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On the Differentiability Properties of Convex Functions and Convex Bodies
Anthony R. Cappello, PhD
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There are three main results in this thesis. We first present a new proof of Theorem 40
that says a convex body K has boundary of class C'! if and only if there is R > 0 such that
K is the union of closed balls with radius R contained in K. The first main result, Theorem
51 extends the above result to a similar characterization of C1® convex bodies. Using this
characterization, we find new proofs of the Kirchheim-Kristensen theorem (Theorem 70)
about the differentiability of the convex envelope and the Krantz-Parks theorem (Theorem
77) about the regularity of the Minkowski sum of convex bodies. Namely we show that if
a convex function f : R" — R satisfies f € CLY(R"™) and f(x) — oo as |z| — oo, then the
convex envelope of f, denoted conv(f), satisfies conv(f) € C.%(R"). We also prove that
the Minkowski sum of a convex body and a convex body of class C%* is a convex body of
class 1. The tools from the characterization of C*! convex bodies are used to prove the
second main result, which is a new geometrically inspired proof of the Alexandrov theorem,
Theorem 84, about the second order differentiability of convex functions. Moreover, we give
a new proof of a result by Azagra-Hajlasz (Theorem 90) concerning the Lusin Approximation
by O convex functions. In the third main result, Theorem 108, we prove the set of normal
directions to the k-dimensional faces on the boundary of an n-dimensional convex body is

countable (n — k — 1)-rectifiable. Finally we conclude by presenting characterizations of C1!

and CY® functions.

keywords convex body, convex function, Lipschitz gradient, Holder gradient, convex en-

velope, Minkowski sum, Alexandrov’s theorem, support function.
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1.0 Introduction

The study of convex sets began with the ancient Greeks, with Archimedes considered
the first to provide a rigorous definition of convexity. Moreover, in the Elements of FEuclid,
polygons and polytopes are extensively studied; the building blocks of convex geometry. Up
until the early 20th century, the study of convexity was centered around geometrical ideas
such as Kepler’s study of polytopes and packing of balls, Euler’s famous relation between
the vertices, edges, and faces of convex polytopes in three dimensions, and Cauchy’s surface
area formula connecting the surface area of a three dimensional convex body with the area
of its projections onto two dimensional subspaces.

By the end of the 19th century convex functions entered the scene. As stated by Pach-
patte in [25], mathematicians such as Holder, Hadamard, and Stolz are attributed with being
the first to work with convex functions. It wasn’t until Jensen published his famous inequal-
ity in 1905 and 1906 that convex functions became a relevant field of study in mathematics.
Throughout the 20th century the study of convex functions found its way into numerous
areas of mathematics including functional analysis, complex analysis, and PDE’s. Moreover,
the application of convex functions to the field of convex optimization has led to many useful
results in many fields including statistics, data analysis, and risk analysis (see [10]).

In this thesis the goal is to find connections between convex sets, functions, and their
differentiability properties. Namely, if we consider compact convex sets with non empty
interior, called convex bodies, we have that locally the boundary of a convex body is the
graph of a convex function. Thus we are able to combine the geometry of a convex body
with the differentiablity of convex functions to prove some truly wonderful results. There are
many surprising and beautiful results that appear in convex analysis, especially given that
at its core convex analysis is founded upon purely geometric definitions. With nothing more
than the notion of line segments, balls, and hyperplanes we are able to extract numerous

differentiability properties of convex functions and convex bodies.



1.1 Summary of Main Chapters

In Chapter 2 we collect known results about convex sets and convex functions that will
be used throughout the thesis. We include proofs of most of the results so that the thesis
will be self-contained. We also include the standard proof of the Rademacher theorem about
the a.e. differentiability of Lipschitz functions, as the Rademacher theorem plays a central
role in Chapter 4.

Chapter 3 is concerned with the differentiability properties of the boundary of a convex
body, defined as a compact convex set with nonempty interior. Since the boundary of a
convex body is locally the graph of a convex function, we can investigate the differentiability
properties of convex functions through the study of the regularity of boundaries of convex
bodies. This approach will be used later in Chapter 4.

We denote the class of functions with a-Hélder continuous gradients as C1® and in
particular when o = 1, a C'! function has Lipschitz gradient. Moreover we say that a
convex body is of class Cb if locally its boundary is the graph of C* convex function.

When K is the union of closed balls of fixed radius, we say that K satisfies the uniform
inner ball condition. Lucas [21] proved that a convex body is of class C!) if and only if K
satisfies the uniform inner ball condition (Theorem 40). Despite Lucas proving this result
in his thesis [21], the result was never published in a paper. As a result, the theorem is not
widely known to be Lucas’ and it is difficult to find this result in published literature. The
characterization of C1! convex bodies does appear in Hormander [17, Proposition 2.4.3],
though no references are made to the origin of the result. Moreover the proof in [17] is
different than that of Lucas. We provide two new proofs of Lucas’ theorem. The first is
similar to that of Hormander’s but is more geometric, while the second proof is completely
new and is based on an application of the implicit function theorem for C'! functions. Both
proofs have been published in [3].

The main focus of Chapter 3 is an extension of Lucas’ theorem that provides a geometric
characterization of C'1® convex bodies. We say K C R™ satisfies the (R, ¢)-approximate inner
ball condition, if for each € 9K, there exists h(z) € K such that B(h(z), R) C K and
dist(z, B(h(x), R)) < . We prove that a convex body K is of class C1® if and only if there



exist constants g > 0 and C' > 0, such that for all 0 < € < gy, K satisfies the (C’sﬁ,s)—
approximate inner ball condition (Theorem 51). The proof of the necessary condition is
an extension of the first proof given of Lucas’ theorem in this thesis, but the proof of the
sufficient condition relies on making geometric estimates with the inner unit normal vectors.
When o = 1, we see that for all 0 < € < gy, K satisfies the (C,e)-approximate inner ball
condition. But by compactness we have there exists some h(z) such that € B(h(z),C) C K
showing that K is the union of closed balls of radius C'. Therefore the characterization of
O convex bodies is an extension of Lucas’ result.

Using the characterization of C'1® convex bodies we are able to find new geometric proofs
of theorems related to the convex envelope and the sum of two convex bodies.

We define the convex envelope of a function f as
conv(f)(z) :=sup{g(z) : g < f and g is convex}.

In [18], Kirchheim and Kristensen proved that if f € CL* and f — oo as |z| — oo, then

loc

conv(f) € Cu® (Theorem 70). The proof presented in [18] follows from inequalities derived
from an analytic view of the problem. The new proof presented in this thesis is based on
geometrical principles and is elementary. The proof presented in this thesis uses an equivalent

definition of the convex envelope which follows from the Carathéodory theorem, namely,

n+l n+1 n+1
conv(f)(x) = inf {Z Nif(x) A\ >0, Z)\i =1, Z)\iwi = fic} )
i=1 i=1 i=1

Using this we are able to first apply the characterization of C%® convex bodies locally to
the epigraph of f, and then taking convex combinations show that conv(f) also satisfies an
approximate inner ball condition locally.

The other main application in Chapter 3 concerns the Minkowski sum of convex bodies.

We define the Minkowski sum of sets A, B C R" as,
A+B:={a+b:a€ Aand b€ B}.

If A, B are convex bodies, then so too is A + B. Moreover applying the characterization of
Cbe convex bodies, we can show that for convex body A of class O, and a general convex

body B, that A + B is a convex body of class C*® (Theorem 77). The result is originally



proved by Krantz and Parks in [20] through the use of coordinate systems but it is difficult.
An alternate proof is given in [19], making use of the infimal convolution, though again
relying on coordinate systems. Thus the arguments given in this thesis greatly simplify the
proofs of their results.

In Chapter 4 we focus on one of the most fascinating differentiability properties of convex
functions, specifically with regards to its second differentiability. In 1939 Alexandrov in [1]
proved that for U open and convex and f : U — R convex, f is twice differentiable almost
everywhere and the gradient is differentiable almost everywhere in U. Numerous proofs have
been given since by Resetnjak; Krylov; Bangert; Rockafellar; Bianchi, Colesanti, and Pucci
and a complete history of the theorem can be found in [8]. We present in this chapter a new
geometrically inspired proof of Alexandrov’s theorem given in [3] that is considered to be
the most elementary proof of the theorem.

The theorem of Alexandrov can be stated in two parts (Theorem 84, Theorem 89). The
first part states, for f : R” — R, convex, at almost every point where f is differentiable,
there is a symmetric matrix denoted by D?f(z) such that

1o fW) = f(@) = Df(@)(y — 2) = 5y —2)" D*f(2)(y — =)

y—x ‘y —33‘2

~0. (1)

The second part then states, if f : R — R is convex, then for all x € R™ where f is twice
differentiable as in (1), we have

i s 17 = DI = D2 @)y =)

y_mayeaf(y) |y - (L’|

=0 )

where 0f denotes the subdifferential of f. When proving the Alexandrov theorem, it has
been standard to prove the second part first and use that to prove the first part. In this thesis
we provide a proof of the first part and then use that to prove the second part. The proof
of the first part is surprisingly simple. First we present a new proof of a result by McMullen
[22], that for a convex body K, at almost every x € 0K, we can find a closed ball containing
x contained in K (Theorem 79). Thus choosing some radius R > 0, sufficiently small, we
can find a convex body K(R) C K, where K(R) is the union of closed balls of radius R
contained in K, and the surface area of K \ K(R) is arbitrarily small. Moreover Lucas’

theorem tells us that K(R) is a C'! convex body. Thus given a convex function f : R" — R



we can approximate the graph of f, locally with a C*! convex body, and parameterizing the
bottom part of the convex body yields a convex function g € Cﬁ)’cl that agrees with f on a
set of small measure. Given that Vg is Lipschitz, we then apply the Rademacher theorem to
show that Vg is differentiable almost everywhere, and this is precisely the second derivative
we were seeking for f.

We conclude Chapter 4 by using a corollary needed for the proof of the Alexandrov
theorem to find a new proof for a recent result by Azagra and Hajtasz in [4] concerning the
Lusin-type property of C™! convex functions (Theorem 90). The result can be stated as: for

a convex f : R"™ — R, for every R > 0, and for every € > 0, there exists a convex function

g € CYYR™), g > f, such that

{z € B"(0,R) : f(z) # g(x)}] <e.

The original proof for this is technical but the proof is simplified by the use of Lucas’ theorem.
The goal of Chapter 5 is the study of the support function and its differentiability prop-
erties. The support function is defined as,
UK<$> = Sup(x, k>
keK

and is a useful tool to describe the structure of the boundary of a convex body. We define

the supporting hyperplane of K in the direction of u as,
H(u,K)={x € R": (z,u) = ox(u)}.

It is easy to see that ok is convex but moreover we have that oy is differentiable at u €
R™\ {0} if and only if H (u, K) intersects the boundary of K at exactly one point. The main
result of this chapter is using this geometric understanding of the differentiability of the
support function to show that the set of normal vectors u € S*~!, such that the intersection
of H(u, K) with K is a d-dimensional face, is countably (n — d — 1) rectifiable (Theorem

110). For convex f, we define

S4Sf) = {z € R : dim((df)(x)) > d},



where 0f is the subdifferential of f. To prove Theorem 110, we rely on a theorem originally
proven by Zajicek [29] which shows we can cover X¢(df) by the graphs of locally Lipschitz
functions of dimension n — d.

Finally in Chapter 6 we establish a list of equivalent statements for C*'' and C'** convex
functions (Theorem 111, Theorem 114). These lists appear to be nonexistent as a whole in
the published literature and thus the hope is this will be a useful resource for those interested

in the differentiability of convex functions.



2.0 Preliminaries

2.1 Notation

An open ball in R™ will be denoted as B(z,7) (or B™(x,r) if the dimension is not clear)
and the closed ball will be denoted by B(x,r) (B"(z,7)). Often we will consider balls that
are associated with a point, usually not the center. Thus we will use h(z) or similarly h.(z)
to denote the center of the ball that has some relation to = e.g. for every x € K there exists
some closed ball B(h(x), R) C K such that x € B(h(z),R) C K.

We denote the line segment from x € R™ to y € R™ as [z, y], that is,
) = {(1— i+ ty £ < 0,1]}.

We will only be working within the Euclidean space R", where (-,-) is the standard inner
product given by (x,y) = > ., x;y;. Moreover |z| = \/(z, x) represents the Euclidean norm
on R™. We define the unit-sphere in R as, S"!' = {z € R" : |z| = 1}. We denote the

hyperplane as
Hy(u) = {x: (x,u) = b} (3)

and the closed half space with outer normal u, as
Hy (u) = {x : (z,u) < b} (4)

For a function f : U — R, we define I'y : U — U x R to be the graph of f defined by
I'¢(x) := (x, f(z)). For any set £ C R", we denote the distance to E' as,

dist(z, E) = ianE |z — y|
ye

and it is easy to prove that for every closed set F C R", and any = ¢ E, there exists y € F,

not necessarily unique, such that dist(z, F') = | — y|. The diameter of E' is given by,

diam(E) = sup |z —y|.
el



The Lipschitz constant of f : E — R, when it exists, is denoted by

Lip(f, E) = sup

and if f is Lipschitz on all of R™, we then denote the Lipschitz constant by Lip(f).
For a measurable set A C R™ we denote the n-dimensional Lebesgue measure of A as
L™(A). We define the constant ws, for s > 0, as
5/2

Ws

where I'(s) := [ e 2*~' dx is the gamma function and we note that when s = n € N, w,
is the volume of the unit ball in R™. Let X be a metric space. For ¢ > 0 and F C X, we
define,

o0

H:(E) = inf {% Z(diamAi)s :EC UAi with diam A; < €} :

i=1 i=1

We call H*(FE) the s dimensional Hausdorff measure of E which is given by,

and as the function € — HZ(E) is nonincreasing, this limit will always exist in the extended
reals.

It is well known that for any measurable A C R", we have L"(A) = H"(A) (see [13,
Theorem 2.5]), and we generally refer to £L"(A) as the volume of A. Similarly, we will refer
to H"1(DA) as the surface area of A. By the definition of H", if f : R® — R" is Lipschitz
continuous with Lip(f) = L, then H"(f(A)) < L"H"(A) [13, Theorem 2.8].

For A C R", x is a density point of A if,

lim L'(ANB"(z,71))

Mo B @)

and by the Lebesgue differentiation theorem, for a measurable set A, a.e. point in A is a
density point.
We say a function f : R® — R is positively I-homogeneous if for all ¢ > 0 and for all

x € R" we have, f(tx) =tf(x), and subadditive if for all z,y € R",

flz+y) < flo) + fy).



2.2 Rademacher’s Theorem

Before discussing the differentiability properties of convex functions we first will provide
details for the well known Rademacher’s theorem. We include the details here for com-
pleteness sake but this section stands alone and the material contained in it is not needed
elsewhere, aside from the statement of Rademacher’s theorem. The proof of the Rademacher
theorem is included, as well as theorem statements for well known results in measure theory
and the details for many of the theorems can easily be found in standard textbooks on real
analysis. The results below may work with more general measures but have been stated
using only the Lebesgue measure as that is the only measure needed for this section.

Let U C R™ be open. The support of a function f : U — R is denoted supp (f) and is
defined as

supp (f) ={zr € U : f(x) # 0}.

We define C2°(U) to be the space of smooth functions defined on U with compact support.

Theorem 1. C>*(U) is dense in L'(U).

1
loc

Lemma 2. (Fundamental lemma of Calculus of Variations) If g € L
¢ € CX(U) we have

(U) and for every

| st@oteyde =0
then g =0 a.e.

The proof presented here for Rademacher’s theorem can be found in [14, Theorem 113].

Theorem 3 (Rademacher’s theorem). If f : U — R is Lipschitz continuous, where U C R"

1S open, then

_/of of
Vi) = (G0 o)
exists almost everywhere. Moreover for all x € U where V f(x) exists we have,

lim fly) = flx) =V fx) (y—x)

y—a ly — |

= 0.
Proof. Let v € S* ! and let

d
Dy f(z) = —flz+ )],



be the directional derivative of f in the direction v wherever it exists. Let A, denote the set

of z € U such that D, f(z) does not exist. As both

it LEE I gy FE )

are Borel measurable functions and D, f(x) exists when

lim inf fla+ tVt) A CO NN (G tvt) — f(=)
= t—0

we have that A, is Borel measurable. We also know that as f is Lipschitz, the function
t — f(z + tv) is absolutely continuous and hence differentiable almost everywhere. Hence
the intersection of the set A, with any line parallel to v has one dimensional measure zero
and we can apply Fubini’s theorem to see that A, has measure zero. Therefore for every
v € S" !, D,f(x) exists for almost every z € U. Fix v € S*! and ¢ € C°(U) and choose
h > 0 small enough so that =+ hv € U for all x € supp (¢). By the invariance of the integral

with respect to translations, we have

/Uf(a:+hy dx—/f o(x — hv) dx

so that for h sufficiently small

[+ ) — f(2) ¢z — hw) — ¢(x)
/U h o(r)dr = —/U — f(z)dz.

By the Dominated convergence theorem we have, letting h — 0,

LDJ@M@M=—AN@QM@M

As this is true for any v € S"7!, in particular it is true for v = e; so that

of .
U&Ei( /f 6% dv fori=1,2,...,n

10



Hence,

[ Dus@erde == [ f@Dso) s = = [ @)(Toto) ) da
n 96 Y
:—Z;/mmmdezz;L%ywumw
- [ s@¥1@) s (5)

Applying Lemma 2 we have that D, f(x) = Vf(x)-v a.e. Let v1,1s,... be a countable dense
subset of S"~! and define the sets

Ay ={x €U :Vf(x), D, f(x) exist and D, f(z) = Vf(z) - v},

and A = (;—, As. Given that |U \ A;| = 0 for each k this implies that |U \ A| = 0 and by
the definition of A,

D, f(x)=Vf(z) v, foralze Aandalk=1,2,...

The claim is that f is differentiable on A. Consider the function

f(x+hv) = f(z)
h

Q(z,v,h) = —Vf(z)- v,

where © € A, v € S* !, and h > 0. To show f is differentiable on A we need only show
that for every ¢ > 0 there exists a § > 0 such that 0 < A < ¢ implies |Q(z,v, h)| < e.
Given that f is L-Lipschitz and g—i(x) exists a.e. we have that |0f/0z;(x)| < L a.e. and by
Cauchy-Schwarz, |V f(x)| < v/nL a.e. Thus for any v,/ € S*™! we have,

Q(x,v,h) — Q(z,V, h)|

o+ h) — £ o+ )~ f(2) ,
= h —Vf(x)-l/—( ; —Vf(x)-y)‘
| fle 4+ h) = f(x+ h) ,

—‘ . +Vf(x) vV —v

< Llv—=V|+|Vf@)|lv—-V]=Kn+1)Lv -1

11



By the density of {v;} and the compactness of S"~! for every ¢ > 0 there exists N large

enough so that

N
n—1 Bl v £
o U (v o)

i.e. for each v € S"~! there exists some k = 1,2,..., N such that

v — | <

2(v/n+1)L

By the construction of A we have for all z € A and {r;}32,,

lim Q(z,v;,h) =0

h—0t

and thus for each © € A and v; there exists §; > 0 such that 0 < h < ¢; implies
|Q(z,vi, h)| <e/2. Choosing 0 := min{dy,...,dy} yields for all 0 < h < ¢ and for all
i=1,....N,

Q(z, v, h)| < g/2.

Therefore, combining the aforementioned inequalities we have, for x € A, v € S*!, and

0< h<é,
€
Q. v, )| < |Q(w, vk )| + |Q(w, vy h) = Qv )] < 5+ (Vn+ DLy —vie| <&
completing the proof. QED

In this chapter we will cover much of the preliminary facts of convex geometry and
convex analysis needed throughout the thesis. There are many texts used in the compilation
of these topics in convex analysis including, [11], [16], [23], [26], and [27]. While most of the
stated definitions and theorems are elementary and standard in convex analysis we provide
all necessary details to ensure all readers are able to understand the entirety of the thesis

without needing to look up results.

12



2.3 Convex Sets

We say a set C' C R" is convex if for every x,y € C, [z,y] C C. Moreover given a set

A C R™ we define its convex hull as

co(A) = {Z)\sz A >0, Z)‘i =1, and x; € A,m € N} ,
i=1 i=1

where we call Z;Zl Aixz; a conver combination of xq,...,x,, € A when the \;’s satisfy \; > 0
and > " A, = 1. Thus, in words, we can say the convex hull of A is the set of convex
combinations of A. Equivalently we can define the convex hull of A to be the intersection
of all convex sets containing A. Similarly we can define the affine hull of A to be the set of
affine combinations of A where we define an affine combination of A to be of the form

m m

Z)‘ixi with Z)\ =1land z; € A,

i=1 i=1
or equivalently the intersection of all affine sets containing A. The main difference is that
a convex combination has only non-negative coefficients and affine combinations can have
negative coefficients. From these definitions we can see that every convex set is contained in
an affine set and using this we define the dimension of a convex set C' to be the dimension
of its affine hull.

