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ABSTRACT
ANALYSIS OF LONGITUDINAL RANDOM LENGTH DATA
Ana-Maria losif, PhD

University of Pittsburgh, 2007

In some clinical trials, data are gathered longitudinally on both the frequency of an event
and its severity. Oftentimes, it is not feasible to obtain the exact time of the events, and the
events are collected over fixed follow-up intervals. We refer to this type of data as longitudi-
nal random length data, since the subjects are observed repeatedly and, at each assessment
time, the data can be viewed as vectors of severities with lengths determined by the number

of events experienced during the assessment.

Suppose the interest is in comparing two treatments, and the treatments are evaluated
at multiple points in time. Treatment effect is reflected in simultaneous changes in both
the number of events and the severity of each event. Consequently, one needs to jointly
model the two outcomes to better evaluate treatment effects. The main objective of this

dissertation is to introduce a framework for longitudinal random length data.

We propose two multiple population models for such data. We parameterize the models
such that, at each measurement time, both the distribution of the random lengths and the
distributional mean of each component of the severity vectors depend on the underlying pa-
rameter reflecting the treatment effect at that time. Given the random lengths, we assume
the distribution of the severities to be multivariate normal. Conditional on the number of
events, the dependence in the vector of severities recorded at a single measurement time is

modeled using compound symmetry.

v



The first model assumes the numbers of events for a subject at different time points to
be independent Poisson random variables and dependence over time is built into the severity
measures. The second model generalizes the first one, by adding another layer of dependence
over time. We further assume the numbers of the events experienced by a subject across
time to be dependent and use a multivariate Poisson distribution to model them. For each
model we describe the maximum likelihood estimation procedure and provide the asymptotic
properties for the estimators. We apply both models to analyze a data set containing stressful

life events in adolescents with major depressive disorder.

Keywords: longitudinal random length, repeated measurements, informative cluster size,

clustered data, multivariate Poisson distribution.
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1.0 INTRODUCTION

In certain clinical trials, data are gathered longitudinally on both the frequency of an event
and its severity. Oftentimes, it is not feasible to obtain the exact time of the events, and
collecting the events over fixed follow-up intervals is how the information is obtained. A
change in disease status is reflected in simultaneous changes in both the number of events
and the severity of each event. Since both the frequency and the severity are important,
the interest is in jointly modeling the two outcomes. This type of data can arise in many
situations. A typical example of such an experiment is a clinical trial of a migraine drug;
data are recorded monthly and in addition to the total number of migraines occurring during
the respective month, the pain levels corresponding to each migraine are reported as well.
Both the number of migraines and the pain level of each migraine at each measurement time
are informative about the treatment progress. If the drug is efficacious, the patients that
received the drug are expected to improve; in time they will have fewer migraines and their
pain levels will be lower, as well. We refer to this type of data, when subjects are observed
repeatedly and their multivariate random length measurements are recorded over time as
longitudinal random length data.

If the data are collected only once, at the end of the follow-up, so that there are no
longitudinal measurements, the obtained data are the type introduced by Barnhart [5],
Barnhart and Sampson [6]. They term such data multivariate random length data, since
it can be viewed as vectors of severities with lengths determined by the number of events.
They treat the lengths of the random vectors as random variables and the distributional
mean of each component of the random vectors depends on an underlying parameter, as do
the distributions of the random length variables. For example, in diseases such as epilepsy or

migraine headaches, both the number of events and the severity of each event for a patient



tend to depend on that patient’s overall disease status. In order to arrive at a full picture of
the treatment effect, one needs to jointly model the number of events and their associated
severity measures.

The overall aim of our research is to develop a methodology for dealing with longitudinal
multivariate random length data when the length is informative. Informative length refers
to a phenomenon where the expected number of observations within a follow-up interval
is related to the continuous outcome of interest. Consider the case of a longitudinal trial
of a new anti-epileptic drug for epileptic patients. Epilepsy is a disorder characterized by
episodes of seizure activity of variable length and intensity. Anti-epileptic medication can be
effective in reducing seizures. Patients are evaluated periodically during the trial. At each
measurement time we record the number of observed seizures and rate them each according
to severity. If the drug is effective, in time we expect the patients to have fewer seizures and
we expect the corresponding severity levels to decrease.

Models for longitudinal random length data are necessarily complex because they must
consider three types of dependence within a subject: first, between measurements on the
continuous severity measures at a single time point; second, between severity measurements
at different time points and third; between the number of events experienced at different

time points.

1.1 MOTIVATING DATA: LIFE EVENTS AND DIFFICULTIES
SCHEDULE DATA

This research was motivated in part by the LEDS data set, collected as part of a larger
study at the University of Pittsburgh Western Psychiatric Institute and Clinic (WPIC).
This data set contains information about stressful life events in depressed adolescents. Since
the first study in 1967 by Holmes and Rahe [18], stressful life events have been a topic of
great interest in psychiatric epidemiology. Although a number of studies have focused on
the complex association between life events and depression onset, knowledge concerning their

temporal relationship is still limited. Severe events and major difficulties have been shown



to be critical in the development of depression in adults (Brown and Harris [10]). Recent
research [24] has established that many of the adult forms of psychopathology, particularly
depression, have their first manifestation in adolescence. In light of the number of adolescents
who experience depression, with the associated serious implications for later functioning, it is
important to understand the role that stressful life events play in the first onset of depression.
Several reports have found that subjects who experience depression have significantly more
stressful life events prior to the onset of a depressive episode than non-depressed controls
[10]. However, most of this body of research is still concentrated on adults. In the effort
to design effective prevention and intervention strategies, additional studies are needed that

examine models of the developmental trajectories of depression across adolescence.

The objective of the larger study that generated the data we consider here was to examine
the occurrence in adolescents of acute and chronic stressors prior to and during a recent de-
pressive episode. Adolescents with major depressive disorder (MDD) were recruited through
the outpatient Child and Adolescent Depression Program at the University of Pittsburgh
Western Psychiatric Institute and Clinic, where they presented for treatment. Normal control
(NC) adolescents were recruited from existing community controls participating in research
protocols being conducted at WPIC ([9], [11]). For the current study, adolescents were
classified as NC only if they had never met the criteria for any psychiatric disorder. The
NCs were group matched on age, sex, and ethnicity with the MDDs resulting in comparable
demographic characteristics between the two groups. Stress exposure was examined using
the investigator-based Life Events and Difficulties Schedule (LEDS) [10], adapted for use
with adolescents [31], via direct interview with the adolescent themselves. This interview
is designed to draw out exhaustive information for acute and chronic stressors. Acute stres-
sors are those life events occurring at one point in time (”death of a pet”, "fight with the
boyfriend”). Chronic stressors are required to last at least 4 weeks (for example ”living in
an overcrowded, damp flat”). The severity of each stressor was rated on a 4-point scale

(4-marked, 3-moderate, 2-some, 1-little or none).

The subjects we consider are 32 depressed (MDD) and 30 normal control (NC) subjects,
all of whom are female between the ages of 13 and 18 years. We examine the occurrence

of the acute stressors in the 12-month period prior to the onset of the depressive episode in



depressed adolescents and during a comparable ”linked” period in normal control adolescents.
At the time of the life events interview, all the MDD subjects were remitted (no longer
fulfilling criteria for depression) for at least two weeks and asked to recall stressful life events
experienced the year before their MDD onset. The ”linked” period refers to the 12-month
period which preceded the onset of the depressive episode among the depressed adolescents.
For example, if an MDD subject was remitted for one month at the time of the LEDS

interview and the duration of his depressive episode was 6 months, the matched NC had

Table 1: LEDS Data. Frequency of acute stressors by group. (Percentages represent subjects

experiencing stress).

Number of acute stressors

0 1 2 3 4 5 6 7 9 11

1-st three month period before MDD onset

MDD n(%) 6(19) 8(25) 2(6) 3(9) 7(22) 1(3) 2(6) 2(6) - 1(3)
NC2  n(%) 6(20) 9(30) 6(20) 6(20) 1(3) 2(7) - S

2-nd three month period before MDD onset

MDD n(%) 6(19) 4(13) 7(22) 4(13) 4(13) 3(9) 1(3) 2(6) - 1(3)
NC  n(%) 6(20) 8(27) 3(10) 6(20) 4(13) 2(7) 1(3) - - -

3-rd three month period before MDD onset

MDD  n(%) 8(25) 5(16) 8(25) 5(16) 26) 4(13) - - -
NC  n(%) 11(37) 3(10) 4(13) 9(30) 1(3) 1(3) 1(3) - - -

4-th three month period before MDD onset?

MDD n(%) 5(16) 9(28) 5(16) 7(22) 2(6) 3(9) - - 1(3) -
NC  n(%) 13(43) 4(13) 6(20) 5(17) 1(3) - 13) - - -

IMDD = major depressive disorder (sample size is 32)

2NC = normal control (sample size is 30)

313 subjects have the last month in the study replicated once or twice since they did not have the whole
quarter available

to recall the stressful live events experienced during the period of time starting 19 months



ago and ending 7 months ago. The reason behind using such a ”linked” period in normal
control adolescents is that the average length of recall for stressful life events was the same
for depressed and normal control adolescents. Therefore, it is unlikely that the rates of events
were artificially inflated in the normal control group. Tables 1 and 2 summarize the LEDS

data.

Table 2: LEDS Data. Severity of acute stressors by group. (Percentages represent stressors).

Severity of Acute Stressors

1 2 3 4 Total (acute stressors)

1-st three month period before MDD onset

MDD*  n(%) 41(45) 32(35) 18(20) 0(0) 91
NC*  n(%) 27(51) 20(38) 6(11) 0(0) 53

2-nd three month period before MDD onset

MDD n(%) 36(39) 39(42) 15(16) 2(2) 92
NC  n(%) 38(59) 20(31) 3(5) 3(5) 64

3-rd three month period before MDD onset

MDD n(%) 28(40) 21(30) 20(29) 1(1) 70
NC  n(%) 38(72)  8(15)  6(11) 1(2) 53

4-th three month period before MDD onset®

MDD n(%) 31(43) 26(36) 13(18) 2(3) 72
NC  n(%) 22(54) 14(34)  4(10) 1(2) 41

4 MDD = major depressive disorder (sample size is 32)

5 NC = normal control (sample size is 30)

613 subjects have the last month in the study replicated once or twice since they did not have the whole
quarter available

The common practice when analyzing this type of data is to reduce the dimensionality. One
way of accomplishing this reduction in dimensionality is to quantify the life stress experienced

by adding together the severities previously assigned to each event stated to have occurred



and creating a single observation per subject at each time-point. Another way of reducing the
dimensionality to a single observation is to create models for accumulation and dissipation
of stress (see Surtees and Ingham [34]). Under such models, it is postulated that the life
events summate in their stressful effect and that the stressful effect of a life event dissipates
with time. Choosing different decay functions for the way in which life stress dissipates over
time will generate different stress outcomes.

Our approach is to preserve the richness of the LEDS data and analyze it, prior to
the onset of depression, by treating the acute stressors as longitudinal multivariate random
length data with informative length. Each quarter of a year, data for the subjects consists
of a vector of severities with length determined by the number of acute stressors experienced

during that quarter of a year. We propose that as subjects draw closer in time to the onset

3.5
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Figure 1: LEDS Data. Length and severity of acute stressors for MDD group (circles) and
NC group (triangles)

of their episode of MDD (major depressive disorder), both the number of stressors and their



severities tend to increase. Specifically, the closer that subjects in the MDD group get to
the onset, the more likely we will observe a larger number of acute stressors and the more
likely their severities will be higher. We would expect that those in the NC group will have
relatively constant numbers of acute stressors and severities over time.

Figure 1 contains a plot of the average severity and average length of the acute stressors
for the two groups, graphed starting 4 quarters before the MDD episode onset until 1 quarter
before MDD episode onset. Throughout the whole period, the MDD group has more acute
stressors than the NC, and the gap is larger closer to the MDD onset. The same holds for
the average severity of acute stressors, but MDDs’ average severity does not have the same
increasing trend that their average length shows.

Although our motivation was drawn from a study examining stressful life events in ado-
lescents, the scope of our research is broader and our methods can be used to analyze
longitudinally collected data from prospective randomized studies in which the interest is
combining the information from the two outcomes to better evaluate the treatment effect.
For many diseases or health conditions, an individual may have repeated episodes collected
over assessment intervals, together with a measure of the episodes’ intensity or severity. For
example, in a clinical trial of a new anti-epileptic drug, subjects are randomized to the treat-
ment groups. If the new drug is working, we would expect the subjects in that group to
improve, in that, over time they will have fewer seizures and more likely their severities will

be lower.

1.2 DISSERTATION OUTLINE

This dissertation is organized in the following fashion. We start Chapter 2 by presenting in
Section 2.1 relevant research dealing with random length data in the non-repeated case. Sec-
tion 2.2 reviews research involving analysis of clustered data when cluster size is informative.
In Chapter 3 we introduce models to analyze longitudinal random length data. We build
dependence over time into the severity measures. The models are given and we describe the

maximum likelihood (ML) algorithm to estimate the parameters. Before obtaining multiple



population models for longitudinal random length data, we first, for methodological reasons,
develop a one population model. In Section 3.1.1 we introduce the model designed to handle
longitudinal multivariate random length data for only one population, along with giving a
description of the ML estimation algorithm. Section 3.2 generalizes the results from the
previous section to create a likelihood based multiple population model. We model jointly
the number of events and their corresponding severities over time. We describe the ML esti-
mation and the large sample behavior of the estimators. We perform a simulation study to
evaluate the accuracy of the asymptotic approximation of our estimator in finite samples in
Section 3.3. In Section 3.4 we illustrate the proposed methodology using the LEDS data. In
Chapter 4 we construct more general models for longitudinal random length data by adding
dependence over time into the random lengths. We present the models and describe the ML
algorithm to estimate the parameters. In Section 4.1 we introduce a one population model,
designed to handle longitudinal multivariate random length data for only one population,
along with the description of the ML estimation algorithm and asymptotic properties of
the estimators for the particular case when we have only two time measurements. Section
4.2 generalizes the approach from the previous section to handle multiple populations. We
describe the ML estimation and the large sample properties of the estimators. We examine
the small sample properties of these estimators in a simulation study in Section 4.3. In
Section 4.4 we illustrate the methodology using the LEDS data. In Chapter 5 we explore
potential generalizations of our research. In Sections 5.1 and 5.2 we give a description of
how to generalize the models of Chapters 3 and 4, respectively, to handle more complex cor-
relation structures between severity measurements and between random lengths at different
time points within a subject. We briefly present other issues, such as introducing covariates
in the model and using other distributions than Poisson to model the random lengths. We
conclude with Section 5.3, in which we discuss how one might generalize one of the methods
of Section 2.2 (Within Cluster Resampling) to handle longitudinal clustered data when the

cluster size is informative.



2.0 LITERATURE REVIEW

2.1 RANDOM LENGTH DATA AND RELATED RESEARCH

2.1.1 Barnhart’s Shared Parameter Multiple Population Model

Before embarking on modeling longitudinal random length data, we first take a look at exist-
ing approaches for the non-repeated case. This involves data collected on both the frequency
of an event and its severity. Data of this type are often dealt with by two different analyses:
one for the severities (ignoring the information in the lengths) and another for their number
(treating the frequency of the events as the outcome). However, in order to get a full picture
of a drug or treatment performance, one needs to jointly model the number of events and
their associated severity measures. Properly formulated models increase the power of studies

to discern treatment effects.

Barnhart [4], introduced the notion of multivariate random length data, since data on
each observational unit can be viewed as vectors of severities with lengths determined by
the number of events. The motivation for her research came from a coronary intervention
study, where the outcomes of interest were the number of lesions and the sizes of the lesions.
The dimensions of the random vectors are treated as random variables (random lengths)
and the distributional mean of each of the component of these random vectors depends on
an underlying parameter, as do the distributions of the random length variables. Barnhart
and Sampson [6] proposed a model to deal with multivariate data without covariates. Their
method employs maximum likelihood and assumes that, conditional on the number of events,

the event severities are distributed as multivariate normal. The numbers of events are



assumed to follow a generalized linear model. Barnhart, Kosinski and Sampson [8] extended
the above approach to incorporate covariates. Barnhart [7] also proposed a probit model for
multivariate random length data. Recently, Allen and Barnhart [2] introduced a model for

multivariate random length ordinal data.

2.1.1.1 Description of the Multiple Population Model without Covariates First,
we describe the model proposed by Barnhart and Sampson [6] to jointly model the number of
occurrences of an event and their associated severities. Their model is based on the idea that
the disease status affects both the number of lesions and their sizes. Thus, the parameter
reflecting the underlying disease status appears in specification of both the distribution of
the random lengths and the conditional distribution of the vectors of severities given the
random lengths.

Suppose we have m populations, with distinct population parameters fi1, ..., tm, (ti, 7 i,
whenever i; # iy) characterizing each population’s underlying disease status. For each
1 =1,...m and 7 = 1,...,n;, where n; represents the number of subjects sampled from
population 7, the data for the j-th subject from population ¢ consist of the random vectors X;;

and their corresponding lengths K;;. The model they propose has two important features:

(a) The components of the vector of severities X;; given the corresponding random length
are exchangeable random variables. This assumption is motivated by the coronary inter-
vention data where the components of the random vectors, sizes of lesions, are considered
to be permutation invariant, since lesion sites are non comparable across subjects.

(b) They introduce a parameter 7, whose sign and magnitude control the association of
the random length with the multivariate severities. If v = 0 there is no additional
information about the number of events that is brought by knowing their severities and
conversely, knowing the number of events provides no additional information about their
severities. If v > 0, K;,;, is stochastically larger than Kj,;, for w; > p;, and any

1J1 272

J1=1,..,n,52 = 1,...,n;, and if v < 0, K,,;, is stochastically larger than K; ; for
Wi, > i, and any j; = 1,...,n;,,72 = 1, ....,n,. (In other words, if v > 0, the larger the
underlying parameter g is, the more likely it is to observe higher severities and a larger

frequency of them. If v < 0, the larger the underlying parameter p is, the more likely it

10



is to observe higher severities, but a smaller number of them.)
Specifically, they make the following model assumptions:

(1) The random length variable K;; for population i has a discrete distribution

where L > 0 is assumed known (possibly infinite), gx(«) is differentiable in o (k =
0,1,..., L) and the distribution determined by go(«), ..., g1 () is stochastically increasing
n a.

(2) The random vector X; with random length K;; from population ¢, has the conditional

distribution:
Xileij =k~ MVNk(u@ek, O'2Rk(p)), k= 1, 2, ey (22)

where e, is the k-dimensional vector with all the entries 1, I, is the k-dimensional identity
matrix , Ri(p) = (1 — p)Ii + peye,, is the intraclass correlation matrix of dimension k
and 0 < p < 1 is assumed to be positive.

3) The observations (K;;, X;:),1=1,...,m, j = 1,...,n; are independent.
J J J

Note that p is required to be nonnegative to ensure the positive definiteness of the covariance
matrix 0?Ry(p) for any k= 1,..., L and any L.

To simplify the expression of the likelihood, we transform the data using canonical re-
duction techniques. Given the random length K;; = k;;, the corresponding data vector X;,
of length greater than one, gets multiplied by a corresponding matrix I';,;, where I'; is a

k x k dimensional matrix of form
1
r,=| "

Uy is a (k — 1) x k& matrix so that UkU;c = I,_; and Uie, = 0. With the application

of the appropriate transformation Y;; = I'y,, Xj; it follows that given Kj;, Y;; also has a

k;;-dimensional multivariate normal distribution with mean &; = (1,0, ...,0) and covariance

1 1 1 k 1
- ...,%>7Tk:mf0rk21and7'0:—.

Thy; 0’ 1-p

matrix oMy, , where My, = Diag <

11



The conditional density of the random length vector Yj; is given by

—1/2 exp {_ (Yn,y — ﬁi)'Ml;i(ykij — &) }

202

kij

Due to the diagonal form of My, this can be easily be written as

ki

1\ f 1)\ 1/2 1 k&
f(yij|kij) = (W) (Tk‘ijTO ’ > eXp _@ Tk (yijl - :ui>2 + 7o Z y?jl

1=2
We can write the joint density for this one observation as:
f(Yij, kij) = P(Ki; = /fz'j)f(yij|kij)5(kij)a

where

1 ifk>1

o(k) =

0 iftk=0

Taking the logarithm of the above, we obtain:
log f(yij, kij) = log P(Ky; = kij) + 6(kij) log f(yij|kij)
Hence
log f(yij, kij) = log gk, (0 + V)
0(ki; . 1
_% kij log (0‘2) — log (TkijTég] 1) + ; Tkij (yz-jl — ,ui)2 + 7o nyjl
1=2

Denoting the m 4 4 parameters of the model by @ = (6,7, fi1, ..., ftm, 02, p) , We can write the
log-likelihood of the whole data as

16) = Y > loggw, (0 + )
i=1 j=1
m kij
1 i hon\ 1
—3 Z Z 0(kij) | kijlog (o) — log <Tkij7'0 ? ) + s Thy, (Wit — 111)° + 7o Z yfjl
i=1 j=1 1=2

12



It follows that the m + 4 score equations are :

iig%é—i_’wh
= 9y (0 i)
iiu@gz O+ ypi)
i=1 j=1 Gy (0 + Yp)
, VG, (O +700) 1 &
for i=1,.., 3(kij)Th,. (Yij1 — pi) =0
Z PRRCERT "2; ’

20-2 226 Z] ZJ 2% o4 ZZ(S Z] Tklj yljl ,LL,L +Tozyljl =0

=1 j=1 =1 j=1

1 mo M Tki]- 1 k‘l — 1
2 D olky) |k —1) <_ kij i TO) T Jkij Tiey (i1 = )" = 7o Zyml =0

i=1 j=1

We use the fact that 2% = —k=172 apnd 90 — 72,

2.1.1.2 Maximum Likelihood Estimation and Asymptotic Properties Let us de-

note by I(0) the information matrix for @ contained in the n = »_ n; multivariate random
i=1

length vectors X;; with random lengths K;;, i =1,...,m, j = 1,...,n;. I(6) can be computed

> P(Ki = k)I(O]k)

where I*(6) is the information matrix about @ contained in the random lengths K;; , i =
l,..,m, 7 = 1,...,n; and I(@|k) is the information matrix contained in X;;|K;; = k ,
k=1,..L.

Barnhart [4] showed that, under regularity conditions, the MLE is consistent and has an

asymptotic normal distribution.
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2.2 INFORMATIVE CLUSTER SIZE, WITHIN CLUSTER RESAMPLING
AND RELATED RESEARCH

2.2.1 Within Cluster Resampling

An alternative way of looking at the multivariate random length data is to treat it as clustered
data. Under the Barnhart model, the disease status affects both the number of events
and their severities. For clustered data, this assumption translates into what is termed
informative cluster size. Informative cluster size refers to a phenomenon where the expected
number of observations within a cluster is related to the outcome of interest. In applications
that involve clustered data, the number of subunits within a cluster, i.e the number of events,
is often related to the outcomes measured on the individual subunits, i.e. the severities of
the events. Standard analysis methods for correlated data (Liang and Zeger [29], Zeger and
Liang [36]) are not appropriate for this type of data, since they rely on the assumption that
the cluster size is not related to the outcome (missing at random). Analyses that ignore this
dependency can lead to biased inference.

Hoffman, Sen and Weinberg [15] introduced Within Cluster Resampling (WCR) as a new
procedure to analyze clustered data when the cluster size is related to the outcome. Suppose
we have I independent clusters. The WCR procedure is carried out by randomly selecting
one observation from each cluster. In this manner, a new data set is formed, consisting of
independent univariate observations, one from each cluster. The resampled data set is then
analyzed using a generalized linear model (GLM). This resampling procedure is repeated
a large number of times (Q), producing ) dependent parameter estimates. Each of the
resampled data sets generates B(q), the maximum likelihood estimator from a GLM and
ﬁ](q), the estimate of the asymptotic variance-covariance matrix of \/T(B(q) —-B),q=1,...,Q.

Averaging over the () resampled data sets produces the WCR parameter estimate:

Q
Brven = %Z B(q). (2.3)

14



The WCR asymptotic variance-covariance estimator of v/I (BWC r—B)is

I

Q
- 1 ~ 1 . . . .
Viver = 5 > B(q) — = > _(Bla) — Bwer)(B(g) — Bwer) - (2.4)
Note that each resampled estimator B(q) is the solution of a score equation

S(q.8)=> Z U,1[(i,§) € ry] =0,

i=1 j=1
where Uj; is the derivative of the contribution of the j-th member of the i-th cluster to the
log-likelihood and 7, is the set of indices (7, j) that are randomly resampled in the ¢-th data
set. For a large number of clusters and a large number of resamples, Hoffman’s procedure
produces BWCR, an overall WCR parameter estimator, that is approximately multivariate
normal.

A method asymptotically equivalent to WCR was proposed by Williamson, Datta and
Satten [35]. Note that in WCR,

where

and

H\(8) = 1 E(H(g.6))

Instead of averaging the ,é(q) as in WCR, Williamson, Datta and Satten’s [35] approach is
to estimate 3 by solving

1 Q
) S(Qﬂ/@>:()'
23

They name this method cluster weighted generalized estimating equation (CWGEE) and
show that it is asymptotically equivalent to WCR.
Dunson, Chen and Harry [12] introduced a general Bayesian framework for jointly model-

ing cluster size and multiple categorical and continuous subunit-level outcomes. The multiple
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outcomes measured for the individual subunits are assigned an underlying model that ac-
counts for dependency between outcomes by incorporating shared latent variables within
outcome-specific regression models. They allow the same latent variables to affect both

cluster size and the subunit-level outcomes.

Follmann, Proschan and Leifer [13] extend WCR approach to a broader range of data.
They call their method "multiple outputation” and prove its applicability to other types of
clustered data. The only requirement is having a valid statistical procedure for independent

data.

A major drawback of all the above methods (except Barnhart’s) to analyze clustered data
when the sample size is informative is their apparent failure to explicitly use the additional
information in the lengths. For example, WCR does not require specifying a correlation
structure among the members of the same cluster. While this method removes the bias of
the estimates from GEE models applied to informative clustered data, it does not apparently
use the information in the lengths. A second drawback is the incapability to handle empty
clusters. Consider the case of a periodontitis study, where the participants are the clusters
and each tooth is an "observation”. If a person does not have any teeth, this might be
highly informative since the disease could have been the cause of the missing teeth. Allen
and Barnhart [2] call the phenomenon ”zero length bias”, and argue that subjects with at

least one observation may represent a biased sample of the test population.

2.2.2 Within Cluster Resampling for the Multiple Population Model

Recall that the setting of the multiple population model without covariates proposed by
Barnhart and Sampson [6] jointly models the number of events and their correlated severities
when we have data from m populations. For each subject we observe a random length
vector of severities. WCR randomly samples just one entry from each random length vector
(provided that the length is non-zero) and applies a GLM to the resulting data set. After
repeating this procedure () times, we average the estimates.

Suppose the m populations have the separate population parameters gy, ..., by, (fi, 7 iy

for iy # i) characterizing each population’s underlying disease status. The data consist of
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the random vectors Xj;; and their corresponding lengths Kj;;, with 7 = 1,...,m and j =
1,...,n;, where the observations (K;;, X;;), i = 1,...,m, j = 1,...,n; are independent. Given
the lengths, the distribution of the vectors of severities is multivariate normal.

