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DISCRETIZATIONS AND SOLVERS FOR COUPLING STOKES-DARCY FLOWS
WITH TRANSPORT

Danail Vassilev, PhD

University of Pittsburgh, 2010

This thesis studies a mathematical model, in which Stokes-Darcy flow system is coupled with
a transport equation. The objective is to develop stable and convergent numerical schemes that
could be used in environmental applications. Special attention is given to discretization methods

that conserve mass locally.

First, we present a global saddle point problem approach, which employs the discontinuous
Galerkin method to discretize the Stokes equations and the mimetic finite difference method to
discretize the Darcy equation. We show how the numerical scheme can be formulated on general
polygonal (polyhedral in three dimensions) meshes if suitable operators mapping from degrees
of freedom to functional spaces are constructed. The scheme is analyzed and error estimates are
derived. A hybridization technique is used to solve the system effectively. We ran several numer-
ical experiments to verify the theoretical convergence rates and depending on the mesh type we

observed superconvergence of the computed solution in the Darcy region.

Another approach that we use to deal with the flow equations is based on non-overlapping
domain decomposition. Domain decomposition enables us to solve the coupled Stokes-Darcy flow
problem in parallel by partitioning the computational domain into subdomains, upon which fami-
lies of coupled local problems of lower complexity are formulated. The coupling of the subdomain
problems is removed through an iterative procedure. We investigate the properties of this method
and derive estimates for the condition number of the associated algebraic system. Results from

computer tests supporting the convergence analysis of the method are provided.

To discretize the transport equation we use the local discontinuous Galerkin (LDG) method,

il



which can be thought as a discontinuous mixed finite element method, since it approximates both
the concentration and the diffusive flux. We develop stability and convergence analysis for the
concentration and the diffusive flux in the transport equation. The numerical error is a combination
of the LDG discretization error and the error from the discretization of the Stokes-Darcy velocity.

Several examples verifying the theory and illustrating the capabilities of the method are presented.
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1.0 INTRODUCTION

Various problems originating in different fields of science and engineering are formulated and
analyzed in terms of partial differential equations (PDE’s). The adequate representation of physical
systems often requires constructing multiphysics models, which means coupling several equations
to represent different processes occurying at the same time in different parts of the domain of
interest. The challenge is to develop models that are both physically justifiable and mathematically
well-posed. The complexity of such models raises the importance of numerical methods for solving
PDE’s.

Coupling the Stokes and Darcy equations has a vast scope of practical applications. Such
model can be used to describe hydrological systems in which surface water percolates through
rocks and sand, physiological phenomena like the blood motion in the vessels, and various indus-
trial problems involving filtration. In this thesis we assume the interaction between surface water
and groundwater flows as the physical interpretation of the model. Fresh water is essential to hu-
man and other lifeforms. It is estimated that nearly 69 percent of the total fresh water on Earth
is frozen in glaciers and permanent ice covers in the Antarctic and the Arctic regions [1]. About
96 percent of the total unfrozen fresh water in the world is groundwater [1], which resides in the
pores of the soil or the rocks. A geologic formation containing water that can be withdrawn at
wells or springs is called an aquifer. One serious problem today is contamination of groundwater.
Many aquifers have been invaded by pollutants resulting from leaky underground storage tanks,
chemical spills and other human activities. Coupling the Stokes-Darcy equations with a transport
equation offers an effective tool for predicting the spread of the pollution and assesing the danger
to the fresh water resources.

In our model we consider a fluid region Q; C R? and a saturated porous medium region

Q, C R%, where d = 2, 3. These are separated by an interface 'y, := ; N €, through which the



Figure 1.1: Computational domain.

fluid can flow in both directions. Both €2 and (2, are bounded domains with outward unit normal
vectors ny and n,, respectively. We assume that 2; and €2, are polygonal for d = 2 or polyhedral
for d = 3 with Lipschitz continuous boundaries. Let 'y := 0Q;\I'y, and I'), := 9, \I',,. We will
also use the notation 2 := Q; U €2, and I' := 0f2 to represent the whole domain and its boundary.
The velocity and the pressure in 2, respectively (2, are denoted by uy and py, respectively u,

and p,,.

1.1 FLOW EQUATIONS

1.1.1 Stokes equations

Two important variables in the characterization of fluid motion are the deformation (or strain) rate

tensor, which is defined as the symmetric part of the velocity gradient,
1 T
De = Q(Vuf + (Vuy)'),

and the Cauchy stress tensor T, which represents the forces exerted by the fluid per unit infinitesi-
mal area. For a Newtonian fluid, like water, T and De are linearly related. Assuming that the fluid
is incompressible,

V-uf:O,



the stress-strain rate relation, also known as the Stokes law, is

T = —psI+2usDe,

where I denotes the identity matrix and ¢ is the dynamic viscosity of the fluid. The time indepen-
dent flow of a viscous incompressible Newtonian fluid is governed by the Navier-Stokes equations,

see e.g. [45], consisting of the momentum equation (1.1) and the mass-conservation equation (1.2):

pf<Uf-V)lIf—,quUf+fo:ff ian, (1.1)
V'llf:O iIle. (12)

In the first equation py is the fluid density and f; represents a body force, which has the form
f; = pyb, where b is the force per unit mass of fluid. Let L; and Uy be the characteristic length

and the characteristic flow speed, respectively. The Reynolds number

LU
Re; — 21210
fif

characterizes the ratio between the inertia and the viscous forces. In the limit of very small
Reynolds number, Rey < 1, the viscous term in the momentum equation is dominant and the
convective term can be neglected. The resulting Stokes equations (1.3)—(1.4) are suitable to de-

scribe the creeping flow in a surface basin, e.g. lake.

—quuf—l—fo:ff ian, (13)
V'llf:O iIle. (14)



Table 1.1: Typical porosity and permeability values.

Material | Porosity Permeability
¢ Klem?]
Brick | 0.12-0.34 | 4.8e-11 -2.2e-9
Limestone | 0.04 - 0.10 | 2.0e-11 - 4.5e-10
Sand | 0.37-0.50 | 2.0e-7 - 1.8e-6
Soil | 0.43-0.54 | 2.9e-9 - 1.4e-7

1.1.2 Darcy equations

An aquifer performs two important functions. First, it stores water, serving as a reservoir. Second,
it transmits water like a pipeline. The storage capacity of an aquifer depends on its porosity ¢,
which is defined as the fraction of the total volume of the aquifer that is occupied by void space.
The pipeline function of an aquifer is characterized by the permeability of the medium. In Table 1.1
are reported the porosity and permeability values of common porous materials [76].

Darcy’s experiments revealed a proportionality between the rate of unidirectional flow and the
applied pressure in a uniform porous medium [38]. In three dimensions using modern notation this

relationship is expressed by
K
u, =~ Vp,. (1.5)
Hf
Here u, is the seepage velocity, which is the average velocity respective to a representative volume
incorporating both solid and fluid material, and K is a symmetric and positive definite tensor

representing the permeability. The permeability tensor can be brought into diagonal form

K = diag{ K\, Ky, K3}

by introducing three mutually orthogonal axes called axes of principal directions of anisotropy. It

is well known that Darcy’s law can be obtained by averaging of the equations for incompressible



flow through porous medium. Darcy’s equation holds for sufficiently small u,, which means that
the Reynolds number
_ LyUppy
py o
based on the characteristic pore diameter L, and the characteristic flow speed U, in the porous

Re,

medium, is of order unity or smaller. For Re, > 10, the Dupuit-Forchheimer equation (1.6),
see e.g. [76], is commonly used to describe a flow of a fluid in a porous medium with scalar
permeability K,

Vp, = —K ', — cp K2 pg|uy |, (1.6)

where cp is a dimensionless form-drag constant, which varies with the nature of the porous
medium. An equation, which interpolates between Stokes equation and Darcy’s law, was sug-
gested by Brinkman [27]

Vpp = —K ' ppuy, + e Au,,. (1.7)

The coefficient pi. ¢ in (1.7) is the so-called effective viscosity, in general not equal to zi¢. Results
presented in [47] suggest that Brinkman equation is valid for porosity values greater than 0.95, and

inaccurate for smaller porosity values.

1.1.3 Interface and boundary conditions

In order to couple the flow equations in the free fluid region (2; with the equations governing the
flow in the porous medium region (2, appropriate conditions must be specified on the interface I'y,,.
This is a challenging problem from both physical and mathematical point of view. One difficulty
stems from the fact that the definitions of the variables differ in the two regions. Also there are no
velocity derivatives involved in the Darcy’s law while the Stokes equation is of second order for
the velocity. Another question to consider is whether the interface conditions are compatible with
the boundary conditions at I'f, N 02 [65].

The first interface condition comes from mass conservation and can be written as follows
ur-ny+u,-n,=0, on Iy, (1.8)

Another condition is obtained by balancing the normal forces acting on the interface in each region.

The force exerted by the free fluid in 2; on the boundary 0€2; is equal to —n/ - T. Since the only



force acting on I, from €2, is the Darcy pressure p,, the second interface condition is
—Ilf'T-Ilf :pf—prnf-De-nf =Pp, ON Ffp. (19)

Due to the fact that the fluid is viscous a condition on the tangential velocity component is needed
on the interface. The experimental work of Beavers and Joseph [11] indicated that the slip velocity
along I'y, is proportional to the shear stress of the free fluid, which, mathematically, is expressed

as

\/;

J

(uf —u,) - 7, (—mf-T)-71;, 1<j<(d—1) on Ty, (1.10)

a Hfo
where {7; ‘j;% is an orthonormal system of tangent vectors I's,, k; = 7, - u;K - 7;, and ay is
a parameter to be determined experimentally. Saffman [84] proposed a simplified condition by

dropping the term u,, - 7; in (1.10). The resulting relationship

\/;

J

Uy -7, =— Ilf'T'Tj, 1§]§(d_1) on Ffp7 (1.11)

HfCo
is known as Beavers-Joseph-Saffman condition.

Depending on the particular flow problem in €2 there are different choices of possible bound-
ary conditions on I'y. To facilitate the notation in the flow problem formulation we will use no
slip boundary condition uy = 0 on I'y, but computational results with combinations of Dirichlet
(prescribed velocity) and Neumann (prescribed normal and tangential stresses) boundary data will
be presented. For the Darcy’s equation we specify no flow boundary condition u, - n, = O on I,

which corresponds to an impermeable rock surrounding the aquifer.



1.1.4 Formulation of the Stokes-Darcy flow problem

Now we combine the flow equations in the two regions along with the boundary and the coupling

conditions. Our flow model consists of the Stokes equations:

—V-T = —-2u;V -De(uy) + Vps =1f; inQs (momentum equation),

V-ur=0 inQ; (conservation of mass),

ur =0 onlYy,
Darcy’s equations:

pK 1w, +Vp, =0 inQ, (Darcy’slaw),
V-u,=f, inQ, (conservation of mass),

u, -n,=0 onl,,

solvability condition, which the source function f, must satisfy:

/fp dx =0,
QP

and the interface conditions:

u;-ny+u,-n,=0 only,

—n;-T -ny=p;—2umy-De(uy) -ny=p, only,

—ﬂnf-T-TjE—\Z—E2nf-De(uf)-Tj:uf-Tj7 1<j<(d-1)

e

onI‘fp.

(1.12)

(1.13)

(1.14)

(1.15)



1.2 TRANSPORT EQUATION

To model the transport of a contaminant we consider the following advection-diffusion equation

¢ct + V- (cu—DVe) =of. , V(x,t) € Qx(0,T), (1.16)

where ¢(x, t) is the concentration of some chemical component, D(x, t) is the diffusion/dispersion
tensor assumed to be symmetric and positive definite with smallest and largest eigenvalues D, and
D*, respectively, f.(x,t) is a source term, and u is the velocity field defined by ulo, = u; and

ulg, = u,. We assume that the porosity in (2, satisfies

0< ¢ <ox) < o7,

and it is set to 1 in €2¢. The model is completed by the initial condition

c(x,0) = (x), Vx € Q (1.17)

and the boundary conditions
(cu—=DVe)-n = (¢uu)-n on 'y, (1.18)
(DVe)-n = 0 on [,y (1.19)

Here I';, (= {x € 02 :u-n < 0}, Tpys := {x € 002 : u-n > 0}, and n is the unit outward

normal vector to 0f).



1.3 METHODOLOGY

There are number of stable and convergent numerical methods developed for the coupled Stokes-
Darcy flow system, see e.g., [65, 42, 72, 81, 50]. For studying contaminant transport in ground-
water flows it is critical to avoid creation of artificial mass sources, which necessitates utilizing
locally mass conservative schemes for the porous medium region. Examples of such methods are
the discontinuous Galerkin (DG) [80, 10, 70, 81, 93, 41, 88, 7], the mimetic finite difference (MFD)
[14, 24, 26], the mixed finite element (MFE) [22, 21, 20, 4, 81, 23, 78], and the finite volume (FV)
[57, 58] methods.

For the discretization of the Stokes-Darcy system we consider two different approaches. The
first [69] solves a global saddle point problem and employs the DG method for the Stokes region
and the MFD method for the Darcy equation. In addition to being locally mass conservative both
methods allow to choose meshes that are most suitable for the particular problem. The original
DG method was introduced in the early seventies by Reed and Hill [80] for solving the neutron
transport equation. The first analysis of the DG method was carried out by Lasaint and Raviart
[64]. Since then it has been actively researched and used to solve a wide range of problems:
compressible [10] and incompressible [70, 81] fluid flows, magneto-hydrodynamics [93], contam-
inant transport [41] and elliptic problems [7]. The DG method is formulated on simplicial meshes,
which can be unstructured with hanging nodes. It allows one to vary the degree of the approximat-
ing polynomials from element to element, which is important if local refinement is needed in some
parts of the computational domain. The MFD method is a relatively new discretization technique
originating from the support-operator algorithms [86, 62]. The method has been successfully ap-
plied to problems of continuum mechanics [73], electromagnetics [61], linear diffusion [62, 67],
and recently fluid dynamics [12, 13]. The goal of the MFD discretization is to incorporate in the
numerical model the physical principles (conservation laws, solution symmetries) of the underly-
ing system. This is achieved by designing dicrete operators that inherit the fundamental properties
of the differential operators (grad, curl, div, etc.). The MFD method can handle general polyg-
onal (or polyhedral in 3D) meshes with curved boundaries and possibly degenerate cells, which
are well-suited to represent the irregular features of the porous medium. An equivalence between

the MFD degrees of freedom and the lowest order Raviart-Thomas MFE spaces has been estab-



lished in [14]. By introducing lifting operators mapping from degrees of freedom to a functional
space it is possible to interpret the lowest order DG method as a MFD method, which enables to
formulate the DG method on general polygonal (or polyhedral in 3D) meshes [69]. Such meshes
are attractive because in some flow problems they may lead to superior convergence rates and ac-
curacy in comparison to the equivalent simplicial meshes. In [46] polygonal meshes are employed

to discretize the Stokes and Navier-Stokes equations by using the mixed finite volume method.

In the second approach [91] for the coupled Stokes-Darcy flow problem we employ a non-
overlapping domain decomposition method based on [65]. The computational domain is parti-
tioned into several subdomains, on which local problems of lower complexity are introduced by
using the governing equations and appropriate interface and boundary conditions. Each subdomain
is covered by a local grid, which does not have to match with the grids of the neighbouring subdo-
mains. This is achieved by using mortar finite element spaces to impose the interface conditions
weakly [54]. Domain decomposition leads naturally to devising parallel algorithms, which are of
great importance for large-scale problems. Domain decomposition is very suitable for multiphysics
problems, e.g. coupling Stokes and Darcy equations, since different models may be associated with
different computational units. Moreover, different numerical schemes within different subdomains
can be employed and the reuse of legacy codes is possible. In our approach we use classical finite
element spaces to discretize the Stokes equations and mixed finite element spaces to discretize the

Darcy equations.

Domain decomposition approach for solving partial differential equations dates back to the
nineteenth century, when Schwarz used his alternating method [85] as a theoretical tool to solve
a certain class of elliptic problems. Although this idea seemed to be forgotten for a long period
of time, domain decomposition has gained a lot of attention over the last decades due to the de-
velopment of parallel computers. In 1988 Glowinski and Wheeler [55] proposed an algorithm,
which combined mixed finite elements with domain decomposition. Domain decomposition for
the coupled Stokes-Darcy problem is discussed in [50, 43, 44].

For the numerical approximation of the transport problem we employ the local discontinuous
Galerkin (LDG) method [34, 32, 92], which conserves mass locally and accurately approximates
sharp fronts. The method has a built-in upwinding mechanism that is used to handle the advective

term. The LDG method like the other DG methods can be defined on unstructured grids and allows

10



one to vary the degree of the approximating polynomials from element to element. The LDG
method can be thought of as a discontinuous mixed finite element method, since it approximates

both the concentration and the diffusive flux.

11



2.0 A GLOBAL SADDLE POINT PROBLEM APPROACH FOR THE STOKES-DARCY
FLOW

In this chapter we describe a coupled discretization scheme that is based on the DG method in
the Stokes domain and the MFD method in the Darcy domain. The lowest order DG method can
be viewed as a MFD method if suitable lifting operators mapping from degrees of freedom to
functional spaces are constructed. Such unified approach can be used to define the DG method on
general polygonal (or polyhedral in 3D) meshes. Ability to extend the discretization scheme for
the coupled flow problem on general polyhedral meshes in the entire domain is attractive because it
has practical advantages. First, the polyhedral meshes are known in some situations to give better
approximation than the equivalent simplicial meshes. Second, using polyhedral elements in both
the fluid region and the porous medium region may reduce the complexity of the implementation
due to the mesh connectivity. The detailed construction of the unified approach is a topic for future
work. In this chapter we derive optimal error estimates for the numerical scheme and provide

numerical results to support the theory.

2.1 COUPLING OF TWO DISCRETIZATION METHODS

Finite dimensional approximations of processes taking place in infinite dimensional spaces may
cause non-physical effects, e.g. failing to satisfy various physical principles in pointwise sense.
Such effects can be treated by using discretization methods that confine them locally. For our
model it is essential to conserve mass locally.

On a given mesh the DG method approximates the solution elementwise by polynomial func-

tions that are discontinuous across interelement boundaries. To ensure stability and convergence

12



to the true solution a suitable penalty term is introduced in the formulation of the DG method. Be-
cause the incompressibility constraint, the second equation of (1.12), is enforced variationally with
discontinuous test functions, the method conserves mass locally (per element) in integral sense.
The MFD method is based on approximating the differential operators in the governing equa-
tions by discrete operators that satisfy discrete versions of the fundamental identities of vector
and tensor calculus, e.g. Gauss divergence theorem, to enforce local conservation laws and solu-
tion symmetries. A common framework for mimetic discretization using concepts from algebraic

topology is discussed in [16].

2.1.1 Notation, preliminaries

For brevity we will use a subscript « = f, p to represent variables in either the free fluid region
Q; or the porous medium region 2,. Let Q2 be a partition of Q,, a = f,p into polygonal (or
polyhedral in 3D) elements F' with diameter hp. Let h, = maxgeon hp. We assume that this

partition is shape-regular in the following sense.

