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ABSTRACT

A STUDY OF CURRENT-DEPENDENT RESISTORS IN NONLINEAR CIRCUITS
Nicholas Vaughn Zorn

University of Pittsburgh, 2003

Nonlinear electrical circuits can be used to model fluid flow in pipe networks when the
resistance of any element in the network is assumed to be dependent on the flow rate through
that element. This relationship is often assumed in classical models of pressure drops at orifices
and through valves. More recently, it has also been used to model blood flow through vessels,
and may potentially have applications in nano-fluid systems. Motivated by these applications, in
this thesis we investigate circuits where the resistors have linear and affine (linear plus offset)
dependence on current. Rules for their reduction in series and parallel are derived for the genera
case as well as for special cases of their linear coefficients and offset terms. Other adapted
circuit analysis and manipulation techniques are also discussed, including mesh current analysis
and delta-wye transformation, and avenues for further investigation of this topic are illuminated.
The methods developed in this thesis may have potential applications in smplifying the analysis
of complex nonlinear flow networks in cardiovascular systems, especialy those at the nano-

scale.
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1.0 ANONLINEAR CIRCUIT MODEL: MOTIVATIONSAND IMPLICATIONS

Traditional education in electrical engineering begins with coursework in linear circuits
and systems, and the behavior of the ordinary linear resistor is usually presented to relate the
concepts of voltage and current [7], [8]. It is common knowledge that practical resistors display
near-ideal behavior, that they obey Ohm'’s Law and that, for all intents and purposes, the value of
their resistance is constant. It is an obvious conclusion to say that, in its simplest form, the
resistance of aresistor in atypical nonswitching direct current circuit is not directly dependent
on voltage, current or time. This investigation, motivated by modeling applications in some
biological and nano-scale fluid flow systems, generalizes this concept and considers several
cases in which resistance is a function of current. That is, R=R(l). The following equation
assumes a polynomial dependence of resistance on current:

R=R()=c+dil +dal®+ ... +dyl". (1.1)
The traditional linear resistor can be viewed as a specia case of (1.1) with R=c and
di=dp=...=d,=0.

In aliquid flow network, the pressure drop DP across a length of pipe is usually modeled
as having a nonlinear algebraic relationship with the flow rate Q [4]. To approximate a pressure
drop a an orifice, through a vave or through a pipe with turbulent flow, the following
expression is often used [4], [6]:

DP =kQ? (1.2)
where
DP = pressure difference in newtons per square meter [N/nf],

Q = flow rate in cubic meters per second [nT/d],



k = a proportionality constant that depends on the pipe.
The relationship in (1.2) is typically derived from the Bernoulli equation, and the fluid being
described is usually assumed to be inviscid and incompressible [5], [13]. Series and parallel pipe
networks implementing models such as that presented in (1.2) are often linearized around an
operating point using a Taylor series expansion. The pursuit in this research is to develop
methods for dealing with nonlinear models to their manageable limit without linearizing. Some
interesting nonlinear networks and useful linearization methods have previously been
investigated in [2] and [3]. An electric circuit analog to the above model can be created using
nonlinear resistors, where DP issimilar to avoltage V and Q issimilar to current I, asin

V=d? (13)
If we use Ohm'’'s law V=Rl to moddl these circuits, then clearly the resulting resistor in this case
would be linearly dependent on the current flowing init. That is

R=dl. (1.4)
Simple nonlinear circuit elements obeying laws such as (1.3) are often explored in system
dynamics textbook problem sets. A model smilar to (1.3) for the pressure drop in a
percutaneous ventricular assist system has been developed in [12], but it adds a constant offset to
the resistive element, resulting in an affine dependency on current:

R=c+dl. (1.5)
The appropriate relationship between pressure drop and flow rate becomes

DP =cQ + d@, (1.6)
and the anal ogous voltage dependence on current becomes

V=cl + dI%. (1.7)



To serve as aredlistic model for fluid flow, and to avoid the possibility of encountering a
negative resistance value, current-dependent resistors must be dependent on the absolute value of
current. That is, equations 1.4 and 1.5 should be R=d|l| and R=c+d|l|, respectively. For
simplicity, the offset (c) and linear (d) coefficients are assumed to be nonnegative in this thesis.
The units for the constant coefficient ¢ would clearly be Ohms (W), just like typical linear
resistors, and the units for the linear coefficient d would be Ohms per amp (W/A). The results of

these requirements are graphically summarized in the following two figures.
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Figure 1.1 Plot of linear and affine current dependent resistance.
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Figure 1.2 Plot of voltage across resistors with linear and affine current dependence.

In this investigation we will assume all series and parallel resistive circuits obey the passive
convention, and only currert flow in the positive direction will be analyzed, allowing for the use
of the simpler equations 1.4 and 1.5. Therefore, we will not use the absolute value notation
throughout the remainder of this thesis, unless the possibility exists of the current reversing its
direction of flow.

Another justification for modeling nonlinear circuit elements that obey laws such as (1.7)
can be derived by assuming, quite naturally, that the voltage drop across an element is some
arbitrary function of the current through it. That is, V=f(I). This generadization is illustrated in

Figure 1.3.
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&UI

-.IUI.-*

VN
al

Figure 1.3 V asan arbitrary function of I.

Approximating the function f(1) near I” with a second-order Taylor series expansion gives

d’| (1-17)?
d?. 2

f(I):f(I*)+j—| (1-17)+ (1.8)

It is obvious that f(1)-f(I")=DV , and since the derivative terms evaluated a 1" are constant

coefficients, arelationship similar to (1.7) results:

DV =cDI +d(DI)?

df 1d?*f
c= and d =— .
di|,- Zdlzl,

When ore attempts to solve simple nonlinear electric circuits or reduce networks of

where

current-dependent resistors, it quickly becomes apparent that such pursuits can be algebraically
impossible. For example, consider the circuit in Figure 1.4, wherein two hypothetical resistors
exhibiting affine current dependence are connected in parallel. The goal is to find an equivaent
resistor that may be affine dependent on the total network current (lot) in order to reduce the two-

element network down to one. The element parameters are summarized as follows:



Ry =¢C + dyly,

R=¢g+dl,
Ry = Ceq T gyl it~
R1
tot = —) oy
L Ro =
oy _ ot

Figure 1.4 Two current-dependent resistors in parallel.

lo and |1 are the currents that pass through resistors Ry and Ry, respectively and thus are the
currents on which each resistance is dependent. The total current |y into the paralel network
would be given by l:=lo+l;. By Kirchoff’s Voltage Law (KVL), the voltage drop (V, given by

the passive convention) across each resistor is equal.

V=Rl =Rl
V= +dil)l = (g +dg o)l

The next step towards finding Req is to obtain an equation relating V and lit. By solving the

resultant quadratic equations relating lo, 11 and V, the following equation for lio in terms of V

results:
| -2 G \/aecl 0 ae\/o+a§c_0"+\/aec (_J &V 0 (19)
* g 2d1ro' e2d1fa gdlﬂ g 2d, e;2doﬂ edoﬂ

Note this relationship is only valid when dy1 O and d;1 0. The leftmost network node in Figure

1.4 must be made to obey Kirchoff’s Current Law (KCL), and in doing so the subtractive cases



can be discarded from (1.9). In other words, if ot isassumed to enter, the exiting currents I and
I+ must add positively on the right-hand side of the egquation. This results in the following
equation, the generalized current-voltage relationship between two resistors with affine current

dependence in parald.

