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MATHEMATICAL ARCHITECTURE FOR MODELS OF FLUID FLOW
PHENOMENA

Alexandr Labovschii, PhD

University of Pittsburgh, 2008

This thesis is a study of several high accuracy numerical methods for fluid flow problems
and turbulence modeling.

First we consider a stabilized finite element method for the Navier-Stokes equations which
has second order temporal accuracy. The method requires only the solution of one linear
system (arising from an Oseen problem) per time step.

We proceed by introducing a family of defect correction methods for the time dependent
Navier-Stokes equations, aiming at higher Reynolds’ number. The method presented is
unconditionally stable, computationally cheap and gives an accurate approximation to the
quantities sought.

Next, we present a defect correction method with increased time accuracy. The method
is applied to the evolutionary transport problem, it is proven to be unconditionally stable,
and the desired time accuracy is attained with no extra computational cost.

We then turn to the turbulence modeling in coupled Navier-Stokes systems - namely,
MagnetoHydroDynamics. Magnetically conducting fluids arise in important applications
including plasma physics, geophysics and astronomy. In many of these, turbulent MHD
(magnetohydrodynamic) flows are typical. The difficulties of accurately modeling and sim-
ulating turbulent flows are magnified many times over in the MHD case.

We consider the mathematical properties of a model for the simulation of the large
eddies in turbulent viscous, incompressible, electrically conducting flows. We prove existence,

uniqueness and convergence of solutions for the simplest closed MHD model. Furthermore,
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we show that the model preserves the properties of the 3D MHD equations.

Lastly, we consider the family of approximate deconvolution models (ADM) for turbulent
MHD flows. We prove existence, uniqueness and convergence of solutions, and derive a bound
on the modeling error. We verify the physical properties of the models and provide the results

of the computational tests.
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1.0 INTRODUCTION

The accurate and reliable solution of fluid flow problems is important for many applications.

In these one core problem is the Navier-Stokes equations, given by:

w+u-Vu—rvAu+Vp=f forx € Q 0<t<T

V-u=0,x € Q, for0<t<T.

In the numerical solution of higher Reynolds number flow problems some of the standard
iterative methods fail. One common mode of failure is non-convergence of the iterative
nonlinear and linear solvers used to compute the velocity and pressure at the new time
levels. In Sections 2 and 3 we introduce two unconditionally stable methods designed to
overcome this type of failure.

The method, introduced in Section 2, is the Crank-Nicolson Linear Extrapolation with
Stabilization. The two main ingredients are the linear extrapolation of the velocity and
the artificial viscosity stabilization. The method is unconditionally stable and second-order
accurate. Most importantly, the method requires the solution of one linear system per time
step, and this linear system is a discretized Oseen problem (with cell Reynolds number O(1))
plus an O(h) artificial viscosity operator. Thus, the standard iterative solvers and well-tested
preconditioners can be used successfully, independent of how small the viscosity coefficient
is. We also show that the stabilization in the method alters the numerical method’s kinetic
energy rather than in its energy dissipation. We discuss the physical fidelity of the method
and provide the results of numerical tests, that verify the accuracy and the convergence

rates.



In Sections 3 and 4 we introduce the family of Defect Correction methods for time de-
pendent fluid flow problems. There has been an extensive study and development of this ap-
proach for equilibrium flow problems, see e.g. Hemker[Hem82|, Koren[K91], Heinrichs[Hei96],
Layton, Lee, Peterson[LLP02], Ervin, Lee[EL06|, and subsection 3.1.1 for a review of this
work. Briefly, let a k' order accurate discretization of the equilibrium Navier-Stokes equa-

tions (NSE) be written as
NSE"(u") = f, (1.0.1)
The DCM computes u?, ..., u} as

— ahAM! + NSE"(ub) = f, (1.0.2)

—ahA"ul + NSE"(u}') = f — ahAMul' |, for | =2, ... k,

where the velocity approximations u! are sought in the finite element space of piecewise
polynomials of degree k.
It has been proven under quite general conditions (see, e.g., [LLP02]) that for the inter-

mediate approximations of the equilibrium NSE
lunse = U} lenergy—norm = O(h* + hllunse — w1 lenergy—norm) = O(h* + h'),
and thus, after [ = k steps,
1w — g llenergy—norm = O(R®).

Note that (1.0.2) requires solving an AV approximation k times which is often cheaper and
more reliable than solving (1.0.1) once.

For many years, it has been widely believed that the method could be directly imported
into implicit time discretizations of flow problems in the obvious quasistatic way. Unfortu-
nately, this natural idea doesn’t seem to be even stable (see Section 3.7). We give a critically
important modification of the natural extension to time dependent problems, that we prove
to be unconditionally stable (Theorem 3.1) and convergent. Hence, we develop a method for
which standard iterative solvers can be applied (for arbitrarily large Reynolds number); the

method is unconditionally stable, computationally attractive and highly accurate: in order



to obtain an accuracy of O(h*), one needs to solve an artificial viscosity approximation k
times, which is often cheaper and more reliable (for high Reynolds number) than solving
the NSE once. Section 4 presents a modification of this method, that allows to obtain extra
time accuracy with almost no extra computational cost.

In Chapter 5 we consider the coupling between the porous media problem

=V (kVp) =g
u=—kVp,

and the convection diffusion problem

¢t —€Ap+u-Vo+cop=f.

This type of coupling is of great importance in a wide array of applications, including
oil recovery and nuclear waste storage. The method introduced in this chapter is based on
a consistent multiscale mixed method formulation, presented for the stationary convection
diffusion problem by W. Layton [Layton02]. We couple the eddy viscosity discretization to
the porous media problem, prove the stability of the method and track the velocity error
estimate from Darcy’s problem to the convection diffusion to prove the near optimal error
bound.

In Sections 6 and 7 we consider turbulence modeling in MagnetoHydroDynamics. Even in
the hydro-dynamic (flow governed by the Navier-Stokes equations) case the modern science
does not yet have a good understanding of turbulent phenomena - due to the turbulence
being diffusive, chaotic, irregular, highly dissipative. Another important characteristics of
the turbulent flow is the continuum of scales (unsteady vortices can appear at different scales
and interact with each other). From the critical length scale determined by Kolmogorov, the
size of the smallest persistent eddy is O(Re™*/4), where the Reynolds number Re could be
described as the ratio of advection coefficient to the diffusion coefficient. Hence, in order to
accurately capture all physical properties of the three-dimensional flow, one needs to resolve
the flow with O(Re”*) meshpoints. However, the Reynolds number for air flow around a car

is of the order 10%, around an airplane - 107, and it can achieve O(10?°) for some atmospheric



flows. Therefore, it is not computationally feasible to use direct numerical simulations for
most of the turbulent flows. Hence - the modeling.

Magnetically conducting fluids arise in important applications including climate change
forecasting, plasma confinement, controlled thermonuclear fusion, liquid-metal cooling of
nuclear reactors, electromagnetic casting of metals, MHD sea water propulsion. In many of
these, turbulent MHD (magnetohydrodynamics [Alfv42]) flows are typical. The difficulties
of accurately modeling and simulating turbulent flows are magnified many times over in the
MHD case. They are evinced by the more complex dynamics of the flow due to the coupling
of Navier-Stokes and Maxwell equations via the Lorentz force and Ohm’s law.

The flow of an electrically conducting fluid is affected by Lorentz forces, induced by the
interaction of electric currents and magnetic fields in the fluid. The Lorentz forces can be used
to control the flow and to attain specific engineering design goals such as flow stabilization,
suppression or delay of flow separation, reduction of near-wall turbulence and skin friction,
drag reduction and thrust generation.

The mathematical description of the problem proceeds as follows. Assuming the fluid
to be viscous and incompressible, the governing equations are the Navier- Stokes and pre-
Maxwell equations, coupled via the Lorentz force and Ohm’s law (see e.g. [Sher65]). Let
Q = (0, L) be the flow domain, and u(t, ), p(t, z), B(t,x) be the velocity, pressure, and the
magnetic field of the flow, driven by the velocity body force f and magnetic field force curl g.
Then u, p, B satisfy the MHD equations:

1
w + V- (uu) — ﬁAu + gV(Bz) — SV -(BB)+ Vp = f,
B, + %curl(curlB) + curl (B x u) = curl g, (1.0.3)

V-u=0,V-B=0,

in @ = (0,7) x Q, with the initial data:
uw(0,z) = up(x), B(0,2) = By(z) in L, (1.0.4)
and with periodic boundary conditions (with zero mean):

O(t,z + Le;) = O(t,x),i = 1,2,3, / O(t,x)dx =0, (1.0.5)
Q



for ® = u, ug, p, B, By, f, 9.

Here Re, Re,, and S are nondimensional constants that characterize the flow: the
Reynolds number, the magnetic Reynolds number and the coupling number, respectively.

Direct numerical simulation of a 3d turbulent flow is often not computationally economi-
cal or even feasible. On the other hand, the largest structures in the flow (containing most of
the flow’s energy) are responsible for much of the mixing and most of the flow’s momentum
transport. This led to various numerical regularizations; one of these is Large Eddy Simula-
tion (LES) [S01], [J04], [BILO6]. It is based on the idea that the flow can be represented by
a collection of scales with different sizes, and instead of trying to approximate all of them
down to the smallest one, one defines a filter width 6 > 0 and computes only the scales
of size bigger than ¢ (large scales), while the effect of the small scales on the large scales
is modeled. This reduces the number of degrees of freedom in a simulation and represents
accurately the large structures in the flow.

In Sections 6 and 7 we consider the problem of modeling the motion of large struc-
tures in a viscous, incompressible, electrically conducting, turbulent fluid. We introduce a
family of approximate deconvolution models - referring to the family of models in [ASO1].
Given the filtering widths d; and d,, the model computes w, g, W - the approximations to
w’ 7§62. Here 7%, 7% denote two local, spacing averaging operators that commute with

the differentiation. The ADM for the MHD reads

1 1 '51 01
we + V- (CLw)(Chw)” — —Aw =SV (GBI (GW)" +Ve=T"  (106a)
]_ 2 09
Wt = —curl(curl W) 4V - (G2 (Ghw) ) — V- (L) (GZW))  (1.0.6b)
= curl g,
V-w=0, V-W=0, (1.0.6¢)

_5; -0

subject to w(0,7) = uy' (z), W(0,2) = B, (z) and periodic boundary conditions (with zero
means). Here G} and G3% are the deconvolution operators, that will be defined in Section
7.2

We begin by proving the existence and uniqueness of solutions to the equations of the

model, and that the solutions to the model equations converge to the solution of the MHD



equations in a weak sense as the averaging radii converge to zero. Then the physical fidelity
of the models has to be established. For that we consider the conservation laws - and
verify that the model’s energy and helicities are also conserved, as they are for the MHD
equations; the models also preserve the Alfvén waves - the unique property of the MHD flows.
We perform the computational tests to verify the models’ verifiability, and we also conclude
that in the situations when the direct numerical simulation is no longer available (flows with
high Reynolds and magnetic Reynolds numbers), the solution can still be obtained by the
ADM approach.



2.0 THE STABILIZED, EXTRAPOLATED TRAPEZOIDAL FINITE
ELEMENT METHOD FOR THE NAVIER-STOKES EQUATIONS

2.1 INTRODUCTION

The accurate and reliable solution of fluid flow problems is important for many applications.
In these one core problem is the Navier-Stokes equations, given by: find u: Q x [0,7] —

R?(d=2,3), p:Qx (0,T] — R satisfying

w+u-Vu—rvAu+Vp=f forx € Q 0<t<T
V-u=0,x € Q for0<t<T,
u=0, on 0, for 0 <t <T, (2.1.1)

u(x,0) = uy(x), for x € Q,

with the usual normalization condition that [, p(x,t) dx = 0 for 0 < t < T when (2.1.1)
is discretized by accepted, accurate and stable methods, such as the finite element method
in space and Crank-Nicolson in time, the approximation can still fail for many reasons.
One common mode of failure is non-convergence of the iterative nonlinear and linear solvers
used to compute the velocity and pressure at the new time levels. We consider herein a
simple, second order accurate, and unconditionally stable method which addresses these
failure modes. The method requires the solution of one linear system per time step.

This linear system is a discretized Oseen problem plus an O(h) artificial viscosity operator
- so the standard iterative solvers and well-tested preconditioners can be used successfully

(the preconditioners are described, e.g., in chapter 8 of [ESWO05]). Suppressing the spatial



discretization, the method can be written as (with time step &k = At and tuning parameter
a=0(1))

V- -u,,1 =0 and

B = U, v(—“”“;r Uy _ A Ty A,
n + n
V(B gt ) — ahA,. (2.1.2)

2

Here U, /2 := gun - %un_l is the linear extrapolation of the velocity to ¢,1/2 from previous
time levels. Thus, (2.1.2) is an extension of Baker’s [B76] extrapolated Crank-Nicolson
method. Artificial viscosity stabilization is introduced into the linear system for u,; by
adding —ahAu, 1 to the LHS and correcting for it by —ahAu,, (the previous time level)
on the RHS. This is a known idea! in practical CFD, and likely has been used in practical
computations with many different timestepping methods. To our knowledge however, it has
only been proven unconditionally stable in combination with first order, backward Euler time
discretizations, e.g. E and Liu [ELO1], Anitescu, Layton and Pahlevani [ALP04], Pahlevani
[P06] for related stabilizations and also He [He03] for a two-level method based on Baker’s
extrapolated Crank-Nicolson method.

The increase in accuracy from first order Backward Euler with stabilization to second
order in (2.1.2) (extrapolated CN with stabilization) is important. There is also a quite
simple proof that (2.1.2) is unconditionally stable. We give the stability proof in Proposition
2.3 and then explore the effect the stabilization (and correction) in (2.1.2) have on the rates
of convergence for various flow quantities.

No discretization is perfect. However, simple and stable ones leading to easily solvable
linear systems can be very useful. We therefore conclude with numerical tests which verify

accuracy and decrease in complexity in the linear equation solver.

'William Layton first saw it used as a numerical regularization in 1980 and it seems to have been known
well before that. It is related to the simple Kelvin-Voight model of viscoelasticity, Oskolkov [080], Kalantarev
and Titi [KT07].



Defining the method precisely requires a small amount of notation. The spatial part of

(2.1.1) is naturally formulated in
X = H}(Q)? Q:= L.

The finite element approximation begins by selecting conforming finite element spaces X" C
X, Q" C Q satisfying the usual discrete inf-sup condition (defined in Section 2). Denote the
usual L? norm and inner product by ||| and (-, -), and the space of discretely divergence free
functions V" by:

V= {vheX": (", V- -v") =0, V"€ Q")

Define the explicitly skew-symmetrized trilinear form
" 1 1
b*(u,v,w) := 5(11 -Vv,w) — §(u -Vw,v), (2.1.3)

and the extrapolation to ¢, L= tn+;n+1 by

3 1
Bluy,uy ] = Sup — sup (2.1.4)
2 2
where u(z) is a known approximation to u(z,t;).

The method studied is a 2-step method, so the initial condition and first step must be

specified, but are not essential. We choose the Stokes Projection, defined in Section 2.2.

Algorithm 2.1 (Stabilized, extrapolated trapezoid rule). Let ul be the Stokes Projection
of ug(z) into V. At the first time level (ul, pl) € (X", Q") are sought, satisfying

B ik h h
u uo’vh)+y(v<u1‘;’uo

., urul 1
+b* (uf, — ; 2 v —(§(p'f+p’8),v-vh)

),v") + ah(Vul, Vv"), v vt e X", (2.1.5)

), Vv + ah(Vul, Vv

1
2

(V-ul,q") =0, Y " e Q"



Given a time step k > 0 and an O(1) constant «, the method computes ul, ub, - ph ph ...

where t; = jk and W} (x) = u(z,t;),p!(z) = p(x,t;). Forn > 1, given (u},p}) € (X", Q")
find (W) 1, priq) € (X", Q) satisfying

ho o yh h h
(M7 Vh) + V(V<M)J Vvh> -+ ah(vu2+17 Vvh)

k 2
. ' +ul 1
+b (E[u u271]7 %7 Vh) - (5(192“ + p2)7 V- Vh)
= (£(t,42), V") + ah(Vug, Vv"), Vvt e Xh (2.1.6)
(v : uZ—i—lv qh) = 07 v qh € Qh'

We will refer to Algorithm 2.1 as CNLEStab (Crank-Nicolson with Linear Extrapolation
Stabilized). If @ = 0, i.e. if no stabilization is used, Algorithm 2.1 reduces to one studied by
G. Baker in 1976 [B76] and others, that we will refer to as CNLE.

We shall show that Algorithm 2.1 (CNLEStab) is unconditionally stable and second order
accurate, O(k* + hk + spatial error). The extra stabilization terms added are O(hk) because

R _ .k
ah(V(ul,, — ), V") = ahk(V (2L

), YV = hi(=Auy) = O(hk).

As stated above, each time step of the method requires the solution of only one linear Oseen

problem at cell Reynolds number O(1).

Remark 2.1. At the first time level, a nonlinear treatment of the trilinear term can be used

instead of extrapolation: find (ul, ph) € (X" Q"), satisfying

h _ b h | b
—~ +
(=2 + “ V(=) V) + ah(Vaf, V)
"
X +ul ub 4+l 1
_'_b( 12 ’ 12 Oavh) —(i(p?—l—pg),Vvh)
= (f(t%),v ) + ah(Vul, vvh), v vt e X", (2.1.7)
(V-ul,¢")=0, V" eqQ"

We shall show that this modification affects neither the stability of the method nor the conver-
gence rate of the velocity error approximation, but increases the convergence rate of pressure

approximation.
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The stabilization in the method alters the numerical method’s kinetic energy rather than

in its energy dissipation. Proposition 2.4 and Section 2.5 show that
1
Kinetic Energy in CNLEStab = ﬁ[HuZH2 + akh||Vu"||?],

Energy Dissipation in CNLEStab = %HVUZHQ

We shall show in Sections 2.5 and 2.6 that this has several interesting consequences.
Section 2.2 collects some mathematical preliminaries for the analysis that follows. Sec-
tions 2.3 and 2.4 present a convergence analysis of the method (2.1.2). The modification
of the method’s kinetic energy influences the norm in which convergence is proven. A ba-
sic convergence analysis is fundamental to a numerical method’s usefulness but there are
many important questions it does not answer. We try to address some of these in Section
2.5 and onward. In Section 2.5 we consider physical fidelity of a simulation produced by
the method (2.1.2). Omne aspect of physical fidelity is conservation of important integral
invariants of the Euler equations (v = 0) and near conservation when v is small. The con-
servation of the method’s kinetic energy when v = 0 is clear from the stability proof in
Section 2.3. The second important integral invariant of the Euler equations in 3d is helicity,
[MT92],[DGO1],|[CCEO03] and in 2d, enstrophy. Approximate conservation of these is explored
in Section 2.5. Section 2.6 gives some insight into the predictions of (2.1.1) of flow statistics
in turbulent flows. In Section 2.7 we present the results of the computational tests. These

confirm the rates of convergence, predicted in Section 2.3.

2.2 MATHEMATICAL PRELIMINARIES

Recall that (2.1.1) is naturally formulated in
X = Hy(Q)7, Q= Lj(Q).

The dual space of X is denoted by X* (and its norm, by || - ||-1), and V = {v € X :
(¢, V-v) =0, Vqe Q} is the set of weakly divergence free functions in X. Norms in the
Sobolev spaces H*(2)4 (or WF(2)?) are denoted by || - ||z, and seminorms by | - |.

11



Later analysis will require upper bounds on the nonlinear term, given in the following

lemma.

Lemma 2.1. Let Q C R3or R2. For allu,v,w € X
0" (u, v, w)| < C(Q)[[Vul[[[Vv[[[[Vw],

and
0" (u, v, w)| < C(Q)/[uf[|Vul[|[Vv|[|[Vw].

If, in addition, v,Vv € L>®(Q),
0" (, v, w)| < C(Q)([[Vl[Loe() + [V V] oo @) [[ul[ [ VW]

and

0" (w, v, w)| < C([[ul[[[VV][Loe (@) + [[Vallllv]lze @)l wl].

Proof. See Girault and Raviart [GR86] for a proof of the first inequality. The second inequal-
ity follows from Holder’s inequality, the Sobolev embedding theorem and an interpolation
inequality, e.g., [LT98]. The third bound follows from the definition of the skew-symmetric

form and Holder’s inequality
. 1 1
" (u, v, w)l < SIVVii=@llulliwll + SlIvilz=@]al[Vw]]

and Poincare’s inequality, since w € X. The proof of the last inequality can be found, e.g.,

in [LT98]. 0

Throughout the chapter, we shall assume that the velocity-pressure finite element spaces
X" ¢ X and Q" C Q are conforming, have approximation properties typical of finite element

spaces commonly in use, and satisfy the discrete inf-sup, or LBB", condition

o oh
inf sup —(q Vv

> [ >0, 2.2.1
" eQ" ynexn [VVHI[lg"]| 220

12



where 3" is bounded away from zero uniformly in h. Examples of such spaces can be found
in [GR79], [GR86], [G89]. In addition, we assume that an inverse inequality holds, i.e. there

exists a constant C' independent of h and k, such that
IVv| < Ch7Yv], ¥veX (2.2.2)

We assume that (X", Q") satisfy the following approximation properties typical of piece-
wise polynomials of degree (m,m — 1), [BS94]:

inf, lu—v| < Ch"Mu|py, ue H™(Q), (2.2.3)
ve
inf [V(u—v)| < Ch"lup., ue H™ (), (2.2.4)
ve
inf [[p—ql| < Ch"[plm, p€ H™(Q). (2.2.5)
qeQh

We will also use the following inequality, which holds under (2.2.1) and for all u € V:

inf [V(u—v)| < C(Q) inf [|[V(u-—v). (2.2.6)

vevh veXh

The proof of (2.2.6) can be found, e.g., in [GR79] (p.60, inequality (1.2)).
Throughout the chapter we use the following Stokes Projection.

Definition 2.1 (Stokes Projection). The Stokes projection operator Ps: (X, Q) — (X", Q"),

PS(uap) = (ﬁ'7ﬁ)7 SCLtiSﬁ(ES

(V- (u-1),q¢") =0, (2.2.7)

for any v € X", ¢" € Q".

In (V" Q") this formulation reads: given (u,p) € (X, Q), find u € V" satisfying
v(V(u—1), V") — (p—¢", V-v") =0, (2.2.8)

for any v? € V" ¢" € Q". Under the discrete inf-sup condition (2.2.1), the Stokes projection
is well defined.

13



Proposition 2.1 (Stability of the Stokes Projection). Let u, G satisfy (2.2.8). The following
bound holds

v|val? <2|Vul® +dv™t inf lp - q"|], (2.2.9)
qheQh
where d s the dimension, d = 2, 3.
Proof. Take vi =u € V" in (2.2.8). This gives
v|[|Va|)? = v(Vu,Va) — (p — ¢", V- 1). (2.2.10)
Using the Cauchy-Schwarz and Young inequalities, we obtain
V|IVElR < vl|Vul?+ Zwau? (2.2.11)

dvt inf |lp— "2+ 2|V - al%
+dv ththHp ¢"+ IV -l

Next, use the obvious inequality ||V - al|* < d||Val[?. Combining the like terms in (2.2.11)

concludes the proof. O

In the error analysis we shall use the error estimate of the Stokes Projection (2.2.8).

Proposition 2.2 (Error estimate for the Stokes Projection). Suppose the discrete inf-sup

condition (2.2.1) holds. Then the error in the Stokes Projection satisfies
Viu—a)|* <O inf [[Va—-v")|?+v7" inf |p— "7, 2.2.12
VIV = ) <l int [T(a=v")[E+0 int o= o' (2:2.12)
where C'is a constant independent of h and v.

Proof. Decompose the projection error e =u—uintoe =u—I(u) — (0 — I(u)) = n — ¢,
where n = u — I(u), ¢ = — I(u), and I(u) approximates u in V. Take v = ¢ € V" in
(2.2.8). This gives

VIVl = v(Vn,V¢) —(p —¢", V- ). (2.2.13)
The Cauchy-Schwarz and Young inequalities lead to
v|Vo|* < 20| Vn|* + Cvt inf |p—¢"|* (2.2.14)
thQh

Since I(u) is an approximation of u in V" we can take infimum over V*. The proof is

concluded by applying (2.2.6) and the triangle inequality. O
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Remark 2.2. Using the Aubin-Nitsche lift, one can obtain (see, e.g., [BDK82])

—ull <Ch| inf —vh inf —q" 2.2.15
[u—a| < (VggthV(u V)||+ththHp qH)> ( )

where C = C(v, ).

The following variation on the discrete Gronwall Lemma is given in [HR90] as a remark
to Lemma 5.1. In this estimate, the first sum on the right hand side is only up to the

next-to-last time step, which allows for an estimate with no smallness condition on k.

Lemma 2.2 (Discrete Gronwall). Let k, B, ay, by, ¢n, d,, for integers n > 0 be nonnegative

numbers such that for N > 1, if

N N-1 N
ax +kY by <kY duan+kY e+ B,
n=0 n=0 n=0

then for all k > 0,

N N-1 N
an + kY by <exp(k Y dy) (chn+B> .
n=0 n=0 n=0

The following results are readily obtained by Taylor series expansion.

Lemma 2.3. Let k = t, 11 —t, for all i and denote t,, /2 = % Let 1(-,t) be a function

such that vy € C°(0,T; L*(Q)). Then there exists 6 € (0,1) such that

1/J<" tn-H) - 1/}(7 tn)
| Pt

| < Clltbe(-, tnro)ll-

If vy € CO(0,T; L*(Q)), then there exist 01,0 € (0,1) such that

¢('7 tn-i-l) + ’17/)(, tn)

u -

- 1/’(',75n+1/2)|| < Ok2||1/’tt('atn+91>”

and

1

3
1590 8) = 500 taa) = Gt )| < OF [l tnran)

If Yy € C°(0,T; L3(QY)), then there exists 03 € (0,1) such that

Pt 200 I o) < R s
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2.3 STABILITY AND CONVERGENCE OF THE STABILIZED METHOD

We start with the proof of unconditional stability, which is the mathematical key to the good
properties of the method, and motivates the more technical error analysis that follows.

The unconditional stability of Algorithm 2.1 is proven in the following proposition.

Proposition 2.3. [Stability of extrapolated trapezoidal method] Let £ € L*(0,T; H ().
The stabilized, extrapolated trapezoid scheme (2.1.5)-(2.1.6) (and the scheme (2.1.6)-(2.1.7))

18 unconditionally stable. For any h,k >0 and oo > 0,n >0

h h
u; g+ uy

Ik

[[wy i |1? + akhl [V |]P + vk Y [[V(
=0

< [ug]|® + akh|[Vug]® + vk Y E(E )]
1=0

Proof. Taking v = % € VM in (2.1.5) (and in (2.1.7)) gives

h h h h h h h h h h
— + + — +
(F H ) 4|V (E D)) + ahk(VE 2, V)
ul +uf
= (f(ty), =0 (23.)

Apply the Cauchy-Schwarz and Young inequalities. This gives

I I

[Vul|* = [[Vug]®
2k

uiL +ug
2

— [Jug
2%k

[ uj + ug

2
v E(t

V2 + o)

+v[[V(

< P+ V(0 (232)

1
2

N —

Thus, on the first time level we obtain the stability bound

u? +u?
[t ||? + vk[|V (=== + ahk | Vur|® < ugl* + ahk|Vug|* + v~ E[[£(2)]2,.(2.3.3)
Now consider (2.1.6) for n > 1; let v = uﬁ*;—ﬂlﬁ € V. This gives
u', , —u ul,, +u u |+ ul u' , —u" ut, | +ul
( n-+1 n7 n-+1 n) + VHV( n+1 n)H2 +Ckh]€(V( n+1 n)’v( n+1 n))
k 2 2 k 2
ut, | +ul
= (f(tes), —5—), (2.3.4)
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Applying Cauchy-Schwarz and Young inequalities leads to

> — [[ug® w,, +uy Vg 1 = Vg ®

2
o + v||V( 5 )||* + ahk %
<L wy, +up
< S B I+ g v (a35)
Simplifying (2.3.5) gives
hoo2 hy2 wpy tup 2 2
(Il = oz l?) + vE [V (=257 + adik(| Vg = Vg )
< vkE(t, )12 (2.3.6)
Summing (2.3.6) over the time levels gives
i 53 IV kv
n+1 2 n+1
i=1
<l |l® + ok |Vl + kY v [E )12 (2.3.7)

i=1

Finally, using the bound on (||u?||? + ahk|Vu}||?) from (2.3.3), we obtain that for all n > 1

u’;+u
Ilun+1ll2+/~fz IV ( “ )||2+Ozhff||Vun+1H2
< > + ahkIVL? + £ S v e )2 (2.3.8)
This result, combined with Proposition 2.1, proves the Proposition. Il

Hence the method is unconditionally stable. The question remains: how fast does u”

converge to u? To evaluate the rates of convergence as h — 0, we must make a specific

choice of X", Q".
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Theorem 2.3.1 (Velocity Convergence Rates). Let the finite-element spaces (X", Q") in-
clude continuous piecewise polynomials of degree m and m — 1 respectively (m > 2), and
satisfy the discrete inf-sup condition (2.2.1) and approximation properties (2.2.3)-(2.2.5).
Let Cl|ul| g0 rm+1 kR 2 < 1/2, and

uc L0, T; H™™(Q)) N L>=(0,T; L>(Q)) N C°(0, T; H' (1)),
Vu € L>(0,T; L>()),
u, € L*(0,T; H™H(Q)) N L™(0,T; L*(Q)), Vuy, € L*(0,T; H'(Q)),
pu € L*(0,T; L*()).

Then there is a C' = C(v,u,p,T) < oo such that ¥n € {0,1,..., N — 1} the error in
Algorithm 2.1 satisfies

[t ) — uZ+1|| T (kzynv((u(tiﬂ) - lli+1; + (u(t;) — llz))HQ)

fazh2k3||V(u(t, ) —ul, )| < Clv,u,p) (K™ + ahk + k?) .
The rest of this section will be devoted to proving this theorem.

Proof. Consider the variational formulation corresponding to the Navier-Stokes equations

(2.1.1), for any time ¢, in X",
(uy, v*) + b*(w, u, v") + v(Vu, Vv") — (p, V- v") = (£,v"), wv" e X" (2.3.9)

Then subtract (2.1.6) from (2.3.9), taken at t = tny1, to get

h

ul, -l wh,, +
(Wt g) = 222 7)oVt ) - V(PR

— ah(V(uly —ul), V) 4+ 0 (ult, ) ult, ), ")

V) = () = p<t”+1)2+ Pt G ymy = 0(2.3.10)

), Vv!)

h h
un+1 + u,

b* (E[ulrlw uzflh 2

Let the velocity error be decomposed as

e, =u(t,) —u'=(ut,) -U,) - (' -0U,) =n, —¢" (2.3.11)



where U, is the Stokes Projection of u, into V" (therefore ¢! € V" but n, ¢ V"). For
£ =-e,¢" or n, define €n+% = %
Add and subtract
<u<tn+1) —u(ts) u(tni1) — u(tn)
k 2
ah( (ultyer) — ulty)), TV - (

), Vv!)

p(tni1) + p(tn)
2

V) + v (V(

7v'vh)

+0 (u(t, 1) + Elu(t,), u(t,-1)] + Eluy, uy_y],
to (2.3.10) to obtain the error equation (recall also that (¢, V - v*) = 0,V¢" € Q")

(Sl " O by v(Veni1/2, VV"') + ah(V(enr — e,), VVv")

k
tnt1) + p(tn y
_ (p( +1)2 p( ) o qh’ V . Vh) —b (E[u27u2_1]7en+1/2’vh)
1 (Elee,), W) g e, (2312)

where

T(u,p;v") = (

—ah(V(u(t,y) —u(t,)), Vv — (

u(tn-i-l) + u(tn)
2

=0 (Efu(tn), u(tn-1)] —ult, 1), -

- u(tn—s—%)u Vh)

(tn+1)2+ u(t,) vh. (2.3.13)

5 (ut ),

Using the error decomposition (2.3.11) and setting v = ¢Z+1/2 in (2.3.12) gives

1 ah
%(H%HIQ — 2% + VIV joll* + 7(||V¢>Z+1||2 — IVeLI)

= (D 1)+ (T, V)

vank(v(Me =) gy Pl TP g )

B ], @) + 0 (B, o), SRR )
sl o), ) ) T ), (23.14)

2

since b*(E[Uf17 U?L—J: ¢Z+1/27 ¢Z+1/2) = 0.
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Also it follows from the choice of the projection U,, that

p(tni1) +p(tn)
2

V(Vnn+1/27 V¢Z+1/2) — ( - qh7 V- ¢Z+1/2) =0.

Applying the Cauchy-Schwarz and Young’s inequalities to the linear terms on the right hand
side of (2.3.14) gives

1 3v ah

S0l = 10417 + IVl + S (IV Gl = VL)
< Oy 2 O~k V(T
+| b*(E[qu, UZ—l]a Mnt1/25 ¢Z+1/2) |

+ (Bl m, ), et £

2
+ 0" (B¢, b1l

P ¢Z+1/2) |

u(t, +u(t,
(1) ( )7¢Z+1/2) |+ | T (u,p; ¢Z+1/2> B (2.3.15)

2

For clarity, we analyze each of the remaining nonlinear terms on the RHS of (2.3.15) indi-
vidually. Here we use frequently Lemma 2.1 and the inverse estimate (2.2.2), together with
Young’s inequality.

