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The understanding and modeling of multiphase flow has been a challenging research prob-
lem for many years. Among the important applications of the two-phase flow problem are
simulation of the oil recovery and environmental protection. The two-phase flow problem in
porous media is mathematically modeled by a nonlinear system of coupled partial differen-
tial equations that express the conservation laws of mass and momentum. In general, these
equations can only be solved by the use of numerical methods.

The research in the thesis mainly focuses on the numerical simulation and analysis of dif-
ferent models of incompressible two-phase flow in porous media using primal Discontinuous
Galerkin (DG) finite element methods.

First, in our work we derive sharp computable lower bounds of the penalty parameters for
stable and convergent symmetric interior penalty Galerkin methods (SIPG) applied to the
elliptic problem. In particular, we obtain the explicit dependence of the coercivity constants
with respect to the polynomial degrees and the angles of the mesh elements. These bounds
play an important role in the derivation of the stability bounds for the SIPG method applied
to the the two-phase flow problem.

Next, we consider three different implicit pressure-saturation formulations for two-phase
flow. We study both h- and p-versions, i.e. convergence is obtained by either refining the
mesh or by increasing the polynomial degree. We develop numerical analysis for one of
the pressure-saturation formulations. Numerical tests which confirm our theoretical results

are presented. Some validation of the proposed schemes, comparison between numerical
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solutions which are obtained by different schemes and numerical simulations of benchmark

problems are also given.
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1.0 INTRODUCTION

Accurate numerical methods for multiphase processes are of great importance in problems
related to the environment and energy. The understanding and modeling of multiphase flow
has been a challenging problem of scientific research for many years. One of the applications
of multiphase flow is the oil recovery. The oil industry is interested in the reliable numerical
methods to simulate the recovery of oil in order to exploit reservoirs in an optimal way.
The other very important application of multiphase flow is environmental protection; for
example simulation of the spread of polluted fluids in the ground water in order to opti-
mize the clean up of contaminated sites. Finally, the understanding of two-phase flow is
crucial in modeling tumor growth in the human body, which can be considered as a porous
medium. This research deals with the modeling of two-phase flow, for example the flow of
a wetting phase (such as water) and a non-wetting phase (such as dense non-aqueous phase
liquids), in a porous medium with possibly heterogeneous characteristics. This type of flow
is mathematically modeled by a nonlinear system of coupled partial differential equations
(PDEs) that express the conservation laws of mass and momentum and that in general can
only be solved by the use of numerical methods. A review on the issues arising in modeling
multiphase flow is given in [56].

In flow in porous media, traditionally very low order finite difference or finite volume meth-
ods have been used [58, 39, 55]. Affordable computing power allows oil engineers to add
complexity to their reservoir models. For instance, there is a strong interest in a better
representation of wells, faults, fractures and in use the of unstructured grids in reservoir
modeling. Local mass balance is also very important in these applications, therefore Discon-
tinuous Galerkin (DG) methods are ideal candidates. Our research [33, 32, 34, 30] has shown

that higher order DG methods are promising alternatives to low order finite difference or



finite volume methods. Over the last few years, discontinuous finite element methods have
been shown to be competitive with respect to other standard techniques in flow and trans-
port problems [67, 63, 66, 64, 43, 5, 3, 4, 25, 27, 26].

The appeal of these methods lies in their local behavior: the mesh can be locally refined,
the degree of polynomial approximation can vary from grid cell to grid cell. This makes the
implementation of adaptivity with respect to the mesh and polynomial order (hp-adaptivity)
for DG substantially easier than conventional approaches. Furthermore, with appropriate
meshing and with varying polynomial degree, DG can yield exponential convergence rates
for smooth problems. Moreover, the mass balance equations for DG methods are satisfied
element-wise. Finally, these methods can treat rough coefficient problems and can effectively
capture discontinuities in solutions.

The research, that is presented here mainly focuses on the theory and implementation of
different models for two-phase flow problems in a porous media using DG finite element
methods. We introduce and investigate efficient implicit, fully coupled hp-DG methods for
solving incompressible two-phase flow problem [32, 33, 34, 30]. To our knowledge this is
the first study of high order p-methods (the mesh is fixed and numerical convergence is
obtained by increasing polynomial order) for complex flows in porous media. The use of
such p-methods gives an important option for engineering applications: one is able to solve
the problem accurately on a given grid that reflects geometrical properties of the physical
domain without modifying (such as refining or coarsening) the grid (usually obtained after
several months of development). The methods employed in my work are based on three
primal DG methods: the Non-symmetric Interior Penalty Galerkin (NIPG), Incomplete In-
terior Penalty Galerkin (IIPG) and Symmetric Interior Penalty Galerkin (SIPG) methods in
space introduced and analyzed in [67, 73, 7]. The backward Euler method is used for time
discretization.

In the literature, besides the mentioned work [32, 33, 34, 30] DG methods have only been ap-
plied to sequential formulations of two-phase flow. For a detailed description of fully implicit

versus sequential PDE models of multiphase flow, the reader can refer to [44, 59, 49].

We will now briefly review the literature on DG for two-phase flow. In [60, 15, 61, 53],

primal discontinuous Galerkin methods with upwinding are applied to a sequential pressure-



saturation formulation, in which the coefficients are evaluated at the previous time step. In
this case, unstable overshoot and undershoot occur and slope limiting postprocessing after
each saturation step is needed to remove these oscillations [20, 24]. The main drawbacks of
slope limiters are the drop of convergence of the scheme from the high order to the linear
order and the lack of theoretical convergence in two or three dimensions. It is to be noted
that without slope limiting both pressure and saturation blow up after a few time steps. A
multinumeric approach coupling DG and mixed finite elements is presented in [57]. More
recently, in [37], a sequential air-water model is numerically solved on uniform meshes us-
ing primal DG methods such as NIPG for the pressure equation and a local discontinuous
Galerkin (LDG) [23] discretization for the saturation equation. In this case, a Kirchoff trans-
formation is required to obtain a diffusive flux from the previous time step. The saturation
equation is solved explicitly in time, which is computationally appealing; however this re-
duced cost is compensated by the introduction of an additional unknown, intrinsic to the

LDG formulation.

Below is the brief description of the chapters included in this thesis.
In chapter 2 we present sharp computable lower bounds of the penalty parameters for stable
and convergent symmetric interior penalty Galerkin methods applied to the elliptic problem.
In particular, we derive the explicit dependence of the coercivity constants with respect to
the polynomial degrees and the angles of the mesh elements. Numerical examples in all
dimensions and for different polynomial degrees are presented. We show the numerical effects
of loss of coercivity. These bounds play an important role in the derivation of the stability
bounds (obtained in chapter 3) for the SIPG method applied to the pressure-saturation

formulation of the two-phase flow.

In chapter 3 we consider three different implicit pressure-saturation formulations for
two-phase flow. In the first two formulations (so called “phase-pressure, phase-saturation”
formulations), the primary variables are the pressure of the wetting phase and the satura-
tion of the non-wetting phase. In the third formulation (so called “global pressure, phase-
saturation” formulation), the primary variables are the global pressure and the saturation
of the non-wetting phase. These variables are approximated by discontinuous polynomi-

als of different degrees. The resulting finite dimensional problem is an algebraic system of



nonlinear equations to which the Newton-Raphson iterative scheme is applied. We have
implemented all three formulations in our own code written in C. We study both h- and
p-versions, i.e.convergence is obtained by either refining the mesh uniformly or by increasing
the polynomial degree. We develop numerical analysis (existence of the discrete solution,
convergence of the schemes) for the “global pressure” formulation. Numerical tests which
confirm our theoretical results are presented. Besides, we show numerically that one of the
proposed schemes for the “phase-pressure, phase-saturation” is stable and robust even on
unstructured meshes and heterogeneous media. The number of Newton-Raphson iterations
remains low and bounded. The second proposed scheme for the “phase-pressure, phase-
saturation” formulation appears to be sensitive to the choice of the penalty parameter. In
addition, NIPG, SIPG and ITPG methods are compared and the effects of different basis
functions on the solution are studied. Some validation of the proposed schemes and some
comparison between numerical solutions obtained by “global pressure, phase-saturation” and
“phase-pressure, phase-saturation” formulations are presented.

In chapter 4 we present conclusions and future directions.



2.0 ESTIMATION OF PENALTY PARAMETERS FOR SYMMETRIC
INTERIOR PENALTY GALERKIN METHODS

2.1 INTRODUCTION

The Symmetric Interior Penalty Galerkin (SIPG) method is an example of discontinuous
Galerkin methods, which uses penalties to enforce weakly both continuity of the solution and
the boundary conditions. For the elliptic problems, the bilinear form of the SIPG method was
first introduced by Wheeler [73] in a collocation finite element scheme. The SIPG method
was extended to parabolic problems by Arnold [6, 7]. A variation of the method was applied
to biharmonic problems by Baker [12]. Before its application to discontinuous finite element
spaces, the inclusion of penalty terms in a variational formulation for the continuous finite
element method can be found in several papers such as in [9, 11, 29].

Some of the general attractive features of the SIPG method are the local and high or-
der of approximation, the flexibility due to local mesh refinement and the ability to handle
unstructured meshes and discontinuous coefficients. More specific properties include the
optimal error estimates in both the H' and L? norms and the resulting symmetric linear
systems easily solved by standard solvers for symmetric matrices (such as conjugate gradi-
ent). The analysis and application of SIPG to a wide range of problems can be found in the
literature: a non-exhaustive list is given in [13, 16, 22, 40, 62, 69, 71, 52] and the references
herein.

The SIPG method is obtained by integrating by parts on each mesh element, and sum-
ming over all elements. Two stabilization terms are then added: a symmetrizing term corre-
sponding to fluxes obtained after integration by part, and a penalty term imposing a weak

continuity of the numerical solution. It is well known that there exists a threshold penalty



above which the bilinear form is coercive and the scheme is stable and convergent. An-
other related discontinuous Galerkin method is the non-symmetric interior penalty Galerkin
(NIPG) method [68, 46]: this method differs from the SIPG method by only one sign: the
symmetrizing term is added instead of being subtracted. On one hand, the loss of symmetry
in the scheme gives an immediate coercivity of the bilinear form: the NIPG scheme is stable
and convergent for any value of the penalty. On the other hand, optimal error estimates in
the L? norm cannot be proved via the standard Nitsche lift. As of today, this remains an
open problem.

In this chapter, we derive rigorous computable bounds of the threshold penalty that would
yield a stable and convergent SIPG. We consider a general second order elliptic problem
on a domain in any dimension, subdivided into simplices. Our main result is an improved
coercivity result. In particular, we show that the constant of coercivity depends on quantities
local to each mesh element, namely the local polynomial degree and the smallest sin # over
all angles of the triangle in 2D or over all dihedral angles in the tetrahedron in 3D. We also
investigate the effects of the penalty numerically and exhibit unstable oscillatory solutions
for penalty values below the threshold penalty. Our results also apply to the incomplete
interior penalty Galerkin method [28], that differs from SIPG and NIPG in the fact that the
symmetrizing stabilizing term is removed. For this method, the error analysis in the energy
norm is identical to the analysis of the SIPG method.

The outline of this chapter is as follows: the model problem and scheme are presented
in Section 2.2 - Section 2.4. Section 2.5 recalls some known facts. Section 2.6 contains the
improved coercivity and continuity theorems. Section 2.7 shows numerical examples in all

dimensions that support our theoretical results.

2.2 MODEL PROBLEM AND SCHEME

Let © be a domain in R?,d = 1,2, 3. Let the boundary of the domain 9 be the union of two
disjoint sets I'p and I'y. We denote n the unit normal vector to each edge of 02 exterior

of Q. For f given in L*(Q), up given in H2(I'p) and uy given in L2(T'y), we consider the



following elliptic problem:

— V. (KVu)+oaou = fin(, (2.1)
u = wuponlp, (2.2)
KVu-n = uyonly. (2.3)

Here, the function « is a nonnegative scalar function and K is a matrix-valued function
K = (ki;)1<i j<a that is symmetric positive definite.

We can assume that the problem (2.1)-(2.3) has a unique solution in H*(2) when |T'p| > 0
or when a # 0. On the other hand, when 092 = I'y and a = 0, problem (2.1)-(2.3) has a
solution in H'(€2) which is unique up to an additive constant, provided fQ f=-1 00 J-

Let 7, = {E}Eg be a subdivision of ), where F is an interval if d = 1, a triangle if d = 2,
or a tetrahedron if d = 3. Let

h = maxhpg,
EeTh

where hg is the diameter of E. We assume that for each element E, there exist two positive

constants kY and k¥ such that
vx € B, kix"x <x"Kx < kPx'x. (2.4)

We also denote by ko (resp. k1) the minimum (resp. maximum) of k{ (resp. k) over all
elements F in 7;,.
To each element F, we associate a polynomial degree p”, positive integer and we denote

the vector p = {p¥ : E € 7;,}. The finite element subspace is taken to be
Dp(Tp) = {vn € L*(Q) :VE € T, wp|r € Pu(E)},

where P,z (£) denotes the space of polynomials of total degree less than p¥ on the element
E. We note that there are no continuity constraints on the discontinuous finite element
spaces. In what follows, we will denote by | - |0 the L? norm over the domain O.

We now present the scheme. For readability purposes, we separate the one-dimensional

case from the higher dimensional case.



2.3 SIPG IN ONE DIMENSION

Assuming that Q2 = (a,b), we can write the subdivision:
Th ={lps1 = (Xp,Tpy1) :n=0,...,N—1} (2.5)

with 2o = a and zxy = b. We allow the mesh to be non-uniform. In this one dimensional
setting, we simplify the notation and use p™ for the polynomial degree on the interval I,
and the constants ko ,k1 for the lower and upper bounds of K restricted to the interval
I,. For simplicity, we assume that I'p = {a, b} and thus 'y = 0.

If we denote v(z)}) = Elir(r)l+ v(z, +¢) and v(z;)) = lim v(x, —€), we can define the jump

E—>

and average of v at the endpoints of I,:
Vn=1,....N—-1 [o(z.)] =v(2,) —v(@), {v(z.)}=;,)+v(@),

[o(zo)] = —v(zg), {v(zo)} =v(zg), [v(zy)]=v(zy), {v(zn)}=0v(zy).
The SIPG finite element method for problem (2.1)-(2.3) is then : find wy, in Dy(7},) such
that :
Y, € Dp(%>, A(uh,vh) = L(Uh), (26)

where the bilinear form A and linear form L are defined by:

/xnﬂ ") (2) + aw(x)v(z ))dx+m[ w(zo)][v(zo)]

+Z (2’[:“’ +2(|7[ !>[ w(@n)][v(zn)] + UN[ (zn)][v(zN)]

n=1 ‘IN‘
- Z{K("En>w/($n>}[v($n>] - Z{K(xn)vl<xn)}[w(xN)]7 (2.7)

/ F(@)o()dx + K (o) (a)up(a) — K (B0 (B)un(b)

Hpelaun(a) + Febun) (2.

ON
[ In|



where the penalty parameters oo, on, {0;", 0,, }1<n<n—1 are positive real numbers, all bounded

below by ¢ > 0. The energy norm associated to A is:

Vo, € Dp(Th),  |lunlle = <Z_ /x7L+1(K(J:)é(U;L(JJ))2 + a(m)(vh(x))2>dx

2 O In 2, ON 2\ /2
+- 2 o)) + (2\In+1\+211n\>[“(x”)] +m[v(x1v)]) . (2.9)

2.4 SIPG IN HIGH DIMENSIONS

Let 'y, be the set of interior edges in 2D (or faces in 3D) of the subdivision 7,. With each
edge (or face) e, we associate a unit normal vector n.. If e is on the boundary 0f2, then n,
is taken to be the unit outward vector to 0f2.

We now define the average and the jump for w on an edge e shared by two elements E!

and E?:

1 1
Ve =0E!NOE?, {w}= §(w]E1) + §(w

p2), [w]=(w|g) — (w]g2),

For a boundary edge belonging to the boundary of E!, we will use the same notation:
Ve=0E N9Q, {w}=wlp, [w]=uw|g.

The general SIPG variational formulation of problem (2.1)-(2.3) is: find wy, in Dp(7})
such that:
Y, € Dp(ﬂ), A(Uh,’ljh) = L(Uh), (210)

where the bilinear form A and linear form L are defined by:

Alw,v) = Z/EKVw'VU—l—/Qawv—i- Z ;ﬁ/@[w][v]

EeTy, ecl',Ul'p

- Y [{EVw-n}pl— > [{KVv-n}u], (2.11)

ecl',Ul'p € ecl',Ul'p €

L(v) = /va -y /E(KVv-ne)uD+ EF: /ek%w,ﬁ XF: /equ. (2.12)

EEFD



The penalty parameter o, is a positive constant on each edge (or face) e and we denote by
o > 0 the minimum of all g.. The parameter 3, > 0 is a global constant that, in general,
is chosen to be equal to (d — 1)7'. If By > (d — 1)7!, then the SIPG method is said to be

superpenalized. The energy norm associated to A is:

Von € Do(Th),  lonlle = Z/vah /cwh—f— 3 |ﬂ0/ C(213)

EcT,, ec',Ul'p

2.5 ERROR ANALYSIS

We recall the well-known results about the schemes (2.6) and (2.10).