For each ¢ = 1, ..., Q the data for WCR is: X}, i =1,..,m, j = 1,...,n;, where X/, is the
element of X;; randomly sampled in the ¢g-th data set. These observations are independent.

For them we apply a one-way anova model
q __ q
Xij = u; + eij (25)

where e?j are independent, identically distributed normal random variables with mean zero.
Maximum likelihood estimation will generate fi(q) = (f1(q), ..., fim(q)) and 3(gq), the

estimate of the asymptotic covariance matrix. The WCR estimator is

Q
fven = 5 > ilo) (2.6)
q=1

and the WCR asymptotic covariance is

/

Q Q
Viren = 5 > 2(0) = 5 - (la) ~ furen) (o) - fwen) (2.7
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3.0 BUILDING DEPENDENCE INTO SEVERITIES. MULTIPLE
POPULATION MODEL WITH INDEPENDENT POISSON LENGTHS

The aim of our research is introducing methodology for modeling and analyzing data collected
longitudinally on both the frequency of an event and its severity when both the frequency and
the severity are important. We model the two outcomes together and pool the information
from both to discern treatment effects. A typical example of such a study is the clinical
trial of a migraine drug. The two outcomes being measured on each subject at monthly
clinic visits are the number of migraines experienced and the pain level of each migraine.
Both the frequency of the migraines and the pain level of each migraine during the month
are informative about the treatment progress. If the drug is efficacious, the patients that
received the active are expected to improve in that, over time, they will have fewer migraines
and their pain levels will be lower. We referred to this type of data, when subjects are
observed longitudinally and their random length measurements are recorded periodically
over time, as longitudinal random length data. The goal of this chapter is to construct a
multiple population model for dealing with longitudinal random length data. For clarity of
methodology, the analysis of a one population model, introduced in Section 3.1, is extensively
presented. The main results of this analysis, the maximum likelihood equations and the
asymptotic distributions for the MLE, are then easily generalized in the multiple population
model of Section 3.2.

We assume the number of times at which measurements are taken to be the same for
all subjects. Handling data from longitudinal studies requires special techniques which take
into account the fact that the measurements over time within one subject are dependent.
In longitudinal random length data, we observe repeated measurements over time on two

different outcomes: the number of events, and their multivariate severities. In this chapter,
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we build dependence over time in only one of the two outcomes of interest. Specifically,
we assume that the random lengths giving the number of events for a subject at different
time points are independent random variables and we build dependence over time into the
severity measures. We employ independent Poisson random variables to model the number
of events experienced by a subject throughout the 7' time points. The Poisson distribution
is used to model the random lengths since it is the natural choice for modeling occurrences
of an event of interest. Given the random lengths, we assume that the distribution of the
severities is multivariate normal. We parametrize the model in such a way that, at each
measurement time, both the distribution of the random lengths and the distributional mean
of each component of the random vectors depend on an underlying parameter, reflecting
the disease status at that time. Conditional on the number of events, the dependence in
the vector of severities recorded at a single measurement time on each subject is modeled
using compound symmetry. Hence, we assume that any two severity measures registered
at the same measurement time for a subject are equally correlated , with the correlation
coefficient equal to p, independent of the measurement time. Furthermore, conditional on
all the numbers of events experienced by a subject, we assume that any two severity measures
recorded at two different measurement times within a subject have the same correlation and

that correlation, p*, is smaller than p.

3.1 ONE POPULATION MODEL WITH INDEPENDENT POISSON
LENGTHS

This section introduces a one population model designed to deal with repeated measurements
over time of random length data. The model is appropriate for instances in which only one
treatment is involved, and the treatment is evaluated at different points in time. We assume
that the population is characterized by the parameters puq, ..., ur, reflecting the underlying
disease status at measurement times 1, 2 ..., T. The subjects are followed longitudinally
and their vectors of severities are recorded repeatedly for a fixed number of time periods 7.

Hence, at each regularly scheduled measurement time, the data for a subject are a vector of
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severities with random length. We assume that the random lengths for different times are
independent Poisson random variables. At each measurement time, both the distribution of
the random lengths and the conditional distributional of the vectors of severities given the
random lengths depend on the underlying parameter reflecting the disease status at that
time point. Specifically, we assume a log-linear dependence of the average number of events
on the average severity.

In the LEDS data mentioned in the Introduction, the relevant quantities are the number
of stressful life events that MDD subjects experience throughout the four quarters of a year,
and their severity levels. For modeling purposes it makes sense to assume that there is an
underlying depression status affecting both the number of events and how severe these events
are. We expect that as subjects in the MDD group draw closer to their MDD onset, they

will have more stressful life events and their severity levels will be higher.

3.1.1 Model Description

To formalize the above, let us introduce some notation. FEach subject i, ¢ = 1,...,n is
observed T times. At each measurement time j = 1, ..., T, the subject i reports a random
number of events K;; and the corresponding measurements are recorded into the vector

T

X;;. Hence all the data for subject i can be summarized by a ) K;; - dimensional vector
j=1

X;, X; = (X1, ...,X;T) and the corresponding 7T-dimensional vector of random lengths
K, = (Ky,....,K;r), with i« = 1,...n. Let k; = (kj,...,kiv) be a realization of the T-
dimensional vector of lengths K;. Some of the the components of k; might be zero. Let
us denote by [(k;) the number of nonzero components of k;. Using the notation from the

T
previous chapter, we may write [(k;) = > d(k;;), where
j=1

1 ifk>1
i(k) =
0 ifk=0
Let us denote
T
L if Y ki >1
i(k) = =1

T

i=1
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If the vector of random lengths k; has at least one nonzero component, it follows that
§(k;) = 1. If I(k;) > 0 we denote by k; the I(k;)-dimensional vector composed of the nonzero

elements of k;. Hence k; = (Kir,,, Kiriy, - Kiryy o, )» Where 1 <y < rip < o < ryry) < T are

(k:i))
indices corresponding to the elements in the original vector k;. We denote this set of ordered
indices by r; = (131, 742, ..., Til(k;)), Which are the times at which a nonzero length vector Xj;
is observed.

We make the following model assumptions. For each observational unit ¢, i =1, ..., n,

(1) The T random length variables Ky, Kjs, ..., K;r are independent, Poisson()\;) distributed

random variables, where A\; = exp(d +yp;), 7 =1, ..., T, so that

Ak
e J)\j
Kl

(2) Conditional on the random lengths K; = (K, ..., Kiv) = (ki, ..., kir), the distribution
T

of X, for the i-th subject, is a > k;-dimensional multivariate normal

=1
tz::I "
T
for >~ ki = 1,2, ..., where
t=1
Mﬁlekir“
/’LTi ek‘z’rl
Bi; = Hkyy o hyr = 2o (3.3)
’urﬂ(ki)ek"il(ki)
and

Ski(p’p*) = Sku,---,kiT(p?p*)

Rkiril (p> p*Jkiril 7ki7‘7;2 p*JkiT“ ’kiril(ki)
_ p*Jk‘.i’r‘i27ki7'i1 RkiT,L-Q <p> p*JkiriZ’ki7'z‘l(ki) ) (34>
p*szrzl(kZ) 7ki'rl~1 p*Jkrer(k” 7kiri2 Rklrzl(kz) (p)
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We denote by Ry (p) = (1 — p)Ii + peye,, the intraclass correlation matrix of dimension
k; Ji, is the k x [-dimensional matrix having all entries equal to 1, I}, is the k-dimensional
identity matrix, and e; is the k-dimensional vector with all the entries 1. In order for
the matrix Sk, . (p, p*) to be positive definite for all possible choices of (ki, ..., kr), we
impose the sufficient condition 0 < p* < p < 1.

(3) The data (K;, X;) and (K, X;), for subject i and j, respectively, are independent for
i 7.

As we can see from the expressions of the mean and covariance of the multivariate
normal in (3.3) and (3.4), if one of the lengths for a time point is zero, it means there is no
corresponding entry for that time point in both the mean vector and the covariance matrix.
This is one of the main difficulties in handling the model, since not only the number of events,
but also the number of blocks that constitute the mean and covariance structures in (3.3) and
(3.4) can change from subject to subject. Thus, strict attentiveness and a significant amount
of bookkeeping need to be conveyed in working with the conditional density functions for the
multivariate severity measurements. Consider the following example of two subjects from
the one population model described above, both followed for 3 time measurements. Suppose
both subjects have either zero or two events recorded at every measurement; subject 1 has
0 events recorded at the first time measurement and two events recorded at each of the next
two time points; subject 2 has two events recorded for each of the first two measurements
and zero events collected at the last measurement. Their situation might look similar, but
the structure of the means differs. Conditional on the total number of events experienced
during the three measurement, subject 1’s severity mean is (g, fi2, i3, f13), while subject 2’s
is (p1, 1, fo, f2). Moreover, the conditional covariance for the multivariate severities looks

the same, being equal to

R (p) p*Jae
P22 Ra(p)

(3.5)

but one needs to take into account the fact that this structure corresponds to the last two

time measurements for subject 1 and to the first two time measurements for subject 2.
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The proposed model has the following features:

The (T+5) parameters are collectively denoted by 6, 8 = (6,7, pia, ..., pir, 02, p, p*)’. The

parameter space for the above model is
O = {0 = (6777/’“7 -~-7NT7‘727P7P*)/| — 00 < 6,’}/,,1111,...,/,61“ < 00702 > 070 < p* < p < 1}

The parameter v acts as a scaling parameter and also controls the association of p; with
the random length. ~ being zero implies that the population means (u:t = 1,...,7)
have no effect on the distribution of the random lengths. Parameter v > 0 implies that
the larger the underlying parameter p is, the larger the severity measures tend to be,
and the higher their frequency tends to be. Parameter v < 0 implies that the larger
the underlying parameter p is, the larger the severity measures tend to be, but their
frequency tends to be smaller.

The support of the random lengths includes zero. Any of the components of the vector
K; may be zero. If all of them are zero we observe no quantitative data for subject i.
In this case, the multivariate normal distribution defined in (3.2) is not meaningful. We
deal with this situation by defining the density of a vector with zero length to be equal
to 1 with probability 1.

We build dependence over time by means of the parameter p*; therefore, any severity
measure recorded for an individual at measurement time ¢, is equally correlated to any
other severity measure recorded for the same individual at measurement time ¢y, where
t1 # to. This assumption may seem unrealistic in the case of life events (an AR(1)-type
covariance might be more suitable), but it is appropriate for other type of data sets and

it was chosen to reduce the complexity of the model.

3.1.2 Maximum Likelihood Estimation

Consider one of these T'—random length measurements, X;, with the random length vector

T

K, = (Kj, ..., Ki7). Given the random lengths K;; = ki1, ..., Kir = kir, X; has a > ky - di-

t=1

mensional multivariate normal distribution with mean i, and covariance matrix oSy, (p, p*)
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given by (3.3) and (3.4) respectively. For each subject i, k; = (kir,, Kiry, ..., Kiry.,) is the sub-
vector of k; composed only with nonzero elements.
We apply a matrix version of the canonical transformation technique used in the Barnhart

model described in Section 2.1.1 and, given K; = k;, let Y; = I'y,, X;, where

kir“ kir“ 7kiri2 tee k/‘iril ’kiril(ki)
F o F o OkiriQ 7kiri1 ]'_‘kirig oo Okiriz ’kiril(ki)
ki — Y ki,okir —
Oy, . Oy, . .
k”il(ki) 7k1ri1 k“\il(ki) 7kwi2 k”il(ki)
Xir,,
X
12
Xi =
X"il(’%‘)

and Oy is the k£ x [ matrix with all the entries equal to 0.

It follows that given K; = (ki,....,kir), Y; = (Yil, e YZ/T), also has a multivariate normal

distribution with mean &, ., and covariance matrix U2Aku,...,km where

€ty = (13 0 0), (h1rz 0. 0), o (firy 0, 0 -2 0))

and
* *
Mkir“ IO Ekiril ak'i'riQ e p Ekiril 7k‘7l'r“<ki)
>k *
A o p EkiriQ 7ki'ri1 Mkiriz te p Eki'riz ’kiril(k:i)
ki,...kr —
p kl"'il(ki) 7krri1 p k"il(ki) 7k1ri2 k”il(ki)

Recall that M = Diag <%, %,..., T—10>, Ty = m for k> 1, and 79 = l%p. We use Ey
to denote the k x [-dimensional matrix having the (1, 1) entry equal to 1 and the remaining
elements equal to zero.

To simplify the notation, we express all the quantities concerning the elements of the normal

24



distribution in terms of the I;i, not k;, since only the nonzero length vectors do actually

contribute to the multivariate normal. Thus,

Mkil P Ekilykﬂ P Ekil:kil(ki)
B - M; B -
A — A~ — P Bk kio P ki2kiv(,)
kit,....kim k;
* - ~ *E" ~ -
p Ki(r,) ki P Ki(r,ykiz 7" Eik,)

We notice that, given K;, the only correlated components in the vector Y; are the first
entries in each of the subvectors Yj;, 7 = 1,..., T, provided that the corresponding length
K;; is nonzero. All the remaining entries in the Y; vector are conditionally independent,

identically distributed univariate normal random variables, with mean 0 and variance /7.

We have

!

ifi - (}/tiTill }/irﬂQ }/;T“ki”l }/;Tigl Y;m-zZ KTiQkiriQ”' }/;ril(ki)l }/;Tzl(kl)2 Eril("’i)’gi”l(ki)) .

Denote by Z; the vector composed with the first entries in the nonzero length vectors Y;;

I

Zi - (Krill }/ririgl }/Z'Til(ki)l) = (le Zi2 Zz(kl))

’

and by IA/Z the vector containing the remaining components of Y;

/

A~

Y, = (}/;7"112 Y;Tilkiril Y;T‘z‘ﬂ }/;riQkirig"' }/;Til(ki)Q Eriz(ki)kirmki)) .

T N T
Note that Z; has dimension [(k;) = Z d(k;) and Y; has dimension > k;; — I(k;). Further
=1

t

denoting

!/

we can readily show that the conditional density of the random length vector Y; can be

expressed as

1 (ki)

y2
\/ _ lkz kw‘l zrl 1
{ (zi — 1) Ek } ) €Xp — UQ/JTo

X exp { —

-1/2

202
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where

7—~1 p* p*
ki1
* 1 *
e P T p
Sk = 5 =
p* p* 1

This can be written as

1 é:lkiz é(léku—l(ki)> 12
Filk) = ( ) SN

We can now write the joint density for the i-th subject’s data as

f(yza k@) = P<K7,1 = kfil, ey KiT = kZT)f(yz|k11; o sz)(S(kZ)

(3.6)

Taking the logarithm of the above and using the independence of the lengths, we obtain

IOg f(yl, k1> = IOg P(Kll = kih ey KiT = sz) + (5(’61) log f(yz|k117 ey
T

= Zlog P(Kij = kij) + (ki) log f(yil ki, .., kir).
j=1

Hence, the contribution of the i—th subject to the log-likelihood is

T

T T
1 1
log f(yi ki) = Y (A + kylog ;) + 8(k; Og" Zk” OgTO (ka Za U)
7j=1

1 I(k;) Firy;

1
20_ ( p’l) % il( Z 20-2 Z Zy“"u

=1 1=2

26



Recalling that A; has the form \; = exp (d + yu;), we can write

T T T
log o log 79
log f(yiki) = Y [=e™" +kyy (0 +am)] — == ki +—o— | D ki — Y d(hky)
J=1 j=1 j=1 j=1
(ki) k"w
1 1 #\ ——1 * To 2
_§log X, | — @(Zi — p;) Eki (zi — pi) — 202 £ . L Yirijis
= =

where to keep the notation simple, we give up multiplying the last 5 terms in the right hand
side of the equation by d(k;). Instead, we make the convention to consider these 5 terms
equal to zero for the case when 0(k;) is zero (i.e. when all the random lengths for a subject

are zero). The log-likelihood of the entire data set is

n T n T T

n T
ZZ [_€6+wg' + ky (54_7% loga ka_'_logToZ Zkij_2(5<k])
1 j=1

i=1 j=1 i= i=1 j=1 j=1
1 n n (kz) k“"z]
PN NE Y SR IR RE D ) DO W
i=1 i=1 j=1 1[=2

where the parameter vector is @ = (8,7, 1, ..., i, 02, p, p*) .
From the results (A.5) - (A.8) in Appendix A, it follows that the T+ 5 score equations are
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given by

n T
DD (T k) = 0 (38)
=1 j5=1
n T
DOd (e k) = 0 (3.9)
i=1 j=1
—n)\1 —+ Z kil
=1
—n)\g + Z kiQ 1 n
. A S E e ) = or (310)
: =1
—n/\T + Z kiT
1 n T - n
ki =)+ =2 "gg. = 0 (311
20211; ]+2 42 .(Z uz)+204i:1yzy ( )
Y i --))—Ztr 2.1 |Ir — Diag R
1 j=1 i = ot i=1 W kinm " ki
=1 j= i=
1 — . 1 1 1 .
# > (e ) B3 [t Ding (e )| - )

To PUPN
S g, = 0 (3.12

+iZ( — ) S erer — Ir) S (2 — pf) = 0. (3.13)

o2

We denote by 07 the T-dimensional vector with all entries equal to zero. Note that the fact
k‘ ’LT‘Z] ,
that Z > yn 4= = 9,y has been used to simplify the last three score equations.
=1 [=2
Further note that if all the observations consist of random length vectors with length
zero, none of the equations (3.8) - (3.13) make sense; hence none of the parameters are
estimable. If we observe only vectors with length zero or 1 then the parameter p is not

estimable. If each subject has at most one nonzero length measurement, then parameter p*

is not estimable.
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The maximum likelihood estimator for @ can be obtained through a Fisher scoring
algorithm or by numerical maximization of the likelihood through a standard optimiza-
tion with restriction algorithm. When performing maximization, one needs to adjust for
the constraints in the model. The estimates need to satisfy the restrictions o > 0 and

0<p"<p<L

3.1.3 Asymptotic Distribution of the Maximum Likelihood Estimators

Let us denote by I,(0) the information matrix for @ contained in the n multivariate random
length vectors X; with random lengths K; = (K1,..., K1), i = 1,...,n. Conceptually, it
makes sense to think of I,,(0) as a sum of the information about @ contained in the lengths
and the sum of information about @ contributed by the vectors of severities, over all possible
lengths. We show in Appendix A that the information about the parameter € contained in a
single observation from the one population model, X with random lengths K = (K, ..., K1)
has the form
I(6) =1I'(0) + Y Po(K = k)I(6]k),
ke

where I*(0) is the information matrix about @ contained in the random lengths K =
(K1, ..., K7) and I(0|k) is the information matrix contained in X;|K = k, where k € T.
We denote

T
T = {k = (k’l, k?T)| k’z = 0, 1, ... for Vi = ]_, 7,_Z—‘ and Z kz Z 1}

=1

Using a general result from Barnhart [4] (Theorem A.3.1.1) we can compute the infor-
mation matrix I,,(@) about @ = (3,7, fi1, ..., pir, 0%, p, p*)’ contained in the n independent
observations from the one population model as

I,(0) =nI*(0) +n Y Po(K = k)I(6]k).
keT
We show in (A.21), that I,,(0) has a block diagonal form
I (0> In(éa’ynula -"7NJT) O(T+2)><3
" B Osx(1+12) n 3 Po(K = k)Ix(o% p, p*) ’

keY
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where

02><2 O2><T
In(éa’ynulw”?/LT) :nI(67,y7/“’L17"’7/’LT) :’TLG+ T kj ;
Oryx2 n% > |11 67)\7)27 =
keY | j=1
G denotes the matrix
T T
DN DA YA YA YA
i=1 i=1
, lm Zlum YA YHeAz .. YRTAT
j= J=
G = ’}//\1 ’7/11)\1 ’)/2/\1 0 0 y (314)
’}/)\2 ’}/ILLQ)\Q 0 ’72)\2 0
YAr YUT AT 0 0 D Ve

the elements of the matrix Ip(c?, p, p*) are defined by (A.10) - (A.15), and X is given
by (3.6). Is is apparent from its expression that I,,(d,7, i1, ..., pr) is obtained as the sum
of the information nG contributed by the random lengths, and the information from the
multivariate severities.

As can be seen from (3.8) - (3.13), there is no closed form solution for 8,. Hence, the
exact distribution of 6, is not available. We can apply a general result on the efficiency of
maximum likelihood estimators for random length data (Theorem A.3.2 in Barnhart [4]) to
derive the asymptotic distribution for én, the MLE. The asymptotic covariance matrix of én,

is obtained as the inverse of the information matrix I, () and it is estimated by I1(8,,).

Theorem 1. Let 0, = (Sn,‘yn,ﬂgn), ...,/lgfl),&i,ﬁn,ﬁ;)/ be the MLEs for a sample of size n

from the one population model. Then, as n — oo

(1). 6, is consistent.
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(2)-

NG (én — 9) % MVNy;5(0,171(9)),

where
I(O) I((5777u15 “vuT) O(T+2)><3
- Osx(1+2) > Po(K = k)Ik(0? p, p")
ke

and

O2><2 02><T
I((svry?Nl?'”nuT) = G+ T kj ,
Orva 5z > |1l e™ /\iiw %,
keY |j=1 7

where G is given by (3.14) and the elements of the matriz I(c?, p, p*) are defined by
(A.10) - (A.15).

3.2 MULTIPLE POPULATION MODEL WITH INDEPENDENT POISSON
LENGTHS

This section furthers the model introduced in Section 3.1.1 to accommodate two or more
populations. The proposed model is appropriate for studies in which more than one treat-
ment is involved. For example, in a clinical trial of a new anti-epileptic drug, patients are
randomized to two treatment groups; one is the new drug and the second one is placebo (or
an alternative medication). A change in disease status is reflected in simultaneous changes in
both the number of seizures events and the severity of each seizure. Our proposed method-
ology jointly models the number of events and the vectors of severity measures. The shared
parametrization exploits this notion, improving efficiency over separate parameterizations.
We use the log-linear functional dependence between the two mean structures from Section
3.1.1 and allow the different populations to share the scaling parameters o and v, while p’s,
reflecting the underlying disease status are population specific. The model is motivated by

our belief that v and ¢ are parameters of the process linking the underlying ”disease” status
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to the number of events. Thus, they should remain the same, regardless of population. What
changes is the underlying ”disease” status. The dependence in the vectors of severities within

a subject is modeled using the same parameters o2, p and p*, regardless of population.

3.2.1 Model Description

To formalize the above considerations, we generalize the notation from Section 3.1. We
have data from m different populations. Each subject j, j = 1,...,n;, from population i,
1 =1,...,m is observed T times. At each time point ¢ = 1,...,T, subject j from popula-
tion ¢ has a random number of events Kj; and the corresponding severity measurements
are recorded into the vector X;j;. Hence all the data for this subject ¢ can be condensed

/

;= (X

/

T
into a ) K;j;-dimensional vector X,;;, X il
t=1

i .,X;jT) and the corresponding 7-
dimensional vector of random lengths K;; = (Kjj1,..., Kijr), with i =1,...,m, j =1,...,n,.
Let ki; = (kij1, ..., kij7) be a realization of the T-dimensional vector of lengths K;;. Some
of the the components of k;; might be zero. Let us denote by [(k;;) the number of nonzero
T
components of k;;. Using the notation from Chapter 2, I(k;;) = > 0(kije). If l(ki;) > 0 we
=1
denote by k;; the I(k;;)-dimensional vector composed of the nonzero elements of k;;. Hence
kij = (kijrijs Kijryos oo kijrijl(kij))’ where 1 < 7y < 1o < ... < 7yjyk,;) < T are indices corre-
sponding to the elements in the original vector k;. We denote this set of ordered indices by
T, = (Tijlarij% ---ﬂ"z‘jl(kij))-
To specify the model, we assume that for each population ¢ = 1,2,...,m, and for each

observational unit 7, 7 =1,...,n,,

(1) The random length variables Kjj1, K;jo, ..., Kijr are independent and distributed Pois-
son(A;), where Ay = exp(d + ypir), t = 1,...,T. Hence,

e~ it )\ft

PB(Kijt = k) - ]{?' )

k=0,1,2,... (3.15)

(2) The random vector X;; with random lengths K;; = (Kjj1, ..., K;jr) for the j-th subject
in the i-th population, has the conditional distribution
Xij| (Kij = (kiji, .., kijr)) ~ MVNi . (Bri;» Sk, (P2 %)) (3.16)
gl
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T
for > ki = 1,2, ..., where
=1

Hir;j ekij'rijl

Firyjo ekij”ﬂ

My = Mk, ke = (317)

M”ijl(kij)ek"f%l(km)

and
* *
Skij(p7p ) = Ski]’lrn:kijT(p?p )
Kijrija (p) P Thijrijy Kiryg P Tkigryguokiiriji, )
= P Fkijrijokijrijy Eijriga (P) P igrig Kigrijie, (3.18)

Ji. g J. g g
P kg, Fiarign P kg, Kirigs GTijikig)

In ensure that the matrix Sy, x.(p,p*) is positive definite for all possible lengths
(k1, ..., k1), we assume that 0 < p* < p < 1.
(3) The data (K, ;,, Xi,;,) and (K,;,, Xi,j,), for subject j; from population i and j, from

population iy, respectively, are independent for (i, j;) # (i2, J2)-

The model exhibits the following features:
(a). The (mT+5) parameters are collectively denoted by 8, where

/

0 = (5777M117 ceey 1Ty -5 Uimd "'7:umT70-27107 IO*) .

The parameter space for the above model is

O = {0 = (5777,“117 "’7:U’mT7O-27p7 P*)/‘

—00 <5777M117~-:/ﬁmT <OO,0'2 >0,0§p* §p< 1}

(b). The parameter 7 acts as a scaling parameter and also controls the association of p with
the random lengths and has the same interpretation as in the one population model

introduced in Section 3.1.
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(¢). The support of the random lengths includes zero. Any of the components of the vector
K; may be zero. If all of them are zero, we observe no quantitative data. In this case, we
define f(x;|K; = 0) = 1 with probability 1. As we can see from the expressions above, if
one of the lengths is zero, it means there is no corresponding entry for that time point in

both the mean vector and the covariance matrix defined by 3.17 and 3.18, respectively.

