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S and L Spaces

Sara L. Mastros
University of Pittsburgh, 2009

An S-space is any topological space which is hereditarily separable but not Lindel6f. An L-space, on
the other hand, is hereditarily Lindelof but not separable. For almost a century, determining the necessary
and sufficient conditions for the existence of these two kinds of spaces has been a fruitful area of research at
the boundary of topology and axiomatic set theory. For most of that time, the two problems were imagined
to be dual; that is, it was believed that the same sets of conditions that required or precluded one type
would suffice for the other as well. This, however, is not the case. When Todorcevi¢ proved in 1981 that it is
consistent, under ZFC, for no S-spaces to exist, everyone expected a similar result to follow for L-spaces as
well. Justin Tatch Moore surprised everyone when, in 2005, he constructed an L-space in ZFC. This paper

summarizes and contextualizes that result, along with several others in the field.
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CHAPTER 1

INTRODUCTION TO S AND L SPACES

The joy of the set-theoretic topologist lies in walking a tightrope between what must be and what can
be- constructing a precise yet fantastical ontology. All of what follows tries to find a balance between our
lust for a diversely populated universe full of the strangely wonderful things that befuddle our intuition
and the need for an orderly and controllable universe within the grasp of comprehension. What makes the
S-spaces & L-spaces we will discuss in this paper so very interesting is that they sit just at this boundary.

A space is called an L —space if it is hereditarily Lindelof, but not hereditarily separable, and an
S — space if it is hereditarily separable but not hereditarily Lindelof. Intuitively, the two notions are in
some sense dual; we expect the existence of a regular S space to guarantee that of a regular L-space and
vice-versa. The explicit existence of these types of spaces and their relation to each other was first conjec-
tured by Hajnal and Juhasz, and became known as the S and L problems, respectively.

It is quite easy to construct non-regular, T, S & L spaces, we do so in 2.1 . Like the examples that
follow, they are constructed on an arbitrary cardinality w; subset of the real line. However, the process
used destroys the regularity of RR.

In 1976 Ostaszewski’s S space was developed; a similar method soon led to the discovery of the Kunen
Line, a more sophisticated version of Ostaszewski’s Space. Section 2.3 of this paper contains an explicit and
thorough development of the Kunen Line, while Section 2.4 offers a glimpse at the similar Ostaszewski’s
Space. More recently, an easier construction of an S space was found using the set theoretic assumption
b = w;. Itis presented in 2.2. Examples of regular S & L spaces were thought for many decades to require
set theoretic assumptions in excess of the standard ZFC model.

In the early 1980’s, Todorcevic proved that, indeed, some assumption(s) in excess of ZFC is necessary
to create an S-space; by using the method of Proper Forcing, one can create a model of ZFC where every
HS space is HL (i.e., in which no S-space can exist). This result solved the S- space problem, but the L-
space problem remained open until very recently. The belief was that the L-space problem would have a
similar solution; that in some sense the ability of an S-space to exist should coincide with that of an L space.
Stunningly, in 2005 Justin Moore constructed an L space without assumptions in excess of ZFC, solving the

L space problem. We will explore this proof in the final section.



1.1. Cardinal Invariants

1.1.1. Definitions.

w(X):: The weight of a space X is w(X) = [min {#8B : Bisabasis for X}| Uw

20:: A space is called 2° or “second countable” if it has countable weight.

d (X):: The density of a space X is d(X) = min {#5: S C X &S = X}

Separable:: A space with countable density is called “separable”.

Cellular:: A pairwise disjoint collection of non-empty open sets in X is called a “cellular family”.

c(X):: The cellularity of a space X is the maximal size of a cellular family.

CCC:: A space, X, is said to be CCC (or to have the “Countable Chain Condition”) if and only if it has
countable cellularity.

s (X):: The spread of a space X is the maximal size of a discrete set.

L (X):: The Lindel6f degree of a set X, L(X), is the smallest « so that every open cover has a sub-cover
of size «.

Lindelof:: A space is Lindelof when L(X) = w.

Hereditary:: For any of the above cardinal invariants, the number /® = max {x : (VY C X) (®(Y) =«)}

Hereditarily:: For any of the above properties, a space, X, is said to have property ® hereditarily, or
to be hereditarily ®, or H® whenever every subset of X is ®.

HL:: Hereditarily Lindelof

HS:: Hereditarily Separable

HCCC:: Hereditarily CCC



1.1.2. Relations between cardinal invariants.

1.1.2.1. Hereditary cellularity is less than or equal to hereditary Lindelof degree.

Theorem 1.1.1. he(X) < hL(X)

PROOF. Assume X is so that A = hL(X) and ¥ = hc(X). Then, 3C = {C, open and pairwise

}D(EK
disjoint in X. Let Y = [y Ca- These Cy’s form an open cover of Y, so there must be a (at most) A-sized
sub-cover of them. However, the C,’s are pairwise disjoint, so no proper sub-cover can work, and sox < A

as desired. 0

1.1.2.2. Hereditary cellularity is less than or equal to hereditary density.

Theorem 1.1.2. hc(X) < hd(X)

PROOF. Assume every subset, Y, of a space X has a dense subset Dy with #Dy = ¢ (and that ¢ is the
minimal such J). Fix some particular Y C X. Let C be a pairwise disjoint collection of open sets in Y, call
them C = {Cy},.4- Each Cy contains some dyeDy, but there are only § many of the d,’s, so #C < ¢. So,
he(X) < hd(X) as desired. O

1.1.2.3. hd(X) vs. hL(X). The relationship between hd(X) and hL(X) is an interesting and complex one.
Even in the countable case, the relationship between hereditary separability and hereditary Lindelofness
is deep. These characteristics seem closely related to one another, and much research has been done into
their exact relationship. In particular, a fruitful area of topological research has been the existence of spaces

which are hereditarily separable, but not Lindel6f and vice-versa. These are the S and L spaces, respectively.

1.2. Definitions of S and L Spaces

Right-Separated:: A space, X, is called right separated (RS) if and only if it can be well ordered in
such a way that every initial segment is open.

Left-Separated:: A space, X, is called left separated (LS) if and only if it can be well ordered in such
a way that every final segment is open.

GO-Space:: A GO-space (“generalized order space”) is a triple (X, T, <) where < is a linear ordering of
X and 1 is a Hausdorff topology on X that has a base of <-convex sets.

L-Space:: A space is called an L-space if and only if it is HL but not HS.

S: space: A space is called an S-space if and only if it is HS but not HL.

3



1.3. Lemmas Concerning Right and Left Separability
Lemma 1.3.1. A space is HCCC if and only if it does not have a uncountable discrete subset.

PROOF. Assume there is an uncountable discrete set, D = {d,},.4. Then, surely, for every d, € D
there is a U, open in D around each d,, so that the U, are pairwise disjoint. Likewise, if we assume X is not
HCCC, then thereisa Y C X with an uncountable family of pairwise disjoint open sets. From this, we can
choose a parliament (that is, a set containing one representative element from each set). This Parliament is
clearly an uncountable discrete set. From this, it is clear that the possession of an uncountable discrete set
is equivalent to the possession of an uncountable collection of disjoint subsets. That is to say, a set is HCCC

if and only if it does not have an uncountable discrete subset, as desired. O
Lemma 1.3.2. A space is HL if and only if it does not have an uncountable RS set.

PROOF. Assume that a space X is HL and also assume that R = {r,},. 4is a right separated subset of
maximal size in X. Suppose, for a contradiction, that A is uncountable. Then the well ordered set A has
an initial segment of order type wi. So, without loss of generality, assume that A itself has order type w;.
From this, we see that for every a € A there is a U, open around 7, so thatr, € U, = b < a (the U,’s
nest backwards), and that each U, is countable because each initial segment of A is countable (recall, A has
order type wq). Now, let i = {U,a € A}. Clearly, U is an open cover of R, with no countable subcover (a
countable union of countable sets is countable). So, a HL space cannot have an uncountable RS set.

Conversely, if we assume that X is not HL, then there is some subset, Y, with some open cover which
has no countable sub-cover. Let i/ = {U,},., be that cover. Now, we chose any ry € Up. Next, we can
choose an 7y € Y \ Up. Likewise, for any countable «, we can choose r, € Y\ U B<u Up, because otherwise
Ug<a Up would be a countable open cover of U. So, we can make an uncountable set R = {r},., with
« < B = ry & Up. Equivalently, rg € Uy = B < &, which is the very definition of a right separated

set. 0
Lemma 1.3.3. A space is HS if and only if it does not contain an uncountable LS set.

PROOF. Let L C S be an uncountable left-ordered set. Let L = {l4},.,. Since A is well-ordered, it
has an initial segment of type w;. Without loss of generality, we can assume A itself is of type w;. Now,
Va € A 3U, open around [,with lﬂell,x whenever f > «. That is to say, the U,’s look forwards. Further
assume that X C L is HS, so that 3D C L with D = {l,,}, cw dense in L. However, that means that
VaVUyopen around Iy, 3l,, € U, so that [, > I, (since that’s the criteria for openness in LS spaces).
However, that means that there are only Ry a’s, so indeed X cannot be HS and have an uncountable LS

subset.



Conversely, assume that X is not HS, so that there is some subset Y C X which is separable. Since Y
isn’t separable, we know that no countable collection can be dense, i.e.: Va < wy, m # Y. So, we
know that we can choose xg € Y\ m so long as B is countable. That is, we can construct a sequence
{xa} < so that (VB) (xl; ¢ m) so, since Y is T3, we can form, (Va < B), a U, open around x,which

misses xg. So, x, € U, implies v < a. And so, {x/; } B, is left separated and uncountable as desired.  [J
Lemma 1.3.4. A locally countable space is HS if and only if it contains no uncountable discrete subset.