Lemma 1. Consistency. The exact solution of (2.1)-(2.3) satisfies the discrete variational

problem (2.6) in one dimension and (2.10) in two or three dimensions.

Lemma 2. Coercivity. Assume that for d =2 or 3, the bound 3y > (d — 1)~* holds. Then,

there exists a penalty o* that depends on p and [y such that if o > o* we have
Vo, € Dp(Tr),  A(vn,vn) > C*|lugz,

for some positive constant C* independent of h.
Lemma 3. Continuity. Assume that for d =2 or 3, the bound By > (d — 1)~ holds. Then,

there exists a constant C that depends on p and By such that

Vo, wy, € Dp(Tn),  Alvn, wn) < Cllunleljwnlle.

10



Theorem 1. Error estimates. Let p = min{p” : E € T;,} and let u € HP™(Q) be the exact
solution of (2.1)-(2.3). Assume that the coercivity lemma holds true. In addition, assume
that By = (d — 1)7'. Then, there is a constant C' independent of h, but dependent of %,
such that

||u - uhHg S C’hﬁ|u|Hﬁ+1(Q).

The condition on By can be relazed to By > (d —1)~" if either [Tp| =0 or [T'p| > 0 and up

can be extended by zero to a function in Dy(7}).

These results are proved by using standard trace inequalities [21] and they can be found
for example in [7, 8, 51].

The aim of this work is to determine exactly the value o* that would guarantee the
coercivity and thus the convergence of the method. We also obtain a precise expression for
both coercivity and continuity constants C*,C'. We then show numerically that for penalty

values lower than ¢*, unstable solutions could occur.

2.6 IMPROVED COERCIVITY AND CONTINUITY LEMMAS

We will consider each dimension separately as the details of the proofs differ.

2.6.1 Estimation of ¢* in One Dimension

We recall that N is the number of intervals in the subdivision (2.5).

Theorem 2. For any vector of positive numbers ¢ = (¢™)N_,, define

n=1-
5= @;32 B0y N
o = o5 “j;ff W), (2.15)
Wn=1,. . N—1, o = ﬁ(]j:f(p(”))?, (2.16)



+ 1 (kgnﬂ)f (n+1))2

— KT n+

Vn=1...N—-1, o = D D) (p ). (2.17)
0

Then, if for alln, 0 < ™ < 1, 07 > 0,0 > o* and 0y > of,0n > 0ok, there is a

rYn

constant 0 < C*(e) < 1, independent of h, such that
Vo, € Dp(Th),  A(vn,vn) = C*(€)|vall2-

Moreover, an expression for C*(e) is:

C*(e) = min{ min (1 —e™),1- =21~ il min (1 — O:;) min (1 — JZ+)}
n=l.., 00 on n=1,.,N-1 o, "n=1,.,N—1 of

Proof: Choosing w = v in (2.7) yields

=3 [ R ot - 2 3L o)

0o
_|__
|11

oo+ Y (g7t o+ P (219

n=1

It suffices to bound the term —2 Z _o{ K (x,)V'(2y) }v(2,,)] and obtain some restrictions on
the penalty parameters for the coercivity to hold. Let us first consider the interior points.

By definition of the average and the property (2.4), we have for 1 <n < N — 1:

(n) (n+1)

R (0! (e} < ool (o)) + S ()] (219)

For any interval I = (s,t), the following improved inverse trace inequality holds [72]:

+1
i € D). fon(s)] < el (2:20)
Hence using (2.20) we can bound |[v'(z;,)| and |v'(z})]:
(n+1)

(n)
- p p
o' ()] < [V, ' ()] <

8|y
|11 Vil

12



Using these bounds we obtained for the interior point z,, of the subdivision

(K@ @ o] < 10, 2 @+ 1o, 2 )
T )V (Tn) (X)) < + —an
I 2\/|I_ | |In+1 |In+1| ( )
< VT || Kby k§ P[]
oy JkVem VIl
(”+1) n
SVET] et ae i (CIC7N)|

. 2.21
Inta 2,/k”+1 \/n—H\/un—l—l ( )

Let us consider now the boundary nodes xg and xy:

{ (0)v/ (20) v (0)] < K (20)v/ (20) o(x0)]|
T R | CLCED)| 2 99
I \/@\/@ \/W’ 22
{K (an)v! () }olan)] < |K (o) (@) o)

S vem VI

Combining the bounds above gives:

EVpD [o(ao)]|

NN
+ Velntl) HK2U

i{mw e < VA [0

E{ D ) |[v<xn>]|>

1 o\ JES D ed) v [ Ly41]

BN (o)l
v JEe@ VN

After application of Cauchy-Shwarz’s inequality we have:

2 1 2 1
K ()0 () }o(w,)] < ( <1>HK% / ™ || i34 <"+1>HK5 /
Z{ x No(za)] < (e v h+2(s v, +e v IW)
1 N-1 n) (n
4 1o );(<kg PP [[v()]P 3 <<k§ PP |[v(za))P
Iy kél)a(l) I

2kiMetm) 2|1

Il
—

n

n+1l) (n N 1
(k" ptrny? @Iy | (k" py? o)y
2% et 2|L 4] ke |y

13



2(kiVpM)? | - 1( p2 (v ()]

N
< g™ ’K%v' %< —l—
- <; In) kél)g(l) |—71 — ")5(”) 2|1,
n+1l) (n N 1
(k" ptrt )2 Hv<xn>1|2) L 2P |[v<xN>H2) g
KU etnt ) 2] Ly kN () | In|
Application of Young’s inequality yields:
N N (n) 9 (1), (1))2 2
£ 1, (ky "p™)* |[o(o)]]
D (K G/ o) YoGen)] < 37 - [ K5+ ORTEA

N-1 n n+1l) (n
S ( VPP )], (R
— iWem) 2| 2k et ) 2[Lp |

n=1
Hence using the inequality above, we obtain a lower bound for the right-hand side of (2.18)

N 9 N
Alw,w) 2 Y (1= K|+ 3 flabol},
1 " op=1
1
+<00 — Q(ki )p(l))2> |[v(0)]|?
E§De |11]

N-1 n) (n n n
£ ((or - k< >>2> o)l (o (k" P vtz Iy
Vo) / 2]|I,] " g ey 2L |

(NP2 (o))
—2 . 2.24

[v(xn>1|2> (N p0)2 |[v ()]
k(()N)E(N) In|

From (2.24) the bilinear form (2.7) is coercive if :

e™M <1, VYn=1,...,N, (2.25)

and )
2(k{Vp1)?

UO > k;(()l)a(l)
(N),_(N)\2
Z(kl p )

— o (V)2 _

H>W Vn—l,...,N—l,
(n+1)_(n4+1)y2

—+ (kl p ) _ _

oy > D GorTT Vn=1,...,N —1.

\
U

g

This concludes the proof.
Similarly, one can show the following improved continuity constant.

14



Lemma 4. Under the notation of Theorem 2, the continuity constant C' of Lemma 3 is given

by:
- * * *— *x—+
C' = max{ max (1+5(")),1+&,1+0N, max (1—1—0" 14+ =)}
n=1,...N 09 on n=l,.,N—1 o, JTJLF

Corollary 1. The threshold value for the penalty parameter is obtained by taking €™ = 1
in (2.26)

(
o = 2(’#)19(1))2
0o — 1
k§Y
o = 2(k§N>p(N))2
N V)
0 (2.27)
Hok— (kgn)p(”))Q
0, :T Vnzl,...,N—l,
(D (nt1)y2
ot =T yn=1,. N-1
\ 0

Remark 1. A straightforward consequence is an estimate of the threshold value in the case

where the same polynomaial degree p is used everywhere:

O'** _Qﬁpz n—O N
n = kg - ’

N (2.28)
JZ*_:UZH:%Z? Vn=1,...,N—1,

where we recall that ko and ki are the global lower and upper bounds of K.

2.6.2 Estimation of ¢* in Two Dimensions

In this section, we denote 0 the smallest angle in a triangle E. This corresponds to the
smallest sin @ over all angles 0 of E. We show that the penalty parameters depend on 0, p”

and the bounds k¥, kF.

Theorem 3. Let ¢ = (e¥)per, be a vector of positive components such that ¥ is associated
to the triangle E in T;,. Assume that Sy = 1. For any edge e € T, shared by E! and E?,
define

B e B a2
op = ———(p")(p”° + 1) cot g + ——5——(p"*)(p~* + 1) cot Op:. (2.29)
2%l e 2%l B2
For any boundary edge e € Tp NOEL, define
6 kEé 2
o) = (E11 )1 (pEé)(pEé + 1) cot QEé. (2.30)
Ky © et

15



Then if o, > o for all e € Ty, UT'p, there is a constant 0 < C*(e) < 1, independent of h,
such that

Vo, € Dp(Tn),  Alvn,vn) = C*(e)lunllz.
An expression for C* is:

*

% . . __E . _&
C*(e) —mln{gg%(l € )’eeIFr,l}unFD 1 Oe)}.

Proof:

Similarly, as in the one-dimensional case, we choose w = v in (2.11):

A(v,v) = Z/EKVU-VU+/QOW2

EeT,

-2 Y [{KVe-nipl+ Y 7[R (2.31)

ecl',UI'p ¥ € ecl',Ul'p |€| €

In order to have coercivity of the bilinear form we need to bound the term =23 . JAKVv-

n.}[v].
Let us first consider one interior edge e shared by two triangles E! and E?. Applying

Cauchy-Schwarz inequality we have:

/ (KVo- )] < [{EV0 - 0}l ][0]]l (2.32)

Using the definition of the average and the property (2.4), we have

B B2

k 2
K Vo ndle < S 1Velplle + =2Vl g2ll (2.33)
so we obtain for the interior edge e:
)P e
/{Kw-ne}m < (- 1Volalle + 2190zl ) o] - (2.34)

Similarly, for a boundary edge e belonging to the boundary of element E!:

Juv ) < i

Vg llell[o]le- (2.35)

16



Figure 1: Angles and edges in a generic triangle.

We now recall the inverse inequality valid on an edge of a triangle £ [72]:

E+1)(pF +2) le
Von € Bye(E), lunlle < \/ 2 ol (2:36)
Hence in (2.36) we need to estimate the ratio %, where e is one edge of a triangle E. For

this, we consider a triangle with edges e;, e and e3. We denote by 6;; the interior angle

between edge e; and edge e; (see Fig. 1). Without loss of generality, we assume that e = e.

The area of the triangle F is given by the formula:
1 . 1 ) 1 .
|E’ = §|€Z’||€j| S11 Hij = z_1|63||61| S 613 -+ Z_l|63||62| S 623.
The length of the edge e in the triangle E can also be written as :
le| = |es| = |e1] cos br3 + |ez| cos Bas.

Hence, using the smallest angle g in the triangle £ we have:

le] 4 (]el|005913—|—|62|005923) < 4 (|61\0059E+|62](:OS(9E)

IE|  |e| \|ei| sin b5 + |ea| sinfys / — Je| \ |e|sin g + |es| sin O

So we obtain the following estimate :

— <

4
le] cot GE‘ (2.37)

17



Then using inverse inequality (2.36), and the estimate (2.37) in (2.34) we obtain for the

interior edge e shared by the triangles E! and F?:

1
gke

kfg \/pEé (pEé + 1) cot eEé ||[U]|le

/ (KVv-10}[0] < |, — 5
; PSRBT el

2
gke

2
e \/pEs (pP2 + 1) cot 02 || [v] |, (2.38)

‘E& K2/ 2 e

Repeating the argument for a boundary edge that belongs to dFE!, we obtain:

R
NN

Combining the bounds above and using Cauchy-Schwarz’s inequality, we obtain:

\/QpEl (pPe 4+ 1) cot 9,;%. (2.39)
e

Juve nap <

le‘

2
/{KVU n o] < (3 EEHK%VU’ )3

E€E

E
ecl'y,Ul'p

(Z ((klEeVpEe (p%e + 1) cot Oz ||[0]|)? N (k7)2pP2 (pP2 + 1) cot O IHU]Hi)

= ok cEl el 2k cF2 el
1
2(k1*)?p" (p + 1) cot Oy || [v][|*\ 3
+) = : (2.40)
ky°eEe le]
ecl'p 0
Therefore, by using Young’s inequality, we have:
€E 1 2
3 /{KW < > 5 HK?W
ecl'p,Ul'p Eeg&y, ¢
)? E1<pEl +1) cot O [|[v]]]
+ Z < Bl | |
ecl'y, 6 ¢
EZ\2, E2(, F2 2
L3R (P +1)00t9E3 H[U]He>
4I<:E35E2 le]
2 El( 2
p7e £+ 1) cot O ||[v]]
+ Z oy o (2.41)
GEFD 0

18



Therefore using the estimate (2.41) we have the following lower bound for the right-hand
side of (2.31):

Afv,0) 2 Y (L= eP)|K2Vol[f + Y llazo

EETh EETh
3 Ec} 2 El El
+3 (ae—muﬁ (0" (p™ + 1) cot G
eel"h 0
3 (E2)\2(, B2\ (B2 I[]112
PP () (0 1) cot e ) e
2kl eF? ' e
_ 6 B2, El\/ El ) [1[v]12 A
£ 2 (00— ) 0 1) cotor ) (2.42)
eelp ko ee
From (2.42) the bilinear form (2.11) is coercive if the following conditions hold:
VE €T, <1, (2.43)
3 kEel 2
Ve ey, o> (Ei} ;1 (P (" + 1) cot O
Qko ge
3(1‘75E2)>2 E2\( EZ
————(p"*)(p~° + 1) cot Oz, (2.44)
2kl e 2 ‘
6(’“?)2 El\( E!
Ve €l'p, 0> —F——(p7)(p™e +1)cotOp. (2.45)
koe€Eé
This concludes the proof. Il

Lemma 5. Under the notation of Theorem 3, the continuity constant C' of Lemma 3 is given

by:

~ g
— 14" 1+ =)}
O = max{max(l +e%), max (1+ %)}

Corollary 2. The threshold value for the penalty parameter is obtained by taking e =1 in
(2.44) and (2.45).

3652 .
VeeTy, o =—(p"%)(p" +1)cotbp
ok '
3 k(Eg) 2
+<1—Eg)(pEs )(pP 4 1) cot Oz, (2.46)
ok
6 kEé 2
Veel'p, o= %(p@)(plgé + 1) cot Op. (2.47)
0



Remark 2. Let 07 denote the smallest angle over all triangles in the subdivision. Assume

that the same polynomial degree p is used everywhere. An estimate of the threshold value is

then:
VeeTly, o= k—p(p + 1) cot O, (2.48)
0
Veel'p, o= k—p(p + 1) cotbr. (2.49)
0

Remark 3. Similar results can be obtained in the case where superpenalization is used,
namely By > 1. The new values for the penalty parameters o},or* are simply the ones

obtained for the case By = 1, times the quantity |e|?~1.

2.6.3 Estimation of ¢* in Three Dimensions

In this section, we denote 6z the dihedral angle in the tetrahedron E such that sin fg is the
smallest value for sin @ over all dihedral angles 6 of E. As in the two-dimensional case, we
show that the coercivity constant depends on fg. In Section 2.7.6, we outline an algorithm

for computing such angle.

Theorem 4. Let ¢ = (e¥)per, be a vector of positive components such that ¥ is associated
to the tetrahedron E in Tp,. Assume that By = 1/2. For any face e € T, shared by E} and
E2?, define

3 (ki*)? L 3 (k)2
o — (1 ) pEg( E€1+2)(C0t9}33)h|6| 1/2 +_( 1 ) E2

E2 —1/2
= — e 42 tO0p2)h )
) kféeEé 2 kfgeEE (™ +2)(co Eg) €l

For any boundary face e € Tp N OE!, define

* (kfel)g (ELy(, El —1/2
o, = 6-F——p""¢/(p”c +2)(cot Op1)h el . (2.50)
ky© ke ‘

Then if o, > o for all e € Ty, UT'p, there is a constant 0 < C*(e) < 1, independent of h,
such that
Von € Do(Tn),  Alvn,vn) > C*(e)|Jonll2.

An expression for C* is:

*

% . . __E . _&
C (z—:)—mm{gg}i(l € )’ee{“r,llbrlFD(l Oe)}.
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Figure 2: A tetrahedral element with faces e;.

