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NON-CONVEXITY OF THE OPTIMAL EXERCISE BOUNDARY FOR AN
AMERICAN PUT OPTION ON A DIVIDEND-PAYING ASSET

Huibin Cheng, PhD

University of Pittsburgh, 2011

In this thesis, we prove that the optimal exercise boundary of the American put option is not
convex when the dividend rate of the underlying asset which follows a geometric Brownian
motion, is slightly larger than the risk-free interest rate. We show that the non-convex region
occurs very near the expiry time. Numerical evidence is also provided which suggests that the
convexity of the optimal exercise boundary is restored when the dividend rate is sufficiently
larger than the interest rate. In addition we provide the near-expiry and far-from-expiry
behavior of the boundary. To complete the rigorous proofs, we also show that the optimal

exercise boundary has C'*° regularity.
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1.0 INTRODUCTION

Options are traded both on exchanges and in the over-the-counter market. The options
and derivatives market is significantly larger than the equity and bond markets combined.
Moreover, the diversity and complexity of these financial instruments makes them difficult
to accurately price and hedge. In this thesis we study some mathematical and numerical
problems associated with pricing American put options with a geometric Brownian underlier.
This is the prototypical example for studying option with early exercise capability.

An American put option is one exercise right of selling a share of underlying security
(stock) at a fixed price called the strike, F, any time up to expiry, 7. Black and Scholes theory
can be used to derive the price (c.f. [42]) of the option, based on the following assumptions:

(i) the stock price, Sy, is a log-normal process, i.e.,
dSt = Ut St dt + JStth,

where o is a positive constant, {W,} is the standard Brownian motion (Wiener process) and
{1} is an adapted process; (ii) for the time period [¢,t + dt), the stock pays DS;dt dividend
at time ¢t +dt, where D > 0 is the constant dividend rate; (iii) there is a risk—free asset whose
return rate is a constant, . The price of the option at time ¢ < T" with observed stock price

Sy is P(S, t) where P(-,-) is the solution of the obstacle problem (variational inequality)

max{L*P,(E —S)T — P} =0 in (0,00) X (—00,T),
(1.1)
P(S,T)=(E—S)" :=max{F — 5,0} on (0,00) x {T};

here £* is the Black-Scholes operator defined by

. oP  o? ,0°P oP
,CP—E—F?S a—S,Z—F(T—D)Sﬁ—TP.



The option holder must decide on a strategy for the optimal time to exercise the position

during the lifetime of the contract:
T* =min{t € [0,7] | St < B(t)},

(c.f. Figure 1) i.e., the first time when the stock price drops to B(t), where, the early

Figure 1: Optimal time to exercise and optimal exercise boundary

(optimal) exercise boundary B(t) is defined in terms of the solution of (1.1) as
B(t) :=inf{S > 0| P(S,t) > (E—9)*} Vt<T. (1.2)

The precise location of this boundary is of great importance to option traders. Using inac-
curate estimates for the early exercise boundary could lead to large losses.

The American put option problem was first stated mathematically by McKean [37] and
then studied by Moerbeke [39]. Since then it has been intensively studied in the mathematics
and finance communities, see [2-7,9-13,15-18,23,27,30-34,36,40-42] and references therein.
In contrast with European style options, that only allow exercise at expiry, the American
options of interest here do not have closed form solutions, requiring numerical or analytic

approximations for the price and the early exercise boundary.



This thesis will focus on some mathematical open problems associated with the early
exercise boundary. In particular, we will provide new rigorous results in three areas:

(i) the convexity and non-convexity of the early exercise boundary,

(i) the C*° regularity of the early exercise boundary, and

(iii) the behavior of the early exercise boundary near and far from expiry.

An integral part of this analytic and numerical study will be the derivation and use of several
nonlinear integral equations for the free boundary.

The convexity of the early exercise boundary B(t) becomes important for its global ap-
proximation and interpolation which is very useful for practioners. Recently, Chen, Chadam,
Jiang and Zheng [17] provided a rigorous proof that the boundary B(t) for the American
put is convex when the dividend rate D was zero; an independent proof was obtained by
Ekstrom [18]. Since then, a great deal of effort has been made to show the convexity of
the boundary for D > 0. However, numerical experiments suggest that the early exercise
boundary loses convexity when D is slightly larger than r and that convexity is maintained
when D < r and when D is sufficiently larger than r.

We believe that this phenomenon is due to the following change of behavior of the early
exercise boundary, S = B(t), very near expiry, T, as D increases past r. At expiry, the early
exercise boundary approaches its expiry value with infinite velocity [39], leading to difficulties
in the accurate approximation of numerical simulation and pricing in this extremely volatile
period. Therefore, asymptotic expansions of the boundary near expiry had been studied
earlier (see [3,5,10,15,16,32,40,42] and references therein). Ast & T, if r > D, B(t) follows

B(t)
B

= o/—(T — t) In[87(r — D)2(T —t)]. (1.3)

In

In the above expression, the correct constant was first found in [40], then is proven with
mathematical rigor in [15]. If » = D, the B(t) follows a similar behavior,

1n% = o/ —(T — t) In[47r2(T — t)]. (1.4)

As D increases past r, the near expiry behavior of the boundary becomes quite different
[13,32], becoming
B(t) o

r
IHTZIHE—AOE\/T—t, (15)



where the constant Aqg = 0.90344 . ... Therefore, for D > r we have for

1
T—1

B'(t) o« ) t~T

and the probability density of the associated Brownian motion, [2ro?(T—t)]~"/2e~[B-BDI*/[20*(T—1)]

is proportional to B’(t) in this regime. On the other hand, for 0 < D < r, the dominating

near-expiry behavior is

and the probability density is almost a positive constant. As a result, when 0 < D —r < 1,
we can find times t; < T, for the first behavior and, ¢, < ¢, for the second behavior, such
that B(T'—) = oo > B'(ty) > B'(t1) > 0, thereby demonstrating that the free boundary is
not convex. When D — r is not small, it seems the second behavior is either suppressed or
occurs too early so that the free boundary remains convex. Motivated by the above changing
behaviors of B(t) and the numerical results, we show that the convexity of B(t) is lost when
0 < D —1r < 1 and the non-convex region occurs near expiry through careful estimates
obtained from a pair of integro-differential equations for the optimal exercise boundary.
Since these integral equations involve the derivative of the boundary, complete rigor
relies on a proof of its regularity. Also the validity of the formulation (1.1) and (1.2) for the

American put option relies on the following regularity of the solution of (1.1):

1. Ps:= 0P/JS is continuous,
2. B is continuous, P(S,t) > (E — S)* when S > B(t), and P(S,t) = (F — S)" when
S < B(t).

Chen and Chadam [15] established the existence and uniqueness for the put option problem
when the dividend payment is zero. The regularity of the early exercise boundary was
recently investigated for more general underliers. Bayraktar and Xing [6] and Yang, Jiang
and Bian [41] proved that the boundary is C'™ (except at maturity) when the stock price
follows a jump-diffusion process and Lamberton and Mikow [33] showed its continuity for
exponential Lévy process. Laurence and Salsa [35] proved C* regularity of the free boundary

for an American option on several assets with convex payoff. These proofs are necessarily



quite technical. In this thesis, we provide a self-contained short proof in the present log
normal context that the optimal exercise boundary S = B(t) of the American put option
with dividend payment is C°.

We anticipate the changing behaviors of B(t) from our numerical results for general
D > 0 will require sharp estimates on the far-from-expiry (i.e., the scaled time-to-expiry
s = é(T —t) — 00) behavior of the boundary (B(t) = Ee®®); see section (2.2)). It is
well known that (p,b) := (P/E,In(B/FE)) approaches its Merton solution (p*,s*) for the
infinite horizon problem [38]. Recently Ahn, Choe and Lee [1] showed the following long

time asymptotic behavior when D = 0:

b(s) = b + o(1) e~ FFU/4, (1.6)
Ips5) = Ollim ot ¢TSRS 17)
‘ S) — . oS == .
p p L*>=(R) o—(H1%5/4 i e > 1,
where k = 2ro~2. In [15] Chen and Chadam provided the outline of the proof of a stronger

result:
b(s) = b* 4 [m + o(1)]s 32 *FD™/1 a5 5 — oo,

where m is a positive constant that can be easily determined numerically. In this thesis
we follow the steps outlined in [15] to provide a proof of our sharper result in the more
general setting of a dividend-paying asset (i.e., for all dividend rates D > 0). We also
provide generalizations of (1.7) for arbitrary D > 0. The precise statements of these results
are given in chapter 8. The proofs capture the changes in the estimates arising from the
variation in D. Moreover, our proofs do not require the convexity of the free boundary in
contrast with the results in [1] where it plays a crucial role. This observation is especially
significant since the early exercise boundary is not convex when 0 < D —r < 1.

The thesis is organized as followed, in chapter 2, we begin by writing the American put
option problem in a non-dimensional form. The connection between put and call options
is also provided. In Chapter 3, we prove the regularity of b(s). The integral equations
required for the main result are derived in chapter 4 and in chapter 5, the non-convexity of

the optimal exercise boundary is proven when 0 < D —r < 1. In chapter 7 and 8 we provide



the near-expiry and far-from expiry behaviors of b(s) respectively. Finally, we conclude the

thesis in chapter 9 with further research suggested by these results.



2.0 PROBLEM FORMULATION

In this chapter, we derive the connection between American put and call options, then we

reformulate our problem in non-dimensional form.

2.1 PUT-CALL SYMMETRY

The American put option problem is related to a corresponding problem for a American call

option (see [32]). Define new variables
. E? ~ E
S=—, C(5,t)=—=P(S,t 2.1
o= "Ers 2.1)
and constants 7 = D, D = r. Then inequality P(S,t) > max{F — S, 0} is equivalently to

———> > max{F — ?}, ie, C(S,t)>max{S — F,0}.

Direct computation yields

N )
0C &, _ KD

E( 1) = gg(& t); 22)
oC -~ 1 0P 0%C -~ 1 9?P '
— = —\—==0 — P —_— = ——— 3.

Substituting (2.1) and (2.2) into (1.1), one obtains the obstacle problem,

max{C; + 20625?Cs5 + (7 — D)SCz —7C, (S —E)* = C}=0 in (0,00) x (—00,T),
(2.3)

C(S,T) = (S — E)* := max{S — E,0} on (0,00) x {T};



which is the variational inequality for the American call option with C' (g ,t) being its option
price when its underlying stock price is S at time ¢. Similar to the American put option

problem, we can define the optimal exercise boundary B(t) as
B(t) :==sup{S > 0| C(S,t) > (S—E)*} Vt<T. (2.4)

Thus the put option is transformed into the call through the identity,

O(—E2 Do BT) = 2 P(S v D0, E,T),  Blt:r, D) B
)7 9 ’0—7 ) E Y ’r7 70-’ Y 9 77,‘7 B(t;D77’)

- (2.5)

and hence it suffices to study the American put option.

2.2 THE CHANGE OF VARIABLES

It is mathematically convenient to use the dimensionless quantities:

S o? 2r 2D
L= lnEa § = ?(T—t), k= 52 = o2
2

P(S,t):Ep(x,s):Ep<ln%,%(T—t)>, B(t) = B,

a=k—0—-1,

In a typical financial situation we might have ¢ = 20% (year~'/2), T'— ¢ = 0.5 (year),
with S; fluctuating in (40%FE, 250%FE). The resulting range of interest for the dimensionless
variable (x, s) would be z € (—1,1),s € [0,0.01].

With

po(r) := max{1l — €e”, 0}, Lp = paw + ap, — kp,
The variational form (1.1) for (B, P) is transformed to
max{Lp — ps,po —p} =0 in R x (0, 00), p(+,0) = po. (2.6)
From the solution, we define

b(s) := inf{z | p(z,s) > po(x)} Vs >0, b(0) := li{r(l) b(s). (2.7)
We shall call = = b(s) the free boundary and use the default extension b(0) := lim,\ o b(s)

and define by := min{0,In(k/l)} (when [ =0, by = 0).