We start with the first nonlinear term in (2.3.15). Adding and subtracting the quantity
v (Eu(tn), u(tn-1)], Mny1/2, gbth/g), and using Lemma 2.1, followed by Young’s inequality,

we get

|b*(E[u27 UZ—l]’ nn+1/27 ¢Z+1/2)|

v _
< gl Pnesell® + CvIVEmt), altn 0l V012l
+ Cv T IVEm, 1, I (V74017
+ ClE, ¢ulll*IVE, ¢n Il [Vl Vol (23.16)
n» ¥n—1 n» ¥n—1 n+1/2 n+1/211" -
The first two terms involving the operator E[-,-] can be bounded by using its definition

(2.1.4) and regularity assumptions on u,

3 1
IVEMu(t.), ulta-d)lll <€ and  [VE[,, ]l < 51Vl + 511Vn,-4]].(2.3.17)
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For the third and fourth terms, we also need the inverse estimate (2.2.2), resulting in

1E(¢n. dn il IVE[D, @ 1]l < Clignll + I dnall) (IVull + Ve, 4 1)),
< Ch7'(llgnll + lldnalD?.

so that

B[, Sl IV IV Elh, &)1V i1 /2]l 1V i1 o]
< Ch 2V n, 0]l (10l + In_s 1) (Inll + ll@h ), (2.3.18)

Putting (2.3.17) and (2.3.18) back into (2.3.16), we have

|b*(E[uZ, 11271]7 Mn+t1/25 ¢Z+1/2)|
v _
< 1_6H¢Z+1/2H2 +Cv ann+1/2H2
+Ov [V, |12 + 1IVn, 1) 1V 1412

OV, o (2 B + ) (2:3.19)

For the second trilinear term, use Lemma 2.1 and the assumption that ||Vu(t)| is
bounded for any ¢ € [0,T]. Then we apply Young’s inequality and (2.3.17), resulting in

u(t,q1) +ul(ty,)

b*(E[nnv nn71]> 2

7¢Z+1/2) < C”VE[nm"7n71]||||v¢72+1/2||
< CvTH(IVm PP + 1V )

1%
+ LVl (23.20)

The third trilinear term is bounded with the help of the third inequality in Lemma 2.1
and the regularity assumptions on u. As a result,

u(tn1) + uftn)

(Bl o], S

IN

 Dr1)2) CllE[dn, ]IV el
v (lgnll* + llnal*)

1%
+ 6 IVl (2.3.21)

IN

where the last step follows from Young’s inequality.
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Now, with (2.3.19), (2.3.20) and (2.3.21), the error equation (2.3.15) can be rewritten as

1 v ah
ﬁ(H(pZ—HHQ — 1 I1*) + 1_6HV¢Z+1/2”2 + 7(HV¢2+1II2 — [IVel|?)

T’n+1 - N,

Tnid — T2 4 o=t |V -

k
+CV (VR + 1V0, ) V04017
+CVT IV, 1 + [V, ) + Cv7 (100l + - 11?)

O™ 2V ol (190l + D0l + D |I?) + [ T ps dijo) | (2:3.22)

1M -
< Cv!|| === WP+ Cv [V, 0l

and what is left is to bound | T'(u, p; ¢ | s2) | Each of its four linear terms can be bounded
by the Cauchy-Schwarz and Young’s inequalities, together with the estimates in Lemma 2.3.

We take care of one at a time below.

(1) — u(t)
(e

1%
— Wy(tni1y2), Pliyr )l < %HV(PZH/z”Q
FOVT B [ (tga)I1°,  (2:3.23)

14
v[(V( 5 _u<tn+%))7v¢z+l/2)‘ < %HV¢Z+1/2H2
+OVE||[Vuy (tase,) ||, (2.3.24)
u(ty, —u(t, v
okl (v (=00 gr )< LVl

+Cv P2 ||V uy(taie,)|)?,  (2.3.25)

v
—p(tn+1/2)7v'¢2+1/2)‘ < %Hv¢2+1/2”2
+Cv Uk Ipu(tnye,)|I°,  (2.3.26)

for some 6y, 0,,03,04 € (0,1).
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For the two nonlinear terms in | 7'(u, p; ¢Z+1/2) |, use Lemma 2.1, Lemma 2.3 and Young’s

inequality, together with [|[Vu(t)|| < C, for any ¢ € [0, T]. This gives

(tns1) +u(tn)
2

b (Elutn), u(tn1)] = ltni1/2), — LDl n)

u(tn,q1) +ul(ty,)
2

—u(tnyi/2), ¢Z+1/2)

u(tng1) + u(ty)

+ ’b*(u(tn+l/2)a

< C(Q)HV(;u(tn) - %u(tn_l) —u(tnr12)|I[IV(

2
+ u(ty,)
5 —u(tpi1 ) IVatnrr2) |1V Ph o

_ v
< Cv kY| Vug(toe, ) II* + %HV¢Z+1/2||27 (2.3.27)

IV el

+o(o) vt

for some 605 € (0,1).
Combining (2.3.23)-(2.3.27), we have

14 —
| T(w,p; dryipn)| < 1—6||V¢Z+1/2||2+Cv (e (taeo) 1 + [1pee (Enron) [P)
+CVEY |V (tase,)||? + Cv a2 E? | Vu(tase,)|?, (2.3.28)

so that error equation (2.3.22) gives

S (1Bl = 1B + DIVl + S I~ IV IP)
< Oy 2 4 O k|9 (L) 12 4 Ou [V, |
O IV 2 4 97, D) Vo]
O (I 4+ 13,4 ) + Co (61 + 16
ORIV, ol (192 + 8012 + @l 1)
O et ) 2 + 1P (tso) )

FOUKY |V (trsa) |2 + Cv o R2K2 |V, (ta, ) |1 (2.3.29)
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Multiply both sides of (2.3.29) by 2k and use (2.2.12),(2.2.15) together with the approxi-
mation properties (2.2.3)-(2.2.5) of the spaces (X", Q"). Then sum over the time levels from

1 to n, choosing Uy = ul, which gives qbg =0, and

1Drall® + 5D VIVl + ahkl| Ve, |
=1
< @V + ahk[[VL* + Cvm b2 ™ 2wl T o (o)
+CV*10‘h2mHkHutH%%O,T;Hmﬂ((z)) + Cyilhzm|’uH%2(O,T;Hm+1(Q))
+CV_1h4m”u”%ﬂ(o,T;HWH(Q))
+Oy_lh2mHuH%?(O,T;HmH(Q)) + Cy_lk4(||utttH%Q(O,T;LQ(Q)) + HpttH%?(O,T;L?(Q)))

+OVE! [ Vuy| %2(0,T;L2(Q)) + Cva?h?k? |V, ||2L?(07T;L2(Q))

+Cv kY (I981” + [l 117)

=1

HOR™ R [ uticnyo) st (1004117 + |21 + 1ot 1%). (2.3.30)
i=1
Since u € L>(0,T; H™(Q)), the last two sums in (2.3.30) can be combined as
Cllull oo zsmms1@yh™ 2k ey I + C(R™ %2 + v~ 1)k Z e
i=1

Using the regularity of u and p, and the assumption that CHuHLOO(O’T;Hm+1(Q))hm_3/2k <

1/2, the error equation finally takes the form

1 n
§||¢Z+1||2 +k Z V‘|v¢?+1/2H2 + ahklIV¢Z+1||2
i=1
< [|¢f ) + ahk| Vel |* + Cv=H (2 + h* + ahk + K*™)h*™
+COv WK + C(v ! + v)k!

+CE Y (v 4+ ). (2.3.31)
i=1

To complete the proof bounds are needed for qb’f in the above estimates. These bounds
depend upon the way the first time step is taken, and there are two possibilities (2.1.5) and
(2.1.7); we shall analyze both. Both lead to an optimal velocity error estimate. The more

expensive method (2.1.7) also leads to an optimal pressure error estimate (in Theorem 2.4.3
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below). The error equation for ¢! is the same as for ¢ except for the nonlinear terms, and
is treated in the same way, except for the nonlinear term. Therefore, we go directly to the
treatment of the nonlinear term in both cases (2.1.5) and (2.1.7).

We start with formulation (2.1.5). Adding and subtracting b*(uff — u(to), w, vh)
to the nonlinear terms in (2.3.10), we have

. . w1 uh
b (u(t1/2)?u(t1/2)>vh) —b (ug7 0 9 1

,Vh) = b*(U(tl/Q),u<t1/2),Vh)

u(ty) + u(ty)

+ b*(uga €1/2, Vh) - b*(e(b 7Vh)

to) + 11(t1)

Lo ute), ™ V). (2.3.32)

Taking v/ = ¢}1’/2, the second and third terms in (2.3.37) can be treated exactly as in (2.3.16),
(2.3.20) and (2.3.21). The first and last are bounded as follows. Using Lemma 2.3 and the
fact that there exists tg € (0, %) such that u(ty/2) — u(ty) = kuy(ty), we obtain

b ato). 2R ) (). it ). )

= |0 (u(to), ultij2) + Ck*un(ts), @i jn) — b*(ultij2), ultij2), 1)l

< [b"(u(to) — u(tiy2), u(tyye), @1 )n)l + CK*|b"(u(to), wu(te), d1)s)]

< E[b*(wi(to), ult1y2), ¢}11/2)| + CE[b(u(to), up(ty), ¢}f/2)|

< k|b*(wy(te), u(trye), @ 10)| + v ||V jo|I* + Cv k™ (2.3.33)

In order to bound the first term in (2.3.33), we use integration by parts and Holder’s in-

equality to obtain

b (wi(ts), u(tyj), @) = (wilty) - Vu(tyya), @) + %(V “wy(tg), ultyy) - @) (2.3.34)
Thus,

klb*(ut(te),u(tl/z),¢’1’/2)I < Ck(l[ug(to)[[[[Va(tise) |l =@
+||Vut(te)!|||U(t1/z)||Lo<><m>||¢’f/2|l

1
Ck3 + E||¢’;/2||2. (2.3.35)

IA
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Now use the bounds (2.3.33) and (2.3.35) in the error analysis at the first time level (note
that q{)}fm = %qﬁ’f, since ¢ = 0) to get
1112 + vk VL + ahk|[VL* < Clo™ kb + v7 kh>™ 4 v~ kh*" 2
R e o i S Ae Sy e VR ) il
v RS U 4 kY. (2.3.36)

If formulation (2.1.7) is used, then, instead of (2.3.37), we obtain, by adding and subtracting

b*(u?;ug — u(tl);u(tO) +u(ty2), w, v) to the nonlinear terms in first time level analog

of (2.3.10), the following

h h 44h h
uy +uy ug+ uy

b*(u(tj2), u(ty2), V1) — b7 (S VY
= b*(u(t1/2)7 u(tl/z) _ w’ Vh)
* ug + u}ll h * u(tO) + u(tl) h
+0%( 5 ,e1/2,v)—b(eo,#,v)
+b*(w —u(ty2), w,vh) (2.3.37)

Taking v = ¢§L/2, the second and third terms in (2.3.37) can be treated exactly as in (2.3.16),
(2.3.20) and (2.3.21). The first and last are similar, since, after application of Lemma 2.1

and regularity assumptions on u, both can be bounded as

U(to) + U(t1>

C”V(U(tl/g — 5

IV sl < ev|[ Vel || + Cr ik,
with the help of Lemma 2.3 and Young’s inequality. This leads to the upper bound

o112 + vk VL + ahk|Vor? < Clm'kh®™ 4+ v k™ 4+ v k™2 + v 2%k
+rtah® R 4 v kR 4+ v R 4 vk®). (2.3.38)

This bound is sharper than (2.3.36), but it will not contribute to a higher order estimate.
We thus insert the bound for ||@”?||? + ahk|| V@ ||?, obtained in (2.3.36), into (2.3.31), which
gives

1+¢

ok ? + 2kZ IV P T T2 4 20hk(| Vol |12

=0

SCw+v ) (WP + o®B2K + B + Cv ' (k) ||@h]*).  (2.3.39)

=0
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Hence, it follows from the discrete Gronwall Lemma, that there exists C' = C(v,Q, T, u, p)
such that for any n > 0

i+
lbrsa|I” + /fz IV ( L)H2 + ahk|| Ve ||
<O (R 4+ o®hPK* + k). (2.3.40)
Finally, the statement of the theorem follows from the triangle inequality. O]

2.4 ERROR ESTIMATES FOR TIME DERIVATIVES AND PRESSURE

In order to prove pressure stability and convergence, we need to derive a bound on the time

difference of the velocity error ||=25—=]|.

Theorem 2.4.1. Let the finite-element spaces (X", Q") include continuous piecewise poly-
nomials of degree m and m—1 respectively (m > 2) and satisfy the discrete inf-sup condition.

Let the assumptions of Theorem 2.5.1 be satisfied and
Vuy € L*(0,T; L>®(Q)), Auy € L*(0,T; L*(Q)),

Uy € Loo(07 CT7 L2<Q)),
Vpu € L*(0,T; L*()).

Then, if the finite element approzimation u” is defined by (2.1.5)-(2.1.6), there exists a
constant C' = C(v,u,p,T) < oo such that

€, —€,_ e, +e,_
Vk‘ZHV(Tl)HZ + VHV(Tl)HQ

+ ane’“ 2+ ahk- anv S|

< C(th + a?h?*k* + h kD + k3). (2.4.1)
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If the finite element approzimation ul is defined via (2.1.7)-(2.1.6), then there exists a
C =C(v,u,p,T) < oo such that

€n — €n—1

; ik

n—1 n—1
€; — € €; — €;
+ kY= P ek B Y V()|
=0 =0

€n + €n—1

vk?|V( 5

M+ vV (

k
< C(R™ + o®R*K? + h2k® + k). (2.4.2)

h 4k
Proof. Consider the error decomposition (2.3.11). Take v = w € V"in (2.3.12),(2.3.13)

to obtain
| ¢51+1k— o V||V¢Z+1||22 - IVenl® ahkuv(¢2+lk— oy
_ (ﬂn+1k— 77n7 ¢Z+1k_ ¢Z> X V(V(nnﬂk— 77n)7 v<¢2+1k_ ¢Z>)
_(p(tn+1)2+ ptn) V- ¢Z+1k_ ¢Z)
+b"(Efu(tn), u(tn-1)]; €nt1/2, —qbz“k_ ¢Z)
T S B ¢2+1k— On)
0" (E@n, Pn_il, €ns1/2, —¢Z+1k— qbz)
5 (Een, n_1], u(tn+1)2+ u(tn), ¢Z+1k_ Q”Z)
+T(u, p; —¢Z+1k_ ¢Z), (2.4.3)
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where, using Taylor expansion,

ho h
T(u, p; Pn1 ~ Pn

u(tni1) —u(tn)

Py — D

— —

+ahlk(V (T =Ty V(¢”+1 — ¢”))
+CE v (Vug(tnse), V(
FORD* (g (tnso), i
+CE*b* (u(tny1)), Wit(tnre),
+ahk(V(

+Ck2 (ptt (tn+9>7 V- (

’ — Wy(tns1/2), Tn)
h h

k k

h h h h
w» + Ok (s (tss), @)
tyer) T u(t,) @b, — qbit)

2 ’ k
¢Z+1 - ¢Z)

k
uZ+1 - UZ ¢Z+1 _ ‘752

), v (P =)

Ko h
¢n+1k ¢n))7

(2.4.4)

for some 6 € (0,1) and V¢" € Q".

Also it follows from the definition of Stokes Projection that

h h h
¢ VR S (2.4.5)

_ h —
V(V(T’n—i—l nn)’ v(¢n+1k

k

(p(tn-&-l) + p(tn)

2)) — (Bt —)—o,

We bound the four nonlinear terms on the right-hand side of (2.4.3), using Lemma 2.1

and Cauchy-Schwarz and Young’s inequalities. For the first term integrating by parts and

applying Holder’s inequality gives

B (Elultn), ults- ) e 22 =20
— (Blut).ult )] - Vs, 220
7 Blult) ultos)) ey 2220
— (Blutt).ult )] - Vs, P20
< ClVenall S =2
< Pzt @ teny: (2.46)
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Using the first bound from Lemma 2.1 and the inverse inequality (2.2.2), we obtain the

bounds on the second and third nonlinear terms

" D1 — Pn - D1 — Pn
(Bl 1) o, PO < Ch VB, Ve ol PO
¢Z+1 - ¢Z 2
< o= T
< o=
_ 3 1 €ni1 1 €
b ORIV, n DIPIVE B 7)
and, using also the intermediate result (2.3.40) of Theorem 2.3.1,
, P — D
|b (E[d)n’ d)n—l]aen-l-l/?? %)‘
- eni1+en Dt — Dn
< Ch™*2| El¢,,, ¢l V( +12 ===
h b
< EH—(ank n 1>+ Ch73(R*™ + o®R%K* + /@’4)HV(—6”+1;L e")Hz. (2.4.8)

M+

Finally, consider the fourth nonlinear term. Use the obvious identity %en — %en,l = 5

(e, — e,_1) and the regularity of u. It follows from the last inequality of Lemma 2.1 that

u(t, 1) +ulty,) ¢Z+1 — ¢l

b (Eley. e, ), W) FUl) @ =0
< |b*(en + e, u(thrl) + u(tn) ¢5’LL+1 - Q,)Z)l
- 2 ’ 2 ’ k
o, g, M) 0] G = )
+|b*<k¢z - ¢Z—1 u<tn+1) + U(tn) ¢Z+1 - ¢Z)|
k ’ 2 ’ k
¢Z - ¢Z €y +e,
< P Pupe oy St oy
h Lk
+C(h*™ + o*h*k* + k*) + CkﬂW(%)HZ. (2.4.9)

Insert these bounds in (2.4.3). The bound on |7 (u, p; MM is obtained as in the proof

of Theorem 2.3.1. Choosing € = i gives

1” ¢}T7;,+1 - ¢Zl|2 + V||V¢Z+1H2 ||V¢ ”2 ||V(¢Z+1 - ¢Z)||2
2 k 2k k
_ 4h
S C‘|V<en+12+ en)”2+0k2uv(¢n k¢n_1)H2+C(h2m+a2h2k2+k4)

€nt1 + €n

+Ch3 (™ + *h*k* + kY ||V ( 5

)12 (2.4.10)
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h h
At the first time level, take v = @; taking Uy = ul! in the initial error decomposition

gives ¢ = 0. For the constant extrapolation (2.1.5) we obtain

1¢?—¢'§HQ n Vel - IIVcboll2
k

2 2k k

HV( )|

h ik
< C(R*™ + WK + k) + kb* (W (tg), uy o, %). (2.4.11)

If we use (2.1.7) instead of (2.1.5) at the first time level, we have

1yt o IV~ VI
P+ ik

h _ 4h
< C(R*™ + &R K + k) 4+ k20" (we(ty), uy o, %). (2.4.12)

P — o
HV< -

Sum (2.4.10) over the time levels n > 1 and add to (2.4.11) (or to (2.4.12) in the case of
linear extrapolation). Multiply by 2k to obtain

Pl — P! o P —
EY IS ELR b Vel P +ahk kS V(EEL O 2
i=0 =0

n—1 h h
¢i+l - ¢Z

< CK kY |IV( - )24 C(h*™ + o®h?k? 4 k* + h3kD)
=0

P — i

FETO0* (uy(tg), u(ty2), 2 ),

(2.4.13)

where 0 = 0 for the constant extrapolation (2.1.5) and o = 1 for the linear extrapolation

(2.1.7).

For any n > 1, add the inequalities (2.4.13) at the time levels n + 1 and n. Use the
identity

Sr— D)
k

Sh+ D)

1 n
IVl + 1Vell* = SV ( P+ 20V (=1 (2.4.14)
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At any time level n > 1 we obtain

1 ho ik h h
L (@ = Puyp 2unvwfzﬁiéfiéﬁnv
2 k 2
- =l
H— 2 1+ )
+%§ju H4—hka]W-—7j—M
1 2 h+1 B ¢}‘l 2
< — 3 1
< k}j (]
+C(h*™ 4 a2h2k2 + k' 4+ h0K®)
R (y(tg), u(ts ), - ¢~ (2.4.15)

Next, decompose the last term in the right-hand side of (2.4.15), using Lemma 2.1 and
Young’s inequality. This yields

¢y — &

0 1), (), D2 < Ly 0

+ Ck*27. (2.4.16)

Hence it follows from the discrete Gronwall Lemma that

Pos1 — Pn Phii + D ~ Dip — D1
A R A A O R D W R
i=0
- ¢§L+1 — ¢ 2 2m 27272 4 3420 318
+ahk kY [V(EE0IP < O™ + Ph2K + k' + K27 + h=2%).(2.4.17)
i=0
The proof of the theorem is now concluded by the triangle inequality. Il

For the stability of pressure we will need the following d priori bounds

Lemma 2.4. Let the assumptions of Theorem 2.4.1 hold. Then there exists a constant

C =C(v,u,p,T) such that for any n

kZH z+1 |<kzl|ez+1 ez|+kz|| l+1 )||<C

h
n — UYn €n —€n
V(L e < g2y Ee =

>W+kmv<(w”"<”m2sa

k

Proof. Use the decomposition u? = u(t;) — e;. The triangle inequality completes the proof.

]
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Theorem 2.4.2 (Pressure Stability). Let (u”, p) satisfy (2.1.5)-(2.1.6) (or (2.1.7)-(2.1.6)).
Let f € L*(0,T; H1(Q)) and let the assumptions of Theorem 2.4.1 be satisfied. Then,

n—1 h h

Diy1 T D;
kY I=H < Clug, £,8),
i=0

where (" is the constant from the discrete LBB" condition (2.2.1).

Proof. Consider (2.1.6). Using the Cauchy-Schwarz inequality, the first bound from Lemma

uh uh a  —uh
2.1, the discrete LBB" condition (2.2.1) and the identity 2ul | —lu” = nit T |k e

2n 2
we obtain
h h h h h h
Phyq + D5 u,,; —u, u, ., +u,
N e IR M
u, ., —u? u’, , +u”
Fahk| V() oy (R Tl
w, —uy
FORV (LTI 4 (0,00
Sum over all time levels; the bounds of Lemma 2.4 complete the proof. O

We conclude this section by deriving the pressure error estimate.

Theorem 2.4.3 (Pressure Convergence). Let (u”, pl) satisfy (2.1.6) forn > 2. Let (ul, ph)
satisfy the constant extrapolation (2.1.5) or the linear extrapolation (2.1.7). Then, under the

assumptions of Theorem 2.4.1,
n—1
Y bty = piojell < Cvwp, TY (W™ + bk + h=3k + k2240/%),(2.4.18)
i=0

where o = 0 for the constant extrapolation and o = 1 for the linear extrapolation.
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Proof. Consider (2.3.10), which holds true for any v € X". Decompose the pressure ap-

proximation error into

p(tn+1> _p1h{+1 = (p(thrl) - [(p)) - (pZJrl - ](p)) = Tyl — ¢Z+17 (24'19)

where QNSZH € Q", I(p) is a projection of p(t,41) into Q™.
Use the error decomposition (2.4.19) in (2.3.10) and apply the discrete LBB" condition

to obtain for any n > 1

ity < Sy oy Etton)
O PSS 2 4 R V(=2 2 4 OV (2= 2|
[ V(EEEE) | 4 ank|[ V(S|
+H@H + Cvk?® + Ck* + Cahk. (2.4.20)

Hence from the triangle inequality we get

B <

(p(tns1) — phiy) + (p(tn) — D)) €1 — €n ens1 + €
= “2 | < H%HfﬁCHW “ )|

ehi1 T+ €, €,
L)HMOMHWTHHQ
e, —e,_ e,r1 + e,
FOK|[V ()| + 1]V ()]

+ahk||V(en+1k—_en

p( n+1)2+ (p(tn) g"l. (2.4.21)

+C'||V(

)|l + Cvk® + Ck* + Cahk

+ inf ||
hth

On the first time level consider the constant extrapolation (2.1.5). Using the discrete
LBB" condition and (2.3.36), we obtain the following bound (which can be improved in the

case of linear extrapolation):

8| (p(t1) — p¥) ‘;‘ (p(to) — pty) | < C(k2 + h™ + ahk). (2.4.22)

Add the inequalities (2.4.21) for all n > 1, multiply by k& and add to (2.4.22). The proof is

concluded by applying the result of Theorem 2.4.1 O
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2.5 PHYSICAL FIDELITY: CONSERVATION OF INTEGRAL
INVARIANTS

We begin by proving that CNLEStab exactly conserves a modified kinetic energy.

Proposition 2.4. Let the boundary conditions be periodic; assume also f =v =0 . Define

Kinetic energy in (2.1.6)= KE(t,) := a2 + akh||Vu?||?]

=
203
The method exactly conserves kinetic energy. Specifically, for all t, > 0
KE(t,) = KE(0).
Proof. Set vh = ®515™ and = £ = 0 in (2.1.5)-(2.1.6), O

Exact conservation of helicity likely does not hold for CNLEStab. We thus consider
approximate helicity conservation experimentally by considering and inviscid (v = 0) fluid
with no forcing term (f = 0). A comparison of the CNLE and CNLEStab under these
conditions, in Figure 1, shows that, for a fixed mesh size, CNLEStab nearly conserves helicity,

while CNLE does not. Both conserve kinetic energies during these experiments.
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Helicity Conservation of CNLESTAB vs CNLE at h=1/32 for inviscid flow
T T T T

— CNLESTAB
-— CNLE |

Helicity

Figure 1: Conservation of helicity, CNLE («a = 0) versus CNLEStab (o = 1)

A comparison of the CNLEStab performance for different mesh sizes is shown in Figure

2, confirming that as the mesh is refined, conservation of helicity improves.

2.6 PHYSICAL FIDELITY: PREDICTIONS OF THE TURBULENT
ENERGY CASCADE

We consider the energy cascade predicted by (1.1) in the case of homogeneous, isotropic
turbulence. Motivated by the consistency error argument, we consider the modified equa-
tion of the method (1.1). Since ah(Vu(t,41), Vv) — ah(Vu(t,), Vv) = —ahk(Au, v), we
postulate a fluid with equations of motion given by: w: Q2 x [0,T] — R, ¢: Qx (0,7] - R
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Helicity Conservation of CNLESTAB for inviscid flow at different mesh widths
0 T T T T T T T T
- h=118
h=1116
— h=1132

<
T

~
L

Helicity

&
T
~
1

Figure 2: Conservation of helicity for different mesh sizes in CNLESTAB (with o = 1): as

h gets smaller, helicity is conserved longer.

satisfying:

w — ahkAw], +w-Vw —vAw+Vg=f, forx € Q,0<t<T
V-w=0x € Q for0<t<T,
periodic boundary conditions on 0f2, for 0 <t < T, (2.6.1)

w(x,0) = uy(x), for x € Q,

and the usual normalization condition in the periodic case that fQ o(x,t) dx = 0 on ¢ =
w,q,f,ug for 0 < t <T. Thus we explore more subtle effects of the stabilization in Algorithm

2.1 through its modified equation (2.6.1).
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We multiply (2.6.1) by w and integrate over the domain and time to obtain its precise

energy balance given by

LN + ek w1} + [ vw) =

SISO+ abkl[Vw(O)] P} + (£(0), w(t))

We can clearly identify three physical quantities of kinetic energy, energy dissipation rate

and power input. Let L denote the global length scale, e.g., L = vol(€2)'/3; then these are

given by

1
Modified equations kinetic energy: Eode1(W)(%) := m{HW(th + ahk||[Vw(t)|[*},(2.6.2)
Modified equations dissipation rate: €,04e1(W)(t) := %HVW(I?)H{ (2.6.3)
1
Modified equations power input: Py, oqe(W) () := ﬁ(f(t), w(t)). (2.6.4)

The kinetic energy has an extra term which reflects extraction of energy from resolved scales.
The energy dissipation rate in the model (2.6.3) is the same as for NSE equations.
Equation (2.6.1) shares the common features of the Navier-Stokes equations which make
existence of an energy cascade likely, e.g. [F95], [P00]. First, (2.6.1) has the same nonlinearity
as the Navier-Stokes equations, which pumps energy from larger to smaller scales. Next,
the solution of (2.6.1) satisfies an energy equality in which its kinetic energy and energy
dissipation are readily discernible, and for » = 0 the kinetic energy is conserved through a
large range of scales/wave-numbers. Since both conditions are satisfied we are to proceed to

develop a quantitative theory of energy cascade of (2.6.1).
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2.6.1 Kraichnan’s Dynamic Analysis Applied to CNLEStab

The energy cascade will now be investigated more closely using the dynamical argument of
Kraichnan, [K71]. Let 1,040 (%) be defined as the total rate of energy transfer from all wave
numbers < & to all wave numbers > £ (not to confuse the wave number £ with the time step
k). Following Kraichnan [K71] we assume that II,,,,q¢(%) is proportional to the total energy
( KEmoder(k) ) in wave numbers of the order x and to some effective rate of shear o(x) which

acts to distort flow structures of scale 1/x. That is:
Wnodet(K) =~ 0(K) K Enodel (k) (2.6.5)
Furthermore, we expect

o(k)? ~ /OﬁszmodelQ?)dp (2.6.6)

The major contribution to (2.6.6) is from p ~ k, in accord with Kolmogorov’s localness
assumption, [Kol41]. This is because all wave numbers <  should contribute to the effective
mean-square shear acting on wave numbers of order x, while the effects of all wave numbers
> K can plausibly be expected to average out over the scales of order 1/x and over times
the order of the characteristic distortion time o ().

Let E(k) := limsupy_. = fOT E(k,t) is the distribution of the time averaged kinetic
energy by wave number. Here, we have E(k,t) = 2= > k=r 1la(k,t)|* where L - the reference
length, k, x - the wave number vector and the wave number respectively, and u(k,t) - the
Fourier modes of the Navier-Stokes velocity.

We shall say that there is an energy cascade if in some “inertial” range, I,o4ei(K) is
independent of the wave number, i.e., I1,,04e1(K) = €moder- Using the equations (2.6.5) and

(2.6.6) we get
Enoder() > 5727{351@1”75/3
We have the relation

E moder (k) ~ (1 4+ ahkr?)E(k). (2.6.7)
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Using (2.6.7) we obtain:

Model’s cutoff lengthscale : ahk,
1
E(k) ~ &l .k 27, for k< (k)i
1
~ 2/3 -1,-11/3
E(r) =~ /0 (ahk) 'k 3 for k> (ORI

Therefore, (2.6.1) possesses an energy cascade with an enhanced kinetic energy. The
extra term in (2.6.1) triggers an accelerated energy decay of O(k~''/3) beyond the cutoff

length scale. Above the cutoff length scale (2.6.1) predicts the correct energy cascade of
O(k=%/3).

2.7 COMPUTATIONAL TESTS

We first test convergence rates for a problem with a known exact solution. The example is

one for which the true solution is known,

cos(2m(z + 1))
u=|sin(2n(z+1t)) |, (2.7.1)
sin(27(z + t))
and then the right-hand side f and initial condition uy are computed such that (2.7.1) satisfies
(2.1.1). We selected this test problem because it is simple but already possesses complex
rotational structures.

For « = 1, v = 1 and final time T" = 0.5, the calculated convergence rates in Table 1
confirm what is predicted by Theorem 2.3.1 for (P, P;) discretization in space.

Next we give a simple test of the positive effects of the stabilization on the methods
complexity. The linear solver used in the simulations was (unpreconditioned) Conjugate
Gradient Squared (CGS). On a h = 1/16 mesh in R?, with v = = and the same true
solution (2.7.1), the number of CGS iterates needed for the first 8 solves of Crank-Nicolson
with Linear Extrapolation (CNLE), i.e. a = 0, and CNLE with stabilization (CNLEStab,

a > 0) are compared in Table 2.

The linear system to be solved at each time step is also better conditioned when o > 0.
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h | |J[u—u"||gq) | ratio | rate
1/8 0.6910 ; .
1/16 0.1772 3.8995 | 1.9633
1/32 0.0447 3.9642 | 1.9870

Table 1: Experimental convergence rates.

time level | CNLE | CNLEStab
1 349 193
2 350 199
3 347 200
4 372 212
5 348 206
6 347 206
7 351 205
8 365 192

Table 2: Number of CGS iterations for CNLE versus CNLEStab.

