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Computational inverse characterization approaches that combine computational physical
modeling and nonlinear optimization minimizing the difference between measurements from
experimental testing and the responses from the computational model are uniquely wellsuited for quantitative characterization of structures and systems for a variety of engineering
applications. Potential applications that are suited for computational inverse characterization range from damage identification of civil structures to elastography of biological
tissue. However, certain challenges, primarily relating to accuracy, efficiency, and stability, come along with any computational inverse characterization approach. As such, proper
application-specific formulation of the inverse problem, including parameterization of the
field to be inversely determined and selection/implementation of the optimization approach
are critical to ensuring an accurate solution can be estimated with minimal (i.e. practically
applicable) computational expense.
The present work investigates strategies to optimally utilize the available measurement
data in combination with a priori information about the nature of the unknown properties
to maximize the efficiency and accuracy of the solution procedure for applications in inverse
characterization of localized material property variations. First, a strategy using multiobjective optimization for inverse characterization of material loss (i.e., cracks or erosion) in
structural components is presented. For this first component, the assumption is made that
sufficient a priori information is available to restrict the parameterization of the unknown
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field to a known number and shape of material loss regions (i.e., the inverse problem is
only required to identify size and location of these regions). Since this type of parameterization would typically be relatively compact (i.e., low number of parameters), the inverse
problem is well suited for non-gradient-based optimization approaches, which can provide
accuracy through global search capabilities. The multi-objective inverse solution approach
shown divides the available measurement data into multiple competing objectives for the
optimization process (rather than the typical single objective for all measurement data) and
uses a stochastic multi-objective optimization technique to identify a Pareto front of potential solutions, and then select one ”best” inverse solution estimate. Through simulated test
problems of damage characterization, the multi-objective optimization approach is shown
to provide increased solution estimate diversity during the search process, which results in
a substantial improvement in the capabilities to traverse the optimization search space to
minimize the measurement error and produce accurate damage size and location estimates
in comparison with analogous single objective optimization approaches. An extension of this
multi-objective approach is then presented that addresses problems for which the quantity of
localized changes in properties is unknown. Thus, a self-evolving parameterization algorithm
is presented that utilizes the substantial diversity in the Pareto front of potential solutions
provided by the multi-objective optimization approach to build up the parameterization iteratively with an ad hoc clustering algorithm, and thereby determine the quantity, size, and
location of localized changes in properties with minimal computational expense. Similarly as
before, through simulated test problems based on characterization of damage within plates,
the solution strategy with self-evolving parameterization is shown to provide an accurate and
efficient process for the solution of inverse characterization of localized property changes.
For the second half of the present work, a substantial change in the inverse problem
assumptions is made, in that the nature (i.e., shape) of the property variation is no longer
assumed to be known as precisely a priori. Thus, a more general (e.g., mesh-based) parameterization of the unknown field is needed, which would typically come at a cost of significantly increased computational expense and/or loss of solution uniqueness. To balance
the generalization of the approach and still utilize some amount of the knowledge that the
solution is localized in nature, while maintaining efficiency, a hybrid compact-generalized
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parameterization approach is presented. The initial incarnation of this hybrid approach
combines a machine learning data reconstruction strategy known as gappy proper orthogonal decomposition (POD) with a least-squares direct inversion approach to estimate material
stiffness distribution in solids (i.e., to solve elastography problems). The direct inversion approach uses a generalized mesh-based parameterization of the unknown field, but full-field
response measurements (i.e., measurements everywhere in the solid) are required, which are
not available for most practical inverse characterization problems. Therefore, the gappy
POD technique first identifies the pattern of potential response fields of the solid through
a collection of a priori forward numerical analyses of the solid response with a specified
compact parameterization and a corresponding collection of arbitrarily generated parameter
sets. Once the pattern is identified, the gappy POD technique is able to use the available
partial-field measurement data to estimate the full-field response of the solid to be used by
the direct inversion. Thus, the computational cost of the inverse characterization is negligible
once the gappy POD process has been completed. Through simulated test problems relating
to characterization of inclusions in solids, the direct inversion approach with gappy POD
is shown to provide highly efficient and relatively accurate inverse characterization results
for the prediction of Young’s modulus distributions from partial-field measurement data.
This direct inversion approach is further validated through an example problem regarding
characterization of the layered stiffness properties of an engineered vessel from ultrasound
measurements. Lastly, an extension of this hybrid approach is presented that uses the characterization results provided by the previous direct inversion approach as the initial estimate
for a gradient-based optimization process to further refine/improve the inverse solution estimate. In addition, the adjoint method is used to calculate the gradient for the optimization
process with minimal computational expense to maintain the overall computational efficiency of the inverse solution process. Again, through simulated test problems based on the
characterization of localized, but arbitrarily shaped, inclusions within solids, the three-step
(gappy POD - direct inversion - gradient-based optimization) inverse characterization approach is shown to efficiently provide accurate and relatively unique inverse characterization
estimates for various types of inclusions regardless of inclusion geometry and quantity.
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1.0

ASSESSMENT OF MULTI-OBJECTIVE OPTIMIZATION FOR

NONDESTRUCTIVE EVALUATION OF DAMAGE IN STRUCTURAL
COMPONENTS

1.1

ABSTRACT

A multi-objective optimization-based computational approach to nondestructive evaluation
of damage in structural components, and more generally in solid continua, is discussed and
numerically evaluated. The multi-objective approach provides a substantial improvement in
the capabilities to traverse the optimization search space to minimize the measurement error
and produce accurate damage estimates. Through simulated test problems based on the
characterization of damage in structural steel components, including internal pipe surface
geometry as well as material loss within a plate structure utilizing steady-state dynamic measurements of outer surface displacement, a multi-objective genetic algorithm optimization
approach is shown to provide substantial computational improvement over single-objective
strategies. The multi-objective approach consistently and efficiently produces more accurate
characterization results in contrast to equivalent single-objective strategies. More importantly, the multi-objective approach is shown to exhibit consistently better tolerance to test
measurement noise and measurement sparsity. Moreover, the multi-objective strategy was
found to provide improved diversity in the solution estimates for ill-posed problems, which
is an important step leading to insight into the necessary changes to the testing or parameterization to subsequently produce more accurate and unique solutions to such inverse
characterization problems.
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1.2