3.0 WELL-POSEDNESS AND REGULARITY

Using a penalty method, Chen and Chadam [15] showed that the problem (2.6) has a unique
solution for I = 0 (i.e., D = 0) p € CHP/2(R x [0,00)) N W’i’lloc(R x [0, 00) \ [bo, 0] x {0}) for
every v > 1 and § € (0,1). Moreover, b(s) is a strictly decreasing continuous function on
(0,00) and (p, b) solves the problem (3.3). For [ > 0, the proof is quite similar and omitted

here. In this chapter we only consider the regularity of the free boundary and shall show

that b(s) € C*(0,00) N C[0, 00).

3.1 BASIC PROPERTIES OF THE SOLUTION

In the next section we shall show that b € C*((0,00)), from which one can derive the

following: for each s > 0,

p(b(s),s) =1 — "), (3.1a)

pa(b(s),8) = —e"¥, (3.1b)

ps(b(s),s) =0, (3.1¢)

Par(b(s)E, 8) = =€) + (L £ 1) (k — ¢e"®), (3.1d)
Psa(b(s) £, 5) = (5 £ §)b(s)(¢e" — k), (3.1e)

where 4 denotes limits from the right and left. The first and second equations are a direct
consequence of p(x, s) = po(z) = 1—e” for x < b(s). Differentiating the equation p(b(s), s) =

1 — ) with respect to s leads

ps(b(), 8) + pa(b(s), 5)b(s) = —"Vb(s)



which implies that ps(b(s),s) = 0. From ps(x,s) = Lp for = > b(s), one obtains that

P2z (b(8)+, ) = ps(b(s), s) — ap.(b(s), s) + kp(b(s),s) = —eb®) (k — Eeb(s)).

The fact p(z,s) = 1 — e® for < b(s) implies that p,,(b(s)—,s) = —e*®). Therefore

perbls).5) = =R+ (4 & B0 — ()

Similarly, differentiating p,(b(s)=£, s) = po.(b(s)) we obtain the expression for ps,(b(s)+, s).

3.2 REGULARITY

Theorem 3.1. Problem (2.6) admits a unique solution, p. In addition, both p, and p; are
continuous in R x (0,00) and the function b defined in (2.7) is in C*((0,00)) N C([0,00)).

Furthermore,

b(0) = by, p(z,s)>po(x) Vo> b(s), p(z,s)=po(z) Ve <b(s). (3.2)

As a result, (p,b) is the solution of the free boundary problem

ﬁp—pszo>p0_p in Qb::{(x,t)\t>0,x>b(t)},
po—p=0>Lp—p, in {(z,t) |t >0,z <b(t)},
lim () (2, t) = po(b(t)) Vit >0, (3.3)

limg by Pz (2, 1) = pou(b(t)) YVt >0,

p(+,0) =po(*) on R x {0}.

10



The problem of finding the price of the American put option is often described in terms
of the free boundary problem (3.3) without the two inequalities above. Nevertheless, the
inequalities above are necessary for the variational formulation (2.6). Indeed, it is the reason

why b(0) = by. To see this, recall that

Lpo(z) = 6(x) + k[e*™ — 1]H(—x)

where H is the Heaviside function, H(z) = 1 for z > 0 and H(z) = 0 for z < 0, and

d(x) = H'(x) is the Delta function. It is critical here that Lpg changes sign only once:

Lpo =0 in [by,00), Lpy <0 in (—o0,by); bo := min{0, In(k/0)}.

This property implies that the free boundary in (2.6) is well-defined. Indeed, for each s > 0,

p(x,s) > po(x) Y >b(s), p(z,s) =po(x) Va<b(s).

Furthermore, the continuity and the first two sets of inequalities in (3.3) imply that b(0) = by.

Proof of Theorem 3.1
1. Idea of the Proof

Chen and Chadam [15] showed that the problem (2.6) has a unique solution for the case
[ =0 (ie.,, D = 0) by using a penalty method [19]. Here we consider the general case by
using the technique introduced in [17].

In [17], the analysis is carried out in terms of the function ¢ := p,. Formally one can

derive that (g, b) is a solution of the following free boundary problem:

(

qs(z, s) = Lq(z, s) V> b(s),s >0,

q(z,s) =0 Vo <b(s),s >0,
(3.4)
q(z,0) = max{Lp(x),0} VzeR, s=0,

| TI(b(s)) = fos q:(b(t),t)dt Vs >0,

11



where

0 if Z}bo,

II(2) = /z min{ Lpo(z),0}dx =

Jo(be® —k)dz if 2 < bo.

Here the last equation in (3.4) is a weak formulation of the free boundary condition
b(0) = by, b(s)[Le”® — k] = qu(b(s),s), b(s) <by Vs>0. (3.5)

The problem (3.4) is a Stefan type free boundary problem which has been well-studied
(see, for example, [21,26]). The existence of a smooth classical solution would be standard
if the free boundary condition were not degenerate; i.e., the coefficient (¢e® — k) of bats=0
in (3.5) is not zero. We shall treat this degeneracy by using the initial value b(0) = by — €

for positive € and then sending € \, 0. Thus, we shall study the approximation problem for

(¢, b°):

(5, 5) = L¢°(, ) V> b(s),s > 0,
¢ (z,5) =0 Vo <b(s),s >0,
(3.6)
¢“(z,0) = max{Lpy(x),0} VeeR, s=0,
T1(b(s)) = I(by — €) + [; qu(b(t),t)dt Vs> 0.

where II = IT if « = (k — £ — 1) < 0 and
I1(z) if z > b,

I(z) =
(b*) + [, (be” = k)e*" =2 dgif 2 < b°

if @« > 0. Here b* =In(A/1+ \) and X := (a + Va2 + 4k)/2. In the end, we shall show that

b > b* so that II(b) = II(b).

2. Existence of the approximation problem

12



Lemma 3.1. For each € > 0, the approzimation problem (3.6) admits a solution (¢, b°)

satisfying q¢° € m?ﬁ’gd(R x (0,00) and b € C*([0,00)). In addition, for any positive constant

n 2 _bO7
0 < e O[> ) — k]be(s) < M(n)e FHe?/4sif be(s) < —np. (3.7)

where M (-) is defined by

Ggo(—n /2,1
M (n) := max {MO, sup Qo(=n/2.t) )}, (3.8)
>0 n/2
with
o~/ (45) 0 o—(z—y)?/(4s)

Jo(z,8) = —— + — e™2(leY — k)d
Qo(ws) == | — = ( )dy o)

dlec®/?(le” — k)] ’
dx '

My := max ‘
:CE[bo,O]

Proof. The one space dimensional Stefan problem can be solved as follows. We establish the
existence of a solution in a time interval [0, h] for an arbitrary large h. For this we define a

function space
B = {b e CH([0,h]) | b(0) = by — €; 0 < e®/2[te® — k]b < M(e — by) in [O,h]}

where M (-) is defined in (3.8). Clearly, B is a closed subset of C''([0, h]).

For each b € B, we let ¢ be the solution of the following initial boundary value problem

(

QSZEQ in Qb = {(%,S) |S>va>b(8)}7

q(b(s),s) =0 Vs >0,

\ q(z,0) = max{Lpo(z),0}  Va >=by—e.

This problem admits a unique classical solution ¢ [20]. As the lateral boundary of Q) is C*,

we see that ¢ € No<p<1C?*(Qy\ ([bo, 0] x {0})) which implies g, (b(-), ) € No<p<1/2C°([0, A]).
For each b € B, using the solution ¢, we define b = T[b] by solving the ode

; b db
P/ pebs) k]% = qu(b(s), 8)e® 2 Vs € (0,h] b(0) = by — e, (3.10)

where b(s) = b(s) if @ < 0 and b(s) = max{b*,b(s)} if o > 0.

13



Here the special modification of replacing ecd by ea (when a > 0) ensures that ODE
problem (3.10) has a global solution since such choice of b(s) can prevent b(s) from being
unbounded from below before h. Since ¢ > 0 in @, we have ¢,(b(s),s) = 0. Hence, b is
well-defined and b(s) < by — € for all s € [0, A].

A fixed point of T is a solution of (3.6). To show that T has a fixed point in B, we first
show that T maps B to itself. For this, we need an upper bound for b. Let gq be the solution
of

qos = Lgo on R x (0, 00), qo(+,0) = max{Lpo, 0}.

Then by the maximum principle ¢o > 0 on R x (0,00), and by comparison ¢ < ¢o on
R x [0, 00).

Define Gy = qo(x, s)e®®/2+(*+e/9s — Then G satisfies Gos = Goze 00 R X (0,00) with
initial data §(x) + e®®/?(fe® — k)H(—x)H(x — by). Hence, G is given by (3.9). Note that
1Go(, )|l oo ([0,00)) s finite for every x # 0. Let 1 be any positive constant such that n > —by.
Define M (n) as in (3.8) and for each b € B, define

b(s) == min{—n,b(s)},

3.11
q1 (ZL’, 8) = M(?]) (.23 — bn(s))e_axﬁ_(k‘f‘az/‘l)s_ ( )

Since b < 0, b7 is a continuous decreasing function. Notice that
G1s — Lq1 = —M(n)[z — b7(s)]D" (s)e— /2~ k+e*/Ds > Vo >b"(s),s>0.

Now we compare q; with ¢ on @ where Q = {(z,s) | b(s) < < —1/2,s > 0}. Since ¢ < qo
on R x (0,00) and ¢ = 0 when x < b(s), our choice of M(n) implies that ¢; > ¢ on the
parabolic boundary of @), so ¢ < ¢; in Q.

Suppose b(s) < —n. Then ¢(b(s),s) = q1(b(s),s) = 0 and ¢(z,s) < q1(z,s) for z €
(b(s),—n/2]. Hence,

0 < g (b(s),8) < qua(b(s), 5) = M(p)e "2 EHDe g ps) < —,

14



It then follows from (3.10) that

0 < €ai)/2[€€i) . k,]b < M(n)e—(k+a2/4)s.

In particular, letting n = € — by in the above inequality, one obtains

0< ealA)/Q[gel; - l{i]b < M(E _ b0>efab(s)/2f(k+a2/4)s.

Finally, since e®?/? < €2 we have

0 < /2 [fei’ — k)b < M (e — by)eobe)/2=(k+a?/4)s (3.12)

Thus, T maps B to itself. In addition {T[b] | b € B} is a bounded set in C**/4([0, h]) which
is a compact subset of C1(]0,h]). Hence, by the Schauder’s fixed point theorem, T admits
a fixed point, b¢, in B. Moreover since M (e — by) does not depend on h, one can let h — oo
to obtain b € C'([0,00)). Extend the corresponding ¢ by zero for z < b¢ and denote it by
q¢. We see that (g%, b) is a classical solution of (3.6). O

3. Limits of the approximation sequence

Lemma 3.2. Let (¢%,b°) be the solution of the problem (3.6). Then the sequence (¢<,b) is
monotonic, i.e., if 0 < €; < €, then b < b and ¢ < q. Consequently, there exist q and

b such that

= lim ¢° b=1limbd°
q El\f(%qa el\flfol
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Proof. Since b°(0) = by — €, clearly, b(0) < b (0) if 0 < €1 < €3. We claim that b2 < b on
[0,00). Suppose this is not true. Then t* := sup{t > 0 | b < b in [0,¢]} is finite and we
have b2 < b in [0,t*) and b2 (t*) = b1 (t*).

Now by comparison on D = {(x,t) | x > b (s),s € [0,t*]} we see that ¢ > ¢%
on D. Since b is C', we obtain from Hopf’s lemma [22, see Theorem 2.8 in p78] that
¢ (b (£9), %) > ¢ (b (t7),¢*). Consequently, since b (t*) = b(t*) and then b (t*) =
b (t*), we find from the boundary condition that

e/ 1x qgegz (bﬂ(t*), t*)ea(b€2—i)€2)/2 qil (bsl(t*), t*)ea(b€1 —b1)/2 o
) = k — eb () ~ ke — eb(t) = 0.

That is (b2 — b')'|s=¢~ < 0. But this implies b(s) — b (s) > 0 when 0 < t* — s < 1,
contradicting the definition of ¢t*. Hence, we must have b2 < b on [0,00). Consequently,

by comparison, we have ¢! < ¢ in Q1. Therefore, the sequence (¢¢, b°) is convergent. [J

4. Regularity of b

Lemma 3.3. Let (q,b) be defined as in lemma 3.2. Then (q,b) is a solution of problem (3.4)
and b € C*((0,00)) N C([0,00)).

