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ON THE BAEZ-DUARTE APPROACH TO THE NYMAN-BEURLING CRITERION
FOR THE RIEMANN HYPOTHESIS

Daniel Juncos, M.S.

University of Pittsburgh, 2011

The Nyman-Beurling Criterion paraphrases the Riemann Hypothesis as a closure problem in a Hilbert
space. The simplest version of this, due to Baez-Duarte, states that RH is equivalent to one particular
element in a Hilbert space being in the closure of a span of countably many other elements. We
investigate this numerically and analytically. In particular, we establish new formulas for the inner

products of the vectors involved.
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PRELIMINARIES

In 1859, Bernhard Riemann posited a theory regarding the distribution of prime
numbers. To this day, his proposal remains what many consider to be the most important
open problem in the whole of pure mathematics. It is one of the Clay Mathematics
Institute’s Millennium Prize Problems - the unsolved remnants of the twenty-three
problems proffered in 1900 by David Hilbert. Hilbert believed these problems to be the
most impacting and influential problems in mathematics, and that they should occupy the
attention of mathematicians throughout the following century.

There have been several different reformulations of Riemann’s conjecture cultivated
throughout that 20t century, and even some reformation as late as 2006. We will
investigate the hypothesis in the vein of some of the most recent developments that have
been made. Let us begin with some general definitions, as well as pertinent functions and
theorems. First and foremost, we define the function and conjecture that constitute the
crux of this paper:

Definition: (Riemann Zeta Function)

The Reimann Zeta function is defined on the half-plane s € C withRe(s) > 1 by

[o¢]

1
3(s) = ) —.

ns
n=1

The Zeta function has long been a subject of great interest due to its many

interesting qualities. Chief among these qualities is its relation to the distribution of prime

numbers. Using the formula for a geometric series, and the convergence of {(s) as a

Dirichlet series, we can obtain the identity

-1 1
E — = | | —, for Re(s) > 1 (D
nzlns 1_p ’

p




over all primes, p. This identity yields another noteworthy property of in its relation to
the following function:

Definition: (Mobius Function)

For any n € Nwith prime factorizatioon = pllpg z .. p,?", then
(=1, ifa,=a,=-=aqa,=1
n) =
un) { 0, otherwise

From (1), we have((—)—]_[p( S) (1——)(1——)(1——)... =(1—%—%+

63) (1 - —) .... From this it becomes clear that we can derive the identity
1 - u(n
— = Z a0 , for Re(s) > 1 (2)
&) L
n=

Conjecture: (Riemann Hypothesis)
All non-trivial zeros of {(s) have real part equal to % (RH)

[t is important to note that zeros of the zeta function are not limited to those of the
function as it is defined above. Here, we are referring to the zeros of the zeta function as
depicted by its analytic continuation. This is a technique used to extend the domain of an
analytic function defined on an open subset of the complex plane to a larger open subset.
When the analytic continuation, F, of a function, f, is defined over connected subset, 0 < C,
then F is unique to fon Q. Let us define a few key functions involved in the analytic
continuation of .

Definition: (Mellin Transform)

Foranyf:[0,0) - R, the Mellin transform of f is given by

MFY(s) = 9(s) = j ' ft ©,

0

The inverse transform is then given by

_ 1 @(s)
MW = f@ =5 [ L

Definition: (Gamma Function)

The Gamma function is defined ons € C withRe(s) > 0 by



e tes
I'(s) :=f . dt.
0

The Gamma function has several interesting properties that are pertinent to our

investigation. It satisfies the functional equations:

I'(s+ 1) =sI(s), (3)
and
T
[(s)T(1—-ys) = et (4)

It is well-known that the function Z(s) = 7T G) {(s)is the analytic continuation of

Conto the whole complex plane, except at 1 where (has a simple pole. One method

Riemann used to show this was via the Mellin transform of the Jacobi theta function 6(z) :=