INTRODUCTION

Approaches that combine computational mechanics with nonlinear optimization strategies to
solve inverse problems in nondestructive evaluation provide generalized frameworks for treating and distinguishing between various contributions to a system response, while providing
physically meaningful solutions that can be applied to predict future behaviors [8, 10, 62, 9].
However, there are several key challenges in implementing these approaches, one of which in
particular is the need for consistent and efficient nonlinear optimization to identify the unknown system parameters that optimally reproduce the experimental measurements. Complicating things further is that the optimization search spaces for nondestructive evaluation
(NDE) problems are often large (e.g., broad ranges of values for damage location and magnitude) as well as highly nonconvex, resulting in a propensity for many optimization approaches
to become stuck in local minima (i.e., identify incorrect solutions).
Nongradient-based algorithms such as genetic algorithms have seen substantial use to
date to overcome the nonconvexity issues [36, 30, 28]. Yet, while stochastic search algorithms are well equipped for global search capabilities they often require a relatively
large number of function evaluations (e.g., finite element analyses to determine a potential solution’s accuracy), which can become computationally prohibitive with any degree
of complexity of the system under consideration. Alternatively, for structural engineering
applications (e.g., damage detection in beam or truss structures) a simple modification of
utilizing multi-objective (rather than the typical single-objective) optimization has shown
promise to significantly improve the consistency and efficiency of computational NDE strategies [32, 55, 54, 53, 56, 52, 58, 12, 27, 29].
[27, 12] presented some of the earliest work on incorporating multi-objective optimization
for structural damage detection in which algorithms were discussed to determine a measure
of stiffness for each element of a discretized frame by minimizing the deviation from measured
natural frequencies and mode shapes independently in a multi-objective sense. Subsequently,
Perera and coworkers have done a considerable amount of work relating to the application
of multi-objective optimization strategies to improve NDE solution techniques for structural
applications. Specifically, in [55, 52, 54, 53] two objectives based on the mode shapes and
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natural frequencies of the structures are minimized independently through non-gradientbased strategies (e.g., genetic algorithm or particle swarm optimization) to estimate damage
locations and magnitudes within beam or truss elements. In addition, [32] explored the potential improvements to noise tolerance and sparse measurement data that can be obtained
with multi-objective optimization for determining the location and magnitude of damaged
elements in truss structures from two sets of vertical displacement measurements. In general, thus far analyses have shown that in structural mechanics applications by dividing the
physical targets for the inverse problem into multiple objective functions and minimizing
these functions simultaneously but separately, the search process is able to proceed more
effectively toward an accurate estimate of the damage properties than if the objectives had
been combined to form a single (weighted) objective.
The present work extends this concept of multi-objective optimization for NDE-type inverse problems from structural analysis (i.e., beam and truss modeling) to more generalized
problems through the example of solid continua. Moreover, this work uses simulated examples to provide a unique examination of the benefits of a multi-objective optimization strategy
with respect to both accuracy and efficiency for NDE applications, the relative effects to accuracy caused by measurement noise and sparse measurement data, as well as the ability to
improve solution set diversity specifically for non-unique problems. In the following section
the general inverse problem solution framework is outlined, including a detailed explanation
of the multi-objective genetic algorithm optimization procedure employed. Then, simulated
NDE examples of characterizing erosion in the wall of a pipe structure and identifying holes
in a plate structure are presented, including analysis of the inverse characterization results,
which is followed by the concluding remarks.

1.3

COMPUTATIONAL INVERSE MECHANICS

Generally, computational inverse mechanics approaches for NDE (depending on implementation and application also referred to as model updating or by other monikers) consist of
first constructing a numerical representation (e.g., finite element model) (Fig. 1.1(b)) of the
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behavior of the target structure that is parameterized with respect to the unknown structural/system properties (~
α) and subject to whatever particular nondestructive test has been
chosen to be applied (Fig. 1.1(a)). Then, an objective function (γ(~
α)) is constructed quantifying the difference between the experimentally measured response of the structure from
~ exp ) and the response that is predicted by the numerical representhe nondestructive test (R
~ sim (~
tation given an estimate to the structural properties (R
α)). A nonlinear optimization
strategy is applied to minimize the objective function (Fig. 1.1(c)), and if the objective can
be minimized sufficiently the resulting structural/system parameters are deemed to be the
approximation to the “true” state of the structure/system.
The success of these computational inverse mechanics approaches is dependent upon
the accuracy of the numerical representation of the structure, the quality of the response
measurements (i.e., noise), the sensitivity of the particular response measured to variations
in the structural properties to be determined, and the capabilities of the chosen optimization
algorithm to traverse the search space. Moreover, the majority of applications will see some
degree of weakness in these requirements, leading to a certain amount of ill-posedness in the
inverse problem that challenges the ability to successfully find a unique and accurate solution.
The focus of the present work is to quantitatively examine the ability of multi-objective
optimization to overcome some of the ill-posedness in NDE problems and improve solution
capabilities in a general sense through examples of damage detection in solid continua.

1.4

MULTI-OBJECTIVE OPTIMIZATION

Although there are several suitable multi-objective optimization techniques, for context, the
present work will solely consider the example of a multi-objective genetic algorithm (GA). For
NDE applications, the key benefit of the multi-objective approach is that it maintains a high
level of diversity in the solution population, which helps to prevent stalling or convergence
to local minima. Diversity is maintained during the search process in contrast to the singleobjective strategies by evolving a set of optimal points in the solution space with respect
to the multiple objective functions known as the Pareto set. The Pareto set can be defined
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Figure 1.1: Example schematic of the computational inverse mechanics approach for NDE.
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as the set of solutions that are not dominated by any other solution in the search space.
For example, as shown in Fig. 1.2 for a two-objective optimization, potential solutions A
and B both dominate C in that they have lower values of both objective functions, but are
not dominated themselves by any other potential solution shown (they may have a higher
value of one objective, but never both), and therefore A and B belong to the Pareto set
and C does not. Another term for the Pareto set is the “First front”, and the remaining
solution estimates that are not in the Pareto set can be divided into several subsequent
fronts (Second, Third, and so on) based on the criteria that each member of a front is not
dominated by any member of the same or higher-number fronts, as shown in Fig. 1.2.
g1
g 1 (C )

C
A

g 1 ( A)
B

Third front

g 1 ( B)

Second front
First front
(Pareto set)

g 2 ( A) g 2 ( B) g 2 (C )

g2

Figure 1.2: Potential solution set distribution for a two-objective (γ1 and γ2 ) optimization
problem and their divisions into three non-dominating fronts.