PROOF. Surely an uncountable discrete subset is not separable, so one direction is immediate. Con-
versely, imagine Y were a non-separable subspace of a locally countable space X. Since Y is not separable,
we can find and order a Z = {z4:a« < wy} C Y each z, € U, a countable open neighborhood which

contains no earlier z’s. That is, zp € Uy = B> a. Then, Z is uncountable and discrete. O
Lemma 1.3.5. If there is any S space, there is one of the form X = {xq},,,, whichis RS,

PROOF. Recall that, by the above, a space S is an S space if and only if it has an uncountable RS subset
but no uncountable LS subset. Fix S an S space. 3X = {x4},.,, Which is RS in S. So, 3U, open around
xo with Uy N X = {x,} y<a SO, {x,} y<q 18 open in X. Now, S is hereditarily separable, so X must be as
well, and X was consturcted to be of the desired form. From this point forward, we will, without loss of

generality, assume every S space can be ordered so that its initial intervals are open. g

Lemma 1.3.6. If there is any L space, there is one of the form X = {x,} which is LS.

a<wq

PROOF. Likewise, recall that L is an L space if and only if it has an uncountable left separated space,
but no uncountable RS space. That is, 3X C L with X = {xa},,, so that Va3l open around x, with

xp € Up = {xy}, -, This implies that, in X, {x,} . is open. Now, recall that L is hereditarily Lindeldf, so

o
X is also. So, X is LS and HL, and so it is itself an L space, and is of the desired form. From this point on,
we will, without loss of generality, assume that every L-space can be ordered so that its tail intervals are

open. g

1.4. Small Cardinals and Set Theoretic Axioms

1.4.1. Definitions of Small Cardinals. A small cardinal is any cardinal number %, for which N; < x <

#R. In practice, small cardinals are the cardinalities of sets somehow related to IN.

”3%n € IN”: means: “there are infinitely many natural numbers n such that...”
"V*n €IN”: means "for all except finitely many natural numbers n we have...”.
f <* g For any two functions, f, ¢ € w“, wesay f <* gifand only if f(n) < g(n) V®°n € N
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Dominating:: A sub-collection D of w® is dominating or cofinal if and only if Vf € w® there is an
g € Dsuchthat f <* g.

Bounded:: A sub-collection B of w* is bounded if and only if 3few®“such that VgeB we have g <* f.

Unbounded:: As expected, B is called unbounded if and only if it is not bounded.

9 = min{#D : Dis dominating}: OR

0 =min{#F: F C w® A (Vgew®)(3feF)(Vnew)(g(n) < f(n))}:

b = min{#B : Bis unbounded}: OR

b=min{#F : F Cw¥ A (Vg€ w?)(3f € F)(I®n € w)(g(n) < f(n))}.:

1.4.2. V=L: Godel’s Axiom of Constructibility. V is the class of all sets. L is the set of all constructable
sets. That is to say, L is the smallest possible model of ZFC set theory; it includes only those sets specif-
ically guaranteed by the axioms. Godel’s Axiom of Constructibility says that V = L, or that all sets are
constructable. V = L is the strongest requirement that the universe be “controllable” in the way we spoke

of above.

1.4.3. CH: The Continuum Hypothesis. The continuum hypothesis, first posited by Georg Cantor,
states that there are no cardinals between w and c¢. Alternatively, it can be thought of as saying that 2% = R;.
In 1900, Hilbert named the Continuum Hypothesis to be the first of his centennial problems. In 1939, Kurt
Godel proved that it was impossible to disprove CH with only the ZFC axioms. It took another three

decades for Paul Cohen (using forcing) to show it likewise impossible to prove CH within ZFC.

1.4.4. MA: Martin’s Axiom. Martin’s Axiom, attributed to D.A. Martin, says that no compact CCC Haus-
dorff space is the union of <c nowhere dense sets. Martin observed that several models of set theory which
contained Suslin Lines (see ) contained a similar assumption. That common feature is now called Martin’s
Axiom.

Notice the similarity between Martin’s Axiom and the Baire Category Theorem. In point of fact, assum-
ing CH, the Baire Category Theorem is simply a stronger version of Martin’s Axiom. Indeed, assume CH.
In this case, the Baire Category Theorem tells us that no locally compact Hausdorff space is the union of <c¢
nowhere dense sets.

There are other versions of Martin’s Axiom. In particular, for any cardinal x, MA(x) says that for any
CCC space, X, and any family, D of dense sets in X, with #D < «, there is a filter F on X such that F(d
is non-empty for every d € D. The usual MA is equivalent to (Vx < ¢) (MA (x)). Of particular interest is
MA (8y).



1.4.5. {: Diamond. Recall that a subset of w; is stationary if it meets every closed, unbounded subset

of wy. ¢ can be defined in many alternative ways:

(1) <: There is a family of functions, { fx} so that

xEW
(a) for each «, fy maps a into a
(b) If f maps wy into wy, then {a : f [ & = f, } is stationary.
(2) ©1: There is a family of subsets of wy, {S} ¢, SO that
(@) Sy Cw
(b) If S C wythen {w: SNa = S,} is stationary.
(3) <2: There is a family of subsets of wy X w1, {Ma} ¢, SO that
(@ My Caxa
(b) If M C wy X wy, then {a : M N (& X &) = M, }is stationary.
(4) &: Let {A4},c,, be an order-preserving index of the limit ordinals in w;. Then & says that: There
is a family of subsets of w1, {Su },e,, SO that
(a) S, iscofinalin A,
(b) If S is an uncountable subset of wy, then there is an & € wq with S, C S.
& is also sometimes called “Ostaszewski’s Principle”, because it was first formulated by Ostaszewski to
construct his space (see Section 2.4).
It is a fact that these three formulations of <{} are equivalent, but that & is weaker than ¢ [Rudin, p.
32-33]

1.4.6. PFA: Proper Forcing Axiom. A partially ordered set (poset), X, is called proper if, for all regular
cardinals A > N, forcing with P preserves stationary subsets of [\|. The Proper Forcing Axiom asserts
that if X is proper and (for each o < wq) Dy is dense in X, then there is a filter G C P such that D, NG # &

forall & < wy.

1.4.7. Relationships between these assumptions.
(1) V=L implies $.
(2) ¢ implies CH.
(3) < implies &.
(4) & and (MA + —CH) are contradictory.

)
)
)
)
(5) & + CH is equivalent to
(6) CH implies MA.
(7) PFA implies MA.
)

(8) PFA implies 2% = X, (and so PFA and CH are contradictory).

7



CHAPTER 2

EXAMPLE SPACES

In this section, I will present several examples of S and L-spaces which are T3. Each of them require
assumptions in excess of ZFC. Some will be constructed in detail, while others will be only briefly sketched.

The details of those constructions can be found in the works cited.

2.1. Non-Regular S & L spaces

Theorem 2.1.1. There is a T, (non-regular) S space.

PROOF. Fix X, an arbitrary subset of R with cardinality w;. Order it so that X = {xx},,,. Define a
topology on X so that a basic set around x,is the a! initial interval intersected with a standard epsilon-ball.
That is, let the basic open sets around x, be Uye = B(xq,€) N {xﬁ} p<a for each 0 < ¢ < co. Call this new
topology 7. We have constructed T to be RS, so its not HL.

However, it is HS. Indeed, suppose Y is an arbitrary subset of X C R. Because R is HS under its usual
topology, there’s some subset, D C Y, which is countable and (metrically) dense in Y. Without loss of
generality, D = Y N {x4},_; for some countable J.

Now D is also T-dense in Y because for any x, € Y and for any & > 0:

if x < ¢, then x, € D itself

if & > ¢ then (since D is metric-dense in Y) B (x,, €) contains an xgeD which implies that B < ¢ < &, so

xp € {xﬁ}ﬁqas well, and so xﬂell,xas desired. O

When, in Section 2.3, we construct the Kunen line as our archetypal example of a regular S-space, we
will modify the method of the above proof in order to ensure that the neighborhoods are clopen, thus

ensuring zero-dimensionality, and thus regularity.
Theorem 2.1.2. There is a T, (non-regular) L space.

PROOF. As in the above S space example, we will construct new neighborhoods of the real line in in
order to destroy separability, and then show that Lindel6fness was not destroyed.

Let (X, 7) be an arbitrary subset of the reals, well-ordered so that X = {xa},c,. Further, let each
T-open neighborhood of each x, be a set of the form B (x,,€) N {xﬂ } foa By defining intervals in this way,

we have certainly made X to be LS, and so surely not HS.

8



To ensure that X is HL,let Y C X and C = {Cq },. 4 a cover of Y by basic open sets. We shall construct a
countable sub-cover of C. Recall that since the C,are basic open sets, we have, for each a, Cy, = Y N (I, N Uy)
where I;is an open interval in R and U, = {xﬁ } B> for some 7y, € w;.

Notice that I = {I4},. 4 is an open cover of Y in the metric topology, so it must have a countable sub-
cover, call it [* = {I/g}ﬁeB for some countable B C A. Now, (37 < wq) (VB € B) (B < 7). Let C* = {Ca} 1B
Notice that C*now covers {x; € Y : § > 7}, but, since v is countable, there are only countably many % .
We can add in the C,’s which cover those, and acquire a countable subset of C which covers all of Y. That is:
C*U{Cs}s< p is a countable sub-cover of C which covers all of Y. So, X is HL as desired, and so an L-space,

as claimed. O

2.2. A T3 S space using the boundedness number

2.2.1. Notation.
X[< f]:: Foranyset X andany f € X, let X[< f] ={ge€ X:¢g < f}.
B, (f): Forany f € Xandany n € IN, letB, (f) = {g € X : (Ym < n)g(m) = f(m)}.
By (f) :: Forany f € X and any n € N, let B (f) = B, (f) N X[< f]

2.2.2. The existence of a regular S space.
Theorem 2.2.1. There exists a Tz S space under b = w;.

Assume that b = wq. Let X = {fy }a<w, be any unbounded subset of w® wherein all the f,’s are strictly
increasing functions. To begin, we think of X as having the (Baire) product topology it inherits as a subset
of w*”. We want to construct a new topology on X which will make it an S space. To do so, for each f € X,

we add X[< f] as a new open set. We will call this new space X[<].

Proposition 2.2.2. X[<] is T3, not Lindelif, but is hereditarily separable, that is, X[<] is a T3 S space.
2.2.3. Proof.

Claim 2.2.3. X[<] is regular because it has a basis of clopen sets.

PROOF. Observe that the nth basic neighborhood of f € X[<] is By (f). In other words, the n'" basic
open neighborhood of f consists of all those sequences in X which agree with f for the first n places, and
thereafter remain smaller than f.

Now, each X[< f]is closed in the original (Baire) topology, because X \ X [< f] = {g € X : (In) (g(n) > f (n))}.
Now, choose any ¢ € X/X[< f]. By+1(g) = {h: (Vm <n+1) (h(m) = g(m))}is a Baire neighborhood
around g. Surely, if h € B, 11(g) thenh (n) = g(n) > f(n) andso h € X \ X [< f] which implies (since h

9



was arbitrary) that B,1(g¢) € X \ X [< f] and so X/X [< f] is Baire-open and so X [< f] is Baire-closed as
desired.

Let { T }new be a countable base for w® (we know this exists because w® is surely second countable).
For every f € X, the collection {T, N X [< f]: f € Ty} is a local base for f in X[<] because, given any
B (f), we know (3k) (f € Ty C Bu(f)) and so f € Ty N X [< f]C B (f). O

Claim 2.2.4. X[<] is not Hereditarily Lindelsf.