)2 ei”"ZZ, defined on the upper half of the complex plane. Using the Poussin summation
formula, it is straightforward to show that 0 satisfies the functional equation 6 (— %) =
8(z)\/iz. Then, we can employ the change of variables t — n?mt in the gamma function,
yielding n=21~5T(s) = fooo e‘"z”tédt. Summing both sides over N, we can switch the

summand with the integral, since both sides converge uniformly, and we achieve

[o¢]

I'(s) Z i _ f £ Z e_"zm ﬂ
s ns t
n=1

0 n=1

Since 8(iz) = Yyl ™7 + 1+ ¥_, e™’% then we have

1 d
7T 5 )U(25) = j E(H(it)—l)tsTt
0

= fll(e(it) - 1)t5@+ fl(e(it) - 1)1:5E
B J 2 t J 2 t

. 1. . .
From another change of variables t — —in the portion of the integral from 0 to 1, we have

[e¢]

[30(R)-) e [ow-et
1

1

Since 6 (— i) = 0(2) iz, then



[oe]

1 dt (1 d
:fz(\/fe(it)—l)t—STt+ fz(e(it)—l)tsTt
1

o]

=f (9(lt)—1)(__s+ts —+ f% _¢ S)ﬂ

1
= _————f (e(w)—l)( “S+t5)%

It is clear now that the right hand side is analytic and defined on the whole complex

. 1 : L .
plane except at the simple poless = 0ands = > However, this function is symmetric

. 1 .
about the change of variabless — S~ S So, changing from 2stos, we have that

T 2F ( ) {(s) is the analytic continuation onto C \ {1}.
Now, we concern ourselves with the zeros of the zeta function as defined by its

analytic continuation, Z(s); i.e. {(s) = Z(S()Sz. From (3) and (4), we can derive
2

T

zI'(z)sin (nz)" = Ofor

thatI'(—z) = — Given this identity,

1
;)
alls € {—2,—4,...}. This set is commonly referred to as the trivial zeros of the Riemann
zeta function.

Let us define a few more number-theoretical functions, and then we will rigorously
prove a very important theorem.
Definition: (Prime Counting Function)

The prime counting function 7 : [1,0) — N is given explicitly by

n(x) := the number of primes less than or equal to x

Definition: (Mangoldt Function)

Forany integer n > 1, thenA: N - R by

A(n) = {ln(p), if n= p™ for some prime p and somem > 1
o 0, otherwise

Definition: (Chebychev y-function)
The Chebychev functioni : [1,0) — N is given by

) = ) AM)
n<x



Theorem: (Prime Number Theorem)
i xm(x) _
xl—zg In(x) -

(PNT)

-1
Proof: Taking the logarithm of (1), we have In({(s)) = In (Hp (1 - i) ) =—2pIn (1 -

pS
1 .
)

- o) ==Y (-5) = Y
p p

Next, fix a prime, p. Then

CAGY) ) N1
LT L) “"(p)kz=1<p8)k““(p)1

A) _ 1 p° d RO
Z ,, @) 7o =~ (i) = ~ s

S

0(s)

Since A(n) is arithmetic, then Perron’s formula, which employs the Mellin transform, yields

a+ioo

> '(s)
S - Y- ] ()5

—l00

So, we have
. a+ioo ()
P(x) = i J <_Z(_s)>? ds
a—ioo

We know that at any x, the integral of this contour is evaluated as a sum of the opposites of
the residues of each singularity of the integrand. We know that (, as defined by its analytic
continuation over the complex plane, has a simple pole at s = 1, a set of trivial zeros at all
even negative integers, and a set of nontrivial zeros. Combining these singularities of ¢ with

the singularity s = 0 of the integrand, we achieve

[oe]

_ o 70
V=D 2 @

n=1
Since the convergence of both series is uniform for x > 1, then we have

—2n+1

X2 O xP*1 7(0)
fl”(t)dt =7 2mGD gp(p PRI O R




Lywde 1< 1O,
I Z -1 Zp(pﬂ) O

f (t)dt

2

2

- 1las x> o

2
So we havef:gb(t)dt ~ x? FixA > 1. Thenfore >0, 3 X suchthatVx > X

(x)?
2

2 % 2 2 M
1- S)% < J.ll)(t)dt <1+ s)% and (1 —¢) (4x) < f Y)dt < (1+¢)
0 0

(Ax)? — x?

