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The research presented in this thesis is devoted to the problems of sound transmission and 

noise transmission control for advanced composite payload fairings. There are two advanced 

composite fairings under study. The first is a tapered, cylindrical advanced grid-stiffened 

composite fairing, and the second is a cylindrical ChamberCore composite fairing. A fully 

coupled mathematical model for characterizing noise transmission into a finite elastic cylindrical 

structure with application to the ChamberCore fairing is developed. It combines advantages of 

wave radiation principles and structural-acoustic modal interaction, and provides an ideal noise 

transmission model that can be extended to other finite cylindrical structures. Structural-acoustic 

dynamic parameters of the two fairings are obtained using a combination of numerical, 

analytical, and experimental approaches. An in-situ method for experimentally characterizing 

sound transmission into the fairings called noise reduction spectrum (NRS) is developed based 

on noise reduction. The regions of interest in the NRS curves are identified and verified during a 

passive control investigation, where various fill materials are added into wall-chambers of the 

ChamberCore fairing. Both Helmholtz resonators (HRs) and long T-shaped acoustic resonators 

(ARs) are also used to successfully control noise transmission into the ChamberCore fairing. In 

the process, an accurate model for the resonant frequency calculation and design of cylindrical 

HRs is derived.  Further, a novel and more general model for the design of multi-modal, long, T-

shaped ARs is developed, including three new end-correction equations that are validated 

experimentally.   

 The control results show that noise attenuation is significant in the controlled modes, and 

the control is also observed in some modes that are not targeted, due to acoustic modal coupling 

via the structure.  Helmholtz resonators are found to produce between 2.0 and 7.7 dB increase in 

NRS in the targeted cavity modes while ARs produced 4.7 to 5.3 dB of control. Relative 

positioning between the matched resonators is heuristically optimized experimentally, and 
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demonstrates that spacing should be maximized for best performance. Once the feasibility and 

optimization of resonator control were established, six integral acoustic resonators are fabricated 

directly into the wall-chambers of the ChamberCore structure. Performance is found to be as 

well as for the non- integrated resonators. 
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1.0 INTRODUCTION 

 
 
 

At the end of the 20th century, remarkable progress had been made in design, analysis, 

and fabrication of advanced composite structures. Several novel composite structures, such as 

advanced grid-stiffened structures (AGS) [1-5] and chamber core structures (ChamberCore) [32, 

33], have been designed, fabricated, and investigated for both civil and military applications. 

Both the AGS and ChamberCore structures offer higher strength and stiffness, less weight, and 

easier, cheaper fabrication than aluminum structures. These improvements in weight (61% 

decrease), strength (300% increase), and stiffness (1,000% increase along the hoop direction) [2] 

are accompanied by an increase of the sound transmission into the structures [6-12], which is 

governed by the geometry and physical structural acoustic properties. The fewer mechanical 

connections in the advanced composite structures relative to a metallic counterpart also lead to a 

decrease of structural damping, such that the structural vibration in the low frequency range 

could increase. The severe vibration and acoustic environment resulting during launch can 

seriously effect or even damage payloads. Thus, mitigating launch noise for composite structural 

vehicles is currently an important research topic. One alternative is to over-design the payload to 

withstand higher noise levels. The increased cost, however, offsets the weight savings afforded 

by the lightweight composite structures. The potential candidates for successful sound 

transmission control considered in this work are implementing active, passive or hybrid 

approaches and acoustic resonant absorbers. 

 
 

1.1 Passive Noise and Vibration Control 

 
 

The primary design of an expensive launch vehicle is based on the ability to satisfy the 

structural requirements. When an additional requirement of a specific level of structural-acoustic 

vibration is given, the simplest and most time effective treatment employed for the system is 

passive structural-acoustic vibration control approaches, which are used to significantly increase 

structural-acoustic vibration energy dissipation in order to meet the new sound transmission 
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requirements. Some passive control strategies have been investigated and proposed for the sound 

transmission improvement in rocket fairings. Griffin et al. [6], added the secondary structure in 

the payload fairing to create a characteristic impedance mismatch; Hughes and McNelis [8, 9] 

used free layer damping, and Crane and Santiago [12] used constrained layer damping to tune the 

system’s dynamic response; Crane and Santiago [12] also changed the structure's geometric 

parameters to increase the acoustic impedance, and used double layer shell structure to achieve a 

reduction of the sound transmission between the inner surface and the outer surface.  

Acoustic blankets were successfully used in the Titan IV payload fairing for the Cassini 

spacecraft [8-11]. Acoustic blankets are effective at high frequency, but are not practical for the 

low frequency range, because a much thicker and heavier blanket is required [8]. Actively 

imposing a characteristic impedance mismatch approach [6] is a good compensation for this 

limitation. The characteristic impedance mismatch is achieved by imposing a vacuum or near 

vacuum condition in the gap of a double partition container. Results from an experiment show at 

least a 19 dB sound pressure level (SPL) reduction of interior acoustics in the range from 0-200 

Hz [6]. However, this approach is difficult to implement.  

Crane and Santiago [12] investigated passive design methods through increasing the 

damping of composite cylindrical structures. The primary aim of their research was to develop 

cylindrical sections that were capable of dissipating vibration energy. They designed, analyzed 

and fabricated several monolithic composite cylinders with varying structural cross sections and 

internal damping treatments, and several variations of a double hollow-core configuration. They 

used modal testing to characterize the damping loss factors corresponding to acoustic 

transmission loss. Their research showed that the utilization of damping treatments in the form of 

a constrained layer significantly increases the damping loss factor of the cylinder, particularly in 

the low frequency range. The effect of the free damping layer configuration, however, was 

limited at the higher frequencies (above 2 kHz). The reduction of vibration amp litude from inner 

to outer skins of the double hollow core configuration was not significant. 
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1.2 Active Structure-Borne Noise Control 

 
 
Now, more than ever before, vehicle manufacturers see increased demands for larger and 

heavier payloads as well as lower hardware costs. This requires using lighter, stronger, stiffer, 

and more spacious advance composite structures for the new generation launch vehicles. For a 

given size, weight, and strength, the passive sound transmission loss treatments in payload 

fairings are subject to fundamental physical limitations, especially in the low frequency range 

(below 200 Hz) where heavier passive materials or damping treatments are needed. Those 

treatments will significantly increase weight and reduce space, so active noise and structural-

acoustic control approaches have been sought as alternatives [24-31].  

In terms of noise control, there are active noise control (ANC) and active structural 

acoustic control (ASAC). The principle of ANC is based upon destructive interference of sound 

[18-22]. The basic idea is to create a copy of the disturbance, delay- invert it, and use it to cancel 

the original disturbance. The first prototype of an ANC system can be dated back to the early 

20th century which was developed by a Germen inventor, Paul Lueg [23] in 1936, as shown in 

Figure 1.1. It is a classical example of active noise cancellation, and researchers use it to better 

understand the concept of active feedforward acoustic control. Here, an acoustic sensor, a 

microphone, is placed "up-stream" in a duct to detect the primary acoustic field at a point. A 

reference signal is captured and passed through a controller. The adjusted output signal from the 

controller is used to drive an actuator, a loudspeaker, to create the secondary acoustic field that is 

intended to result in destructive interference with the primary or noise source in the "down-

stream" duct. Later, the first prototype of a feedback acoustic control system was proposed by 

Oslon and May in 1953 [13]. The ANC and analog electronic techniques, however, were not 

sufficient for implementing a real-world ANC product until significant steps were taken in the 

following aspects in the 1970's and 1980's. The first is progress in digital active acoustic control 

[14, 15], in which adaptive filters were used in ANC [16, 17]. The second breakthrough is the 

rapid development of cost-effective digital signal processing (DSP) chips. 

The concept of ASAC can be explained as using force actuators, such as piezoelectric 

patches that are either surface-bonded or embedded in the host structure, to control and minimize 

the structural response which transmits more energy to reduce radiation efficiency. The principle 

of ASAC is systematically described and proposed in a book by Fuller et al. [18]. The 
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implementation of ASAC can eliminate the requirement for speakers, and save space and system 

weight. Most of the ASAC research has implemented adaptive feedforward control schemes [68]. 

 

 

Figure 1.1 Schematic of Active Noise Control 

 

Clark et al. [69], implemented the first adaptive structure for ASAC, in which structure-based 

sensing was used to eliminate the need for microphones to measure the pressure field. Feedback 

ASAC has also been studied [71-73], but requires an accurate model of the plant being 

controlled, including the coupling between the structural and acoustic modes. The structural 

modes responsible for the highest acoustic radiation are often weighted more heavily in the 

performance metric in order to achieve better acoustic control [70, 71]. This effect can also be 

achieved by frequency-weighting the performance cost-functions through 2H  and ∞H  control 

synthesis techniques [72]. The adaptive structure and optimal control strategies were used to 

implement a feedback ASAC system by Vipperman [73].  
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1.3 Scope of Contribution 

 
 
Two different composite structures supplied by the Air Force Research Laboratory, Space 

Vehicles Directorate (AFRL/VS) are being investigated in this study. One is a mock-scale AGS 

tapered cylindrical fairing, and the other is a mock-scale ChamberCore right cylindrical fairing. 

The AGS composite structure has been used in launch vehicles. Its mechanical properties, design 

methods, and fabrication methods can be found in references [1-5]. There are a couple of 

vibroacoustic studies about the AGS composite structure. General studies on improving the 

sound transmission loss into fairings have been conducted for Minotaur-size launch vehicles, 

where passive [6] and feedback active structural-acoustic controls [24, 26] were numerically 

evaluated. Two earlier experimental studies focused on specific types of noise control for the 

AGS mock-scale prototype, including evaluating the effectiveness of hybrid structural-acoustic 

control inputs as well as positive position feedback (PPF) controllers [25], which do not require 

overly-complicated system models. Initial studies about the ChamberCore composite structures 

have focused primarily on structural static strength and stability analysis, damage mechanisms, 

optimal design and fabrication methods, and rudimentary dynamic behavior [32, 33]. 

The scope of contribution of this study is listed as follows: 

1.  A fully coupled mathematical model of noise reduction spectrum for a finite uniform thin 

cylindrical shell is developed. The formulas for calculating effective thickness and 

effective density of the ChamberCore fairing are derived based upon a box-beam model. 

The sound transmission behavior of the ChamberCore cylindrical fairing is analytically 

investigated. 

2. The vibroacoustic behavior of the AGS tapered composite fairing and the ChamberCore 

composite fairing is numerically/analytically studied. A new modal parameter extraction 

method based on state-space realization is developed, and the structural and acoustic 

modal parameters are also experimentally identified.  

3.  An in-situ method to experimentally characterize sound transmission into a cylindrical 

structure is developed. Thorough characterization of the sound transmission behavior of 

the two fairings is experimentally finished. 

4.  The passive control with passive fills for the ChamberCore cylindrical fairing is 

experimentally investigated.  
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5.  An accurate and general cylindrical Helmholtz resonator model for resonant frequency 

calculation and resonator design is developed. The effects on the noise attenuation of 

two closely spaced resonators are experimentally studied, and the optimal positions of 

the Helmholtz resonators are also discussed. The feasibility of the noise transmission 

control using Helmholtz resonators is investigated by using cylindrical Helmholtz 

resonators. 

6.  A novel and general model for the calculation of resonant frequencies of the long T-

shaped acous tic resonators is developed. A new equation for the design of long T-shaped 

acoustic resonators is derived. Three new end correction models based upon the 

consideration of acoustics are proposed and experimentally validated. Twelve long T-

shaped acoustic resonators, including six resonators designed with the wall-chambers of 

the ChamberCore structure, are constructed and used to control noise transmission into 

the ChamberCore fairing. The noise transmission control using long T-shaped acoustic 

resonators and long chamber-based, T-shaped acoustic resonators are conducted. 

 

The author will begin with an overview of passive structural acoustic vibration control, 

active structure-borne noise control, and the scope of the contribution. In Chapter 2, the noise 

transmission through a flat panel is presented. Chapter 3 covers the noise transmission into a 

finite elastic cylinder, including a mathematical noise reduction spectrum model and numerical 

investigation for the ChamberCore cylindrical fairing. Chapter 4 contains the numerical, 

analytical and experimental part necessary to understand the vibroacoustic properties and 

characterize the noise transmission behavior for the two advanced composite fairings. A new 

mode shape extraction method is developed here, and an in-situ method for experimentally 

characterizing noise reduction spectrum is also presented in this chapter. Chapter 5 introduces the 

noise transmission control for ChamberCore cylindrical fairing through using passive materials. 

Chapter 6 is the noise transmission control for the ChamberCore cylindrical fairing by using 

acoustic resonators, including several new models and new design equations and noise 

transmission controls. Concluding remarks along with scaling all new models and algorithms for 

the full size payload fairings, and with recommendations for future work follow in Chapter 7. 
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2.0 SOUND TRANSMISSION LOSS THROUGH FLAT PANELS 

 
 
 
Sound waves are reflected and transmitted through the interaction of medium interfaces. 

A commonly used quantity in transmission problems is the transmission loss. It is the decibel 

expression of the sound power transmission coefficient, which is defined as the ratio of the 

transmitted power to the incident power. The definition of transmission loss is based on the 

sound power transmission through an infinite flat panel in fluid medium, where the transmitted 

sound is assumed to be totally absorbed, so that only inward-propagating waves exist. In this 

chapter, the sound transmission and sound transmission loss through an infinite flat panel is 

studied, which provides an insight into the sound transmission behavior in the mass, stiffness, 

and mechanical damping controlled zones, and is viewed as the first step toward understanding 

the basic physical parameters governing the sound transmission into cylindrical structures.  

Although sound radiation is the result of a vibrating flat panel disturbing its surrounding 

medium, the vibration behavior of a flat panel in-vacuo and the sound radiation from a vibrating 

panel are first investigated individually. Then, the coupled vibration of the flat panel with the 

fluid medium is discussed. Before defining the sound transmission loss, several important 

physical quantities (mechanical impedance, radiation impedance, and critical frequency) will be 

introduced.  

 

 

2.1 Mechanical Impedance of an in-vacuo Infinite Flat Panel 

 
 
 
Consider a plate with thickness h and infinite length and width. The density, modulus, 

and Poisson’s ratio are ρp, E, and µ, respectively. Then, the bending modulus, the speed of sound 

propagating in the plate material, and the surface density of the plate are 3 2/12(1 )B Eh µ= − , 

2/ (1 )p pc E ρ µ= − , and s pm hρ= , respectively. Assume the plate is located in the x , y  plane 
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(at 0=z ) as shown in Figure 2.1. The 2-D equation of motion (EOM) of the in-vacuo plate is 

[45, 46]: 

 
 

 
 

                    Figure 2.1 Infinite Flat Panel in-vacuo 

 

 

 
4 4 4 2

4 2 2 4 22 ( , , )sB m F x y t
x x y y t
η η η η ∂ ∂ ∂ ∂

+ + + = ∂ ∂ ∂ ∂ ∂ 
, (2.1) 

 
where B is the bending modulus, ),,( tyxη  is the displacement in z-direction, ms is the surface 

density, and ),,( tyxF  is the force per unit area. If the force distribution does not change with y, 

and only the solutions in the x direction are considered, Eq. (2.1) is simplified into a 1-D 

equation of motion: 

 

 
4 2

4 2 ( , )sB m F x t
x t
η η∂ ∂

+ =
∂ ∂

. (2.2) 

 
Assume there are harmonic solutions in both time and space domain. The displacement 

can be described as 

 
 ( )( , ) xj t k x

xk Ae ωη ω −= , (2.3) 
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where A is the amplitude of displacement, ω and xk are the frequency and wavenumber of the 

forcing function, respectively, and kx=ω /c. In the frequency and wavenumber domain, using Eq. 

(2.3),  Eq. (2.2) can be represented as 

  

 4 2( ) ( , ) ( , )x s x xBk m k F kω η ω ω− = . (2.4) 

 
Note that ( , ) ( , )x xk j kη ω ωη ω=& . Eq. (2.4) can be rewritten as 

 

 
4

21 ( , ) ( , )x
s x x

s

Bk
jm k F k

m
ω η ω ω

ω
 

− = 
 

& . (2.5) 

 
The representation in terms of impedance is 

 
),(),( ωωη xxB kFkZ =& ,    (2.6) 

 
where BZ  is called the mechanical impedance or in-vacuo bending impedance of the plate, and 

represented by: 

 

 
4

21 x
B s

s

Bk
Z jm

m
ω

ω
 

= − 
 

. (2.7) 

 
We defined “free” bending wavenumber of the plate as 

 

 

1
2 4

s
B

m
k

B
ω 

=  
 

. (2.8) 

 
Then, Eq. (2.7) can be rewritten as 

 

 
4

1 x
B s

B

k
Z jm

k
ω

  
= −  

   
. (2.9) 
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When considering the material damping of the plate, the bending modulus can be 

expressed as: 

 
 * (1 )B B jδ= − , (2.10) 

 
where ( 1δ ≤ ) is the damping term. Substituting Eq. (2.10) into Eq. (2.7), the mechanical 

impedance becomes 

 

 
4 4

* 1 x x
B s s

B B

k k
Z jm m

k k
ω δ ω

    
= − −    

     
. (2.11) 

 
The equation of motion with damping has the same form as Eq. (2.6) without damping, but the 

mechanical impedance BZ  is replaced by *
BZ  as: 

 
),(),(* ωωη xxB kFkZ =& .    (2.12) 

 
Discussion: 

 (1) When x Bk k= : 

The forcing function wavenumber, xk , equals the free bending wavenumber, Bk . From 

Eqs. (2.11) and (2.12) it is known that the mechanical impedance ( *
BZ ) has a minima, 

and the velocity *( , ) ( , ) /x x Bk F k Zη ω ω=&  has a maxim. A spatial resonance occurs. It is 

called the coincidence phenomenon. If there is no damping, i.e. 0δ = , the amplitude of 

the vibration velocity becomes infinity. Therefore, the vicinity of the free bending 

wavenumber ( Bk ) is also called the damping-controlled zone.  

(2)    When x Bk k< :  

Eq. (2.12) can be simplified to: 

 
 ( , ) ( , )x s xF k m kω η ω≈ && . (2.13) 

  
In this case the system looks like a mass, and thus it is referred to as the mass- controlled 

region.   
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(3) When x Bk k> : 

  Eq. (2.12) can be approximated as: 

 
4

2( , ) (1 ) ( , )x
x s x

B

k
F k m j k

k
ω ω δ η ω

 
≈ − + 

 
. (2.14) 

 
In this case the variation of the stiffness term 4( )x Bk k  will dominate the mechanical 

impedance, and it is referred to as the stiffness-controlled region.   

 

 

2.2 Sound Radiation from a Vibrating Infinite Flat Panel 

 

 
 

Assume the plate as shown in Figure 2.2 is freely vibrating with a one-dimensional 

harmonic velocity: 

 ( )
0

Bj t k xV e ωη −=& . (2.15) 

 

If the losses are ignored, the radiated pressure field and normal particle velocity induced 

by the vibrating plate can be described as: 

 
 ( )

0
x zj t k x k zp P e ω − −= , (2.16) 

 ( )
0

x zj t k x k z
zu U e ω − −= , (2.17) 

 
where kx is called the trace wavenumber, which is the longitudinal component of the 

wavenumber. Note that the sound source is the vibration of the panel, so kx = kB. The radiated 

sound wavenumber is ck /ω= , therefore, the normal component of the radiated sound wave 

number ( zk ) and the radiation angle (θ ) can be computed from: 
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x

z

h xk

zk
k η&θ

 

 
 

 

Figure 2.2 Vibrating Infinite Flat Panel in Fluid 

 

 

 2 2
z Bk k k= ± − , (2.18) 

 

 1sin Bk
k

θ −  =  
 

, (2.19) 

 
From the boundary condition η&==0|zzu , 0U  can be solved as 

 

00 VU = .      (2.20) 

 
So, the normal particle velocity (see Eq. (2.17)) can be rewritten as: 

 
 ( )

0
x zj t k x k z

zu V e ω − −= . (2.21) 

 
Substituting Eqs. (2.16) and (2.21) into the momentum equation [46] 

 

t
u

z
p z

∂
∂

−=
∂
∂

ρ .      (2.22) 

 
The amplitude of pressure can be solved as:  
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 0 0
z

P V
k
ρω

= . (2.23) 

 
Generally, radiated impedance of a vibrating surface is used as a measure of the reaction 

of the acoustic medium against the surface motion. It is defined as: 

 

 
0

r
z z

p
Z

u
=

 
=  

 
. (2.24) 

 
Using Eqs. (2.16), (2.21), and (2.23), the radiated impedance can be computed from 
 

 0

0 cosr
z

P c
Z

V k
ρω ρ

θ
= = = , (2.25) 

 
where ρ c is called the characteristic impedance of the fluid medium. The radiation pressure from 

a vibrating infinite flat panel is expressed in terms of radiation impedance as: 

 
 r zp Z u= . (2.26) 

 
Another quantity known as the radiation efficiency is also typically used to describe the 

acoustic radiation. Physically, the radiation efficiency is the ratio of the sound power radiated by 

the particular sound source of surface area S, to the power which would be carried in one 

direction by a plane wave of area S [20]. 

 

Discussion: 

(1) When kk B > : 

       In this case, 2 2
z Bk k k= − −  is purely an imaginary [46]. The normal radiation pressure 

0
zjk z

zp P e−=  will rapidly die out as z increases. This wave is called an evanescent wave. 

(2) When kk B = : 

        In this case, 0=zk , zλ → ∞ , and / 2θ π= . The wavelength of radiation is theoretically 

infinite, and the radiation is parallel to the panel. 

(3) When 0→Bk : 
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   In this case, ∞→Bλ , and 0θ = . The panel vibrates like a rigid panel, and the radiation 

is normal to the plate surface. 

(4) When Bk k< :   

         The radiation angle is (0, /2)θ π∈ . This is the most general case.  

 

 

2.3 Sound Transmission through an Infinite Flat Panel 

 

 
 

Incident sound waves on a plate force it to vibrate and radiate sound from both sides as 

shown in Figure 2.3, where ip , rp , and tp  are the incident wave, reflected wave and 

transmitted wave, respectively. θ1 and θ2 are the incident angle and transmitted angle, 

respectively. 1c , 1ρ   and 2c , 2ρ  are the speed of sound and density of fluid medium. The 

subscript 1 and 2 stand for two fluid mediums. 

 
 

x

z

h

 
 

Figure 2.3 Infinite Flat Panel in Fluid Medium 

 
 



 

15 

Assume the incident sound wave is plane wave, and ignore losses. The pressure field can 

be described as [46]: 

 
 1 1( )x zj t k x k z

i ip Pe ω − −= , (2.27) 
 

 1 1( )x zj t k x k z
r rp P e ω − += , (2.28) 

 
 2 2( )x zj t k x k z

t tp Pe ω − −= , (2.29) 

 
where zx kk 11 ,  are the trace wavenumbers and normal components of wavenumbers in medium 1, 

respectively, and zx kk 22 ,  are the trace wavenumbers and normal components of wavenumbers in 

medium 2, respectively, and xxx kkk == 12 .  The resultant pressure in medium 1 and medium 2 

respectively is p1 and p2. 