Proof: The proof is similar to the one for the two-dimensional case, and thus we will
skip some technical details. We first recall the inverse inequality in 3D for a tetrahedral

element F with face e [72]:

p” +1)(p* + 3

Vo€ Be(B),  funlle < o[ LRI (251)
3 |E]

Here, |e| is the area of the face and |E| is the volume of the tetrahedral element. So as in

the case of the triangle we need to estimate the ratio % For this, we fix an element F in

75, and we denote by e;,i = 1,...,4 the faces of £/ and by d;; the common edge to faces e;

and e;. We will assume that the face e is denoted by es. We also denote by 6;; the dihedral

angle between faces e; and e;. A schematic is given in Fig. 2. The volume of the tetrahedron
is given by the formula [54]:

Bl = —Jeille; | sinfy, (2.52)

3|dij|

therefore we can rewrite the volume as:

1 2 2 2
|E| = §<m|€4\|€1\5m914+ 3l |\€4H€2|Sm924 + 3lds 1164116315111934)

2
= 5’6 ’(|dll| sin 01 |d;4| sin ‘92 —+ |d—34|8111934> (253)

Hence, using the fact that |d;;| < h, we have :

lel _ €4 _ |€4|
|

sin f94 + |d ‘ sin 034)

21



9 el
2|€4| ( 1l gin @y, + <2 2' sin By, + L2l Sln034>

i ey
|e4] (!61! sin 014 + |ea] sin Oay + |es] sin934>

<

N ©

(2.54)

The relation between areas of the faces and dihedral angles in a general tetrahedron is

given by the formula [54]:
4
lex| = Z |ei| cos O;. (2.55)

i#k

=1

Hence we have using (2.55) in (2.54) and using dihedral angle 0 defined above:

le] 9 h <|61] cos 614 + |ea| cos Bay + |e3| cos 934>

L
|E| = 2eq| \ |e1] sin b4 + |ea] sin fay + |e3| sin O34

9 h (|61|| cosOg| + |es|| cosOp| + |es|| 0050E|)

<Z
~ 2les| N er|sinfg + |eo| sinbp + |es| sin b

Therefore we obtain the following estimate for a given face e in tetrahedral element E':

el <9 9 h| cot 0|

< , (2.56)
[E] =2 |

which is similar to estimate (2.37). Using a similar argument as in the triangular case, we

obtain for the interior face e shared by the tetrahedral elements E! and E?:

Eg
. kll \/BpEl( El +2) COtQEéhH[U]”e
6 E \/_

le]

v nap <

E2
‘ kl :
2 E2 /-E

and for a boundary face belonging to dE}, we have :

2
gke

3
\/ pEQ(pE2+2) Othgh”[v]He <257)

Vel

gke

k:Eé 3 v
. Ell \/p (pPe +2)c ot@Ec;hH[\/%lf. (2.58)

Therefore we can estimate now the term 5 . o [{KVv-n.}[v]. We first apply

Jive nap <

Cauchy-Schwarz’s inequality. It is easy to see that we obtain:

3 /{KVv n o] < Z—Hsz

ec',Ul'p

1
3 (k°)* p -1/2
+§ (4kE16E1p FpPE+2) cot O el
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3 (K%Y Lo . 2
(k1°) pEe(pEe+2)cot9Egh|e| 1/2>||[U]||e

Zk‘fge]ﬂ? le|'/?
+Zs ! 4 2) cot Bph e 2 I[v]ll; 2.5
p CotUpt | | |e‘1/2 : ( : )
EGFD

Therefore using the estimate (2.59) we have the following bound for the right-hand side of
(2.31):

Alw,v) 2 Y (1= IK2VolE+ D fla?oll%

E€&y, Ee&y
1
3(kFe)? 1 iy
+ Z (Ue - 5%]9]5@ (p®e + 2) cot Op1h e /
ecTy, 0 €7¢

kE’g 2 2
3 ( 1 ) Eg(pEg 4 2) cot eEgh ’6‘_1/2) ||[U]H6

2 kg et '
LEey2 - o112
+ Z (ae —6 (Ell 33110155(19'5é +2) cot Op1h|e] 1/2> Il ”Le. (2.60)
e€l'p ko “ete €|
Coercivity is then obtained for € and o, satisfying the bounds:
VE €T, " <1, (2.61)

3 (kP L o
~1/2
Veely, o> §ka€E;pEe (p" +2) cot O h el /

3 (ky*)? B2

gl (B ot Ogzhle] M, (2.62)
0
(Fr*)? g1, ~1/2
VeeTl'p, o> 6ﬂp ¢(p™* 4 2) cot Op1h el : (2.63)
0 €
This concludes the proof. O

Lemma 6. Under the notation of Theorem 4, the continuity constant C' of Lemma 3 is given

by:
~ 0'*
C= 1 1+ =)}
max{max(l +e ),eerpﬁgp( +06)}
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Corollary 3. The threshold value for the penalty parameter is obtained by taking ¥ =1 in
(2.62) and (2.63).

1
3 (ky°)? Bl

Ve€ly, o0 =5~—%Dp (p”¢ +2) cot Opih |e|/?
2 ko €
3 (ki*)? .
3 IEQ) PP (P + 2) cot Op2h |e| V2, (2.64)
2 ko e
sk (klEe)2 El/ E!l -1/2
Veel'p, o."=6 p~e(pe +2)cot Opih|e] : (2.65)

e
Remark 4. Let 07 denote the dihedral angle such that it gives the smallest sinf over all
dihedral angles 6 in the subdivision. Assume that the same polynomial degree p is used

everywhere. An estimate of the threshold value is then:

]CZ

Veel), o= —3k Lp(p + 2)hle|~/? cot b7, (2.66)
0
6k?

VeeT'p, o) = k—lp(p+ 2)hle| /2 cot O (2.67)
0

Remark 5. As in the 2D case, if superpenalization is used, namely By > 1/2, it is easy to

o are simply the ones obtained for

er e

show that the new values for the penalty parameters o

the case By = 1/2, times the quantity |e|®~1/2.

2.7 NUMERICAL EXAMPLES

We now present simple computations obtained for the domains €2, €25, €23 in 1D, 2D and 3D
respectively. The exact solutions are periodic functions defined by:

u(z) = cos(8mx) on € =(0,1),

uy(r) = cos(8mx) + cos(87y) on Qy = (0,1)?

uz(r) = cos(87x) + cos(8my) + cos(87z) on Q3= (0,1)%
The tensor K is the identity tensor. We vary the number of elements N} in the mesh, the
polynomial degree and the penalty value (denoted by o) that is chosen constant over the

whole domain, unless specified otherwise. In each case, we compute the limiting penalty

value o** given by (2.28) in 1D, (2.48)-(2.49) in 2D and (2.66)-(2.67) in 3D.
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2.7.1 One-dimensional Problem

We first consider the case of piecewise linears on several meshes containing 10, 20 and 40
intervals respectively. In all figures, the exact solution is drawn as a dashed line whereas the
numerical solution is drawn as a solid line. For a penalty value o = 0.5 that is smaller than
o** = 2, oscillations occur for all three meshes (see Fig. 3) and the numerical error is large.
When ¢ > ¢**, the numerical solution is accurate (see Fig. 4). The two curves coincide
with each other. The errors decrease as the mesh is refined according to the theoretical

convergence rate given in Theorem 1.

We repeat the numerical experiments with piecewise quadratics and piecewise cubics.
Unstable solutions are obtained for penalty values below the threshold value (see Fig. 5 and
Fig. 7). The stable and convergent solutions are shown in Fig. 6 and Fig. 8. It is interesting
to point that for the unstable penalty o = 3.5832, the solution is accurate for the mesh with
20 elements; however large oscillations occur on meshes with 10 and 40 elements. Finally,
Fig. 9 corresponds to a zero penalty on a coarse mesh and a very fine mesh: as expected,

refining the mesh is not enough to recover from the loss of coercivity.

A more precise estimate of the accuracy is given in Table 2.7.1. The absolute L? error

|u — up|lq and H} error (Z IV (1 — up)||%)"? are computed for each simulation. We also
EeT,
indicate the limiting penalty values given by (2.28). For stable solutions, we choose penalty

values that are greater than the limiting value. It is to be noted that when o is very close
to the threshold penalty value, the coercivity constant C* is very close to zero. In that case,
numerical oscillations could still occur. This poor coercivity property is discussed in detail
in [35].

Next, we numerically investigate the sharpness of the theoretical threshold values of the
penalty parameter. On a fixed mesh containing thirty intervals, we increase the penalty
parameter with a small enough step size (chosen here equal to 0.01) and we compute the
absolute L? and H} norms of the error. The results are shown in Fig. 10-Fig. 15, where the
figures to the right are close-up views of the figures to the left. The polynomial degree is
chosen to be equal to one, two or three everywhere. From these figures, we conclude that

a stable numerical bound for the penalty parameter is 2 for piecewise linear approximation,
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Table 1: Numerical errors for one-dimensional simulations.

No | p On o =0t | o L? error H{ error
0<n<N n=0,N
10 |1 0 1 2 251.7794 89.7737
160 | 1 0 1 2 1.5748 2.1370
10 [ 1] 05 1 2 1.4784 19.1598
10 | 1] 45 1 2 0.2471 11.7768
20 1] 05 1 2 1.1143 40.2011
20 | 1] 45 1 2 0.0827 6.4208
40 1] 05 1 2 0.1334 9.7604
40 | 1] 45 1 2 0.0236 3.2528
10 | 2| 1.375 4 8 0.3166 13.8863
10 | 2 12 4 8 0.0507 4.0257
20 | 2| 1.375 4 8 0.2620 22.1197
20 | 2 12 4 8 0.0061 1.0534
40 | 2| 1.375 4 8 0.1265 21.1470
40 | 2 12 4 8 7.3194 x 107* | 0.2661
10 | 3 | 3.5832 9 18 0.1111 9.4328
10 | 3 23 9 18 0.0072 0.8487
20 | 3| 3.5832 9 18 0.0072 1.2450
20 |3 23 9 18 | 52545 x 107* | 0.1124
40 | 3 | 3.5832 9 18 1.3497 467.8889
40 | 3 23 9 18 | 3.5184 x 107> | 0.0141

Figure 3: p =1, 0 = 0.5: N}, = 10 (left), N}, = 20 (center), N}, = 40 (right).
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Figure 4: p =1, 0 = 4.5: N}, = 10 (left), N}, = 20 (center), N}, = 40 (right).

Figure 5: p =2, 0 = 1.375: N}, = 10 (left), N}, = 20 (center), N}, = 40 (right).

VAN A /\ AN ”N
INRNENRY NN RERY | /
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Figure 6: p =2, 0 = 12: N, = 10 (left), A, = 20 (center), A}, = 40 (right).

Figure 7: p =3, 0 = 3.5832: N, = 10 (left), N}, = 20 (center), N}, = 40 (right).
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Figure 8: p =3, 0 = 23: N}, = 10 (left), A}, = 20 (center), N, = 40 (right).

Figure 9: p = 1, 0 = 0: coarse mesh A, = 10 (left) and refined mesh N}, = 160 (right).

5 for piecewise quadratic approximation and 13 for piecewise cubic approximation. Those
values are close to the theoretical bounds which are 2, 8 and 18 respectively. Theoretically,
we proved that the threshold values are independent of the mesh size. We confirm this
numerically by repeating the experiments on a more refined mesh (see Fig. 16-Fig. 17). The

same numerical bounds as for the coarser mesh are obtained.

2.7.2 Two-dimensional Problem
2.7.3 Structured 2D mesh

We solve the problem on the structured mesh shown in Fig. 18. For this mesh, the smallest
angle is 67 = 7. The exact solution for reference is shown in Fig. 19. In Fig. 20, we
first consider polynomial degree equal to one on a very fine mesh (2048 elements). The
penalty parameter is equal to either 0 or 3 everywhere. We also compute the solution with

a penalty parameter equal to o; = 8 on all interior edges and op = 14 on all boundary

edges. From (2.46)-(2.47), the threshold value is o* = 6 for the interior edges and o} = 12
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Figure 10: Variation of L? error with respect to penalty parameter: mesh with 30 elements

and piecewise linear approximation.

Figure 11: Variation of H} error with respect to penalty parameter: mesh with 30 elements

and piecewise linear approximation.
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Figure 12: Variation of L? error with respect to penalty parameter: mesh with 30 elements

and piecewise quadratic approximation.

1200

1000

Figure 13: Variation of H} error with respect to penalty parameter: mesh with 30 elements

and piecewise quadratic approximation.
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Figure 14: Variation of L? error with respect to penalty parameter: mesh with 30 elements

and piecewise cubic approximation.

Figure 15: Variation of H} error with respect to penalty parameter: mesh with 30 elements

and piecewise cubic approximation.
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Figure 16: Variation of L? error with respect to penalty parameter: mesh with 60 elements

and polynomial approximation of degree one (left), two (center) and three (right).

T 1s 2 25 3 a5 4 45 s

Figure 17: Variation of H} error with respect to penalty parameter: mesh with 60 elements

and polynomial approximation of degree one (left), two (center) and three (right).
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Figure 18: Structured mesh with 128 elements.

for the boundary edges. For a penalty value above the limiting value, no oscillations occur
whereas for a smaller penalty value, the solution is unstable. Fig. 21 shows the piecewise
quadratic solution on a mesh containing 512 elements. Finally, for the case of piecewise cubic
polynomials, the solutions are shown in Fig. 22 for a mesh containing 128 elements. We also
present the solutions obtained by SIPG with a zero penalty. In this case, the standard proof
for SIPG is not valid.

We give the error in the L? norm and the H} norm for all cases and we also give the
limiting value (¢7*, 07) in Table 2.7.3. For a given penalty, the error decreases as the mesh is
refined. Similar conclusions as in the one-dimensional case can be made. For stable methods,
the error decreases with the right convergence rate. For unstable methods, oscillations may

occur.

We present in Fig. 23 the numerical convergence of the SIPG solution for a ”good”
penalty value (larger than ¢}* = 6 for the interior edges and oj; = 12 for the boundary
edges) and a "bad” penalty value (smaller than o}* o3). Piecewise linear approximation
is used. The stable solution converges with the expected convergence rate (O(h?) for the
L? error and O(h) for the H' error) whereas the unstable solution does not converge as the
mesh size decreases.

As in the one-dimensional case, we numerically study the bound for the penalty values
by computing the L? and H] errors for several penalty parameters on a mesh containing 128
elements. The penalty value for the boundary edges is taken equal to twice the penalty value

for the interior edges. Fig. 24 and Fig. 25 show both errors for piecewise linear approximation
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Table 2: Numerical errors for two-dimensional simulations.

No |p|or|op|aof*| oy L? error H& error
2048 | 1| O 0 6 12 1.6208681 7.9950783
2048 | 1| 3 3 6 12 | 9.7490787 x 10~ | 1.8162526 x 10°
2048 | 1| 8 | 14 | 6 12 | 4.0349201 x 1072 5.1780241
512 | 2] 0 0 | 18 | 36 | 5.2324755 x 1072 4.3847913
512 | 2|45 45| 18 | 36 | 1.7144388 x 107! 20.100636
512 | 2|20 | 38 | 18 | 36 | 1.3266233 x 1072 2.0443066
128 | 3] O 0 | 36 | 72 | 7.8099710 x 1072 | 6.0682964 x 10~!
128 | 3| 11 | 11 | 36 | 72 | 2.1133410 x 10! 25.599158
128 [ 3|38 | 74 | 36 | 72 | 6.0859298 x 1073 | 4.7570410 x 10!

Figure 19: Exact solution.
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Figure 20: Computed solution for piecewise linear approximation and N} = 2048 elements:

o =0 (left), o = 3 (center), oy = 8,0p = 14 (right).
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Figure 21: Numerical solution for piecewise quadratic approximation and A, = 512 elements:

o =0 (left), o = 4.5 (center), o; = 20,0p = 38 (right).
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Figure 22: Numerical solution for piecewise cubic approximation and N = 128 elements:

o =0 (left), o0 = 11 (center), oy = 38,0p = 74 (right).
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Figure 23: Numerical convergence rates for the case ¢ = 3 (dashed line) and o7 = 8,0p = 14

(solid line): H} errors (left) and L? errors (right). The threshold penalty values are o

*k
I

6,0 = 12.

whereas Fig. 26 and Fig. 27 show the errors for piecewise quadratic approximation. The
numerical bounds for the interior penalty values are equal to 4 for p = 1 and 10 for p = 2

whereas the theoretical bounds for the interior penalty values are 6 and 18 respectively.
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Figure 24: Variation of L? error with respect to penalty parameter for the structured mesh

with 128 elements and piecewise linear approximation.
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Figure 25: Variation of Hj error with respect to penalty parameter for the structured mesh

with 128 elements and piecewise linear approximation.
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Figure 26: Variation of L? error with respect to penalty parameter for the structured mesh

with 128 elements and piecewise quadratic approximation.

Figure 27: Variation of Hj error with respect to penalty parameter for the structured mesh

with 128 elements and piecewise quadratic approximation.
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Figure 28: Unstructured mesh with 219 elements.

2.7.4 Unstructured 2D Mesh

We consider an unstructured triangular mesh containing 219 elements (see Fig. 28). We
present the results for the case of piecewise quadratic approximations. As before we vary
the penalty parameters ¢ = 0,7.5 for the choice of bad penalty and we pick good penalty
at each edge separately using theoretical values for the threshold penalty. Here, the value
of cot 6 varies between 0.5821 and 2.1578 and thus, the limiting penalty parameter takes

different values for each edge. The numerical solutions are shown in Fig. 29.

We present the numerical errors in the L? and H} norms in Table 2.7.4. Those errors

are computed on the initial mesh and a uniformly refined mesh containing 876 elements.

Fig. 30 and Fig. 31 show the effects of the penalty value on the L? and H{ errors and give

Table 3: Numerical errors for two-dimensional unstructured mesh simulations.