= (1-¢) >

Ax)?% — x?
% +2ex? (5)

—2ex? < f Y(t)dt —fl/)(t)dt <(1+¢)
0 0

Since v is increasing, we have

x — () < j YOt < Ox — PO ©)

Combining (5) and (6) yields inequalities independent of the integral:

Y(x) A+1 £
x = Aot

A+1 € - Y(Ax)

22 AA-1) — Ax
We can choose A close enough to 1 and € close enough to zero that for sufficiently
lp( ) .

,and

(1-¢)

large X we have

i.e.P(x) ~ x.

Finally, we have

W(x) = ZA(n) _ Zl ( )L o )l Zln(x) = 7(x) In(x).
p=x

Also, for 1<y < x,

1 1
n(x) = n(y) + Z 1 < nly)+ Z %<}/+m Z In(p) <y + 1()1:[)()
y<p<x

y<p=x y<p=x

is within any arbitrarily small neighborhood of 1 for allx > X;

Then, fory = —z,we have

(In(x))



X 1
m(x) < (ln(x))z + In(x) — 2 In(In(x)) Y
(x) In(x) 1 In(x) Y(x)
= < +
X In(x) In(x) —2In(In(x)) x
Thus
P _r@h@ _ 1 AYC)
x = x - ln(x) 1— 2In(In(x)) x

X

Y (x)

So, since ~ 1 as x — oo, then these estimates reveal that

w_)lasx—)ooaswell.

[ ]

Currently, the Prime Number Theorem is the best estimate of the distribution of
primes that we have. And while it is an impressive postulate that sheds light on the
behavior of prime numbers, it is still not that great an estimation. This brings us to the
main consequence of the Riemann Hypothesis. If RH is true, this would provide a stronger

estimate of the prime counting function:
(x) = f dt + 0( 1 )
m(x | Togt Vxlogx).

In his 1950 thesis, Bertil Nyman made an astounding breakthrough. He proved that

RH is equivalent to a problem concerning closure in a Hilbert space. Let us define the space

p/follf(x)lp dx < 00}. Subsequently, we define a
subspace

of 17(0,1) as N1y = {g € L2(0,1)] g() = Ty e {2} 0 < 6 < 1and X}, 6, =0},

of functionals L?(0,1) := {f: (0,1) > C

where, for allx € R, the fractional part of x is given by {x}, and [x] denotes the integer
partof x (i.e.x = [x] + {x}).
Theorem: (Nyman):
RH is true if and only if N 1)is dense in 1%(0,1).
Five years later, Arne Beurling formulated a generalization of Nyman’s theorem.
Today, it is generally referred to as the Nyman-Beurling Criterion for the Riemann
Hypothesis.

Theorem: (Beurling):



Forl < p < oo, the following are equivalent: (NB)
I {(s)has no zeros in the half-plane Re(s) > %

il.  Noyyis dense inL? (0,1)

i, xo1) € Non) wherey ) is the characteristic function on (0,1).

In 2002, Luis Baez -Duarte modified NB into a problem regarding a countable set.
Let us define g, (x) := {i}, and B be the space of all linear combinations of the

set{o,|a € N}. Then we have
Theorem: (Baez-Duarte)

RH is true ifand only if x 1) € B. (BD)



RESULTS AND DISCUSSION

LetV denote the #%-space of sequences x= (x;)2; such thatxE€

.12
Randzoo ||

i=17q4p) COnverges. For anyx,y €V, we define the inner-product(x,y)=

Yivq % (Note: Generally, this space is defined for sequences over the complex field

00 Xiyi
=1iG+1y

with the inner-producty, but we restricted our investigation to the real numbers.)