Definition 2.1.1 The polygonal (polyhedral) partition Q) is shape-regular if

e Each element E has at most N* edges (faces), where N* is independent of h,,

e Each element E is star-shaped with respect to every point of a ball of radius p*hg centered at
point xp € E, where p* is independent of h,. Moreover, each edge (face) e of E is star-shaped
with respect to every point of a ball of radius p*hg centered at point x, € e.

e Each element E can be split into shape-regular (in the sense of [31]) simplices and the union

of all such simplices is a conformal mesh is €,,.

The auxiliary simplicial mesh is used only in our analysis and does not need to be built explic-
itly. Meshes with non-convex elements may also satisfy the above definition. Note that partitions
Q) and Q! do not have to match at the interface I'y,. Let |E| and |e| be the Lebesgue’s measures
of I/ and e, respectively. Hereafter, we shall use term face for both a face in 3D and an edge in 2D.

Thus, for every element I~ and every face e we have
Chi <|E| < he, Chit <le| <hdi, 2.1)

where the constant C' is independent of hy and F.
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Let £" be the set of interior faces of . For every mesh face e, we define a unit normal vector
n, that will be fixed once and for all. If e belongs to I',,, we choose n, to be pointing outward to
(2. If e belongs to I',, we choose n. to be pointing outward to €2,,. Let ng be the outward unit
normal vector to £ and x4 = n. - ng. The mutual orientation of n. and ng is represented by

X% = n. - ng, which either 1 or —1.

2.1.2 Discretization in the Stokes domain

Let D be a domain in R and Ws’t(D), s > 0,t > 1, be the usual Sobolev space [2] with a norm
| - ||s..p and a seminorm | - | ; p. The norm and seminorm in the Hilbert space H*(D) = W*?(D)
are denoted by || - ||s.p and | - |5, p, respectively. The Euclidean norm of algebraic vectors is denoted

by || -

We extend the formulation in [81] on simplicial elements to general polyhedra. Let X and Q)¢

be Sobolev spaces for the velocity and pressure, respectively, in the Stokes domain:

Xp = {vy e (L(Q)": vylp € W*(E))! VE € Qf},

Qr = {ar € L* () : qslp € WHP(E) VE € Qi)

The functions in X; and (); have double valued traces on the interior element faces. The trace
inequality and the Sobolev imbedding theorem imply that g|. € L?(e). For a function w, we define
its average {w}. and its jump [w], across an interior face e € E as follows:

1 1
§w|E1 + §w|E27 [w]e = w|E1 - w|E27

{whe =
where F; and FE5 are two elements that share face e and such that n,. is directed from EF; to Es.
For e € 09", the average and the jump are equal to the value of w.

Following [81], we introduce the following norms:

1Ivilllie, = 2
f

Eth

Hf
Ivellk, = IVvilBa, + > 2 el , Ivellge + > Z Vs 7illoes

e€EpUy e€lsp j=1 ]

laslle, = llarllo,
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where 0. > 0 is a parameter that is a constant on e and G; = \/l?j/ao, j =1,d — 1. The DG
method for the Stokes equation is expressed in terms of the bilinear forms as : Xy x Xy — R and

by : Xt x Q¢ — R defined as follows:

ag(ug, vy) = 2up Y /De(uf)i De(vy)de+ ) Z_:/[uf] [vylds

EeQh g e€EpUly o
2 Y [Deupnfvilds + e Y [{Detvyn) - fuds
e€EPUly ¢ e€EFUly ¢
d—1
+ Z Zg—i/(uf -Ti)(vy-Tj)ds, Yu,ve Xy
ecly, j=1 e
bf(Vf, Qf) = — Z /va "V dx + Z /{Qf}[Vf] ‘N, dS, VVf S Xf, qu - Qf.
EcOh g e€EpUly e

The jump term involving o, is added for stabilization. We assume that for all faces e

ge > 09 > 0, (2.2)

where oy is chosen to be sufficiently large according to Lemma 2.3.3 in order to guarantee the co-
ercivity of a(+,-) . The parameter ¢ controls the symmetry of the bilinear form and takes value —1,
0 or 1 for the symmetric interior penalty Galerkin (SIPG) [6, 94], the incomplete interior penalty
Galerkin (ITPG) [41], and the non-symmetric interior penalty Galerkin (NIPG) [77] methods, re-

spectively.

Lemma 2.1.1 The solution (u,p) = (uy, uy; py, pp) to (1.12)—(1.15) satisfies

ag(uy, vi) +br(vy, pr) + /ppr ‘nyds = /ff -vydr, Vvye Xy, (2.3)
Tsp 931
br(uy, qr) =0, Vqr € Qy. (2.4)
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Proof. We use similar arguments as in [81]. Multiplying the momentum equation in (1.12) by

v € Xy and integrating by parts over one element £' yields

/(Z/LfDe(uf): Vvi—psV-vy)de — /((QMfDe(uf)—pr)nE)‘vfds = /ff-vfdzr;. (2.5)
E

oF E

Since the tensor De(uy) is symmetric and Vv can be expressed as a sum of symmetric and

antisymmetric tensors
1 T 1 T
Vv = S(Vvy + (Vvg)T) + 5 (Vvy = (Vvg)7),
we can write
1
De(uy): Vvy = De(uy): é(va +(Vvy)T) = De(uy): De(vy). (2.6)
Substituting (2.6) into (2.5) and summing over all the elements,

> /(QMfDe(uf)i De(vy) —psV - vy)dx

EeQh |
=3 [tuDetuy) - pbyn} - feds = 3 [ (2nDe(us) - prD n - (v} ds
665? e 565]’} e
- /((QMfDe(uf) —psD)ny) - vyds — /((QMfDe(uf) —pi)ny) - vyds
= /ff “vydz.

Using the regularity of the true solution,

Z /(Z,ufDe(uf): De(vy) —psV - vy)de + Z Z—: /[u] - [v]ds

EcQh | e€EfUly e
-3 [tenDetup) ~pn) dds+e S [ uDetvyn - fuds
e€E} e e€E}Uly ¢
- /((QMfDe(uf) —p)ny) - vyds — /((2ufDe(uf) —piD)ng) - vyds
Lsp Ty
= /ff -vyd.
Qf
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Decomposing the integrand in the interface term into normal and tangential components and ap-

plying the last two interface conditions in (1.15), we have

((2usDe(us) — pI)ny) - vy =

U

-1

((2usDe(uy) — piDny) -nyp(vy-ng) + > ((2usDe(uy) — pDng) - 7(vy - 7)) =

U
<.
I

-1

=

—pp(vyomp) = > El(uy T (vyeTy).

1

<.
Il
<.

Thus, we obtain the variational equation

Z /Q,ufDe llf De Vf d{L‘—|— Z 06/

EeQh g e€€pUly
0
RIS %> f/uf vy ) ds
Ffp CEFf 7j=1
= Y [ewDetwpn fvldste Y [{2uDelvs)ng - fug)ds
eeghurf e eEShUFf e
_Z/pfv vydr + Z {ps}v]- nedS—/ff vedr, Yvye Xy,
EeQh | e€EpUly Qf

which can be written as
ar(ug, vi) +br(vy, pr) + /ppvf ‘npds = /ff ~vpdr, Vvye Xy
Lp {h
Similarly, the incompressibility condition in (1.12) combined with the regularity of the solution
imply that

by(uy, qf) =0, Vgr € Q. 2.7)
O
The case of simplicial elements has been studied extensively in the literature. Let [P, denote

the space of polynomials of degree at most . The DG discrete spaces X Jﬁ‘ and Q’J} for the velocity

and pressure, respectively, are defined as

Xp = {vieX;: vip e (P(E)? VE € Q}},

Qf = {df €Qs: q}lp € Pry(E) VE € Q).
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We consider the cases » = 1,2, 3 in two-dimensions and » = 1 in three-dimensions.

To develop a lowest order (r = 1) DG method for general polyhedra, we follow the mimetic
approach and consider a lifting operator from degrees of freedom defined on faces to a functional
space. For each element £ and every face e of £/, we associate d degrees of freedom (a vector in

R?) representing the mean velocity on e:

. 1
tE= m/vfds.

e

Let X ]’} wrp be the vector space with the above degrees of freedom. For a vector Vy € X ]}} MFD>

let V¢ g be its restriction to element F.

On each F we need a lifting operator R ; g acting on a vector V¢ i and returning a function in

H'(E). We assume that the lifting operator has the following properties:

(1) The lifted function has mean values on all faces e of I equal to the prescribed degrees of

freedom:

]' e
H/RﬁE(Vf’E) dS:VﬁE.

(L2) The lifting operator is exact for linear functions. More precisely, if Vﬁ 18 the vector of face

mean values of the restriction on the element E of a linear function V]é, then
Rpe(Vig) = vy,
(L3) On every element I € Q? the lifting operator satisfies
Rie(Vip)me < ChE"Vipl®,  VVie € X}ypp(E),

where m = 0, 1.
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Using the elemental lifting operators R g, we define the following finite element spaces:

Xt = Vi vVile=Rpe(Vip), VE€ Q) VVigpe Xiyep(E)}
Qhrirr = {d}: afle €Po(E), VE € Qp}.

When FE is a simplex, the lifting operator can be chosen to be the lowest order Crouzeix-Raviart
finite element [37]. If the Crouzeix-Raviart finite element space is used for the DG space X, then
X J}} X Q’} for r = 1 coincide with X ]}} LIFT X Q;{ 1~ The rigorous construction of lifting operators
on polygonal (polyhedral in 3D) elements is a topic for future work.

The spaces X J? LIFT X Q? 1pr are new DG spaces for Stokes on polygons or polyhedra. To
keep the notation simple, for the rest of the paper we will denote the DG spaces on Stokes for both
simplicial and polyhedral elements by X} x Q%,

We are now ready to formulate the DG method in ;. Given an approximation A" of p, on T',,

(to be defined later), the DG solution on ), (u?, p?) €eX ]ﬁ‘ X Q’}, satisfies

af(u;%, v’}) + bf(v?, p?) + / ;\hv}‘ ‘npds = /ff . v’} dx, VV’} € X}L, (2.8)
Lfp Qf
bf(u}}v CI?) =0, VC]}L € Q}}- (2.9)

2.1.3 Discretization in the Darcy domain

Let X, and (), be the Sobolev spaces for the velocity and pressure in §2,, respectively, defined as
follows:

Xp,={v, € (LS(QP))da §>2: Vv, € LZ(QP)}v Qp = L2(Qp)'
We introduce the following L2-norms:
Vollx, = vallog,:  llaplle, = llgnllo,-

It is easy to see that the solution (u, p) to (1.12)—(1.15) satisfies

/K‘lup “vVpdr — /ppV “vVpdr + /ppvp ‘n,ds =0, Vv, € X,, (2.10)
QP

Qp Cyp

/qu ‘u,dr = /fp qp d, Va, € Qp. (2.11)



Note that the boundary integral in (2.10) is well defined if p, € H*(,).

We use the MFD method [25, 26] to define discrete forms of (2.10)—(2.11). The first step in
the MFD method is the definition of degrees of freedom. For each face e in Qg, we prescribe one
degree of freedom V.7 representing the average flux across e. Let X ;} be the vector space with these
degrees of freedom. The dimension of X ]’j is equal to the number of faces in Q’;.

For any v,, € X, we define its interpolant v/ € X/ by
I\e 1
(v,) = el v, - ds. (2.12)
e

Lemma 2.1 in [68] guarantees the existence of this integral for every v, € X,.

For any V, € X%, let V, i denote the vector of degrees of freedom associated only with an
element £. We denote its component associated with face e by V7 p.

To approximate the pressure, on each element £ € QZ, we introduce one degree of freedom
P, i representing the average pressure on F. Let Q’; be the vector space with these degrees of

freedom. The dimension of QZ is equal to the number of elements in QZ. For any p, € Q,, we

define its interpolant p{a € QZ by
pp ]E| /ppdx (2.13)

We also need to define a discrete mimetic space to approximate the pressure on the interface
I't,. This space will also serve the role of a Lagrange multiplier space for imposing weakly the
normal flux continuity across I'y,. For each face e € I'}, = Q| we introduce one degree of
freedom \° representing the average pressure on e. Let A?p be the vector space with these degrees
of freedom. Note also that A?p =X £|p ;, and its dimension is equal to the number of faces of I'y,,.

The second step in the MFD method is to equip the discrete spaces QF:, X, and A} with inner
products. The inner product in the space Q; is relatively simple:

[P.Qlor = Y _ |E| PpQr, YVP,QeQh (2.14)

EeQn

This inner product can be viewed as a quadrature rule for L2-product of two scalar functions. The

inner product in X ;L can be defined formally as

U, Vlx» =U"M,V, VU, Ve X}, (2.15)
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where M, is a symmetric positive definite matrix. It can be viewed as a quadrature rule for the
K~ !'-weighted L?-product of two vector functions. The mass matrix M), is assembled from ele-

ment matrices M, g:

U'M,V=> U;M,pVy VUVeX)

Eeql

The symmetric and positive definite matrix M, g induces the local inner product
[Ug, Vilxie = UpM, 5 Ve, YUg Ve X)(E). (2.16)

The construction of matrix M,  for a general element F is at the heart of the mimetic method

[26]. The inner product in A% is defined as

A mhan = D A lel, VA pe A, (2.17)

h
eEFfp

Since V|r,, € A?p for every V € X", (2.17) can also be used to define (V, u)A? :

— e e D h
(V. w)an = S Veulel, VVeXP VueAl,
eEF?
P
The third step in the mimetic method is discretization of the gradient and divergence operators.
The degrees of freedom have been selected to provide a simple approximation of the divergence
operator. The Gauss divergence theorem naturally leads to the following definition of the discrete

divergence:

1
(DIVV)g = i > xpVilel, VVeX] (2.18)
ecOE

We have the following useful commutative property of the interpolants:

1 1
(DIVVI)E:E/V-nEds:E/V~de:(V'V)fE, Vv e X, (2.19)
OF E

The discrete gradient operator must be a discretization of the continuous operator —KV. To
provide a compatible discretization, the mimetic method derives this discrete operator from a dis-

crete Gauss-Green formula:
(U, GRAD (P Xy = [DIVU, Plg; — (U, X)» . VUE X' VP eQh VA e A},
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The above equation mimics the continuous Gauss-Green formula

/u-K1(—KVp)da::/pV-udx—/pu~ndac, Yu € X, Vp € H'(Q,).

Qp Qp Lyp
Non-homogeneous velocity boundary conditions would require additional terms that represent
non-zero boundary terms in the continuous Gauss-Green formula [60].
The construction of an admissible matrix M, ; is based on the following consistency condition
(see [26] for details). Let Kz be the mean value of K on element £. Then, we require
V. (-KeVp)']xr = [DIVV, (o) ]or — > X5 Vi /pl ds,
e€OE e (2.20)
VV e X), W' € Pi(E).

The inner products (2.14) and (2.16) induce the following norms:
1Pl = [P, Ploy. VP e Q) and  [|[VII3 = [V, Vixp, YV e XJ.

Lemma 2.1.2 ([26]) . Under the assumpsions of Definition 2.1.1, there exists the local inner prod-
uct (2.16) such that

1
GIENVEl® < lIVIIK, < CLENVEIP, vV e X, .21)
where the constant C depends only on shape regularity of the auxiliary partition of E.

In the following, for consistency between the DG and the MFD notation, we will denote a
vector V,, € X by v/, a vector Q, € Q) by ¢}, and a vector A € A} by \". We define the

bilinear forms a, : X x X' — Rand b, : X} x Q" — R as follows

CLp(UZ,VZ) = [uZa VZ]X{}? vu27vg € X;?a

and
bp(vz, q;‘) = —[DIVV;’, qg]Qg, VVZ € Xg, ng € Q;’

Given an approximation " € A’ of p, on Ty, the mimetic approximation of (2.10)~(2.11) reads:

Find (ul’,pl) € X x Q] such that

ap(u)y, Vi) + by (v, ph) 4+ (V] )\h>A?p =0, wie X (2.22)

bp(up, qp) = =[f], dlgn, Vo, € Q). (2.23)
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2.1.4 Discrete formulation of the coupled problem

In the previous two subsections we presented discretizations for the Stokes and the Darcy regions,
(2.8)—(2.9) and (2.22)—(2.23), respectively, that are coupled through the approximations \* and \"
of p, on the interface I'¢,. We impose the normal stress continuity condition (1.9) by taking M to

be the piecewise constant function on F?p satisfying
Yh h h
Mo = (AM)°, Ve € I'y,.

We impose the normal flux continuity (1.8) in a weak sense, using A’}p as the Lagrange multiplier
space. The weak continuity is embedded in the definition of the global velocity space. More

precisely, let X" = XJ’} X X}L, Q" = QZ X QZ, and

p

vh={vhe X /V? ny g ds + (Vh,,uh>A;}p =0, Vu'e A?p : (2.24)

Cyp

We also define the composite bilinear forms

a(u", v") = ap(u}, v}) +ay(u}, vi),  vu", vt e X*

b(v", qn) = by(Vh df) +b,(V], ), v e Xt g e Q"

The weak formulation of the coupled problem is: find the pair (u", p") € V* x Q" such that

a(uh, vh) +b(v", ph) = / f; - v da, wh e v, (2.25)
Qy
b(uha qh) = _[ ;{a QS}Q;L: th € Qh° (2.26)

Remark 2.1.1 By constructing in the Stokes domain a lifting operator mapping from degrees of
freedom to a functional space the DG method can be interpreted as a MFD method. A similar
lifting operator can be used to define the MFD method in the Darcy domain as a finite element

method.
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2.2 TRACE INEQUALITIES AND INTERPOLATION RESULTS

Throughout this article, we use a few well known inequalities. The Young’s inequality reads:

€

b <
W=7

1
a® + 2—62, a,b>0, > 0. (2.27)
€

A number of trace inequalities utilized in [81] on triangular meshes can be extended to polyhedral
meshes using the auxiliary partition of an element £ into shape-regular simplices. In particular,

for any face e of element F/, we have

18]15. < C (h5'10l15 5 + heloli ), Vo€ H'(E), (2.28)

and its immediate consequence
Ve -nell5e < C(hg' 6l s + helolp) . Vo € H(E). (2.29)
For polynomial functions, we have the trace inequality
IV -nlo. < Chg'?¢is, VYo e P (E). (2.30)
For ¢ € (H*(F))?,0<s<1,with V- ¢ € L*(E) we use Lemma 3.1 from [68] that gives
I ncll?s, < C(hg' Il e+ hE  IBl% e+ helV - ll5x) - (2.31)

Lemma 2.2.1 Let vy € (H'(Qy))". There exists an interpolant 7 - (H'(Q))* — X} such that

bl(ﬂjﬁ(vf) — vy, q?) =0, Vq? € Q?, (2.32)

/ [mhvel-wds =0,  Vwe (P,_i(e)), (2.33)

for every face e € E} UT, and
v lle, < Clvla,. (2.34)
The interpolant has optimal approximation properties for vy € (H*(Qy))% 1< s <r+1:
7T} (V) = Vilme < Chy " |Vils sp),  m=0,1, (2.35)
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where either 0(E) is the union of E with all its closest neighbours in the case of simplicies or
d(E) = E in the case of the lifted DG spaces on polyhedra.