PROOE. In order to show that X[<] is not HL, we show that it is right separated. To do this, we show
that every initial segment under the <*well-ordering is open in X[<]. Let I (f) = {g € X : ¢ <* f} be such
an initial segment, and fix i € I (f). We need to find an 1 € w so that B (h) C I (f). Recall that i € I(f)
implies i <* f, which means (3n € w) (m > n = h(m) < f (m)). So, for that particular n, By (1) C I (f).
Recall that the fact that initial segments are open under any topology implies that a set is RS, and that an

uncountable RS set cannot be HL. O
Claim 2.2.5. X[<]is Hereditarily Separable.

PROOEF. Assume that X[<] is not HS. Then it must have an uncountable LS subspace, which we will
enumerate Y = {V }a<w,- NOw, notice that for every & we have U, open around y, so that yp € Uy =
B > «; in fact, this is the very definition of LS. Since we have a local basis (above) at each f, we need
only consider U, of the form T,, N X[< y,]. Now, there are only countably many Ty, but there are an
uncountable number of i/, s, so the vast majority of the Ty, must all be the same.

Without loss of generality, we assume that all of them are, say (Va) (Tnya = TN). Now, recall that
B<a = yp ﬁ Yu, 50, if we fix an n € IN, and let the «’s increase through w;, we find that we have a

strictly increasing, uncountable set {y, (1) } but each of the y, (1) has to be a natural number, and there

acwr’
just aren’t enough of them! Having arrived at a contradiction, we see that there cannot be an uncountable

LS subspace of X, and so X must be HS as desired. O

2.3. The Kunen Line: A regular S space under CH

The Kunen Line is a classic example of a T3 S space, with a usefully generalizable construction tech-
nique. It is similar to the T, example of an S space constructed in Theorem 5.1. The Kunen Line, like the
examples above, is built out of the real line, however, it is important to note that, despite the name, the
Kunen Line is NOT linearly ordered.

Most texts, including [Kunen&Vaughn] and [Just&Weese] from which this treatment is adapted, present
the complicated and technical construction of the Kunen Line without much motivational exposition. It is

my hope here to provide a readable explanation of the reasons why the Kunen Line is constructed as it is.
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2.3.1. Definition of the Kunen Line. The Kunen Line is a zero-dimensional, first countable, locally

compact, regular S space.

Theorem 2.3.1. Let R = {xa},¢,, be a well ordering of the real numbers, which assumes ¢ = wy (CH). There is

some topology T, so that:

(1) Each initial segment Xg = {x, : & < B} is open. That is to say, (R, 7) is RS, and so not HL.

(2) The difference between the usual metric topology and the new one is small. More formally,
# (A/AT)< X for every countable A C R. (where y is the usual topology on R).

(3) (R, 1) is zero-dimensional; it has a basis of clopen sets.

(4) (R, ) is first countable; every point has a countable local basis.

(5) (R, ) is locally compact; every point has a compact neighborhood.
Proposition 2.3.2. (IR, T) as described above is a T3 S space.

PROOF. Notice that for any X, a subspace of IR, X is surely p-separable, so there isa D C X which is
countable and y-dense in X. By (2) above, we know that X /DT is countable. So D |J X /DT is countable and
T — dense in X. So, (R, 7) is hereditarily separable. Moreover, we know that zero-dimensional T, spaces are

regular, and so, since (1) requires that it not be hereditarily Lindelof, (IR, T)is a regular S space as desired.

O

2.3.2. Motivation for the Construction. Recall (1.3.2) that a space is hereditarily Lindelof if and only
if it does not contain an uncountable set which can be right separated. As in the non-regular example in
Theorem 5.1, we want to modify the usual topology on some cardinality w; subset of R, which we call X,
so that every initial segment is open, in order to prevent hereditary Lindelofness.

At the same time, we want to “build in” regularity. By examining the example in 5.1, we see that
what precluded the regularity of that space was that the closures were “too small”. That is, too many sets
were closed, which means too many sets were open. We want to make the least number of new sets we
can which will still allow the set to be right separated (so not hereditarily Lindel6f) without messing up
hereditary separability.

To do this, we will construct our new topology on the real numbers so that, for every countable set, A C
X, AF\ AT is only countable. If we assure ourselves of this, then, given any particular subset of X, say Y, we
will be able to find a countable set A which is metric dense in Y, and then we can let D* = D U (W \ W),
and then D*T = Y

In order to ensure that we don’t add too many open sets, we will add our open neighborhoods “one

point at a time” along X’s order. That is, we will construct a sequence of topologies (X/g, T‘B) where at
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step B we will determine the open neighborhoods of the point x5 and add them to the topology we have
constructed up to that point. Because we need to be careful to maintain the hereditary separability inherited
from R as we go, we need to construct these neighborhoods in such a way as to preserve the density of those
metric-dense sets. To do this, we will list all the countable sets which contain Xg in their closure, and then
construct the neighborhoods of x4 by stepping along that order, making sure each neighborhood of xg hits
each of those sets at least once.

For little extra effort, we can, in fact, make a new countable basis of open/compact sets, which garners

us local compactness and first countability in addition to regularity.

2.3.3. Proof of Existence.
2.3.3.1. Constructing the topology.

Notation. We label everything as follows:

(1) Xg = {xq : & < B} is the p" initial segment.

)

) Let [R]Y = {Ay}, 0, be the set of all countable subsets of R, ordered arbitrarily.

(3) For each B, let Az be the set of all countable sets which contain x4 in their metric-closure.

(4) Cp = { : (xﬁ € Ay) & (A«Y C Xﬁ) &(y < ﬁ)} That is, Cg is all sets in Ag which lie entirely
within the B initial segment and whose place in the arbitrary order from (2) is less that 8. Notice

that, since 8 is countable, Cpisas well.

(5) For each B, we have a sequence Sy = {A,,},., Wherein each A, € Cg occurs infinitely many

new
times. This Sg can be chosen arbitrarily, or it can “cycle through” all the A, € Cg “in order”.

(6) For each B, let yf = {yﬁ} be a sequence where each y,eA,, is chosen so than lim (yfq3 ) -+, xg
new

. In particular, we choose y” so that ‘ y’,% —Xg H — 0. Notice that since every A, appears infinitely
many times in Sg, yPcontains a sub-sequence y?* C A, which converges to xg. We will construct
the neighborhoods of x4 in such a way that they each contain a tail of yP, and therefore a tail of
each y7. In this way, we ensure that each neighborhood of x4 intersects each A eAg and thus

doesn’t spoil the hereditary density inherited from R.

Set Up. Our goal is to construct, for each § € w; a topology 75 on Xg = {x4 : & < B} with the following

properties:

e a) T is the usual metric topology and each 74 contains all the metric-open intervals.

e b) If v < B then 7, = 75 on X,. That is, we only add new sets to the topology when we add new
elements to the underlying space.
c) If B is a limit ordinal then U, () is a basis for .
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e d) Every countable set which was metric-dense remains 7g-dense. To do so, we'll to construct the
neighborhoods of xg in such a way that hiteach A, € Cg. Formally: A € Cg = {AW (r<B) & (A CXp) & (xﬁ €
xg € AT

e ¢e) (X B Tl;) is zero dimensional; it has a basis of clopen sets.

o f) (X B Tl;) is first countable; it has a countable local basis at each point.

e g (Xg, T/g) is locally compact; every point has a compact neighborhood.

Once we have these topologies, the union of all of them will be a basis for our desired topology, T. Notice
that (a)-(c) above satisfy (1) in our description of 7 in Section 2.3.3.1. Further, it is clear that T |1 Xg = 15,
and so any properties concerning local bases carry over directly from the X:gs to, and so (e) implies (3), (f)
implies (4) and (g) implies (5).

Finally, we see that (d) implies that A € Cﬁ = xp € AT because on Xﬁ, T =T. From this, we see that,
for any countable set, the difference between our new closure and the old metric one is at most countable:

Fix some countable A, = {a,} C (R, 7). Now, if xg € Aiv/Aifr, then A, ¢ Cg, which means that

n<w —

one of the following cases holds:

(1) B < y== B1is countable.

(2) Ay & Xg = (3n) (ay) > p = Bis countable.

And so, itis clear that there can be only countably many xg € A, /AT, which is exactly the condition desired
in7.1.
The Construction of the nested topologies. Now, we need only to construct the sequence of topologies,
{1} p<w, (PeThaps easier said than done).
Countable B. For the first countably many , we have B < w and so Xy is finite, and therefor we can simply
consider it to be discrete. In this case, the usual metric topology satisfies all our criteria.
Limit Ordinals. As we approach each limit ordinal, A, (c) above tells us we must set 7, to be the topology
generated by the basis [J, . Tx.
Successor Ordinals. Now, for f > w, we must define how to construct T[;Hfrom the preceding Tﬁ’s. Since
we need our topologies to nest, the 751 open neighborhoods of x, are the same as those under 75 whenever
a < B, so we need only determine neighborhoods for x4. (d) above tells us how to choose them. Fix a p.
Recall that xp € A,, forevery A, € C p (by definition). Because of this, we constructed a sequence of

reals yf = {yﬁ}neN C Xp with each yﬁ € A,, so that

yg — x5’ decreases to zero. Notice that, for every
Ay C Cﬂ, yﬂcontains a sub-sequence y¥ C A,.
Now, we want to construct the neighborhoods of Xp SO that they each include the n-tail of yﬁ, and so

intersect each A, To get all the features we want from our space, we want to do this in such a way that each
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neighborhood is compact. In essence, we will fatten each v, into a compact interval, and then let unions of
those intervals be neighborhoods of xg.

For each n, we choose a sequence of closed, pairwise-disjoint intervals {I,}, . so that y, is in the
interior of I, for each n € IN. Next, we pick an inward-nesting sequence, of Tg-compact neighborhoods
U/gn C I, around y;. Finally, we choose a sequence {Vﬁ” }n €N of subsets of X p+1 to add to Tp to form a basis

for 7541 according to the following criteria:

(1) For each k € IN, { yﬁ n > k} C Vg, that is, Vp, contains the k-tail of yﬁ (and, therefore, the k-tail
of each y7).

(2) For each k € N, Vg, N Xgis 15-open. (That is, it was already open.)

(3) Nken Vg, ={xp}. (Thatis, the V’s nest down onto x4.)

@ Vg, = {xp} UlUnzi Up,

Having thus chosen our Tlgs, it remains to check that they do in fact fulfill all the necessary criteria.