We then can define U, an orthogonal basis forV, asU := {uq,uy, ..}, whereu; =
(0,..,0,1,0,..), the 1 in the ithposition. Then, for each j € N, we define the element AN
Vasv® =2 i(Mmod Dy, and a constant vector v € V as v := Y°; u;. Finally, let V™ be
the span of the set {v(, ...,v™}. Under the framework of this particular notation, we can
rephrase Baez-Duarte’s criterion:

The Riemann Hypothesis is true ifand only ifvis in the closure of Ug_, V™.  (7)
It is evident that the constant vector v cannot lie in any Y™ However, since V is an inner-
product space, then at each n, there is a non-negative minimal distance from v to P®, In
other words, at each n, there is an “error” vector e™ that is orthogonal to VY™ and that the

difference e™ — visin V™,



p@

Figure 1.

(n)

n

Subsequently, at each n, there is a unique set of n scalars AM = {ain), e, o }that serve

as coefficients to the spanning set {v?, ..., v} for which e™ — v is a linear combination.
Hence (e™,v?)) = 0 for eachv® € {vM, .., v}, and this yields the n-dimensional
system (v, v¥)) = ¥*_, a,gn)(v("),v(f)). Assuming the norm, ||. ||, induced from the inner-
product, we can once again restate BD:

The Riemann Hypothesis is true ifand only if|e™|| - 0 asn - co. (8)
We can now rely on some basic linear manipulation to solve for the set of scalars A ™.
Let’s call C™the n x n matrix given by C™ = [ x|, where ¢, = (v, v®). It is evident

that C™ is both real and symmetric. Then (v, v(f)) = Yr=1 a,En)c-,k. Also, let B™ be the

J
)

n X n inverse of C™, with entries b,EZ.) (Note: The superscript (n) is necessary in bk'j,

since the k, j"entry of the inverse is dependent on n, as opposed to G k). Then we have

n

a,E") = b,ﬁ?(vm,v(")).

=1
Now, we will employ a function that will let us express (v, v¥’) and (v), v®) as

finite sums.

Definition: (Digamma Function)

The Digamma function is defined on C\{—n| n € N}by

10



I (x)
I'(x)
Note: Though the notation for this function, ¥, is similar to the Chebychev functiony,

d
Y(x) = aln(r‘(x)) =

besides the subtleties of italics and lower-case, understand that these signify two separate
functions; this is the common nomenclature. With this function, we can show the
following:

Lemmal: (v,vY) = In(j)

Proof: We have the identity W(z+ 1) = —y+ Xo- 1 where Y(1) = y is the Euler

constant. Through some manipulation, we achieve the followmg:

°° v()-v()

an+d+1)(nr+d) r

9)

w 1 l(mod J)

I and since (nr + d)(Mmed ™) = gmod 1) 'y (i.e. the

Then, since (v v(’)) Yie

numerators have period j), then, by rearranging terms, this sum can be expressed as
1

j

tZ(n]+t+1)(n]+t)

n=0

Il
-

t

By (9), we have

 — t+1 ¢
(v, vy = ]it W(T) B Lp(})

() 2@ )20+ - 0= o) -0-0v())
=_]—,1(lp(]1,>+ lPG) ot l}’( ;1>+LP<;) ‘P(j-:)—(i—l)‘l’(l))

=_]__1 Zw(}f) +w(1)

It is well-known that Zi=1 vy (]E) = —j(y + ln(j)), and W(1) = —y. Hence

(v,p0) = _7.1(—j<y+ln(/))—y = In(j)

11



Now at each k, a(n) (. (n) In(j). Next, we

i(mad j)i(mod k)

i(i+1)