Within a GA the multi-objective criteria primarily affects the ranking of the individuals in
the population, which then governs how the evolution operators of mutation, crossover, and
natural selection are applied. Specifically, a controlled elitist multi-objective GA (CEMGA)
was used for the examples considered herein. While there are alternate multi-objective
algorithms available that would likely provide similar results, the CEMGA was used for
the present work due to its documented robustness with respect to global search capability
and availability within the commercial software MATLAB ([41]). The overall procedure of
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CEMGA to evolve a set (i.e., population) of solution estimates towards obtaining the Pareto
set is as follows:
1. Randomly generate an initial population of trial solution sets (i.e., individuals) for the
unknown parameters and evaluate each parameter set to obtain the corresponding value
for each objective function.
2. Assign a priority score to each individual in the population based on their corresponding
front (see Fig. 1.2) and measure of “crowdedness” (i.e., how near the individual is to
others on the same front in the objective function space).
3. Select a subset of “parent” individuals from the population based on the priority score.
4. Generate new individuals by applying crossover and mutation to the parent individuals
and evaluate their respective priority scores.
5. Create the next generation of individuals by selecting from the current population and
offspring based on the priority scores and Pareto fraction (i.e., limitation on the number
selected from the current Pareto set).
6. IF the stopping criteria is met - OUTPUT the Pareto set of parameter solutions and
STOP;
ELSE RETURN to 3.
A higher priority score, and therefore higher chance to survive throughout generations is
assigned to individuals with lower front number and larger distance measure in the objective
function space with respect others in the same front. Typical stopping criteria include a
maximum number of generations and/or analysis time and limits placed on the change in
spread of the individuals in the Pareto set. Note that while the multi-objective approach
evolves a set of optimal solutions rather than just one, the physical reality of an NDE
problem is that there can be only one “true” solution. Therefore, a postprocessing method
is typically applied at the completion of the optimization process to produce one optimal
solution estimate from the Pareto set. See [15, 41, 32, 52] for additional details about the
CEMGA, including specifics of the operators, stopping criteria, and postprocessing methods
that can be used therein.
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1.5

EXAMPLES AND DISCUSSION

Several simulated examples of damage characterization (i.e., numerically simulated experiments with chosen damage parameters) were considered to examine the potential benefits
of using the multi-objective optimization approach for NDE problems in solid continua. In
all cases the simulated nondestructive tests consisted of applying a harmonic pressure to
a small portion of the structure at an excitation frequency of 20 Hz, and then measuring
the resulting steady-state harmonic displacement amplitudes at several discrete locations
along the outer surface of the structure. Vibration testing using direct frequency response
measurements was chosen based on its documented ability to provide substantial diagnostic
information for a global evaluation of a structure [11, 39]. However, the overall approach
and benefits would be expected to yield similar results for alternate testing approaches.
For both generating the experimental data and simulating the forward problem during
the inverse solution process the structures were assumed to behave linearly and be defined
by steady-state dynamic solid mechanics and analyzed using the finite element method. For
the simulated experiments the damage was modeled by directly modifying the geometry
(e.g., creating holes), and therefore modifying the finite element mesh. By contrast, for
the simulations of the structures throughout the inverse solution process (i.e., for evaluation of the individual fitness during optimization) the meshes remained constant describing
the geometry of a healthy structure (i.e., structure without damage), and the damage was
modeled by reducing both the Young’s modulus and density to negligibly small values at
all integration points within the specified damage region. This modeling procedure for the
inverse simulations allowed the model to be efficiently parameterized for the optimization
process, while also helping to alleviate the inverse crime inherent to simulated experiments
by utilizing a moderately different model to generate the experiment as that used for the
inverse solution process.
The inverse problems to determine the structural parameters defining the damage in the
example structures were briefly cast in the form of the following multi-objective optimization
problem. The multi-objective functions that define the difference between the experimental
measurements and the responses of the numerical model of the example structures are in

8

terms two arbitrary groupings of the displacements measured on the surface of the structures
due to the harmonic excitation:

1/2
 Pn
2
exp
sim (~

Uaj
−Uaj
α))
(

j=1

α) =
 γ1 (~
Pn
exp 2
(Uaj
)
min
 Pm j=1
1/2 ,
exp
sim α) 2
α
~

)

j=1 (Ubj −Ubj (~

α) =
Pm
 γ2 (~
exp 2
j=1 (Ubj )

(1.1)

where α
~ is the vector containing the parameters of the unknown damage to be determined
exp
sim
in the inverse problem, Uaj
and Uaj
are the experimentally measured and numerically

simulated displacement at the j th measurement location in the first grouping, respectively,
and Ubjexp and Ubjsim are the experimentally measured and numerically simulated displacement
at the j th measurement location in the second grouping, respectively.
While the displacement groupings were chosen arbitrarily for the two separate objectives
for the examples in the present study, it would certainly be possible to investigate additional
or alternate competing objectives, such as measurements of different directional components
and/or from multiple regions of the domain, which may provide different benefits and shortcomings depending on the nature of a particular application.
The CEMGA multi-objective optimization algorithm discussed was applied to solve the
constrained optimization problem in terms of the two objective functions, γ1 and γ2 , as
outlined above. In addition, to obtain a single solution estimate from the Pareto set of
solutions provided by the CEMGA, at completion the Pareto set was postprocessed to select
the one individual with the minimum l2 -norm of the two objective functions as follows:

min γ12 (~
α) + γ22 (~
α) ,
α
~ ∈P

(1.2)