. .2 v v .2 '

_® ¢ 0, |ec O ae\/oaecoo\/aecoo &V 0
oy == — =+ s Fo—at o 24 = to—-= (1.10)

“ g 2d, g \/eZdlz €dig & 20,5 &2y &9o g

It is now obvious that the pursuit of a direct expression for Rg would require the consolidation of
the variable V, which is present in two radical terms from which it is not necessarily separable.
S0, depending on the values of ¢, Co, d; and do, this could be an algebraically impossible task.

In this thesis, we consider a dependence of the resistance on current only in the form
R=c+dl. In chapter 2, the specia case when c=0 is considered. This special case is much
simpler to treat and provides a stepping-stone for the general case where c1 0, which is
considered in chapter 3.  Additional considerations of the general case are discussed in chapter

4, and some concluding remarks are given in chapter 5.



2.0 RESISTORSWITH LINEAR CURRENT DEPENDENCE

A purely linear dependence of resistance on current would be exemplified by equation
1.1 in the case that c=d>=d3=...=d,=0, and d; is nonzero. The current through one such resistor
can be calculated as shown below, using the passive convention to relate voltage and current.
Because the current is assumed to be flowing from the positive node to the negative node of the

resistor, the negative root can be thrown out.

V=R

V = (d,))l

| = l
d,

Such elements will be dubbed “linearly dependent resistors’ (or LDRS) for the rest of this thesis.
In this chapter, we consider adding n such resistors first in series, then in parallel. Along with
this, we investigate the resulting voltage and current divider rules. We dso provide severa

examples to illustrate the various steps involved.

2.1 Linearly Dependent Resistorsin Series

Consider n of these resistors in series, as in Figure 2.1, where each resistor R = dil. The

equivalent resistance Re for such a network is desired.
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Figure 2.1 Thereduction of n LDRsin series. Each resistor R = dil.

Each voltage V; drop acrossresistor R can be expressed asV; = dil?, and KVL applied around the

circuit results in the following relationship:
V,=d,1?+d,l*+...+d,| 2,
which yields
\Y/
R, :I—S:(d1+d2+...+dn)|.

Therefore, the equivalent resistance of n linearly LDRsin seriesis

R, =8 a3, (2.1)
ei=1 g

and an equivalent linear coefficient can be expressed as
dg=ad -
i=1

In this case, Ry has been found to aso be linearly dependent on the current through the series
network, according to equation 2.1. A similar result for valves obeying equation 1.2 in series has

been found before [4].



2.2 Voltage Divider Rule

Now we wish to derive awoltage divider rule for LDRsin seriesasin Figure 2.1. Again,
the voltage across resistor R isfound using V; = dil?, and an expression for | can be found:

| 2 v

S

T(d,+d,+..+d )

The resulting form for the voltage divider rule for linearly dependent resistors is described
by:

d,
V, = T dn)VS' 22)

Upon examination, this relationship is very similar to the voltage divider rule for current-
independent resistors, in that the source voltage divides as the ratio of each linear coefficient to

the sum of all coefficients. Thus, the rule can be stated as follows:

The voltage across n LDRs in series divides proportional to the ratio of each

coefficient di to the sum of all the coefficients of the series combination.

To illustrate these ideas, consider the simple series circuit in Figure 2.2. The current |
passes through the two LDRs in the clockwise direction and is calculated to be (10/8)Y2, or

1.118A.

10
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Figure 2.2 Example circuit containing LDRs to illustrate the voltage divider rule.

The total series resistance in the circuit is (4.5+3.5)1, or 8. Using the voltage divider rule for

LDRs, the voltages V; and V- are calculated to be:

45
45+35

35
2 45+35

1

10=5.625V,

10=4.375V.

2.3 Linearly Dependent Resistorsin Parallel

Now consider n LDRs in parallel, again where R = dil; (di nonnegative for simplicity)

Referring to Figure 2.3, the equivalent resistance R is desired, as is a generalized current

divider rule for such a network.

— |
T G U L ot

+
—> %z
R19 Ro R 55 Req

Figure 2.3 Thereduction of n LDRs in parallel. Eachresistor R = dil;

1



In order to obtain an equivaent resistance for this network, KCL must be applied at the upper

node, and an expression directly relating Vs and the total current Io; must be derived.

1 10

TR o

The above equations reveal an expression for the equivalent resistance of n linearly dependent

resistorsin parallel, which follows as

R, = . (2.3)
0]

The equivalent linear coefficient is therefore

1
dg = 5
& 1 0
aA -
8'21 d; 5

Again, the equivalent resistance is found to be linearly dependent upon the total current I, but the
form of its coefficient differs dightly from the current-independent analog. We mention that in

the specia case of two LDRsin parallel, expression (2.3) simplifiesto:



Now consider the example of three LDRs in a parallel network such as that of Figure 2.3.
Suppose the three resistors, which are dependent on their respective currents, 11, I, and I3 are
valued 10l4, 501, and 10015. Applying expression (2.3), we find the equivalent LDR to be

1
= |0
ks el 1 1.6

S b b
&J10 50 100 g

R, = 3216l

The following figure illustrates the relationship of Reqto Ry, R and Rs as afunction of current.
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Figure 2.4 Equivalent resistance calculated for three example LDRs.
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2.4 Current Divider Rule

The development of a current divider rule for LDRs is now possible. The current |

through resistor R, after disregarding the negative case, can be expressed as

_ &qltot
N

Equation 2.3 is then substituted into the above equation:

It is now clear that the following expression can be considered the current divider rule for

LDRs:

| 1

ot (2.4)
=Sy 1 0]

o e

The current divider rule can therefore be stated as follows:

The current through n LDRs in parallel divides proportional to the inverse of the
product of each coefficient’s square root and the sum of all of the inverted

coefficients squareroots.

We mention that in the specia case of two LDRs in parald (2.4) reveds the following

expressions for the two currents:

14



|, = ——— ddz|
1 [dl + !dz tot?
| = “dl| .
2 ,_dl + ,_dz tot

These expressions are similar to those found with current-independent resistors, except that they
involve the sguare roots of the linear coefficients. Other relationships can be deduced for LDRs
in asimilar fashion. For example, the power consumed by a linearly dependent resistor turns

out to be cubicin I:
P=V,x, =d || (2.5)
Maintaining a positive resistor value despite current direction avoids the unwanted situation
wherein the power consumed is negative.
The calculations required to derive the rules and relations above were algebraically
simple, because there was essentially only one quantity left underneath the radicals in equation

1.3. The complications that arise when thisis no longer the case are the motivation for chapter 4.

First, anumerical example of the concepts developed above is presented.

2.5 Example Problem

To illustrate all the above concepts, let us consider the circuit shown in Figure 2.5. It is

desired to determine all the currents and voltages in this circuit.

15
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Figure 2.5 Examplecircuit containing LDRs.

To find the equivalent resistance R for the entire resistive network, one must begin by finding

R 3 and Ry 5, the equivalent resistances for the two pairs of parallel resistors. Using equation 2.3,

we have:
®1 106
Rs=g="+—=1 |
3 é@ s
_eel 1 o | = aéOOoI
TG By §495
Similarly,
_a4406
=l.
Ris T&49 5

Then, equation 2.1 must be used to reduce the resulting series network and obtain R,

Rq = R1+R23+R45
aéOOO aé440u _aeA896
Ra = 849g 849&5‘ "% 49 5

ng » 10|

16



The currents I, 13, 14 and |5 can be found using the current divider rule of LDRs. Firgt, the total

source current | must be cal cul ated.