Proof. Define £ = sup{t > 0|b > b* in [0,¢]}. Later, in the next section we shall provide an
independent proof that £ = co. So, in this section, we assume that ¢ = co. As the limit of a
sequence of decreasing functions, b is also decreasing.

We claim that b(s) < by for every s > 0. Indeed, if this is not true, then we have b(s) = by
for all s € [0, 6] for some § > 0. Note that for the € problem, integrating ¢ = L¢° over Qye,

we have the following identity, for t5 > ¢; > 0,

/qe(a:,tg)dx—/ x, b dx—i—k/ / (x,t) dedt
R

:_/ g5 (b°(t), t)dt = TL(b(t1)) — TL(b"(£2).

t1

Sending € N\, 0 and using Lebesgue’s dominated theorem we obtain
to B _
/q(x,tQ) - / q(:c,tl)derk/ /q(:c,t)dxdt C (b)) — TI(b(t)) Vo >t > 0.
R R t1 JR
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Now if b = by on [0, d], we can integrate gs = Lq over (0,t°) x (6/2,0) to derive
5 ~ ~
| anlbn )t = T105) ~ 105/2)) = 0
5/2
which is impossible since Hopf’s maximum principle implies that ¢, (bo,s) > 0 for each
s € (0,9). In conclusion, b(s) < by for every s > 0.

Now let n > —by be any small positive constant and M (n) be defined as in (3.8). For
each € > 0, let (¢, b°) be the solution of (3.6). By (3.12), one has

M(n)efabﬁ(s)/2f(k+a2/4)s if bE(S) < —n.

o
n
Qﬂ\
=
N
&
n

It then follows from the last equation in (3.6) that
0 < ™ O/2[0eb @) _ E)be(s) < M(n)e FHe®/s i be(s) < —p. (3.13)
Sending € \, 0, we then obtain
0 < e /2[0eb) — klb(s) < M(n)e Fro™/4s i b(s) < —. (3.14)

This implies that b is Lipschitz continuous on [4, 00), where § := inf{s > 0 | b(s) < —n}.

Now we can use (¢, b¢) — (g, b) to conclude that ¢(b(s), s) = 0 and g, (b(s), s) = b[£e"®) —
k] for all s € (§,00). Next we claim that that b € C*((d,00)) by the following bootstrap
argument. Notice that b € C?/2((0,00)) for some 3 > 1 which is not an integer. Then
by standard local regularity theory, e.g. potential theory [20, see chapter 5], the solution
of g¢ = Lq in Qp with zero boundary value on x = b(s) has the regularity ¢ € C%#/2(D)
and ¢, € CP~V=1N/2(D) where D := {(x,s)|x > b(s),s > §}. Consequently, ¢,(b(-),-) €
CP=D/2((§,00)). Since le’® — k < 0 for all s > 0, the last equation in (3.4) can be
differentiated to give b[fe’ — k] = ¢, (b, s), from which we conclude that b € CP+D/2((5, 00)).
Thus, by induction, b € C*°((4, 00)).

Sending 7 \, —bp, we must have § — 0 since b(s) < by for each s > 0. Thus, b €
C*((0,00)) and (g, s) is a solution of (3.4).

Finally, we show that b is continuous at s = 0. Let 6¢ := inf{s > 0 | b°(s) > by—2¢}. Then
0¢ € (0,00] and b(s) = b > by — 2¢ for all s € (0,6°). Hence, lim ,b(s) = by — 2¢. Sending
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€ ¢ 0 we find lim ,b(s) = bo. As b(s) < by for s > 0, we conclude that lim,_, b(s) = by, so
b e C([0, 00).
[l

5. Recovering p from q

Lemma 3.4. Let (q,b) be the classical solution of (3.4) as in lemma 3.3. Define

pos) = mle) + [ aln0it VoeR 50
0
(p,b) solves the problem (3.3), p solves problem (2.6), and b satisfies (2.7).

Proof. Since q(z,t) = 0 for < b(t) and since b < 0, we see that ¢ = 0 on (—o0, b(s)] x [0, 5]
for each £ > s > 0. Hence, p(z, s) = po(z) when z < b(s) and p,(b(s), s) = po.(b(s)) for each

t>s>0. Also, p, = ¢ on R x (0,00). In addition, when = > by,

Lp(x,s) = Lpo(z) +/ Lq(x,t)dt = Lpy + / q(x, t)dt = q(x, s) = ps,
0 0

since ¢(-,0) = max{Lpy, 0} = Lpy when = > by.
When z € (b(s), by), write s = §(x) the inverse of z = b(s). Then

p(z,t) = po(x) + /s q(x,t)dt.

Consequently,

Lp(x,s) = Epg(m)—é'(x)qx(x,§(a:))+[ Lq(x,t)dt

= Lpo(x) — ¢ (7, 5(2)) + q(x, s) = q(z, 8) = ps.

b(3(2))
Thus, (p,b) is a solution of the variational inequality (2.6) in R x [0, ).
Now we claim ¢ = co. Let (p*(+),b*) € C'(R) x R be the well-known Merton solution of

p*=po on (—o0,b"], P +ap” —kp* =0 in (b*,00), p*(00) = 0. (3.15)

The solution p* is given by
“A(z—b*)

p*(z) = max{l —e”, elT}’
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and b* is the same as the defined in (3.6). Following the proof of Theorem 2.3 in [15], one
can show that p < p*, b* < b by the comparison theorem. It then follows that ¢ = co.
Finally, po = ¢ > 0 in @y, so p > po in Qp. Also when = < b(s),p = po and Lp — ps =
Lpy = k[e®™% — 1] < 0. Thus, p is a solution of (3.3) and also a solution of the obstacle
problem (2.6).
Since the solution of the variational inequality (2.6) is unique (see [20] chapter 1 and [15]),

the assertion of Theorem 3.1 thus follows. O]

Remark 3.1. Let p¢ := pg + fot q“(x,t)dt. Then (p,b%) does not solve the original problem;
one finds that p§ — Lp® = —Lpo(x) in (b — €,by) X (0,00). Indeed, as € N, 0,p° \( p and
b b,
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4.0 INTEGRAL EQUATIONS

In addition to the variational formulation of the American put problem (2.6)-(2.7), it is useful
to use an approach based on integral equation for the free boundary. In this chapter we
develop several integral equations which are useful for our analysis and numerical simulation
in the later chapters.

Let p(z, s) be defined in Rx (0, co) from problem (2.6)-(2.7), then ¢(z, s) := p(x, s)—po(x)

satisfies

¢s — Lo(x,s) = H(x —b(s)) Lpo(z) on R x (0,00), (1)

#(-,0) =0 on R x {0}.

Where H is the heaviside function. Using Green’s formula, one can write the solution of

(4.1) as
o(z,s) = /08 /b(oo )F(x —y,t)Lpo(y)dydt, V(z,s) € R x [0,00), (4.2)
s—t
where I is the fundamental solution given by
[(z,s) ;= K(x + as,s)e ", K(z,t) = ——e 7 /%,
Noting that
Loo(x) = 8(x) + (Ie” — k) H(—2),
one can rewrite (4.2) as

b(z,5) = /Osf(x,t)dt—i— /0 /b( [ KL —y. gt (4.3)
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Differentiating the above equation with respect to the variables z, s yields, for every (z, s) €

R x (0, 00),

s s 0
O(x,8) = /0 I‘x(a:,t)dt—l—/o /b(st)[ﬁey — k|l (z — y, t)dydt, (4.4)

and
0
¢s(z,s) =T(z,s) —I—/ [le¥ — k|l (x — vy, s)dy
b(0)

_ / Cb(s — )] — RJD(x — b(s — ), 0) dt
0 (4.5)

=TI'(z,s) +/b [le? — k|l (x — vy, s)dy

- / b(#)[0eM® — KID(x — b(t), s — £) dt.
0
Moreover, for every s > 0 and x # b(s),

Gse(2,8) =T'p(x, 8) +/ [le¥ — KTy (z — y, s)dy o
bo 4.6

— /S b(t)[0e®™® — kT, (z — b(t), s — t) dt.

Evaluating these expressions at x = b(s) one then obtains the following theorem.

Theorem 4.1. Let (p,b) be the solution of the variational inequality (2.6)-(2.7). Then b

satisfies the following integral identities:

0 = /0 SF(b(s),t)dt+ /0 | /b(sot)[fey—k]r(b(s)—y,t)dydt, (4.7)
0 = /0 I (b(s), )t + /O /b(st)[éey—k:]l“gﬁ(b(s)—y,t)dydt, (48)
0 = T(b(s),s)+ /boo[fey—k]F(b(s)—y,s)dy (4.9)
— /0 8 b(t)[0e!® — K]D(b(s) — b(t), s — t) dt,
b(s) 0P — k] = 20, (b(s), 5) +2 /b:[ﬁey—k]l“x(b(s)—y,s)dy (4.10)

—2 / t b(t)[0e!® — kT, (b(s) — b(t), s — t) dt.
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Also, for any 0 € R,

b(s)[ee?®) — k] :(9 - ®>F(b(s), )

S

+ /O[Eey — k] (9 - lj(s)—_yﬁ(b(S) —y,s)dy (4.11)

bo S

- / Ch(e) et — (9 - M)F(b(s) —b(t), s — t) dt.

s—t
Proof. Let (p,b) be the solution of the problem (2.6), then the identities (4.3)-(4.5) must

hold. From the boundary values (3.1), one obtains
P(b(s),8) = d2(b(s), 5) = ¢s(b(s),s) = 0
which imply (4.8)-(4.10) directly. Since from (3.1€) pao(b(s)+, s) = b(s)(Le?®) — k),
Gox(b(5)+,5) = b(s) (" — k).
Applying this in (4.5) and taking into account the jump discontinuity of I', one obtains

b(s)(Le’™® — k) = lim [Co(z,s) + / [le’ — k|l (z —y,s)dy

x—b(s) bo

— / S b(t)[ee’™ — KT, (z — b(t), s — t) dt]

“L(0(5), ) + [ 1te? ~ KIEL0s) ~ . 5)dy

bo

- / | b(t)[te"® — KT, (b(s) — b(t), s — t) dt + bs) (¢ — )

2 )

which leads to (4.10).
Using the fact

1
Fac(xa 8) = 5 (E + O[>F(l‘7 8)7
the above identity becomes

b(s) (e’ — k) :<b(8)

S

+ /O[gey — k] (b(8> LA a)F(b(s) — vy, s)dy (4.12)

bo S

+ a) L'b(s),s)

— tb(t)[zeb@) — k] bls) = b(t) +a)T(b(s) — b(t), s — t) dt.
0 t

S —_—
For any 6 € R, s € R, multiplying (4.10) by 6 + « and subtracting it from (4.12), one has
the integro-differential equation (4.11) O
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We shall use (4.11) with particular choices of 6 for our analysis and numerical simulation.
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5.0 NUMERICAL SIMULATION

In this chapter, we provide an accurate and fast numerical scheme to solve the integro-

differential equation of the free boundary (see equation (4.11))

0 b(s) —
+ [ e =10 = L) rib0s) - )y 6.
- / Chb)eeh® — g (9 - b(si = [Z(t)>F(b(s) —b(t), s —t) dt.

with 6 chosen to remove the singularity in the last integral.

5.1 NUMERICAL SCHEME

There is a singularity in the last integral of equation (5.1) when s is close to zero. From the

analysis to be provided in chapter 7, the asymptotic expansion gives, for [ > k,

: A
b(s) ~ by — Aov/5, b<s>~—2—j§, as s\, 0

where Ag = 0.90344659. ... Hence when 0 < s <« 1

o Y2V o Ay M) — by

Y

2./s 2s

t—s— s—t
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Therefore, taking 8 = (b(s) — by)/2s in (5.1) removes the singularity in a natural way. Then

one has

b(s)[te?®) — k] = —(M)r(b@),s)

25
+ é/b [le¥ — K <y — MT+%>F(b(s) —y,8)dy (5.2)
- /0 i) [eet® — k](b(sé — b _ b“i — f(t) )F(b(s) —b(t),s —t)dt .