3.2.2 Maximum Likelihood Estimation

Consider one of these T-random length measurements, X;;, with the random length vector
Ki‘ = (Kz'jlw-‘;KijT)- Given the random lengths Kijl = kijlw--aKz'jT = kijT7 Xij has a

T
> kijt - dimensional multivariate normal distribution with mean Kk,; and covariance matrix

t=1
0?Sk,,; (p, p*) given by (3.17) and (3.18), respectively. Each subject j, from population i can
be thought as coming from a one population model of the type introduced in the previous
section, with parameter vector 8; = (3,7, i1, ..., fhir; 02, p, p*)/. Thus, given K;; = k;; , we

apply the appropriate transformation and define Y;; = I'y,; X;;, where

kijrijl kijT‘qjjl’kijTijQ kijrijl’kijTijl(kij)
. =T - Kijrsjo kijr i1 Kijri o kijrij27kijrijl(kij>
kij — L kij1,.kir T
kijT'ijl(kij>7kij7'ij1 k’ijrijl(kij),k?ijrijz kijT'ijl(kij)

As before, Oy, denotes the k x [ matrix with all the entries equal to 0. We notice that,
given K;; = k;;, the only uncorrelated entries in the vector Y;; are the first entries in each of
the subvectors Y;;, t = 1,...,T, provided that the corresponding length [K;; is nonzero. All
the remaining entries in the vector Y;; are conditionally independent, identically distributed

univariate normal random variables, with mean 0 and variance 0% /7y. We have
/

YEJ = <<}/;jTij11 }/ijrijQI }/ijﬁ'jl(kij)l) (ifijnjl? }/;j"'ijlkijrijl }/ijﬁjﬂ }/Z'TiQkiriQ’” Y;Til(k,i)2 }/"z'l(ki)kir“(ki))>

Denote by Z;; the vector composed with the first entries in the nonzero length vectors Y

I
i

Zij = (Yigrant Yigeast -+ Yiirauat) = (Zist Zige o Zigi)
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and by }A/Z-j the vector containing the remaining components of Y;;

Y;j = (Y;jwﬂ }/;j”'jlkijrijl Yijnﬂ? Yij?“mk‘ijrm'“ }/;j'f'ijl(k:ij)2 }/ijrijl(kij)kijrijl(kij)> .

T R T
Note that Z;; has dimension I(k;;) = Z d(kij) and Y;; has dimension ) k;;; —((k;;). Further

=1
denoting

I !

/J'z] (:U’znjl Hirjo - 'U’iTijl(kij)> = (M:jl /“L:jQ :ujjl(kij)) )

we can readily show that the contribution of the j—th subject from population ¢ to the

log-likelihood is

T
10 o? log 7
IOg f(yija kzy) - Z( >\zt + kzgt IOg )\zt) + 6( g Z kz]t g ! (Z kzyt - Z 5 th )

l(k” ZJTZJt

!

1 1 * -1
_5 10g |2k” - ﬁ(zij - /'l’ij)/zkij (zij - [,l,” 20_2 Z Z yz]r”tl )
t=1 [=2
where

.,-Nl p* p*
kij1
p* TNl p*

I Fis2 . (3.19)
p* p* — 1

kiji(k;)

Recalling that A\; has the form \; = exp (§ + ypir), we can write

T T
1 1
log f yz]a z] Z 6+wm + kijt (5 + r)/p%t)} - Og 0 Z kz]t Og 0 (Z it Z 5 th >

t=1 t=1
| 1 i) ¥
* \/x1—1 7_0
_5 10g |2k” - 252 (zij - l’l’m) Ek ( l’l’z] 0_2 - Z ijrijel

Instead of multiplying by d(k;;) the last 5 terms in the right hand side of the above equation,

we make the convention to consider them equal to zero for the case when d(k;;) is zero (i.e.,
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when all the random lengths for a subject are zero). The log-likelihood of the entire data

set 1s

m  n; T 9 m n T

Z Z e Tmit 4 Kiji (0 + ’Yﬂit)} - log20 Z Z Z Kijt

i=1 j=1 t=1 i=1 j=1 t=1
m  n,; T T

105.;7'0 Z Z (Z kije — 25(/%'15)) — = Z Zlog ‘Ek”
i=1 j=1 \t=1 t=1 i=1 j=1
1™ n; Kijri
_TC'Q Z; E(Z’L] - I“l’jj)lzl;i (ZZ] - IJ"Lj 20_2 z; 2; tz; Z yl]T Jtl’ 3 20
1=1 j= =17 =2

where the parameter vector is @ = (8,7, f11, ...s 1T s fmls s fonTs 25 Py P¥) .
Using the results (A.5) - (A.8) from Appendix A, we obtain that the mT + 5 score equations
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are given by

m n

T
DD D (e k)

i=1 j=1 t=1

S

m 'z

T
Z Z Z (_Mitedﬁ-wu + k’z‘jtﬂz‘t)

i=1 j=1 t=1
ni

—niAn + ) 11
Jj=1

n1
—nid2 + ) kijo
—~

1 & .
v I T3 Z Ekllj(zlj — 1)

ny
—mihr + Y kyr
Jj=1

_nm)\ml + Z ]{Jmﬂ
=1

1=

Nm, 1 Tim B .
Y _nm)\m2 + ]; kij -+ F Z Ekjl] (zmj - ij)
j=1

P— nm)\mT + Zm kij

Jj=1

1 m  n; T 1 m  n
—3 D DD ket >y (2 ) S (2 — )

i=1 j=1 t=1 i=1 j=1
m o n;

To N~

1D D Uil

=1 j=1

ot 1 1
_ZZtr (E,; [IT—Diag (k ,,%)})

i=1 j=1

1 m N e ' 1 1 - .
T E : E (zij — 15;) S, [IT — Diag (k-ll’ s k_)} X (zij — 13))
ij

i=1 j=1
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0 (3.21)

0 (3.22)

07(3.23)

07 (3.24)

0 (3.25)

0 (3.26)

0. (3.27)



i,
We use the fact that lj(zkfl) 122] yfrij = ;i};]g/j” to simplify the above expressions.

In the complete analogy with the one population model, if all the observation consist of
random length vectors with length zero, none of the equations (3.21) - (3.27) make sense;
hence, none of the parameters are estimable. If we observe only vectors with length zero
or 1 then the parameter p is not estimable. If each subject has at most one nonzero length
measurement, then parameter p* is not estimable. As in the case of the one population
model, the maximum likelihood estimator for 8 can be obtained through standard numerical
techniques where one needs to adjust for the constraints in the model, since the estimates
need to satisfy the restrictions o2 > 0 and 0 < p* < p < 1. We further discuss numerical

estimation of the MLE for the multiple population model in Section 3.3.3.

3.2.3 Asymptotic Distribution of the Maximum Likelihood Estimators

Let us denote by I,,(0) the information matrix for @ contained in the n = fj n; indepen-
dent observations from the multiple population model, X;; with random lle:rigths K;; =
(Kij1, ... Kijr), i =1,...,m, j = 1,...,n;. Using the same principle of adding the information
about 0 contained in the lengths and the information about @ contributed by the vectors of
severities, over all possible lengths, we compute in Appendix A the information about the
parameter @ contained in a single observation X with random lengths K = (K, ..., K1) as
I(6) =TI'(6) + Y Po(K = k)I(6]k),
keY

where I*(0) is the information matrix about @ contained in the random lengths K =

(Ki,...,K7), I(0|k) is the information matrix contained in X;|K = k, where k € T, and

T
T = {k = (kl, ]{ZT>| kz = 0,17... for Vi = ]., 7T and Z ]{Zz Z 1}

=1

Using the same result from Barnhart [4](Theorem A.3.1.1) as in Section 3.1, we compute
the information matrix I,,(8) about @ = (8,7, jt11, ..., ftmr, 02, p, p*)  contained in these n

independent observations from the multiple population model (see (A.23)) as

7 * m r _ St €kj (0+vhiz)
L0)=> nI;0)+> n> [[]e — | LilOlka). (3.28)
i=1 J°

i=1  keY Lj=1
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We show in Appendix A (A.24), that I,,(0) has a block diagonal form

(0) In(57 Yy M1y ey ,umT) O(mT+2)><3
I’I’L g m s
O3><(mT+2) an Z PG(K = k)Ik(U2;P; P*)
i=1 keY
where
G(i) o) , G(i) 0) )
11 2xT(i—1) 12 2XT (m—1i)

i Ori-1)x2  Or@—nxri-1)  Ori-1)x7  Or(i—1)xT(m-i)
In((57 77 /“[/117 A ILLmT) = Z ni (’L)/ (’L)
i=1 G12 OTXT(’L’*l) G22 OTXT(mfi)

Or(m—iyx2  Or@m—iyx7(i-1) Orm-iyxt  OT(m—i)xT(m—i)

02><2 O2><mT
m T

_eStvmit ekt (0+vhit) \d—1
Omrx2 Y mni ), [[e™® %! 3
=1 ke t=1

)

the matrices G,(fl)’s (k,l = 1,2) are given in (A.22) and the elements of the matrix Iy (o2, p, p*)
are defined by (A.10) - (A.15).

As in the case of the one population model, the exact distribution of 6, is not available
and we can apply a general result on the efficiency of maximum likelihood estimators for
random length data (see Theorem A.3.2 in Barnhart [4]) to derive the asymptotic distribution
for én, the MLE. The asymptotic covariance matrix of the MLE én is obtained as the inverse

of the above information matrix and is estimated by I, %(6,,).

Theorem 2. Let 6, = (5n,%,[¢§"),...,ﬂ§q),...,[Lg?r),...,ﬂﬁ?%,&%,[)n,ﬁ;)/ be the MLEs for a
sample of size n from the one population model. If n;/n — n; with 0 < n; <1 as n — oo,

then

(1). 6, is consistent.

(2).
Vi (6, - 6) & MVN,7.5(0.17(0)),
where

1(5, Yy By ey ,umT) 0(mT+2)><3

03><(mT+2) an Z PO(K = k:)Ik(O—Qapa p*) 7
=1 keY
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and

G\) O2x7(i-1) G\) O2x7(m—i)
- Ori-1)x2  Ori-1)x1i-1) Orii—iyx7  Or@-1)xT(m—i)
I((Sv’yvﬂllv "'7NmT) = an 0 (i)
i=1 G12 OT><T(i—1) G22 OTXT(m—i)
Orm—iyx2  Or(m—iyx7(i=1) Or(m-i)xT  OT(m—i)xT(m—i)

02><2 02><mT

mn T _ et ekt (0t Vi) \—1
Omrxa Y.mi . []e TR 2k
i=1 keY t=1

and the elements of the matriz Iy (a2, p, p*) are defined by (A.10)-(A.15).

3.2.4 Inference and Hypothesis Testing

Researchers are usually interested in describing the trend over time, and in whether there
are significant differences in the trend across groups of subjects. For example, in the LEDS
data one could be interested in examining the "profiles” of the severities. We have repeated
measures of severities over the four quarters of the year. Then there is a between-subjects
grouping factor with two categories: MDD and NC. For the two groups, the mean severities
for each of the four quarters of the years are typically termed ”"profiles”. One can ask a
number of questions; for instance, if the profiles are parallel (similar in shape across time);
given that the profiles are parallel, if they are equal or separated; furthermore, given that
the profiles are coincident, if the mean severities are the same for each of the four quarters
of the year. Based on the large-sample normality of our estimators, we can perform Wald

tests to answer these types of questions.

More generally, consider tests of the composite hypothesis

Hy : ¢g(0)=0 wvs

H, : (8) #0
where ¢ is a vector-valued function from R* to R? and the MLE of 0, 6, satisfies
Vn(0, — 0) % MVN,(0,I7(6)).
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Assume g; is differentiable and let D = D(@) denote the ¢ x k matrix with (i,7) entry

%@;f"yk) evaluated at 0. Then, it can be shown (see Lehmann [28], or Sen [33]) that

d 2
)

n(9(0,) — 9(60)) 'V (0,)(9(0,) — 9(60)) = X2

’

where V(0) = D(0)I~*(0)D (6).
Because we test Hy : g(0) = 0, the level & Wald test rejects Hy when

W, = ng(én)

is larger than x2(1 — a).

3.3 SIMULATION STUDY

In this section we report the results of a simulation study conducted to evaluate the finite
sample properties of our estimators. Several different scenarios are analyzed, with longitu-
dinal random length data generated according to the multiple population model described
in Section 3.2. The simulation studies allow us to compare the estimated parameters with
the true underlying values and assess the accuracy of our estimators. A natural question
we address is how many subjects are necessary in order for the large-sample theory to pro-
duce the desired results. In doing this, we compare the empirical standard deviations of our

estimates with their theoretical asymptotic standard deviations.

3.3.1 General Framework and Quantities Computed

The simulation study was designed to mimic a hypothetical clinical trial with two different
treatment groups and the same number of subjects per treatment group. Different scenarios
were created to explore various parameter configurations. When choosing these configura-
tions we took into consideration all possible combinations of two factors, each having two

levels. The first factor involves the relationship between the severities and the lengths. We
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think the two interesting levels for the first factor are those reflecting contradictory informa-
tion from lengths and severities. Thus, the first level considered for this factor mirrors the
case when the average severities across time and groups are close, but the numbers of events
differ. The second level corresponds to the situation in which there is little difference among
the numbers of events, but the average severity is well spread across time and treatment
groups. The second factor concerns the relationship between the mean severity ”profiles”
for the two populations. The first level of this factor corresponds to the situation in which
p1 and po are parallel and well separated (average severities in the two groups are parallel
but not coincident across time) and the second one to the case when gy and ps are not well

separated (the average severities in the two groups intersect across time).

Table 3: Choice of parameters for simulation study. T=4

p’s close and N’s far p’s far and A’s close
oy and s p1 = (1.0,1.1,1.2,1.3) p = (1,2,3,4)
well separated | po = (1.5,1.6,1.7,1.8) po = (1.5,2.5,3.5,4.5)
(5,7) = (—1.3,2.3) (5,7) = (2.5,0.01)
(a2, p,p*) = (1,0.5,0.2) (02, p,p*) = (1,0.5,0.2)

A = (2.72,3.42,4.31,5.42) A

Az = (8.58,10.80,13.60,17.12) | Ay =

( 12.30,12.43,12.55,12.68)
(
= (
=

12.37,12.49,12.62,12.74)

1.3,1.2,1.1,1.0) py =
1.0,1.1,1.2,1.3) po =
(5, 7) = (-1,2.5) )

(02, p, p*) = (1,0.5,0.2) o2, p, p*) = (1,0.5,0.2)

A; = (4.48,5.75,7.39,9.49) A1 = (5.47,5.21,4.95,4.71)
A2 = (9.49,7.39,5.75, 4.48) Ay = (4.71,4.95,5.21, 5.47)

w1 and po

P G | Iy

close

The simulations try to cover four different scenarios obtained by considering all the
combinations of the levels of the two factors; in the first scenario gy and ps are parallel and
not coincident, while within the same treatment group the mean severities are close and the

number of events are well separated across time; the second scenario depicts the situation in
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which p, and ps intersect while within the same group the mean severities are close and the
number of events are well separated across time; in the third scenario py and py are parallel
and not coincident, but over time the values of the mean severities are well separated, while
the number of events change very little; finally, in the fourth scenario p; and ps intersect,
while across time we have changes in the mean severities but little variation in the number
of events.

Under each scenario, subjects are followed for the same number of time points, T. To
match the LEDS data, the values chosen are T' = 4 and T" = 2. For each choice of the
parameters J, v, fi11, ..., flor, We keep the same values for o2, p and p* across simulation. The

choice of parameters for simulations are given in Table 3 for 7' = 4 and in Table 4 for T" = 2.

Table 4: Choice of parameters for simulation study. 7T=2

w’s close and N’s far

w’s far and A’s close

w1 and po

well separated

1 = (1.0,1.1)

pts = (1.5,1.6)

(6,7) = (—1.3,2.3)
(02, p,p*) = (1,0.5,0.2)
AL = (2.72,3.42)

Az = (8.58,10.80)

p1=(1,2)

ps = (1.5,2.5)

(6,7 = (2.5,0.01)
(02, p,p*) = (1,0.5,0.2)
A1 = (12.30,12.43)

A2 = (12.37,12.49)

w1 and po

close

pa = (1.2,1.3)
(0,7) = (—1,2.5)

(0%, p,p*) = (1,0.5,0.2)
Ar = (4.48,5.75)
Az = (5.75,4.43)

p1 = (4,3)

po = (3,4)

(8,7 = (1.5,0.05)
(02, p,p*) = (1,0.5,0.2)
A = (5.47,5.21)

Az = (5.21,5.47)
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For each of the two choices of T', we considered D = 1000 independent data sets with
n=20, 50 and 100, respectively, subjects per population. Thus, for example, when 7" = 4
and n = 50, we needed to simulate 50 subjects with 4 repeated random length vectors of
severities for the first group and the same for the second group. For each simulated data set
d,d=1,...,D, we fit our multiple population model. The parameter of interest is the vector
0 = (0,7, f11s -, 1T 21, --vs flo7, 02, p, p*). By maximizing the likelihood, we compute the
numerical value of the (27 +5) - dimensional ML estimator , and its theoretical asymptotic
variance.

Repeating the aforementioned procedure for each simulated data set provides us with
D independent ML estimators, corresponding to the D simulations performed. Let 6 be a
generic notation for the one-dimensional parameters of interest in our models (the compo-
nents of @) and let 0 be the corresponding maximum likelihood estimator.

We compute the empirical bias, ebias, for each of the estimators by

A

ebias(0) = 0 (3.29)

ol —
i
ey
u

where D denotes the number of simulated data sets and 6, represents the estimated param-
eter vector from the d-th simulation and @ is the true value of the parameter vector.
Using the notation in 3.29, we also compute the empirical standard deviation of all the

parameter estimates in the model, as

esd(f) = D1 i <9d — )

d=1

and the square root of their MSE :

D
L 1 . = —
mse'/?() = 5 dgl(ed —0)? = \/SD(9)2 + Bias(6)2.

The asymptotic covariance matrix of the MLE 0 is obtained as the inverse of the information

matrix and is estimated by its plug-in estimator, I, 1(é) Ideally, we would compute the
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average of the estimated asymptotic standard deviations for each of the estimators in our

model by

D D
— ~1)2 ~—1/2 1 —_ 1/
Var(9)  =1(0) =5 dg_l Var(8s) = 5 g I(6,)

and compare this value with the empirical standard deviations of our estimates. However,
calculating I, 1(@) is an extremely challenging computation. For only one data set with 100
subjects per group and T = 4 repeated measurements, provided that the average number of
events is large, the program that calculates the information matrix needs to run overnight.
Thus, we will not report this quantity. Instead we plug in the true parameters and report

1) .

n

3.3.2 Data Generation

In the multiple population model with independent lengths, the probability to observe a
T k

vector of random lengths K = (ky, ..., kr) in population i is P(K = k) = [] e_)‘“%, where
i=1

A\iy = 9T With probability P(K = 0) = ﬁ et we observe only zero-length severities
at all 7" measurement times. =

Given the vector of random lengths K = (ki,...,kr), and provided that not all the
components of the vector k are zero, the conditional distribution of each random vector X
from population ¢ with random lengths K = (kq, ..., kr) corresponding to all T’ measurements

of severities that were recorded for the respective subject is MVN Z (ke *Sk(p, p*)),
k

where the expression of pg and Sg(p, p*) are given by 3.17 and 3.18, rigépectively.

To generate a data set containing n observations per population from the multiple pop-
ulation model, we repeat the following two-step procedure, n times for each population 1.
Step 1 (Generate the random lengths)

Take \jy = e* ¥ fori=1,2and t =1,...,T.
Generate T' independent observations, each from a Poisson(\;;) distribution ¢ = 1, ..., 7. This
is the vector of random lengths k; = (ki1, kio, - . ., kir).

Step 2 (Generate the severities )
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T

Fori=1,2andt=1,...,T ,if > ki = 0 we observe a zero length vector of severities.
t=1
T
If > ki > 0, then generate X; from a MVNi (k> 7Sk, (p, p*)).
t=1 kit
t=1

3.3.3 Numerical Considerations

Using a shared parameter model in the specification of the distribution of the random lengths
and the conditional distribution of the vectors of severities given the random lengths increases
the efficiency, because we pool information from both outcomes. The cost is an increase in
the computational burden, since the shared parameters need to be estimated simultaneously
from the two models.

Specifically, there are several difficulties that arise in modeling longitudinal random
length data. First, the full likelihood approach to random length data is computationally
complex when the number of events is large, since higher dimension matrices are involved in
the conditional distribution of the multivariate severity measures.

Second, the complexity increases as the number of repeated measurements becomes larger
and the number of parameters to be estimated increases. Since the number of time points
with quantitative measures changes with every subject, the mean and covariance structures
for the distribution of the severities change. Moreover, numerical computing of the in-
formation matrix involves summation over all possible values of the random lengths. For
T measurement times that means summation of matrices over all the possible values of a
T-dimensional vector of lengths. If the average number of events is large, in numerically
computing the information matrix one needs to set the maximum values that the random
lengths can have quite high in order to ensure that the corresponding probabilities in the
right tails of the Poisson distributions are zero.

Finally, a third difficulty is associated to modeling of the slopes. We have encountered
examples when the maximization procedure produced results different than the ones ex-
pected. If py1 = ...par = .... = lpr, the parameters 6 and ~ are not identifiable. When data
are generated from populations with means not well separated, the likelihood can be flat
over certain regions and the R function we use to numerically maximize the log-likelihood

converges to some strange solutions, particularly for the parameters § and . However, even
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in these cases, the average event lengths are estimated correctly. We present such a case in

the next section.

All the simulations were performed in R programming language (www.r-project.org)
using PittGrid, which is the University of Pittsburgh’s campus-wide computing environment.
PittGrid provides the ability to access additional CPU time and memory in order to run
complex calculations using existing, underutilized CPUs participating in the PittGrid net-
work. Users are allowed to submit jobs online and monitor their jobs. Upon submission of a
job, this service searches for available workstations and clusters that participate in PittGrid
and that can meet the requirements of the job. Since every one of the jobs we needed to
run involved complex computations for 1000 data sets, we separated each of the jobs into
20 sub-jobs, each involving only 50 data sets, which we submitted to PittGrid. After the
jobs were completed, we gathered the results. The gain in efficiency was tremendous: while
a normal computer needs more than five days to complete a single job involving 1000 data
sets with 100 subjects per group and 7' = 4 repeated measurements, using PittGrid allowed

us to run the same job divided into 20 sub-jobs in less than 24 hours.

The R function nlm was used to carry out the unrestricted maximization of the log-
likelihood. This function carries out a minimization of the negative log-likelihood using a
Newton-type algorithm. It requires specification of initial values for the parameters to be
optimized over. Numerical derivatives were used in the calculation of updated parameter
values. We started with good initial values and performed unrestricted maximizations. In
our extended simulations we found no violations of the restrictions: o2 > 0, 0 < p* <
p < 1. Alternatively, one could use the R function optim to perform the optimization with
restrictions. This function allows specification of box constraints; that is each variable can
be given a lower and/or upper bound. The initial value must satisfy the constraints. Optim
uses a modification of the BFGS quasi-Newton method. Method "BFGS” is a quasi-Newton
method (also known as a variable metric algorithm) that uses function values and gradients
to build up a picture of the surface to be optimized. We conducted limited simulations and
compared the results obtained from nim and optim. We found no major differences between

the results, so we decided to use nim, because it has a faster convergence rate.

To obtain good initial estimates of the parameters, we adopt the following scheme. For
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the parameters p;; reflecting the underlying disease status, the initial values are obtained

using

Z Zijt
e — (3.30)

n

> 0(Kijt)

j=1
We find the starting values for ¢ and v by fitting a Poisson regression model,

log(Aije) =0+l i=1,2 j=1,2,.,n T=1,....4, (3.31)

where /\ijt = E(szt)

We solve for o2 in the corresponding likelihood equation

Z_@ULQU%(%—M)+mZ%%

(3.32)

and replace this value in the expression of the conditional likelihood to get an expression

that depends only on the unknown p and p*

I(p,p*) = —logo? ZZka—f—long (ka 25 ,]t) ZZlogmk”

=1 j=1 t=1 =1 j=1 i=1 j=1

m  n; l(klj) k:z-]rljt

1 <& ' ‘
20_2 Z Zl ZZ] I’l'l‘](O) ” (Z’Lj - l’l‘l_y(O)> - % Z Z Z Z ij’l’l]tl
J

=1

Maximizing the above likelihood with respect to p and p* by using nlm with 0 as starting
values for both parameters gives us the initial values p(® and p*(®. Plugging these values into
(3.32) gives us the initial value o). If any of the initial values for 02, p and p* were negative,
they were assigned the value zero. Once all the initial estimates are set, the optimization

procedure proceeds by using the R function nim.
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3.3.4 Simulation Results

We report here the results of the simulations for 7' = 4. The results of the simulations for two
time points will be presented in Chapter 4, to allow for comparison with the model introduced
there. Tables 6 to 17 pool the results across the 4 parameter value combinations and the
3 different choices of the sample size n and Table 5 summarizes these results. Specifically,
Tables 6 to 8 show results for the first scenario, when p; and py are well separated and
the average severities within each group are close while the average numbers of events are
far apart across time. Tables 9 to 11 show results for the second scenario, when p; and o
are close, and the average severities within each group are close while the average numbers
of events are far apart across time. The results for scenario 3 are displayed in Tables 12
to 14. In this case pu; and py are well separated, and the average severities are far apart
while the average numbers of events are similar across time and groups. Finally, the results
for scenario 4 are presented in Tables 15 to 17. In this scenario p; and po are close, and
the average severities are far apart while the average numbers of events are similar across
time and groups. The tables report the average parameter estimates, empirical standard
deviations and square-root MSE. By comparing the standard deviations of the parameter
estimates to the theoretical large-sample standard deviations, we have one assessment of the
adequacy of the asymptotic covariance matrix for the sample size under consideration as

approximation to the finite sample covariance.

The main parameters of interest are the p’s, representing the underlying disease status.
In each of the cases we are able to estimate their true values with biases being practically
insignificant. The results obtained from the simulation studies indicate that the estimates
of the true u’s were unbiased for any sample size (n = 20,50, 100), under all four different
scenarios. The same was true for the parameters o2, p and p*. The bias of these latter
estimates was slightly higher for the smaller values of the sample size. In contrast, as shown
by Tables 6, 9 and 10, the estimates for § and v were quite different from the true values
for small sample sizes. For small values of n, the estimates for 6 and v are strongly biased
in both scenario 1 and scenario 2. In scenarios 3 and 4 (see Tables 12 - 14 and 15 - 17),

the estimation for small sample sizes works as well as in the cases with n large. The main
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source of this difference of results obtained from the first 2 scenarios and the last 2 is the

Table 5: Summary of the simulations’ results. T=4

Scenario 1

n = 20

e bias only in § and v

e asymptotic variance does not approximate
the finite sample variance for § and ~y

e ¢ and v not normal

Scenario 3

n = 20

e no bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

n = 50

e no bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

n = 50

e 1o bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

n = 100

® no bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

n = 100

e 10 bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

Scenario 2

n = 20

e bias only in § and ~

e asymptotic variance does not approximate
the finite sample variance for J and ~y

e ¢ and v not normal

Scenario 4

n = 20

e no bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

n = 50

e small bias for § and ~

e asymptotic variance approximates reasonably
the finite sample variance for § and ~y

e all estimates look normally distributed

n = 50

e no bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

n = 100

e no bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

n =100

e 1o bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

disproportion between the average severities and the variance 0. In the first 2 scenarios, the
theoretical severities are not well separated across time and treatment group with respect
to o2, while in the latter scenarios they are well separated. In addition, in scenario 2 the
severities for the two groups intersect across time, making the estimation more difficult.
QQ-plots (not presented), were generated for each simulated scenario. By examining

them, we found the empirical distribution of all the MLE’s except d and 7y to be symmetrical
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and approximately normal, as expected. Non-normal behavior was found for § and ~ in
scenario 1 and scenario 2 for small sample sizes. The asymmetry decreased with increasing
sample size. Investigating the behavior of the sample standard deviations produces conclu-

sions analogous to the ones obtained from exploring the bias and normality. The empirical
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Figure 2: QQ plots for scenario 1 with n = 20. Although estimates for § and v are not

normal, estimates for pq; and Aj; are normal

standard deviations are close to the large sample theoretical ones in all scenarios and for all
sample sizes except for the parameters § and v in scenarios with small sample size (n = 20)
and large variability in the events’ severities (scenario 1 and 2). Summarizing all the above
we conclude that the asymptotic results in section 3.2 are applicable for sample sizes which
are greater than 50.