2.8 CONCLUSIONS

A simple second order time stepping algorithm for the Navier-Stokes equations was analyzed.
It is a modification (by introduction of artificial viscosity stabilization and correction for the
associated loss of accuracy) of the commonly used Crank-Nicolson scheme that requires the
solution of only one linear system per time step. We not only proved that it is unconditionally
stable and investigated how the rates of convergence for velocity and pressure behave, but
we also went beyond error analysis. We showed that this scheme conserves kinetic energy

exactly, and provided experimental numerical evidence that it nearly conserves helicity, an
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important integral invariant in three dimensional rotational flows. Dynamic analysis applied
to their algorithm reveals the existence of an energy cascade with the correct statistics up
to a cutoff length scale and with an accelerated energy decay above the cutoff length scale.
Lastly, we presented more computational tests. The first confirms the velocity convergence
rates obtained in the analysis in Section 3, and the second shows that even with a simple,
unpreconditioned iterative method the linear system to be solved at each time step is better

conditioned than the corresponding system without stabilization.
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3.0 A DEFECT CORRECTION METHOD FOR THE TIME-DEPENDENT
NAVIER-STOKES EQUATIONS

3.1 INTRODUCTION

In the numerical solution of higher Reynolds number flow problems some of the standard
iterative methods fail - see, e.g., [ES00] and remarks in [S03] (p. 48, section 2.1.2), [B96]
(p.24), [CO0] (project overview). Often ”failure” means that the iterative method used to
solve the linear and/or nonlinear system for the approximate solution at the new time level
failed to converge within the time constraints of the problem or the resulting approximation
had poor solution quality. The first type of failure can usually be overcome easily by using an
upwind or artificial viscosity (AV) discretization at the expense of decreasing dramatically
the accuracy of the method and possibly even altering the predictions of the simulation at
the qualitative, O(1) level, therefore increasing the likelihood of the second type of failure.
One interesting approach to attaining (by a convergent method) an approximate solution
of desired accuracy is the defect correction method (DCM). Briefly, let a k* order accurate

discretization of the equilibrium Navier-Stokes equations (NSE) be written as
NSE"(u") = f, (3.1.1)
The DCM computes u?, ..., u} as
— ahAM! + NSE"(ul) = f, (3.1.2)
—ahA"ul + NSE"(u}') = f — ahAMu)' |, for 1 =2, ... k,

h

where the velocity approximations u; are sought in the finite element space of piecewise

polynomials of degree k.
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It has been proven under quite general conditions (see, e.g., [LLP02]) that for the inter-

mediate approximations of the equilibrium NSE

||uNSE - u?”energyfnorm = O(hk + hHuNSE - u?;lHenergyfnorm) = O(hk + hl);

and thus, after [ = k steps,
||U - uznenergy—norm - O(hk)

Note that (3.1.2) requires solving an AV approximation k times which is often cheaper and
more reliable than solving (3.1.1) once.

In problems with high Reynolds number we may expect turbulence. In that case the
DCM needs to be combined with appropriate turbulence models. These models tend to
introduce extra nonlinearities (due to the closure of the model); it might be possible to
incorporate them into the residual on the right-hand side, as was done in the quasistatic
case by Ervin, Layton, Maubach [ELMO00].

There has been an extensive study and development of this approach for equilibrium flow
problems; see e.g. Hemker[Hem82|, Koren[K91], Heinrichs[Hei96], Layton, Lee,
Peterson[LLP02], Ervin, Lee[ELO06], and subsection 3.1.1 for a review of this work.

For many years, it has been widely believed that (3.1.2) can be directly imported into
implicit time discretizations of flow problems in the obvious way: discretize in time, given
uM(torp), the quasistatic flow problem for u”(typw) is solved by applying (3.1.2) directly,

resulting in

— OéhAhu?(tNEw) + B(u?(tNEw), UZ(tOLD» + NSEh(uiL(tNEw)) - f, (313)
—OéhAhu?(tNEw> + B(u?(tNEw), uZ(tOLD)) + NSEh(u?(tNEW))

= f — OéhAhU?_l(tNEw), for [ = 2, ceey k’,

where B is a time stepping operator (e.g., Backward Euler), and k is the degree of piecewise
polynomials in the finite element space.

Unfortunately, this natural idea doesn’t seem to be even stable (see Section 3.7).

On the other hand, there is a parallel development of DCM’s, for initial value problems

in which no spacial stabilization (such as —ahA" in (3.1.2)) is used, but DCM is used to
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increase the accuracy of the time discretization. This work contains no reports of instabilities:
see, e.g., Heywood, Rannacher[HR90], Hemker, Shishkin[HSS], Lallemand, Koren[LLK93],
Minion[M04]. Yet, in spite of this parallel development and after 30+ years of studies of
(3.1.2), there has yet to be a successful extension of (3.1.2) to time dependent flow problems.

This chapter will present this extension of (3.1.2) to the time dependent problem. We
notice that the obvious extension, described above, is in fact unstable, see Section 3.7 .
We give a small but critically important modification of the above natural extension to
time dependent problems, that we prove to be unconditionally stable (Theorem 3.1) and
convergent (Theorem 3.2). We complement the stability proof of the modified DCM by a
complete error analysis, which confirms the expected error in the resulting method: ||u(t,)—
U () lenergy—norm = O(AE* + h¥ + hl), 1 = 1,...,k, where a is the order of accuracy of the
(implicit) time stepping employed.

The error analysis is necessarily technical. To keep the details under some control, we
study the backward Euler time discretization (It will be clear from our analysis that extension
to more accurate time discretizations requires no new ideas and only more pages).

In subsection 3.1.1 we review important previous work on DCM in space and DCM in
time. Section 3.2 begins with (the inevitable) notation and preliminaries. Section 3.3, the
heart of the chapter, gives the stability proof. The error analysis is given in Sections 3.4,
3.5.2 and Section 3.7 gives a numerical illustration.

Consider the time dependent, incompressible Navier-Stokes equations

%—Re‘lAu+u-Vu+Vp = f,forzeQ0<t<T, (3.1.4)
Veu = 0,ze€Q,0<t<T,
u(z,0) = wup(x),x € Q,
ulgg = 0, for 0 <t <T,

where Q Cc R%, d =2, 3.

Before proceeding with the analysis we shall present carefully next the precise extension

of (3.1.2) to the time dependent NSE that we study.
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Let X" C X,Q" C @ be finite-dimensional finite element spaces. Denote the finite-

element discretization of the Navier-Stokes operator by

0
NP (u,p) = (9_1; — Re 'AMu 4 (u- V")u + Vhp.

Adding an artificial viscosity parameter to the inverse Reynolds number leads to the modified

Navier-Stokes operator

:%_

== (h+ Re Ay + (u- VMu + V'p.

N}%e(u’ p)

The method proceeds as follows: first we compute the AV approximation (up,p;) €

(X", Q") via
h _
Née(ulapl) = I

The accuracy of the approximation is then increased by the correction step: compute

(ug,p2) € (Xh, Qh), satisfying
Nk _ N© _ f_pNh
Re(u27p2) Re(ubpl) - f Re(ul,pl).

The Backward Euler time discretization, combined with the two-step defect correction

method in space leads to the following system of equations for (u]" "' pi" 1) (uh™* phntl) e

(thQh)av'Uh € Xh at t = tn-‘rh n Z O’ with k := At - ti+1 o tz

M) 4 (b + Re_l)(Vu}f’”H, Vol) + b*(u}f’”ﬂ, u]f’"H, o) (3.1.5)
—(Pr" V") = (fltag), "),
™)+ (b + Re™H)(Vud™ Woly + b* (a1 ul™ o)
=5V ") = (F(tn), ") + AV V1),

where b*(-, -, ) is the explicitely skew-symmetrized trilinear form, defined below.

The initial value approximations are taken to be u/® = u}® = wg, where u$ is the
modified Stokes projection of ug onto the space V" of discretely divergence-free functions
(this projection and this space are defined in section 3.2). The stability and error estimate

for the modified Stokes projection are proven in the sections 3.3 and 3.4.
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3.1.1 Previous results

Many iterative methods can be written as a Defect Correction method, see e. g. Bohmer,
Hemker, Stetter [BHS]. In the DCM we consider, no iterates occur; a small number of
updates are calculated to increase the accuracy of the velocity and pressure approximations.
Thus it is most similar to DCM’s which are close to Richardson extrapolation (see, for ex-
ample, Mathews, Fink [MF04]). In the late 1970’s Hemker (Bohmer, Stetter, Heinrichs and
others) discovered that DCM, properly interpreted, is good also for nearly singular prob-
lems. Examples for which this has been successful include equilibrium Euler equations (Ko-
ren, Lallemand [LK93]), high Reynolds number problems (Layton, Lee, Peterson [LLP02]),
viscoelastic problems (Ervin, Lee [EL06]).

There has also been interesting work on Spectral Deferred Correction (SDC) for IVP’s
(e.g., Minion [MO04], Bourlioux, Layton, Minion [BLMO3], Kress, Gustafsson [KG02], Dutt,
Greengard, Rokhlin [DGRO00]). With the exception of the SDC methods for time stepping,
the majority of the results has been obtained for the equilibrium problems - an odd fact,
since, e.g., for the Euler equations the time-dependent problem is natural. For example, it
has not been known apparently if the natural idea of time stepping combined with the DCM

in space for the associated quasi-equilibrium problem is stable.

3.2 MATHEMATICAL PRELIMINARIES AND NOTATIONS

Throughout this chapter the norm || - || will denote the usual L?(2)-norm of scalars, vectors
and tensors, induced by the usual L? inner-product, denoted by (-, ). The space that velocity

(at time t) belongs to, is
X =Hi () ={ve L*)?: Vv e L*(Q)™ and v =0 on 90}

with the norm ||v||x = ||Vv||. The space dual to X, is equipped with the norm

11 = sup L2

up -
vex [[Vvl]
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The pressure (at time ¢) is sought in the space
Q= 130) = (g0 ¢ @), [ alo)do =0},
Q
Also introduce the space of weakly divergence-free functions
XDoV={veX:(V-v,q) =0,Vqe Q}.
For measurable v : [0,7] — X, we define
T 1
ol = ([ o[, 1<p <,
0

and
[v][ e 07,x) = ess sup [Jv(t)]|x.
0<t<T

Define the trilinear form on X x X x X
b(u,v,w) = / u- Vv - wde.
Q

The following lemma is also necessary for the analysis

Lemma 3.1. There exist finite constants M = M(d) and N = N(d) s.t. M > N and

b(u, v, w) b(u, v, w)
M = sup <oo, N = sup <
wowex [|[Vul[[[Voll[[Vw]] wowev [[Vull[[Vol[[ V]|

Q.

The proof can be found, for example, in [GR79]. The corresponding constants M" and
N’ are defined by replacing X by the finite element space X* € X and V by V* ¢ X, which
will be defined below. Note that M > max(M" N, N*) and that as h — 0, N* — N and
M" — M (see [GR79]).

Throughout the chapter, we shall assume that the velocity-pressure finite element spaces
X" c X and Q" C @ are conforming, have typical approximation properties of finite element
spaces commonly in use, and satisfy the discrete inf-sup, or LBB", condition

. (qh7 V- Uh) h
inf sup —————— > 3" >0, 3.2.1
areQt phexn VU |[llg" ] 20

where 3" is bounded away from zero uniformly in h. Examples of such spaces can be found

in [GR79]. We shall consider X" Cc X, Q" C Q to be spaces of continuous piecewise
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polynomials of degree m and m — 1, respectively, with m > 2. The case of m = 1 is not
considered, because the optimal error estimate (of the order h) is obtained after the first
step of the method - and therefore the DCM in this case is reduced to the artificial viscosity
approach.

The space of discretely divergence-free functions is defined as follows
Vi ={o" e X" (¢", V") =0,V¢" € Q"}.

In the analysis we use the properties of the following Modified Stokes Projection
Definition 3.1 (Modified Stokes Projection). Define the Stokes projection operator Ps:

(X,Q) — (X", Q"), Ps(u,p) = (i, p), satisfying

(h+ Re ") (V(u— 1), V") — (p—p,V -v") =0, (3.2.2)

for any v" € VP ¢" € Q".

In (V" Q") this formulation reads: given (u,p) € (X,Q), find @ € V" satisfying
(h+ Re ") (V(u — 1), V") — (p—¢", V- 2") =0, (3.2.3)

for any v € V" ¢" € Q™.

Define the explicitly skew-symmetrized trilinear form
. 1 1
b (u,v,w) := é(u -Vo,w) — é(u -Vw,v).

The following estimate is easy to prove (see, e.g., [GRT79]): there exists a constant C' = C(f2)
such that
6" (u, v, w)| < CEOQVul[[Vol[[Vw]. (3.2.4)
The proofs will require the sharper bound on the nonlinearity. This upper bound is
improvable in R2.

Lemma 3.2 (The sharper bound on the nonlinear term). Let Q@ C R% d = 2,3. For all
u,v,w € X

0" (w, 0, w)| < CEOQV[Jull[Vul [Vol[[Vw].
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Proof. See [GRT9. O

We will also need the following inequalities: for any v € V

inf ||V(u— < C(Q) inf |V(u— 2.
e [V (u =) <O )yle%(h IV (u— )], (3.2.5)
inf [|[u—o| <C(Q) inf [|[V(u—0)|. 2.
vleth lu —v|| < C( )Ulen § IV (u—v) (3.2.6)

The proof of (3.2.5) can be found, e.g., in [GR79], and (3.2.6) follows from the Poincare-
Friedrich’s inequality and (3.2.5).
T

Define also the number of time steps N := +.

We conclude the preliminaries by formulating the discrete Gronwall’s lemma, see, e.g.

[HR90]

Lemma 3.3. Let k, B, and a,,b,,c,,v,, for integers 1 > 0, be nonnegative numbers such

that:
an+k2bu < k:Z%aquchquBfornZO.
n=0

u=0 n=0

Suppose that kv, <1 for all p, and set o, = (1 — kv,)~*. Then

an+kZbu < eF Lm0 oun [l{:Zcu—i-B].

u=0 1=0

3.3 STABILITY OF THE VELOCITY

In this section we prove the unconditional stability of the discrete artificial viscosity approx-
imation u” and use this result to prove stability of the higher order approximation u?. Over
0 <t < T < oo the approximations u? and u# are bounded uniformly in Re.

Hence, the formulation (3.1.5) gives the unconditionally stable extension of the defect
correction method to the time-dependent Navier-Stokes equations. We start by proving
stability of the modified Stokes Projection, that we use as the approximation @’ to the

initial velocity uqg.
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Proposition 3.1 (Stability of the Stokes projection). Let u, @ satisfy (3.2.3). The following
bound holds

(h + Re || Vil]* < 2(h + Re )| Vul? (3.3.1)
+2d(h + Re™)™" inf ||p — ¢"|]%,
( e) ththHp q"|

where d is the dimension, d = 2, 3.
Proof. Take v" =@ € V" in (3.2.3). This gives

(h + Re Y| Vi|]* = (h + Re™")(Vu, Vi) (3.3.2)
~(p—4q"V-a).

Using the Cauchy-Schwarz and Young’s inequalities, we obtain

h+ Re‘l

(h+ Re™ )| Vil < (h+ Re™")[[Vul* + Ival® (3:3.3)

TR h—i—Re‘1
+d(h+ Re™!)~! inf |lp—¢"* + ———[V - a*.
q"eqQ

Using the inequality ||V-u||? < d||Va||* and combining the like terms concludes the proof. [

Now we prove the main results of this section - stability of the AV approximation u? and

the Correction Step approximation u3.

Lemma 3.4 (Stability of the AV approximation). Let ul satisfy the first equation of (3.1.5).
Let f € L*(0,T; H'(Q)). Then forn=20,...,N —1
™ P+ RS (B Re™)|[ V|2 <

1 ’fL
+m P ()12

Also, if f € L*(0,T; L*(Q)) and the time constraint T is finite, then there exists a constant
C = C(T) such that

w2 + kXL (b + Re™Y) ||Vl |2 (3.3.4)

< Cllugll* + FZE L F(E)117)-
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Proof. Let v" = u/"*' € V" in the first equation of (3.1.5). Since b*(u,v,v) = 0, we obtain

Huh,n—H“Q - (uh,n uh,n—l—l)
LDt ) (g Re VR - L Vg

= (f(tn-i-l)v ullun-i_l)'

Since p" ! € Q" and v € VP it follows that (pf"™ ™,V - ul" ™) = 0. Applying Cauchy-

Schwartz and Young’s inequalities gives
h, h,
[ [

- (4 R [Ta P < (F(tasn) 0. (33.5)

The definition of the dual norm and the Young’s inequality, applied to the inner-product on
the right-hand side, lead to

(S uy ™) < Ll V| (3.3.6)
h+ Re™! hn+1)2 1 2
< —||Vuy’ _ tn .
= 92 H Uy || + Q(h—f—RS_l)Hf( +1)|| 1
We obtain
" 2 = [l R+ ReTt o 1 )
Vuy < — || f(2, ‘. 3.3.7

Summing (3.3.7) over all time levels and multiplying by 2k gives

ol 4 (4 Re RS Tl < s (338)
1
S— yiard [F A P
Ly et A PO

This proves the first part of Lemma.
Consider (3.3.5). Apply the Cauchy-Schwarz and Young’s inequalities to the right-hand

side. Different choice of constants in the Young’s inequality gives

(f (tagn), 0t ™) < (1 f s lug ™| < §||u}f’ )+ §||f(1tn+1)||2 (3.3.9)
and
n n ]‘ n
(f (tsn), ud ™) < [ f (s g™ | < EHU?’ P+ K (tarn) )1 (3.3.10)
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Sum (3.3.5) over all time levels, using (3.3.9) at the time levels ¢g, 11, ..., ¢, and (3.3.10) at

t =t,4+1. We obtain

hn+112 1,512
T FER R SRS
1 n 1 n
< Gl 4 S P 4 B )7+ ST L)

Multiply by 4k and simplify to obtain

™ P + 4RSI (B + Re ) ||Vt

< 20| + 4K f (s ) 1P + 26SE | F(E) 17 + 2KE7 a1
For the finite time constraint T, the discrete Gronwall’s lemma yields

[uf " |2 + 4RSI (B + Re™)[| V™ ||?

< 2600 (Jug|? + kT FE)P).

We use the result of Lemma 3.4 in the following

Theorem 3.1 (Stability). Let u, u} satisfy (3.1.5). Let f € L*(0,T; H=1(%)).

hatl it
n=0,.,N—1:up""" uy""" are bounded and

n 2h2 n i
2 R (- Re )V

(h+ Re~1)?
2h? .
<1+ m)ﬂuow
h? 2 i
S (h+ R6_1)2>h+ Re—1 w2 HHf( )Hgl

(3.3.11)

(3.3.12)

(3.3.13)

Then for

(3.3.14)

Also, if f € L*(0,T; L*(Q)) and the time constraint T is finite, then there exists a constant

C = C(T) such that

2h? ;
™+ Gy ey ™ P+ R (ot R Ve |

< Cllugll® + EZEELFE)1).

93
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It follows from (3.3.15) that both approximations uf and u} are bounded at any time

level and for any viscosity, provided that the initial approximation and the forcing term are

L?-integrable.
The rest of the section is devoted to the proof of Theorem 3.1.

Proof. Take v"* = ul™™" € V" in the second equation of (3.1.5). This gives

™2 = ™ 12) + (b + Re™ )|V 12 < (f(ts),

Qk(

h(V h,n+1 V hn+1)

The Cauchy-Schwarz and Young’s inequalities give

1 n . "
S (™ P = ™ [1%) + (b + Re )| Vuy™ |
_ 2 | htRe hint1)2

S h+ Re-1 [f Enr) 124 THVUQ |

h’ hn+1 2 h+ Re™! hnt112

s eV Ve

Multiply (3.3.17) by 2k and simplify to obtain

™ P = g™ 1 + (7 + Re k|| Vuy ™
2 2h?

2
< okl f ()2 + W E Rel

=7+ Re Ve

Summing over all time levels leads to

lus ™ H? + kS (b + Re )| V|2
2
h+ Re-!

kX (h + Re )|Vl ||,

< lugll* + FSE ()1,
2h?

T R

(3.3.16)

(3.3.17)

(3.3.18)

(3.3.19)

Inserting the bound on kX" (h + Re™1)||Vu||? from the stability result (3.3.8) in (3.3.19)

gives

|| hn+1||2_|_(h_|_R671) En+1Hv
< s |12
— HUOH + h+R€_1

2h2 s hn+1||2

_— 2 —_—
+(h+Re,1)2(||uO|| ||U h_i_Re,l

o4

ES ()2

K () 11%)-

(3.3.20)



Thus

n 2h? n —1y oy i
o™+ e I (e Re RSV (3:3.21)
2h?
< (1 e s||12
=~ ( + (h+R€_1)2>||UO||
h? 2 en
+(1+ ) STEF )12

(h+ Re )2 h + Re*l
This proves the first statement of Theorem 3.1. To conclude, consider (3.3.16); as in

(3.3.9)-(3.3.10), use the Young’s inequalities differently at different time levels to obtain

hn+1 h,
|| s " ||2 - ||u2n||2

o +(h+ 1.’i><a*1)\|vu’“"“||2 (3.3.22)

< K[| f ()17 + HUMHH2

h? b2 h+ Re™! hon+12

+WIIV P+ ——— Va7,

and
a2 = ||l ”2 b (h+ Re V||Vl 2 (3.3.23)
2k
1 i

< lf i) |” + Huh A

h? hi+l)2 h+ Re™! hyit1)2

i e IV

for Vi=0,1,..,n — 1.
Sum (3.3.23) over all time levels and add to (3.3.22); multiply by 4k to obtain

Huhn—HHQ_2Hu8’|2+2k2n+1<h+Re )Hvuh’iHQ (3.3.24)

< 2kE [lub | + 4K2 (| f (tagr) ||
2h?
(h+ Re1)?

Insert the bound on kX" (h + Re™1)||Vu!"||? from (3.3.13) into (3.3.24) and simplify.

+2RE | f ()P + RS (h+ Re™ )| Vuy ||,

For the finite time constraint 7', the discrete Gronwall’s lemma yields

n 2h2 N n - i
L I e )lluh P 4 2K+ Re )|Vl (3:3.25)

h2

< (2eF) 44—
(h—i—Re*l)2

Mllugl® + &Sy [Lf (£ 117)-
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The result of Theorem 3.1, combined with the result of Proposition 3.1, proves the

unconditional stability of both u’l” and 2/2” for any 7 > 0.

3.4 ERROR ESTIMATES

In this section we explore the error estimates in approximating the NSE velocity u by the
Artificial Viscosity approximation u; and the Correction Step approximation us. The results
agree with the general theory of the defect correction methods: ||u—u}||energy—norm < C(R™+
), [[u—ul||lenergy—norm < C(h™+h?), where the velocity approximations u and u/ are sought
in the finite-element space of piecewise polynomials of degree m.

In the error analysis we shall use the error estimate of the Stokes projection (3.2.3).

Proposition 3.2 (Error estimate for Stokes Projection). Suppose the discrete inf-sup con-

dition (3.2.1) holds. Then the error in the Stokes Projection satisfies
(h+ Re H|V(u—a)||* < C[(h+ Re™) hin‘f/h IV (u —o™)|? (3.4.1)
vre
h+ R —1\—-1 f . h 2’
+(h+ Re™)™ inf {lp— ¢"[|']
where C'is a constant independent of h and Re.

Proof. Decompose the projection error e = v — @ into e = u — I(u) — (@ — I(u)) = n — ¢,
where n = u — I(u), ¢ = @ — I(u), and I(u) approximates u in V". Take v" = ¢ € V" in
(3.2.3). This gives

(h+ Re M||V9||* = (h + Re ) (Vn, Vo) (3.4.2)

—(p—q",V-9).

Since Q C R%, we have ||V - ¢||? < d||Vo|>.
Applying the Cauchy-Schwarz and Young’s inequalities to (3.4.2) gives

(h+ Re V| Vo|? < 2(h + Re™ ||Vl (3.4.3)

+2d(h+ Re™H)™" inf |lp—¢"|*
( e) q,}thHp q"|
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Since I(u) is an approximation of u in V" we can take infimum over V*. The proof is

concluded by applying the triangle inequality. O

The following constants (depending upon 2 and u) are introduced in order to simplify

the notation.

Definition 3.2. Let

Cy = |Ju(z, )| Lo (0,150 (02)),

Cvu = [[Vu(z, t)|| 201,02 (9)),
and introduce C, satisfying
inf ||V(u—v)|| < C inf [|[V(u—2)| <CLh™|ul|gm < Ch™.
veVh veXxh
Also, using the constant C(S) from Lemma 3.2, we define
C = 1728C*(Q).

The main results of this section are presented in the following theorem:
Theorem 3.2 (Error estimates). Let f € L?(0,T; H=1(Q)), let ul',ul satisfy (5.1.5),

b < h+ Re™!
T 402 + 2(h + Re 1)Cyy + 2CC4(h + Re~1)-2pim’
u € L0, T; H™H(Q)) [V L0, T; L™(R)), Vu € L¥(0,T; L*(%)),

uy € L*(0,T; H™(Q)), uye € L*(0,T; L*(Q)),p € L*(0,T; H™(Q)).

Then there exists a constant C = C(0, T,u,p, f,h + Re™'), such that

n+1 1/2
max ||lu(t;) — ul|| + (k > (h+ Re )| V(u(t;) — u’;ﬂ‘)||2> <C(h™+h+k),

1<i<N -
=1

and

n+1 1/2
max |[u(t;) — ul’|| + (k: > (h+ Re )|V (u(t;) — ug’i)H2> < C(h™ + h? + hk + k).

1<i<N -
=1
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Hence, the second (Correction) step of the method gives an approximation of the true
solution, that is improved by (roughly) an order of h compared to the first step (Artificial
Viscosity) approximation.

The goal of this section is to prove Theorem 3.2 - that is, that the method is of the first
order in time and that the order of the approximation in space depends upon the step of

defect correction procedure.

Proof. By Taylor expansion, M = U(tpy1) — kp" ™, where p" = uy(t,yg), for
some 0 € [0,1]. The variational formulation of the NSE, followed by the equations (3.1.5),
gives for u € X, p € Q,uy,us € X", p1,ps € Q", Vv € V*

u(tni) = u(tn)

( ? )+ (h+ Re ) (Vultnir), Vo) + b (u(tyir), u(tns), v) (3.4.4)
—(p(tns1), V- v) = (f(tn1),0) + B(Vultnir), Vo) = k(p" T, 0),
hn+l hn
(%, v) 4 (h+ Re ) (V™ wo) + b (W™ ul" T 0) (3.4.5)

~(™ V- 0) = (f(tan), v),
hn+l  hn
() + (h+ Re ) (V™ Vo) + 57 (™ ™ o) (3.46)
—(p5" ",V 0) = (f(tara), 0) + h(Vuy" ™, Vo).

Subtract (3.4.5) from (3.4.4). Introduce the error in the AV approximation €} := u(t;) —
u’f’i,Vi. This gives
(e’fH —ef
k

FO" (ultun), ultnsn), v) = b7 (™ uy ™ w)]

~((pltar) = 1",V - 0) = M(Vu(tar), Vo) = k(o™ ).

,v) + (h+ Re ') (Vel™, V) (3.4.7)

Adding and subtracting b* (v u(t,+1),v) to the nonlinear terms in (3.4.7) gives

b (wtngr), wltnsr), v) — b (u™" T o) (3.4.8)

= (e ultnn) o) + 07 (™ e w).
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Decompose the error

e =u(t) —ul =u(t) — @ + @ —ul =ni — ol (3.4.9)
where @' € V" is some projection of u(t;) into V",

and T’i - U’(tZ) - ﬂia ¢’112 - u;bl - ai7¢?’i € vh7Vi‘

Take v = ¢!"*' € VP in (3.4.7) and use (3.4.8). Using also b*(-, ¢ ¢ ™) = 0 and
VP 1Q", we obtain

n+1 n h n+1 h,n
(771 — N h,n+1) . ( ¢1 h,n+l) (3410)

+(h+ Re (Vi V™) — (4 Re )| V™2
+b*( n+17 (tn-i-l) hn+1) b( llz’n+17u(tn+1)’ }llm—H)

—|—b*( hn+1’77?+17 ;L,n+1) . (p(tn+1) - qh,n+1’ V- (blll,n+1>

= (Vu(tnsr), Vo™ — k(p"t, ¢t

Apply the Cauchy-Schwarz and Young’s inequalities to (3.4.10). Since ||V - ¢l |2 <
||Vl 2 for Ve > 0

h, h,
oy ™I — Nl ™17

T + (h 4 Re™ )|Vl 2 (3.4.11)
_ 1 ntt =y
h R 1 h,n+1112 1 112
<e(h+ Vo™ " + 1e(h T Re ,1)|| ’ I
(h+ Re™")

+e(h+ Re™)|[ Vo™ * + == Vi ™|?

HO (), ) 10700 ultu), 61|

%/ hn+l n hn 1
B (g™t )]

+e(h+ Re™ )| Vo™ * + 1elh+ Re D) }}ngh Ip(tosr) — "2

h2
h -1 h,n+1/2 2
el RIVOL ™+ s [ V()|
h Re~ h,n+112 k2 n+1(|2 ]
el RIVOL ™+ el
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We bound the nonlinear terms on the right-hand side of (3.4.11), starting now with the first
one. Use the bound (3.2.4), the regularity of u and Young’s inequality to obtain

b (3 ultan), 61| < e(h+ Re || Vg™ (3.4.12)
1 n+1|2
+Ch+R€_1anl H :

The second nonlinear term can be bounded, using the definition of *(-, -, -) and the regularity

of u. This gives

* n n C u s ,n s
b7 ("t ), 1 < 2 0P+ (|¢h FLIVerTT) (34.13)

CVu CQ

hn+1 2

Iy P e+ R6‘1>||V¢>h S

For the third nonlinear term of (3.4.11), use the error decomposition to obtain

O (™ i Y] < 0 () i 60 (3.4.14)

‘Hb*( n+1’77?+1’ ilz,n—&—l)’_'_’b*( hn+1’n?+1, ilzn+1)|

Use the regularity of u and the inequality (3.2.4) to bound the first two terms on the right-
hand side of (3.4.14). Applying Lemma 3.2 to the third term gives

%/ thmn n hn h,n h,n
(1"t ol < C@IV e P YA I (3.4.15)

We apply the Young’s inequality to (3.4.15) with p = % and ¢ = 4. Finally it follows from

3
(3.4.14) that

0" (™ i D] < e(h o+ Re )|V (3.4.16)
C n+1(2 n+1

b (1T + V)
27C*(Q)

64e3(h + Re™1)3

where C(€2) is the constant from Lemma 3.2 .

IV o™,
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_ 1
Takee—m in

(3.4.11). Using the bounds (3.4.12)-(3.4.16), we obtain

@ 2 = 6™ 12 b+ Re™ g2
4.1
- e (3.4.17)
n+1 _aan
S C ||771 771 ||2
h + Re-1 k
+C(h+ Re™ )|V tH?
C n
m heQ £ lp(tns) — "
C
PVt
C 7 C T n
+mk2”P 12+ m(”vmﬂw + [V
1 CZ O n+14 h,n+112
+<§OVU+ h+ Re—! + (h+R6_1)3anl H )||¢1 || :

Sum (3.4.17) over all time levels and multiply by 2k.

assumptions of the theorem that

kYl
i=0

Therefore we obtain

It follows from the regularity

<Ck)_ |po'|*<cC.

7" |? + (h + Re ™ kZ VT2 < || (3.4.18)
20 nz—i—l ,'7 - .
R Sy R, 4 (h+ Re Vi
=0

IV [P+ IV [* +

inf ||p(t;) — ¢™|* + h® + k?
qhthHp() | ]

2C P
o/ 1]

T r R

Take @' in the error decomposition (3.4.9) to be the L?-projection of u(t;) into V", for

i > 1. Take @ to be uf. This gives ¢°

=0 and €} = ). Also it follows from Proposition 3.2
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that ||[Vn?|] < Ch™; under the assumptions of the theorem the discrete Gronwall’s lemma

gives

|12 4+ (h + Re™ kZHWp’”“HQ (3.4.19)

¢ 2: M= 112
< - non i
— h—|—R€ 1 pr [H k ”—1 + ”van

HIVail* + inf lp(t;) — ¢"'|* + B + k7).
thQh
Using the error decomposition and the triangle inequality, we obtain

et 1< g+ g™ (3.4.20)
et 1> < 20lmi 1P + 20y,
IVer™|* < 2HV77’1+1H2 +2[[ Ve,
k;z h+ Re™1)||Veitt||?
<2k (h+ Re )|V * + 2k Z(h + Re7 )| V2
=0 i=0
Then it follows from (3.4.19),(3.4.20) that
lei ™M * + kD (b + Re )| Ve |” (3.4.21)
i=0
c = i
< W Rel Z[H%HQ + IV |2
i=0
VoLt + inf () — ¢+ B2+ k2.
qheQh
Use the approximation properties of X", Q". Since the mesh nodes do not depend upon the
time level, it follows from (3.2.5),(3.2.6) that
i+1

kZH”l 771\|2 <Ck2|y”1 ”1||2<0h2m (3.4.22)

=0

EY CIVnill* < cnm,

=0

k inf t;) — ¢™* < Ch®™.
> jut, In(t) — I <
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Hence, we obtain from (3.4.21),(3.4.22) that

u(tnsn) = w™ PP+ kD (B4 Re D[V (ultnir) — uy™ )| (3.4.23)
=0
C
< h2m h2 k2
~— h+ Re—l[ + 7+ kY,

where C'= C(Q,T,u,p, f).

This proves the first statement of the theorem.

Now subtract (3.4.6) from (3.4.4). Introduce the error in the Correction Step approxi-
mation e} := u(t;) — ul’,¥i. This gives
e+l _ on
(%, v) + (h+ Re 1) (Vehtt Vo) (3.4.24)
O (ultn ), ultng), v) = b (uy ™ uy™ )]

—((p(tns1) — P51,V - 0) = B(Ver™, Vo) — k(p™ ™, v).

Note that (3.4.24) differs from (3.4.7) only in the first term on the right-hand side. Using

the Cauchy-Schwarz and Young’s inequality, we obtain that for any € > 0

|h(Vertt, V)| < e(h + Re™ )| Vo|* + thHVe’f“HQ. (3.4.25)
Therefore,
kzn: |h(Vertt V)| < k Y e(h+ Re™V)||Vul? (3.4.26)
=0 1=0
] n

h2k h R -1 n+1 2.
+4€<h+R6_1)2 izo( + € >HV€1 ”

Using the bound on k> 7 (h + Re™1)||[Vel™!||? from (3.4.23), we obtain

EY Vel Vo) <k e(h+ Re )| Vo? (3.4.27)
=0 =0
+—O [R?™ 2 4 bt A2k
(h + Re~1)3 '

Decompose the error

eh = ult;) —uy" = u(t;) — @' + @ —uy" = — ¢y, (3.4.28)

where n} = u(t;) — @', ¢b' =u' — @, ¢b" e VI Vi.
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To conclude, repeat the proof of the first statement of the theorem, replacing u?, e1, ¢, m
by ul, ey, ¢ ny, respectively, and using (3.4.27). Note that the term #fﬂ on the right-
hand side of (3.4.23), which was obtained from the bound on A(Vu(t,+1), Vv), is now replaced

by (L[hm“ + h* + h%k?]. Hence, we obtain

h+Re~1)3
lu(tnsn) = uy™ P+ kY (h+ Re IV (ultur) — uy™ ) (3.4.29)
=0
< ¢ [2*" + h* + h?E* 4 K]
= (h+ Re 1) ’

where C' = C(, T, u,p, f).