When discussing affine sets, we say that the vectors xy, ...,z are affinely independent

if v1 — xp,...,xr — xg are linearly independent. It is equivalent to say that the vectors are

affinely independent if

k
> Xzi=0 and Y N =0 (6)
=0 ;

implies \g =--- =\, = 0.

In the above characterization of the convex hull of a set we are considering the con-
vex combinations of m points in A, where m is an arbitrary natural number. In 1911
Carathéodory strengthened this representation by showing that for a compact set A C R”,
its convex hull can be represented by the convex combination of only n + 1 elements of A
and in 1914 Steinitz extended the result for general sets. A proof of Carathéodory’s theorem

can be found in [27, Theorem 17.1] but we present here the proof in [28, Theorem 1.1.4].

13



Theorem 4 (Carathéodory’s Theorem). For any subset A C R™, its convezr hull admits the

representation
n+1 n+1
CO(A) = {Z/\zl’z . Z)\z = 17 )\Z Z 0, x; € A} .
i=1 i=1

Proof. By definition, for z € co(A), we have

x:Z)\ﬂ:Z, Z)\Z:L)\lzo, l’lEAfOI'Z:L,m, (7)

i=1 i=1
for some m € N, where we assume that m is the smallest possible value. Thus x cannot be
written as the convex combination of k£ elements of A if & < m. This means we can assume

Ai > 0 foreach ¢t =1,....,m. If m > n+ 1, then the points z1,...,x,, must be affinely

dependent. Hence, by (6), there exists constants p1, . .., i, at least one non-zero, such that
m m
Z wir; =0 and Zui =0. (8)
=1 =1

Moreover we know there exists ¢ = 1,...,m such that pu; > 0. Thus we can reorder the \;

and p; such that u,, > 0 and

Am N
—:mm{—:zzl,...,manduj>0}>O. (9)
Hm 127}

Hence we have, by (8)

)\ m m—1 )\ '
0= M—lel,uzxz = ZZI Z:Zl'z + AT

and subtracting this from (7) yields

=1

s

)% (10)

where obviously the coefficients are positive if p; < 0 and by (9), A; — % > 0if pu; > 0.

Finally, we see by (8)

m—1 m—1 m—1
Z ()\i _ )\mﬂz‘) _ ZAH_)‘WZ M
i Hm i=1 i1 Hm

=1

m—1
=) At An=1
i=1

so that by (10), x is the convex combination of m — 1 elements of A, contradicting the

minimality of m. QED
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If C C R" is a closed convex set, then for every x € R", there is a unique point denoted

by 7o (x) such that
o(z) € C and |z — mo(x)| = dist(z, C). (11)
Indeed, if there exist ¢y, cy € C such that ¢; # ¢o and
|z — 1| = |x — o] = dist(z, C),
then by convexity 93 € B(z,dist(x, C)), which implies
‘a: — (% + 62—2>‘ < dist(z, C).

But by convexity ¢ + % € C, a contradiction. We call the mapping 7¢ : R" — C the metric

projection onto C. Clearly, if z ¢ C, then 7o (z) € 0C.

Lemma 5. If C' C R" is closed and convez, then nc : R™ — C' is 1-Lipschitz.

Proof. Let x,y € R™. By convexity of C, tro(z) + (1 — t)mc(y) € C for all t € (0,1) and

hence
ly — me(y)|? = dist(y, C)? < |y — (tre(z) + (1 — t)me(y))|?
= [(y — me(y)) — t(me(z) — 7 (y))|?
=y — mc()]* — 2t{y — 7c(y), 7o (x) — 7o (y)) + | me(z) — 7o (y)|?

which can be simplified to

2y — me(y), me(x) — mely)) < tlre(z) — me(y)f.

Letting ¢t — 07 yields
(y —me(y), me(x) — me(y)) < 0. (12)
By switching the role of x and y we also have
(x — 7e(z), me(y) — mo(z)) < 0. (13)
Adding inequalities (12) and (13) yields
me(2) = me(y)® < (v -y, me(2) = me(y)) < |z —y||me(z) — mc(y)l

and hence |m¢(z) — 7o (y)| < | — y|. QED
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Given x € R"\ C the vector x — mo(x) is of particular import, so we define the unit

vector
_ r—7¢o(x)
“el) = @l

Using the proof of Lemma 5 we can obtain the following result:

(14)

Corollary 6. Let C C R"™ be a closed convex set and x € R™\ C. Then there exists b € R
such that C' C H, (uc(x)) and mo(z) € Hy(uc(z)), where Hy and H,  are defined in (3) and

@)

Proof. Note that the hyperplane through m¢(x) with outer unit normal uc(z), is given by,
{z e R": (uc(x), z — mc(z)) = 0}.

Hence for y € C, i.e. y = me(y), the proof in Lemma 5 showed that

(uc(r),y —mo(x)) <0,

implying C is contained in the half space H, (uc(x)) where b = (uc(z), mc(2)) and obviously
wo(z) € Hy(uc(z)). QED

This corollary leads to a foundational aspect of convex geometry: given a closed convex
set C, for every x € 0C, there exists a hyperplane Hy(u) containing x, such that C' C H, (u).
We call such a hyperplane, Hy(u), a supporting hyperplane of C' at x. Thus Corollary 6 can
be restated as, for every z € m¢(R™ \ C') C 9C there exists a supporting hyperplane of C
at x. Therefore, to show this is true for every point in dC we need only show the following

lemma:

Lemma 7. For a closed conver set C, mc(R™\ C) = 0C.

Proof. 1t is clear that mo(R™ \ C)) € 0C. Thus consider z € 0C. Define a sequence
z), € R™\ C such that |z — x5 < 1. Then considering the unit vector, uc(zx), and by the
compactness of S"~! there will exist a subsequence, uc(zy,) converging to some y € S"1.
Moreover by Corollary 6 it is clear that ¢ (’/Tc(iL‘ki) + uc(xk)) = mc(xy,). Hence as x € 0C
implies o (z) = x and the 1-Lipschitzness of 7 we have,

- 1
ki

@ — 7 (rc (@) +uc(zw))| = |mo(x) — me(wn)] < o — a,

16



Therefore by the continuity of the metric projection, letting i — oo yields z = 7wo(x + y).
Given that
dist (Wc(Ik) + Uo(xk), O) = |7Tc<xk) + Uc(ﬂfk) — Wc(ﬂfk)’ = |UC(5UI<:)‘ =1

this implies dist(z 4+ y,C) = 1 and hence = +y € R" \ C concluding the proof. QED

Combining Corollary 6 and Lemma 7 yields the fundamental result,

Theorem 8. Given a closed convexr set C' C R", for every x € OC' there exists a supporting

hyperplane.

A simple consequence of this theorem is that a closed convex set is uniquely defined by

its supporting hyperplanes.

Corollary 9. Given a closed convex set C' C R", we have
C= ﬂ{H,; (u) C R™: Hy(u) is a supporting hyperplane of C'}.

In general it is not guaranteed that a supporting hyperplane at x is unique. In fact
uniqueness of a supporting hyperplane at a point of a convex set will play a crucial role later
on as we discuss differentiability of convex functions.

Consider a closed convex set C' C R™. Then it is a well known result (see for example
[16, Theorem 4.1.1]) that for any z, ¢ C, there exists u € R" and b € R such that the
hyperplane Hy(u) separates o and C, where we say the hyperplane H,(u) separates C' and
g if

CcCc{xeR": (z,u) <b} and (xg,u) > b.
Corollary 10. Let C' C R™ be a closed convez set and xo ¢ C. Then there exists a hyper-

plane, Hy(u), separating C' and x.

Proof. By Theorem 8, as m¢(zg) € C, there exists u € R" \ {0} and b € R such that Hy(u)

is a supporting hyperplane of C' at mo(xg). Moreover as xg # 7o (o),
dist(zg, Hy(u)) > |zo — mo(z0)| > 0

so that the hyperplane with outer normal u through the midpoint of the line segment

[Tc(20), o] Will separate C' and . QED
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2.4 Convex Functions

Now that we have established the fundamental properties of convex sets we turn to the
study of convex functions. Let U C R" be a convex set. We say f : U — R is a conver

function if for every z,y € U and t € [0, 1]

f(A=t)r+ty) < (1—t)f(x) +tf(y).

In other words, a function is convex if every line segment connecting two points on the
graph of f lies above the graph of f. It is then clear that there is a connection between
convex functions and convex sets, given both are founded upon the use of line segments. To
accomplish this connection, for f : U — R, with U C R"™ convex, we define the epigraph of

a function, denoted by epi(f), as

epi(f) :={(z,t) e U xR: f(z) < t}.

Note, the graph of f is contained in the boundary of its epigraph and if U is closed then
epi(f) is closed. Therefore an equivalent definition for a convex function can be found by
converting the function to a set and showing the set is convex. So we can say for U C R"
convex, a function f : U — R is convex if and only if its epigraph, epi(f), is a convex subset
of U x R.

We observe that the definition of a convex function requires only the convex combination
of two points on the graph of f, but viewing a convex function as a function with a convex
epigraph we see that there is no reason to restrict ourselves to two points. The next result
says that in fact a function is convex if any convex combination of points on the graph of f

is in the epigraph of f.

Theorem 11 (Jensen’s Inequality). A function f: R"™ — R is convex if and only if for any
N >0, i=1,...m which satisfy Y ;- N\i = 1 and for any elements v; € R", i =1,...,m, it
holds that

/ <Z )\z‘%) < ZAzf(xz>
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Proof. This follows by noting that

)\2332 )\mxm
by /\mm — A A )\m e EEEEEE—— )
f( 11+ -+ :13) f(1:131+(2+ + )<)\2+"'+/\m+ +)\2+...+)\m>)

applying the definition of convexity, and then an induction argument. QED
A similar characterization of convex functions can be given if we know that a function
is continuous and midpoint convex.

Theorem 12. Let g : R* — R be continuous. Then g is convex if and only if for all

r,y € R",

g(x—;y> < g(zw) +g(2y)_ (15)

Proof. 1f g is convex, then (15) follows from the definition. Suppose that g satisfies (15)
and fix z,y € R™. Then for any t € (0,1) we can approximate (1 — t)x + ty with elements
of the form

k m

—r+ —y k,,m, €N
IREOTR
such that ’2“—:1 + 5 =1, ’2“—:; — (1 —t) and > — t. We then apply an induction argument

using (15) to show that

B M) < ) + mgty)
9\ e+ 5ny) < 59 9(y

and by the continuity of g, letting n — oo proves g is convex. QED
We now establish that the slopes of secant lines for any convex function f : R" — R are
non-decreasing.

Proposition 13. Let U C R" be conver and f : U — R, a convex function. Then for any

x,z €U and any y € |z, 2],

fly) = fle) _ f(2) = flz) (16)

ly—x| T |z—o
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Proof. Let t € (0,1) such that y = (1 — ¢)x + tz. Then by definition of convexity of f,

fy) <tf(z)+ (A=) f(x) <= fly) = flx) <tf(z) —1f(z).

Then dividing both sides of the inequality by t|z — x| yields,
F)~ fa) _ f2)— f(x)

tlz—zx| — |z—z

The result follows by noting that y — z = t(z — z). QED

Using this fact we can show that a convex function f: U — R is continuous and in fact

locally Lipschitz continuous.

Theorem 14. Let U C R™ be convex and f : U — R convex. Then f is locally Lipschitz

continuous on int U with,

osc(f, B(x,2r))

Lip(f, B(z, 7)) < for every B(z,2r) C U

where we define the oscillation of f on the set E by,
ose(f, ) = sup |£(x) — F(y).
z,y€E

Proof. First note that a convex function is locally bounded in int U. Indeed, for any = €
int U there exists a neighborhood V, contained in the interior of a simplex with vertices in
U and hence the function is bounded on V, by values on the vertices since any point in the
simplices is their convex combination. Let y, z € B(z,r). Without loss of generality, we may
assume that f(z) > f(y). Let u be the intersection of dB(x,2r) with the ray from y to z.
Then |u — y| > r and as the difference quotients of a convex function of one variable are
increasing, by Proposition 13, we have the following inequality,

f(2) = fly) _ f(u) = fly) _ osc(f, B(x,2r))

< <
|z =y

lu — y| r

Taking the supremum over y, z € B(x,r) yields the result. QED
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Now that we can see a convex function through the lens of a convex set we return to our
previous study of hyperplanes and convex sets. Consider f : R” — R convex, and recall that
epi(f) is a closed convex set. Then by Theorem 8 we know that for every (x,y) € d(epi(f))
there will exist a supporting hyperplane. Moreover, as f is defined on all of R", we see that
d(epi(f)) = {(z,y) € R" x R: f(z) = y}, the graph of f. Therefore for each z € R" there
will exist a hyperplane passing through I'y(z) such that epi(f) will be contained above this

hyperplane. This leads to the following characterization of convex functions.

Theorem 15. If f : R" — R s convexr and x € R", then there is v € R"™ such that
fy) 2 f(@)+ v,y —xz) forally € R". (17)
We define the subdifferential of f to be the set,
0f (x) :={veR": f(y) > f(z) + (v,y —x) for all y € R"}

so we see that Theorem 15 shows, for a convex function f : R"™ — R, df(z) # 0 for all
x € R”. Later we will see that the subdifferential of a convex function is intimately linked
with differentiability properties of a convex function. It is easy to verify, by the definition

that df(x) is convex, but moreover we have:

Theorem 16. If K C R" is compact and f : R™ — R is convex, then

of(K) = ] of(»)

zeK

18 compact.

Proof. As 0f(K) C R™ we need only show it is closed and bounded. To show 0f(x) is
bounded suppose to the contrary that there is a sequence x; € K and oy, € Jf () such that
lox| — 00 as k — oo. As K and S"! are both compact by taking subsequences we may

assume that there exist x € K and ¢ € S*! such that

rr —2x and — o0 ask— oo.
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Thus by the convexity of f and (17) we have,

‘f(xk4fﬂi) z,f@%)+<ak,<xk+fﬁl)-—xk>:=j(xw+|aﬂ.

ok |o%|

By the assumption we know that f(zx)+|ox| — 0o as k — oo but we also have by continuity
[z + G—Z‘) — f(x 4 o) implying that f(x+0) = oo a clear contradiction. Therefore, 0 f(K)
is bounded. To show Of(K) is closed let oy, € Of(K) be such that for each k, oy € Of(xy),
with z, € K and 0, — 0 as k — o0o. Again, by compactness of K, taking a subsequence,

we can assume that xp — x € K. Thus for all z € R™ we have,

f(z) > f(xr) + (o, 2 — x1)
and letting £ — oo implies
f(z) = f(@) + (0,2 — )

which shows that o € 0f(z) C df(K) and hence 0f(K) is closed. QED

2.5 Differentiability Properties of Convex Functions

As we have discussed in the previous sections, convex sets and functions are defined
using purely geometric tools. Despite their geometric nature, convex functions have many
astounding properties related to differentiability. The next corollary follows from applying

the Rademacher theorem to Theorem 14.
Corollary 17. Convex functions are differentiable almost everywhere.

This result can be strengthened even further as restricting a convex function to the set
of points where it is differentiable shows that it is in fact continuously differentiable, in the

sense of sequential continuity.

Theorem 18. Let D be the set of points where a convex function f : R™ — R s differentiable.

Then Vf‘D 1S continuous.
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Proof. Assume that f is differentiable at x. We will prove that if f is differentiable at y
and yr — x as k — oo, then Vf(yr) = Vf(z) as k — oo. Let

hy) = f(y) = f(x) = V[(z)- (y - 2)

and note that
Vh(y) = Vf(y) = Vf(z).

Thus we need only show that VA(yz) — 0 as k — 0o. As h is the sum of a convex function
and a linear function, it is convex. If y, € B(z, ) where rp — 0 as k — oo, then Theorem
14 and the convexity of h yields,

osc(h, B(z,2r;)) < 2sup(|h|, B(x,2r1))
Tk B Tk

IVh(ye)| < Lip(h, B(z,ry)) <

As the supremum is taken over a compact set we can find z, € B(x,2r;) such that,
|h(z1)| = sup(|hl, B(z, 2r4))

where r, — 0 implies z; — x as k — oo. Hence we have,

2|1 Af(5) — f(x) (o —
i) < 2HED _ AUFG) = F(a) = V) - (= )
Tk 2774:
< Af(z) = flz) = V() - (o — @) —0 ask— o0
|21, —
where the limit follows from the differentiablity of f at z. QED

Corollary 19. If a convex function f : R™ — R s differentiable everywhere, then f is of

class C'.

A standard result in advanced calculus says that the continuity of the partial derivatives
f at x implies the differentiability of f at x. For a convex function the existence of partials
is all that is needed.

Lemma 20. Let f : R™ — R be convex. If partial derivatives %(m) exist for alli =1,...,n,

then f s differentiable at x.
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Proof. Let,
of
A=|—
oo(a),

of
’(%n( z)

and define ¢ : R” — R by,
¢(h) = f(z+h) — f(z) — Ah.
We need to show that
¢(h)

—= =0 ash—0
A

proving that f is differentiable at = with V f(z) = A. Note that ¢ is convex being the sum
of a convex function and linear function. Also, the following inequality follows from the

Cauchy-Schwarz inequality,
Zuivi:u-vg lul|v] < \u|Z\v1] (18)
i=1 =1

Let {e1,...,e,} be the standard basis in R™ so that,
h= (hl, ceey hn> = h161 + 4 hnen

and thus by Jensen’s inequality and (18),

1 & 1 & (nhie;
:¢(E;nhiei) Sgiz:;gb(nhel Zh( nic ><|h| Z

i:h; #0 i:h; #0

nh i€i)

In a similar fashion we have,

o(=h)=¢ (% Z _nhiei) < %Z¢(_nhiei) = Z —h; (gb(#f;;@))

i=1 ithi£0

<Ihlz

i:h; #0

nh ez

The convexity of ¢ and the fact that ¢(0) = 0 yields,

0= ¢ (’”TH”) < 5 (6(8) + 6(-1)

and thus,

nh eZ nh el

|l Z

i:h; #0

< —¢(=h) < ¢(h) < |h| Z

i:h; #0
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This in turn implies that,

o(—nhie;) o(nhie;)
-2 ) < Z (19)
o —nh; |h| o nh;
Now as,
lim (te) ~ lim flx+te;) — fz) — Alte:) ~ lim flz+te) — f(z)  Of (z)
t—0 t t—0 t t—0 t axi
8f _of
we have, by letting |h| — 0 (and thus h; — 0) that,
— Z nh Pl=nhici) —0 and Z —¢(nf;:~ei) —0
i:hi 0 im0 | T
and thus, by (19) we have shown that,
oh) _,
Ihj—0 ||
as desired. QED

Theorem 21. If f : R" — R is convex, then one-sided partial derivatives exist at every

point x € R™ and
o f otf
e () < o ().
Moreover, for any v € R" and 1 <1i < n, if s € R satisfies,
o f
al‘i

ot f
- (9:1,’2( 2

() <s<

then f(x +te;) > f(x) + st for allt € R.
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Proof. The existence of the one sided derivatives at every z € R” follows from the fact that
the secant slopes are non-decreasing for a convex function (Proposition 13) and are clearly
bounded, by Theorem 16. If s € R satisfies %(w) <s< ‘?Tf(:c), then for all £ < 0, we have

flotte) = flz) 0 f

() <s

and similarly for all ¢ > 0,

completing the proof. QED

Theorem 22. Let f : R™ — R be differentiable. Then the following conditions are equivalent:

(a) f is convex

(b) f(y) = f(x) +(Vf(x),y —z) for all z,y € R

(c) (Vf(y)=Vf(x),y—x) =0 foralzyecR"
Remark 23. Condition (b) means that f is bounded below by its tangent spaces and if f
is differentiable at z, then V f(z) € 0f(z). Condition (c) is called monotonicity of Vf.

Proof. We first assume (a). Convexity of f implies that

flx+itly — ) = fx)
t

< fly) — f(x)

for any ¢ € (0,1). Passing to the limit as ¢ — 0" proves (b).
Now assume (b). It follows that

fy) = f(@) +(Vf(2),y —2) = f(y)— f(x) > (Vf(2),y —2)
and similarly,
f(@) = fy) + (V). z—y) = [flz)—fly) = (V[({y),z—y)

Adding these two inequalities yields (c).

Finally assume (c). To prove f is convex we will show for any =,y € R" the function
o(t) = flz+tly —x))
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is convex. To this end it suffices to prove that ¢'(t) is increasing. We have,

¢'(t) = (Vi@ +ily — )y — )

If t; < to, then denoting z7 = x + t1(y — x) and x9 = x + t5(y — z) yields

¢'(t2) — ¢'(tr) = (Vf(22) = Vf(21),y —x) = (Vf(x2) = V(1) 29 — 1) 2 0

to — 11

as desired. QED

There is a strong connection between the subdifferential of a convex function, 0f(x), and
its differentiability. We will explore this more in Theorem 27 but before stating and proving
the theorem we will need a convex version of the Hahn Banach theorem. The proof of the
Hahn Banach theorem requires Zorn’s lemma, so we first establish the necessary definitions

for stating Zorn’s lemma.