Estimation results show that the algorithm gives acceptable results even for choices of n

as small as 20. Figure 2 presents qqg-plots for one of the "problem” scenarios, scenario 1, when
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the sample size is small (n = 20) and the average severities across time and treatment groups
are close relative to their variances. We show only the qg-plots for the parameters § and ~
(not well estimated), and for one of the u’s (u11), as well as for the corresponding length,
A11). Although the qg-plots for the parameters  and v do not look normal, as expected,
we notice that both the plots for the estimated severity and length are reasonably close to a
straight line, an indication of their normality. As noted before, even when the estimates for
the scaling parameters are not close to the theoretical values, the method produces correct

estimates for the main parameters of interest, the mean severities and lengths.
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3.4 APPLICATION TO LEDS DATA

In this section we apply the multiple population model to the LEDS data. The data were
collected at the University of Pittsburgh Western Psychiatric Institute and Clinic as part
of a larger study investigating stressful live events in depressed adolescents. The objective
of this study was to examine the occurrence of acute and chronic stressors prior to and
during a recent depressive episode in adolescents. Stress exposure was examined using the
investigator-based Life Events and Difficulties Schedule (LEDS), adapted for use with ado-
lescents. This interview is designed to exhaustively draw out information for stressors. The
severity of each stressor was rated on a 4-point scale (4-marked, 3-moderate, 2-some, 1-little
or none). The subjects we consider are 32 depressed (MDD) females and 30 normal control
(NC) females between the ages of 13 and 18 years. The occurrence of stressors was examined
quarterly in the 12-month period prior to the onset of the depressive episode in depressed

adolescents and during a comparable "linked” period in normal control adolescents.

Our model depends on the normality assumption for the distribution of the multivariate
severities. In LEDS data, the severity measurements are actually ordinal (1="little or none”,
2="some”, 3="moderate” and 4="marked”) and we approximate them with continuous
normal random variables. This is common use in life events data analysis. Furthermore,
as many of the pain severity measurements encountered in practice are assessed by visual

analogous scale, there is a interest in models for continuous severity measurements.

The two outcomes recorded for each subject are the number of stessors and the severity
of each of the stessors. These outcomes are recorded for each of the four quarters of the
year. Each quarter, the data for a individual subject are random vectors of event severities
with the random length given by the number of events the subject experienced that quarter
of year. We denote the MDD group as population 1 with mean p;; reflecting the underlying
depression status at the first quarter before the onset of depression, po reflecting the un-
derlying depression status at the second quarter before the onset of depression, p;3 at the
third quarter before the onset of depression, and mean py4 at the forth quarter before the
onset of depression. Similarly, we denote the NC group as population 2 with means 9, at

the first quarter before the onset of depression, 9 at the second quarter before the onset
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of depression, o3 at the third quarter before the onset of depression, and mean puo4 at the
forth quarter before the onset of depression. The multiple population model introduced in
Section 3.2 can be applied now to this data set. We have n; = 32 and ny = 30. The data
are summarized in Tables 1 and 2.

As in the previous section, we use the R function nlm to maximize the likelihood. The
initial values for the parameters are computed using the technique described in Section 3.3.3.
Table 18 reports the solution @ of the maximization procedure and the estimated standard

deviations based on I, 1(OA), as well as the initial values for the maximization procedure. The

Table 18: Maximum likelihood estimates for LEDS data

A

Parameter 0 estimated SD of 0 Initial values
1) -16.6291 2791 -0.1986
v 9.4031 15.08 0.5683
MDD
11 1.8799 0.06 1.8039
12 1.8804 0.06 1.7364
113 1.8515 0.04 1.8917
14 1.8563 0.04 1.8605
NC

o1 1.8287 0.06 1.6917
Lo 1.8481 0.04 1.4479
o3 1.8271 0.06 1.4430
o4 1.8034 0.09 1.6814
o? 0.5250 0.03 0.5324
p 0.1702 0.05 0.1846
p* 0.0689 0.04 0.0787

estimated asymptotic covariance matrix of 0 is computed using (A.24) to be
In_l(é) _ Irjl(gv:%/llla "'7,&24) 010><3 7
O35x10 I,'(6% p,p")
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where I-1(8,4, fu, ..., fiza) is given by

779.2287
—420.8131
1.2455
1.2666
—0.0031
0.2079
—1.0157
—0.1637
—1.088
—2.1259

and

—420.8131
227.3005
—0.6816
—0.693
—0.0072
—0.1212
0.5398
0.0796
0.5789
1.1395

1.2455 1.2666
—0.6816  —0.693
0.0039 0.0038
0.0038 0.004
0.0017 0.0017
0.0021 0.0021
le—04 1le—04
0.0015 0.0015
0 0
—0.0017 —0.0018

—0.0031
—0.0072
0.0017
0.0017
0.0019
0.0017
0.0017
0.0017
0.0017
0.0017

0.2079
—0.1212
0.0021
0.0021
0.0017
0.0019
0.0014
0.0017
0.0014
0.0011

—1.0157
0.5398
le — 04
le — 04
0.0017
0.0014
0.0032
0.0019
0.0031
0.0044

0.0011 0.0005 0.0003
(6%, p,0") = | 0.0005 0.0026 0.0006
0.0003 0.0006 0.0015

—0.1637
0.0796
0.0015
0.0015
0.0017
0.0017
0.0019
0.0019
0.0019
0.0021

—1.088
0.5789

0

0
0.0017
0.0014
0.0031
0.0019
0.0034
0.0046

—2.1259
1.1395
—0.0017
—0.0018
0.0017
0.0011
0.0044
0.0021
0.0046
0.0077

The estimated parameter v has a positive sign indicating a positive relationship between

the average number of events and the average severity (larger severities and higher number

of events). Its estimated standard deviation is large, indicating that 7 is not significantly

different than zero. We conclude that there is no additional information about the severities

supplied by knowing the lengths, and similarly, knowing the severities would not provide any

information about the average lengths. Another question of interest is testing if the profiles

of the two groups are parallel. This is equivalent to testing that there is no interaction

between time and group. This composite hypothesis can be written as

Hy: (pa2 — pa1) — (pa2 — pio1) = 0

(pa3 — p12) — (p23 — pro2) = 0

(pt1a — p13) — (pioa — poz) = 0.

We set up the corresponding matrix

C = 0o -1 1

-1 1 0 01

0 0

-1 0
1 -1

0 0 -1 10 0 1
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Figure 3: Severity of events profile plot for LEDS data

write the hypothesis in matrix form
Hy: Cp=0,
where p = (11, .., f14, o1, -+, pi24)- 1t follows that the value of the test statistic is
(Ch) [crl(,z)c’} o= 0.3237,

which is not significant with respect to a chi-square distribution with 3 degrees of freedom.
This means that the two profiles are not significantly different in shape and we conclude that
the profiles are parallel. Given that the profiles are parallel, we are interested to see if they

are also coincident. The corresponding null hypothesis of equal treatment effects is
Hy: pg 4 pag + g + faa = o1 + poo + flog + flog.
We can state this hypothesis in matrix form as
Hy: cu=0,
wherec=(1 111 —1 —1 —1 —1). The value of the test statistic can be found as
/ ’ -1
(ci) [crl(ﬂ)c} cfi = 0.3904,
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which is not significant with respect to a chi-square distribution with 1 degree of freedom.
We conclude that the two profiles are coincident and we proceed to test the hypothesis of

equal response effects

Ho o pan + pror = pa + fog = iz + flag = flia + floa.

In matrix form, we state the hypothesis as

HO . D[_,L = 0,
where

-1 1 0 0 -1 1 0 0
D = o -1 1.0 0O -1 1 0
0 0O -1 1 0 0o —1 1

We obtain the value of the test statistic as

/ / -1

(D) [DI‘l(;l)D } Dju = 0.3243,

which is not significant with respect to a chi-square distribution with 3 degrees of freedom.
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4.0 BUILDING DEPENDENCE INTO SEVERITIES AND LENGTHS.
MULTIPLE POPULATION MODEL WITH DEPENDENT POISSON
LENGTHS

An individual’s disease condition may affect both the frequency and the severity of events
that occur repeatedly and are collected over assessment intervals. We termed this type of
data as longitudinal random length data and the overall aim of our research is to develop new
methods for dealing with this kind of data, methods which incorporate information from both
the frequencies of the events and their severities and allow their joint modeling. One of the
biggest challenges when constructing models for longitudinal random length data is related
to the problem of accounting for the dependence among the outcomes for a given subject.
Within a subject, not only are the repeated severity measures recorded at different times
correlated, so are the severity measures recorded within a single time point measurement, as
well as the number of events reported by a subject at different time points.

Dependence over time can be built in two ways: into the vectors of severities and in the
random lengths. In Chapter 3 we address this problem by considering that the number of
events, i.e. the random lengths are independent across time and set up dependence over
time into the severities. Specifically, we assumed that within a subject, conditional on all
the number of events experienced by the subject, any two severity measures recorded at two
different measurement times have the same correlation, p*, independent of the measurement
times. In this chapter we generalize the model of Chapter 3, by adding another layer of
dependence over time, built into the random lengths. Note that we are still assuming that
within an assessment period, conditional on the number of events experienced, the severi-
ties are correlated, and model this dependence in the vector of severities using compound

symmetry. Furthermore, we consider that, conditional on the total number of events expe-
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rienced by an individual the severity measurements taken at different times are dependent,
and, additionally, the number of these reported severities are dependent. This assumption
is motivated by our belief that in certain scenarios, it is likely that the number of events
experienced by a subject over time are dependent. In the context of the LEDS data, it makes
sense to assume the number of these stressful life events collected at the end of each quarter

of year would be dependent.

We employ a multivariate Poisson distribution to model the lengths dependency. While
the univariate Poisson distribution has been widely used as a modeling approach for numbers
of events, the use of its multivariate counterpart has been rather limited in the literature.
The main obstacle that appears to limit the usage of the multivariate Poisson distribution
in practice is the difficulty of calculating its probability function and the complexity of the
likelihood (see Johnson et al.,[19]). This has led to the use of a simplified model with just one
covariance term for all pairs of variables (see Karlis [20]). Even for this simplified version,
likelihood inference is quite complex. We model the joint distribution of the number of events

recorded throughout the follow-up using this simplified multivariate Poisson distribution.

Given all the events experienced by a subject throughout the repeated measurements, we
assume that the vector of severities has a multivariate normal distribution. We parametrize
the model in such a way that, at each measurement time, both the distribution of the
number of events and the conditional distribution of the severities depend on an underlying

parameter, reflecting the disease status at that time point.

As in Chapter 3, because the notation becomes cumbersome and to help cement the
concepts, the analysis of a one population model, introduced in Section 4.1, is extensively
presented. The main results of this analysis, the maximum likelihood equations and the
asymptotic distributions for the MLE, are then easily generalized to the corresponding mul-

tiple population case in Section 4.2.
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4.1 ONE POPULATION MODEL WITH DEPENDENT POISSON
LENGTHS

This chapter generalizes the model introduced in Section 3.1.1 by adding dependency in
the random lengths. The model is appropriate for instances in which only one treatment
is involved, and the treatment is evaluated at different points in time. The subjects are
followed longitudinally and their vectors of severities are recorded repeatedly for a fixed
number of time periods T'. The disease status at measurement times 1, 2 ,..., T' is reflected
by the parameters pig, ..., ur. The model we introduce here is similar in structure to the one
of Chapter 3 . However it differs from it in that it has an additional parameter reflecting
dependence over time. This parameter, Ay appears in the specification of the distribution of
the total number of events experienced by subjects throughout the repeated measurement
times.

In the LEDS data, the two outcomes of interest are the number of stressful life events
that subjects experience throughout the four quarters of a year and their respective severity
levels. Conceptually, it makes sense to assume that there is an underlying subject depression
status affecting both the number of events and how severe these events are. We expect that,
as they draw closer to their MDD onset, the subjects in the MDD group will have more

stressful life events and their severity levels will be higher.

4.1.1 Model Description

The notation introduced in Chapter 3 is used, with each subject 7, ¢ = 1,...,n being ob-
served T times. At each measurement time j = 1,...,T, each subject ¢ has a random

number of events K;; and the corresponding measurements are recorded into the vector
T

X,;. Hence all the data for subject ¢ can be condensed into the ) K;j;-dimensional vec-
j=1

1oy X Z'T) and the corresponding T-dimensional vector of random lengths

tor X;, X; = (X

K, = (Kj, ... Kir), withi = 1,...,n. If k; = (k1 ..., ki) is a realization of the T-dimensional

vector of lengths K, we denote by [(k;) the number of non-zero components of k;. As in
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Chapter 3, if [(k;) > 0 we denote by k; the I(k;)-dimensional vector composed of the non-

zero elements of k;. Hence k; = (kiy,, Kirygs - Kiryy gy, ), Where T <ryyp < rip < o < ey < T

<ki))
are indices corresponding to the elements in the original vector k;. We denote this set of or-
dered indices by r(k;) = (131,742, ..., Ti(k;))- Furthermore, both the distribution of the random
lengths and the conditional density of the severities given the random lengths we allow the

parameter Specifically, we make the following model assumptions. For each observational

unit 7, ¢ =1, ...,n,

(1) The T-dimensional vector of length variables K; = (K1, Kj2, ..., K;r) has a multivariate
Poisson(Ag, A1, ..., Ar) distribution, as described in Appendix B, where A\; = exp(d+vyu;),
7 =1,...,T. Hence,

S OPYIEED L LI NN A
P(Ky = ki, Kio = kig, ..., Kjp = kyr) = e 770 H kj, H ( /)l' 7 0 , (4.1)
j=1 "% |1=0j=1 T M
k=1

where s = min(k;1, ko, ..., kir)-
(2) The random vector X; with random lengths K; = (K}, ..., K;7) for the i-th subject, has

the conditional distribution:

Xz| (Kl = (kila ) sz)) ~ MVNXT: 5 (ukiv UQSki(pv p*)) ) (42)
il

=1

T

for > ky =1,2,..., where

=1
Hrig €kyy
Hrio €y,

Pr; = Pki,kir = (43)
uril(ki>ekiril(ki)
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and

* * *
Rkiril (p7 p ) p Jkiril 7kiri2 p Jkir“ 7kiril(ki)
* *
p Jkir-gakir-l Rkir-Q (IO) p Jkir-Qakir- )
Ski (p> p*> = Skil,---7kiT(p) = o ' ) '(4'4)
* *
p Jk"zl(kl) 7ki7‘i1 p Jk”zl(kl) 7kiri2 e Rk”zl(kl) (p)

As before, we denote by Ry (p) = (1 — p)I). + pere,, the intraclass correlation matrix of
dimension k; Ij is the k-dimensional identity matrix, ey is the k-dimensional vector with
all the entries 1 and Jjy; is a k£ x [-dimensional matrix of ones.
In order for the matrix Sy, . (p, p*) to be positive definite, for all possible combinations
of lengths (ky, ..., k), we impose 0 < p* < p < 1.

(3) The data (K;, X;) and (K;, X;), for subject ¢ and j, respectively, are independent for
i .

The main features of the proposed model are summarized by:

(a). The (T+6) parameters are collectively denoted by 8, @ = (8,7, Ao, ft1, ..., i, 02, p, p*)'.

The parameter space for the above model is

O = {0 = (6777 )‘Oalula "'7MT70'27P7 P*)/| — 00 < 5777“17 sy i < OO,

02,)\0>0,0§p*§p<1}

(b). The support of the random lengths includes zero. Any of the components of the vector
K; may be zero. If all of them are zero, we observe no quantitative data. We deal with
this situation as in Chapter 3 by defining the density of a zero-length vector to be equal
to 1 with probability 1. As we can see from the expressions of the mean and covariance
of the multivariate normal in (4.3) and (4.4), if one of the lengths is zero, it means there
is no corresponding entry for that time point in both the mean vector and the covariance

matrix.
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(c). The parameter v has the same interpretation as in Chapter 3, acting as a scaling param-
eter and also controlling the association of u with the random length. The parameter ~
being zero implies that the population means p;, ¢t = 1, ...,T" have no effect on the distri-
bution of the random lengths. Parameter v > 0 implies that, the larger the underlying
parameter u; is, the larger the corresponding observed severity measures tend to be, and
the higher their frequency tends to be. Parameter v < 0 implies that, the larger the
underlying parameter p, is, the larger the severity measures observed tend to be, but
their frequency tends to be smaller.

(d). Marginally each K;; is a Poisson random variable with E(K;;) = A; + Ag. Moreover,
Cov(K;j,, K;j,) = o for any j; # jo. Hence Ay measures the dependence between any
pair of random lengths for a subject. If A\ = 0 then the random lengths are indepen-
dent and the multivariate Poisson distribution reduces to the product of T" independent

Poisson distributions and this model reduces to the model of Section 3.1.1.

4.1.2 Maximum Likelihood Estimation

Consider the data corresponding to the T' repeated measurements of random length vectors
of severities on the same subject, X;, with the vector of random lengths K; = (K, ..., Ki1).
Given the random lengths K;; = k;1, ..., Ki7 = ki, X; has a i k;; - dimensional multivari-
ate normal distribution with mean p, and covariance matrlile 0?Sk, (p, p*) given by (4.3)
and (4.4), respectively. For each subject i, El = (Kiry s Kiryy v, km(ki)) is the subvector of k;
composed only with non-zero elements.

We employ the same matrix version of the canonical transformation technique used in Chap-

ter 3 and define Y; = I', X;, where

]'_‘kir“ Okirﬂ 7kiri2 Ok‘iril ’k”il(ki) Xin-l
F o 1-‘ o Okirﬂ 7kir“ I‘kiriQ R Okiriz ’kiril(ki) X _ Xiﬁg
ki — Y ki,okir — ) 4hg = )
Ok"z‘l(ki)’k”il Okiril(ki)’k”m Fk"u(ki) Xiril(’%)

and Oy is the k£ x [ matrix with all the entries equal to 0.

!

As described in Chapter 3, it follows that given K; = (k;1, ..., ki), Y; = (Y;/l, . YZ,T) also
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has a multivariate normal distribution, but with simpler mean and covariance structures. The
only correlated components in the vector Y; are the first entries in each of the subvectors
Y., 7=1,...,T, provided that the corresponding length Kj;; is nonzero. All the remaining
entries in the Y; vector are conditionally independent, identically distributed univariate

normal random variables, with mean 0 and variance o2/7. We have

’

Y; ril(ki)kir”(ki)> :

Yir,

}f’i = (3/;7‘1'11 }/;T’ZJQ Yirilkiril Y;'I‘igl }/;7”1'22 }/’L Ll(kl‘)Q YL

Tiakirgy © 0 L iri(e,)L

Denote by Z; the vector composed with the first entries in the non-zero length vectors Y;;

!/

Z, = <Y;n‘11 Yirio1 - }/;Til(ki)1> = (Zil Zip ... Zi(ki))

!

and by f’; the vector containing the remaining components of Y;, which are conditionally
independent, identically distributed univariate normal random variables, with mean 0 and

variance o2 /7.
/

Y, = (En‘l? }/;rilkiril }/;7’2'22 Yiri2kiri2"' }/;Til(ki)2 }/’iril(ki)kiril<ki)> .
T . T

Note that Z; has dimension I(k;) = > d(k;) and Y; has dimension ) k;; — [(k;). Further
=1 =1

denoting

’ ’

= (s gy - Nm(ki)) = (MZ} i -+ /’L;(l(ki)) ’

we can write the conditional density of the random length vector Y; as

1 (ki)
yi2r--l

#\ §1— «y ) l(ki) Firij €xXp | — 557
Xexp{_@i—ui)zkﬂzi—ui)}() ﬂ p( /)

—-1/2

202 s V2mo?/n
where

7—~1 p* p*
ki1

Pt

Yk, = EEi = Fi2 ) (4.5)
p* p* — 1
Rit(k;)
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This can be written as

1 é:lkiz %(lilkill(ki)> -
k) = ( ) Y =

l(kz) irij

Z Z y’L2’I’”l

202 /7y

We can write the joint density for this one observation as
Fyi ki) = P(Kj = kit oo, Kir = ki) f (il ki, .., k)59
Taking the logarithm of the above, we obtain
log f(y;, ki) =1log P(K;1 = ki, ..., Ko7 = kir) + 0(k;i) log f(yilki, ..., kir).

The contribution of the :—th subject to the log-likelihood is given by

s T
k;
log f(y;, ki) = —)\O—i—g —\; + kijlog ;) + log E H(Z)
J=1

k=
T

ok, logo ka logm (ka Z(S ij)>
j=1

1 1 R To

— —(zi — )Y Nz — ) — — 2

92 i 20_2 (Z'L l’l’l ) k; (ZZ ”l’l) 20_2 ; ; yzrijl
Recalling that A; has the form A\; = exp (0 + ypu;), we can write
l

T s T L A

. i 0
log f(yi, ki) = —Xo+ Z (€719 + ki (6 + yp;)] + log H ( ;)l!

log 02 log 7o [ w—
- > i+ : D kij— 1K)
j=1 j=1
1 1
20. ( ”’1)2 i(z ngzzym]
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To keep the notation simple, we give up multiplying the last 5 terms in the right hand side
of the above equation by §(k;). Instead, we make the convention to consider these five terms
equal to zero for the case when J(k;) is zero (i.e. when all the random lengths for a subject

are zero). The log-likelihood of the entire data set is

n T n s T
ki A
10) = —ndo+Y > [ ki (5 +my)] + ) log [ Y]] < lj)“ T
i=1 j=1 i=1 =0 j=1 H >\k:
k=1
log 0% o 10g 7o o~ [
0
Sk S (S0
=1 j=1 =1 7=1
1 n 1 n - n (ki) k"ij
—5 Zlog Xk, | — 252 Z(Zi — 1)) B (= — i) — 2702 Z Z Z Y (4.6)
i=1 i=1 i=1 j=1 =2
where the parameter vector is @ = (8,7, Ao, i1, ..., i, 02, p, p*)’ .
Denoting by
1
min(k;1,....kiT) L )\O
ij
Qki()‘OJ)‘la 7>\T> - H < l )“ (4 7)
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and using the results (A.5) - (A.8) from Appendix A, it follows that the 7'+ 6 score equations

are given by

T
A o
D (=" ki) + > 5108 Qk, (Mo, M1, A7)

=1 j=1 1=1
n T n 8
Z Z (—/Lj€6+’Yle + kijﬂj) + Z 87 log Qki()\o, )\1, ceey )\T)
i=1 j=1 = 97
—n + Zn: i IOng,(Ao, )\1, ceey )\T)
i=1 9o '
—nA+ Y ki > 50108 Qk, (Ao, Ary ooy Ar)
=1 i=1
771/\2 + Z ki? Z 38L ]‘Ongq‘, ()‘07>\13 EEE) )‘T) 1 n
! SR R =D DT
: i=1
—nAr + Y kir > 50108 Qu, (Mos At ooy A7)
i=1 i=1
1 n T 1 n - n
*\ s —1 * 0 ~ o~
_ﬁzzkij +QZ(Z1‘ _I«Li) Eki (Zz‘ —Mi)—&-@Zyiyi
=1 j=1 i=1 =1
o SD BIUTRTTRIIS o o A (LU
1—p i—1 i—1 Y N i=1 R [T & kii” 7 ki
=1 j= i=
1 L [ . 1 1 _ T0 - ~ o~
— i — ) S | I =D — e — | Mz - ) - Ui
+02 i:l(z ) i {T lag(kz‘f 7kiT>:| ki (= 4sd) 02(1*P)2i:21y1y

B , 1 & e , B .
- Ztr (Ekil(eTeT - IT)) + ) Z(zz - u7) B (erer — 1) (zi — 1)

% i
i=1 i=1

1(k;) Kiri ,
We use the fact that >3 >° y2 ;= ¥;¥; in the above expressions.
j=1 i=2

0 (4.10)

07 (4.11)

0 (4.12)

0 (4.13)

0. (4.14)

As in Chapter 3, if all the observations consist of random length vectors with length zero,

none of the equations (4.8) - (4.14) make sense; hence, none of the parameters are estimable.