2.3.3.2. Proof (by induction) that the nested topologies are as desired.

The induction hypotheses. At every step & < wy, we assume (a) through (g) above for every g < «.

Finite B. In the finite case, all 7 properties are obvious.

Limit Ordinals. Assuming (a)-(e) for all « < §, (where  is a limit ordinal), we can infer they hold for
(X, T3) because we built in (a)-(c) and 73 = T, on X, = Xg \ {xg} and so local properties like (e)-(g) hold
in 75 if and only if they hold in all the preceding 7,s. Since § is a limit ordinal, property (d) does not apply.

Successor Ordinals. Now, assuming (a)-(c) and (e)-(g) hold at stage f > w, we need to show (d) holds
at level B and (a)-(c) and (e)-(g) hold at g + 1. To prove (d) at level B, fix A, € Cg. We want to show that
xp € ATB+L By the definition of Cﬁ, we know that xpg € Aix We know, likewise that, for any « < v < B,
Xy € A,. Now, we constructed the 75,1 neighborhoods of xg to include the k-tail of each y7 C A, which
each converges to x4 and so xﬁeﬁ, which is exactly condition (d).

To show (e), that (X1, Tg+1) is zero-dimensional, we need only prove that the Vi are each p-closed.
Let U be a clopen basis for 75 which doesn’t have any sets which contain an infinite number of Vg, ’s. Let
U'=uu{unVy, :uel U {Xg,1}} be abasis for t5,.

Fix x € Xgy1and V € U" with x ¢ V. To show that Vg, is closed, we need to show that there is a

neighborhood of x disjoint from V. There are three cases to consider:

(1) If x = xp, then some Vp, misses xg by hypothesis, and so were done.
(2) x € Xgand V € U then V is clopen, since U is a basis of 75 which is zero dimensional.
(3) x € Xgand V = u N Vg, for some u and some k. If x < xp (in the usual number-order of R) then

we can pick an 7 so that x # infU; ., I;. Now, since 1 refines the usual metric topology, we can
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find a w € 15 open around x so that w N {u N Um<j<n UM;} = . Now, w < inf{;, I and so we

are done. The case where x > xg is identical.

2.4. Ostaszewski’s Space: an S space under CH + CLUB

2.4.1. Ostaszewski’s Space.
Theorem 2.4.1. CH + & implies the existence of a topology, T, on wy which is:

(1) Hausdorff

(2) perfectly normal and hereditarily normal

(3) countably compact

(4) hereditarily separable

(5) first countable

(6) possessed of a basis of compact, countable, open and closed sets
)
)

(7) so that all open sets are countable or co-countable

(8) so that every a < w is open.

Notice that this implies that (w1, T) is neither compact nor Lindeldf, since there is an open cover of sets
which are each countable, and so no countable collection of them can cover wj. A summary of the construc-

tion (as per [Rudin]) follows. This construction is very similar to that of Kunen'’s Line.

2.4.2. Summary Proof of Existence. Assume S is a family satisfying . Use CH to index the set of all
countably infinite subsets of wy as { Xy }a<w, With Xo C Ay (Where A, is the " limit ordinal in wy ).

For each f < wy, and for each new we define a set Ug , by induction:

Define Uy, = k for all k, new

If0 <y <wjandforalla < yandall B < A, then Up, has been defined so that

(1) {U/g,n B < /\a&new} is a basis for a Hausdorff topology 7, on A,.
(2) Each Ug, with B < A, and new is compact in 4.

(3) (B+1) D Ugp D Ugy D ... forany B < A, and, moreover, {Ug, } _ isa local basis for B in 1.

If 7 is a successor ordinal, say v = a + 1, we define Uﬁ,n forall Ay < B < Ay in two cases:

Case 1: Suppose X, has no limit point in (A4, 7o) . Choose disjoint subsets X = (xp < x1 < x2 < ...)
of Xy and S = (sp < s1 < ...) of Sy so that S is co-final with A,. Since XNS = & and X U S is discrete
and since (A, Ty )is countable, Hausdorff, and has a basis of open/compact sets there are disjoint families

{Vi }ew and { Wi}, of disjoint basic open/compact sets with xieVj, syeWy where Uy, (Vi U W) is closed.
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Partition w into infinitely many infinite disjoint subsets Ny, N1_. Then, for each i, new, define U1y =
{Aa 1} UUZE AVe U Wi

Since, for i # j, U), 1,0 = @ it will turn out that (1), (2), and (3) will all hold for .

Case 2: If X, does have a limit point in (A, T) we make the same construction except we leave out all the
X’s and V’s. (Since the whole function of the X’s was to make sure the space was countable compact....every
countable infinite set needs some limit point. In this case we already have those limit points, there is no
need to add them artificially).

Now, {Uﬁ/n }Z§Z1 is a basis for a topology T on w;. Ostaszewski’s space is now (w1, T). Clearly, (1), (2),
and (3) are satisfied with &« = w; and, moreover, T is clearly countably compact by construction. & will
now ensure that open sets are either countable or co-countable and that closed sets are Gs’s. Hereditary

normality and separability will follow therefrom.

2.4.3. General Ostaszewski Spaces.

Definition 2.4.2. A Hausdorff space X is called “sub-Ostaszewski” if it is uncountable, but every closed set
is ether countable or co-countable. A sub-Ostaszewski space which is also regular, countably compact, but

no compact is called an Ostaszewski space.
Theorem 2.4.3. Every sub-Ostaszewski space is hereditarily separable.

PROOF. Let X be a sub-Ostaszewski space. Since X is Hausdorff, given any two points, there are disjoint
neighborhoods each containing one of the points, call them U and V. But,now M = X\ Uand N = X\ V are
both closed. That means either U or M is countable, and either V or N is countable. But, I C Nand V C M,
so either U or V is itself countable. Now, since this argument will work for any two points, there can be
only one point in X which doesn’t have a countable neighborhood. By removing that point, we can assume
that X is locally countable. Now, recall 1.3.4 tells us that a locally countable space is hereditarily separable
if and only if it does not contain an uncountable discrete space. So, we assume Y were an uncountable
discrete subspace of X. We can split Y up into two uncountable sets, Yjand Y, with Y1 NY, = @. Now, Y;
is uncountable, but so is Y \ Y1, which is a contradiction, since X is sub-Ostaszewski. Therefor, X must be

hereditarily separable as desired. O

Theorem 2.4.4. There are models of ZFC+CH which do not allow any Ostaszewski spaces. (Eisworth, 1999)
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2.5. Suslin (Souslin) Lines and Trees:

2.5.1. Trees.

2.5.1.1. Definitions and Preliminary Theorems.

Tree: A tree is a partially ordered set (T, <) such that every initial segment, [x] = {y € T:y < x} is
well ordered.

Level:: The o' level of a tree T is T (&) = T, = {t € T : [t] ~ a}, that is, the set of all elements the
set of whose predecessors is order isomorphic to «.

Height:: The height of a tree T is the smallest a so that the &/’ level of T is empty. We write hit(T) for
the height of T.

Branch:: see chain

Chain:: A chain (or branch) is a linearly ordered subset of T.

Antichain:: An antichain is a subset of a tree all of whose members are incomparable. More formally,
it is a subset of the tree such that no node in the set is the descendant of any other node. The size
of the largest antichain gives a rough measure of the width of the tree. Antichains are also called
“levels”.

Everywhere-splitting:: A tree is called an everywhere-splitting tree if above every element are (at
least) two incomparable elements. That is, (VteT) (3r,s) (r,s > t&r £ s&s £ r)

Tree-topology:: The tree topology is that whose basis is the open intervals of T. A tree topology of
this type is always regular and Hausdorff.

Partial-order-topology:: The partial order topology is that which has {x € T : x > y}yeT as its basis.
This topology is rarely even Hausdorff.

Konig's-Lemma:: If T is an infinite tree, and if each antichain T, is finite, then T has an infinite
branch.

Canonical Extension:: Every tree extends to a canonical linear order as follow:

Suppose T is a tree under <. Let < be an arbitrary linear order on T(«), the a'’* level of T.
For x € T(a) and B < a, we define x(B) to be the unique z € T(B) with z < x. We define the

linear order on T by x < y = x (a) < y(B) and if « is the least ordinal with x(a) # y(a) then

() < y(a).

2.5.1.2. Cantor Trees. A Cantor Tree, T, is developed from the usual middle-third Cantor set in the

following way: Let the first level of the tree be [0,1], the second [0, 3] U [3,1] and so forth. The w level

of this tree is C, the usual middle-thirds Cantor set. The partial order on this tree, as expected, is C, set

inclusion.
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Now, given any cardinal ¥ with w < k¥ < ¢and any Bwith#B = x T\ C C B C T, then we call B a
x-Cantor tree.

2.5.1.3. Aronszajn Trees. An Aronszajn tree is an uncountable tree with no uncountable branches and no
uncountable antichains. More generally, for any cardinal x, a x-Aronszajn tree is a tree of height x wherein
all the antichains and branches have size less than x. Notice that a usual Aronszajn tree is the same as
Ri-Aronszajn trees. It is a fact (Konig's Lemma) that there is no such thing as an Xp-Aronszajn tree. It is
likewise known (proved by Aronszajn) that Aronszajn trees exist in ZFC. The existence of R;-Aronszajn
trees is known to be undecidable. They exist when CH is true, but it is consistent for them not to exist

under certain other assumptions.

2.5.2. Suslin Lines: The real line is characterized as the unique unbounded, dense, complete, separa-
ble, linear order. What if we try to replace separability by CCC? Is the resulting space still unique? A Suslin

line is any non-empty, totally ordered set S with the following five properties:

(1) Shas neither a least nor a greatest element.
(2) Sis order-dense.

)
)
(3) Sis order-complete.
(4) Sis CCC.

)

(5) Sis NOT order isomorphic to the real line.

First proposed by Mikhail Yakovlevich Suslin in the early 1920’ s the Suslin Hypothesis conjectures that there
are no Suslin lines. Equivalently, since R surely satisfies #1 through 4, the Suslin Hypothesis can be phrased
as, “Every CCC, dense, complete linear order without endpoints is isomorphic to the real line.” Alternatively, a
Suslin Line can be defined as “linear CCC connected non-separable space”. For many years, the existential

status of Suslin lines was unclear. It is now known to be independent of ZFC.

2.5.3. Suslin Trees: A treeis a partially ordered set, (S, <) with a smallest element, so that every initial
segment is well ordered by < . A Suslin tree is a tree of height v such that every branch and every antichain
is at most countable. Notice that every Suslin tree is an Aronszajn tree; in fact, under CH, Aronszajn and

Suslin trees are identical.
Definition 2.5.1. (regular) A tree with the following two properties is called regular.