Furthermore, the following estimates hold for vy € (H*())%, 1 < s <r+1:

75 (ve) = villx, < Chy" |vilag,, (2.36)

17} v )llx; < Clivylle,- (2.37)

Proof. On triangles for » = 1, 2, 3 and tetrahedra for » = 1 the existence of such an interpolant
is shown in [37, 49, 36, 53, 81].

It remains to consider the case of polyhedral meshes with r = 1. Let vy € (H'(£2;))? and let
V; be the corresponding vector of degrees of freedom. We introduce the interpolant 7T]]} such that
7 (vg) = Rs(Vy). Due to the lifting property (L1), we immediately get condition (2.33) with
w € (Py(e))4. Then, for every q;% € Q?, the lifting property (L2) gives

bp(mh(ve) = vy qf) == > /Q?V (mpvy —vy)do

EcQh
- (2.38)
- Z 9.6 /(Rf,E(Vf,E) —vy)-ngds = 0.
EGQ? OF

To show (2.34), let v be the L?-projection of v ; onto the space of piecewise constant functions

on Q. We have
IVillo.s < llvi=Villos +lIvillor < Chlvihe +Ivillos < Cllvile.
For every element [/, the triangle inequality and lifting properties (L2) and (L3) give

It (vllS e < 207 (ve = VIR & + 2 [VEllok
2

1 C
c (im0 |—€,/|vf—vf|ds T lvsl2 s

ecOFE

IN

Applying the the trace inequality (2.28) to each component of v and using the standard approxi-

mation property of the L2-projection, we bound each of the edge integrals:

2

v —v$|ds < le v, — vS|%ds
[ivs=vilds| < lel [vs-vi] o0

< Cle] (hEJIHVf - V?H(Z)E + hE|Vf|%E) < Cle|l hg |Vf|%,E'
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Combining the last two inequalities and using the shape regularity of £ (2.1), we get

hg |E|
||7r§z<vf>||3,Esc( v+ vle) < Clvili s

To bound the H'-seminorm of 7} (v), we use (L3) to obtain

2

wh(vy) — Vil < CHEHV i = Vil < OHE? 3 H/ v vilds |

ecOFE

where V¢ . is the vector of degrees of freedom for the constant function v%. Combining the above
fE g f g

inequality and (2.39), and using the shape regularity of F (2.1), we conclude that

7t (vi)le < Clvilie,

which completes the proof of (2.34).

Since (L2) implies that w? is exact for all linear functions on £, an application of the Bramble-
Hilbert lemma [19] gives (2.35).

It remains to show (2.36) and (2.37). Note that (L.1) implies that for all faces e¢ of £

/(W}‘vf —vy)ds =0, Vvs;e (H'(E))"

e

Therefore we can employ Lemma 3.9 of [53] to conlude that
17} (vs) = villx, < CHIV(ma(vi) = vi)lllogn

which, combined with (2.35), implies (2.36). The continuity bound (2.37) follows from the triangle

inequality, (2.36), and the bound ||v||x, < C[vy[1q;. O
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2.3 STABILITY AND WELL-POSEDNESS OF THE DISCRETE PROBLEM

In this section we prove a discrete inf-sup condition and show that the discrete problem (2.25)—

(2.26) has a unique solution. Let X" = X} x X and Q" = Q' x Q] with norms

V' % = IVEIEE, + vplllG, WV = (v} vy) € X7,

"5 = ||q?||3,gf+IIIQZIIIég, vq" = (¢}, k) € Q",
where

Ivplllze = Hvplll + IIPIV VI, Vv, € X,

Lemma 2.3.1 Let v € (H'(Q))! and v, = v|qa,, o = f,p. Then, there exists an operator
™ (X x Xp) N (HY () — VI, 7 (v) = (7} (vy), 7(vp)), such that

b(r"(v)—v,¢") =0, V¢ eQ, (2.40)

and

7 (vollx, < Clivellia,,  Hlm(vp)lllxy < Clivive (241D

Proof. Let W;Z be the operator defined in Lemma 2.2.1. The property (2.32) gives (2.40) for
any ¢" = (q?, 0). Due to (2.37), we get automatically the first inequality in (2.41). To construct

Wg(vp), we solve the following boundary value problem:

Ap =0 in ),
Vo-n,=0 on I, (2.42)

Vo n, = (V—W?(Vf)) ny on Iy,

and define

By elliptic regularity [66],
||VQ0||H9(QP) S C”(V—?T?(Vl)) 'nf”H@*l/?(Ffp)’ 0 S 0 S 1/2 (243)
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For all ¢/ € QF, using definition of 7/ and the commutative property (2.19), we get
bp(my (V) = vy, 4) = 0,((V)', q;) = —[DIV (Vo). glan = —[(V - Vo)', glon =0.
To prove the second inequality in (2.41), we start with the triangle inequality
7y (g < vl + H170) g (2.44)

and bound every term. From the stability estimate (2.21), the trace inequality (2.28), and the shape

regularity estimates (2.1), we obtain

V2% = B2 vl < € S 1B S |’

EEQS eCOE

Bl (-
<C 30 3 o (eIl + helvl )

<C Z (vangE+h]25|vp\iE)

EcQh

< ClIvolli o, -

Using the same arguments plus inequality (2.31) with s = 1/2, we get

2

1
v By < S 1B | o [ Ve e ds
P B

Eeﬂg eCOFE

E .
< ¥ 3 (vl + 1Vl ) (240

Eng eCOFE
< € (IV¢la, + iVl )

To bound the first and the second term on the right hand side in (2.46) we apply (2.43) with § = 0
and 0 = 1/2, respectively:

(7)1 < C (Ivy =7 vp) gl p, + Bpll(vy = 7)) gl )
(2.47)

< Cll(vy = mf(vy) - ngl3r,
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Using the trace inequality (2.28) for every e € F?p and the approximation result (2.35), we have

that
—1/2 1/2
10vy = 7)) mplaee < € (hp"Ivs = 7f D)l + vy = 7 (V) )
(2.48)
< ChsEil/2|Vf|s,§(E)7 1<s<r+1.
Thus,
s—1/2
7o) g < Ch Zlvellsgy, 15 <71 (249)

Combining (2.44) with estimates (2.45) and (2.49), we conclude that ’HWE(V)‘HX}}} < vl
It remains to show that 7"(v) € V". Let yu, € A?. From definition of the inner product
(2.17), definition of the interpolant (2.12), the boundary conditions in (2.42), and the regularity

assumption v € (H'(2)), it follows that

(mpv, ") s = (vy, :Uh>A;£p +((Vo)', Mh>A’;p

- Z(W/vp-npdw Zw)e/wnpds

EGF];JD € eelﬂ}flzo
= /Vp~np,ahds+ /Vf~11f i ds — /W?(Vf)'nf " ds
Lrp Trp Trp
=— / W?(Vf) ny i1 ds.
Lp

Therefore 7" (v) € V". This proves the assertion of the lemma.
O
Next, we prove a discrete inf-sup condition, which guarantees that the approximating spaces

are compatible with one another.
Lemma 2.3.2 There exists a positive constant (3 such that

be(vh, ") 4 b, (VP ¢!
inf sup f( f qf) p( p qp)

(2.50)
dre@tyrevn  [[VPIIxn [lg" [l gr
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Proof. For a given ¢" € Q", let us define ¢ € L*(Q) by
0= (ly,0y), where (f=—q} and (| =—(q)e, VE € QL.

Note that ¢/ = —¢/ and ||(,|o.0, = |||qZ|HQg. We can construct construct v € (H'(Q2))? [52] for
which
V-v={(,and V| < C|¢oq- (2.51)

Let 7"(v) = (7}(vy), m)(v,)) be the interpolant constructed in Lemma 2.3.1. Using (2.40) and

the commutative property (2.19), we get

bf(wlj}v, q’}) + bp(w;jv, q;j) = by(vy, q?) + bp(vé, qﬁ)

:-1/Qﬁvw0ﬂdx—fpzvvémez

Qf
(2.52)
= /(Q'})2 dx + [qy, 4 lon
Q
— 1412, + llg2l113 = llg" 3.
The definiton of 7" and (2.19) imply that
DIV (t'(v)) = DIV (v + (Vp)) = (V- v,) + (V- V) = —¢".
Tp P ¥ p ¥ £
Using estimate (2.41) from Lemma 2.3.1, we bound 7"*(v):
17" (V) = 75 (v, + [ Vo)l + DIV (m (vp))l I
<C(IvI3a+ lllapliy) (2.53)
<O (Ighl30+ Nablify ) < Clla" 3.
Combining (2.52) and (2.53) yields
bp(m}(vy), a5) + bp(my (vp), 4) = Cllm" (v)llxn lla" g, (2.54)
which proves the assertion of the lemma.
O

To prove that the method is well-posed we will also need the coercivity property established in

the next lemma.
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Lemma 2.3.3 Assuming (2.2) there exists a positive constant o. dependent on o but independent
of hy such that

af(v?,vl}) > ozc||V?||X?, VV? € XJIZ. (2.55)

Proof. Let v} € X}. From the definition of a;(-, -) we have

ae
(Vf,Vf = 2uy Z /De Vf De( Vf ) dx + Z /Vf Vf

EeQ | eeshuFf e
—2u5(1—¢) Z /{Devf n.} Vf ds+zzuf/vf T) Vf T;)ds.
665 Uy ¢ ecly, j=1

For piecewise H! vector fields the following Korn’s holds [18]:

1

IVHIE g, < Ko [ IDeVllRe, + 30 MR, wiext @56
e€EFUL'y c

Thus,
2pf a0 — 241y
ag (Vi vi) = H|melﬂf+ >, 5 lvIIG.
eEg}LUFf ¢
My
gl Y [Detvhng W s Y S B
eGEJ’}UI‘fe e€ly, =1

Clearly, the coercivity property holds when € = 1 and oy > 25. To address the case when e = —1
or 0, we use the trace inequality (2.30) and the Young’s inequality (2.27) to estimate the third term:
h 1/2 h e is h
> [{De(vhn}-[Vilds <y Y hp* Vv g ] V4]0
e€EpUly ¢ e€EfUly ©

C
<a X (GlIVVie+ IV

e€EpUly

2 CyCs ||V§CL||(2)e
§2—03|||Vf|||1,nf+T Z n

e€€pUly
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Then,

2 Cy(1—¢)
h h 2 hy||2
astviu) 2y (5 = S IR,
IVHIIIG.e
+ (00 — p (2 + C2C3(1 — €))) Z f + Z Z V5 75115,
e€EFULy e€ly, j=1 G
Setting C5 = 2K, ensures that the first term is positive for both ¢ = 0 and ¢ = —1. Then to
control the second term it is sufficient to choose o > 21 (1 + CoC3) = 2ps(1 4+ 2K,C3). O

Theorem 2.3.1 The problem (2.25)—(2.26) has a unique solution.
Proof. It is sufficient to show that solution of the homogeneous problem (2.25)—(2.26) is zero.
By choosing v = u" and ¢" = p" we get

ar(uf, uy) +ay(wy, uy) =0,

which combined with (2.55) implies that u* = 0. The remainder of (2.25) together with the inf-sup

condition (2.50) imply that p* = 0.

2.4 ERROR ANALYSIS

Let the pair (u, p) be the solution to (1.12)—(1.15) and let u, = ulq,_, @ = f, p. We define functions

€ Vhand p € Q" as follows:

u = (U, @) = (m(uy), m,(w,)), P =y, by),

where 7" is the operator introduced in Lemma (2.3.1), p, = p!

h . .
, € @, is the interpolant of p,

introduced in (2.13) and p; is the L?-projection of py:

/(ﬁf —pp)apde =0, Vg eP,i(E), VEeQ} (2.57)
E

For any p; € H*({2;) we have the approximation result:

||pf - ﬁf”m,E S ChSE_m|pf|s,Ea m = Oa ]-7 1 S S S r (258)
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We also need the approximation result (3.4) from [68]: for any ¢ € H*(E), 0 < s < 1, there

exists a linear function ¢ such that
16 = ¢pllme < Chy;™|lsp, m=0,1. (2.59)
Applying (2.28) to ¢ — ¢} and using (2.59), we obtain the estimate for a face e:
16 = dil5. < ChE " 8- (2.60)

Let K be a piecewise constant tensor equal to K on element F. Recall that K is the mean
of value of K on E. We assume that K € (W'>(E))™?, VE € QF, and that max ey || K|l 00,5
is uniformly bounded independent of hy, where ||K||1c0,r = maxi<;j<q||Ki;||lwi.<(m). From

Taylor’s theorem it follows that

max Ky (v) — Kp| < Che |[Kijllwieos)- (2.61)

S

2.4.1 Error equation

Subtracting the weak formulation (2.3)—(2.4) from the discrete equations (2.25)—(2.26), we obtain

af(u}} — uy, V?) + bf(V?, pj? —py) — Z /pp v? ‘nyds

eGF?p e
+ ap(ug, V;L) + bp(vg, pﬁ) =0, vt e Vi (2.62)

If we take q? = 0 in the second equation, we recover the weak form of the mass balance equa-
tion for the Darcy region (2.23). Using this, plus adding and subtracting uy, ps, and u{, in the

appropriate terms of (2.62), we obtain
ap(uf =iy, V§) +bp(Vh, P} = Bp) + ap(uy —up,v) + by(vy, p)

= ay(uy —uay, Vi) +b;(v}, py—py)

2.63
+ 2 / pVhmpds — (v, whevt, (209
eEF’}p €
bf(u?_ﬁf’ q;‘l) :bf(uf_ﬁf’ q?), Van € Q.
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2.4.2 Velocity estimate

Theorem 2.4.1 Let (u, p) be the solution to (1.12)~(1.15) and (0", p") be the solution to (2.25)-
(2.26). Furthermore, letuy € (H™ ()%, py € H™(Qy), u, € (H'(Q,))% and p, € H*(Q,). If

O is a polyhedral mesh, we assume that € = 0. Then, the following error bound holds
f
= wgllx, + [ — ][y < C (1 +22). (2.64)

where

1/2 —1/2 172
es = hy (Ipohio, + [Pplog, + upli,) + ' (hphf 2+ ny ) 1Ppll1.0,-

h

Proof. We choose the test functions in (2.63) to be v/* = u" —a and ¢" = p" —p. The definition

of w?(u ) implies that the right-hand side of the second equation in (2.63) is zero:

bf( ? uf7 pf ) - O
Using the commutative property (2.19) and (2.42) we conclude that

DIV (u) —u,) = DIV (u! —u) — (Vy))
=DIVul — (V-u,) = (V- Vo) = fI - fl —0=0.

Plugging the last two results results in the first equation of (2.63), we eliminate terms in the left-
hand side that contain bilinear forms b (-, ) and b,(-, -). Using the definition of 1, we break the

third term in the left-hand side into three pieces:

ap(uh — g, s — i) + ap(ul — ul, wt — ul) =
ag(uy — 0y, uf —y) +bs(u} =y, ps — py)
(2.65)
+ Z /pp F—uy) nfds—ap(u u —u )+ap(u£,(Vg0)])

h
eerfp €

+ ap(uz — 1111), (VQD)I) = T1 —+ TQ —+ T3 -+ T4 + T5 + T6.
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To bound 7}, we follow the analysis of a similar term in [81]. We expand it as follows:

ap(uy — g, uf —ay) =2pp Y / uy — 1) : D(uf —1y)dz
EcQh

—2uy Y /{D(uf —ty)}n, - [u} —ug]ds

h h
ecEyUl'y ¢

soe Y0 (DG - ap)n, - fuy - g)ds
eEShUFh (2.66)

+ Z / uy — ] - [u} —ay]ds

eGShUFh

+Zzﬂf/u]c—u]r T](f f) T]dS

eGFh Jj=1

=Tn +Tie+ Tz + Ty +Ths.

To estimate 7’1, we apply the Cauchy-Scwarz inequality, the Young’s inequality (2.27), and the

approximation property (2.36):

Tl < 205 Y V(g = 0p) oz IV (0} =)o

EcQh
- 1 . (2.67
< ClIV G = apliRa, + GV} - anlikg, :
T 1 ~
< ORF [uslinn, + VG —ap)llGe,.
To bound 77, we introduce the Largrange interpolant £, (uy) of degree  satisfying
|Uf—£h(llf)|m7E S ChSE_m|Uf|S7E, 2 S SST—i—l, m:O,l,Q. (268)

Let §(e) be the union of elements having the face e. We split split 77, in two pieces T}, and

T}, by adding and subtructing £, (u;) inside the average factor {-}. Using the Cauchy-Schwarz
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inequality, the Young’s inequality (2.27), the trace inequality (2.30), and (2.68), we obtain

15| X [ D) — ), fuf - ) ds

hrh
ecEpUl'y ¢

hé/2 Oﬁ/Z \
< 3 M D) —a) il ol — .
n h Oe he
eEEfUFf (269)
- 1 Oe N
<C > |Lu(uy) =7 + 3 > h—ll[ul} — |5,

hTh hTh
ecEF Ul ecE Ul

1 o -
> Tl - g,

hy R €
eEEfUFf

< Chilugliyr g, +

The other term is estimated similarly using the trace inequality (2.29):

=] (D~ ) ) = i) ds

eEE}LUF? e

he ,, _
<Cc > - (het Tuy — Lu(ag)f; 50 + he lug — Lu(ag)]3 50)

h h
eeéff Ul"f

1 Oe N
D DR [T

eEé’{IUF;} ©

(2.70)

1 O ~
] Z o H[u? - uf]Hg,e'

hyph €
eESf UFf

< Ch?f ’uf‘72~+1,9f +

We conclude that

. 1 O N
Tha| < ChY |y} 0, + 1 > - 1w —af]l5... (2.71)

h{ Th
eefoFf

The third term in (2.66) is zero, 113 = 0, due to the continuity of uy and the property (2.33). The
fourth term is estimated by applying the Cauchy-Schwarz inequality, the approximation property

(2.35), and the trace inequality (2.28):

O - 1 Oe .
Tul<C > 5 llay — g5, + 3 > " I[u} —a]ll5.
eesqu? © eES?UF? ©
1 o (2.72)
<OM e, + YD T - gl

h h
eGSf UFf
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Using the same arguments, we bound the fifth term:

Tis] < > Z f||uf—uf||06||< —iy) - 7illoe

eEFh Jj—1

(2.73)

< Ch ’uf’r-i-l Rol + Z Z _ﬁf).Tj”?),e'

eGFh Jj=1
To handle the term 75, we use the property (2.57) of the L?-projection p:
by(uf — ity pp =) =— > /Pf_pf uj — ;) dr
BeQh

+ / {py = Ds}uf — 0] - neds (2.74)

h h
eESfUFf e

- Z /{pf_ﬁf}[u?—ﬁf]'neds.

eeg?ur? e
Thus, using the trace inequality (2.28) and the property (2.58) of the L? projection p;, we get
O
Ta| < ChY |pslig, + 3 Z / — )% ds. (2.75)
eeghurh

The remaining terms in the error equation (2.65) requires to use analysis developed for mimetic
discterizations of elliptic equations [24, 68]. We use the piecewise constant tensor K defined at the
beginning of this section.