In order to avoid the difficulties at s = 0 in the numerical simulation, our scheme to
compute b(s) starts at time s = ¢ which is taken small enough to capture the critical

behavior of b(s). In practice, § = 10712, For notational simplicity, we denote
v(s) = 1" —kb(s);  z(s) = by — b(s), and y(t) = by — b(t).

The equation (5.2) can be rewritten as

dv(s)
ds

= [(b(s),s) + g(b(s), s) + h(=(s),y(t), s, 1) (5.3)

where

- (CE)ree

/b:gl (z,s,9) dy,

gi(@,s,y) = [le’ — K] (y - bO)F(fc —Y,5)

) 0l0)500) = [ l(s)pte) s 8) o0 e
e().(0), 0= (2 - LIy i) o) 5

2s s—t

f(z,s)

CDIH

The following iterative scheme is employed to solve the equation (5.3), for iterative index

n>1

dv™ n n _— 1 _
= FO(s), 5) + g0 (s), 5) + h(="D(s),y "V (2), 5, 1); (5.4)
b™ () = bs, h(z9(s),y (1), s,t) = 0.

Notice that for each n, the equation (5.4) in fact is an ODE which can be solved numerically

by standard schemes such as the Euler method or the more accurate Runge-Kutta (RK)
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method, etc. In the nth iteration, the function h(z"~V(s), 4"V (t),s,t) can be regarded
as a known forcing function whose values at all s are already computed in the previous
(n — 1)th iteration. The left (right) rectangular rule, trapezoid rule or quadrature rule are
used to approximate the integrations of g and h. More details of the scheme are as follows.
1. Generating mesh points.

To better capture the behavior of b(s) in the region of small s, a strict monotonic function

s(@) = 100s+1n s is used to generate mesh points which are concentrated near 0 and suitable
(@) (G) (&) (@) $&

for our scheme. Let s, = 517,85, ...,83/41 = Smaz, M € N be evenly-spaced points of
[sg)n, 37(7%);3] then s; =9, s9, ..., sp41 are the grid points for our scheme, where

s\ =100s; +Ins;,  i=1,2... M+1

2. Scheme for (5.4).
Denote As; = s;11 — s; and let v (n) b(n ) 2 n),yl ,F(b(n i), G(b(n), Si)s Hi(n) be the ap-

)

proximations of v (s;), ™ (s;), 2 (s:), y™ (s:), F(B", 50), g0, 3), h(O, 6O (2), 54,1) Te-

spectively, then the Scheme for (5.4) is
a) Euler
o™ = o™ L [P, s) + GO, ) + H" V)As;,  i=1,...M, n>1

$i)
o\ = s = leP — kb, H(O) 0.

where F(b™, s;) = f(b, s;) and G, s;), H™ " are defined later.

)

b) Runge-Kutta: to apply the RK method, to generate refined mesh points of s denoted

2

approximation of h(b L, b (t),siJr ,t). Denote As; 11 =81 — ;. The RK scheme is
2

by sq, S111,52,- -5 SM, 3M+%, Sp+1- Then b(n)l is the approximation of b(si+%) and Hi(:)% the

As;
o=+ = (Kf? 42K + 2K + ng), i=1,...M, n>1
vin) — vy = le% — kb;, Hi(o) =0,
K@zF@”>+G< cs0) + H Y,
1 (5.6)
KZ(:L) = F<b§n) Kl(? ASZJr ) z+ ) + G<b(n Kf? ASer ) Z+ ) Hz(z )’
2

K?E?) = F<b R K2 Asz+l7 Si+l) + G<b§n) + KQ(?)ASHl? 5i+l> + anil);
2

K3 = PO + K Asi, si01) + GO 4+ KS Asiy sigq) + HO Y
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3. Scheme for the integrals G, H.

In the rhs of the equation (5.3), the two integrations are different. The first one, g, is a
space integral on [by, 0] while the second, h, is a time integral on (0, s).

a) Approximation of g.

Let y3 = bo,y2,...,ynv = 0,N € N be the evenly-spaced points of [by,0] and Ay =
(—bo) /My, then

LN (5.7)
~— > wigi (00", 51, 55) Ay == G (B, 5,)
7=0

S; <

where w; are weights for a specific quadrature rule; for example, wy = 1/2,w; =1,0 < j <
N, wy = 1/2 for the trapezoidal rule as described earlier.

b) Approximation of h.

After we have vgn),bgn), 1 <i < M+ 1 for all points, we can approximate h at s; for

1<i< M

’

B2,y ™ (L), 5i,t) = / ha (2™, 4™ (1), 5, 1) 5 (¢) dt
0
J

~ Z wijh1<zz‘(n)7 Z('n)7 Si, Sj)(U§1)1 - U('n)> (5.8)
j=1

= g™

where w;; are weights which, for example for the trapezoidal rule, are defined by

1=1 Wi = ]_,
. 1 .
1>1: ’wﬂ:wn’:§, wijzl, fOI'1<j<Z.
Then Hl(i)l /o for 1 < i < M can be obtained by interpolating HZ-(n) on the refined mesh points.

4. Obtaining b from v
After obtaining UZ(”) by using (5.4) in the nth iteration, bz(»") has to be recovered from
vi(n) for the (n + 1)th iteration. Recall that the function le” — kz is strictly monotonic when

r < by. Therefore, for each vfn) there exists a unique bg") (< bp) such that

oM = bt _ kbgn)

2
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(

The bisection method is used to obtain bg") from vi"). The values by and b* are used for the

initial guess of the root for the bisection method, and the error tolerance is set as 10714,

5.2 NUMERICAL RESULTS

In what follows, we consider the following set of parameters: strike price £ = 1, expiration
time T = 1, volatility ¢ = 0.25, and interest rate » = 0.05, while letting the dividend rate D
vary. The iterative tolerance for |b™+Y — p(™| is set as 1075,

The iteration is rapidly convergent. In general for D < r, 7 iterations provide a solution
of error less than 107® and for D > r 12 iterations are sufficient. One solution of B(t) =
Eeb®) costs less than 2 minutes of computing time on a PC with C2D cpu. Figure 1 shows
the optimal exercise boundary B(t) in the original S,¢ variables. Numerical accuracy is
demonstrated by the overlap of the curves produced from 400, 800 and 1600 mesh points.

Afterwords, the numerical results are produced using 800 mesh points.

r=.05, d=0.055, E=1, T=1,0=0.25
0.91r 1
50.89r
—400 mesh pts.
0.87 -- 800 mesh pts.
---1600 mesh pts.
0.97 0.98 0.99 1

Figure 2: Optimal exercise boundary B(t)
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Figure clearly indicates that the optimal exercise boundary is not convex when D is
slightly larger than r. Recall that s = 0?(T — t)/2 and b(s) = In(B(t)/E) so that

B//(t) _ Eeb(s)02

[i(s) + (b(s))? (5.9)

provides the connection between convexity in the two coordinates. In particular (5.9) says
that if B is not convex (B” < 0) in some region (as in Figure 2), then b < 0 is not convex
in some s-region. On the other hand, if b > 0 is convex in some s-region, then B must be

convex in the corresponded t-region.

x10

N

N

s=(T-1)0%/2

0.2 s 0
0 0.2 '

e=log(D/r) 0.2 O 01 2

Figure 3: Loss of convexity as ¢ := In(D/r) crosses zero.

Figure 3 shows the variation of the free boundary as e = In(l/k) = In(D/r) increases.
Here z = b(0) — b(t). For ¢ < 0, all free boundaries b(s) are convex and so are the original
optimal exercise boundaries B(t) due to the connection (5.9). For ¢ positive and small, the
free boundary b(s) loses its convexity near s = 0, i.e., near expiry. Moreover for ¢ positive
and increasing, equivalently as D is slightly larger than r and increasing, the non-convex
region becomes flatter and spreads out. When ¢ or D is large enough, the convexity of b(s)

is apparently restored (so is that of B(t)).
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\\\\\\\ --- €%/8In]e|
O \\\\\\\ | |
0 0.1 0.2 0.3 0.4 0.5
e=log(D/r)

Figure 4: Interval for which the free boundary is not convex

In Figure 4 we plot the location of the onset and termination of the region of non-
convexity for B(t). We obtain a teardrop region which confirms that convexity is lost when
D —r > 0 but is not very large, and that convexity returns when D becomes sufficiently
large (e.g., D > €%*r = 1.5r when r = 0.05 and the volatility o = 0.25).

Figure 5 shows a plot of the location of the onset and termination of the region of non-
convexity of original B(t) (solid lines) when ¢ is very small. The red dashed curve is the

analytic estimate for the location of the non-convexity from chapter 6.
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Figure 5: Interval for which the free boundary is not convex
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6.0 NON-CONVEXITY

The numerical evidence in the previous chapter suggests that the free boundary B(t) loses
convexity when the dividend rate D is larger than the interest rate r» but not very large. In

this chapter we provide a rigorous proof that B(t) is not convex when 0 < D —r < 1, i.e.,

Theorem 6.1. When 0 < D —r < 1, the optimal exercise boundary is not convex. More
precisely, when € := In(D/r) = In(¢/k) is positive and sufficiently small, neither S = B(t)
nor z = b(s) is convex. In particular, there exist a t for which B"(£) < 0 and hence b(3) < 0,

where

In this chapter we assume that ¢ > k.

It is convenient to visualize graphs in the first quadrant, hence consider z(s) = by — b(s).
Also, by the asymptotic analysis in chapter 7, b(s) =" 0o when s N\, 0 which motivates us
to study the inverse function of z(s). Since b(s) < 0 for s > 0, z(s) > 0 for s > 0. Hence for

all s > 0, there exists an inverse function denoted by s = s(z).

Lemma 6.1. Let s = s(z) be defined as above. If 6’2% 1 not an increasing function, then the
original optimal exercise boundary B(t) is not convex. Furthermore, if B(t) is not convex,

neither is s(z).

Proof. Recall that

B(t) = E"®) = e,
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It follows from that

EB(t)  d(eh—=)

a2 ds?
0.467b0 d2(efz(s))
4FE ds?
ote= d ( —2(s) dZ)
_ — — | e _
4F ds ds
ole7b d s _ds. |\ dz
Sy (G = b

_oteh (ez ds>—2 d <€Z ds> dz
4E dz/) dz\ dz/ds

ole7to dz 4 d < Zd3>

4F (ds) dz\ dz
Hence, if €% is not an increasing function, ie., £(e*%) < 0, then B(t) is not convex.

Furthermore one can obtain that

*B(t) a4eb0( st)—Q( Lds d23> dz

zZ
e_
dz

= —+ef—)—
dt? 4F dz dz?/ ds
0 ) (6.1)
ote” __ rdz\3 d°s ds
() )
4F ds/ ‘dz?  dz
So if B(t) is not convex, neither is s(z) because s > 0. O

In the following, we will show that when [ > k and ¢ = InL < 1, then B(t) will lose
convexity near expiry. To show that B is not convex (B”(t) > 0 not true), by lemma 6.1
we only need to show that e®*ds/dz is not an increasing function. For this, we compare the

values of e*ds/dz at two points:

g2 g2

z1 = 2(s1), s1:= i 29 1= 2(89), $g:= m (6.2)

8+ v |Ing|’

where v can be any constant in (0,8). For definiteness, we fix v = 2. For convenience,we
denote the first non-convex position z* and the first non-convex time s*, if they exist. If
they are infinite, then B(¢) is convex in view of (6.1)

We can define

d? d
2" = sup{z >0 | d_zi + d—j >0in (0,2] };  s":=s(2"). (6.3)
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To prove Theorem 6.1, several integral equations are required for our analysis. With the

particular choices of # = 0 and § = [b(s) — by]/s in the equation (4.11), one has

6(3)[€eb(8) — k| =

41 / (te” — k)l — b(s)IT(b(s) — . )dy (6.4)

+ 1 [ 1te = My = re(s) .51y (6.5)
- / Che)[eet® — k](b<3)s_ bo _ b(si - f:(t)>1“(b(s) —b(t), s — 1) dt.