(1) For each node on the tree, the set of all immediate successors is countable.

(2) If x,y € T, for a limit ordinal @ < ht(T) and If {z € T|z < x} = {z € T|z < y} thenx = y.

Theorem 2.5.2. The existence of a Suslin Tree guarantees the existence of an everywhere-splitting Suslin Tree.
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PROOF. Let T be a Suslin tree. We need to get rid of all those elements which do not split. Let
S={teT:(r,s>t)= ((r<s)V(s<r))}, Thatis, S is the set of all + whose predecessors are all
comparable (places where no branches split off). Let A be the set of all minimal elements of S (that is,
A={teT:(VseS)(s£t)}

A is an antichain, so (since T is Suslin) A must be countable. Now, for any tcA, R = {reT : r > t} is
countable, since it’s a chain in a Suslin tree. It is a chain becasue t € A C S and so everything bigger than ¢
is comparable (this is the defintion of S).

So, T* = T/ Usea {r € T : ¥ > t} is uncountable, and a subset of T, so it must have no uncountable

chains or antichains, and is therefore Suslin. [Roitman] 0
Theorem 2.5.3. The existence of an everywhere-splitting Suslin Tree guarantees the existence of a Suslin Line.

PROOF. Assume (T, <r) is an everywhere-splitting Suslin tree. Let B be the set of all branches of T,
and let T* = T U B. We order T* by < as follows:

tbseT = (t<s&t<rs)

t € T&beB = (t<b <t €b)

teT*&beB= (b<t=0b=t)

Extend < linearly in the canonical way. Call this extension <.

I claim that (B, <)is a Suslin Line. Since it is obviously linearly ordered and connected, we need check

only that it is non-separable and CCC. O
Claim 2.5.4. (B, <) is not separable.

PROOF. Imagine B had a countable dense set. Without loss of generality, we can extend that countable
set to a countable initial segment (since every branch is countable). Call the dense initial segment Tj. If teT
and the height of t is greater that a (so t ¢ Ty), then (since T splits everywhere) there is some seT so that
s > tso that the interval (t,s) = {xeT* : t < x&s £ x} has at least three branches in it. Therefore BN (t,s)
contains a whole interval of B. Now, fix any beB N (t,s). Since ht(b) > ht(t) > a, b cannot be in T, and so

Txcannot be dense in B (since it misses a whole interval of B). ]
Claim 2.5.5. (B, <) is CCC.

PROOF. Imagine C was a pairwise disjoint collection of non-empty <-intervals in B (that is, intervals
of branches). Since the endpoints of each interval in C are in B, the endpoints of each interval in C are not
<-comparable. For each interval I = (ry,s;) € C, let I* = {teT : r; < t < s} . Pick a branch b(I) € I and

t; # sy € b(I). Then tjel*and if f; < t; then t;el*. But then b(])el, even though ] and I were supposed to
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be disjoint. So, the ¢;’s must be incomparable in T, and so, since T is Suslin, C must be countable, and so B

must be CCC as desired. this completes the proof. O
Theorem 2.5.6. The existence of a Suslin Line guarantees the existence of a Suslin Tree.

Let Y be a Suslin line. Since Y is not separable, no countable subset of Y is dense in Y. We can assume,
without loss of generality, (by possibly replacing Y with a small enough subinterval) that Y is everywhere
non-separable, i.e., that every countable set is nowhere dense.

We will define, by induction, a tree T = Un<w; Tas where T, is the set of elements on level x. Each T,

will be a maximal collection of non-empty open intervals. T will be ordered by reverse inclusion.

(1) Ty = {Y}, the whole Suslin line.

(2) Given Ty, T,41 is chosen so that:
(a) every interval in T, is open
(b) every interval is properly contained in some interval of T,
(c) the intervals are disjoint.

)

(d) T, is maximal. (i.e., |J T,is dense.)

(3) If v is a limit ordinal, T, is defined to be the set of non-empty intervals of the form (ﬂ€<7 U Te).

Now, we need to show that the T}s defined like this are maximal (i.e., J T, is dense). Recall that Y is a
Suslin Line, so that it is CCC. Therefore, T, being a collection of pairwise disjoint open intervals, is at most
countable. Therefore T, has at most countably many endpoints. Since Y is everywhere-nonseparable, this
collection, E,, of endpoints, must be nowhere dense. Since at each stage T, was maximal, there are no
interval “gaps”, thatis Y = T, UE,

Now, letting T = Uy, Ta, it is clear that T has height w;, has branches/chains which are countable,
and that the antichains are exactly the levels which we just showed to be countable collections of intervals,

since Y is CCC, and so T is a Suslin Tree.

Theorem 2.5.7. V=L implies the existence of a xk-Suslin Tree for every infinite successor cardinal x. (Jensen, 1972)

The existence of a Suslin Tree is to the existence of a certain uncountable collection of real sets.

The existence of a Suslin Tree is equivalent to the existence of an uncountable collection of real sets, C,

so that:

(1) any two sets in the collection are either disjoint or one of them is a subset of the other
(2) if G is any uncountable sub-collection of C, then G has at least two disjoint members and at least

two members one of whom is a subset of the other
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PROOF. Assume there is a Suslin tree, S. Let f be a one-to-one function from some uncountable subset
of S into R. For each xeS, let U(x) = {y:x <y} andlet F = {f(U(x)) : x € S}. Then F has the desired
properties. Conversely, if there is a collection F, let A < Bmean B C A, for any A, BeF. Then, F is a Suslin

Tree. O

Theorem 2.5.8. The existence of a Suslin Line guarantees the existence of a regular S space.

2.5.3.1. Notation.

T, Let T, be the a!" level of T.

ht(t) Let ht(t) be the level of the tree to which ¢ belongs.

R Suppose that HC T.Let R = {r € T : r < h € H}. That s, let R be the set of all predecessors of
H.

Let (T, <) be a Suslin Tree. Let Q be a maximal antichain in T \ R and choose & € w; with a >ht(t) for
all t € Q.If t € RN T,, then any maximal antichain in {x € H : x > t} is also a maximal antichain in
{x € T:x > t}. Assume there were a yeT \ H so that y > t and y incomparable with all other x > ¢t. Since
t € RN Tyand y > t, we know that ht(y) = «, and so ht(y) > «, which means that it must be in H, since R
is the set of predecessors of H.

If v > aand teR N T, define v = g < 71 < ... and define antichains Ag, Ay, ... by induction so that A,
is a maximal antichain in {er N (Ljﬁ>%1 Tﬁ) tx > t} and 7,41 > I(x) for all xeA,. Then, if 9/ is the limit
of 79,71... , the tail of every chain running through the tree from ¢ to level +” hits infinitely many of the A;.

Now, to make T an S space, for each teT, let A = {(n,a,t) € w X wy x T : & < I(t) }where « is a limit
level. If a is a limit ordinal in w1, then select an increasing sequence a” < a! < ... having « as a limit.

For each A = (n,a,t) €2, we choose a chain Z(A) in T running from the predecessor of t in Tyn to Ty
such that Z(A) is not contained in {p < r} for any reT, We make the choice in such a way that, for any
v < wy, there is a tail Z, (A) of the chain Z(A) so that Z,(A) N Zy(m, B,r) = @ unless the same term of T,
precedes both ¢ and r.

Topologize T by declaring a V C T to be open if, for each t € V and for each limit « < I(t), there is a
k € w so that, for all n > k, a tail of Z(#n,, t) is contained in V.

Now, T with this topology is:

(1) not Lindelof, because: {U p<a Tﬂ} is an open cover with no countable sub-cover.
a<wiq

(2) hereditarily separable, because of the argument at the beginning.

)
)
@) Ty

(4) Normal, and therefore regular, because:
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(a) Imagine that H and K are disjoint closed sets. By the argument at the beginning, there is a
7 < wy so that, for every teT,, either {x >t} C Hor {x >t} C Kor (HNK) = . Because
of this, we can assume that {J;-., Ts C (H N K) and also that 1y is not a limit ordinal.

(b) Ift € Tand a < [(¢)is a limit, let A, = (n,«,t) for each n € w. Now, there is a k € w and, for
each 1, a tail Y(Ay) of Z(A,) which intersects H only if t € H and intersects K only if f € K .
Take Y(A,) C Z,(An).

(c) Let Yy = U,k Y(An). Then, Usey Y and Uyek Yr are disjoint closed sets containing H and K,
respectively; hence T is normal (and regular).

And so T is the regular S space we predicted.

2.5.4. The existence of a Suslin Tree guarantees a regular L-Space. Suppose S contains a Suslin tree.
Then S contains an everywhere-splitting Suslin tree T. Since Tx = {y € T : y < x}is completely ordered
for each x, we can associate each node of T with an ordinal number. Since we know that the branches and
antichains of T are at most countable, we order each branch to make it a copy of Z (or a subset of Z). Call
the resulting branch-space X, and topologize this set of branches so that [t] = {B € X : t € B} is open for
each teT. This is the standard branch-space topology.

Now, for each teT, [t] is actually clopen in X. To see that [t] is closed, consider Y = X \ [t] =all branches
which do not contain t. Fix BeY. We need to find an open set containing B which is inside Y. Since B is a
branch of T, which splits-everywhere, there is a minimal place where B and [t] disagree; call that element
s. Now, [s] surely cannot contain ¢, and so Be [s] C Y as desired. So, Y is open, and so [t] is closed, and
therefore clopen, as desired. Since X now has a basis of clopen sets, it is regular.

Let Y be any collection of branches in X, and let I/ be any open cover of Y by basic open sets, i.e.

U = {[u]}. Wewill call t € T “U”-minimal if

(1) Thereisa U € Y with [tjNY C U.
(2) If s < t, then there is NOT a U € Uwith [s]NY C U.

Then the set M(U/) consisting of all ¢/-minimal points of T is an anti-chain of T, so (since T is Suslin) M (/)
is countable.

Define r(U) = {[t]leY : t € M(U)}. This is clearly countable, but it's not quite a sub-cover of Y. For
that, we simply choose, for each teM (L{ ) , we can choose a Useld so that [t] C U;. Call the collection of
those U;’s U’. U’ is a countable sub-cover of Y. To show this, it suffices to show that every branch has a
U-minimal element. Assume it did not, then for every a < b, there would be a U € U with [a]NY C U.
However, since U is basic, it is clopen, and so, if it contains every [a]with a < b, it must also contain [b] and

thus B.
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So Y is Lindeldf, and therefore X is hereditarily Lindelof.
Now, X is not hereditarily separable. If it were, then it would be an unbounded, dense, complete,

separable, linear order, but IR is the only such space.