Let p;l) be a discontinuous piecewise linear function defined on Q;L such that (2.59) holds on

every element I/ € QZ~ Then, adding and subtructing KVp;, we obtain
Ty = a,((u, + KVp,)', ul —ul) — a,(KVpy)', u) —ul) = Ty + Tho. (2.76)

Applying the Cauchy-Schwarz inequality, the stability assumption (2.21), and the trace inequality
(2.28), we get

[ Tua] < |lI(wp + K Vp,) [[1xp [y — wyll]x;

<o( Y1y ‘ /up+Kvp;) .neds‘2>1/2 [T o)

EEQh eCOFE

1/2 A I
<O(X [y +RVBE 5+ 13l ] )l = wl Ly

EcqQh
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Using the triangle inequality and then estimates (2.61) and (2.59), we obtain
I, + KV, I 2 < 1KV (5, =) o5 + (K = K)Vp, [lo.s
<C (hE |Dpl2,e + he HVp;l;HO,E)
< Chp (Ipolor + 1VPollos + 1V(Ps = pp)lloe)
< Chg (Ippl2.e + |ppl1E) -

Combining the two last inequalities and applying the Young’s inequality (2.27), we get

2 1
Tu| < Ch <|pp|1,ﬂp + [ppl2.q, + |‘1p|1,9p> + §||UZ - u,€|||§<g- (2.78)

The consistency condition (2.20) and continuity of p, allow us to rewrite Ty, as follows:

T42—ZZXEU-_U‘ /ppEdS

EEQheCOE
ZZXEu—u /(ppE Pp) ds+ZXEu—u) /ppds (2.79)
EeQh eCOE eel'y e

= Ty + Ty

We estimate 77, using (2.60) and the stability property (2.21):

Tl < Y > lel? () — w5l pe — plloe

EEQhecaE
h I\e |2 1/2
=C Z hE(‘E‘ Z |(uy — )% ) |Pplo.E (2.80)
EcQh eCOFE

1
< C hy |pplag, [l = wlllxy < Chylpplag, + §|||UZ — Il

The term T}, will be combined with other terms later. Now we proceed with the fifth term in the

error equation. Adding and subtructing KVp},, we get
Ts = a,((w, + KVp,)', (Vo)) = a,(KVp,)', (V)') = Ts1 + o (2.81)
The term 75, is similar to 7} ; therefore, we use the same approach to bound it:
Tsal < Chy (Ipohe, + IPpl, + [uphi0, ) 110761l

38



Using estimate (2.49), we conclude that

|T51| < C hyhy (|Pp|1,9p + ppla.a, + |up|1,ﬂp> [uyls/2,0, (2.82)

For the term 755, we apply estimate (2.60) and the consistency condition (2.20):

Tso = Z Z Xz (Vo)) /P;,Eds

EcQh eCOE

SDIDIANLD /< ~ph)ds— Y N (96)) /ppds 89
EeQp eCOE eGFh
= Tgy + Try.

To estimate 7%, we repeat arguments used for terms 77, and 75;. We obtain

55| < C hy |ppla, I1(Ve)[llxn < Chyhspplag, [ugls/mo,- (2.84)

The term T2, will be combined with other terms later.
The sixth term in the error equation is bounded using the Cauchy-Shwartz inequality and esti-

mate (2.49):
1
Tsl < [Jay —wylllxn (V) Mxy < 5 Mg = w5 + ChG [usling,. (2.85)
8 P !

Finally, the third term in the error equation (2.65) is combined with T}, and T%,. Let pj € A}
such that (p};)¢ is the L*-projection of p, on Py(e) and let p}; be the piecewise constant function on
I satisfying

Bl = B), Veell,

Because u” — u" € V",

/ﬁ;(u? —Uy)-npds + <p;,u’; — ﬁp)A?p = 0.

Lsp
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. . o h 2 . .
Using the above equation, the definition of operator 7, and the property of the L“ projection, we

obtain

Ts + T, + TE?2 = Z /pp(u’} - ﬁf) ‘npds + X5 (ug - u]I) - (V@I)% /pp ds
eGF?p e e
= 30 | [l - mpds () - )5 [ pds
eEF?p e e

=3 / (5o = )0t = ) mpds o (af = ) [ (o= (35)°) ds

eEFh

—Z/ uj — ) 0y ds.

eEFh e

e

For each face e € F}}p we define c® to be the L?-projection of u" — @ on Py(e). Let us assume
that e = B M\ Uj<, £, , where E; € Q. and Ef,; € Q) fori = 1,...,n.. Using properties of the

L?-projection, the approximation properties and the trace inequality (2.28), we obtain

|T3+T22+T§2|—Z/ —ﬁf—ce)~nfds
eGFf e
2 2 ~
<O S 0 Il D (12— s = o, 0wl )
<l = (2.86)
<O Y Ipplleg > (he b2+ B ol — g
ecIh i=1

i —1/2 1/2)° 2 1 h_ = 2
< Chy (B 4 BY) Nyl g, + LIV (0 = )l
where

h, = max(hy, hy).

We recall that the velocity u, is understood as an average over large enough representative volume,
which is much larger than the one needed to define uy. Hence, it is relevant to assume that the grid
in the porous medium region is coarser than the one in the fluid region, meaning that h, = h,,.
Collecting the estimates of all terms in the right hand side of error equation (2.65), we prove the

assertion of the theorem.
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2.4.3 Pressure Estimates

Theorem 2.4.2 Under the assumptions of Theorem 2.4.1, the following error bound holds:
Ip" = pllgr < Cler +e2) (2.87)

where

€& = h;‘ (‘pf‘r,Qf + ‘uf’r+1,ﬂf) )

1/2 —1/2 1/2
e = by (o, + palee, + oha,) + B Bk + 1)) bl

Proof. Taking ¢" = (p}} — py, pjy — Pp) in the inf-sup condition (2.50), we get

N 1 by(Vh, Pl — Dy) + by(VE, Pl — p)
Ip" = pllon < 5 Sup AL P e M) (2.88)

vhevh v xn

From (2.63), we get

br (Vi Dl = Br) + b (vl D)y — Byp) = ap(uy —uf, Vi) + (v, pr—y)

+ Z /ppv}‘-nfds—ap(uz, A% ) b (Vp,pp)

eeFfp

=h+ L+ I3+ i+ Js.

By adding and subtracting terms, and using the consistency condition (2.20), we obtain

Ji+ Js = —a,((w, + KVp)', vp) + a,(KVp,)', vy)

+ [D1V VZ, (pp — pﬁ,)I]QQ + [D1V VZ, (p;)f]% — ap(u]’; —ul v

P’ P

= ((up+KVpp , Z X5 (v /péds

eCOE

(2.89)

e

+[DIV V], (py —p;)I]Qg —ay(u —u! vh)

p p? P
= Js+ J7r + Jg + Jy.
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Thus, we need to estimate seven terms. We expand J; as follows:

EE(Y‘E

—ou Y / [De(u; —u})n}- V4] ds

eGShUI‘h

+ 2puse Z /{De Vf n.}-[u;— u?] ds
eEShUF? e (2.90)

+Zae/ vh] ds

eeghUFh

+Zzﬂf/ uf—uf Tj)<Vf T;)ds

eEFh Jj=1

= Ju + Jig + Jig + Jia + Jis.

From Cauchy-Schwarz inequality, we immediately get bounds for three terms:
|J11+J14+<]15| SCHllf—U?HXf HV?HXf . (291)

We bound .J;5 by taking similar approach as the one used for 775,

B\ /2 . o\ 12 .
sl ¥ (%) 19t -l (52) 1.

h( Tk €
eGEfUFf

he 1/2
gc( ST = (Vg — a2, + V(@ u;)y\g,e)) Vi, (2.92)
EES?UFh Te

R 1/2
< C (W Py, + 10y =i, ) IV,

To bount the term /135, we use the trace inequality (2.30), and shape regularity of element £° having

face e:

[l <C Y [{De(vh) ndloe lIay —uffo.

eEEhUF;}

1/2 1/2
e
<o % (2) 19l (7)) Mur-ulle @99

eEShUFh ¢

< ClIvilxe luy = ufllx,.
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We proceed with J, by applying the trace inequality (2.28) and the property (2.58) of the L2

projection:

Tl = b pr =50 = | X [ o~} ] mds

h h
ecfyUl'y ¢

B\ /2 o\ /2
= -9 < 2.94
> (%) oo (F2) sl 299

3 e
eEé’f UFf

IN

< Cylpleg, [IVHx,-
By combining J3 with J; and repeating the steps we followed to bound 7},, we get

—1/2 1/2
s+ i) < C (hy ol 11Vl + 0y (ol 2+ 22 by, 19V o, ) -

Since Jg is similar to T5;, we can write:

| Js| < Chy (|pp|1,ﬂp + |pp‘279p + ‘up|1,ﬂp) H|VZ|HX;} (2.95)

The term Jg is estimated by using Cauchy-Schwartz inequality and the approximation properties
(2.59):
] < CI2 vl el 296

Next, for the term .Jy, using Cauchy-Schwarz inequality and the velocity estimates, we find that

|Jo| < C (hf(|11f|2,szf + prlias) + hp(lpplie, + [Ppl2g, + [0pli0,)

, , (2.97)
-1 1
+ 0% (hhs " 4 1% gl ) NIV

Combining all the bounds and dividing by ||v"|| x» yields the assertion of the theorem.
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2.5 IMPLEMENTATION DETAILS

The global velocity space V", which embeds the interface continuity constraint, is not convenient
for a computer program. Instead, the continuity constraints on the velocity are imposed weakly
and additional variables, the Lagrange multipliers are added to the system.

Efficient solution of Darcy’s law uses the hybridization procedure that is the standard in nu-
merical method for mixed discretizations. We relax flux continuity condition on all mesh faces in
the Darcy region. Two flux dregrees of freedom (U,)%, and (U,)%, are prescribed to every interior

face e. Then the following continuity condition is added to the system
)\e(Up>%1 + )‘€<Up)%2 = 07

where \° is a Lagrange multiplier associated with the face e. The new system is algebraically
equivalent to the original system; however, it has a special structure that allows to eliminate effi-
ciently the primary pressure and velocity unknowns in the Darcy region.

Each continuity constraint results in one Lagrange multiplier. We collect the Lagrange multi-
pliers in a single vector L = (A, ..., A®/), where .J is the number of the mesh edges in QZ.

Let us define the block-diagonal matrix M,, = diag{M,, g,,...,M, g, } and the diagonal
matrix C, = diag{|ei|, ..., |es|}. Let A¢ and By be the matrices associated with the bilinear forms
ag(-,-) and by(-, -), respectively. The matrix associated with the interface term is denoted by C;.

The matrix equations are

A; B 0 0 Cy U, F

Bf 0 0 0 0 P, 0

0 0 M, B, C, » | = 0 : (2.98)
0 0 B’ 0 o0 P, -F,

ct o Ccl' o o L 0

where F,, is a vector of size IV consisting of the cell averages of the source term.
The first pair of equations is the matrix form of the discrete Stokes problem. The second pair of
equations represents elemental equations for the Darcy region. The last block equation represents

the flux continuity constraints.
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The matrix of system (2.98) is symmetric. The hybrydization procedure results in the block-
diagonal matrix B, with as many blocks as the number of elements in QZ. Thus, the unknowns
U, and P, may be easily eliminated. Changing the order of remaining unknowns, we get the

following saddle point problem:

Ay Gy By Uy Fy
CT —A, 0 L [=]|g | (2.99)
B 0 0 P; 0

where

A, = CI{’ (M;l — M;lchp (Bg M;Bpr1 B{M;lc,,) C,

is a symmetric positive definite (SPD) matrix. This matrix is a special approximation of the elliptic
operator in the Darcy region. Note, that only M/ ! is used in the above formula which suggests its

direct calculation as discribed in [26].

2.6 NUMERICAL RESULTS

We present three computer experiments, the first two of which confirm the convergence of the
method. The third experiment demostrates the ability of the method to be applied to realistic

coupled Stokes-Darcy flow problems.

2.6.1 Convergence tests

Here we choose the computational domain to be Q = Q; U €2,, where Q; = [0,1] x [%,1] and

Q, = [0,1] x [0, 3]. In the Stokes equation the stress tensor is taken to be

T(uy,ps) = —pel+ pyVuy.

Each covergence test uses a manufactured solution that satisfies the coupled system (1.12)—
(1.15) with the Dirichlet boundary conditions on 0f). We consider a scalar permeability field
K =KL
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In 7est 1, the normal velocity is continuous, but the tangential velocity is discontinuous, across

the interface:

[ (2-2)(15 )y~ €
ur = y3 y2 ) )
By + ?(f +1.5) — 1.5¢y — 0.5 + sin(wx)
[ w cos(wz)y
up = )
I X(y + 0.5) + sin(wx)

_ sin(wz) + x  x (y+05)*  sin(wz)y
pr = Ve + 11£(0.5 = &) + cos(my), Py = e 5 Pl
where
Vi E -G 306 — 17
=01 K=1 =05 G= = — = = 6.
:uf 9 , Qo ) o 3 5 2(1 + G)j X 48 y W

In Test 2 the velocity field is chosen to be smooth across the interface:

sin(% 4 w)ev/@

Uf = u, = ,
' —cos(& + w)ev/@
G x G x
pr= (? - %) COS(a +w)el/9 Ly — 0.5, P =2 COS(a + w)e?/,

where w = 1.05 and ¢, K, o, G are the same as in the Test 1.

The convergence test problems are solved using two different grid sequences: one consisting of
unstructured grids and the other consisting of structured grids. All of the grids consist of triangles
in the Stokes region and polygons (rectangles if structured) in the Darcy region. The subdomain
grids Q? and QZ are chosen to match on the interface I'y,. The structured grids are obtained by
first partitioning €2 into rectangles and then dividing each rectangle in (2, along its diagonal into
two triangles.

The computed solution along with the associated numerical error for the two tests are plotted
in Figure 2.1 and Figure 2.2, respectively. The convergence rates based on the unstructured grids
are reported in Table 2.1 and Table 2.3, respectively. The convergence rates based on the structured
grids are reported in Table 2.2 and Table 2.4, respectively. These experimental results verify the
theoretically predicted convergence rate of order one. The slight discrepancy in the convergence

rate for the pressure in the Stokes region when the coupled problem is solved on unstructured grids
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Figure 2.1: Computed solution (left) and the associated error (right) for Test 1.
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may be attributed to different shape regularity constants of the unstructured triangular meshes.

Table 2.1 and Table 2.3 show superconvergence of the pressure in €2,,. Table 2.2 and Table 2.4 show

superconvergence of both the velocity and the pressure in 2, when a rectangular mesh is used in

the porous medium. It is well known that the MFD and the MFE methods for the Darcy equation

alone are superconvergent on rectangular grids [15, 82]. Investigation of the similar behavior for

the coupled Stokes-Darcy problem is a possible topic of future work.
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Figure 2.2: Computed solution (left) and the associated error (right) for Test 2.

2.6.2 Simulation of coupled surface water and groundwater flows

In this experiment we present a more realistic model of the coupled surface and subsurface flows.
The flow domain is decomposed into two subdomains. The top half represents a lake or a slow
flowing river (the Stokes region) and the bottom half represents an aquifer (the Darcy region). The
surface fluid flows from left to right, with a parabolic inflow condition on the left boundary, no flow
on the top, and zero stress on the right (outflow) boundary. No flow condition is imposed on the
left and right boundaries of the aquifer. The pressure is specified on the bottom to simulate gravity.
The permeability of the porous media is set to one. The computed pressure and velocity are shown
on Figure 2.3. As expected, the pressure and the tangential velocity are discontinuous across the
interface, while the normal velocity is continuous. After the surface fluid enters the aquifer, it does

not move as fast in the tangential direction, but percolates toward the bottom.
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Table 2.1: Numerical errors and convergence rates for Test 1 on unstructured grids.

Stokes region:

elements | hy Juy —ulllio, | rate | |py — Pllog, | rate
44 1 0.2170 |  6.5442e-01 1.4657e-01

164 | 0.1330 3.5368e-01 1.26 | 8.7418e-02 | 1.06

652 | 0.0662 1.8798e-01 0.91 | 5.5335e-02 | 0.66

2468 | 0.0363 9.8347e-02 1.08 | 2.9591e-02 | 1.04

Darcy region:

elements h, |[Juf — uZ|||Xg rate | |||pf) — pZ|||Q2 rate
32| 0.2489 1.4530e-01 2.1906e-02

128 | 0.1111 | 5.3651e-02 | 1.24 | 5.3156e-03 | 1.76

512 | 0.0530 2.4535e-02 1.06 | 1.2140e-03 | 2.00

2048 | 0.0259 1.1917e-02 1.01 | 2.9045e-04 | 2.00

Table 2.2: Numerical errors and convergence rates for Test 1 on structured grids.

Stokes region:

elements | hy Juy —ulllio, | rate | [py — Pillog, | rate
36 | 0.2357 8.4380e-01 2.8244e-01

100 | 0.1414 | 5.0922¢-01 | 0.99 | 1.7391e-01 | 0.95

576 | 0.0589 2.1303e-01 1.00 | 7.3116e-02 | 0.99

2304 | 0.0295 1.0664e-01 1.00 | 3.6566e-02 | 1.00

Darcy region:

elements | h, |[Juf — u’;|||X£L rate | |||p} — pZ|||QZ rate
18 | 0.2357 7.2054e-02 8.8162e-03

50 | 0.1414 2.6670e-02 1.95 | 3.2124e-03 1.98

288 | 0.0589 | 4.6994e-03 1.98 | 5.5936e-04 | 2.00

1152 | 0.0295 1.1785e-03 2.00 | 1.3966e-04 | 2.01

49



Table 2.3: Numerical errors and convergence rates for Test 2 on unstructured grids.

Stokes region:

elements | hy Juy —ulllio, | rate | |p—pilog, |rate
44 1 0.2170 | 5.4501e-01 1.5488e-01

164 | 0.1330 2.9432e-01 1.26 | 6.5413e-02 | 1.76

652 | 0.0662 1.4152e-01 1.05 | 4.1093e-02 | 0.67

2468 | 0.0363 7.2480e-02 1.11 | 2.3073e-02 | 0.96

Darcy region:

elements h, |[Juf — uZ|||Xg rate | |||pf) — pZ|||Q2 rate
321 0.2489 | 5.9883e-02 2.1452e-03

128 | 0.1111 | 2.0731e-02 | 1.32 | 5.2424e-04 | 1.75

512 | 0.0530 9.6960e-03 1.03 | 1.2789%e-04 | 1.91

2048 | 0.0259 4.8383e-03 098 | 3.4431e-05 | 1.83

Table 2.4: Numerical errors and convergence rates for Test 2 on structured grids.