]

This completes the proof of Theorem 3.2. Thus, we have derived the error estimates,

that agree with the general theory of the defect correction methods. Namely, the Correction

Step approximation uf is improved by an order of h, compared to the Artificial Viscosity

approximation u.

Next we shall prove stability and derive the error estimates for the pressure.

3.5 PRESSURE

This section gives the proof of stability and the convergence rates for pressure approximations

p’f and pg.

n+1_ n
For the pressure analysis we shall need the bounds on discrete time derivatives || “——=||

and || —831_63

. For pressure stability it is enough to bound these quantities by a constant,
but a more subtle estimate is needed for proving the convergence rates. We start by proving

this estimate as a theorem.

Throughout this section we use the error decomposition eé- = u(t;) — uji = 77§ — qﬁ?’i,

j=1,2,i=1,..,n, introduced in (3.4.9),(3.4.28).

h,0
2

Also, taking @’ = u§ on the initial time level gives ¢]* = =0and &) = n?, € = 7).

It follows from Proposition 3.2 that ||[Vn?|| < Ch™ and ||[Vn9|| < Ch™.
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Theorem 3.3. Let the regularity assumptions of Theorem 3.2 be satisfied. Let
pr € L*(0,T; H™(Q)), ue € L*(0,T; L*(Q)).

Also let k < min(h, (h + Re™')3). Then for any time level n > 0

n+1 H—l i

i Ml YT kZ h+ Re Y| v(E——4

19— DI < O+t k)

and

n+ 'L+1 0

1 n
12 4 O3+ Re YV(E 2 2)2 < O™ o+ I+ b+ 1),
i=1

Proof. Start with the proof of the bound for ||u|| Consider (3.4.7) with (3.4.8) for
n>1

n+1 n
€1 — €

(T’ v) + (h+ Re H)(Veltt, Vo) (3.5.1)
0 (" (g ), v) + D5 (Wl et )

~((p(tasr) = 1",V - 0) = W(Vultas), Vo) = k(o™ 0),
u(tni) = u(tn)
p :

n+1

where kp"" = uy(tpi1) —

h,n+1 h,n
Take v = % =: st € V" in (3.5.1). Then consider (3.5.1) at the previous time

level and make exactly the same choice v = s"*1 € V" Subtract the equations, using the

Taylor expansion to simplify the last term on the right-hand side. We obtain

n+1 —opn n—1
k(nl ]:;721 + T 7Sh,n—i—l) o (sh,n—l—l . Sh’n, Sh’n+1) (352)
it =y
+(h+ Re™Dk(V(Z——"), V") = (h+ Re™ k| V"7

(1wt ), ") b (g e M
_b*(e?’u(t )7 h,n+1) b*(ul ) ?’Shm—’—l)

_k((p(tn+1) p’f ”le (p(t,) — p1 ),V gty

tn — ul(t,
— hk(v(”( +1) - U( +1)),V8h’n+1) . CkQ(p?+1,Sh7n+1)

where pf™ = wuyy(ta1g) for some 6 € [0, 1].

Y
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Consider the nonlinear terms of (3.5.2). Adding and subtracting b* (e}, u(t, 1), s"" 1) and

b* (ullz,n-‘rl n h,n+1)

,e1,s gives

b*( n-|—17 (tn+1),8h’n+1) b*<61’ ( )7 hn+1

) (3.5.3)
+b*( hnt+l  n41 h,n+1>_b*< h,n n hn+1>
)

61 , S 'U/l , €
[b*( n+1>u(tn+1>v Sh’n—i_l) - b*(e?a u(t n+l) Pontl
b (el ultner), M7 — 0¥ (el ulty), )

Sh,n+1)_b*(uil,n+1 n h,n+1)

[b*( P ;H—l 76178

?

+b* (u?’”“, e, sy — b*(u;"", e, s ).

Use the error decomposition (3.4.9). Since b*(-, "1 shnt1) = 0, it follows from (3.5.3)

that

V(e u(tyg), ™) — b (e, u(t,), s (3.5.4)

+b*( hn—i—l’ 6711-1-1’ Sh’n+1) _ b*(U,}ll’n, 6711, Sh,n—i-l)

% 77?“ -y hon+1\ 1./ hntl hn+1

= kb ( L au<tn+1)a S ) kb (S 7u(tn+1)a S )

tnat) — ulty, ntl _ e
—|—kb*< n+1 U( +1)k U( ) hn+1)+k,b*( hn+1’7]1 - 771’8h,n+1)
U?’nﬂ — U}fn hont1
PhbT (L T en ghtly,

k

Use the regularity of u and the Cauchy-Schwarz and Young’s inequalities to obtain the

bounds on the terms in (3.5.4). It follows from (3.2.4) that for any € > 0

=y
k|b*(%,U(tn+1) 8h,n+1)| (355)
m =y
< e(h+ Re DRV + o RV (F——)I

For the second term on the right-hand side of (3.5.4) use the regularity of u and the Cauchy-

Schwarz and Young’s inequalities to obtain

kD (s u(tyi), s"™ Y| < e(h + Re M )E|| Vs (3.5.6)
_ k ,n+1)12 - uk? h,n+1 2'
4 S OO+ SOkl
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The third nonlinear term on the right-hand side of (3.5.4) is bounded by

k|b*(€?+1, u<tn+1)k_ U(tn) 7 Sh,n—i—l)l (357)

mkllve’f*lH?

< e(h+ Re k|| Vs T2 4

For the fourth nonlinear term, add and subtract u(t,,1) to the first term of the trilinear

form. Using (3.2.4) and Lemma 3.2 leads to

n+l . n
oo (up " % Y| < 2e(h + Re™ k|| Vshm 1|2 (3.5.8)
C T]n+1 . 77n N . nn—i-l . T]n
I e Ve e (B

For the fifth term add and subtract u(t,+1) to the first term of the trilinear form to obtain

h,n+1 h,n
b _ b tn . tn
]{|b*(%’e?’sh,n+l)| < k‘|b*(u( +1)k u( )’67117Sh,n+1)| (359)
,',/n+1 . nn
+k|b*(;7€?,sh’n+l)’ + klb*(sh’n+1, 6?, Sh’n+1)|.

k

Apply the result of Lemma 3.2 to the last trilinear form in (3.5.9) and use the Young's
inequality with p = % and ¢ = 4. This gives

uh,nJrl - uh,n
k|b*(— 2 L e, st (3.5.10)
S SE(h + Re_l)k||VSh’n+1||2 + mk”V@ﬂF
C 77n+1 _nn C
k n||2 1 1y\112 k n4|l h,n+1 2'
g e IV IV 4 Gk T )
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Apply the Cauchy-Schwarz and Young’s inequalities to (3.5.2), using the bounds (3.5.4)-
(3.5.10) for the nonlinear terms. This gives

||Sh,n+1||2 . ||Sh,n||2

5 + (h + Re 1 )k|| V2 (3.5.11)

< 13¢(h + Re~))k|| V" 1|2

C = omr 4+t . A
i C(h+ Re k| v(A—1

TR I 13 21+ Ch+ Rem RV (Z——)ll
C . pltni1) —p(tn) ¢ —ghm

Yk inf _
Rk ok I "
C 77?+1_77711 2 n2 77?+1_77? 2 n2
+h+R€_1k[HV( IV + IV (F——)IFIVerl]
=
+Ck| et Ver|? + Ck||V(—+——2 I

Lo
h+ Re!

+C(Cyu +

C
h+ Re!

Ve ||*) k]| s™ .

u(tni1) — u(tn)
k
C? 1

W R T (it Ry

k- bV ( I+ kK2l pr

Since uyy € L*(0,T; L*(R2)), we have
EY o2 < CRY o™ P < ¢
i=0 i=0
It follows from the assumption k£ < h and the result of Theorem 3.2 that

max || Ve[| < C,
(2

max || Vey|| < C.
(2
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Take € = o= in (3.5.11), simplify, multiply both sides of the inequality by 2 and sum over

all time levels n > 1 to obtain

"2+ (h+ Re™)k Y |[VsmH2 < [fs™ )2 (3.5.12)
=1
C mt=2m
o Zm R
ni-i-l _ i H—l 772
+(h+ Re™ [V ()| + |V ()|
H—l _772
(h+Re‘1)IIV(Tl)II4
; . tz hyi+1 _ ki
_i_qHEnghH ( +1)k p( )_C] - q ||2+h2+k2]
C
+sz (h+ Re™ )HVel\|2+CkZHelH2
=1
CS 1 i |4 h,i+1)12
ORY(Co + bt T G e VAl
=1

Consider the error decomposition (3.4.9). Take @’ to be the L? projection of u(t;) into V",
for all 7 > 1. Since the mesh nodes do not depend upon the time level, it follows from the

approximation properties of X" Q" and the regularity of u,p that

N il _ o i 1 i+l _ o i1
kz ||771 ];721 + T < C/CZ ||771 kgl + Ui ||2 < Oh2m, (3513)
i=1

i+1

kZ IvE—D)IP < e,

i+1

kz ”V 771 — ”4 < Ch4m

hi+1

ti+1) p(ti) 4 — " 2m
ngg£h|| - IP=on

Using (3.5.13) and (3.4.23), we derive from (3.5.12) that

8"+ (e Re™ Dk Y [ V™2 < [l (3.5.14)
=1
+C[R*™ + h* + k7]
C? 1

314N || Jhiit1)(2
h_i_Re,l + (h_'_Re,l)gHvelH )HS || ‘

+CEY (Cyu +
=1
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Take @° = u$ on the initial time level. This gives ¢"° = 0 and €9 = 9 = ug — ug.

h,1012 o =0t 12 . Pt _gh0
For the bound on |[s™!||* = ||=—=—]|°, consider (3.5.1) at n = 0 and take v = =———.
This gives
1,0 h1  h0 h1l  h0
41, il - Py 4 (bt Rel)(ve},w%)) (3.5.15)
V- v
+b*(617u(t1)7 ]{? ) + b*(ul 7617 k‘ )
! =gl
~((plt) — o).V (A 0)

hi _ hO hi kO
= h(Vu(t), V() — ke, A,

Rewrite the left-hand side of (3.5.15) so that we could use the properties of the modified

Stokes projection (3.2.3)

h1 ho _ h1 L ho
A A0 | g e v, v B s
T A U
? k’ ) ) ]’C
h,1 h,0 Rl h,0
st RV, V) (o) o), v - (A 00)

k
hi kO hil RO
= h(Vule), P ) — k!, B,

R k0
Since 2—%" € Vh and p}f’l € Q", it follows from the choice of initial approximation @ and

from (3.2.3) that

(h-+ Re (Ve V(PP — (o) — ), V() =0, (3517)



Hence, using the Cauchy-Schwarz and Young’s inequalities, we derive from (3.5.16) and

(3.5.17) that for any €, €; >0

1l R0 Rl R0
IOy o Re ORIV AP @58)
hl RO
< €1||¢1 ¢1 ||2 + 0”771 771 ||2
1 ¢]111 1 2 1 1 770 2
+e(h+Re_ V|| ————— 2 I+ C(h+ Re™ )kHV(T)H
+eil|——— L ’ ! 12+ CE?||pH|]? + e(h + Re k| V(———— L ? )H2
C U(t ) —u ¢h1 . ¢h0
+mh2k\|v(%)|’2 el =————* + Ch*|| Auy||?
1_ .0 hl hl kO
+kb*<€1 61’u<t ) ¢1 le )—Fb*(@(l),lb(tl) ¢1 ¢1 )
k k: k
* ¢ * ¢h1 - QZS
+b( (tl)a ) )+b( ?17 171—)
k k
1 h,0
* = ¢ ’
—b (niveilTl)

Using the fact that ¢/° = 0 btain b* (- o™ ="y — 0. The nonlinear terms i
sing the fact that ¢, = 0, we obtain b*(-, ¢;"", *———) = 0. The nonlinear terms in

(3.5.18) are bounded by applying Cauchy-Schwarz and Young’s inequalities. We obtain

h,1 h,0 h,1 h,0
ei — e? ¢1 —¢ (/51 — ¢

Al hl
0 ult), el A0 g o, 0

) gl — gho
—b (77%7 eia %)

h,1 h,0 h,1 h,0
C ¢1 - - ¢1

< h+R6_1kII k ! ||2Jre(thRe‘l)krlIV(17)”2
) Pt — ., C n—nd
h Dk k
+e(h + Re™)k||V(————— ’ 12+ Py = 1V ( ’ i
_ oyt — 0 C -,
h Dk + ok

+e(h + Re™)k||V(————— ’ 12+ (i + Re1)? IV | ———— ’ 12
<z5’1“—¢1 ) ) 2

+26 || F————| + C|IR}|I* + C||[Vn]]
2 gb?l 1 2 C 2 C 2

+2¢6 || ———— k H + Clm|1? + C|| Vi
+61|| L 1?4+ Ch™2 ||V ||*.
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The inequalities (3.5.18)-(3.5.19) give

o' o ot
[ =———1” 4+ (h + Re™")E||V( k )| (3.5.20)
C C ¢h1 ¢0
< k k|Vn! ! 2
= (861 + h+R6_1 + (h+R€_1)3 ||VT]1|| )H ||
-1 ¢ (b() 2
+5¢(h + Re )kHV( )H
77%_771 2 1 1 (1) 2
I + (h+ Re™ >kuv<—k I
t1) — u(to)
JRIPAIE: B2k u( 1 2 0 n2) Al
22 + e PRIV (FE ) 4 |
R e 4 P + Bl
h+ Re~1 k ! ! !

It follows from the approximation properties of X" Q" that

¢h,1_¢h,0 B ¢h1
I e (e (A (35.21)

< O™ + h* + k%,

and the triangle inequality gives

0 0
— €6

192D 4 s e D (35.22
< C[h*™ + h* + K.

Rl h,0
Insert the bound on H%H2 into (3.5.14). The restriction on the time step k allows to
apply discrete Gronwall’s lemma. This leads to

}lz,n-l-l _ ¢ill,n 717,H-1 ¢}11,1
IO g (e kz G (35.23)

< CIR™™ + h* + k).

Using the triangle inequality we obtain

n+1 z+1

— ey 2 4 —1
12— + (h+ Re k‘;IIV ’

< CIh*™ + h* + k).

i
— €

|12 (3.5.24)

This result proves the first statement of Theorem 3.3.
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hn+l_ _ hn
For the bound on H%H consider (3.4.24), n > 1. Following the proof above, take

S S N ; ous ti
v = 2——2— =: 5, then consider (3.4.24) at the previous time level, make the same
choice v = sg "1 and subtract the two equations. This leads to
n+1 — 9N n—1
k(nz ;722 + 1 7Sg,n+1) B (Sg,nﬂ B ngn’ Sg ntly (3.5.25)
nn+1 ?7
+(h+ Re™)h(V(F——2), Vs, ") = (h + Re™ k|| V3"

+b*( n+1’u(tn+1) hn+1>+b*( hn+1’eq2z+1’si21,n+1)
_b*(eg7u(t ) 8]21"+1) _b*(u2 ) Z’SZTHFI)

_k((p(th) pfzmﬂli_(p(tn)_pz ) v Shn+1)

), ng,nJrl) Ck2( n+1 gnJrl)

n
€1 — €

k

The nonlinear terms in (3.5.25) are bounded in the same manner as those in (3.4.24), with

sh, ¢h and n; replaced by sb, ¢4 and 7. Using these bounds and the Cauchy-Schwarz and

Young’s inequalities, we obtain from (3.5.25) that

512 = [Is5™ ]| hant1
2 5 + (h + Re " )k||Vsy™ |2 (3.5.26)

< 13e(h + Re k|| Vsh™ |2
C et =2y oyt . N

Clh+ R k - =

b KB R R o+ Re R V()|
+ C inf || (n—i—l)_p(tn) _qh,n+1_qh,n||2

h+Re_1 hth k k

C 7)3“ 2 2 n+1 n5 12 n|2
b MV + [T + [V (R Ve
77;L+1_77§ 4

+Ck|lez|? ||V62||2+Ck||V(T)II

C et —en

k’ h2 1 2 kk2 n+1112

bl V(P e KR,

C? N 1
h+ Re=! ~ (h+ Re™1)3

+C(Cvu + A L Eia

It follows from the assumption k& < h and the result of Theorem 3.2 that max; [|[Ves| < C.
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Take € = 5= in (3.5.26), simplify, multiply both sides of (3.5.26) by 2 and sum over all

time levels n > 1. The bound on (h + Re k> ", ||V(61 61)||2 is obtained from (3.5.24).

Using the approximation properties of X" Q" and the triangle inequality, we obtain

Is5™ HI? + (A + Re™ kz IV 11 < [l (3.5.27)
=1
+O[h2m+h4+h2]€2 +k2]
FORY (Cout i 4 ok [T
LAY T b Ret T (h+ Re )3T '
The bound on ||sh!|| = ||¢2 —o5° || is obtained in the same manner as the bound on ||¢1—¢h0||
Consider (3.4.24) at n = 0 and take v = sh' = ¢gl— This leads to
¢gl_ ;LO 2 4 1 }2171_ 370 2
|=———I" + (h + Re” )kHV(T)H (3.5.28)
C C ¢h0
< (8er + k+ kv =—— 2 k; |

h + Re~! (h+ Re~1)3

L oyt — )
+5¢(h + Re™ k|| V(———— ’ )H

1 0 1 0
Ty — 1 _ — 72
ClI*— ’ 2| + (7 + Re 1)/ICHV( ’ )12
1
k2 12 th, 2 h2 A 2
o+ T D )

1 0
Ty — 1 -
FIVE2P + Il + e ]1” + B2 Vg 1.

1
+h + Re-1

Use the bound on (h+ Re‘UkHV(%) |? from (3.5.22). It follows from the approxima-

tion properties of X" Q" and the triangle inequality, that

ont — b0 ot — n?
k ” k

I + (h + Re M| V( |12 (3.5.29)

< O[R*™ + h* + h2k* + k7

and

e%—eg 2 6(2) 2
12 4 (4 Re R (3530

< CR*™ + h* + B2 + K7,
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|¢3’1—¢’5 °
k

Insert the bound on | —||? into (3.5.27). The restriction on the time step k allows to

apply discrete Gronwall’s lemma. This leads to

3 — gy = gy
|17+ (h+ Re™) kzZ IV(ZF——)I? (3.5.31)

< C[th + B+ h2R 4 K.

Using the triangle inequality we obtain

— ey 2 4 —1 - 3?1 - eé 2
|| 1>+ (h+ Re™ kY ||V(T)|| (3.5.32)
i=1

< C[h*™ + h* + h2k* + k).

This completes the proof of Theorem 3.3. n

3.5.1 Stability of the Pressure

The stability of the pressure approximations pf and p} follows from the discrete inf-sup
condition (3.2.1). The required bound on the time derivative of velocity is obtained under

the assumptions of Theorem 3.3.

Theorem 3.4. Let f € L2(0,T; HY(Q)). Let p" and ph satisfy the equations (3.1.5) and let
the assumptions of Theorem 3.3 be satisfied. Then there exists a constant C' = C(T, f,h +
Re ' uf) s.t.

hyit1
EY vt <c
1=0

and

kZthlJrl | < C

Proof. Consider the first equation of (3.1.5). It holds true for Vo € X". Apply the Cauchy-
Schwarz inequality, divide both sides of the inequality by ||Vo"| and regroup the terms,
leaving only the pressure term on the left-hand side. Using Lemma 3.1 gives

( h,n+1 \v& Uh) hn+1 h,n

P — n
! 2] < || 2 -1 + (h + Re Y || Va1 (3.5.33)

M|V P (L (Ee) -1

I6)



It follows from (3.5.33) and the discrete LBB condition (3.2.1) that

-1 + (h + Re™Y)||[Vul™ ™ (3.5.34)

M|V P (L (Eae) -1

Ay <

Decompose the first term on the right-hand side of (3.5.34), using the error decomposition
and the triangle inequality. This gives

hn+1 _ ullln u(tn-i-l) - u( ) n+1 - 61 || L

|4 e RN [

(3.5.35)

Multiply both sides of (3.5.34) by k and sum over the time levels. Using (3.5.35), we obtain

i+1

K z (& 6
ﬁthth o <kZH +1 ) 1““2” 9 749 (35.36)

H RS [l +Mk:2 IV 4 S )

=0

The discrete Holder’s inequality gives

kz [Vul | = kz [Vul (3.5.37)

- i 1 1 i 1
s<k2||w?“||2>2-(kZl%= kZHV’”l )2,
i=0 =0

Similarly,

i+1 i+1

(& 6 el 6 (&
kZHl = 1<Ck;Z||1 L2,z < anl 25 (3.5.3)

MH

The stability bound on k37 [[Vul"!||? is obtained from Lemma 3.4. Using (3.5.38)
and Theorem 3.3, it follows from (3.5.36) that

ﬁthH P < WH ug||* + h+R (ht Re 1) ZHf (tiv)[1%)- (3.5.39)

Hence, if the forcing term f is sufficiently smooth, the pressure approximation p is stable.
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Next, consider the second equation of (3.1.5). Apply the Cauchy-Schwarz inequality,
divide both sides of the inequality by |[Vv"|| and regroup the terms. Following the outline

of the proof above, we obtain

n i+1

K z (& 6
6’%Z|Iph +1|<1<:Z|| *1 ). 1+k2|| e M 1 (3.5.40)

+(h+ Re™) k;z [ Vul ™|+ Mkz | Vul )2

=0 =0

+hk Z Va4 kY 1t |-
1=0

Use the discrete Holder’s inequality as in (3.5.37). It follows from Theorem 3.3 and Theorem
3.1 that

ﬁ’%ZHpMHH < Ol g Il + ,HR (ES=E Zrlf a2 (35.41)

3.5.2 Error estimates for the pressure

In this section we estimate the error in pressure approximations ||p(t;)—p™*|| and ||p(t;)—pi*|.
The results are obtained by using the inf-sup condition (3.2.1) and the result of Theorem

3.3. The main result of the section is

Theorem 3.5 (Pressure Convergence Rates). Let u,p,u, ph ult, pb satisfy the equations

(8.4.4)-(3.4.6). Let the assumptions of Theorem 3.3 be satisfied. Then, for ¥n > 0
B llp(tiv) — py < CR™ + b+ k] (3.5.42)
and

EY (i) —py ™ < CA™ + b + hk + k). (3.5.43)
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Proof. Decompose the error in the pressure approximation

P(tar1) = Py = (p(tasr) — ¢ — (PP — g (3.5.44)
_ ,}{H—l {Lm-ﬁ-l’

where ¢! is some projection of p(t,,;) into Q". Thus, wh e Q.
Divide both sides of (3.5.1) by ||Vv| and regroup the terms. Use the result of Lemma
3.1 and the Cauchy-Schwarz inequality to obtain

( iL,nJrl’ AV ) n+1 - 6717,

||VUH — H k H,1
+(h+ Re )| Vert | + M| Vu(t, )| [Ver || + M| Vuy ™ || Vert|

(3.5.45)

+ ik lp(tni1) = ¢+ R Vultae) |+ Bl

Apply the discrete inf-sup condition. Multiply both sides of (3.5.45) by k and sum over all

: bl -
time levels. Decomposing u}""*" = u(t,41) — €7 gives

i+1

B i < kZ [E—— (3.5.46)
1=0

+(h+Re*1)kZHVe§“||+2M max || Vu(t; |/<;Z|yw+l

1=0

+MF Z IVer™|* + hk Z IVultic)l

=0 =0

D [p(ten) = ¢ kR D 0
1=0

=0

Applying the discrete Holder’s inequality and the triangle inequality and using Theorem 3.3
and Theorem 3.2 proves (3.5.42).
Next, subtract (3.4.6) from (3.4.4). This gives for any v € X"

n+1 n
€y — €9

<T’ v) + (h+ Re™1)(Vehtt Vo) (3.5.47)
+b (e5 ultng),v) + 07 (us ™ et v)

—((p(tngr) — P,V - 0) = W(Vertt, Vo) — k(" v).
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Following the proof above, we obtain

- n T ettt — el
BN < kY P (3.5.48)
i=0 i=0
-1 i+1 i+1
+(h+ Re )k;HVez ||+2Mog§§g1HVu<ti>Hk;HVeg I

+MEY || Ve P + hk Y || Vet |
=0

=0

D [p(ten) = ¢ kR D 0
1=0

i=0
Applying the discrete Holder’s inequality and the triangle inequality and using Theorem 3.3
and Theorem 3.2 leads to (3.5.43). O

3.6 COMPUTATIONAL TESTS

We test the convergence rates for a two-dimensional problem with a known exact solution.
Consider the Chorin’s vortex decay problem in the unit square Q = (0,1)2. Take
— cos(mz) sin(my)exp(—27%t/ Re)

u= , (3.6.1)
sin(mx) cos(ry)exp(—27%t/ Re)

p= —i(cos(Zm:) + cos(2my) )exp(—4nt / Re),

and then the right-hand side f and initial condition wu, are computed such that (3.6.1)
satisfies (3.1.4).

In order to reduce the influence of the time discretization error, the time step is taken
to be very small: At = O(h3).

For Re =1, Re = 100000 and final time 7" = 1/320, the calculated convergence rates in
Tables 3-6 confirm what is predicted by Theorem 3.2 for (P, P;) discretization in space.

The convergence rate of |[u — u}|| z2¢07.r2(0)), predicted by Theorem 3.2, appears to be
improvable in the case of moderate Reynolds’ number. However, for the flow with sufficiently

large Reynolds’ number, the computed rates agree with those predicted by the theorem.
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Table 3: AV approximation. Re = 1.

h || u — Uill ||L2(O,T;L2(Q)) rate H u — u}f HLQ(O,T;Hl(Q)) rate
1/4 0.000295318 - 0.0111291 -
1/8 5.77794E-05 2.35 0.00280563 1.99
1/16 2.28146E-05 1.34 0.000756655 1.89
1/32 0.000011235 1.02 0.000244007 1.63

Table 4: Correction Step approximation. Re = 1.

h | ||u—ul||20mr2@) | rate | ||u—ud |21 @) | rate
1/4 0.00027283 - 0.0110347 -
1/8 3.56252E-05 2.94 0.00271592 2.02
1/16 4.55025E-06 297 0.000665649 2.03
1/32 5.77583E-07 2.98 0.000164297 2.02

Table 5: AV approximation. Re = 100000.

h | [Ju—ul||lz20r2@) | rate | ||u—ul ||z @) | rate
1/4 0.000339015 - 0.00534596 -
1/8 7.39569E-05 2.2 0.00104601 2.35
1/16 3.19763E-05 1.21 0.00025783 2.02
1/32 1.62156E-05 0.98 9.19028E-05 1.49
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Table 6: Correction Step approximation. Re = 100000.

h | ||u—u}|20rr2@) | rate | ||u—ud||r201m @) | rate
1/4 0.000300427 - 0.00525358 -
1/8 0.000040032 291 0.000975526 2.43
1/16 5.94795E-06 2.75 0.000190267 2.36
1/32 1.37357E-06 2.11 4.26364E-05 2.16

3.7 COMPARISON OF THE APPROACHES

For many years, it has been widely believed that (3.1.2) can be directly imported into implicit
time discretizations of flow problems in the obvious way: discretize in time, given u"(toLp),
the quasistatic flow problem for u"(tygw) is solved by DCM of the form (3.1.2). In this
section we compare this approach and our method (3.1.5), applied to the same problem.

Apply both methods to the one-dimensional singularly perturbed equation
Up — €Uy + Uy = f

Our method leads to the coupled pair of equations

n+1 n n+1 n+1 n+1 n+1 n+1
Uy, — Uy, Uy g — 2wy Uy U U
— = (e +h) 2 +
At h 2h
_ fnJrl
= frth
n+1 n n+1 n+1 n+1 n+1 n+1
Ug;  — Ug, Uiy — 22Uy, +Uyiyy  Upipq — Uy g
——— —(e+h) 5 +
At h 2h
n+1 n+1 n+1
rntl hul,i—l —2uy; Uy,
- fl - h2 9
whereas the other method gives
n+1 n n+1 n+1 n+1 n+1 n+1
Uy, — U, Uy — 2wy F Uy U Uy n+1
n+1 n n+1 n+1 n+1 n+1 n+1
Ui — Uy Uy, | — QU +Upiyy  Upiyy — Uni
—(e+h) ; +
At h 2h

n+1 n+1 n+1
. hul,i—l —2uy; Uy,
= f = _
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Consider 0 <z < 1,0 <t <1, u(0,t) =0, u(1,t) = 25, u(z,0) = 0, f(z,t) = tz* + 20,
e = 0.000001.

As one could have predicted, if we let the time interval be fixed and reasonably big
(At = 0.1) and decrease the space-interval, both methods give almost the same results,
since they mainly differ in treating the time-derivative. But if we fix Ah and monotonically
decrease At, we immediately see the oscillations of the solution, obtained by the alternative
method.

Figures Fig.3-Fig.6 show the solution, obtained by our method (denoted by the solid
line) and the solution, obtained by the alternative approach (dashed line on the graphs).
The spacial mesh is fixed (with Ah = 0.01) and the time step At decreases to zero (see the

captions).

1
10| 9
s
i

Figure 3: At =0.01

i

o

.

o ;
N

,

QM

;

Figure 4: At = 0.001

As we see, although this alternative approach uses the Correction Step approximation

of the true solution on each time level (instead of the AV approximation), the results are
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Figure 5: At = 0.0002

Figure 6: At = 0.00001

worse even for a simple one-dimensional problem with the bounded domain and bounded
right-hand side.

We conclude the comparison of the methods by applying them to the Navier-Stokes
equations in R?. Consider the Chorin’s vortex decay problem in the square Q = (—3, 3)?

with

7 sin(2nx)exp(—4n*t/ Re)

(3.7.1)
7 sin(2ry)exp(—4mt/ Re)

f(z,y,t) =

— N

2
and Re = 10°. The final time is taken to be T' = 1/10 and the mesh diameter is fixed at
h = 1/4. As the time step At is decreased, the error estimates, obtained by the DCM (3.1.5),
do not change - see the following table.

At the same time, applying the alternative approach we obtain

Hence, in the alternative approach the error increases as At tends to zero.
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Table 7: DCM. Re = 100000, T = 1/10, h = 1/4

At | [l —uf || 20me) | 1w —uf || 2000 @)
1073 0.00682 0.0585
1074 0.00682 0.0585
107° 0.00682 0.0585

Table 8: ALTERNATIVE APPROACH. Re = 100000, T'=1/10, h =1/4

At | [l —uf || 20me) | 1w —uf ||20mm @)
1073 0.01019 0.1104
1074 0.01449 0.1759
1075 0.01582 0.2076

We have seen from Figures Fig.3-Fig.6 that the alternative approach gives worse results
than the DCM, when solving the convection diffusion equation. Comparing the Tables 7-8,
we conclude that the Defect Correction Method (3.1.5) also behaves better, when applied to

a more difficult Navier-Stokes problem.
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4.0 A DEFECT CORRECTION METHOD FOR THE EVOLUTIONARY
CONVECTION DIFFUSION PROBLEM WITH INCREASED TIME
ACCURACY

4.1 INTRODUCTION

Consider the evolutionary convection diffusion problem: find u: Q x [0,7] — R?(d = 2, 3)
such that

w—eAu+b-Vu+gu=f forx € Q0<t<T (4.1.1)

u=0, on 99, for 0 <t <T,

where u is the velocity field, € is a diffusion coefficient, g is an absorbtion /reaction coefficient,
and f is a forcing function.

In the problems with high Peclet number (i.e. ¢ < 1) some iterative solvers fail to
converge to a solution of (4.1.1). We propose a certain Defect Correction Method (DCM),
that is stable, computes a solution to (4.1.1) for any e with high space and time accuracy,
and is computationally attractive.

The general theory of Defect Correction Methods is presented, e.g., in Bohmer, Hemker,
Stetter [BHS]. In the late 1970’s Hemker (Bohmer, Stetter, Heinrichs and others) discov-
ered that DCM, properly interpreted, is good also for nearly singular problems. Examples
for which this has been successful include equilibrium Euler equations (Koren, Lallemand
[LK93]), high Reynolds number problems (Layton, Lee, Peterson [LLP02]), viscoelastic prob-
lems (Ervin, Lee [ELO06]).

There has been an extensive study and development of the DC methods for equilib-

rium flow problems, see e.g. Hemker[Hem82], Koren|[K91|, Heinrichs[Hei96|, Layton, Lee,
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Peterson[LLP02|, Ervin, Lee[EL06]. On the other hand, there is a parallel development of
DCM’s, for initial value problems in which no spacial stabilization is used, but DCM is
used to increase the accuracy of the time discretization. This work contains no reports of
instabilities: see, e.g., Heywood, Rannacher|[HR90], Hemker, Shishkin[HSS], Minion[MO04],
Bourlioux, Layton, Minion [BLMO03].