Definition 24. We define a partially ordered set X as a set equipped with a binary relation

< that satisfies the properties:

(1) oz <zforall z € X;
(2) 2 <yandy <z implies z = y;

(3) z<yandy < zimplies z < z.

We say a subset C' C X is a totally ordered set if for every x,y € C, either x < y or y < .
An upper bound of Y C X, where X is a partially ordered set, is an element m € X such
that y < m for all y € Y. We say m € X is a maximal element of X if m < x for some
r € X implies m = .

Theorem 25 (Zorn’s Lemma). Let X be a non empty partially ordered set. If every totally

ordered subset of X has an upper bound, then X has at least one maximal element.

The classic Hahn-Banach theorem states that a linear functional can be extended if
bounded above by a 1-homogeneous and subadditive function, but we can weaken this to a
convex function. Proofs of Hahn Banach using a convex majorant can be hard to find but

we present here one given in [26, Theorem A, pg. 105].
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Theorem 26 (Hahn-Banach Theorem). Let X be a real linear space andp : X — R a convex
function. Let X :' Y — R be a linear functional defined on a linear subspace Y C X such that

A(v) < p(v) for allv € Y. Then there is a linear functional A : X — R such that
Aw) <p(v) forallve X and A(v) = A(v) for allv eY.

Proof. Let z ¢ Y and define Y := span{Y, z}. We will first show we can extend A to Y. Let
X be the linear extension of A to Y. To do this we need only define /_\(z) as by the linearity
of A we have for a € R and y € Y (and thus az +y € Y),

Maz +y) = a\(2) + My) = aX(z) + A(y).

Suppose that y;,y2 € Y and o, 3 > 0. Then,

BA(y1) + aX(y2) = MBy1 + aya) = (a+ B)A (a f_ 61/1 + o jé_ BW)

S(a+6)p(ai5y1+aiﬁy2)

= (a+B)p ( (y1 — az) + ﬁ(yz + BZ))

a+p
< Bp(y1 — az) + ap(ys + Bz)

which in turn implies that,

BAw1) — plyr — az)) < alp(y2 + Bz) — A(y2))-

As a, 8 > 0, we have

1

a()\(?ﬁ) —p(y1 — az)) < <(p(y2 + B2) — Myz)).

™|~

Then we can find a € R such that,

s1p (A1) ~ ply — %)) <0 < Inf (ol + ) = Av)) (20

We now define A(z) = a and we need to show that the given extension satisfies the property

Mz) < p(z) for all z € Y. By (20) we know for all @ > 0 and y € Y that,

>I

(2) < =(p(y + az) — A(y))

Il
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which, by the linearity of X and the fact that A = X on Y, implies that

Ay + az) < p(y + az).

Similarly using (20) again, for all « > 0 and y € Y, we have

AMz) > =(Ay) — ply — az))

Q|+

which again implies that,

Ay —az) < ply — az)
and as every element of Y is of the form y & az we have shown the extension A satisfies
the required property A(z) < p(x) for all z € Y. This shows that we can extend A by one
dimension. The remainder of the proof follows from Zorn’s lemma (Theorem 25). Let E
be the set of extensions, e, of A\ which satisfy e(x) < p(z) for all  where e is defined. We
assign a partial ordering of E by letting e; < e5 if e is defined on a larger set than e; and
e1(z) = es(x) for all © where they are both defined. Thus we can let {e,}aca be a totally

ordered subset of E where each e, is defined on a set X,. Hence we can define e on the set

X:UXQ

acA
by letting e(z) = eq(z) whenever x € X,. It is obvious that for all @ € A, e, = e so
every totally ordered subset of £/ has an upper bound. Therefore by Zorn’s lemma, E has
a maximal element A defined on some set X’ with the property that A(x) < p(x) for all
r € X'. If X' # X then by the first part of the proof we can extend A to A defined on a
space whose dimension is dim(X’) + 1, contradicting the maximality of A. Thus X’ = X and
A is defined on all of X with the properties that A(x) = A(x) for x € Y and A(z) < p(x) for
all x € X. QED

We recall by Theorem 15 that a convex function has a nonempty subdifferential at every
point in its domain, and that by Corollary 17 it is differentiable almost everywhere. The
following theorem shows us that the subdifferential of a convex function is an extension of

the derivative of a convex function.

Theorem 27. Let f: R" — R be convez.
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(1) If f is differentiable at x, then Of (x) = {V f(x)};
(2) f is differentiable at x if and only if Of(x) is a singleton

Proof. By Theorem 22, we know that V f(z) € df(x). We now wish to show that this is the
only point. Suppose to the contrary that there exists v € df(x) such that v # V f(z). Then
of

there exists some v; # 71 (x), and without loss of generality we may assume that v; < %(m).

Then we consider the function,

g(t) == f(z +te;)
and note that %(m), v; € 0g(0). Moreover, ¢'(0) = 6—{(1‘) As v; < ¢'(0) we have, by
Proposition 13, that in fact,

g-(0) < v < g'(0)
where ¢’ (0) is the left sided derivative of g at 0. But this contradicts the differentiability of
g as g~(0) = ¢4.(0) = g'(0).

To prove (2), we note that (1) shows if f is differentiable at x, then 0f(z) is a singleton.

It suffices to show that if df(x) = {v}, then

of
8a:i

(z) = v

proving that all the partials exist and thus by Lemma 20, f is differentiable at z. Let
g(t) := f(x + te;) and by the previous comment we need to show that ¢’(0) = v;. Clearly as
Of(z) = {v}, we have v; € dg(0) and thus,

g(t) > g(0) + vt forallteR.

By the convexity of g and Theorem 21 we know the one sided derivatives exist, i.e.

¢, = 1im L9=9O0 4y (0) = pim LD =90

t—0+ t t—0— t

Thus to show the differentiability of g at 0 it suffices to prove that g’ (0) = ¢/, (0) which, by

the first part, will imply ¢’(0) = v; as desired. Suppose to the contrary that,

g-(0) <a<b< g (0).
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Then by the second part of Theorem 21, we have that for all £t € R,
g9(t) > g(0) + at.
Let Y = span{e;} and thus for w = te; € Y we can rewrite the above inequality as,
at < f(xz+te;) — f(x).

Equivalently we have,
(a€;) - w < fz +w) — f(x).

Setting A(w) = (ae;) - w and p(w) = f(z +w) — f(x) we can see that A\(w) is linear, p(w) is
convex, and A(w) < p(w). Thus by the Hahn Banach theorem there exists A € R™ such that

A-u < flo+u) - f()
for all u € R, where A - e; = a. In a similar fashion we have,
g(t) = g(0) + bt
and thus by the Hahn Banach theorem there exists B € R™ such that
B-u< f(x+u)— f(x)
foru e R" and B-e; =b. As A-e; # B - e; we know that A # B but as
flatu) > flz)+A-u

and

flz+u)> f(x)+ B-u

this implies A, B € 0f(x) a contradiction of the assumption that 0f(x) = {v}. QED

Theorem 28. If f,g: R" — R are convex functions and g is differentiable at x, then

Of +g)(x) =0f(x) + Vg(x).
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Proof. It suffices to show that d(f+g¢)(xz) C df(z)+ Vg(x) as the opposite inclusion follows
immediately from the definition. Let v € O(f + g)(z), that is, for any z € R”

f(2) +9(2) = f(x) +9(x) + (v, 2 — z). (21)
As g is differentiable at z, we have
9(2) = g(z) + (Vy(2), 2 — ) + o(|z — z[)
and combining this with (21) yields
f(2) +g(x) +(Vg(x),z = 2) + o(|z — z[) = f(z) + g(z) + (v, 2 — x).
This in turn implies
f(2) = f(2) + (v = Vy(), 2 — ) + o(|]z — z|). (22)

Let h(z) = f(2) — (v — Vg(z),z — z) and note that h is convex, being the sum of convex
functions, and h(z) = f(x). Thus rewriting (22) gives us,

h(z) > h(x) + o(|z — z|).
It then follows from the convexity of h that h(z) > h(z) for all z € R™. Thus,
f(2) = f(2) + (v =Vyg(z),z — 2)
proving that v — Vg(z) € df(x). Therefore
v=(v—Vyg(x))+ Vg(r) € 0f(z) + Vg(z)
and the proof is complete. QED

We conclude the section concerning the differentiability properties of convex functions
with a generalization of Theorem 18, namely that the subdifferential of a convex function is

sequentially continuous at every point where V f exists.

Theorem 29. Let f : R" — R be convex and differentiable at x. If yp, — x and oy € Of (yx),
then o, — V f(x).
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Remark 30. We can see this is a generalization of Theorem 21 as if f is differentiable, by

Theorem 27, then o, = V f(yx).

Proof. Define h : R" — R as,

Then, f(z) > f(yx) + ok - (2 — yx) implies that

hz) = f(2) = f(z) = Vf(x)(z — z)
> fye) +ox - (2 =) = f(z) =V f(2) (2 — )
= flye) = f(2) =V f(2) - (yp — @) + (0 = V() - (2 — uk)
= h(yk) + (o = V() - (= — yr)

which shows that o, — V f(x) € Oh(yx). Thus if we can show that & € Oh(yy) implies & — 0
as k — 0o, then we will have shown that o, — V f(z). Note that h(z) is convex being the
sum of a convex and linear function. As y, — x, choose 1, — 0 such that y, € B(x,r).
Then we know that

[€k] < Lip(h, B(x, 7x)). (23)

Indeed, as
h(z) = h(ye) + & - (2 — yi)
and letting z = y; + eu for |u| =1 and € > 0, we have
e(&k - u) < h(y + eu) — h(yx) < Lip(h, B(z,71))e
provided ¢ is small enough so that yi + cu € B(z, ;). Thus

& -u < Lip(h, B(z, 7))

and taking the supremum over all |u| = 1 yields (23). The remainder of the proof follows the
proof of Theorem 18 though we include the details here for completeness sake. By Theorem

14

)

osc(h, B(z, 2r1,)) < 2sup(|h|, B(z,2r))

|&k| < Lip(h, B(x, 7)) < <
Tk Tk
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As the supremum is taken over a compact set we can find z, € R" such that,
|(z1.)| = sup(|h], B(x, 2r4))

where r, — 0 implies z; — x as k — co. Hence we have,

2lh Af(z) — Fl@) = V() - (20 —
IVh(ye)| < (h(zk)| _ 41f (k) = f2) = V(@) - (2 — 7))
Tk 27’k
< Alf () = f(@) = VF() - (2 = )] -0 ask— o0
|21, — 7
where the limit follows from the differentiablity of f at . QED
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3.0 Differentiability Properties of the Boundaries of Convex Bodies

While convex functions naturally have many nice differentiability properties, convex sets
on their own are generally too simple to conduct any sort of analysis with them. To overcome
this we consider the subset of convex sets called convex bodies. Locally the boundaries
of convex bodies are graphs of convex functions and hence we can identify differentiability
properties of convex bodies by studying the differentiability of these locally defined functions.
Specifically in this chapter we will explore how the differentiability of convex bodies is related

to the relationship of closed balls in the interior of the convex body and the boundary.

3.1 Convex Bodies and Convex Domains

We say a convex domain is a convex set with non-empty interior and a convex body is
a compact convex set with non-empty interior. Throughout this thesis a convex domain or
body in R™ will generally be denoted by K. As previously stated, locally the boundary of a
convex domain is the graph of a convex function. To see this we consider the lower-bound

function of K, which is defined by,
v € R s k() = inf{t eR: (2/,t) € K} (24)

and we can show that if K is convex, then (x is convex. The lower bound function, as

defined, can be found in [16, Theorem 1.3.1].

Proposition 31. If K is a convex domain, then for any x € OK there exists a convex, open

U such that, by rotating, 0K NU is the graph of a convexr function.

Proof. By the definition of /g, for fixed & > 0, let (x},t1), (2}, t5) € K, where 2/, 2, € R"™!
and ty,ts € R, such that

t) <Ulg(x))+e and ty < Llg(xh) +e. (25)
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By the convexity of K,
(Az] 4+ (1 = N)ay, My + (1= Nta) = A2, t1) + (1 = N (25, 62) € K
and thus, by (25)
Cre(Axy + (1= N)xh) < My + (1 — Nty < Mg () + (1 — Nl (xh) + 2e.

Letting ¢ — 0T shows that /g is convex. We define 7 : R® — R"! as the orthogonal
projection given by m(z1,...,x,) = (z1,...,2,_1). If we fix z € K, by rotating K, we can
ensure that 7(z) € int(r(K)) and = = (w(x),lk(m(x))). We then note 7(z) € int(n(K))
implies there exists some § > 0 such that B"~!(n(z),d) C m(K). By decreasing ¢, there exists
M > 0 such that B"!(r(x),d) x M C K. Thus we can let U = B" !(n(z),0) x (—o0, M)
and OK N U is the graph of { defined on B"!(x(z), ). QED

Definition 32. For a convex domain K, we say that the boundary of K is of class C! if
by rotating the set K, the boundary of K can be locally represented as the graph of a C!

convex function.

Proposition 33. A convex domain K C R"™ has a unique supporting hyperplane at each

x € OK if and only if K is a C' hypersurface.

Proof. By Proposition 31 we know locally 0K is the graph of a convex function. We then
apply Theorem 27 and Corollary 19 to each of these locally defined functions to show that
they are C'! convex functions. QED

Given a convex body K, there are useful convex bodies we can identify in the interior of

K. An important one is the inner parallel body of K, defined to be,
K, :={x € K : dist(z,0K) > r}. (26)

Lemma 34. Let K C R" be a convex body. Then K, is convex for any r > 0 and if K

contains a ball of radius ro then for all v € (0,ry), K, is a convex body.
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Proof. Let z,y € K,. We need to show that [z,y] C K,. Clearly, B(x,r), B(y,7) C K
and for any z € [z,y], B(z,7) C co(B(x,r) U B(y,r)) C K, so dist(z,0K) > r. Thus,
z € K,, showing [z,y] C K, and proving the convexity of K,. Moreover if B(z,1r9) C K,
then for any r € (0,79) there exists 0 > 0 such that B(x,r 4+ ¢) C K. Fix y € B(z,¢) and
let z € OK be such that dist(y,0K) = |y — z|. Then there exist y5 € 0B(z,9) N [y, 2] and

yr € OB(z,7) N [y, 2], where ys and y, clearly satisfy
lys =yl =r—06 and |y, —z| > 0.
Then we can see, as ys, y, € [y, 2], that,
dist(y, 0K) = |y —z| = |ys — 2| = lys —we| + |lgp —2| >r =0+ 0 =7

showing that y € K,. Therefore B(z,d) C K,, showing that K, has non empty interior.
QED

The other important set inside of a convex body is the union of closed balls of fixed
radius defined by,
K(R):=| J{B(z,R): B(z,R) C K}. (27)

It is clear that if there exists B(a, R) C K(R), then K(R) has non empty interior and
K(R) is compact. Moreover K(R) is convex, as for any B(zg, R), B(y), R) C K, we have
co(B(xo, R) U B(yo, R)) C K, so that if z € B(xg, R) and y € B(yo, R), i.e. 2,y € K(R),
then [z,y] C co(B(xg, R) U B(yo, R) C K. Therefore K(R), for R small enough is a convex
body. In fact there is a special relationship between the sets K, and K(R).

Proposition 35. Let K C R™ be a convex body. Then,
0K, ={r € K : B(x,r) C K and B(x,r)NOK(r) # 0}.

Moreover, if v € OK(r), then x € B(rg, (z),7) C K.

Remark 36. This statement shows that the centers of the balls of radius r tangent to the
boundary of K precisely define the boundary of K.
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Proof. 1f z € 0K, = {z € K : dist(z,0K) = r}, then B(z,7) C K and moreover, by
compactness, there exists some y € OK such that |z —y| = r. Thus B(z,7) C K and
OK N B(z,r) # 0, so that 0K, C {z € K : B(x,r) C K and B(z,7) N 0K # (0}. If
z{r € K : B(z,7) C K and B(z,r) N 0K # (0}, then B(z,r) C K implies z € K,. Also as
OK N B(z,r) # 0, dist(z,0K) = r, so that z € 0K,..

Finally if x € 0K (r), then we know there exists h(x) such that x € B(h(z),r) C K.
Thus h(z) € K,. As |z — h(z)| = r, this shows that in fact dist(x,0K,) = r and thus
h(z) = 7k, (z). QED

Definition 37. Let U C R" be open. We say a function f : U — R is of class C%?, for
a € (0,1],if f € CY(U) and V f is a-Holder continuous, i.e. there exists L > 0 such that for
every x,y € U,

IVf(z) = V(Y < Llz—yl|"

Note that if « = 1, we have f € CY! when Vf is Lipschitz continuous. We now extend

the definition of a C! convex body to the more general C convex body.

Definition 38. For a convex body K, we say that the boundary of K is of class C1® for
a € (0,1] if by rotating the set K, the boundary of K can be locally represented as the
graph of a C'! convex function whose gradient is a-Holder continuous (Lipschitz continuous

when a = 1).

An equivalent definition for a C''® convex body can be stated by the following proposi-

tion:

Proposition 39. If the outer unit normal vector of a C* convex body K is a-Holder con-

tinuous, then K is of class Ch

Proof. The boundary of a C! convex body is locally the graph of a C' convex function.
Thus by a rotation and translation we can assume that 0 € 0K C {z € R" : z, > 0}, and
there exist some L, R > 0 such that 9K N (B"(0,2R) x [0, L]) is the graph of a C! convex
function f : B"71(0,2R) — R. We denote 2’ = (z1,...,2,1). Note on B" (0, R) there
exists M > 0 such that |V f| < M as Vf is assumed to be continuous on B"(0,2R). Thus
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the inner unit normal vector at I'y(z’), in terms of V f, is given by

W0y (aty) = LD VI
NERZIEIE VI IVI@)P

where 7 : R* — R"™! 7(2/, z,) = 2’ is the orthogonal projection. Defining

so, w(v(ly(z')) =

—z —z

U(z);=———= and &(z):=——,
=T RV e

we see that U(®(z2)) = z for all z € R, and it follows that

n o —Vf(ili'/) _ v QZ/ or ZU/
Vf(x)—‘l’< wa(x,)‘z) = U(r(uTs(2'))) fora’ € U.

This proves that V[ is a-Holder continuous on B" !(0, R), as it is the composition of
Lipschitz functions, ¥ and =, with an a-Hoélder continuous function, v. The only issue
could be the Lipschitz continuity of W: it is a smooth function defined for |z| < 1, but it is

unbounded. However, this does not cause any problems here, because

My
~ 1+ M2

| ~V ()
VI+IVi@)P

QED
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3.2 Convex Bodies Satisfying the Uniform Inner Ball Condition

We say that a convex body K satisfies the r-uniform inner ball condition if for every
r € K there exists B(h(z),r) C K such that x € B(h(x),r). In other words K satisfies
the r—uniform inner ball condition if K = K(r) as defined in 27. Note the uniformity here
follows from the radius being independent of any of the individual points in K, and depends
only on the convex body itself. The important aspect of the r-uniform inner ball condition
is how these closed balls interact with the boundary of K. In this case we have that at every
point on the boundary there is a closed ball tangent to the boundary completely contained
in K. Thus the curvature of the convex body is controlled by the uniform radius of these
closed balls.

The following result is a beautiful characterization of C''! convex bodies originally proved
by Lucas in [21, Theorem 1, pg. 32|, in his unpublished thesis. Another proof can be found

in [17, Proposition 2.4.3] and both proofs presented in this thesis are the ones given in [3].

Theorem 40. A convex body K is of class C*' if and only if there exists r > 0 such that

K satisfies the r-uniform inner ball condition.

Later we will show, in Theorem 51, that we can find a similar geometric characterization
of C%* convex bodies. For both Theorem 40 and Theorem 51 we will need the following two

lemmas.

Lemma 41. Let f € CY*(B(z,r)) with |V f(x) — Vf(y)| < Ll — y|* for all z,y € B(z,r).
Then for all z,y € B(z,7), we have, f(x) < i |e =y + Vf(y) - (z —y) + f(y).

Proof. The mean value theorem implies

f(2) — fy) = / V(L )y + ) - (& — ) di

and using the Hélder continuity of the derivative we have for all z,y € B(z,r),
1
f@) = ) = VI e =) = [ (VA= O+ t2) = 9F0) - (o - )
0

< / IV F((1 = t)y + tz) — VF(y)||z -yl dt

1
§L|:)j—y|/ (1 =ty +tex—y|*dt = |x—y|1+a.
0

1+«

40



QED

Remark 42. Lemma 41 implies that if f € CL%(U), where U € R” is open, then

fy) = fl)+(Vf(x),y —x)+ Oy — z|'**) forall z,y e U. (28)

The next lemma shows that the epigraph of a paraboloid satisfies the uniform inner ball

condition, and gives an explicit constant for R > 0.