2.5.5. Diamond Guarantees a Suslin Tree.

2.5.5.1. Summary. We construct a tree T = Uy, Ta by transfinite induction on a. We need to do this
in such a way that T has no uncountable antichains. Since #T = R; there are 281 > R subsets of T. So there
are > N; uncountable subsets, none of which can be allowed to be antichains. That is a lot of things to keep
track of at each step! It is for this that we will use <.

We will set up our recursion in such a way that any A € W, which was a maximal antichain in T,
constructed before stage a stays maximal from then on. ) implies that when X is a maximal antichain in T,
then X N T,is a maximal antichain in T, and that X N T, € W,for some & < wy.

Since the antichains can’t grow, X N T, = X and so the antichain X must be countable (since Tjis).

2.5.5.2. A tiny problem. The power of <) applies only to subsets of w1, but we want to construct our tree

on subsets of [w]““". To solve this, we prove the following lemma:

Lemma 2.5.9. < implies that there exists a sequence of sets, {Zy},,_,, 50 that, for each & < cwy:

(1) Zy C [w]™"
(2) Zyis at most countable

(3) If X C [w]<“! then {a < wq|X N [w]<* € Z,) is stationary.
Y

2.5.5.3. Proof of 2.5.9. Notice that #[w]~" = #Uycr, [0]" = Lacw, 2% = Ry. Now, let F be a 1:1

mapping of [w]“? onto w;.

Claim 2.5.10. Sy = {& < w;|sup F [w]" = a} is closed and unbounded.

It is clear that Sr is closed. Indeed, given any B < w;, we can recursively define: g = f and a,,11 =
sup F [w]*" and then let &« = sup {a|n € N}. Then surely < & < wj and so a € Sg

Now, to see that it is unbounded, set Z, = {F'[A]N[w]*|A € W,} for any @ € Sp and Z, = @
otherwise. Surely Z, is countable (it's a subset of [w]~". If X C [w]*! then F[X] C w; and so S =
{a <w1|F[X]Na € Wy} is stationary. This means that S N Sr is also stationary and so « € SN Sy implies
that X N [w]~* = FL[F[X]Na] € Z,.
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2.5.5.4. The Suslin Tree Construction. In this section we construct a Suslin Tree. Before doing so, we will

need a few definitions and

Definition 2.5.11. (normal) A regular tree (T, <) is normal if, for all « < p < h(T) and for all x € T, we
have y € Tg so thatx <y.

We will construct T, by transfinite recursion so that each #I,, < Ny and so that T, = Uﬁga Tp is
normal. We put Ty = {J}.

Successor ordinals: Given that T, C w” so that the conditions above are fulfilled for &, we let T, .| =
{fUu{(a,n)},en &f € Tu}. Notice that now #T,.11 < Xy and that T, is normal as desired.

Limit ordinals: By the induction hypothesis, every Ty is normal whenever < a, so Tx = Upg<, Tpis
also normal. Additionally, #T, < Ypn#Tn < No.

Now, let {Cy,}, o be the (at most countable) collection of all elements of Z, which are maximal an-

tichains in T,.

Claim 2.5.12. For each f € T* there is a branch b of length « such that f C b and, for every n € IN, there is

some g € Cywith g C b.

PROOF. We fix an increasing sequence of ordinals, {«;},., so that ay = dom (f) and sup,,., &, = «a.
We will construct the required b by recursion. Let by = f. Given that domb, > &,, we know that there
isa g € C, comparable with g n. If there wasn’t, then C, U {b,} would be an antichain in T%, but C, is

supposed to be maximal.

V)

Now, if ;1 < dom (g), then we let b, 1 = g. If not, then we can let b, € Ty, with b, 4
g Uby (We know this exists because Ty, ,,is normal.) If we now let b = U,ecN by, we have that dom (b) =
sup {a,|n € N}. A quick examination shows that all the other promised properties of b are as they should

be, and so the claim is proved. O

For every f € T" we choose one branch by, as in the above claim. we set T, = {b flf € T”‘} . Surely
this is a normal tree, and #T**1 < R,/ Moreover, each C_n remains a maximal antichain in T**!/ This is
because each b € Tywas chosen to be comparable with some g € C;,.

This completes the recursive construction. From here, we let T = |J, ., Tvand notice that T is a normal
tree of height w;. Now, we need to show that T has no antichains of cardinality N;. Assume it did. Call that

antichain X, without loss of generality X can be maximal.

Claim 2.5.13. Sx = {a < w1|X N T"is a maximal antichain in T*}

is closed and unbounded.
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PROOF. Let B < wibe any. We construct a sequence {a; } . by recursion: a9 = f3, and, with a induc-
tion hypothesis that T*"is at most countable, and for every f € T?" there is some gy € X comparable with f.
(If there wasn't, then X would not be a maximal antichain.) By letting a,,11 = sup H (dom ( g f) +1|f € T“”) } U {an }} .
If a = sup {a,|n € w}, then we have B < « < w; and each f € T is maximal antichain T*. This shows that

S_Xis unbounded. That it is closed is easy to see. g

We now finish off the proof by using , which provides a € Sx as a limit so that X N T” is a maximal
antichain in T. indeed, if f € T\ T*"'then f | & € T*"! C gand so f € g for some ¢ € X N T* and in

particular, #X < #T* < N,. This completes the proof.

2.5.6. A Second Proof that Diamond guarantees a Suslin Tree.

2.5.6.1. Summary. We construct a tree (T, <) on wj so that the interval I, = [w - &, w - (¢ + 1)) is the a!"
level of T. Notice that Iy = [0, w) is totally unordered. If & = B+ 1, I, = Ig1 is unordered, but it does have
two direct<-successors for each xelg.

If, on the other hand, « is a limit ordinal and A, is a maximal antichain in the ordering on [0, w -
a) constructed thus far, then we choose countably many branches that cover the set and such that each
intersects A,. We top each of these branches with a point of I,; this ensures that A,is maximal in T.

Finally, if A is a maximal antichain in (T, <), then the set of all a’s so that A N« is maximal in (x, <) is
closed and unbounded. Then, 3a (A Na = A,) and that A,is maximal, i.e. A = A,, and so A is countable,
as desired.

2.5.6.2. Notation: If X is an infinite countable set, choose an infinite subset Xy of X and construct the

tree Tx = (X, <) of height wso that:

(1) X is the first level of Ty
(2) If x belongs to the nt" level of Ty, then there are exactly two elements, y and z, in the n + 1t level

of Ty with x < y andx < z.

If (A, <4)and (B, <p) are both trees, then let (A + B, <) = (AU B, <) so thata < b whenever 3xe A U B so
thata <gxand x <g b.If A C Bor B C A, or if the last level of one is the first level of the other, then A + B
is a tree. In general, however, it is not even a partial order. (Since it is possible that a < band b < a).
2.5.6.3. Proof: Let {Aa},c,, be an order-preserving index of the limit ordinals in w; and let {Sa} e,
be a family of subsets of w; witnessing <1, so that (1) S, C a and (2) if S C withen {a:SNa = Sy }is
stationary. We will construct a Suslin Tree by induction; for each & € wj,we construct a tree (A,, <)of

height A, so that:

(1) If B < wand § < A, then the 6" level of Ag is the 6" level of A, and if x < yin Ag then x < y inA,.
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(2) If B < A < wand x is in the ,Bth level of A,, then there are at least two elements of A, which follow

X.

Define (Ag, <) = Ty Suppose that ¥ < wy and that (A4, <) has been defined for all « < -y so that it satisfies

the two conditions above.
Fact 2.5.14. If 7y is a limit ordinal, then (Ay, <) = Yy (Aa,<) is a tree with all the desired properties.

If y =a+1let X;, = Ayy1/Aq. Our planis to add X, to (A4, <) asa /\};h level in a “special way”, and
then add Ty to this tree to get (A,41, <). Let g : X, — A4 be a 1:1 correspondence and choose an increasing
sequence &y < 61 < ... having A,as a limit.

Case 1: Suppose that S, is a maximal anti-chain in (A, <). For each xeX’,choose xg < x; < ... in
(Aa, <)such that x, belongs to the J,mlevel of (Ay, <) and, for some kew, both g(x) and some term of
Sy, precede xj in (Aq, <).

Case 2: If S, is not maximal, then follow the above procedure without the requirement that some term
of S, precede xi in (A4, <).

Now, let (A, U X0 <)be the tree where y < x if and only if:

(1) y, x € Apand y< xin (Ay, <)
(2) y € Ayand x € X,and y < x,for some n € w.
Define (Ay11, <) = (A UX?, <) + Tx

The Suslin tree (w1, <) = Ly, (Aa,<)-

We only need to check that there are no uncountable antichains in (wq, <).

Assume that S is a maximal anti-chain in (w1, <). Then A = {Ay : SN Ay is maximal in (Ay, <)}is a
closed unbounded set in wy. Thus by {1,there is a AyeA such that Sy, = SN A,. This is our Case 1 from
above. Hence, if xe X which is the )\ihlevel of (w1, <), xis preceded by a member of S. Therefore, SC (A, <)
and S is countable.

[Jech p.234]

2.5.7. When Suslin Lines Don’t Exist.

2.5.7.1. It is consistent with & that no Suslin Tree exists. [DZamonja & Shelah].

2.5.7.2. MA(Xy) implies that a product of CCC topological spaces is CCC (this in turn implies there are no
Suslin lines). [Rudin].

2.6. S&L Spaces Known to Exist

Theorem 2.6.1. CH guarantees the existence of a regular S space of cardinality 2¢. (Rudin, p25 #7)
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Lemma 2.6.2. CH guarantees the existence of an L-space of cardinality ¢ wherein every countable subset is discrete

and whose every uncountable subset has weight 2°. (Rudin p 25 #8)

Theorem 2.6.3. CH guarantees a first countable S space. (Juhasz & Hajnal) (see Rudin, p 31-35)
The next theorem gives very tightly sufficient conditions under which an S space exists.