It was shown in [L0O7] that the natural idea of time stepping combined with the DCM in
space for the associated quasi-equilibrium problem gives an oscillatory computed solution of
poor quality. Another DC method was introduced for an evolutionary PDE, that was proven
to be stable and accurate.

The method presented in this chapter, is the modification (aiming at higher accuracy in
time) of the DCM for the evolutionary PDEs, presented in [L07]. Compared to the method
in [LO7], the right hand side of the system is modified in the correction step, resulting in
higher time accuracy with no extra computational cost.

The method proceeds as follows: first we compute the AV approximation uf € X" via

L?—&—h(u?) = f7

where

L") = uf — (h+e)Au" +b - Vu" + gu”.

The accuracy of the approximation is then increased by the correction step: compute u} €

X", satisfying

Lep(ug) — Leyy(uy) = f— Le(uy) + B(uy).

Here B(-) is the time difference operator, that increases the accuracy of the discrete time

difference for u,.
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The Crank-Nicolson time discretization, combined with the two-step defect correction
method in space leads to the following system of equations for uh Sy h e Xt yvh e Xh

at t = tn+1, n 2 O, with k& := At = ti—i—l — tl

hn+1  __hn hn+1 h,n+1 h,n
(B v+ (e (T (T U7 9v) 4 b7 L)) (41.22)
h,n+1 h,n
u,’ +uy’
+9(%>Vh) = (f(tn+1/2)7vh),
hn+l  __hn h,n+1 h,n h,n+1 h,n
(2 o) 4 (o (V) v o+ (b V() v (41.2D)
hn+1 h,n+1 h,n
+ u’ u;’ +uy,’
_'_g( 9 2 ) h) - (f(tn+1/2>7 ) + h(V( ! 2 ! )7 vvh) + Bn(ulll7vh)a
where
1, (ut—5u + 9u? — Tut + 2u°
By(u,v) = Ek < 13 0 (4.1.3a)
1 12 f(ts) = 5f(ta) + 7f(t1) — 3f(to)
- Ta U |,
16 k2
1 ) un+2 _ 3un+1 + Ju" — unfl
Bn(u,v) = —Ek ( 13 L (4.1.3b)
+ ikj f(tn+2> - f(tn—I—l) B f(tn) + f(tn—1)7v 7 for . = 1, - N — 27
16 k2
1o, (20 — 7ulV "t 4 94N =2 — 5N =3 4 N
Bn_1(u,v) = _Ek ( 13 U (4.1.3¢c)
Lo, (3f(tn) = Tf(tny-1) +5f(tn—2) — f(tn—3)
+ 1—6/€ ]{Z2 ,U | .

Depending on the current time level, we vary the templates - this demonstrates the
resilience of the method. However, the condition N > 4 needs to be satisfied, where N = T'/k
is the number of time levels.

Note that the operator B is chosen so that for any n the true solution u satisfies

(u(tn—i—l)k_ u(t,) 7 Vh) +(h+ €)<v<u(tn+1);‘ u(t, )) vyl )+ (b- v<u(tn+1)2+ u(t,) ), Vh)
(M) Fulta) Gy e oy o) 4R 8Dy Gony g (v

2 2

+k4(u(5) (thrG)a Vh)7

for some 6 €]0, 1[.
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Also, the only extra computational cost for the correction step is due to the storage of
a few vectors u]1” The Crank-Nicolson scheme is used for computing both u} and uf, but
the time accuracy of the approximate solution uf is increased to be O(k?).

The method is proven to be unconditionally stable over the finite time; it is also stable
over all time under the assumption g — %V -b>p3>0.

In section 4.2 we briefly describe notation used and a few established results. Stability

of the method is proven in Section 4.3. We conclude with the numerical results, proving the

error estimates for the method - this is presented in Section 4.4.

4.2 NOTATION AND PRELIMINARIES

We begin with a few definitions, assumptions, and forms used, and conclude the section with
a statement of the method to be studied. The variational formulation of (4.1.1) is naturally

stated in
X :=H;(Q)={v:Q =R, vel*0) VveL*2)%v=0ondN}.

We use the standard L? norm, ||-||, and the usual norm on the Sobolev space H*, namely
-1l

We make several common assumptions.

Remark 4.1. There exists a constant 3 such that
1

The method is proven to be stable over a finite time even if the Assumption 4.1 doesn’t
hold. If it does, the method is stable over all time.

We shall assume that the velocity finite element spaces X" C X are conforming and have
typical approximation properties of finite element spaces commonly in use. Namely, we take
X" to be spaces of continuous piecewise polynomials of degree k, with k > 1.

The interpolating properties of X" are given by the following assumption.
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Remark 4.2. For any function u € X
o, {la=xl+aIV@=0l} < ™ Huly, 1<r <k

We conclude the preliminaries by formulating the discrete Gronwall’s lemma, see, e.g.

[HR90]

Lemma 4.1. Let k, B, and a,,b,, cu, vy, for integers p > 0, be nonnegative numbers such

that:

cuﬂ—kibu gkivuau—l—kicu—irBfornzO.

u=0 pn=0 n=0

Suppose that kv, <1 for all p, and set o, = (1 — kv,)~*. Then

n

an+ kY b, < T k3 e, + Bl.

pu=0 pu=0

4.3 STABILITY OF THE METHOD

In this section we prove the unconditional stability of the discrete artificial viscosity approx-
imation u? and use this result to prove stability of the higher order approximation uf. The

approximations u’? and u? are shown to be bounded uniformly in e.

Theorem 4.1. Let f € L?(0,T; L*(QY)). Let g — %V ‘b>f>—c0. If 3 <0, let the length
of the time step satisfy k|B| < 1/4. Then the approzimation u?, satisfying (4.1.2a), is stable

over the finite time T" < oo. Specifically, there exist positive constants Cy,Cy such that for
anyn < N —1

n h,i+1
2 kY ()| v

=0

1 n
<9t <||u}f’0||2 + @k > ||f(7fi+1/2)||2> :
1=0

L
+uy”

5 )12 (4.3.1)
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If Assumption 4.1 is satisfied, then u is stable over all time and

n hyi+1 h,i+1

h,i
n u +u u +uy’
ay “||2+6/<:Z||—1 : ||2+1<:Z (h+e)|V(= :

s— I’ (4.3.2)

< Jlug | + Bkz [£(tira2)l]
1=0

Proof. Take vt = & € X" in (4.1.2a). Apply Green’s theorem to the last two terms
on the left hand side (with u} = 0 on 99) and use the assumption g — 1V -b > 3. The

Cauchy-Schwartz and Young’s inequalities, applied to the left hand side, yield

” hn+1H2_H h,nH hn+1+uh,n
— + (bt o[V (13.3)
hn+1 hn hn+1
u +uy’ +u”
AN e < (et ), ST,

2

If Assumption 4.1 is satisfied, we bound the right hand side of (4.3.3) by

hn+1_’_u1 h'rz—l—l_’_u1 H2

[(E(tnt1/2), #)\ < (4.3.4)

1
o5t + 5

Multiply (4.3.3) by 2k and sum over the time levels ¢ = 0,..,n + 1. Using (4.3.4), we obtain

hz—i—l

o412 —|—u1 2
’ k 2(h 4.3.5
" + Zz; + )| V(2 5 il (4.3.5)
n hitl | ki n
u;” 4+ uy’ 1
+k25||%||2 < [y ?)* + k?z B\|f(ti+1/2)||27
i=0 1=0

which proves stability over all time (provided that Assumption 4.1 is satisfied).
If g—1V-b > with —oo < # < 0, then we bound the right hand side of (4.3.3) by

hn+1 hn+1
+u” 1 +u”
(F(trye). 00 < gl + AT s
It follows from (4.3.3),(4.3.6) and the triangle inequality that
hn+1l2 h,n |2 h,n+1 h,n
||u1 ||2k Hul || 4 (h—i—E)HV(lll 2+ ul >H2 (437>

1 h,n h,n
: Mllf@m/z)n? + 181 (™ P+ ")),
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Multiply (4.3.7) by 2k and sum over the time levels ¢ = 0,..,n 4+ 1. Under the condition
k|B| < 1/4 the discrete Gronwall’s lemma yields

h Ji+1
+ u1

™12+ ffz (h+e HV(#)H2

=0

<e (”u H2+k2 2|5|||f Z+1/2)|| )7

with ¢ > 0.

]

We now proceed to the proof of stability of u}. It follows from (4.1.3) that | B;(u},v")| <

h,i+1 h,i

C|Iv"|| for any vh € X" provided that the time difference % is bounded for any

hyitl_ | ki
1=20,..., N — 1. Hence, we begin by establishing the bound for ulTl

Lemma 4.2. Let u}’ € H*(Q), £, € L*(0,T; L*(Q)). Let g— iV -b> > —oc0. If B <0,
h,n+1 h,n

let the length of the time step satisfy k|B| < 1/4. Then WT_UI is bounded for the finite

time T < oo. Specifically, there exist positive constants ¢, C' = C(b, g, f, u?’o) such that

h,n+1 h n h J+1 hyi—1

u u
HlTHQMZ (h+ V() P

-~ t; —f(t;_
< e <C+k2 4172 2 : 1/2)HQ>~

hn+l___hn
If Assumption 4.1 is satisfied, then % 18 bounded over all time: there exists

C = C(b,g,f,u") such that

uiL,n—&—l h n h 41 u?,i—l
HTHQMZ (h+ V(B e
h,i+1 hyi—1
u —u 1 f(tiviye) — £(ti1y2)
+k2 P HQSOMZBH &
i=1
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Proof. Consider (4.1.2a) at any time level n > 1. Take v = and make the same

choice for v/ in (4.1.2a) at the previous time level. Subtracting the resulting equations leads

to
h,n+1 h,n—1 hn+1 h,n—1 hyn+1  __h,n—1
, —(h k|V
( ! —E) (e ORIV ()|
h,n+1 h,n—1 h,n+1 h,n—1 h,n+1 h,n—1
u; —uy’ uy’ —uy’ 1 u;’ —uy

k;’ b - V 1 , 1 1 —k 1 1 2

by B g

_ k<f(tn+1/2> — [(ta—1y2) U.;L e uim 1)
k ’ k '

uh,n+1_uh,n71
Apply Green’s theorem to the last two terms on the left hand side (with =———— =0

on 0f2) and use the assumption g — %V -b > (3. Rewrite the first term on the left hand side,
using the identity

hn+1 h,n h,n—1 h,n+1 h,n—1 h n+l  hn h,n hn—1

( o M A Wil S P LN Sl L)
k k k k
This yields
[ PR il IR VORI T il W E Y
g hn+1 h,n—1 F 2 h,n+1k: h,n—1
T U EP YR R (VST M )

Sum (4.3.8) over all time levels i = 1,..,n and consider the cases § > 0 and —oco < 3 < 0

separately, as in the proof of Theorem 4.1. If the Assumption 4.1 holds, this yields

uhn+1 uhn uhH—l uhz 1
H—L—?—J—W+k§: (h+ V()| (1.39)
h,i+1 h,i—1 h,1 hO f(z 1/2)||2

u —u u;” —u (tiv1/2)
+krz BII : k —|* < 1= : Z—H

If —oo < B <0and k|f] < 1/4, it follows from the discrete Gronwall’s lemma that

’ )H2 (4.3.10)

u! — " t; £(t;_
Q| kEZ ) 2 o).
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R h,0
To complete the proof, we need a bound on ||*—=—||?>. Consider (4.1.2a) at n = 0 and
h,0

h,1_ . i
take v" = =——1—. This gives

h,1 h,0 h,1 h,0 h,1 h,0
u,’ —u u,’” +u,’ u,’ —u
| = IP + (b V(= : =), V() (43.11)
h,1 h,0 h0 _.h1l h,0
u’+u’ u, —uy’ +u u,’ —u
b- 1 1 1 1 1 1 1
h,1 h,0

u;’ —uy’

= (f(t1/2), T)-

R, h,0 ha1 - h,0
u’ tuwt . owyt —uy”
2 2

Using the identity + u’f’o, we can rewrite the last three terms in the

left hand side of (4.3.11). Applying Green’s theorem as in the proofs above, yields

uhl uhO uhl uh(] ho uhl uhO
1
| : LI+ b+ | T+ (h+ e(aut, Bt
hl h,0 h,1 h,0 h,1 h,0

u u —u u —u
b (b wul, T e, B

k k k
uillvl_u}ll70
< (f(t172), ")

The Cauchy-Schwartz and Young’s inequalities give

hl 1,0 A1 1,0 A1 1,0
ul 2, u” —uy o1 u; —up

- ht o) | V(B2 4 St M
SR S R e
<,

where C' = ||b - Vul®||2 + 2¢2[|[u®||2 + 2(h + €)?]|Au?|2 + |£(t1/2)]|* < co. Hence, if
Assumption 4.1 is satisfied, or if —oco < § < 0 and k|5| < 1/4, we obtain the bound

h,1 h,0 h,1 h,0

e M vt

? NP < C < . (4.3.12)

h,1 __h,0
Inserting the bound on ||[*-——||* into (4.3.9) and (4.3.10) completes the proof.
[

The unconditional stability of u} (uniform in €) follows from Theorem 4.1 and Lemma

4.2. The last term in the right hand side of (4.1.2b) is bounded by means of Lemma 4.2.
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Theorem 4.2. Let the assumptions of Theorem 4.1 and Lemma 4.2 be satisfied.
Letg—%v-b > [ > —o0. If B <0, let the length of the time step satisfy k|| < 1/4. Then
the approzimation u, satisfying (4.1.2b), is stable over the finite time T < oco. Specifically,

there exist positive constants ci, Cy, C3 such that for anyn < N — 1

h 1
i+ +u2

2

<ot <03+uu 2+ Jjut uuachHf(wz)H?)-
=0

||uh”+1||2+k‘z (h+ )| V(= )|?

If Assumption 4.1 is satisfied, then u® is stable over all time and

n hyi+1 hyi+1 + uh,i
2

n u +u u
uy +1||2+ﬁk:2|| : : ||2+k:z (h+e)IV(=—

=0

< O [fuy |2 + [fug ) + kZIIf i+1/2)[1%,

)|?

with C' = C’(b,g,f,u1 9.

h,n

Proof. The proof resembles the proof of Theorem 4.1. Take v = A € X" in (4.1.2b).

Apply Green’s theorem to the last two terms on the left hand side. This gives

H hn—HHQ_H h,nH hn+1+ h,n hn+l+ h,n

u
h 24 —2 2 4.3.1
- + (h+ V()2 4+ | [SRCERE)
hn+1 hn+1 hn+1
+ul +u” +ul
< (o), 210 (M )
h,n+1 h,n
+B,(u", u)_
2
It is easy to verify that for any n
h,n+1 h,n hn+1
u + uy’ —1— u
B, %n B (43
1 u}f’iﬂ — u}f’i 2 2 f(ti+1) —f£(t:) 2
where ¢ = |5| 0<Izge}\}/< 1 | k I+ mk o<1%%£1 | k I

It also follows from Lemma 4.2 that this constant is finite, C' < oco.
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Using Cauchy-Schwartz and Young’s inequalities gives

hn+1 hn+1 hn+1
—l—u —|—u 1 —|—u
h](V( 5 ! ),V( 5 )| < §(h+€)\\v(f2)“2 (4.3.15)
B2 uilz,n+1+u}11,n )
+m(h+€)||v(#)” :

Multiply (4.3.13) by 2k, sum over the time levels and use (4.3.14),(4.3.15). Theorem 4.1
gives the bound on k)"  (h + E)HV(u)H2 The cases when Assumption 4.1 holds
and when —oo < 3 < 0, k|| < 1/4 are treated as in the proof of Theorem 4.1.

0

Thus, the method is unconditionally stable for all time, provided that the Assumption
4.1 is satisfied. The approximate solutions u? and u} are bounded uniformly in h and e. If
the condition g — 3V -b > 3 is satisfied with —co < 3 < 0, then the assumption k|G| < 1/4
is needed to conclude stability and uniform boundedness of the approximate solutions over

a finite time.

4.4 COMPUTATIONAL RESULTS

Based on the results of [L07] (and the general theory of Defect Correction Methods), we are

expecting to obtain the following error estimates:

la —uf|| 207322000 < C(h+ k),
la — v} r2072200) < C(hllu—ulllr20.rr20) + k')

< C(h* + hE* + k*).

Consider the following transport problem in Q = [0, 1] x [0, 1]: find w satisfying (4.1.1)
with e = 1075, b = (1,1)7, g = 1 and f = [(2 + 2en?) sin(7z) sin(7ry) + 7 sin(7z + 7y)]e’
This problem has a solution u = sin(7z) sin(7y)e

The results presented in the following tables are obtained by using the software Free " E M+
+. In order to draw conclusions about the convergence rate, we take k = h and k = v/h.

Note that the method needs the number of time steps N > 4.
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Table 9: Error estimates, e = 107, T'=1, k= h

h | lu=ul|20rr2@) | rate | |lu—ub|20r20) | rate
1/4 0.648482 0.36992
1/8 0.406708 0.6731 0.159371 1.2148
1/16 0.233742 0.7991 0.0590029 1.4335
1/32 0.126373 0.8872 0.0202292 1.5443

Table 10: Error estimates, e = 1075, T =1, k = vh

h |u—ul|lr20r1200) | rate | [[u—ub|r20r120) | rate
1/16 0.267117 0.059804
1/64 0.0717964 0.9477 0.00712605 1.5345
1/256 0.0179559 0.9997 0.00076384 1.6109

The method doesn’t resolve the problem of oscillations in the boundary layer, but the

oscillations do not spread beyond the boundary layer. This is verified by the figure plots of

the computed solution u4, as the mesh size and the time step are decreased.

Figure 7: Computed solution u%, k = h =1/8
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Figure 8: Computed solution u?, k = h =1/16

Figure 9: Computed solution u?, k = h =1/32

Finally, we compute the approximation error away from the boundary layer, namely in

(0,0.75) x (0,0.75).

Table 11: Error estimates in (0,0.75) x (0,0.75), e = 107°, k= h

ho | lu—u|l20ri2@) | rate | [[u—ub|r20r20) | rate
1/4 0.545619 0.26598
1/8 0.32111 0.7648 0.0844715 1.6548
1/16 0.172327 0.8979 0.02094 2.0122

Hence, the computational results verify the claimed accuracy of the method away from
boundaries. Also, the oscillations of the computed solution do not spread outside of the

boundary layer.
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Table 12: Error estimates in (0,0.75) x (0,0.75), e = 1075, k = V/h

h |lu — uiLHLZ((LT;LQ(Q)) rate | |ju— ugHLz(O,T;Lz(Q)) rate
1/16 0.197961 0.0186758
1/64 0.0491873 1.0044 0.0016107 1.7677
1/256 0.0120236 1.0162 0.000112279 1.9213
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5.0 NUMERICAL ANALYSIS OF A METHOD FOR HIGH PECLET
NUMBER TRANSPORT IN POROUS MEDIA

5.1 INTRODUCTION

Consider the porous media problem (or Darcy’s problem): find (u,p) such that

—V - (kVp) =g (511
u=—kVp.

In this equation, u represents the convection field of some fluid through a porous medium,
p is the pressure, k represents the relative permeability, and ¢ is a source term.

The associated evolutionary convection diffusion problem is: find ¢ such that

b — eAd+u-Vé+ch=f (5.1.2)

where ¢ is a scalar quantity modeling some characteristic of a fluid flow such as temperature
or concentration level, € is a diffusion coefficient, ¢ is an absorbtion/reaction coefficient, and
f is a forcing function.

The coupling of the porous media problem with the convection diffusion problem is of
great importance in a wide array of applications. Any situation in which one is concerned
with a scalar quantity associated with a flow through a porous medium is pertinent. Appli-
cations include oil recovery, the tracking of contaminants in groundwater flow, and nuclear
waste storage among many others.

Numerically speaking, this coupling is rather straightforward. Darcy’s problem is solved

to obtain a convection field, u. This computed convection field is then used in the convection
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diffusion problem to obtain a concentration level, ¢. This coupling is unidirectional in that
the computed value of ¢ plays no part in determining u.

A full error analysis of the coupled system requires two components. First, we determine a
bound on the error in the approximation, u®, of u through whatever numerical method is used
to solve Darcy’s problem. Next, we must follow this inherited error and its effects through the
analysis of the error in approximating the concentration level, ¢ via the convection diffusion
problem. For Darcy’s problem we use the Galerkin approximation to obtain u®. For the
convection diffusion problem we follow a thread of recent results of Guermond [guermond],
Layton [Layton02], and Heitmann [heitmann].

The fundamental difficulty in this type of modeling arises from the interplay of convec-
tion, a large scale result of fluid velocity, and diffusion, which acts on small scales via Brow-
nian motion. Specifically, the inequality |ulh/e >> 1 frequently results in solutions display-
ing numerical instability around boundary or interior layers. A wide variety of stabilization
methods have been developed in an effort to gain stability while maintaining solution qual-
ity (see Codina [codina] for a survey of some common methods). One branch of techniques
have been the multiscale methods of Hughes et al. [hughesl, hughes2, hughes3, hughes4] and
Guermond [guermond, guermond2] among others, which have added stability by augmenting
the solution space with bubble functions.

In particular, the method of Guermond creates a composite space via the direct sum of
a large scale finite element space, X and a space composed of bubble functions, X’. The
resulting space X" = X @ X’ allows for every v® € X" to be decomposed as v* = 7 4 o/
where v seeks to capture the large scale behavior and artificial viscosity is added only to the
fine scales through v'.

In Layton [Layton02] a consistent multiscale mixed method formulation is presented for
the stationary convection diffusion problem. The method decomposes the finite element
space X" into large scales represented by L and fine scales represented by I — L¥. Stability
is added to the equation and then removed via the mixed variable. By clever selection of the
space L that part of the stabilization term remaining acts only on fluctuations in Vo". A

natural selection is the choice L¥ = VX#. This choice is analyzed by Layton with

e X" := conforming, C° piecewise linears on a mesh of width h,
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o X := conforming, C° piecewise linears on a coarser mesh of width H, and

o L1 := VX" = [? piecewise linears on the coarser mesh.

This results in near optimal error bounds. In Heitmann [heitmann] the method of Layton
is extended to the evolutionary problem using a Crank-Nicholson time discretization. Em-
ploying the same choice of L = VX bounds are obtained for the cases of conforming, C°
piecewise linear, quadratic, and cubic elements.

This chapter seeks to move the efforts of Layton and Heitmann forward in a next logical
step by coupling the eddy viscosity discretization of their work to the porous media problem.
We turn to a backward Euler time discretization to simplify some of the computation and
notation however these results would translate easily to the Crank-Nicholson method or any
other higher order methods.

In section 5.2 we briefly describe notation used and a few established results. We also
present the method to be studied. Section 5.3 states and proves results for Darcy’s prob-
lem. In particular, stability is established and a bound on the approximation error for the
convection field is determined. In section 5.4, a comprehensive analysis of stability and the

error associated with finding ¢ is performed.

5.2 NOTATION AND PRELIMINARIES

We begin with a few definitions, assumptions, and forms used, and conclude the section
with a statement of the method to be studied. The variational formulation of the coupled

problem (5.1.1)-(5.1.2) is naturally stated in

X = Hoa(Q)4, S = HLNQ), Q:=IL2(Q),

where Hy;, ()1 ={v:Q - Ry v e L)% V- -ve L*N)}.

Definition 5.1. For v € L? let P be the orthogonal projection operator from L*(Q) to L.
Let PP =1— P.
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We use the standard L? norm, ||-||, and the usual norm on the Sobolev space H*, namely

|-||%, as well as the Hg;, norm defined below.

Definition 5.2. For u such that u € L? and V -u € L? we define the Hg, norm
[ull?,,, = [lal? + IV - ul?
Definition 5.3. For ¢ € H'(Q), the weighted norm of a function ¢ : Q — R is defined by
1911 ca = 017 + el VOI* + ol P’V

We make several common assumptions about the finite element spaces. The first is the

discrete inf-sup condition.

Remark 5.1. The finite dimensional spaces X" C X and Q" C Q satisfy the discrete inf-sup

condition
inf  sup M >06>0 (5.2.1)
aeQ vhexn |[q" V"],

Examples of such spaces are common in the literature. We shall consider X" C X,
Q" C Q to be spaces of continuous piecewise polynomials of degree k and k — 1, respectively,
with & > 1. The concentration finite element space S” is the space of continuous piecewise
polynomials of degree m, m > 1.

The interpolating properties of the finite element spaces X", S* and Q" are given by the

following assumption.

Remark 5.2. For the functionsu € X, ¢ € S, p € Q)

inf — h||V(u — hllp—¢"|I} < ch™(||ul], W), 1<r<k,
Xex}f,zhth{”“ XAV =) +hllp ="} < ™ (Jull + o), 1< <

inf ¢ =&l < AHollgr, L<r<m.
gesh

The following assumption is known as the inverse estimate.

Remark 5.3. For any v* € X*
Ve[| < Cujo"],

holds in X", where p is a characteristic length scale and C' is of order one for typical finite

element spaces.
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Remark 5.4. Let P be the orthogonal projection from L* onto a given finite element space
L7 c X" where h and H denote characteristic mesh widths (h < H). Then, for any
o e Xh

1PVe"|| < CH™Y|¢"].

For more detail on this assumption see John, Kaya, and Layton [johnkayalayton] and
Kaya [kaya].

We also define the following three forms for notational efficiency.

Definition 5.4. For all p,w € S define

b(¢,w) = (u-Vo,w) + (co,w),

a(¢,w) = €(Vo, Vw) + b(¢, w),
A(p,w) = a(p, w) + a(P'V¢, P'Vw).

The superscript h on any of these forms indicates that the concentration level and the velocity

field to be used are the approzimations u", ¢". Thus, for instance we have

a"(¢",w) = €(Vo", V) + 0" (¢", w) = (V" V) + (u" - Vo', w) + (c¢", w).

We now turn toward the approximation method to be studied. The variational formu-
lation of (5.1.1)-(5.1.2) is found as usual by multiplying (5.1.1) by a test function v € X,
multiplying (5.1.2) by a test function w € S and integrating over the spatial domain. The
result is to find (u,p, ¢) € (X, Q,S) such that for all (v,w) € (X, 5)

k' u,v)— (p,V-v)=0 (5.2.2)
V-ou=g (5.2.3)
(¢t7 U)) + a<¢7 w) = (f7 w) (524)
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Following the developments of Layton [Layton02] and Heitmann [heitmann] for the sta-

tionary and evolutionary convection diffusion problem respectively, the coupled method is to

find u" € X", ¢" € S* and p" € Q" such that for all v € X" w" € S" and for all ¢" € Q"

k(v — (p", v v =0, (5.2.5)
(V-u",¢") = (9,4"), (5.2.6)
(o8, w") + a(P'V", P'Vw") + a"(¢" w") = (f,w"). (5.2.7)

Recall, this system is only coupled in one direction (porous media to convection diffu-
sion), thus we begin by proving stability and error estimates of the Galerkin approximation

(5.2.5,5.2.6) of the Darcy’s problem (5.2.2,5.2.3).

5.3 STABILITY AND ERROR ANALYSIS OF THE DARCY PROBLEM

Theorem 5.1. The Galerkin approzimation (0", p") to equations (5.2.5,5.2.6) is stable pro-
vided g € L*(Q).

Proof. Let v" = u" in (5.2.5) and ¢" = p" in (5.2.6). This gives
FoH P = (p", V- u) (5:3.1)

and

(V-u"p") = (" V-u") = (g,0"). (5.3.2)
Inserting into the inf-sup condition (5.2.1) and rearranging gives

(phvv'uh> (phav.uh) (phav'uh) - k_1||uh||2

BlIp"| < = < =
u|[ a7, V2 + [V - ub|]2 [[u”|| [[u”||

=k~ |u|].

(5.3.3)
It follows from equations (5.3.1)-(5.3.3) that

_ L
FH P = (g,0") < llgllIp"[] < 5" gl Tl
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Thus,
1
"] < =lgl|

proving the stability of u”*. Furthermore, equation (5.3.3) combined with the above gives

1. _
thHS@k 9]

completing the proof. Il

Convergence is established in the following theorem.

Theorem 5.2. Let (u,p) € (X, Q) satisfying equations (5.2.2,5.2.3). Let (u", p") € (X", Q")
be the Galerkin approximation of equations (5.2.5,5.2.6). Then

||u — uh||Hdw + ||p _th < C<vi}g)f(h ||u - Vh||Hdiv +thg£h ||p - qh”)

For the proof, we will bound each norm on the left hand side individually. Beginning

with the u — u” term, it follows from (5.2.3) that for all ¢" € Q"

(V-u,q") = (9,4").
Subtracting (5.2.6) from the above gives

(V-(u—-u"),¢") =0, Vq" € Q" (5.3.4)

Let I(u) be some projection of u into X”. The error is then decomposed via e, = u —u" =

(u—1I(u))—(u"—1I(u)) = n—1", where " € X" and n ¢ X". Then (5.3.4) can be written
as

(V-9".q") = (V-n"¢")
Letting v = 1" in the inf-sup condition (5.2.1) and using the above equation gives

(v : ¢h7 qh) (V -1, qh)
Allg"] < = :
L T T

It follows then that
Bl 19" m, < IV -2l 11d"],

which implies

1
19" 145, < BHV-"?II-
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Now, by the triangle inequality

1
=g, < [+ 11, < (14 )l

Since I(u) is an arbitrary function in X", we obtain

1y .
o=l < (14 5) it = vl (5.3.5)

h

completing the bound on u — u”. The bound on p — p” is completed in similar fashion.

Subtracting equations (5.2.2)-(5.2.3) gives
Fla—u",vh) — (p—p", vV -v") =0, v e X"

The error in the pressure approximation is decomposed via p—p" = (p—1I(p))— (p" —1(p)) =
Ny — w]’} where 1/11’} € Q" n, ¢ Q", and I(p) is some projection of p into Q". The previous

equation is then rewritten
(WY V") = (0, Vv — k7 (= ! V).

Using the inf-sup condition on the left hand side and the triangle inequality on the right

hand side gives
BUG I 1, < [l IV -V [+ 57w = a?( [ [Iv"]].

Dividing by 3 and ||v"||s,,, which is greater than ||V - v"|| and ||v"|| gives

1
g

The triangle inequality on the decomposition gives ||p — p"|| < [|n,|| + [[/}]|, which applied

1 _
111 < il + 257 [ —u|].
B

to the above gives
1
g

1 -
Ip—p"ll < (1+ B>””p” SRS f—
Since I(p) is an arbitrary function in Q" we have

1
g

and combining (5.3.5) with (5.3.6) completes the proof. O

1N . _
lp—p" < (1+ =) inf [lp—¢"[|+ =k |Ju—u"| (5.3.6)
B/ qheqh
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54 THE CONVECTION DIFFUSION PROBLEM

The backward Euler method is used to approximate the time derivative. The subscript n is

used to denote the value of the function at the time level ¢,. Thus (5.2.4) is rewritten

<¢n+1 P

At ) h) + €(Vopi, th) + (wpq - V¢n+1,wh) + (Chny1, wh) (5.4.1)

- (fn+17 wh) + (pn—i-h wh)7

where poi1 = (Gnai1 — On)/At — ¢y(t,41) is the error in the approximation of the time

derivative at t,,;. The approximation method seeks to find ¢" € S” satisfying

n ¢h / !
< +1]{3 h> + ( n+1 v¢n+17 ) + Oé(P v‘anrla P th)

+e(Vl ), V') + (cgh ), w") = (fapr,w"), Vo € S* (5.4.2)

5.4.1 Stability of the method

Theorem 5.3. For some C' = C(Q2) = O(1) let

A(H? inf Jlu =", +a”* inf Jlu=v'l},,) <C (5.4.3)

Let f € L*(0,T; L*(2)). Then the solution of (5.4.2) is stable over any time T < oo and

n+1 n+1
18hal 2+ A D" [V + Bl 611 + 1PV ] < Clllohl + At D I1£l1)
=1 =1

where (. is a constant satisfying the coercivity condition C' — %g > f. > 0.
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Proof. Let w" = ¢!, € S" in (5.4.2). This gives

[16h3all* = l1onl?
2At

+ €HV¢Z+1H2 + OCHP/V¢Z+1HQ + (C¢Z+17 ¢Z+1)

1

_ 5((V . ufﬁ-l) Z+1,¢Z+1> S (fn-i—lagbz—&—l)‘

Introduce the error term €, 11 = u,41—u’,,. Adding and subtracting 1((V-u,4+1)¢l,,, 8", )

to the left hand side and rearranging gives

[16h3all* = l1onl?
2At

1
+ el Vo l* + all PV + (e - 59) n1s Do)

1
< (fat1s ¢Z+1) - 5((V : en+1)¢2+1, ¢Z+1)- (5.4.4)

Holder’s inequality is used for the last term on the right hand side giving

1
(V- eni1)dnin, dnin) = /Q(V-en+1)¢ﬁ+1 Oni1 < NIV - ensallzz [|6nallze [[dn i lls.