Nn | p| oe L? error H& error
219 [ 2] 0 1.0262113 52.510991
219 | 2 | 7.5 | 6.3221136 x 10~ | 66.159341
219 | 2 | o, | 4.3241933 x 1072 | 4.7130677
876 | 2| 0 | 5.5677943 x 1072 | 5.8047835
876 | 2 | 7.5 | 2.2284393 x 1072 | 4.3895847
876 | 2 | 0. | 5.2956025 x 1072 | 1.2169522
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Figure 29: Numerical solution on unstructured mesh for piecewise quadratic solution: ¢ =0

(left), o = 7.5 (center), good o = o, (right).

a numerical bound for the penalty equal to 14. We perform several simulations such that
the penalty values increases uniformly from 0.01 to 21 and such that for each simulation the
penalty parameter is constant over all edges. From (2.46), (2.47), the theoretical threshold

penalty values vary from edge to edge, with an average equal to 17.4403.

2.7.5 2D Mesh with Localized Poor Elements

In this example, we numerically investigate the influence of a local mesh singularity due
to a "flat” triangle. The mesh is given in Fig. 32. It consists of regular triangles with
cotfp = 1 except in a small region where cot §p takes the values {1.75,2,3.667}. In this
experiment, we choose the penalty parameter o constant on all interior edges except the edges
denoted ey, ..., e (see Fig. 32). From the equations (2.46), (2.47), we choose ., = 1.50,
0., = 1.3750, 0., = 1.8750, 0., = 2.83330, 0., = 2.70830 and 0., = 2.33330. The penalty
value for the boundary edges is taken equal to 20. We then vary o in the interval [0, 21] and
compute the L? and Hj errors. From Fig. 33 and Fig. 34, we obtain the numerical bound
o = 13, which is close to the theoretical value equal to 18. For a penalty greater than 13,
the L? error is constant equal to 0.250. In a second experiment, we fix the penalty value to
13 everywhere and the resulting L? error increases to 0.856. Clearly, this shows the effect of

a few "bad” mesh elements on the overall stability and accuracy of the solution.
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Figure 30: Variation of L? error with respect to penalty values for piecewise quadratic

approximation
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Figure 31: Variation of H] error with respect to penalty values for piecewise quadratic

approximation
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Figure 32: 2D mesh with localized poor elements (left) with close-up view (right).
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Figure 33: Variation of L? error with respect to penalty parameter for piecewise quadratic

approximation.
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Figure 34: Variation of H] error with respect to penalty parameter for piecewise quadratic

approximation.

2.7.6 Three-dimensional Problem

We first explain how to obtain the angle 7. The value | cot 67| is the maximum of | cot 0|
over all mesh elements E. For a given element E, the angle 6 is the one that yields the
smallest sin 6z ¢ over all edges & of the tetrahedron. We now explain how to obtain 0 ¢ for

given F and &.

1. Compute the equations of the planes corresponding to the two faces of E that share the

common edge &.

i=1,2, aper+bgy+cpez+dge=0.

2. The normal vectors to those two faces are

9, = 1, 2, ne, = (a'ZE,ga ZE‘,{uclE,f)'

3. Compute cos O ¢ and sin g :

cosfpe =g, - N, sinfpe = (1 — (cosfpe)?)2
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Figure 35: Variation of L? error with respect to the penalty value for piecewise quadratic

approximation.

We now solve the problem on a mesh containing 720 tetrahedral elements such that
heotT, = 1. We fix By = 1/2. Piecewise quadratic approximation is used. In Fig. 35
and Fig. 36, we plot the numerical L? and H} errors versus the penalty parameter chosen
constant over all edges. The numerical bounds for the penalty value is equal to 18, which is

close to the theoretical value 24 from (2.66).

44



10000 4 100

5000 4 50

AL

0 5 10 15 20 25 30

o
@
5
8

Figure 36: Variation of H} error with respect to the penalty value for piecewise quadratic

approximation.
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3.0 FULLY IMPLICIT DISCONTINUOUS FINITE ELEMENT METHODS
FOR TWO-PHASE FLOW

3.1 INTRODUCTION

The outline of this chapter is as follows. Section 3.2 contains a brief description of the three
formulations of the two-phase flow model. The fully implicit Ap DG numerical schemes are
introduced in Section 3.3. In Section 3.4 the Newton-Raphson algorithm applied to the
resulted system of the nonlinear equations is considered. The detailed construction of the
jacobian is given in section A.1. Numerical analysis of one of the proposed scheme is given
in Section 3.5. Convergence with respect to the mesh refinement (h-version) or increase in
the polynomial degree (p-version) are considered. Some numerical validation and numerical

simulations for homogeneous and heterogeneous permeability fields are given in Section 3.6.

3.2 MODEL PROBLEM.

Let Q be a polygonal porous medium in R?%. The flow of the wetting phase (such as water)
and non-wetting phase (such as oil) in € is described by Darcy’s law and the continuity
equation for each phase. Let us denote by the subscript & = w and a = n the wetting and

non-wetting phase respectively. The Darcy velocity for each phase is given by :

Uy = —AaKVDy, a=w,n, (3.1)
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where p,, is the phase pressure, and the continuity equation satisfied by the phase saturation

Sq s given by

I(padsa)
ot

The coefficients in (3.1) and (3.2) are defined below:

+ V- (palia) = paGa, «=w,n. (3.2)

e The permeability K is a symmetric positive definite matrix, obtained from a macroscopic
averaging of the microscopic features of the medium. Hence, it can be discontinuous in
the space variable and can vary over several orders of magnitude.

e )\, and )\, are the mobilities of the wetting and non-wetting phase respectively. Mobilities
are the ratios of relative permeabilities k, by the viscosities fi,

k.

Ao = , . =w,n, 3.3
- (3.3)

and the relative permeabilities are functions that depend on the non-wetting phase satu-
ration s, in a non-linear fashion. In this work, the commonly used Brooks-Corey model
[19] is considered.

2436 2460

krw(s) = (1—5)"0 , ku(s)=8(1—(1—3s)7 ). (3.4)

This model introduces an additional parameter 6 € [0.2,3.0], which characterizes the
inhomogeneity of the medium. We also denote A\; = A, + A\, the total mobility.
® p,, ¢ are the phase densities and porosity respectively. The functions ¢, denote sources
or sinks in the medium.
e In addition to Equations (3.1) and (3.2), the following closure relations must also be
satisfied:
Sw+ sp =1, (3.5)

Pe = Pn — Pw; (36)

where p, is the capillary pressure given by:

D=

pe(s) = pa(l —s)7 %, (3.7)

Here, py is a constant pressure corresponding to the capillary pressure needed to displace

the fluid from the largest pore.
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We have restricted our consideration to incompressible fluid flow, i.e. the densities p, are
constant. Furthermore, we assume that the porosity ¢ is constant over the entire domain.

Under these assumptions, the continuity equation (3.2) is reduced to

054
qb%—l—v-ua = (o, Q=w,Nn. (3.8)

The continuity equation (3.8) and Darcy’s law (3.1) is the basis for the description of
incompressible multiphase flow processes. The pressure and saturation can be coupled using
the closure relations (3.5) and (3.6). In this work, we consider three formulations of the
two-phase flow problem, described below.

The first formulation of the model for the coupled pressure-saturation equations for in-
compressible two-phase flow with unknowns p,, and s,, can be derived by summing continuity
equations (3.8) for wetting and non-wetting phase and using (3.1), (3.5), (3.6) and continuity
equation (3.8) for wetting phase:

-V ()\tKva + AnKvpc) = qu + Gn, (39)
Dsn
~6 = V- (MK Vo) = o (3.10)

The second formulation of the model for the coupled pressure-saturation equations for

incompressible two-phase flow with unknowns p,, and s, can be obtained by substituting

(3.1), (3.5), (3.6) into (3.8) :

6% KD = g, (3.11)

0s,,

Both formulations of the coupled phase pressure, phase saturation equations stated above
are subject to appropriate boundary and initial conditions. We assume that the boundary
of the domain is divided into three disjoint open sets 92 = 'y UT', UT'_ and we denote by
n the outward normal to 0f).
Dw = Dgirs Sp = Sgir, on I'_ - the inflow boundary,
P = pz{ir, MKEVp.-n =0, on Iy - the outflow boundary,

Ao K VD, -n=0, MKEVp,-n=0, on 'y - no-flow boundary ,
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5n(+;0) = s°(+), saturation at time t = 0 . (3.13)

On the other hand, based on the work of Chavent and Jaffré [20], we can reformulate the
two-phase flow model problem by introducing the new variable, the global pressure defined
by:

1ol ), (€)
o A6

where s, (resp. S,,) is the residual saturation of the non-wetting phase (resp. wetting

V(z,t) € Qx[0,T], px,t)=pp(z,t) + pe(l — spp) — /1 p.(&)dE,  (3.14)

phase). The total mobility ); is defined as the sum of the phase mobilities (A\; = Ay, + Ap)-
Mathematically, the global pressure is well-defined for all values of s, in [1 — Sy, Spr]. An

equivalent formulation of (3.8) can then be obtained for the primary variables (p, s,,):

=V - (MKVD) = quw + ¢, (3.15)
Js,,

AwAn
925_ +V- (/\vaP - —KVpc) = —Qu, (316>
ot At

subject to the following boundary and initial conditions:

Vo €Q, s,(x,0) =s2(2), (3.17)
Ve eTp, su(z,t)=sy", plzt)=p™, (3.18)
Ve €ln, Uy -n=u, -n=0. (3.19)

It is understood that I'p contains both inflow and outflow boundaries, whereas I'y corre-
sponds to the no-flow boundary.

The systems of partial differential equations for “phase-pressure, phase-saturation” for-
mulations (3.9)-(3.10) and (3.11)-(3.12) can be classified as mixed hyperbolic-parabolic
type. The systems of partial differential equations for “global pressure, phase saturation”
formulation (3.15)-(3.16) has structure of elliptic and parabolic type. The advantage of
“oglobal pressure” approach over “phase-pressure, phase-saturation” approaches is that it
produces models of identifiable mathematical nature. The formulation (3.15)-(3.16) makes
a rigorous mathematical study possible and is well suited for numerical simulations. We
develop the numerical analysis for the “global pressure, phase-saturation” formulation and

all three formulations are numerically investigated in the rest of the work.
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3.3 FULLY IMPLICIT SCHEME

The domain  is subdivided into a non degenerate quasi-uniform partition &, = {E}g
consisting of N, elements (quadrilaterals or triangles) of maximum diameter h. For the
schemes introduced below we will use the same definition of the jump and average as it was

given in Section 2.4. For a given integer r > 0, the discontinuous finite element space is
D, (&) ={v e L*(Q) :v|g € P.(E) VE €&}, (3.20)

where P.(E) is the space of polynomials of total degree less than or equal to r. We ap-
proximate the pressure of the wetting phase and saturation of the non-wetting phase by
discontinuous polynomials of total degrees r, and ry respectively.

The time interval is divided into N equal subintervals of length At. Let ¢! = iAt and let
p!, and s’ be the numerical solutions at time ¢'. We also denote A, = \,(s%,) and p’ = p.(s’,).
Application of the backward Euler scheme for time stepping and NIPG for the space dis-
cretization to the system of PDEs for the coupled equations (3.9)-(3.10) and (3.11)-(3.12)

yields two systems of nonlinear equations.

Fully implicit scheme for first formulation (3.9)-(5.10): given (p.,,s%) € D, (En) X
Dy (&n), find (p,", 5,7") satisfying

Pressure Equation :

Z/}\z+lKvpz+l Vz+ Z/)\1+1Kvpz+1 AV

Eegy, Eegy,
o /{)\H—lKva-l }[ /{)\z—‘rlKvpl—i—l }[ ]
EEF;LUF+UF BEF ur—
+ /{)\Hlsz ne z+1 + Z /{)\erlsz ne}[ z+1]
EEF;LUFJ,_UF_ ecl'p,Ul'_

|g /[pz—&-l |5 /[pz-H
ecl'y uF ur—

Z /A”lKVz Ne)Pdir — Z |€|ﬂ /epdzrz

ecl UT_ ecl Ul

eEF ur—

20



-3 / AP K Vzne)pelsar) =Y

ecl'_ ecl'_

o
W/pc(sdir)z = /Q(qw—kqn)z, Vze D, (&) (3.21)

Saturation Equation :

A Ait(Sffl — s+ Z / NAPRVpIH Vo — Z {NT KV ]
E

Ecé&;, ecl Ul UT_ v €

s > JerEve i Y 5 b

eclpur Ul v € el Ul Ul

. o
- Z N KV - ne) pair — Z W/pdirv = / v, YveD, (&), (3.22)
e Q

el ur_ve e€l Ul

where (3 is a positive constant and o is the penalty parameter on interior and boundary edges
penalizing the jumps of the discontinuous polynomials. As the penalty value o increases, the
constraint on the weak continuity of the wetting phase pressure and the capillary pressure
increases. The coefficient (3 is in general chosen to be equal to one; if 3 > 1, the method is
called superpenalized, and it is known that superpenalized NIPG for elliptic problems yield
poor conditioned linear systems.

The derivation of the scheme above is standard, but for completeness, we briefly describe
the steps for obtaining (3.21). We multiply (3.9) by a test function z € D, (&), integrate

by parts over one mesh element E, and sum over all elements:

> / (MK Vpy + MEVp) - Vz— > [[(AMKVp, + MK Vp,) - nez]
E

Ecgy, e€lUIN v €

= /Q(Qw + qn)2.

o1



Using the regularity of the exact solution and the boundary condition, we can rewrite the

jump term as:

> [I0K T4 0K = 3 / (K VP + 2K Tp0) - n )2

ecl',Uo2 ecl'p,Uo2

= JOuKTpan

€€FhUF+UF7 6€FhUF

> [OuKpe

The additional terms in (3.21) vanish for the exact solution; they are simply added to the
scheme for stabilization purposes. The equation (3.22) has been obtained in a similar fashion.

Fully implicit scheme for the second formulation (5.11)-(5.12): given (pl,, s%) € D,, (&) x
D,. (&), find (pift sit1) satisfying

Pressure Equation :

¢ in ; / i+1 i+1 i+1
— (s, —s))z + K (Vp, ™+ Vs Vz
[t =se+ 3 [ N )

Eeé&y
o Z /{)\z—o—lKvpz—H Z /{)\z+1Kvpz+1 }[ ]
ecl Ul LUl ecl',Ul'_
. / Yz e+ Y / KV -0 piH]
6€FhUF+UF €€F ur—
g 7 g 7
- ¥ |ﬁ/[ SR Y T
e€l, Ul Ul ecl', Ul
DN LORS CRRTD Dy P
eelLUl_ eelUT_ |€| €

o
_ Z / (AN KV 2 - ne)pe(sair) — Z W/pc(sdir)z = /quz, Vze D, (&) (3.23)

ecl'_ ecl'_

Saturation Equation :

ft( AR / NSKVp Ve - ) / NS E VP o]
Q

Ecé&), e€l, Ul LUl

i+1 i+1 g i+1

s > fersvengps Y5
ecl, UL U ecl Ul Ul
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. o
- Z (NN - 1) pair — Z W/pdiw = / v, YveD, (&) (3.24)
e Q

eeT Ul V€ eel Ul

Fully implicit scheme for the third formulation (“global-pressure” formulation) (3.15)-
(3.16): Let us denote by v = %p’c,
given (p', s,) € Dy, (Ex) x D, (&), find (p'*, sht) satisfying :

Pressure equation:

i+1 ST vV M 17,
Z[EAt(Sn JKVPH - Vaio, 30 50 /e[P 15

Ec&y, ecl',Ul'p

= [{NSETHEVPT 2] = Y [ (s KV P ng)z

el 7€ eel'p ¢
+> / {M(STDEVz P+ > [ (A8 KVz - ne) P
el 7 € eel'p ¢

— Z /()\t(sﬁ")KVz-ne)pd"+ap Z %/pd"z%—/g(qw(t”l)—kqn(t”l))z,VZ € D,, (&)

ecl'p ecl'p

(3.25)
Saturation equation:

/ Ao(SENKV P Vo + Z V(SN KVSS . Vo
E

Eeé&y, E

| s —se= %

Ecé&y

) [ DW(SEEVPT o]+ ) [ (Au(sE KV P n

ecl'y, € e€l'p ¢
= [(STFHEVSTT ne o] = > [ ((sEEV ST - new
ecl'y, € e€l'p €
= / DS EV 03P = 3 [l KV -0, P
eely, ¥ € eel’p ¥ °©
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+Z/{7 Sz+1 KV - ne Sz+1 Z/ dzr va ne)Sz+1

ecl'y, eel'p

Z f /Sz+1][ | = o, Z fl(;”|s) /esiwv

EGF UFD SGFD

. Z/ d7,r va ne pd”’+ Z/ dzr va ’)’Le) dw—/qw(ti_‘_l)i),vv EDrs(gh)'
Q

eEFD eEFD

(3.26)
Because of the nonlinearity in equations (3.21),(3.22), (3.23), (3.24) and (3.25), (3.26),
the approximations at the next time step (p%'',s'™') are obtained by applying Newton-

Raphson iterative scheme [41], described in the next section.