Lemma 43. Let a # 0, b € R", ¢ € R, and define the paraboloid p : R" — R by p(z) =

alz|* 4+ bz + c. Then epi(p) satisfies the uniform inner ball condition with R = 5-.

Proof. We first assume that p is of the form p(x) = a|x|?>. By examining the behavior of the
normal line at every point on the graph of p we can see that the set of points which do not
have a unique metric projection onto the graph of p, defined as the medial axis, is equal to
the set {x eR":2;=---=x,_1=0and z, > %} Moreover the distance from any point
on the medial axis to the graph of p has distance at least i The result follows by noting

that p(z) = alz|?* + b- x + ¢ is a translated paraboloid of the form a|z|?. QED

Recall, by Theorem 27, that a differentiable convex function has a unique supporting
hyperplane at each point on its graph. Next we want to consider the properties of a convex

function that is squeezed by a C*! convex function and its unique supporting hyperplane.

Lemma 44. Let f, g : B"(0, R) — R be convex functions. Ifg € CYt, f < g and f(z) = g(x)
for some x € B"(0, R), then f is differentiable at x, V f(x) = Vg(z) and

fy) = f@)(V[f(2),y — ) + O(ly — «[*). (29)

Proof. 1f v € 0f(x), then clearly, v € dg(z) and hence v = Vg(z). Therefore, the result

follows from the estimate

fx)+(Vg(x),y—z) < f(y) < gly) = f(x) + (Vg(x),y —x) + O(ly — z[*),

where in the last equality we used (28) and the fact that g(z) = f(x). QED
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The proof of Theorem 40 relies on covering the boundary of K with a finite number
of graphs of C'! functions. Thus the following lemma shows that each of these functions

satisfies a sort of inner ball condition.

Lemma 45. Let f € CYY(B"1(0,2N)). Then there exists R > 0 such that for every
x € B"Y(0,N) there exists B"(h(x), R) C epi(f) satisfying T'¢(z) € B"(h(z), R).

Proof. As f € CY1(B"71(0,2N)), there exists L > 0 such that for all z,y € B"1(0,2N),

IVf(z) =V [yl < Llz—yl.

Applying Lemma 41 we then have,

f) < Sl =3 + V1) (&~ 9) + ). (30)

Fix y € B"1(0,N) and let g, : R*™' — R be defined by,

gy(x) = g!w —yP+ V) - (x—y)+ fy)

Thus g,(y) = f(y) and by (30), for all z € B (0, N), f(z) < g,(z). Asy € B"(0,N)
varies we see that g, is a translated paraboloid and thus, by Lemma 43, there exists R > 0,
depending only on L, such that for every y € B"~(0, N) there exists some h(y) € epi(g,)
with the property,

Ly(y) =Ty, (y) € B(h(y), R) C epi(gy). (31)
Note epi(f) € B"1(0,2N) x (—o0,00). As, for all z € B"71(0,2N), f(z) < g,(x), we have

epi(g,) N (B"(0,23) x (~o0,00)) C cpi().

If we restrict 2R < N, then for all y € B"1(0, N), we can see that

B(h(y), R) € B"1(0,2N) x (—00,0). (32)

Thus by (31) and (32), for all y € B"71(0, N),

I's(y) € B(h(y), R) C epi(f)

as desired. QED
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Proof of Theorem 40. Let K be of class C*!. As K is compact, by Lemma 45, 0K can be
covered by open sets Uy, ...,Uy such that for each U;, there exists R; > 0, where closed
balls of radius R; cover U; N 0K and are contained in K. Setting R = min{Ry,..., Ry} we
have for every # € OK there exists h(z) € K such that = € B(h(x),R) C K.

Finally consider the set
Bp := U{E(ZB,R) cy € B(x,R) C K and y € 0K }.

The above argument shows By is covered by closed balls of radius in R contained in K. For
any x € K \ Bg we have that dist(x,0K) > 2R. Hence B(x, R) C K. Therefore K is the
union of balls of radius R.

To prove the converse, by translating and rotating, we can assume 0 € K C {x €
R" : x, > 0} and that there exists some open ball B"}(0, N) and M > 0, such that by
Proposition 31, 9K N (B"1(0, N) x (—oo, M]) is the graph of f : B" (0, N) — R, where f
is convex. By the hypothesis, there exists a radius R > 0 such that for all y € B"71(0, N),
there exists h(y) € K satisfying I';(y) € B(h(y),R) C K. Let g, be the function, such
that the graph of g, is the boundary of the bottom hemisphere of B(h(y), R). Then g, and
f are convex, g, > f, as the ball is contained in K, g,(y) = f(y), and g, € C*'. Thus
by Lemma 44, f is differentiable at y. As this is true for any y € B"71(0, N), we have
that f is differentiable on B"~1(0, N'). Moreover as f is convex and differentiable, then f is
CY(B™ (0, N)) showing that K is a hypersurface of class C*.

To prove K is of class C%! we need only show that its outer normal vector satisfies a
Lipschitz property and the result will follow from Proposition 39. Given the uniform inner
ball condition, for each x € OK there exists h(z) € K such that 2 € B(h(z), R) C K and
Proposition 35 implies that h(x) = mg,(z). It is clear the outer unit normal v(z) of 0K
will be the same as the outer unit normal for B(h(x), R) at + € K. Thus the outer unit
normal vector at x € K is given by, v(z) = %(x — mg,(x)). Applying Lemma 5 we have,

R

|7k, () — Tk, (y)] < |z — y| so that for any z,y € 0K we have,

v(z) — v(y)| = T —Trp(®) Y~ Tra(Y) _ |z — |

L mea(@) = e )] _ 2~y
R R - R R - R

proving that K is of class C™'(R") as desired. QED
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The above proof is geometrically motivated and follows from elementary arguments.
Another proof of the sufficient condition of Theorem 40 can be found using the Implicit
function theorem. In the following section, when extending the result on C't! convex bodies
to C1 convex bodies, the argument will be similar to the first proof of Theorem 40 as it is
not clear how to apply the Implicit Function theorem to the C1® case. First let’s state the

version of the Implicit Function theorem we will need.

Theorem 46 (Implicit Function Theorem). Let F : R*™* x R — R be of class C'(R™).
If F(z1,...,2,) = 0 and {?T}:L(:cl, oy Tn) # 0, then there are a neighborhood U C R"™1, of
(r1,...,ZTn_1), a neighborhood V C R, of z,, and a C*' function f: U — V such that,

F(zy,... 201, f(x1,. ., 201)) =0 forall (z1,...,2,_1) € U.
Moreover if F(x) =t and VF(x) # 0, then F~(t) defines a surface in R" that is locally the
graph of a CY' function.

For a proof of this version of the Implicit Function theorem, note that in the appendix of
[24] there is an analogous version of the Inverse Function theorem for C*! functions (see also
[9, Theorem 2.1]). As the Inverse Function theorem implies the Implicit Function theorem,

applying the result in [24] to the proof produces this C1! version.

Definition 47. Let K C R™ be a convex body. Then i : R” — [0, 00) is defined as
Ok () = dist(z, K) = inf{|x — a| : a € K}.

Note that by the definition of the metric projection 7y, we have §x(x) = | — 7 (x)|.
The following is an easy consequence of the triangle inequality.
Proposition 48. The function dx : R" — [0, 00) is 1-Lipschitz.

In fact if K is a convex body we can apply the Lipschitz property of the metric projection

mi to show that the distance function squared is differentiable everywhere.

Theorem 49. For a convex body K C R", the function 6% is differentiable on R™ and

V63 (x) = 2(z — mx(z)).
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Proof. For x,y € R", 6%(x) < |x — mx(y)|* implies,

S (y) — 05 (x) > ly — mx(W)|* — o — 7k (y)|* = 2(y — &, 2 — 7k (y)) + |y — |

and by the 1-Lipshitz of 7,

(y—z,2—7mr(y) =(y -z, —7x(v) — (y — 2,7 (y) — (7))
> (y— a0 —7x(x)) — |y — .
Thus,
0 (y) — 05 (x) — 2(y — x, & — g (2)) > —|y — 2>,

Similarly,
0k (y) = (@) < ly — () |* — o — 7 (2)|* = |y — 2* + 2(y — 2,2 — 7 (2))

implying that

Ox(y) = O (@) = 2{y — 2,0 — i (2)) < |y — 2],
Therefore,

05 (y) = 05 (2) = 2{y =z, & — 7 (2)) = o(ly — 2])

proving ¢% is differentiable with V% (z) = 2(x — 7 (z)). QED

Second Proof of Theorem 40. By Lemma 34, we may decrease R > 0 if necessary so that
Kpg is a convex body. By Theorem 49 the function 6%, (z) = dist(z, Kx)? is differentiable
and Vo3 (r) = 2(x — Tk, (x)). Since the function 7, is Lipschitz by Lemma 5, we have

that 67, € C' and for all z € R \ K, V%, (x) # 0. Therefore the set
{z: dist(z, Kg) = R > 0} = (6%,) ' (R?)

is locally the graph of a C'™! function by the Implicit function theorem. It remains to show
that 0K = (0%,,) "' (R?)

Given the uniform inner ball condition, for each x € JK there exists h(z) € K such
that * € B(h(z),R) C K. Moreover, dist(h(z),0K) = R implies that h(z) € Kg. As
dist(z, Kgr) > R and |z — h(x)] = R we have dist(z, Kgr) = R. Hence 0K C {y € R" :
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dist(y, Kr) = R}. Now if we let z € {y € R™ : dist(y, Kz) = R}, then B(nk,(z),R) C K,
ie. v € K. If z € int K, then extend the ray through 7, (x) in the direction of ug,(x),
defined in (14), and denote its intersection with 0K as y. By Proposition 35, we have
y € B(ng,(y), R). Obviously 7, (y) = 7k, () but

ly = T, W) = 1y — i ()] > o — 7 (2)| = R
a contradiction. Hence z € K. Therefore,
OK = {z € R" : dist(z, Kg) = R} = (6%,) " (R?)

and K has boundary of class C1:t. QED

3.3 Convex Bodies Satisfying the Approximate Inner Ball Condition

The goal of this section is to provide a generalization of Theorem 40 for convex bodies
of class C1® by approximating the boundary of K with closed balls contained in K. As we
characterized C''! convex bodies with the uniform inner ball condition, we now establish a

similar definition for an approximate inner ball condition.

Definition 50. We say a set K satisfies the (R, e)-approzimate inner ball condition if for

each x € 9K there exists B(h(z), R) C K such that dist(z, B(h(z), R)) < «.

Thus if K satisfies the (R, )-approximate inner ball condition, then we can approximate
0K with closed balls of radius R at a distance of at most . It is important to note that in
this definition R may depend upon ¢, but is independent of the choice of x € 0K. Using the
definition in (27), an equivalent definition of K satisfying the (R, ¢)-approximate inner ball

condition is that for all z € 0K,
dist(z, K(R)) < e. (33)

The main result of this chapter is:
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Theorem 51. Let K C R" be a convex body. Then K is of class C**, for a € (0,1], if
and only if there exist g > 0 and C' > 0 such that for each 0 < € < g9, K satisfies the

(Cei%, e)-approzimate inner ball condition.

Remark 52. If we let &« = 1 in Theorem 51, then we have K satisfies the (C, ¢)-approximate
inner ball condition for all € < g, i.e. for every x € OK and for all ¢ < g; there exists
B(h.(z),C) C K, such that dist(x, B(h.(z),C)) < . But it follows by compactness that
there exists h(z) such that € B(h(z),C) C K, so that K is the union of closed balls of
radius C' and K satisfies the C-uniform inner ball condition. Therefore Theorem 51 is a

generalization of Theorem 40.

Remark 53. It is important for the radius to be O(&?%). If =2 < 1 the radius of the
closed balls decrease at a rate slower than their distance from the boundary as ¢ — 07, In
fact if the radius of the closed balls was O(g), then it is possible for the boundary of K to
not even be C'. For example the cone f(r) = || satisfies the ((v/2 — 1)e, £)-approximate

inner ball condition.

To prove the forward direction of Theorem 51 we will need a lemma analogous to Lemma
45 for the C*! case. In this case we need a definition for the (R, ¢)-approximate inner ball

condition for functions.

Definition 54. f : U — R, the epi(f) satisfies the (R,¢)-approximate inner ball con-
dition on V' C U, if for every 2 € V there exists B"*!(h(x), R) C epi(f) such that
dist(Ty(x), B"*Y(h(z), R)) < e.

The motivation for this definition follows from the desire to apply results of convex bodies
to convex functions, but it is more common for functions to satisfy a local approximate inner

ball condition.

Lemma 55. Let f € CY*(B"1(0,2r)). Then there exist constants C,eq > 0 such that for

all 0 < € < g, epi(f) satisfies the (R, e)-approzimate inner ball condition on B"1(0,r).

Remark 56. Since f € CY*(B"71(0,2r)), there exists L > 0 such that for all z,y €
B"1(0,2r), we have |V f(z) — Vf(y)| < L|z — y|* With this we can then find an explicit

formula for the constant C'; namely we will show C' = HTC“LfTQa
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Proof. As f € CY*(B"1(0,2r)), let L > 0 be such that for all z,y € B"~*(0,2r) we have

IVf(z) =V fy)| < Lz —yl|*

By Lemma 41 we know that for all z,y € B"1(0, 2r),

f(z) <

e VA () + () )

Hence, for fixed y € B"1(0,2r) and any € > 0, we can define two functions, g, : R® — R
and p; : R" — R by,

Be) = e =y V) (=) + ()
Py () L

We note that f(y) = g,(y) = p;(y) and by (34) for all z € B*~(0,2r), we have f(z) < g,(z)

We now claim that for all 2,y € R"~! and for all € > 0, we have g,(z) < p; () + . To this
end it suffices to show that

2
[1ta L
w(t) == —+1_at2 ——— Y4 e>0 forallt>0
(1+ a)ersa l+a

2
o5 w(le — yl) = 5o~y - e~ e = B0~ g,(0) + T a = L then
+a)e lta
w(t) = ¢ > 0, so suppose a € (0,1). Note as t — oo, w(t) — oo, thus by continuity, w(t)

will achieve its absolute minimum on [0, 00). For ¢ > 0, we have,

2
2L 7+
—— =t — Lt"
(1+a)et+a

w'(t)

and solving w'(t) = 0, t > 0, we find the minimum will either be achieved at ¢t = 0 or

1 _1
" :(£>1Ta l1+a)i-@
07 \L 2 '

Obviously w(0) =& > 0 and for 0 < o < 1 we have,

1+ )= [1+ orta
€ a)i-a «Q —a
w(ty) = = ( -1+ —1za> :

IT-a 2 (1+ )
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Thus we must show, % — 1+ 2%(1 + a)% > 0, which is equivalent to
2(1+a)Te < (1+a)Te 427, (35)

We then see that (35) follows from the fact that 0 < o < 1 implies,

21+ a)T < 2(2)1% =21 <1427 < (1+a)is + 27,
Thus we have proved that for all z,y € R*™!, g,(z) < p; () + € as desired.
We note that p; + ¢ is a paraboloid and hence by Lemma 43, for every y € R, py e
satisfies the R-uniform inner ball condition with R = Csﬁ, where C = @L% Thus

for every x,y € R"!, there exists h; () € epi(p; + ¢) such that,
(a,p5(x) + ) € B(hi(x), CeTa) C epi(ps, +€). (36)

For any y € B"(0,2r), as f(y) = p;(y), we then have by (36),
dist (I (y), B"(h*(y), Ce5¢) <, (37)
where for simplicity the center of the ball denoted by h; (y) is changed to h*(y). It remains to
show that there exists some gy > 0 such that for all 0 < € < &g and for all y € B" (0, r), we

e

have B"(h¢(y), C’siﬁ) C epi(f). To accomplish this we fix g9 > 0 so that gy + 20551“ <r.

Let 0 < € < g9. Then, the fact that 2CeTFe + e < r,y € B"(0,r), and (37) yield,
B"(h*(y),C=%%) C B"(Ty(y),7) € B"(0,2r) x (—00,00).
As, pi(z) + ¢ > f(x) for all x € B"~'(0,2r) we then have by (36)

B"(h*(y), Cet7e) C (B(0,2r) x (—o0,00)) Nepi(pt, + £) C epi(f)

as desired. QED

49



Proof of Necessary Condition of Theorem 51. Let K C R™ be of class C%®. By compact-
ness and Proposition 31, we can cover 0K by finitely many open sets Uy, ..., Uy such that,

for each i = 1,..., N we have 0K N U; is the graph of f; € C%® and

\Vfi(z) = Vfi(y)| < Lilx — y|*

—2

for all z,y € dom(f;). Let L := max{Li,...,Lx} and define C; := (+a) 1 THa - Recall

2 2

by Remark 56 that we can define C' = @L% We note that for all i = 1,... N, we
have C'e17a < Cigﬁ. Thus for each x € 0K, there exists some i € {1,..., N} such that
r € 0K NU; and thus by Lemma 55, there exists ) > 0 such that for all 0 < & < &}, we have
E(hg(a:),CE%) C epi(f;) and

dist(z, B(he(z),Ce17a)) < .

We can let gy = min{e},... &}, and by the compactness and convexity of K, decreasing
go if necessary, we can guarantee that E(ha(x),Ceﬁ) C K for all € < gy. Therefore K

satisfies the (Cé%,a)—approximate inner ball condition. QED

For the proof of the opposite direction of Theorem 51 the goal will be to use the approx-
imate inner ball condition to first establish that at each point on the boundary of K, there
is a unique supporting hyperplane. This ensures that K is of class C' by Proposition 33.
Then applying geometric arguments we can choose closed balls in K that allow us to make
estimates on the inner unit normal vectors of K, and helping us to show these inner unit
normal vectors are a-Holder continuous. Applying Proposition 39 will complete the result.

We first establish notation used throughout the proof of the sufficient condition of The-
orem 51. Suppose that K satisfies the (R, €)-approximate inner ball condition. For z € 0K,

we define the collection of closed balls,
BRe)(z) .= {B(y,R) C K : dist(z, B(y, R)) < }.

For each B € B4 (z) we define h” to be the center of B, so that B := B(h®, R). Moreover,
for each » € OK and each B € B%9)(z), the inner unit normal of B at 73(x) € B, is denoted
vP and given by,

vP=— 7 (38)



If K satisfies the uniform inner ball condition with closed balls of radius R > 0, then
for each x € K there is a unique closed ball of radius R such that z € B(h(x),R) C K.
With the definition of the (R, ¢)-approximate inner ball condition, for x € 9K, there may be
an infinite number of closed balls satisfying B(y, R) C K and dist(z, B) < . Moreover we
know little about the location of these balls, so the challenge we must overcome in proving
the opposite direction of Theorem 51 is to either ensure the results hold for any closed balls
in the collection B(%)(z) or show that we can always find closed balls in B(%)(z) satisfying
desired properties. Lemma 58 is an example of the former, while Lemma 60 is an example

of the latter.

Remark 57. Under specific restrictions on R and e, we may assume that if K satisfies
the (R,e)-approximate inner ball condition, then there exists B € B (z), such that
dist(x, B) = €. To see this, we restrict € so that K. is a convex body, by Lemma 34, and
restrict R > 0 so that there exists B(y, R) C K.. Then for any x € 0K, dist(z, B(y, R)) > ¢.
Given that K satisfies the (R,¢)-approximate inner ball condition we also know for any
r € OK there exists B(z, R) € B4 (x) such that dist(z, B(z, R)) < e. Then we can
find B(2',R) C co(B(z,R) U B(y, R)) such that dist(z, B(z/, R)) = & and by convexity
B(#,R) C K, so that B(¢', R) € B ().

Figure 1: Illustration of Notation for Theorem 51

B € B (x)

0K

3

T

We first show that if K satisfies the (05%,5)—appr0ximate inner ball condition for

all € < g then each point of the boundary has a unique supporting hyperplane. For the

o1



CY1 case, as each point on the boundary is tangent to a closed ball, the uniqueness of the
supporting hyperplane followed immediately by the convexity of K. For the C1® case, we

show that the inner unit normal of any supporting hyperplane of z € 0K must be sufficiently

11—«

close to the inner unit normal v for every B € B¢ 9)(z), with e sufficiently small.

Lemma 58. Let K satisfy the (C’éﬁ,é)—approm'mate inner ball condition for all() < € < .
Let Hy(v(x)) be a supporting hyperplane of K at x € 0K with inner unit normal vector
v(z) of K. Then for every 6 > 0 there exists n(0) > 0 such that for every e < n(d) and
B e %(Ca%ve)(aj), we have |v(z) —vP| < 8, where vP is defined in (38). Moreover Hy(v(x))

15 the unique supporting hyperplane of K at x.