It follows from the Sobolev embedding theorem that in either 2-d or 3-d, H'/? — L3 and

H' — L5 thus we have

(V- eni) b, Onp)|l < IV ensal [ 105 a1z 1160 e

< ClIV - ennlll@h a1V VRl P2

Using the above estimate, the Cauchy-Schwarz inequality, and Young’s inequality on (5.4.4)
it follows that

[16hsall* = l1onl?
2At

+el Vo all* +all PVl + Bellén |

1 1
< SBellohall® + ﬁ“fn—HHQ + OV - enl| 165 M2 [Vl |12 (5.4.5)

Noting that V¢! 1= PV g+ P Vol 41, the triangle inequality insures the last term on
the left hand side is bounded by

ONV - enrall 1[IV 1PV |12 + CUV - ennl | 165 [1V2 1PV P2,
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For the first term we use the inverse inequality ||PV¢!_ || < CH™'||¢", ||. The second term
is bounded using the generalized Young’s inequality (with p = 4/3, ¢ = 4). Thus, (5.4.5)

can be rewritten

64 ll* — 11onll*
2Nt

1
20,
— o -
+ CHRY el 6l + SIPT6hal +Ca™ |1V - ensall 16 -

+ el Vol ll? + all PVl + Belldhall® < ool funl

Rearranging, multiplying by 2At¢, and then summing from ¢ = 0 to n gives

6l + A D" 261V + all VLI + Bl 611
=0
n+1

n 1 B -
< HIhIE+ ALY AP+ CALY” [(H 2|9 - il + a7 - eil|) |61
i=0 ¢ i=1

Applying the discrete Gronwall’s lemma and the hypothesis of the theorem completes the

proof. O

Corollary 5.1. Let the finite dimensional subspace X" € X be a space of C° piecewise

polynomials of degree k. Then the method is stable provided that
At(H32hE + o730 < C(Q).

In addition, the solution is bounded uniformly in epsilon.
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5.4.2 Error estimates for the method

Let x" € S be the equilibrium projection of ¢ € S into S" satisfying
A(¢7 wh) = A(Xha wh) - ((11 - uh) ’ th7 wh)v vwh € Sh (546)
For the right hand side we define the bilinear form B(-,-) given by

B(s,w) = A(s,w) — (e, - Vs,w), Vs,w € S,

where e, = u — u”.

Lemma 5.1. Let u € L>*(Q). B(:,-) is continuous. Furthermore if
H2 il vl 07 il (= vA < CQA) =00) 6 (547)

is satisfied, then B(-,-) is coercive. Specifically, there exists a constant C' = C(§2) such that

for all s,w € S
B(s,w) < Cl[sl[1,1a |[w|[1,1,0, and

B(s,s) = Clls]]1,.ca

Proof. The Cauchy-Schwarz inequality implies that

B(s,w) < el[Vs|[ [[Vwl| + [[al| e lIs|HI VW] + [lel e @l ]| [w]] + al[P'Vs| [ [[P'Vwl|
+[Veul[[[Vs||[[Va]]

< (1|2 + |[Vs])® + al|P'Vs|[2) 2 (Jw] | + || Vw| 2 + o |[P'Vw|?) 2
= CJsll11.0l[0]]11.0-

This proves continuity. For coercivity we have

1
B(s,s) = €||Vs||* + ((c - §V ‘u)s, s> + a||P'Vs||* — (e, - Vs, s)

1
> €| |Vs||? + Be||s|)? + || P'Vs||* + 5((V £ €4)8,5).
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The last term can be decomposed using Holder’s inequality and then the embeddings H'/? —

L3 and H' — L5 to obtain

1

1
5/(V6u)5~8 < SlIVeulllsllzs]lsllze
Q

< O Veul Il Vs[>
= C|[Veull [Is|["2(11PVs[[*2 + || P'Vs|[*2).

We use the inverse inequality on ||PVs|| and Young’s inequality (p = 4, ¢ = 4/3) to obtain

B(s,s) = €|Vl + sl + al [P'Vs| |2 = CH=/%(| Ve, || ||s|
—SIIP'Vsl[? = Ca¥|Vey||||s|

_ _ (0%
= el[Vs|* + (8. — CH™2||Veu|| = Ca™[|Veu| ') Is]* + S || P'Vs] [

Finally, we use the bound (5.4.7) to obtain that B(s,s) > C||s||1.c.a, which completes the
proof.  [OWe will assume throughout the rest of the chapter that the bound (5.4.7) holds,

thus B(-,-) is continuous and coercive.

Corollary 5.2. Let X" be a space of C° piecewise polynomials of degree k. Then (5.4.7)

reads

H73P2pE 4 o730 < C(Q, 8.) = O(1) - fe.

Theorem 5.4. Let ¢ € S. The equilibrium projection X" € S*, given by equation (5.4.6),

exists uniquely.

Proof. Define F(w) = A(¢,w) for any ¢ € S. Then equation (5.4.6) can be rewritten as
B(x",w") = F(w"). F is a continuous, linear functional. In the finite dimensional space S"
all norms are equivalent. Thus, we need only one norm in which B(,-) is continuous and
coercive. This was accomplished by lemma 5.1. Thus, the hypotheses of the Lax-Milgram
theorem are satisfied and y" exists uniquely. O]

We next seek an a priori error estimate in the approximation of ¢ by the equilibrium

projection x”.
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Theorem 5.5. Let u € L°(Q) N H*1(Q), ¢ € H™(Q), and V¢ € L®(Q). Further, let
H? inf ([ =l +07° nf o=V}, <C@Q. (5.4.8)

Then

||¢ - Xh||176704 S C(Q’ m, k>g> f)
{(1 + H ' 4 a V)™ 4 (e + a)l/th +hF - (HT + a_1/2)hm+k_1/2}

Proof. We define and decompose the error as e = ¢ — x" = (¢ — I(¢)) — (X" — I(¢)) = n—+"
such that n ¢ S* and v* € S*, and where I(¢) is some projection of ¢ into S*. Using the
triangle inequality we will complete the proof by finding bounds on ||9|1ca and |[[7"]|ic.a

separately. Beginning with the 7", it follows from equation (5.4.6) that
A(fyha wh) = A(nu wh) + <€U ’ VXha wh)7

where e, = u — u”. We choose w" = " € S" and decompose A(-,-) into its symmetric (A,)

and skew-symmetric (A,,) parts. As Ay (7", 7") = 0 we have

Ay (VA" = As(n, A" 4 Ass(n,A™) + (ew - VX" AM).

Applying the Cauchy-Schwarz inequality and Green’s theorem leads to

As(" A" < VA AD) + VA1) + Ags(,7") + (ew - VXA

1 1 1
< §As(vh,7") + 5 As(n,m) = (un, V") — (V- w)n, ") + (ew - VX", 7).

Following the proof of Heitmann [heitmann| we obtain

1 1 1
h||2 <C’{ 2 g2 Paan)|? - — [P (an)||? + — 2}
Il ca < O ca e 1P Cun)[[” + 1P (un)]] BC||U||

T (ew VXYM, (5.49)
Using the error decomposition the last term on the right hand side can be bounded via

[(ew - VX", ") < |(ew - Vo, ")+ 1(ew - V0, ¥ + [(ew - VA", ™).

112



We proceed by separately bounding each of the terms on the right hand side. The regularity

of ¢ gives

1
[(ew - V&, 7N < IVOlloeoyl(ew v < Sl IIP + 20Vl |Zoe oy leul (5.4.10)

for the first term. For the second term a combination of Holder’s inequality with Sobolev
embeddings, followed by the triangle inequality, inverse inequality, and Young’s inequality

gives

[(ew =V, v < Mleallzal [Vl 217" | o
< Clleullg 1Vl [

< CllealV2IVeul 21Vl VAl
(5.4.11)
< Olleal "2V eul |21Vl (11 PYVA" ] + | P'VA"])

! - (07

C
+ —lleul IVeul [Vl

Finally, for the third term we obtain

1
[(ew - VA", < 2 1((V - en)?™ ")

< C|IV - eul [ IV 121 V"2 (5.4.12)

< CIV - eul[ [V (PVA [P + [ VA" 1P72)

_ Q _
< CHTP(IV - el [W'1* + ZIP'VAIP + Ca™?[V - eul 115"
The combination of equations (5.4.9) - (5.4.12) gives

1 e < CIIR o (14 iy (B2 4+ ) 0l + 119y i€l = v,
+(H? a0 inf [fu= v, IVl |
-3/2 h -3 h||4 h||2
+C(H? inf la = v*{lmy, +a™ inf fla—=v"lg, ) 17"

(5.4.13)
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For the bound on ||n]|; .. we choose I(¢) to be the L2-projection of ¢ into S". This gives
[n]| < Ch™H|@]|gm+r and ||Vn]| < Ch™||@||gm+1. Thus, we have

11l1ca < OO+ (e+ ) 2h™)||0]] (5.4.14)

Now applying the hypothesis (5.4.8), we obtain from equations (5.4.13) and (5.4.14) the

result

16 = X"llca < CQm kg, {4 (64 @) V20" 4 H 4 4 o120

+ hE g o pmhe2 a‘l/"’hm““‘m}

]

Corollary 5.3. Under the condition H=3/?h™ +h*"=3 < C(Q), the choice of a(h) = h gives
16 = X"l ca < COm, kg, N{RE 4+ (14 HMRHZ) (/2 4 ettt L

The next step is to find an a priori bound on the discrete time derivative.

Theorem 5.6. Let the assumptions of theorem 5.5 be satisfied. Let u, € L*(Q)¢ and
&1, Voo € L>®(Q). Then for anyn >0

<C(Qm kg, f)(H ' +a 3

(Pn+1 — XZ+1) — (¢n — XZ)
At

[P (e @) V2R H U Y2

Lpk o o pmke1/2 +a71/2hm+k71/2}.
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Proof. The proof is analagous to that of theorem 5.5. We introduce the bilinear form
A(p,w) = e(V, Vw) + (Wpp1 - Vb, w) + (e, w) + a(P'V, P'Vw).

It is straightforward to show the same continuity and coercivity results hold for A. At the

(n + 1)st time level we obtain

A(¢n+1 - XZJrlv wh> = _(eu,n+1 : VXZJrla wh)7

where ey pi1 = Upyr — uZ 4+1- From the nth time level we have

A(dn — XZ? wh) = At((%) - V(dn — XZ)vwh) — (eun - vXvah)'

Subtracting these two equations yields

A“((gbn—l—l — XZ—HA)t_ (60 — XZ)) _ [(unJrlA; G — ), wh)

1
+ E(eu,n_i'_l SVXEL = eun - VX, wh)} . (5.4.15)

Decompose ¢y,41 — XZ—H = (Pns1—1(Pny1)) — (XZ-H —I(¢ns1)) = M1 — 77};-5-1' Since I(¢ni1)

is an arbitrary projection of ¢, into S”, we have

Thus, we only need to bound ||(7/2,; —+")/At|| and then apply the triangle inequality. Using

Tn+1 — Tin

| < onm g

the error decomposition, rewrite (5.4.2) as

A ) () o)

1 ~
+ ——(Eunt1 - VX0t — Cuntt - VXL + untt - VXE — €un - VI, ") = A(

'YZ+1 - %’; wh)
At ’

At

Take w" = S € S" above. This gives

At
‘ Y =2 < i <nn+1 . Yh — %’i) N gss(%’lﬂ — ’yﬁ)

At Leo At At At
(B (g, -y, e )
b (e - (R ), Tt 20 (Conit Z O g Jan )
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Following the proof of theorem 5.5, we obtain

h _ Al 2 . 2
/Yn—I—l Tn {‘ 7]n+1 2 1\ || 1 n }
=/ 2 <C H — =

’ At 1,6, 1, ( ta ) At
" <<11n+1 )-V(gb _ h) %}f+1—%}f>‘
n T Xn) A
N <e (%H %’5) it —%’iﬂ
un+l -’ At ) At
T+l — Tin %}LL—&-l - PVZ
+ (e‘”‘“ ( At ) Al )’
N <e (%H 72) T —%’i)‘
L ® At ) At
i <€un+1 ) ’VZH ’YZ)‘
mny At
h h
€u n+1 hy Tn+1l T 771) ‘
-V(o, — , "
| (R Vs, — )

We proceed by bounding each of the six as yet unbounded terms on the right hand side
individually. For the first term, the regularity of u gives

(™) vt = e )

h h
U, — Uy, ‘( hy T+l _'Vn>’
< || — T =
< H N V(dn — Xn)s A7

h
et e
+ Cal g — XhIP + 5| P (2

(5.4.16)

Lo (Q)
1 %}zlﬂ_'YZ 2

< CH g = Xl + 5|55

The second term uses the regularity of ¢ yielding

_ h Ak
(- 7 (B ), B < [ (P ¢">Hm)\<ew i)

M + Cllenns .

<g]
(5.4.17)
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The third term is bounded by using Holder’s inequality, followed by Sobolev embeddings

and Young’s inequality giving

(e o) )
h
V(T )H(HPV<—”"“N s (””*zt ")\)
%H o L@ P,V(%H;%) 2

<3l #5l
+C(H ™+ a” >||eu,n+1|| Vewnal |7 (222

< Cllewnll2 Vel

(5.4.18)

The fourth term is bounded as follows

h o by b Ak
Cnnt1 V(’Yn+1 7n>’ Tnt1 %))

At At
:1‘<(V.e )72+1_’YZ 72+1—’Y:f)‘
2 un+1 At y At
ho o ~ho1/2 3/2 h 3/2
< C|V - eyl % (‘pv(M)H +Hp/v<%)“ >
h by 2 -
a Tn Vn _ - o b
< S|PV () |+ Y - a0 el 22
(5.4.19)

The fifth term uses the regularity of ¢ leading to

h h h h
eu,n—f—l - 6u,n) 7n+1 - ’Yn)’ ‘<6u,n+1 - 6u,n ’Vn+1 - 7n>‘
————— ) Vo, ——— )| < |Vl L= :

‘(( At ¢ At IV &nllzo oy At At (5.4.20)
< 8‘ ryn+1 771 —f—C’ eun—i—l 6un 2
Finally, the sixth term is bounded by
h
Cun+l — Cun . ")/n—i—l FYn)‘
‘( At V(0 =X 7 57
€un+1 — Cun 1/2 Cun+l — Cun 1/2
e
- At v At
h h
Tn+1 — Tn+1 — 7,
V(o = x3) (HPV(—”+ |+ e (L))
V(60— X N
1 'Yh+1 — 2 / 7 +1 — N\ |12 ) —17\||Bun+1 — Cun 54.91
< Z||In n P < n n> H ) ) ( X )
H v R e Gy FOH T+ )=y
Cun+1 6un
HV(+T)H [PV (60 = XD + P9 (60 — x2)II)
1 7h+1 - 7h / 7 +1 — 7 _9 “_1\|| Gun+1 — €un
< Z||Intl  n P ( n n) H ) )
sl a I TRIPVUT & FOH T+ )=y
Cu,n+1 6un
V(=) e
H At ||¢ Xn”lea
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Applying the bounds of the inequalities (5.4.16) - (5.4.21) to the inequality (5.4.2) and using

the triangle inequality gives

2

<¢n+1 - X2+1) - ((bn - XZ)
At

<C(Q,m,k,g, f){h% + 1+ H > +a )+ (H > +a HR? ¢, — xﬁll?,e,a}- (5.4.22)

Finally, the application of theorem 5.5 to ||¢,, — XZH%,W completes the proof. O]

Remark 5.1. The bound

€un+1 — Cun

A7 < Ch¥{|ugl s

is obtained by following the proof of theorem 5.2 with n and ¥" replaced by (n,,., —n,)/ At
and (Pl — Pl) /At respectively.

We conclude with the theorem that gives the a priori estimate for the approximation

error of the method (5.4.2).

Theorem 5.7. Let the assumptions of theorem 5.6 be satisfied and let ¢y € L*(0,T; L*(2)).
Further, assume that the stability condition (5.4.3) of theorem 5.3 is satisfied. Then for any

time level n

16 — G113 ca < lld0 — 511> + C(Q,m, [, g)
((H*2 L ofl){thH 4 (et a)th L Rp2mAR g g 2me2

L p2k o fp2p2me2k-l +&—1h2m+2k—l}

N
+ak S|PV + At2>.

=1
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Proof. The model equation and the equation of the method can be written respectively as

<¢n+1 ¢n7 h> + Appi1, W) — a(P'Vpsy, PV

At
= (far1, w") + (%“At bn _ ¢t(tn+1),wh). (5.4.23)

and
e . h h
( At > * A( n+1> W ) o (eu,n+1 ’ V¢n+1) - (fn+1>w ) (5424)
We use the equilibrium projection x” in the error decomposition

Gny1 — ¢n+1 (¢n+1 XZ+1) - ( Z+1 - XZ+1) = Tn+1 — ’77};—1—17

where 7,11 = ¢ni1 — X'y & S" and Al = oP,, — X, € S". Note that we have obtained

in theorems 5.5 and 5.6. Thus, we only need
1,6,

to bound [[7/,||1,c and use the triangle inequality. We subtract (5.4.24) from (5.4.23) and

the bounds on |[7,41][1,e,a and || L2

use the error decomposition to obtain for all w" € S

h h
n+1 — Tn Tn — Tn e e
<+T7wh> - (HT’wh> + A(nn-l-hwh) - A(%}zl—i-lv wh)

— a(P'Vui1, PVW") + (euni1 - VI, w") = At(ppir,w™), (5.4.25)

where p,11 = ¢y (tni1-9) for some 6 €]0, 1[. Now, by definition of the equilibrium projection

we have
A(Tln+1,wh) = A(¢n+1 - XZ+17wh) = —(Gu,nﬂ : VXZH,wh).

By regrouping terms in (5.4.25) and using the above we have for all w" € S”

h h
Tn+1 — Tn e
< +At ) wh) =+ A(VZ—Q—D wh) =

(W, wh> — a(P'N i1, PVW") — At(pry1, 0") + (eumir - V’yﬁH, w™).

Now set w" =+, € S" above. This gives

i 12 = 1

+ eIVl + Bellvna I* + @l PV |2

2At
Thh4+1 — Tin
< ‘ +T + || PVl [PV ||+ At posa | vl
1
- 5((v : 6u,n+1)%@+17 IYZJrl)'
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Applying Young’s inequality gives

H’YZHHQ_H’YZ”Q B2 D) PIuAb |2
g P+ Bl + ol P
1 h 2 1 Tn+1 — Tin 2 (67 h 2 2
< ZﬁC‘|7n+1” +E AL +Z”P/V’Yn+1‘| + || P'V i1 |
1 hoo2 iA2 2 @ P'uAb |2
+ 30l + A+ FIPVAL |

+ CHTPV - eunll + a7V - ewna | Ivhsa 1.

Finally, summing over the time levels, multiplying by 2At¢ and using the discrete Gronwall’s

lemma completes the proof. O

5.5 CONCLUSIONS

We have presented rigorous analysis of the coupling of the porous media problem with the
evolutionary convection diffusion problem. In the case of the porous media problem we
use the Galerkin approximation to obtain the velocity field, u”. The convection diffusion
problem is then solved using this approximation in conjunction with the stabilization schemes
presented by Layton [Layton02] and Heitmann [heitmann]. It is shown that the convergence
rate is near optimal and independent of the diffusion coefficient, €. Logical next steps in

this direction would include coupling with the Navier-Stokes equations and computational

experiments using this method.
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6.0 LARGE EDDY SIMULATION FOR MHD FLOWS

6.1 INTRODUCTION

Magnetically conducting fluids arise in important applications including plasma physics,
geophysics and astronomy. In many of these, turbulent MHD (magnetohydrodynamics
[Alfv42]) flows are typical. The difficulties of accurately modeling and simulating turbu-
lent flows are magnified many times over in the MHD case. They are evinced by the more
complex dynamics of the flow due to the coupling of Navier-Stokes and Maxwell equations
via the Lorentz force and Ohm’s law.

In this chapter we consider the problem of modeling the motion of large structures in a
viscous, incompressible, electrically conducting, turbulent fluid.

The MHD equations are related to engineering problems such as plasma confinement,
controlled thermonuclear fusion, liquid-metal cooling of nuclear reactors, electromagnetic
casting of metals, MHD sea water propulsion.

The flow of an electrically conducting fluid is affected by Lorentz forces, induced by the
interaction of electric currents and magnetic fields in the fluid. The Lorentz forces can be
used to control the flow and to attain specific engineering design goals such as flow sta-
bilization, suppression or delay of flow separation, reduction of near-wall turbulence and
skin friction, drag reduction and thrust generation. There is a large body of literature dedi-
cated to both experimental and theoretical investigations on the influence of electromagnetic
force on flows (see e.g., [HeSt95, MeHeHr92, MeHeHr94, GPT, Tsin90, GL61, TS67, HS95,
SB97, BKLLO00]). The MHD effects arising from the macroscopic interaction of liquid metals

with applied currents and magnetic fields are exploited in metallurgical processes to con-
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trol the flow of metallic melts: the electromagnetic stirring of molten metals [MDRV84],
electromagnetic turbulence control in induction furnaces [ViRi85], electromagnetic damping
of buoyancy-driven flow during solidification [PrIn93], and the electromagnetic shaping of
ingots in continuous casting [Sal.iEv88].

The mathematical description of the problem proceeds as follows. Assuming the fluid
to be viscous and incompressible, the governing equations are the Navier- Stokes and pre-
Maxwell equations, coupled via the Lorentz force and Ohm’s law (see e.g. [Sher65]). Let
Q= (0,L)? be the flow domain, and u(t, z), p(t, z), B(t, ) be the velocity, pressure, and the
magnetic field of the flow, driven by the velocity body force f and magnetic field force curl g.
Then u, p, B satisfy the MHD equations:

1 S
up + V- (uu”) — ﬁAu + §V(BQ) — SV - (BBT) 4+ Vp = f,
1
B + R—(:url(curlB) + curl (B x u) = curlg, (6.1.1)
em
V-u=0,V-B =0,
in @ = (0,7) x £, with the initial data:
u(0,2) = ug(x), B(0,x2) = Bo(x) in €, (6.1.2)

and with periodic boundary conditions (with zero mean):
O(t,x + Le;) = O(t,x),i =1,2,3, / O(t,z)dr =0, (6.1.3)
Q

for :U,Uo,p,B,B(],f,g.
Here Re, Re,, and S are nondimensional constants that characterize the flow: the
Reynolds number, the magnetic Reynolds number and the coupling number, respectively.

For derivation of (6.1.1), physical interpretation and mathematical analysis, see [Cowl57,

LL69, ST83, GMP91] and the references therein.
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If =1, =% denote two local, spacing averaging operators that commute with the differ-

entiation, then averaging (6.1.1) gives the following non-closed equations for @', §62, P in

(0,7) x €

_61+V ( 5) i A—(Sl SV-(BBT61>+V<§§61+]_951> :751’

s, 1 s s
B(S + RTcurl(curlB )+ V- (BuTa )— V- (uBTé ) = curl 3, (6.1.4)

V. =0, V- -B®=0.
The usual closure problem which we study here arises because ! £ uhw, BBT' +#

B B" , uBT 2 £ 7% BT . To isolate the turbulence closure problem from the difficult

problem of wall laws for near wall turbulence, we study (6.1.1) hence (6.1.4) subject to (6.1.3).

The closure problem is to replace the tensors k" BBT wBT” with tensors 7 @, u),
T (B 7B ), 7 (@, B B *), respectively, depending only on u‘51 B” and not u, B. There are
many closure models proposed in large eddy simulation reflecting the centrality of closure in
turbulence simulation. Calling w, q, W the resulting approximations to ﬂ51,]_751,§62, we are

led to considering the following model

1 b
w+ V- 7 (w,w) = o Aw— ST (W, W) + Vg = 7

W, + R%curl(cuer) +V-T(w, W)=V - T(W,w) = curl g, (6.1.5)

m

V.ow=0, V-W=0.

. . —s5 B2 —,
With any reasonable averaging operator, the true averages u, B ~,p’' are smoother than
u, B,p. We consider the simplest, accurate closure model that is exact on constant flows

(ie., u’t = u,§62 = B) is

——5 —

wl ~uul ' = T @ ua"),

S rp—— —5y —

BBT" ~B"BT" = 7(B”.B"), (6.1.6)
S S — s

uBT” =7 BT = 7@, B"),
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leading to

- mo1 ]— gr———— | i
W+ V- (wa) — %Aw—SV-(WWTé)qLVq:f&, (6.1.7a)
1 —_ -
Wr + ﬁcurl(curl W)+ V- (WwT(sQ) -V (wWTéz) = curl g%, (6.1.7b)
V-w=0, V-W=0, (6.1.7¢)

subject to w(z,0) = T (), W (x,0) = EgQ(m) and periodic boundary conditions (with zero

means).

We shall show that the LES MHD model (6.1.7) has the mathematical properties which
are expected of a model derived from the MHD equations by an averaging operation and
which are important for practical computations using (6.1.7).

The model considered can be developed for quite general averaging operators, see e.g.
[ASO1]. The choice of averaging operator in (6.1.7) is a differential filter, defined as follows.
Let the § > 0 denote the averaging radius, related to the finest computationally feasible
mesh. (In this chapter we use different lengthscales for the Navier-Stokes and Maxwell

equations). Given ¢ € L3(Q), é € H?(Q2) N L3(£2) is the unique solution of
—5 2 A0 6 :
Asp = —6"A¢p +¢ =¢ in (), (6.1.8)

subject to periodic boundary conditions. Under periodic boundary conditions, this averaging
operator commutes with differentiation, and with this averaging operator, the model (6.1.6)

has consistency O(6?), i.e.,

—6 —=3
wul " =7 uT 4 0(6,2),
B —
T R pp—
BBT" =B”BT” +0(5,2),
—702 . 2 2
uBT" =" BT" +0(8,° + 65°),
for smooth u, B. We prove that the model (6.1.7) has a unique, weak solution w, W that
converges in the appropriate sense w — u, W — B, as 1,y — 0.
In Section 6.2 we prove the global existence and uniqueness of the solution for the closed

MHD model, after giving the notations and a definition. Section 6.3 treats the questions of

limit consistency of the model and verifiability. The conservation of the kinetic energy and
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helicity for the approximate deconvolution model is presented in Section 6.4. Section 6.5
shows that the model preserves the Alfén waves, with the velocity tending to the velocity of

Alfvén waves in the MHD, as the radii 97, 05 tend to zero.

6.2 EXISTENCE AND UNIQUENESS FOR THE MHD LES EQUATIONS

6.2.1 Notations and preliminaries

We shall use the standard notations for function spaces in the space periodic case (see
[Tema95]). Let H]"(€2) denote the space of functions (and their vector valued counterparts
also) that are locally in H™(IR3), are periodic of period L and have zero mean, i.e. satisfy

(6.1.3). We recall the solenoidal space
2(Q) ={¢p € C(Q) : ¢ periodic with zero mean, V - ¢ = 0},
and the closures of 2() in the usual L?(Q2) and H'(2) norms :

H={¢eH)N, V- -¢=0in 2(Q)}2,
V={pecHNQ),V -¢=0in 2(Q)}2

We define the operator o7 € Z(V, V') by setting

1 S
(o (wy, Wh), (we, Wa)) = /Q<§Vw1 - Vwy + RTcurl Wicurl W2> dx, (6.2.1)

for all (w;, W;) € V . The operator & is an unbounded operator on H, with the domain
D() = {(w,W) € V;(Aw,AW) € H} and we denote again by &7 its restriction to H.
We define also a continuous tri-linear form %, on V x V' x V by setting

01

@0((w1,wl),(wz,w2),(w3,wg)):/Q(v-(m ) s (6.2.2)

SV (WaWTE™ s + V- (WowT ) W — V- (waWI™) Ws) da
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and a continuous bilinear operator A(-) : V. — V with
<«%('LU1, WI); <w27 WQ)) - f@o<<w17 Wl)a (w17 Wl)a ('LUQ, WQ))

for all (w;, W;) € V.
The following properties of the trilinear form %, hold (see [JLL69, ST83, Gris80, Furs00])

Bo((wr, Wh), (wa, Wa), (As,we, SAs,Ws)) = 0,

'%0((w17W1>a (w27W2>, (A61w3,5A52W3>) (623)
= _‘%0((11)17 W1>7 (U)g, WS), (A51w2, SA52W2>)7

for all (w;, W;) € V. Also

| Do (w1, Wh), (wz, W2), (w3, W3))| (6.2.4)
5 702
< Cll(wi, W) [l [| (w2, W) |41 [| (@052, W3™) ||

for all (wy, Wh) € H™(Q), (we, Wa) € H™TH(Q), (w3, W3) € H™(Q) and

, ifmi%gforallizl,...,d,

my + mg + ms >

NN QL

d
my + mo +mg > —, ifmizi forany of i =1,...,d.
In terms of V, H, o7, A(-) we can rewrite (6.1.7) as

%(M,W) b o (w0, W) + B((w, W) = (F*, curlg®), £ € (0,7T),
(6.2.5)

(w, W)(0) = (ul?, By),

where (f,curlg) = P(f,curlg), and P : L*(Q2) — H is the Hodge projection.
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Definition 6.1. Let (u_o‘sl,B#o&Q) € H, 761, curlg® € L*(0,T;V"). The measurable functions
w, W :[0,T] x Q — R? are the weak solutions of (6.2.5) if w,W € L*(0,T;V)NL>(0,T; H),
and w, W satisfy

/Q w(t)pdx + /0 /Q éVw(T)qu Yl V) ¢ — SW(r) - VW (r) ¢ drdr

- /Q Tt b + /0 t /ﬂ ) ¢ dadr, (6.2.6)

/QW(t)zpdx + /t/ LVW(T)W () W) Y — W) V() e dedr

/BD 7,[;da:+/ /curlg *o dxdr,

Vit € [0,T),p,¢ € 2(

Also, it is easy to show that for any u,v € H'(Q2) with V- u = V - v = 0, the following
identity holds

Vx(uxv)=v-Vu—u-Vu. (6.2.7)

6.2.2 Stability and existence for the model

The first result states that the weak solution of the MHD LES model (6.1.7) exists globally
in time, for large data and general Re, Re,, > 0 and that it satisfies an energy equality while

initial data and the source terms are smooth enough.

Theorem 6.1. Let 6,,65 > 0 be fized. For any (g ,Bo Y € V and (751, curlg®) €
L?*(0,T; H), there exists a unique weak solution w, W to (6.1.7). The weak solution also
belongs to L>=(0,T; HY(Q)) N L*(0,T; H*(Q)) and wy, W; € L*((0,T) x Q). Moreover, the
following energy equality holds fort € [0,T1]:

+ / N () = (0) + / ', (6.2.8)

5225

where
52 5 1 9
(0= "2 [9(t,)B + Gl N3 +

5,2 1
A ()= | At [+ o Ve, )3+

S
VW, )lg + 5 IV (2, )l
5225

S
2 AW+ ITW I (6.29)

2(t)=(f(t), w(t)) + S(curlg(t), W(t)).
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We shall use the semigroup approach proposed in [BS01] for the Navier-Stokes equations,
based on the machinery of nonlinear differential equations of accretive type in Banach spaces.

Let us define the modified nonlinearity Zy(-) : V. — V by setting

HB(w, W) if ||(w, W)]l; < N,
B, W) = : (6.2.10)
(H(w,]vvvml) B(w, W) if [|(w, W), > N.

By (6.2.4) we have for the case of |[(wy, W1)||1, || (w2, W2)|1 < N

(BN (w1, W1) — BN (we, W), (w1 — wq, W1 — Wa))|
= |Bo((wy1 — wa, W1 — Wa), (wy, W), (w1 — we, Wy — Ws)|

+ Bo((wa, Wa), (w1 — wa, Wi — Wa), (wy — we, Wy — Wh)|

—_—
< C|(wy — wa, Wy — Wa) |1 jall (wr, W) |1 || (@ = w™, Wy — W)y

1%
< §||(w1 — wa, Wi = Wy)||T + Cw || (w1 — wa, Wy — Wa)]|3,

where v = inf{1/Re, S/Re,}.

In the case of ||(w;, W;)|l1 > N we have

(B (w1, Wh) — By (wa, W), (w1 — we, Wy — Wy))|

NZ
- m«%’o((wl — wa, Wy — W2)7 (w17W1), (w1 — wq, Wy — Wz))
N2 N2 P . . o
i B Wa, y (W2, , (W1 — wa, _
(H(wl,Wl)H% H(wQ,WQ)Hg) o((wa, W), (wa, Wa), (wy — wa, Wy — Wa))

< CON||(wy — wa, Wy — W) [V (w1 — wa, Wy — Wa)||”

+ CN||[(wy — we, Wy — Wo) |13
1%
< §\|(w1 — wa, W1 = Wy)||T + C || (w1 — wa, Wy — Wy)][2.
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For the case of ||(wy, W1)||l1 > N, |[(wa, W2)|l1 < N (similar estimates are obtained when
[(wi, Wi)[l1 < N, [[(wz, W2)[1 > N) we have

|<%N(w17 Wl) - %N(wm W2)7 (w1 — wy, W1 — W2)>|

NZ
N mﬁo((wl — wq, Wy — Wa), (wy, Wh), (wy — we, Wy — Wh))
N2
B (1 a W) '@0((2027 W2)7 (w27 WQ), (wl — w2,W1 — W2))
) 1

< ON||(wy — wa, Wy — W) [[32[| (w1 — wa, Wy — Wa)lg”?
+CNH<wl_w2aWI_WQ)Hl”(wl_w%Wl_W2)||1/2

v

< 5”(1111 — wy, W1 — W) ||7 + C || (w1 — wa, Wi — W)]I2.

Combining all the cases above we conclude that

(BN (wy, Wh) — B (wa, Wa), (w1 — we, W1 — Wy))| (6.2.11)
1%
< §H(w1 — wa, W1 — Wy)||7 + C || (w1 — wa, Wy — W)][2.