 
 1 i rp p p= + , (2.30) 

 
 2 tp p= . (2.31) 

  
Substituting Eq.(2.30) and (2.31) into Eq. (2.22), the normal particle velocity at z = 0 can 

be solved as: 

 

 ( )1
0

1

| ( ) xj t k xz
z z i r

k
u P P e ω

ωρ
−+

= = − , (2.32) 

 

 ( )2
0

2

| xj t k xz
z z t

k
u Pe ω

ωρ
−−

= = , (2.33) 

 
where zu+

 is the normal particle velocity on the side (z > 0), and zu−  is the normal particle 

velocity on the side (z < 0). Assume the vibration velocity of the plate is 

 
 ( )

0
xj t k xV e ωη −=& , (2.34) 

 
where V0 is the velocity amplitude of the plate, and will be determined by the boundary 

conditions 
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 0|z zuη +

==& , (2.35) 

and 
 0|z zuη −

==& . (2.36) 

 
Substituting Eqs. (2.32) and (2.34) into Eq. (2.35), one obtains 

 

 0
1

i rP P
V

Z
−

= , (2.37) 

where Z1 is the radiation impedance in medium 1, and is computed from 
 

 1 1 1
1

1 1cosz

c
Z

k
ρ ω ρ

θ
= = . (2.38) 

Substituting Eqs. (2.33) and (2.34) into Eq.(2.36), obtains 

 

 0
2

tP
V

Z
= , (2.39) 

where Z2 is the radiation impedance in medium 2, and is computed from 
 

 2 2 2
2

2 2cosz

c
Z

k
ρ ω ρ

θ
= = . (2.40) 

From Eqs. (2.37) and (2.39), the amplitude of the reflected and transmitted pressure can 

be respectively solved as 

 
 0 1r iP P V Z= + , (2.41) 

 0 2tP V Z= . (2.42) 

 
Using Eq. (2.12), the equation of motion of the plate is: 

 
 [ ]*

0( )B t i r zZ p p pη == − +& . (2.43) 

 
where η&  is the vibration velocity of the plate, and given by Eq.(2.34). Substituting Eqs. (2.27), 

(2.28), (2.29) and (2.34) into Eq. (2.43), yields 
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 *

0 ( )B t i rZ V P P P= − + . (2.44) 

 
Substituting Eqs. (2.41) and (2.42) into Eq.(2.44), 0V  can be solved as: 

 

 0 *
1 2

2 i

B

P
V

Z Z Z
=

+ +
. (2.45) 

 
Substituting Eq. (2.45) into Eqs. (2.41) and (2.42), the amplitude of reflected and transmitted 

pressures are solved as 

 
*

1 2
*

1 2

B
r i

B

Z Z Z
P P

Z Z Z
− +

=
+ +

, (2.46) 

 

 2
*

1 2

2
t i

B

Z
P P

Z Z Z
=

+ +
. (2.47) 

 
Substituting Eqs. (2.46) and (2.47) into Eq. (2.44), yields 

 

 *
1 2 0

1
( )

2 B iZ Z Z V P− + + = . (2.48) 

 
Setting 

 *
1 2

1
( )

2 BZ Z Z Z= − + + , (2.49) 

 
where Z  is the coupled impedance of the structural and acoustic systems. Eq. (2.48) can be 

simplified as 

iPZV =0 ,      (2.50) 
or 

0 0z i zZ pη = ==& .                                                      (2.51) 
 

Note that Eq. (2.51) describes the motion of an infinite flat panel in fluid medium and 

under the action of oblique incident pressure pi, reflected pressure pr, and transmitted pressure pt. 

This equation has the same form as Eq. (2.12) which describes the motion of a forced in-vacuo 

panel. Therefore, they should share some properties, such as the mass-, stiffness-, and damping-
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controlled zones, and the coincidence phenomenon. Substituting Eqs. (2.11), (2.38), and (2.40) 

into Eq. (2.49), the result is 

 

 
4 4

1 1 2 2

1 2

1
1

2 cos cos
x x

s s
B B

k k c c
Z jm m

k k
ρ ρ

ω δ ω
θ θ

      
= − − − + +     

       
. (2.52) 

 
When the fluid medium is the same on both sides of the panel, the impedance can be simplified 

to: 

 

 
4 4

1 2
1

2 cos
x x

s s
B B

k k c
Z jm m

k k
ρ

ω δ ω
θ

      
= − − − +     

       
. (2.53) 

 
Based on Eq. (2.47), the pressure transmission coefficient (T ) is defined as the ratio of 

the magnitude of the transmitted pressure to the magnitude of the incident pressure ( 10 ≤≤ T ): 

 

 2t

i

P Z
T

P Z
= = . (2.54) 

 
The sound power transmission coefficient is defined as the ratio of transmitted power to the 

incident power, and can be computed from [46]: 

 

 2 1

2

Z
T

Z
τ = . (2.55) 

 
If the fluid medium is the same on both sides of the panel, the sound power transmission 

coefficient is simplified to 

 
2

2 2Z
T

Z
τ = = . (2.56) 

 
Substituting Eqs. (2.40) and (2.53) into Eq. (2.56), the sound power transmission coefficient can 

be expressed as: 
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2

4 4 2

| 2 sec |
| [1 ( / ) ] [ ( / ) 2 sec ] |s x B s x B

c
jm k k m k k c

ρ θ
τ

ω ωδ ρ θ
=

− − +
. (2.57) 

 
The transmission loss is defined as: 

 

1010log ( )TL τ= −   (dB).     (2.58) 

 
“Critical frequency” plays an important role in characterizing sound transmission through a flat 

panel, which is defined as the smallest coincidence frequency. The critical frequency is also 

defined as the frequency at which the speed of plate-bending wave equals the speed of sound in 

the fluid medium. It can be found by: 

 

 2 s
c

m
c

B
ω = ,                                                             (2.59) 

 
where c is the speed of sound, ms is the surface density of the flat panel, and B is the bending 

modulus and is computed from 3 2/12(1 )B Eh µ= − .   

 
 
 
Discussion: 

(1) When ω < cω : 

The relationship between wavenumbers can be described as: 

 
1 1
2 2sin
sinx

B B c co

k k
k k

θ ω ω
θ

ω ω
   

= = =   
   

.   (2.60) 

 

   Therefore, Bx kk < . In this circumstance, the stiffness and damping terms are much less 

than the mass term. In the extreme case, i.e. 0→xk , the wavelength grows to infinity, 

i.e. ∞→xλ , and the vibration of panel is much like a rigid plate. The dominant property 

is the mass. 

For easy analysis, τ  is re-written as: 
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2 2

4 2 4 2

(2 / ) sec
[1 ( / ) ] [ ( / ) (2 / )sec ]

s

x B x B s

c m
k k k k c m

ρ ω θ
τ

δ ρ ω θ
=

− + +
. (2.61) 

 
Because Bx kk < , the terms 4( / )x Bk k  and 4( / ) 1x Bk kδ << . Note δ ≤1, such that τ  may 

be approximated as follows: 

 

 
2

1
1 ( cos /2 )sm c

τ
ω θ ρ

=
+

. (2.62) 

 
The transmission loss is therefore approximately 

 

 
2

cos
10log10 1

2
sm

TL
c

ω θ
ρ

  
≈ +  

   
. (2.63) 

 
For “high frequencies” (i.e. cos / 2 1sm cω θ ρ >> ) the corresponding sound transmission 

loss is approximated by: 

 

 
cos

20log10
2

sm
TL

c
ω θ

ρ
 

≈  
 

,        ( )cω ω= . (2.64) 

 
This represents the mass law behavior of sound barriers for oblique incidence sound 

wave. 

(2) When cωω = , i.e. Bx kk = , and 2/πθ = , coincidence occurs.  

 In this case, a maximum occurs for the transmission coefficient, and an undesirable dip 

occurs in the transmission loss curve. Eq. (2.57) can be simplified as: 

 

 
2

1
1 ( cos / 2 )sm c

τ
δ ω θ ρ

=
+

. (2.65) 

 
 If 2 / coss cc mδ ρ ω θ> , sound transmission loss in the vicinity of coincidence is 

controlled by mechanical damping. 
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(3)    When ω >ωc, i.e. Bx kk > : 

Ignoring damping effects (i.e. δ = 0), Eq. (2.57) may be approximated as: 

 

4 2

1
1 ( cos / 2 )xBk c

τ
θ ρ ω

≈
+

,        ( )cω ω? .    (2.66) 

 
   In this case, the transmission loss curve rebounds from the minima in the coincidence 

frequency, the mass- law and mechanical damping control zones are exceeded, and the 

panel motion becomes stiffness-controlled. 
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3.0 SOUND TRANSMISSION INTO A FINITE CYLINDRICAL STRUCTURE 

 
 
 
The physics of the problems under studying are as follows: (1) the incident sound wave 

impinging upon the surface of the cylindrical structure causes vibration of the cylindrical shell, 

(2) the shell vibration induces sound pressure fluctuations including scattering, radiation and 

transmission pressures, (3) the transmitted pressures excite the acoustic cavity inside the 

cylinder, and (4) the noise of the interior cavity interacts with the structure to affect the 

cylindrical structural vibration and create the coupled vibration. The sound transmission through 

infinite, homogeneous, isotropic thin cylindrical shells has been investigated in some detail by 

several researchers [36-38]. The problems of sound transmission through an infinite cylindrical 

sandwich shell with honeycomb core were studied by Tang et al., [42, 43]. The simplified 

analysis of sound transmission through a finite, closed cylindrical shell was first proposed by 

White [38]. The sound radiation into the acoustic cavity enclosed by a finite plated-ended 

cylindrical shell was studied by Cheng [39]. Tso and Hansen derived a coupling loss factor for a 

cylindrical/plate structure using static energy analysis (SEA) [40]. However, their method could 

not show the effects on sound transmission of the cavity resonances.  Koval first presented a 

mathematical noise reduction model to count for the effects of cavity resonances on sound 

transmission into a thin cylindrical shell [41]. In his model, the longitudinal modes of the 

cylindrical cavity are neglected, because both infinite cylindrical shell and infinite acoustic 

cavity are considered. The newest experimental results for the noise transmission behavior into 

finite elastic cylindrical structures show that not only are the circumferential modes and the 

radial modes of the cavity important, but the longitudinal modes of the cavity also have 

significant effects on the sound transmission into the cylinders (see Section 4.4.3). Therefore, in 

this chapter a new model is proposed to analytically investigate the noise transmission for a finite 

elastic cylindrical structure.  

This chapter is a theoretical study of the sound transmission into a finite ChamberCore 

cylinder, which is based on the research of sound transmission into a uniform, thin cylindrical 

shell immersed in a fluid medium. Particular attention of this study is focused on evaluating a 
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“noise reduction spectrum” for the closed finite ChamberCore cylinder which is an extension of 

the noise reduction (NR) proposed by L. R. Koval [41]. 

This Chapter is arranged as the following. In Section 3.1 the ChamberCore sandwich-

type structure is modeled to a uniform cylindrical shell. In Section 3.2 several important 

frequencies that are generally used to characterize sound transmission into cylindrical structures 

are introduced. In Section 3.3 the exterior sound field for an infinite cylindrical structure is 

derived using sound propagation and radiation principles. In Section 3.4 the internal sound field 

are solved using structural and acoustic modal interaction method. In Section 3.5 the noise 

reduction spectrum (NRS) is defined and a mathematical model for the calculation of NRS is 

derived. In Section 3.6 the ChamberCore cylindrical fairing is analytically investigated using the 

mathematical model. Some conclusions are given in Section 3.7. 

 
 

3.1 Beam-Box Model of the ChamberCore Composite Cylindrical Structure  

 
 
 

The ChamberCore composite cylindrical structure is a sandwich-type structure. In order 

to simplify analysis of sound transmission into the cylinder, the sandwich cylindrical shell is 

modeled as an isotropic uniform cylindrical shell. The uniform shell can be obtained based on 

the thin-wall box-beam model, which was used by George et al. [33] for optimizing the wall 

thickness of the ChamberCore composite cylindrical structure. The  effective thickness and 

effective density of the uniform shell are used instead of the practical ones. The geometric 

dimensions including effective thickness, heff, are defined in Figure 3.1. 

It is assumed that the outer and inner skins have the same thickness, t1, the two sidewalls 

of each chamber have the same thickness, t2. If the thickness of the two skins is much less than 

the distance between their surface, t1<<d, the bending stiffness of the box-beam can be 

approximated as [74]: 

 
2 2

1 22
2 6yy

d d
EI Ab A d ≈ + 

 
,        (3.1) 
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where b=( w1+w2)/2 is the average widths of the wedge-box-beam, and w1 and w2 are the width 

of the top and bottom sides of the wedge-box-beam (see Figure 3.1-B), respectively. E is 

Young’s modulus, Iyy is the moment of inertia around y-axis. The two coefficients A1 and A2 are 

calculated by following equations: 

 

 1
1 21

Et
A

µ
=

−
, (3.2) 

 2
2 21

Et
A

µ
=

−
, (3.3) 

where µ is Poisson’s ratio. 

 
 
 

 

Figure 3.1 Box-Beam Geometry 

 
 
where figure (A) is the geometry of the ChamberCore structure, figure (B) is one chamber of the 
cylinder, figure (C) is the box-beam simplification, and figure (D) is the plain beam 
approximation. 
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The effective thickness, heff, is calculated when the bending stiffness of the uniform beam 

( 3
, /12yyuniform effEI Ebh= ) is the same as that of the box-beam given by Eq. (3.1).  

 1 23
2

1 6 2
1eff

t t
h d

d bµ
 ≈ + −  

. (3.4) 

The effective density, ρeff, can be obtained by equivalent mass per unit length of the uniform 

beam and the box-beam: 

 

1 2 1 2 1 2 2 12( 2 ) ( 4 )( 2 ) / 2shell fill
eff

eff

t b t d t t w w t d t

bh

ρ ρ
ρ

+ − + + − −
= ,           (3.5) 

 
where ρshell and  ρfill are respectively the density of the cylindrical shell and any fill media in the 

chambers. Fills can be added to the wall chambers for passive control studies. The material 

properties and geometric parameters are shown in Table 3.1. The effective thickness and 

effective density are also shown in the last column of Table 3.1. 

 

Table 3.1 Physical and Geormitric Parameters of the ChamberCore Cylindrical Fairing 

 
 

Material  
parameter  

Geometric 
parameter 

(mm) 

Effective 
parameter 

Eaverage   = 60 Gpa 
µaverage  =  0.3 
ρshell        = 1494 kg/m3 
ρair           = 1.21 kg/m3 
 c         = 346 m/s 

R1   = 255 
R2   = 275 
L   = 775 
b    = 69.3 
d    = 25.8 
t1    = 1.7 
t2    = 1.3 

heff    = 20.1 mm 
ρeff  

= 315 kg/m3 

 
 
 
 

3.2  Ring Frequency, Critical Frequency and Cutoff Frequency 

 
 

Before studying noise transmission into the cylindrical shell, let’s quickly introduce 

several important frequencies, i.e. ring frequency, cutoff frequency, and critical frequency first, 
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which are always of interest to describe the sound transmission behavior of a cylindrical shell 

[44]. 

Ring frequency is used to characterize the sound radiation behavior from the cylindrical 

structures. The physical significance of the ring frequency, fR, is that it is the lowest frequency at 

which a structural breathing mode resonance can occur [14]. It is calculated by 

 

 
2

p
R

c
f

aπ
=  (Hz), (3.6) 

 
where 2/ (1 )p pc E ρ µ= −  is the speed of sound in a flat panel of the same thickness and material 

as the cylindrical shell with radius a, E is the Young’s modulus of the cylindrical shell material, 

µ is the Poisson’s ratio, and ρp is the density of the material. The ring frequency sets a threshold 

for the stiffness effects of the cylindrical curvature. Below the ring frequency, the stiffness 

effects of the cylindrical curvature are large, and the motion around the circumference is 

constrained by the extensional stiffness about the circumference. Above the ring frequency the 

stiffness effects of the curvature are small, and the flexural motion of the cylindrical shell is 

much like that of a flat panel. 

Cutoff frequency is use to characterize sound propagation through the cavity inside the 

cylindrical shell. It is defined as the acoustic cavity resonance frequency below which a 

particular cavity mode cannot propagate freely and carry energy along axis direction [14]. 

Although this effect is not important for a short cylinder, the lowest cutoff frequency,  fCut, can be 

used to characterize the coupled vibration of the cylindrical shell and the interior acoustic cavity. 

The lowest cutoff frequency is given by [14] 

 

 1.84
2Cut

c
f

aπ
=   (Hz), (3.7) 

 
where c is the speed of sound propagating in the cavity medium, and a is the radius of the 

cylindrical cavity.  

Another important frequency for characterizing the coupled vibration of the structure and 

acoustics is the critical frequency, which is the lowest coincidence frequency. The strongest 

modal radiation occurs at or above the critical frequency [14]. For a cylindrical shell, there are an 
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internal coincidence and an external coincidence. The external coincidence happens when the 

external acoustic wavenumber equals the bending wavenumber of the cylindrical shell. The 

internal coincidence occurs when the internal acoustic and structural axial wave numbers are 

equal for a given circumferential mode. The internal critical frequency is equal to the cutoff 

frequency, and the external critical frequency corresponds to the critical frequency for a flat 

panel with the same material and thickness. They are calculated with the following respective 

formulas: 

 Cr_int Cutf f= , (3.8) 

 
2

_ 2Cr ext
c m

f
Bπ

= ,  (3.9) 

 
where m h ρ=  is the surface area density of the shell, and 3 2/12(1 )B Eh µ= −  is the bending 

stiffness of the plate of the same material and thickness. At the coincidence frequencies spatial 

resonances occur, and the radiation or transmission of noise through the cylindrical shell is more 

efficient.  

The material properties of the AGS fairing are as follows: the average isotropic Young’s 

modulus, which was obtained from a parametric FEA study in reference [34, 35] is E = 60 GPa, 

and the Poisson’s ratio was selected as µ = 0.3, and the density of the skin material was 

measured as ρ  = 1500 kg/m3. The speed of sound in air at 75° F is c = 346 m/s. The geometric 

dimensions of the AGS tapered cylindrical shell are as follows: the radius of the small end, R1 = 

190 mm, the radius of the big end, R2 = 305 mm, the height of the cylinder, H = 560 mm, and 

the effective skin thickness of the shell, h = 10 mm, which was obtained from parametric FEA 

[34, 35].  The material physical parameters and geometric dimensions of the ChamberCore 

cylindrical fairing are given in Table 3.1.  

The ring frequency, cutoff frequency and internal and external critical frequencies of both 

the AGS and the ChamberCore fairings are calculated in the end of this section, which will be 

used in characterizing noise transmission into the two fairings later. 
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Table 3.2 Ring, Cutoff, Critical Frequencies for the AGS and ChamberCore Fairings 

 

 AGS  

fairing 

ChamberCore 

fairing 

Ring frequency (Hz), a=R1 5300 8689 

Cut off frequency (Hz) 989 397 

Internal critical frequency (Hz) 989 397 

External critical frequency (Hz) 336 227 

 

 
 
 

3.3 Exterior Pressure of an Infinite Elastic Cylindrical Shell 

 
 
The theoretical model of noise reduction spectrum consists of a plane sound wave 

obliquely impinging upon the flexible cylindrical shell, the scattering wave of the cylindrical 

shell, and the cylindrical cavity acoustics. The sum of incident and scattered pressure forms the 

exterior pressure field of the cylindrical shell, and can be written as 

 
 ext i sep p p= + , (3.10) 

 
where pext is the exterior pressure, pi the incident pressure, pse the scattered pressure by the elastic 

shell, which is calculated from 

   se s rep p p∞= + , (3.11) 

where ps∞ is the scattered pressure by a rigid-cylinder with infinite acoustic impedance, and pre is 

the radiated pressure by an elastic cylindrical shell. 

The calculation of exterior pressure over the outside shell is a near- field problem, which 

is difficult to analytically solve for a finite elastic cylindrical shell [47]. In this study, the near-

field pressure of an infinite elastic cylindrical shell is used to approximate pse for the finite one. 

The internal pressure is derived using modal- interaction model [45, 75, 76], and the solved 

approximated external pressure is used as its input. In order to simplify analysis it is assumed 

that all time dependant variables are time harmonic. 
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3.3.1 Oblique Incident Plane Sound Wave 

 
 
 
The specific problem studied is shown in Figure 3.2. Consider an oblique plane wave 

impinging upon an infinite thin cylindrical shell approaching from the radial plane (φ =π). The 

density of the fluid and the speeds of sound are ρ1, c1 and ρ2, c2, in the external and internal 

media, respectively. In the analysis of exterior pressure field, all waves will be assumed to have 

the same dependence on the axial co-ordinate z. 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 3.2 Geometry and Incident Wave of a Cylindrical Shell 

 
 
 

The incident sound wave can be represented as 

 
 1 1( )( , , ) x zj t k x k z

i ip x z t Pe ω − −= , (3.12) 

where Pi is the amplitude of incident sound pressure, k1x and k1z are the x-component and z-

component of the wavenumber, respectively, and computed from 

 

x x 

y 

ip  ip  θ  

 iλ  r 

φ  
Z 
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 1 1 1 1cos ,           sinx zk k k kθ θ= = ,                                (3.13) 
 
wher k1=ω /c1 is the wavenumber in the external fluid medium, θ is the incident angle. 

Substituting x = rcosφ  into Eq. (3.12),  pi can be re-written as 

 
 1 1( ) cos( , , ) z rj t k z jk r

i ip x z t Pe eω φ− −= , (3.14) 

where k1r = k1x is the radial component of the wavenumber. Expanding the term 1 cosrjk re φ−  in Eq. 

(3.14) with Bessel function [41, 47, 92] gives 

 1( )
1

0

( , , ) ( ) ( )coszj t k z m
i i m m r

m

p x z t Pe j J k r mω ε φ
∞

−

=

= −∑ , (3.15) 

where mε is the Neumann factor given by 

1 ( 0)
2 ( 1)m

m
m

ε
=

=  ≥
,                                                           (3.16) 

 
and Jm is the Bessel function of the first kind of integer order mth. 

 
 
 
 
3.3.2 Radiation of a Vibrating Cylindrical Shell 

 
 
 

Inspecting Eqs. (3.10) and (3.11), the external pressure consists of not only the incident 

pressure but also the scattered pressure of the rigid-cylinder and the radiated pressure by the 

elastic cylindrical shell. The latter two kinds of pressure are determined from the solution of 

sound radiation. Assuming that the shell is vibrating with a surface-harmonic acceleration 

distribution ( , , , )w r a z tφ=&& , it can be expanded into a Fourier series as 

 

 1

0

( , , , ) ()cos( )zjk z
m

m

w r a z t e W t mφ φ
∞

−

=

= = ∑ &&&& , (3.17) 

where a is the radius of the midsurface, k1z is the z-components of the wavenumber given by Eq. 

(3.13). Only is the configuration in even φ considered in Eq. (3.17). If the φ axis cannot be 
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oriented to make this configuration, a sine series is required. Because the corresponding 

development parallels the procedure presented here for even configuration, the odd configuration 

is not specifically included. 

In order to solve the radiation pressure from the vibrating shell, let’s consider a 

differential volume element of length dx, cross-section area S, and mass ρ1Sdx located in a 

compressible fluid medium of density ρ1. The forces acting on the two faces perpendicular to the 

x axis are shown in Figure 3.3. They are considered positive in the positive x direction. 

 
 

 
Figure 3.3 Forces Acting on a Fluid Volume Element 

 

 
Through balancing the forces in Figure 3.3 and rearranging the equation, the following 

equation can be obtained 

 
2

1 2

p w
x t

ρ
∂ ∂

= −
∂ ∂

. (3.18) 

 
This equation is referred as Euler’s equation. The boundary condition which is held by the fluid 

is 

 

Sp 

S(p+
p
x

∂
∂

dx)  

 

ρ1Sdx w&&  

x 

x+dx 

x 
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 1
( , , , )

( , , , )
p r z t

w r a z t
r ar

φ
ρ φ

∂
= − =

=∂
&& , (3.19) 

 
where ( , , , )w r a z tφ=&& is the fluid particle acceleration in the boundary which is equated with the 

acceleration of the vibrating shell. In order to satisfy the boundary condition, the radiation 

pressure field is therefore expressible as the series [41, 47] 

 

 1 (2)
1

0

( , , , ) ( ) ( )cos( )zjk z
r m m r

m

p r z t e P t H k r mφ φ
∞

−

=

= ∑ , (3.20) 

where (2)
mH  is the Hankel function of the second kind of integer order mth. Pm(t) will be 

determined by Euler’s equation and the boundary condition. 

