as avoiding the non-linear solver at each time
step. For error analysis of the semi-implicit DLN algorithm for CSM (182), the SM (175)
and LLC (176) conclusions should be adjusted and are left as open problems. To do so, one
can follow the work in [75, 76] where a new linear extrapolation of the convecting velocity for

CNLE 1is proposed that ensures energetic stability without a time-step restriction.

4.5 Numerical Tests

In this section, we perform two numerical tests. In the first test, we show the numerical
error and the rate of convergence of the DLN scheme. In the second test, we show whether
DLN exhibits intermittent backscatter for both the constant time step and variable time
step. In both tests, we consider the DLN algorithm with three particular values of the
parameter § = 2/3, 2/ V5, 1. In order to minimize the error constant and maintain strong
stability qualities, the value §# = 2/3 was proposed in [47]. In [87,88], the value § = 2/4/5

was suggested to guarantee the best stability at infinity, i.e. for this value the scheme has
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good performance in long-time simulation. In the case when 6 = 1, the DLN method reduces
to the symplectic midpoint rule, having the smallest error constant [98] and conserving all
quadratic Hamiltonians. For test 2, we also consider # = 0.95, 0.98 so that we can check

how the DLN scheme behaves near § = 1.

4.5.1 A test with exact solution

(We choose the test problem from DeCaria, Layton, and McLaughlin [52]). The first
experiment tests the accuracy of the DLN algorithm and convergence rate of (182) with
constant time-step. It confirms the second-order convergence of the DLN method. The
following test has an exact solution for the 2D Navier Stokes problem. Let the domain be

Q=(—1,1) x (—1,1). The exact solution is as follows:

u(z,y,t) = 7sin t(sin 27y sin® mx, — sin 272 sin? ).

p(z,y,t) = sint cos mz sin 7y.

This is inserted into the CSM and the body force f(z,t) is calculated. Taylor-Hood elements
(P2-P1) were used in this test for the spatial discretization. We simulate the test up to
T = 10. and take Cs = 0.1, = 0.4, ¢ is taken to be the shortest edge of all triangles. We
test the constant step DLN with 6§ = 2/3. We define the error for velocity and pressure to
be

Let k be the constant time step. We define two discrete norms for the errors as follows

e oo = max etz e“lloo = (3 Mlet o)
00,0 - osnen 116n L2(2) 0,0 - nl122(0) ,
0<n<N

1/2
e oo := max lleklzzy, el = ( 3 KlenlZe)
- 0<n<N
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Time step & Mesh size b |||e”|]|l~xo0  Rate [||Ve"|[|lo Rate Il1€P]]] 000 Rate
0.08 0.08571 6.0302 - 56.8481 - 10.8576 -
0.04 0.04221 0.0498844  6.9175 1.35745 5.3881  0.079143  7.1000
0.02 0.02095 0.0119835 2.0575  0.399758  1.7637 0.0192928 2.0364
0.01 0.01048 0.00297779  2.0087 0.10394 1.9434 0.00490525 1.9757

Table 9: Errors by || - ||oc,0-norm and Convergence Rate for the constant DLN with § = 2/3.

Time step & Mesh size b |||e*|lo.0 Rate |||[VeY|lloo Rate Ille?!1]o.0 Rate
0.08 0.08571 7.8961 - 79.3971 - 12.3373 -
0.04 0.04221 0.107395  6.2001  3.06024  4.6974  0.143315  6.4277
0.02 0.02095 0.024972  2.1045 0.900864 1.7643 0.0345612 2.0520
0.01 0.01048 0.00617647 2.0155 0.234349 1.9427 0.00877951 1.9769

Table 10: Errors by || - [lo,o-norm and Convergence Rate for the constant DLN with § = 2/3.

In this test, Section 4.5.1 and Section 4.5.1 show that for a true solution, we get the pre-

dicted rate of convergence. We also see the same behavior for § = 2/+/5, 1 (See Appendix).

This is also evident that the DLN allows larger time steps to get the desired accuracy.