Remark 59. If § < /2, we can find an explicit formula for . Namely,

1+«

0= (525)

satisfies the claim.

Proof. Without loss of generality we can assume C' = 1. Also we can assume x = 0, such
that Hy(e,) := {y € R" : y,, = 0} is a supporting hyperplane, and K C {y € R" : y,, > 0}, as
by a rotation and translation we get the same result for any x € K. Thus we may take the
inner unit normal to be v(0) = e, where e,, = (0,...,0,1). Then, for fixed B € ‘B(E%%’E)(O),
we have dist(z, B) = 8 < e. Thus we have 73(0) = Sv®, as B is tangent to B(0, 3), i.e.
{7(0)} = BN B(0, ). Hence by (38),

eiraB = pB — mp(0) = h? — pvP

and solving for h? yields,

hB = BuB + crra B, (39)

Given that (h¥ ... hB hB—s%) €edBC KC{xeR":z, >0}, we have

y» ''n—17""n

11—«

0<hB —ci7a, (40)
Combining (39) and (40) gives us, 0 < Sv? + gita vB — etva and as 3 < ¢ this gives us,

0< B2 —(1—vP)eria <evB — (1—1vP)eira, (41)
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If v2 =1, as [vB] = 1, then v? = ¢,, and we are done. So consider v? < 1. Tt is clear that

75(0) € {x € B: hB > z,} so that by (38), 2 > 0. Thus 0 < v < 1 implies0 < 1—-vZ < 1

s (o) F ”

Note that as, (¢, v?) = vP > 0 we have,

and solving (41) for € yields,

& — V71 = (e &) — 2(&, V") + (W7, 07) < el + PP =2

and thus, |e, — l/Bl < /2. Therefore the result is trivial for § > /2. Let 0 < § < v/2 and

fix u € R" such that |e, — u| = 4, with |u| =1, u, > 0. As |e, — u|*> = §? we have,

O =ity + (1= up)? (43)
and as u is a unit vector, 1 —u2 = u} + --- +u2_,. Combining this with (43) we can write,
P=1—u2+(1—u,)?*=2(1—u,)

and solving this equation for u,, yields,
62 2— 42

n=1-— = . 44
u 5 5 (44)

Using (44) we define 7 to be

1+« 14+«

() (5"

Thus for every ¢ < n and B € B°(0), we must necessarily have 0 < u,, < v? < 1 as otherwise

if 8 <, then we have 1 —u,, <1 — v and ui < ,%B which implies,

1ta lta
1—wu,)\ 2 1—vB)\ 2
- (o) F (k)

contradicting (42). As [vB| =|u|=1and 0 < w, <P < 1,

(v )P < s )P
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and therefore,

= le, —ul? = 6%

— WP B+ (L= P < (st )P+ (L= u)?

If there exists another inner normal vector of K at 0, 2/(0), such that Hy(/(0)) is a supporting

hyperplane at 0, and /(0) # v(0), then there exists dy > 0 such that |v/(0) — v(0)| = . By

the first part of the lemma there exists n > 0 such that for 0 < ¢ < n and B € B°(0) we

have

1)
_ B <0
lv(0) —v |_4

Likewise for 0 < ¢ < n and B € ®85(0) we have

Hence for 0 < e < nand B € %°(0) by (45) and (46)

0o = [1(0) = V' (0)] < [w(0) — v | + |V'(0) = vF| <

a contradiction, proving the uniqueness of Hy(v(0)).

(45)

(46)

QED

Lemma 60. Let K be a convex body such that K satisfies the (R, €)-approximate inner ball

condition. Then for every x,y € OK there exist By € B9 (1) and By € B (y) such that

2|z —y|
R

P — | <

where vP1 VP2 are defined in (38).
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Proof. Fix x,y € OK. Then we have, by the (R, ¢)-approximate inner ball condition, that

2 — (@) <o and |y — e )| < & (47)

As T r) (%), Tr(r)(y) € K(R) there exist closed balls By, B, C K(R) C K such that, by
(47),
dist(z, B;) <e and dist(y, B2) <e.

Therefore B, € B (z) and By € B4 (y). Moreover the centers, h5* and h?2, of By, By
respectively, by Proposition 35, are in fact the metric projection of mx(g)(x) and T (r)(y)

onto the inner parallel body (K (R))g, given by
(K(R))r = {7z € K(R) : dist(z,0K(R)) > R}.

Hence, by Lemma 5,

[P — K] < o —yl. (48)
Also note that the inner unit normals of B; and Bs, given in (38), can be written as,

Bo hP2 — i (r) ()

hB1 _
VB = WK(R)(QU) and v

R B R

so that again by Lemma 5 and (48), we have,

R R = R R
2|z — y|

W | = W' — mgmy(z) PP — mgry (y) < 1Tk (rR)(T) — Tr(R)(Y)] n |hP — B2

IN

completing the proof of the lemma. QED

We are now ready to complete the proof of Theorem 51.
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Proof of Sufficient Condition of Theorem 51. Assume that there exists some g5 > 0 and
without loss of generality let C' = 1, such that for all 0 < € < gy, we have K satisfies the
(5%%,5)—approximate inner ball condition. Lemma 58 and Proposition 33 show that K is
of class C', as at each point on the boundary there is a unique supporting hyperplane. To
prove K is of class C%® we will show the inner unit normal vectors are a-Holder continuous
and apply Proposition 39. We first consider the case x,y € 0K such that |z — y|* < V2,
with inner normal vectors v(x), v(y) of K. Let § = |z — y|® so that 6 < /2 and define

52\
7 = min (2_52> €O ¢ -

Choose M > 2 such that (%)1;7& < g9. Thus if we fix € > 0 to be,

_ 1+«
ety ™ (49)

1+«

M 32a

1+«
we can then see, as |z — y|'T® < 2724 | that € < gy and

5—’$_y’1+a— & — y[2e 12%‘”_ 52 137“< 52 1§r7"‘< 52 Lt
O MEE M T\ =\ M — 2 —\2-¢2

1—o

so that ¢ < 1. By Lemma 58 we know for every ¢ < n and any B; € B 9)(z), B, €
1—a

BET9)(y) we have

p(z) —vP | <d=]z—y[* and |v(y) —v™|<d= |z -yl (50)

loa l-a
Thus by Lemma 60 we can choose B; € B ) (x) and B, € BE"74)(y) such that

2l —y
‘I/Bl _ I/le S %
€1+o<
Substituting (49) yields,
2 - —«
) s U gar 651

<|z_y‘1+a> Tta
1+«
M 2a

o6



and combining (50) and (51) gives us,

() —v(y)| < (@) — v+ ™ = v+ [P —v(y)|
< o=yl + 2M o — y|? + [ — y|?
= (2+2M12;aa) |z —y|®
showing the inner unit normals are a-Hélder continuous for |z —y|® < /2. If [z —y|* > /2,

then as |v(z)| = |v(y)| = 1 we have,
v(z) = v(y)| < 2= V2V2 < V2o —y|*.
Therefore v(x) is a-Holder continuous for all z,y € 9K and hence K is of class C*. QED

In Section 3.2, for a general convex body K we used Theorem 40 to show that there

existed a C'! convex body K (R) contained in K. Similarly, we can now use Theorem 51 to

find a CY convex body K*(C, &) contained in K. Recall by (27), that
K(Cetia) = | J{B"!(y, Ceria) : B"*(y, CeTv) € K. (52)
We now further define,
K*(C,ep) :={x e K : dist(a:,K(Caﬁ)) < e for all e < eg}. (53)

and if K contains a ball of radius C’séﬁ, then K*(C,eg) is a C'* convex body by (33) and
Theorem 51.

Given Theorem 51 we can now establish a more general version of Lemma 55, with
the added assumption that f is convex, though convexity is only needed for the sufficient

condition. The following corollary is a version of Theorem 51 for functions.

Corollary 61. Let f : R* — R be conver. Then f € Cp%(R™) if and only if for every

x € R" and 6 > 0 there exist constants €y, C' > 0 such that for all 0 < e < g, epi(f) satisfies

the (Cﬁﬁ, e)-approximate inner ball condition on B™(x,J).

The idea of the proof of Corollary 61 is to first construct a convex body using the epigraph
of f and then we can find a C'® convex body, contained in the epigraph of f, that intersects

the graph of f in a neighborhood.
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Proof of Corollary 61. The forward direction follows from Lemma 55, where convexity is

not needed. For the opposite direction, fix x € R™ and ¢ > 0 and define
K= (B”(:z:,ZR) X (—o0, M]) M epi(f)

where R, M € R are chosen to be,

l1—«a
R =max{0,2Ce}"™ +e9} and M= sup f(y)+ R.
yEB(z,2R)

Note K is obviously a convex body. We then consider the C1 convex body given in (53)
K*(C,¢gp) and it remains to show that for all y € B"(x,9), I';(y) € 0K*(C, ¢y).
By the assumption, for each y € B"(z, ), there exists B"*(h.(y), Céﬁ) C epi(f) such
that
dist (T (y), B (ha(y), C=155)) < e (54)

Then by our choice of R and M, for all y € B"(z,0),
B (he(y), Ce3%) C B™(Ty(y), R) C B"(y, R) x (—00, f(y) + R] C B"(x,2R) x (~00, M]
and hence B"(h.(y), C’aﬁ) C K. By definition of K(C’ei%) this shows that
B (h(y), Cetva) C K(Ceira).
Hence, by (54), for all y € B™(z,9),

dist(I'f(y), K (Cere)) < ¢

showing that, by (53), I's(y) € 0K“(C,ep). Therefore the graph of f restricted to B"(z, d)
coincides with K*(C,eg) showing f € C*(B"(x,d). As this is true for any x € R" and
& > 0, this implies f € CL%(R™). QED

loc
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3.4 Regularity of the Convex Envelope

Let f: R™ — R be bounded below by an affine function. We define the convex envelope
of f to be
conv(f)(x) :=sup{g(z) : g < f, g is convex}.
This is well defined and finite as f is bounded below by an affine function. Another way
of defining the convex envelope of f is by making use of the convex hull of epi(f). Recall
co(epi(f)) is the intersection of all convex sets containing epi(f). Thus we have the following

equivalence of definitions for the convex envelope of f:

Lemma 62. Let f : R® — R be bounded below by an affine function. Then,

conv(f)(z) = inf{y € R: (z,y) € co(epi(f))}

Proof. Let g : R™ — R be defined by,

g(x) = inf{y € R : (z,y) € co(epi(f))},

and let {(z) be an affine function satisfying f(x) > ¢(z) for all x € R™. Then co(epi(f)) C
epi(¢) implies that g(z) is well defined and finite for each x € R™. Moreover, by definition
of g, I'y(x) € dco(epi(f)). Given that co(epi(f)) is a convex set of dimension n + 1 it is
clear that g(x) defines a convex function (see 31) and g(x) < f(x) for all x € R". Thus we
have by definition, conv(f)(xz) > g(x). Also, by definition, epi(f) C epi(conv(f)), and as
epi(conv(f)) is a closed convex set, co(epi(f)) C epi(conv(f)), so that g(x) > conv(f)(x)
showing that g(x) = conv(f)(z). QED

A useful characterization of the convex envelope follows from the Carathéodory theorem
(Theorem 4). The proof given here is a more detailed version of the one presented in [27,

Corollary 17.1.5].

Theorem 63. Let f:R" — R and {(x) an affine function satisfying f(x) > €(x). Then,

n+l n+1 n+1
conv(f)(x) = inf {Z Nif(xi) : A >0, Z)‘i =1, Z)‘ixi = x} (55)
i=1 i=1

=1
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Remark 64. We note that co(epi(f)) is an n+1 dimensional convex set so the Carathéodory
theorem and Lemma 62 easily imply that conv(f)(z) can be written as the convex combi-
nation of n + 2 elements of epi(f), yet Theorem 63 states we can write conv(f)(z) as the

convex combination of n 4 1 elements of epi(f).

Proof. Fix x € R" and let \,..., \ys1 > 0 and zq,...,2,41 € R™ be such that

n+1 n+1

T = Z)\ixi, and Z)\i = 1.
i=1 =1

Then it is clear that,
n+1

(ZE, y) = Z )‘Z(xw f(xl)) < CO(epi(f))

i=1

and thus by Lemma 62, conv(f)(x) < y. As this is true for any y of this form, we have

n+1 n+1 n+1
conv(f)(x) Sinf{Z)\if(xi) t A >0, Z)\izl, Zz\ixi:x}
i=1 i=1

i=1
Thus, we need only show that for every € > 0, there exists some z € R satisfying,

n+1 n+1 n+1

=1 =1

i=1
such that z < conv(f)(z) + . By Lemma 62, let (z,y) € co(epi(f)) be such that y <
conv(f)(x) +e. By applying the Carathéodory theorem to epi(f) there exists {(z;, y;)}147 €
epi(f) such that

(z,y) € A== co ({(zs, v:)}177).

Then we choose z* := inf{t € R : (z,t) € A} which shows that z* satisfies z* < y <

conv(f)(x)+e. Note, A is a closed convex polyhedra whose vertices are contained in the set

{(zi,y:)}1+2}. Thus the point (x,z*) is contained on the boundary of A, and in particular

(x,z") € N where A’ is a face of A. Moreover A’ is a closed convex polyhedra of dimension

less than or equal to n, with at most n + 1 vertices contained in {(x;, ;) }7"Z. By relabeling,
nt1

we may assume that A’ C co({(z;,v;)}727 } and thus,

n+1 n+1

(z,2") = Zki(mi,yi), Z)\i =1, N=>0
i—1 '
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which shows that z* is of the form,

n+1 n+1 n+1

=1 =1 i=1

As {(zs,y;)}! € epi(f), this implies f(x;) < y; so that we can choose z := Z?:ll Aif (),
and thus

z < zZ" <conv(f)(x)+e

as desired. QED

It is convenient to place certain restrictions on the coefficients used when writing = as
the convex combination of points in R™. We define the set of convex combinations of x € R",

with decreasing coefficients, as

n+1 n+1
C(x) = {{(Ai,m}?ﬁl 12N> > A >0, =1, and Y Ny = x}

i=1 i=1

so that we can rewrite Theorem 63 as,
n+1
conv(f)(x) = inf {Z Nof () {(\g, )} € C(I)} .
i=1

By properties of the infimum, for all z € R", there is a sequence {(A§’“),x§’“))}?j11 € C(x)

such that,
n+1

Z )\Ek)f(xl(k)) — conv(f)(x) ask — oo. (57)

In 2001 Kirchheim and Kristensen showed in [18] that a CL%(R") function satisfying
f — o0 as |z| — oo has convex envelope of class CL%(R"). Furthermore in [19] a weaker
version of this result is proved using the infimal convolution, assuming that f grows faster
than any linear function. Here we provide a novel proof for this theorem applying the
geometric characterization of OV convex bodies given in Theorem 51.

We say a function f: R™ — R is coercive if f(x) — oo as || — oo. Namely, continuous
coercive functions achieve a minimum in R™. The proof of Theorem 70 uses the sequences
as in (57). The following lemma tells us that for y € B(x,d) we can select such a sequence

in C(y) so that both ,ugk) and yik) converge. The importance of this lemma is that ugk)

)

converges to something positive and that the y%k remains bounded.
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Lemma 65. Let f : R" — R be continuous and coercive, x € R™, and 6 > 0. Then for

every y € B(x,d) there exists a sequence {(uE’“),yﬁ’@)}”“ € C(y) for all k € N such that

,ugk) — u1 € [nﬂ,l} yg) — y1 and {(,uz ,yZ )}”+1 satisfies (57). Moreover there exists

M >0 and N > 0 such that,
B(z,8) c B(0,M) and ¥ c B(0,M) for all k> N.
Remark 66. In Lemma 65, M depends only on the choice of x € R™ and § > 0.

Proof. As f is continuous and coercive, we can assume f > 0 and we fix y € B(x,0).
Applying Theorem 63 there exists {(uf ,yz )} + e O(y) satisfying (57). If ,ug ) < %H, we

would have ,u(k) < #1 forall: =1,...,n+1, which contradicts Zfﬂl ,ug ) = 1. Therefore for

all k € N, we have ,ugk) € [#17 1} . Moreover by the coercivity of f, we know yik) is bounded.
(k;)

Indeed, if not, then there exists a subsequence |y§kﬂ )| — oo and by coercivity, f(y, ') — 0.

As ,ul +1,p,l(k) >0foralle=2,...,n+1, and f > 0, we have for each j € N,

v

ntl (k)
() k) < (3) g (ki) < S )
;Mz fz —:ul f(yl ) n+1 .

Letting j — oo the left side approaches conv(f)(y) and the right side approaches oo, a

contradiction as f is finite everywhere. Therefore, up to subsequences, we may assume that

k
/"Lg)_)/’l’le [n+1’ } andyg)_)yl-

Also by coercivity, there exists M > 0 such that B(z,d) C B(0, M) and,
f)>m+1)| sup f(y)+1 for all |z| > M. (58)
yEB(z,9)

We must have for k£ large enough, ygk) € B(0, M) as if not there exists a subseqeunce such

that, [1\")| > M for all j € N. Then (58) implies,
n+1

Do fw) 2z m f ) = w1 () + 1) 2 fly) +1
i=1

and letting j — oo we have conv(f)(y) > f(y) + 1, a contradiction. Moreover this implies

y1 € B(0, M). Thus for k large enough, we have y§’“) C B(0,M). QED
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Remark 67. In the proof of the following lemma, we will need to consider the translations

and dilations of balls. Let a,r > 0 and x, h € R™. Then,
aB(h,r) +{z} ={ay+2x:y € B(h,r)} = B(ah + z,ar).

Lemma 68. Let f : R® — R be coercive and continuous. If for every x € R™ and § > 0
there exists R,e > 0 such that epi(f) satisfies the (R,¢e)-approzimate inner ball condition
on B™(x,9), then for any x € R™ and 6 > 0 there exists Ry,00 > 0 such that epi(conv(f))

satisfies the (R, €o)-approximate inner ball condition on B™(x,J).

Remark 69. In the proof we specifically show that for fixed x € R™ and § > 0, if f satisfies
the (R, e)-approximate inner ball condition on B™(0, M) for M large enough, then conv(f)

satisfies the ( ¢)-approximate inner ball condition on B"(z,J).

i1 )
Proof. Fix x € R” and § > 0. By Lemma 65, for any y € B"(x,d) we can find a sequence
(P "Nl e C(y) for all k € N, such that ") — g > — g =y and

n+1

Z ul(-k)f‘f(ygk)) = Leonv(p)(y) as k — oo. (59)

Lemma 65 also implies there exists M > 0, depending only on the choice of x and J, such
that B™(x,0) U {y§’“>}z°:1 C B"™(0, M). By assumption, there exist R,e > 0 such that epi(f)
satisfies the (R, e)-approximate inner ball condition on B™(0, M). Thus for each y%k), there

exists h®) such that
B (h® R) C epi(f) and dist(T;(1{"), B(h®, R)) < e. (60)

We now consider the closed ball B%*) given by,

n+1
B(k) Bn+1 {ZMZ Ff } '

As B"(h™ R) C epi(f) and Ff(yi(k)) ¢ epi(f) for all k € N, we have B*) C epi(conv(f))

for all & € N, being the convex combination of elements in epi(f). By (59), as Z”+11 1 T (yfk))

converges, there exists L > 0 such that | Y7 ,ulk)l“f(yik)ﬂ < Lfor all k € N and (60) implies
e =PI < R e
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Figure 2: Proof of Lemma 68

Thus the centers of B®), given by p{?h®) + S ,uzk)F f(yi(k)), are bounded. Indeed,

Z Ty

W(R+e)+ L<R+e+L.

n+1

® 4+ T
=2

D) < |pOr® = w1 +

Therefore up to a subsequence, we may assume that ,ul k) 4 Z"H (B 7y, (k )) — h.
We now claim that the closed ball B""(h, u; R) satisfies,

E"*l(h,ulR) C epi(conv(f)) and dist(Tconv(s)(¥), Z_S’”H(h,ulR)) < pE. (61)

As the centers of B®) converge to h and clearly the radius of B*), given by ugk)R, converges
to 1R, we can see that B®) — B"*'(h,u1R) as k — oo, in the sense that for every
x € B"(h, i1 R) there exists ¥} € B®) such that () — 2. Thus, as epi(conv(f)) is closed
and B® C epi(conv(f)) we have B"*'(h, 1 R) C epi(conv(f)). Also by (60), there exists
some a*) € B"*1(h(® R) such that

D) —a®| <e. (62)
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By the same argument used to show the centers of B%*) are bounded, we see that /Lgk)a(k) +

ZZZL; ,uz(»k)F f(y(k)) are bounded and up to a subsequence we have,

i

n+1
B® 5 1uPa® 4+ 3" 114 (y") — a € B(h, mR).
=2

Therefore (62) shows,

n+1 n+1

k k k k k k
> Ty - <u§ a3 T () >>> “
i=1 =2

< pye

and letting £ — oo yields,
‘Fconv(f) (y) - Cl’ < H1E.