3.4 NEWTON-RAPHSON ITERATIVE SCHEME AND CONSTRUCTION
OF THE JACOBIAN

Assume that {@%: 1<, <m,, E€&}and {o%:1< l, <m,, FE €&} are two bases
for the discrete spaces D, (&) and D, (&) respectively. It is understood that the functions

ot are identically zero outside the element E. Thus, we can write
st g = ZSE@E’ P = ZpEgoE, VE € &,. (3.27)
ls=1 l=1
Thus, inserting (3.27) into (3.21)-(3.24), we obtain systems of algebraic nonlinear equations

in the general form of:

G@, "5 =0, (3.28)
where pit! = (p) gy, and 551 = (s) g, are vectors of unknowns for pit' and si. To solve
(3.28) we apply Newton-Raphson algorithm :

JG(—fLJrl T §1+1 r)g’drl G(pz+1 r z+1 r)
" vt (3.29)

(]—j:jlr-&-l’—:j—lr-&-l) (]—):U-&-lr?—z;l-&-l ) +3T +1

where the superscript r denotes the r** Newton-Raphson iterate and Jg is the Jacobian of

the system (3.28). In order to explicitly define Jg we denote by G (resp. G7%) the row of

o4



G corresponding to the test function ¢} (resp. ¢%), with F € &, and 1 < r, < m, (resp.

1 <ry < myg). Then, we can write Js in a block form:

oG OG'E

Jo = OF, ¥, :
GGI;'; aGF 1 S rp’lp S my
oy s

The derivation of the contributions to the Jacobian is given in section A.1.
The choice of the initial guess for the Newton-Raphson algorithm (3.29) plays a crucial
role for the convergence of the Newton iterates. For ¢ > 0, the initial guess for the time step

i + 1 is chosen as:

( —i+1,0 z—i—l 0)

Pt sy (Pl 57)-

For the first time step, we construct a special initial guess. As was stated above the model

problem with formulations (3.9)-(3.10) and (3.11)-(3.12) is subject to an initial condition on

the saturation (3.13). Therefore at time i = 0 we define

sh0 =50 (3.30)

n

and we choose for initial guess for the pressure phC the solution to the linear system of

equations:

> /E MNEVPY - Vz— Y /{)\OKVp -ne 2]

e€T' U+ UT'_
o
s > femveagplns X 5 e
EGFhUF+UF_ €€FhUF+UF_
= > /)\OKVz NePair + iﬁ/pdirz+2/(qw+qn)z—2/AQKVpB-Vz
e€l UT'_ e€l UT'_ lel” Je E VE E VE
- /{)\OKVpC no 2] /{)\OKVZ n ]
ecl'pUl'_ ecl'pUl'_
g
_ Z . |ﬁ/pc z] + Z/)\OKVz NeDe(Sair) Z ’ﬁ /pc(sdw)z, Vz € Dy, (&)

eclp Ul =
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3.5 NUMERICAL ANALYSIS OF THE SCHEME FOR THE “GLOBAL
PRESSURE, PHASE-SATURATION” FORMULATION

In the analysis that follows, we make the following assumptions on the coefficients in (3.15),
(3.16).

AwAn

;v pl. is Lipschitz continuous with Lipschitz constant

e Assumption H1. The function v =
C,. It is also bounded above and below: 0 <y <~y <7.
e Assumption H2. The mobilities A\;, A, are Lipschitz continuous with Lipschitz constant

C). They are bounded below:
0<A <A<Nh, 0<A <A, 0<A, <A,

e Assumption H3. The tensor K is symmetric positive definite and uniformly bounded

above and below. There are constants k& > 0, k > 0 such that:
Ve, kxTae <aTKz < kale.
e Assumption H4. The porosity is bounded above and below.

0<¢<o.

As was discussed in Section 3.3, we propose a discontinuous finite element discretization
of (3.15), (3.16), namely the scheme (3.25), (3.26). In addition to the standard notations
that were introduced for the discontinuous finite element methods in Sections 2.4 and 3.3, we
also denote by C the constant that only depends on the maximum number of neighbors that
one mesh element can have so that the following inequality holds. Let A be any quantity

depending on E! or E%

wz1@,(§:A@®W2g¥§kz)mE»W. (3.31)

ecl'y Eegy,

(3" A(EN)2 <VES AE) (3.32)

ecl'p Ecéy

Let H¥(O) be the usual Sobolev space on O C R% d > 1 with norm || - ||r.0. We now

recall well-known facts that will be used in the error analysis.
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Lemma 7. There is a constant Cy independent of h and r such that

1
Vo € D&, vllon < oD IVollse+ D ;Il[vlllﬁ,e)l/g, (3.33)

Eegy, ecl',Ul'p ’ ‘

where |e| denotes the measure of e.

Lemma 8. Let vy and v, denote the usual trace operators. There is a constant Cy indepen-

dent of h such that if E is a triangle or quadrilateral:

Vo € HY(E).k > 1,Ye C OF, |[ovlly, < Ch™(lolly 5 + b 92l 1) (3.34)

Vo € HY(E), k > 2,Ye C IE, |mvll,, < Ch™2(|[Vollo 5 + R || V20|, 1) (3.35)

Lemma 9. Let E be a mesh element. Let f : N — N be a function defined by f(k) =
(k+1)(k+2) if E is a triangle, and by f(k) = k? if E is a quadrilateral. There is a constant
Cy independent of h and k such that:

k
Vv € Py(E),Ve C O, [|ovlly, < Cry/ %) [vllo. - (3.36)

In the case of the triangle, if 0 denotes the smallest angle, an exact expression for Cy is

Cy = y/2cot OEE.
€|

The proofs of these results can be found in the literature: see Lemma 2.1 in [7] or (1.3)

given by:

in [18] for Lemma 7, see Theorem 3.10 in [2] for Lemma 8, see Theorem 3 in [72] and the
proof of Theorem 9 in the previous chapter 2 or in [31] for the case of triangle for Lemma 9
and Lemma 2.1 in [68] for the case of quadrilateral for Lemma 9.

In the next sections, Sections (3.6)-(3.8) we develop numerical analysis (existense of the
discrete solution, convergence of the numerical scheme) for the (3.25), (3.26) scheme (below

we denote by P?, S’ the discrete solution at time ¢t = iAt and by p’, s the exact solution.)
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3.6 A PRIORI ESTIMATES

In this section, we prove existence of the numerical solution by using the Leray-Schauder
theorem [74]. For this, we first prove a priori estimates for the discrete global pressure and

non-wetting phase saturation.

Proposition 1. Assume that the penalty parameter satisfies

6(\)2ECC? Nk
oy > (1—5)2%+—§——. (3.37)
22

Then, there is a constant C' independent of h,r,,7s and At such that

nemen, T (S YL By, )

i=0 Ec&, eEF;LUFD
- 7 7 f r r
< O3 Jault ™) + aut) Hoa+CZZ o e . (3.38)
=0 =0 e€l'p
Proof 1. Let us put z = P! in pressure equation (3.25) so we obtain:
Z / Sz+1 KVPZJrl VPZ+1 +o o, Z f /PiJrl][PiJrl]
EEgh EEFhUFD €
=(1-€¢> {)\t(Sffl)KVPi“ [P+ (1—e) Y / (M (¥ KV P p,) Pt
eEFh CEFD
+e Z / )\t dzr KVPH-I pdzr+ Z / dirPi-l-l+/(qw(ti+1)+qn<ti+1))Pi+1
ecl'p ecl'p Q
=By 4+ Bs.

We now bound each term B; in the right-hand side of the equation above. In what follows,
the numbers €; are positive real numbers to be defined later. Using Assumption H2, H3 and

Cauchy-Schwarz inequality, we have

Bil < (1= aN(B): Y [{KH0P)

ecl'y,

o 1P
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We now fix an interior edge e and denote by E! and E? the two elements sharing the edge

e. Using the trace inequality (3.36) and (3.31) , we have:

> |[tvey| P, < 3 0K VP g o+ | o NPl
eel'y e Fh
1 f(rp) 1/2v pi+l 1/2v7 pit1 i+1
=500\ = > (KPP o g + 1KYV P o g2) 1P [lo.e
EEFh
< C f( ) Pz—‘rl 1/2 Kl/?vpz—f—l 1/2 Kl/?vpz—‘rl 2 1/2
_(Z—II[ g2 (O 130"+ (D 16,2
eth eth eEFh
CCHf(rp) i i i
< (3 COTI )y proys (S i P )
eel'y, Ee€é&y,
Therefore, we have the following bound for By:
) 2ECO2 '
B <23 ||K tvpn| - el t>8 iy f(,:p) P15,
Eeé’h 0.8 L ler, ’
it1 (>\t kCC f z+1 2
5> ||xive E+ (- =t 3 e (3.39)
Eegh eel’y,
Similarly, we have for Bsy:
i+ (At) kCO? = F(1p) || pis
Bl <G S [rbve | iy > IP . B0
Eeeh ecl'p
Similarly, we have for Bs:
i+1 ()‘t kOO f TP) dir || 2
EIEEDD Hmvp - Z 2 1 (3.41)
Eegh ecl'p
The term By is simply bounded by Cauchy-Schwarz and Young’s inequalities.
f ’l“ 7+1 f
|B4| <64 Z 6 HP+ H()e Z ||0,e' (342)
eel'p

eel'p
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Finally, the last term By is bounded using Cauchy-Schwarz inequality and (3.33).

[Bs] < [lgw(t™) + @t ol P log

i i i 1 i
< Collgu (™) + gu(t ) loa OO IVP T o+ D |—6|H[P“H|3,e)”2

E€&y, ecl',Ul'p

() + @50

i 1 i
Sesk() VP Ep+ D |;||HP e +

Ee&y ecl'p,Ul'p
2
<es() NEVVPT sk Y P |H [P15e) + () + @50
Eec&y, ecl'p,Ul'p
% f % % %
<es() KPP p+E Y Tl || [P15e) + () + (5.0
Ecé&y ecl'p,Ul'p
(3.43)
Combining the bounds (3.39)-(3.43) we obtain:
€ i
(A= =5 — ) D IRVVPR,
Ecé&y
\)2kCC? flr pit1|?
#(on- - ep QLR ) 5 T e
1 ecl',U'p
, , N)2ECC? 0,2 f(ry)
tl+1 » t’LJrl 2 <( t t i) J\'P) dir ) 344
@+ aa+ (50, 2) 2 T Wl 640
Thus, if we choose
€2 At
€E=—=¢€=—
1 €5 6
and
o
€q4 = ?p
we have:
é Z ||K1/2VP'L+1||2
5 0,E
Eeé&y
o 3()2kCC? Nk f(ry) pit1|?
#(2 - (-2 R Ay 5 T oy
=t ecl',Ul'p
3C2 ; ; 3(N)2kCC? o Frp) 1 airn2
< gl + e ia+ (T + 7)) A el 6)

ecl'p

The final result is obtained by summing over i.

60



Proposition 2. Assume that (3.37) holds and that

12(7)%kCC?  k
> (1 e)2w + % (3.46)

There is a constant C independent of h,ry,rs and At such that:

i er 7 m
msmen, S vy Y s o Zisi,

i=0 Ee&, 1=0 ec'p,Ul'p

f(Tp)+fT5) —

f<7"8) f rp
Fry) )y =
(5 ) 2

= EGFD

H

m—1

| () + @t 5e +C D lau(t™)3a

1= =0

0 e, 05 32 20

1=0 e€l'p

¢
<O lsullon +C0+

& HO,e . (3.47)

Proof 2. Choosing v = St in (3.26) gives:

Z/ Sz—i—l Kvsz—‘rl VSH_I—F o, Z f /Sz—i-l]

Ee&y ecl',Ul'p

¢ i+1 i+1 / i+1 i+1 j+1
(] 7 (] (] K PZ (]
+ | RS -80S, E§€5j (SHOHKV P . VS

_Z/{)\ Sz—f—l Kvpz—f—l ne Sz—f—l Z/ dzr Kvpz—i—l e)Sjj_l

EGF BEFD

H1-0 % [GIIKTS n S+ (1-0 3 [(nKvS 0 st

ecly, eel'p

+€Z/{)\ Sz-‘rl Kvsz-i-l ne PZ—H +€Z/ dzr Kvsz—i—l e)Pi—I—l

eEFh eGFD

f i Q1 ir T ir
+USZ |(€’)/d Sitl 52/ sUYKVSH  n,)pt

ecl'p ecl'p

+e Z/ dzr Kvserl ) dzr_/qw(ti+1)s7il+l
Q

ecl'p

We now bound each term D;.

Dy <y HK2VSZ“ (3.48)

Ecé&y,

Z HK typi|”
452 0,E
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The term Doy is bounded like By :

Dy < 22 2> HK s’

E'Ggh

0,FE

The term D3 is bounded like By:

kC(J F) 1o
Z s .-

ecl'y,

6

DIEE DS HKzVP’“

Eesh

0,F

The term D, is bounded like By :

+(1—e

kC’C’ Frp) 1 i
2.7 s,

ecl'p

6

Dy < 2 >y HK vsz“

EEEh

The term Dy is bounded like By:

+(1-e)

kC’C FOr) i wisan2
Ly L s,

GEFh

D5 <2y HszsM

E'Egh

The term Dg is bounded like By :

X 2
Dol < T3 | KEvsin 4

0,F
Ecé&y ’

The term D+ is bounded like By:

kCC F(rs) | qis)2
> Lo s,

)2 ECC?
(Aw) 3

857

eel'p

eel'y,

f(rs)

€]

D < = Yy HK VSZ“H

0,FE
EEgh

The term Dg is bounded like By:

PAEED I 1) ygiv?

el
ecl'p

The term Dg is bounded like D~ :

kOC’ BT
> H e,

GEFD

Dy| < 20 =3 HK vs”l

Ee&y,

The term Dy is bounded like Dy :

|Dyo| < E Z HK2VSZH

Ee&y

62
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1 e -

82 f(?”s) dir ||2
705 L,
ecl'p
kCC (Ts) | air
2510 zl“: €| Hp
(7)*kCC} J(rs) |1 air) 2
O s I,

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)



The term Dy is bounded like Bs:

[Du| < 612(2 K2V ST G e+ k Z )

Ec&;, ecl'p,Ul'p |

i 3 i
1S5 05.0) + 5 Nl ()0 (3-58)
4612]{5
Combining the bounds (3.48)-(3.58), we have:

€ € ,
(’_Y— €2 — € — €7 — L 612) Z HKl/QVS;HH(Q),E

2 2 Ecé&y
A 2kCC2 f(r 5y 2%6’02 Ty
+( S_( ) tf( p)_(1_€>2(7) k€12 Z f( SZ+1 ||06
253f(rs) 255 e, Ul p | |
P it i\ Qitl
<
+ At(S - S))S <
2 (M) 2ECC2f (1) f(ry,)
A HK sy pitl p) || pi+]
(452 3> Z 0,FE 2€7f ’I"p eel“hzul“ | | HOe
(Aw )QkCC2 f(rs) G 052 kCC
PRI 57 L0 e+ (G 5 ZF |2,
C? i
el o
Thus, taking
P o 2 X
2B O= T T 2=
and _ R
(W) o
253f(rs) ’ 4 ’
we obtain:
7 i
=S IK TSR .
Ee&y
Os 6(7)%602 ky f(rs) i-1] ¢ i+l i\ Qitl
HG - )Z IS+ 57 (S-S0,

£ (B TR 5 g, SR 5 1)y,

3(M\w kCC2 ) - )2kCC?
e e zf o, + (o4 ) L

ecl'p

ecl'p,Ul'p | ‘

’ dzr”
|€’ 0,e

JFEH Gu(t +1)||(2),Q'
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Therefore, if
12(7)? 00?2 ky
> (1 — 6)2 ( ),kaCt _6 )

then there is a constant C' independent of h,rs,r, and At such that

Z f ; 0 [ (gin _giyge
Z ”K1/2VS +1||0E + Z S +1 ||Oe + CAt (Sn+1 - Sn)5n+1
Ee&), ecl',Ul'p
2 f(rs f
. |wtvp P[5,
s E‘EZS 0.E f Gl’;l" "
f( Z f| o+ € 30 f|<§f {15, + Cllgu(™* Il o
p ecTp eel’'p

We now sum over i and use the fact that ||SO|loa < ||s%]loq (obtained from the initial

condition for the saturation Vv € D, (&), [o Sov = [, so0v).

m—1
rvs s S S L0y .+ C-2 571
1=0 E€&, =0 ecI',UI'p |6|
m—1
7 f 7
<Cx LD ap ol L7l WRRELS ) i o T
=0 E€&, i=0 eel',Ul'p
0l S 3 2 a4 03 b M 030
=0 e€l'p =0 ecl'p

From (3.38) and (3.59), we have:

3

m—1
7 f Ts 7 m
s+ Y s oL s,

EeEy, =0 EEFhUFD |€’

I
o

i
m—1

¢ P v v ‘
g0§\|52||3,9+0<1+%5§ §< ZIIwt“>+qn<t+1>||og+CZqut+1>||og

so(is 2 SO S 5 T e 05 5 I e

=0 e€l'p |6| =0 e€l'p

Theorem 5. There exists a solution to the scheme (3.25), (3.20).
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Proof 3. The existence of S is trivial. Let P = (P")1<i<n and S,

sequences of approzimations satisfying (3.25) and (5.26). Let X = D, ()
let G: X — X such that G(P,S,,) =

system of linear equations:

YveD

AN

ecl'y

o (En), /S’gv:/sgv
Q Q

Vz €D, (Sh)

_Z/{/\ Sz—l—l KV pitt. ne 2]

n — (S;)lﬁiSN be the
N X D"’s (gh)N
(15, S’n) where (]5, Sn) is the solution of the following

and

(3.60)