Substituting Eq. (3.20) into (3.19), and using Eq. (3.17), the coefficients Pm(t) can be 

solved as 

 

 1

(2)
1 1

( )
( )

( )
m

m

r m r

W t
P t

k H k a

ρ
= −

′

&&
, (3.21) 

where is (2)
mH ′ the derivative of the second kind Hankel function. The radiation pressure field is 

thus found to be 
 

 1 (2)1
1(2)

01 1

( )
( , , , ) ( )cos( )

( )
zj k z m

r m r
mr m r

W t
p r z t e H k r m

k H k a

ρ
φ φ

∞
−

=

= −
′∑
&&

. (3.22) 

Because Wm(t) is time harmonic, the surface pressure obtained from Eq. (3.22) can be written in 

terms of modal specific acoustic impedances zm as 

 

 1

0

( , , , ) ( ) cos( )zjk z
r m m

m

p r a z t e W t z mφ φ
∞

−

=

= = ∑ & , (3.23) 

where 
 

 ( ) ( )m mW t j W tω=&& & , (3.24) 
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(2)

1 1

(2)
1 1

( )

( )
m r

m

r m r

j H k a
z

k H k a

ρ ω
= −

′
. (3.25) 

 
 
 
3.3.3 Scattering from an Infinite Rigid Cylindrical Shell 

 
 
 

The incident sound wave is the same as that in Section 3.3. Because the boundary is rigid, 

the resultant particle acceleration in the boundary must have a zero component along the normal 

direction to boundary: 

 
 ( , , , ) ( , , , ) 0s iw r a z t w r a z tφ φ∞ = + = =&& && , (3.26) 

 
where sw ∞&& is the normal rigid surface acceleration, and iw&& is the normal incident fluid particle 

acceleration. This acceleration is given by Euler’s equation (3.18) or boundary condition Eq. 

(3.19) 

 

 
1

( , , , )1
( , , , ) i

i
r a

p r z t
w r a z t

r
φ

φ
ρ =

∂
= = −

∂
&& . (3.27) 

Combining Eqs. (3.15), (3.26) and (3.27), the rigid surface acceleration can be obtained as 

 

 1 1
1

01

( , , , ) ( ) ( ) ( )coszjk z mr
s i m m r

m

k
w r a z t P t e j J k a mφ ε φ

ρ

∞
−

∞
=

′= = −∑&& , (3.28) 

where mε is the Neumann factor given by Eq. (3.16), and mJ ′  is the derivative of first kind Bessel 

function. Therefore, the coefficients in Eq. (3.17) can be expressed as  

 

 1
1

1

( ) ( ) ( ) ( )mr
m i m m r

k
W t P t j J k aε

ρ
′= −&& . (3.29) 

Substituting Eq. (3.29) into Eq. (3.22), the scattered pressure from an infinite rigid 

cylindrical shell is obtained 
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 1 (2)
1

0

( , , , ) ( ) ( ) ( )cos( )zjk z m
s i m m m r

m

p r z t P t e j A H k r mφ ε φ
∞

−
∞

=

= −∑ , (3.30) 

 
where 

 1

(2)
1

( )

( )
m r

m

m r

J k a
A

H k a

′
= −

′
. (3.31) 

Am can be represented as a complex number like: 

 
 R I

m m mA A jA= + , (3.32) 
 
where AR and AI are the real part and imaginary part, respectively, and computed from 

 
2

1

2 2
1 1

( )

( ) ( )
R m r
m

m r m r

J k a
A

J k a Y k a

′
= −

′ ′+
, (3.33) 

 1 1

2 2
1 1

( ) ( )

( ) ( )
I m r m r
m

m r m r

J k a Y k a
A

J k a Y k a

′ ′
= −

′ ′+
, (3.34) 

where Jm is the Bessel function of the first kind of integer order mth, and Ym is the Bessel function 

of the second kind of integer order mth. 

The resultant pressure on the cylindrical surface from the sum of the incident wave and 

the scattered wave of the rigid cylinder is required by analyzing the scattering action of elastic 

cylindrical shells, which is calculated from 

 

 1

(2)
1 1

1 (2)
0 1

( ) ( )
( , , , ) ( ) ( ) ( ) cos( )

( )
zjk z m m r m r

i m m r
m m r

J k a H k a
p r a z t P t e j J k a m

H k a
φ ε φ

∞
−

=

 ′
= = − − 

′  
∑ . (3.35) 

 
Considering the following relationship 
 

 (2) (2) 2
( ) ( ) ( ) ( )m m m mJ x H x J x H x j

xπ
′ ′− = − , (3.36) 

Eq. (3.35) is simplified as 
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 1 1

(2)
01 1

2 ( ) 1
( , , , ) ( ) cos( )

( )
zjk z mi

m
mr m r

P t
p r a z t e j m

ak H k a
φ ε φ

π

∞
− +

=

= = −
′∑ . (3.37) 

 
 
3.3.4 Scattering from an Infinite Elastic Cylindrical Shell 

 
 
 

The incident sound wave is the same as that in Section 3.3. The normal response of the 

elastic cylindrical shell under (p = pi + ps∞) can be expressed in terms of modal mechanical and 

acoustic impedance as [47] 

 1

0

( )
( , , , ) cos( )zjk z m

m m m

P t
w r a z t e m

z Z
φ φ

∞
−

=

= =
+∑& , (3.38) 

where zm is the modal specific acoustic impedance, and can be obtained from Eq. (3.25),  Zm is 

the modal mechanical impedance, and can be determined from Donnell’s equations under the 

absence of the pressure inside of the cylinder, which leads to the expression for the modal 

mechanical impedance in the form [47] 

 

 
2 (1) 2 2 (2) 2

2 2

( ) ( )

( )
m mp s

m

c h
Z j

a m

ρ    Ω − Ω Ω − Ω   =
Ω Ω −

, (3.39) 

where ρs is the volume density of the shell material, 2/ (1 )p pc E ρ µ= −  is the speed of sound 

propagating in the shell, a is the radius of midsurface, h is the thickness of the shell. Ω is a 

dimensionless frequency parameter, (1)
mΩ , and (2)

mΩ  are the resonance frequencies of a planar 

vibrating thin cylindrical shell, and they are defined as 

 

 
p

a
c
ω

Ω = , (3.40) 

 

 ( )2(1) 2 4 2 4 61
1 1 4

2m m m m m mβ β β
 

Ω = + + − + + −  
, (3.41) 
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 ( )2(2) 2 4 2 4 61
1 1 4

2m m m m m mβ β β
 

Ω = + + + + + −  
, (3.42) 

where 

 
2

212
h
a

β = . (3.43) 

 
Pm(t) can be obtained from Eq. (3.37) as 

 

 1

(2)
1 1

2 ( )
( ) ( )

( )
mi

m m

r m r

P t
P t j

ak H k a
ε

π
+= −

′
. (3.44) 

 
Using Eq. (3.38), the coefficients of the surface-harmonic acceleration distribution is 

 

 
( )

( ) ( ) m
m m

m m

j P t
W t j W t

z Z
ω

ω= =
+

&& & . (3.45) 

Substitute Eqs. (3.45) into Eq. (3.22), using Eq. (3.44), the radiation pressure from the infinite 

elastic cylindrical shell is  

 

 1 (2)
1

0

( , , , ) ( ) ( ) ( )cos( )zjk z m
re i m m m r

m

p r z t P t e j B H k r mφ ε φ
∞

−

=

= −∑ , (3.46) 

where 

 1
2

2 (2)
1 1

2

( ) ( )
m

r m m m r

B
ak z Z H k a

ρ ω

π
= −

 ′+
 

. (3.47) 

 (zm+ Zm) can be represented by a complex number as: 

 
 R I

m m m mz Z Z jZ+ = + , (3.48) 

where Z R and Z I are computed by 
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1 1 1 1 1

2 2
1 1 1

( ) ( ) ( ) ( )

( ) ( )

m r m r m r m r
R
m

r m r m r

J k a Y k a J k a Y k a
Z

k J k a Y k a

ρ ω  ′ ′−
 =

 ′ ′+
 

, (3.49) 

 

( ) ( )
( )

2 22 (1) 2 (2)
1 1 1 1 1

2 2 2 2
1 1 1

( ) ( ) ( ) ( )

( ) ( )

m m m r m r m r m rp sI
m

r m r m r

J k a J k a Y k a Y k ac h
Z

a m k J k a Y k a

ρ ωρ
     ′ ′Ω − Ω Ω − Ω +        = −

 Ω Ω − ′ ′+
 

,  (3.50) 

 
where Jm is the Bessel function of the first kind of integer order mth, and Ym is the Bessel function 

of the second kind of integer order mth. Bm can also be represented as a complex number like: 

 
 R I

m m mB B jB= + , (3.51) 
 
where B R and B I are the real part and imaginary part, respectively, and computed from 
 

 

{ }
{ } { }

2 21
1 1 1 12

1
2 2

2 2 2 2
1 1 1 1 1 1 1 1

2 ( ) ( ) 2 ( ) ( )

( ) ( ) 2 ( ) ( ) ( ) ( ) 2 ( ) ( )

R I
m m r m r m m r m r

R r
m

R I I R
m m r m r m m r m r m m r m r m m r m r

Z J k a Y k a Z J k a Y k a
ak

B
Z J k a Y k a Z J k a Y k a Z J k a Y k a Z J k a Y k a

ρω
π

 ′ ′ ′ ′− − +
 

=
   ′ ′ ′ ′ ′ ′ ′ ′− + + − −   

, (3.52) 
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2 21
1 1 1 12

1
2 2

2 2 2 2
1 1 1 1 1 1 1 1

2
( ) ( ) 2 ( ) ( )

( ) ( ) 2 ( ) ( ) ( ) ( ) 2 ( ) ( )

I R
m m r m r m m r m r

I r
m

R I I R
m m r m r m m r m r m m r m r m m r m r

Z J k a Y k a Z J k a Y k a
ak

B
Z J k a Y k a Z J k a Y k a Z J k a Y k a Z J k a Y k a

ρω
π

 ′ ′ ′ ′− − 
=

   ′ ′ ′ ′ ′ ′ ′ ′− + + − −
   

. (3.53) 

 
The external pressure of the infinite elastic cylindrical shell is computed from 

 
 ( , , ) ( , , ) ( , , ) ( , , )ext i s rep r t p r t p r t p r tφ φ φ φ∞= + + . (3.54) 

 
Substituting Eqs. (3.15), (3.30) and (3.46) into Eq. (3.54), yields 

 

 1 (2)
1 1

0

( , , , ) ( ) ( ) ( ) ( ) cos( )zjk z m
ext i m m r m m r

m

p r z t P t e j J k r C H k r mφ ε φ
∞

−

=

 = − + ∑ , (3.55) 

where  
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 m m mC A B= + . (3.56) 

 
Am is given by Eq. (3.31), and Bm is given by Eq. (3.47). Cm can be represented as a sum of a real 

part R
mC  and imaginary part I

mC  like 
 

 R I
m m mC C jC= + , (3.57) 

where  
 R R R

m m mC A B= + , (3.58) 

 I I I
m m mC A B= + , (3.59) 

and A R, A I, B R, and B I are computed from Eqs. (3.33), (3.34), (3.52), and (3.53), respectively. 

Because the incident pressure is time harmonic, i.e. ( ) j t
i iP t Pe ω= , the external pressure 

field for the infinite flexible cylindrical shell is 

 

 1 (2)
1 1

0

( , , , ) ( ) ( ) ( ) cos( )zj t jk z m
ext i m m r m m r

m

p r a z t Pe j J k a C H k a mωφ ε φ
∞

−

=

 = = − + ∑ , (3.60) 

 
where Pi is the magnitude of incident pressure, Jm is the Bessel function of the first kind of 

integer order mth, coefficient Cm is given by Eq. (3.56), and (2)
mH  is the Hankel function of the 

second kind of integer order mth. 

 
 

3.4 Interior Pressure of a Finite Elastic Cylindrical Shell 

 
 
 

It is assumed that the end caps of the finite cylindrical structure are rigid, so that only the 

radial motion of the curved surface of the cylindrical structure excites the acoustic cavity. The 

modal- interaction principle [45] is used to calculate the sound pressure inside the cavity under 

the excitation of external pressure which is approximated by the one obtained from the infinite 

cylindrical shell (see Eq. (3.60)). The structural vibration and acoustic field are expressed 
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directly in terms of their uncoupled modes (structural modes under “in-vacuo” condition, and 

acoustic cavity modes with the “rigid-wall” condition).  Only the normal motion of the 

cylindrical shell is considered to excite the cavity acoustics, and also only the even φ 

configuration is considered. Choosing either odd (sin(mφ) modes) or even (cos(mφ) modes) is 

arbitrary, since φ=0° can be changed. The odd φ configuration parallels the procedure for the 

even configuration proposed here, the odd configuration is thus not specifically studied here. For 

a simply supported cylindrical shell the harmonic radial displacement of the shell, subject to 

external pressure excitation, can be described as a linear combination of modes as 

 

 
0 1

( , , , ) ( ) ( , )oq oq
o q

w r a z t W t zφ φ
∞ ∞

= =

= = Φ∑∑ , (3.61) 

 
where o=0,1,2,3… is the number of circumferential waves in structural mode shapes, and 

q=1,2,3… is the number of  longitudinal half-waves in structural mode shapes. The structural 

normal mode shapes in-vacuo can be written as 

 

 ( , ) cos( )sin( )oq z o q z
L
π

φ φΦ = , (3.62) 

where L is the length of the finite cylindrical shell. The natural frequencies of a simply supported 

cylindrical shell without axial constraint can be calculated from [48]. 

 

 oq ps
oq

c

a

λ
ω = , (3.63) 

 
where the superscript s in s

oqω means “structure.”  

For simply supported long cylindrical shells without axial constraint, if the modes are pure radial 

modes, λoq is 

 
 1oqλ = ,         o=0 and  q=1,2,3… (3.64) 

 
If the modes are bending modes, λoq is 
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2 21

2oq

q a
L
π µ

λ
− =  

 
,    o=1 and  q=1,2,3… (3.65) 

 
 

If the modes are radial-axial modes, λoq is 
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2
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o

L

π π
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π
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    
          

 
 

,    o=2,3,4,… and  q=1,2,3… (3.66) 

 
Because the structural torsional modes and axial modes do not induce the volume change, they 

are neglected here.  

The modal equation of the structure can then be derived by taking advantages of the 

orthogonal properties of the mode shapes in the form of [45] 

 

2
,

, , 0

( )
( ) 2 ( ) ( ) ( ) ( ) oqs s s

oq oq oq oq oq oq lmn oqlmn
l m noq oq

p tS
W t W t W t P t Dξ ω ω

∞

=

+ + = +
Μ Μ∑&& & .    (3.67) 

 
In the right hand part of Eq. (3.67), the first term is the cavity fluid loading, and the second term 

is the external distribution input, where oqΜ  is modal mass of the structure, Doq,lmn is the 

dimensionless structural-acoustic coupling coefficient, poq(t) is the modal force, Plmn(t) is the 

time-dependent part of the interior pressure, o, q are the number of circumferential waves and 

longitudinal half-waves in structure mode shapes, respectively, l, m and n are the number of 

radial nodes, diametric nodes and longitudinal nodes in acoustic cavity mode shapes, 

respectively, and S=2πaL is the area of the shell surface.  oqΜ , Doq,lmn , and poq(t)  are given by 

the following equations, respectively. 

 
 2 ( , )oq s oqS

m z dSφΜ = Φ∫ , (3.68) 

 ,

1
( , ) ( , , )oqlmn oq lmnS

D z r a z dS
S

φ φ= Φ Ψ =∫ , (3.69) 
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 ( ) ( , , , ) ( , ) j t
oq ext oq i oqS

p t p r a z t z dS Pe Eωφ φ= = Φ =∫ , (3.70) 

 
where the structure modes oqΦ  is given by Eq. (3.62), the acoustic modes lmnΨ  is given by Eq. 

(3.83), and the pressure pext is given by Eq. (3.60), which is an approximation for the finite one. 

For the uniform cylindrical shell with surface density ms, coefficients Moq, Doq,lmn, and Eop are 

computed from the following equations: 

 

 
1
2oq o sv m LaπΜ = , (3.71) 

 
where vo is a constant factor defined as 
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 (3.72) 
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l m n o m q n∈ ∞ ∈ ∞ ∈ ∞ = ≠











, (3.73) 

 
where vm is given by Eq. (3.72), and 
 

1 (2)
1 1

0

( ) ( ) ( ) cos( )cos( )sin( )zjk z m
oq m m r m m rS

m

E e j J k a C H k a m o q z dS
L
π

ε φ φ
∞

−

=

 = − + ∑∫ .             (3.74) 

 
Integrating Eq. (3.74) over the cylindrical surface, obtains 
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(3.75) 

 
Eoq can be rewritten as the following expression: 

 

 ( ) ( )o R I
oq oq oqE j V jV= − + , (3.76) 

where  
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, (3.77) 

 

( )

( )

1 1 1

1 1
1 1

1 1

1 ( ) ( ) ,                                                            

cos( ) 1 cos( ) 1
( ) ( )

1

R I
o o r o o r z

I I R z z
oq o o r o o r

z z

R
o

aL C J k a C Y k a k q
L

k L q k L q
V aL C J k a C Y k a

k L q k L q

aL C J

π
π

π π
π

π π

π

  + + =    
 − + + − − = − +   + − 

+ + 1 1
1 1 1

1 1

sin( ) sin( )( ) ( ) ,   I z z
o r o o r z

z z

k L q k L qk a C Y k a k q
k L q k L q L

π π π
π π







  + −    + − ≠     + −   

, (3.78) 

 
where Jo is the Bessel function of the first kind of integer order oth, and Yo is the Bessel function 

of the second kind of integer order oth, k1z is  the z-component of the wavenumber in external 

fluid medium given by Eq. (3.13). 

The interior sound field of the cylindrical shell is governed by the inhomogeneous wave 

equation [45] 
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2

2
22 2

2

1 p s
p

c t t
ρ

∂ ∂
∆ − = −

∂ ∂
, (3.79) 

where c2 is the speed of sound in fluid medium of the cylindrical cavity, ρ 2 is the density of the 

fluid medium in the cavity, s is the distribution of source volume velocity per unit volume. The 

small piece of shell located at (r=a,φ0, z0) is a sound source of the sound field with a volume 

velocity distribution per unit volume of  [45] 

 

 0 0
( , , , )

( , , , ) 2 ( , )
w r a z t

s r a z t z z
t

φ
φ δ φ φ

∂ =
= = − − −

∂
. (3.80) 

 
Substituting Eq. (3.80) into Eq. (3.79), yields 

 

 
2 2

2
2 0 02 2 2

2

1 ( , , )
2 ( , )

p w r a t
p z z

c t t
φ

ρ δ φ φ
∂ ∂ =

∇ − = − −
∂ ∂

. (3.81) 

 
The acoustic pressure in the cavity is expressed as a linear combination of the acoustic 

cavity modes with rigid boundaries: 

 

  
, , 0

( , , , ) ( ) ( , , )lmn lmn
l m n

p r z t P t r zφ φ
∞

=

= Ψ∑ .                                   (3.82) 

 
The cylindrical acoustic cavity mode shapes and corresponding angular frequency are 
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, (3.83) 

 
 

2 2
2 ( )f

lmn lmc k n
L
π

ω = + ,                                         (3.84) 
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where l, m and n are the number of radial nodes, diametric nodes and longitudinal nodes in 

acoustic cavity mode shapes, respectively, and ω f is the acoustic natural frequency. Note that l, 

m, and n cannot be zero at the same time, because the (0,0,0) mode is not considered in this 

study. klm can be solved from 

 

 ( ) 0m lmJ k r
r a

′ =
=

. (3.85) 

 
In Eq. (3.83), the upper term is the pure longitudinal modes, and the lower term is other else 

modes. 

Using the orthogonal properties of modal shapes and considering the damping term, the 

modal equation for the acoustic system is written as [45] 
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o qlmn

c S
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ρ
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∞
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+ + = −
Λ ∑&& & && , (3.86) 

where the superscript f in Eq. (3.86) means “fluid”, and  

 

 2 ( , , )lmn lmnV
r z dVφΛ = Ψ∫ . (3.87) 

 
For a cylindrical cavity with length L and midsurface radius a, it can be computed from 
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 (3.88) 

 
where vm and vn are defined in Eq. (3.72).  

If the cavity fluid loading is neglected, Eq. (3.67) becomes 
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 2 ( )
( ) 2 ( ) ( ) ( ) oqs s s

oq oq oq oq oq oq
oq

p t
W t W t W tξ ω ω+ + =

Μ
&& & . (3.89) 

 
Because all time dependent variables are assumed to be time harmonic, we have 

 
 ( ) j t

oq oqW t e Wω= , (3.90) 

 ( ) j t
lmn lmnP t e Pω= . (3.91) 

Considering Eqs. (3.90) and (3.91), and solving Eqs. (3.86) and (3.89) for the modal pressure 

distribution Plmn(t), and using Eq. (3.70), yields 
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Using Eq. (3.76), Eq. (3.93) can be re-written as 
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where V R and V I are obtained from Eqs. (3.77) and (3.78).  Flmn is divided into a real part R
lmnF  

and an imaginary part I
lmnF like  

 
 ( ) ( ) ( )R I
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Therefore, substituting Eq. (3.98) into Eq. (3.92), and re-arranging, yields 
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Substituting Eq. (3.92) into Eq. (3.82), the internal pressure field is 
 
 



 

47 

 
2 2

, , 0

( )
( , , , ) ( , , )

2 ( )
j t lmn

int i lmnf f f
l m n lmn lmn lmn lmn

F
p r z t Pe r z

j
ω ω

φ φ
ω ξ ω ω ω

∞

=

= Ψ
 − + + Λ 

∑ , (3.104) 

 
 
where again l, m, n, cannot be equal to zero at the same time because the (0,0,0) mode is not 
considered. The structural damping sξ and fluid medium damping fξ can be determined by 
experimental modal identification. Using Eq. (3.101), Eq. (3.104) is also re-written as 
 
 

 
, , 0

( , , , ) ( , , )j t R I
int i lmn lmn lmn

l m n

p r z t Pe G jG r zωφ φ
∞

=

 = + Ψ ∑ . (3.105) 

 
 
Eqs. (3.60) and (3.105) are used in the calculation of noise reduction spectrum in the next 

section. 