Noting that fe¥ — k = k[eY~% — 1], one can use the change of variable § = y — by in the first
integral and the change of variable y = by — b(t) in the second integral of (6.4) and (6.5) to

obtain

d
[1—e*Z]d—§:11+IQ—13:J1+J2+J3 (6.6)

where

e+ )l (—e - 2,5)
b= ks ’
Bim 5 [ € =1+ Py = = ),
z » z—y
him [ 1= o)t )Tl = 25(2) = s(0) do
= €F(—;S— 2,5)7
Jy = 3 /an[ey — 1T(~2 =y, s)dy,




Since it is better to consider the inverse function which is smooth on [0, 00), the equation

(6.6) can be rewritten as

d 1—e> 1—e>
& _ c - c . (6.7)
dz Il+[2—[3 J1+J2+J3

In the sequel, ¢ = In(D/r) = In(¢/k) is a small positive constant. We use the standard
notation o(1) to denote a generic small quantity that approaches zero as ¢ N\, 0. We shall
utilize the first equation in (6.7) to estimate the positive lower bound of ds/dz. The key

here is that all terms I, I5 and I3 are positive, so we have the basic estimate

dz ds 1—e7*
1—e?)— < L + D, — > )
( ¢ )ds 1+ 2 dz L+ 1

Proof. 1. Lower Bound of ds/dz

First we estimate I;. From (6.7), we have

I = (6 + Z)P(—& & S) _ €tz 67(€+zfozs)2/4sfks

ks VAark2s3

which implies that

I, e (etzmas)/ds {1 _(etz—as)(e+2) }

0z B Vark2s3 2s

If s <e&?/2,sincea=k—1—1<0,
(e+2z—as)(e+2)> (e —as)e >e? > 2s.

Hence 28 < 0 if s < £2/2. Therefore

_ —(e+as)?/4s—ks —e2/4s
]lgef( 5,3):56 < e ' (6.5)
ks Vark?s? Viark?s®

To estimate I, sincea =k —1—1< —1 and 2z > 0, when 0 < y < € = —by, one has

1 T (y+2)? (y+2)a a?
I'(—y—2z5) = 47TSexp_—< 45> +( 2) —(k:—l—z)s}

1 T (yt+2)? (y+2) a’

; NEE D M
4m;exp_ s i (k+ 4)5
1 +2)° y a’

B VS TS
47Tsexp P 5 (k+ 4)3




It then follows, noting that for 0 <y <e, 0 <e¥ — 1 <ye¥ < (y+ 2)e?, that

I, == /Os[ey — 1z +y|l(—y — 2z,s)dy

1 a2 c € ,
< exp[— kE+ — s+—} / + 2)2eWt2)?/(4s) g
Vars3 ( 4) 21/, (y+2) y
1

Combining these estimates, we then obtain

ds  1—e~
dz L+ 1, — Iy
S 1—e7
I+ (6.9)
» e % 2

€
Z L o—e2/(as) Vs e |:O, §:| .

e/2
VAark2s3 Te

2. The Lower Bound of ds/dz on [0, s3], where s5 = min{s,, s*}.

(1) First we consider s € [0, s;] where s; = €2/(10|In¢]), 0 < ¢ < 1. When s € [0, s1],

since e~<°/(49) /53 is a increasing function, from (6.8) one has
—e2/4s —e2 /451
h<sr—<=& = o(1). (6.10)
Vark2s® T\ /Ark?s}

Obviously, z(s) is bounded when s > 0; say 2 < M, M > 0. When s € (0, s], from
(6.9), one has

ds 1—e? ze? ze”? ze M
— > > > > .
dz = o(l)+e/27 o(l)+e/2 7 o(1)+1 7 o(l)+1

(6.11)

which implies that 22 < 2(o(1) + 1)eM s = 0(?). Hence when s € [0, s1], 2(s) = o(e).
In particular, z; := z(s1) = o(g). Also if € is small, 0 < z < 1/2 < 1 which implies z > z?

and 1 — z > 2. Hence

— 2 Vz e 0, 2]
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which further implies that

—z

22

e
>
S/o(l)+1 Vzel0, 2]

To extend the estimate beyond s, we notice that s” + s > 0 implies that (e*s’)’ > 0 so

integrating it over [z, z + h] C (0, 2*] one obtains
s'(x4+h) = e s () if0<z<z+h<z" (6.12)

(2) With z; = 2(s1), s* 1= s(2*), s5 := min{sy, s*}, and z; = 2(s}), we claim that

25 < 2z;. Suppose not. Then we take h = z; and integrate (6.12) over [0, 2] to obtain
s(221) — s(z1) = e *s(z1),
hence
$(2z1) = [1 4+ e *s(z1) = [2 — o(e)]s(z1).
However, since s, = gsl, we obtain
5(221) = [2 — o(e)]s1 > s2 = s(23),
contradicting the assumption 25 > 2z;. Hence, we must have 25 < 2z;.

(3) We now consider the lower bound of ds/dz in [sy, s3]. For any z € 21, 23] C [21,221],

letting h = z — z; and 2 + h = z in (6.12) and using (6.11) leads to

dS(Z) > 6—(z—zl)d8(zl) > e—(z;—zl)d‘s(zl)
dz dz dz
_ds(z) _ e TP2ze®
= (& 2 =
dz o(1)+1

e~ 41 —2z3 2 6_21_23

T 1z T o)+ 1 2

> 1
In conclusion, when ¢ is positive and sufficiently small,

ds(z)
dz

> -, for 0 < =

|
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which implies that

2
s(z) > %, s(z) —s(y) > VO<y<z< 2. (6.13)

3. Upper Bounds of ds/dz

The optimal exercise boundary is convex if and only if s* = co. In what follows, we shall
show that when ¢ is small positive, s* < so. To do this, we show that the value e*ds/dz at
25 is much smaller than at zq, so it cannot be an increasing function and therefore the free
boundary cannot be convex. In (6.11), we already have a lower bound of e*ds/dz at z; if
s* > s (if s* < s1, the non-convexity is established). Here what we need is an upper bound
at z = zo. The basic idea is to use the second equation in (6.6).

Estimate of Js:

In case s” > 0, it is easy to show that J; is positive. Under the weaker condition

s" 4+ > 01in (0, s*], we shall show that Js is almost positive. For this purpose, we write
Ja= [ 1= e MR T -~ 25(2) - s(0) dy
0

where

B 2y ¢ (x)r — s(x) .
T @B — W) / ¢
s(y)]

) xQ
2" xs"(z)dz
/ fo 2( ) dz.
y T

2y
s(2)[s(2) —

38



Since "+ > 0 in (0, z*], when & € (0,z*], we have §"(Z) > —s'(Z). Also by (6.12),
§'(7) < e* %5 (z) < e*s'(x) when 0 < & < x < z < 2*. Hence s"(2) > —5'(2) > —e*s'(x).

Thus, when 0 < y < z < 23,

o &e*s'(x)di p zye®

B 2y i L
RBlzv) > s(z)[s(z)—s(y)]/y pe 25(2)

Next using (6.13) we derive that

V2 V2
Vins(z) — s(y)]

[(y — 2,5(2) — s(y)) <

Hence,

Jy = / 1= e VR, )Ty — 2, () — s(y) dy

z z 2
S (P T
0

2 S(Z) 71'(22 — y2)

3,z
:_ﬁze S

NVIEE > L Yze(0,2).

44/25(2)

Estimate of Js:

One can estimate the lower bound of J5 as follows:

1 €
Sy = —/ yle? —1I'(=z —y,s)dy
0

S

az—(k+a?/4)s
eI [T o Grpiang,

VAars3 0

az—(k+a?/4)s (z+€)/v/s
R S

v 2/Vs

In view of (6.13), we see that when s € (0, s3], we have

0(5) E/\/g 1 3
e 2 2
Jy 2 e T Adn > = e T Adn = ¢ > 0.
\/47T/2 4 Js

It then follows that
Jo+J3z2ec—2>0 Vse(0,s5] (& Vze(0,z]).
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4. Completion of the Proof Now suppose z* > 25. Then 25 = 25 and sj = so. Hence we

can use the second equation in (6.6) to conclude that

1ds(z) l—e 1
z dZ 2=2z9 o z Jl + J2 + Jg z2=2z9
< L
Jl zZ=2z22

< 51/4.

X
s=sg=c?/(—61ne)

— E .\ /47TS3e(6+z(s)—as)2/(4s)+ks
£

In comparing with (6.13), we see that

ds(z2)
dz dz

e

This implies that e*ds(z)/dz is not an increasing function on [z, z5]. Consequently, we must

have z* < z,. This completes the proof of Theorem 6.1.
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7.0 NEAR-EXPIRY BEHAVIOR

Near-expiry estimates for b(s) and B(t) = Ee’® have been obtained using asymptotic anal-
ysis for the entire range of the parameters D and r [32,42]. The leading order expansion can
be made rigorous. A rigorous proof for b(s) alone can be found in [34] and another for D = 0
appears in [15]. Here we are more interested in the estimate for b(s) which implies that very
near expiry, the optimal exercise boundary begins convex. The location of the non-convex

region occurs a little farther from expiry near ¢ given in Theorem 6.1. We show that

Theorem 7.1. Assume that D > r. Let A = 0.903446597884.... Then

o o Ado(l) .. A+to(l)
b(s) =In o — [A+o(L)]V5, b(s) = RN b(s) = — =

where limg o 0(1) = 0. Consequently, the inverse, s = s(z), of z =1In(D/r) — b(s) satisfies

Vs>0

22 2z 2

=y YO mramy TP T e 7

WV

0.

Proof. Instead of considering the premium ¢ = p — pg, we consider the rate, ¢ = p, = ¢, of
the premium change. We study the family {¢*, b*};~¢ which magnifies the region of interest

near s = 0 and is defined by
q"(x,8) == L q(by + L™z, L™%s), bl (s) = L [b(L™2s) — by ].
Information obtained from b* will be cycled back to b through the identity

1
— L -
b(s8) = by + /s b"(0) s YRS [2,2} , 5> 0. (7.1)

We shall show that limy,_,., b¥(0) = A;V0 in C?([6, h]) for any h > 6 > 0.
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For each L > 0, by direct substitution into (3.4) and (3.5) (g%, b) satisfies

(

@y = qr, +aLl™lqy — kL7%¢" Va > bh(s), s >0,
q"(z,5) =0 Va <bl(s), s >0,
EL[eL 70" ) — 1]pE(s) = gL (bL(s), s) Vs >0,
q“(z,0) = 6(x — L) + kmax{eﬁ/z‘l,()} VreR.

\

From (3.12) we derive that

0 <bE(s)bl(s) <C, 0>0b5(s) > —V20s Vs>0,

0<q"(z,s) = Lqlby+aL™" sL™?) < LC{by+ L' —b(L?s)}
= Clr —b"(s)] < Clz +V2Cs] Vs>0,x¢€ [b"(s),eL/2].

Since the bounds of the above estimates for ¢ and b” are independent of L, one can show
that {(¢",b%)}1>1 is locally compact and we can select a subsequence along which (¢, b%)

approaches a limit, (¥, (). The limit satisfies

U, =, Va>((s),s>0,
U(z,s) =0, Vo < ((s),s >0,
RC(s)C(5) = Wal(C(s),8) Vs >0,

U(x,0) = kmax{0,z} VzeR,

0< ¥U(x,s) <Clz—((s)] Ve=((s),s=0.

\
Since the solution is unbounded, the last condition imposes a constraint on the growth of
the solution.

This problem admits a unique solution and the solution is self-similar, given by

C(S) = 141\/g Vs> 07
_ B Al\/gf;f\/;(n - \/15)6_772/46177
\Ij(.flf,S) = klx 9 2/4
fAl (77 - Al)e_T7 /

) Ya>((s)s >0,
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where A; is the solution of the equation

. Ay [ e~ /4dn A2
Join—Aeltdy 2

It is easy to verify that this equation is equivalent to that appearing in [42].

Once we know the uniqueness of the limit, we then know that the whole sequence (g%, b%)
converges. In addition, by compactness, limy ., b* = ¢ in C?([1/2,2]). Using (7.1) and its
differentiation with respect to 6, we obtain the assertion of Theorem 7.1. This completes the

proof. n

In [42], the ideas were presented for obtaining a formal estimate for the leading order
behavior of b(s) in Theorem 7.1. Here we extend these ideas to a full expansion and provide
two alternative leading order expansions of b(s).