\%

| ===

Ra

| = 1/% =11A
489

Then equation 2.4 is implemented to find each current. For example,

=4
: \/Z+«/2_5

In the same way, I, 14 and Is are found to be 0.78A, 0.57A and 0.43A, respectively. These
results are intuitive, as we expect smaller portions of the total current to flow through the
resistors with larger linear dependence.

The voltage divider rule (equation 2.2) is now utilized across the outside loop which

consistsof Ry, R 3 and Ry 5 to find each of the series voltagesin the circuit. For example,

é add446 u
e 1a - u
VR45 = e 8 49 z @12
’ e5 ad4406 400060
S+ o— ot o—
& €495 &49 o
V., = 353V

Similarly, Vr2,3 and Vr: are found to be 2.45V and 6.01V, respectively.

17



3.0 RESISTORSWITH AFFINE CURRENT DEPENDENCE

An affine dependence of resistance on current would be described by (1.5) when the
values ¢ and d are nonzero. In a network of n such resistors, each resistance will be of the form
R = ¢ + dil;. If the constant ¢; is zero the resistor is of the type discussed in chapter 2 (linearly
dependent on current), and if the constant d; is zero the resistor is of the norma type found in
classical linear circuit theory (no dependence on current). It is anticipated that any rules or
reduction techniques found for these resistors would be even more general forms of those
describing the behavior of both linearly dependent and current-independent resistors. Similarly,
if anetwork was composed of a combination of both linearly dependent and current- independent
resistors, it would be possible to solve using any techniques discovered for these resistors with
affine (linear plus offset) dependence on current. The resistors discussed in this chapter will
intuitively be dubbed “ affine dependent resistors’ (or ADRS) for the rest of this thesis.

In this chapter, we consider combining n ADRs first in series, then in paralld. It isfound
that parallel networks of such resistors cannot be generalized analytically, so specific cases of the
individual resistor coefficients are investigated for reducibility. A general voltage divider ruleis
found for these resistors in series, and the rules for paraléd current division for each reducible

case are also found. We aso provide several examples to illustrate the various steps involved.

18



3.1 Affine Dependent Resistorsin Series

Consider n ADRs in series, where each resistor R = ¢ + dil;, asin the following figure.
Note that all of the individual currents () through the resistors, upon which they are each

dependent, are equal to the same single branch current (1).

5 — .
+ W, - TN —

5

Figure 3.1 Thereduction of n ADRsin series. Each resistor R = ¢i+dil.

Each voltage drop V; across resistor R can be expressed as Vi = Rl = ¢l+d;l?, assuming the
current is flowing in the reference direction indicated in Figure 3.1. KVL applied around the

circuit results in the following relationships:

V.=V, +V, +..+V
V,=(c +c, +..c )l +(d, +d, +..d )1 2.

Thisyields an expression for the equivalent series resistance:

Therefore, the equivalent resistance of n affine dependent resistors in series is, in closed

form,

Req:é.ci+(i;;&adi9|, (31
-1 @ix1 @

19



and the equivalent linear and offset coefficients for Req=Ceqtdegl Can be expressed as

d -

Qoo

.ﬂ

Co=ac addg=
i=1

In this case, Req has been found to also be affine dependent on the current through the series
network, according to equation 3.1. This expression is similar to the results obtain for both
current-independent resistors and LDRs in series, and can be used to compute the equivalent

resistance of a series network which includes both of those types of resistors.

3.2 Voltage Divider Rule

As was previously done for linearly dependent resistors, we now consider deriving a
voltage divider rule for the case of affine dependence. Any voltage V; across a particular affine
dependent resistor R should be possible to find by simply using the resistor coefficients and the
source voltage Vs. It will be seen that the result is not quite as easy to obtain as that of the
previoudly investigated case (equation 2.2). The first intuitive step is to determine an expression

for the loop current 1.

| = Ve
g & 0
acj+§adj;|
i=1 =1 @

Thisis a second-order equation in |, and its two roots are found to be

20



By assuming that the current | flows into the positive node of the voltage Vs in the series network
of ADRs (as is done with current-independent resistors) the subtractive case above can be
discarded. Each resistor voltage V; can then be calculated by simply multiplying the above result
for the loop current by the value of the resistor in question, R = ¢ + dil. It is observed that the
indirect calculation of the current in such a series circuit is unavoidable, as its substitution into
Ohm’s Law does not simplify. This produces the following expression for the voltage divider
rulefor affine dependent resistors:

V, =(c, +d,I)l (3.2)

where

2
d & 0O a2
-a +\/Qa ¢, = +4eq d; 3‘/s
i=1 €i-1 @ €i=1 (%]

& 0
a9z

We can state the rule as follows:

The voltage drop across one resistor of n ADRs in series is found by usng Ohm'’s

Law with the total series current, which is determined to be a root of a quadratic

equation whose constant term is the sour ce voltage.

21



As an illustrative example of the above concepts, consider the series connection of a DC
voltage source two ADRs in Figure 3.2. We wish to determine the equivalent resistance of the

two series resistors, the loop current | and the voltage drop across each resistor V; and Va.

F1=3+51

V=10V Ro=2+71

Figure 3.2 Circuit for example problem

Using equation 3.1, the equivalent series resistance is found to be (3+2)+(5+7)1=5+12l. By the

expression in (3.2), the total current is found to be

- (3+2)+4/(3+2)% +4(5+ 7110
- 26+7)

| =0.728A.

Again, using equation 3.2,

V, = (3+5>0.728) 0.728 = 4.834V,
V, = (2+7>0.728)0.728 = 5.166V.



3.3 Affine Dependent Resistorsin Parallel

In chapter 1 the generalized current-voltage relationship for two ADRs (Ry=Co+dolp and
Ri=c;+dil1) in parallel was found to be in the form of the following equation, where Iy is the

current into their common node and V is the voltage across the parallel network:

® ¢ 0 &co('jza?\/('jaecld ’aecl('i2 &V o
it =¢- — =+ Coy * o +te oo To =+ (3.3
“TE 24, 5 \/eZdoz €dyy & 20, g \/eZdlra €d, g

Note that if this expression is vaid only if do1 Oand d;1 0. Still, we will attempt to make
progress toward a generalized solution. While attempting to extract an expression for Ry in this
situation, one finds that collecting the V terms can be algebraically complicated, as each is offset
by different amounts underneath two different radicals. It is obvious that for n such resistorsin
paralel, the above relationship would involve the addition of n separate radical terms.
Therefore, the values of the linear and offset coefficients contribute directly to the complexity, or
the simplicity, of the algebraic reduction. In the following investigations of two (and more)
ADRs in parallel, it will become apparent that an analytic expression for the equivalent parallel
resistance Req Will cannot be obtained and that it will not always be affine dependent. First,
characterization of the general case will be pursued, and the limited availability of closed-form
results will become apparent. Then, after considering as much as we possibly can in the generd
case, we will examine only three special cases.

In Case 1 (equal affine dependency), R for two equal ADRs is found and generalized to

n equivalent resistors.

In Case 2 (equal linear coefficients), the R for two ADRS with equal linear coefficients

and unegual constant terms is found.
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In Case 3 (specia case involving a proportionality constant a), a scenario is examined
where the offset and linear coefficients (¢ and d;) of R; through R..1 are related to those
of some reference resistor (Ry) in some manner by a constant a;.