 
 

3.5 Noise Reduction Spectrum   

 
 
The definition of transmission loss for an infinite flat panel assumed that the transmitted 

sound was totally absorbed, and only inward-propagating waves existed. However, the problems 

under consideration differ from an infinite flat panel, not only because of its finite dimension, but 

also because of the internal cavity resonances in the closed cylindrical shell. It is not possible to 

define a transmission loss like is done for flat panels. For measurement of the sound transmission 

through cylindrical shells, Holmer and Heymann [67] defined the sound power transmission 

coefficient to be equal to the ratio of power radiated per unit surface area of the shell to the 

power passing axially through a unit area of cross section. In other references [18-22, 41], 

researchers suggested using the noise reduction (NR) instead of calculating transmission loss, 

which was based on the ratio of inner and outer time- and space-averaged mean-square 

pressures. In this study, a theoretical method to characterize broadband sound transmission into a 

finite cylindrical structure is defined based on NR. It is called noise reduction spectrum (NRS), 

which is computed from  
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, (3.106) 

 
where 2 ( )extp ω< >  is the mean-square external pressure averaged over the outside shell surface S 

and time length T. It is 
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2
intp< >  is the mean-square internal pressure averaged over the inside shell surface S and time 

length T. It is 
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where GR and GI are given by Eqs. (3.102) and (3.103). lmnΨ  are the mode shapes of the acoustic 

cavity, and given by Eq. (3.83). l, m and n are the number of radial nodes, diametric nodes and 

longitudinal nodes in acoustic cavity mode shapes, and o is the number of circumferential waves 

in structural mode shapes. The integration of the Term 1 over the interior surface yields: 
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The integration of the Term 2 over the interior surface yields: 
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Substituting Eqs. (3.109) and (3.110) into (3.108), yields 
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where 
 
 

 

( ) ( ) ( ) ( )

( ) ( )

( )

2 2 2 2 2
00 00

1 0, 1, 0

2 2 2

1, 0, 0

00 0 00 0
, 1

0, 1, 0
   

1 1
( )

2 4

1
      ( )

4

1
      ( )

2

1
      

4

R I R I
n n n lmn lmn m lm

n l m n

R I
m n lmn lmn m lm

l m n

R R I I
n o n n o n m om

n o

n
l m n

o

G G v G G J k a

v v G G J k a

G G G G J k a

v

∞ ∞

= = = =

∞

= = =

∞

=

= = =
=

   Θ = + + +      

 + +  

+ +

+

∑ ∑

∑

∑

( )

( )
0, 

1, 0, 0
   0, 

( ) ( )

1
      ( ) ( )

4

R R I I
lmn omn lmn omn m lm m om

o l

R R I I
m n lmn omn lmn omn m lm m om

l m n
o o l

G G G G J k a J k a

v v G G G G J k a J k a

∞

≠

∞

= = =
= ≠

+

+ +

∑

∑

, (3.112) 

 
where vm and vn are defined in Eq. (3.72), G R and G I are computed from Eqs. (3.102) and 

(3.103), l, m and n are the number of radial nodes, diametric nodes and longitudinal nodes in 

acoustic cavity mode shapes, and o is the number of circumferential waves in structural mode 

shapes. 
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Substituting Eqs (3.107), and (3.111) into Eq. (3.106), the analytical formula for the 

calculation of noise reduction spectrum is obtained as 

 

 

2(2)
1 1

0
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( ) ( )
10log

m m r m m r
m

J k a C H k a
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ε
∞
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+
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Θ
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. (3.113) 

 
The NRS is only a function of frequency since the time variable is cancelled during the 

calculation. In Eq. (3.113), Jm is the Bessel function of the first kind of integer order mth, and 
(2)
mH  is the Hankel function of the second kind of integer order mth, k1r is the radial component of 

the wavenumber given by Eq. (3.13), and a is the radius of the midsurface. The coefficient Cm is 

given by Eq. (3.56), and Θ  is given by Eq. (3.112).  

 
 
 
 

3.6 Application   

 
 
 

Numerical results from Eq. (3.113) have been generated for the ChamberCore composite 

cylindrical shell with radius a =  255 mm and effective thickness h = 20.1 mm. The physical 

parameters of the composite material are: Young’s modulus E = 60 GPa, Poisson’s ratio µ = 0.3, 

effective density of the uniform shell is ρs = 315 kg/m3. The speed of sound and the density of air 

inside and outside the cylindrical shell are c1 = c2 = 346 m/s (75° F) and ρ1 = ρ 2 = 1.21 kg/m3. 

The oblique incident plane wave is given by Eq. (3.12), where θ = 30 degrees and Pi = 100 Pa. In 

order to simplify analysis, the acoustic damping ratio was set to the same value for all modes and 

obtained by averaging the measured results (0.28%). The structural damping ratio was also set to 

the same for all modes and obtained by averaging the measurement identification results 

obtained from measurements (4.64%). 
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Figure 3.4 Averaged Mean-Square Exterior and Interior Pressure. 

 
 

Figure 3.4 shows the spectrum of the mean-square external pressure averaged over the 

outside shell surface, given by Eq. (3.107), and the spectrum of the mean-square internal 

pressure averaged over the inside shell surface, given by Eq. (3.111). The cavity resonances 

between [0, 1000] Hz are indicated in the figure by vertical dashed lines. Inspecting Figure 3.4 it 

is observed that there are peaks in the spectrum curve of the internal averaged mean-square 

pressure corresponding to nearly every acoustic and structural resonance. 

Figure 3.5 and Figure 3.6 show the curves of the noise reduction spectrum, given by Eq. 

(3.113), with a different frequency range and different x-axis scale method. The acoustic cavity 

resonances between [0, 1000] Hz are shown in the plots as dashed vertical lines, and the 

predicted structural resonances are larger than 1000 Hz and not shown in the figure. 
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Figure 3.5 Theoretical NRS of the ChamberCore Cylindrical Fairing (1) 

 
 

The principal result of this study is Figure 3.5 and it shows the effect on the noise 

reduction spectrum of interior acoustic cavity resonances. There is a sharp dip at almost all of the 

cavity resonances.  The cavity resonances significantly reduce the noise reduction capability of 

the finite cylindrical structure causing amplification (negative NRS, also see Figure 3.5) at 228 

Hz, 398 Hz, 455 Hz, 458 Hz, and 698 Hz. There are also dips corresponding to structural 

resonances. However, in the low frequency band, because the density of cavity acoustic 

resonances is much larger than that of the structural resonances (see Figure 3.5), the noise 

reduction spectrum is dominated by the cavity resonances here. 
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Figure 3.6 Theoretical NRS of the ChamberCore Cylindrical Fairing (2) 

 
 
Figure 3.6 is the NRS curve with logarithmic x-axis. From Figure 3.6 it is observed that 

as the frequency increases, there is a trend developing that is similar to mass- law behavior where 

the NRS is increasing by 55 dB per decade as indicated by the oblique dashed line at the right 

side in Figure 3.6, even though there still is wide fluctuation in the NRS curve. 

Figure 3.7 shows the effects on NRS of internal acoustic damping. The solid curve is the 

NRS curve of the ChamberCore fairing with general acoustic damping, and the dashed curve is 

the NRS curve of the ChamberCore fairing with a ten-times increase in the general acoustic 

damping. The cavity acoustic resonances between 0 to 1000 Hz are also indicated in the figure as 

vertical dashed lines. From Figure 3.7 it can be observed that when increasing the internal 

acoustic damping the noise reduction spectrum obtains significant improvement at almost every 

acoustic resonance. There are about 20 dB, 21 dB, 21 dB and 21 dB improvement in (001) mode 
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at 228 Hz, (010) mode at 398 Hz, (002) mode at 452 Hz, and (011) mode at 458 Hz, respectively, 

when acoustic damping is increased 10 times. 
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Figure 3.7 Theoretical NRS of the ChamberCore Cylindrical Fairing (3) 

 
 
 

3.7 Conclusions   

 
 

 
An effective uniform shell model of the ChamberCore cylindrical shell was 

developed. The analytical formulas for calculating the near field pressure of an infinite 

elastic cylindrical shell was derived and the analytical formulas for calculating the interior 

pressure distribution of a finite cylindrical structure was also derived. The theoretical noise 
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reduction spectrum (NRS) model for analytically characterizing noise transmission into a 

finite elastic cylindrical structure was defined and developed. An application for the 

ChamberCore composite fairing was studied with the theoretical NRS model. The 

numerical results show that the cavity resonances have a significant effect on the noise 

transmission into the finite cylindrical structure. At the part of high frequency band the 

noise reduction spectrum curve follows the mass- law behavior. The internal acoustic 

damping can significantly influence the noise transmission into the finite cylindrical 

structure. 
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4.0 NUMERICAL ANALYTICAL AND EXPERIMENTAL CHARACTERIZATION 

 
 
 

Experimental studies of the structural and acoustic vibration and sound transmission can 

not only help one to understand the vibroacoustic behavior of the cylindrical struc tures, but also 

provide an opportunity to validate the theoretical results which have been obtained in Chapter 

3.0. In this chapter, two different advanced composite structures: a mock-scale tapered 

cylindrical AGS composite fairing and a mock-scale cylindrical ChamberCore fairing are under 

study, which are supplied by the Air Force Research Laboratory’s Space Vehicles Directorate 

(AFRL/VS). Firstly, a new modal parameter extraction method, called “state-space realization 

based modal parameter identification method,” is presented. Then, the dynamic parameters of 

both structures and acoustic cavities are obtained with a combination of numerical, analytical and 

experimental approaches. Finally, an in-situ version of the noise reduction spectrum is developed 

to experimentally characterize the noise transmission into the two fairings.  

 
 

4.1 Theory and Algorithms of the Structural Modal Identification 

 
 

The state-space model identified from measured data has received considerable 

application in the modern controls field, especially in flexible structure control and structure- or 

air-borne noise control. Numerous algorithms for both the time and frequency domain realization 

of a state-space model have been presented in the literature. Ho and Kalman [50] proposed an 

important algorithm for state realization in the time domain, in which the Hankel matrix of 

system Markov parameters was used to construct a minimal state realization of a linear time-

invariant (LTI) system. Zeiger and McEwen [51], and Kung [52] extended the Ho-Kalman 

algorithm in combination with the singular value decomposition (SVD) technique to reduce the 

order of the state-space model and improve the algorithm accuracy. Juang and Pappa [53] 

proposed the eigensystem realization algorithm (ERA) for modal parameter identification, which 

is also based on the Ho-Kalman algorithm, and combines the SVD technique to obtain a 
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minimum order state-space realization. Juang and Cooper [54] extended the approach to the 

eigensystem realization algorithm using data correlation (ERA/CD).  

The canonical correlation algorithm has been used in stochastic identification problems 

for model construction [55-57]. Mullis and Roberts [58], and Inouye [59] applied the Markov 

parameters and covariance parameters to realize a state-space model. King, Desai, and Skelton 

[60] used the first q-Markov parameters and output covariance parameters in a generalized 

algorithm for state realization that is called “Q-Markov covariance (Q-Markov Cover) equivalent 

realization”.  

Liu [61] proposed a new state realization algorithm, observability range space extraction 

(ORSE), which was based on the SVD and generalized the ERA and the Q-Markov Cover. Later 

Liu, Jacques, and Miller [62] extended the concepts of the ORSE to the frequency domain, and 

presented another algorithm, FORSE. 

 
 
 
4.1.1 Introduction to the ORSE Algorithm 

 
 

Assume a linear time-invariant, controllable, and observable system to be identified. The 

discrete state-space representation of this system is: 

 
( 1) ( ) ( )
( ) ( ) ( )

x k Ax k Bu k
y k Cx k Du k

+ = +
 = +

 .                                       (4.1) 

 
The frequency response function can be described as: 
 

1( ) ( )j T j TG e C e I A B Dω ω −= − + ,   (4.2) 

 
where xnkx ℜ∈)(  is the state vector, ynky ℜ∈)( is the output vector, and unku ℜ∈)(  is the input 

vector. ℜn represents n-dimension real vector space. A , B , C , and D  are the state matrix, input 

influence matrix, output influence matrix, and feedthrough matrix, respectively, and will be 

discussed later. 
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In the discrete time domain, the matrix )(kuq consisted of q-input vectors and the 

corresponding matrix )(kyq  consisted of q-output vectors are presented as: 
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From Eqs. (4.1), (4.3) and (4.4), the following equation can be obtained 

 
)()()( kuHkxOky qqqq += ,     (4.5) 

 
where qO  and qH are defined by: 
 





















=

− )1(q

q

CA

CA
C

O
M

 ,     (4.6) 

and 
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The matrix qO is known as the observability matrix. If a basis for this matrix can be found, then a 

realization for the A and C matrices can be computed. Assuming the record length of each 

sample is K, the following matrices are constructed: 

 
[ (1) (2) ( )]q q qU u u u K≡ L ,                                                  (4.8) 

 
[ (1) (2) ( )]q q qX x x x K≡ L ,                                                  (4.9) 

 
[ (1) (2) ( )]q q qY y y y K≡ L ,                                               (4.10) 

 
Re( ) Re( )Re( ) Re( )H H H HM YY YU UU UU+≡ − ,                (4.11) 

 
where “Re” means the real part of the complex number or matrix, “H”  denotes the complex 

conjugate transpose, and “+” denotes the Moore-Penrose pseudo-inverse. 

Jacques [63] proved that the matrix M had the same basis as Oq if the following 

conditions are satisfied: (1) qK >2/ ; (2) the frequency response of the states measured at the 

sample frequencies are linearly independent; (3) the frequency response for each state varies 

over the sample frequencies; and (4) the system is stable. The singular value decomposition of 

M  is 

 
 HM V V= ∑ , (4.12) 

 
where m nV ×∈ℜ  (m=qny) is a column unitary matrix, and yn  is the number of outputs, q is the 

number of output vectors, n is the rank of matrix Σ, which is a diagonal matrix of singular values 

that are greater than zero, and IVV H = .  The A and C matrices for a state realization of the 

discrete system can be found from V: 
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 ,      (4.13) 
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 ,     (4.14) 

 
1C V=  ,      (4.15) 

 
where 1V  includes the first yn  rows of V , and 3V  includes the last yn  rows of V . When the A 

and C matrices are known, the transfer function is linear in the B and D matrices (see Eq.(4.2)),  

and they can be solved by the linear least square method (LSM): 
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4.1.2 Modal Parameter Extraction from the Pole-Residue Model of FRF 

 
 

Assume an N-DOF system with mass, stiffness, and damping matrices M, C, and K, and 

displacement vector y. The equation of motion for the system can be represented by the 

following: 

 
 ( )My Cy Ky f t+ + =&& &  . (4.17) 

 
The transfer function of the structural system can be presented as the following rational 

polynomial in the s domain, 
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where Yi(s) is the displacement in the ith point, and Fj(s) is the force acting at the jth point,   

m=2(N-1), and n=2N. From structural dynamics, we can obtain the pole-residue presentation of 

the transfer function as: 

∑
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The term in the parentheses on the right hand side of Eq. (4.19) can be represented as 

*

*

r

ijr
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ijr
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H

−
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−
=  ,    (4.20) 

 
where ijrH  is the contribution of thr mode to Hij, r r rs jvσ= − + ,  and *

r r rs jvσ= − −  are the thr  

conjugate pole pair of Hij, and ijrA is the thr residue of Hij which can be calculated by: 
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Eq. (4.19) is simplified as: 

 

∑
=
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r
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1

)( .     (4.22) 

 
The relation between the pole-residue parameters and the modal parameters is as follows: 
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r
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**

*
ψψ

= ,     (4.24) 

 
where (2 )H

r r r ra s M Cψ ψ= + . If the damping can be uncoupled, a simple formula can be used to 

calculate ar and poles as follows:  
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 2r dr ra j mω= − , (4.25) 
 

 r r r drs jω ξ ω= − + , (4.26) 
 

 *
r r r drs jω ξ ω= − − , (4.27) 

 

where 21 rrrd ξωω −=  is the damped natural frequency. Using the above theory, and curve 

fitting the measured transfer functions, the residues, poles, and ultimately the natural frequencies, 

damping ratios, and mode shapes can be calculated as follows: 

 
 Im( )dr rsω = , (4.28) 
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4.1.3 Simplification of Mode Shape Extraction for Lightly Damped Systems  

 
 

A simple realization for mode shape identification can be derived if the damping ratios 

are small (<1%). Assuming there are only real mode shapes, the residues are purely imaginary, 

rij rijA jV= and *
rij rijA jV= − . Substituting Eqs. (4.23), (4.24), (4.25), (4.26), and (4.27) into Eq. 

(4.20), and setting s jω= , the new representation of ijrH is 
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 .    (4.31) 

 
At resonance (i.e. rdωω = ),  Eq.(4.22) can be approximated for lightly coupled systems as:  
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1
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Since damping is assumed to be small, rrrrd ωξωωω ≈−== 21 , therefore, 
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ω ω
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( )rij drH ω  is nearly purely imaginary value, and the residue is approximated as: 

 
 Im[ ( )]rij rij ij dr r rA jV H ω ξ ω= ≈ − . (4.34) 

Therefore, from Eq. (4.30) and (4.34) the mode shapes can be found from: 
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4.1.4 State-Space Realization-Based Modal Parameter Extraction 

 
 
 

In the field of control, the equations of motion of a linear, time- invariant multiple degree 

of freedom structural system can be presented as: 

 
)()()()( tuFtyKtyCtyM =++ &&&  ,     (4.36) 

 
where u(t) is the vector of actuator inputs, y(t) is the vector of sensor outputs, and M, C, K, and  F 

are the mass, damping, stiffness, and force matrices, respectively. The MDOF system can also be 

represented with continuous time state-space equations: 

 





+=
+=

)()()(
)()()(
tDutCxty
tButAxtx&

  ,    (4.37) 



 

64 

where x(t) is the state vector, with y(t) and u(t) having the same meaning as those in Eq. (4.36). 

The state matrix, A, input influence matrix, B, output influence matrix, C, and feedthrough 

matrix, D, are defined as 
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The state-space equations for the free vibration system is  

 
( ) ( )
( ) ( )

x t Ax t
y t Cx t

=
 =

&
 .     (4.38) 

 
The solution of the first equation of Eq.(4.38), ( ) ( )x t Ax t=& , is an eigenvalue problem. The 

eigenvalues of matrix A are r r r drs jω ξ ω= − + , *
r r r drs jω ξ ω= − −  (where 21 rrrd ξωω −= , and 

Nr L,2,1= ), and eigenvector matrix is Φ . The damped natural frequency and damping ratios 

can be calculated using Eq. (4.28) and (4.29), respectively. Finally, the mode shape matrix of the 

structural system can be solved as: 

 
 CΨ = Φ . (4.39) 

 
This method uses knowledge of the relationship between structural dynamics and modern control 

theory to perform modal analysis. First, the state-space model of a structural system will be 

constructed using a state-space realization algorithm in the time domain or frequency domain. 

Then, the natural frequencies, damping ratios and mode shapes can be extracted by the method 

mentioned in this section.  

 
Discussions: 

(1) State-space realization-based modal parameter identification method is needed, especially 

for cylindrical structures. Because of the axisymmetric property of the cylindrical shell, 

its circumferential modes occur in pairs (rotated 90 degrees, except for the breathing 

modes that have zero circumferential nodes). A system that has repeated eigenvalues and 
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independent mode shapes cannot be identified by algorithms that allow only single- input 

and single-output (SISO) systems [64, 65]. 

(2) The calculation of mode shapes in this method does not require driving point FRFs. 

 
 
 

4.2 Structural Modal Analysis 

 
 
 

The AGS tapered composite fairing and the ChamberCore composite fairing were 

experimentally investigated for their vibroacoustic behavior. The AGS composite fairing (see 

Figure 4.1 and Figure 4.2) forms a tapered cylinder that is 1.8 mm thick with end diameters of 

610 mm and 380 mm, and a height of 560 mm. Tridirectional internal ribs with a cross section of 

1.5x13 mm crisscross at helix angles varying between 6 and 10 degrees as the diameter of fairing 

decreases. A cylindrical coordinate system is applied as shown in Figure 4.3, and will be used to 

describe various positions as well as the structural and acoustic modes.  

 

 

 

Figure 4.1 Appearance of the Mock-Scale Tapered AGS Fairing 
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Figure 4.2 FEA Model of the AGS Fairing Showing Construction [35] 
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Figure 4.3 AGS Coordinate System 
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The following subsection outlines the construction of the AGS composite fairing [1-4]. 

An automated process has been developed for AGS fairings whereby the skin and ribs are 

created using a 5-axis filament winding process, which requires only a single cure cycle. The 

relatively simple construction compared to sandwich-type composite structures allows lower cost 

and better quality results. Type IM7 graphite fiber preimpregnated with 977-2 “Toughened 

Epoxy” resin was used to create the shell and ribs of the fairing. A volume fraction of 

approximately 60-65% was resulted. The presence of voids sought to reduce stiffness and 

increase damping of the structure. The average density of AGS composite material is measured 

as 1500 kg/m3, and the theoretical stiffness values for the graphite-epoxy are: E11 = 170 GPa, E22 

= 10 GPa, G12 = 5.5 GPa.  

Heavy 13 mm thick aluminum plates were installed at the top and bottom of the fairing 

(as shown in Figure 4.1) in order to approximate clamped, rigid boundary conditions. The larger 

plate was still found to couple strongly to the interior acoustics and thus a heavy I-beam frame 

was added to make it more “rigid”. Modeling of the AGS tapered cylindrical shell is very 

complex due to the taper along the cylinder axis, the anisotropic properties of the graphite-epoxy 

material, the inclusion of the internal rib structures, and the dynamic interaction with the “rigid” 

end caps. 

The ChamberCore structure is another advanced composite structure with a sandwich-

type. The manufacturing process of the ChamberCore composite structure is shown in the 

sequence of Figure 4.4, which is a diagram taken from the patent [32]. The interior layer (upper 

left of Figure 4.4) is a fiber cylinder that was fabricated by filament-wound graphite fiber. The 

previously fabricated wedge-cross-section tubes were sectioned and subsequently co-cured with 

an inner and outer cylindrical shell (bottom right of Figure 4.4) to form the acoustic chambers 

and the structure. A picture of the mock-scale ChamberCore composite fairing considered in this 

study is shown in Figure 4.5. The length of the cylinder is 775 mm. The diameters of the inner 

and outer skins are 510 mm and 555 mm, respectively, and the thickness between the inner and 

outer skins is 20 mm. The angle between two chamber sidewalls is 15 degrees. A density of 1494 

kg/m3  was determined for the material using water displacement techniques. All other material 

constants for the ChamberCore cylinder are the same as those for ASG cylinder and listed in 

Table 3.1. Heavy plates constructed from two layers of medium density fiber (MDF) board were 

installed at the two ends of the ChamberCore cylinder to form a right cylindrical cavity 
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(height=760 mm, diameter=510 mm). Some treatments of AP/Armaflex® insulation were used 

to seal the end caps.  

 

 

Figure 4.4 Manufacturing Process of the ChamberCore Fairing [32] 
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Figure 4.5 Appearance of the Mock-Scale ChamberCore Fairing 
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4.2.1 Numerical Modal Analysis of the AGS Tapered Cylindrical Fairing 

 
 

At low frequency, most of the structural modes of the two fairings will resemble the 

modes of a uniform cylindrical shell, thus, the modes will be identified by indices (o, q) 

corresponding to the transverse (φ ) and the axial (z) coordinates, respectively, where the o index 

represents the number of full waves around the perimeter, and the q index indicates the number 

of half wavelengths along the z direction. Although the stiffeners mildly prevent true 

axisymmetry in the AGS tapered cylinder shell, the circumferential modes are still found to 

occur in pairs.  

The structural modal analysis results of the AGS tapered fairing from FEA are presented 

in Vipperman et al. [35]. Selected mode shapes are shown in Figure 4.6. 