Vi >0,

Z/ SH—I Kvpz-ﬁ-l Vz+o o, Z fg \/ePi-i-l][Z]

ecl'p,Ul'p

Z/ dzr KVPH—I )

ecl'p

+e ) / {M(STYKVz - n M [P +EZ / (M (sT VKV 2 - ) PP

ecl'y,

=¢ Z/ dzr sz ne)pdzr+0_p

ecl'p

Yv € DTS (gh)

i

eEF

(St =S = > / (SSEVPH Vo4 ) / (SETEVS

ecl'p

pdzrz +

(qw(t”l) + g (t"))z. (3.61)

Vi > 0,

Vv
Eeé&y, Eeé&y,
_'_Z/{)\ S'L+1 Kvpz+1 ne + Z/ d'n“ KVPZJrl )U
ecl'y, eel'p
_ Z/{,y Sz—f—l Kvsz—‘rl Z/ dzr KVSZ-H )
eEFh eEFD
= / {Mu(SiTHEV - n P =2 > / sUYKVo - ng) P
ecl'y, eel'p
+e Z /{fy (SHYK Vv -n M SH 4 ¢ Z / sU KV - ng)Sitt
ecl'y, e€l'p
Z f Ts) / ;—&-1][@] — 0, Z f(rs) /Szir’l}
ethuFD e‘ € e€l'p |e| €
—€ Z /()\ (sUYKVv - ne)p? 4 e Z / sUYKV - ne)st — / G ™v.  (3.62)
EEFD €

EEFD Q
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The operator G is well-defined only if there exists a unique solution to (3.60), (3.61), (3.62).
But this system of equations is linear and can be solved sequentially at each time step. Indeed,
(3.61) corresponds to a DG discretization of an elliptic equation satisfied by P and (5.62)
corresponds to a DG discretization of a parabolic equation satisfied by S,. Furthermore, it
1s easy to see that the operator G 1is continuous as this follows from the continuity of the
functions A\, Ay A and . Finally, the operator G is a compact operator. Indeed, one can
show that it transforms bounded sets into bounded sets (relatively compact sets in finite-
dimensional spaces) by deriving a priori estimates similar to (3.38), (3.47) for (P, S,,).
Now by construction, for any a € [0,1], the problem (P,S,) = aG(P,S,) has exactly

the same solution as the scheme (3.25)-(5.26) with ap®, as? «as® aq, and agq,. Since we

i i s < 15 o Hosllng < 152l logullg < lgulloq:

have Hap as

||0,e < Hp HO,e’

and |lagullyq < llgnlloq, the a priori estimates (3.58) and (3.47) are uniformly satisfied for
any o € [0,1] and any solution of (P,S,) = aG(P,S,). Therefore, from Leray-Schauder’s

theorem, there exists a fized point for G; so there exists at least one solution to (3.25)-(3.26).

3.7 ERROR ANALYSIS

We now derive a priori error estimates for (3.25), (3.26). For 1 < i < N, let us denote the

numerical errors by

n

where 5, € D, (&) and p € D, (&) are approximations of the exact solutions s, and p.

Here, we use the notation s’ = s, (#'),5 = 5,(t') and similarly for p’ and p'. We assume

that
vVt e [0,T], p(t) e Whe(Q), 3(t) € Wh=(Q), (3.64)

and that for any F € &, and t > 0, if 5,(t) € H"(E), p(t) € H*(E) for some kg, k,, the
following bounds hold (see [10]): there is a constant C' independent of h, 7y, r, and At such

that
3 hmin(rs-l—l,fis)
W0Sa< ks n®) — 50t < Oy lsalt)

s

o (3.65)
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hmin(errl,np)

——=— @)l £ (3.66)
T

p

V0 < g <y |p(t) =p)ller <C
We first prove two lemmas that contain bounds of the discrete errors 7¢ and &°.

Lemma 10. If o
(\)2kC2C
A
then, there is a constant M independent of h,rs, 7, and At such that:

wizo Y wiven e 3 SR,

Ee&y, ecl'y,Ul'p

o, > 8(1 —¢)?

_2_ ~

720, KCAC? 0 NS i

< R 2 1

(o + 300 10
— —2-92 o ~ —2—

1 /2(00)%k  6)\ K"C2C T2\ kC’fCQf(r) 5 i

TN o s 302C3C (1)) Do V0[5

Ee&y

6(0)2(R)2C2C h2

oy g 2 IV

+L(4Ci IVF 2 F 303030 ||w+1||oo (Wf(m))
M A 4Upf<rp)

<402 2 IVES R Béczc%ﬂ\w“uzo) |

M by 40, f (1)) 0.8

3CC2C%E ||vp@+1\|2 h? )
e 2 VX e
p p

€ 5.0

Ecéy

An expression for M is

/\t a.
V — <_ T _ (1 — )2
min 55 (1—¢)

Proof 4. Using the consistency of the scheme and choosing the test function z = 7, we

obtain one error equation for the global pressure:

Z/)\t S”l KVritt. VT”l—l—ap Z f|(7‘|p / ’“]2:
e

Ee&y ecl'y, Ul'p

1-03 / SR 3 4 (1 -0 3 / (s KT+ )7+

ecl'y, € ecl'p
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. jg::u/n z+1 l{‘791+1 ‘7T1+1

Eeé&y,

+Z/{>‘t i+1 KVQZ‘H ne z+1 + Z/ dzr Kv92+1 )7_¢+1

ecl'y, ecTp
= / M(sHEVTT n 0 —e ) / (A (s V7 )0t

ecl'y, ecTp

> B ey
6 e
EEFhUF

= / (A(STHY) — N (sHY) KVt vttt (3.67)

Eec&y,

+Z/{ NS = A DKV n ]

ecl'y,

=2 /{ A(ST) = M5y ) KV

eth

=T+ +Tn.

Next, we bound each term in the right-hand side of (3.67) using techniques standard to DG
methods. In what follows, the quantities €; are positive real numbers to be defined later.

Using Assumption H2, H3 and Cauchy-Schwarz inequality, we have

T < (1-enEE Y H{szTHl}H .. -

ecl’y,

We now fix an interior edge e and denote by E! and E? the two elements sharing the edge

e. Using the trace inequality (3.36) and (3.31), we have:

3 H{sz#l}

1 ; j '
N o, < D2 SUR 27 gy o + 1K 297 gzllo )l o

ecl'y, ecly,
T
< 20/ L0 S (2T oy + 1297 o 2o
ecl'y,
C f(rp) i+1 1/2 1/2 i+1 1/2 1/2 4112 1/2
< (0 IGO0 BT 5) 2+ (D 1KYV G )
eely, ecly, ecl'y,

CC2f(r ; ;
< (3 COT) iy yria( S it g e

ecl'y Eec&y
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Therefore, we have the following bound for T;:

<2 S [iiven || o ep QRO o ) e

Ecé&y 0.5 8 ecl'y,
cc?
Z “KQVTZ+1“OE+ (1—¢)? ()\t> k Z f‘ey [17+] H?),e' (3.68)
Eegh ecly,

Similarly, we have for Ty:

T < 2 Z HK2VTZ+1 +(1—¢)? (At) kCCE Z f

EeSh ecl'p

ritl H;e . (3.69)

The term T3 is bounded using Assumption H2, H3, Cauchy-Schwarz and Young’s inequality.

Tl < %Rt > ||k vTZHHOEHvezHHOE

Eeé&y,

<oy K vr”l

Eet&y,

Z Vo o5 (3.70)

The terms Ty and Ty are bounded in a similar way as the terms Ty and T, except that the

trace inequality (3.35) is used instead of (3.36).

|T4| S Xt%z “{vei+1}“0,e H Z+1 HOe

ecl'y,
C2ONE . . .
< (30 AL IR (0 VO3 202 + (3 h2IV20 18 2))
ecl’y, Eet&y, Ecé&y

~—2=2
fr ; 2 C2ON k ; i
<oy Sl NG, + oy (D VO s + IV ). (3.7

Eecéy

ecl'y,

Similarly, we have for Tx:

~—2-2
f(r 112 C2ON k ; 5
i < 3 L e+ E S (S (VS + I ). (372
p Eec&y

The terms Ty and T are handled in the same way as the terms Ty and Ty, with the exception

ecl'p

that the trace inequality (3.34) is used to handle the approrimation error term.

Ts| < M(k Z H{KQVTZH}H HZH]Ho,e

ecly,
—o—
i A kC}C? f(rp) —2pi i
<e » KAV 4+ E t25 Y (OG5 + IVOTIE 5). (3.73)
Eeé&, 6 Ec&,
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Similarly, for Ty, we have:

_2_ ~
i A kC402f(7") —21ni i
T < e Y IK?Vr G 5+ = PO (OGS s+ IVOTE 2). (3.74)

4e
Ecé, 6 Eeé&),

Using the trace inequality (3.35), we have for the term Tg:

) 02020 r ) .
Ti<e Y f(’” N2, + 20D S gy, (3.75)

2e
5 Ecé&y

ecl'p,Ul'p

Using Assumption H2, H3, Cauchy-Schwarz inequality and (3.64), we have:

)

T3] < G [V | (B)F 3 1107 = st o |[ K50

Ee&y,
~it1 7\ % i+1 lo it i+1 1o i+l
< GIVB L (B2 D (6 o | K207 | 4 I o || BV )
Ee&y, 0 0,
ol GUVFTILE, CIVELE,
§2692HK2VT+1H07E+ e S SN L (LA CR D)

Ee&y,

The term Ty is a summation term over interior edges. We assume that the edge e is shared

by the elements E! and E?. Thus, we have using Assumption H2, H3, Cauchy-Schwarz

inequality and (3.64).

i+1 ||
HT O,e *

i+1
0,e + HX ’Eg

4 ||Xi+1’E§

4 ||£Z+1’E§

_C' .
Tho| < HVﬁZHH -2 Z(”fZH’Eg

ecl'y

0,e 0,e

Using the trace inequalities (3.34), (3.30), we have:

Tho| < —kHV%HHooCt\/ Z (€ oz + 1€ o,52)

ecl'y,

[ o

Crx s - i i i i i
+ 5 BV o Cih ™2 Y (™ oz + X oz + AIIVX o2 + BIVX ™ o) 17 loe

eel'y,

10, oyge . COCRITI ey
< 1 o0 l
oo 3 LI + — 16412,
eth
CCQOQk v~z+l
VP e S (12 + 29 2 ). (3.77)
8610f(7’5) Ecé),
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The term Ty, vanishes if the approximation p is continuous. Otherwise, we can bound it

exactly like the term Tg.

Ty <)

ecl'y,

/{ Sz+1 ( z+1))KvTi+1 _ne}[eiJrl]

. 2N, RCIC2f (r ‘ .
< oo YN 4 DO (S ooy o). a7s)
BEE, 6 E€é)
Combining all the bounds (3.68)-(3.78) obtained above and choosing
A
61263:366:269:_§t,
and
o f(TS) ~ Op
we obtain:
At H [P o 5 () kC C f
=3 |mEee|| (2402 > H o
2 Ecé&;, 0.5 < 2 ) e€l',Ul'p 7
_2_ ~
72\ kC}C? N F() 10
< (s 3apcfc)h—;ue e
=t
o A 272 0 A 27 A
200 )%k 6N K CEC 120\ KCHCEf (1) 9 2
+ + + +30.C7C f(r ve!
( Y opf(rp) Y o ) E;h H HOE
6(%)2(R)*C2C hz Z
RGeS vl
p EGgh
+(40§||wai+1||iﬁ sciofanHHOO<E>2f<rs>>”§i+1“2
A 4oy, f(rp) 0
. — ~ —2 .
+<4O§ ||Vﬁ+1||iok 3CC§0162]€ "va+1|’<2>o>||Xi+1||2 3CO2C2k ”sz+1”2 h‘2 Z ||v H—IH
A oy f(rp) o0 oy f(rp) Fes, -

Lemma 11. Fori > 0, define

1 5?1 _ 511 a~z+1

i+1

p :E( At ot )

Then, the following bound holds:

. i1 1+1
Wiz 0, Se IR 1€ + 3 X [Khve

0,F
Ee&h
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HG -7 3 SR el

ecl',Ul'p

3 )\2
(1 fffij . Z Jiivr[.,

8Ny )2kCC? Z f Tp 7] H
0,e

EEFhUF

20C2% 4k: i i i
HH (g + UGV + CITE 1)) 16

5o Y
—9 —2
oA O
P20 R o+ LR
+<50'€2,C?C~'f(7”8)+19272EC?C~'2]C(T5)+ 16E+ 2OOEE2)<CQHV~1'+1H2 +C2Hv§i+1|’2 ))H i+1H2
0. h2 ZhQ ~ 50, f(ry) MIVDP o Tly n lloo) JIIX 0,Q
_2_ ~
N 160X, kCHC?f (1) 10712,
th 0,
. 7% 10C2C72E 19292KCAC2 £ (ry
+(5a§030f(rs)+ Tk WGCOTE | 1927RC O/ (r)
Y osf(rs) Y
5CC2E B i
o e GV + CEIVS D) 3 IVN

Eecé&y

w

1 O-sf(,rs) Ecé&y

—2— ~—2 -2
AN,k 10CEON K 160, kC4C’2 ;
(P2 4 =ty ") ST e

10026728 h? 10C2C N K h?
DIV + DIV g

o f(ry) o f(ry)

Eegy, Ee€é&y

Proof 5. Using the consistency of the scheme, choosing the test function v = &', and

) . i+l oz Zit1 . . .
defining p't1 = ﬁ(s" - a“’gt ) we obtain one error equation for the non-wetting phase

saturation:
¢ (£z+1 fl 52+1+ Z/ SH—l Kvgz-ﬁ-l vfz-‘rl

Ecéy
Z f / 1+1 Z/ Sz+1 KleJrl V£z+1

ecl'y, Ul'p Eegy,
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_Z/{A Sz+1 KVt ne} z+1 Z/ dzr KszH n)£i+1

ecl'y, e€l'p
1—6 Z/{,y Sz+1 Kvgﬂrl }[£Z+l Z/ dzr KVflJrl )€z+1
ecl'y, eel'p
+€Z /{/\ Sl+1 KV€1+1 z+1 +€ Z/ dzr Kv€z+l ) i+1
ecl'y, ecl'p
% 7 A 7 f ) %
- [ At / oE =g, 3 / beHE)
ecl',Ul'p
+ Z/ z+1 Kvezﬂ V£1+1 Z/ 1+1 KszJrl Vé”l
Ee&y Ee&y
— Z/{)\ z+1 Kv91+1 ne €z+1 Z/ dzr Kv91+1 e)gi-ﬁ-l
ecly, eel'p
+Z /{7 i+1 KVXH-I ne fz—f—l + Z/ dzr KVXH—I >§z+1
ecly, ecl'p
+€Z /{/\ z+1 Kv€z+1 ne '91+1 +€ Z / dzr Kv£z+1 e)eiJrl
eel’y, ecUl'p
_EZ/{,Y i+1 KVfH_l ne H—l —c Z/ dzr KVfH_l ) i+1
ecl'y, e€l'p

£y / M85 = Ay (s ) KVFH - Tt — 3 / (1) — (s ) K V& veit!

Ecg, ' B Ec&),

=3 [HuS A DR e 3 [ = i DR

ecl'y, € ecly,
+e Z /{()\w(sjl—i-l)_)\ ( z+1))Kv€z+l ne —c Z /{ Sz-i—l z+1))Kv€i+1_ne}[§;il+l]
eel'y € ecl’y

We now bound each term in the right-hand side of the equation above. The term Ay is simply
bounded using Assumption H2 and Cauchy-Schwarz inequality
Ayl < | 3w %“H |Kiv Z+1H . 3.79
il EIEZ; ¢ OE+ 451 Eze: ’ 0,E ( )
h

The term As is bounded in a similar way as for the term T;:

2
+ ()‘ kCC Z f rp H z+1 ||(2),e‘ (380)

el

s ) ) 2
4ol < 23 | Ko

0,F
Ee&y
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The term As is bounded in a similar way as for the term Ty:

s ) 2
4 < 2 Y | Ko

O,E 6
Ec&y

The term Ay is bounded in a similar way as for the term Ti:

€3 i+1 kCC F(rs) yi1gity)2
Al <53 KAven | ey > e Il
Eeé‘h ecly,
The term As is bounded in a similar way as for the term Ty:
5 ; k;C’C’ f ;
A< 33 [wiven )+ - o > Loy,
Ecéy eel'p

The term Ag is bounded in a similar way as for the term T;:

S 1 ) 2
4 < 2 Y |Kiven

0,F
Ee&y

The term Az is bounded in a similar way as for the term Ty:

) 2kCC? O
1< § 3 Jaciven )+ CoEmE S TR

EeEh

The terms Ag and Ag are simply bounded using Cauchy-Schwarz’s inequality.

—2
: oA
[As] < @l 50 + 51 30
S

—2

¢

140] < GlE™ 30 +

i 5.6
The term Ay is bounded exactly like Tg.

s C2C f(r,
gl <ely 30 L0 g 4 2GCT ()

ecT,UTp |e| 2¢ Ecé,
The term Aqq is bounded exactly like Tj.
| Ay < el Z HK2V£’+1 Z HV@”lHOE
Ecé&y, Ee&y
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le| Ho,e'
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(3.82)

(3.83)

(3.84)
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(3.86)

(3.87)

(3.88)

(3.89)



The term Ayo is bounded exactly like Tj.