[00]

examine (v®, vy = ¥ Here, the period of the numerators is jk. So,

again, by rearranging terms, and by (9), we have

jk—1
W 0y = = Z ¢mod J) . p(mod k) . [ (ﬂ) _y (i)
jk Jk jk
t=1
jk—1
= a= 2 G (v - ()
T LG ik jk

Let us now refer tov —e™, the orthogonal projection of v onto P s sM,

Since s™ = Z”: a(n)v(k), then the i*" component
of s™ is 5™ = yr_, imod 1) g™ thatiss™ =1 —e™. By Lemmal, we also have for
eachk, a” = ¥, b(n) In(j). Since RH is equivalent to e™ tending to zero, then clearly if

there is any i such that sl.(")does not converge to 1 asn — oo, then RH does not hold. Itis

natural, then, to look for a limit @, to which each a,gn)converges, so that si(n) — lateachi.

Lemma2: lim, ., ™ = v ifand only if lim,_ a,E") = “g‘) v k.
Proof: Assume “lgn) - = %as n — oo. Then at each i, we have
n n .
i
Si(n) — Z “;En) . jmod k) — Z algn) ) k{%}
k=1 k=2
i i n . i ] n
l i i
=Z“;§")‘k{ﬁ}+ z algn),k<z)=zalgn),k{z}+ Z Ol,En)'l
k=2 =i+l k=2 k=i+1

k=i+1
n) (n) | i
- k] + Z
Z :
:llms = llma ") k[]+11m ,En)-i
n—oo n—)oo n—)oo

12



k i
> wm YR i Y e

k=2 k=2

Since Y}, _ 1“5{“ k[ﬂ =1,vi>1,wehave
ss;=14+(s1—1)i
If s; # 1, then s; diverges. Hences; = 1, and, subsequentlys; =1,V i ;
i.e. limy e s® =p,
Conversely, assume lim,, _,o, s® = v; i.e. lim,_q sl.(") - 1,Vi. We have

(n) — agn)l(mod 1)+aén)1(mod 2) + .+ ar(l")l(mod n) — (") + .+ a(n) and

Sz(n) — a%”)z(mod 1)+a§n)2(m0d 2) + .+ ar(ln)z(mod n) _— 2 (as()n) + . +0[(n))

= Zs(n) sz(n) agn)
= 251—52=2—1=2(l2 =3 azzéz—@
Now we employ strong induction on k; assume a,E ) a, = —%, fork e {1, ..,i
Then
Si(n) — agn)i(mod 1) +d§n)i(m0d 2) + .+ ar(ln)l-(mod n)
i—1 i—-1
_ z aMimod 1) 4 z o™
k=2 k=2
i—1 n
= 1= lim (n) jmod k) 4 {jm a,E")l ,and
" k=2 " k=i+1
n n
1= lim a,En)l(m"d ) = lim algn)
n—oo n—-oo
k=2 k=2
n
> i= lim y ai
n—0co
k=2
n i—1 n
(i—-1) = lim z a,ﬁ")i — lim Z (n) j(mod k) _ i a,gn)i
n—-o n—-oo n—0o0
k=2 k=2 k=i+1
i—1 i—1
= lim Y a® )(l j(mod k) — hm ( M+ a(n)
= k=2

13



n—oo n—-oo

i—1
e
= — lim Z%[ﬂ +ilima™ = —(1—i—pu@)+ilim a”
n—-oo
k=2

i
a™ - &,)as n - oo,
|
Thus, our final rephrasing of BD:
For a,En) = Z}Ll b,g.q) In(j), then RH is true ifand onlyl'fa',gn) - —% ,Vke€EN.
Conjecture:
. . . o u(k)y _ ]
RH is true if and only if ¥y -, Gy - (— T) = In(j) (10)
Th . . n u(k)
e following is a graph of n vs. Y} _; ¢y - (— T) — In(5).
1
0.5
4
bot
0 WN—%
: Y1000 2000 3000 4000 5000 6000 7000
-0.5 F
-1
-1.5
-2

Figure 2.
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