Stokes region:

elements | hy Juy —ulllio, | rate | [py — Pillog, | rate
36 | 0.2357 6.0192e-01 1.6431e-01

100 | 0.1414 | 3.6005e-01 | 1.01 | 1.1073e-01 | 0.77

576 | 0.0589 1.4896e-01 1.01 | 5.1783e-02 | 0.87

2304 | 0.0295 7.4275e-02 1.01 | 2.7083e-02 | 0.94

Darcy region:

elements | h, |[Juf — u’;|||X£L rate | |||p} — pZ|||QZ rate

18 | 0.2357 3.2312e-02 3.0839¢-03
50 | 0.1414 1.2691e-02 1.83 | 1.1787e-03 | 1.88
288 | 0.0589 | 2.4612e-03 1.87 | 2.0925e-04 | 1.97
1152 | 0.0295 6.5882e-04 1.91 | 5.2467e-05 | 2.00
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Figure 2.3: Computed solution (left), permeability field (right) in the simulation.
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3.0 DOMAIN DECOMPOSITION FOR THE STOKES-DARCY FLOW

Our goal in this chapter is to develop a robust and efficient algorithm for solving the coupled
Stokes-Darcy flow system in parallel. The computational domain is partitioned into several non-
overlapping subdomains and the original problem is reduced to a problem involving Lagrange
multipliers that are defined on the interfaces between the subdomains. We analyze the interface

problem and estimate its condition number.

3.1 NOTATION, PRELIMINARIES

We recall the variational formulation of (1.12)—(1.15) derived in [65]. The velocity—pressure spaces

in the fluid region €2 are
Xy ={vy e (H' ()", v =0 only} and Qs = L*(%),
equipped with the norms
) . \1/2 '
Ivellx, = (Ivsla, + IvelBa,) " and llaslla, = lasllon,, respectively.
In the porous medium region €2, we introduce the spaces
Xp = {Vp € H(d1V7 Q;D) : <Vp -1y, 90>6§2p = 07 VSO € H(%,Ffp(Qp)} and Qp = L2(Qp)>

where

H(div; Q) = {v, € (L} ()" : V- v, € L*(Q,)}
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and

H(},Ffp(Qp) ={pe H'(Q) :p=00nTy}.

The norms on X, and (), are

1/2 .
Ivollx, = (IvolBa, + 1V vlBa,)  and llgolle, = lapllon, respectively.

We define X = X x X, and

Q:{QZ(Qf,qp)GQfXQpi/qdl":O}-

Q

We also consider the space of continuous-normal-trace velocities
V= {V = (Vf,Vp) e X: bfp(v,,u) =0, V[L S Afp},
where
App = Hl/Q(Ffp)

and

brp(Vip) = (vy-np+v, -n,,umr, : Vx Ay — R

A function A € Ay, can be interpreted physically as the normal stress on the interface separating
the two regions:

pf — Q,ufnf . De(uf) . nf =)\= pp on Ffp.

Remark 3.1.1 Due to the choice of Ay, the pairing by,(-,-) is well-defined. If v, € H(div;€,)
and v, -n, = 00n 0, \ Ty, thenv, -n, € HV/%('y,), see [50].

The weak form solution is: find (u,p) € V' x @ satisfying

a(u,v) +b(v,p) = /ff -vydr, vevV, (3.1)
o
b(u7Q>__/qudx7 qua (32)
Qp

where

a(u,v) = af(ufavf) + ap(u:mvp) X X X — R,
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b(V’Q) - bf(vf7qf) + bp(VZNqP) P X X Q - R?

ar(uy,vy) = /QMfDe(Uf)iDe(Vf) dw*Z/uf%(uf'Tj)(Vf'Tj)ds,

=1 \/k;
Qf J Ffp J

by(vy,qp) = —/QfV'Vfd%
Qy
ap(uy, v,) = /ufK_lup-vpdac, and
Qp
by(Vp, @) = —/qu‘vpda:.
Qp

We note that the definitions of the above bilinear forms differ from these in Chapter 2.
The continuity of flux (1.8) is an essential condition for the velocity space, while (1.9) and
(1.11) are natural conditions. Existence and uniqueness of a solution to (3.1)—(3.2) is established

in [65].

3.2 FINITE ELEMENT DISCRETIZATION

Let €2, respectively €,,, be decomposed into Ny, respectively N,,, non-overlapping Lipschitz sub-

domains:

Ny N
=% %= J % N=N+N,
=1

i=Nj+1
For 1 < ¢ < N, let n; be the outward unit normal vector to subdomain 2;. The exterior boundary

pieces of €);, possibly with zero measure, are denoted by I'; ..
it = 00 ()09, 1<i<N.
Let I';; be the interfaces between the subdomains, again possibly with zero measure:
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We also introduce the following notations to represent the union of the interfaces between the
subdomains of the same type:

rp= (8Qi ﬂaﬂj) :

1<i<j<Nj

= U (000).

Nj+1<i<j<N

The union of all the interfaces is denoted by I';:

Ir=Ty U Lpp U Lyy.

Let Q" be a shape-regular affine finite element partition of €, i = 1, N. We allow for the traces
of the grids on I'y, to be non-matching and assume that no point of the interface boundary 01y,
belongs to the interior of a face of an element of Q. We assume at this point that the traces of the

grids on I'¢; and I'y, are matching.

Remark 3.2.1 Although the discretization presented here is based on finite elements, it is possible
to use the numerical schemes from Section 2.1 and thus employ polygonal (polyhedral in 3D)

meshes with less assumptions on the regularity.

Forall 1 < i < Nylet X; = Xylq,, let Q; = Qylq,, and let X" x QF C X, x Q;, be any

Stokes finite element spaces satisfying the inf-sup condition

[ gl div vl dx
Q;

inf sup >0y >0 (3.3)
orareQ opvrext IVEaay @@y =7
and a discrete Korn inequality
(De(v;), De(v)), > Crilvilig, VvieX;. (3.4)

Examples of such spaces include the MINI elements [8], the Taylor—Hood elements [89], and the

conforming Crouzeix—Raviart elements [37]. For the analysis we will need a projection operator

H?,i : (HY(£2;))? — X[ such that for all w; € (H'(Q;))?
(V- (w; — H?,i(wi)), Mo, =0, Vel (3.5)

The existence of such operator is shown in [23].
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Similarly, forall Ny +1 < i < N, let X; = X,|q,, let Q; = Q,|a,, and let X' x Q" C X; x Q;
be any of the well-known mixed finite element spaces on §2; (see [23, section IIL.3]), the RT spaces
[79, 75], the BDM spaces [22], the BDFM spaces [21], the BDDF spaces [20], or the CD spaces
[30]. All of the above spaces satisfy V - X" = Q" and the inf-sup condition

fq div vh

f sup > 3, > 0. (3.6)
O£} €QY  otvhex?h [div VhHL2 ) Nl 2o, !

Moreover, there exist a projection operator IT"; : (H 1(Ql)) — X! such that for all w; €

(H' ()

(V- (w; = It (wy)), 4l ), =0, V' € Qny (3.7)

and, for any element face e,
((w; — HZ’i(Wi)) 0, 1M =0, Vu'e X' ony.. (3.8)

We also note that, if w; € (H*(€;))* N X;, 0 < e < 1, then IT! ,(q;) is well defined and [74, 4],

The finite element spaces on 2 are
Xp={v"eH Q)" V', € X', 1 <i< Ny, v =0o0nTy},

X} ={v" e (H(div; )" : v"|q, € X', Ny +1<i< N, v" m,=0o0nT,},

Xh = {vh e (L2(Q))?*: Vh|Qf € XJ}}, Vh|Qp € X;}},
Qh={d"eL’(): ¢"
Qp =1{d" € L*(Q) : ¢"
Q" ={q" € L{() : ¢"lo, € Q. ¢"lo, € QLY

A’}’p = X[j ‘n,only,

h71§Z§Nf}7

1<i< N},

and

Vi={v" e X" bp,(v", ") =0, V" € A}
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Remark 3.2.2 Since a function u" € A?p can be discontinuous, A’}p ¢ Ay, Therefore V' ¢ V,

resulting in a non-conforming and exterior approximation.

The finite element discretization of (3.1)—(3.2) is the following: find (up,py) € Vi x W),

satisfying

a(u® v") + b(v", ph) = /ff vhde, vhevh, (3.10)
Qy
b(u" ") = —/fp @ dx, ¢"eQ". (3.11)
QP

Existence, uniqueness, and the optimal error estimate (3.12) for the variational problem (3.10)—

(3.11) are proved in [65].
u—u"|x+lp—p'llg < C (B + Bt 4 plott) (3.12)
Q f P P

where h,, o = f, p, characterizes the mesh used in (2, £k is the polynomial degree of the velocity
space in the fluid region, k, is the polynomial degree of the velocity space in the porous region,

and [, is the polynomial degree of the pressure space in the porous region.

Remark 3.2.3 Although the convergence theory in [65] is stated under the assumption that the
grids match on the interface Iy, it is easy to check that, with the above choice of Agﬁp, the results

in [65] hold for non-matching grids as well.

3.3 NON-OVERLAPPING DOMAIN DECOMPOSITION

In this section we present a domain decomposition algorithm for the solution of the algebraic

system arising from (3.10)—(3.11). The goal is to design an algorithm that

(1) performs well on distrubuted parallel computers and

(2) can utilize existing and optimized software for solving the Stokes and the Darcy equations.
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pp» 10 IMpose the

. . . . h .
Using ideas from[55], we use Lagrange multiplier spaces A}, respectively A
continuity of the normal velocity components on Iz, respectively I',,. The space A7 is defined
analogously to A% :

h _ vh
App—Xp -n,onl,.

Both spaces consist of functions, which are constant on each edge and approximate either the
normal stresses or the pressures on the subdomain interfaces I';; € I's, (JI',,. We also need the
Lagrange multiplier space A? =X }ch|1“ff on the interfaces between adjacent Stokes subdomains.
Since the velocity has to be continuous in {2¢, on these interfaces we need to impose d conditions
(constraints). Thus, the functions A e A? 5 are d-dimensional vectors. For example, if d = 2,
A" = (A" \"), where A" and " are approximations to the normal and the tangential components,

respectively, of the stress vector on I'¢;. It is convenient to define the space
Y h h
A" = A, < Ay, x Ajy.

To simplify the notations we will omit whenever it is possible the superscript /& on the functions

from the discrete spaces. We introduce the bilinear forms

bpp(V, i) = Z (Vi-ni+v;-nj, pin)r,,, Yve X" Y, € Aﬁp,
FijCFpp

and

byr(v,p) = Z (Vi 1y + vy, i), + Z (Vi Ti+ Vi Tj, )y
[ijClyy [y Clyy

Vv e X" VY = (pn, pr) € A?f,

where 7; is a unit vector, which is tangential to 0€2; and is oriented counterclockwise relative to

;. Let us also introduce a bilinear form to represent the dual pairing on all subdomain interfaces:

br(v, X) = bsp(V, App) + by (V, ) + brp (v, Agy),

Vv € X" YA = (App, Ay, App) € A
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For 1 <i < Ny, leta(+,-) = ag(-,)|xnexn and bi(-, ) = by (-, )| xnxgn- Similarly, for Ny +1 <
i < N,letai(-,-) = ap(-, )| xnxxn and by(+, ) = by(-,-)|xnxon. The restrictions of the right-hand

side functions in (1.12) and (1.13) on the subdomains are denoted by

frlo,, 1<i< Ny

0, N;+1<i<N

fi:

and

0, 1<i< Ny
A T P
respectively. Finally, let v; and ¢; represent the restrictions of v € X" and ¢ € Q", respectively,
on the subdomain 2;, 1 <7 < N.

It is easy to see that (3.10)—(3.11) is equivalent to the following discrete formulation: find

(u®, p", A) € X x Q" x A" satisfying

N N N

> @l vi) > bi(vi,pl) + bi(v, ) = Z/fi vidz, Yve X"
i=1 =1 =1 Q
N N

3.13
Sutulia) == [aside vacq G313
=1 =1 Q;

bi(uh 1) =0, Ve Ah

3.3.1 Reduction to an interface problem

We show that the algebraic system (3.13) can be reduced to a symmetric and positive semi-definite
interface problem. To do that we introduce families of local problems on each subdomain (2;.

Consider the set of Darcy subdomain problems on €2;, Ny 41 <14 < N, with specified normal
stress A, on [';;: find (uf(\,), pf(\n)) € X' x Q7 such that

a;(u;(An),vi) + bi(vi,pi(\)) = — Z g A vVi-mgds, Vv, € X' (3.14)

L CLpUlpp ¥ 2 1

bi(af(\,), @) = 0, Vg € Ql, (3.15)
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and the set of Stokes subdomain problems on €2;, 1 < i < Ny, with specified normal stress \,, and
tangential stress A, (when applicable), A = (\,, \;), on [';;: find (u}(A), pi(N)) € X[ x QF such

that

a; (i (A),vi) + bi(vi,pi(N) = — Z An Vi - ds,
LijCTgpUly s ¥ Tid
- > / Avi-Tids, Yvie XM (3.16)
FijCFff Dij
bi(ui(A),q) = 0, VQiEQ?- (3.17)

Consider also the set of complementary Darcy subdomain problems on €2;, Ny +1 <17 < N:

find (W, p;) € X! x Q! such that

ai(ﬁi,vi) + bl(VZ,]Z) = O, VVi - th, (318)

bi(0, q;) = _/fz’ gidr, Vg€ Qr (3.19)
Q;

and the set of complementary Stokes subdomain problems on ;, 1 < i < Ny: find (u;,p;) €
X x Q" such that

ai(ﬁi, Vi) + bz(vuﬁz) = /fZ -V dCL’, VVZ' - th, (320)
Q;
bi(li, ;) = 0,¥ ¢ € QL. (3.21)

It is straightforward to see that solving (3.13) is equivalent to solving the interface problem:

find XA = (App, Apps A7) € Ay, such that

sn(A, 1) = —br(uw*(X), 1) = br(a, 1), fre Al (3.22)

and recovering global velocity and pressure: u”* = u*(\) + u, p* = p*(X) + p.
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Remark 3.3.1 The subdomain problems (3.14)—(3.17) and (3.18)—(3.21) are well posed due to the
local discrete inf-sup conditions (3.6) and (3.3). The boundary conditions on the interfaces in the

Darcy region are of Dirichlet type:
pi=X, Ny+1<i<N onTy|]JT,.
The boundary conditions on the interfaces for the local Stokes problems are of Neumann type:
—n;,-T-n=X,, —n -T-7;=X, 1<i:<Ny onlyy,
and of Neumann-Robin type:

In the case of two subdomains the Neumann data on the interfaces for the local Stokes problems
is balanced with the Dirichlet conditions on the exterior boundary I'y. The situation with multiple
subdomains, however, may lead to local Stokes problems that are ill-posed due to the pure Neu-
mann boundary conditions. This can be resolved by introducing auxiliary coarse problems, which

are discussed in the Section 3.3.2.

Remark 3.3.2 Introducing the Steklov—Poincaré type operator Sy, : A — (/~\h)/,
(SiA, i) = sn(A 1), YV A el
the interface problem (3.22) can be written as: find X € A" such that

ShA = gn, (3.23)

where gy, : A" — R, gy, (1) = by (W, fr), V o € A",
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The algebraic interpretation of the above method is as follows. Slightly abusing the notations,
let u, p, and A represent the degrees of freedom for velocity, presssure, and Lagrange multipliers,
respectively. The discrete analogues of the right hand side functions in the coupled system are

denoted by F'y and F),. The linear system arising in (3.13) is of the form

A BT CT u F f
M LT ¢ F
B 0 0 p = Fp <~ = )
L 0 A 0
c 0 0 A 0
where ¢ = (u,p)” is the vector of subdomain unknowns and F' = (F}, F,)". The interface

problem (3.23) corresponds to the Shur complement system

LM 'L \=LM™'F. (3.24)

If an iterative method is employed for solving (3.24), each iteration will require evaluation the

action of

i.e., solving local subdomain problems.

3.3.2 Floating Stokes subdomains

The objective of domain decomposition algorithm is to solve efficiently in parallel the subdomain
problems (3.14)—(3.17) and (3.18)—(3.21). It is desirable therefore to employ multiple subdomains,
each assigned to an individual processor. This may lead to the occurence of floating subdomains,
1.e. Stokes subdomains that are entirely surrounded by other Stokes subdomains, whose corre-
sponding local problems are singular due to the pure Neumann boundary conditions. In this section
we present an approach to handle such floating subdomains based on the FETI methods introduced
by Farhat and Roux [48]. The one-level FETI method can be viewed as a preconditioned conjugate
gradient (PCG) algorithm incorporating a coarse auxiliary problem; see [90] for implementation

details.
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In the formulation of the FETI methods the pseudoinverses M, of the local Stokes matrices

M;,1 =1, ..., Ny, are used if the corresponding subdomain problems are singular. In our approach

we avoid computing M;" by choosing the right hand side vector to be in the range of M, and

modifying two of the rows of M,;. To make the right hand sides in problems (3.20)—(3.21) we

replace the functions f;; with f;; — ff,i, 1 = 1,..., Ng, where E = ﬁ f f;idx. Let Fy; and
Q;

Ff,i denote the vectors arising from the discretization of fy; and ff,i, respectively. Let F; =

(Fﬁl, nyg, c nyNf)T and Ff = (nyl,F‘ﬂQ, ...FﬁNf)T. Setting Mf = diag{]\/[l, MQ, c Mf} the

global Stokes problem can be written as
M&p + L") = Fy,

subject to the constraint

L& = 0.

The solution to (3.25)—(3.26) is of the form
& =&+ &),

where & 7 solves the local Stokes problems with zero stress boundary conditions:
M fgf =F ;= Ff )

and §7(A) satisfies the following equations

My&s(N) + L"A = Fy,

LEF(N) = —LE;.

For the solvability of the above we need
(F; — L™\) € range(M;),

which is equivalent to

RY(F;— L")\) =0,
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where R is a matrix whose columns form a basis for ker (A ;). Then
&\ = M} (Fy— L") + Ry, (3.31)

Here M;r, as it was mentioned, does not have to be the pseudoinverse of M ; the notation is used
purely to express the solution in terms of the known data. The components of the vector 1 can
be understood as amplitudes measuring the contributions of the basis vectors in ker(My) to the
solution £*(\). Define

G = LR.

Substituting (3.31) into (3.29), and using (3.27) and the solvability condition (3.30) transforms
problem (3.28)—(3.29) into

LM™*(Fy— L"X) + Gn = —L&;, (3.32)
G')\ = R"F;. (3.33)

We can write
A= Ao+ Ay, (3.34)

where \g = G(GTG)*RTF;, and \; € ker(GT). Next, we introduce the operator
P=1-GG"'a) G,

which is the orthogonal projector onto ker(G7). Applying PT on both sides of equation (3.32)

and using the splitting (3.34) with A\; = P leads us to the interface problem
PTLMYLT Py = PTL(M ™ (Fy — L™ Xo) + &), (3.35)

which can be solved with the conjugate gradient method since the matrix PTLM LT P is sym-
metric and positive semi-definite. Evaluation of M +(Ff — LT)\) in the right hand side of (3.35)
means solving once

My = fg— LT\,
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which is a set of compatible Neumann problems since \q satisfies (3.33). Applying at each iterative
step the matrix PT LM ™ LT P also involves solving compatible Neumann problems, because Pv €

ker(GT), which is equivalent to RT LT Pv = () implying that
L"Pv 1 ker(Mjy)

for all vectors v. Because for each local Stokes problem dim ker(M;) = 2, ¢ = 1,..., Ny, the
matrix GTG is of size 2Ny x 2N;. Computing (G*G) ™! requires solving coarse problems, which
are local due to the block-diagonal structure of GT'G. The set of coarse problems resembles the

balancing preconditioner introduced by Mandel [71].