Whenever possible, corresponding current divider rules are derived for the various cases under

investigation.
3.3.1 General Case

A symbolic manipulation software package such as MATLAB® (The MathWorks, Inc.)
can be used to find a direct expression for V in equation 3.3. After solving for V and collecting
termsin Iy, the two following solutions result, V1 being additive and V. being subtractive (note

dit dgt 0):

2 2~
=§d1 do+d1dog 2
A tot

Vl,2 g—z
e(-d,+d) @

i

é , ~u
édOdlcl + d12C0 + Cld02 + dOdlco t dldO (Cl2 + CO2 + 4| totzdldO + 4ItotdOCl + 4|Iotd1C0 + 2COC1 )2 l:'

+ ’
é

I

U to

é (_d0+d1)2 L]tt
e u

1
dlCO + 20001)2 + Clde + CldOCO

dlCO2 -'-COdlCli (COdl + CldO )( qz + Q)Z + 4I totzdldO + 4I IotdOCl + 4I
2(-d, +d,)°

tot
+

This expression is not yet entirely simplified as a polynomia in li:. One way to smplify the
expression is to reduce the quantity whose sgquare root appears twice in the polynomial; we name

this quantity S(liot) and display it in a collected form by the following equation:

1

) = (A o)1 o +4(do, +dico )l + (62 + 2006, +¢,2 (34)
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One way we can exploit Slot) to Ssmplify the expressions for V is by setting the discriminant of
the enclosed quadratic equation to zero. This yields two real and equal roots, one of which can
be canceled by the outer square root operation. It can be shown that the discriminant D can be

factored in the following way:

D=(d- d)(-d& +¢’dy). (35)

Two conditions then arise that can insure the discriminant in (3.5) is zero:

0] d, =d,
d _c’

These two conditions correspond with two of the cases investigated later in this section. Case 2
considers two parallel resistors with equal linear coefficients (dp and di) and therefore
corresponds with the first condition, and Case 3 assumes ¢;=acy and di=ady, corresponding with
(I). Regardliess of the technique used to make the discriminant zero, when this is done (liot)

becomes

¢, +Gdy
2dd,

i) =lig +
Substituting this simplified form of s(liot) in for its original form (as equation 3.4) in the solutions
for V yields two simplified solutions that are true quadratic functions of lio;. They are displayed

in the following equation:

_ didy (+1+d, +d,) L2y (£1+d, +d,)(c,d, +cd,)
(-do +d,) * (-do +d,)
+(q)d1+cld0)62d1do(cl+co)i(cld0+codl)g.
4d,d, (-d, +d, )’

12 tot

(3.6)
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Before moving further, one must recall the objective of this investigation is to find an equivalent
resistance for any two paralel ADRs, which is also affine dependent on the total current Il
being divided by the two resistors. This clearly requires that the constant terms in equation 3.6
equal zero, in order to be able to factor out Iy; and form an instance of Ohm’s Law. Setting the

constant term equal zero results in two possibilities:

m =3

G

(2 2ddy(c +¢) = (cd, +cd,) =0.
The first option, which applies to both solutions of V, is irrelevant because the coefficients are
assumed to be positive. The second option, for Vi, is impossible unless either the linear or the
offset coefficients are both zero, and it is only possible for V- if either both linear coefficients are
zero or do=d1=1/2. Putting the expression for (2) above in the following equivalent vector

product form easily displays these results:

'3=0.

0

[(2d,d, +d,) (2d,d,+d,)]

TR
[ e ey el

A

All of the requirements uncovered while forcing the constant term in (3.6) to zero fall under
cases examined elsewhere in this investigation. We have exploited the general case for two
ADRs in paralld to its applicable limits,

Next, the equivalent resistance of parallel networks of ADRs with equal linear and

constant terms will be determined.
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3.3.2 Case 1. Equal Affine Dependency

Consider the circuit in Figure 3.3, which is composed of two equivalent ADRs in parallel.

Ry=tg+dsly
—1 R.
1 =
— 3 —
tot I fot
— 0 + W =

+ W -

Figure 3.3 Two equal ADRs in paralld (Case 1).

Currents lp and 11 pass through the resistors, and the total current Iy is the sum of those two

currents, which is expressed using equation 3.3 as:

(3.7)

It is anticipated that an expression for Req will exhibit affine dependence on the total current. To

achieve this, both sides of (3.7) are squared, and V is isolated.

& b  Sec 6 avdd
Gl ¥+ =4+ o
& thg @2dg édog
=T, % 9
gz 4 tOthOI

The Ry in this case is therefore calculated using the following equation, the equivalent resistance

for two equal affine dependent resistorsin parallel.
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d
%:%+fmt (38)

It is suspected that the above result can be generalized to n equal resistors. That is, for

i=1,2,....n,

By algebraic manipulation, the parallel voltage V can again be isolated on the left hand side,

yielding an instance of Ohm'’s Law:

a d ¢
Vv =Q_+_2|t0t+|t0t'
en n [

The reduced expression for Req has been obtained on the right hand side of the above equation,
and it is given by the following expression to be the equivalent resistance of n equal affine
dependent resistorsin parallédl,

:E+d|m, (3.9)

n n?
where |y is the total current flowing into the parallel resistor network. Figure 3.4 demonstrates
how the Rq of such networks varies as the number of equivalent ADRs connected in parallel is

increased, for the ssimple case when c=d=1.
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T

— 1ADR
—©— 2ADRs
—— 3 ADRs
—-A— 4 ADRs |7
—— 5ADRs

=
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=

Resistance [Ohms]

0 0.5 1 15 2 25
Current [A]

Figure 3.4 Graph of Ry assize of parallel (Case 1) ADR network increases. c=d=1.

It is intuitive to expect each of the n individual branch currents in a network of equally
affine dependent resistors to be equal the total source current divided by n. This turns out to be
true by means of simple algebraic substitution. Each voltage V; is equal to the voltage across the
paralel network, labeled V in Figure 3.3. Solving for each branch current I; in terms of the

network voltage V in the same way equation 3.7 was found,

] :-c+\/c2 +4dVv

' 2d

Since V = Regltat, the following expression for |; interms of Iix can be found:
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- C+\/CZ +4d§£ d tot —Itot
I = :
2d
Bringing the denominator up into the radical, and observing that a perfect square results, one

observes

+ 1 | 2
=" =7 2 tot 2 ltot
4d dn n

2

/ c o
:-—+ —| +—0
2d \&n * 2d g

This gives the anticipated result, which can be considered a current divider rule for n equal

ADRsin pardld:

i = ltot* (3-10)

3.3.3 Case 2: Equal Linear Coefficients

The |-V relationships of six ADRs with the same linear coefficient (d=1/2) and different
constant terms (Co,Cy1,...,C5) are plotted in Figure 3.5. The objective in this case study is to
determine an expression for the equivalent resistance, and its corresponding I-V behavior, of two
or more parallel ADRs with this type of behavior. It will be seen that the result is not necessarily

affine.
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Figure 3.5 Calculated I-V curves for six example (Case 2) ADRs.

To begin the analysis of this special case, consider the circuit in Figure 3.6, which is
composed of two parallel ADRs with equal linear coefficients (both are do) and different offset
values (o and ¢;). Again, the objective here is to obtain a current-dependent expression for
Req=R(ltot) and to determine the precise type of dependency that results. The investigation of this

case was motivated by a result found while solving the general problem of two ADRs in paralldl.
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R1=C1+d011

—1 R
1 — eq
I |
tot I ot
— 10 + W =

+ W -

Figure 3.6 Two parallel ADRs with equal linear coefficients (Case 2).