If we observe only vectors with length zero or 1 then the parameter p is not estimable. Due to

the complexity of the expression Qg, (Ao, A1, ..., A7) and to the computational burden of the

multivariate Poisson probability mass function, we do not present the explicit expressions

for the score equations for the general case, but only for the simpler scenario where we have

two measurements for each subject.
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4.1.2.1 Maximum Likelihood Estimation for 2 Time Points Let us assume each
subject was observed only 7" = 2 times. Thus, the random lengths are distributed jointly
as bivariate Poisson(\g, A1, A2) random variables, where this joint bivariate probability mass

function is given by

f(’l“,S) = P(KlzT KQZS)
min(r,s) i
ZA AT A3 r\ /[s)\. Ao
_ o = ! ) 4.15
BRI ; (2) (z)z (AlAQ) (4.15)

Taking into account the expression of the score equations for the vector of lengths in (C.5)

- (C.9) and using f to denote the pmf in (4.15), we may explicitly write the score equations

for the one population with 2 time points model as

O+ —1 kﬁ) f(kil,kn - 1) o
_ZZ ) +Z {Al k’zl,k’z2) A ) } = 0 (416)

=1 j5=1
n T
— 1, kia) f(kir, kio — 1)}
5+%u 5 g2 11y vy o
— e 7+ A + —- = 0 (4.17
S 2wt 3 W o ete ] <0
“~ f(kirs ki2) — f(kin — 1, kio) — f(kin ki — 1) + f(ki — 1, kig) — 1
+ = 0 (4.18
2 Flkar, k) (4.18)
—7Z>\1 + )\1 Z —f 2111 L]zl)z) 1 n . .
g ki kin—1) +gzzki (zi —p7) = 02(4.19)
—n)\2 + )\2 Z % i=1
1 n T - n
*\ 1 — 0 ~ A~
202 Zk” Ny 204 Z — ;) Eki1<zi — Kt 204 vy = 0 (420)
=1 j=1 =1
n T 1 1
Z ij — 0(kij)) — Z”’ (El;lDiag (1 Tk 1— k—ﬂ))
=1 j=1 =1
1 & . 1 1 . i}
+022 Dlag (1_]{;_21 1_k_12> Ekl (ZZ—[,I,Z)
T0 i PPN
v,y = 0
(1=p) =
n , 1 n
> (531;1(6262 - I2)> = D (2= 1)) Sl (esen — 1) (2 — ) = 0. (4.21)
i=1 i=1

We discus in additional detail how to numerically obtain the MLE’s in Section 4.3.3.
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4.1.3 Asymptotic Distribution of the Maximum Likelihood Estimates for 7' = 2

Let us denote by I,(0) the information matrix for @ contained in the n multivariate random
length vectors X; with random lengths K; = (K1, K;2), 7 = 1,...,n. Asin the one population
model of Chapter 3, I,,(8) can be computed as a sum of the information about @ contained
in the lengths and the sum of information about 8 contributed by the vectors of severities
over all possible lengths. In Appendix C, we show that the information about the parameter
0 contained in a single observation from the one population model, X with random lengths

K = (K, ..., K7) has the form

I(0)=1I(0)+ Y Po(K =k)I(0]k),
keY

where I*(0) is the information matrix about € contained in the random lengths K =
(Ky, ..., Kr) and I(0]k) is the information matrix contained in X;|K =k, k € T, where we

denote

2
T = {k: = (k1 ko) by = 0,1,... forVi=1,2and Sk > 1}.

=1

Using the independence of the subjects, we can compute the information matrix I,,(0)
about @ = (6,7, \o, i1, ft2, 02, p, p*) contained in the n independent observations from the

one population model as

I,(0) =nI'(0)+n) Po(K =k)I(0]k).

keY
As in Appendix C, denote
b = —(A+X)+ [MA =] (7 —1) (4.23)
5 = [N = X[ — 1= (A + o) (4.24)
B = fPr—1,5-1)
= > O (4.25)

r,s=1

where A} = A\, + Ay, ¢ = 1,2 and f is the probability mass function for the bivariate distri-
bution from (4.15). We show in (C.21), that I,,(8) has a block diagonal form
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ITL(57 s >‘0a M, }LQ)

I.(0) = O35

where

In((sa 7, >‘07 M, :uQ)

Os543

2 .
_ Ai v k1 oy Ko min(kq,k2)
n Y |e DAL (=

I i
keY =0

ka
7

(2 (2%)"| (o 0.0

nI(aa e )‘07 M, IUQ)

O3><3 O3><2
2
nH — Lk min(k1,k2 i
T 0ns nd 3 [ BN T Gy iy ()
2x3 p=> e k1! ko! — i /7 \ M
1=

(4.26)

!

and the elements of the matrix I(o?, p, p*) are defined by (A.10) - (A.15). H denotes the

matrix
)\1 + )\2 — 451
2
> mi(Ai — 261)
i=1
52)\0
H = - 2/\1/\2
’Y()\l — 251)
’Y()\Q — 251)

2

> mi(Ai = 261) — 30 (A1 —261) (A2 — 201)

o 2 50 (b2 2 2
;Mg)\i_(sl(;ﬂi)2 —% YA =61 ;,U/z) Y(p2A2 — 61 ;/iz)
T adolu i) oy g a8

/\1A2 )\f}\g )\1)\2 >\1)\2
2
YA =01 Y ) — e (M =) Al
2
Y(p2A2 — 01 3 i) —alo =76 (A2 = d1)

i=1

From the expression of the score equations, it is clear that there is no closed form solu-

tion for én, and asymptotic results are required for distributional results. We can apply a

general result on the efficiency of maximum likelihood estimators for random length data

(see Theorem A.3.2 in Barnhart [4]) to derive the asymptotic distribution for 6, the MLE.

The asymptotic covariance matrix of 6, is obtained as the inverse of the above information

matrix and is estimated by I;'(6,).

Theorem 3. Let én =

(n)
1

(3?17 FA}/TH 5‘(()n)a ,EL I ﬂgn)7

from the one population model. Then, as n — oo

(1). 6, is consistent.

7

62, pu, p1) be the MLEs for a sample of size n



(2)-

N (én . 0) L MVNy(0,171(8)),

where
1(6777A0a/j/1’:u2) 05><3
—_ _ 22: i k1 kg min(ki,k2) i

1) Ops  n % | BRETS (?)(’?)z‘!(ﬁ&z)]Ikw?,p,p*) -21)
keY =0

and
03><3 03><2

I(6,7, Moy pia, o) = H + LS i gk kg min(k1k2) :
Oy 2 32 |e 0 o > B3 () | =%

€ i=

The matriz H is defined above and the elements of the matriz Iy(c?, p, p*) are given by

(A.10) - (A.15). We denote

2
T = {k = (ki,ko)| ki =0,1,... forVi=1,2 and > k; > 1}.

=1

4.2 MULTIPLE POPULATION MODEL

This section generalizes the model introduced in Section 4.1 to accommodate two or more
populations. We allow the different populations to share the scaling parameters ¢ and v and
the parameter \g, while u’s are population specific. The model is motivated by our belief
that v and ¢ are parameters of the process linking the the underlying ”disease” status to the
length, while )\ is a parameter describing the dependency of the number of events over time.
Thus, they should remain the same, regardless of population. What changes is the underlying
"disease” status. For example, in the context of the migraine example, is the disease status
that is affected by the drug, and not the relationship between the disease status and severity
of migraines, or the relationship between the number of events experienced every quarter of

a year.
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4.2.1 Model Description

Using the notation of Chapter 3, suppose that we have data from m different populations.
Each subject j, j = 1,...,n;, from population i, ¢ = 1,...,m is observed T times. At
each time point ¢t = 1,...,T, each subject j from population ¢+ has a random number of

events /(;;; and the corresponding severity measurements are recorded into the vector X ;;.

T

Hence all the data for this subject ¢ can be condensed into a ) | K;;-dimensional vector X;,
t=1

lej = (ngl, vy X ;jT) and the corresponding T-dimensional vector of random lengths K;; =

(Kijla ceey KijT), with 7 = 1, ..., m, j = 1, .., Ny, Let kij = (kijla ey kijT) be a realization of the
T-dimensional vector of lengths K;;. Some of the the components of k;; might be zero. Let

T
us denote by [(k;;) the number of non-zero components of k;;. We have I(k;;) = > 6(k;ji). If
=1

l(k;;) > 0 we denote by Eij the [(k;;)-dimensional vector composed of the non-zero elements

of kzg Hence kij = (kijTij17 kijTij27 R kijrijl(kij)>7 where 1 < Tij1 < Tije < ... < Tijl(kij) < T are
indices corresponding to the elements in the original vector k;. We denote this set of ordered
indices by ri; = (T’ij17 Tij2; - Tijl(kij))'

We make the following model assumptions. For each population i = 1,2, ...,m, and each

observational unit 7, 7 =1, ..., n,,

(1) The random length variables (Kjj1, K;j2, ..., K;jr) are dependent and follow a multivariate

Poisson(Ag, i1, ..., Air) distribution, where \;; = exp(d + yui), t = 1,...,T. Hence,

T T k mln(kzjla )kng)
— )\it )\‘l]t kl )\
P9<Kij1 = kijla ceny K’L]T = kUT) =€ tgo it H ( Jt)l! 0 (428)

(2) The random vector X;; with random lengths K;; = (K1, ..., K;jr) for the j-th subject

in the ¢-th population, has the conditional distribution

Xi| (Kij = (ij, s kigr)) ~ MVNi . (K 7Sk (. 7)) - (4.29)
il
=1
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T
for Y kijy = 1,2, ..., where
=1

Firiji €kijr, iy
Firyjo ekijrijQ

Priy = ki, ki = (4.30)

Mirijl(kij) eki]’rijl(k”)

and

Skij (p7p*) = Skijl,...,kijT(ﬂp*)

* *
Rkij'rijl (p) P Jkijrijlykij'rijz e P Jkijriﬂ,kijrijl(kij)
* k
= P Jkij"ij?’k“’”iﬂ Rkim‘jz (p) P Jkij7'i2’kij7"ijl(kz‘j) (4.31)
* *
P Jkijrijl(kij)ykijrijl P Jkijrijl(kij)ykijrij2 Rkijrijl(kij)

As before, Jj; denotes the k x [ matrix with all the entries equal to 1. In order for the
the matrix Sy, . (p, p*) to be positive definite for all combinations of random lengths,
we impose that 0 < p* < p < 1.

(3) The data (K;,;,, X,;,) and (K,,;,, Xi,j,), for subject j; from population ¢; and j, from

1710
population iy, respectively, are independent for (i1, j1) # (iz, jo)-

The covariance structure used to model the dependency of the random lengths mirrors
the one used in Chapter 3 to model the dependency of the severities over time. There we
assumed that, conditional on the number of events experienced throughout the follow-up, any
two severities recorded at different measurement times have the same correlation, p*. In this
model, we further assume that any pair of random lengths recorded at different measurement
times have the same covariance, \g. Having the covariance of any pair of random lengths
for any population equal to Ay is parallel in concept with the assumption of Chapter 3 that
any two severities recorded at different measurement times have the same correlation, p*,
regardless of population and the measurement times.

The multiple population model has the following features:
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(a). The (mT+6) parameters are collectively denoted by @ = (3,7, Ao, fi1, .., fimz 02, s p*) .

The parameter space for the above model is

@ = {0 - (57’77)‘07/~L117 "'7/“LmT70-27p>/| — o0 < 5777#117 ooy bmT < 00,
o X >0,0<p < p<1}

(b). The support of the random lengths includes zero. Any of the components of the vector
K; may be zero. If all of them are zero, we observe no quantitative data. In this case,
the multivariate normal distribution defined in (4.29) does not exist. We deal with this
situation by defining the density of a vector with zero length to be equal to 1 with
probability 1. As we can see from the expressions of the mean and covariance of the
multivariate normal in (4.30) and (4.31), if one of the lengths is zero, it means there is
no corresponding entry for that time point in both the mean vector and the covariance
matrix.

(c). The parameter - has the same interpretation as in Section 4.1, controlling the association
of p with the random lengths.

(d). Marginally each Kj;; is a Poisson random variable with E(K;;;) = Ay + Ao. Moreover,
Cov(Kiji,, Kiji,) = Ao for any t; # to. Hence )¢ is a measure of dependence between any
pair of random lengths for a subject. If A\j = 0 then the random lengths are indepen-
dent and the multivariate Poisson distribution reduces to the product of T" independent

Poisson distributions.

4.2.2 Maximum Likelihood Estimation

Consider one of these T-random length measurements, X;;, with the random length vec-

YR

tor Kz‘j = (Kz'jh --‘;KijT)- Given the vector of random lengths Kz’j = (Kij17 --wKijT) =
T

(kij1y ..., = ki), Xi; has a > k;j - dimensional multivariate normal distribution with mean
t=1

i, and covariance matrix oSy, (p, p*) given by (4.30) and (4.31) respectively. Each sub-

ject j, from population 7 can be thought as coming from a one population model of the type

introduced in the previous section, with parameter vector 8; = (0,7, Ao, i1, -, flir, 02, p, p*)/.
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Thus, we apply the appropriate transformation from Section 4.1 and define Y;; = 'y, X,

V)

where
Pkijrijl OkijrijlykijrijQ Okijrijlykijrijl(kij>
T -T . Okijfijwkij’“ijl FkiﬂijQ Okij’“z‘jz’kiﬂijl(kij)
kij — L kij1,-okir —
O g N g I
k”Tijl(k,ij)’k”Tijl k”rijl(kij)’k””jz k”rijl(kij)

As before, Oy, denotes the k x | matrix with all the entries equal to 0. We notice that
the entries in the vector Y;; are uncorrelated; furthermore, except for the first entries in each
of the subvectors Y, t = 1,...,T, provided that the corresponding length K,j; is nonzero,

all entries have the same mean 0 and variance 0% /75. We have

!

Y;j = <<}/ij7’ij11 ifijripl }/;jrijl(kij)l) ()/;jrijIQ }/;jrijlkijrijl Y;jmjﬂ Y;TiZki'riQ'“ }/iril(ki)Q }/;"Til(ki)ki”l(ki))>

Denote by Z;; the vector composed with the first entries in the non-zero length vectors Y

I
I

Zij = (Yigrunt Yieaat -+ Yiarauat) = (Zist Zigo o Zigua)

and by 5//\;j the vector containing the remaining components of Y;;, which are conditionally

independent, identically distributed univariate normal random variables, with mean 0 and

variance o2 /7y

/

Ej = (Yijn'jl? Yijrijlkijrijl Ygﬂwﬂ }/;jrij2kijrij2"' Yijrijl(kij)Q }/;j"'ijl(kij)kijrijl(kij)>

R T
d(kij¢) and Y;; has dimension ) ki — l(ki;).

1 t=1

Note that Z;; has dimension I(k;;) =

T
t=

Denoting

’ ’

82



it is straightforward to show that the contribution of the j—th subject from population i to

the log-likelihood is:

T s T
ki A
log f(yij’ kij) = —Aot Z< it + kiji log Ait) + log H ( ljt) T :
i ige
=1
log 02 log 7o [ < T
+o(kiy) | —— > ki + 5 S ki — 3 (ki)
t=1 t=1 t=1

ki) Fisrije

1 * \/g1—1
i - @(zz] - IJ"L]> Ek“ (sz - l*l’z‘] 20_2 Z Z ylj?‘”tl Y

t=1
where
— p*
kij1
p* T;“ p*
Ekij - EEij = ks (4.32)
pr Pt = L
Riji(k;)
Recalling that \;; has the form A\; = exp (0 + i), we can write
!
s T k A\
ijt 0
log flys ki) = —A0+Z exp (8 + Ypit) + Kije log Air) + log = E( ! )“

log 02 log 7o [ 4
DLl DL Z 0(kije)
=1 =1 —

1 1 T0
_5 log |2k” - ﬁ(zlj l'l’z]) E ( l’l'z] T 5 9 Z yz]r”tl

Instead of multiplying by d(k;;) the last 5 terms in the right hand side of the above equation,

we make the convention to consider them equal to zero for the case when 6(k;;) is zero (i.e.
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when all the random lengths for a subject are zero). The log-likelihood of the entire data

set 1s

=1 j=1 =0 t=1
] o m mn; T =
— 2Dk
=1 j=1 t=1
T
logTo ZZ (ka Za it > - —ZZlog\ka
i=1 j=1 t=1 i=1 j=1

i Ukij) wn]t

1 m
ZZ zij — W) B, (zi5 — ;) — 202 ZZ > Z Yo (4.33)
J=1 J=1 =

202
=1 =1 t=1

where the parameter vector is @ = (8,7, Ao, {11, -+, fomT> T2, P, p*)/.

Denoting by

mln(kijl ..... kijT) T k- )\
Qkij <)\0> )\ila Sy )‘ZT) = H ( }jt> [! T ° (434)
=0 t=1 H Azk
k=1

and using the results (A.5) - (A.8) from Appendix A, it follows that the m7T + 6 score
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equations are given by

m n; , m n; 9
ZZZ 6+'YHJ +k7,jt) +ZZ%IOng” ()\07)\1,133)\2T)
=1 j=1 j=1 =1 j=1
m n; T m  n; 8
SOSTST (cnae T k) + 30 5 108 Qky; (M0, Ait, - Nir )
i=1 j=1t=1 i=1 j=1 7
m  n
—Zm + ZZ ~10g Qiy, (o, Aty Mir)
=1 j= 1
—nidi + D kit > ,9511 log Qk,; (Ao, A1t e A1)
j=1 j=1
ni ni
777,1)\12 + Z k1j2 Z 8/?12 log lej ()\07)\117 ~-~7>\1T) 1 n1 . i
Y =1 +1 =t +?szlj(zlj - pij)
. . j=1
ny ny
—mMr + ) ki > 108 Qs (Aoy Aty oo M)
j=1 j=1
*nm>\m1 + Z kmjl Z ﬁ 1Og kaj (>\O> >\m17 ceey >\mT)
j=1 j=1Hm
_nm>\m2 + Z kmj2 Z % 10g kaj ()\07 >\m17 ceey )\mT) 1 vm
4=1 ,=1 m = 271 (Z )
Y J + J + 0_2 kmj mj IJth
. . =
N AmT + Z kij Z IOg ka] ()\07 Amly eees )\mT)
j=1
1 m n; T 1 m  ng - m n;
* — 0 PPN
RS NTEES 3 SRS 3o 1
i=1 j=1t=1 =1 j=1 =1 j=1
m  n; T m  n; 1 1
L (Zkiﬁ_zmm)) —ZZtr( [IT_Dlag (k k)D
P = = t=1 i=1 j=1 i1 igT
m n; 1 1
23D (e - ) i [Ir - Ding (k,, . )} Bi! (2 — )
i=1 j=1 171 3T
2(1—p)2 Zzywyw
=1 j=1
ZZW ( eTeT —1Ir ) Z Z Zij — [,I,Zj (eTeT - IT)E,;; (zij — 1ij)
i=1 j=1 i=1 j=1

U(Kij) Figrje

Or

Or

We use the fact that > > y?mj,z = ﬁ;]@] to simplify the above expressions. 07 denotes
1=2 '

t=1
the T-dimensional null vector.
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As noted before, if all the observations consist of random length vectors with length zero,
none of the equations above make sense; hence none of the parameters are estimable. If we

observe only vectors with length zero or 1 then the parameter p is not estimable.

Similar to the approach taken in the one population model, the explicit expressions for

the score equations are presented only for the case T = 2.

4.2.2.1 Maximum Likelihood Estimation for 2 Time points Let us assume each
subject was observed only T' = 2 times. Thus, the random lengths for a subject from
population ¢ are distributed jointly as bivariate Poisson(\g, Aj1, Ai2) random variables. Let

us denote this joint probability mass function by

fi(T; 5) = P6<Kil =71, K= 8)

2 min(r,s) i
c ’ r! sl Z (Z) (Z>Z ()\Zl)\12> ( 35)

1=0

Taking into account the expression of the score equations for the vector of lengths in (C.5)
- (C.9), we may explicitly write the score equations for the multiple population model for

T = 2 time points as
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m n; 2 m  ng
ZZZ +w,t+zz{“zw11’%2)+mﬂ(whw2)1)} — 0 (436)

P (kiji, kij2) fi(kiji, kijo

m  n; 2 m  n,
- - 2 Z 17k1 1\Ivigl, vy ]-
DD D WTES B o e v IEIUICED
i:13:1 t=1 i=1 j=1 Filkija, kij2) filkiji, kij2)
f 715 1]2) fz( 171 — 1 kzyQ) fz( 171> 232 )"‘fi(kijl - lakij2) -1 - 0 (438)
i=1 j=1 f(kljlakUQ)
ni .
f(k1j1—1,k1j2)
Y 1 + — ,: 215 *[Jf{- = 05 4.39
f(k1j1,k152—1) 02 4 i J
—711>\12—|-)\12]E:1 f(lklljhlkfﬂ) Jj=1
s m lk’NLJ
“mndn o+ d 3 SRS
¥ M s da) +§ZEkmj(zmj—umj) = 0y (4.40)
~MmAm2 + Z f(Emj1,k mj2) J=1
m g T m nq
* 0 ~N o~
ZZkat+ = LSS ey — iy B (2 pH) DD Uil = 0 (441)
i=1 j=1t=1 i=1 j=1 i=1 j=1
,0 g ' ki1 kijo
i=1j=1 \t=1 i=1 j=1 J J

m  n;

1 1
1 . —1 *
o5 D0 D (s — ) B Ding (1— 1= k) i) (2 — 1)

=1 j=1
1— 222%%1 = 0 (442

=1 j=1
Zitr( (eses —12))
i=1 j=1
*ULZZ (zij — mi;) (ezez 712)2];i(zij —uj) = 0. (4.43)

We discuss numerical estimation of the MLE’s in Section 4.3.3, along with considerations

about the technical difficulties we encountered.

4.2.3 Asymptotic Distribution of the MLE for 7' = 2

Let us denote by I,,(0) the information matrix for @ contained in the n = > n; indepen-
i=1

dent observations from the multiple population model, X;; with random lengths K;; =

(Kij1, s Kijr), i =1,...,m, j = 1,...,n;. It makes sense to think of I,,(@) as a sum of the in-

formation about @ contained in the lengths and the sum of information about @ contributed
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by the vectors of severities, over all possible lengths. Using the results from Appendix C, we
compute the information about the parameter @ contained in a single observation from the
one population model, X with random lengths K = (K}, ..., Kr) as

I(6)=1I'(0) + Y Po(K =k)I(6]k),

where I*(0) is the information matrix about € contained in the random lengths K =
(K1, ..., K7) and I(0|k) is the information matrix contained in X;|K = k, where k € T.
We denote

T
T = {k = (]{71, kT)| kz = 0,1,... for Vi = 1, ,T and Z ]{71 > 1}

=1

We compute the information matrix I,,(8) about 8 = (8,7, Ao, ft11, .., iz, 02, p, p*) con-

m
tained in these n = ) n; independent observations from the multiple population model (see

=1
C.27) as
I,(0) = Zm:nvﬁ(a) + zm:n > e“tif“f“z%mm(zkfh) <k1> (k2>i| (A0> L;(0k;). (4.44)
We show in Appendix C, relation C.27, that I,,(€) has a block diagonal form
In(5777A0>M117 "'7Nm2) O(2m+3)><3
I,(0)= m ) . , (4.45)
O3y (2m+3) Yoni . filki, ko) Ix(0”, p, p*)
i=1  ker
where
2 min(ki,k2) %
—ho= 3 A AT A k1 \ (k2 Ao
(ky, ko) = iz Al T2 | ’
filky ko) = e A ; <z)(z "\
Hgll) O3><2(i*1) Hg O3><2(m7i)
@ Oy Oqi i Oqi Oqi m—i
L,(0,7, Moy pas ooy Bim2) = an 2D 2l 2 2

i—1 H§22) O2s2(3i-1) Hé@ O2x2(m—i)

O2m-i)x3  O2tm-iyx2i-1)  O2(m—iyx2  O2(m—i)x2(m—i)

O3><3 O3><2m
+ m ;
O21x3 an Z fz'(k’b]@)zil
i=1 keY

38



the matrices H,(fl)’s (k,l =1,2) are given in (C.26) and the elements of the matrix Iy (c?, p, p*)
are defined by (A.10) - (A.15).

From the expression of the score equations it is apparent that there is no closed form solution
for 8,,. Hence, the exact distribution of 6, is not available. We can apply a general result
on the efficiency of maximum likelihood estimators for random length data (see Theorem
A.3.2 in Barnhart [4]) to derive the asymptotic distribution for 8, the MLE. We obtain its
asymptotic covariance matrix as the inverse of the above information matrix and estimate
it by I;%(8,).

Theorem 4. Let 0, = (Sn, Yy 5\(()”), ,&Yf), ,&Yg), . ,uﬁn}, ,u,(n%, 62, pn, ) be the MLEs for a sam-

ple of size n = > ny from the multiple population model. If n;/n — n; with 0 < n; < 1 as
i=1
n — oo, then

(1). 6, is consistent.

(2).

NG (én - 9> = MVNyy16(0,17(8)),

where
1(5777 )\Oalull7 ...,MmQ) 0(2m+3)><3
1(6) = L (446)
03><(2m+3) an > fz(klakQ)Ik( 05 P")
=1 ker
where
flokn) — e RPN AV A VAPV
% ) . ) ,
12 kll kg =0 1 (3 )\il)\iQ
H) Osx23i-1) H) O3 2(m—i)
- Ozi-1)x3  Ozi—yx2(i-1)  Oaii—1)x2 O23i—1)x2(m—i)
I((;?’Ya )‘07ﬂllv ...,/ng) ZT]Z iy )
H<12 02><2(i—1) H<22 02><2(m—i)
O2m-iyx3  Ooim—iyx2(i-1) O2m-i)x2  O2(m—i)x2(m-i)
03><3 03><2m
+ m ,
Oszmxs Yomi > filky, k) B!
=1 ker
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the matrices H§j} s (k,1=1,2) are given in (C.26), the elements of Ix(c?, p,p*) are de-
2
fined by (A.10) - (A.15), and T = {kz = (ki,ko)| ki =0,1,... Vi=1,2and Y k; > 1}.

=1

4.3 SIMULATION STUDY

In this section we report the results of a simulation study conducted to explore the behav-
ior of the proposed model for T" = 2 and to evaluate the finite sample properties of our
estimators. Several different scenarios are analyzed, with longitudinal random length data
generated according to the multiple population model described in Section 4.2. We com-
pare the estimated parameters with the true underlying values, investigate how close the
asymptotic variance approximates the finite sample variance and examine the normality of
the estimators. In addition we examine how large the groups need to be in order for the

large-sample theory to hold.

4.3.1 Description of the Simulations

The simulation study was designed to resemble the LEDS data; we create a hypothetical
trial with patients divided evenly between a treatment and a control group and followed up
for the same number of time periods T = 2. To allow for comparisons, we find it useful to
report here the results of the simulations for 7' = 2 from Chapter 3.

In order to be able to compare the results from the two multiple population models, we
keep the same parameter configurations for 8,7, ji11, ..., ft22, 02, p and p* as in the simulation
study from Chapter 3 and set the value of \g to 1 across all simulations. We try to cover the
same four different scenarios obtained by considering all possible combinations of the two
factors taken into account; the first factor involves the relationship between the severities
and the lengths and the second one concerns the relationship between the mean severity
"profiles” for the two populations. In the first scenario g, and py are parallel and not
coincident, while within the same treatment group the mean severities are close but the

number of events are well separated across time; the second scenario depicts the situation in
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which p, and ps intersect while within the same group the mean severities are close and the

number of events are well separated across time; in the third scenario py and py are parallel

Table 19: Choice of parameters for simulation study. 7T=2

w's close and \’s far

w's far and \N’s close

w1 and po

well separated

g1 = (1.0,1.1)

p2 = (1.5,1.6)

(6,7, h) = (—1.3,2.3,1)
(0, p,p*) = (1,0.5,0.2)
A1 = (2.72,3.42)

A2 = (8.58,10.80)

p1=(1,2)

ps = (1.5,2.5)

(0,7, Xo) = (2.5,0.01, 1)
(02, p,p*) = (1,0.5,0.2)
A1 = (12.30,12.43)

Ay = (12.37,12.49)

w1 and po

close

g1 = (1.3,1.2)

2 = (1.2,1.3)

(0,7, X0) = (—1,2.5,1)
(02, p,p*) = (1,0.5,0.2)
A1 = (4.48,5.75)

A2 = (5.75,4.48)

p1=(4,3)

po = (3,4)

(0,7, Xo) = (1.5,0.05, 1)
(02, p,p*) = (1,0.5,0.2)
A1 = (5.47,5.21)

Ao = (5.21,5.47)

and not coincident, but over time the values of the mean severities are well separated, while
the number of events change very little; finally, in the fourth scenario p; and ps intersect,
while across time we have changes in the mean severities but little variation in the number
of events. The explicit parameter configurations are shown in Table 19.

As in the case of the simulation study from Chapter 3, the data are generated and the
analyses are performed using the R programming language and PittGrid’s computational
framework.

In each scenario, we generate D = 1000 independent data sets under the model intro-
duced in Section 4.2 (Model 2), with two different populations and 7' = 2 time points. For

each population 7, + = 1,2 we simulate the same number of subjects n = 20,50 and 100.
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For each data set d, d = 1,..., D, we fit our multiple population model with T" = 2 and,
by maximizing the likelihood, we compute the numerical value of the 10 - dimensional ML
estimator é, where 0 = (0,7, Ao, f11, fl12, Hot, f22, 02, p, p*). For each of the 10 parameters,
we compute the empirical bias, standard deviation and square-root of MSE, as described in
Section 3.3.1. As in Chapter 3, we are not able to report estimated asymptotic variances for
the parameters, because calculating them is extremely computationally challenging. Thus,

we report instead the theoretical value I,,(0).