(3,0) (4,0) (2,0)

(4,1) (3,1) (5,0)

 

Figure 4.6 Selected Mode Shapes of the AGS Fairing from FEA 
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Table 4.1 Structural Modal Ordering of the AGS Fairing from FEA 

 
Mode number Shape (o, q) 

1 3, 0 

2 3, 0 

3 4, 0 

4 2, 0 

5 4, 0 

6 2, 0 

7 4, 1 

8   4, 1 

9 3, 1 

10 3, 1 

 
 
 
 
4.2.2 Experimental Modal Analysis of the AGS and ChamberCore Fairings 

 
 
 

Structural tap tests were conducted in order to experimentally determine the structural 

modal properties.  A PCB model 086C03 modally tuned hammer was used to excite the structure 

while an array of 8 PCB 352B22 0.5-gram accelerometers measured the response at various 

locations (see Figure 4.7). The signal (input) from the force sensor installed in the head of the 

hammer and the signals (output) from accelerometers distributed across the surface of the 

structure were amplified by a signal conditioner (PCB Model 442A 104), and then were 

digitalized by SigLab MC20-48 dynamic signal analyzer. For the structural mode shape 

identification, 208 points were created on the surface of the AGS cylindrical shell, and 672 

points were used for the surface of the ChamberCore cylindrical shell. For natural frequency and 

damping ratio evaluation, a large area was selected on the structural surface, in which 49 and 21 

points were distributed for the AGS shell and the ChamberCore shell, respectively. Different 

driving points were used to provide additional insight. A curve-fit was performed on the 

measured frequency response functions between the inputs and response locations in order to 

extract global resonant frequency and damping characteristics using the observability range 
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space extraction algorithm followed by a nonlinear least square (NLS) optimization, which was 

realized using the MATLAB® optimization toolbox.  Figure 4.8 depicts a representative FRF and 

curve-fit. 
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Figure 4.7 Schematic Diagram of the Modal Experimental System 
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Figure 4.8 Measured Structural FRF and Curve-fit of the AGS Fairing 

 
 
 

Table 4.2 represents the results of the AGS structural modal frequencies and damping 

ratios between 0 Hz and 1000 Hz. The damping values were found to be between 0.04% and 

1.5%.  The modal density becomes high above 800 Hz. Note that some frequencies listed in 

Table 4.2 may be an artifact from system identification and not actual modes. The methods 

proposed in [66] were used to verify them.  
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Table 4.2 Measured Structural Modal Parameters of the AGS Fairing 

 
 

Index Frequency  

(Hz) 

Damping ratio  

(%) 

1 568.5 0.92 

2 628.6 1.14 

3 680.8 1.00 

4 698.6 0.62 

5 772.1 0.73 

6 786.21 0.45 

7 793.4 1.19 

8 818.6 0.78 

9 843.9 0.33 

10 856.2 1.01 

11 872.9 1.18 

12 901.1 0.82 

13 911.4 0.85 

14 923.2 0.63 

 

 

For the ChamberCore configuration, the FRFs between the same input and the normal 

acceleration of the points on the inside and outside shells (they have the same φ and z 

coordinates) were compared. It was found that there were no differences between inner and outer 

measurements in the bandwidth of interest. Therefore, the outside shell was experimentally 

tested for the modal identification. Figure 4.9 shows a representative measured FRF and curve-

fit. Table 4.3 shows the modal frequencies and damping ratios of the ChamberCore structure 

between 0 Hz and 1000 Hz, which were identified by simultaneously curve-fitting 21 selected 

FRFs. 
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Figure 4.9 Measured FRF and Curve-fit of the ChamberCore Fairing 

 

 

Comparing Figure 4.9 with Figure 4.8, it is seen that there are seven modes below 500 Hz 

for the ChamberCore cylindrical structure, but all modes of the AGS cylindrical structure are 

concentrated in the high frequency range (larger than 500 Hz). Therefore, the ChamberCore 

cylindrical fairing has more uniform modal density, and higher damping than the AGS tapered 

cylindrical fairing across the interesting band (from 0 Hz to 1000 Hz).  
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Table 4.3 Measured Structural Modal Parameters of the ChamberCore Fairing 

 

Index Frequency  

(Hz) 

Damping ratio (%) 

1 256.5 10.08 

2 299.2 5.73 

3 354.9 3.14 

4 392.4 2.67 

5 413.6 2.12 

6 492.1 6.23 

7 538.2 2.59 

8 572.2 3.66 

9 650.7 7.19 

10 718.8 7.26 

11 759.4 4.52 

12 842.1 5.91 

 
 
 
 

4.3 Acoustic Modal Analysis 

 
 
 

The acoustic modes will also be referenced with respect to the cylindrical coordinate 

system given by Figure 4.3 and the indices (l, m, n). The first modal index, l, represents the 

number of radial nodes along the r-direction, and the second, m, represents the number of 

diametric nodes along the transverse φ  coordinate, and the last, n, represents the number of 

longitudinal nodes along the z-axis. 
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4.3.1 Acoustic Modal Analysis of the AGS Tapered Cylindrical Cavity 

It is hard to analyze the AGS tapered cylindrical cavity using analytical methods because 

of the tapered cavity.  The FEA method was used to provide a foundation to understand the 

relationship between mode number, mode shapes and natural frequencies. 

 

 

Numerical Modal Analysis of the AGS Tapered Cylindrical Cavity 
 
 

The rigid-wall tapered acoustic cavity was modeled with finite element analysis method, 

and Figure 4.10 shows some of the resulting acoustic modes that conform well to standard 

cylindrical mode shapes.  
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Figure 4.10 Selected Modal Shapes of the AGS Tapered Cylindrical Cavity from FEA 
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Experimental Modal Analysis of the AGS Tapered Cylindrical Cavity 
 
 
 

The experimental acoustic modal analysis was performed by exciting the tapered 

cylindrical cavity with a Kenwood loudspeaker (KFC-W2000) mounted at the bottom. A boom 

was constructed and installed inside the cylinder. Four microphones were installed on the boom 

to measure the cavity response. The boom can be rotated around z-axis of the cylinder, and easily 

moved up and down along the axis. A total of 260 acoustic measurements were taken with the 

four internal microphones positioned at combinations of the following coordinates: r = {38.1, 

76.2, 114, 152} mm, φ  = {0, 15, 30, 45, 60, 75, 90, 105, 120, 135, 150, 165, 180} degrees, and 

across vertical planes at z = {152, 254, 356, 457, 559} mm.  At each position, the FRF was 

computed between the input of the speaker and each of the four array microphones. Figure 4.11 

shows a typical measured FRF between the speaker and an internal microphone.  Note also that 

the modes of the speaker dynamics have been identified in Figure 4.11. 
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Figure 4.11 Measured FRF and Curve-fit of the AGS Tapered Cylindrical Cavity 
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A simultaneous curve-fit was performed on 49 of the 260 FRFs, so that modal properties 

could be extracted. The identified acoustic dynamic parameters between 0 to 1000 Hz are 

presented in below Table 4.4 

 

Table 4.4 Measured Acoustic Modal Parameters of the AGS Tapered Cylindrical Cavity 

 
 

Index FEA shape 

(l,m,n) 

FEA frequency 

(Hz) 

Measured 

frequency (Hz) 

Damping ratio (%) 

1 001 312.9 300.5 0.29 

2 010 382.8 384.8 0.23 

3 011 550.3 547.3 0.18 

4 020 617.7 583.0 0.22 

5 021 621.7 613.4 0.27 

6 012 764.7 735.4 0.14 

7 100 786.5 787.5 0.20 

8 030  843.2 839.6 0.33 

9 031 889.0 867.5 0.28 

10 103 946.6 942.0 0.16 

11 022 982.1 970.2 0.35 

 
 
 
4.3.2 Acoustic Modal Analysis of the ChamberCore Cylindrical Cavity 

 
 

When analyzing the acoustic-dominated modes, one usually assumes that the cylindrical 

shell is rigid. The cavity created by the closed ChamberCore cylindrical shell can be seen as a 

right cylindrical cavity with closed terminations. Therefore, the acoustic properties of this cavity 

can be easily calculated by analytical methods. 

  
Analytical  and Numerical Modal Analysis of the ChamberCore Cylindrical Cavity 
 
 

The acoustic cavity enclosed by the ChamberCore cylindrical shell and two end caps was 

modeled as a right cylindrical cavity closed by rigid walls. The height and diameter of the cavity 



 

79 

are 760 mm and 510 mm, respectively. The natural frequencies were analytically and 

numerically calculated. The equation for the calculation of natural frequencies is Eq. (3.84), and 

the obtained frequencies below 1000 Hz are listed in Table 4.5. The mode shape indices are the 

same as those used for the AGS tapered cylindrical cavity. The acoustic mode shapes were 

obtained from numerical method, and are shown in Figure 4.12.  

 
 

Table 4.5 Calculated Acoustic Modal Parameters of the ChamberCore Cylindrical Cavity 

 
 

Index Analytical 

shape  

(l,m,n) 

Analytical 

frequency 

 (Hz) 

Numerical 

frequency (Hz) 

Error 

% 

1 001 227.6 227.8 0.1 

2 010 397.6 397.9 0.1 

3 002 455.3 456.6 0.3 

4 011 458.2 458.5 0.1 

5 012 604.4 605.6 0.2 

6 020 659.6 660.4 0.1 

7 021 697.7 698.6 0.1 

8 022 801.4 802.9 0.2 

9 100 827.5 829.9 0.3 

10 101 858.2 860.7 0.3 

11 030 907.3 909.9 0.1 

12 031 935.4 936.3 0.1 

13 102 944.4 945.6 0.1 

 

 

From the last column in Table 4.5, it is observed that the errors between the numerical 

and analytical results are very small. It means that accurate results can be obtained using the 

simple analytical method.  
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Figure 4.12 Selected Mode Shapes of the ChamberCore Cylindrical Cavity from FEA 
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Figure 4.13 Measured FRF and Curve-fit for the ChamberCore Cylindrical Cavity 
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Experimental Acoustic Modal Analysis of the ChamberCore Cylindrical Cavity 
 
 
 

The configuration of the experimental system is nearly identical as that in Section 4.3.1. 

The difference is that a new boom was constructed since the old one used for the tapered AGS 

fairing was limited in radius by the small end of the tapered conical shape. The acoustic modal 

analysis was also performed by exciting the cavity by the attached speaker at the bottom. A total 

of 48 acoustic measurements were taken with the internal microphones positioned at 

combinations of the following coordinates: r = {55, 145, 235} mm, φ = {0, 30, 60, 90} degrees, 

and across vertical planes at z = {120, 240, 360, 480} mm. A curve-fit was performed on all 

measured FRFs for modal frequency and damping ratio identification. The results are presented 

in Table 4.6.  Figure 4.13 shows a typical measured acoustic FRF and curve-fit. 

 

Table 4.6 Measured Acoustic Modal Parameters of the ChamberCore Cylindrical Cavity 

 
Index Analytical 

shape 
(l,m,n) 

Analytical 
frequency  

(Hz) 

Measured 
frequency  

(Hz) 

Damping ratio 
 (%) 

1 001 227.6 227.8 0.99 

2 010 397.6 398.0 1.22 

3 002 455.3 451.9 0.44 

4 011 458.2 458.1 0.87 

5 012 604.4 602.1 0.51 

6 020 659.6 657.6 0.98 

7 021 697.7 681.0 0.23 

8 022 801.4 8030 0.49 

9 100 827.5 839.5 0.32 

10 101 858.2 872.0 0.39 

11 030 907.3 906.3 0.28 

12 031 935.4 935.5 0.34 

13 102 944.4 955.9 0.55 

 
 



 

82 

4.4 Measurement of the Sound Transmission Behavior into Cylindrical Shells 

 
 

In this section, an in-situ version of the noise reduction spectrum was developed to 

experimentally characterize the noise transmission into the composite cylindrical shells. The 

method is based upon a spatial average of mean-square pressure measurements from the inside 

and outside of the cylindrical structure, and computed from 

 

 
2

10 2
10log int

ext

p
NRS

p
= − , (4.40) 

 
where >< 2

extp is the exterior mean-square pressure averaged over the exterior shell surface of 

the cylinder, and 2
intp< > is the internal mean-square pressure averaged over the internal shell 

surface of the cylinder. 

  
 

4.4.1 Configuration of the Sound Reduction Spectrum Measurement 

 
 

Four speakers were arranged around the structure and driven with independent white 

noise sources having a bandwidth of 0-20 kHz in order to simulate a diffuse field. The speakers 

and the structure were suspended 620 mm above the floor. An external microphone was 

traversed to 16 or 24 different measurement locations for the AGS tapered fairing and for the 

ChamberCore fairing, respectively. The outer measurement microphone was 15 mm from the 

surface of the cylinder shell. The 16 locations for the AGS tapered cylinder spanned across four 

different vertical heights, h = {44, 190, 330, 480} mm, and four different transverse angles φ  = 

{0, 90, 180, 270} degrees.  The 24 locations for the ChamberCore cylinder spanned across six 

different vertical heights, h = {120, 240, 360, 480, 600, 720} mm. An internal microphone was 

installed at 20 mm from the internal surface for the AGS structure. The position of the internal 

microphone for the AGS tapered fairing had to be adjusted after every measurement in order to 

consider the effects of the taper. An internal microphone was installed at the end of a boom 245 
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mm from the central axis for the ChamberCore structure. The internal microphone recorded 

measurements that were at the same height and angles as the exterior measurements.  

Figure 4.14 shows the noise reduction spectrum measurement system for the 

ChamberCore cylindrical fairing. The bottom hole, the attached bottom speaker, and the installed 

three microphones in the right-hand side of the boom only severed for modal analysis. When 

measuring noise reduction spectrum, the speaker was removed and the hole was closed and filled 

with sand. Figure 4.15 depicts a top view of the measurement setup for the ChamberCore 

cylindrical fairing. The measurement system for the AGS tapered fairing is almost the same as 

that for the ChamberCore cylindrical fairing. The only difference is that there is no boom inside 

the AGS tapered cylindrical cavity, and the position of the internal microphone has to be 

adjusted by hand at every measurement in order to consider the effects of the taper. 
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Figure 4.14 NRS Measurement Setup for the ChamberCore Cylindrical Fairing 
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Figure 4.15 Top View of NRS Measurement Setup 

 
 
All signals were generated and measured using a Siglab MC20-48 dynamic signal 

analyzer. B&K Type 4190 free-field half inch microphones were used for all measurements.  A 

Marchand PS-24 power amplifier drove enclosed KLH (work bandwidth from 0 to 20,000 Hz) 

loudspeakers to generate the external noise. 

 
 
 

4.4.2 Measured NRS of the AGS Tapered Cylindrical Fairing 

 
 
 
The experimental NRS results for the AGS fairing are shown in Figure 4.16 and Figure 4.17. In 

Figure 4.16, the linear axis was used for both frequency and noise reduction spectrum. The NRS 



 

85 

in the range of [0, 1000] Hz is shown, and the effects of acoustic cavity resonances and structural 

resonances are indicated in the figure as vertical dashed lines and vertical dash-dotted lines, 

respectively. The measurements were repeated 3 times with different configurations, and yielded 

nearly identical NRS results. 
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Figure 4.16 Measured NRS of the AGS Fairing (1) 

 

 

Discussions about Figure  4.16: 

(1) Frequencies below 100 Hz should be ignored, since the bandwidth of the loudspeakers 

rolls off below 100 Hz.  From 100 Hz to the first cavity resonance (300.5 Hz), the NRS 

has a decreasing trend due to stiffness effects. 

(2) Commensurate dips in the NRS are noted at most all of the acoustically dominant 

resonant frequencies (e.g. 301, 385, 547, 583, 613, 735, 788, 840, 868, 942, 970, and 976 
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Hz, with the exception being 583 Hz).  It can be seen that the cavity resonances have 

significant effects on the sound transmission into a cylindrical shell.  

(3) From Figure 4.16, it is found that the structural resonances are also seen to affect on the 

NRS. The 30-40 dB decrease of NRS happens in the frequency range of 772 to 856 Hz 

compared with the low frequency range (100-250Hz). Dips exist at the 6th, 7th, 8th, 10th, 

11th structural resonances (e.g. 786, 793, 818, 843, 856, and 873 Hz).  However, 

comparing with cavity resonances, structural resonances have less significant effects on 

the NRS. 

(4) Note that NRS has a minimum at 786 Hz, in which there exists one cavity resonance and 

two structural resonances. Both structural and acoustic resonances at this frequency likely 

contribute to the amplification of the internal sound field, which is the lowest observed 

value on the NRS curve (-5 dB). Note also that the coincidence is predicted to occur 

there.  

(5) The results of measured NRS show that in order to improve the noise transmission 

behavior through AGS faring, the acoustically dominant modes will need to be 

controlled. Internal absorptive treatments are limited in rocket fairings because of the 

space requirement of the payload. Therefore, alternative acoustic designs should be 

considered inside the fairing to improve the interior acoustic impedance, such as a 

reactive design. The NRS could perhaps be improved at 786, 793, 818, 843, 856, and 873 

Hz, where structural modes contribute. Some passive control strategies can be considered 

to improve the damping features of the structural resonances in the high frequency range, 

but likely at modest improvement. 

 

In Figure 4.17, the NRS is replotted with a logarithmic frequency axis which extends 

from 100 to 10000 Hz. The approximate structural stiffness-, acoustic cavity resonance-, and 

mass-controlled regions of the NRS are indicated in the figure. Because the ring frequencies and 

critical frequencies are not found to help explain the experimental results, they are not shown in 

the figure. 
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Figure 4.17 Measured NRS of the AGS Fairing (2) 

 
 

Discussion about Figure 4.17: 

(1)      Structural stiffness-controlled zone: 

From 0 Hz to the first cavity resonance frequency, 301 Hz, the sound transmission will be 

controlled by the mechanical stiffness.  

(2)       Cavity resonance-controlled zone: 

It begins from the first cavity resonance, 301 Hz, and approximately ends at 2000 Hz. 

 (4)      Mass-controlled zone: 

After 2000 Hz, the NRS curve shows a trend developing where the NRS is generally 

increasing by 26 dB per decade as indicated by the oblique dashed line at the right side of 

the Figure 4.17. This slope is consistent with classical mass-law behavior, which is also 

the behavior expected beyond the critical coincidence frequency. 

(5)       The dip around 10,000 Hz may be induced by ring frequency or coincidence. 
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4.4.3 Measured NRS of the ChamberCore Cylindrical Fairing 

 

The experimental results of the NRS for the ChamberCore fairing are shown in Figure 4.18 

and Figure 4.19. Linear frequency axis is used, and the frequency range of interest is [0, 1000] 

Hz in Figure 4.18. The cavity resonance frequencies (vertical dashed lines) and the structural 

resonance frequencies (vertical dash-dotted lines) are shown in the NRS to indicate the effects of 

acoustic cavity and structural resonances for the ChamberCore cylindrical structure.  

 

0 100 200 300 400 500 600 700 800 900 1000
-10

0

10

20

30

40

50

M
ag

ni
tu

de
 (d

B
)

Frequency (Hz)

Acoustic resonances
Structural resonances

 

Figure 4.18 Measured NRS of the ChamberCore Fairing (1) 

 
 

Discussions about Figure  4.18: 

(1) In the low-frequency region of the NRS (from 100 Hz to the first cavity resonance, 228 

Hz), the noise reduction spectrum is seen to be roughly 35 dB, but fluctuates a lot.  

(2) Dips in the NRS are noted at most of the cavity resonance frequencies (228, 398, 452,  
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458, 602, 658, 681, 803, 906, 936 and 956 Hz). There are no dips at the cavity resonance 

frequencies 840 and 872 Hz.  

(3) The structural resonances are found not to significantly influence the NRS with the 

exception of the fourth structural resonances at 392 Hz (damping 2.7%), where both 

acoustic and structural resonances occur, it is hard to say if both of cavity and structural 

resonance affect NRS there.  

(4) The minimum value of the NRS occurs at the sixth acoustic cavity mode at 660 Hz.  

(5) The measurement results show that the cavity resonances have the most influence on the 

NRS. In order to reduce the noise transmission through the ChamberCore cylinder, the 

acoustically dominant modes will need to be controlled.  

Methods to change the interior acoustic impedance of the ChamberCore fairing 

should be considered, such as acoustic Helmholtz resonators. The NRS could perhaps be 

improved at 392 where ChamberCore structural modes are thought to contribute by 

applying constrained layer damping treatments. 
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Figure 4.19 Measured NRS of the ChamberCore Fairing (2) 
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In Figure 4.19, the logarithmic scale is also used for the frequency axis along with a large 

frequency range (100 - 20000 Hz). The acoustic and structural resonances are indicated as 

vertical dashed lines and vertical dash-doted lines in the figure. The approximate structural 

stiffness-, acoustic cavity resonance-, and mass-controlled zones of the NRS are also presented 

in the figure. The ring frequency, critical frequencies are not shown in the figure because these 

frequencies were not found to be useful to characterize the NRS. 

 

Discussion about Figure 4.19: 

(1)      Structural stiffness-controlled zone 

The “structural stiffness-controlled” zone is from 0 Hz to the first cavity resonance 

frequency, 228 Hz.  

(2)       Cavity resonance-controlled zone 

It begins at the first cavity resonance at 228 Hz, and ends at the beginning of the 

coincidence-controlled zone at about 1600 Hz. 

(4) Mass-controlled zone 

When the frequency is larger than 1600Hz, there is a trend developing where the NRS is 

generally increasing by 58 dB per decade as indicated by the oblique dashed line at the 

right side of the Figure 4.19. This trend is consistent with the classical mass- law 

behavior.  

(5)       The dips in the mass-controlled zone may be induced by ring frequency or coincidence. 

 

 

 

4.5 Conclusions  

 
 
 
In this chapter, the dynamic properties of the AGS tapered composite fairing and the 

ChamberCore composite fairings were analyzed numerically, analytically, and experimentally. 

The noise transmission behavior of the two composite fairings was also experimentally 

characterized by means of the measurement of noise reduction spectrum. It is found that the 



 

91 

cavity resonances have significant effects on the sound transmission into the fairings, and the 

structural resonances do not find to significantly influence the sound transmission into the 

fairings. The stiffness-controlled zone, cavity resonance-controlled zone and mass-controlled 

zone were identified to characterize the sound transmission behavior of the two fairings. The 

experimental results are consistent with the theoretical results which were proposed in Chapter 

3.0. 
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5.0 NOISE TRANSMISSION CONTROL FOR THE CHAMBERCORE CYLINDRICAL 
FAIRING USING PASSIVE MATERIALS 

 
 

 
Passive control strategies are widely used in the aerospace industry because they are 

simple and practical [8, 9, 10]. In this chapter, the effects on the noise transmission reduction of 

passive materials were experimentally investigated. This study also served to experimentally 

verify the three regions in NRS curves (stiffness-controlled zone, cavity resonance-controlled 

zone, and mass-controlled zone) identified in Chapter 4.0. 

 
 
 

5.1 Noise Transmission Control Using Passive Materials 

 
 
 
Four kinds of passive materials with different density were used in this study. They were 

(1) fiberglass (density 17 kg/m3 ), (2) opened cell foam (density 32 kg/m3), (3) perlite (density 

152 kg/m3), (4) polyethylene pellets (density 544 kg/m3), and (5) sand (density 1603 kg/m3). The 

use of sand is not suggested as a practical control means, but rather as a “best case” passive 

control material. These passive materials were respectively filled into the wall-chambers of the 

ChamberCore cylindrical structure, and the noise reduction spectrums were measured by the 

developed system in Chapter 4.0. The NRS results are shown from Figure 5.1 to Figure 5.5  
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Figure 5.1 Noise Transmission Control Using Passive Fill Materials (1) 
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Figure 5.2 Noise Transmission Control Using Passive Fill Materials (2) 
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Figure 5.3 Noise Transmission Control Using Passive Fill Materials (3) 

 
 

10
2

1 0
3

10
4

-10

0

1 0

2 0

3 0

4 0

5 0

M
ag

ni
tu

de
 (

dB
)

F requency (Hz)

fRfCr_intfCr_ex t

Cavi ty resonance
control led zone

Mass
control led zone

Air :  1.21 kg/m3

Polyethylene pel lets: 544 kg/m3

Sti f fness
control led 
zone

 
Figure 5.4 Noise Transmission Control Using Passive Fill Materials (4) 
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Figure 5.5 Noise Transmission Control Using Passive Fill Materials (5) 

 
 

From Figure 5.1 to Figure 5.5 the solid line represents the NRS for the empty wall-

chambers, and the dashed line indicates the NRS for the wall-chambers filled with passive 

materials. fCr_int, fCr_ext, and fR are the internal critical frequency, external critical frequency, and 

ring frequency, respectively. From Figure 5.1 to Figure 5.5 it can be observed that the NRS in 

the stiffness-controlled zone is mostly unaffected by fills since they have little contribution to the 

structural stiffness. One can also observe that as the density of fill increases, improvement of the 

NRS in the mass-controlled zone as well as in the cavity resonance controlled zone occurs. For 

the lighter fills (i.e. fiberglass and opened cell foam) the NRS results in little change of the cavity 

resonance-controlled zone, because the small variation in density cannot significantly change 

structural dynamic properties. However, for the higher density fills (i.e. perlite, polyethylene 

pellets and sand) the part of cavity resonance-controlled zone closest to the mass-controlled zone 

is more significantly affected because a significant reduction of the structural dynamic response 

occurs for this case. However, there is no improvement found in the first cavity resonance. One 

can see improvements between resonances, but even more at higher resonances. Thus, putting 
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fills inside the wall-chambers is not a practical control strategy since the cavity resonances 

dominate the NRS. 