Theorem 2.6.4. Theorem: There is a first countable S space if and only if:

(1) Thereisafamily {Ay, : a < w; &n € w} of nonempty subsets of w with the following properties:
(@) & < wyimplies Ayg D Ayl D ...
(b) B < a < wiimplies there exists n € wso that Agg N Agn = Q.
(¢) B <a < wiand n € wimply thereis a k € wso that either Agy C Agnor Agy N Ay = 9.
(d) M C wy isuncountable and n € wimply thereare p < a € Mand k € wsuchthat Agy C Agp.
PROOF. If (1) holds, then a first countable S space is obtained by topologizing w1by the rule: foranyU C
w1 open and any « € U then there is an n € wso that U D {,B €wy: (Fkew)Agy C AM}. In the other
direction, supposed X is a first countable S space. Since X is not Lindeldf, there is a subset Y = {xa} a< Of
X so that {xg} 5 <18 Oopen in Y for all a. Since X is hereditarily separable, Y is separable. Let {x;},.,, be
dense in Y. Now, for each & < wj,we choose a nested sequence U, 9 O U, 1 D ...of open sets in Y to form
a basis of for the topology of Y at x,, so that U, N {xﬁ};ba = . Define Ay, = {i € w: x; € Uy fnow,
{Aun : & < w1&n € wlhas the desired properties for (1).

From here, Juhasz & Hajnal use CH to index the real numbers (and subsets of the real order isomorphic

to the rationals) by countable ordinals; then, by induction, they choose sets to satisfy (1). O

2.6.1. Coming Attractions, The Tatch-Moore L Space.
Theorem 2.6.5. In ZFC, there exists an L Space.
A guide through the proof of this landmark theorem is provided in Part IV below.

2.7. Conditions Precluding the Existence of S & L Spaces

Theorem 2.7.1. MA + —~CH guarantees that no compact L space exists (Juhasz)

Theorem 2.7.2. MA + —~CH guarantees that no compact S space exists. (Szentmiklossy)

27



Theorem 2.7.3. It is consistent under MA + —~CH that S spaces exist. (Szentmiklossy)

Theorem 2.7.4. It is consistent under MA + —~CH that L spaces exist. (Abraham & Todorcevic)

Theorem 2.7.5. It is consistent under ZFC that no S spaces exist. (Todorcevic, 1981)

This last theorem led everyone to believe that a similar theorem concerning L spaces would soon
emerge. However, over the next 25 years, no such theorem could be proved. Finally, just Tatch Moore
showed that, in fact, such a theorem would NOT be true; that ZFC always contains an L space. That space

is constructed in the next chapter.
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CHAPTER 3

THE TATCH-MOORE L SPACE

What follows is intended to be an explanation of the L space constructed in Justin Tatch Moore’s land-
mark paper “A SOLUTION TO THE L SPACE PROBLEM AND RELATED ZFC CONSTRUCTIONS”. Think
of this as a study guide for that paper, and you won’t go wrong. In addition to presenting an unexpected
solution to an interesting problem, Moore’s solution is important becasue it combines several purely set
theoretical techniques to solve what, on the surface, appears to a quintessentially topological problem. The
first of these methods is partition theory and colorings on partitions. In Section 3.1, below, I will present a
very brief overview of the theory and show its application in a simple example. The second method, walks
on ordinals, is realtively new. It was pioneered by Stevo Todorcevic, and will likely find much use in the

coming years. Sections 3.2 and 3.3 below provide a glimpse at how it works.

3.1. Colorings & Partion Theory

Among the classic examples of work usign partions is Ramsey Theory, a branch of mathematics which
examines how structure arises out of disorder. More formally, given a space and a partition of that space,
Ramsey Theory attempts to determine how large the original space needed to have been in order to ensure
that (at least) one element of the partion has some desired property. For example, imagine that you are
having a dinner party. As we all know, getting the right mix of people who know each other and people
who don’t is among the hardest elements of party planning. How many people do you need to invite in
order to ensure that there is some group of three who either all know each other or are all strangers to each
other? The famous Friends and Strangers Theorem tells us that the answer is six.

We can also interpret the above result as a statement about colorings on a hexagon. Take a hexagon and
assign each vertex to one party guest. Join every pair of vertices with an edge. Color each of these edges red
if the two people at the ends know each other and blue if they do not. The Friends and Strangers Theorem
tells us that there must be either a red triangle or a blue triangle. For example, the the picture below, Ann,
Bryan, and David all know each other.

The next image shows every possible coloring; examination will reveal a triangle in each.
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Ann Bryan
-

Fred ® Charlie

[ ]
Evelyn David

FIGURE 3.1.1. Who Knows Who

FIGURE 3.1.2. All Possible Colorings
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3.1.1. Ramsey’s Theorem. The Friends and Strangers Theorem is a special case of Ramsey’s Theorem,
which assures us that in any colouring of the edges of a sufficiently large complete graph (that is, a poly-
gon in which an edge connects every pair of vertices), one will find monochromatic complete subgraphs.
Given any two integers, r and s, the Ramsey number R (r, s) is the least number so that a complete graph
on R(r,s)) has either a completly blue complete r-grpah or a completely red s-graph. The Friends and
Strangers Theorem, then, says that R (3,3) = 6. The value of Ramsey numbers quickly becomes very diffi-
cult to compute. R (4,4) = 18. The exact value for R (5,5) is unknown, but we know that42 < R (5,5) < 50.
Joel Spencer relays the following anecdote to highlight the difficulty in computing Ramsey numbers: “Erdds
asks us to imagine an alien force, vastly more powerful than us, landing on Earth and demanding the value of R(5,5)
or they will destroy our planet. In that case, he claims, we should marshal all our computers and all our mathemati-
cians and attempt to find the value. But suppose, instead, that they ask for R(6,6). In that case, he believes, we should

attempt to destroy the aliens.” [Spencer]

3.2. Walks on Ordinals

3.2.1. C Sequences. This paper makes use of a method of constructing mathematical structures which
are subsets of some ordinal. We start off with a single transformation x which assigns to any ordinal « a
closed, unbounded (in &) set of smaller ordinals, C,. Such a set is called a C-sequence. C-sequences are also
sometimes called ladder systems, a more evocative name.

These C-sequences can then be used as a path from one ordinal to a larger one. The upper trace,
defined below, records the sequence of “hops” from one ordinal to a smaller one. They can also be used as
the “steps” in a recursive construction.

Our ultimate goal is to prove the following theorem, from which the result about L spaces will follow.

Theorem 3.2.1. Suppose that {eﬁ (B —w} f<w, is a coherent sequence of finite-to-one functions. Further sup-

pose that L satisfies the properties of a lower trace function. If A,B C w; are uncountable, then the set of integers
{O(a,B) la € A, B € B, « < B} contains arbitrarily long intervals. Here, O («, B) = osc (ex [ L (a,B) ,eg | L (,B))(see
3.4.1).

3.3. The Trace

Lemma 3.3.1. There are only countable many continuous functions from 2%into w.

PROOF. Notice that 2¢ is homeomorphic to the Cantor set, which is compact. Now, fix f € C. Let
u={f —1(n) }n ¢ U 1s an open cover of 2¢, and so it must have a finite sub-cover. That means that, in fact,

any continuous function on 2% attains at most finitely many discrete values. So, the total number of such
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functions is the sum of the number of possibilities of n-many-valued functions. Thatis, g+ N3+ X3 +... =

Ny Ng =Ny ]

Definition 3.3.2. (coherence) A set of functions on overlapping domains is coherent if, where there domains
agree, the functions agree almost everywhere, that is, they disagree at only finitely many points.

(C-sequence) C = (Cy|a < wq) is a sequence of sets of ordinals so that:

(1) Each C,is co-final in &
(2) Whenever ¢y < a then C, Ny is finite

(3) 0eCy for every a.
For what follows, we will fix all of the following:

e an arbitrary sequence z = {24}, of distinct elements in 2¢

e an enumeration of C, the continuous functions from 2¢ into w, namely C = {f, (see 3.3.1)

}a<w1 :

e a coherent sequence of functions, e = {eg} f<awy with each eg a finite-to-one function from that
into w. Notice that the domains of these functions nest outwards, and so, for them to be coherent
requires that eg | & = ¢, almost everywhere whenever a < .

e An arbitrary C-sequence C = (Cy|a < wy)

Definition 3.3.3. (Minimal Walk) The minimal walk from a countable ordinal 8 to « < B along the fixed

C-sequence C is a finite, decreasing sequence of “steps” § = Bg > B1 > ... > Bun = a where at each step,

Bi+1 = min {Cg, \ a}.

Before we define the upper and lower trace, the following diagram (taken from [Todorcevic p21]) is a helpful

explanation of what we’re aiming for:
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Definition 3.3.4. (Upper-Trace) The upper trace from « to j is the set of steps along the minimal walk from

B to a along our fixed C, that is, Tr(a, B) = {Bx}x—o with each By, 1 = min {Cp, \ a}.
The following lemma characterizes the properties of the upper trace.

Lemma 3.3.5. Forany uncountable subset T of wy, the union of all the Tr(, B) for & < Bin T, that is Uy <per {Tr(a, B) },
contains a closed, unbounded set of w;.

(see Todorcevic)

For our purposes, we are interested in the upper trace only as a conceptual motivator for the more

complicated lower trace.

Definition 3.3.6. (Lower Trace) If & < p then the lower trace froma to fis L(«, B) = {A (&, B) |G € Tr (a, B) & & # B}
where:

A(Z,B) = max [max {C, Naly € Tr («,B) &1y # B}]

That is to say, L (¢, 8) = {Ao, A1...A,—1 }where, at each step k, Ay = max [U}‘:O (C/gj N oc)] . That is, at
each step, we jump to the “end-point” of the next Cg which is bigger than where we are now.

33



Remark 3.3.7. There is also something called the “full lower trace”, which is more commonly used. This is

not that. (see [Todorcevic, p. 20])
Definition 3.3.8. The lower trace is characterized by the following lemmas:
Lemma 3.3.9. (Colinearity) If a < B < yand L(B,y) < L(a,B), then L(«,y) = L(a, B) UL(B, 7).

This lemma relies on the linear ordering of ordinals. It says that to get from « to , you have to go
through every <y between them. Essentially, it can be understood as saying that the lower trace admits no

“shortcuts”.
Lemma 3.3.10. (Continuity) If § is a limit ordinal, then éirr}; (minL(¢,6)) = %in}s (max (CsN¢§)) = 0.

This lemma can be understood as saying that the lower trace’s minimum (it’s starting point) continu-
ously approaches it’s endpoint.

Now, we are ready to define the y function.

Definition 3.3.11. As above, let ;1 = min {Cg, \ a} and & = U;'(:o Cp; Na. Define p, ) : L (a, p) — C

by p(a,p) (6k) = wp,whenever k = 0 or G # Gx—1.

Like the lower trace, the y function is both “colinear” and “continuous”. That is:
Lemma3.3.12. Ifa < B < yand L(B,7) < L(a,B) then i (aq) = H(ap) Y H(py)

This is the colinearity mentioned above.
Lemma 3.3.13. If ¢ < J then pz 5) (minL (¢,0)) = ws

This is the continuity.