As a € B"*(h, u1 R) this proves (61). Given that p; > —= we can find a smaller ball and
h' € epi(conv(f)) such that

— R — R
n+1 / : : n+1 / <
B (h 1 1) C epi(conv(f)) and dist (Fconv(f) (y), B (h Y 1)) <e

R

—17»€)-approximate inner ball condition on B"(z, 9).

QED

showing that epi(conv(f)) satisfies the (

Theorem 70. Let f : R* — R satisfy f € CL%(R™) and be coercive. Then conv(f) €
ChY(R™).

loc

Proof. By Corollary 61, for any z € R™ and 0 > 0 there exists g9, C' > 0 such that for
all 0 < e < g, epi(f) satisfies the (05%,5)—approximate inner ball condition on B(z,d).
Specifically, choosing M > 0 as in the proof of Lemma 68, we have that there exists g, C' > 0
such that for all 0 < e < g, epi(f) satisfies the (Ceﬁ,e)—approximate inner ball condition

on B(0,M). As f is coercive, the proof of Lemma 68 implies that for all 0 < ¢ < &,

-«

epi(conv(f)) satisfies the (niﬂs 1+a,€)—approximate inner ball condition on B(z,d). The

result follows by again applying Corollary 61. QED
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Remark 71. In [7, Example 4.1] is given a counterexample to Theorem 70 if we remove the

coercivity of f. The function f :R? — R, defined as,
flz,y) = Va2 +e v

is clearly smooth, and it can be seen that conv(f)(x,y) = |z|. The value conv(f)(0,y), for
any y € R, can be approximated by a sequence of convex combinations of points of the

form f(O,yi(k)), such that y(k) — o0 as k — oo. Moreover, as epi(f) satisfies the (R, ¢)-

approximate inner ball condition, the graph of f can be approximated by balls of radius R.

But as £k — oo we have R — 0.

3.5 Sum of Convex Bodies

We define the Minkowski sum of two sets as,
A+B={r+y:z€ Aand y € B}.

We also define a convex domain as a convex set with nonempty interior. It is easy to verify
that the sum of two convex domain is itself a convex domain. To apply the results from the

previous sections to the sum of two sets we will need to work with the boundary of A4+ B and
see how this connects to the boundaries of A and B individually. While 0(A+ B) # 0A+0B,

we do have the following inclusion,
Lemma 72. For convex body A C R™ and convexr domain B C R", 0(A+ B) C 0A+ 0B.
We first prove this simple lemma,

Lemma 73. For A C R" compact and B C R™ we have A+ B C A+ B.

Proof. Let z € A+ B. This implies that there exists a sequence z, € A + B such that
Z, — z. As z, € A+ B, there exist a, € A and b, € B such that 2z, = a, +b,. By

compactness of A, there exists a,, — a € A. Thus, if we define b := 2z — a, we have,
bp, = 2p, —Qn, > 2—a=0

so that z = a4+ b where a € A and b € B. QED
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Proof of Lemma 72. Let z € 9(A + B) and by Lemma 73 we have 9(A + B) C A+ B C
A + B so that there exists a € A and b € B such that z = a + b. The claim is that
a € 0A and b € 0B. If a € int A, there exists 6 > 0 such that B(a,0) C A. Thus
B(a,0) + {b} C B(a,0) + B C A+ B. This implies that B(a + b,0) = B(z,§) C A+ B,
and thus z € int(A 4+ B), a contradiction, proving a € 0A. A similar argument shows that
bedB QED

Remark 74. In general 0(A + B) # 0A + 0B. Consider the sets A = [0,2] x [0,2] and
B = B*((0,0),1). Then (0,0) € A and (1,0) € B, but

(1,0) + (0,0) = (1,0) € B*((1,0),1/2)  (1,0) + B*((0,0),1/2) c A+ B

so that (1,0) + (0,0) ¢ 0(A+ B).

Theorem 75. If A C R" is a convex body of class C' and B is any convexr domain, then

A+ B is of class C'.

Proof. We will be making use of the characterization of C' convex domains given in Propo-
sition 33, that is, the goal is to show at each z € 9(A + B) there exists a unique supporting
hyperplane. We first note that for each b € B, the set A + {b} is a C' convex body. Thus
for each a € OA, there exists a unique supporting hyperplane of A + {b} at a + b. Fix
20 € O(A+ B). By Lemma 72, there exists ag € 0A and by € OB such that zy = ag + bo.
Moreover by the convexity of A + B there exists a supporting hyperplane of A + B at z.
It is clear that any supporting hyperplane of A+ B at 2, is also a supporting hyperplane of
A+ {bo} at zo = ag + by. If there exists more than one supporting hyperplane of A + B at
20, then there exists more than one supporting hyperplane of A+ {b} at z;, a contradiction.
Therefore at each point z € (A + B) there is a unique supporting hyperplane, showing that
A+ B is of class C!. QED

In 1991, Krantz and Parks proved in [20] that the sum of a C'* convex body and a
general convex domain is a C1® convex body. Their proof relies on writing the boundaries
of the convex bodies using coordinate systems and is difficult. Another proof is given by
Kiselman in [19], which relies on the use of the infimal convolution. Here we will present a

simple and new proof of this result that follows from Theorem 51.
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Remark 76. The proof for the opposite direction of both Theorem 40 and Theorem 51
does not require the set K to be bounded. The ¢y > 0 included in the theorem is a global
condition to ensure the closed balls remain in K. Thus, if there exists ¢g > 0 and C' > 0
such that the convex domain K satisfies the (Cai%,a)—approximate inner ball condition for

all 0 < € < g, then K is of class C1.

Theorem 77. If A C R™ is a convex body of class CY*, o € (0,1], and B C R"™ is any

convex domain, then A+ B is of class C**.

Proof. We first present the proof for the case a = 1, since it is an easy application of
Theorem 40. Consider any z € 9(A + B) and by Lemma 72 let a € 0A and b € 0B satisfy
z = a+b. By Theorem 40, A satisfies the uniform inner ball condition, so there exists

h(a) € A and 7 > 0 such that a € B(h(a),r) C A. This implies
a+be B(h(a),r)+{b} C A+ B

where B(h(a),r) + {b} is a closed ball of radius r. Therefore A + B satisfies the uniform
inner ball condition and hence is of class C*1L.

In general, for a € (0, 1], we know by Theorem 51 there exists constants e, C' > 0 such
that for each 0 < & < g, A satisfies the (Csﬁ, e)-approximate inner ball condition. Hence
for each a € OA and for each 0 < € < g there exists h.(a) € A such that B(h.(a), C’gﬁ) CcA
and

dist(a, B(h.(a), Ce174)) < .

Let z € (A + B) and by Lemma 72, let a € JA and b € 0B such that z = a + b. Then
consider the ball B(h.(a), Ce%) + {b} C A+ B, and note, for all 0 < € < &,

11—«

dist(a + b, B(he(a), Ceiva) + {b}) = dist(a, B(he(a), Ceiin)) < &

so that A + B satisfies the (05%,8)—approximate inner ball condition for all 0 < & < &.
Therefore, by Theorem 51, A + B is of class Ch?. QED
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4.0 Second Differentiability of Convex Functions

We established in Chapter 2 that a convex function is differentiable almost everywhere,
by showing it is locally Lipschitz and applying the Rademacher theorem. But in fact a
much more impressive result is true for convex functions. In this chapter we will prove
the Alexandrov theorem which states that a convex function is in fact second differentiable

almost everywhere.

4.1 Approximating Convex Bodies with Lipschitz Outer Normal Vectors

Recall for a convex body K, the inner parallel body K, defined in (26), is given by
K, ={x € K : dist(z,0K) > r}.
and K (r), defined in (27), is given by
K(r)=| J{B(z,r): B(x,r) C K}.

Moreover, choosing r small enough, both K, and K(r) are convex bodies.

Lemma 78. If a convexr body K contains a ball of radius rq, then
HHOK,) < H"HOK NOK(r)). (63)
Proof. By Lemma 34, K, is a convex body. Observe that
Tk, (0K NOK(r)) = 0K,. (64)

Indeed, if z € OK,, then there is x € 0K, such that |z — z| = . Therefore, x € B(z,r) C K,
and hence x € K(r). Thus, x € 0KNOK (r), |x—z| = r > dist(x, K,.), and hence z = 7, ().
Now (63) follows from (64) and the fact that 7, is 1-Lipschitz (Lemma 5). QED
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The next beautiful result is due to McMullen [22]. While it can be concluded from
Alexandrov’s theorem, we present here a direct and surprisingly elementary proof which is a
small modification of McMullen’s argument. In fact, Lemma 79 will play an important role

in our proof of Alexandrov’s theorem.
Lemma 79. If K C R" is a convez body, then lim, o+ H" (0K \ 0K (r)) = 0.

Remark 80. Lemma 79 has the following geometric interpretation: for almost all x € 0K,

there is a closed ball B C K touching the boundary of K at z, i.e., z € B.

Remark 81. The proof presented here of Lemma 79 will follow from the use of dilating
the inner parallel bodies of K, but a famous result in convex geometry can also be used.
Steiner’s formula shows that for a convex body K, the surface area can be found using this

derivative style limit:

d—0+ 0 '

where we have K + §B(0,1) = {z € R" : dist(z, K) < §}, the outer parallel body of K.

Proof. Without loss of generality we may assume that B(0,79) C K. If r € (0,7), then 0
belongs to the interior of K,. For A > 0 we define

MK, ={)\z: z € K.},
that is, AK, is a dilation of K,. For r € (0,rg), let
A(r) :==inf{A >0: K C \K, }.

Clearly, K C A(r)K,. It is easy to see that the function r — A(r) is non-decreasing and
A(r) = 1 asr — 07. Indeed, for any ¢ > 0, (1 4+ ¢) 'K C int K, and hence ¢ := dist((1 +
e)'K,0K) > 0, so for all r € (0, ]

(1+¢) 'K C K,, ie, KcC(1+¢)K,.

In other words 1 < A(r) < 1+¢ for all 0 < r < § proving that A(r) — 1 as r — 0%,
It is easy to see that mx (O(A(r)K,)) = OK. Indeed, if x € K and v(x) is the outer

unit normal vector to a supporting hyperplane of K at x, then there is ¢ > 0 such that
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z =z +tv(x) € O(A\(r)K,) and it easily follows that mx(2) = x. Since 7 is 1-Lipschitz and
it maps O(A(r)K,) onto 0K, we have by Lemma 78, that
HHOK) < H" MO K,)) = A(r)" " H"HOK,) < Ar)" "H" (0K NOK(r))
<A)"MHHOK) — HHOK) asr — 0T
Therefore, H" " 1(OK N 0K(r)) — H" Y(0K), as r — 0. This completes the proof of

Lemma 79. QED

Corollary 82. If f : R® — R is convex, then it is differentiable a.e. Moreover
fy) = fz)+ Df(x)(y —x) + O(ly — z[?) for almost all x € R™. (65)

Proof. Since the boundary of a ball is parameterized by a smooth convex function, Lemma 44
implies (65) whenever there is a ball in the epigraph of f that touches the graph of f at
(x, f(x)) and it follows from Lemma 79 that it is true for almost all z. QED

Remark 83. Note that the proof of Corollary 82 does not use Rademacher’s theorem.
Moreover, the estimate (65), is stronger than the a.e. differentiability of f that would follow

from an application of Rademacher’s theorem.

4.2 Alexandrov’s Theorem

The first part of Alexandrov’s theorem states that a convex function is twice differentiable

a.e. in the sense of Taylor’s theorem with the Peano remainder.

Theorem 84. If f : R" — R is convezx, then it is differentiable a.e. and at almost every
point where f is differentiable, there is a symmetric matriz denoted by D*f(z) such that

o f) = f(@) = Df(@)(y — z) - s(y—2)"D*f(x)(y — x)

y—a ly — x|?

= 0. (66)
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To prove this result we will build upon the previous section, where we showed that we
can approximate a convex body K with a C™! convex body K(R) C K such that surface
area of 0K \ 0K (R) can be made arbitrarily small for R small. The idea of the proof goes as
follows: take a convex function f and intersect the epigraph with a cylinder bounded from
above, making a convex body. Then this convex body can be approximated by a C'! convex
body which intersects the boundary outside a set of small measure, and locally this convex
body is the graph of a C%! convex function, let’s call it g. Note that on the set of points
where f = g, Vf exists and Vf = Vg. Applying the Rademacher theorem to Vg at almost
every point will give us the desired symmetric matrix.

The next result is a direct consequence of Lemma 79 and will be used to prove both

Alexandrov’s theorem and Theorem 90.

Corollary 85. Let f : R® — R be a convex function. Then for every R > 0 and ¢ > 0,
there is a convex function g € C»(B™(0, R)) such that g > f and

L'({z € B"(0,R) : f(z) #g(x)}) <e. (67)
Proof. Let M := supgugop) f(x) and define
K = {(x,y) € B"(0,2R) x R : f(r) <y < M +2R}.

That is, K is an (n + 1)-dimensional convex body bounded by the graph of f, the cylinder
0B"(0,2R) x R and the hyperplane y = M + 2R. According to Lemma 79, there is 6 < R
such that

H"(OK \ 0K (9)) < e.

Since K(§) is the union of closed balls of radius § < R that are contained in K, it follows
that

B™(0,2R) x {M + R} C K(5),

i.e., the intersection of K (4) with the hyperplane y = M + R is an n-dimensional closed ball
of radius 2R. Thus, if 7 : R®"! — R™ is the orthogonal projection, w(K(5)) = B"(0,2R),
and hence for x € B"(0,2R), we can define, as in (24)

g(x) :=inf{y : (z,y) € K(5)}.
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That is, the function g : B"(0,2R) — R parametrizes the bottom part of the boundary of
K (8). According to Theorem 40, the boundary of K (3) is of class C™' so g € C!(B™(0,2R))
and hence g is a convex function in C*'(B"(0, R)). Since K (§) is contained in K and hence
in the epigraph of f, it follows that g > f.

Observe that

{z € B"(0,R) : f(z) # g(x)} C7(0K \ 9K(9))

and hence
L*({z € B*(0,R) : f(z) # g(z)}) < L(m(OK \ 0K(0))) < H"(OK \ 9K (d)) <e,

because the orthogonal projection does not increase the Hausdorff measure and H™ coincides

with the Lebesgue measure in R". QED

Lemma 86. Suppose that f,g : B"(0, R) — R are convez, f < g, and g € C(B"(0, R)).
Then for almost all xq € {x € B"(0,R) : f(x) = g(x)} we have

f(x) = f(zo) + Df(x0)(x — 70) + %(5’3 — x0)" D?g(x0)(z — o) + 0|z — mo?). (68)

While the main tool of the proof of this theorem is the Rademacher theorem, the sim-
plicity of it follows from the use of density points in the set {f = ¢g}. We will need the
following property of density points for the proof of Lemma 86.

Lemma 87. Let A C R" be a closed set and 0 a density point of A. Then for any x € R",

there exists y € A such that |x — y| = o(|x]).

Proof. We first want to show
lim dist(x, A) _o
|z|—0 ||

Suppose to the contrary that the limit does not equal 0, that is, there exist eg > 0 and

|z| — 0 such that for all £ € N,
dist(zy, A)
||

Let 0y := dist(xg, A), so that we have for all k, % > 9. Also note that 0, > 0 implies

B(zk,0/2) N A = (). Now consider the balls B(0, |zx|), and note by the density of 0,

€0-
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lim LM(AN B0, |xk|))
k=oo  L2(B(0, [24]))
We can also note that there exists y € B(0, |zx|) N B(xy, dx/2) such that

~1. (69)

B(yg, 6/4) C B0, ) N Bay, 04/2).
As B(yr, 0x/4) N A = 0 implies AN B(0, [zx]) € B(0, [x]) \ B(yx, 61,/4) we have,
LMANB(O, |ag]) < L7(B(0, [zx]) \ B(yk, 0k/4)) = L*(B(0, |lwx])) — L"(B (Y 0r/4))
and hence,

LrANBO, |ml) _,  L"(Blyk04/4) _ 0 4 <0

Lr(B(O, |ze])  — Lr(B(0, [zx])) At T 4

contradicting the definition of density point. The result then follows by noting, as A is

closed, for each x € R"™ there exists a y € A such that
dist(z, A) = |z — y|
QED

Remark 88. To find the y; explicitly, draw a line segment from 0 to x, and call z, the
point where this line segment intersects the boundary of B(zy, d;/2). Then choose yi to be

the midpoint on the line segment between x; and z.

Proof of Lemma 86. It follows from Lemma 44 that f is differentiable at every point of
the set {f = g} and that Df = Dg in {f = g}. Since Dg is Lipschitz continuous, Dg
is differentiable a.e. by Rademacher’s theorem. Therefore, it suffices to prove the result
whenever zg € {f = g} is a density point and Dy is differentiable at .

To simplify notation, without loss of generality, we may assume that xqg = 0, and we

need to prove that

F(&) — £(0) = DF(O)x — 52" Dg(0)x = of| ).
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Since f(0) = ¢g(0) and D f(0) = Dg(0), the left hand side equals

(1) = g(e) + (a(a) = 9(0) = Dg(O)z ~ 34" D29(0) ) = () = 9(0)) + oo

We used here the fact that g is twice differentiable at 0 (Taylor’s theorem with the Peano
remainder). Thus it remains to show that g(z) — f(x) = o(|z|?).

Since 0 is a density point of the set {f = g}, by Lemma 87 for any x € B"(0,r) we can
find y € {f = g} such that |z — y| = o(|z]).

Clearly, f(y) = g(y) and Df(y) = Dg(y) by Lemma 44. Therefore,

f@) > fy) +Df(y)(x—y) =g(y) + Dg(y)(x —y),

where the inequality is a consequence of Theorem 22. Since f < g, the above inequality and

Lemma 41 yield
0 < g(z) = f(z) < g(z) — g(y) — Dg(y)(x —y) < Mz —y[* = o(|z[*).
completing the proof. QED

We are now ready to prove the first version of the Alexandrov theorem:

Proof of Theorem 84. Let f: R"™ — R be convex. Let R > 0 and € > 0 and let g be as in
Corollary 85. It follows from Lemma 86 that for almost all z € {f = g}, (66) is satisfied
with D?f(z) := D?g(z). Hence (66) holds true in B(0, R) outside a set of measure less
than €. Since it is true for any R > 0 and € > 0, it follows that (66) is satisfied almost
everywhere. QED
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4.3 The Differentiability of the Subdifferential of a Convex Function

There is also a second version of the Alexandrov theorem which says that the subdiffer-

ential Jf is differentiable a.e.

Theorem 89. If f : R® — R is convex, then for all x € R™ where f is twice differentiable

as in (66), we have

_ Df(z) — D? _
lm sup lo, — Df(x) f(@)(y — )]
Y= g, €0f(y) ly — |

—0. (70)

The usual way to prove the first version of Alexandrov’s theorem (Theorem 84) is to show
Theorem 89 first and conclude Theorem 84 from it. In this thesis we will prove Theorem 89

directly from Theorem 84. If f is twice differentiable at 0 as in (66), then we have
1
f(z) = f(0)+Df(0)x+ 5;;;TD?f(O):c + R(z) = f(0) + Df(0)x 4 (Azx,z) + R(x),

where A = £D?f(0) and R(z) = o(|z|?). Note that
| R(z)]

a(r) ;== sup — 0 asr — 07,
0<|z|<2r |l”
Moreover,
R < a( D) 1ef? < affal) ol

Proof of Theorem 89. Let f be twice differentiable at x as in (66). We need to prove (70).

Without loss of generality we may assume that x = 0, and hence we need to prove that

i 72 Df(0) — D*f(0)x

z—0 |q;|

—0 for any o, € f(x).
For z,y # 0, we have

f(x) = f(0)+ Df(0)x + (Az,z) + R(z), fly) = f(0) + Df(0)y+ (Ay,y) + R(y).
Since f(x) + {00,y — ) < f(y), we have

(o0, y —2) < fly) — f(x) = Df(0)(y — ) + (A(z + y),y — z) + R(y) — R(z).
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We used here the fact that A is symmetric and hence (Az,y) = (Ay,x). Let

y=x+w, where w=+/a(|z|)|z|z, |z] =1.
Then
(72 w) < DF(O)w + (A2 +w), w) + R(y) — R(z)
If |z| is sufficiently small, then a(]z]) < 1 and hence |w| < |z, so |y| < 2|z|. Therefore,

B <a( D) P < ta(iala.  RE) - BE@)| < salja])a]

Taking the supremum over all z with |z| = 1 we get

o0 — Df(0) = 2Az|\/a(|z])|2| < |Ala(|z])|=[* + ba(|z[)]=[*

and hence
+— Df(0) —2A
lo f|;|) | (A 4+ 5)alah) = 0 asz — 0.
Since 24 = D?f(0), the result follows. QED

4.4 Approximating Convex Functions Globally with Continuously
Differentiable Convex Functions with Lipschitz Gradient

The following result was originally proved by Hajlasz and Azagra in [4], but the proof is
technical. The previous results regarding C! convex bodies and functions allows us to find

a simpler and more intuitive proof.