1. A Formal Expansion. Recall that ¢ := p—py satisfies ¢,— Lo = 6(z)+k[e* % —1]H (z—
b(t))H(—x), with zero initial value. When ¢ = —by = In(¢/k) > 0, the Delta function will

not interfere much with the solution near (bg,0). Hence, we expect the following expansion

P(x,s) = B(E, s) gy B(E,5) ~ 8D GalE)s™ bls) ~ by + > As™.
Vs n=1 n=1

/s

Note that ® satisfies

19 1 o 2 g2 € €
S — Sy = =D — kD + k vee ( =), s >0
25 ° s o s © * ; n! § Vs T W/s §

o, —

This leads to the following

kEEn

n!

En(bn =

+ Oé(bnfl - k¢n72 vf € (Ah OO)

where

Here we have used the extension ¢y = ¢_1 = 0.
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The boundary conditions for ¢,, and the unknown A,, will be derived from

0=0(b(s),s) = D(&(s),s), 0=o.(b(s),s)= 571/2(1%(5(8), s),
€(5) = (o) — b2 ~ Ay + Y Ay

n=2

Using the above asymptotic expansion, we have

0 ~ fjs"/2¢n(A1+§jAms<m—”/2)
m=2

n=1
n/2 Pn’ (A1) (m—-1)/2\"
~ 2T ( D Ans )
n=1 =0 m=2
~ G1(A1)s"? + [Ga(Ar) + ¢ (A1) Ags + ) [dn (A1) + ¢4 (Ar) Ay + -5
n=3
0~ D0 (A4 D AtV
n=1 m=2

~ @1 (A)s 4 [0h(Ar) + ¢ (A1) Ag]s + ) [0 (A1) + @ (A1) Ay + - -],

n=3

Hence, we obtain the boundary conditions and the free boundary conditions

$1(A1) =0, ¢1(A1) =0, $1(§) = O(§) as £ — oo,
$2(A1) =0, Po( A1) + ¢ (A1) A2 =0, $2(€) = O(&?) as & — oo,
¢n(A1) = dp—1, ¢;L(A1) + ¢/1,<A1)An = bnfla ¢n(£) = O(fn) as 5 — 00

where a,,,b,, are constants depending only expansions of order up to m.
For the homogeneous equation £, = 0, one can verify that the following are two linear

independent solutions:
¥n(€) :/g (=& 2™y, (&) = /R(??—@"“e"2/4d77.

Here v, is a polynomial of degree n + 2. It is easy to verify that

Ay (€) }

6n(©) = e -
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where A; is the solution of the transcendental equation

/ (n— A2 (n+2A)e ™ *dp=0 = A; = —0.9034465978843... (7.2)
Ay

2. An Alternative Formal Derivation We can also use the first or second equation

in (6.6) to derive the asymptotic behavior. Assume that 0 < s < €*. Also assume that
2(s) = [A+ O(y/s)]\/s. Then one finds

—bo (-bo — OéS)2
<0 T *)
NS sz &P [ 4s ks}
 =be b2 exp(—b2/e%)
_0) g o A0 T
k\/47rs3/2 P ( 45) = O( g9/2 )

Hence J; can be neglected in the expansion for small s. Also,

2 \/E/ A 772_n/4d77+0()

For J3, one uses the change of variable

n = B Gt )N et
s(z) — s(y) Zty
Then one derives that
AQ A AQ _772 2 )
J3 = —— < )e’”/A‘d 4+ O(2).
3 i ; 22 n ( )

Thus the differential equation (6.6) gives the following equation for A:

1 o 2 A2 4 A2 — 772 2 2
A2:—/ A—n)?e ™ dn + —= ( )e*”/‘ld
el Aot ) (e "
= A = 0.9034465978843....
Numerically it is evident that A = —A; and is precisely the value obtained in [42].
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8.0 FAR-FROM EXPIRY BEHAVIOR

The numerical simulations in chapter 5 suggest that as the dividend rate D grows larger than
r, the non-convex region broadens (and flattens) and moves farther from expiry. Indeed, for
large enough D, the numerics suggest that convexity is restored. We anticipate that a
rigorous analysis of this phenomenon will require sharp estimates on the far-from-expiry
behavior of the American put option of the sort summarized in this chapter.

Let (p,b) be the solution of the variational problem (2.6) and (2.7). We are interested in

the behavior of b(s) and p(x, s) as s — oo. From chapter 3, we have

p(8) S p*(r), b(s) \(b" as s oo,

where (p*, b*) is the solution of the infinite horizon problem, given by

o~ Ma—b°)

* e 1_1‘—
p*(z) max{ Y

In this chapter, we prove the following,

Theorem 8.1. There exists a constant m > 0 such that for each s > 1,
b(s) =0b"+ [m + O(l)sfé} 5*%6*53’ b(s) = [mﬁ + 0(1)5*%] 87%(27’38,

where O(1) is a generic function bounded uniformly in s € [1,00).
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Theorem 8.2 (Decay Rates). There exist positive constants ¢ and C' such that for each

s=1,

cp(s) < |Ip(-,8) = 0" ()|l o) < Cp(s),

where

cp(s) < Ips(; 8)ll @ < Cp(s)

if >0,
if a=0,

if a<0.

Theorem 8.3 (Asymptotic Profiles). There exist constants ¢; > 0 and ca € R that

depend only on k and ¢ such that for every x € R and s > 2,

( 1
6_52{01 +eésT + O(1)(1 4+ €2)s7} if a<0,
s(z, s
Pl 5) = z*e*['z*b(s)/“ls]z{cl +0(1)(1+ zIns)s 2} if a=0,

| [z - b(s)| e /W) =ew/2f e, L O(1) (s V2 + |zs ' Ins)}  if a >0
where & = (x 4+ as)/V4s, z == (x — b(s))/V4s, 2t = max{0,z}, and O(1) is a func-
tion bounded uniformly in (x,s) € R x [1,00). Consequently, for some positive constant ¢
depending on k and ¢,

ce & if a<0,
if a=0,

clr — b e /2 if a > 0.

= O; \I’(ZE, S) = cz"‘e_zQ

L>(R)
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Proof of Theorem 8.1. In the case £ =0 (i.e. no dividend), Chen and Chadam already
provided an outline of the proof in [15]. Here we follow that outline and provide the full
details for the general case ¢ > 0.

Choosing 6 = b(s)/s in identity (4.11) and dividing (4.9) and (4.11) by I'(b(s), s) and
['(b(s), s)/s, respectively, one obtains the following integral identities that are valid for all

?>0:

v [y = [ s &)
W — ks [° .
T(s),s) /bo yA(s,y) dy + /0 [t0(s,t) —b(t)|B(s,t)dt (8.2)

where, for s > 0,y € (b,0),t € (0, s),

B(S,t) — i)(t)[feb(t) N k]r(b(sz‘(—b(l;()t);)s — t) _ C(t)(l B §)71/26(52(57t)7
As(y) = [le? — k]e™/?,
Ct) = b(t)[ee?®) — ]ePrtor®/2,
1) = NN
oi(s,y) = —2b<8)fs_ yQ,
_ D(s)  [b(s) = b(1)P?
(52(8, t) 1s — 4(5 — t)

Note that the terms fb(()) Ady and fb?) yAdy do not appear when ¢ < k since by = 0.

In chapter 3 we showed that

b e C*((0,00)), hi% b(s) = by := min{0,In(k/0)}, b(s) <0, "™ —k <0 Vs> 0.
Noting that A > 0,B > 0,0 < 0, it then follows from (8.1) and (8.2) that for every s > 1,
b(s)[0e’) — ks

'S TT0).9)

< / 16(s. ) — b(t)| B(s, t)dt < / = b(t)| B(s, 1)t
<wwéﬁwﬁﬁ=Wﬂu+AA@w@}

0
< |0*{1 + / [le¥ — k]eay/2 e (2b(s)y—y?)/4s dy}
bo

B+ [bol (€ — k)eloal/Z ™2y = 7|y
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where C} = 1 + |bo|(£ — k)eltoal/2+000"/2 Hence, b(s)

= 0(1)s7%2e7 % for s > 1.

Once we have the upper bound of ]b\, we can study the asymptotic behavior of the

right-hand side of (8.2) as s — oco. First, for each s > 1,¢ € [0, s], and y € [bg, 0],

0(s,t) =0(1)s!, di(s,y) =0()s™, da(s,t) = O(1)s .
Next note that
C(t) = 0(1)b(t)e?t = 0(1)t=>/2 for ¢ € [1,00)

and ¢(t) = O(1)b(t) for t € [0,1]. Hence, for s > 1,
/:og t)dt = 0(1)/:0 t=32dt = 0(1)s™V/2, (8.3)
/3:2 g(t)(1 . é)édt - 0(1)/3:2 t\Z/QT\/f dt = O\%) /1/12 j%d@ - O\%), (8.4)
/0 " 2(1 + EC (t)dt = OS) /0 v b(t) dt + @ / /:2 Y24t = O\%) (8.5)
/OS/Qthlg(t)dt = @/01/26(75) dt+0(1)//52/2z t32(1 + Z)dt: ﬂ?. (8.6)

Thus, using (1 —t/s)"Y2 =1+ 0(1

b(s)[ebls) —

0
He _ / YA (y)e ) dy +
bo

)t/s for t € [0, s/2] we obtain from (8.2) that

f)_1/2652(s,t) gt

/ [t6(s, 1) — BN —

I'(b(s), s) 0 s
= [vastn s D+ [+ 2D —voisn - 4+ 2 a
_ /b: yAw(w)dy + (1 + A1) / L -Yra
-+ 2 [uncna - a2
= (1+ Oil)) 5;2 C(1—t/s)"Y2dt + (1 + @) /08/2 é((t)(l + é)dt + @
i @)/s;b(t)g(t)u - é)‘lﬂdt—l— (1+ @)/jﬂb(ﬂg(t)du/b: yAso(y) dy
= 1+ % Dyoq) /OS/zb(t)g(t)dt 4 /bo YA (y) dy + %
=—(1+ OS)) /OOO b(t)((t)dt — O(1) : ¢(t)dt + %
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which implies

b(s)[te") —K]s _ [° [ o) o)
F(b(s), s) = /b; ono(y) dy /0 b(t)C(t) dt + \/5 =my + \/E )

Noting that b(s) = b* + O(1)e™"*, one obtains

L(b(s), s)

_ _3 _pgg
[0eb) — k]s ~lmp + oWs™ sz

b(s) = —[my +0O(1)s /]

and after integration, b(s) = b* + [m + O(1)s~V/2]s™%/2e7%* where m = mye~*"/2/(\/4rn [k —
te”)8).

To see that m is positive, we let s — oo in (8.1) to obtain the identity 1+ fb?) Ao (y) dy —
Jo7¢(t)dt = 0. Adding a multiple of —by of this identity to the defining equation of m; we
find that

= b+ / [y — bol Asc(y) dy + / " bo — b(E)IC() dt > 0.

bo 0

This completes the proof of Theorem 8.1. m

Proof of Theorem 8.2. Note that the function g(x, s) := p,(z, 5)e*®/>*5 satisfies

s — Qoo =0 in Qp:={(z,s) | x> 0b(s),s > 0},
q(b(s),s) =0 Vs>0.

(8.7)

Since p > po implies ¢(+,0) = ps(-,0) = 0, so by the maximum principle and Hopf’s Lemma,
g > 0in @, (see chapter 3 for the details of a rigorous derivation). We shall construct
comparison functions to estimate the upper and lower bound of q.

Upper bound. Fix an arbitrary T" > 0. Let ¢ be the solution of the problem

q=0, on {b(T)} x [0,T7, (8.8)

qg=q, on [b(T),00) x {0}.

Then by comparison, ¢ < g on [b(T'),00) x [0,T]. In particular, for = > b(T),

5 o (@—y)2/(4T) _ o~ (z+y—26(T))2/(4T)

o(2.T) < G2, T) = /b . — a(y, 0) dy. (8.9)

20



Using e7¢ — e ® < e7%(b —a) for 0 < a < b, one obtains
o—(@=9)?J(4T) _ —(a+y—2b(T))*/(4T)
—e~ @ AT (1 oy — 2(T))? — (z — y)?| /AT

—e” VYA (@ — b(T))(y — b(T))/T.