where P represents the Pareto set obtained by the CEMGA. As discussed previously, there
have been alternate methods used to select the final estimate from such results. However,
since the measurement groupings used for the examples herein are physically similar quantities to each other, the above choice is somehow intuitively ideal, providing the optimal
solution estimate in an average sense.
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For comparison purposes, two additional optimization approaches were applied to solve
the inverse damage characterization problems in each example, in both cases utilizing a standard single-objective GA technique (see ([28])) for an overview of a typical single-objective
genetic algorithm procedure).
In the first set of alternate tests, referred to as the “Lumped-Objectives” trials, the
standard GA was applied to minimize the l2 -norm of the two objective functions (similar to
the postprocessing equation for the Multi-Objective trials). For the second set of alternate
tests, referred to as the “Single-Objective” trials, only one of the objective functions was
minimized by the GA, either γ1 or γ2 . As such, twice the number of analyses were performed
for the Single-Objective trials as for the Lumped-Objective or Multi-Objective cases, since
one set of tests were performed only using γ1 and another set only using γ2 .
An initial population of 40 individuals was utilized for all GA cases (Lumped-, Single-,
and Multi-Objective), as well as scattered crossover and adaptive feasible mutation. The
CEMGA used tournament selection, while the single-objective GA used stochastic uniform
sampling. In all cases to ensure a fair comparison the stopping criteria for the optimization
was set as a maximum number of generations (which is equivalent to setting a maximum
number of finite element analyses). In addition, due to the stochastic nature of the optimization solution strategies, the inverse problem solution procedure was repeated five times for
all test cases for all optimization methods and the mean and standard deviation of the results
were analyzed to quantify both the accuracy and the consistency of the various techniques
for each example.

1.5.1

Example 1: Simulated Pipe With Erosion

The first example consisted of evaluation of a simulated steel pipe to determine the unknown
amount of erosion from the inner wall of the pipe. As shown with the pipe cross-section in
Fig. 1.3, the pipe was taken to be 1 m long, with an outer radius of 42 cm, a wall thickness of
7.2 cm, and both ends were connected to fixed supports. The material behavior was defined
as linear elastic with a Young’s modulus of 200 GP a, Poisson’s ratio of 0.3, and density of
8000 kg/m3 , and all properties were assumed to remain as defined following damage (i.e.,
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the erosion damage being characterized in this simulated problem was assumed to occur
without any observable change to the properties of the remaining material in the structure,
and therefore only changed the structure’s geometry).

z

a

Fixed boundary

b
Damage
zd

Excitation

Excitation

r

Fixed boundary

Figure 1.3: Cross-sectional schematic of the damaged pipe structure for Example 1.

To generate experimental data an ellipsoidal region representing the erosion was removed
from the inner surface of the pipe in a constant manner throughout the entire circumference
of the inner wall. The eroded region was therefore defined by the axial coordinate to the
ellipse center, zd , the axial radius of the ellipse, b, and the radial radius of the ellipse, a. An
ellipsoidal geometry was chosen for the erosion because of its simplicity as well as the fact that
similar simplifications have been applied in several works to simulate pipe structural behavior
following corrosion damage ([31, 79, 6, 42]). The simulated nondestructive test consisted of
applying a 1 kP a harmonic load to a 2 cm region on the surface of the pipe centered in the
axial direction of the pipe and constant over the circumference of the outer wall, and both
the resulting axial and radial displacements were measured at 99 locations along an axial
line on the outer surface of the pipe that were equally-spaced in 1 cm increments. Note,
the erosion, boundary conditions, and nondestructive testing definitions were all chosen to
satisfy the axisymmetric condition, and therefore reduce the computational cost to examine
the problem. Table. 1.1 shows the target values for the unknown erosion parameters (i.e.,
values used to generate the experimental data) and the minimum and maximum values
11

Table 1.1: Target (experimental) values for the unknown erosion centroid axial coordinate
(zd ), radial radius (a), and axial radius (b), and the minimum and maximum values considered for the optimization search process for the example damaged pipe structure.

Erosion

Target

Optimization

Optimization

Parameter

Value

Minimum

Maximum

zd

0.25

-0.5

0.5

a

0.03

0.0

0.072

b

0.05

0.0

0.5

considered plausible for each parameter for the inverse solution process (i.e., optimization
constraints).

For this first example, the axial displacement measurements were used to

form the first objective (γ1 ) and the radial displacement measurements were used to form
the second objective (γ2 ).

1.5.1.1

Optimization Efficiency To demonstrate the computational efficiency of the

various GA optimization approaches the first set of tests restricted the maximum number
of finite element analyses to three separate values: 400, 800, and 1200. Then, the ability of
each approach to successfully minimize the objective functions within the function evaluation
constraints was analyzed and compared. Note that for the Single-Objective tests, in which
only one of the objective functions was provided for the optimization calculations, the results
are only shown for the corresponding objective function (i.e., when axial displacement was
provided as the GA objective only the error in the axial displacement measurements was
plotted for that optimization solution, and similarly for the radial displacement).
Fig. 1.4 shows the mean and standard deviation of the measurement error for the axial
displacement (γ1 ) and radial displacement (γ2 ) produced by the solutions obtained from the
five trials of each optimization approach for each limit on total analyses. Overall, the MultiObjective approach showed an improved computational efficiency in comparison to both
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Figure 1.4: Mean and standard deviation (error bars) of the measurement error for each
optimization approach after the specified maximum number of finite element analyses (FEA)
for Example 1.
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single-objective strategies (separate or lumped), on average obtaining solution estimates
with both lower axial and radial displacement measurement error regardless of the limit on
the total number of finite element analyses. Moreover, after the lowest number of function
evaluations (400) the Lumped-Objective approach clearly minimized the measurement error
farther than the separate Single-Objective trials, but as the number of function evaluations
increased the difference between the Lumped-Objective and Single-Objective approaches
became almost negligible. These results particularly serve to further emphasize the challenge
in traversing the optimization search space for even such a simple inverse characterization
problem, and shows that adding more information in a lumped single-objective manner may
not actually improve the capability to solve the inverse problem as would be expected. Yet,
the Multi-Objective approach may be able to improve the capability to overcome this inverse
problem challenge by better utilizing additional measurement information to more efficiently
seek out a global minimum to the optimization problem.