Theorem 90. Let f: R" — R be a convex function. Then, for every R > 0 and for every

e > 0, there erists a convex function g € CH1(R™), g > f, such that

L'({z € B"(0,R) : f(x) # g(x)}) <e.
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The only difference between Corollary 85 and Theorem 90 is that the function ¢ in
Corollary 85 is only defined on the ball B"(0, R). The main step in the proof of Theorem 90
will be to show that the function g can be extended from a ball B"(0, R — ¢§) to a convex
function of class C11(R™). We will do it by gluing the function g with a quadratic function
of the form a|z|? — b and we need to know how to glue convex functions while maintaining
their smoothness.

The maximum of two convex functions

u+v+ |u— vl
2

max{u,v} =

is convex, but even if u,v € C*, the maximum max{u, v} need not be C*. To overcome this
difficulty, we will use the so called smooth maximum that was introduced in [2].

Let 8 € C*(R) be such that 6(t) = |t| if and only if |t| > 1, 0 is convex, 6(t) = (—t) for
all £, and 1-Lipschitz.

It easily follows that 6(¢) > 0 for all ¢ and |¢'(¢)| < 1 if and only if |t| < 1. Then, we

define the smooth mazimum function M : R? — R as,

r+y+0(z—vy)

M<:L‘7 y) = 2
It is easy to see that M is smooth, convex and
M(z,y) = max{z,y} whenever |z —y|>1. (71)

It is also not difficult to prove that M(z,y) is non-decreasing in x and y, because partial
derivatives of M are non-negative, see [2, Lemma 2.1(viii)]. This observation and convexity

of M yield (see [2, Proposition 2.2(i)])

Lemma 91. If u,v : U — R are convexr functions defined in an open convex set U C R",

then M(u,v) : U — R is convex.

It is also obvious that if u,v € CL!(U), then M(u,v) € CLL(U).

We will use the smooth maximum to prove the following extension result and Theorem

90 follows immediately from Proposition 92.
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Proposition 92. Let h € CL'(B™(0, R)) be a convex function. Then, for every r € (0, R),

there is a convex function H € C1(R™), such that
H(z) = h(z) whenever |z| <. (72)
Remark 93. If h € C*, k € NU {oo}, then H € C*(R"). The proof remains the same.

Proof. Choose p € (r, R) and let

m = inf h, M := sup h.

|zl <r x| =p

Then, we can find a,b > 0 such that the function ¢(z) := a|z|* — b satisfies
qg(z) <m—1 if || <r (73)

q(x) > M +1 if |z| = p, (74)

and we define
M(h(z),q(z)) if [z < p,
q(z) if |z| > p.

It follows from (73) if |z| < r, then h(x) > g(z) + 1 so by (71), we have
H(z) = M(h(z),q(z)) = h(z) if [z| <7

and the condition (72) is satisfied. It follows from (74) that there is ¢ > 0 such that
q(z) > h(z) + 1if p < |z| < p+ ¢ and hence by (71),

M(h(x),q(x)) = q(x)  when p < |a] < p+-=.

Therefore, the convex functions ¢(z) € CYY(R") and M(h(z), q(z)) € CLH(B™0, R)) coin-

loc

cide in the annulus p < |z| < p 4 € and hence H is convex in R” with H € CL!(R™). Since

loc

H = q € C"! outside the compact ball B"(0, p), it follows that H € CY'(R"). QED
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5.0 Support Functions and Boundary Properties of Convex Bodies

5.1 The Support Function

Previously when discussing convex bodies we noted that at each point on the boundary
of the body there is a supporting hyperplane (Theorem 8). While this description can be
thought of as an intrinsic view of the boundary structure of K we now want to consider
an extrinsic view of the boundary of K. We recall the hyperplane with normal vector u is
denoted

Hy(u) :={z € R" : (x,u) = b}

and the half space with boundary Hj(u) and u outer normal vector as
H, (u) :={x € R" : (z,u) < b}.

Geometrically, for a fixed u, increasing b translates the hyperplane Hy(u) in the direction of
u and decreasing b translates Hy(u) in the direction of —u.
Let K be a convex body. We say that H(u, K) is the supporting hyperplane of K in the

direction of u if there exists b € R that satisfies
K C H, (u) and Hy(u) NOK # 0.

It is clear, by the convexity of K, for a fixed u, the choice of b € R is unique. Thus we
can define a mapping that sends the outer normal vector u to the corresponding b such that
Hy(u) = H(u, K). If Hy(u) is the supporting hyperplane of K in the direction of u, then we
define the function ox : R" — R by ox(u) = b and we call ok the support function of K.

Hence we can write the supporting hyperplane in the direction of u as,
H(u,K) :={z € R" : (z,u) = ok (u)} = Hyp () ().

We now seek to provide an explicit definition for the support function of a convex body

K. The standard construction goes as follows: pick any u € R"™ and choose by so that,
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K C H, (u). This is possible by the compactness of K. Note that u is pointing outwards of
H, (u) and thus also pointing outwards of K. If we define the set

Sk(u) :={{z,u) :z € K} (75)

then we see that by is an upper bound of Sk (u) implying the supremum of Sk (u) exists and
is finite. Moreover, by continuity of the mapping x — (z,u) and the compactness of K we
see that the supremum is achieved at some point in K, and specifically some point on 0K.

Let x, € OK be a point satisfying (x,,u) = sup Sk(u). So if we consider the hyperplane,

HSHPSK(U)<U> ={z € R": (z,u) = sup Sk (u)}

then we see that K C SupSK(M)(u) and z, € K N Hyyp s, (u)(u) so that Hyyp g, ) () is
the supporting hyperplane of K in the direction of w. Therefore it is clear that o (u) =
sup Sk (u), i.e. the support function of K can be explicitly defined as,

ok (u) = sup (z,u).
zeK

While this construction provides a clear motivation for an explicit equation of the support
function we present an alternative construction that shows the reader the geometric uses of
the support function. Consider, as before, the half space H, (u), where K C H, (u) and
suppose K does not intersect Hy,(u). Then we can consider b < by so that K C H, (u) and
decrease the value of b, translating the hyperplane Hy(u) in the direction of —u, until we find
some value b, such that Hy, (u) is the supporting hyperplane of K for some point x € K.
This value b, is precisely the support function of K defined at u, i.e. b, = o (u).

With this in mind we can establish some new notation to make the uses of the support

function clearer. We define the face of K in the direction of u as,

Fu,K):={ze K:(x,u) =0k(u)} = Hu, K)N K.
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Remark 94. It is interesting to note the faces of convex bodies are preserved under addition

and dilation, that is, if K, L C R" are convex bodies and ¢ > 0 we have,
Flu,K+L)=F(u,K)+ F(u,L) and F(u,cK)=cF(u,K).

This shows that there is in fact some additional structure to the boundaries of convex bodies.

See [28] for more about the structure of convex bodies and their faces.

As before we can also consider the half space bounded by H(u, K), with outer unit

normal u, and denote this by
H (u,K) :={z € R": (z,u) < og(u)}.

As K € H™ (u, K) for all u € R™\ {0}, it is then easy to see that these half spaces define K.

Proposition 95. For a conver body K,

K = ﬂ H (u,K) = ﬂ {z: (z,v) <og(u)}.

ueR™\ {0} ueR™\{0}
Proof. K C muER”\ o 7 ~(u, K), follows immediately from the previous statement of K C
H™(u, K) forallu € R"\{0}. If v € (), cgn\(oy H (u, K) but z ¢ K, then by the compactness
and convexity of K, and Corollary 10, there would exist a separating hyperplane between
x and K. Namely there exists an aw € R and vy € R" \ {0} such that (k,vy) < a < (z,v9)
for all K € K. As a is an upper bound for the set Sk (vg), defined in (75), we have that
ok (v9) < « so that,

ox(vg) < a < {x,vp)
which contradicts € H™ (v, K). QED
Remark 96. Proposition 95 is an analogous result to Corollary 9, where both seek to
describe the convex body K in terms of supporting hyperplanes.

By construction, the support function is useful to identify and characterize the boundary
structure of convex bodies. Specifically the faces of a convex body can now be identified
with a unique outer unit normal vector allowing us to move between the geometry of the

convex body and analysis on the support function seamlessly.
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5.2 Properties of the Support Function

As the support function ok is defined using the supremum and inner product, much of
the basic properties of o are easy to establish. Recall the explicit equation for the support
function is given as

ox(u) = sup(k, u).
keK

Theorem 97 (Properties of the Support Function). For a convex body K, we have

(1) ok is subadditive i.e. ox(u+v) < ox(u) + ox(v);
(2) ok is 1-homogeneous i.e. fort >0, ox(tu) = tog(u);
(3) ok is convex;

(4) —ok(—u) = infrex (k, u).

Proof. Recall that the supremum satisfies the following properties for sets A, B C R which

are bounded;

(i) sup(A+ B) < sup A + sup B;
(ii) sup(tA) = tsup(A) for t > 0;
(iii) sup(—A) = —inf(A).

Thus (1) and (2) follow from (i) and (ii), respectively, and the bilinearity of (-,-), (3) is an
obvious consequence of (1) and (2), and (4) follows from (iii). QED

Recall the subdifferential of a function at z is given by,
9f(x) = {v € R" : f(y) > f(a) + (v,y — ) for all y € R"}.

Moreover recall, by Theorem 15, if f is convex, then for all z € R™, f(x) # (). The support
function, being a geometrically inspired function, has a geometrically beautiful subdifferen-

tial.

Theorem 98. For a convex body K, and u € R" \ {0},

Jok(u) = F(u, K).

83



Proof. Let x € F(u,K). Then by definition, z € K and (z,u) = ox(u). Also by the
definition of the support function we have for any v € R"\ {0} and all k € K, ok (v) > (k,v),

and namely, as z € K,
ox(v) > (z,v) = (x,v) + ox(u) — (z,u) = ok (u) + (z,v — u).

This is precisely the definition of the subdifferential and hence x € o (u).

Now suppose that € o (u). This implies for any v € R",
ok (v) > ox(u) + (z,v — u).
Specifically choosing v = 2u and noting ok (2u) = 20k (u) yields,
20k (u) = ok (2u) > ox(u) + (z,2u — u) = ox(u) > (x,u).
Similarly, choosing v = 0, and noting that ox(0) = 0, yields,
0=0k(0) > og(u) + (,0 —u) = (x,u) > ox(u).

Therefore we have that ok (u) = (z,u). This implies that x € H(u, K). We need only show
that = € K. As we have for all v € R",

ok (V) > ox(u) + (z,v —u) = (x,v)

This shows for all v € R™\ {0}, that x € H (v, K), so that by Proposition 95 we have
x € K. Therefore x € H(u, K) N K = F(u, K). QED

Recall by Theorem 27 a convex function f is differentiable at x if and only if df(x) is a
singleton, which implies 0f(x) = {V f(x)}. Given Theorem 98, this implies,

Theorem 99. For a convex body K, o is differentiable at u if and only if F(u, K) = {z}
for some x € OK. That is, o is only differentiable at the outer normals of supporting

hyperplanes that intersect K at a single point.
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5.3 Rectifiability of the Normal Directions

We define the set
SYOf) = {z € R" : dimdf (x) > d}

where we recall, by Theorem 16, 0f(z) is a compact convex set so the dimension is well
defined to be the dimension of the affine hull of 0f(z). The main tool we will need for this
section comes from a theorem of Zajicek [29] regarding coverings of the set $¥(9f) for convex
f. Before we state the result we define some new objects.

We say that a set G C R" is a (c—c)-graph in the direction of x;, if there exists a function

f:R*! = R, convex functions g, h : R*! — R such that f = g — h, and
G = {x e R"™: xT; = f(xh ey L1, L1, - - l’n)}

Moreover, we call f a (¢ — ¢)-function.
Similarly we can define a (¢ — ¢)i-graph. Let 7 be a permutation of {1,...,n}. If
there exist functions fr(;) : R"™* — R, convex functions g.(j), hr(;) : R"* — R such that

fr(i) = 9n(i) — hn(y), for j =1,... k, and F : R*™% — R* defined by

F(Zakr1)s - Tam) = (fr) (Tater1)s - - s Ta(n))s - - o frole) (Ta(hsr)s - - - Tr(n)))

then we call F' a (¢ — ¢)g-function and if we define

G .= {l’ eR": (l‘ﬂ(l), c. ,wa(k)) = F(:Eﬂ(k_i_l), ... ,J]W(n))}

then we call G a (¢ — ¢),-graph in the directions of xr(1), Tx(2), - - -, Tr(k)-

Remark 100. We call F' a (¢ — ¢)g-function because F' has k component functions all of

which are (¢ — ¢). Also we note that a (¢ — ¢),-graph is a surface of dimension n — k.
The theorem of Zajicek can be stated as follows,

Theorem 101. Let f : R®™ — R be a convex function. Then YF(0f) can be covered by a

countable number of (¢ — ¢)-graphs.
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The proof presented in this thesis is a direct extension of the one given in [15]. A function
is strongly convez if there exists some p > 0 such that f(x) — p|z|? is convex. It is obvious
that a strongly convex function is convex by adding u|r|* and noting the sum of convex
functions is convex. Recall a function is coercive if |x| — oo implies f(z) — oo. Thus the

following lemma says that the difference of a strongly convex and linear function is coercive.

Proposition 102. Given a strongly convex function, f : R® — R, and any ¢ : R* — R

linear,

lim (f(z) — {(z)) = oo. (76)

Proof. As f is strongly convex, there exists p > 0 such that f(z) = p|z|* is convex. By
(17) every convex function is bounded below by an affine function and thus f(z) — plx|? is
bounded below by some affine function a(x). The result follows by noting that f is bounded
below by the paraboloid p|z|? + a(x) — ¢(x) which is coercive. QED

The next result is a generalization of Proposition 31 for convex functions.

Lemma 103. If f : R* xR® — R is convez and coercive, then F(x) := inf,cpe f(z,y) defines

a convex function F : RF — R.

Proof. This follows by noting that for any v, y, € R¢,

FAzy+ (1= Nag) < f(Azy + (1 — Nag, Ayp + (1 — Nyo)

= f(A@1,91) + (1= M) (@2, 92)) < A (21, 51) + (1= A) f(@2,52)
and taking the infima over y; € R’ and y, € R’ QED

Denote by M, the set of increasing k-multi-indices. Thus, we can write the set
My = {I = (iy,...,ix) € NF 1) <y < -0 < iy}
Then for I = (i1, ...,i) € My, we define the projection map m; : R* — R* by

() = (@iy, Tigy - -+, Ty, ).
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For I = (iy,...,ix) € My, a = (a,...,q;) € R¥ and 8 = (B, ..., 05:,) € R* we consider
the sets,
Al g={z e R" : o, Bi)] x ... X [0, B3] C 7 (Of ()}

We then define the set

A= U U Al . (77)

IeMy o,8e QF
a<f

where we say o < 3 if oy, < 3, for all j € {1,...,k}. Moreover, for I € M, we can denote
[, B]1 = vy, Bi] X - X |, Bi,] and RT = span(ey,, ..., e;,).

Lemma 104. If f : R® — R is convez, then A = X¥(0f).

Proof. If x € A, then for some multi index I € My and some a < 8 € QF we have x € Aévﬁ.
Hence [a, 8]; C 77(0f(x)), which implies that 0f(x), being a convex set, must be contained
in the affine hull of dimension at least k, proving that dimdf(z) > k, i.e. x € X*(9f).
Now similarly if z € X¥(0f), then df(z) has affine hull of dimension at least k, denoted
by aff(0f(x)). Hence there exists some multi index I € My, such that m;(aff(0f(z))) = R
meaning that 7;(0f(z)) has dimension of k in R! so that there exists some k-dimensional

box, [, 8] C m(0f(x)). Therefore x € A. QED

To prove Theorem 101, the idea is to cover each A(Il’ﬁ by a (¢ — c¢)x-graph. Note by
Theorem 28
SHOf) = MO +1- 1),
where f(x) + |z|? is strongly convex, and the result will follow from Lemma 105.
Lemma 105. Let f : R" — R be a strongly convex function. Then each Aéﬁ 15 contained
in a (¢ — ¢)k-graph.

,,,,, k) . ) :
) is contained in a

(¢ — ¢)g graph. For s := (s1,...,8;,0,...0) € R", let fi(x) = f(x) — s -z, which is convex
being the sum of two convex functions, and note that by Proposition 102, fs(x) is coercive.

Thus g, : R"* — R defined by:

9s(Tha1, ooy n) = inf fs(x1, ..., xp)



k)

is well defined and convex by Lemma 103. Consider a € ASB , implying [o, 8]1,..k) C

T,k (0f(a)). In particular o = (o, ..., o) € T, k)(0f(a)) and hence there exists some

Vetls - -5 Yn € R such that o := (aq, ..., Yis1s---57n) € 0f(a). Thus,

fla+s)> fla)+ (a1, s @, Virts > Vn)s (S15-- -, 8k, 0...,0))
= f((l) + <(Oél,...,Oék),(sl,...,sk)>

which can be rewritten as,
fla+ sier + -+ sper) > fla) + sy + - + QgSg. (78)

As the values Yg41, ..., 7, have no impact on the above inequalities, we define a new vector

a=(ag,...,ax,0...,0). Thus (78) is equivalent to,

fala+ sie1 + ...+ sgex) > fa(a).

As this is true for arbitrary (si,...,Sk,0,...0) € R" we have the function
(1, ..oy xk) = folTr, oo Tpy gty - vy Q)
achieves its minimum at (ay,...,ax). Therefore,
galrt1, -y an) = falar, ..., an) = f(a) —onar — -+ — apay (79)

By a similar argument we can also produce the same result for the vector
B = (B1,a9,...,a,0,...,0),
ie. (B1,qe,...,ar) € m(0(f(a)), and thus,
gg(ak_H, Ce Q) = fg(al, oo ay) = fla) = frag — asas — -+ — agag. (80)

Subtracting (79) and (80) and noting oy < ; we have,

1
a = sty an) — g5(Qrgr, ... ap)).
T ) (9a(ars1 ) 95( k41 )
Therefore we can define hy : R"™* — R by hy(zpy1,...,2,) = ﬁ(ga(xkﬂ, R
gg(ka, ..., x,) and we see h; is a (c—c)-function satisfying hi(agy1, . .., a,) = a;. Repeating
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this process yields, ho,...,hy : R"™* — R such that each h; is a (¢ — ¢)-function and

hi(ars1, ..., a,) = a;. Defining h : R** — RF by

h(l'kJrl, c. ,.Z'n) = (h1<l‘k+1, e ,[L’n), .. .,hk(l’kJrl, ce ,{En)>

we have that h is a (¢ — ¢)g-function and a € {z € R" : (h(z1,...,2k), Tit1, ..., 2n)}. This

shows
ASB’” C{reR": (h(xy,...,Zk), Thst, - Tn)}
where {x € R" : (h(Zgs1,- -, Tn), Tht1,---,Tn)} is a (¢ — ¢)g-graph. QED

Remark 106. The (¢ — ¢)g-graph we constructed in the proof of Lemma 105 can be written
in the form

{2 €R": 2= (R(Tps1, - Tn), Thg1s - - ., Tn)} = HR™F)

where H : R"* — R" is defined as

H(xps1, o osmn) = (h(Tea1s o3 Tn)y oo oy Be(Thats ooy Tn)y Thtts - -+, T

By the convexity of ox we can apply Theorem 101 directly to o to show that $¢(doy)
can be covered by countably many (¢ — ¢)4-graphs. But given ok is 1-homogeneous and
convex we can in fact restrict ©¢(9og) to S*! and show that %¢(0ox) NS~ can be covered
by countably many (¢ — ¢)g4i1-graphs. By Theorem 98, this has a remarkable geometrical

implication. If we define the set,
Ny(K) :=S"'NX%0ok) = {u €S : dim(dog (u)) > d}
then Theorem 98 allows us to write this as,
Ny(K) = {u e S" " :dim F(u, K) > d}.

This means we will show that the normal directions associated with d-dimensional faces on
a convex body can be covered by countably many surfaces of dimension n —d — 1.
We first establish that the subdifferential of a 1-homogeneous convex function is invariant

under dilations.
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Lemma 107. Let f : R* — R be a 1-homogeneous convez function and ¢ > 0. Then for

every x € R™, 0f(x) = df(cx).

Proof. By the 1-homogeneity of f we have for v € df(czx), and for any y € R",

cf(y) = f(ey) = flex) + (v, cy — cx) = cf () + c(v,y —x) = c(f(z) + (v,y — 7))
implying that v € df(z) and hence df(cx) C 0f(z). Similarly for v € df(x), and for any
y € R",

fley) =cf(y) = cf (@) + c{v,y — x) = flex) + (v, cy — cx).