4.3.2 Data Generation

The bivariate Poisson distribution described in Appendix B is employed to model the dis-
tribution of the random lengths. Thus, the random lengths of a subject from population ¢

have the joint pmf given by

_)\0_22: N )\kl )\kz min(k1,k2) kl k‘g )\0 )
P(Kjp =k, ,Kip=ky) = S a2 ! ‘
(Kin = k1, Kip = kg) = ¢ ' k! k! ; <z)(2>Z ()\u/\iz)

Given the random lengths K; = (k;, ko), the distribution of the vector of severities X,
corresponding to the two measurement times is MVN > (g, 02Sk(p, p*)). With proba-
k

1t
t=1

bility P(K = 0) = e 1722 we observe a zero-length vector for each of the two time
measurements.

To generate a data set containing n observations per population from the multiple pop-
ulation model introduced in Section 4.2, we repeat n times the following two-step procedure
for each of the populations ¢ = 1, 2.

Step 1 (Generate the random lengths)

Generate 3 independent observations: one from a Poisson()\;) distribution, ¢ = 1,2 and
one observation from a Poisson()\g) distribution. Adding the value generated from the
Poisson(Ag) distribution to each of the other two values generated from Poisson(\;) dis-
tributions produces the vector of random lengths k; = (k;1, kio)-

Step 2 (Generate the severities)
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2
If " k;y = 0 we observe two zero-length vectors of severities.

i=1
2
If > ki > 0, then generate X; from a MVN ¢ (ug,, 0?Sg, (p, p*)).
t=1 > kit

t=1
4.3.3 Numerical Considerations

The difficulties that arose in this simulation study are the same as in the case of T' = 4
and described in Section 3.4. Having T = 2 alleviates to some extent the computational
complexity because there are fewer parameters to estimate. However, when the number of
events is large, the algorithm is quite slow. In the case of the model with dependent lengths,
an additional burden of complexity is brought by the probability mass function of the multi-
variate Poisson distribution. The complicated structure of the likelihood for the multivariate
Poisson distribution is the main reason for us not being able to present the score equations
and asymptotic distribution for the general model introduced in Chapter 4. Although there
is a rich recent body of research involving the multivariate Poisson (see Karlis, [20]-[23]),
numerical methods are implemented only for the bivariate Poisson case (Karlis [21]). We
performed the simulation using our own program to compute the probability mass function
for the bivariate Poisson distribution. We validated the program when 7" = 2, showing that
the results were the same as those obtained by using the R package bivpois, implemented
by Karlis [21], which allows efficient calculation of the bivariate Poisson probabilities. We
did write a general program, capable of handling cases with 7" > 2, but for reasons we do
not fully understand, while the program produces results, in some cases they appear to be
meaningless.

As described in Section 3.3.4, the number of time points with quantitative measures
changes with every subject. As the number of time points with quantitative measures
changes, the mean and covariance structures for the distribution of the severities change.
Furthermore, numerical computing of the information matrix involves summation over all
possible values of the random lengths. For T" = 2 measurement times that means summation
of matrices over all the possible values of a bi-dimensional vector of lengths. In numerical
computation of the information matrix, one needs to set threshold values for the summation

indices. These thresholds are chosen such that the bivariate Poisson probability is negligible
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beyond them. The larger the average number of events is, the larger the thresholds become
and making the summation more difficult. Furthermore, these matrices are weighted by
a bivariate Poisson probability mass function. Having to compute this quantity for every
combination of bivariate vector of random lengths adds another layer of complexity to the
computation of the information matrix.

As in the case of the model of Chapter 3, the third complicating element is related to
the difficulty associated with modeling slopes. If py; = ... = oo the parameters 6 and ~
are not identifiable. When data comes from populations with poorly separated means, the
likelihood can be flat over certain regions and nlm sometimes converges to some strange
solutions, particularly for 6 and . This was the case for the sample size n = 20 in scenario
2, when the theoretical means were close 17 = 9o = 1.3 and 15 = pop = 1.2. However,
even in these cases, the average severities and event lengths are estimated correctly.

The R function nlm was used to carry out the unrestricted maximization of the log-
likelihood. This function requires specification of initial values for the parameters. We
obtain the initial values of the parameters in a similar manner as in Chapter 3. For Ay, we

start with the method of moments estimator.

2 n
1 _ _
= 5D > (ki — k) (kij2 — k), (4.47)
i=1 j=1
where
2 n
— 1
k = 2_ Z z]l
. n_

If the above )\(()0) < 0 we assign 0 as an initial value for \yg. For all the other parameters
in the model, we assign the initial values according to the algorithm described in Section
3.3.3. Having all the initial estimates set, the optimization procedure proceeds by using the

R function nim.
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4.3.4 Simulation Results

Appendix D contains the results of the simulations for the different scenarios and choices of

the sample size n for the multiple population model of Chapter 3 (Model 1) and 4 (Model 2),

respectively. Tables 24 to 35 show the results of the simulations, and Table 20 summarizes

these results.

Table 20: Summary of the simulations’ results. T'=2

Scenario 1

n = 20

e bias only in Ay, § and

e asymptotic variance does not approximate
the finite sample variance for Ag, § and

e )\, 0 and 7 not normal

Scenario 3

n = 20

e 10 bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

n = 50

e 1o bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

n = 50

e no bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

n = 100

e 1o bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

n = 100

e 1o bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

Scenario 2

n = 20

e bias only in Ay, d and ~

e asymptotic variance does not approximate
the finite sample variance for Ag,  and

e )\, 0 and v not normal

Scenario 4

n = 20

e bias only in Ag

e asymptotic variance does not approximate
the finite sample variance for Ag

e )¢ not normal

n = 50

e small bias for § and ~

e asymptotic variance approximates reasonably
the finite sample variance for § and ~y

e some evidence of non-normality

n = 50

e 1o bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

n = 100

e slight bias for § and

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

n = 100

e 1o bias

e asymptotic variance approximates the finite
sample variance

e all estimates look normally distributed

A quick glance at the tables tells us that the results from the two models are very similar.
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Furthermore, the pattern of bias in the estimators is similar to the one in Chapter 3. The
main parameters of interest are the p’s, representing the underlying disease status. For each
of the four parameter combinations and for each of the sample sizes, biases in most of the
estimates are very small. Specifically, as in the case of the simulations with 7" = 4, the results
obtained from the simulation studies suggest that the estimates of the true u’s are unbiased
for all choices of n = 20, 50, 100, under all four different scenarios and for both Model 1 and
Model 2. The same is true for the parameters o2, p and p*. This is not always the case for
Ao, 0 and . For small samples (n = 20), the estimates for Ay are far from the true value
in all scenarios except scenario 3 (see Tables 24, 27, and 33). For sample sizes larger than
n = 50, the estimates for Ay appear unbiased, regardless of the parameter configuration.
For small values of n, the averages of the estimates for ¢ and « are strongly biased in both
scenario 1 and scenario 2. Scenario 2 actually produces average estimates for § and 7 that
have incorrect signs. (see Tables 27 and 28). The bias decreases with increasing the sample
size, but even for n = 100, scenario 2 produces slightly biased estimates for ¢ and . In the
remaining two scenarios (see Tables 30 - 35), the estimation works well, even for n small.
This is due mainly to the fact that the severities are generated from distributions with well

separated means with respect to o?.

We generated qq-plots (not presented), for each simulated scenario. By examining them,
we found the empirical distribution of the MLEs to be symmetrical and approximately
normal, as expected. The exceptions from this normal behavior parallel the findings from
investigating the bias. Evidence of non-normal behavior was exhibited by the estimates of
Ao when the sample size is small (n = 20) in scenarios 1, 2 and 4, and by estimates of § and

v for n = 20 in scenario 1 and for n = 20, 50 in scenario 2.

Inspecting the behavior of the sample standard deviations produces the same type of
conclusions as the ones from investigating the bias and normality of the estimators. The
asymptotic variances approximate quite well the finite sample variances in most instances,
even for sample sizes as small as n = 20. Different comportment is shown by the estimates
of 9 and ~ in scenarios with small sample size and large variability in the events’ severities
(scenario 1, n = 20 and 2, n = 20,50), and by estimates of )y in scenarios with small

sample size (scenario 1, 2 and 4 with n = 20). An interesting fact is that in these ”problem”
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scenarios, the finite sample variances for ¢ and v are smaller in Model 2 than in Model 1.
To summarize our findings, we conclude that the asymptotic results in section 3.2 and
4.2 for T = 2 are applicable for sample sizes which are greater than 50. Estimation results
show that the algorithm gives acceptable results even for choices of n as small as 20, provided
that the theoretical values of the mean severities are not extremely poorly separated relative
to their variance. Furthermore, even for ”problem” scenarios, in which ¢ and ~ are not well

estimated, we found the parameter of interest (u’s and \’s) to be well estimated.

4.4 APPLICATION TO LEDS DATA

In this section, we apply the method introduced in Section 4.2 to the LEDS data. Since
the score equations and information matrix are available only for the particular case when
T = 2, we analyze the data divided semi-annually. We also apply the multiple population
model of 3.2 with 7" = 2 to this data and compare the results from the two models. Thus
we obtain comparisons between dependence caused only by the event severities in different
time periods and dependence built in both the number of events and severities across the
two time periods.

As described in Section 3.4, LEDS data refers to stressful life events in 62 subjects, out of
which 30 are normal controls (NC) and 32 had a major depressive disorder episode (MDD).
The two outcomes recorded for each subject are the number of stessors and the severity of
each of the stessors. These outcomes are recorded for each of the 2 halves of the year. Each
half year, the data for an individual subject are random vectors of event severities with the
random length given by the number of events the subject experienced that half year. Table
21 gives a description of the number of events experienced by the subjects in the LEDS data
and Table 22 presents the severities of the events stratified by group. We denote the MDD
group as population 1 with mean p; reflecting the underlying depression status at the first
half year before the onset of depression and 12 at the second half year before the onset of
depression. Similarly, denote the subjects in the NC group as population 2 with means puo; at

measurement 1 (underlying disease severity at time 1) and 99 at measurement 2 (underlying
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disease severity at time 2). The multiple population models described in Section 4.2 and 3.2

with m = 2 and T' = 2 are applicable to this data. We have n; = 32 and ny = 30.

Table 21: LEDS Data. Frequency of acute stressors by group.

Number of acute stressors

01 2 3 45 6 78 9 10 11 12 15 16

1-st half year before MDD onset

MDD! 23 26 1 3 2 4 2 1 2 1 1 1 1

NC? 2 3 4 8 2 2 3 3 21 0 0 0 0 O
2-nd half year before MDD onset?

MDD 2 2 6 5 5 2 2 2 2 1 1 2 0 0 0

NC 8 1.4 5 4 3 2 1 01 0 1 0 0 0

IMDD = major depressive disorder (sample size is 32)

2NC = normal control (sample size is 30)

313 subjects have the last month in the study replicated once or twice since they did not have the whole
quarter available

As seen when examining the data quarterly, a quick look at the Tables 21 and 22 suggests
that even from a semi-annual viewpoint, the MDDs have more events than the NCs and
the severity of the events experienced by the MDDs is higher. Moreover, both the number
of events and their severity seem to increase as the MDDs draw closer to their episode of
depression. We observe that there are subjects in both groups and during both periods
with no events, which, nonetheless our models handle. The data for these subjects at the
corresponding measurement time are treated as zero-length random length vectors. We
notice that overall the MDD group experienced more events than the NC group (183 during
the first half year before the onset of depression and 142 during the second half year before
the onset of depression as compared to 117 and 94, respectively). Furthermore, from Table
21, the largest number of stressors the NCs experienced is 11, while the MDD group contains

subjects that undergo up to 16 events during a half of a year. During the half of the year
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Table 22: LEDS Data. Severity of acute stressors by group. (Percentages represent stressors).

Severity of Acute Stressors

1 2 3 4 Total (acute stressors)
1-st half year before MDD onset
MDD  n(%) 77(42) 71(39) 33(18) 2(1) 183
NC n(%) 65(56) 40(34) 9(8)  3(2) 117
2-nd half year before MDD onset
MDD  n(%) 59(42) 47(33) 33(14) 3(1) 142
NC n(%) 60(64) 22(23) 10(11) 2(2) 94

immediately preceding the onset of depression the number of events experienced by MDD

group has more spread than during the prior half year.

To ensure that the constraints of the model are verified we use the R function op-
tim to maximize the likelihood. This function is similar to nlm, but includes an op-
tion for box-constrained optimization. The initial values for the parameters are computed
using the techniques described in Sections 3.3.3 and 4.3.3, respectively. We denote by
0 = (0,4, fur, firz, fior, fizz, 62, p, p*) the MLE for the multiple population model with in-
dependent lengths (Model 1) and = (5,&, Nos i1, fi12, fi1, fioz, 02, f, p*) the MLE for for
the multiple population model with dependent lengths (Model 2). Table 23 gives the solu-
tions @ of the maximization procedure for the models in Chapter 3 (Model 1) and 4 (Model
2), respectively, and their corresponding estimated standard deviations based on I, 1(@) and

I:1(0), respectively.

n
The first thing to notice is that the estimates from the two models are essentially identical.
This is a result of the fact that Model 2 produces an estimate equal to zero for the parameter
reflecting dependence over time, \g. Note that when the parameter \q is equal to zero, the

two models are identical. In addition, the model estimates p* = 0.

The estimated parameter v has a positive sign indicating a positive relationship between
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the average number of events and the average severity (larger severities and higher number
of events). Its estimated standard deviation is small and the Wald tests for both models
have p-values smaller than 0.001, indicating that v is significantly different than zero. This
result is different from the one in Section 3.4, where we analyzed the LEDS data quarterly,

and it is probably due to the fact that there is a lot more variation in the quarterly data.

Table 23: Maximum likelihood solution for the two models

Model 1 Model 2
Parameter 0 estimated SD of 0 0 estimated SD of 0
) -1.0964 1.024 -1.0963 1.024
0 1.5195 0.604 1.5195 1.604
MDD
11 1.8332 0.066 1.8332 0.066
L1712 1.7433 0.057 1.7433 0.058
NC

[21 1.5849 0.066 1.5849 0.065
[h22 1.5150 0.077 1.5150 0.077
o? 0.5854 0.037 0.5854 0.037
p 0.1241 0.041 0.1241 0.041
p* 0.0000 0.044 0.0000 0.044
Ao - - 0.0000 0.791

Further, we want to test if the profiles of the two groups are parallel. This is equivalent
to testing that there is no interaction between time and group. This composite hypothesis

can be written as

Ho: (pa2 — par) — (piog — po1) = 0

We set up the corresponding matrix
C= < -1 11 -1 ),
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and write the hypothesis in matrix form
HO . C[,l, = 0,
where p = (11, p12, fo1, f22). It follows that the value of the test statistic is

;71
(CQ) [Crl(g)c] Ch = 0.0441

which is not significant with respect to a chi-square distribution with 1 degree of freedom.
This means that the two profiles are not significantly different in shape and we conclude that
the profiles are parallel. Given that the profiles are parallel, we are interested to see if they

are also coincident. The corresponding null hypothesis of equal treatment effects is

Ho: par + pa2 = po1 + poa.
We can state this hypothesis in matrix form as
Hy: cp=0,

where c=(1 1 —1 —1). The value of the test can be found as

! ! 1
(ch) [crl(ﬂ)c} cit = 9.1031,

which is significant with respect to a chi-square distribution with 1 degree of freedom. We
conclude that the two profiles are not coincident. -

Overall, the two models are providing us with the same insight into the LEDS data ;
while there is some correlation between the severities within a time measurement, there is no
dependence over time, neither in the severity measures, nor in the random lengths. Model
1 estimates p* = 0 as an estimate for the correlation between two severities recorded at
different halves of the year. In addition to estimating p* = 0, Model 2 estimates Ag = 0
for the covariance between the random number of events recorded during the first half year
before the onset of depression and the random number of events recorded during the second
half year before the onset of depression. Thus, these semi-annual LEDS data could have
been analyzed with a simple non-repeated four population model, in which we treat every

half year of data as an independent population.
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5.0 DISCUSSION AND DIRECTIONS FOR FUTURE RESEARCH

Our goal is to build models that allow us to analyze data gathered longitudinally on both
the frequency of an event and its severity when both the frequency and the severity are
important for the experimenter and the interest is in modeling the two outcomes together
to draw inference about the treatment effect.

We refer to this type of data as longitudinal random length data. Building models for
such data is a complex task. For instance, not only does the number of events that a
subject experiences change over time; the number of time points with observed quantitative
measures changes with every subject. Another complicating issue is that the mean and
covariance structures for the distribution of the severities change with the change of the
number of time points with observed quantitative measures. When the number of repeated
time measurements increases, the number of parameters that need to be estimated increases.
As the number of recorded events experienced by subjects and time measurements with
quantitative measure increases, the difficulty of numerically estimating the parameters in
the model increases, as well.

In this dissertation we propose two types of models to deal with longitudinal random
length data, one with dependence over time built into the severity measures and a more
complex second one with two layers of dependence over time. Although our motivation
was drawn from a study examining stressful life events in adolescents, the methods appear
to be more broadly useful. For many diseases or health conditions, an individual may
have repeated episodes collected over assessment intervals, together with a measure of each
episode’s intensity or severity. Since the data that motivated our research refers to life
events, the natural distribution to be considered in modeling the number of events is Poisson.

However, other discrete distributions may be applicable and provide better fits, for example,
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the negative binomial distribution or, more generally, a family of discrete distribution with
appropriate behavior.

In the proposed models, we treat the severity measures as continuous random variables.
However, many of the severity measures encountered in practice are categorical (e.g. in
LEDS data, 1="little or none”, 2="some”, 3="moderate” and 4="marked”). Thus, there
is interest in developing models for longitudinal ordinal random length data.

We did make a first step into analyzing longitudinal random length data, but there are
a number of interesting directions we see to further this research. The following sections

describe some of the ideas that can be used to generalize our methods.

5.1 BUILDING DEPENDENCE INTO SEVERITIES

5.1.1 Introducing Covariates

The model introduced in Chapter 3 accommodates multiple populations but does not include
covariates. Because both the number of events recorded at a measurement time and their
severities both reflect the depression status, it is reasonable to assume that certain covariates
that could impact the depression status may affect both the number of events and their
severities in a similar way. We plan to develop models to accommodate covariates and
account for their influence on both the lengths and the severities. For example, in the LEDS

data, age, socio-economical status, and race could all be considered as covariates.

5.1.2 Using Different Covariance Structures to Model Severities’ Dependence

over Time

In Chapter 3 we considered a simple covariance structure; any two severity measurements
recorded at different time measurements have the same correlation coefficient, independent
of the measurement times. Possible extensions of the multiple population model incorporate
more general correlation structures for modeling the dependence between severity measure-

ments at different time points within a subject. For example, one simple assumption is that
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correlation between severities observed at time t; and ¢, has the form pl*~*l ie., decays
geometrically with |¢; —ts|; this makes sense in that the degree of correlation may tend to be
greater for observations that are closer in time than for severities that are far apart. Thus,

one way to further our research is by exploring other covariance structures.

5.2 BUILDING DEPENDENCE INTO LENGTHS WITH MULTIVARIATE
POISSON

5.2.1 Using More Complex Structures to Model the Dependence of the Lengths

over Time

The multivariate Poisson model that we considered for modeling the vector of random lengths
assumes one common positive covariance term for all pairs of random lengths. Using the
models introduced by Karlis [20], we could relax the assumption of equal covariance among
all pairs of random lengths and propose models with different covariances for pairs of random
lengths observed at different measurement times.

Furthermore, in the multivariate Poisson model we use, the marginal mean and variance
of each random length coincide, an assumption that is not appropriate for overdispersed
number of events. As an alternative way of modeling the vector of random lengths, we could
consider finite multivariate Poisson mixtures (see Karlis [22], [23]), which allow for both

negative correlations and overdispersion.

5.2.2 Building Dependence into both Lengths and Severities. Extending the

Supermodel

The main drawback of the model of Section 4.2 is the availability of the score equations and
information matrix for only the case T' = 2. There are possible approaches to more efficiently
estimate the parameters of the multivariate Poisson distribution, like those proposed by
Karlis [20], [21]. We plan on implementing them to simplify the most computational part of

our estimation algorithm and extend the method to values of T" larger than 2.
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We first introduced models with only one layer of dependence over time. The multiple
population model of Chapter 3 treats the random lengths as independent random variables
and assumes that, given the total number of events, the vectors of severities are correlated
over time.  We then generalized these models in Chapter 4, by adding another layer of
dependence over time. While still assuming the vectors of severities as dependent over time,
we add dependence among the random lengths by using the multivariate Poisson distribution.
The natural question that arises is which of the two models fits a certain data set better?
Unfortunately, we can not give an answer to this question yet. To do so, we plan to extend
the supermodel from Chapter 4, designed to build time dependence into both the severity
measures and the lengths. This extension refers to solving the score equations and deriving
the asymptotic distribution for the general case when 7' > 2. This supermodel will allow us

to test the goodness-of-fit of the models introduced in Chapter 3 and Chapter 4.

5.3 GENERALIZING HOFFMAN’S APPROACH FOR LONGITUDINAL
CLUSTERED DATA

Before building models for longitudinal random length data, we reviewed the existing ap-
proaches for dealing with longitudinal and clustered data. We decided to move forward
by means of joint modeling of the severities and numbers of events, because this approach
made efficient use of the information in the two outcomes. However, another provocative
research idea is to develop a Within Cluster Resampling-like approach for longitudinal data
and contrast it with the previous methods proposed in Chapter 4. In this setting, each
subject has a cluster of severities at each of the T time points. The sizes of the clusters
may be informative: in the context of the LEDS data, for example, as they get closer to the
onset of their MDD episode, the subjects have more events and the severities increase. Thus,
the sizes of the clusters are correlated to the outcome. Since standard methods ([36],[29])
for analyzing clustered data usually assume that the size is non-informative, thus producing
biased estimates when the size is actually informative, it might be of interest to develop a

method that debiases the GEE-type estimators.
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In our attempt to model longitudinal random length data, we first compared the existing
approaches for the non-repeated case. We simulated data under the Barnhart paradigm
and then fitted both the model proposed by Barnhart and WCR. While the likelihood based
method performed better, as expected, the results of the estimation for WCR were unbiased.
Thus, we are confident that a method that debiases the GEE-type estimators when the cluster
size is informative based on WCR. technique will produce reasonable results. Roughly, the
idea is to apply WCR to random sample a observation from each cluster, at every time. For
this T-dimensional vector, we plan to apply a GEE-type analysis and repeat the procedure
@-times. Averaging these @ results will produce a WCR-type estimator. We plan to perform
simulation studies to explore the finite-sample behavior of this estimator and prove that for a
large number of clusters and a large number of resampling () this estimator is asymptotically

normal.
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APPENDIX A

DERIVATION OF THE SCORE EQUATIONS AND INFORMATION
MATRIX FOR THE MODEL IN CHAPTER 3

A.1 PRELIMINARY RESULT

Consider the following p-dimensional vector of lengths, k = (ki, ..., k,). To simplify things,

'''''

defined in 4.5. Recall that %L; = —%7‘3 and %—Tl? = 7¢. Furthermore, 3y can be written as
. 1 . 1 . 1 . . .
Yp=Diag| — —p", — —p' .., — —p | +p'epe, = Qi+ peye,
Tky Tko Tky

where e, is the p-dimensional vector with all entries 1 and 3, is a matrix of dimensions

p x p. Using a result from Rao [32](pg 33, eg 2.8) we can write

O lee Q0
ORI oSl B (A1)
L+ pre e,
Since,
1 1 1
Q! = Dia, < , s s >
k S\m —p Ury — 17 1/, — p*

(A.1) can be written as

>0t - #MA’“
where Ag has the form

11

;lw_ﬂ} 1<ij<p

Ap = [5ij]1§i,j§p = {
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A.2 DERIVATION OF THE SCORE EQUATIONS AND INFORMATION
MATRIX FOR ONE OBSERVATION FROM THE ONE
POPULATION MODEL

Let us consider one observation from the one population model introduced in Section 3.1.
The data are condensed into a i K; - dimensional vector X, X "= (Xi,,X’T) and
the corresponding 7' - dimensionjazllvector of random lengths K = (Kj,...,K7). Let k =
(k1,...,kr) be a realization of the T-dimensional vector of lengths K. Some of the the
components of k might be zero. Let us denote by [(k) the number of non-zero components
of k. k the I (k)-dimensional vector composed of the non-zero elements of k. Hence k =
(l{;rl,kw,...,krl(m), where 1 < r; < rp < ... < 1y < T are indices corresponding to the
elements in the original vector k. We denote this set of ordered indices by r = (11, ra, ..., Ty(k)).

The parameter vector is @ = (8,7, pu1, ..., i, 02, p, p*) . Let us denote by I(0) the infor-
mation matrix for @ contained in the one multivariate random length vector X with random
lengths K = (Kj, ..., Kr). Conceptually, it makes sense to think of I(0) as a sum of the in-
formation about @ contained in the lengths and the sum of information about @ contributed

by the vectors of severities, over all possible lengths. Using a general result from Barnhart

[4](Theorem A.3.1.1) we can compute I(0) as:

I(6)=1'(0)+ Y Po(K =k)I(6]k),
keY

where I*(€) is the information matrix about 6 contained in the random lengths K =
(K1, ..., K7) and I(0|k) is the information matrix contained in X|K =k, k € T. We

denote

T
T = {k: = (ki,....,kp)|k; =0,1,... for Vi=1,..,T and Y _ k; > 1}.

=1

Recall that after applying the appropriate transformation for the severities, we can write

the log-likelihood for one observation from the one population model described in Section 3,

log f(y, k) as

log f(y, k) =log Pe(K1 = k1, ..., Ky = kr) + 0(k) log f(y|k).
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Provided that k has at least one non-zero component (i.e. §(k) = 1), the conditional dis-
tribution of f(y) given k, f(y|k) is a multivariate normal. Thus, we will use a result from
McCulloch and Searle [30] who give the expressions of the score function and information ma-
trix for the general model under the multivariate normality assumption, ¥ ~ MVN(u, V)
with E(Y) = p and Var(Y) =V .

Consider a general parametrization of g and V such that each element of p is a function
of elements of a parameter vector B and each element of V is a function of the elements of

a d - dimensional parameter vector ¢, unrelated to 3. Thus,

= p(B) and V = V(p).

It follows that the first order derivatives are

oL _ a_“’lv—l

5= aEViwew (A2
o 1 OV v Yy

for k = 1,2,...,d, where ¢ is the k-th element of the d - dimensional parameter vector ¢.
Equating the expressions in A.2-A.3 to zero gives the score equations.

Furthermore, the information matrix is given by

021 021 o s —10p
| s awe | _ | vsY ° (A4)
921 >l 0} 1 {tr <V’1 OV -1 3V> } ’ '
9B0¢ 0@ 2 9o 9¢s ) J 1<k s<d

where d is, as before, the dimension of the parameter vector ¢.
We are going to use the above result to find the score function and information matrix

generated by the conditional density part of the log-likelihood log f(y|k), where

log f(y, k) =logPo(Ky = ki, ..., Kr = kr) + log f(y|k)
The conditional distribution f(y|k) given k is a multivariate normal of the typed described
above, with g = (u1, pt2, ..., pir, 0, ..., 0)" and

V =2

’ )

CES A
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where ky = i k; and O is the T' x (ky —T') - dimensional matrix with all the entries equal
to 0. To keeglthe notation simple, we drop the indices representing the dimensions of the
matrix O. For now, let us assume that all the components of k are nonzero.