1.5.1.2

Solution Accuracy The second set of tests was intended to examine the consis-

tency and accuracy of the solution methods by increasing the stopping criteria to 6000 total
finite element analyses, an amount sufficient to ensure all optimization trials reached convergence (whether to a local or global minimum). Fig. 1.5 again shows the mean and standard
deviation of the measurement error for the axial displacement and the radial displacement
produced by the solutions obtained from the five trials of each optimization approach with
6000 finite element analyses. What is most interesting is that the results for the two singleobjective strategies (separate and lumped) are minimally different from those obtained in
the prior tests with 1200 finite element analyses, with both the mean and standard deviation
of the measurement errors remaining relatively high. By contrast the Multi-Objective results
noticeably improved when the number of analyses was increased to 6000, with both a lower
mean error and substantially lower standard deviation of the error results. These results
imply that in most cases the single-objective strategies experienced premature convergence
to local minima, while the Multi-Objective strategy was able to consistently overcome the
nonconvexity of the search space given a sufficient number of analyses in nearly all trials to
accurately match the measurement data.
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Figure 1.5: Mean and standard deviation (error bars) of the measurement error for each
optimization approach after 6000 finite element analyses for Example 1.

To display the effect of the difference in measurement error on the accuracy of the
inverse problem solution (i.e., erosion parameters) Fig. 1.6 shows the mean and standard
deviation of the erosion parameter values obtained from the five trials of each optimization
approach with 6000 finite element analyses in comparison to the target (experimental) values.
Even though the modeling approach to generate the experimental data and that for the
inverse solution simulations was slightly different (discussed above), the accuracy of the
inverse solution estimate to the erosion parameters correlated well with the minimization of
the measurement error. As such, the improved ability of the Multi-Objective approach to
minimize the measurement error led to improved accuracy in the estimates to the erosion
parameters in comparison to both the Single-Objective and Lumped-Objective approaches.

1.5.1.3

Measurement Noise The third set of tests was intended to examine the effect

of measurement noise on the solution capabilities for damage inverse characterization of the
structures. As it is guaranteed in practice to have some degree of measurement noise, which
is likely correlated to the cost of the sensing systems used, it is critically important that the
inverse procedure for damage characterization is not strongly affected by this measurement
noise. Weak noise tolerance of the inverse procedure could lead to more ill-posed solutions.
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(b) Radial Radius
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(c) Axial Radius

Figure 1.6: Mean and standard deviation (error bars) of the optimal erosion parameter solutions from each optimization approach: Single-Objective (SO) using either axial displacement
(AD) or radial displacement (RD), Lumped-Objectives (LO), and Multi-Objective (MO) after 6000 finite element analyses compared to the target (experimental) values for Example
1.
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Therefore, varying levels of Gaussian white noise was added to the simulated experimental
measurements of the structures as follows:
U expn = U exp (1 + kυ) ,

(1.3)

where U expn is the experimental displacement measurement (either axial or radial displacement) with noise that replaced the previously used measurement without noise, U exp , k is
the noise amplitude multiplier, and υ is a normally distributed random variable with unit
variance and zero mean. k was chosen to produce and test three different signal to noise
ratios (SNR) (ordered from least noise to most): 40 dB, 30 dB, and 20 dB, based on the
following definition:
 2
1
SN R(dB) = 10log10
,
k

(1.4)

After the addition of noise the three optimization approaches were again applied for five
independent trials each with the stopping criteria set to 6000 finite element analyses and the
results were analyzed.
Fig. 1.7 shows the mean and standard deviation of the measurement error for the axial
displacement and radial displacement and Fig. 1.8 shows the mean and standard deviation of
the erosion parameter values produced through the five trials of each optimization approach
with each of the three noise levels. Analogously to the previous noise-free results, the MultiObjective optimization approach clearly outperformed both the Single-Objective and the
Lumped-Objective trials to minimize the measurement error and produce accurate estimates
to the erosion parameters. Furthermore, while the final measurement error increases in all
cases with increasing noise, the erosion parameter results of the Multi-Objective trials stay
highly accurate, particularly in comparison to the other optimization techniques. These
results thoroughly emphasize the importance of having the optimization algorithm minimize
the measurement error as much as possible within the noise limitations to yield an accurate
estimate of the damage parameters, something which the Multi-Objective approach was
superior in accomplishing.
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Figure 1.7: Mean and standard deviation (error bars) of the measurement error for each
optimization approach subject to the specified level of measurement noise after 6000 finite
element analyses for Example 1.
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Figure 1.8: Mean and standard deviation (error bars) of the optimal erosion parameter solutions from each optimization approach: Single-Objective (SO) using either axial displacement (AD) or radial displacement (RD), Lumped-Objectives (LO), and Multi-Objective
(MO) subject to the specified level of measurement noise after 6000 finite element analyses
compared to the target (experimental) values for Example 1.
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1.5.1.4

Measurement Sparsity There are commonly practical limitations on the num-

ber of measurements that can be obtained for any given nondestructive test (e.g., there are
limits to the number of sensors that can be installed), and the amount of measurements is
typically strongly correlated with the ill-posedness of the inverse characterization problem
(i.e., less measurement data often leads to a higher likelihood of a nonunique solution and
at least a more nonconvex error surface). Therefore, for the last set of tests for Example 1,
varying numbers of discrete (noise-free) measurements of the axial and radial displacement
along the pipe surface were utilized within the optimization approaches and the evaluation
results were again analyzed and compared. In addition to the original 99 measurement points
equally spaced at 1 cm intervals, two additional cases were examined: 24 locations at 4 cm
intervals and 9 locations at 10 cm intervals. The three optimization approaches were again
applied with each quantity of experimental data, in turn, for five independent trials each
with the stopping criteria set to 6000 finite element analyses.
Fig. 1.9 shows the mean and standard deviation of the measurement error for the axial displacement and radial displacement produced through five trials of each optimization
approach with each case of measurement point intervals. There is negligible difference in
the results for measurement intervals of 1 cm and 4 cm, implying that both data quantities
have sufficient information to determine a unique and accurate solution, particularly when
provided with the optimization capabilities of the multi-objective approach. Alternatively,
there is a substantial difference in the resulting error minimization for measurement intervals
of 10 cm when compared to the larger experimental datasets. There is clearly convergence
to local minima and there was substantial variation in the resulting erosion parameter estimates (not shown for brevity), indicating that the nondestructive test performed with surface
measurements at 10 cm intervals is insufficient to produce unique and accurate damage estimates and produces a substantially more nonconvex error surface than the cases with more
measurement information. However, the multi-objective approach was able to minimize the
measurement error consistently to a far lower value than the single-objective approaches, and
although there was higher deviation in the solutions than previously, the multi-objective approach produced more accurate damage estimates than the single-objective strategies even
when using more dense measurements.
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Figure 1.9: Mean and standard deviation (error bars) of the measurement error for each
optimization approach subject to the specified measurement point intervals after 6000 finite
element analyses for Example 1.
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1.5.2