3.4 ANALYSIS OF THE INTERFACE OPERATOR

Here we derive estimates for the condition number of the interface operator that depend on the
mesh size and the permeability. To simplify the notations we will assume that all the subdomains
have mesh sizes of the same order. We will omit the subscript ~ in most places throughout this
section.

The interface operator can be expressed in terms of the subdomain bilinear forms a;(+, ). Co-
ercivity and continuity of these forms are essential to our analysis. Due to technical difficulties
in proving coercivity of a;(-,-) for the Stokes region in the full ' norm we will assume that
oL NIy UTyy) # @, for1 < i < Ny. To estimate the bilinear forms in the Darcy region we will

assume that there exist two constants K,,,;,, > 0 and K,,,, > 0 such that
Vx € Qp, VEER?,  Kpinl€]* < (K(X)€,6) < K€ (3.36)

Lemma 3.4.1 Under the above assumptions there exist positive constants C, Cy, C3 and Cy,

independent of h such that

C’lHVz-HiQi S CLZ‘(Vi,Vi) S CQHViHiQi, Vv € th, 1 S 1 S Nf, (337)

CgHVi”aQi S ai(vi,vi) S C4HV1'H3,QZ-7 Vv € th, Nf +1 S 1 § N. (338)
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Proof. The upper bound of a;(-, -) in the Stokes region is straightforward. If Q; (', # @,

d—1
Ko
ai(vi,vi) < 2prDe(vi)[3 o, + A== [Ivi- il porr,,
j=1

\% Kmin _
(d—Dpyao 2
THVz‘Ho,agi
Ctr’,i<d — 1)#’]00[0 ||v||2

< 2Mf|Vz‘|iQi +

< 2pupllvillig, +

where C,.; arises from applying the trace theorem for H' finctions on €2;. Then we set

Cri d— 1)«
Cy :,ufmax{Q,%mm)o}.

If Q; Iy, = @, a;(-, -) is bounded above by
Co = 2py.

To obtain the lower bound in the Stokes region we use the Korn’s inequality (3.4). First, we

consider the case, in which 0€2; (\T'y, # @. Then

a,»(vi, Vz’) Z Hy min {QCK’Z', \/%} <|V1’%,Qz + (I)<Vi)2>, (339)

where the functional ®(-) : (H'(;))¢ — R, 1 <i < Ny is defined by

1/2

QL

O(v;) = ~ / (vi-7;)%ds

=roq,Ury,

Clearly, ®(-) defines a seminorm on (H'(£2;))%. Moreover, it satisfies the following properties:

1. 0 < ®(vy) < Olvillrg,, Yvi € (HY(Q:))%
2. If |Vi|1,QZ- = 0, and (I)(VZ) = 0, then vV, = 0.
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1/2
These properties allow us to use Theorem 6.3.14 from [9] to conclude that <|VZ %Q + (I>(vi)2>
defines a norm on (H*(©;))?, which is equivalent to ||v;]|; o,: there exists a positive constant ¢;,

depending only on €2; such that

1/2

/
(Wilta, +@(v)?) = aillvilia,  vie (H'(Q)" (3.40)
Combining (3.39) and (3.40) proves that a;(-, -) is coercive in (H'(€2;))? with coercivity constant

C) = c?,uf min {QC’KJ, \/%} :

If 02; (T, = @, then according to the assumption we made regarding the Stokes subdomains
it follows that there is a boundary piece I'; o = ;[ I'y # @ with homogeneous Dirichlet data.

Therefore the Poincaré-Friedrich’s inequality (see e.g. [17]) applies
IVillo.o; < Cprilvilig, Yvi€ (H%ivo(Qi))d- (3.41)

Then, the coercivity of a;(-, -) follows from (3.4) and (3.41) with a constant

201/ O
Oy = K
1+ Cpp,

The proof of (3.37) is complete.
The assumption (3.36) directly implies (3.38) with

03: ] s andC4: al] .

max man

a

Lemma 3.4.2 The bilinear form s(-,-) is symmetric and positive semidefinite on A" x AP, More-

over, Ker(S,) = R.
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Proof. Let s;;(-,-) be the restriction of s(-, -) on the interface I';;. The definition (3.22) of s(-, -)
gives
5ij<5‘7 I]’) = Si(j‘v [l’) + Sj (5‘7 ﬁ)u

where

3(5\ [1,) _ _<V7L : ni?/””ﬂ)Fij? if Fij - Ffp U Fpp
7 _<VZ ' ni?/'Ln)Fij - <V1 ’ Ti’/“LT>Fij7 if FZ] - Fff

Taking v; = uf(f2) in (3.14) and (3.16),

si(A,A) = a;(uf(A), ur (X)) > 0. (3.42)
Let s(A,A\) = 0. By Lemma 3.4.1 u}(X) = 0, which implies

_(V : V'mp:()\n»QZ + <)\navi . ni>BQi TypUlpp) — 07
ML) (3.43)

vi € X' N;+1<i<N,
and

_(V : Vlap;k(A>>Ql + <)\nav7, : nz’>aﬂm(1“fpu1“ff) + <)\T7Vi : Ti)&ﬂiml“ff = 07 (3 44)

vi € X! 1<i< Ny

Let us suppose €2; C €2, and let us use ), to represent the normal stress on the interfaces 7, =

09 (¢, JTL,p). Consider the auxiliary problem
V-p=0inQ;, -n;=2\,—XMonvy, -n;=00n0d\",

where

A, = L /)\nds.
|%‘|
Vi
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The above problem is well posed (solutions exist) , since f (A — Xn) ds = 0. Also note that the

Vi
piecewise polynomial Neumann data are in [/272(9€Y;), so ¢ € (H'7%(€;))?; therefore I1% (1)

is well defined. Taking v; = HZ’Z-('I#) in (3.43) and using (3.7) and (3.8),

= —(V ) va;k()‘n))Qz + <)‘m P - ni>%‘ = </\n’ An — Xﬂ)% = H/\n - XnH?yp

implying A, = )\, on vi. I Q; C Qp and v, = 09Q; N I'y; we take v; to be the finite element

solution to the local Stokes problem in €2; with the boundary conditions v; = A — X on v;, and

A= L /)\ds.
|%’|
Yi

With this choice of v;, (3.44) implies that A = X on ~;.

v; = 0 on 0€; \ v;, where

O
As a result of Lemma 3.4.2, the conjugate gradient (CG) method can be applied for solving
(3.23). We now continue with estimating the condition number of \S;,. Consider the representation

of s(+,-) in terms of subdomain contributions:

s = > s )= D (siA )+ s;(A ), (3.45)

Fij cI'y Fij cI'y
where the terms s;(+,-), 1 < ¢ < N, have the same meaning as in Lemma 3.4.2. In general, there
are three type of interfaces to consider: Stokes-Darcy, Darcy-Darcy, and Stokes-Stokes. The next
lemma provides estimates for the restriction of s(-, -) on an interface between Stokes and Darcy

subdomains.

Lemma 3.4.3 Let Q); C Qy, Q; C Q,, and let \;; = A?ph"i].. There exist positive constants C’;Q,
Cp.1, and C, 5 such that for all \,, € A?j ={p, € Njj: | pnds =0},

I

si(Ams An) < CholAallf, (3.46)
K2
valemH Mllf,, < 55(An M) < CpaKnash™ | Aall?,- (3.47)
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Proof: To prove the bound for s;(+, -) we write

5i(Ans An) = —(uf (An) 13, Ay < (i () -yl [ Al
< Huj()‘n)”ﬁﬂi An Lsj
< Crllug (M) 1.0 | An INTE

where we have used the trace theorem for functions in (H*(€2;))¢. Combining the above bound
with the left inequality in (3.37) and (3.42) yields (3.46).

Let us consider the Darcy subdomain €2,. We have

Sj()\m >\n> = _<U*()‘n) -y, )‘n>Fij < Hu;()‘n) - 1y

J

An

< Chil/zuu;()\n)”ﬂj H)\n

FZ] b)
where we have used Lemma 4.1 in [4]. The above inequality, combined with (3.38) and (3.42),
implies that

S (Ans An) < Cp,gKmazh_lH)\nH%ij.

To prove the lower bound, let 1/ solve
Such vectors exist, since \,, € A?j. By elliptic regularity [56, 66],

19]l1/2.0, < CllAn

r. (3.48)
Taking v; = II" (¢) in (3.14),

[ An

12“ij = (A, - nj>Fij = </\n7HZ,j("/)) : nj>rij

—a; (W (An), T (9)) < CE 05 (M), 19112, -
where we used (3.8), Cauchy-Scwarz inequality and (3.9) and (3.7). Therefore, with (3.48), the
left inequality in (3.38) and (3.42),

K2,
A I, < 550 ),
max

Cy

completing the proof of (3.47).
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Remark 3.4.1 In the above lemma there is no need in bounding from below the Stokes piece
$i(An, An) because the lower bound for the Darcy piece s;(\n, \y) is sufficient to control the con-
dition number on the Stokes-Darcy interface. We note that according to Lemma 3.4.1 for large

enough permeability values the upper bound for the Stokes piece is C’;Q = O(Krln/fx)

To estimate the condition number on the Darcy-Darcy interface the inequalities (3.47) are still

valid. Next, we consider an interface between two Stokes subdomains.

Lemma 3.4.4 Let Q); C Qy, Q; C Qy, and let \;j = A?fh"ij. There exist positive constants C
and Cy 5 such that for all X € A?j ={pen;: frij pds = 0},

CrablAlIE, < si(AX) < CrallAll7,, (3.49)
Proof. Let g € (H'Y?(T;;))¢ with Jr,, g ds = 0, and let 1) solve
V- =0in;, P =gonly, P =00n0\T};.
The above problem is well posed because of the choice of g. We need an operator
Py (H'2(Ty) — Ay
satisfying for all ¢ € (HY/%(T';;))?

IPH@)l1j2r, < Clldllyar,- (3.51)

Since we consider matching grids on I'; ¢, the operator 77]’} is exactly the L? projection on A;; and

(3.51) follows from theorem 3.1.4 in [31]. We can write
<A7 g>Fij - <A7 77[">Fij = <>" P}L(i/’»rw = —a; (uj(A)’ u;k(lpj]}('lub)))

< Cllw;(N)[le, [0 (PFE0)) 1,0, < Cllw; (Mle IPF () 11/.r, (3.52)

1»0”1/2,1—‘1']' = CHu;k(A)HLQz

< Cllui (M0

gll 1/2,0; 9

where we used (3.16), the continuity of a,(-, -), trace inequality, and (3.51). From (3.52) and the

definition of dual norm we find

[Al-1/2.05 < 05 (A)]10:- (3.53)

ij —
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With (3.53) and the inverse inequality

IAz2r,,) < B2 -2,

we obtain

IXl[r, < Ch™Y2[ui (V)10

i —

The last inequality combined with (3.37) and (3.42) yields the lower bound for s;(A, A):

Crabl A7, < si(XN).

To show the upper bound in (3.49) we write

Si(A> >‘) = _<u;‘k (A)v A>Fij < ||u;<(A>||1/27Fij A

All-1/2r,; < Cllui(N) e,

ij —

Fij’

which combined with (3.37) and (3.42) implies

si(AA) < Cral AlI7,,-

Theorem 3.4.1 Assuming that h is smaller compared to the lengths characterizing the perme-

ability in the porous medium, the condition number for the algebraic system associated with the

coupled Stokes-Darcy flow problem is asymptotically

cond(Sy,) = O(h™Y), if there is a single Stokes subdomain,

cond(Sy,) = O(h™%), if there are several Stokes subdomains.

72



Proof. From Lemma 3.4.3 and Lemma 3.4.4 we conclude that there exist positive constants

05, 06, 07, Cg, Og and ClO such that

K727un X 3
C5h”)\||rff + CG [ An ||Ffpurpp <s(AA) <

ma:v

Kmax \ A
Crl AR, + max{Co, CoR 2 Ml + Co=" 2 Al o, VA € A

If there are no Stokes-Stokes interfaces, the bounds on the Rayleigh quotient

06 mzn < ’<

maw ‘

A
. ) < max{og,cg KY2 Oy m“””} VA € A" (3.56)
Iy

s(A,
by h

imply (3.54).

In the presence of Stokes-Stokes interfaces we have

)<maX{C7,Cg,C’9 KY2 Cy m‘“}, VA e A", (3.57)

h

A,
min {C5h, 06 szn } H(N

'_Jl\? >43

which proves (3.55).

Remark 3.4.2 It is easy to see that the analysis presented here is also valid if there are floating
Stokes subdomains and the approach from Section 3.3.2 needs to be used to solve the associated

pure Neumann problems.
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3.5 NUMERICAL RESULTS

We carried out several numerical experiments to study the behavior of the method. The computa-
tional domain was taken to be Q2 = Q;J €2, where Q; = [0,1] x [1,1] and ©, = [0,1] x [0, 3].
To discretize the system of equations we used the Taylor-Hood triangular finite elements in €2
and the lowest order Raviart Thomas (RTO) rectangular finite elements in €2,. The grid for the
discretization in {2y is obtained by first partitioning the domain into rectangles and then dividing
each rectangle along its diagonal into two triangles. The grids in {2, and €2, match on the interface
I's.

First, using two subdomains we solved the coupled Stokes-Darcy flow problem problem with
the analytical solution in 7est I from Section 2.6.1 on different meshes and then we computed
the associated error to verify convergence of the discretization scheme. The computed velocity
field in 7est I is shown in Figure 3.1. Note that the flow domain decomposition scheme correctly
imposes continuity of the normal velocity, but allows for discontinuous tangential velocity across
the interface. The results reported in Table 3.1 confirm the expected convergence rates. In the
Stokes subdomain the polynomial degrees for the Taylor-Hood elements give an approximation of
second order for the velocity in the H'-norm and the pressure in the L2-norm. Convergence of
second order is observed in the Darcy subdomain for the RTO elements in the L?*-norm for both
the variables due to the superconvergence of the mixed finite elements on rectangular grids (see

Section 2.6.1).
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Figure 3.1: Computed velocity field in Test 1: horizontal velocity (left); vertical velocity (right).

In the other tests, for different permeabilities we varied either the mesh size or the number of

subdomains to examine the convergence of the iterative method.

In Table 3.3 and Table 3.4 we see that when the coupled problem is solved on two subdo-
mains and A is sufficiently smaller than K, the minimal eigenvalue of the interface operator does
not change much as we refine the mesh, while the maximal eigenvalue changes as O(h™1), ac-
cording to (3.56), which results in condition number of order O(h™!). In this case we also see
that changing the permeability for a fixed / has no effect on the condition number, which can be
explained by the fact that the permeability constants K,,;, and K,,,, appearing in the estimates
of the Rayleigh quotient (3.56) cancel one another when we divide the upper bound by the lower
bound. Table 3.2 shows the behavior of the method when KX < h, in which case both the minimal
and the maximal eigenvalues of the interface operator are dominated by constants independent of

h, and consequently the condition number does not change significantly as the mesh is refined.

In the presence of Stokes-Stokes interfaces if A is small in comparison to K the bounds in
(3.57) imply that the maximal eigenvalue of the interface operator is O(h~!) while the minimal is

O(h), which means that the condition number is O(h~2). This estimate is supported by the results
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Table 3.1: Convergence of the Taylor-Hood and RTO finite elements for Test 1.

Stokes region:

elements h luy — U?”LQJI rate | ||ps — p?HO,Qf rate
16 1/4 3.54e-01 3.00e-02
64 1/8 8.60e-02 2.04 7.09e-03 2.08

256 | 1/16 2.15e-02 2.00 1.76e-03 2.01
1024 | 1/32 5.47e-03 1.97 4.44e-04 1.99
4096 | 1/64 1.40e-03 1.97 1.12e-04 1.99

16384 | 1/128 3.59e-04 1.96 2.84e-05 1.98

Darcy region:

elements | h Ju, —ullloq, | rate | ||pp, — phlloq, | rate
8| 1/4 2.16e-01 1.18e-01

32| 1/8 5.79¢-02 1.90 2.87e-02 2.04

128 | 1/16 1.47e-02 1.98 7.13e-03 2.01

512 | 1/32 3.70e-03 1.99 1.78e-03 2.00

2048 | 1/64 9.27e-04 2.00 4.45e-04 2.00
8192 | 1/128 2.32e-04 2.00 1.11e-04 2.00
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reported in Table 3.6 and Table 3.7. In this case the permeability appears only in the upper bound
of the Rayleigh quotient (3.57), which makes the condition number proportional to K for a fixed
h. For h much larger than /K, the eigenvalues of the interface operator are bounded by constants
that are independent of A and the condition number remains close to a constant, which is exactly

what we see in the first three rows of Table 3.5.
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Table 3.2: Convergence of CG iterations: K=0.01, varying the mesh size for 2 subdomains.

h | eig.min. | eig.mazx. | cond(Sy) | iter.num.
1/4 | 0.403 1.417 3.5 4
178 | 0.291 1.484 5.1 8
1/16 | 0.255 1.502 5.9 10
1732 | 0.260 1.506 5.8 9
1/64 | 0.266 1.507 5.7 9

Table 3.3: Convergence of CG iterations: K=1.0, varying the mesh size for 2 subdomains.

h | eig.min. | eig.maz. | cond(Sy) | iter.num.
1/4 | 3.161 6.051 1.9 4
1/8 | 3.224 11.480 3.6 8
1716 | 3.240 22.447 6.9 16
1732 | 3.245 44.991 13.9 17
1/64 | 3.246 90.169 27.8 24

Table 3.4: Convergence of CG iterations: K=2.0, varying the mesh size for 2 subdomains.

h | eig.min. | eig.maz. | cond(Sy) | iter.num.
1/4 | 5.774 11.590 2.0 4
1/8 | 5.882 22.729 3.9 8
1/16 | 5.910 44.774 7.6 11
1732 | 5.917 89.815 15.2 16
1/64 | 5919 180.308 30.5 24
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Table 3.5: Convergence of CG iterations: K=0.01, varying the mesh size for 4 subdomains.

h | eig.min. | eig.mazx. | cond(Sy) | iter.num.
1/4 1 0.093 4.256 45.8 12
1/8 | 0.114 4.601 40.4 19
1716 | 0.122 4.686 38.4 23
1732 | 0.061 4.714 77.3 29
1/64 | 0.030 4.730 157.7 46

Table 3.6: Convergence of CG iterations: K=1.0, varying the mesh size for 4 subdomains.

h | eig.min. | eig.maz. | cond(Sy) | iter.num.
174 | 0.569 13.085 23.0 10
1/8 | 0.247 25.586 103.6 24
1716 | 0.122 50.782 416.3 46
1732 | 0.062 101.309 1634.0 95
1/64 | 0.032 241.302 7540.7 182

Table 3.7: Convergence of CG iterations: K=2.0, varying the mesh size for 4 subdomains.

h | eig.min. | eig.maz. | cond(Sy) | iter.num.
174 | 0.570 25.756 45.2 11
1/8 | 0.247 50.904 206.1 23
1716 | 0.122 101.393 831.1 56
1732 | 0.064 202.509 3164.2 105
1/64 | 0.038 | 482.002 | 12684.0 207
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4.0 COUPLING THE STOKES-DARCY FLOW WITH TRANSPORT

We employ the LDG method to approximate numerically the transport equation. The method is
locally mass conservative and due to a built-in upwinding mechanism it accurately approximates
sharp fronts. The LDG method can be formulated on general unstructured grids and allows one
to vary the degree of the approximating polynomials from element to element. The LDG method
combines ideas from the DG and the MFE methods, since it approximates both the concentration
and the diffusive flux using functions, which are discontinuous across the inter-element boundaries.