The operator Ay is continuous from V to V'. Indeed, as above we have (using (6.2.4) with

mlzl,mgz(),mgzl)

(B (w1, W) — By (w2, Wa), (w3, W3))] (6.2.12)
<| % (w1 —we, Wy — Wa), (w1, Wh), (w3, Ws))|

+ [Bo (w2, W2), (w1 — wa, Wi — Wa), (w3, W)
< O |[(wr — we, Wi = Wa)[1[|(ws, W)||1-

Now consider the operator I'y : D(I'y) — H defined by
I'y=o +%By, DIn)= D).

Here we used (6.2.4) with m; = 1,ms = 1/2,m3 = 0 and interpolation results (see e.g.

[GR86, TemaT79, Furs00]) to show that

B, W)y < Cllaw, W2 e (0, W2 < Coy 1 (0, W) 12 (6.2.13)
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Lemma 6.1. There exists ay > 0 such that U'y + ayI is m-accretive (mazimal monotone)

in H x H.

Proof. By (6.2.11) we have that

((FN + )\)(wl, Wl) — (PN + )\)(’LUQ, Wg), ('LU1 — Wa, W1 — WQ)) (6214)
> gH(wl —wy, Wi — Wa)||2, for all (w;, W) € D(Ty),

for A > Cy. Next we consider the operator
Fn(w, W) = (w, W)+ By(w, W)+ ay(w, W), forall (w, W) e D(Fy),
with
D(Zn) ={(w,W) e V; A (w, W)+ Bn(w,W) € H}.

By (6.2.12) and (6.2.14) we see that .Zy is monotone, coercive and continuous from V' to V'.
We infer that %y is maximal monotone from V to V' and the restriction to H is maximal
monotone on H with the domain D(Fy) D D(&7) (see e.g. [Brez73, Barb76]).

Moreover, we have D(%y) = D(</). For this we use the perturbation theorem for nonlinear

m-accretive operators and split .%y into a continuous and a w-m-accretive operator on H

35]{,:(1—5)&7/, D(Fy) = D(«),
F2 = gd +Bn() +anl, D(FR) ={(w,W) eV, Fi(w,W) e H}.

As seen above by (6.2.13) we have

9
|75 (w, W), < 51l (w, W)l + (1B (w, W)llo + aw | (w, W)llo

2

C
< 2l w, W)llo + all(w, W)llo + 2, for all (w, W) € D(F4) = D(«r),

where 0 < ¢ < 1.
Since Z\, + F% = 'y + ayI we infer that T'y + ayl with domain D(&) is m-accretive in

H as claimed. O
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Proof of Theorem 6.1. As a consequence of Lemma 6.1 (see, e.g., [Barb76, Barb93]) we have
that for (u_051,F052) € D(</) and (761, curlg®) € WH([0,T], H) the equation

W) - (w0, W) (1) + B (0, W) (1)) = (F curl g™, t € (0,7),
(6.2.15)

(w0, W)(0) = (w@" By™).

has a unique strong solution (wy, Wy) € WH([0,T]; H) N L*°(0,T; D(&)).
By a density argument (see, e.g., [Barb93, JLL69]) it can be shown that if (%5173#052) €H
and (TJI, curl g®) € L?(0,T, V') then there exist absolute continuous functions (wy, Wy) :
[0, T] — V' that satisfy (wx, Wx) € C([0,T]; H)NL*(0,T : V)NW12([0,T],V’) and (6.2.15)
a.e. in (0,7), where d/dt is considered in the strong topology of V".

First, we show that D(&) is dense in H. Indeed, if (w,W) € H we set (w., We) =
(I +eln) " Y(w, W), where I is the unity operator in H. Multiplying the equation

(w57 WE) + €FN<w€? WE) = (U], W)
by (we, W) it follows by (6.2.3), (6.2.11) that
1(we, W) I§ + 2ev [l (we, W)l < [l (w, W)lg
and by (6.2.10)
I we = w0, We = W)l oy = ellTewe, Woll-a < €Nl (uwe, We | (we, Wo) ",

Hence, {(w.,W.)} is bounded in H and (w., W) — (w,W) in V' as ¢ — 0. Therefore,
(we, We) = (w, W) in H as € — 0, which implies that D(I'y) is dense in H.

Secondly, let (u_o‘sl,Fo(sz) € H and (Tal,curl g°2) € L?(0,T,V"). Then there are sequences

[(@2, Bo?)} € D(T), {(F),curlg®)} € WA([0, T]; H) such that

5. =0 5 —0 .
(uoil, BORQ) — (uo‘sl, By 2) in H,

(Til, curlgff) — (751, curl§52) in LQ(O, TV,
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as n — oo. Let (wh, Wx) € Wh([0,T]; H) be the solution to problem (6.2.15) where
(w, W)(0) = (ur, Boff) and (T(Sl, curl g) = (Til, curl g%). By (6.2.14) we have

d n m n m (|2 v n m n m) ||2

EH(U)N —wy, Wy = Wx)lls + §||(7~UN —wy, Wy = W)y

— 7 eurl(g®” — g%2))1%,

n m n m 2 -0
< 20N |[(why — wiy, Wy — W)l + ;H(fnl

for a.e. t € (0,7"). By the Gronwall inequality we obtain

n -5 02
[(wy — wi, Wy — WN)()HO<€QCNtH< ~ w3, By’ — Bop)II?

QeZCNt 5 2
= [ - T cnnigls — ) ()P

Hence

(wn (t), W (t)) = lim (wi(t), Wy (1))

n—oo

exists in H uniformly in ¢ on [0,7]. Similarly we obtain

lwi ()15 + ||WN<t)||(2)+/ (—R (IVer (s)lls +g— (IlcuerN(S)Hﬁ) ds
0 e e

m

t
_ - 02 —0 —
< O [ 1 + 1Bar 13+ [ (172 G, + eunt g (o), )as).

and

2

d

- (Wi, Wr)(1)

dt
dt

/T
0 -1

t
——d2 —6 _
< O w2 18+ W13+ [ (12612, + euntg (o), )|

Hence on a sequence we have

(wy, W§) — (wy, Wy) weakly in L*(0,T;V),
d

- i(wN, W) weakly in L*(0,T; V"),

n W?’l —
(Wi, Wy) dt

where d(wy,Wy)/dt is considered in the sense of V'-valued distributions on (0,7). We
proved that (wy, Wx) € C([0,T]; H) N L*(0,T; V) N W12([0, T]; V).
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It remains to prove that (wy, W) satisfies the equation (6.2.15) a.e. on (0,7"). Let
(w, W) € V be arbitrary but fixed. We multiply the equation

d _
S (wh, WR) + Dy(wh, Wh) = (F) curlgh), ace. t€(0,7),

by (wy —w, WX — W), integrate on (s,t) and get
5 (103 (0, W) — o W — 1w (5), W) — (oo, W)
< [ () gl (7)) = Do, W), (wh (7). WR () — (w, W)

After we let n — oo we get

<(wN(t)a Wi (t) — (wn(s), Wi(s))

PR ,(wn(s), Wi (s)) = (w, W)> (6.2.16)
1

<
“t—s

/ (F (7), cunlg™ (7)) = Dy (w, W), (wn(7), Wy (7)) — (w, W))dr.

Let to denote a point at which (wy, Wy) is differentiable and
to+h 5

(7" (o), corlg*(t0)) = Jim 5 [ (F" (k). cwrl g™ ().

Then by (6.2.16) we have

<d(’wN, Wy)

dt (to) — (le,curlgaz)(to) + In(w, W), (wn, Wa)(to) — (w, W)> < 0.

Since (w, W) is arbitrary in V' and I'y is maximal monotone in V' x V' we conclude that

d(wN7 WN)

dt (to) + Tn(wn, Wi )(to) = (7617 curl g*)(to).

If we multiply (6.2.15) by (As,wx, SAs,Wy), use (6.2.3) and integrate in time we obtain

6225

= llewr W)

5 2
(lox @I + SIWN BIF) + = IVwn B +

N —

+/0 (éﬂlww(s)ll%+512||Aww<8>||3>

S
—|—§(||curl WN(S)H(Q) + 522||Cur1 curl WN(S)||(2))> ds

5,28
22| curl By |2

L 52 5922 012 —51 |2
= 5 (1" 13 + SIBe™ 1) + S-I1Vaw" 13 +
_|_

/0 (7" ()=l ()1l + Sllenrl g (s) | -1 [W(s) 1 ) ds.
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Using the Cauchy-Schwarz and Gronwall inequalities this implies
|(wn, W) ()]s < Cs,5, forallte (0,T),

where Cj, 5, is independent of N. In particular, for N sufficiently large it follows from (6.2.10)
that By = % and (wy, Wy ) = (w, W) is a solution to (6.1.7).

In the following we prove the uniqueness of the weak solution. Let (wy, W;) and (wq, W)
be two solutions of the system (6.2.5) and set ¢ = w; — wy, & = By — By. Thus (¢, ®) is a

solution to the problem

%(% D) + (o, )(t) = —AB((wr, W1)(1)) + B((w2, Wa)(1)), ¢ €(0,T),

(v, ©)(0) = (0,0).

We take (As, p, SAs,®) as test function, integrate in space, use the incompressibility condi-

tion (6.2.3) and the estimate (6.2.4) to get

d
= (lellg + 87 [Veells + SN2l + 567V ellg)

N | —

1 S
+ qo IVl + St 1813) + 5o (IV R + 63 A®5)
- %0<(SO7 q))7 (w17 WI); (A(;IQO, SAJQCD))
< C|(wy, W1)|lo| (0, ®)]I6/ | (Vp, V) |3/

< G, (wr, W)lo (llellg + 02 Vel + SIIRIIG + S0 [ VI[5) -

Applying the Gronwall’s lemma we deduce that (¢, ®) vanishes for all £ € [0, 7], and hence

the uniqueness of the solution. Il

Remark 6.1. The pressure is recovered from the weak solution via the classical DeRham

theorem (see [Lera34)).

134



6.2.3 Regularity

Theorem 6.2. Let m € N, (ug, By) € VN H™ Q) and (f, curlg) € L*(0,T; H™1()).

Then there ezists a unique solution w, W, q to the equation (6.1.7) such that

(w, W) € L>(0,T; H™™(Q)) N L*(0,T; H™*(Q)),
q € L*(0,T; H™(Q)).

Proof. The result is already proved when m = 0 in Theorem 6.1. For any m € N*, we assume

that
(w, W) € L*=(0,T; H™(Q)) N L*(0, T; H™(Q)) (6.2.17)
so it remains to prove
(D™w, D™W) € L=(0,T; H(Q)) N L*(0, T; H*(2)),

where D™ denotes any partial derivative of total order m. We take the m'" derivative of

(6.1.7) and have

1 o 7 — 91 1 1

(D"w)s = =AD" w) + D™(w V) — SDmW - NW) " =Dmf,
1

Rey,

V- (D™w) =0,V - (D"W) = 0,

(D"™W), + ——V x V x (D"W) + Dm(w- VW) — Dn(W -Vuw)* =V x Dg”,

D™w(0,-) = D™, D"W(0,) = D" By ”,

with periodic boundary conditions and zero mean, and the initial conditions with zero di-

vergence and mean. Taking As, D™w, As, D™W as test functions we obtain

| =

(ID™w|2 + 6:%|VD™w||2 + S| D™W |12 + S&,2(| VD™ W |[2) (6.2.18)

DO | —
IS

t
1 m m 1 m m
+ 1z (VD™ wllg + |AD™wl}) + = (IVD" W3 + 8| AD™W]3)

m

_ / (D™ fD™w + V x gD"W)dx — &,
Q
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where
QEJ(Dm@wwaﬁﬂWKWHVWﬁLWw+(Dm@wva—Dmmmvamewx
Q

Now we apply (6.2.4) and use the induction assumption (6.2.17)

3
m
2= 2:0/lT%mDm_WDmUmej—SIWMGDmﬂULWQmej
laj<m \ @ ) ij=179
- DawiDm_aDiVVijWj - DaWiDm_aDiijij
3/2 1/2 3/2 1/2
< Nwll22 w2 s llwllm + W2 W42 0]

1/2 1/2 3/2 1/2
A [l W W2 W (o 4 TW 2 W2 )W o

Integrating (6.2.18) on (0,7"), using the Cauchy-Schwarz and Hélder inequalities, and the
assumption (6.2.17) we obtain the desired result for w, W. We conclude the proof mentioning

that the regularity of the pressure term ¢ is obtained via classical methods, see e.g. [Tart78,

AmGio4]. O
6.3 ACCURACY OF THE MODEL

We will address first the question of consistency error, i.e., we show in Theorem 6.3 that
the solution of the closed model (6.1.7) converges to a weak solution of the MHD equations
(6.1.1) when 6y, 02 go to zero. This proves that the model is consistent as dy, d2 — 0.

Let 7., 7B, Ty, denote the model’s consistency errors
— 8101 025502 025,
To =00’ —uu, 73=B B — BB, 71,= B u’ — Bu, (6.3.1)

where u, B is a solution of the MHD equations obtained as a limit of a subsequence of the
sequence wg, , W, .

—5s

We will also prove in Theorem 6.4 that ||[u — wl|r=r.r2(0), 1B — Wllr=@r.r2q) are

bounded by ||7u||z20p)s |78l L2(01): |TBullL2(01)-
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6.3.1 Limit consistency of the model

Theorem 6.3. There exist two sequences 07,65 — 0 as n — 0 such that
(w5?7W52"aq5?) - (u7B7p) as 5?753 _>O7

where (u, B,p) € L®(0,T;H) N L*0,t; V) x L3(0,T: L*(Q)) is a weak solution of the
MHD equations (6.1.1). The sequences {wesn }nen, {Wisy fnen converge strongly to u, B in
L5(0,T; L*(Q)) and weakly in L*(0,T; H'(Q)), respectively, while {gsp }nen converges weakly
to p in L3(0,T; L2(1)).

Proof. The proof follows that of Theorem 3.1 in [Lale04], and is an easy consequence of

Theorem 6.4 and Proposition 6.2; we will sketch it for the reader’s convenience. O]

6.3.2 Verifiability of the model

Theorem 6.4. Suppose that the true solution of (6.1.1) satisfies the regularity condition
(u, B) € L*(0,T;V). Thene=u" —w, E = B®—w satisfy

t
eI+ SIEOI + [ (ol Vel + o lewr B ) ds

' (6.3.2)
< C2(t) /0 (Rell7u(s) + ST5(s)[15 + Reml|75u(s) — 75a" (5)[[5) ds,

where ®(t) = exp {R63 [ Vulldds, Rew® [ | Vullids + RenRe? [, HVBH%}.

_ 02 . . ..
Proof. The errors e = 1’ —w, E = B~ — W satisfy in variational sense

—— 1 1 " — 01
e, + V- (Wu’ — ww )—%Ae—i—SV-(BéQB‘b_WW )+ V" — g)
=V (7! +573),
1 Wéz —st(SQ
Et+R—curlcurlE+V-(B ' —Ww )=V (@W"B" —wW )

m

=V (?%u - ?6B2uT)7

137



and V-e=V-FE =0, ¢e0) = E(0) =0. Taking the inner product with (As e, SAs, F) we
get as in (6.2.8) the energy estimate

1d
5 Uells + SIENG + 3l Vells + 355 leurl E15)
o3 625
+ _HveHo + R—chrl E[5 + _”A 5+ _R leurl curl 2[5
+/ (v-(u51u51 —ww)e + 8V - (B*B” - WW)e
Q
+ SV (B0 — Ww)E - SV - (@ B” — wW)E ) da
= —/ ((Tu + 878) - Ve + S(Tpy — TBd" ) - VE) dx
Q
5 2, Re o Rem T2
< sl Vell + el EIE + 5 + 751 + S22 7 = 7
Since @’ — ww = eu + we, B*B” - wWW = EB® +WE, B2w — Wuw = Eg® + We,

@ B” — wlW = B + wE, and Jo V- (we)edr = [,V - (WE)Edx = 0 we have

d
= (llellg + SIEIG + 81l Vellg + 565 [lcurl E1[5)

1 S o3 629
+ ﬁHVeHg + R—echurl B+ R—leHAeH% + RQTchrlcurlEHg

< / ( — e -Va"e — SV - (EB”)e — SV - (Ea")E + Se - V§62E>dx
Q
+ Rel|7, + S75]12 + Rew|| 780 — 754" ||
— =4
< C(IVelldlelly*Iva™ lo + 281 Bl * IV Bl * IV B oll Velo

+ SIEIIVEIY V7 o) + Rellru + S7al13 + Rew 1750 — 75,113

Using ab < ea*? + Ce=3b* we obtain

d
7 (lells + SIElF + ot Vells + So3|lcurl E|13)
S 52 625
R_emHCUﬂ E||(2) 1 ||A ||0+ R—chrlcurlEHO

< C(Re|lel3 Va4 +RemRe2||E||o||VB I8+ Rew | B3I V7" [})

1
—||Vell?
+ == lIVell3 +

+Rellmu + 8755 + Rem 750 — 75u” 5
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and by the Gronwall inequality we deduce

! S
eI + SIEQN + | (eI Ve(ol + ollowl B ) s

< OV(t) /0 (Rell7u(s) + S75(s)l[5 + Rew|ITpu(s) — 754" (5)Il0) ds,

where

t t t
\I/(t):exp{Reg/ ||Vﬂ51||§ds,Rem3/ ||Va51||gds+RemRe2/ ||V§52||éds}.
0 0 0

Using the stability bounds ||V’ ||o < || Vul|o, HV§52 lo < [|[VB||o we conclude the proof. [

6.3.3 Consistency error estimate

Here we shall give bounds on the consistency errors (6.3.1) as 61,0, — 0 in L*((0,7) x Q)
and L*((0,T) x Q).

Proposition 6.1. Let us assume that (f, curlg) € L*(0,T;V"). Then the following holds

17l (@) < 2%26,T*Re'28(T),

Rem1/2

|78l Lr 0751 @) < 2%/25,T"/? E(T), (6.3.3)

1
I 7BullL1 (0,01 () < 21/2T1/2§(51R€1/2 + 6,Ren ) &(T),

where

Rey,
(1) = (1lall + SIBIE + Rell o r-von + g heu olsorcan ) -
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Proof. Using the stability bounds we have

| Tullororn ) < [|u+ " HLQ(O,T;LZ(Q))Hﬂél — | L2(0,1,02(0))

< 2lull 20220 V261 Vul| 120,702 (52)) -

Similarly
02 =02
I8l 0rci @) < 1B+ B l2omez)ll B~ — Bllrzor2@)
< 2||B|| r20/:22(0) V202 V B 120,712 (62))
—) _ _
Isullr0mimr@) < IB™ = Bllrx@ @ rx@) + 1 Bllz@lla™ — ullz2g)
< V260, VB|| 2@ lull 20y + V261 Vull 2 | Bl 220 -
The classical energy estimates for the MHD system (6.1.1) will yield now (6.3.3). O

Assuming more regularity on (u, B) leads to the sharper bounds on the consistency errors.

Remark 6.2. Let (u, B) € L*(0,T; H*(Q)). Then

17l 20,2 () < C6F,
78]l L1001 0y < C03,

| 7Bull L1 (0,01 () < C(07 + 63),
where C' = C’(T, Re, Re,,, ||(u, B)||L2(0,T;L2(Q))a H(% B)HLQ(O,T;HQ(Q)))'

Proof. The result is obtained by following the proof of Proposition 6.1 and using the bounds

127 — ull 207522 () < 071 Aul| 20,7502 ()

—s
IB™ — Bllr20.7:12(0)) < 05| AB||r20,m:22(9))-

]

Next we estimate the L?-norms of the consistency errors 7,, 75, T, Which were used in

Theorem 6.4 to estimate the filtering errors e, E.
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Proposition 6.2. Let u, B be a solution of the MHD equations (6.1.1) and assume that
(u, B) € L*((0,T) x Q) N L*(0,T; H*()).
Then we have

| 7ull 2y < Cdy,
I78llL2(q) < Cs,

1 7Bull22(0) < C(61 + 92),
where C = C(||(u, B) || za0,m)x), | (w; B) || 220,712 (02)) ) -

Proof. As in the proof of Proposition 6.1, using the stability bounds we have

ITallz2(0) < 2l|ullza)lE™ — ullaq)

T
< 2| g1 o) (/0 [ — ul 2oy |V (@™ — uﬂ\i?(@)‘“)

1/4

. 1/4
<3l ([ 19l St

< 461 ||lull zaggyllwll 20,z @) |ull 20,7522 (0)) -
Similarly we deduce
17822 < 402|| Bl 1) I Bl 20,71 ) | Bl 20,152 (02))

and

—5 _
I8l 2(@) < lulla@lIB™ = Bllra) + | Bllzs)Ia® — ull g
< 209 ||l La() | Bll 20,111 () || Bl 20,7112 (2))

+ 201 B[ L2 lull 20,7500 ) 1l 22 0,7 122 (2))-

As in Remark 6.2, assuming extra regularity on (u, B) leads to the sharper bounds.
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Remark 6.3. Let
(u, B) € L*((0,T) x Q)N L*0,T; H*(Q2)).

Then

17l £2(q) < C67,
175 L2q) < €03,

I7BullL2(Q) < C(67 + 63),

wher’e C = C'(||(u, B)||L4((O,T)><Q)7 ||(U, B)||L4(07T;H2(Q)))-

The proof repeats the one of Remark 6.2.

6.4 CONSERVATION LAWS

As our model is some sort of a regularizing numerical scheme, we would like to make
sure that the model inherits some of the original properties of the 3D MHD equations.

It is well known that kinetic energy and helicity are critical in the organization of the
flow.

The energy E = 1 [, (u(z) - u(z) + SB(z) - B(x))dz, the cross helicity He = 3 [, (u(z) -
B(x))dx and the magnetic helicity Hy = £ [, (A(z)-B(x))dx (where A is the vector potential,
B = V x A) are the three invariants of the MHD equations (6.1.1) in the absence of kinematic

viscosity and magnetic diffusivity (é = Ri =0).

Introduce the characteristic quantities of the model

1
Erps = 5[(146110710) + S(Az;, W, W),

1
HC,LES = §(A51U),A52W),
and
1 5o 5o 1
HM,LES = §(A52W,A ), where A~ = A52 A.
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This section is devoted to proving that these quantities are conserved by (6.1.7) with the

periodic boundary conditions and é = Ri = 0. Also, note that
FErps — E, Herps — He, Hypps — Hu, as 012 — 0.

Theorem 6.5 (Conservation Laws). The following conservation laws hold, YT > 0

Erps(T) = Erps(0), (6.4.1)
Heps(T) = Heypps(0) + C(T) max 62, (6.4.2)

and
Hyrnes(T) = Hy pes(0). (6.4.3)

Note that the cross helicity H¢ s of the model is not conserved exactly, but it possesses

two important properties:

Herps — He as 012 — 0,

and

Henps(T) — Heps(0) as N increases.
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Proof. Start by proving (6.4.1). Consider (6.1.7) with & = Rim = 0. Multiply (6.1.7a) by

As,w, and multiply (6.1.7b) by SAs,W. Integrating both equations over ) gives

1
5%(/15110,10) _ S((V x W) x W), (6.4.4)
1..d
Use the identity
(V xv) xu,w) = (u-Vo,w) — (w - Vu,u). (6.4.6)

Add (6.4.4) and (6.4.5). Using (6.4.6) leads to

| &

[(As,w, w) + S(As, W, W)]

N
Q.

t
=S(W - -VW,w) - S(w- VW, W)+ S(W - Vw, W).

Hence

| =

[(A(Slwa ’LU) + S(A(;QVV, W)] = Oa (647)

N —
QL

t

which proves (6.4.1).
To prove (6.4.2), multiply (6.1.7a) by As, W, and multiply (6.1.7b) by As,w. Integrating

both equations over () gives

(afggw, W) + (w - Vw, W) = 0, (6.4.8)
(aAgij,w) (- VW) = 0. (6.4.9)

Add (6.4.8) and (6.4.9); the identity (u - Vv, w) = —(u - Vw, v) implies

(8A51w ) (8A52W
ot ot

w) = 0. (6.4.10)
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It follows from (6.1.8) that

w = Asw + 05 Aw, (6.4.11)

W = As,W + 65 AW,

Then (6.4.10) gives

8A5 w GA(; %74

: 2 A 4.12
(5=, A W) + (Z2= Agw) (6.4.12)
A5 w 0A;,W

Hence,
d ) 8A51w
a(Aglw, A52W) = (52( ot ,AW) (6413)
0As, W
2 2
+ 51( at 7Aw)7

which proves (6.4.2).

Next, we prove (6.4.3) by multiplying (6.1.7b) by A(;QKSQ, and integrating over €. This

gives

L8 (9 x 4, E" B (6:4.14)

+(w- VIV, A™) — (W -V, &%) = 0.
Since the cross-product of two vectors is orthogonal to each of them,
(V xA”) x w,V x &%) = 0.
It follows from (6.4.15) and (6.4.6) that

(w-VA?,V x &™) = (Vx &

)- VA w). (6.4.15)
Since W = V x A, we obtain from (6.4.14) and (6.4.15) that (6.4.3) holds. O
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6.5 ALFVEN WAVES

In this section we prove that our model possesses a very important property of the MHD:
the ability of the magnetic field to transmit transverse inertial waves - Alfvén waves. We
follow the argument typically used to prove the existence of Alfvén waves in MHD, see, e.g.,
[Davi01].

Using the density p and permeability u, we write the equations of the model (6.1.7) in

the form

——61 1 !
wy+ V- (wa5 )+ VP = E(V x W) x W~ vV x (V x w), (6.5.1a)
88_1/;/ =V x (w X W)(S2 —nV x (V x W), (6.5.1b)
V-w=0, V-W=0, (6.5.1c)

1
Rem ’

where v = ﬁ, n=
Assume a uniform, steady magnetic field Wy, perturbed by a small velocity field w. We

denote the perturbations in current density and magnetic field by jpeder and W, with

V x Wp = ,ujmodel. (652)
Also, the vorticity of the model is
Wmodel = V x w. (653)

Since w-Vw is quadratic in the small quantity w, it can be neglected in the Navier-Stokes

equation (6.5.1a), and therefore

1 01
e + V™ = ﬁ(v x W,) x Wy —vV x (V xw). (6.5.4)

The leading order terms in the induction equation (6.5.1b) are

ow,
ot

=V x (wx Wo) " =V x (V x W,). (6.5.5)

146



Using (6.5.2), we rewrite (6.5.4) as

B .
8—@; VP = ot % o™+ vAw. (6.5.6)

Take curl of (6.5.6) and use the identity (6.2.7). Since VW, = 0, we obtain from (6.5.3) that

aW’model

ot

S
- ;WO . ijodel(S + VAwmodel' (657)

Taking curl of (6.5.5) and using (6.5.2),(6.5.3) yields

0 I mode TV 9 .
jatd : = WO . Vwmodel ’ + nMA]model' (658)
Divide (6.5.8) by p to obtain
ajmodel 1—52 .
=-Wy-V mode Amoe- 6.5.9
ot " 0" VWmodel T NAJmodel ( )

We now eliminate joqe from (6.5.7) by taking the time derivative of (6.5.7) and substituting
for % using (6.5.9). This yields

01

820) del 1 1—62 Ow del
Comlel — S Wy - (ST - Vidmoaat* + 1 jmoet)  + AT 6.5.10
o2 P 0 u 0° VWmodel T+ NAJmodel ) +V ot ( )
The linearity of Agll implies

a2wmodel 1 —62 51
T Wmodel 2y N (W Voo 6.5.11
012 o 0 (Wo - VWmoder ) ( )

g 8wmodel

D p AR

n -
_W . A mode
+p 0+ V(Almoder) ot

In order to eliminate the term containing Aj,.qe from (6.5.11), we take the Laplacian of

(6.5.7):

Owmoder 1 , p
“’atd’ _ ;Wo VYV (Ajmodet) 4 VA Wmoder- (6.5.12)

A

It follows from (6.5.11)-(6.5.12) that

0? mode 1 5,
% = W V(- Voo ?) (6.5.13)
8 mode.
+(77 + V)A watd : - 77VA2Wmodel-
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Next we look for the plane-wave solutions of the form

i(k-x—0t
Wmodel ™~ WO€Z( * )7

where k is the wavenumber. It immediately follows from (6.5.14) that

8<"J’model — b
875 = —WWWmodel,
2
0 Wmodel 02
T = —U Wmodel,
aW’model
. 2
A ot =0k Wimodel 5

AQ (wmodel) = k4wmodel-

Substitute (6.5.14) into the wave equation (6.5.13). Using (6.5.15) gives

1 S
- 02wmodel - ﬁWO ' V(WO ' vwmodel62)

+(7] + V)i@kzwmodel - nvk4wmodel.
It follows from (6.1.8) that

WO : vWmodel(s2 = WO : vWmodel + 0(63)7

s
0
5o 1

WO ’ V(WO * VWmodel ) - (WO ’ v)2wm0d61 + 0(6%> + 0(63)

Thus we obtain from (6.5.16),(6.5.17) that

1
_‘92wmodel = E(WO ' V)QWmodel + (77 + V)iekZWmodel

— Nk Wmoder + O(07 + 63).
It follows from (6.5.14) that
(WO : V)Q(fdmoclel = _ngﬁwmodela
where k|| is the component of k parallel to Wy. Hence, (6.5.18),(6.5.19) imply

ngﬁ
Wmodel + (77 + V)iekQWmodel

2
—0 Wmodel = —

— Nk Wmoder + O(07 4 63).
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This gives

2 Weki 7.2 4 2 | 52
—0°=— o + (n+ v)ibk” — vk + O(6] + 03). (6.5.21)

Solving this quadratic equation for 6 gives the dispersion relationship

0= —

(n+ )k < Woki (v —n)2k*

2 2
5 " 0@+ 52)). (6.5.22)

Hence, for a perfect fluid (v =7 = 0) we obtain

0 = +0,k,

Ty = Vg + O(67 + 03),

where v, is the Alfvén velocity Wy /. /pji.
When v = 0 and 7 is small (i.e. for high Re,,) we have

2
0 = +b,k — %z

which represents a transverse wave with a group velocity equal to +v, + O(6% + 63).
We conclude that our model (6.1.7) preserves the Alfvén waves and the group velocity

of the waves v, tends to the true Alfvén velocity v, as the radii tend to zero.
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7.0 APPROXIMATE DECONVOLUTION MODELS FOR
MAGNETOHYDRODYNAMICS

7.1 INTRODUCTION

Magnetically conducting fluids arise in important applications including climate change
forecasting, plasma confinement, controlled thermonuclear fusion, liquid-metal cooling of
nuclear reactors, electromagnetic casting of metals, MHD sea water propulsion. In many of
these, turbulent MHD (magnetohydrodynamics [Alfv42]) flows are typical. The difficulties
of accurately modeling and simulating turbulent flows are magnified many times over in the
MHD case. They are evinced by the more complex dynamics of the flow due to the coupling
of Navier-Stokes and Maxwell equations via the Lorentz force and Ohm’s law.

The flow of an electrically conducting fluid is affected by Lorentz forces, induced by the
interaction of electric currents and magnetic fields in the fluid. The Lorentz forces can be used
to control the flow and to attain specific engineering design goals such as flow stabilization,
suppression or delay of flow separation, reduction of near-wall turbulence and skin friction,
drag reduction and thrust generation. There is a large body of literature dedicated to
both experimental and theoretical investigations on the influence of electromagnetic force on
flows (see e.g., [HeSt95, MeHeHr92, MeHeHr94, GPT, GT05, Tsin90, GL61, TS67, HS95,
SB97, BKLL00, GK06]). The MHD effects arising from the macroscopic interaction of liquid
metals with applied currents and magnetic fields are exploited in metallurgical processes to
control the flow of metallic melts: the electromagnetic stirring of molten metals [MDRV84],
electromagnetic turbulence control in induction furnaces [ViRi85], electromagnetic damping

of buoyancy-driven flow during solidification [PrIn93], and the electromagnetic shaping of
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ingots in continuous casting [SaLiEv88].

In Section 6 we considered the problem of modeling the motion of large structures in
a viscous, incompressible, electrically conducting, turbulent fluid. We introduced a simple
closed LES model, and performed full numerical analysis. This model can be also addressed
as zeroth order Approximate Deconvolution Model - referring to the family of models in
[ASO1]. In this chapter we consider the family of the Approximate Deconvolution Models for
MagnetoHydroDynamics (ADM for MHD); we perform the numerical analysis of the models
and also verify their physical fidelity.

The mathematical description of the problem proceeds as follows. Assuming the fluid
to be viscous and incompressible, the governing equations are the Navier- Stokes and pre-
Maxwell equations, coupled via the Lorentz force and Ohm’s law (see e.g. [Sher65]). Let
Q = (0, L)® be the flow domain, and u(t,z), p(t, z), B(t,x) be the velocity, pressure, and the
magnetic field of the flow, driven by the velocity body force f and magnetic field force curl g.
Then u, p, B satisfy the MHD equations:

1 S
u + V- (uu) — ﬁAu + §V(BQ) — SV -(BB)+ Vp=f,
B, + R%Curl(curlB) + curl (B x u) = curl g, (7.1.1)

V-u=0,V-B=0,
in @ = (0,7) x Q, with the initial data:
u(0,z) = ug(x), B(0,x) = By(z) in £, (7.1.2)
and with periodic boundary conditions (with zero mean):
Bt + Les) = Dt )i = 1,2,3, /Q<I>(t, 2)dr =0, (7.1.3)

for ® = u,ug, p, B, By, f, g.