Example 2: Simulated Plate With Holes

A second set of simulated test cases for a different inverse characterization example was
considered in order to examine the capabilities of the multi-objective approach to generalize
to other similar NDE problems in solid continua. This second example consisted of evaluation
of a simulated steel plate to determine the unknown size and location of small circular holes
occurring throughout the domain. As shown in Fig. 1.10, the plate was taken to be an
arbitrarily thin 1 m × 1 m square section with the bottom fixed to a rigid support. The

y
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m ge
cv
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x
Figure 1.10: Schematic of the damaged plate structure for Example 2.

elastic material properties were defined identically to the previous pipe example, and again
the material properties were assumed to be unaffected by damage (i.e., damage only changed
geometry).
To generate the experimental data circular regions representing the damage defined by
the horizontal and vertical coordinates of their centers (ch and cv ) and corresponding radii
(cr ) were removed from the plate. As in the previous example, the circular assumption
was used for simplicity and its similarity to previous related NDE efforts [36, 43, 20, 7, 40,
21]. The simulated nondestructive test consisted of applying a 1 kN/m (factoring out the
arbitrary thickness) harmonic excitation to the top surface of the plate and measuring the
vertical and/or horizontal displacements at several locations (detailed in the following) on
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Table 1.2: Target (experimental) values for the unknown damage centroid horizontal and
vertical coordinates (ch and cv ) and radius (cr ), and the minimum and maximum values
considered for the optimization search process for the example plate structure with a single
damage location.

Damage

Target

Optimization

Optimization

Parameter

Value

Minimum

Maximum

ch

0.3

0.0

1.0

cv

0.7

0.0

1.0

cr

0.05

0.0

1.0

the surface of the plate, and all simulations utilized the plane stress assumption. In addition,
Gaussian white noise was added to the experimental data with a SNR of 40 dB.

1.5.2.1

Single Damage Location For the first set of tests a single damage location

was used to generate the simulated experiment, and then the inverse characterization problem sought to determine the location and size of this single damage. Table. 1.2 shows
the target values for the unknown damage parameters and the minimum and maximum
values considered reasonable for each parameter for the inverse solution process. For the
measurement data both the horizontal and vertical displacements resulting from the applied
harmonic excitation were measured at 19 locations along the right surface of the plate that
were equally-spaced vertically in 5 cm increments. Again, the data was divided into two
objectives with the vertical displacement measurements used to form the first objective (γ1 )
and the horizontal displacement measurements used to form the second objective (γ2 ).
The same three optimization strategies as were used in the previous example (Lumped, Single-, and Multi-Objective) were each applied to estimate the location and size of the
unknown damage in the plate, again with five trials for each optimization approach and with
a stopping criteria of 2000 total finite element analyses for each trial. The stopping criteria
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Figure 1.11: Mean and standard deviation (error bars) of the measurement error for each
optimization approach after 2000 finite element analyses for Example 2 with a single experimental damage location.

was deemed sufficient for this example to ensure all optimization trials reached convergence
(whether to a local or global minimum). Fig. 1.11 shows the mean and standard deviation
of the measurement error for the vertical displacement (γ1 ) and the horizontal displacement
(γ2 ) and Fig. 1.12 shows the mean and standard deviation of the damage parameter values
produced by the solutions obtained from the five trials of each optimization approach.
Similarly to the first example, the Multi-Objective approach showed a superior ability to
minimize all measurement errors, and therefore, produced more accurate estimates to the
damage parameters than any of the Single- or Lumped-Objective approaches. Moreover,
the Single-Objective results when using only the vertical displacement are noticeably more
accurate than either the Single-Objective approach with the horizontal displacement or the
Lumped-Objective approach. These results again imply that one measurement quantity
was more sensitive to the damage parameters than the other, and when combining the
two measurement groupings the Lumped-Objective approach is negatively affected by the
additional data, whereas the Multi-Objective strategy benefits from all information available.

24

Target value

(a) Horizontal Coordinate

Target value

(b) Vertical Coordinate

Target value

(c) Radius

Figure 1.12: Mean and standard deviation (error bars) of the optimal damage parameter solutions from each optimization approach: Single-Objective (SO) using either vertical
displacement (VD) or horizontal displacement (HD), Lumped-Objectives (LO), and MultiObjective (MO) after 2000 finite element analyses compared to the target (experimental)
values for Example 2 with a single experimental damage location.
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1.5.2.2

Multiple Damage Locations In contrast to all of the previous examples, the

last set of tests was intended to examine the capabilities of the Multi-Objective optimization
approach for problems in which the “true” solution does not exist in the optimization search
space, leading to a higher propensity for multiple global (or nearly global) minima that have
substantially different parameter values. Therefore, for the final set of tests two damage
locations were used to generate the simulated experiment, but the inverse characterization
problem sought to determine the location and size of only a single damage. Table. 1.3 shows
the experimental (“true”) values of the damage parameters for the two damage locations,
and the same minimum and maximum values for the damage parameters as were used for
the previous example and shown in Table. 1.2 were employed for the optimization process
to determine the estimated single damage location.

Table 1.3: Target (experimental) values for the unknown damage centroid horizontal and
vertical coordinates (ch and cv ) and radius (cr ) for each damage location for the example
plate structure with two damage locations.