Here we develop stability and convergence analysis for the concentration and the diffusive flux
in the transport equation. The numerical error is a combination of the LDG discretization error
and the error from the discretization of the Stokes-Darcy velocity. The former is shown to be of
the order O(h*), where k is the polynomial degree in the LDG approximating space, and A is the
size of the mesh for the discretization of the transport equation. This is similar to existing bounds
in the literature for stand-alone LDG discretizations [34, 32, 29]. The error terms coming from the
Stokes-Darcy flow discretization are of optimal order, similar to the bounds obtained in [65, 81].
This is an improvement of O(h) from the result in [39], where the Darcy velocity discretization
error is incorporated into the error analysis of a LDG method for the transport equation. We
also extend previous LDG transport analysis [34, 39, 29, 32] to non-divergence free velocity. We
will include in our analysis the possibility of non-homogeneous boundary conditions for the flow

problem: for g; € (HY/%(I';)) and g, € L*(T,) we let
u; =gy only, andu,-n,=g, on I,

in (1.12) and (1.13), respectively.
To save space we will only present a discretization of the coupled flow-transport problem based

on the approach in Section 3.2.
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We will use the following standard notation. For a domain G C R¢, the L?(G) inner product
and norm for scalar and vector valued functions are denoted (-, ) and || - ||, respectively. The
norms and seminorms of the Sobolev spaces W"?(G), k € R, p > 0 are denoted by || - ||z p.c
and | - |, respectively. The norms and seminorms of the Hilbert spaces H*(G) are denoted
by || - |lx.c and | - |, respectively. We omit GG in the subscript if G = (2. For a section of the
domain or element boundary S C R?"! we write (-,-)s and || - ||s for the L?(S) inner product
(or duality pairing) and norm, respectively. In order to avoid extensive usage of the superscript
h in this chapter we will denote all the numerically computed quantities by capital letters. In the
analysis of the LDG scheme we will use K to represent a generic constant independent of the
discretization parameters hy, hy, and h.

Let u, € H(div; ) be such that uglq, € (H'(Q))% u, = gy on 'y and uy - n, = g,
on I',. Let V" and Q" be the discrete spaces introduced in Section 3.2. Let U, € V" be a
suitable approximation to u,. The numerical scheme for the Stokes-Darcy flow problem is: find
U e V"+ U, and P € Q" satisfying (3.10)—(3.11).

We take U, to be any function in V" such that U, = O’]}gf onT'yand Uy, - n, = Olg, onT,,
where O} is the L*(I'y)-projection onto X}|r, and O} is the L*(I,)-projection onto X - n,|r,.
The computed flow solution is independent of the choice of U, and depends only on O}Lg ¢ and
O;; gp- For the homogeneous boundary conditions case, it was shown in [65] that the above method
has a unique solution satisfying (3.12). The results easily extend to the non-homogeneous case
considered here. We show later that the error in the transport equations depends on the error in the

approximation of the velocity on I'. The approximation properties of O;ﬁ and O{j imply that

H@—UWMHSKQ@“+%ﬁﬂ- @.1)

Usually no flow boundary conditions u,, - n, = 0 are specified on I',, which corresponds to an
impermeable rock surrounding the aquifer. In that case the second term on the right in the above

bound vanishes.
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4.1 FORMULATION OF THE LDG METHOD FOR TRANSPORT

We rewrite the transport equation in a mixed form by introducing the diffusive flux

z =—DVe. 4.2)
The system (1.16)-(1.19) is equivalent to
¢ce+ V- (cut+z) = ofe, (4.3)
(cu+z)'n = c¢uypu-n only, 4.4)
z-n = 0 only,. 4.5)

Let 7" be a shape-regular finite element partition of 2. Let £ be the set of interior faces of 7".
Again, the term face means a face in 3D and an edge in 2D. We denote by hp the diameter of an
element £ and set i to be the maximum element diameter. We assume that no element £ overlaps
with both I';,, and I',,,; and tljlvat each element F has a Lipschitz boundary OF. The partition 7"

; N
may be different from Q} = |J QF and Q" = |J Q.
i=1 N+l

Let Wi = HY(E), Vi = (Wg)?, and let ng be the outward unit normal on F. Let
W ={we L*Q) coneach E € 7" w e Wg},

V={ve(Ll*N):oneach E € T" v e Vg}.

Letw € W. Forany E € 7" and any x € OF we define

w(x) = Sl_i)r(l)l_ w(x+sng), wh(x)= sl_i)r(r)1+ w(x + sng), (4.6)

(wh(x)+w (x)), and w"(x)= wix) i U-ng 20 : 4.7
wh(x) if U-ngp<0

DN | —

For a vector function v € V, v—, v, and V are defined in a similar way. Note that the upwinding

is based on the computed velocity U.
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Assuming that the solution to (4.3)—(4.5) is smooth enough, multiplying by appropriate test
functions on every element £ and integrating by parts, we obtain the following weak formulation.

Forevery E € T", c € Wy and z € V; satisfy

(D™ 'z, V)E — (e, V-v)p+{c, v nE>8E =0, Vv e Vg, (4.8)

(dcr, w)p — (cu+ 2, Vw)p + ((cu +2z) - np, w7>8E\I‘ +(cu - ng, w7>6EmFout (4.9)
= (¢s,w)p — <cmu . nE,w_>aEmFm , YVw € Wg.

Let Wh C Wy denote the space of all polynomials on E of degree < kg, kg > 1, and let
Vi = (Wh)e. Let k = mingkg. On each element E, c(-,t) and z(-, ) are approximated by
C(-,t) € WEand Z(-,t) € V% respectively. Let

W :={we L*Q):oneach E €T, we W}},
Vhi={ve (L*(Q)%:oneach E € T", v e Vil
Let C° € W" be the L?-projection of c°:
VEeT" (C°=w), =0,YVweW. (4.10)

The semi-discrete LDG method is defined as follows: for each ¢ € [0, 7] find C(-,¢) € W" and
Z(-,t) € V" such that on each F € T"

(D'Z,v), —(C.V-v),+(C,v - nE>aE\r

(4.11)
+(C™ v ng), =0, ¥YveVy tel0,T),
(cht, w)E - (CU + Z, vw)E + <(OUU + 2) ‘N, w_>8E\F
1
+ <C_U ‘g, UJ—>8Emet + é(CV : (u - U), U})E
1 1 (4.12)
+ §<07(u —U) ng,w )opnre, — §<07(u —U) ng,w )oenr,,
= (¢fe;w)p — (cinut- nE’w7>6EmFm , Ywe W, te(0,7),
C(-,0) = C". (4.13)
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The method is based on the weak formulation (4.8)—(4.9) with several modifications. The terms
H(CV - (u = U),w)g, 2{C(u—U) - ng,w )spr,.,, and —3(C~(u — U) - ng, w )opnr,,
have been added to the mass conservation equation. A term similar to the first one, but with a
different scaling has been used in [39]. These terms can be viewed as corrections for the error in
approximating V - u and u - n on I'. As we show later, they provide better stability properties of
the method without affecting the accuracy. Note also that the true normal velocity u - n is used on
the right hand side in the I';,-term. Furthermore, the average concentration value is used on the
interior faces in the diffusive flux equation, while upwinding is used in the conservation equation.

In the above scheme we assume that high enough quadrature rules are used, so that the numer-
ical integration error is dominated by the discretization error. Note that the computed velocity U
is needed to evaluate element and edge integrals in (4.12). As a result U has to be evaluated at any
quadrature point in £ or on JF. Since we allow for the flow and transport grids to differ and the
velocity approximation could be discontinuous, U may not be well defined at a given quadrature
point. This problem is handled by decomposing F into sub-elements according to its intersection
with the flow grid. More precisely, let £, ¢ = 1,...,mg be the elements of the flow grid that

overlap with 2. Then we have

/godxzf / pdx, /godazi / pdo.
i=1 i=1

E T ENEY, OF "~ OENE!,
X X

The computed velocity U is well defined on all sub-elements and sub-edges.
We restrict our attention to the semi-discrete formulation. Standard methods such as Euler or

Runge-Kutta can be employed for the time discretization, see, e.g. [35].

4.2 STABILITY OF THE LDG SCHEME

The stability argument is based on the analysis in [32]. The main difference here is that we allow
for velocity with non-zero divergence, as well as account for the use of an approximate velocity in

the transport equation.
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By adding equations (4.11) and (4.12), summing over all the elements and integrating over ¢,

we obtain the equivalent formulation

T T

By(C,Z;w,v) :—/<cmu-n,w_>rm dt+/(¢fc,w) dt

0 0

Y (w,v) € C°0, T; W" x V"),

(4.14)

where

_|_

T

u(C,Z;w,v) = /Z{ ¢Cy,w), — (CU + Z, V),
0 E

CU- ng,w >

S

+{(C*"U+Z) np,w >8E\F (D_IZ,V)E

OENC out

(4.15)

—~

—(C,V-v)p+(C,v™ IIE>3E\F+<C v nE>aEmF

)C7 w) <C (u - U) ‘g, w7>aEﬂF0ut

_l_

DO =D =
—~
<I
/\

<C_(u — U) ‘g, ’LU_ BEﬂFm}dt-

Taking w = C and v = Z, we have
BU<C,Z;C, Z) = @1 +@2+@3, (416)

where

D
I

{(¢Cy,C)g + (D™'Z,Z) g }dt,

=[]

P
I

— (CU, VC)E‘ + <CUU ‘g, Ci>aE\1" + <CHU ‘g, Ci>6EﬂFout

"

Tt — iy T —

€V (u-1),C)p + 5

(C’_(u — U) g, C_>3Empm}dt,

+
N — DN —

C (u—U) ng, C )opnryw (4.17)

— (Z,VC)E + <z-nE,Ci>aE\r — (C,V . Z)E

D
I
O\H

"

+ <6, /s nE>3E\p + <C_, 7 - nE>8EﬁF}dt-
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Since
Ld 1/2 1/2
(¢Cy, C)p = -+ (¢7/°C,¢'°C)p
2dt
we can write

1 1
01 = Sll6"*C(D)* = 5ll6*C(0)|* + / D=2z dt. (4.18)

We continue with the bound on ©,. Integration by parts gives

(CU,VC)p = %/(C)QU npdo — %/ 2V . Uda.
E

OF

Then we have

T
1 1
= /Z {—§<C_U ‘g, CT)omr — §(C_u -ng, C7)opnr,,
0 E

l\DI»—

1
<C u-ng, Ci>aEmpout + 5(02, V- LI)E + <CuU -ng, C>8E\F} dt
’ 1
-/ { (€9 )+ L (juenl (€ ))
0

-+ Z — —O U‘HE,C>3E\F}dt.

(4.19)

It is convenient to express the sum over the elements in the last term in (4.19) as a sum over all
faces in the set £”. Let e € OF be an interior face of the element £. For w € W" and v € V" we

seton e

ng, [vl]=(v —v") ng.

Note that these definitions do not depend on which element F is taken as a reference. Let us also

fix arbitrarily a unit normal vector on e, denoted by n.. Since

S1C7 = (€~ (CP)ng = (07 + O)(C — O = TIC),
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we can write

S UCH ~ 5CT)U mp, C g = (U (Y] -

E e

‘ (4.20)

where we used in the last equality that on any e € OF

_ C-,U-ng >0 Lot
U-[C(C" = T) = U-np(C~ —CH) ne=0 0 m
CtU-ng <0 2

(- —c+

— U np(C - CH )Sign(U - ng) LU n[C] - [O].

Substituting (4.20) into (4.19) we obtain

0, = %/T{((J?,v.u) +{(|lu-nl,(C F+Z U - n,|, ]>e}dt. 4.21)

To estimate ©3 we use the Green’s formula to obtain

/Z{ -ng, C >8E\F+%<(Z++Z) 'nEvci>aE\F

l\.’)l»—l

+5(CT+0, 77 nE>8E\F} dt (4.22)

T
1 1
= _<C+7 Z - nE>8E\1" + _<Z+ ‘g, Ci>aE\p dt = O,
E 2 2
0

where the last equality follows from the fact that on each interior face the contributions from the
two adjacent elements cancel, due to the opposite directions of the outward normal vectors. A

combination of (4.16), (4.18), (4.21), and (4.22) gives

1 1 _
Bmazam=§meﬂW—§wmamW+/m>Wm%t
(4.23)

—i—%/OT{(CQ,V-u) +{Ju-nl,(C +Z U -n., ]>e}dt.
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Combining (4.14) and (4.23), and using Young’s inequality

1
ab<2a —i-Qb ,a,beR e>0 (4.24)

with € = 1, we obtain
1
sloc@P+ [ Dz
T

<

20O+ 5 (2T ) d 25)

0

T
/Wurwc%2p(ﬁ+/Wwﬂﬂnﬁﬂaut
0

N | —

DN | —

_|_

where

0, V-u>0,
(V-u)_ =

—V-u, V-u<O.

For the second term on the right in (4.25) we have

T
1

5 [ €V wyde < 5167V o [ 6770007 dt,

0

and the use of Gronwall’s inequality implies

nwﬂcawf+2/wn*ﬂZWﬁ

T (4.26)
Se”‘nwﬂomm2+/ﬂu«m«%fr ﬂ+2/ﬂ¢”ﬂH¢”ﬂwt,

0

where L := [|[¢™1(V - u)_||o,00- Using (4.10),

16'2C(0)]] < (¢*)"2(|°). 4.27)

To complete the stability analysis we need the following result shown in [32].
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Lemma 4.2.1 Suppose that for all T > 0
T
() + RT) < AT)+ 2 [ Bl
0
where R, A and B are non-negative functions. Then

T
X2+ R(T) < sup AY2(t) +/B(t)dt.
0

0<t<T

Let us define the norm |||(C, Z)||| by
T
I1(C, D)IIIP = llo"2C(T)] + 2/ |ID=12Z]?dt. (4.28)
0

Then, using (4.26), (4.27), and Lemma 4.2.1, we obtain the following stability result.

Theorem 4.2.1 The solution to the semi-discrete LDG method (4.11)—(4.13) satisfies

T 1/2

T
ezl <e™ | ¢ +/<|u'n!,(0m)2>rm dt +6LT/H¢1/28Hdt, (4.29)
0 0

where L is defined in (4.26).

Remark 4.2.1 Note that, due to including the additional terms in the scheme, the stability estimate

depends on the true velocity, V - uand u - n on Iy, rather than on the computed velocity U.
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4.3 ERROR ANALYSIS OF THE LDG SCHEME

Let Ilc € Wh, Tlz € V", and [Tu € V" denote the L?-projections of ¢, z, and u, respectively:

VEeT" (c—He,w)g=0,Ywe W, (4.30)
VEcT" (z—1lz,v)g=0,VYveV], (4.31)
VEcTh (ua-Tuv)p=0,VveVL (4.32)

The L?-projection has the approximation property [31]
lg = TMgllmpe < KR ™ lalips, 0<m<I<kg+1, 1<p<oco, (433
where ¢ is either a scalar or a vector function. We will also make use of the trace inequality [6]
vee o, |l < K (hpllls + nif* xhe) VX e HU(E).  434)
Using (4.33) and (4.34),
lg = Tigll. < Khig Zllgllie, 1<1< ks +1. (4.35)
For polynomial functions, (4.34) and the inverse inequality [31]
lwlh,e < Khp'lw|s. (4.36)

imply
w|. < Khg'?||wl|e. (4.37)

Similarly to the discrete variational formulation (4.14), the weak solution of (4.8)—(4.9) satis-

fies

Bu(c,z;w,v) /<cmu n,w >F dt + | (¢s,w)dt,

(4.38)

O\’ﬂ

Y (w,v) € C°0,T; W x V),
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where

T
Bu(c,z;w,v) /Z{ e, W) — (cu+ 2z, Vw)
5 E
(4.39)
+ <c_u ‘ng, w‘>aEmF0wS + <(c u+z)- nva_>aE\r + (D_lz,v)E
— (e, V-v)p+(Ev nE>8E\F +{c7, v np) 0 bt
Subtracting (4.14) from (4.38) gives
Bu(c,z;w,v) — By(C,Z;w,v) = 0. (4.40)

Lety, = C —Ilc, ¢, = Z — 11z, 0. = ¢ — llc, and 0, = z — Ilz. Setting (w,v) = (¢, 1,) in
(4.40), we get

By (e, Va; Ve ha) = Bul0c, 03 Y, 10n) + Bu(lle, 11z ¢, ¥b,) — Bu(le, z; e, 1,).  (4.41)
For the error due to the velocity approximation we have

BU(HC7 HZ? ¢m djz) - BU(HC7 HZ? ¢Cﬂ ¢z)
T
- / S (= (He(u — U), Vi) + {(T1e)* (u—U) - np, 67 )omr
E

1
§(HCV ’ (11 - U)a ¢C)E

4.42)
+

((He)"(u=U) - ng, ¥, )opnr,, } dt

+ <(HC)_(11 - U) ‘g, ¢;>6Emrout -

((Tle)"(u = U) * ng, ¥, )T,
= /Z{(V - (Ife(u = U)), ¢e) g + (((Te)" — (Te) ™) (u — U) - ng, ¥ )opr
_ %(HCV (= U, ) — %((Hc)_(u —U) - ng, 0 Yopor .
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Substituting (4.42) into (4.41) and using the definition (4.39) for By (0., 0,; Y., 1,), we obtain

<¢ca ¢Za %Uc, ¢z / Z{ t7 ¢c (0011, vwc)E - (QZ, vwc)E

+ (00 -ng, ¥ )omr + (On - ng, U2 Jopr + (0, 0 0g, 02 )oprr,.,

(D) — (0 V )i + (Fort” - mE)ome + Ors s mg)osr
(V- (e(u— U)), ) + ()" — (L)) (u = U) - g, 0 o

— SV - (0= U), ) = (1)~ (w = U) - np, 6 o} .

We now rewrite the summation over the elements in (4.43) in terms of a summation over the interior

faces where it is relevant:

T
By (¢Ca 77Z)z§ @/ﬁc, ¢z / { ta wc) (chv V@Z)c)E - (em V@DC)E
0

+ (Dileza 2ﬂz)E - ((90, V- ¢Z)E + (v : (HC(U - U))7 wc)E

- %(HCV S(u=U),¢e)p + ((Ie)" = (lle)")(u = U) - ng, 9, )opr pdi

T o o (4.44)
i /0 D {00 e + (O [0 + (O, [Wa]) ) dt
. e
+ / (6000 )+ (670
%((HC) (H—U) l’lE, > }dt T1+TQ—|—...+T14.
Using (4.23) and (4.10), (4.44) implies
T
62T P + / D2 Pt < 5 [V w) ) e+ T4 Tt 4 Thse 445)
0
For the first term on the right above we have
1 [ 1 [
5/(imeJﬁsyW%VmLm@/wmw@Wﬁ (4.46)
0 0

We continue with bounds on the other terms on the right in (4.45).
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From the definition of the L?-projections (4.30) and (4.31) it follows that

Applying the Cauchy-Schwarz inequality, we obtain for 7T}

T

T
/ 62(0c)i, 6" *4) dt < (¢%) / 1@)ell Nl . (4.48)
0

0

For the bound of 75 we will use the L?-projection of u onto the space of piecewise constant vectors

[Tpu satisfying
VE€T" (u—-Tou1)g=0, |[u—Tulo,r<Khgluli,e 1<p<oco.