From these NRS curves, the cavity resonance-controlled zone can be approximately 

determined that it begins from the first cavity resonance 228 Hz, and ends near 1600 Hz. Before 

the cavity resonance-controlled zone is the stiffness-controlled zone, and after the cavity 

resonance-controlled is the mass-controlled zone. This result is the same as that identified in 

Chapter 4.0. 

 
 
 

5.2 Conclusions  

 
 
 

In this chapter, passive control using various fills was investigated. The results of passive 

control measurements showed that installing passive fills in the wall-chambers could not affect 

the NRS in the stiffness-controlled zone but significantly affect the NRS in the cavity resonance-

controlled zone and mass-controlled zone. 
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6.0 NOISE TRANSMISSION CONTROL FOR THE CHAMBERCORE CYLINDRICAL 
FAIRING USING ACOUSTIC RESONATORS 

 
 

 

The investigation results have determined that the sound transmission into the Chamber- 

Core cylindrical fairing in the low-frequency band is dominated by acoustic cavity resonances 

[34, 35, 77 -79]. Therefore, noise attenuation at the first several cavity resonances (such as, 228, 

398, 451, 458 Hz) will significantly improve the sound transmission into the ChamberCore 

fairing in the low frequency band [93]. There are several types of proprietary acoustic tiles, 

foams and heavy acoustic blankets that can effectively absorb noise energy above 300 Hz in 

payload fairings [6, 80]. However, dealing with the low-frequency band sound requires a 

different approach. The reason for this is that low-frequency sounds have long wavelengths and a 

purely absorptive low frequency acoustic blanket needs to be at least one eighth of a wavelength 

deep to be effective. At a frequency of 200Hz, that's approaching eight inches, which is 

obviously prohibitive. Understandably, a more popular approach is to build a damped, resonant 

structure that will absorb a significant proportion of a specific frequency band by converting it to 

heat via frictional losses.  

The Helmholtz resonators are commonly used for this purpose, and have been very 

widely used in architecture or cavity noise control [81, 82, 83]. However, to be successful, the 

working frequency of the Helmholtz resonator must be accurately tuned to the frequencies which 

they are to control.  Generally, a Helmholtz resonator has a very narrow bandwidth, but by 

introducing an absorbent material such as fiberglass or mineral wool into the neck, the operating 

range can be widened.  

Many acoustic liners in aircraft engine intake and exhaust applications are Helmholtz 

resonators [84]. These acoustic liners are appropriately designed to provide a desired acoustic 

impedance boundary condition that reduces the propagation of noise in the engine nacelle. Single 

layer passive liners generally consist of a perforated face plate and a rigid back plate, separated 

by a honeycomb structure. These operate together as a conventional Helmholtz resonator. 
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Acoustic energy may be absorbed by viscous effects at the facing sheet and by the onset of 

turbulence.  

Because of the special structure of the ChamberCore cylinder, its chambers provide a 

potential for the Helmholtz resonator realization to reduce the noise transmission into the 

ChamberCore fairing. There are two types of acoustic resonators modeled, designed, and 

manufactured in this chapter. First is the short cylindrical Helmholtz resonator which was used to 

preliminarily investigate the feasibility of the noise control of the ChamberCore cylinder in low 

frequency band (below 500 Hz), and second was the long T-shaped acoustic resonator. The long 

T-shaped acoustic resonators are used here because they more closely match the final acoustic 

resonator version, which were integrated into the chambers of the ChamberCore cylindrical 

fairing. In this chapter, it is always assumed that only plane wave can propagate in the two kinds 

of resonators, therefore, the wavelength of interest sound must be much larger than the maximum 

cross-sectional geometric dimension of the resonators. The targeted frequencies are the first four 

cavity resonances: (001) mode at 228 Hz, (010) mode at 398 Hz, (002) mode at 452 Hz and 

(011) mode at 458 Hz (see Table 4.6). The final goal is to obtain at least a 3 dB improvement in 

the noise reduction spectrum in the vicinity of these frequencies. 

 
 

6.1 Preliminary Study of Noise Transmission Control Using Helmholtz Resonators  

 
 
 
The feasibility of noise control using Helmholtz resonators was investigated in this 

section. The reason for using the short cylindrical Helmholtz resonators in the preliminary 

investigation is based on the two problems under consideration: firstly, the short resonator is a 

conventional Helmholtz resonator, it is easy to model and design, and secondly, the structure of 

cylindrical resonator is simple and easy to manufacture [94]. The new model of cylindrical 

Helmholtz resonator for resonant frequency calculation and design was derived using the wave 

propagation theory [90]. The Helmholtz resonators were designed and manufactured. The effect 

of the resonator position on the noise reduction was experimentally investigated, and the 

relationship between two or more closely spaced resonators was also experimentally studied. The 
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optimal positions of the Helmholtz resonators were discussed. The noise control using 

cylindrical Helmholtz resonators was investigated experimentally.  

 

6.1.1 Cylindrical Helmholtz Resonator: Principle, Resonant Frequency and Design 

 
Helmholtz resonator (HR) is named after Hermann Ludwig Ferdinand von Helmholtz 

(1821-1894), the German scientist who worked out the design equation for the resonator. 

Essentially, a Helmholtz resonator consists of two parts, a rigid-walled cavity of volume V, and a 

neck or an opening with area S and length L. The absorption principle of the Helmholtz resonator 

is that when putting a Helmholtz resonator in a sound field at a resonant frequency, it will expose 

very low acoustic impedance at its opening and the sound level will drop in the vicinity during 

one acoustic cycle. At the same time because of rather high impedance at the closed end of its 

cavity the sound level inside the resonator goes up and the energy is dissipated into heat. The 

part of the energy which is not dissipated will be returned to the sound field at later cycle.  

In the classical model of the Helmholtz resonator, it is lumped into the following three 

idealized elements. The fluid in the neck moves as a unit to store kinetic energy and provides the 

mass element. The opening radiates sound, thus provides the resistance element, and the viscous 

losses of the moving air in the neck provides additional resistance. The compressible air in the 

cavity stores potential energy, and is modeled as stiffness element. The classical formula for 

calculation of the resonance frequency of the Helmholtz resonator is as shown the following, 

which can be found in every standard acoustic text-book: 

 

 
2 eff

c S
f

L Vπ
= , (6.1) 

 

where c is the speed of sound, and effL  is the effective neck length which includes end 

corrections [85, 86]. This model can just work at the low frequency band where the largest 

physical dimension of the resonator is much smaller than the acoustic wavelength [85, 86]. 

Alster’s work has shown that the error of the resonance frequencies between calculated by Eq. 

(6.1) and measured sometimes reaches as much as 30 percent [87]. Therefore, acoustics 
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researchers proposed several extended theoretical models for Helmholtz resonators to obtain 

more accurate resonant frequencies [87, 88, 89]. In this section, the wave acoustic theory is used 

to derive general and accurate formulas for resonant frequency calculation and cylindrical 

Helmholtz resonator design.  

 

 
 

Figure 6.1 Cylindrical Helmholtz Resonator 

 

A cylindrical Helmholtz resonator is shown in Figure 6.1. The resonator consists of two 

concentric circular tubes. Tube 1 with area S1 and effective length L1 is the neck of the resonator. 

Tube 2 with area S2 and length L2 is the cavity of the resonator. It is assumed that only plane 

waves propagate in the two tubes. The general expression for the acoustic pressure in the 

position x is 

 
 ( ) ( )( , ) j t kx j t kxp x t Ae Beω ω− += + , (6.2) 

 
where the constants A and B are determined by the boundary conditions at x=0, x=L1 and x= -L2. 

k=?/c is the wavenumber, and ?  is the sound source frequency. The continuity equation holds at 

the junction of Tube 1 and Tube 2 

 
 1 2(0) (0)Z Z= , (6.3) 

 

1L  

 

2x L= −

2r
1r

0x =

Tube 1 

2, , ( )c Z xρ  
1, , ( )c Z xρ  

L 2 

Tube 2 

 

1x L=
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where Z1(0) and Z2(0) are the acoustic impedance of the two tubes at x=0, respectively. The 

acoustic impedance at the position x can be expressed as [90] 

 

 ( )
jkx jkx

jkx jkx

c Ae Be
Z x

S Ae Be
ρ −

−

+
=

−
. (6.4) 

 

For Tube 1, the acoustic impedance at x=0 and x=L1 can be expressed as 

 

 1
1

(0)
c A B

Z
S A B
ρ +

=
−

, (6.5) 

  

1 1

1 11 1
1

( )
jkL jkL

jkL jkL

c Ae Be
Z L

S Ae Be
ρ −

−

+
=

−
.                                              (6.6) 

 

Eliminating the constants A and B from Eqs. (6.5) and (6.6) yields 

 

 
1 1 1

1
1

1
1 1 1

( ) tan( )
(0)

1 ( )tan( )

c
Z L j kL

S
Z

Sj Z L kL
c

ρ

ρ

+
=

+
. (6.7) 

 

A similar expression follows for Tube 2: 

 

 
2 2 2

2
2

2
2 2 2

( ) tan( )
(0)

1 ( )tan( )

c
Z L j kL

S
Z

Sj Z L kL
c

ρ

ρ

− −
=

− −
. (6.8) 

 

From the boundary conditions we know that 

 

 1 1( ) 0Z L = , (6.9) 
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 2 2( )Z L− = ∞ . (6.10) 

 

Substituting Eqs. (6.9) and (6.10) into Eqs. (6.7) and (6.8), yields 

 

 1 1
1

(0) tan( )
c

Z j kL
S
ρ

= , (6.11) 

 

 2 2
2

(0) cot( )
c

Z j kL
S
ρ

= . (6.12) 

 

Substituting Eqs. (6.11) and (6.12) into (6.3), we get the eigenfunction for the cylindrical 

Helmholtz resonator: 

 

 1
1 2

2

tan( ) cot( )
S

kL kL
S

= , (6.13) 

 

where k=?/c. The first eigenvalue is called the “Helmholtz” frequency, and succeeding 

determining the higher modes of the resonator. Note that the derivation here is more general in 

the sense that no particular tube length has been assumed. Therefore, the neck and the cavity 

length may be comparable to a wavelength or longer than a wavelength. Also note that all 

derivation here is base upon the plane wave propagation principles, thus the maximum diameter 

of the resonator must be much smaller than the interest wavelength. 

The Maclaurin series expansions for the tangent and cotangent functions are: 

 

 3 51 2
tan ( ) ( )

3 15
kl kl kl kl= + + +L . (6.14) 

 

 31 1 1
cot ( ) ( )

3 45
kl kl kl

kl
= − − −L . (6.15) 

 

When the first two terms in Eqs. (6.14) and (6.15) are retained, a sufficiently accurate 

Helmholtz resonator formula is found from Eq. (6.13) and simplified to 
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2

1 2 2 1 1 2 2 1 1
3 3 3
1 2 1 2 1 2 2

3 3 3
2 2

L S L S L S L S S
c

L S L S L L S
ω

 + +
= − + + 

 
. (6.16) 

 

If the maximum geometric dimension of the resonator is smaller than 1/16 of a 

wavelength [88], the classical formula Eq. (6.1) can be found by retaining the first term in Eqs. 

(6.14) and (6.15).  

If L1 is very small, the Panto and Miller’s formula can be obtained by retaining the first 

term in Eq. (6.14), and the first two terms in Eq. (6.15), and simplifying to [88] 

 

 1

2
1 2 2 2 1

1
3

S
c

L L S L S
ω =

+
. (6.17) 

 

Eq. (6.13) will be used to design the cylindrical Helmholtz resonator. If given any four of 

L1, S1, L2, S2, and ? , the unknown parameter can be solved from Eq. (6.13). For instance, given 

L1, S1, S2, and ? , then L2 can be solved as 

 

 2
2 1

1

cot tan
Sc

L arc L
S c

ω
ω

  =   
  

. (6.18) 

 
The effective neck length L1 can be expressed as 

 
 1 neck in outL =L + L + L∆ ∆ , (6.19) 

 
where Lneck is the neck length, ?Lin is the interior end correction, and ?Lout is the outer end 

correction. Rayleigh proposed the well-known correction for ?Lout [85], and Ingard proposed the 

inside end correction ?Lin [86]. 

 

 1
8

3outL r
π

∆ = , (6.20) 

 



 

104 

 1

2

0.85 1 1.25in

r
L

r
 
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2
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 
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 10.19inL r∆ = ,    1

2

0.65
r
r

 
= 

 
. (6.22) 

 
 

The design of the Helmholtz resonator consists of three main elements. The first is a 

hollow PVC tube to provide a volume for the resonator cavity. The second element is the two 

plastic end caps to close the PVC tube and create the cavity. The third element in the design is 

the opening in one end cap to create the neck of the resonator. The geometric dimensions of the 

designed cylindrical Helmholtz resonators are listed in Table 6.1. Note the numbering 

convention for the resonators, where the number corresponds to the resonant frequency, e.g. HR-

228 is a 228 Hz resonator. 

 
 

Table 6.1 Geometric Dimensions of Cylindrical Helmholtz Resonators  

 
Helmholtz 
resonator 

name 

Helmholtz 
frequency 

(Hz) 

Neck 
radius r1 

(mm) 

Neck 
area 

(mm2) 

Neck 
length 
(mm) 

Cavity 
radius r2 

(mm) 

Cavity 
area 

(mm2) 

Cavity 
length 
(mm) 

HR228 
HR398 
HR452 
HR458 

     228 
     398 
     452 
     458 

      4.8 
16.0 
16.0 
16.0 

   72.4 
804.2 
804.2 
804.2 

6.7 
5.9 
5.9 
5.9 

20.2 
20.2 
20.2 
20.2 

1281.9 
1281.9 
1281.9 
1281.9 

188.3 
181.9 
156.1 
153.6 

 
 
 

 

6.1.2 Experimental Verification 

 

In order to verify the theoretical predictions, an experiment was designed to measure the 

frequency response of the Helmholtz resonators used in this study. The measurement system is 

shown in Figure 6.2. 
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Figure 6.2 Measurement System for Helmholtz Resonators 
 
 

The resonator was excited by an external source. One microphone was put in the outside 

and close to the neck of the resonator to measure input, and another microphone was installed in 

the end of the Helmholtz resonator to measure the inside response. A representative frequency 

response function for the HR228 Helmholtz resonator is shown in Figure 6.3. The predicted and 

measured resonant frequencies are listed in Table 6.2.  

 

 
 

Figure 6.3 Measured FRF of the HR228 Helmholtz Resonator 
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Table 6.2 Predicted and Measured Resonant Frequencies for Helmholtz Resonators  

 
 
Group 
 

 
Measured 

(Hz) 

Predicted by 
Panton’s Model 

(Hz) 

 
Error 
(%) 

Predicted by 
Eq. (1.14) 

(Hz) 

 
Error 
(%) 

 
  HR228 
 

228.4 
966.6 

1841.3 

  228.1 
  984.7 
1872.6 

0.13 
1.87 
1.70 

   228.0 
   983.5 
1870.1 

0.18 
1.75 
1.56 

  HR398 
 

397.5 
1203.8 

  398.6 
1222.9 

0.28 
1.59 

  398.0 
1211.4 

0.13 
0.63 

  HR452 
 

451.3 
1351.9 

  452.9 
1401.3 

0.35 
3.65 

  452.0 
1383.3 

0.16 
2.32 

  HR458 
 

457.8 
1378.1 

  458.9 
1421.5 

0.24 
3.15 

  458.0 
1402.6 

0.04 
1.78 

 

 

In Figure 6.3 the Helmholtz frequency is 228 Hz, and the second resonance occurs at 967 

Hz. From Table 6.2 it can be observed that the maximum error is 0.18% between predicted and 

measured Helmholtz frequencies. The predicted results are excellent, and the manufactured 

resonators do not require tuning. Comparing the results predicted by Panton and Miller’s model 

with the results predicted by Eq. (6.13), the Helmholtz frequency predicted by Eq. (6.13) is more 

accurate than the counterpart predicted by Panton and Miller’s model [88]. The results predicted 

by Panton and Miller’s model are generally larger than the results predicted by Eq. (13), 

especially in the high modes. This is a result of the lumped mass in Panton and Miller’s model.  

 

 

6.1.3 Noise Transmission Control Using Helmholtz Resonators  

 
 
Several combinations of cylindrical Helmholtz resonators were used to investigate the 

noise control of the ChamberCore cylinder at low frequencies, especially at the first four targeted 

frequencies: 228, 398, 452, and 458 Hz. The Helmholtz resonators were located in a place 

corresponding to the acoustic cavity modes that were to be attenuated and close to the interior 

walls where there is an area of high modal pressure. The effects of the closely spaced resonators 

on the noise attenuation were also investigated.  
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Tests and Test Results 
 
 
Using the same measurement system and configuration as it was used in Section 4.4, 

several tests were designed to experimentally investigate the effects of Helmholtz resonators to 

noise transmission reduction in the ChamberCore cylindrical fairing. The first test did not 

include any Helmholtz resonators. The intent was to map the acoustic field within the empty 

payload fairing so that the effect of introducing the Helmholtz resonators in the next tests could 

be determined.  

The second test was designed to experimentally investigate the relationship of closely 

spaced Helmholtz resonators. Soh etc. experimental investigation showed that when the center 

distance of two identical resonators was greater than a quarter wavelength apart, the sound 

transmission loss was larger than that of a single resonator, however, when two resonators at 

same resonant frequency were in close proximity, the two resonators interacted and lead to a 

decrease in the overall performance compared to that of a single resonator [91]. Two HR228 

Helmholtz resonators (referred as to HR228-1 and HR228-2) were selected to study the spacing 

between two resonators with same-frequency, and the HR228 and HR398 resonators (referred as 

to HR228-3 and HR398-1, respectively) were selected to study the spacing between two 

resonators with different- frequency. The relative positions of all resonators are listed in Table 

6.3. The measured NRS curves are shown in Figure 6.4 and Figure 6.5. 

 

Table 6.3 Relative Positions of Cylindrical Helmholtz Resonators  

 
 Helmholtz 

resonator 
Coordinates 

r(mm)   θ  (degree)    z (mm) 
Same- Case-1 

 
HR228-1 
HR228-2 

        255           315            710 
        255           310            710 

Frequency Case-2 HR228-1 
HR228-2 

        255           315            710 
        255           225            710 

 Case-3 HR228-1 
HR228-2 

        255           315            710 
        255           135            710 

Different- Case-4 HR398 
HR228-3 

        255             15            710 
        255             20            710 

Frequency Case-5 HR398 
HR228-3 

        255             15            710 
        255           105            710 

 Case-6 HR398 
HR228-3 

        255             15            710 
        255           195            710 
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Figure 6.4 Effects on NRS of Two Closely Spaced Identical Resonators  
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Figure 6.5 Effects on NRS of Two Closely Spaced Different-Frequency Resonators  
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In Table 6.3, Case-1, Case-2 and Case-3 are used for the same-frequency case, and there 

are the same r and z coordinates and 5-degree, 90-degree and 180-degree difference in transverse 

position in Case-1, Case-2, and Case-3, respectively. Case-4, Case-5 and Case-6 are used for the 

different- frequency case, and there are also the same r and z coordinates and 5-degree, 90-degree 

and 180-degree difference in transverse position in Case-4, Case-5 and Case-6, respectively. 

Figure 6.4 is the NRS curves of the ChamberCore cylindrical fairing with resonators HR228-1 

and HR228-2 at different relative positions. The Helmholtz resonator HR228-1 was fixed at (r, θ, 

z) = (255 mm, 315 degrees, 710 mm), and the resonator HR228-2 moved over the places of (255 

mm, 310 degrees, 710 mm), (255 mm, 225 degrees, 710 mm), and (255 mm, 135 degrees, 710 

mm). When the two resonators were installed at 90 degrees apart in Case-2, the NRS is 0.8 larger 

than that in Case-1. When the two resonators were installed at 180 degrees apart in Case-3, the 

NRS around the targeted frequency (228 Hz) is 3.1 dB larger than that in Case-1. The optimal 

positioning of the two closely spaced resonators is 180 degrees apart (Case-3). The same results 

were observed in a paper by Soh, ect [91].  Figure 6.5 is the noise reduction spectrum curves of 

the ChamberCore cylinder with resonators HR398 and HR228-3. The HR398 Helmholtz 

resonator was fixed at (r, θ,  z) = (255 mm, 15 degrees, 710 mm), and the HR228 resonator 

moved over the places of (255 mm, 20 degrees, 710 mm), (255 mm, 105 degrees, 710 mm), and 

(255 mm, 195 degrees, 710 mm). It is found that the control of the mode (010) at 398Hz is not so 

sensitive to the position change between the two closed different- frequency resonators except for 

the shift in modal frequency. For the control of mode (001) at 228 Hz, the same results are 

observed as for the identical resonators in Figure 6.4. Also, optimum relative spacing appears to 

be 180 degrees apart.   

The third test was designed to investigate the noise attenuation in a specific frequency 

using Helmholtz resonators. Because the cylinder represents a 3-D noise control problem, in 

order to get a uniform noise reduction, there two identical resonators were used for each 

controlled frequency and both were installed in the vicinity of the two ends of the cylinder and 

close to the cylindrical walls. Referring back to Figure 4.12, the optimal position for HR228 

resonators (corresponding to 001 cavity mode) is the top or bottom side of the cylinder and close 

to the chamber walls. The optimal position for the HR452 resonators (corresponding to 002 

cavity mode) is the two ends or center part of the cavity and close to the cylindrical walls. The 

HR398 resonator (corresponding to 010 cavity mode) and HR458 resonator (corresponding to 
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011 cavity mode) were installed in the top end of the cylinder and close the interior shell walls. 

The optimal circumference position (θ ) for the two acoustic modes control was especially 

investigated and experimentally determined. The positions of the Helmholtz resonators in the test 

are summarized in Table 6.4. In Table 6.4, “Top” means the resonator is in the top part of the 

cylindrical cavity and “Bottom” means the resonator is in the bottom part of the cylindrical 

cavity.  Because the natural frequencies of the mode 002 and mode 011 are very close, a 

combination of Helmholtz resonators HR452-Top, HR452-Bottom and HR458-Bottom was used 

in the control of mode 002 and 011. The measured NRS curves with/without Helmholtz 

resonators are shown in Figure 6.6, Figure 6.7 and Figure 6.8.  