Damage Parameter

Target Value 1

Target Value 2

ch

0.7

0.7

cv

0.7

0.3

cr

0.05

0.05

For the measurement data only the horizontal displacements resulting from the applied
harmonic excitation were measured at 99 locations that were equally-spaced vertically in
1 cm increments along both the left and right surfaces of the plate. The measurements were
divided into two objectives with the displacement measurements from the left surface used
to form the first objective (γ1 ) and the displacement measurements from the right surface
used to form the second objective (γ2 ).
For these final tests the focus was on the ability of the stochastic optimization approaches
to maintain diversity in their solution populations and ultimately reveal multiple potential
solutions when they exist. As such, for simplicity only the Multi-Objective and the LumpedObjective approaches were applied to the multiple damage location cases to estimate the
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location and size of a single unknown damage in the plate, again with five trials for each
optimization approach and with a stopping criteria of 2000 total finite element analyses for
each trial. Furthermore, to examine the capabilities to maintain solution diversity and reveal
multiple possible damage characterization results the analysis of the trial results focused on
the solution distribution in the final populations of the optimization cases. In particular,
for the Multi-Objective approach the analysis focused on the distribution of characterization
solutions on the resulting Pareto fronts, which given the Pareto fraction used of 0.35 produced
14 solution estimates at the completion of optimization. Alternatively, since the LumpedObjective strategy does not specifically produce a Pareto front, simply the 14 individuals in
the final population with the best combined fitness (according to Eqn. (2.7)) were extracted
and analyzed at the completion of optimization.
The results of the five optimization trials were consistent, and therefore, a representative
example from the five trials of each optimization approach are presented. Fig. 1.13 shows
the overall distribution as well as the mean and standard deviation of the measurement error
for the left surface horizontal displacement (γ1 ) and the right surface horizontal displacement (γ2 ) from the 14 optimal solution sets obtained in one trial of the Multi-Objective
strategy and one trial of the Lumped-Objective strategy. Overall, the resulting measurement errors were considerably higher for all cases in comparison to the previous examples,
particularly the right surface measurements, which is expected since the parameterization
of the characterization problem can not capture the “true” solution used to generate the
experimental data. However, the distribution of measurement errors in the populations of
the two optimization approaches (Multi- and Lumped-Objective) are considerably different
from each other. The Lumped-Objective strategy yielded a population with consistently
lower total error (left and right surface) than the Multi-Objective approach, although still
with error high enough to suggest the characterization problem failed to find an accurate
damage representation (as expected). More importantly, the Lumped-Objective results consistently converged to an entire population (considering even the entire final population of
40 and not just the 14 plotted herein) with nearly the same level of error, whereas the MultiObjective approach had significant diversity in the measurement errors for the solutions in
the final Pareto set and in many cases with substantially lower measurement error for the
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Figure 1.13: (a) Distribution and (b) mean and standard deviation of the measurement error
for the 14 individuals in the Pareto set from a representative trial of the Multi-Objective
optimization approach and the 14 individuals with the lowest total measurement error in the
final population from a representative trial of the Lumped-Objective optimization approach
after 2000 finite element analyses for Example 2 with two experimental damage locations.
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right surface measurements. Moreover, as shown in Fig. 2.1 for the corresponding 14 solution estimates for the plate damage in comparison to the “true” (i.e., target) damage, the
Lumped-Objective approach converged the entire population to essentially a single solution
estimate, providing for minimal insight into the nature of the “true” solution in this failed
characterization attempt. By contrast, the Multi-Objective approach produced a diverse
set of solution estimates, that for this specific example, happen to cluster near to the two
“true” damage locations. As such, there is clearly a benefit to utilizing a Multi-Objective
optimization strategy for such a characterization problem to maintain diversity in the solution population. Specifically, the Lumped-Objective results provide minimal insight into
potential follow-up strategies to solve the characterization problem more accurately, such as
suggesting the “true” number of damage locations or allowing application of coevolutionary
strategies to design an improved nondestructive test [35, 34]. Whereas, the results of the
Multi-Objective optimization presented could be interpreted to suggest optimization should
be repeated with an assumption of two damage locations in the plate and potentially lead
to an accurate estimate of the “true” solution. Although, more investigation is required
to deduce the ability of a Multi-Objective optimization approach to consistently produce
estimates to multiple damage locations under the assumption of only a single damage for
the optimization process.

1.6

CONCLUSIONS

A multi-objective optimization-based computational inverse problem solution method for
damage characterization in solid continua was presented. In general, the procedure was
shown to be a relatively simple change to the standard optimization-based NDE strategies,
while providing a substantial improvement in the capabilities to maintain a high level of
diversity in the solution population during the search process, and therefore, traverse the
optimization search space to minimize the measurement error and produce accurate damage
estimates. Within the context of genetic algorithm optimization, the capabilities of a mulitobjective approach were displayed quantitatively in comparison to standard approaches of
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Figure 1.14: Distribution of the optimal damage solution estimates compared to the “true”
(target) damage solution for (a) the 14 individuals in the Pareto set from a representative
trial of the Multi-Objective optimization approach and (b) the 14 individuals with the lowest
total measurement error in the final population from a representative trial of the LumpedObjective optimization approach after 2000 finite element analyses for Example 2 with two
experimental damage locations.
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casting the NDE problem in terms of a single objective through a numerical study of two
simulated damage characterization problems based on vibration testing using direct frequency response displacement measurements. Through the example of a steel pipe structure with
inner wall erosion damage, the multi-objective approach was shown to improve both efficiency and accuracy of the NDE process, while also having improved tolerance to measurement
noise and measurement sparsity in comparison to equivalent single-objective techniques. In
addition, an example of identifying holes within a steel plate showed that the multi-objective
approach was capable of some degree of generalization to alternate NDE problems. Moreover, the plate example showed that the multi-objective approach can provide a substantial
benefit in NDE problems where no accurate solution and/or multiple solutions may exist.
By providing diverse solution estimates the multi-objective approach may better indicate
the actual solution space when a solution does not exist within the current parameterization
or otherwise provide insight into potential changes to the testing or parameterization to
produce more accurate and unique solutions to the NDE problem.
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2.0

A COMPUTATIONAL NONDESTRUCTIVE EVALUATION

ALGORITHM COMBINING SELF-EVOLVING PARAMETERIZATION
AND MULTI-OBJECTIVE OPTIMIZATION FOR QUANTITATIVE
DAMAGE CHARACTERIZATION

2.1

ABSTRACT

A self-evolving parameterization approach for nondestructive evaluation (NDE) of damage
in structural components is presented and numerically evaluated. Focused herein on problems relating to characterizing an unknown quantity of localized changes in properties, the
adaptive approach utilizes the substantial solution diversity that is uniquely provided by
multi-objective optimization to iteratively build up the parameterization and accurately
characterize all localized property changes with the minimum dimensional parameterization.
Through simulated test problems based on the characterization of damage within plates,
the NDE approach with self-evolving parameterization is shown to provide an accurate and
efficient process for the solution of inverse characterization problems.