Applying this in (8.9) and noting the fact g(z,0) = 6(z) + e**/2[le® — k] x{p,.0(x), Where § is
the Dirac measure and x4 is the characteristic function of the set A, one then obtains, for

x = b(T),

[z — b(T)][y — b(T)]e~(@—w)?*/(4T)
((@.T) < / 1(y,0) dy
VATTS
b<T))e /T ‘ Y —y2/(4T) +ay/24+xy/ (2T
- A {—ﬁHU+AJy—MﬂX%-—@e o/l 1) gy
(1 — B(T))e~**/4Db(T)|

\VATT3

N
8

{1 + |bO| (E ]f) b*bo /( 2T)+|ab0|/2}

For s > 1, replacing T" by s yields

ps(x, s) = q(z, s)e*aw/%ﬂs
(@ — b(s))e1"
sv4rs

< |b(s)| [z — b(s)] s T (x, 8) C;

< [b(s)] {1+ [bo| (¢ — kel /2y

where Oy = 14 |bo| (£ — k)e®"+®)%/2 " Consequently, noting that py(z,s) = 0 for z < b(s),
D5 (s 8)|Loomy < Cy b7 max{ v —b")s I(z, s)} < Cyp(s)

To compute magx{ r—b*)s Tz, s)}, for each s, define
>b*

e Ps

Vamrs3

(z — bY)e = /Astee/2 iy g s b,

f(z):=(z —b")s 'T'(z,5) =

Then one has

fi(x) =

e Pse—a?/Astax/2 [23 — (z = b*)(x — 2as)

Vars3 2s

o1



which implies that f(z) reach its maximum at its one critical point xy, where

(b* + 2as) + /(b* — 2as)? + 8s

To - —

Therefore ||ps(-, s)||zem@) < Ci|b*|f(20).
To estimate f(xg) = (g — b*) exp(—a2/4s + awo/2)e ™ /\/4ns? as s oo, note that the
quantity (xg — b*) exp(—x3/4s + axo/2) is increasing as s increasing, hence

2 2
. Ty . Qo . " X ax())
— - — — )< — - — — ).
(xg — b*) exp ( TP ) < slggo(ffo b*) exp < 1s T o

When a < 0, as s /" o0

8s(ab* — 1) ab* —1

%
(b* + 2as) — /(b* — 2ais)? + 8s o

*

= xo.

Hence Cy[b*| f(xo) < Cys™32e7%5. When o = 0, z0/v/5 — V8 and f(zo) — s 'e P /et /4T,

when o > 0, 29/s — 2« and

—1,—Bs X —1,—Bs % - 5
s € ("L‘U b )67%(w072ax0) — s € (l’o b )67478 Iofb*

f(wo) = VAar s VA s

which implies C}|b*| f(z¢) < Cas™ /2755, Notice that all constants depend only on k and /.

In addition, for s > 1,

) 0o o0 Cspl(s
(-, 8) = " (o) </ HpS("t)HLm(R)dt</ Cop(t)dt < 22( )

where the last inequality requires

00 oo —n_,—fBs
/ e B < ¢ / e‘ﬁsdt:S; .

Lower bound. Fix an arbitrary € > 0. Let g be the solution of

ds — 9y, = 01in [0,00) X (g,00), g=0o0n{0} x [g,00), g=¢qon [0,00) x {e}.
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Then by comparison, ¢ > g on [0,00) X (g,00). Thus, for s > 0 and = > 0,

%0 g (a—9)?/(1s) _ g—(a+9)?/(ds)
s te) > alwsie) = [ (0.9 dy
0 4rs
—?/(4s) poo
_ ¢ — / eny/(zis)(emy/(zs)_efwy/@s))q(y, &) dy.
V 0

Using e* — e™* > 2z for z > 0 we then obtain, when z > 0 and s > 1
xe—xz/(4s) 00

2
—_— ,e)e Y dy.
N yq(y,€) Yy

Setting C. = [~ ye V' py(y, e)e™¥/2dy we obtain for > 0 and s > 1,

g(z,s +¢) >

ps(z,8+¢) = qlz,s + €)e /276 > 45710 (2, 5) C., (8.10)
which yields

P*($)—p($,8+€)Z/Oops(x,tJrs)dt

1 Cae—ﬁf N

dt.
o V8

Fixing ¢ = 1/2 and finding the maximum of zs™'T'(x, s) for z € (0, 00) we then obtain

s+1
> / ot 'z, t) dt C. > 25 'T'(z, 5)

Ips(8) Loy = Cap(s),  [Ip(8) =P ()llzoe(my = Csp(s)

where C} is a positive constant depending only on k£ and ¢. This completes the proof. O

Proof of Theorem 8.3. From (4.5), one derives, for every x € R and s > 0,
ps(x,s) =D(z, $){1 + Li(z,s) — Lr(z,s)} (8.11)
where

0 I'(z—y,s) 0 2
I — y _ ’ — Y _ L) eow/2+zy/(25)—y?/(4s)
1(z, s) /bo [le¥ — kK| T(z.s) dy /bo [le¥ — kle ,

Iy(w,s) = /s b(t)[eet® — k]F(I —b(t),s —t)

dt.
0 F('Ta 8)

Note that when s > 1 and z > b*, I, is positive and
i(x,5) < [bo| (£ — k)eler?)0or2,
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Noting that ps(x,s) = 0 for x < b(s) and p,(x,s) > 0 for x > b(s), by the maximum principle

from chapter 3, we hence have the bound

0 < ps(z,s) < T(x,8)(1+ (0 — k)e@H /2y .— ¢ T(z, s) VeeR, s> 1.
The case a< 0. Define n:= (z + as)/(2s). For s > 1,
0 2
Li(z,s) = / [e¥ — K]e¥ /U)Fm gy

bo

) 0 1

— %/ (49) / [le¥ — kleMdy = [1 + —O( )} o1(n)
bo §

where y € [by, 0] and ¢; € C*(R) is defined by

0
b1(n) = / [Ce? — K|e¥dy VneR.

bo

We write I»(z,s) = [; Bo(s,t)edt where

Bs.t) = (1- 1) .

tx? be(t) b2 (t)

U TG0 T 2-0) As—0)

First consider the case |n| < |a|/4. Then

x « la]  « |a]
=S 2 — 5 2 0
2s 2 4 2 2
which implies
ta? ta? a’t

Define § := min{3, % In s}, then for t > s,

/Bo(s,t)ewdt gea2§/16/ By(s, t)dt
S 0

<0(1){/01/2 b(t) dt + / (1- z)—l/Z dt} - @.

S /2

o4



When ¢ € [0, 8],

{ ta? N ab(t) bQ(t)}(l B E)—l

 4s2 2s 4s S

{(r=5) 1+ (- + Z2 (4 v )

(n— %)225—1— (77— %)b(t) Lomt : L

Thus,

Iz, s) = /Bo(s,t)ewdt:/ Bo(s,t)ewdt—l—/ By(s,t)e” dt
0 8 0

_ Oil) +/0§ () [1+ @]e—(n—a/2)2t+(n—a/2)b(t) [1+ 0(1)(i2+1)]dt

s o(1 o1
_ / C(t)e-Tra/2Pe+in—a/2e) g % — ool) + %
0

where ¢5 is defined by
bo() = / () [£eMO — lelB-rma/Plek) gy
0

Since b(t) = O(1)t3/2¢=P* for t > 1 and b(t)dt = db(t) is a bounded measure on [0, 1] with
integrand being continuous in ¢ and analytic in 7, ¢o € C'(R) N C*((—o0, a/2) U (a/2,0)).
In summary, setting ¢(n) = 1+ ¢1(n) — ¢2(n) we have, when |n| < |a|/4 and s > 1,

= 14+ 0L — I =¢(n) +01)s™" = ¢(0) + ¢'(0)n+ O(1)n” + O(1)s™ ",

Note that when |n| > |a|/4, both  and s™! are O(1), so the last expansion is still valid since
it was established earlier that ps/I" = O(1). The assertion of Theorem 8.3 for p,/p(s) with
a < 0 thus follows with ¢; := ¢(0)/v47m and ¢y := ¢'(0)/v4n. From the inequality (8.10),

one has
o) +o() = 2D 5 07
1 - T(z,s) = ©s
which implies that ¢; > 0 since © = —ass > 0 when n = 0.
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The case a> 0. This implies that £ > ¢+ 1 so by = 0. Using ps(b(s),

from (8.11) that

pes) o) pl(shs) [ f
D(zs) _ T(zs)  T((s),s) /0 Bls, {1 - e

where B(s,t) is the same as before and

L - TV e b~ [b(s) — b

4s 4(s —t)
I b<8)){2(b(t) _tz+ b(s)]}

s—1t)  4ds(s—1)

Hence, u < 0, when = > —b(s) > b(s). From above equality, one has

N Ll ) N At C )]{ b(t)  2tb(s)] }
4s(s — t) 25 2(s—1t) 2s(s—t)
—t[fs(_s lfs))] L 25(8)] {b(t) (s, t)}.

So if |z| < —b(s), noting d(s,t) < 0 and d(s,t) = O(1)/s, one has

u < [z ;g(s)] {b(t) — té(s,t)} < [z ;g(S)]t [—d(s,1)]
< [_2258(3)%[_5(5775)] < |b(s)d(s,t)| = Oil)

Hence, u < O(1)/s for all x > b(s).

Denoting z = [z — b(s)]/v/4s, we can write

t 22
U=U + U2, U :=——— Uy 1=

s—t 2 %[b(t)—w(&t)]-

s) = 0 we obtain

We first consider the case when z € [0,+/s], i.e., b(s) < x < b(s) + 2s. We write

ps(flf,S) _ 3 _ _eu _euz
T _/0 {[B Bo][1 — €] + B[l — €]

4 B[l — €] — By[l — e*2][1 — e“l]}dt.

To estimate (8.12), We first claim that
| Bolr = et = o0z
0

o6

(8.12)

(8.13)



Recalling that d(s,t) = O(1)s™!, we have

[a@ﬁpﬁmﬁ:hfakw_@fg
_ /0 Bo(s,t){ _ b = tols, )] O(l)%z}dt

NG
P z+ 22
= _ﬁfo C(t)b(t)dt + O(1) .
oMz z + 22
= W + O(1) P

where my = — [7 b(t)¢(t)dt and the third equality is obtained by using (8.3)—(8.5).

To evaluate [ By(s,t)[1 — e*]dt, we use the expansion
C(t) = bt)[ee™® — K|e®®/2HB = 1y =312 1 O(172)

where 1 = mB[k—£e® e /2 = my /v/4r. When ((t) is replaced by 1t =3/, the corresponding

integral can be evaluated by the substitution t = —u; = t22/(s — t), giving
s t\—1/2 2 7
/ t=32[1 — 1] (1 - —) g = 2Tz iz (8.14)
0 s NG NG

We estimate the error of replacing ¢ by mt=*/? as follows. Taking t; = max{s/2,s/(1 +
22)} and using ((t) = O(1)b(t) for t € (0,1] and ((t) — mt=>? = O(1)t~2 for t € [1,s] we

/o
s t2? NG
< — 1t 32| mi {1—} dt
A|<7" min (L T =

s/2 2

! N 2
= _3/2 —
0(1){/O (t=+ b)) . dt+/1 _tsdt

t 22 5 1
+ ——dt + —dt}
/3/2 Vsy/ (s —1t)3 o $32y/s —t
22 2?’lns 22 Vs — 1
= 0(1)(— + + + 1)
s s VsVs — t 53/2
z  22In s)

—om(Z+

S S

obtain, when s > 2,

BO . mt—3/2<1 . %)—1/2)(1 - 6“1)

o7



Then, since |1 — e*2| = O(1)z/+/s,

/S Bl = e[t — et = =~ /0 B[l — e™]dt = 0(1)=.