First, expressions relating the branch currents and the network voltage are found to be

_-gy el +ady ad | g G2+ 4AdV

0 2d ! 2d

0 0

Using Kirchoff’s Current Law, the total current into the network is the sum of the two branch
currents, or

-Gy ++/C2 +4dV o G+ G +4dV

2d 2d

= |+ 1, =

0 0

After some algebraic manipulations, we obtain the following equation:
1. 2
Zg(ZdOI +G+0) - 6 - 67 - 8V = (e +ady )(c +4dv),

which can be further processed in order to attempt to isolate polynomials purely dependent on V
and | on either side. By expanding the square and product in the above equation and collecting

terms, we then obtain the following first-order polynomial in V:

0=(-4d,c, -4d,q’ - 16d,°c,l, - 16d,°c, |, - 16d. 1, - 8d,c,Cc,)V
+12d, CoCy L +4d0GCo i +4d g lior + 400G Col i + 40y G it

3 3 3 3 2.2 2
+8d0 COItOt +8d0 Clltot +4d0 Cl Itot )
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It can be shown that by isolating V on the left-hand side, one can obtain the reduced expression

by factorization:

(Cl + dOItot)(CO + dOItot)(CO +C1+d0|tot)

V=l A
(CO +C1 +2d0|t0’[)

(3.11)

tot

Treating equation 3.11 as an instance of Ohm’'s Law, it is obvious that the fraction is the
equivalent resistance for two parallel ADRswith equal linear coefficients. Thisis displayed

in the following equation.

_ (6 +dglig )(Co + Gy 1o )Co +Cy + ol i)
(CO + C.L + 2d0|t0t )2

(3.12)

Its dependence on iy iS Not necessarily a purely affine one. Inspection of expression 3.12
reveals a polynomial of order n+l in the numerator, and a polynomial of order n in the
denominator. This suggests that for specia cases of the linear coefficients and offsets in the
ADRs, a resulting parallel equivalent resistance Ry can be recognized as having affine
dependence on the total current I by polynomial division. It isasimple exercise to show that if
all the constant terms ¢; are equal, (3.12) gives the same result as expression 3.8.

Equation 3.12 can be used to compute the |-V curves of equivalent resistances that would
arise in parallel networks of the example ADRs used to create Figure 3.5. When (3.12) is used to
compute the Req for Ro=Co+dolo and Ry=ci+dolo in parallel, its resulting FV characteristic is

graphed in Figure 3.7 against those of Ry and R.
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Figure 3.7 1-V characteristic for R of Ry and Ry from Figure 3.5.

3.3.4 Case 3. Special Case Involving a Proportionality Constant a

As mentioned during the investigation of the general case, another situation which may

facilitate the reduction of two or more ADRs in parallel is generalized in the following way:

c=ag d=a’d,
C, =3, d,= a22d0

(3.13)

_ _ 2
c,=ac d =a d,.



To implement this case in parale ADR circuit design or reduction, one ADR must be chosen
whose coefficients will serve as the reference ¢y and do. Then the corresponding & (i=1,...,n-1)
for the remaining n-1 resistors must be assigned or computed. The hypothetical |-V curves of six

such ADRs, where Ry=cp+dplo serves as the reference resistor, are shown in Figure 3.8.

2.5 1 1 1 1 T T T T o T
e Ro'Rl [c0=d0=1,a1=1]
—t R2 [a2—2]
oLl & Ry [a,=3] |
> R4 [a4=4]
% R [a;=5]
1.5F =
<
=
o
5
U 1 . .
0.5 =

I I I I I I I I I

0 0.5 1 15 2 2.5 3 3.5 4 4.5 5
Voltage [V]

Figure 3.8 Calculated I-V curves for six example (Case 3) ADRs. Notea=a .

To begin the analysis of this case, consider the ssmple circuit of Figure 3.9. Two Case 3
ADRs are in parallel, and the objective is again to find an equivalent resistance that is affine

dependent on the total network current l;. The useful results obtained for this circuit will then



be generalized to even larger paralel networks of Case 3 ADRs, and an appropriate current

divider rule will be discovered.

Rl =C1 +d1 Il
—] R
1 — e
I% | WY
tot Sl tot
8 cy= g + W -

R-=c~+d-1
o= Yo7 oo dizozzdc,
+ W -

Figure 3.9 Two paralel ADRswith coefficientsrelated by a (Case 3).

By applying KCL, an equation in a modified form of (3.3) arises to describe this ssmple circuit:

. 2 + B > N >
I :gE_B Co 8+ \/Co 4d v +ge_ a(2:O 8+ \/(aco) : 4a°d vV |
& 2d, g 2d, & 2a°d, 4 2a%d,

After isolating the simplest form of the radical terms on the right hand side (and before squaring

both sides), the following is obtained:

2ad,l, +(@a+1)c, 2
=«/ +4d,V .
@+1) G o

By squaring both sides and isolating only V on one side, an instance of Ohm’s Law is eventually

obtained in the following fashion:

a’dyl,” +a@+1)cyl
(a+1)?

V =

& a’d, ac, 0
= + =,
tot g(a_l_l)z tot a+1g




This leads to the following expressions for the equivalent resistance of two Case 3 ADRs in
parallel:

Req :Ceq+deq|tot

where

C :icO or G (3.149)

It is interesting to observe that the constant term of the equivalent ADR is the product of the two
parallel constant terms divided by their sum. This shows that if both linear coefficient terms are
zero, equations 3.14 give the same result as that often used in traditional linear circuit analysis
for two parallel resistors. It is aso obvious that similar results are obtained when thed terms are
zeroin (3.1), (3.8), (3.9) and (3.12).

The same technique which led to (3.14) will now be attempted for larger networks of
paralel ADRs, in order to pursue a closed-form result for any number of resistors. Suppose

three ADRs are in parallel and described by the following equations:

R) :CO+dOIO
R=c+dl,
RZ :CZ+d2|2

where

¢ =ac d =a’d,
CZ = aZCO dZ = a22dO'

The KCL equation becomes
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tot —

S +46 +4dV | -c 4 +4dY | ¢, +yc) +4dV
2d, 2d, 2d, ’

and after substitution it can be rewritten as:

_-CO +."q)2+4dov §-+i+i9 (315)
a g .

o 2d0 e a 2

The form of expression 3.15 is intuitive — the total current turns out to be a scalar multiple of the
current through the reference ADR, Ry. It is not difficult to conclude that for n of these resistors,

the result will be:

| :-CO +."Q)2+4dov &i+i+i+.“+ 1 9 (316)
o 2d, € a a " a.p

After algebraically manipulating (3.15) to retrieve the Ry in terms of the constants a; and a,, the
results are summarized in following expressions:
Req :Ceq + deqltot

where
_ a,a,

d = %% 0y

“ =G ta o do
eda, +a1 +a2 9

When these results are compared with equations 3.14, a pattern begins to emerge. Using (3.16)

to likewise investigate four of these ADRs in paralléel gives the following equations,

Coq = 4%% c, ad
aaa, taa taa taa
% 6

dy = o %%% 24, (3.18)
68,8,3, +a,a, + 8,8, +a,3, g




The closed form of the equivalent resistance for any size parallel network of this brand of ADR

isnow clear. For anetwork of n parallel resistors arranged as in the following figure,

Rn—lz |:r'|—1+ dn—lln—l

—— W/
_}In—l

+ W -

Figure 3.10 Finding the Ry for n (Case 3) ADRs in parallel.

the equivalent resistance is aways affine dependent on the total current Iy, and its offset and

linear coefficients are displayed found as:

14 a2
a?+a—7 6 and d, =al+8 =2 d,. (3.19)
k=1 g e k=1 (%]

The expressions in (3.19) can be written in terms of only the ¢; and d; coefficients, and not the
proportionality constants a;, by substitution of a = ci/co = (di/do)”2. The results are displayed in
the following manner, which is the equivalent resistance for n (Case 3) ADRsin parallel.