— QE )
T Sl LRl WS ol o e
12 Eeéy

Eegy,

The term Ai3 is bounded exactly like T}.

Jep— T
v 200,k 1. z.
gl < ety 3 LU ey SR S gz e ),

le]

The term Aqy is bounded exactly like Tr.

8€T3f<rs) Ecé&,

ecl'y,

C20N T

Flrs) i
<t 30 I+ g
s Eecé&y

ecl'p

The term Ais is bounded exactly like T}.

207k

|Ass] < €15 Z fr.) §Z+1 ||Oe

ecl'y, |€|

88?5:]8(7"5 EEEh
The term Aqg is bounded exactly like Tr.

CICPE

f TS 7
|Ass] < €75 Z ‘5+1H0e 263 f (1)
s Eeéy

el
ecl'p

The term Ay is bounded exactly like Tg.

N RCLC2(ry)
25?7

| S €57 Y I KV2VEH2 5+

Ee&y Eeg&y,

The term Aqg is bounded exactly like Tr.

N RCAC2 [ (ry)
45{7

|As| < €7 Z KAV o+

Ec&y, Ee&y

The term Aqg is bounded exactly like Tg.
FECAC? f(ry)

S
2e3

|Asg| < el Y IIKVAVETL)2 +

Ee&y Eeg&y,

The term Aoy is bounded exactly like Tx.

. M2ECAC? f(r,
Al < 3y 3 KPVERR o TR

Ee&y

Ee&y

(D (IVOHE o+ R2IV20 G ).

7 YUV + IV G 2)).

o (O VXS 5+ R IVEXTE )

(D (218G 5+ IVE 5 1))

(D (218G 5+ IVE G )

(D B2 52+ IVXTHG £)-

LS 2 2+ 190 )
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(3.91)

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

(3.97)
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The term Aoy is bounded exactly like Ty.

C2(|VF |2k C2 |V R

Anl <22y 3 | Kiven| + = €2 + —= xR g
21 E;h 0.5 4c3, 0,0 4es, 0,0
(3.99)
The term Ass is bounded exactly like Ty.
C2 VSR, C? | VS R
An] <25y 3 |Kiven|| ¢ 2 ATz LT
0,E 4e5, 4e5,
Ee&;,
(3.100)
The term Ass is bounded exactly like Tyg.
f ; CCROE VI %
D D m L
ecl’y, 23
CO3C2K ||Vp ’“Hoo ; i
835 f (1) Z HXHHOE‘{‘}LQHVX +1HOE) (3.101)
s Ecé&y
The term Aoy is bounded exactly like Tyg.
—9 .
Frs) i CC2CE||IVET2,
[ Asal < €33 ) HEHIG e + ——— 1€+ 50
eely €| 8€3s
C’C’2C'2k | Vst |12 .
UG e + R2IVXTG 5). (3.102)
8e33f (1) Ec&,

The term Ass is bounded exactly like Ty .

_2_ ~
s ; 2w kC4C2f T o ni ;
| < 25 3 IKATETR 4 CCTUS) (™ (262 o 4 [V ).

19
Ecé, 19 E€&y,

(3.103)
The term Asg is bounded exactly like T1;.

s i 272%04é2f (1) - i i
| As| < &5 Y I EPVET[S 5 + = O 2G5 + VX IE )

E€&), 19 E€&),

(3.104)
Combining the bounds (3.79)-(3.104) and choosing

s __ _S_S /8 __ s __ s s __
€] = € = € =€) = €19 = 2617 = dejg = dey; =

1=
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and ,
S S S S XwECCth(rp) 08
€10 = €13 = €15 = 2€53 = —26§f(7“ ) = 10’

we obtain
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The final result is obtained by taking € = 2 = 0.5.
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Theorem 6. Assume that s° € H™(Q), and for 1 < i < N, s,(t') € H=TY(Q),p(t") €
H™H(Q), (s,):(t") € H™=(Q) and (sp)u € L2([0,T); HY(QY)). In addition, assume that

(\)2kC2C o (1_6)247%(303
A ’ g

o, > 8(1 —¢)?

Then, if At is small enough, there is a constant C independent of h,rp,rs and At but
dependent on the quantity max((rs/rp)?, 1+ (rp/rs)?) such that for any m > 1:

m—1
eSS 3 [eiven |l s a3 L8 ey <c

i=0 E€&), = i=0 e€l',UI'p

m—1
Aty S rive
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=0 Ee&), 1=0 e, Ul'p P
with
2 g 2 h?rs g i
C=CAt II(Sn)ttllo,mLlelsnll ()7,
0 s
h2r h :
gl AtZ Isn ()12 410+ C 7 ——(1 + + AtZ P2, 41 0

Proof 6. We giwe a detailed proof in the case of the NIPG method, namely with the choice
€ = 1. The cases corresponding to SIPG and IIPG are handled in the same way; there are
additional terms in the deriwation and the penalty parameters o,, 0, must be bounded below:
\)2RC2C 47 KCC?
o8- pQIIGE o pTHCCE
Ay g

The final error estimates are the same with a different constant C. From now on, let us

assume that e = 1. We define the constant
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+ )
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L = max (
Thus, with the constant M = 0.5 min(),, 0,), we obtain
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Multiplying by 2At, summing over i = 0 to 1 = m — 1, using the fact that for any r > 1,

1 <r?2< f(r) <672, and using Gronwall’s inequality, we obtain that there exists a constant
C that is independent of h and At but depends on the quantity max((rs/r,)% 1+ (rp/rs)?)
such that for At small enough:
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We next bound the error ||p" oo using a Taylor expansion with integral remainder:
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Using the approximation properties (3.65), (3.66), and the bound (3.105), we obtain:
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To obtain the pressure error estimate, we combine Lemma 10 with the equation above. Hence,

we obtain:

MY |k vfﬁluwwz > L,

=0 Ee&, =0 ecI'y,Ul'p

2rg 2

, 2 T h h?rs r dsiHt
< CAt <1+_;)/0 Isw)all2a +C 2705<1+ e st 0t O (1+T—;)At2|| -

P p =0

rs,S)

p

h2rs : h2rp 2 ;
7“2r5—2(1+ AtZ i 7 10+ C5r=s 7 51+ )(1+ + Atz [
s P

S

+C

A straightforward consequence is the following result.

Corollary 4. Assume that the ratio :—’S’ 15 bounded below and above:

Then, there is a constant C' independent of h,ry,,rs and At such that for any 1 <m < M:
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3.8 NUMERICAL RESULTS

We consider the simulation of two-phase flow in 2 = (0, 1)? with the following data.

(

K(z,y) = 0.5I, Y(z,y) € (0,0.5) x (0,1),
K(z,y) =1, Y(z,y) e (0.51)x (0,1),
¢(z,y) =1, V(z,y) € (0,1)%

Aul(sn) = (1= 5,)7,
An(sn) = s2(1 = (1= s)3),

pe(sn) = (1 —s,)75.

\

ol

The right-hand sides for pressure and saturation equations are taken such that the exact
solution is, for t > 0:

(

p(x,y,t) = 100(2x — 1)2e2>* =t VY(z,y) € (0,0.5) x (0,1),
p(x,y,t) = 100(x — 0.5)%e%5* =t V(z,y) € (0.5,1) x (0,1),

Sp(z,y,t) = 0.3(2z — 1)2e 152 mv=t - Y(z,y) € (0,0.5) x (0,1),

\sn(:(:,y,t) =0.3(x — 0.5)%e 52—t V(x, y) € (0.5,1) x (0,1).

We first present the convergence with respect to a uniform mesh refinement. The initial
mesh contains four elements and it is successively refined. The parameters in (3.25), (3.26)
are chosen as € = 1 and 0, = o, = 10. Table 3.8 gives the numerical errors in the H} norm
for the non-wetting phase saturation and the global pressure at a given time for polynomial
approximations of degree ry = r, = 1. Table 3.8 gives the numerical errors for polynomial

approximations of degree 7, = r, = 2. We note that optimal convergence rates are obtained.

Second, we investigate the hp convergence of the scheme for all choices of € € {—1,0,+1}
and for the choice 0, = 05 = 10. In Fig. 37, we plot the number of degrees of freedom versus
the logarithm of the relative numerical error in the H} norm for both p (left figure) and s,
(right figure). We consider four different meshes that are obtained by uniformly refining a

coarse mesh: they correspond to the curves with diamonds (h = 0.5), triangles (h = 0.25),
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Table 4: Absolute numerical errors in the Hj norm for (p, s,,) using piecewise linear approx-

imations.

h H; error for sy, rate H; error for p rate
0.5 | 1.374814648 x 1071 1.266150758 x 10102
0.25 | 7.025355749 x 10792 | 0.968 | 6.738428728¢ x 101%! | 0.910
0.125 | 3.532346005 x 10792 | 0.992 | 3.415982958 x 10101 | 0.980

0.0625 | 1.768656302 x 10792 | 0.998 | 1.707837409 x 101°1 | 1.000
0.0312 | 8.846393467 x 10793 | 0.999 8.528880124 1.002

Table 5: Absolute numerical errors in the H}! norm for (p,s,) using piecewise quadratic

approximations.
h Hj error for s, rate H& error for p rate
0.5 | 2.069429403 x 10792 2.741576805 x 107101
0.25 | 5.332099909 x 109 | 1.956 7.253306154 1.918
0.125 | 1.343341569 x 1079 | 1.989 1.829505401 1.987
0.0625 | 3.364868585 x 10794 | 1.997 | 4.536003736 x 10~ | 2.012
0.0312 | 8.416253683 x 107% | 1.999 | 1.125823947 x 10~ | 2.010
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Figure 37: hp convergence rates for the global pressure (left) and non-wetting phase satura-
tion (right). Each curve corresponds to a fixed mesh and variable polynomial degree from 1

to 6.

squares (h = 0.125) and circles (h = 0.0625). For a fixed mesh, we vary the polynomial
degrees from 1 to 6 for both global pressure and non-wetting phase saturation. We observe
exponential convergence. There is no noticeable difference between the cases e € {—1,0,+1}
as the resulting plots coincide. However, our numerical tests show that the SIPG method
(e = —1) is very sensitive to the choice of the penalty parameter, which is not the case for
the NIPG and IIPG methods. For instance, convergence is obtained for o, = o5 = 0.5 for
NIPG and ITPG, but not for SIPG. This can be explained by our theoretical error estimates
which give a larger lower bound for the penalty parameters in the case of SIPG. As in [31],

one can derive an exact computable lower bound that would yield a stable SIPG method.
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3.9 NUMERICAL SIMULATIONS

3.9.1 Remarks on the Two-Phase Flow Software

The 2D software which is used in the thesis to simulate the two-phase flow problem was
implemented by the author of the thesis using programming language (ANSI) C under linux.
It uses three primal DG methods (NIPG, SIPG, IIPG) for the space and Backward Euler
for the time discretization. The software works on structured and unstructured meshes
(triangular, rectangular or general quadralaterals) and for any degree of the polynomial

approximations.

3.9.2 General data setting for the numerical experiments

We subdivide the domain into rectangular elements or triangular elements. Water and oil
are the wetting phase and non-wetting phase respectively. For all the examples (unless

mentioned otherwise), we assume the following:

sair = 0.15,  py = pn = 1000kg/m> ¢ = 0.2,

B=1, At=1day.

We consider both homogeneous and heterogeneous porous media for a simple test problem
and a benchmark problem. In the rest of the thesis, we present pictures of the approximations

of the water pressure and water saturation. We recall that s, =1 — s,,.

3.10 BUCKLEY-LEVERETT PROBLEM

Below is the brief introduction to the Buckley-Leverett problem. More details can be found
in [44]. Assume that the domain  is homogeneous in the y-direction. Therefore all the

porous medium properties depend only on x. That is, we consider a one-dimensional flow

85



in the z-direction. In addition, if the capillary effect is ignored (namely, p,, = p, = p), the

continuity equation for each phase « (3.2) becomes

% n %‘;a —0 (3.106)
and Darcy’s law (3.1) simplifies to
Uy = —K)\a% (3.107)
Let us introduce the fractional flow functions for each phase
fa = i—‘: (3.108)

and denote by v = w,, + u, the total velocity. Then it can be obtained from (3.106) and
(3.107) that

¢
(S, t) = —/ udt, (3.109)
0

from which we can find the saturation s,, before water breaks through. We can validate our
method by comparing the quasianalytical solution of the Buckley-Leverett problem to our
DG solutions.

In this example, the permeability is K = kI, where k = 5.e7%m? and the viscosities are
pn = 1.1e7?kg/ms, jp, = 8.0e *kg/ms. The Brooks-Corey parameter 6 is set to 2. In
this test it takes 4 iterations for the Newton-Rapson scheme to converge. Fig.38 shows
the quasianalytical solution (solid line) and the DG solution on two meshes: mesh hy (left
figure) and mesh hs (right figure). The polynomial degrees for the saturation are one, two
and three. On a fixed mesh, we conclude that p refinement increases the accuracy of the
solution. As the mesh is refined and the polynomial degree kept constant, the numerical
solution is also improved. Results on Fig.38 show the convergence of the fully implicit DG
scheme to the true solution with respect to both i and p versions. Moreover, we can conclude
that high order approximations gives better resolution of the solution even with less degrees
of freedom. We observe some overshoots and undershoots but they are stable in time and

they decrease with mesh refinement and with increasing the polynomial degree.
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Figure 38: Numerical solution of the Buckley-Leverett problem on mesh hy (left) and mesh
hs (right) at 500 days, quasianalytical solution (solid line), ry = 1 (dotted line), ry = 2 (dash
dotted line) and r; = 3 (solid line).

3.11 TEST PROBLEMS WITH CAPILLARY PRESSURE

From now on, we consider two-phase flow models with capillary pressure. The domain is
square 2 = (0,100)?; water is injected along the left boundary T'_ = {0} x (0,100) and oil is
pushed out through the right boundary I'y = {100} x (0,100). No flow boundary condition

is assumed on the rest of the boundary. Other characteristics are:

Py = 310°Pa, pl, = 10°Pa,

tn = 10"%kg/ms, ., = 10°kg/ms, pq= 10’Pa.

3.11.1 The Heterogeneous Porous Medium

The domain is subdivided uniformly into square elements. We refer to the mesh h; the mesh
consisting of square cells of side equal to 25m, the mesh hs for cells of side equal to 12.5m
and the mesh hs for cells of side equal to 6.25m. We consider a discontinuous permeability

K = kI with k = 1 x 107®m? in most of the domain except in an inclusion, located at
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(37.5,75) x (25,75) for which k = 1 x 107'2m?. The Brooks-Corey parameter @ is chosen
equal to 3.

First, on the fixed mesh hs described above, we show the evolution of pressure and
saturation contours obtained with (3.21)-(3.22) from 150 days to 450 days in Fig. 39 and
Fig. 40. In this case, the pressure is approximated by quartic polynomials and the saturation
by quadratic polynomials. The penalty parameter is equal to 1. Both pressure and saturation
contours take into account the heterogeneity of the permeability field; the low permeability
region acts as an impermeable zone where the wetting phase does not penetrate.

Second, we show numerical convergence of (3.21)-(3.22) by increasing the polynomial

orders:

e Case 1: Piecewise cubics for pressure and piecewise linears for saturation: r, =3, 7, =

1. This yields 832 degrees of freedom.

e Case 2: Piecewise quartics for pressure and piecewise quadratics for saturation: r, =

4, ry=2. This yields 1344 degrees of freedom.

e Case 3: Piecewise polynomials of fifth degree for pressure and piecewise cubics for satu-

ration: r, =5, 7, = 3. This yields 1984 degrees of freedom.

The pressure and saturation contours at 550 days for the p-version are shown Fig. (41) and
(42). For the first case, the water floods the domain as if it was homogeneous. The accuracy
of the solutions is greatly improved in cases 2 and 3.

We then vary the penalty value o € {0.1,1,10} and as in the test for the global pressure
(chapter 2), the numerical solutions are very similar. In fact, profiles obtained along the line
(0,100) x {50} are identical.

As for the Buckley-Leverett problem, it takes only 4 newton iterations at each time step
to converge and no slope limiter techniques are applied. The DG scheme applied to the
second formulation (3.11)-(3.12) is very sensitive to the choice of the penalty parameter.
We observe numerically that approximations of pressure and saturation with polynomials
degrees higher than 1 produce an increasing number of Newton-Raphson iterations at each
time step; eventually the iterations fail to converge. If one uses linears for both saturation

and pressure spaces, one needs to use a very fine mesh in order to capture the heterogeneity
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and thus, computations become expensive. Next, we consider the same domain on mesh
hy with heterogeneous permeability K = kI with & = 5 x 107%m? in most of the domain
except in an inclusion {37.5 < z < 100} x {37.5 < y < 62.5} where k = 5 x 107 m?. We
compare the symmetric and non-symmetric formulations for the case where the pressure is
approximated by quartics and saturation by quadratics. Fig. 43 shows the pressure contours
at 600 days. The contour of the saturation along the line (0,100) x {50} is shown in Fig. 44
at 300 and 900 days. We observe that both schemes yield the same approximate solutions.
The contours coincide with each other. This is also true for the other choices of polynomial
degrees. Next, we study the effects of different basis functions of D, on the coarse mesh.
We compare monomial basis functions with Legendre polynomials. In Fig. 45 and Fig. 46,
the pressure and saturation contours along the line (0,100) x {50} are shown. There is no
noticeable difference between the two simulations. The two types of basis yield comparable

numbers of Newton iterations for convergence, and also similar simulation times.