Here Re, Re,, and S are nondimensional constants that characterize the flow: the
Reynolds number, the magnetic Reynolds number and the coupling number, respectively.
For derivation of (7.1.1), physical interpretation and mathematical analysis, see [Cowl57,

LL69, ST83, GMP91] and the references therein.
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If =1, =% denote two local, spacing averaging operators that commute with the differ-

entiation, then averaging (7.1.1) gives the following non-closed equations for @', §62, P in

(0,7) x €

1 ——5 1 —01
WV @) - AT - 5V (BB +v(532 i) =7

o

— 1 — N _
Bfg + R—curl(curl B52) +V-(Bu?)—-V-(uB 2) = curl 5, (7.1.4)

m

V.7 =0, V-B®=0

The usual closure problem which we study here arises because wu® # u® u’, BB #+
B §5 uB” £ 0" B B”. To isolate the turbulence closure problem from the difficult problem
of wall laws for near wall turbulence, we study (7.1. 1) hence (7.1.4) subject to (7.1.3).
The closure problem is to replace the tensors wu® BB , uB” with tensors 7 (@, ),
T (B ,B Y, 7@, B B *), respectively, depending only on %, B” and not u, B. There are
many closure models proposed in large eddy simulation reflecting the centrality of closure in
turbulence simulation. Calling w, ¢, W the resulting approximations to @', E&, we are

led to considering the following model
1 _
wy + V- T (w,w) — ﬁAw—Sﬂ(W,W)+Vq: f51

1
W, + R—curl(cuer) +V-T(w, W)=V - T W,w)=curl g,

€m

V.w=0 V-W=0.

With any reasonable averaging operator, the true averages u’! E[;Q,ﬁ‘sl are smoother than
u, B,p. We consider the family of closure models, pioneered by Stolz and Adams [ASO01].
These Approximate Deconvolution Models (ADM) use the deconvolution operators G and

G?, that will be defined in Section 7.2. The ADM for the MHD reads

1 1 01 —01
we + V- (CLw)(Chw)™ — ——Aw— SV (GRW) (GRW)" + Vg = ™ (T.15a)
]_ 2 02
Wi + R—curl(cuer) +V- ((G?VW)(G}wa )= V- ((GLw)(GZW) ) (7.1.5b)
= curl g,
V-w=0, V-W=0, (7.1.5¢)
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subject to w(0,z) = T (z), W(0,z) = EgQ(x) and periodic boundary conditions (with zero

means).

We shall show that the ADM MHD model (7.1.5) has the mathematical properties ex-
pected of a model derived from the MHD equations by an averaging operation and which
are important for practical computations. Note that N = 0 in (7.1.5) leads to the model
discussed in [LaTr07, LLMNRSTO07].

The model considered can be developed for quite general averaging operators, see e.g.
[ASO1]. The choice of averaging operator in (7.1.5) is a differential filter, defined as follows.
Let the 6 > 0 denote the averaging radius, related to the finest computationally feasible
mesh. (In this chapter we use different lengthscales for the Navier-Stokes and Maxwell

equations). Given ¢ € L3(1), P € H?(Q) N L3(9) is the unique solution of
—5 o b =D :
Asp == —0"A¢p +¢ =¢ in Q, (7.1.6)

subject to periodic boundary conditions. Under periodic boundary conditions, this averaging
operator commutes with differentiation, and with this averaging operator, the model (7.1.5)

has consistency O(62V+2), i.e.,

™ = Ghut Ghatt + 06,V ?),

0

BB" =3 B®G3B” +0(6,2*2),

__ —————— 02
uB” = GNu GAB” +0(0,V72 4 5,2V,

for smooth u, B. We prove that the model (7.1.5) has a unique, strong solution w, W that
converges in the appropriate sense w — u, W — B, as 07,95 — 0.

In Section 7.2 we address the global existence and uniqueness of the solution for the
closed MHD model. Section 7.3 treats the questions of limit consistency of the model and
verifiability. The conservation of the kinetic energy and helicity for the approximate decon-
volution model is presented in Section 7.4. Section 7.5 shows that the model preserves the
Alfén waves, with the velocity tending to the velocity of Alfvén waves in the MHD, as the
radii d1, 5 tend to zero. The computational results in Section 7.6 confirm the accuracy and

the physical fidelity of the models.
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7.2 EXISTENCE AND UNIQUENESS FOR THE ADM MHD EQUATIONS

Introduce the family of the approximate deconvolution operators G, G4, that are used in

the ADM models (7.1.5).

Definition 7.1 (Approximate Deconvolution Operator). For a fized finite N, define the Nth

approzimate deconvolution operators G, and G% by
N
Gno = (I—A;)'¢, fori=1,2.
n=0

Note that since the differential filter As, is self adjoint, G% is also. G% was shown to be
an O(67V2) approximate inverse to the filter operator Al (see [DE06]). Finally, it is easy

to show that since A5, commutes with differentiation, so does G'y.

Lemma 7.1. The operator G is compact, positive, and is an asymptotic inverse to the

filter Aé_il, i.e., for very smooth ¢ and as d; — 0 satisfies

b= G}Vg‘sl 4 (_1)N+15%N+2AN+1Ag1(N+1)¢’

_ (7.2.1)
¢ = G?Vgﬁ(b + (—1)N+15§N+2AN+1A5_2(N+1)¢.

The proof of Lemma 7.1 can be found in [DE0G].

Lemma 7.2. || - [|gi defined by [|v]|qi = (v, G%v) is a norm on ), equivalent to the L*(£2)

norm, and (-, )qi  defined by (v, w)q = (v, Gyw) is an inner product on €.

For the proof see [BILO6].

We shall use the standard notations for function spaces in the space periodic case (see
[Tema95]). Let H]"(€2) denote the space of functions (and their vector valued counterparts

also) that are locally in H™(IR3), are periodic of period L and have zero mean, i.e. satisfy

(7.1.3). We recall the solenoidal spaces

H={¢ecHIN),V -¢=0in 2(Q)}
V={6ecH(Q),V ¢=0in 2(0))}2.
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We define the operator o7 € Z(V, V') by setting

1 1
(o (wy, Wh), (we, Wa)) = /<§Vw1 -Vwsy + RTcurl Wicurl W2> dx, (7.2.2)
Q m

for all (w;, W;) € V. The operator &7 is an unbounded operator on H, with the domain
D(ef) = {(w,W) € V;(Aw, AW) € H} and we denote again by <7 its restriction to H.

We define also a continuous tri-linear form %, on V xV xV by setting

Bo((w1, Wh), (wa, Wa), (w3, W3)) = / <V (Chun) (Ghwy) wy (7.2.3)

Q

51 do 02
and a continuous bilinear operator A(-) : V- — V with
<%(w17 WI); <w27 W2)> = %0(('11}1, WI); <w17 WI); <w27 WZ))

for all (w;, W;) € V.
The following properties of the trilinear form %, hold (see [JLL69, ST83, Gris80, Furs00])
'@0((1017 Wl)a (w27 WQ)’ (A(SlG}VwQa SA&QG?VWQ)) - 07

Bo((w1, Wh), (we, Wa), (As, Gyws, S As, G W3)) (7.2.4)
= —Zo((w1, W1), (w3, W3), (A5, G wa, SA5,GRW2)),

for all (w;, W;) € V. Also

|Bo((w1, Wh), (w2, Wa), (w3, W3))] (7.2.5)
p—
< O(Gywy, GRW) [l [|(Grwa, GRWo) g1 | (@5, Wi ™) [
for all (wl, Wl) e H™ (Q), (’LUQ, Wg) € Hm2+1(Q), (wg, Wg) € Hms (Q) and
d . d .
myi + mo + msg > 5 1fmi7é§ foralli=1,...,d,
my -+ me +ms > 5 ifmi:§ forany of i =1,...,d.
In terms of V, H, o7, A(-) we can rewrite (7.1.5) as
d —
S, W)+ o (w, W) () + B((w,W)(1) = (F", curlg™) £ € (0,7),
t (7.2.6)
_5 o2
(U),W)(O) = (Ug 7BO )7

where (f,curlg) = P(f,curlg), and P : L*(2) — H is the Hodge projection.
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Theorem 7.1. For any (u_o‘;l,Fo(b) € V and (?51, curlg®) € L*(0,T; H) there exists a
unique strong solution to (7.1.5) (w, W) € L>(0,T; H'(2)) N L*(0,T; H*()) and w;, W, €
L2((0,T) x Q). Moreover, the following energy equality holds:

&) + / (r)dr = £(0) + / Py, te 0T, (7.27)

where
612 1 5228
E) =5 Ve(t, )z, + 3 5

2
5,2 1 5528 S

S
o, VB, + Z2NTW g, + S I,

2(t)=(f(1), Gyw(t)) + S(curlg(t), GEW (t)).

Proof. (Sketch) The proof follows from [LaTr07], using a semigroup approach and the ma-
chinery of nonlinear differential equations of accretive type in Banach spaces. The key to
the model, as in MHD, is to make the nonlinear terms to vanish by an appropriate choice of

test function. We observe that by (7.2.4)
Bo((w, W), (w, W), (As,Gyw, SAs;,G3xW)) = 0,

thus taking the inner product of (7.2.6) with (As, Ghw, SAs,G3W) and integrating by parts

we get
1d 2 2 2 2 2 9
3.t (el + SVl + SIWIE, -+ BSIVWIE, )
1 S
+7e <||Vw||2g}v + 6%||Aw||é1N> + o (||VW||2G§V - 5§S||AW||§;2N>

= (f, Ghw) + S(curl g, GAW).

]

The pressure is recovered from the weak solution via the classical DeRham theorem (see

[Lera34]).
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Theorem 7.2. Let m € N, (ug, By) € VN H™ Q) and (f, curlg) € L*(0,T; H™ ().
Then there ezists a unique solution w, W, q to the equation (7.1.5) such that

(w, W) € L>(0,T; H™(Q)) N L*(0,T; H™*(Q)),
q € L*(0,T; H™(Q)).

Proof. The result is already proved when m = 0 in Theorem 7.1. For any m € N* we assume

that
(w, W) € L*=(0,T; H™(Q)) N L*(0, T; H™(Q)) (7.2.9)
so it remains to prove
(D™w, D™W) € L™(0,T; H(Q)) N L*(0, T; H*(2)),

where D™ denotes any partial derivative of total order m. We take the m'" derivative of

(7.1.5) and have

1 01 01 —01
D"wy— =AD" D" (Glw VGiw) = SD"(GRW VG W) +VD"g=D" "

1

D"Wi + =V x V x D"W + D" (Gw VW) — DM (GEW - VG w)”
=V x D"g%,

V- D"w=0,V-D"W =0,

me(O’ ) _ Dmu—och7 DmW(O, ) _ DmFOJQ,

with periodic boundary conditions and zero mean, and the initial conditions with zero di-

vergence and mean. Taking As, D" w, As, D"™'W as test functions we obtain

| =

(ID™w|2 + 6:%|VD™w||2 + S| D™W |12 + S&,2(| VD™ W |[2) (7.2.10)

DO | —
IS

t
1 m m 1 m m
+ 1z (VD™ wllg + |AD™wl}) + = (IVD" W3 + 8| AD™W]3)

m

= / (D" fD"w+ ¥V x D"gD"W)dx — X,
Q
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where

2= / ( m(Ghw - VGhw)— SD™(GLW -VG?VW)) D™
Q
+( m(Ghaw VGEW) — D™(GZW -VG}Vw)) D"Wd.

Now we apply (7.2.5) and use the induction assumption (7.2.9)

3
m
25" |3 [(prGhwD DG, - sD AW DA, D,

|| <m\ & [ 4,5=1
+ (D“G}VwiDm‘o‘DiG?VWj - DaGﬁvam—aDiG}ij)Dij dz
< C(m) (IGkw 21 GNwlh + IGEW GG WL )l

1/2 1/2
+ (IGN G WILEIGH WL + IGH Wl Gl Gl ) IV

Integrating (7.2.10) on (0,7"), using the Cauchy-Schwarz and Holder inequalities, Lemma
7.1, 7.2 and the assumption (7.2.9) we obtain the desired result for w, W. We conclude the
proof mentioning that the regularity of the pressure term g is obtained via classical methods,

see e.g. [Tart78, AmGio4]. O
7.3 ACCURACY OF THE MODEL

We address first the question of consistency, i.e., we show that the solution of the closed
model (7.1.5) converges to a solution of the MHD equations (7.1.1) when §;, 2 tend zero.

Let 7, 75, T, denote
1 =G G —uu, =G4 B GLB” —BB, 15, =G%B”G @ —Bu,  (7.3.1)

where u, B is a solution of the MHD equations obtained as a limit of a subsequence of the
sequence wg, , W, .
: : =38
We prove in Theorem 7.4 that the model’s consistency errors |[u” — w|| = r.r2Q), 1B~ —

W | Loo(0,1;22()) are bounded by |7l 20r)s |78/ L2001 [1TBullL2(01)-
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7.3.1 Limit consistency of the model

Theorem 7.3. There exist two sequences 07,05 — 0 as n — 0 such that
(wéy,Wég’%?) - (U,B,p) as 5?75721 _>O7

where (u, B,p) € L>®(0,T; HYNL*(0,T; V) x L3(0,T; L2(QY)) is a solution of the MHD equa-
tions (7.1.1). The sequences {wsn }nen, { Wy fnen converge strongly to u, B in L3(0,T; L2(2))
and weakly in L*(0,T; H'(Y)), respectively, while {qsp }nen converges weakly to p in
L3(0,T; L2(1)).

Proof. The proof follows that of Theorem 3.1 in [LaTr07], and is an easy consequence of
Theorem 7.4 and Proposition 7.1. O

7.3.2 Verifiability of the model

Theorem 7.4. Suppose that the true solution of (7.1.1) satisfies the regularity condition
(u, B) € L*(0,T;V). Then the consistency errors e = u* —w, E = B”-w satisfy

t
2 2 i 2 S 2
eI+ SIE@IE + | (G IVe(s)l + g llewl B )ds

t (7.3.2)
< C(t) /O (Rell7u(s) + STa(s)ll5 + RewllTpu(s) = 78u(3)[[5) ds,

where ®(t) = exp {Re3 fot |Vul/dds, Rep,? fot |Vul|ids + RenRe? fot ||VB||3}.

_ -9 . . ..
Proof. The errors e = @’ —w, E = B"* — W satisfy in variational sense

51 1 _ - 51
e+ V- (GLT GLT — GLuwGlw )—%AejLSV-(G?VB&ZG?\,Ba?—G?VWG%,W )

+ V@ —q) =V - (7 + ST,

)

02

1 —_ —_—
Et+§V><V><E+V-G%VB‘SQG}VE&—G?VWG}VUJ —V-GL 7 G2 B - GLwGLW

=V <?533u - ?223)7
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and V-e=V - E=0, ¢(0)=E(0)=0. Taking the inner product with (45, G\e, SAs,GX F)
we get as for (7.2.7) the following

1d
S (lleliZy, + SIBlIZ, +d21Vel, —I—5QS||cur1E||G2>

639
: 2
+ §||Ve||2G]1V + R—em||curl EHQG?V + %HA@HQG}V + R—chrlcurlE'||2G?v

m

+ / (V- (G Gy~ GG Ghe +SV - (G B” G, B™ GA WG W) G
Q
+SV-(GE B G\ — G?VWG}Vw)GivE—sv-(G}VaﬁG?VE‘*Z—G}VwG?VW)G?VE) dzx
= — / ((Tu + S7p) - VG e + S(Tpy — TuB) - VG?VE) dx
Q

S Re Ren,
< orall Vel + o llw B+ 5 + 718 + S — sl
Using the identity GLu’' GLu" — GhwGiw = GLeGLu’ + GLwGle, Lemmas 7.1, 7.2, the

divergence free condition and (7.2.5) we have

d
= (llellg + SIElG + a7l Vellg + Sdsleurl E£1[5)

+ i||Ve||2 + i||cur1 E||2 + 5% ||A 12+ i||curlcu1"lE||
Re' " "% Rey ot * " Ren ‘

< / ( Gye-VGY 51G}Ve—sv (GLEGLB™)Ghe — SV - (GLEGLT)GLE
Q
+ SGe - VG?VE(;QG?VE>da: + Rel|7, + S75]12 + Rew|| 750 — Tun |2
. 5062
< C(IIVelly*lels* IV o + 251 15 * IV Bl * VB |lo| Ve lo

+ SIEIIVENY V5 ll) + Rellr + S7all3 + Rew 70 — Tuslly

Using ab < ea*? + Ce=3b* we obtain

d
S (lellg + SIEIR + 82 Vel3 + 563 eurl B
S 52 625
o llewst B+ 2Ll A3 + 22 ol curl £

< C(Re|lel3 Va4 +RemRe2||E||o||VB I8+ Rew | B3I V7" [})

1
—||Vell?
+ Re” ello +

+Relm + S75l5 + Rewll7pu — 7unlls
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and by the Gronwall inequality we deduce

bl S
2 2 L 2 2
eI+ SIEOIE + | (g IVe(s) + ol B )ds

< C‘I’(t)/o (Rel|7u(s) + S75(s)llo + RewlI mpu(s) — 7un (s)ll5) ds.

where

t t t
\If(t):exp{Re?’/ |yVﬂ51\|gds,Rem3/ |yVﬂ51||gds+RemRe2/ ||V§52Héds}.
0 0 0

Using the stability bounds ||[Va’t||o < || Vul|o, ||V§52 lo < [[VB||o we conclude the proof. [

7.3.3 Consistency error estimate

The bounds on the errors (7.3.1) are given in the following proposition.

Proposition 7.1. Let
(u, B) € L*((0,T) x Q) N L*0,T; H***(Q)), N > 0.
Then

I7ull2iq) < COTNF2,

175 12(q) < CHNT2,

I7Bullz2(@) < C(67V 2 + 53N +?)

I

where C' = C(||(u, B)|| za¢0,1)x0), || (u, B)||L4(O’T;H2N+2(Q))).

The proof uses Lemma 7.1 and follows the outline of the proofs in Section 3.3 of [LaTr07].

161



7.4 CONSERVATION LAWS

As our model is some sort of a regularizing numerical scheme, we would like to make sure
that the model inherits some of the original properties of the 3D MHD equations.

It is well known that kinetic energy and helicity are critical in the organization of the
flow.

The energy E = % [,(v(z) - v(x) + B(x) - B(x))dx, the cross helicity He = § [, (v(z) -
B(x))dx and the magnetic helicity Hy = £ [,(A(z)-B(x))dx (where A is the vector potential,
B = V x A) are the three invariants of the MHD equations (7.1.1) in the absence of kinematic
viscosity and magnetic diffusivity (ﬁ = % =0).

Introduce the characteristic quantities of the model (7.1.5)

1
Eapy = 5[(1451107 w)ar, + (Ae, W, W)z |,
(As,w, As,WW), and

1 - -5 _
Hyrapym = §(A52W,A )az,, where A P = A A

This section is devoted to proving that these quantities are conserved by (7.1.5) with the

periodic boundary conditions and é = R% = 0. Also, note that

Eapy — E, Hoapy — Hey, Hypapy — Hu, as 012 — 0.

Theorem 7.5. The following conservation laws hold, YT > 0

Expm(T) = Eapm(0), (7.4.1)

Heapm(T) = Heapm(0) + C(T) max SV (7.4.2)
and

Hyrapm(T) = Harapum(0). (7.4.3)
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Remark 7.1. Note that the cross helicity Hc apar of the model is not conserved exactly, but

1t possesses two important properties:
Heapym — He as 6120 — 0,
and
Heapm(T) — Heapm(0) as N increases.
In the case of equal radii, 61 = 09, the following cross helicity is exactly conserved:

HXADM(’UJ,W)(t) == ((w,W)N+52(Vw,VW)N) .

N | —

Proof. The proof follows the outline of the corresponding proof in [LaTr07]. Consider (7.1.5)

. 11
Wlthﬁ— oo =0.

Start by proving (7.4.1). Multiply (7.1.5a) by As, Ghw, and multiply (7.1.5b) by As, GAW.

Integrating both equations over €2 gives

§£(Aalw,w)c}v = ((V x GxW) x G?VW’w)G}V, (7.4.4)
1d

Adding (7.4.4)-(7.4.5) and using the identity

(Vxv) xu,w)=(u-Vv,w) — (w-Vu,u) (7.4.6)
we obtain
1d
57 |(Asw, wie, + (As, W, W)G’?\,]

= (G3W -VG3LW,Gyw) — (Gyw - VGAW, GAW) + (GAW - VGyw, G3W) = 0,

which yields (7.4.1).
To prove (7.4.2), multiply (7.1.5a)-(7.1.5b) by As, G%W and As,Glw, respectively, and

integrate over €2 to get

A

2 2 W)y, + (G - VG, Wes, =0, (7.47)
A

(a giw,w)G}VJr(G}vw-VG?VW, w)gy, = 0. (7.4.8)
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Adding (7.4.7) and (7.4.8), we obtain

8A5 w 8A5 w
( atl ,GAW) + ( a; ,Grw) = 0. (7.4.9)
From Corollary 7.1 it follows that
Ghw = Az, w + (—1)N53N+2AN+1A5_1Nw, (7.4.10)

GAW = As,W + (—1)NEN2ANTL AN,

Then (7.4.9) gives

045w 0A5,W
ot ot

—1)N+152N+2AN+1AE2NW) + (
0 As,w
ot

A52 W) (

,Agw) (7.4.11)

0A5,W
ot

0As;, W _
AN+1A52NW) ( )N+152N+2( 8; ,ANJrlA(sle),

d
E(A&waAJQW) - (
. 0A51w

— ( )N+152N+2<

, (—1)N+152N+2AN+1A51NU}).

which proves (7.4.2).
Next, we prove (7.4.3). By multiplying (7.1.5b) by As, G%VX%, and integrating over () we
get

1d — —s
—%(v x A5, A GAA™) (7.4.12)

+(Ghw - VG, G2A™) — (G2 W - VGhw, GLA™) = 0.
Since the cross-product of two vectors is orthogonal to each of them
(V x GZA”?) x Ghw, V x GLA”) = 0, (7.4.13)
it follows from (7.4.13) and (7.4.6) that
(Ghw - VGLA® YV x GZE™) = (V x GLA”) - VGZLA”, GLw). (7.4.14)
Since G2 W = V x GZA”, we obtain from (7.4.12) and (7.4.14) that (7.4.3) holds. O
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7.5 ALFVEN WAVES

In this section we prove that our model possesses a very important property of the MHD:
the ability of the magnetic field to transmit transverse inertial waves - Alfvén waves. We
follow the argument typically used to prove the existence of Alfvén waves in MHD, see, e.g.,
[Davi01].

Using the density p and permeability u, we write the equations of the model (7.1.5) in

the form

1 1 1
WtV -((CLw) (Ghw) )+V]351:E(V><G§VW)><G?VW5 UV X(Vxw),  (7.5.1a)

%—Vf =V x ((GLw) x (GZW))” =V x (V x W), (7.5.1b)
V-w=0, V-W=0, (7.5.1c)

1
Rem *

_ 1 _
where v = -, n =
Assume a uniform, steady magnetic field Wy, perturbed by a small velocity field w. We

denote the perturbations in current density and magnetic field by jy,oder and W, with
V X Wy, = lWmodel- (7.5.2)
Also, the vorticity of the model is
Winodel = V. X W. (7.5.3)

Since Ghw - VGLw is quadratic in the small quantity w, it can be neglected in the

Navier-Stokes equation (7.5.1a), and therefore

ow 1
AV = —
o VP P

(V x GW,) X 2o — vV % (V X ). (7.5.4)

The leading order terms in the induction equation (7.5.1b) are

ow,
ot

=V x (Ghw x GZW,) " —nV x (V x W,). (7.5.5)
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Following the argument of [LaTr07] and using the approximating result of Corollary 7.1,
we obtain that in the case of a perfect fluid (v = n = 0) and in the case v =0, 7 > 1 a

transverse wave is recovered. The group velocity of the wave is equal to

Uy = Vg + O(63NT2 1 52V +2),

where v, is the Alfvén velocity Wy/\/pjt.
We conclude that our model (7.1.5) preserves the Alfvén waves and the group velocity

of the waves v, tends to the true Alfvén velocity v, as the radii tend to zero.

7.6 COMPUTATIONAL RESULTS

In this section we present computational results for the ADM models of zeroth, first and
second order. The convergence rates are presented and the fidelity of the models is verified by
comparing the quantities, which are conserved in the ideal inviscid case. The computations
are made for the two-dimensional problem, where the energy and enstrophy of the models
are compared to those of the averaged MHD.

Consider the MHD flow in 2 = (0.5, 1.5) x (0.5, 1.5). The Reynolds number and magnetic
Reynolds number are Re = 10°, Re,,, = 10°, the final time is 7' = 1/4, and the averaging

radii are 6, = 0, = h.

Take
. _ 2

; Irsin(2mz)e ™t/ Re — et

I —47%t/Re 2 |

37 sin(27y)e Fe _ye
. . . _9.2

v e!(x— (cos ma sin my + 7 sin 7 sin Ty 47y cos T cos wy)e 2T H/1e)

Xg=

. . . _9.2 ’
et (—y— (sin T2 cos Ty +mx cos mx cos Ty + Yy sin T sin 7wy )e 2T/ fe)
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The solution to this problem is

— cos(mx) sin(my)e 27t/ Re

u =

sin(mx) cos(my)e 2t/ Re

1
p= —§(cos(2mv) + cos(2my))e ATt/ Be,

xTe

B —
—ye

Hence, although the theoretical results were obtained only for the periodic boundary
conditions, we apply the family of ADMs to the problem with Dirichlet boundary conditions.

The results presented in the following tables are obtained by using the software FreeF'EE M+
+. The velocity and magnetic field are sought in the finite element space of piecewise
quadratic polynomials, and the pressure in the space of piecewise linears. In order to draw
conclusions about the convergence rate, we take the time step k = h%. We compare the
solutions (w, W), obtained by the ADM models, to the true solution (u, B) and the average
of the true solution (u, B). The second order accuracy in approximating the true solution
(u, B) is expected for ADM models of any order, whereas the accuracy in approximating the
averaged solution (i, B) should increase as the order of the model increases.

The solution, computed by the zeroth order ADM, approximates both the true solution
(u, B) and the average of the true solution (i = (—0?A + I)"lu, B = (—d63A + 1)~ B with
the second order accuracy. The accuracy in approximating the averaged solution increases
as the order of the model is increased.

Hence, the computational results verify the claimed accuracy of the model.

Since the flow is not ideal (nonzero power input, nonzero viscosity /magnetic diffusivity,
non-periodic boundary conditions), the energy and enstrophy are not conserved. But we
expect the energy and enstrophy of the models to approximate the energy and enstrophy of
the averaged MHD.

The enstrophy of the first and second order models approximates the enstrophy of the
averaged MHD better than the zeroth order model’s enstrophy, see Figure 10.

Figure 11 shows that the graph of the models energy is hardly distinguishable from that
of the averaged MHD.

167



Table 13: Approximating the true solution, Re = 10°, Re,, = 10°, Zeroth Order ADM

ho | lw—=ullr20m2) | rate | ||W — Bllr2omrr2) | rate
1/4 0.0862904 0.0253257
1/8 0.0515562 0.7431 0.0268628 -0.085
1/16 0.0204763 1.3322 0.0132399 1.0207
1/32 0.00611337 1.7439 0.00412013 1.6841
1/64 0.00163356 1.9039 0.001116 1.8844

Table 14: Approximating the true solution, Re = 10°, Re,, = 10°, First Order ADM

h | lw—=ullp20m2) | rate | ||W — Bllr2omr2) | rate
1/4 0.086748 0.0219869
1/8 0.0504853 0.781 0.0146218 0.5885
1/16 0.0196045 1.3647 0.00401043 1.8663
1/32 0.00589278 1.7342 0.00078723 2.3489
1/64 0.00159084 1.8892 0.000170555 2.2065

Zooming in at the final time ¢t = 0.25 we verify that the ADM energy approximates the

averaged MHD energy better as the model’s order increases, see Figure 12.
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Table 15: Approximating the true solution, Re = 10°, Re,, = 10°, Second Order ADM

ho | lw—ullr20m020)) | rate | ||W = Bl|lr20r020)) | rate
1/4 0.0854318 0.0229699
1/8 0.0500093 0.7726 0.0170217 0.4324
1/16 0.0194169 1.3649 0.00472331 1.8495
1/32 0.00587995 1.7234 0.000856363 2.4635
1/64 0.00159835 1.8792 0.000167472 2.3543

Table 16: Approximating the average solution, Re = 10°, Re,,, = 10, Zeroth Order ADM

h | lw—a|20mr20) | rate | [|[W — BHL%O,T;LZ(Q)) rate
1/4 0.0247837 0.0253257
1/8 0.0245241 0.0152 0.0268628 -0.085
1/16 0.0131042 0.9042 0.0132399 1.0207
1/32 0.00434599 1.5923 0.00412013 1.6841
1/64 0.00120907 1.8458 0.001116 1.8844

Table 17: Approximating the average solution, Re = 10°, Re,, = 10°, First Order ADM

h | |lw—allz2orr2@) | rate | ||W = Bllr2or.r2@) | rate
1/4 0.0228254 0.0219869
1/8 0.015202 0.5864 0.0146218 0.5885
1/16 0.0043297 1.8119 0.00401043 1.8663
1/32 0.000867986 2.3185 0.00078723 2.3489
1/64 0.000192121 2.1757 0.000170555 2.2065
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Table 18: Approximating the average solution, Re = 10°, Re,, = 10, Second Order ADM

Figure 10: ADM Enstrophy vs. averaged MHD
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h ||U) — ﬂHLQ(O,T;LQ(Q)) rate HW — B”LQ(O,T;L2(Q)) rate
1/4 0.0236209 0.0229699
1/8 0.0172027 0.4574 0.0170217 0.4324
1/16 0.00506669 1.7635 0.00472331 1.8495
1/32 0.000956194 2.4057 0.000856363 2.4635
1/64 0.000194768 2.2955 0.000167472 2.3543
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8.0 CONCLUSIONS AND FUTURE RESEARCH

8.1 CONCLUSIONS

We have considered three numerical methods (Chapters 2, 3 and 4) for Navier Stokes equa-
tions, aiming at higher Reynolds number. Many iterative methods fail when applied to this
type of problems. Often ”failure” means that the iterative method used to solve the linear
and /or nonlinear system for the approximate solution at the new time level failed to converge
within the time constraints of the problem or the resulting approximation had poor solution
quality. However, all three of the methods introduced in this work have been shown to
overcome both of these types of failure. We proved their stability, performed full numerical
analysis of these methods and discussed their physical fidelity. The results of computational
tests were provided, proving the effectiveness of these methods.

A Large Eddy Simulation approach to the MagnetoHydroDynamic Turbulence was con-
sidered in Chapters 6 and 7. The Approximate Deconvolution Models were introduced for
the incompressible MHD equations, and this family of models was analyzed. We proved the
existence and uniqueness of solutions, and their convergence in the weak sense to a solution
of the MHD equations, as the filtering widths are decreased to zero. We proved the accuracy
of the model both theoretically (by establishing an & priori bound on the model’s consistency
error) and numerically.

Also, all models in the family of the ADMs were proven to possess the physical properties
of the MHD - the energy and helicity of the models are conserved, and the models were also
proven to preserve the Alfvén waves, a unique feature of the MHD equations. The physical
fidelity of the models was also verified computationally. The test results prove that both

the solution and the energy of the averaged MHD equations are approximated better, as
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one increases the models’ order N (from zeroth ADM to the first ADM, and from the first
to the second ADM). This gives a freedom of choosing the model’s order N, based on the
desired accuracy of approximation and the available computational power. Finally, the
tests demonstrate that in the situations when the direct numerical simulation is no longer

available (flows with high Reynolds and magnetic Reynolds numbers), the solution can still

be obtained by the ADM approach.

8.2 FUTURE RESEARCH

This thesis can be extended into the following projects.

Defect Correction:

e Extend this idea to turbulent flows. Does the DCM have to be combined with any

turbulent models?

e If it is combined, does it improve the results obtained by that turbulence model? Should

the DCm be used as a preconditioner?
e DCM near boundaries? Can the higher nonlinearity be embedded into the DCMs so that
the boundary layer oscillations could be controlled?

Convection diffusion coupled with porous media:

e Consider the idea of natural convection: coupling the Navier-Stokes equations with con-

vection diffusion.
Turbulence modeling;:

e Perform full numerical analysis of the MHD ADMs - fully discrete methods, stability
and error analysis. Verify the convergence rates computationally - using either the test

space of higher order polynomials, or a spectral (Fourier) code.

e Investigate (theoretically and numerically) the possibility of choosing the averaging radii
so that the consistency error of the model is minimized. In any given application we are

provided with the empirical data, and our goal is to choose the filtering widths for velocity
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and magnetic fields so that the balance is kept between approximating the empirical data
and reducing the computational cost.

Explore the cascades of the conserved quantities - model’s energy and magnetic helicity.
First we should restrict ourselves to a given application. For instance, one can consider
the case of isotropic magnetic field.

Investigate the pressure in the ADMs. This is related to an idea of drag reduction by the
means of magnetic field. It is known (and proven by experiment) that applying the same
magnetic field could reduce drag in one region of the flow and at the same time increase
the drag in another region. There is a theory that this is related to the pressure.
Models for compressible turbulence (HD flows). Time relaxation; Large Eddy Simulation.
VAst variety of applications are concerned with compressible turbulent flows. There are
lots of open questions in this area: how should the turbulence be modeled? Will the
LES approach work? Is it going to be dissipative enough? How should the models be
modified in order to be applicable in the compressible case? One starting point could be
an idea of time relaxation - addition of a lower order term, that drives the fluctuations

to zero exponentially fast.
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