Following the notation in McCulloch and Searle [30] we have B = (uq, p2, ..., i) and ¢ =
(02, p, p*), where p = u(B) and V = V(). It follows easily that

1| 5! o)

-1 _ -
V= 2 .
O TOIk+—T

As described in Section A.1, we have

: 1 * 1 * 1 * * 4 * 4
Ek:Dlag (__p y T TP ey T — P ) +p eTeT:Qk+p ET€ET,
Tkl Tk2 TkT
and
sloqtlo P A,
where

11

1<i,j<T L)i wj

and w; is the i-th diagonal element of the matrix €2.

Ak = Q,;leTe/TQ,gl = [513]

} 1<ij<T

Noting that

it follows that

%), 1 1 1 1
Pk Diag (1— —,..,1— — )| =TIy — Diag [ —, ..., —
8,0 lag( kl’ ) kT) T l1ag (k17 7kT)

and

0%
dp*

— Diag(—1,...,—1) + erey = erer — Ir.
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Thus, the components of g_v are
7

oV

Jo?

ov
— =0

dp

oV
op*

> ¢} 1
; ==V
I — Diag (%, ,ﬁ) O
o} ~Tp, 7

As before, to keep the notation simple, we use O to denote a matrix with all the entries

equal to 0 and we drop the indices that give the dimensions of the matrix. It follows that

oV 1 1
—1 -1
a7 T ) T
. 1 1
VI%_V _ 0-2\[*1 IT—Dlag (lk—l,...,z> O
51 (IT — Diag (ki , ,})) 0
o —Tolk, -7
/ 1 /
V_l 8\£ _ O-QV_I €rer /— IT O _ Zk (GTGIT — IT) O
Op 0 0 0 0
Applying (A.3) and taking into account the above expressions, we get
ol 1 1 1 e
992 — 39 [tr (;Ik_,_) - ;(y —u) V7 iy~ N)}
ol 1 _ . 1 1
a_p = —5 |:t7” (Ekl (IT — Dlag </{j_17 ceey E))) — Tot’f’ (Ik+—T):|
1 | =@ - Diag (L. A))z:,;l 0
o5y~ m) <,k1 . (y—n)
g 72T,
0 k+ T
ol ~ : 1 | Zt(erer —Ip)E,t O
oy~ 2| (Ekl(eTeT—IT)> ~ W -n o o (Y —n)
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Recalling that we separate the elements of ¢ into z and y, we may write

3[ 1 k+ 1 ~\—1 % TO ~ ~

57 = 35 g—;(Z—F’I)Ek (z—u)—gyy} (A.5)

ol 1 1 1

— = — > Iy — Diag | —, ..., — —1o(ky =T

L I EAE N | R
]. w\/ -1 . 1 1 —1 *

+7(Z—H ) X, |Ir — Diag 5 B (2 — )

2
T ~ o~

ol 1 /

. ! 1 * _ ! _ *
= g | (Seterer 1)) - (e - ) Berey — I B (= - )| (AT

ap*

Straightforward computations lead to

12" O

ol ou
— = CVily-w=|1, 0| , (y — 1)
B~ 9B [ T }02 s
1 z—p*
- alm oJumw=GlE of|
y
1 -1 *
= 5% (2-a). (A.8)

Equating to zero the expressions in (A.5)-(A.7) and (A.8) gives us the score equations.
Having completed computing the score equations, we proceed to find the information matrix.
To do that, we need the two matrices in the expression of the information matrix in (A.4).

First, we compute the upper left corner matrix,

01 oy ou 1| O I
_E{aﬁaﬂ’} - Y s lr o]z o

TOIk_FfT O

= 53N (A9)

Second, let us denote the matrix in the right lower corner by

1 ov oV
Ii(p) = =tr ([VI—V~! )} :
H(#) 2 { ( Dot O, 1<t,s<3
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where ¢ = (02, p, p*). We will compute each element of this matrix individually.

11 k.
. 1 1
1. V*l IT—Dlag <H7,E) O
1 B /11
=53 tr { £, | Ir — Diag o — 7ot (Ip, 1) (A.11)
1 ere; — 1 O 1 ,
S [V T = —1r <2E1(€TGT - IT)) (A.12)
2 O’ Ok_,_—T) 202
1 1 1 1 1
—tr ( 2% | I; — Di — e, — ) | =2 I — D — e, —
QT( * (T 1ag<k1’ ’k‘T>) * (T 1ag(k1’ ’M)))
2
-
+30tr(1k+_T)) (A.13)
1 B /11 L
§tr 3. | Ir — Diag T T Y. (erep —1Ir) (A.14)
1 T
]. i I
§tr <E,;1(eTeT —17)%  (eres — IT)> : (A.15)

We assumed all the components of k to be nonzero. However, our model allows for zero-

length vectors. In this instance, there is no contribution to the mean vector g brought by

the zero-length vectors. Thus, the corresponding entries in the matrix 3, are zero and all

the above computations have to be carried out replacing k with its subvector k containing

only nonzero components. The corresponding matrix E,:l is actually obtained by applying

the equations above for the vector of nonzero lengths k and filling in the corresponding

spots with zero so that we obtain a 7" x T" matrix and Ix(p) is actually Iz(¢). Thus, the

information matrix about (3, @) = (p1, ..., pir, 02, p, p*)’ contained in X|K = k is given by

821 821 1 w—1
7 7 =2 O
9808 980e | | 2%k
_E N = / , NE (A.16)
(83890’) i o ]kz(g » Py P )

Since the expression of f(y|k) involves neither § nor v, it follows that the information about

0 = (0,7, pi1, ..., iz, 0%, p, p*)" contributed by the vectors of severities for one subject is given
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by the expression

O O Q)
16k)=| 0 1z O
O O Iulo?p,p")

Recall that

I(6)=TI(0)+ Y Po(K =k)I(6]k),
keY

(A.17)

where I*(€) is the information matrix about @ contained in the random lengths K =

(K1, ..., Kr). We need to compute it. We have

T
log f(k) = Y [~e"" +k; (5 +7m)] .
7=1
It follows easily that
dlog f (k) s,
Dlog (k) _ ;(_e w4 )
Olog f(k) T
dt+yu;
a,y ;( J J .7)
M — _765-*'%“]' + fyk.
O ’

and
& log f (k) SRR
_T — Ze‘F’YHJ:Z)\j
j=1 j=1

Plog (k) _ N~ sews _ N
I N — e TH; — )\
6587 ;/’L] ;/’L] J

82 lOg f(k) O+ pj
—W = ne€ =7
82 log f (k) L
_T — Z ? +vn; Z /‘LJQ)\
g =
&% log f (k) . o -
A = Ty + T — i +1)
Y0 ; ’ ; ’
2] k
_3 ggz( ) _ ,}/266+'y,uj_,y)\
M.

J
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Thus, the information matrix for @ contained in the random lengths for one subject has the

expression

T T
SN 2N YA e YA 0000

j=1 j=1

T T
[CYEDY N?)‘j VAL .. YurAr 00 0

7j=1 7j=1
YA YA A 0 0 0 O

I(0) =

VAT YprAr 0 Y¥Ar 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

Recall from (A.17) that information contributed by the vectors of severities given the

lengths I(0|k) can be computed as

O2><2 O2><T O2><3
I(6k) = | Oryxo 0—122121 O7x3
Os.2  Osxr Ik(UQ,P, P*)

So, adding the corresponding pieces gives us

T ks
. _ )\ J
10)=10)+>_ ([[e = ] I(0|k). (A.18)
keY Lj=1 a
Denoting
T T
2N A A e YAr
j=1 j=1
T T
N DO HEN AL . YT AT
j=1 =1
G = ,
’)/)\1 ’7/14)\1 ’}/2>\1 0
YAT  YpTAT 0 . 7
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we can further write this as the block diagonal matrix

I(57’77M17 "'a,uT) O(T+2)><3
1(6) = r . , (A.19)
Oz (742) > [H e A;f;].g ] Ii(0?, p, p*)
keY | j=1
where
O2><2 O2><T
I<5777M17"'7/*LT) :G+ T kj y
Orvo 2 [Te a2t
keY | 7=1

and the elements of the matrix I(c?, p, p*) are defined (A.10)-(A.15).

A.3 DERIVATION OF THE INFORMATION MATRIX FOR THE ONE
POPULATION MODEL

Suppose now that we have n independent observations from the one population model. The
resulting information about the parameter 8 from all the data can be computed as the sum
of the information contained in the n independent observations, found using (A.18). Hence,

we get

I,(0)=nI*(0 +nz [H A ka] I(0|k). (A.20)

ke Lj=1

Using the expression in (A.19), it easy to show that I,,(0) also has a block diagonal form

In(5777/~L1» "'nuT) O(T+2)><3
1,(6) = v , (A.21)
O3><(T+2) n Z H e ]ﬁ Ik(027p7 p*>
keY [j5=1
where
O2><2 02><T
In(éa’yaﬂlv"')ﬂ'T) :nI(&,ymulw“a/'LT) :nG+ T kg )
OT><2 n% Z H 67)\]. )\li-! lel
keY |j=1 J

and the elements of the matrix Ir(c?, p, p*) are defined by (A.10) - (A.15). As before, we

denote
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T
T = {k = (1{31, kT)| kz = 071,... for Vi = ]_, ,T and z k?z > 1}

=1

A.4 DERIVATION OF THE INFORMATION MATRIX FOR THE
MULTIPLE POPULATION MODEL

Let us now consider the multiple population model introduced in Chapter 3, Section 3.2.
The parameter vector is @ = (8,7, 11, -y H1T - finls -+, fomT T2 P p*)/. Let us denote by
I,(0) the information matrix for @ contained in the one multivariate random length vector
X; from population ¢ with random lengths K = (K7, ..., Kr). This vector belongs to a one
population model with parameter vector 8; = (8,7, i1, ..., ttir, 02, p, p*) . We can apply the
results from Section A.2 to find the information matrix about ;.

It follows that the information about 8; = (0,7, fti1, ..., pter, 02, p, p*) contained in the

random lengths for one subject has the expression

T T

SN 2ty YA e N 0000
j=1 j=1

T T
Zl,uij)\ij Zlﬂzzj)\z’j Vi Ait . YA O 00
j= j=

YAl YN YA 0 0 0 O
I7(6;) =
YAir YT NiT 0 ¥Xr 0 0 0
0 0 0 0 0 0O 0 O
0 0 0 0 0 0O 0 O
0 0 0 0 0 0O 0 O
To simplify the notation, let
T T
Z Ait Z HitNie Y Ail YN
15_1 t}l
Z it Nit Z ﬂ?f)‘it YNt - YT NT
G — t=1 t=1
' YAil Yuadii VA . 0 ’
’}/)\iT ’}//LiT/\iT 0 . ’y2 /\iT
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and partition it into

cll al
G; = I (A.22)
Gy Gy
where Gﬁ) is the upper left-corner 2 x 2 submatrix of G;. Since there is no information in

these lengths about the other u’s, the information about 8 contained in the random lengths

for one subject in population ¢ has the expression

T T
)\ZJ Z ,uz-j/\ij O(i—l)T ’}/Azl ’}//\ZT O(m—i)T 0 0 0
=1 i=1
7 T , ,
Zl Hz‘j>\ij Zl ,uz-j)\ij O(ifl)T wm)\ﬂ 'yuiT)\iT O(mfi)T 0 0 0
J= j=
O(i—l)T O(i—l)T O 0 0 O 0 0 O
YAiL Vi1 Ait Ol(i_l)T YA - 0 Ol(m_i)T 0 0 0
I3(6) =
YA YT Air Ol(i,l)T 0 72>\1'T Ol(mfi)T 0 0 0
Om—r  O@m—i)T O 0 0 O 0 0 0
0 0 O(i_l)T 0 0 O(m_l)T 0 0 O
0 0 O(Fl)T 0 0 O(mﬂ)T 0 0 O
0 0 O(z'—l)T 0 0 O(m_i)T 0 0 O
A simpler way of writing the above matrix is
G/ Os.rio1) Gl O2.T(m—i 3.5

Ori-1x2  Ori—nx7ri-1) Ori-1)xr  Or(-1)xT(m-i) Or@i-1)x3
I7(0) = GYQ) OT><T(i—1) GSQ) OTXT(m—i) Orxs

Or(m—iyx2  Or@m-iyx7(i-1) Orm-ix7 OT(m-i)xT(m—i) O(m-i)x3

O2x2 Oaxr(io1) Oaxr O2x1(m—i) Oax3
Using (A.17), the information contributed by the vectors of severities given the lengths
I,(0;|k) can be computed as

Oaxa  Oaxr Oaxs
I;(0;]k) = | Opyz 53 Orxs

Ozx2  Osxr Ik(027/)7 /)*)
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Similarly to the above, since 6; involves only p;;’s, j = 1,...,T we may write the information

about @ contributed by the vectors of severities given the lengths I;(0|k) as

O2x2 Ooxi—nr Oaxr O (m—i)T Oax3
Ou-nrx2  Op—vrxi-vr  Ou-nrxr  OG-—1)yrxm-ir  Opi-1)7x3
I;(0k) = Orxo2 Orxi—nr ﬁzﬁl Orsx(m—iyr Orxs
Om-irx2 Om-irx(i-1)7 O@m-iyrxT Om-iytx(m=-i7  O@m—i)Tx3

O3 Osyi-nr Osxr O3y (m—i)T Ik(Uza P, P")

Finally, adding all the corresponding pieces gives us the information matrix for the

multiple population model from Section 3.2,

1,(0) = Z ndF0)+ Y Y [H = Al?!j ] I,(0|k). (A.23)

i=1  keY Lj=1 J

As before, we denote

T
T = {k = (ky, ... kp)| ;= 0,1, for Vj=1,...T and S k> 1}.

7j=1

It can easily be shown that the information matrix I,,(@) about the parameter vector 6,
m

0 = (8,7, 11y ooos HATs ooy fomls oy fonT O, P, p*)/, contained in the n = > n; independent
i=1

observations from the multiple population model has a block diagonal form

In((s,%/ln, "-a,UmT) O(mT+2)><3
O3x(m1+2) DN Y [H e_A”A;jTg]] Ii(0?, p, p*)
i=1 keY |j=1
where
Gﬁ) Osxr(i-1) G%) Oz r(m—i)

- Ori-tx2  Ori-1)xri-1) Ori—1)xr  Or(i=1)xT(m-i)
In(éa’%,ulla -~-a,umT) = an () (43)
i=1 G12 OT><T(z‘—1) G22 OTXT(m—i)
Or(m—iyx2 Orm-iyx7(i-1) Orm-iyxt  OT(m—i)xT(m—i)
02><2 O2><mT

. a i APt -1
Omrxe Do > [l e a3y

=1 keY t=1

Y

the matrices G,(jl)’s (k,l =1,2) are given in (A.22) and the elements of the matrix Iy(c?, p, p*)
are defined by (A.10) - (A.15).
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APPENDIX B
MULTIVARIATE POISSON DISTRIBUTION

We present here a multivariate Poisson distribution that arises naturally as a multivariate
extension of the univariate Poisson distribution. The marginals of this multivariate Poisson
distribution are univariate Poisson. Such multivariate generalizations are not unique in the
sense that different multivariate distributions may have marginal distributions of the same
family. The generalization we employ is the one used by Karlis [20] and introduced by
Holgate [17].

Suppose that Y; are independent Poisson random variables with mean 6; for ;¢ = 0, ..., m.

Define the new random variables

X1 = Y1+Y

X, = Yo+Y

X, = Yo +Y,. (B.1)

Then the random variables (Xi, ..., X,,) are said to follow jointly an m-variate Poisson dis-
tribution, where m denotes the dimension of the distribution. The joint probability function

is given by
P(X) = P(Xl =T, ...,Xm = ZEm)

BB ] G )1 N
=0 =1

v i=0 j=1
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where s = min(xy, 29, ..., T, ).

We will denote this distribution MVPoisson (6, 61, 05, ..., 0,,). Marginally, each of the X;’s
follows a Poisson distribution with parameter 6y + ;. The parameter 6, is the covariance
between all the pairs of random variables. If 6, = 0, then the variables are independent
and the multivariate Poisson distribution reduces to the product of independent Poisson

distributions.
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APPENDIX C

DERIVATION OF THE SCORE EQUATIONS AND INFORMATION
MATRIX FOR THE MODEL IN CHAPTER 4 AND TWO TIME
MEASUREMENTS

C.1 DERIVATION OF THE INFORMATION MATRIX FOR ONE
POPULATION MODEL

Let us consider one observation from the one population model introduced in Section 4.1
for the particular case 7" = 2. Hence the data is condensed into a i K; - dimensional
vector X, X = (X i’ Xé) and the corresponding bi-dimensional Vecthr— 1of random lengths
K = (Ky, Ky). Let k = (ki, k2) be a realization of the bivariate vector of lengths K. Some
of the the components of k might be zero.

The parameter vector is @ = (3,7, Ao, fi1, fto, 0%, p , p*). If we denote by I(@) the infor-
mation matrix for @ contained in the one multivariate random length vector X with random
lengths K = (K, K5), it can be computed as a sum of the information about @ contained
in the lengths and the sum of information about @ contributed by the vectors of severities,

over all possible lengths. Using a result similar to the one in Barnhart [4](Theorem 3.3.1)

we obtain I(0) as

I(0)=1I(0)+ Y Po(K =k)I(0]k),
keY
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where I*(€) is the information matrix about @ contained in the random lengths K =
(K1, K3) and I(6|k) is the information matrix contained in X|K = k, k € Y. We de-

note

2
T = {kz = (k1,ko)lki =0,1,... forVi=1,2and Y k; > 1}.

t=1

Recall that after applying the appropriate transformation for the severities, we can write

the log-likelihood for one observation from the one population model described in Chapter

4, log f(y, k) as
log f(y, k) = log Pe(Ky = ki, Ky = ko) + log f(y|k).

Provided that k has at least one non-zero component, the conditional distribution of f(y)
given k, f(y|k) is a multivariate normal. We will use the results from Appendix A to give

the expressions of the score function and information matrix for this conditional distribution.

C.1.1 Derivation of the Score Equations and Information Matrix for a Vector

of Bivariate Random Lengths from the One Population Model

The vector of random lengths K = (K7, K3) has a bivariate Poisson distribution that
arises naturally as a multivariate extension of the univariate Poisson distribution. The
the marginals are univariate Poisson random variables. The generalization we employ is the
one used by Holgate [17] and Kocherlakota and Kocherlakota [25]. We obtain the bivariate
vector of lengths K = (Kj, K3) from the independent Poisson random variables G;, with
mean \; for i = 0, 1, 2, by defining

Kl - G1+G0
K, = G+ Go.

The resulting random variables (K7, K3) follow jointly a bivariate Poisson distribution. The

joint probability function is given by

f(r,s) = Po(Ky=1Ky=25)

2 min(r,s) i
— 2NN ™ (s\., [ Mo
= i=0 —_Z |
¢ r! sl z_: (Z) (Z)Z ()\1)\2 .




Using the reparametrization

AL = A+ A
A, = X+ A

and the recurrence relations

rf(r,s) = (AN =Xo)f(r—1,8)+ Xf(r—1,s—1)
sf(r,s) = (Ay—=Xo)f(r,s—1)+ Xof(r—1,s —1),

Kocherlakota and Kocherlakota [25] find the expression of the derivatives of the probability

function and information matrix as

of (rys) _ _
S = flr=1,8) = f(r,s)
of (rys) T
a)\s = f(’l“,S ]-) f(n S)
3f(7"75) — f(T,S) _f(r_Ls)—f(T,S—1)+f(T_173_1)7
oo
and
A1—01 01 _ 09\
A2 AMA2 A
I - . 161 /\2—51 _ 52)\0
| Txn X M
__02Xg 92N\ 03
Mo M2 A2
We denote
61 = Ao[l—Xo(7—1)] (C1)
by = =M+ X))+ [N = A (7 —1) (C.2)
B = -] —1-Ou+ ) (C3)
& Pl
D Dy T o

r,s=1
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Now, taking into consideration that

one can easily show that

It follows that

af(r,s)
Oy
of(r,s)
Opte
of(r,s)
00
of(r,s)
Oy
of(r,s)
O\

Al = A+ Ao =exp(d+ ) + Ao

Ay = Ao+ Ao =exp(d+ yu2) + Ao

O] o\

pu— —_— A
O O e
ONS 0

= R )\
Djis Dita YA2
ON! B O\ Y
a6 o5 "
O\ B O\ L
oy Oy Hidi:

T f(r=1,8) = f(r;s)]

VA2 [f(r,s =1) = f(r,s)]

Mf(r—1,8)+ Xaf(r,s — 1) — (A + Xo) f(r, 5)

paAf(r = 1,8) + padaf(r, s = 1) = (A + p2do) f(r; )

flrys)—f(r—1,8)— f(r,s—=1)+ f(r—1,s —1).

Furthermore, one can show that

dlog f(r,s)

oN;

dlog f(r,s)

N

dlog f(r,s)

0o

f(r—1,s)

s
f(r,s —1) .
f(r,s)
f(rys)—f(r—1,s)— f(r,s—=1)+ f(r—1,s — 1)

f(r,s)
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and

dlog f(r,s)

O

dlog f(r, s)

Oz

dlog f(r, s)

9

dlog f(r,s)

vy

dlog f(r,s)

0o

A% * A% =it )
Mm% " “W% — (A1 + H2ho)
Ul)\laloga—];\(,fr’S) + MQAQaloga—J;g”s)

f(r,s)—f(r—1,5)—f(r,s—l)—i—f(r—l,s—l)'

f(r;s)

We can write the score equations for the vector of lengths belonging to one observation from

the one population model with two time points as

dlog f(r,s) {f(r—l,s)_ } _
O e f(r,s) ! !
dlog f(r,s) f(r,s—1) _
Olta A2 { f(r,s) - 1} -0
dlog f(r,s) f(r—1,s) f(r,s—1) B
B T I T R
dlog f(r,s) fr—1,s) flr,s=1) _
—8'}/ 'ul)\l—f(’l“, S) + MZ)\z—f(T’, S) (Ml)\l + M2/\2) 0
8logf(7",s) f(T’,S) —f(T— 175) —f(T',S— 1)+f<7n_ 1a3_ 1) o
Do f(r,s) N

We can now proceed to find the expression of the information matrix about the parameter
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vector 01 = (4,7, Ao, i1, ft2). Simple use of the formulas above gives

2 2
B [(‘ﬂog f(r,s) dlog f(r, 3)] R

O ]:(MI)QE[ 2N

B [“%—ﬁ”] — (M) [“%—ﬁ”} 00— )

I {810gf(r, s) 8logf(r,s)} A ME {8logf(r s) dlog f(r, s }

E 0 log f(lra 5) d lOg f(ra S) — v\ E 0 IOg f(ra 8) 0 log f(lra 8) _ _752)\0
I e | ONI Do | M
alog f(ﬂ S) 0 1Og f(T7 8) 0 IOg f(ra S) alog f(?", S) ’752/\0
E = A \E = .
8,ug 8)\0 8/\3 8)\0 )\1 )\2

Observing that

o [ () o ()

we get

dlog f(r,s) Olog f(r,s) 2 o [Olog f(r,)] Olog f(r,s) Olog f(r,s)
E = E|—— E
i 20 A ON: A O o
A1 — 01 —01
= )\2 )\2 —|—’)/)\1)\2)\1)\2 ’}/()\1 —2(51)
Similarly, we obtain
dlog f(r,s) Olog f(r,s)
E = v(A2 — 261).
|: a/,LQ 65 fY( 2 1)

Applying similar computation we have that

E [6logafé(r, s) 810%9{(()7", s)] — \ME [810%{\;7", s) 810%9];\(()7", s)] L WE [8102{\;73 s) aloi){(()r’ 3)]
g e

. [alogaj;(r, 5) 8lo%§£T, s)] B [610@;{?, 5) 810%9])‘\(()7“, s)] E [6102{?, 5) 810%1;(?, s)]
— /L1)\1_)g2)\>;0 + p2A2 _)\?)\%0 = _52)‘0(;11)\; 12)
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and

E[@logf(r,s)r _ g {8logf(r,s)r+>\%E [8logf(r,s)r+2>\l)\2E [alogf(r,s)alogf(r,s)

Bl ON: NS ON: O
)\1 — (51 )\2 — 51 5
= A2 ¥ + A2 ¥ +2X1 M9 o =\ + Ay — 46,

5 [610g f(r, s)r

dlog f(r, s) 2 dlog f(r, s) 2
vy }

_ 2 T reJ N T 2

0log f(r, s) log f(r, )
ON; N ]

A —0 Ay — 01
= 2)\2 1)\2 ! + u 2)\2 2)\2 + 2 A pro Ao ~——

+2p1 A e A B [

—0;
W = A + p3de — 01 (1 + p2)?.

Furthermore,

dlog f(r,s)]”

e ] A E [(fﬂog f(r,s)dlog f(r,s)

ON; N

B dlog f(r,s)dlog f(r, s)]

= NE
E ay YH1AY l

Al — 01 -0
= YN ¥ Jrv/\lumAA =y — Y01 (s + pi2)

and similarly,

5 [mog f(r,s) dlog f(r, ‘9)} = YAy — Y01 (p1 + p2).

Oz Oy
Finally,
dlog f(r,s) dlog f(r, s) 2 [Olog f(rs)]% |, [Olog f(r,s)]”
E = WMNE |—=2 NE |/
{ 6 N A O T o,
dlog f(r,s) dlog f(r,s)
—1-)\1)\2(,&1 +M2)E |: a)\* a)\*
)\1 (51 /\ 5 51
S S v 22 ¥ + 220 Ao (11 + f12) W

= A1+ fede — 261 (p + p2).
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We put together the pieces above and find that the expression of the information matrix

about 0 = (0,7, Ao, i1, i2) is given by

2
AL+ A — 40, ;Mz‘(}\i —261) —% y(A1 — 241) Y(A2 — 201)
2 2, 2 ) 9220 Xij R 2 2
;Mi()‘i —261) ;um—&(;uﬂ i (A =6 __Elui) Y(p2A2 — 61 ;Mz‘)
) = | _20 T adeluitae) e _adade i
A1 )2 A1 )2 AZN2 A1z A1z
2
(A1 —261) (1A — 61 Z:llh) —% Y* (A1 — 61) —7%6,
P
(A2 — 261) Y(p2A2 — 61 ;Nz) —1\612)?\20 —%0, Y2 (A2 — 61)

It follows easily that the information about @ = (8,7, Ao, i1, ft2, 02, p, p*)" contributed by the
bivariate vector of random lengths is given by

I(6) = G 00 . (C.10)

C.1.2 Derivation of the Score Equations and Information Matrix for the Vector
of Severities Given the Bivariate Vector of Random Lengths from the

One Population Model

Provided that k has at least one non-zero component, the conditional distribution of f(y)
given k, f(y|k) is a multivariate normal. We will use the results from Appendix A to give
the expressions of the score function and information matrix for this conditional distribution.