 
Table 6.4 Position of Each Specific Resonators in the Test 

 
Helmholtz 
resonator 

Coordinates  
r(mm)   θ  (Degree)    z (mm)                             

HR228 -Top  255           300             100 
HR228 -Bottom  255           315             710 
HR398 -Top 255             30             100         
HR398 -Bottom 255             15             710 
HR452 -Top 255           210             100 
HR452 -Bottom 255           225             710         
HR458 -Bottom 255           195             710          
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Figure 6.6  Noise Transmission Control Using HR228-Top and HR228-Bottom HRs 
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Figure 6.7 Noise Transmission Control Using HR398-Top and HR398-Bottom HRs 
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Figure 6.8 Noise Transmission Control Using Two HR452 and One HR458 HRs 
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Figure 6.6 is the NRS curves of the ChamberCore cylinder with/without two HR228 

resonators. The resonators were installed in the positions (255 mm, 300 degrees, 100 mm) and 

(255mm, 315 degrees, 710 mm). In Figure 6.6 the overall NRS is 6.5 dB improvement around 

228 Hz (dot vertical line). The maximum average NRS improvement around 228 Hz occurs in 

the plane of z =100 mm, and is 9.8 dB.  

Figure 6.7 is the NRS curves of the ChamberCore cylinder with/without two HR398 

resonators. The resonators were installed in the positions (255 mm, 30 degrees, 100 mm) and 

(255mm, 15 degrees, 710 mm). In Figure 6.7 the overall NRS improvement is 3.4 dB around 398 

Hz (dot vertical line). The maximum average NRS improvement around 398 Hz occurs in the 

plane of z =100 mm, and is 5.3 dB. There is significant overall NRS increase to be found in the 

frequency 602 Hz and 906 Hz. They are 9.2 dB and 5.9 dB respectively. 

Figure 6.8 is the NRS curves of the ChamberCore cylinder with/without the combination 

of two HR452 resonators and one HR458 resonator. The two HR452 resonators were 

respectively installed in the position (255 mm, 210 degrees, 100 mm), (255mm, 225 degrees, 710 

mm), and the HR458 resonator was placed at (255mm, 195 degrees, 710 mm). In Figure 6.8 the 

overall NRS increase is 2.0 dB around 456 Hz (dot vertical line). The maximum average NRS 

improvement around 456 Hz occurs in the plane of z =340 mm, and is 6.0 dB.  The overall NRS 

improvement is small for this combination. The reason for this may be a result of the 452 Hz 

resonator at (255mm, 225 degrees, 710 mm) being close the 458 Hz resonator at (255mm, 195 

degrees, 710 mm), thus, the two resonators (Helmholtz frequencies are almost same) interact and 

lead to a decrease in the overall performance. 

Finally, based on the above investigation, the combination of two HR228, two HR398, 

two HR452, and one HR458 Helmholtz resonators were installed inside the ChamberCore 

cylinder in the positions listed in Table 6.4. The measured NRS curves are given in the Figure 

6.9. 
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Figure 6.9 Noise Transmission Control Using Seven Cylindrical HRs 

 

 

In Figure 6.9, the solid curve is the NRS when the cylindrical acoustic cavity is empty, 

and the dashed curve is the NRS when the combination of resonators is placed in the cavity. The 

dashed vertical lines depict acoustic resonant frequencies with significant noise improvement. 

There is a 5.8 dB overall increase around 228 Hz, a 7.7 dB overall increase around 398 Hz, and a 

2.0 dB overall increase around 456 Hz. There is also significant improvement: 9.1 dB around 

602 Hz and 8.3 dB around 906 Hz due to modal coupling. 

 
 
 

6.2 Noise Transmission Control Using Long T-shaped Acoustic Resonators  

 
 
 
Short cylindrical Helmholtz resonators have been used to investigate the feasibility of 

noise control in the ChamberCore cylinder in Section 6.1. The results show that the combination 
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of well-positioned Helmholtz resonators is effective at attenuating the noise transmission into the 

ChamberCore cylindrical fairing. However, because the real structure of chambers prohibits the 

realization of cylindrical Helmholtz resonators, other shapes of acoustic resonators must be 

considered.  In order to effectively use the chambers’ volume of the ChamberCore cylinder, a 

popular device, the long, T-shaped acoustic resonator was considered [95]. Strictly, because of 

the large geometric dimension ( kl >>1 ), the resonators used in this section can not be called 

Helmholtz resonators, and instead of with “acoustic resonators”.  

A novel and general model for the long T-shaped acoustic resonator was derived, and 

experimentally verified in Section 6.2.1. The acoustic resonators which respectively have 

resonant frequency 228 Hz, 398 Hz, 452 Hz, and 458 Hz were also designed and constructed in 

Section 6.2.1. The noise transmission control results using long T-shaped acoustic resonators 

were given in Section 6.2.2.   

 

 

6.2.1 Long T-Shaped Acoustic Resonator: Resonant Frequency and Design 

 
 
Merkli proposed a model for the calculation of resonant frequencies of the T-tube 

resonator [89]. However, his model is too special, and can only solve the problems for which the 

cross sections of the three branches are circular shape with the same diameter. Considering that 

the shape of cross-section may be trapezoid, and the cross-sectional area of the three branches 

may be different, it is need to develop a more general model for resonator design and resonant 

frequency calculation for the long T-shaped acoustic resonator. As in Section 6.1.1, wave 

propagation theory is also used to derive the general model here.  

A long T-shaped acoustic resonator is shown in Figure 6.10. All boundaries are assumed 

to be rigid, and the axial cross-section of each branch is assumed to be uniform. There are no 

sources inside the resonator, and the effects of mean flow are neglected for this problem. The 

fluid contained in the resonator is assumed to be stationary, homogeneous, inviscid and non-heat 

conducting. The temperature distribution in the resonator is assumed to be 75° F everywhere. The 

resonator consists of three branches: Branch 1, Branch 2, and Branch 3 as labeled in Figure 6.10. 

The Branch 1 is perpendicular to Branch 2 and Branch 3. Because the nature dynamic properties 
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of the resonator do not change with the direction of wave propagation and the coordinate system, 

it is assumed that the incident plane wave is from the opening of Branch 1, and that it transmits 

down to Branch 2 and Branch 3. Thus, the axis origin is set at the outside opening end. In Fig. 2, 

L1, L2, and L3 are the effective length of Branch 1, Branch 2, and Branch 3, respectively, S1, S2, 

and S3 are the cross sectional area of the Branch 1, Branch 2, Branch 3, respectively, Z1(x1), 

Z2(x2), and Z3(x2) are the acoustic impedance at position x1 of the Branch 1, and position x2 of 

Branch 2 and Branch 3, respectively.  

 

L2

L 1

L 3

S 3 , p3 ,
v 3 , Z 3

S 2 ,  p 2 ,
v 2 ,  Z2

S 1 , p 1 ,
v 1 ,  Z1

Branch  1

Branch  3Branch  2

- L2

0

L3

x2

x 1

 
 

Figure 6.10 Long T-Shaped Acoustic Resonator 

 
 

The first boundary condition at the junction is that the pressure is single value, 

 

                                            1 1 2 3( ) (0) (0)p L p p= = .                                                    (6.23) 

 

The second boundary condition at the junction is that the continuity equation holds: 

 
 1 1 1 2 2 3 3v ( ) v (0) v (0)L S S Sρ ρ ρ= + , (6.24) 

 
where v is the acoustic velocity, ρ the air density. The third, forth, and fifth boundary conditions 

are the acoustic impedance boundary conditions: 
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                                                   1(0) 0Z = ,                                                                  (6.25) 

 
                                                 2 2( )Z L− = ∞ ,                                                               (6.26) 

 

                                                               3 3( )Z L = ∞ .                                                               (6.27) 
 
 
In terms of the acoustic impedance, Z=ρ/vS, Eqs. (6.23) and (6.24) can be combined to give 
 
 

1 1 2 3

1 1 1
( ) (0) (0)Z L Z Z

= + .                                                   (6.28) 

 
From Eqs. (6.5) and (6.6) the acoustic impedance of Z1(L1),  Z2(0),  and Z3(0) can be expressed 

as 

                                         
1 1

1
1 1

1
1 1

(0) tan( )
( )

1 (0)tan( )

c
Z j kL

S
Z L

Sj Z kL
c

ρ

ρ

−
=

−
,                                          (6.29) 

2 2 2
2

2
2

2 2 2

( ) tan( )
(0)

1 ( )tan( )

c
Z L j kL

S
Z

Sj Z L kL
c

ρ

ρ

− −
=

− −
,                                           (6.30) 

3 3 3
3

3
3

3 3 3

( ) tan( )
(0)

1 ( )tan( )

c
Z L j kL

S
Z

S
j Z L kL

c

ρ

ρ

+
=

+
.                                           (6.31) 

 
Substituting Eqs. (6.25), (6.26), and (6.27) into Eqs. (6.29), (6.30) and (6.31) yields 

 
 

1 1 1
1

( ) tan( )
c

Z L j kL
S
ρ

= − ,                                             (6.32) 
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2
2

2

1
(0)

tan( )
Z

Sj kL
cρ

= ,                                               (6.33) 

 

3
3

3

1
(0)

tan( )
Z

S
j kL

cρ

= .                                              (6.34) 

 
Substituting Eqs. (6.32), (6.33) and (6.34) into (6.28), and simplifying, the eigenfunction 

for the long T-shaped acoustic resonator can be obtained as: 

 
 

1 1 2 2 3 3cot( ) tan( ) tan( )S kL S kL S kL= + ,                               (6.35) 

 
 
where k=?/c=2π  f/c is the wavenumber of sound. Note that there are no limitations given during 

the derivation of Eq. (6.35). Therefore, the area of the three branches may be same or not, and 

the branch lengths may be comparable to resonance wavelength or longer. When the area of the 

three branches is the same and the effective lengths of the three branches satisfy: L1=leff and 

L2=L3=Leff, the Merkli’s formula can be obtained from Eq. (6.35): 

 
 

cot( ) 2tan( )eff effkl kL= ,                                       (6.36) 

 
 
where leff is the effective length of Branch 1, and Leff is the effective length for Branch 2 and 

Branch 3 in Merkli’s formula. 

Equation (6.35) can be used for two purposes. First it is used to calculate resonant 

frequencies for the long T-shaped acoustic resonators, and second to design the long T-shaped 

acoustic resonators. The resonant frequencies can be found from the intersection of abscissa axis 

with the function 2 1 1 2 3 1 1 3( ) / tan(2 / )tan(2 / ) / tan(2 / )tan(2 / )F f S S fL c fL c S S fL c fL cπ π π π= + . 

The first root is the so-called Helmholtz frequency, and succeeding resonances are the higher 

mode frequencies. 
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Design of Long T-Shaped Acoustic Resonators  

 
In order to study the problems of design and end corrections, detailed geometric 

dimensions of the long T-shaped acoustic resonator are given in Figure 6.11. In Figure 6.11 (A), 

the three branches are cylindrical tubes, LB1_1 and LB1_2 are the smallest and largest heights of the 

Branch 1, LB2 and LB3 are the lengths of Branch 2 and Branch 3, respectively. The shaded part is 

the junction area. In Figure 6.11 (B), the Branch 1 may be rectangular or circular cross section, 

and the Branch 2 and Branch 3 are the rectangular cross section. , LB1, LB2 and LB3 are the lengths 

of Branch 1, Branch 2 and Branch 3, respectively. 

 

LB3

LB1_1

LB2
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Branch 2 Branch 3
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2bS3S2

S1

(A)

LB1

LB3

LB1

LB2
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Branch 2 Branch 3

2a 2c

2d

2bS2 S3

S1
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Figure 6.11 Geometry of the T-shaped Acoustic Resonator 

 

In Merkli’s model the lengths of Branch 2 and Branch 3 are assumed to be equal. This 

assumption makes it impractical for designing integrated acoustic resonators into the 

ChamberCore cylinder. In order to control the targeted cavity modes, the resonators must be 

placed in an optimal position that corresponds to the controlled modes. However, the assumption 

of equal lengths limits the freedom of selecting the position in a finite cylinder. The intended 

model for the T-shaped acoustic resonator theory should permit any one variable of S1, S2, S3, 
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LB1, LB2, and LB3 to be calculated for a designated resonant frequency.  Another shortcoming of 

Merkli’s model concerns the length correction calculation. He defined a “common intersection 

volume” formed by intersecting the three equal cross-sectional branches of the acoustic 

resonator. Then, this volume was transformed geometrically into cylinders of the same radius as 

the basic tubes with the length correction. The rule for the calculation of length correction is 

based on a linear ratio (weight) of each branch length in the three branch lengths (see Eq. (6.43)-

(6.45)). The length correction in his model does make the design of T-shaped acoustic resonators 

complex because the lengths are coupled to each other in Eq. ((6.37)-(6.39)), and can only be 

solved by numerical methods. A simple and reasonable approach for the design of T-shaped 

acoustic resonators and calculation of end correction is needed. 

For the purpose of noise control in the ChamberCore cylindrical fairing there are two 

conditions which should be considered in the design of T-shaped acoustic resonators. The first is 

saving the space occupied by resonators, and the second is placing resonator in an optimal 

position. The first consideration dictates that the length of Branch 1 is as short as possible, and 

the second consideration requires that either LB2 or LB3 is determined to fit an optimal position 

corresponding to the particular controlled cavity mode. Assuming that L1 and L2 are given as 

well as the areas of the three branches, then the following design equations permit one to solve 

L3. 

 

 

1 2
1 2

3 3
3

tan cot( ) tan( ) ( 1)S Sa kL kL i
S S

L
k

π
 

− + − 
 = , (6.37) 

 
where i (=1, 2, 3, 4, …) is the order number of the acoustic resonator mode whose resonant 

frequency is given. In order to control the low frequency cavity mode of the ChamberCore 

fairing at 228 Hz, the order number of acoustic resonator mode is set to one. In order to control 

other high frequency cavity modes, the order number of the acoustic resonator mode may be 

larger than one. The reason for this is that if k is larger (k=2πf/c) and i=1, L3 will become very 

small. 
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End Corrections of Long T-Shaped Acoustic Resonators  

 
End corrections are very important in resonator design and in solving for resonant 

frequencies. Especially, the end corrections always play a decisive role in analyzing the acoustic 

performance of the T-shaped resonators which include small geometric dimensional branches. 

As described in Section 6.1, the end corrections are well established and extensively documented 

for classical Helmholtz resonators. However, for T-shaped acoustic resonators, the theory is not 

so mature yet. In this section, three new models for the calculation of end corrections will be 

proposed and compared with Merkli’s model. 

 

1. Model 1 (Merkli’s model) 

 
When the three branches of T-shaped resonators have the same circular cross-sections 

with radius a, Merkli’s model for the calculation of end correction is: 

 
 1 1_1 1_1 1_2B cL L L L L= + ∆ + ∆ + ∆ , (6.38) 

 
 2 2 2_1 2 _ 2BL L L L= + ∆ + ∆ , (6.39) 

 
 3 3 3_1 3 _ 2BL L L L= + ∆ + ∆ , (6.40) 

 
where ?L1_1, ?L1_2 and ?L1_3 are the end corrections induced by the common volume for Branch 

1, Branch 2, and Branch 3, respectively, and ?L2_1, ?L2_2 and ?L2_3 are the end corrections 

induced by the intersection volume for Branch 1, Branch 2, and Branch 3, respectively [Merkli’s 

model]. ?Lc is the end correction of the opening end of Branch 1. They are calculated by the 

following equations. 

 

 1_1 1 _ 2 1_3
8

(1 )
3

L L L a
π

∆ = ∆ = ∆ = − , (6.41) 
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 2

3 2

8
               (2ka < 1)

3

          (ka >> 1)
c

a

L
c
f a

π

π




∆ = 



, (6.42) 

 

 1_1
1 _ 2

1_1 2 3

16
3

B

B B B

La
L

L L Lπ
∆ =

+ +
, (6.43) 

 

 2
2 _ 2

1_1 2 3

16
3

B

B B B

La
L

L L Lπ
∆ =

+ +
, (6.44) 

 

 3
3 _ 2

1_1 2 3

16
3

B

B B B

La
L

L L Lπ
∆ =

+ +
. (6.45) 

 
 
 

2. Model 2 (Hybrid Rayleigh’s Impedance) 
 

      Model 2 is a novel model for the calculation of end corrections and effective lengths. 

In this model, the Branch 1 is considered as the neck of the acoustic resonator with a circular 

tube of radius a. Its effective length may be calculated as  

 

 1 1_1 out outBL L L L= + ∆ + ∆ , (6.46) 

where ?Lout is the interior and outer end correction, which is calculated by Rayleigh’s correction 

model [85] 

 out
8

L
3

a
π

∆ = . (6.47) 

 
      The end correction of Branch 2 and Branch 3 are based on acoustic impedance. 

Because the acoustic impedance has an inverse ratio relationship with the area, the volume Vjunct 

of the junction part (shaded part in Fig. 3 A and B) will be partitioned as a weighted area, and 

then the obtained vo lume is transformed geometrically into the branches of same area as the 
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basic branches with end corrections ∆L2 and ∆L3. The formulas for the calculation of the end 

corrections of Branch 2 and Branch 3 are, respectively: 

 

 junct 2 3( )V S S a= + , (6.48) 

 

 junct
2

2 3

2V
L

S S
∆ =

+
, (6.49) 

 

 junct
3

2 3

2V
L

S S
∆ =

+
. (6.50) 

 
Considering the special case that the cross-sectional areas of Branch 2 and Branch 3 are 

the same, the end corrections of the Branch 2 and branch 3 are set to 2a (see Fig 3 A and B). 

Therefore, the factor 2 is included in Eq. (6.49) and Eq. (6.50).   

 
 

3. Model 3 (Simplified Impedance) 

        
Model 3 is also a novel model for the calculation of end corrections and effective lengths. 

In order to simplify the design, it is desired that the formulas for the calculation of end 

corrections be as simple as possible. Since the interior end correction and the outer end 

correction are in opposite directions, it may be more accurate to neglect both end corrections 

[88]. In this model, there is no end correction for Branch 1, and the effective length of Branch 1 

is the smallest length of Branch 1. The effective length of Branch 2 and Branch 3 are the same as 

for Model 2. 

 1 1_1BL L= , (6.51) 

 
 2 2 2BL L L= + ∆ , (6.52) 

 
 3 3 3BL L L= + ∆ . (6.53) 
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4. Model 4 (Alternate Simplified Impedance) 

             
Model 4 is also a novel model for the calculation of end corrections and effective lengths. 

In this model, the effective length of Branch 2 and Branch 3 are the same as for Model 2 and 

Model 3. The effective length of Branch 1 is defined as the mean of the smallest and largest 

branch lengths LB1_1 and LB1_2, respectively. 

 

 1_1 1_2
1 2

B BL L
L

+
= . (6.54) 

 
Since in model 3 and Model 4, the cross-sectional shape can be anything, there are no 

limitations for them. The only thing that needs to mention here again is that the maximum cross-

sectional geometric dimension of the resonators must be much smaller than the wavelength of 

the interested sound, which is required by the plane wave propagation principles used in this 

chapter. 

 
 

Validation of the End Correction Models 

 
Three long T-shaped acoustic resonators (AR) were constructed from hard-walled PVC-

tubing and fittings for the purpose of experimental validation end correction models. They are 

referred as to AR-1, AR-2, AR-3, respectively. In order to match the requirement of Merkli’s 

model, the three branches of the resonators use circular cross-sections with the same radius. The 

AR-1 was constructed by PVC tubes with radius 20.2 mm. The AR-2 and AR-3 were made from 

PVC tubes whose radius is 13.2 mm. The geometric dimensions of the resonators are listed in 

Table 6.5. An experiment was designed to measure the frequency response of the acoustic 

resonators. The measurement system is the same as shown in Figure 6.2. Representative 

measured bode plots for AR-2 are shown in Figure 6.12. The measured and predicted natural 

frequencies for all of the resonators between 0-1000 Hz are given in Table 6.6.  The error 

between measured and predicted resonant frequencies is also given. 
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Table 6.5 Geometric Dimensions of Three Long T-Shaped Acoustic Resonators  

 
 

 AR-1 AR-2 AR-3 

      
 
Branch 1 

Radius:  a (mm) 
Area:     S1 (mm2) 
Length:  LB1_1 (mm) 
Length:  LB1_2 (mm) 

    20.2 
1281.9 
    38.0 
    58.2 

  13.2 
547.4 
   5.0 
 18.2 

  13.2 
547.4 
   4.2 
 17.4 

 
Branch 2 

Radius:  b (mm) 
Area:     S2 (mm2) 
Length:  LB2 (mm) 

    20.2 
1281.9 
    71.5 

  13.2 
547.4 
  32.8 

  13.2 
547.4 
352.4 

 
Branch 3 

Radius:  b (mm) 
Area:     S3 (mm2) 
Length:  LB3 (mm) 

    20.2 
1281.9 
  634.0 

  13.2 
547.4 
680.8 

  13.2 
547.4 
352.4 
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Figure 6.12 Measured FRF of the AR-2 

 

 

From Figure 6.12 it can be observed that AR-2 has four resonant frequencies in the 

frequency band [0, 1000] Hz: 121.3 Hz, 366.6 Hz, 613.1 Hz, and 858.8 Hz.  
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Table 6.6 Measured and Predicted Frequencies of T-Shaped Acoustic Resonators  

 
Group 

 
Measured 

(Hz) 
Model 1 

(Hz) 
Error 
(%) 

Model 2 
(Hz) 

Error 
(%) 

Model 3 
(Hz) 

Error 
(%) 

Model 4 
(Hz) 

Error 
(%) 

 
 
AR-1 
 

122.2 
364.4 
568.1 
720.9 
926.9 

117.4 
330.5 
501.9 
698.7 
928.3 

 3.9 
 9.3 
11.7 
 3.1 
 0.2 

116.5 
315.5 
480.0 
693.3 
927.8 

  4.7 
13.4 
15.5 
  3.8 
  0.1 

124.2 
361.3 
547.7 
709.2 
927.8 

1.6 
0.9 
3.6 
1.6 
0.1 

121.9 
348.0 
519.0 
701.5 
927.8 

0.2 
4.5 
8.6 
2.7 
0.1 

 
 
AR-2 
 

121.3 
366.6 
613.1 
858.8 

119.5 
357.6 
593.1 
823.1 

 1.4 
 2.5 
 3.3 
 4.2 

117.4 
349.2 
570.6 
850.8 

  3.2 
  4.7 
  6.9 
  0.9 

121.2 
364.2 
606.8 
848.9 

0.1 
0.7 
1.0 
1.1 

120.2 
360.3 
599.0 
838.8 

0.9 
1.7 
2.3 
2.9 

AR-3 223.8 
675.9 

214.9 
637.9 

 4.0 
 5.6 

197.9 
585.3 

11.6 
13.4 

223.3 
669.4 

0.2 
1.0 

215.3 
675.9 

3.8 
4.7 

Average    4.5    7.1  1.1  2.9 

 
 
 
As shown in Table 6.6, the end corrections for Model 3 give the best results for the 

prediction of resonant frequencies under 1,000 Hz for long T-shaped acoustic resonators, and the 

end corrections for Model 2 give the worst results. The end corrections for Merkli’s model give 

much worse results than those given by Model 3 and Model 4. The reason for this may be that 

the end corrections for Merkli’s model are only based on the geometric considerations, and does 

not take into account the acoustic effects.  

From the results, Model 3 is found to be the best and yet has the simplest equations. The 

maximum errors of the first and second predicted resonant frequencies are only 1.6% and 1.0%, 

respectively. This model also predicts the resonant frequencies of higher modes very well, as 

seen by the average error (1.1%) given in the last row. Consequently, Model 3 will be used to 

design the acoustic resonators for the noise transmission control of the ChamberCore structure. 

 
 
Design and Construction of the Long T-Shaped Acoustic Resonators  
 

In order to control the first four cavity modes: (001) at 228 Hz, (010) at 398 Hz, (002) at 

452 Hz, and (011) at 458 Hz, the long T-shaped acoustic resonators, which respectively include 

the resonant frequencies of 228 Hz, 398 Hz, 452 Hz, or 458 Hz, were designed using Eq. (6.37) 

and Eqs. (6.51)-(6.53), and they were referred to as AR228, AR398, AR452, and AR458, 
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respectively. The AR228 was designed with (i=1) in Eq. (6.37), and AR398, AR452 and AR458 

were designed with (i=2) in Eq. (6.37). The geometric dimensions of the designed resonators are 

given in Table 6.7. 