Finally, we repeat the simulations and consider the scheme (3.21)-(3.22) on a uniform
triangular mesh and with a heterogeneous permeability field (see Fig. 47). There are several
patches of permeability 10* lower than the surrounding rock matrix. The penalty value is
o = 0.0015 and the polynomial degrees are (r,,rs) = (4,2), which gives 2688 degrees of
freedom. The saturation and pressure contours are shown in Fig. 48-50 at 400 and 700
days. As expected, water floods the regions of high permeability. The scheme appears to be
robust and even though the saturation is not monotone, the small overshoots are stable and

bounded. The saturation does not reach unphysical values such as greater than one.

3.11.2 The Quarter-Five Spot Problem

For this benchmark problem, the domain is embedded in the square (0,100)?; an injection
well is located at the bottom left corner of the domain with py, = 3 X 10°Pa, and a
production well is located at the top right corner of the domain with p;, = 10°Pa. No flow
boundary condition is assumed on the rest of the boundary. The unstructured triangular
mesh consisting of 66 triangles is given in Fig. 51. The entry pressure for the capillary

pressure is pg = 5 x 103Pa and the Brooks-Corey parameter is § = 3. The viscosities are
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Figure 39: Evolution of the pressure contour for r, = 4, rs = 2, on mesh hy at 150, 300 and

450 days for penalty o = 1.0.
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Figure 40: Evolution of the saturation contour for r, = 4, r; = 2, on mesh hy at 150, 300

and 450 days for penalty ¢ = 1.0.

Figure 41: Pressure contours on mesh hy at 550 days for penalty o = 1.0: (r,,75) = (3,1)
(left), (r,75) = (4,2) (center) and (r,,7s) = (5,3) (right).
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Figure 42: Saturation contours on mesh hy at 550 days for penalty o = 1.0: (r,,75) = (3,1)
(left), (r,7s) = (4,2) (center) and (r,,75) = (5,3) (right).
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Figure 43: SIPG (left) and NIPG (right) pressure contours at 600 days: k, = 4.
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Figure 44: Comparison between NIPG and SIPG saturation at 300 and 900 days: ks = 2.
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Figure 45: NIPG pressure at 200 days (dashed line) and 300 days (solid line): comparison
between monomial and Legendre basis functions: k, = 3 (left), k, = 4 (right) and k, = 5

(center).
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Figure 46: NIPG saturation at 200 days (dashed line) and 300 days (solid line): comparison
between monomial and Legendre basis functions: ks = 1 (left), ks = 2 (right) and ks = 3

(center).

Figure 47: Uniform triangular mesh (left) and permeability field (right): k = 5 x 107!3m?

in dark regions and k = 5 x 107%m? in rest of domain.
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Figure 49: 3D view of saturation contours on triangular mesh at 400 and 700 days.
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Figure 50: 3D view of pressure contours on triangular mesh at 400 and 700 days.
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Figure 51: Quarter-five spot problem: unstructured triangular mesh.

fw =5 x 107% and p,, = 2 x 1073, Unless specified otherwise, the numerical method used is
(3.21)-(3.22).

We first consider the homogeneous case where the permeability field is constant over the
domain, and equal to 5.e7®m?2. The penalty value is ¢ = 0.005. We vary the polynomial
degrees uniformly by considering the cases (rp,7s) € {(3,1),(4,2), (5,3)}. The total number
of degrees of freedom is respectively 858,1386 and 2046. We compare the wetting phase
pressure and saturation profiles obtained along the diagonal {(x,y) : * = y}. The profiles
are shown at 250 days and 350 days in Fig. 52 and Fig. 53. The effect of increasing the
polynomial degree are minimal on the pressure contours. However, accuracy is improved for

the saturation contours: fronts are sharper and the amount of overshoot is reduced.

We next compare the two schemes (3.21)-(3.22) and (3.23)-(3.24) in the case (rp,rs) =
(4,2). The pressure and saturation profiles along the diagonal line {(z,y) : x = y} are shown
in Fig. 54. For the second model (3.11)-(3.12), the penalty value has an important effect
on the solution. Here, the penalty was ¢ = 0.001. The numerical solutions are comparable.
However, the first scheme has the advantage that it is not sensitive with respect to the choice

of penalty.

Finally, we decompose the domain  (see Fig.55) into two regions §2; and 5 in which

we vary the approximation degrees. For instance, we assume that in )y, pressure is ap-
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Figure 52: Water pressure profiles along diagonal x = y: at 250 days (left) and 350 days
(right). Polynomial degree is 7, = 3 (dotted line), r, = 4 (solid line) and 7, = 5 (dashed

line).
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Figure 53: Water saturation profiles along diagonal z = y: at 250 days (left) and 350 days
(right). Polynomial degree is rs = 1 (dotted line), s = 2 (solid line) and ry = 3 (dashed

line).
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Figure 54: Solution profiles along diagonal z = y at 250 days for (r,,75) = (4,2): pressure
(left) and saturation (right). Solid line corresponds to scheme (3.21)-(3.22) and dashed line
corresponds to scheme (3.23)-(3.24).

proximated by polynomials of fith order (r,, = 5) and saturation by cubic polynomials
(rs, = 3) whereas in (), pressure is approximated by cubic polynomials and saturation by
linear polynomials (r,, = 3,75, = 1). The resulting number of degrees of freedom is 1448.
This test allows us to show the robustness of the method when the order of approximation
varies in space. Besides we compare the numerical solution obtained by “phase-pressure,
phase-saturation” formulation (3.9)-(3.10) and the numerical solution obtained by the global
formulation (3.15)-(3.16) on this problem.

Second, we assume that the permeability is discontinuous and 10* smaller in one patch
(see Fig. 58). Besides, we also consider the case r,, = 4,1y, = 2,1, = 3,75, = 1, which yields
1048 degrees of freedom. The pressure and saturation contours at 350 days are shown in
Fig. 59-61. For comparison purposes, we also present the numerical solutions obtained with
a uniform approximation (r,,rs) = (4,2) everywhere or (r,,rs) = (5,3) (see Fig. 62-64).
It appears that increasing the polynomial degree reduces the amount of overshoot in the

saturation approximation.
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Figure 55: Quarter-five spot problem: subdomain decomposition.
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Figure 56: 2D view of saturation and 3D view of pressure contours at 250 days for homoge-

neous benchmark problem: (7,,,75,) = (5,3), (rpy,7s,) = (3,1)
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Figure 57: Water saturations (left) and pressures (right) profiles along diagonal = = y: at
60 days. “Phase” formulation (solid line) and “Global Pressure” formulation (dashed-dotted
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Figure 58: Quarter-five spot problem: permeability field
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Figure 59: 2D view of saturation contours at 350 days for heterogeneous benchmark problem:

(Tpnrﬁ) = (4a 2)? (sz, TSQ) = (37 1) (left) and (rp17r51) = (57 3)> (sza TSQ) = (37 1) (right).

Figure 60: 3D view of saturation contours at 350 days for heterogeneous benchmark problem:

(rpnrﬁ) = (47 2)7 (rpza TSQ) = (37 1) (left) and (rp17r51) = (57 3)’ (TP2> TSQ) = (37 1) (right)‘
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Figure 61: 3D view of pressure contours at 350 days for heterogeneous benchmark problem:

(rp1>TS1) = (47 2)7 (rpw TSQ) = (37 1) (left) and (rp17r81) = (57 3)a (sza TSQ) = (37 1) (right).

Figure 62: 2D view of saturation contours at 350 days for heterogeneous benchmark problem:

(rp,1s) = (4,2) (left) and (rp,rs) = (5,3) (right).
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Figure 63: 3D view of saturation contours at 350 days for heterogeneous benchmark problem:

(rp,7s) = (4,2) (left) and (rp,rs) = (5,3) (right).
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Figure 64: 3D view of pressure contours at 350 days for heterogeneous benchmark problem:

(rp,1s) = (4,2) (left) and (rp,rs) = (5,3) (right).
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4.0 CONCLUSIONS

First, by presenting, in chapter 2, the lower bounds of the penalty parameter useful for prac-
tical computations, this work removes one known disadvantage of the symmetric interior
penalty methods, namely the fact that stability of the method is obtained for an unknown
large enough penalty value. Even though we focused on the elliptic problems, our improved
coercivity and continuity results can be applied to the analysis of the SIPG method for time-
dependent problems (in particularly, in chapter 3, in the analysis of the “global pressure”
schemes we obtain computable lower bounds on the penalty parameters). Next, in chapter
3, we introduce efficient, fully implicit, coupled hp Discontinuous Galerkin schemes to solve
the two-phase flow problem, arising in porous media. We prove the convergence of a fully
coupled DG method for two-phase flow using the global pressure variable. Our estimates
are explicit in the mesh size and the polynomial degree. We show that the non-symmetric
version of the scheme converges for any positive penalty parameter whereas the symmetric
and incomplete versions require the penalty parameter to be sufficiently large. Numerical
computations confirm the convergence of the scheme. Moreover, we consider two others
“phase-pressure, phase-saturation” formulations to describe two-phase flow problem. We
run direct numerical simulations for all three formulations and we obtain validation of the
proposed schemes. To our knowledge this was the first study of high order p-methods (the
mesh is fixed and numerical convergence is obtained by increasing polynomial order) for
complex flows in porous media. The use of such p-methods with further research can give an
important option for engineering applications: one is able to solve the problem accurately on
a given grid that reflects geometrical properties of the physical domain without modifying
(such as refining or coarsening) the grid (usually obtained after several months of develop-

ment).
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This dissertation shows that higher order DG methods are promising candidates for simu-
lating complex flows in porous media. However, there are still many questions which need
to be answered, such as consideration of different implicit time-stepping schemes, adaptive
study of hp-version of DG methods, with applications to incompressible two-phase flow and
compressible flow. This research will make computations cheaper and more accurate and will
allow to explore more the advantages and disadvantages of using higher order polynomial
approximations for complex flows in porous media. Finally, one future work is to compare
the method proposed here to other numerical methods (such as sequential DG method or

finite volume method).

4.1 REMARKS ON POSSIBLE FUTURE DIRECTIONS

4.1.1 A Posteriori Error Estimates for the Incompressible Two-Phase Flow

As was mentioned before DG methods (primal or LDG) use a weak formulation of the PDEs
to discretize them. The computational domain € is subdivided into a partition &£, made of
elements F (triangles, prisms ...). The weak formulation is obtained by multiplying the orig-
inal PDEs by test functions, integrating by parts over each mesh element E, summing over
all elements and adding stabilizing terms (such as symmetrizing terms and penalty terms).
For the “global-pressure, phase-saturation” model, the test functions and numerical approx-
imations of the unknowns (p, s,) belong to the discontinuous finite element spaces D, and
D,,, where D,(&,) = {v € L*(Q) : VE € &,,v|g € PL(E)} and P,.(E) is the set of polynomi-
als of total degree r defined on each element E. The continuous in time DG approximation

(P,S,) € L*(0,T;D,,(Er) x HY(0,T; D, (E)) is defined for all z,v € D, (&) x D, (&) by:

Vt >0, ay(Sy, P z)= Lp(kSyq‘f"T7 pdir, z), / %v + as(Sy, P,v) = LS(SS", Pdir,v),
Q

/an-v_/gsn(-,ow,

where a,, a5, L, and L, are linear forms with respect to their second and third argument.

The scheme is consistent. The existence of the solution of the discrete scheme and a priori
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error estimates are obtained in case of the fully implicit, primal hp-DG methods (NIPG,
SIPG, IIPG) chapter 3 or [30]. Unlike a priori error estimates, a posteriori error estimators
do not require knowledge of the exact unknown solution and thus are in general computable
and may be used to determine where refinement in spatial quantities or polynomial degree
may be adaptively modified. A posteriori error estimators for DG methods have focused
primarily on steady-state equations of elliptic and hyperbolic type [14, 17, 50, 45, 47, 48, 65].
However, there are fewer investigations of a posteriori error estimators for unsteady problem
[1, 38, 42, 70, 36]. Moreover, there is no rigorous derivation of a posteriori error estimates for
multiphase flow problems. There are several methods to obtain a posteriori error estimators.
One is to use explicit error estimators for the two-phase flow problem: define the errors
& =P —p,1m =5, — s, subtract the DG scheme equations from the weak formulation
(obtain error equations) and define residual quantities that only depend on the approximate
solution and data (usually interior and boundary residuals). Finally, bounds on ¢ and 7 in
the energy or L? norm are obtained via residual quantities by estimating the error equations.
Another way is to use implicit estimators: one needs to state and consider a dual problem
(where the right hand side depends on the errors £, 7) in order to control £, 7 in the functional,
leading to adaptivity based on more physically meaningful quantities than the energy or L?
norm. While implicit estimators attempt to compute sharp bounds on the error through
the use of dual problem, explicit estimators can be obtained efficiently directly from the
computed solution and given data. Guided by these techniques, I would like to examine the
following problem:

Establish a posteriori error estimation approach for DG (primal and LDG) methods applied
to “global-pressure, phase-saturation” model of incompressible two-phase flow problems in

porous media.

4.1.2 hp Adaptive Simulations for the Incompressible Two-Phase Flow

A posteriori error estimators can be used to determine where modifications in discretization
parameters need to be made and thus to achieve hp-adaptivity. hp-adaptivity enables to

gain more accuracy in the numerical solution at a cheaper computational cost. There is only
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one work done with adaptive h-DG simulations of two-phase flow problems (and there is no
work for adaptive hp-DG methods of complex flows). In particular, in [53] the sequential
DG approach for incompressible two-phase flow is considered and h-adaptive strategy with
error indicators based on a posteriori error estimation derived in [36] is proposed.
Furthermore, the advantages and disadvantages of using high order polynomials for reser-
voir problems are not really known. Therefore developing hp-adaptation techniques for DG
methods applied to two-phase flow problems is an important and open question. Using the a
posteriori error estimators which were described in the section 4.1.1 as the error indicators
I would like to consider the following problem:

Develop hp-adaptation strategy for DG methods applied to “global-pressure, phase-saturation”
and “phase-pressure, phase-saturation” models of the incompressible two-phase flow prob-

lems in porous media.

4.1.3 Extentions to Slightly Compressible Flows

Consider the formulation of the coupled phase-pressure, phase-saturation equations for com-

a(d’ﬂw(l_sn)) _

. . . O(Ppnsn
pressible two-phase flow in a domain : %—V-(pn)\nl( V(petpw)) = Pnln, o

V- (pur o KVDw) = puwGus  Sw+ Sn =1, DPe = Pn — Pyw. This model is the generalization
of the incompressible two-phase flow case. Compared to incompressible case, the densities
and mobilities py,, puw, Aw, Ay depend now on the phase-pressure and the porosity ¢ depends
slightly on pressure intermediate between p,, and p, [20]. Here again as in incompressible
case, a global pressure p can be introduced to obtain “global-pressure, phase-saturation” for-
mulation of the model. To my knowledge there is very limited work done on DG methods
for multiphase compressible flow [37]. Therefore guided by similar techniques as for incom-
pressible models (chapter 3) it would be interesting to consider the following problem:

Investigate numerically and theoretically Ap-DG methods for two-phase compressible flow
problems in porous media. Extend this study to three-phase models: such as black-oil (i.e
the flow, through the porous media, of one heavy hydrocarbon component, one light hy-
drocarbon component and water) and to other compositional models (three hydrocarbon

components).
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A.1 CONSTRUCTION OF JACOBIAN FOR NEWTON-RAPHSON LOOP

In the derivation below, we separate the contributions to the Jacobian between contributions
from volume integrals, interior edges and boundary edges. For the interior edge contribution
associated to one edge e, we assume that e is shared by the elements E; and E5 and for the
boundary edge contribution, we assume that e belongs to E;. We also use the notation & for
the restriction of any function £ on the element F; for i = 1,2. We now give the computation
of the nonzero entries for the block diagonal Jacobian for the scheme (3.21)-(3.22). A similar
derivation can be done for the scheme (3.23)-(3.24).

Contribution from the pressure equation (3.21):

Volume integrals:

oG’
ap'y

:/)\tKVgolg-Vgog’,
E

oG oA oA, .
E_ / oL P T Ve [E oL PRI T

ls
0s,

0?p. Ope r
+ / MK 1 Vs, - Vil + / W < P v
E d(s)? E Isi;

Interior edges :

8G§1 _ 1 —)\1K1V lp n Tp + )\1K1v Tp n lp + = lp T
opr 2 ¢ Pp NePp T N PE, NP, E ‘ 3 ‘PEﬁOEl-
Eq €

G 1 [ oA 1 [ oAl
=— 5 KV, nep, — 5 -
ost 2,0 lEsl N A

1 0? Ip} .
- /)\’}LKl pc QOEIV B nengl _ _/AlKl pC V‘Pgl . nengpl

o5 K'Vpl - nepd
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1 [ O\ AN
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+ )\1 c g1 V L ls + _/ c s »
" s z PE, lel? /. 83%1 EYE;
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Contribution from the saturation equation (3.22):

Volume integrals :
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