Following the notations in Appendix A, we have 8 = (u1, u2) , ¢ = (02, p, p*) and

al 1 k+ 1 ~n 1 * 7—O ~ o~
992 9 g—;('z_#) Y, (z—p >_Fy y} (C.11)
ol 1 1 1
— = — > Iy — Diag | —, ..., — —1o(ky =T
L | A
+i( — )2t Iy — Di R Yoz —ph)
7'02 PPN
k) (C.12)
ol 1 _ ’ 1 1\ ’ _ %
op = 75 [W (Ekl(eTeT - IT)) - ;(z — ') B erer —In) 2 (2 — p )}(0'13)
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where z is the vector obtained with the first entries in the transformed data corresponding
to first and second time measurements and y contains the rest of the transformed data. As

is Appendix A, we denote

2
ky=> k. (C.14)
t=1

Furthermore,

ol I «
Equating to zero the expressions in (C.11) - (C.13) and (C.15) gives us the score equations.
The information matrix about (3, ) = (1, 2, 02, p, p*) contained in X |K = k is given by

0%l 521 T
7 7 _E O
0poB 0B o R 2TR
- B 021 / o2 o / 9 . 5 (016)
<868w’> D0 O Ix(o%p,p*)

where the elements of Ij(0?, p, p*) are given by (A.10) - (A.15) and one needs to account
for the possibility of observing zero-length vectors. Since the expression of f(y|k) does
not involve any of the parameters ¢ , v and A, it follows that the information about 8 =
(8,77, Ao fh1, pha, 02, p, p* contributed by the the vectors of severities for one subject is given

by the expression

Osx3  Osxo O3y
I(0|k) = | O3 %2;1 O3 . (C.17)

Osx3  Oszxa  Ii(0?p, p")

Recall that
I(6) =I'(0) + Y _Po(K = k)I(0]k),
ke

where I*(0) is the information matrix about @ contained in the bivariate vector of ran-
dom lengths K = (K3, Ky) and T = {(ky,k2)| k1,k2 = 0,1, ..., k1 + ks > 0}. Adding the

corresponding pieces gives us

_i’\i/\]fl /\}262 k1 Fa2\ . Ao i
= * 1= - = |
I0)=TI(0)+)» |e = el (i)(z’)"(xm) I(0|k). (C.18)




Denoting

2
A1+ Ao — 46 E ( 2(51)

H = _2):312;\\; 52>\0)€M>1\;FM2)
(A1 —261) Y(pa AL — 61 Z i)

=1
Y(A2 — 241) V(A2 — 81 ) i)

=1

2 2 2
;Mz‘()\i—%l) ; /\—51(21!%)2

we can further write this as the block diagonal matrix

I(57’77 )‘Oa M1, IU/Q)

I(e) = 03><5 Z 67 12::0
keY
where
Osx3

I(57%/\07M1>M2> =H+ Osy3 % Z
ke

and the elements of the matrix Iy (o

2, p,p*)

_2/\612,%20 v(A1 —261) v(A2 — 261)

82 Mo (1 +2) 2 2
_W Y(pur A1 — 61 X:I/h) Y(paAe — 61 Z:luz)
573 _762)\017 _752)\017
RYRY; A1z Y
~ 35 (A1 = d1) —7%6,

v % V(Ao — b)

O5><3
5 min(ki,k2) C.19
AR p\k2 k.
TT =0 (2)(12)2'()\1)\ )] Ik( y Py P ) ( )
O3x2
- Z i \F1 pk min(ki,k2) . i .
r |: kl' k2 r (1)(12>7" ()\1?\2) Ek ’

are defined by (A.10) - (A.15).

C.1.3 Derivation of the Information Matrix for the One Population Model

Suppose now that we have n independent observations from the one population model. The
resulting information about the parameter 8 from all the data can be computed as the sum

of the information contained in the n independent observations, found using (C.18). Hence,

()

Using the expression in (C.19), it easy to show that I,,(@) also has a block diagonal form

[ £

we get

min(k1,k2)

2

=0

- Z NS
Fyl k!

Ao

=nI*
1,(0) = nI*(0 o

4n Y e )wam)(om)

keY

Os543

min(kq,k2)
() ()t (22

In((sa v, )\Oa M1, ,U/Q)

kl )\1‘2
]Cl‘ k}2

O35 ny.

)\1)\
keY

)]Ik( 2, p,p") C.21)

=0
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where

In((sa 7, >‘0a M1, :uQ) = 7’LI(5, e )‘07 M, MQ)

O3><3 O3><2
2
— nH _|_ _ Z 2\ k1 ko mil’l(kl,kQ) 7
1 i=0 A AT Ev) (k251 [ 2o -1
Ozx3 N3 k;f € E1l Kol Z% (z)(z)z Yy X
1=

and the elements of the matrix I(0?, p) are defined by (A.10) - (A.15). As before, we denote

2
T = {k = (kl,k’g)‘ kz = 0,1,... for Vi = 1,2 and Zkl Z 1}

=1

C.2 DERIVATION OF THE INFORMATION MATRIX FOR THE
MULTIPLE POPULATION MODEL

Let us now consider the multiple population model introduced in Chapter 4, Section 4.2.
The parameter vector is @ = (8,77, Xo, fh11, 112, - M1, fim2> 02, p, p*) . We denote by I;(6)
the information matrix for @ contained in the one multivariate random length vector Xj;
from population ¢ with random lengths K = (Kj1, K;j2). This vector belongs to a one
population model with parameter vector 8; = (0,7, o, fi1, fiz, 0%, , p*)'. We can apply the
results from the previous section to find the information matrix about 6; contributed by
this one observation from the multiple population model. The random variables (;;1, Kj2)

follow jointly a bivariate Poisson distribution and the joint probability function is given by

fi(’l", S) = Pg(Kijl =T, Kijg = S)

2 min(r,s) i
=X0= 32 Xit AT} A%y T\ [s). Ao
= =1 | .
‘ r! sl Z 1 1 ! )\il/\i2

i=0
We denote
dio = —(Aia+Ai2) + P\Z}/\E — /\(2)} (i —1) (C.23)
dig = [)‘:1)‘:2 - )\3] (71— (N + Aiz)] (C.24)
= fAr—1,5—1)
T = - , C.25
2 i) (C.25)
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where

* —_—
)\il -

*
)\12

)\il + /\0

iz + Ao.

It follows that the information about 8; = (6,7, Xo, i1, fti2, 02, p, p*) contained in the random

lengths for one subject has the expression

H, Oj
* 7 X2
02><5 O2><2
where we define the matrix H; as
) ) ) N ) 28,00
>\11 + >\z2 - 4611 Z )U“Lt(>\zt - 2511) _m
t=1 v

2
2 2 2 820 20 Mit
o Nie — 261) X w2 — 6 (X pmir)? -
t=1 t=1 1

t=1
= Ai1 iz
H; = _28;2X0 _ Si2Xo(pi1+uiz) di3
Ai1Xi2 Ai1Xi2 A2 02,
2 Sia)
¥(Ai1 — 2d51) Yt Xi1 — di1 X5 pat) b v
t=1
2 o\
¥(Niz — 2d51) Y(pizXiz — di1 X5 pat) b v
t=1

To simplify the notations, we partition the matrix H; into

H(i)
H, = 11

H) H,

H)

v(Ai1 — 20;1)

2
Y(s1 i1 — di1 > at)
=1

_8i2Xo
Ai1Ai2

Y2 (i1 — 8i1)

—7268i1

Y(Ai2 — 28;1)

2
Y(Hi2Xi2 — di1 D Hit)
t=1
_ %i2X0
Ai1Ai2

26

¥2(Xi2 — 8i1)

(C.26)

where Hﬁ) is the upper left-corner 3 x 3 submatrix of H;. Since there is no information in

the random lengths about the other p,,’s, where i’ # i, the information about @ contained

in the random lengths for one subject in population 7 has the expression

H{ Ogcai1) H{) Ogotmi) Oy
Ozi-1)x3  O2¢—1)x2-1)  O2i—1x2  Oz¢-1)x2(m—i) O26-1)x3

I7(0) = Hgl Oax2(i-1) HSQ) Oa2x2(m—i) Ooy3
Oom-i)x3  Oopm—iyx2ii—=1) O2(m—iyx2  O2(m—i)x2(m—i) O2(m—i)x3

Osx3 O3x2(i-1) O3x2 Osx2(m—i) Osx3

133




Using (C.17), the information contributed by the vectors of severities given the lengths

I;(0;|k) can be computed as

O3><3 O3><2 O3><3
I;(0;]k) = | Osxs 53! Oaxs
03><3 O3><2 Ik<0'2:/07 IO*>

Similarly to the above, since 8; involves only pu;’s, t = 1,2, we may write the information

about @ contributed by the vectors of severities given the lengths I;(0|k) as

O3><3 O3><2(i71) 03><2 03><2(m7i) 03><3
Ozi-1)x3  Oz—nx2ii—1)  O2¢—nx2 Ozi—1yx2m—i)  O2i—1)x3
I;(0|k) = O30 O2x2(i-1) %221 O2x2(m—i) Ox3

O2m-i)x2 O2tm—iyx2(i—=1) O2(m—iyx2  O2(m—i)x2(m—i)  O2(m—i)x3

O3.2 O3x2(z>1) O3z 03><2(m7i) Ik(02, Py P")

Finally, adding all the corresponding pieces gives us the information matrix for the multiple

population model from Section 4.2

m m 2 min(k1,k2) i
N —Ao— > At /\i-91 )\fQ ki\ (k2 . Ao
L(6) =) mili(®)+ 3 m ) e = ST D () C2)r (s | e
1= 1= e 1=

The summation above is over all the elements of the set

t=1

2
Y= {kz = (ky ko) k; =0,1,... for Vj=1,2and S k; > 1}.

It can easily be shown that the information matrix I,,(@) about the parameter vector 8, 8 =

(8,79, Moy 115 H125 -y fanl s fm2, T2, P, p*)/, contained in the n = > n; independent observations
i=1
from the multiple population model with 7" = 2 has a block diagonal form

In((s,% Ao, 115 ---,ﬂmz) O(2m+3)><3
I,(0)= m ) , (C.27)
Osx(2m+3) >oni Y filky, ko) Ii(0?, p, p*)
=1 keY
where
2 min(kq,k2) %
“Xo— 3 hir AR AR kr\ (ko Ao
; ki ko) = =4 1l 72 1
filks k) = ¢ ! ! ; <z)(z)Z (A“Aiz) !
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HY) Osxa(i-1) H) O352(m—1)

- Ozii—1)x3  Oz¢i—1)x23i-1)  O20i—1)x2 O2(i—1)x2(m—i)
L6 ) = 3| O
i=1 H12 O2><2(z’—1) H22 O2><2(m—i)
O2im-i)x3  O2tm-i)x2i-1)  O2(m—i)x2  O2(m—i)x2(m—i)
03><3 O3><2m
+ m ,
O2m><3 Z n; Z fi(kla kQ)EI:I
=1 ke

the matrices H,(jl)’s (k,l =1,2) are given in (C.26) and the elements of the matrix Iy(c?, p, p*)

are defined by (A.10) - (A.15).
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APPENDIX D

RESULTS OF THE SIMULATIONS WHEN 7T =2 FOR THE MODELS IN
CHAPTER 3 (MODEL 1) AND CHAPTER 4 (MODEL 2)

Table 24: Simulation results for the first choice of parameters, T' = 2,n = 20

H11 H12 H21 H22 g i o? P p* Ao
True(@) 1 1.1 1.5 1.6 -1.3 2.3 1 0.5 0.2 1
X = T 2.72 3.42 8.58  10.80
Model 1
average 0.996 1.095 1.5 1.6 -2.564 3.22 0.966 0.478 0.172
bias -0.004  -0.005 0 0 -1.264 0.92 -0.034 -0.022 -0.028
sd 0.174 0.145 0.127 0.152 11.829 &8.579 0.101  0.057 0.095
mse!/? 0.174  0.145 0.127 0.152 11.896 8.628 0.107 0.061  0.099

I;'?() 0168 0.142 0.126  0.15 1267 0934 0.106 0.055 0.093
Model 2

average 1.005  1.099 1.5 1.595 -1.998 2.831 0985 0.485 0.185 0.559
bias 0.005 -0.001 0 -0.005 -0.698 0.531 -0.015 -0.015 -0.015 -0.441
sd 0.167 0.142 0.14 0.161 4.064 3.027 0.221 0.067 0.092 4.577
mse!/? 0.167 0.142 0.14 0.161 4.124 3.07v3 0.221 0.089 0.093  4.598

L;'?() 0162 0.137 0.125 0149 1251 0924 0.102 0.053 0.089 0.923
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Table 25: Simulation results for the first choice of parameters, T' = 2,n = 50

H11 H12 H21 122 o Y o? 14 P Ao
True(0) 1 1.1 15 16 -13 23 1 0.5 0.2 1
X=c T 272 342 858 10.80
Model 1
average 0.997 1.097 15 1599 -1.55 2486 0981 0.489 0.188
bias -0.003 -0.003 0 -0.00l -0.25 0.186 -0.019 -0.011 -0.012
sd 0.108 0.093 0.08 0.094 1.161 0.852 0.066 0.035 0.057
msel/2 0.108 0.093  0.08 0.094 1.187 0.872 0.068 0.037 0.058
L;?() 0106 009 008 0.095 0.801 0.591 0.067 0.035 0.059
Model 2
average 0.993 1.096 1.499 1599 -1.563 25 0.987 0.493 0.191 1.01
bias -0.007 -0.004 -0.001 -0.001 -0.263 0.2 -0.013 -0.007 -0.009  0.01
sd 0.104 0.087 0.083 0.098 1.227 0913 0.064 0.033 0.057 0.511
mse!/2 0.104 0.087 0.083 0.098 1255 0934 0.066 0.034 0.058 0.511
L;'2() 0102 0.087 0079 0.094 0.791 0.585 0.065 0.033 0.056 0.497

Table 26: Simulation results for the first choice of parameters, 7' = 2,n = 100

H11 H12 H21 22 J B o? P p* Ao
True(0) 1 1.1 1.5 1.6 -1.3 2.3 1 0.5 0.2 1
= eltTH 2.72 3.42 8.58 10.80
Model 1
average 1 1.099 1.498 1.598 -1.428 2.396 0.983 0.492 0.192
bias 0 -0.001 -0.002 -0.002 -0.128 0.096 -0.017 -0.008 -0.008
sd 0.077  0.066  0.055 0.065 0.687 0.503 0.046 0.024 0.04
mse'/? 0.077  0.066  0.055 0.065 0.699 0.512 0.049 0.025 0.041
I;l 2(0) 0.075 0.063 0.056 0.067 0.566 0.418 0.047 0.025 0.042
Model 2
average 1.004 1.105 1.502 1.602 -1.445 2.402 0.992 0.496  0.195  0.997
bias 0.004 0.005 0.002 0.002 -0.145 0.102 -0.008 -0.004 -0.005 -0.003
sd 0.075  0.062 0.0566  0.068 0.722 0.515 0.045 0.023 0.04 0.375
mse'/? 0.075 0.063 0.056 0.068 0.736 0.525 0.046  0.024 0.04 0.375
In_1 2(9) 0.072  0.061 0.0566  0.067 0.559 0.413 0.046 0.024 0.040 0.372
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Table 27: Simulation results for the second choice of parameters, T' = 2, n = 20

M1 H12 K21 M2 J y o? p p* Ao
True(d) 1.3 1.2 1.2 13 -1.0 2.5 1 0.5 0.2 1
X=eStm 448 5475 575 4.48
Model 1
average 1303 1.195 1.197 1.298 1.323  0.63 0.981 0.487 0.195
bias 0.003 -0.005 -0.003 -0.002 2.323 -1.87 -0.019 -0.013 -0.005
sd 0.13 0127 0132 0.13 15556 12572 0.099 0.051 0.085
mse!/2 013 0.128 0.132 013 15728 12711 0.101 0.052 0.085
I, '%(6) 012 0122 0122 012 4363 348 0.098  0.05 0.085
Model 2
average 1.293  1.201 12 1302 1.196 0.728 0.983 0.488 0.194 0.817
bias -0.007  0.001 0 0002 2196 -1.772 -0.017 -0.012 -0.006 -0.183
sd 0.131 0.144 0.142 0.139 10.604 8499 0.095 0.049 0.084 1.912
mse!/2 0.131  0.144 0.142 0.139 10.829 8.682 0.096  0.05 0.084 1.921

IL,Y%(0) 0119 0122 0122 0119 4315 3443 0.097 0049 0.084 1.245

Table 28: Simulation results for the second choice of parameters, T = 2,n = 50

H11 12 p21 22 o v o? P o* o
True(&) 1.3 1.2 1.2 1.3 -1.0 2.5 1 0.5 0.2 1
= edTTH 4.48 5.475 5.75 4.48
Model 1
average 1.299 1.199 1.199 1.298 0.602 1.203  0.991 0.494 0.197
bias -0.001 -0.001 -0.001 -0.002 1.602 -1.297 -0.009 -0.006 -0.003
sd 0.082 0.081 0.079 0.077 13.972 11.372 0.062 0.033  0.054
msel/? 0.082 0.081 0.079 0.077 14.064 11.446 0.063 0.033 0.054

L' 2(9) 0.076  0.077 0.077 0.076  2.759  2.201 0.062 0.032 0.054

Model 2

average 1.301  1.198 1.2 1303 -0.571 2.141 0993 0.494 0.2 0908

bias 0.001 -0.002 0 0.003 0429 -0.359 -0.007 -0.006 0 -0.092
sd 0.081 0.084 0.082 0.082 1087 8779 0.061 0.031 0.052 1.158
mse!/? 0.081 0.084 0.082 0.082 10.879 8786 0.062 0.032 0.052 1.162

I’ 2(9) 0.076 ~ 0.077 0.077 0.076 2.729  2.177 0.061 0.031 0.053 1.023
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Table 29: Simulation results for the second choice of parameters, T' = 2,n = 100

H11 H12 H21 22 g i o? P p* Ao
True(@) 1.3 1.2 1.2 1.3 -1.0 2.5 1 0.5 0.2 1
X = T 4.48 5.475 5.75 4.48
Model 1
average 1.299 1.201 1.201 1.299 -1.272 2.715 0.996 0.498 0.198
bias -0.001  0.001 0.001 -0.001 -0.272 0.215 -0.004 -0.002 -0.002
sd 0.0564 0.0567 0.056 0.054 10.427 8.33 0.044 0.022 0.039
msel/? 0.054 0.057 0.056 0.054 10.431 8.333 0.045 0.022 0.039
I;l 2(19) 0.0564 0.055 0.055 0.054 1.951 1.556 0.044 0.022 0.038
Model 2
average 1.298 1.199 1.199 1.297 -1.695 3.059 0.996 0.498 0.199 0.936
bias -0.002 -0.001 -0.001 -0.003 -0.695 0.559 -0.004 -0.002 -0.001 -0.064
sd 0.056 0.056 0.056 0.056 8.124 6.514 0.043 0.022 0.038 0.763
mse!/? 0.0566  0.056 0.056  0.056 8.1564 6.538 0.044 0.022 0.038 0.766
I{l 2(0) 0.0563 0.054 0.054 0.053 1.930 1.540 0.043 0.022 0.037 0.742

Table 30: Simulation results for the Third choice of parameters, T'= 2, n = 20

H11 112 H21 H22 J Y o’ P p* Ao
True(d) 1 2 15 25 25 001 T 05 02 1
=0T 12.30 12.43 12.37 12.49
Model 1
average 0.996 1.996 1.503 2.498 2.502 0.008 0.97 0.481 0.192
bias -0.004 -0.004 0.003 -0.002 0.002 -0.002 -0.03 -0.019 -0.008
sd 0.171 0.168 0.168 0.163 0.108 0.059 0.091 0.048 0.08
msel/? 0.171  0.168 0.168 0.163 0.108 0.059 0.096 0.052 0.08
I;l 2(9) 0.165 0.165 0.165 0.165 0.105 0.057 0.094 0.048 0.081
Model 2
average 0.994 2.004 1.51 2.506 2.462 0.018 0.97 0.48 0.19 0.986
bias -0.006 0.004 0.01 0.006 -0.038 0.008 -0.03 -0.02 -0.01 -0.014
sd 0.17 0.163 0.165 0.163 0.223 0.065 0.088 0.047 0.08 2.312
msel/? 0.171 0.163 0.166 0.164 0.226 0.065 0.093 0.051 0.08 2.312
I;l 2(9) 0.164 0.164 0.164 0.164 0.107 0.058 0.089 0.047 0.081 2.297
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Table 31: Simulation results for the third choice of parameters, T' = 2,n = 50

H11 H12 H21 H22 J B o’ P p* Ao
True(0) 1 2 1.5 2.5 2.5 0.01 1 0.5 0.2 1
A=t 1230 1243 12.37  12.49
Model 1
average 1.003 2 1499 2504 2,501 0.009 0985 0.492 0.194
bias 0.003 0 -0.001 0.004 0.001 -0.001 -0.015 -0.008 -0.006
sd 0.103 0.106  0.105  0.107 0.07 0.038 0.056 0.029 0.051
mse’/? 0.104 0.106  0.105 0.107 0.07 0.038 0.057 0.03 0.051
I;l 2(9) 0.104 0.104 0.104 0.104 0.066 0.036 0.059 0.03 0.051
Model 2
average 0.998 1.997 1493 2.491 2.494 0.008 0.989 0.493 0.197 1.053
bias -0.002 -0.003 -0.007 -0.009 -0.006 -0.002 -0.011 -0.007 -0.003 0.053
sd 0.102  0.105 0.102 0.105 0.133 0.039 0.061 0.031 0.05 1.326
smse 0.102 0.105 0.103 0.106 0.133 0.039 0.062 0.032 0.05 1.327
I{l 2(9) 0.104 0.104 0.104 0.104 0.067 0.036 0.069 0.030 0.051 1.287

Table 32: Simulation results for the third choice of parameters, T' = 2,n = 100

Hi1 112 H21 H22 o 0 o’ p p* Ao
True(e) 1 2 1.5 2.5 2.5 0.01 1 0.5 0.2 1
A= edTIH 12.30 12.43 12.37 12.49
Model 1
average 0.998 1.999 1.498 2499 2503 0.008 0.994 0.496 0.198
bias -0.002 -0.001 -0.002 -0.001 0.003 -0.002 -0.006 -0.004 -0.002
sd 0.074 0.072 0.071 0.073 0.048 0.026 0.043 0.022 0.036
msel!/? 0.074  0.072 0.071 0.073 0.049 0.026 0.043 0.022 0.036
In_l 2(9) 0.074  0.074 0.074 0.074 0.047  0.025 0.042 0.021 0.036
Model 2
average 1.005 2.001 1.501 25 2494 0.012 0994 0496 0.199 1.006
bias 0.005  0.001 0.001 0 -0.006 0.002 -0.006 -0.004 -0.001 0.006
sd 0.071 0.074 0.075 0.076 0.091 0.026 0.043 0.022 0.038 0.935
msel/?2 0.071 0.074 0.075 0.076 0.092 0.026 0.043 0.022 0.038 0.935
I;l 2(9) 0.074 0.073 0.073 0.073 0.048 0.026 0.042 0.021 0.036 0.932
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Table 33: Simulation results for the fourth choice of parameters, T'= 2,n = 20

H11 H12 K21 H22 J Y o’ P p* Ao

True(6) 4 3 3 4 1.5 0.05 1 0.5 0.2 1

2 = e T7H 5.47 5.21 5.21 5.47

Model 1

average 4.002 3.005 3.011 4.002 1.489 0.053 0.97 0.48  0.187

bias 0.002 0.006 0.011 0.002 -0.011 0.003 -0.03 -0.02 -0.013

sd 0.172  0.179 0.183 0.177 0.37 0.103 0.102 0.055 0.092

mse!/? 0.173  0.179 0.183  0.177 0.37 0.103 0.106 0.059 0.093

I{l 2(9) 0.174  0.175 0.175 0.174 0.344 0.097 0.106 0.056  0.092

Model 2

average 3.995 2993 2995 3.993 1.474 0.0564 0975 0.481 0.19 0.723

bias -0.005 -0.007 -0.005 -0.007 -0.026 0.004 -0.025 -0.019 -0.01 -0.277

sd 0.181 0.17 0.177 0.175 0.455 0.121 0.19  0.056 0.09 5.876

mse!/? 0.182 0.17 0.178 0.176 0.456 0.122 0.192 0.059 0.091 5.883

I,Y2() 0172 0172 0172 0172 0.346 0.097 0.103 0.055 0.088 1.937

Table 34: Simulation results for the fourth choice of parameters, T' = 2,n = 50

H11 12 p21 22 d v o’ P p* o

True(f) 1 3 3 1 15 0.5 1 0.5 0.2 1

\ =St 5.47 5.21 5.21 5.47

Model 1

average 3.996 2997 3.001 4.004 1.493 0.052 0.989 0.491 0.196

bias -0.004 -0.003 0.001 0.004 -0.007 0.002 -0.011 -0.009 -0.004

sd 0.109 0.116 0.112 0.109 0.221 0.062 0.067 0.036 0.059

mse'/? 0.109 0.116 0.112 0.109 0.221 0.062 0.068 0.037 0.059

L, '?(0) 011 0.111 0111 011 0218 0.061 0.067 0.035 0.058

Model 2

average 4.006 3.004 2997 3.994 1.485 0.05 0.99 0.493 0.197 1.035

bias 0.005 0.004 -0.003 -0.006 -0.015 0 -0.01 -0.007 -0.003 0.035

sd 0.107 0.109 0.108 0.111 0.274 0.064 0.067 0.036 0.056 0.645

mse'/? 0.107  0.109 0.108 0.111  0.274 0.064 0.068 0.036 0.056 0.646

I;l 2(9) 0.108 0.109 0.109 0.108 0.219 0.061 0.065 0.034 0.056 0.639

141



Table 35: Simulation results for the fourth choice of parameters, T'= 2, n = 100

Hi1 112 H21 H22 g v o? ) p* Ao
True(0) 1 3 3 1 15 005 T 05 02
\ = ed T 5.47 5.21 5.21 5.47
Model 1
average 4.004 3.001 3  4.004 1.499 0.05 0.993 0.495 0.199
bias 0.004 0.001 0 0.004 -0.001 0 -0.007 -0.005 -0.001
sd 0.081 0.082 0.08 0.079 0.155 0.043 0.047 0.025 0.041

mse!/? 0.081 0.082 0.08 0.079 0.155 0.043 0.048 0.026 0.041

L' 2(9) 0.078 0.078 0.078 0.078 0.154 0.043 0.047 0.025 0.041

Model 2

average 4.029 3.006 3.014 3.999 1508 0.047 1.003 0.5 0.213 1.025

bias 0.029 0.006 0.014 -0.001 0.008 -0.003 0.003 0 0.013 0.025

sd 0.091 0.072 0.101 0.087 0.175 0.047 0.038 0.015 0.031 0.326

msel/? 0.095 0.072 0.101 0.087 0.176 0.047 0.038 0.015 0.034 0.327

L’ 2(0) 0.077 0.077 0.077 0.077 0.155 0.043 0.046 0.024 0.040
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