0

Finally, we have the claim (8.13),

/ Bo[l — et

0

:/ Bo[l — ] + Bo[l — 2] — By[1 — e™][1 — 2] d
0

~0(1)z
Vs

Using d5(s,t) = O(1)/s, one obtains

o
B — By = Byle®®t) — 1] = LBO.
S

Then noting that u < O(1)/s, we have for z > 0 and s > 1,

’ wge = OO [T gy g = O 2
/O[B—BO][I—e]ds—T/O Balt = e*lar = 22

In summary, we obtain from (8.12) that when s > 2 and 0 < z < /s with z = (x —
b(s))/ Vs,

ps(x, s) 0(1)

[(x,s) B %{le + ?(1 +zlns>}
x —b(s)

_ -1/ -
= {m1+0(1)(3 12 4 |2s 1lns)}.

(8.15)

Since ps(x,s)/T(x,s) = O(1), this expansion is also valid when z > /s. This implies
the assertion of Theorem 8.3 for py/p(s) with ¢; = m;/y/7 for the case a = 0 and ¢; =
m1e®® /2 /\/4x for the case a > 0.

Finally, the asymptotic behavior for p* — p follows by integrating ps over [s, 00). It first

requires observing that for n > 0 (n = 3/2 for & > 0 and n = 1/2 for a < 0)

J = /OO fn e/ (4t) =Bt
/°° L d(e=/(@0=Bty  gne—a®/(45)=Bs (8.16)

oA~ p-ajas)

o8



where

1 n 22 1 .
A== —A+—A—A:|, tG[S,OO)
tLg —a?/(4t2) 212 (B — x2/4t?)?
which implies that for a small number £ > 0,
1 S—ne—x2/(4s)—ﬁs 132

J

= if 2y — ie., f—-—

15 0(1/5) F =2/ (0 if |z| <2/ —es ie, B 12 ¢
(since 0 < A= O(1/s) for t > s, |2| < 2¢/B — € 5).

Using the above technique, we have, for « > 0 and = > b(s),

c1 +0(1) (572 4 |z[s7 ' In s)
B —x?/4s?

p* —p= e—am/Qt—3/2e—12/4s—ﬂs(x _ b(S)) —Jy

where

o —1/2 ~!lnt)
. om/2 —z2 /4t -3/2(.. e +0)(t 2 + |z|t~ In
Joi=e / e af P x — b(1)) Epy !

Using Theorem 8.1, one can show that the integral Jy tends to zero faster than p(s) and

hence can be assigned to the error terms. Hence defining ¢ = ¢, we can verify that

P —0p

p(s)

Similarly, after integration and letting s — oo for (p* —p)/p(s) — ¥, we have the assertion of

— T — ¢(x — b*)e /2

the theorem with ¢ = ¢;/f for a < 0 and ¢ = ¢;/k for a < 0. For a > 0, the corresponding
integration by parts produces an extra integral involving b(t) This completes the proof of

Theorem 8.3. OJ
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9.0 CONCLUSIONS AND FUTURE WORK

This thesis addressed and provided rigorous results in three areas for the early exercise

boundary of the standard American put option:

(i). in the region 0 < D —r < 1, the early exercise boundary is not convex near expiry. This
provides a rigorous negative answer to the widely accepted belief that the early exercise
boundary was always convex,

(ii). the C'*° regularity of the early exercise boundary, and

(iii). the behavior of the early exercise boundary near and far from expiry.

In the proof of the regularity of the boundary, we also used the Schauder theorem, regularity
theory for PDEs and a bootstrap argument. In our new proof of near and far from expiry
behavior of the free boundary, we provided new rigorous estimates for higher order derivatives
near expiry as well as the sharpest possible estimates for the boundary and the price function
far from expiry. The latter used integral equation estimates, while the former was based on
blow up arguments.

Some problems which continues to be under investigation include:

(). a rigorous proof of convergence, as well as the rate of convergence, for the numerical
scheme used in the thesis,
(ii). a continuing investigation of the conjectured convexity of the early exercise boundary in
the region 0 < D < r and in r* < D for some critical value of r*, and
(iii). an estimation of the digression from convexity in the non-convex region as well as a
global analytic estimation for the location of the early exercise boundary when it is

convex, relying on the near and far from expiry estimates derived in the thesis.

60



BIBLIOGRAPHY

[1] C. Ahn, H. Choe & K. Lee, A long time asymptotic behavior of the free boundary for an
American put, Proceedings of AMS, March 30, 2009.

[2] F. AitSahlia & T. Lai, Ezercise boundaries and efficient approzimations to American
option prices and hedge parameters, J. Computational Finance, 4 (2001), 85-103.

[3] G. Barone-Adesi & R. E. Whaley, Efficient analytic approximation of American option
values, Journal of Finance, 42 (1987), 301-320.

[4] G. Barone-Adesi, & R. Elliott, Approzimations for the values of American options,
Stochastic Analysis and Applications, 9 (1991), 115-131.

[5] G. Barles, J. Burdeau, & M. Romano, & N. Samsoen, Critical stock price near expiration,
Mathematical Finance, 5 (1995), 77-95.

[6] E. Bayraktar & Hao Xing, Analysis of the optimal exercise boundary of American option
for jump diffusions, STAM J. Math. Anal.,41(2) 825-860, 2009.

[7] A. Bensoussan, On the theory of option pricing, Acta Appl. Math. 2 (1984), 139-158.

[8] A. Bensoussan & J.L. Lions, APPLICATION OF VARIATIONAL INEQUALITIES IN
STOCHASTIC CONTROL, North-Holland, 1982.

[9] M. Broadie & J. Detemple, American option valuation: New bounds, approximations
and comparison of existing methods, Review of Financial Studies, 9 (1996), 1121-1250.

[10] D.S. Bunch & H. Johnson, The American put option and its critical stock price, J.
Finance, 55 (2000), 2333-2356.

[11] P. Carr, R. Jarrow, & R. Myneni, Alternative characterization of American put option,
Mathematical Finance, 2 (1992), 87-105.

[12] D. Chakraborty, Numerical study of the convezity of the exercise boundary of the Amer-

ican put option on a dividend-paying asset, MS. Thesis, Department of Mathematics,
University of Pittsburgh, December (2008).

61



[13] X. Chen, H. Cheng & J. Chadam, Non-convexity of the optimal exercise boundary for
an American put option on a dividend-paying asset, submitted to Math. Finance for
publication, accepted, to appear.

[14] X. Chen, H. Cheng & J. Chadam, Far-from-expiry behavior of the American put option
on a dividend-paying Asset, Proceedings of AMS, 139(2011), 273-282.

[15] X. Chen & J. Chadam, A mathematical analysis of the optmal boundary for American
put options, SIAM J. Math. Anal., 38 (2006), 1613-1641.

[16] X. Chen & J. Chadam Analytic and numerical approximations for the early exercise
boundary for American put options, Dyn. Cont. Disc. and Impulsive Sys., 10 (2003),
649-657.

[17] X. Chen, J. Chadam, L. Jiang, & W. Zheng, Convezity of the exercise boundary of the
American put option on a zero dividend asset. Math. Finance 18 (2008), 185-197.

[18] E. Ekstrom, Convexity of the optimal stopping boundary for the American put option,
J. Math. Anal. Appl. 299 (2004), 147-156.

[19] A. Friedman, VARIATIONAL PRINCIPLES AND FREE BOUNDARY PROBLEMS, John
Wiley & Sons, New York, 1982.

[20] A. Friedman, PARTIAL DIFFFERENTIAL EQUATIONS OF PARABOLIC TYPE, Prentice-
Hall, 1964.

[21] A. Friedman, Analyticity of the free boundary for the Stefan problem, Arch. Rational
Mech. Anal. 61 (1976), 97-125.

[22] M.G. Garroni & J.-L. Menaldi, GREEN FUNCTION FOR SECOND ORDER PARABOLIC
INTEGRO-DIFFERENTIAL PROBLEMS, Longman Scientific & Technical, Harlow, 1992.

23] J. Goodman & D. Ostrov, On the early exercise boundary of the American put option,
STAM J. Appl. Math., 62, 5, (2002), 1823-1835.

[24] J. Hull, OpTIONS, FUTURES AND OTHER DERIVATIVE SECURITIES, , 6th Ed.,
Prentice-Hall, New York, 2008.

[25] P. Jaillet, D. Lamberton & B. Lapeyre, Variational inequalities and the pricing of Amer-
ican options, Acta Applicandae Mathematicae, 21 (1990), 263—289.

[26] L. Jiang, Ezistence and differentiability of the solution of a two phase Stefan problem
for quasi-linear parabolic equations, Chinese Math. Acta 7 (1965), 481-496.

[27] L. Karatzas,On the pricing of American option, Appl. Math. Optim. 17 (1988) 37-60.

62



(28] 1. Karatzas, Application of stochastic calculus in financial economics In: J.S. Baras and
V. Mirelli, ed., RECENT ADVANCES IN STOCHATIC CALCULUS, PROGRESS IN AU-
TOMATION AND INFORMATION SYSTEMS, Springer-Verlag, New York: 1990.

[29] 1. Karatzas, Optimization problem in the theory of continuous trading, STAM J. Control
Optim. 27 (1989), 1221-1259.

[30] L. J. Kim, The analytic evaluation of American Options, Review of Financial Studies, 3
(1990), 547-572.

[31] R. A. Kuske & J. B. Keller, Optimal exercise boundary for an American put option,
Applied Mathematical Finance 5 (1998), 107-116.

[32] Charles Knessl, Asymptotic Analysis of the American Call Option with Dividend, Euro.
Jul of Applied Mathematics, 13(2002), pp. 587-616

[33] D. Lamberton & M. Mikou, The critical price for the American put in an exponential
Lévy model, Finance Stoch. 12 (2008), 561-581.

[34] D. Lamberton & S. Villeneuve, Critical price near maturity for an American option on
a dividend-paying stock, Ann. Appl. Probability. 13 (2003), 800-815.

[35] P. Laurence, S. Salsa, Regularity of the free boundary of an American option on several
assets, Comm. on Pure and Appl. Math., 62 (2009), 969-994.

[36] L. W. MacMillan, Analytic approximation for the American put option, Advances in
Future and Option Research, 1 A (1986), 119-139.

[37] H. P. Jr. McKean, Appendiz: a free boundary problem for the heat equation arising
from a problem in mathematical economics, Industrial Management Review, 6 ( 1965),
32-39.

[38] R. Merton, CONTINUOUS-TIME FINANCE, Blackwell, 1992.

[39] P. Van Moerbeke, On optimal stopping and free boundary problems, Arch. Rational
Mech. Anal. 60 (1976), 101-148.

[40] R. Stamicar, D. Sevcovié, & J. Chadam, The early exercise boundary for the American
put near expiry: numerical approximation, Canad. Appl. Math. Quart., 7 (1999), 427—
444.

[41] C. Yang, L. Jiang, & B. Bian, Free boundary and American option in a jump-diffusion
model, Euro. Jnl of Applied Mathematics 17 (2006), 95-127.

[42] P. Wilmott, J. Dewynne, & S. Howison, THE MATHEMATICS OF FINANCIAL DERIVA-
TIVES, Cambridge,University Press, New York, 1995.

63



	TITLE PAGE
	COMMITTEE MEMBERSHIP PAGE
	ABSTRACT
	TABLE OF CONTENTS
	LIST OF FIGURES
	1. Optimal time to exercise and optimal exercise boundary
	2. Optimal exercise boundary B(t) 
	3. Loss of convexity as :=ln(D/r) crosses zero. 
	4. Interval for which the free boundary is not convex
	5. Interval for which the free boundary is not convex

	PREFACE
	1.0 INTRODUCTION
	2.0 PROBLEM FORMULATION
	2.1 Put-call symmetry
	2.2 The Change of Variables

	3.0 WELL-POSEDNESS AND REGULARITY
	3.1 Basic Properties of the Solution
	3.2 regularity

	4.0 INTEGRAL EQUATIONS
	5.0 NUMERICAL SIMULATION
	5.1 Numerical Scheme
	5.2 Numerical Results

	6.0 NON-CONVEXITY
	7.0 NEAR-EXPIRY BEHAVIOR
	8.0 FAR-FROM EXPIRY BEHAVIOR
	9.0 CONCLUSIONS AND FUTURE WORK
	BIBLIOGRAPHY