Using (4.30) we have
T T
/Z U, Vwc /Z(QC(HOU - u)7 VI/)C)E dt
o F o E

< K / > il Vst < Kl / S 16l de (849

< K / 1001642 at,
0

where we used (4.36) for the second inequality. Handling 7} is straightforward, using (4.24) with
e=1/2:

T T T

1
/ (D716,,v,)E dtg/\|D‘1/29z||2dt+Z/|]D‘1/2wz|]2dt. (4.50)
0 0 0
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Using (4.33), we have for 75 and 77:

Ty+ T — fZE: {(v (Te(u - U)), o) — %(HCV . (u—U),wc)E} dt

:/T;{ Ve - (u - )wc)E+;(HcV (u U),m)E} dt

4.51)
< @5;1/2/0 Z(llVHC|lo,oo,E||u—U||E+||HC||o,oo,E||V'(U—U)llE)||¢1/2¢c||Edt
E
T
< K07 [ Yeloclu = Ullxllo! 0] e
0
For Tk we have
= Z ((IIe)* = (IIe) ™" )(u = U) - ng, ¥, )op\r dt
E
(4.52)

IA

St — 5 T —

> [T e) )" llo,c0,0mrll(@ = U) - nglloprll¢; omr dt.
E
Note that

I(T1e)* = (Te) ™ flo,00.0m < [I(T1e)* = €llo,00,0m + [lc = (11e) " [loc0.0m < lle = TIello,00.5(m),

where §(F) is the union of all elements that share an face with . For the second term on the right

in (4.52) we have

|(u—=U)-n.. < [(u—-TIu) -0l + [|(Tu - U) - 0|,
< K(||(u—Tu) - n. + hy"*|u — U p)

—1/2 —-1/2
< K([(u—Ta) - 0. + h"?|lu - u|| g+~ u - Ule),
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where second inequality follows from an application of (4.37). Therefore for 75 we obtain, using

(4.37) again,

T
T < K [ 16l 3010 = ) o+ 4 fu = Tulle
0 I

+ b= Ul )b e s (4.53)

T
< K¢, '? / el 100 (A2 /(0 = TTu) - nl|gn + lu = Tl + u = U [J¢" %],
0

1/2
where ||w||gn = (Z HwHﬁ) . Similarly, for Ty we have

(O, [ < K67 meloc 02N ch 10" * el e,

therefore
T
T, < Kfulons;? [ 172162 erll0 6] (4.54)
0
Similarly,
T
T < Koo [ W20, - nfen 6170 (4.55)
0
and

T
< K(D*)? / B2 e D24 | e (4.56)
0
T T
— 1
<KD [ Wit [ ID R e
0 0

using (4.24) with e = 1/2 for the last inequality. In a similar way we obtain

T

Ty < KHUHO,oofb*_l/Q/h_1/2|!9§\|routH¢1/2¢c|| dt, (4.57)
0
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T T
Ti3 < KD* / h=H107 | dt+}l / ID™1 24, ? dt, (4.58)
0 0
and
T
T4 < K6 [ felooerh™ 2w = 0) - 620 dr (4.59)
0

A combination of (4.45)—(4.59), the use of Gronwall’s inequality for the term in (4.46), and an
application of Lemma 4.2.1 imply

T
(@, o)l < K/ (D20, ]| + h=Y218cllgn + A=Y2]16; |
0

+11(B)ell + [16ell + lu = Ul x + 22| (u — TTu) - nlg (4.60)

+u =Tl + u = Ul + a7 (162 [en + h7V2][6, - nlen

+h7 210 e, + 2 (w = U) - mr) dt,

where K = K (e*T). The above bound, combined with the velocity error bounds (3.12) and (4.1)

and the approximation properties (4.33) and (4.35), implies the following convergence result.

Theorem 4.3.1 If the solution to the coupled system (1.12)—(1.19) is smooth enough, then the

solution to the semi-discrete transport LDG method (4.11)—(4.13) satisfies
(e = Coz = Z)||| < K (h* + Ry + by ™® + ™), (4.61)

where 3 = 1if g, = 0 and 5 = 1/2 otherwise.
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44 NUMERICAL RESULTS

In this section we present results from several computational experiments. The first three confirm
the theoretical convergence rates for problems with given analytical solutions, while the last two
illustrate the behavior of the method for realistic problems of coupled surface-subsurface flows
with contaminant transport. In all tests the computational domain is taken to be 2 = Q; U ),

where Qy = [0,1] x [3,1] and ©, = [0, 1] x [0, 1]. We have used

T(uy,py) = —piI+ pVuy

in the Stokes equation. The flow equations are solved via domain decomposition using the Taylor-
Hood triangular finite elements in {2 and the lowest order Raviart Thomas rectangular finite ele-
ments in 2,,. In the LDG discretization of the transport equation we chose W} to be the space of

bilinear functions on E£. With these choices,
ky=2, k,=10,=0, and k=1.

The grid for the Stokes discretization in €2; is obtained by first partitioning the domain into rect-
angles and then dividing each rectangle along its diagonal into two triangles. The flow grids in €2
and (2, match on the interface. The LDG transport grid on 2 is the rectangular grid used for the
flow discretization (on 2 this is the grid before subdividing into triangles).

The computed Stokes-Darcy velocity U is used in the transport scheme by first projecting
it onto the space of piecewise bilinear functions on the transport grid. In the Stokes region the
computed Taylor-Hood velocity vector is quadratic on each triangle and it is simply evaluated at
the vertices of each rectangle. In the Darcy region the velocity vector at each vertex is recovered

by combining the Raviart-Thomas normal velocities on the two edges forming the vertex.

Remark 4.4.1 The choice of rectangular elements in the Darcy domain was motivated by the
superior accuracy and efficiency, including velocity superconvergence (see Section 2.6.1 and Sec-
tion 3.5), of the MFE method on rectangles, compared to simplicial elements. There exist exten-
sions of the MFE method to quadrilaterals and hexahedra that exhibit accuracy and efficiency
similar to the rectangular case. However, since the theory in this work is presented only for affine

elements, we limit the numerical results to rectangular elements in the Darcy domain.
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4.4.1 Convergence tests

In the three convergence tests we use a second order Runge-Kutta method to discretize the transport
equation in time. The final time is 7' = 2 and the time step is At = 1073, all numbers being
dimensionless. The time step is chosen small enough so that the time discretization error is smaller
than the spatial discretization error even for the finest grids used. In the convergence tests with
nonzero diffusion we take D = 1073 I. To handle the purely hyperbolic case D = 0, we introduce
an auxiliary variable Z = —Vc and set z = Dz, following an approach from [5] for mixed finite
element methods for elliptic problems. The LDG analysis for this formulation has been carried out
in [32]. In all convergence tests we take ¢ = 1 and K = K1, where K is a constant.

The true solution of the transport equation for all three tests is
c(x,y,t) = t(cos(mx) + cos(my)) /.

It is chosen to satisfy the outflow boundary condition (1.19) on 0f€2. The source function f, is
obtained by plugging into (1.16) the true solution functions for the concentration and the velocity
specified below. The sign of the normal component of the true velocity determines whether the
inflow or the outflow boundary condition is used for the transport equation. The initial condition
function ¢ and the inflow condition function c;,, are obtained by evaluating the true concentration
att = 0 and x € I';,, respectively.

The first two tests use the constructed analytical solutions in Test I (discontinuous velocity
across I',) and Test 2 (smooth velocity across I's,) from Section 2.6.1. Next, in Test 3 the velocity

field is continuous, but not smooth, across the interface between the two subdomains:

. [ (2— 2)(1.5— y)(y — )
g | 2 4 (6 +15) — L5y — 0.5
| e-n05-9

uy
| x(y +0.5)
1 22 11

pr = (5 —20)(05 - = X+ (05— +y— 05,
1 a2 ’

pp:?(%—2l‘)(05—£)+%(_y ;_y _1)7

where the parameters jif, K, £, and x are defined as in Test 1.
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Table 4.1: Convergence of the LDG scheme for Test 1: discontinuous tangential velocity.

D=1073°1 D=0

h|l |lc = CllLe(r2) | rate | |z — Z|| 122y | rate || ||c = C||e(z2) | rate
1/4 1.99e+00 8.95e-03 2.07e+00
1/8 3.27e-01 2.60 2.71e-03 1.72 3.39¢-01 2.61
1/16 8.48e-02 1.95 1.20e-03 1.18 9.04e-02 1.91
1/32 2.23e-02 1.93 5.33e-04 1.17 2.59¢-02 1.80
1/64 5.60e-03 2.00 1.77e-04 1.59 7.76e-03 1.74

Convergence rates for the flow and plots of the computed velocity field in Test I are presented
in Section 2.6.1. The convergence rates for the transport equation are studied by solving the cou-
pled flow-transport system with and without diffusion on several levels of grid refinement. The
numerical errors and convergence rates for the three tests are reported in Tables 4.1, 4.2, and 4.3.
In all three cases we observe experimental convergence of order O(h?) for the concentration er-
ror in L>(0,T; L*(€2)) and approaching O(h) for the diffusive flux error in L?(0,T; L*(2)). Our
theoretical results predict O(h) for both variables. Similar second order convergence for the con-
centration has been observed numerically in the literature for the stand-alone transport equation,
see e.g. [3]. Higher order convergence O(h**!) for the L?(0,T; L?(€2)) error of the concentration
has been obtained theoretically by adding penalty terms [40, 28]. In our case there are additional
terms contributing to the transport numerical error that are coming from the discretization error in
the Stokes-Darcy velocity. For our particular choice of flow discretization these terms are O(h?)
from Stokes and O(h) from Darcy. The observed second order convergence of the concentration
may be due to the superconvergence of the Raviart-Thomas velocity at the edge midpoints, which
are used to obtain the bilinear velocity for the transport scheme. Further theoretical investigation

of this phenomenon will be a topic of future work.
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Table 4.2: Convergence of the LDG scheme for Test 2: smooth velocity.

D=10"31 D=0
h|l |lc = Cllre(r2) | rate | |z — Z|| 1212y | rate || ||c = C||e(z2) | rate
1/4 5.50e-02 5.31e-04 5.54e-02
1/8 1.44e-02 1.93 2.39e-04 1.15 1.46e-02 1.93
1/16 3.75e-03 1.95 1.09e-04 1.13 3.81e-03 1.93
1/32 9.84e-04 1.93 5.09e-05 1.10 1.01e-03 1.92
1/64 2.60e-04 1.92 2.43e-05 1.07 2.71e-04 1.90
Table 4.3: Convergence of the LDG scheme for Test 3.
D=107°1 D=0
h|l |lc = CllL=(z2) | rate | |z — Z| 212y | rate || ||c — C||p~(z2) | rate
1/4 5.57e-02 4.33e-04 5.63e-02
1/8 1.39e-02 2.00 2.01e-04 1.10 1.41e-02 2.00
1/16 3.48e-03 2.00 9.62e-05 1.07 3.51e-03 2.00
1/32 8.69e-04 2.00 4.70e-05 1.03 8.77e-04 2.00
1/64 2.17e-04 2.00 2.33e-05 1.01 2.19e-04 2.00
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Figure 4.1: Permeability of the porous medium in the contaminant transport examples.

4.4.2 Contaminant transport examples

We present two simulations of coupled surface and subsurface flow and contaminant transport.
The Stokes region 2, represents a lake or a river, which interacts with an aquifer occupying the
Darcy region (2,,. The porous medium is heterogeneous with permeability varying approximately
two orders of magnitude, see Figure 4.1.

In both examples we use the following flow boundary conditions. In the Stokes region we set
parabolic inflow on the left boundary, no normal flow and zero tangential stress on the top bound-
ary, and zero normal and tangential stress on the right (outflow) boundary. In the Darcy region we
set no flow on the left and right boundaries and specify pressure on the bottom boundary to simulate
a gravity force. The computed velocity field for the two simulations is shown in Figure 4.2.

In Example 1, a plume of contaminant present at the initial time in the surface water region is
transported into the porous media. In Example 2, inflow of contaminant is specified on part of the
left boundary in the surface water region. The contaminant front eventually reaches and penetrates
into the subsurface water region.

The diffusion tensor is chosen to be Dg ;= 10~°T in the Stokes region, and
Dq, = ¢d,,,1 + dj|u|T + d¢fu|(I - T)

in the Darcy region, where T = ﬁ and the parameters values are ¢ = 0.4,d,, = d; = d; =

10~°. Here d,, represents molecular diffusion, while d; and d, represent longitudinal and transverse
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Figure 4.2: Computed velocity field in the contaminant transport examples: horizontal velocity

(left); vertical velocity (right).

dispersion, respectively. The simulations were carried out using the forward Euler method for the

temporal discretization with At = 1073 on a square 80 x 80 mesh.

Due to the discontinuity in the initial (Example 1) or boundary (Example 2) conditions and
small diffusion/dispersion values, the simulations exhibit steep concentration gradients. In such
cases a slope limiting procedure is often employed in the LDG scheme to remove oscillations
[33, 3]. Our approach is based on [59]. For each element local extremum is avoided by comparing
the averages of the concentration over the edges with the averages of the concentration over the
neighboring elements. The concentration values at the vertices are reconstructed by imposing
mass conservation on the element. The procedure is equivalent to an optimization problem with
parametrized equality constraints. Tighter constraints introduce more numerical diffusion and lead
to a smoother solution. More relaxed constraints allow for better approximation of propagating

sharp fronts.

Plots of the contaminant concentration at various simulation times are shown in Figures 4.3—
4.7 for Example 1 and Figures 4.8—4.10 for Example 2. Both two and three dimensional views are
included for better illustration of the steep concentration gradients. In Example 1, the plume stays

compact while in the surface water region. When it reaches the groundwater region, it starts to
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Figure 4.3: Initial plume, t=0.0. The arrows represent the computed Stokes-Darcy velocity.

Figure 4.4: The plume at early time is confined to the surface water region, t=3.0.
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Figure 4.5: The plume penetrates the porous medium, t=5.0.

Figure 4.6: The plume spreads through the porous medium, t=9.0.
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Figure 4.7: Most of the plume has been transported to the porous medium, t=16.0.

spread due to the heterogeneity of the porous media. The discontinuity in the tangential velocity
along the interface causes some of the contaminant to lag behind and even move in the opposite
direction. Similar behavior is observed in Example 2, where the contaminant front maintains
a relatively flat interface in the surface water region and spreads non-uniformly in the porous
media. In both cases, the LDG method with slope limiter preserves sharp discontinuities in the

concentration without numerical oscillations.
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Figure 4.8: The front enters the surface water region, t=2.0. The arrows represent the computed

Stokes-Darcy velocity.

Figure 4.9: The front reaches the porous medium, t=11.0.
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Figure 4.10: The front propagates inside the porous medium, t=17.0.
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5.0 FUTURE WORK AND CONCLUSIONS

We presented several numerical schemes to discretize the coupled flow-transport problem (1.12)—
(1.19). The properties of each scheme were analyzed and error estimates were derived. Then,
numerical tests were carried out to confirm the theoretical convergence rates and to illustrate the
capability of the method for practical applications. We finish by outlining possible extensions and

topics of future work.

(1) Using a preconditioned iterative method for solving the algebraic system (2.99) is very attrac-
tive from practical point of view. Block-diagonal preconditioners for saddle point problems

are discussed in [63, 83]. We propose to use a preconditioner

A; 0 0
H=| 0 A, 0 |, 5.1)
0O 0 S

where S is a suitable diagonal matrix. An analysis is needed to guarantee that H results in
mesh independent convergence of Krylov space based iterative methods (Lanzcos, MINRES).
To invert Ay and A, we intend to use one V-cycle of the algebraic multigrid [87].

(2) We mentioned several advantages of extending the method presented in Chapter 2 on general
polyhedral meshes. This requires constructing operators that map from degrees of freedom to
functional spaces and satisfy the properties (IL1)—(LL3) in Section 2.1.2. Defining such opera-
tors on general polyhedral elements is an open question.

(3) In Chapter 3 the subdomains can be discretized locally with non-matching grids across the
interfaces. A mortar grid is then introduced, from which the interface variables are projected

onto the subdomain grids. This approach provides flexibility in modelling irregular geometries
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Figure 5.1: Mortar multiscale example. Left: four subdomains with non-matching grids, right:

permeability field
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Figure 5.2: Mortar multiscale example. Computed solution.
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and large scale geological structures such as faults and layers. Non-matching grids allow for
independent refinement of Stokes and Darcy regions. On Figure 5.1 and Figure 5.2 is shown
a numerical example of applying the mortar multiscale method: the computational domain
is partitioned into four subdomains (top row for Stokes, bottom row for Darcy) with non-
matching meshes. The mortar grids are chosen to be coarser than the traces of the subdomain
grids. Our preliminary analysis indicates the following error bound for the mortar multiscale

method:
lu—u"x + [[p— p'llg < OB + hvH + Hpr ™ 4 Hip V2 gty (5.2)

where h,, o = f,p, represents the size of the subdomain mesh for each model; Hy,, H,,
and H; denote the sizes of the mortar meshes on the Stokes-Darcy, Darcy-Darcy and Stokes-
Stokes interfaces, respectively; and the degress of the polynomials in the corresponding finite
dimensional spaces are denoted by r. The development of the mortar multiscale method for
the Stokes-Darcy flow problem is in progress [54].

(4) The effectiveness of the domain decomposition depends on the rate at which the interface
iterations converge. The latter is characterized by the condition number of the algebraic prob-
lem. In Section 3.4 we investigated the dependence of the condition number on the subdomain
mesh size, permeability and the interface type. The number of subdomains also has effect on
the convergence. Due to the lack of global information exchange between the subdomains the
condition number increases rapidly as the number of subdomain increases. Therefore, in order
to be able to solve in parallel a large scale problem by employing a large number of proces-
sors, one for each subdomain, we need a suitable preconditioning technique. Developing a
balancing preconditioner for the method in Section 3.3 is a topic for future work.

(5) Stochastic modeling is often employed to address a wide range of physical problems whose
complexity makes the deterministic analysis impossible or too expensive. In groundwater flow
models the heterogeneity of the porous medium can be dealt in probabilistic sense. Specifically,
the permeability is represented by a second order stochastic process with a known covariance
function. The fact that the permeability is a stochastic function makes the velocity and the pres-

sure of the flow to be stochastic. In [51] MFE method is used in combination with a stochastic
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collocation method to analyze the uncertainty of the flow variables for a given random per-
meability field. Incorporating such a technique in the treatment of the coupled flow-transport

problem (1.12)—(1.19) is another challenging direction to extend this work.
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