R-c+d|

eq  tot?

where
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1 2
a&BL10 &t 1 O
C,=ca—- ad d = —_ .
= gk:ockﬂ * Iia:Ol\’dkB

It is fairly straightforward to obtain a corresponding current divider rule for this particul ar

(3.20)

case of ADRs. Recall that any individual branch current (1;) desired can be written as:

Ii :-ca+(0.2+4diV)%’

2d,

assuming it flows into the positive reference node of the voltage across the network. Within this
expression, the network voltage V can be written as a product of the equivalent resistance Ry and
thetotal current lio:

V =1y + ).

eq tot
Therefore, the current divider rule for (case 3) ADRs would take the following form, where ceq

and deq are calculated using (3.20):
1
-Gt 33.2 +4di Itot(Ceq +deq|tot)82
|. =
' 2d,

(3.21)

Note that the total current |, and therefore the individual branch currents I, must follow the
passive convention with respect to the voltage drop across the ADR network to avoid complex
results. An application of the results derived thus far in the chapter can be seen in the following

example problem.



3.4 Example Problem

We wish to solve for al the voltages and currents present in the circuit of Figure 3.11.

The network is composed of a DC voltage source and atotal of six ADRs.

1
—
I
I—?*

R1=50+3  R4=6+1214

where Ro =50+ 1g g =3+3Ig
2 a2 1
Feg=1+=1
_ 5 &] 36
Fz =7+ 5

Figure 3.11 Example circuit containing ADRs.

To calculate Reg, 0ne must reduce the two parallel networks of ADRs in Figure 3.11 and add the
total series resistance. The parallel combination of R; and R, will be called R; 2, and it will be

dependent on the total source current I. Using (3.8),

1
R, =25+,

The network of Ry, Rs and Rs fals into the third special case of ADRs discussed in this chapter,

where ¢cs (=1) and ds (=1/3) are the reference coefficients, and the corresponding proportionality
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congtants for Ry and Rs are a4 (=6) and as (=3), respectively. Equations 3.19 and/or 3.20 can be

used to calculate the linear and constant coefficients of Rise.

Rise =Ceq T deql

where

Finaly, using (3.1),

2-- 5 4--
Ry =35+7+2% 2,2, 40 _ 6742771,
& 35 &8 2 27p

The voltage drops across Ry 56, Ri.2 and Rs are calculated using (3.2), the voltage divider rule for

ADRs. Thetota current | is found to be 0.27A, and therefore

2 4 o
V =c—+—0.27-0.27 = 0.19V.
R4,56 83 57 o
Similarly,
Vg, =2.07V,
Vi, =6.76V.

The currents 1; and |, are each half of the total current I, that is 1:=1,=0.135A. To directly
calculate the remaining currents, the current divider rule for case 3 ADRs is needed (3.21). To
caculate Is, we must realize that ¢ and d; correspond to the characteristics of Rs, and Ceq and deq
correspond to those of Ry 56.

1
- 3+ €3 + 4x3>0.27(0.67 + 0.15>0.27)

I =0.06A .
253

Similarly,

42



|, =0.03A,
|, =0.18A.

These results obey KVL around each loop and KCL at each node.



4.0 TOPICSFOR FUTURE RESEARCH AND CONCLUDING REMARKS

The rules and techniques developed in this study for circuit reduction and signal
computation in networks of current-dependent resistors can possibly be used to model fluid flow
in certain pipe networks. Certain flow resistance characteristics allow some series and paralel
networks to be greatly simplified; however, just as robust linear electric circuit analysis also
implements techniques to analyze resistive circuits without the need for reduction (i.e. mesh
current and node voltage analysis), a few analogous tools are now pursued in the realm of the
particular nonlinear circuit discussed in this thesis. In this chapter, we mention possible future
research problems that involve using tools developed in this thesis to derive solution methods
such as mesh and node analysis and to perform operations such as delta-wye transformations.
We conclude this chapter with remarks that highlight the various contributions made in this

thesis.

4.1 Possible Topicsfor Future Research

4.1.1 Mesh and Node Analysis

Mesh and node analysis methods are very important for solving circuits in genera [7],
[8]. To illustrate some of the issues that arise when one attempts to apply these methods for
circuits with LDRs and ADRs, let us consider the following example circuit of LDRs in Figure

4.1. The circuit-reduction techniques established in chapter 2 will be tested against an adapted



mesh analysis solution. The resistors are labeled according to their degree of linear dependence

upon the current, but the specific currents upon which they depend have not yet been selected.

&1
Wy

121(9 /ID 5-1§§1 @ §5.1

Figure 4.1 Two-mesh circuit containing LDRs.

The mesh currents will first be calculated using rules from chapter 2. Using (2.3), the

equivalent resistance of the two equal LDRs in paralel isfound to be

el 16° 5

Rt TR 4
By (2.1), the total series resistance is found to be (37/4)11, and the total source current 1; is then
computed (using the source voltage and the total resistance) to be 1:.=1.14A. Because of the
equivalence of the parallel LDRs, |, isclearly 1,=11/2 = 0.57A.

In order to construct two mesh equations for this circuit, one must first choose a reference
direction for the voltage drop across the shared resistor and keep that consistent when writing
both equations, just as is done in mesh analysis of linear circuits. The reference direction for the
net current through the leftmost 5l resistor will be downward, and therefore the voltage drop V1

will be

V;|_ = 5(||1- |2|)(|1 - |2).



The resulting nonlinear system of mesh currents for the circuit is found using traditional
techniques:

8ll1fl1 + 5(|11- 1211 - 1) =12 for mesh 1, and

-5()11- I2])(11- 12) + 5|I)lz =0 for mesh 2.
Because of the absolute values in these equations, the solution procedure must take into
consideration all possible sign variations of the current variables. In this problem, we know that
the reference directions for 11 and I, will yield positive values for these currents. We aso know
that 1:>1,. So the absolute values in the equations can be removed to yield:

8112+ 5(11- 17 = 12 (4.1a)

-5(11- 15)? + 51,2 = 0. (4.1b)
In general, however, we may not know the sign of the current variables in all resistors. For
example, in this problem, suppose we did not know a priori that 1:>l,. Then in addition to the
above two equations, the case where I:<l, must dso be considered, which itself yields the
following two different equations:

811%- 5(I1- 1) = 12 (4.22)

5(11 - I12)? + 51,° = 0. (4.2b)
Both sets of equations 4.1 and 4.2 must be solved and only the consistent solutions (11<I, for 4.1
and [1>1, for 4.2) will be valid. In this case we note that equations 4.2 do not admit any solutions
since (4.2) requires that 11=1,=0 and (4.2a) cannot be satisfied with these values. Therefore (4.1)
are the only valid mesh equations for the circuit, and we should expect the solution to satisfy
11>1,. Because of the nonlinear nature of these relationships, numerical methods must be used to

solve such equations [1].



We note, however, that equations 4.1a and 4.1b are coupled quadratic equations of the
Riccati type, and extensive studies on the numerical solution methods for such equations can be
found in [9], [10] and [11]. Regarding this example, we realize that equation 4.1b yields

l> =14/2,
and when thisis substituted into (4.1a) we get
371, =48
or 11=1.14 and 1,=0.57A. Note, asafina check, that this solution is consistent with 11>15.

The above example suggests that mesh currents within larger networks of current-
dependent resistors will need to be solved using numerical techniques, but it also exposes the
following complication: mesh current calculation depends on the initial reference direction
assumption for currents flowing through resistors that are shared among several meshes. Similar
results are expected for node-voltage analysis of such networks as well. The pursuit of
mathematical techniques for solving circuits despite this complication could open up avenues for

future research.