3.4. Oscillations of the Trace

Definition 3.4.1. (oscilation) Suppose that s and t are two functions whose domain is D. Let Osc(s,t, D)
count the number of times s surpasses ¢ on D. That is, Osc(s,t, D) = {xeD|s (x7) <t (x7) &s(x) > t(x)}

where s (x~) = lime — 0~ s(x — ¢). Further, let osc(s, t, D) = #Osc(s, t, D).

Example 3.4.2. Lets(x) = sin(x) and t(x) = 0 and D = R, then Osc(s,t,D) = {2km}; -

In what follows, we will only be interested in oscillations of functions with finite domains.

Definition 3.4.3. If « < B < 7, let Osc(a, B) = Osc (eq, ep, L («,f)) and let osc(a, B) = #Osc(a, B).
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Lemma 3.4.4. For every uncountable, pairwise disjoint A C [w1]* = {X C wy|[#X =k} and B C [w1]" and for
every feC(2%,w), there is {by },,.,, C B so that, for every nelN there’s an a = {ay, az...ar} € A and {1,82..Cn}

so that for any m < n,i < k, and j < £ we have:

(1) a < by, forevery m < n (ie., a; < bmj foreveryi=1.kandj=1..0.)
(2) Osc(a;, bp;) is the disjoint union of Osc(a;, boj) and {¢,,|m’ < m}.
(a) That is to say, a; surpasses b, whenever it surpasses by and also at o, C2...G—1.
©) H(aibo,) = Hasbm,) | L(aj, bo,)
(a) The u function of a; over boj is just the y function of a; over boj restricted to the lower trace of
a; onto boj
4) y(al,,bm]_)((jml) = f whenever m' < m

This lemma is a direct result of the following theorem, for proof of this, see [Moore, p13].

Definition 3.4.5. We denote {a € Ala > ¢} = A.; whenever A is a collection of finite subsets of wjand

6 <w

Theorem 3.4.6. Let A C [wl]ktmd B C [wl]z be both uncountable and pairwise disjoint. Then there is a closed,
unbounded set of § < wy so that ifa € A~ s and b € B then thereisan at € A~sand b* € B so that, for any

i < kand j < £ we have:

(1) max [L (6,b;)] < min [A (eares ) o (eb,,eb+>}

(2) There is a non-empty L* so that, for every j, L (§,b;) < Land L (5, b]%) —L(6,b))ULY
(3) 1£¢ € L* thene,. (2) = ¢y (2)

@) 1 (0b) = p (M*) L (6,0))

G) u (5 b7, mmL+) = f;

For the proof of this theorem, see [Moore, p11]

3.5. Coloring

Definition 3.5.1. The function * : N — IN is defined by letting *0 = 0, and thereafter setting *m = n where
n is the least prime which does not divide m.

For example, %360 = 7, *8 = 3, and *p = 2 whenever p is prime and > 2.
Remark 3.5.2. We write osc* to mean the composition of osc, followed by *.

Fact 3.5.3. If X C N contains arbitrarily long intervals, that is if Vn € N 3k € N so that {k, k+1, k+2..k+n} C
X, then *X = IN.
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Applying this fact to 3.4.4 gives us:

Theorem 3.5.4. If A,B C wy are uncountable and n < w, then there are & in A and B in B with a < B and
(osc* (&, B)) = n.

2
Remark 3.5.5. We will use the symbol © as shorthand for the statement w; — (w1, ([w1]<N° ;wl) ) , which

means that, for any function c : [w;]> — {0,1}, either:

(1) There is an uncountable X C w; so that c is zero everywhere on [X}2 OR
(2) There is an uncountable A C [w1]<N° and an uncountable, pairwise-disjoint B C w; so that, for

anya € Aand any b € Bwitha < b, thereisa f € bsothatc(a, ) =1
Fact 3.5.6. © is relatively consistent in ZFC. (Todorcevic)

For Qto be false, there needs to be a function, f : [w;]* — {0,1} which is zero only countably many times,
and so that, for every uncountable A C [w1]<N0 and every uncountable, pairwise-disjoint B C w; there is

ana € Aand thereisa b € B witha < b, so that, forevery p € b, c («, ) =0

Definition 3.5.7. Leto (a, B) = ¥;40 (#y (a, B; ) (q) [mod q})

Theorem 3.5.8. (Moore 5.3) Let A C [w]/ and let B C [w;]* each be uncountable, pairwise disjoint families of
functions. for every x : j — 2and any 7 : j — 2, there is an a = {ay, ay...a;} € Aand thereis b = {b1,b} € B so
that:

(1) a < b(a; < b; for every i € wy)

(2) for every i < j, xo0 (ﬂi, bm)) = x (i)

This theorem follows from theorem 3.4 , the Chinese Remainder Theorem, and a great deal of clever-

ness. (Moore p15-16)
Definition 3.5.9. Definition. Let ¢ («, ) denote o («, B) mod 2 whenever a < B.

Remark 3.5.10. It will be helpful to keep in mind the following interpretation of this theorem: Given in-
tegers k & j, and D C k x j then we can think of a function x : D — w as some sort of pattern, like a
color-by-number picture. A coloring c : [w1]2 — w tells us which of the w-many colors goes in each “piece”

of the picture.

A coloring, c, is like a large table that assigns every ordered pair in w; X w; (including each one in D)
a particular color. c is said to “realize the pattern x” if and only if, whenever A C [wl}k and B C [wl]e are
each pairwise disjoint and uncountable, thereisana € Aand ab € Bsuch thata < band c (a;,bj) = x (i.j).

That is, if, when we color by the rule ¢, somewhere on the large plane, the picture yemerges.
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Fact 3.5.11. The c defined in 3.5.9 is a coloring.

Remark 3.5.12. We can interpret theorem 4.3 (5.9) above as saying that, if D is a function, and y is a binary
pattern on D, then o realizes x. (A binary pattern assigns only two colors. Think of itas y : D —

{black, white})

3.6. The L Space

3.6.1. Definitions.

point-countable:

point-separating:

countably-tight:

A —system: A A — system is a collection of sets whose pairwise intersection is constant. The delta-
lemma is an extra set-theoretical assumption which tells us that every uncountable collection of
finite sets contains an uncountable A-system.

semi-norm: A semi-norm on the space Xis any m : X — R™ which is scalable and subadditive. That
is, a semi-norm would be a norm, except some things which aren’t zero have norm zero.

Frechet: A topological vector space is called “Frechet” if and only if it is (1) complete as a uniform

space, (2) Hausdorff, and (3) its topology can be induced by a countable family of seminorms.

3.6.2. The Definition of the L Space.

Definition 3.6.1. For every a« < wy, set W, = {a} U{p>ua:c(a,p) =1}

Now, in order to construct our L space, we will choose an uncountable subset X C wjand then define a
topology on it which is non-separable, but hereditarily Lindel6f. This topology, T [X], will be constructed by
declaring Wz N X to be clopen for every ¢ € X. Since X is uncountable, we have now created an uncountable
collection of sets, each of which is it’s own closure, and so surely no countable set can be dense. Finally, the

following theorem will be used to ensure that 7 [X] is hereditarily Lindelsf.

Theorem 3.6.2. If X, Y C w are disjoint, then there is no continuous injection from any uncountable subspace of

(X, T[X]) into (Y, T[Y]).
Corollary 3.6.3. For every X, (X, T [X]) is hereditarily Lindelof.

PROOF. If X weren’t Lindelof, then there would be an uncountable discreet subspace, call it D, and so
it contains two disjoint, uncountable discreet spaces, D; and D,. Now, every function from one discreet
space to another is continuous, but that directly contradicts theorem 17.2, which says that there can be no

such continuous function. O
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3.6.3. Proof of Theorem 17.3.

PROOF. Imagine such an injection existed; call it f : Xy — Y where X/ is some uncountable subset of
X. Let B={{B, f (B)}}pecx, Foreach p € X, we can pick Ug open around § so that U C ! (Wf(/g)).

By refining Xy (if necessary) we know there is some k and some x : k — {0, 1} so that there is a finite
F C X and a/AA-system Fg : p € X with root F with each |Fg| = |F| +k:

1) If Fy < B, then B € U; if and only if for all i < |F| +k, c(Fx(7),B) = xo(i).

2)m = |Fy N f ()[is a constant, independent of .

3) max (F) is less than both « and min (F, \ F). (that is, F is an initial segment F,)

Let A = {{f(a)} UFy\ F},cx, Since X is disjoint from Y , f («) ¢ Fy (for any « € Xp). Define
coloringy : k+1 — 2by x (i) = xo (|F|+i)ifi < m, x(m) = 0, and x (i) = xo (|F| +i—1) thereafter.
Next, definen: k+1— 2by n(i) = 0if i # m and n(m) = 1.

Applying Theorem 4.8, (1) thereisan a = {aq,a5..ap1} € Aandab = {B,f(B)} € Bsuch thata < b
and (2) foralli < k+1, ¢ (ai.bn(i)) = x (i). Now, fix o, p € X be such thata = {f (¢)} U (Fy \ F) and
b={p f(B)}

To derive a contradiction (to f’s continuity), it suffices to show that (1) € U, but that (2) f (B) is not in
W (f(B))-

(1): To show B € U, we need to prove that, for every i < |F| 4+ k we have ¢ (F (i), , B) = xo (i).

Case 1: If i < |F|, then F, (i) = Fg (i) and so, since B € Ug and F < B, we have that c (Fu (1),B) =
c (Fg (i), B) = xo (i)

Case 2a: If 0 < i — |F| < m, then ¢ (Fy (i), ) = ¢ (ai_m,ﬁ) = x(i—|E]) = xo (i).

Case 2b: If m < i — ||, then ¢ (E, (i), B) = c (ai_|p‘+1,5) = x(i—|F|+1)=xo (i)

(2): Now, recall that W (f (B)) means exactly that ¢ (am,bn(m)) =c(f(a),f(B)=x(m)=0

And, so we see that (1) and (2) are surely both true. g
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CHAPTER 4

CONCLUDING REMARKS

The startlingly counterintuitive solutions to the S and L space problems are not only fascinating as
mathematical curiosities, but also highlight how approaches from separate fields can come together to

solve deep problems.

4.1. Open Problems

Some realted problems, open at the time of the writing, can be found below. [Pearl]

(1) Is there an L space whose square is also an L space?

(2) If X is compact and X? is hered. normal, must X be separable?

[Pearl]
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