4.5.2 Test2. Flow between offset cylinder

(We choose the test problem from Jiang and Layton [78, 2D Test Problem]). This flow

problem is tested to show whether or not the transfer of energy from fluctuations back to

means in the turbulent flow using the Corrected Smagorinksy Model (171) happens. The

domain is a disk with a smaller off-center obstacle inside. Let 7y = 1,79 = 0.1,¢ = (¢1,¢2) =
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(1/2,0), then the domain is given by
Q={(z,y): 2> +y* <r?and (z — 1) + (y — &2)* > r3}.
The flow is driven by a counterclockwise rotational body force

[l y,t) = (—dy = (1 —2® — ), 4z * (1 — 2” — y*))7,

with no-slip boundary conditions on both circles. We discretize in space using Taylor-Hood
elements. There are 400 mesh points around the outer circle and 100 mesh points around the
inner circle. The flow is driven by a counterclockwise force (f=0 on the outer circle). Thus,
the flow rotates about the origin and interacts with the immersed circle. We start the initial
condition by solving the Stokes problem. We compute up to the final time T;, = 10. Take
C, =0.1,u = 0.4, 9 is taken to be the shortest edge of all triangles ~ 0.0112927, Re=10,000.
For the DLN algorithm in (182), we compute the following quantities:

Model dissipation, £y

C%2a, V'l +a, Vwl,  +oaoVuwh ——
_/Q( ;2 Qo VW10 /w\N_1 Qg wN_2'szhvfer(Cﬁ)z\VW?v_wl!Vw]}i/,l,gP)dx.

kn—1

Effect of new term from CSM, £5™

C46% oVl + o, Vul | + agVul_, N
= 3 — M VwN_Lﬁ dl‘
o\ # kn—1

2 \N—-1_h
Zz:o Al WN_24]

Vv

Viscous dissipation, £ = v||Vwk_, 4*.

2

202
2

2 \N—-1 h
Zzzo/\z VwN—2+l

Vv

Numerical dissipation, £ =

1
Kinetic Energy, KE = §||w?\,||2
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Figure 18: Constant time step DLN (182) with & = 0.001, Re = 10,000, 8 = 0.98, Cs =
0.1, u=0.4. We do not see backscatter in £y .
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Figure 19: Constant time step DLN (182) with & = 0.001, Re = 10,000, § = 0.95, Cs =
0.1, u=0.4. We do not see backscatter in £y .
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Figure 20: Constant time step DLN (182) with k& = 0.001, Re = 10,000, § = 2//5, C, =
0.1, u=0.4. We do not see backscatter in £y .
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Figure 21: Constant time step DLN (182) with £ = 0.001, Re = 10,000, 6§ = 2/3, Cs =
0.1, u=0.4. We do not see backscatter in EP.

For constant time step

k =0.001 and 0 = 1,

we first run the test which reduces the method to a midpoint rule. We saw the results were
very close to the results in [137] (See Appendix). This indicates the accuracy of our imple-

mentation. However, it is unclear that the oscillations in the model dissipation are the effect
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of the new modeling term or normal ringing [28] which is seen in the standard Midpoint rule.
Hence, we need to investigate further. This suggests that approximation would be improved
with a bit of numerical dissipation in the method provided that numerical dissipation van-
ishes as k goes to 0 and it does not dominate the physical dissipation. Figure 18, Figure 19,
and Figure 20 look plausible since the solution seems quasi-periodic even though there is
very negligible backscatter in the model dissipation. We notice that numerical dissipation,
ENP is overwhelming the effect of new backscatter term, EF™. That’s why we do not see
much backscatter. In Figure 21, we see EN is still hiding the effect of small negative values
in the EE™ from the model dissipation, EX. Hence, there is no predicted backscatter which
we believe is due to E)’ being too big. There is a substantial difference between the DLN
algorithm for the Corrected Smagorinksy when 6 = 1 and other values of . The only way
to tell which is correct is by adapting the time step to control the E)P. Since ENP is over-
whelming the effect of the new term, it emphasizes that the adaptivity based on dissipation
criteria is important. The minimum dissipation criteria by F. Capuano, B. Sanderse, E. M.
De Angelis, and G. Coppola [32] is to keep the ratio of numerical dissipation, EX° and the
viscous dissipation, P less than some tolerance, Tol for adapting the time step. Thus adapt

for

ND
&N

VD
En

The number of time steps to reach the final time is the indicator of how sensitive the DLN

X = < Tol.