As this is true for any y € R", we have for any z, there exists y € R™ such that z = cy and

f(z) > f(cx) + (v, z — cx).
Therefore v € df(cz). QED

Theorem 108. Let K C R™ be a convexr body. Then there exists countably many functions
h; : R*=4=1 5 R™ such that

C U Rn d— 1
where each h; is the composition of a Lipschitz function and a (¢ — ¢)q41-function.

Remark 109. The idea of the proof is to project hemispheres of S*~! onto hyperplanes
and apply Theorem 101. In the following proof we consider only the case of projecting
{z € S*7' : z, < 0} onto the hyperplane {x € R" : x, = —1}. Using the notation of this
thesis we have

H (e,) ={zx €eR": 2, =—1}.

Proof. Let y € Nyg(K). Define the bottom hemisphere of S*™' as "' = {z € S" ! : 2, <
0}. Then assume that y € S” ' and define the map, p: S — H_,(e,) by

T Ty —1
p(xlw"axn):( - [ $17_1):_(x17"'7$n)'

—Tn - n
Note that p is a bijection, as for ¢ = (yi,...,Yyn_1), we have
-1

-1
b (ylv"'uyn—la_l):—(ylu"'7yn—17
VIt ly'?
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(ie. p~'(z) = —z/|z| restricted to H_1(e,)). We now show that p~! is Lipschitz. For
T,y € H—l(en)a

v 'mw - \x|y‘ B ‘\yrx ~ Jalz + ||z — |aly

P (@) —p W= |7 — |z |y |z ly]

| ] Iyl
As z,y € H_{(e,), this implies that |z|,|y| > 1 and by the triangle inequality we have,

[lllyl = lal| + l=lle =yl _ |!y|—1$\|+!$—y!

= (@) =p~ (y)] < z|[y] T Y]

< |lyl = |2l + o =yl < 2|z —y.

As y € Ny4(K), and given that y, < 0 implies that 1 > 0, we have by Theorem 97
and Lemma 107, that dok(y) = 0ok (p(y)). Thus for any z € p(Ng(K) N S™!) there exists
20 € Ng(K) N S" ! such that p(z9) = z and dok(p(z0)) = Ook(20). Since zg € Ny(K),
dim(dok(2)) = dim(dok(z9)) > d we have,

ze e <80'K‘H71(e )> ={x € H_1(e,) : dim(dog(z)) > d}.
This shows that,
ngAK)ﬂSTJ)CEﬁ(8@4H4@”>.
Given that 0| Ho1(en) is convex, Theorem 101 implies there exists countably many g; :

R" 41 — H_(e,) such that g;(R""971)is a (¢ — ¢)441-graph, and

p(Ng(K)nS™™) c | Jgi(®4).
i=1
Therefore, we have

Snlcu ogl Rndl)

The result follows by repeating the above argument for the other 2n — 1 hemispheres of

sr-1, QED

We say that a set X C R™ is countably k-rectifiable if there is a family of measurable sets
E; C R* and Lipschitz functions f; : F; — R" such that

" (X \ Uﬁ(ﬂ-)) =
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Corollary 110. The set Ny(K) is countably (n — d — 1)-rectifiable.

Proof. We note that by Theorem 14, restricting any convex function f : R® — R to a
bounded subset is Lipschitz, and hence if F' : R""¢ — R? is a (¢ — ¢)4-function, then F
is Lipschitz when restricted to any bounded set. Therefore by Theorem 108, restricted to

bounded sets, each h; is Lipschitz and the result follows by noting

Ny(K) C U (U hs(B"41(0, k;))) :

k=1

QED
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6.0 Equivalence of Continuously Differentiable Convex Functions with Holder

Continuous Gradient

6.1 Convex Functions with Lipschitz Continuous Gradient

There is a fascinating set of equivalent statements for C'! convex functions that is
difficult to find compiled together. We give here the statements and proofs so that they can

be a resource to anyone in the future looking for a characterization of C*! convex functions.

Theorem 111. Let f € CYR"™) be conver and let L > 0. Then for all x,y € R™ the
following are equivalent:

(1) IVf(x) = V[(y)l < Lz —yl;

(2) g(x) = %|z* — f(z) is conves;

(3) fly) < f(2) +(Vf(2),y — o) + 5y — «f*;

(4) (Vf(z) = Vf(y),z—y) < Llz —yl*

(5) fly) = f(2) +(Vf(2),y — @) + 5| V(@) = Vi)

(6) (Vf(z)=Vfy),z—y) = 1IVf(x) =V Iy

(7) (Vf(x) =V fy),z —y) < Llz -yl

Remark 112. We will prove the following implications
=4 2)e@)=5)=06)=01) (7).

The only implication that requires convexity of f is (3) = (5). All other implications are

true for any f € C'(R").

Proof. |(1) = (4)
Let |V f(z) = Vf(y)| < L|z — y|. Then by Cauchy-Schwarz,

(Vf(@) = V), z—y) <|Vf(@) = ViWllz -yl < Llz -y

(2) = (4)

93



Note g(z) = £|z|? — f(z) implies Vg(z) = Lz — V f(z) and thus by Theorem 22 we have

the following equivalence:

g is convex < (Vg(x) — Vg(y),z —y) >0
< (Le = Vf(2) = (Ly—V[({y),z—y) =0
& (Ll —y) = (V@) =Vf{y).z—y) =0
& (L@ —y),z—y) —(Vf(2) = Vf(y),z—y) =20
& Lz —y|* > (Vf(z) = VI{y),z —y)

(2) = 3)

Similarly, we consider by Theorem 22

g is convex & g(z) + (Vg(z),y — ) < g(y)

& Tl — £(@) +{La — V() y — ) < Clyl ~ 1)

(9f” ~ 1) ~ (Lo~ V(2. — )

& f(9) < F@)+ (VS (@)y = a)+ 2l — |af?) — (L, — )
& F(0) < (@) + (T F(@),y— ) + 2 (lyf? — 2o ) + o)

& f() < F(x) +(VF @)y~ 2) + 5y — aP

3) = )

As mentioned earlier to prove (3) = (5) we will need the convexity of f. By (3) we have

for any y and z,
F(2) < F@) + (V)2 —v) + 2l — P (81)

Fix x € R". By convexity of f and Corollary 22 we know for all z,

f(@) +(Vf(x),z = x) < f(2)

which implies,
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Combining this inequality with (81) yields,
F() {9 F(2),) < F0) + (VT ),z ) + 2z~ = (V). 2
and thus,
F() (V@) — ) < F) + (VI )z~ ) + 5|2~y — (VF(@), ) + (V7))
This gives us,
F(&) = F5) — (V)2 — ) < (V(y) ~ V()= — ) + 5z — ol

Let ¢ : R® — R be defined by ¢(2) = (Vf(y) — Vf(z),z — y) + £|z — y[*. Thus we can

rewrite the above equation as,

f@) = fly) = (Vf(@),z —y) <v(z) (82)

and note that as |z| — oo, ¥(z) — oo. Thus the function ¢ attains a minimum at some

point zg, where Vi)(z) = 0, i.e.
Vi(y) = V(z)+ L(zo —y) =0 (83)
implying that zy =y — 7 (V f(y) — V(z)). Substituting zy into (83), yields
V() =~V (y) - V()P (34)
and substituting (84) into (82) gives the desired result as,
F@) = £) = (VI (@), 2~ 4) < 571V (o)~ V()P

which implies,

1) 2 1) +{(VF(@).y 2} + 5= VS (y) — V@)l

(5) = (6)
By (5),

Fw) > F@) 4 {VF(@)y —2) + 5|V )~ V()P
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and by switching  and y we also have,

F(&) > F0) + (V)2 —9) + 5o V(@) — V)P

Thus adding these two inequalities together yields,

@)+ f) = fy) + f(@) + (V) z —y) = (Vf(z),z —y)+ %!Vf(x) ~ Vi)

which can be simplified to,

(V(x) = Vi)r —y) 2 TIVF) = V)P,

(6) = (1)

Consider,
LV @) ~ VIO < (V(x) ~ Vi), - )
< |Vf(z) = Viy)llz -yl (85)

which implies, |V f(z) — Vf(y)| < L|z — y| as desired.
(1) = (7)

We first recall the definitions of convolution and mollifiers. Given f,g € LY(R"), we

define the convolution f *x g : R"™ — R as,

(f*g)(z) = . fy)g(z —y)dy.

Consider, a smooth function ¢ : R" — R with compact support such that

o(z)dr = 1.
Rn

Moreover for every € > 0 we define ¢.(x) = e "¢(x/c). We call ¢. the standard mollifier.
For a full description of the properties of the standard mollifier see [13, Theorem 4.1].

The implication (1) = (7) follows immediately from the Cauchy-Schwarz inequality so
we will prove (7) = (1). We first assume that f € C*°(R"). Thus for |u| = 1 condition (1)

yields,

'<Vf(m+tu)—Vf($),u>‘ V@ ttn) - Vi@

t |t
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for any ¢ € R. Letting t — 0 gives us, |[(D?f(x)u,u)| < L. Since D?f(zr) is a symmetric

matrix the spectral theorem implies that the operator norm of the matrix D?f(z) satisfies,

1D f(2)]| = sup (D*f(z)u, u)| < L. (86)

lul=1

Using (86) allows us to prove the result for f € C*(R™) as, by the Mean value theorem,

Vi) = Vil = | [ GVH0+ )

1
<le—yl / 1Dy + t(x — y))l| dt < Liz — .
0

Now let us assume that f € C'(R") and let f. = f * ¢. be a standard approximation by
convolution. Recall that f. € C*°(R") and Vf. = (Vf) * ¢.. Thus using condition (1) and
the fact that [;, ¢-(z) dz =1 we have,

(VE2) = Vi) a— )] \< /
< [ VI —2) = VI 2. (- 2) — (y— D) 6u(2) dz

R

< Llz —y)?

(VF(x—2)— Iy — 2)u(2) dovt — y>'

n

Since f. € C*°(R") and satisfies (1), by our previous result,
IV fex) = VI(y)| < Lz - y|
and the equivalence (1) < (7) follows by letting e — 0. QED

In the above proof the convexity of f was not required for the proof of (1) = (4) but was
required for the converse, (4) = (1). The next result given in [5, Proposition 2.2] provides

one more characterization of convex functions with a Lipschitz continuous gradient.

Theorem 113. For a convex function f : R™ — R the following conditions are equivalent

(a) There is L > 0 such that for all x,h € R"
flz+h)+ flz—h) = 2f(z) < LI (87)

() feC"and |Vf(z)—Vf(y)| < Llz—y| forallz,y € R"
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Proof. First we will prove the implication (b) = (a) which is true for all C* functions and

does not require convexity. Lemma 41 implies that
Lo
fle+h) = f(x) = (Vf(x),h) < F|h|
By replacing A with —hA we then have the inequality

e

flo — 1) = F@) + (V@) ) < 5

Adding these two inequalities together yields the desired inequality

flx+h)+ f(x —h) —2f(x) < L|h|.

The proof of (a) = (b) requires convexity of f. Recall, by Theorem 21 that convex
functions have one sided partial derivatives at every point, denoted by

O°F (4 = tim T F1e) = f (@)

al‘i t—0% t

Using (a) we can see that

) fa = b~ 2f(2)

B0 1| =0

and thus letting h = te; yields,

0= lim flz+te) — flx)  flo—te) — flz)
t—0+ t —1
) — ) — + -
g L) 2@ fledte) = @) O, O F
t—0+ t t—0~ t o0x; ox;
implying that %{(m) = %(m), which proves that each partial derivative exists for all

x € R". As f is convex, we have f € C1. Lastly we will show

o) = ool — F(a)

is convex and by Theorem 111 this will complete the proof. As ¢ is continuous, by Theorem

12, convexity of g is equivalent to

g(wﬂ/) < 9@ +90) (88)




for all x,y € R". Thus we have,

g(x;y> :g(x);g(y)+%<f(x)+f( \_af (x+y> L

2
r—Yy
)
and we can see (88) follows by replacing = with 2 and h with 5 in (87), which implies

f<x>+f<>—2f(“y) L

Therefore g is convex, completing the proof. QED

x—y2
<0.
2 '_0

6.2 Convex Functions with Holder Continuous Gradient

There is a similar set of equivalent statements for C** convex functions which have been
collected and adapted from sources such as [12], [6], and [5]. Moreover more statements are

likely able to be added to this list, though proofs are needed.

Theorem 114. Let f € C*(R") and x,y € R", then the following are equivalent:
(1) feCh(R");
(2) fly) < fl2) +(V[(2),y —x) + Haly x|+ for some L > 0;

(3) f(y) Zf($)+<vf($)7y—$>+ |Vf(x)—Vf(y)|1+Ta for some L > 0;
(4) (Vf(x) =Vf(y),r—y) > |Vf( ) — (y)]lfT& for some L > 0.

L

L(l

Proof. |(1) = (2)

This follows from Lemma 41.

(2) = @)

Suppose to the contrary that there exists xg, 3o such that,

Flyo) — Flwo) — (Vf(w0), yo — o) < IV f(yo) — Vf (o) = (89)

Lé(1 +a)
Define the function g : R® — R by,

(f(z) = f(xo) = (Vf(w0), ® — x0))
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and note that g(zy) = 0 and Vg(z) = 1 (Vf(z) — Vf(z0)). Thus we can rewrite (89) as,

14+«

Lo
L Sy ) v/ =
9(vo) 1—|—a| 9(yo)

This then yields the following inequality,

14+«

9(w0) < 7 Vo)l =" (90)

Lemma 115. g : R" — R, as defined above, also satisfies (2) with L =1, that is,

o(6) < 9() + (Tg(2)sy = 2) +——ly — =1+ o)

Proof of Lemma 115. By (2) we have,

fly) < f2)+(f(2),y — 2) + H%'y_ 2|1+a

which is equivalent to,

L(y) < £(=) — f(20) — (Vf (@), y — 70) + (VF(2)y — 2) + —2—y — 2]+,

14+«
As,
—(V[f(20),y — o) + (Vf(2),y — 2)
= —(Vf(z0),y) + (V[(20), w0) + (V[(2),y) = (V[(2),2)
= (LVg(2),y) + (V[(20), o) — (Vf(2), 2)
and

(Vf(z0),m0) = (Vf(2),2) = (Vf(20),20) — (V[f(0),2) + (V[f(20),2) = (V[(2),2)
(Vf(xo) = V[(2),2) + (Vf(z0), 00 — 2).
= (Vf(20), 20 — 2) — (LVg(2), 2)

we now have,

Lg(y) < f(2) = f(z0) + (Vg(2),9) + (Vf(20), 20 = 2) = (Vg(2), 2) + Ty — ="
= Lg() +(VLg(2),y = ) + o —ly — oI
proving the lemma. QED

100



Thus for every ¢t > 0 and |v| = 1, we have by (91)

1 t1+a
—t) < to|tte —(V tv) = —(V tv).
9(yo —tv) < 1+O[| v 4+ g(yo) — (Vg(yo), tv) T a + 9(v0) — (Vg(yo), tv)
. 1 — .
Choosing t = |Vg(yo)|= and v = Wvgg(?%‘;'), yields,

1+

e e |V a
g (v0-+ 1990 = V(o)) < g(sn) ~ [Vlyo)| 5 + VLT

1+«

(e}
— — |V o
9(yo) T a| 9(yo)|

<0 by (90)
But as g is convex, g(xy) = 0 and Vg(xy) = 0, we have for all y € R",
9(y) = g(xo) + (Vg(z0), y — z0) =0

a contradiction. Thus for all x,y € R",

1+«

f) > f@) + (V)5 — 2) + —————[V fy) = V()| ="

La(1+a)
3) = (4)
We have by (3),
) > f@) + (VI(@),y = 2) + ————|V(2) = V()| =
La(1+ )
and switching the roles of x and y, yields,
J(@) = fly) + (VI )z = y) + |V (@) = V)] =
La(l+a)

Adding these two inequalities gives us,
2c
Q@

fy)+ f(x) = fly)+ f(x) +(Vf(2),y—2) = (Vf(y),y—x)+ 71
& (1+

)

which is equivalent to,

14+«

20 \Vf(r) - Vi)

0> (Vf(x) =V f(y),y—z)+ *ita)

and the result easily follows.

4) = (1)
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Assuming (4),

T V) - VI S (V) = VI~ y) < 195w - VWl
which implies,
Y@ VW <yl
or equivalently, 1
Vi) - Vi < Uy
Thus, )
T

QED

We also now present a proof that in fact (1) and (2) are equivalent. The proof is a
simplification of the one given in [12, Lemma 3.1].

(2) = (1)

Proof. Assuming that,

) < f@)+ V@) (g =)+ =l - o[+

implies,

0= f(y) = fl@) = VI@) - (y—2) < gy —al™

where the left inequality follows from the convexity of f. Therefore,

1f(y) = f(z) =V f(z) (y —2)] < 1+a|y_x|1+a

First we choose z € R" such that,
lz—yl=ly—=| and |[(Vf(z)=Vf(y))-(z—-y)|=I[z—ylIVf(y) = V()]

In this case choosing
Vi) - Vi)

z=y+
ly — |
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will suffice, though we will continue to write z. Thus,

ly —=[IVf(y) = V(@) = [z = yl[VI(y) = V()]
=[(Vf(z) = V) (= —y)l
=[Vf(x) - (z=y) = Vf(y) - (z—y)|
=1/ = fW) =V -y - fz)+ fz)+V[f(z) 2
= V@) -x+ fly) = @) = V() y+Vf(z)
<) =) = Vi) - =yl +1f(2) = flz) = V(@) (z - 2)|
+1f(y) = fl@) = Vf(z)- (y —2)|

L
< _ 1+a - - 1+o _ . 14+«
_1+av Y| +1+av | +1+aw r
_ L 14+« 1+« L 1+a
—1+@w | +1+av | +1+aw T
— 2L 14+« 1+a
_1+aw 7l +l+ap 7|

And we note that,
e =2 <z —yl+y—a| =2y —a] = |z —a T <2y — o

so that we have,

14+«
< 2L+ 27°L

L L
o . < o lta e l4a _ |t
ly = 2lIVfy) = Vi@l < g ly =™+ o le -l < =y —
which implies,
2L + 21
_  —yp— T L
VI - V@) < Sy -
QED

The following statement is conjectured to fit into the above equivalence but at this time

only one direction is known. We include it here regardless.
Theorem 116. If f € C'(R") satisfies f(y) < f(x) + (Vf(2),y — 2) + 75|y — 2|, then

21— 0)L

flte+ A —t)y) 2 tf (@) + (1 =)f(y) - —

ly — x|
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Proof. 1f t =0, 1 then the result is obvious. Let ¢t € (0,1). For any x,y, z € R", by (2)

L
fW) = g5l =217 < fE) + (V) y - 2)
L
F(@) = o= 2 < ) 4 (V)0 2)
Thus letting z = tx + (1 — t)y yields,
Lt1+a 14+o
F@) = T =2 < f(@) + 6V f(2)y — 2)
_ A\ 1+«
fla) = LDy e < ) - (- (VS - ).

Therefore by dividing by ¢ and 1 — ¢, respectively, we have,

1) I gy ape < 1D ) - )

t
T L(1—-¢t)°~
(1f( ?t) (11 t) |y x|1+a <

f(2)
1—t

—(Vf(z),y — )
and adding these two inequalities yields,

fly)  flx) Lt®

L(1—1t) (2)  f(2)
. o I+a _ —\- "/ . 1+« < L\
P e ot A s
Multiplying through by ¢(1 — t),
Ltttet= Lt(1 —t)tte
1— N PO B B o A S A < (1=
(L= 050) + t7(0) = oy = el = T < (1= 01 () + 1102

or equivalently,

(1= 1) + 1) = oy = ol P = 1) = 61 017 < 7(2),

We now claim that, 2¢(1 —¢) > ¢'7*(1 — ) — t(1 — )™ and thus,

21— $)L

(63 L (0% (63 (6%
Syl <y — (L ) — (1 1))

T 14«
proving the desired inequality, as we recall z = tx + (1 — 1)y,

2(1 — t)

(1= 0/ (5) + /(@) = =Dy — o'+ < e+ (1 - 0)).
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We now provide the proof of the claim:
(1 —t) > " (1 —t) — t(1 — )+

This inequality is equivalent to,

2> — (1—1)°

and thus defining, g(t) = t* — (1 — t)®, we have that
Jgt)=at* ' +a(l—t)*!

but as this quantity is positive for all ¢t € [0,1] and a € (0, 1), then the absolute max must
be attained at either ¢ = 0 or ¢ = 1. Therefore considering ¢g(0) = —1 and g(1) = 1 we see
that for all t € [0, 1],

1< gt)<1<2

QED
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