4.1.2 Delta-Wye Transformation of Linearly Dependent Resistors

Another nonlinear circuit modification technique worthy of consideration is the

corresponding delta-wye transformation for current-dependent resistors. The generalized circuit

is found in Figure 4.2. The same transformation requirements that govern current- independent

resistors apply:
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Rat+tRe=Ri || (R +Ry)
Re+ Re= R || (R + Rs) (4.3)
Rat+tRe=R | (R +R).

Figure 4.2 The delta-wye transformation for LDRs.

Upon inspection it is clear that the requirements given by equations 4.3 complicate the
possibility of deriving a delta-wye transformation for the ADRs discussed in chapter 3, so the
transformation is calculated here only for networks of linearly dependent resistors. The
requirements of (4.3) become

Ra + Rg = dily || (d2l2 + dsl3)

Rs + Rc=dalz || (dil1 + dsl3) (4.9

Ra + Re=dal2 || (dily + dal2)
where 13, |, and I3 are the clockwise currents passing through resistors R, R and R,
respectively. Based on these requirements, it is intuitive to suspect that resistors Ra, Rs and R

will be dependent on one or more of the three maor network currents la, Ig and Ic. After



calculating the necessary equivalent series and paralel resistances and performing some

algebraic manipulation, intuition proves correct. The following relationships result:

2 -2

1581 1 L21 1 0

5" ;
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RB—1§881+ 1 52 6 0'28
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We observe that each wye resistor is found to be linearly dependent on not only its own current
but on the currents through the other two wye resistors as well. Though they represent an
interesting result, Ra, Rs and R: cannot be considered LDRs by the definition given in this thesis.
One avenue for future investigation in this type of circuit transformation can be to pursue

analogous results for ADRs.

4.2 Concluding Remarks

Techniques similar to those that govern resistor network reduction and solution in linear
circuit analysis have been investigated and developed for networks of resistors whose values
depend on current in a linear or affine manner. We derived expressions for combining such
resistorsin series and in parallel and obtained the resulting voltage and current divider rules. Itis
interesting result to note that in the case of affine dependent resistors, some of the results can be

considered generalizations of those of traditional linear circuit analysis. The offset term in these
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resistors represents the same sort of fixed, current-independent behavior that typical resistors
exhibit, and the inclusion of the linear term takes one step in the direction of generalizing circuit
reduction for elements whose voltage can be written as a polynomial function of current. It is
clear that if the linear coefficients were zero in (3.1), (3.9), (3.12) and (3.20), the same exact
results for the combination of current-independent resistors in series and parallel are given. We
demonstrated that in the most general case of circuits with all ADRs, there are no closed-form
expressions for combining such resistors in parallel. Consequently, we derived the expressions
for various special cases of interest. Throughout the thesis, we illustrated the concepts with
simple examples to make it easy for the reader to appreciate the difficulties involved in dealing
with such nonlinear circuits. We aso pointed out severa possible research problems that can
still be explored as a follow- up to this thesis.

We believe that as the field of nanotechnology evolves, circuits with current-dependent
resistors may become very important components in modeling many nano-scale systems that
involve fluid flow. The tools and techniques developed in this thesis may provide a theoretical

basis for the analysis of such systems.
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Appendix A

MATLAB M -files I nvestigating Affine Dependent Resistors
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% Two affi ne-dependent resistors in parallel, general case
clear all;close all;clc;
syms dO d1 cO cl It V;

sol ve(' I't=-c1/(2*d1)+((cl/(2*d1)) 2+(V/d1))~(1/2)-
c0/ (2*d0) +((cO/ (2*d0)) A2+(V/ d0)) A (1/2)" ,' V' ):

% 2 roots are output for the above task.
% first try to sinplify & collect terns of [1,1]

[ V1, how] =si npl e(- 1/ 2* (d1*c02- 1/ (- dO+d1) * (4*1 t *d1* dO+2* c1* d0+2* cO* d1+. .
2% (C172* d0A2+C0M2* dOA2+4* | t A2* d1* dOA3+4* | £ *dOA3* c1+4* | t*d1*d0A2* cO+. .
2%c1*d0M2*c0) A ( 1/ 2)) *dO* I t *d1- 1/ 2/ ( -

dO+d1) * (4* 1t *d1* d0+2* c1* d0+2* cO* d1+. .

2% (C172* d0A2+C0M2* dOA2+4* | £ A2*% d1* dOA3+4* | t *dOA3* c1+4* | t *d1*dOA2* cO+. .
2%c1*d0A2*c0) A( 1/ 2) ) *cO*d1- 1/ 2/ (- dO+d1) * (4* 1t *d1* d0+2* c1*d0+2* cO* d1+. .
2% (C172*d0A2+C0M2* dON2+4* | t A2*% d1* dOA3+4* | t *dOA3* c1+4* | t *d1*d0”2* cO+. .

2*c1*d0”2*c0) ~( 1/ 2))*dO*cl1+2* | t *2*d1*d0"2+2* 1 t *d0”2*c1+2* | t *d1*d0*cO+. . .

c1*d0*c0) / do/ (- do+d1));
[V2, how] =si npl e([ -1/ 2*(d1*c0”2- 1/ (-d0+d1)*(4*|t*d1*d0+2*c1*d0+2*c0*d1-. ..

2% (C17 2% d0N2+C0M 2% dOA2+4% | £ A2% d1* dOA3+4% | t *dOA3* c1+4% | t *d1* d0A2* cO+. .
2%c1*d072*c0) A(1/2) ) *d0* | t *d1- 1/ 2/ (- dO+d1) * (4* | t *d1* d0+2* c1*dO+. .
2% C0*d1- 2% (C172* d0A2+C0N2* dOA2+4* | 1 A2* d1* dOA3+4% | t *dOA3* 1+, .
4% | t*d1*d0M 2% c0+2* c1* d02* c0) A( 1/ 2) ) *cO*d1- 1/ 2/ ( -

d0+d1) * (4*1 t *d1*do+. .
2% c1*d0+2* cO* d1-

2% (c172* d0M2+C0M2* dOA2+4% | £ A2% d1* dOA3+4% | t *dOA3*c1+. .
4% | t*d1*d0M2% c0+2% c1* d0A2* c0) A( 1/ 2) ) *dO* c1+2* | t A2* d1* dOA 2+, .
2% t *d0A2* c1+2* | t *d1* d0* cO+c1*d0* c0) / dO/ (- do+d1)]);

V1

col | ect (1/2*(d1*cOM2+2*% |t A2*d172*d0+2* | t *d1*dO* c1+2* | t *d172* cO+. .
2% t *d1* dO* (c172+c0MN2+4* | t A2*d1* dO+4* | t *dO* c1+4* | t *d1* cO+. .
2%c0*c1) A(1/ 2) +c0* d1* c1+c0* d1* (c1A2+c0MN2+4% | t A2+ d1* dO+4* | t *dO*c1+. .
4%t *d1*cO+2%cO*c1) A( 1/ 2) +c172* dO+C1* dO* (c1A2+C0N2+4* | t A2* d1* dO+. .
4% 1t *d0* c1+4% | t *d1* cO+2* cO* c1) A( 1/ 2) +2% 1 t A2* d1* dOA2+2% | t *dOA2* c1+. .
2*1 t *d1*d0* cO+c1*d0*c0)/ (- dO+d1) A2, [ t);

V2 = col lect (1/2*(d1l*c0”r2+2* |t "2*d172*d0+2* | t *d1*dO*c1+2*It*d1”2*cO- ..
2*1t*d1*d0* (c17r2+c0M2+4* | t 22*d1*dO+4* | t *dO*cl+4* It *d1*cO+. .
2*c1*c0)~(1/ 2) +c0*d1*cl- cO*d1*(c1r2+c0"r2+4* |t ~2*d1*d0+4* It *dO*cl+. .
4* | t*d1*c0+2*c1*c0) ~(1/2) +c172*d0- c1*dO0*(c1"2+c0"2+4* | t ~2*d1*dO+. .
4*[t*d0*cl+4* |t *d1*c0+2*cl1*c0) M( 1/ 2) +2* 1t ~2*d1*d0N2+2* |t *dO~2*cl+. .
2*1t*d1*d0*c0+c1*d0*c0)/ (-dO+d1l)"2,1t1)

% In the resulting solutions for V, there appears a polynomal in

% It, which I will call s(It). The polynomal is ((4*d1*d0)*It"2+

% 4* (d0*cl+d1*cO) *It +(c1r2+2*c0*c1+c0"2) )" (1/2).