method is. We fix the final time, 7" = 10, and report the number of time steps to reach there

in Section 4.5.2 for each value of . However, the code has maximum time step
Emaz = 0.025

, minimum time step k,,;, = 0.001, and the initial time step ko = 0.0001. That means even
if we use the adaptivity by doing dissipation criteria, there are very few times when the

criteria is not satisfied and we see spiking which is visible in Figure 22, Figure 23, Figure 24,

149



Figure 25. This is the evidence of sensitivity of the CSM problem. To see the backscatter,
we set the Tol = 0.01 for 8 = 0.98, we set the Tol = 0.05 for 8 = 0.95, we set the

Tol = 0.15

for 6 = \/lg We started the test for all § with Tol = 0.01 and gradually increased Tol when
we failed to see the backscatter in EXP. By increasing Tol, we are allowing more EX’. Hence
instead of seeing less backscatter, we see more backscatter. This is an anomaly for which we
do not have an explanation. It could be because increased tolerance led to larger time steps,
see Section 4.5.2. But in the case of § = % for Tol = 0.15, Figure 25 looks plausible even
though we fail to see backscatter in EX’. Hence, when 6 is smaller, there is more £ and we
see evidence of backscatter in EF™, but it’s smaller than the £ in the method. Next, we
check the effect of the new term in the model on Kinetic Energy (KE) in the flow for each
case. Bigger KE means less energy dissipation. When backscatter is happening, we notice
from Figure 26 that after a certain amount of time, the KE stabilizes or only varies within a
small range. This new term may be highly fluctuating, but it has an impact on KE. Since we
get one pattern for all the cases when backscatter in ) is happening and another pattern

for all the cases when backscatter in EX is not happening, we show one example for

0 =0.95

in Figure 26.
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Figure 22: Variable Step DLN (182) with T'ol = 0.01, Re = 10,000, # = 0.98, Cs = 0.1, p =

0.4. We see backscatter in EP.
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Figure 23: Variable Step DLN (182) with T'ol = 0.05, Re = 10,000, § = 0.95, Cs = 0.1, p =

0.4. We see backscatter in EP.
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Figure 24: Variable Step DLN (182) with T'ol = 0.15, Re = 10,000, 0 = \%, Cy=0.1, p=

0.4. We see backscatter in EP.
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Figure 25: Variable Step DLN (182) with Tol = 0.15, Re = 10,000, § = 2, C, = 0.1, p =

0.4. We do not see backscatter in .
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(a) KE, Tol=0.01 (b) KE, Tol=0.05

Figure 26: Variable Step DLN (182) with Re = 10,000, 6 = 0.95, Cs = 0.1, p = 0.4. The

left picture is for no backscatter and right picture is for backscatter.

0 Tol | Total time steps

0.98 | 0.01 | 9575
0.95 | 0.01 | 6505
0.95 | 0.05 | 1604
2/+v/5 | 0.01 | 8988
2/v/5 | 0.05 | 5680
2/V/5|0.15 | 1973
2/3 | 0.01 | 9944
2/3 | 0.05 | 9575
2/3 | 0.15 | 7149

Table 11: Total time steps taken to reach 7" = 10 while using variable DLN for different

values of 6.

155



In Section 4.5.2, for the highlighted values, we notice significant backscatter in MD.

156



5.0 Conclusions and future perspectives

The first project in Chapter 2 presents a complete stability and error analysis of a
simulation tool for modeling the adsorption process for the constant and affine adsorption
cases. For the nonlinear, explicit adsorption, we proved stability analysis for the continuous,
semi-discrete, and fully discrete cases. For the nonlinear, explicit adsorption, we also proved
the error estimate in the semi-discrete case and the existence of a solution for the fully discrete
case. The error analysis for the nonlinear case in a fully discrete case is more involved and
is currently an open problem. Numerically, we showed that the midpoint method gives
second-order convergence for all adsorption cases. In the future, one can compare results
from a numerical simulation to experimental data. Besides, the next most important step in
developing this simulation tool is coupling the reactive transport problem with porous media
flow Implementing the variable time step methods is another direction that will allow time
adaptivity.