 

Table 6.7 Geometric Dimensions of Designed T-Shaped Acoustic Resonators  

 
 

Group AR228 AR398 AR452 AR458 
 -Top -Bottom -Top -Bottom -Top -Bottom 

 
Branch 1 

Radius: a (mm) 
Area: S1 (mm2) 
Length: LB1_1 (mm) 

    13.2 
  547.4 
    10.0 

   13.2 
 547.4 
   10.0 

    13.2 
  547.4 
    10.0 

    13.2 
  547.4 
    10.0 

   13.2 
  547.4 
    10.0 

   13.2 
 547.4 
   10.0 

 
Branch 2 

Radius: b (mm) 
Area: S2 (mm2) 
Length: LB2 (mm) 

    20.2 
1281.9 
    63.2 

   20.2 
1281.9 
    43.2 

    20.2 
1281.9 
    63.2 

    20.2 
1281.9 
    43.2 

    20.2 
1281.9 
    63.2 

   20.2 
1281.9 
   43.2 

 
Branch 3 

Radius: b (mm) 
Area: S3 (mm2) 
Length: LB3 (mm) 

    20.2 
1281.9 
  328.7 

   20.2 
1281.9 
  328.9 

    20.2 
1281.9 
  598.8 

    20.2 
1281.9 
  599.9 

   20.2 
1281.9 
  519.4 

   20.2 
1281.9 
  513.5 

 
 
In Table 6.7, “Top” means the opening of the resonator will close to the top part of the 

cylinder, and “Bottom” means the opening of the resonator will close to the bottom part. The 

designed long T-shaped acoustic resonators were constructed by commercially available circular 

cross-sectional PVC-tubing and fittings (see Figure 6.13). The measured transfer function for 

each resonator is shown in Figure 6.14 - Figure 6.19. The measured and predicted resonant 

frequencies under 1,000Hz are listed in Table 6.8. 

 

 

 
 

Figure 6.13 Picture of the AR398 
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Figure 6.14 Measured FRF of the AR228-Top 
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Figure 6.15 Measured FRF of the AR228-Bottom 
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Figure 6.16 Measured FRF of the AR398-Top 
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Figure 6.17 Measured FRF of the AR398-Bottom 
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Figure 6.18 Measured FRF of the AR452-Top 
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Figure 6.19 Measured FRF of the AR458-Bottom 
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Table 6.8 Measured and Predicted Frequencies of Designed Acoustic Resonators  

 
Group 

 
Measured 
    (Hz) 

Predicted 
   (Hz) 

Error 
 (Hz) 

Error 
 (%) 

227.5 228.0 -0.5 0.22  
-Top 
 

632.8 
858.8 

647.3 
806.3 

 2.29 
6.11 

228.4 228.0 +0.4 0.18 

 
 
 
AR228  
 

 
-Bottom 660.3 

962.8 
666.5 
926.3 

 0.94 
3.79 

132.8 133.3  0.38 
396.6 398.0 -1.4 0.35 

 
 
-Top 
 

635.3 
803.4 
- 

645.0 
774.3 
963.8 

 1.53 
3.62 
- 

132.5 133.1  0.45 
397.2 398.0 -0.8 0.20 

 
 
 
 
AR398 
 
 

 
-Bottom 

653.1 
868.4 

655.6 
866.0 

 0.38 
0.28 

151.6 151.8  0.13 
450.3 452.0 -1.7 0.38 

 
AR452 
 

 
-Top 
 698.8 

873.4 
703.4 
825.9 

 0.66 
5.44 

153.1 153.5  0.26 
458.8 458.0 +0.8 0.17 

 
AR458 

 
-Bottom 

739.1 
961.6 

744.6 
927.9 

 0.74 
3.50 

 

 
As shown in Table 6.8, the maximum error at designed frequencies is 0.38% (-1.7Hz).  

The designed results were excellent, and did not require tuning. 

 

 

6.2.2 Noise Transmission Control Using Long T-Shaped Acoustic Resonators  

 

The goal of using long T-shaped acoustic resonators in the ChamberCore cylindrical 

fairing is to obtain a 3 dB improvement in the noise reduction spectrum in the first four targeted 

frequencies: 228, 398, 452, and 458 Hz with a combination of acoustic resonators. The positions 

of the long T-shaped acoustic resonators will be based on the results listed in Table 6.4. The 

acoustic resonators: AR228-Top, AR228-Bottom, AR398-Top, AR398-Bottom, AR452-Top, 

AR458-Bottom are installed in the position (z, θ) =(85 mm, 300 degrees), (65 mm, 315 degrees), 
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(85 mm, 30 degrees), (65 mm, 15 degrees), (85 mm, 220 degrees), and (65 mm, 195 degrees), 

respectively, and close to the cylindrical walls. The test system is the same as that used in 

Section 4.4. The test results of the NRS when all designed long T-shaped acoustic resonators 

were installed inside the cylindrical cavity compared with the no control results are shown in 

Figure 6.20.   
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Figure 6.20 Noise Transmission Control Using Six Long T-Shaped ARs (1) 

 
 

In Figure 6.20, there is significant noise control in not only the targeted frequencies but 

also in the high frequency band. The NRS increase is 4.7 dB, 5.2 dB, 5.3 dB and 5.3 dB at 228 

Hz, 398 Hz, 452 Hz and 458 Hz, respectively. There is significant noise attenuation and resonant 

frequency shifts over all frequency bands because of the very strong coupling between the 

acoustic cavity and the long T-shaped acoustic resonators. The maximum improvement in the 

NRS occurs in the area of 1050 Hz and 1450 Hz. The maximum noise reduction at targeted 

frequencies occurs at the plane of z = 480 mm, and is shown in Figure 6.21. The improvement of 
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averaged NRS in this plane is 4.7 dB, 7.9 dB, 7.2 dB, and 7.2 dB for the cavity resonance at 228 

Hz, 398 Hz, 452 Hz, and 458 Hz, respectively. 
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Figure 6.21 Noise Transmission Control Using Six Long T-Shaped ARs (2) 

 
 
 

6.3 Noise Transmission Control Using Chamber-Based T-Shaped Acoustic Resonators  

 
 
 
A novel and general model for the calculation of resonant frequencies of the long T-

shaped acoustic resonators has been successfully derived in Section 6.2. A new and general long 

T-shaped acoustic resonator design equation and design schemes have also been developed. 

Three new end correction models (Model 2 through Model 4) based on the consideration of 

acoustics have been proposed and experimentally validated. Model 3 gives excellent results for 

frequency prediction and resonator design. All the new models proposed in Section 6.2 are no 

limitations for the cross-sectional shape end length of the three branches. The results from using 
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well-positioned, long, T-shaped acoustic resonators to control the noise transmission into the 

ChamberCore cylinder show that there is significant noise attenuation over all frequency bands. 

The goal of producing 3 dB of control in the first four targeted modes was exceeded by at least 

1.7 dB. 

The next steps for the noise transmission control of the ChamberCore cylinder using 

acoustic resonators will be to fabricate the acoustic resonators directly into the ChamberCore 

wall itself. The acoustic resonators fabricated by the wall-chambers of the ChamberCore 

structure are referred as “long chamber-based T-shaped acoustic resonators.” The theories and 

results developed in Section 6.1 and Section 6.2 will be used here. The preliminary objective of 

this study is also to obtain a 3 dB NRS improvement in the first four targeted cavity resonances: 

228 Hz, 398 Hz, 452 Hz, and 458 Hz using the long chamber-based T-shaped acoustic 

resonators.  

 

 

6.3.1 Design and Construction of the Chamber-Based Acoustic Resonators  

 
 

The chamber-based T-shaped acoustic resonators used in this study named as the 

following. The resonator for controlling the cavity mode (011) at 228 Hz is referred to as 

“CH228;” the resonator for controlling the cavity mode (010) at 398 Hz is referred to as 

“CH398;” the resonator for controlling the cavity mode (020) at 452 Hz is referred to as 

“CH452;” and the resonator for controlling the cavity mode (011) at 458 Hz is referred to as 

“CH458.” The CH228 was designed with the condition i=1 (see Eq. (6.37)), and other resonators 

were designed with the condition i=2. Branch 2 and Branch 3 were constructed by chambers 

whose cross-sectional shape is trapezoidal, and Branch 1 was made from a circular cross-

sectional PVC tube. Two CH228 resonators, two CH398 resonators, one CH452 resonator, and 

one CH458 resonator were designed. Only one CH452 and CH458 were designed since multiple 

acoustic resonators did not provide significantly better control. The optimal positions of the 

resonators were based on the investigation results of Section 6.1 and 6.2 (see Table 6.4) and were 

given in Table 6.9. The geometric dimensions of the acoustic resonators are given in Table 6.10. 
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Table 6.9 Position of Each Long Chamber-Based T-Shaped Acoustic Resonators  

 
Acoustic 
resonator 

           Position coordinates  
r(mm)   θ  (Degree)    z (mm)                                 

CH228-Top 
CH228-Bottom 
CH398-Top 
CH398-Bottom 
CH452-Top 
CH458-Bottom 

245           300             100.0 
245           315             710.0 
245             30             100.0         
245             15             713.5 
245           210             100.0 
245           195             710.0         

 

 

 

Table 6.10 Geometric Dimensions of Designed Chamber-Based Acoustic Resonators  

 
Group CH228 CH398 CH452 CH458 

 -Top -Bottom -Top -Bottom -Top -Bottom 
 

Branch 1 
Radius: a (mm) 
Area: S1 (mm2) 
Length: LB1_1 (mm) 

13.2 
547.4 
10.0 

13.2 
547.4 
10.0 

13.2 
547.4 
10.0 

13.2 
547.4 
11.0 

13.2 
547.4 
10.0 

13.2 
547.4 
10.0 

Branch 2 Area: S2 (mm2) 
Length: LB2 (mm) 

1370.0 
86.8 

1440.0 
26.8 

1410.0 
86.8 

1350.0 
121.8 

1390.0 
86.8 

1400.0 
26.8 

Branch 3 Area: S3 (mm2) 
Length: LB3 (mm) 

1370.0 
326.7 

1440.0 
326.1 

1410.0 
594.0 

1350.0 
584.4 

1390.0 
513.3 

1400.0 
512.2 

 
 

The chamber-based, T-shaped acoustic resonators were constructed from the chambers of 

the ChamberCore cylindrical fairing, a circular cross-sectional PVC tubes that forms Branch 1, 

and “hard” closed-foam. The closed-foam was used to close the two ends of the chambers to 

form Branch 2 and Branch 3. The drawbacks of using closed-foam is that the closed ends of 

Branch 2 and Branch 3 cannot reflect sound waves well because the foam surface is raw and the 

stiffness of the “hard” closed-foam is much smaller than that of PVC materials. Therefore, the 

designed resonators have pretty large errors with the ideal ones. The advantage of using the 

closed-foam is that the “closed end” formed by “hard” close-foam can be moved along the 

chambers. Therefore, the resonators can be easily tuned through adjusting the position of the 

“closed end” to change the length of Branch 2 or Branch 3. The long chamber-based T-shaped 

acoustic resonators are shown in Figure 6.22. The measured resonant frequencies of the tuned 

resonators are given in Table 6.11, and the resonant frequencies of the resonators are also listed 

in the table. The errors are given in the last column in the table as well. 
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CH228-Top

CH398-Top

CH458-Bottom

CH452-Top

CH228-Bottom

CH398-Bottom

 
 

Figure 6.22 Layout of the Long Chamber-Based T-Shaped Acoustic Resonators  

 
 

Table 6.11 Measured Frequencies of Tuned Chamber-Based Acoustic Resonators  

Group 
 

Measured 
    (Hz) 

Designed 
    (Hz) 

Error 
 (%) 

228.4 228.0 0.18  
-Top 
 

584.4 
- 

598.6 
742.8 

2.43 
- 

227.5 228.0 0.22 

 
 
CH228 
 -Bottom 

678.4 672.9 0.81 
135.9 133.0 2.13 
400.3 398.0 0.57 

 
 
-Top 
 

600.6 
- 

658.9 
906.1 

9.71 
- 

141.3 135.4 4.17 
398.4 398.0 0.10 

 
 
 
 
CH398 
 
 

 
-Bottom 

544.7 
758.4 
- 

506.9 
693.6 
959.5 

6.94 
8.54 
- 

154.4 152.9 0.97 
452.9 452.0 0.20 

 
CH452 
 

 
-Top 
 682.8 

- 
630.0 
795.7 

7.73 
- 

152.8 153.2 0.26 
459.4 458.0 0.30 

 
CH458 

 
-Bottom 

760.3 754.4 0.78 
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6.3.2 Noise Transmission Control Using Tuned Chamber-Based Resonators  

 
Three tests were designed to experimentally investigate the contribution of the long 

chamber-based T-shaped acoustic resonators to the noise transmission reduction in the Chamber- 

Core cylindrical firing [96]. The first test will not include any control resonators inside the 

cylinder. Rubber stoppers were inserted into the necks of Branch 1 to disable the acoustic 

resonators. The measured results will provide a basic reference for evaluating the effects of 

introducing the chamber-based resonators in the following tests. 

The second subsequent tests were designed to individually investigate the noise 

transmission attenuation in each targeted frequency (228 Hz, 398 Hz, 452 Hz and 458 Hz). The 

CH228-Top and CH228-Bottom resonators were used to control the cavity mode (001) at 228 

Hz. The NRS curve is shown in Figure 6.23. The measured maximum averaged NRS increase 

occurs at the plane z =120 mm, and the NRS curve is shown in Figure 6.24. 
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Figure 6.23 Noise Transmission Control Using CH228-Top and CH228-Bottom ARs (1) 
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Figure 6.24 Noise Transmission Control Using CH228-Top and CH228-Bottom ARs (2) 
 

 

In Figure 6.23 the NRS is reduced by 6.0 dB near 228 Hz. The measured maximum 

averaged NRS improvement around 228 Hz is 9.1 dB as shown in Figure 6.24. 

The combination of CH398-Top and CH398-Bottom was used to control the cavity mode 

(010) at 398 Hz. The NRS curves are shown in Figure 6.25, and reflects a reduction of 4.3 dB 

around 398 Hz. It is also found that the noise around 228 Hz and 664 Hz is worsened by about 2 

dB. The measured maximum averaged NRS increase around 398 Hz occurs at the plane of z = 

720 mm, and the curve is shown Figure 6.26. The measured maximum averaged NRS increase is 

8.1 dB at 398 Hz.  Some worsening at high frequencies (>800 Hz) in z=720 mm plane (Figure 

6.26), but as shown in Figure 6.25, the NRS cross the whole structure is unaffected at those 

frequencies. 
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Figure 6.25 Noise Transmission Control Using CH398-Top and CH398-Bottom ARs (1) 
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Figure 6.26 Noise Transmission Control Using CH398-Top and CH398-Bottom ARs (2) 
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In order to control the cavity mode (002) at 452 Hz and (010) at 458, the resonators 

CH452-Top and CH458-Bottom were used. The NRS curves are shown in Figure 6.27. The 

improvement of NRS is 2.8 dB around 452 and 458 Hz companied by 2.2 dB improvement 

around 398 Hz. Worsened NRS is observed around 228 Hz and 664 Hz, again. 
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Figure 6.27 Noise Transmission Control Using CH452-Top and CH458-Bottom ARs (1) 
  

 

The measured maximum averaged NRS improvement around 452 and 458 Hz occurs in 

the plane of z = 720 mm. The averaged NRS curve at this plane is shown in Figure 6.28, and the 

increase is 3.2 dB companied by 4.3 dB improvement around 398 Hz.  
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Figure 6.28 Noise Transmission Control Using CH452-Top and CH458-Bottom ARs (2) 

 

 

The third test was designed to evaluate the noise transmission control at the four targeted 

cavity resonant frequencies using the combination of acoustic resonators CH228-Top, CH228- 

Bottom, CH398-Top, CH398-Bottom, CH452-Top, and CH458-Bottom.  The position of the 

acoustic resonators in the cavity is given in Table 6.9. The measured NRS curves are shown in 

Figure 6.29, and the NRS curves averaged in specific planes are shown in Figure 6.30 and Figure 

6.31. 
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Figure 6.29 Noise Transmission Control Using Six Chamber-Based ARs (1) 
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Figure 6.30 Noise Transmission Control Using Six Chamber-Based ARs (2) 
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Figure 6.31 Noise Transmission Control Using Six Chamber-Based ARs (3) 
 

 

Figure 6.29 is the NRS curves using six chamber-based acoustic resonators. From Figure 

6.29 it can be observed that the four targeted cavity modes can be controlled very well with the 

combination of six chamber-based T-shaped acoustic resonators. The aim of obtaining 3 dB NRS 

improvement in each of the first four targeted frequencies is realized. The best improvement 

occurs around 228 Hz, and is 6.0 dB, and the minimum improvement occurs at 452 and 458 Hz, 

and is 3.2 dB. There is a 4.3 dB increase around 398 Hz. There is also significant improvement 

in the acoustic resonances 602 Hz, 1015 Hz, and 1148 Hz due to the coupling between structure 

and acoustics, and they are 4.0 dB, 4.9 dB, and 3.6 dB, respectively. There is a slight worsening 

of NRS at 1800 Hz, however, at 10 dB of NRS, this mode is not of large concern. The mode at 

604 Hz provides significant noise transmission, however, only modes below 500 Hz where 

absorptive blankets are not effective, were considered here. 

Figure 6.30 shows the measured maximum averaged NRS improvement for the targeted 

frequency 228 Hz, 452 Hz, and 458 Hz. It occurs at z = 120 mm with improvement of averaged 

NRS 10.2 dB around 228 Hz, and 6.0 dB around 452 and 458 Hz. The noise reduction is also 
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significant around 398 Hz in this plane, and is 5.0 dB. The maximum averaged NRS 

improvement for the frequency 398 Hz is 8.4 dB, and occurs in the plane of z = 600 mm, which 

can be found in Figure 6.31.  

 
 
 

6.4 Conclusions  

 
 
 

A more general and accurate model for cylindrical Helmholtz resonator design and 

natural frequency calculation has been developed. Cylindrical resonators were first designed and 

manufactured to control the first four acoustic cavity modes: (001) at 228 Hz, (010) at 398 Hz, 

(002) at 452 Hz and (011) at 458 Hz. A systematic test to investigate noise transmission control 

for the ChamberCore fairing using cylindrical Helmholtz resonators was demonstrated. The 

resonators were always placed at a pressure maximum for the particular modes being targeted. 

Results for implementing a combination of seven Helmholtz resonators (see Figure 6.9) show 5.8 

dB and 7.7 db improvement at modes (001) and (010), respectively, and 2.0 dB of improvement 

at modes (002) and (011). 

The effects on the noise reduction of the two closely spaced identical resonators have 

been investigated.  The results show that control can be improved by about 1-3 dB around the 

target frequency (228 Hz) if the Helmholtz resonators are well-positioned. The optimal 

positioning of the two closed space resonators is 180 degrees apart. Also, the effects on the noise 

reduction of two closely spaced resonators at different- frequencies have been investigated by 

using HR228 and HR398.  It is found that the control of the mode (010) at 398 Hz is not 

sensitive to the position change of the two different-frequency resonators except for the shift in 

modal frequency. For the control of mode (001) at 228 Hz, the same results have been observed 

as the same-frequency case above. The optimum relative spacing also was found to be 180 

degrees apart.   

A novel and general model for the calculation of resonant frequencies of the long T-

shaped acoustic resonators has been developed. A new and general long T-shaped acoustic 

resonator design equation has been derived. Three new end correction models based on the 
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consideration of acoustics have been proposed and  experimentally validated. End correction 

Model 3 gives excellent results for frequency prediction and resonator design. The new models 

proposed are no limitations for the cross-sectional shape of the three branches, and no limitations 

for the length of the three branches. Next, the noise transmission control for the ChamberCore 

fairing with well-positioned long T-shaped acoustic resonators was experimentally investigated. 

The results show that there is significant noise improvement over all frequency bands due to the 

contribution of the acoustic resonators with multi-modes. There are also significant resonance 

shifts found in the NRS curve mainly because of the volume change resulted from installing of 

the six long resonators. 

Finally, six long T-shaped acoustic resonators were designed using the developed 

theories. The resonators were constructed from the chambers of the ChamberCore fairing, PVC 

tubes (to form Branch 1), and relatively stiff closed foam. The noise transmission control in the 

first four targeted cavity modes was experimentally investigated using the chamber-based, T-

shaped acoustic resonators. The goal of 3 dB NRS increase is realized. The noise improvement is 

significant not only in the controlled modes but also in some non-targeted modes. Improvement 

ranging from 3.2 to 6.0 dB was observed in the noise reduction spectrum at the targeted inner 

cavity resonance frequencies. 
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7.0 CONCLUDING REMARKS 

 
 

 

This work has focused on the goal of better characterization of the noise transmission into 

advanced composite cylindrical structures, which leads to better noise transmission controls. The 

task is by no means complete, but all the theoretical models and design schemes can be used for 

full size composite cylindrical structures for characterizing their noise transmission behavior and 

conducting noise transmission control.  

 

 

7.1 Accomplishments 

 
 
 
The pertinent accomplishments are summarized below. 
 

• Developed a fully coupled mathematical model for analytically characterizing 

sound transmission into a finite elastic cylindrical structure with an application for 

the ChamberCore cylindrical composite fairing 

• Developed a more general and accurate model for resonance frequency 

calculation and design of the cylindrical Helmholtz resonators 

• Developed a novel and general model for resonance frequency prediction of the 

long, T-shaped, acoustic resonators 

• Derived a novel equation for the long, T-shaped, multi-modal acoustic resonator 

design 

• Developed an equivalent uniform shell model for the ChamberCore composite 

cylindrical structure 

• Numerically/analytically calculated the structural and acoustic dynamic 

parameters for the AGS tapered fairing and the ChamberCore fairing 
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• Experimentally identified the structural and acoustic dynamic parameters for the 

AGS tapered fairing and the ChamberCore fairing 

• Experimentally characterized the noise transmission behavior into the AGS 

tapered fairing 

• Experimentally characterized the noise transmission behavior into the 

ChamberCore fairing 

• Experimentally investigated the noise transmission control using passive fill 

materials for the ChamberCore fairing 

• Experimentally investigated the noise transmission control using cylindrical 

Helmholtz resonators 

• Experimentally investigated the noise transmission control using long T-shaped 

acoustic resonators 

• Experimentally investigated the noise transmission control using long, chamber-

based, T-shaped, acoustic resonators for the ChamberCore fairing. 

 

 

7.2 Recommendations for Future Work 

 
 
 

The analytical solution of the scattering and radiation pressure from a finite cylindrical 

shell should be studied. The radiation from two end caps should also be considered in the 

theoretical model of a real fairing system. 

Improvements for obtaining more accurate structural and acoustic modal parameters 

should be investigated. The nonaxisymmetric source should be considered to excite the enclosed 

cavity to obtain better frequency responses over all modes. Improved experimental configuration 

should be considered when identifying the structural modal parameters, which will decrease the 

acoustic cavity effects on the structural modes  

Smart acoustic resonators should be the next research topic. Our long T-shaped acoustic 

resonator does have a potential to be adaptive. The smart structure can be attached to one end of 

the resonator, and the smart acoustic resonator can be realized by means of adaptively changing 
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the acoustic radiation impedance of the smart structure. Multiple holes also can be opened along 

the resonator like a flute, and the smart acoustic resonator can also be realized through adaptively 

adjusting opening or closing status of the holes.  
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