% Now I will sinplify this..

roots_s =
sol ve(' (4*d1*d0) *It~2+4*(d0*cl+d1l*cO)*It +(cl”r2+2*c0*cl+c0"2)=0","It");

[root _s, how] =si npl e(1/8/d1l/d0*(-4*c1*d0-4*c0*d1l+4*(cl1r2*d0"2+d1"2*cOM2- ..
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d1*d0*c172- do*d1*c0r2) A (1/2)));

% Taki ng the condition for two real & equal roots by setting the

di scri m nant =0,

% s(lt) has beconme (It+(cl1l*d0+c0*dl)/(2*d1*d0)).

% This only happens for two conditions: dO=dl and (cl1”2/c072)=(d1/d0).
% The results of these two conditions are exami ned in other mfiles.

% V# can be sinplified further, first by re-collecting It terms...

V1 = col | ect ((d172*d0+d1*d0~2)/ (- dO+d1) ~2* | t A2+(d1*dO* c1+d172* cO+. .
c1*d072+c0*d1*d0+d1*d0* (|t +( c1*d0+c0*d1)/ (2*d1*d0)))/ (- dO+. .
d1) A2* 1t +( 1/ 2*d1* c0M2+1/ 2* cO*d1*c1+1/ 2* cO*d1* (It +. .
(c1*d0+c0*d1)/ (2*d1*d0)) +1/ 2* c172* dO+1/ 2* c1*dO* (I t +. .
(c1*d0+c0*d1)/ (2*d1*d0)) +1/ 2*c1*d0*c0)/ (- dO+d1) "2, I t);

V2

col | ect ((d172*d0+d1*d0”2)/ (- dO+d1) A2* | t A2+(d1*dO* c1+d172* cO+. .
c1*d072+c0*d1*dO- d1*d0* (1t +(c1*d0+c0*d1)/ (2*d1*d0)))/ (- dO+d1) A2* It +. .
(1/ 2% d1*c0”2+1/ 2% cO*d1*c1- 1/ 2*cO*d1* (It +(c1*d0+c0*d1)/ (2*d1*d0)) +. .
1/ 2*c172*d0- 1/ 2*c1*dO* (I t +(c1*d0+c0*d1) / (2*d1*d0)) +. .

1/ 2*c1*d0*c0) / (- do+d1) A2, I't);

% Sinplifying the resulting coefficients of the 2nd order polynomal in It

V1 sq = factor((d1*dO/ (-d0+d1l) ~2+(d1”r2*d0+d1*d0"2)/ (-d0O+d1l)"2))

V1l lin = factor(((1/2*c0*d1+1/2*c1*d0)/ (-d0O+d1l)*2+(d1*d0O*cl+..
d17r2*c0+c1*d0”2+c0*d1*d0+1/ 2*c0*d1+1/ 2*c1*d0)/ (- dO+d1l) ~2))

V1l con = factor((1/2*d1*c0”2+1/2*c0*d1l*c1+1/4*cO*(cO*d1+..
c1*d0)/d0+1/ 2*c1*d0*c0+1/ 2*c172*d0+1/ 4*c1*(c0*d1l+c1*d0)/d1)/ (- dO+d1) ~2)

V2_sq = factor((-d1*d0/(-d0+d1l)~2+(d172*d0+d1*d0"2)/ (-d0+d1)"2))

V2 _lin = factor(((-1/2*c1*d0-1/2*c0*d1l)/(-d0+d1)~"2+(d1*d0O*cl+d1”2*cO+..
c1*d0”2+c0*d1*d0- 1/ 2*c1*d0- 1/ 2*c0*d1)/ (- d0O+d1) ~2))

V2 _con = factor((1/2*d1*c0”2+1/2*c0*d1l*cl-1/4*c0*(c1*d0+c0*d1l)/ dO+. .
1/ 2*c1*d0*c0+1/ 2*c172*d0- 1/ 4*c1*(c1*d0+c0*d1)/d1)/ (- dO+d1l) ~2)



% Two affine-dependent resistors in paralle
% I nvesti gate consequence of |inear coefficients being equa
% dO0 = dl1 = d;

clear all;close all;clc;
syms cO c1 dO di1 d It;

sol ve(' I't=-c1/(2*d)+((cl/(2*d))A2+(V/d))~(1/2)-
cO/ (2*d) +((cO/ (2*d) ) A2+(VI d))A(1/2)" "' V' ):

collect(lt*(cOn2*It*d+c0M2*cl+lt*d*clr2+2* |t 2*¥dr2*cl+2*[t"2*d 2% cO+. . .
c1r2*¥cO0+3*1t*d*cl*cO+l t~3*d"3)/ (2*1t*d+cl+c0)"2,1t);

% The result of the above collection is a product of It and the resulting
Req(lt),

% which is an (n+l1) order polynom al divided by a nth order polynoni al,
resul ting

% (in some cases) in an affine Req as a function of It.

% This is the nunerator of the Req function, factored:
factor (1tA3*d"3+(2*d"2*c0+2*d"2*cl) *I t "2+, .
(c0n2*d+3*d*cl*cO+d*cl1”2) *It +c0"2*cl+c1”2*c0);

% The result, for two resistors is

% (It*d+cO)*(It*d+cl)*(It*d+cl+c0)
% REQg = ----cmmmmmi e
% (2*I't*d+cl+c0) "2



% Two affine-dependent resistors in paralle
% I nvestigate case # 3
% cl=(a*c0), dl=(a"2*d0);

clear all;close all;clc;
syms cO cl1 dO dl1 d It a;

sol ve(' I't=-(a*c0)/(2*(ar2*d0)) +(((a*c0)/ (2*(ar2*d0))) 2+(V/ (ar2*d0)))~(1/2)-
c0/ (2*d0) +((cO/ (2*d0)) ~2+(V/ d0))~(1/2)" ,' V' ):

% Two roots result for V; their It terns will be collected bel ow

collect(lt*a*(lt*a*dO+cO+cO*a)/ (a+1)"2,1t)
col l ect(a*(cOr2+lt"2*a*d0”2+It *d0*cO+lt*a*d0*c0)/ (a-1)"2/d0, It)

% The result of the first collection is a product of It and the resulting
Req(lt),

% which is an affine Req as a function of It.

% The result of the second collection above requires c0=0 for an affine-
dependent

% equi val ent resistance, so it will be ignored.

% The result, for two resistors is

%

% (a*c0) (anr2*do)
% Req = ------ S It
% (a+1) (a+l1)"2
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