The second project in Chapter 3 demonstrates that the Smagorinsky Model could be
extended to non-equilibrium turbulence. In addition, we showed the statistical backscatter
without using negative turbulent viscosities. We analyze the stability of the model, unique-
ness of the model’s solution, modeling error, and numerical error. Since BE has numerical
diffusion while CNLE does not, we can observe backscatter from CNLE in the second nu-
merical test. We observe that the backscatter is sensitive to the time discretization scheme
in the CSM model.

In the Chapter 4, we analyzed the variable time-stepping DLN algorithm for the CSM.
We showed that the numerical solutions are unconditionally stable in energy over the long
term. We proved that the numerical velocity converges with second-order accuracy under
mild time step limits if the highest polynomial degrees satisfy r = 2 and s = 1, which is
verified by the first numerical test problem in Subsection 4.5.1. It’s clear that to get the

backscattering phenomenon not from the ringing property of the method, we need some
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dissipative methods and we need some control of numerical dissipation, EX°. We therefore
test in Subsection 4.5.2 by adapting the time step using minimum dissipation criteria. The
closer # = 1, the closer the DLN method gets to be exactly conservative. If it is exactly
conservative, we do not need tight control over EX°. The further we go away from exactly
conservative, the tighter control we need over £)P to see what seems to be true. In the future,
error analysis for a semi-implicit DLN algorithm for CSM to avoid time restriction could be
proven since it’s an important open problem. Furthermore, in 3D, storage can be an issue

and hence analysis of the reduced storage penalty method is also an interesting problem.
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Appendix Additional tables and figures related to Chapter 4

In this appendix, we provide additional some additional tables and figures related to
Chapter 4.

Time step & Mesh size b ||[e”]]|co  Rate [[|Ve”||lo Rate  |[||e?]||lco  Rate
0.08 0.08571 6.1375 - 59.5951 - 10.2725 -
0.04 0.04221 0.0499412  6.9412 1.35769 5.4560 0.0803944 6.9975
0.02 0.02095 0.0119888 2.0585  0.399817  1.7637 0.0195956 2.0366
0.01 0.01048 0.00297839 2.0091  0.103952  1.9434 0.00502445 1.9635

Table 12: Errors by ||||s,0-norm and Convergence Rate for the constant DLN with 6 = 2/+/5.

Time step & Mesh size b |||e*|lo.0 Rate |||[Ve"|lloo Rate Ille?!]]o.0 Rate
0.08 0.08571 8.05856 - 86.5876 - 11.9822 -
0.04 0.04221 0.107272  6.2312  3.05843  4.8233  0.143556  6.3831
0.02 0.02095 0.0249452 2.1044 0.900625 1.7638 0.0346417 2.0510
0.01 0.01048 0.00616932 2.0156  0.234285 1.9427 0.00880143 1.9767

Table 13: Errors by |- [|o.o-norm and Convergence Rate for the constant DLN with 6 = 2/+/5.
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Time step & Mesh size b |||e”|]|l~xo0  Rate [||Ve"|[|lo Rate Il1€P]]] 000 Rate
0.08 0.08571 6.03148 - 72.2845 - 14.0717 -
0.04 0.04221 0.0499902 6.9147 1.35784 5.7343  0.0831369 7.4031
0.02 0.02095 0.0120016  2.0584  0.399858  1.7638 0.0203057 2.0336
0.01 0.01048 0.00298191 2.0089  0.103961  1.9434 0.00512713 1.9857

Table 14: Errors by || - ||c.0-norm and Convergence Rate for the constant DLN with 6 = 1.

Time step & Mesh size b ||[e“]]loo  Rate [[|Ve”|lloo Rate lle?!1]o.0 Rate
0.08 0.08571 8.50684 - 105.23 - 14.0354 -
0.04 0.04221 0.107277 6.3092  3.05802  5.1048 0.14397 6.6072
0.02 0.02095 0.0249479 2.1044  0.90061 1.7636  0.0347625  2.0502
0.01 0.01048 0.0061698 2.0156  0.234279  1.9427 0.00883384 1.9764

Table 15: Errors by || - ||oo-norm and Convergence Rate for the constant DLN with 6 = 1.
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Figure 27: Constant time step DLN (182) with & = 0.001, Re = 10,000, 6 = 1, Cs =
0.1, 1t = 0.4.
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