2.2

INTRODUCTION

Computational inverse mechanics approaches for nondestructive evaluation (NDE) that combine computational mechanics and nonlinear optimization are uniquely well-suited for quantitative inverse characterization for a variety of engineering systems and physical properties,
particularly when measurement information is limited [8, 10, 62, 9, 81, 5]. However, these approaches can often become computationally prohibitive, particularly since the computational
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expense of the inverse problem solution procedure for many commonly used algorithms (e.g.,
non-gradient-based optimization approaches [9]) increases significantly with the dimensionality of the parameterization of the unknown variable(s) to be determined (e.g., the number
of unknown material parameters). Therefore, it is of paramount importance in many applications to carefully select an efficient parameterization that can represent the nature of the
potential inverse problem solutions accurately with a minimal number of parameters.
To maintain reasonable computational efficiency, many applications will attempt to utilize a priori knowledge of the potential inverse problem solution space to select a parameterization with relatively few coefficients to be determined. For example, in several applications
the spatial distribution of a quantity (e.g., material property) to be determined is known
a priori to be spatially localized in nature. For such a localized property a parameterization that utilizes basis functions with compact or quasi-compact support in combination
with parameters defining the location information for these basis functions (e.g., the center
point of the basis function) may lead to being able to use a relatively small number of these
basis functions and require substantially fewer parameters to be determined by the inverse
routine in comparison to a more generalized dense point-by-point (or element-by-element)
parameterization. Examples of such implementations include [1], which used Gaussian radial basis functions to parameterize the distribution of elastic modulus for applications in
tissue (particularly tumor) characterization, [71], which assumed that corrosion damage of
internal pipe walls could be parameterized as a small number of elliptic regions of material
loss, and [68], which used so-called “damage functions” that amounted to using a coarse
finite element-type mesh to describe the damage in a reinforced concrete beam in terms of
the length-wise distribution of the elastic modulus and thereby restrict the number of search
parameters. However, these approaches may also present significant challenges, including a
potential that the parameterization will be too restricted, possibly leading to nonexistence
issues in that a sufficiently accurate solution will not exist, whereas if a relatively large
number of basis functions are utilized then the likelihood of a sufficient solution existing
increases, but computational expense and/or nonuniqueness may similarly increase.
To further improve the solvability of inverse characterization problems with known localized spatial distributions, some methods have been developed that utilize multi-stage
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inverse solution procedures. These multi-stage procedures typically begin with some form
of a localization algorithm to first identify the region of the unknown localized change in
properties, and thus reduce the spatial search domain (and computational expense) for the
subsequent stages. The work in [54] extended the previously mentioned “damage function”
approach applied to beam structures by introducing a multi-stage scheme that first used a
coarse mesh parameterization to identify the damage region(s) and then applied a finer mesh
parameterization to these regions in subsequent steps to refine the solution approximation.
Similarly, several works have developed approaches that use modal analysis to localize regions of property changes and then apply various approaches to efficiently create a more
refined/accurate approximation [33, 24, 80, 44]. There have also been similar efforts for
characterization problems in solid continua, which can often be even more challenging to
parameterize efficiently than those problems using structural simplifications. One approach
that has shown significant potential for being applicable to efficiently characterizing spatially
localized properties in continua being developed relies primarily on the concept of topological
derivatives [20, 25, 7]. For instance, the work in [20] presented an approach that used the
topological derivative field to efficiently create an estimate of the geometry of an inclusion
(i.e., scatterer) in a transparent homogeneous medium, which could directly provide the inverse solution estimate or potentially be refined further with a subsequent more standard
iterative optimization-based inverse characterization approach. However, the topological
derivative approach is thus far only directly applicable to cavity or inclusion problems and
requires extensive mathematical formulation that is dependent upon the governing physics of
the problem. Moreover, while many other of these multi-stage approaches (including those
discussed previously) are less complex to implement, they are similarly difficult to generalize,
whether to more complicated structures/systems, to alternate physics/testing methods, or
to non-binary and/or continuously distributed properties.
With a particular focus on accurate and efficient characterization of an unknown quantity
of localized changes in properties in solid continua, the current work presents an algorithm
to automatically evolve the parameterization for inverse characterization utilizing a computational inverse mechanics approach with multi-objective optimization. This adaptive approach utilizes the substantial solution diversity that is uniquely provided by multi-objective
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optimization in combination with an ad hoc clustering algorithm to iteratively expand the
parameterization of the inverse problem and accurately characterize all localized property
changes computationally efficiently with the minimum dimensional parameterization. In
the following section the general framework for nondestructive evaluation utilizing multiobjective optimization is outlined. Then, the self-evolving parameterization algorithm is
presented, including a detailed explanation of the ad hoc clustering algorithm and decision
criteria used to automatically expand the parameterization. Lastly, numerically simulated examples relating to characterization of localized regions of material loss in structures
from frequency-response-based testing are presented to examine the capabilities of the NDE
algorithm with self-evolving parameterization, which is followed by the concluding remarks.

2.3

NONDESTRUCTIVE EVALUATION UTILIZING MULTI-OBJECTIVE
OPTIMIZATION

While an adaptive parameterization strategy could be of use within the context of a variety
of inverse problem application areas, the primary focus of the present work is NDE. In particular, the overarching focus herein is on NDE of solid continua given some nondestructively
tested response field measurements over some portion of the domain of the structure/solid.
Furthermore, this work will utilize the common approach of casting the inverse characterization problem as an optimization problem to determine the unknown parameters of the
structure to minimize the difference between the measured response and those predicted by a
numerical representation of the structure (e.g., finite element or boundary element analysis)
subject to the nondestructive testing conditions, such as
~ sim (~
~ exp (~x)kΓ ,
Minimize kR
α, ~x) − R
α
~

(2.1)

where α
~ is the vector of parameters to be determined to characterize the desired structural
~ sim is the simulated response field to estimate the nondestructive test (NDT)
properties, R
~ exp is the experimentally measured response field
response for a given set of parameters, R
(i.e., optimization target), and k·kΓ is some suitable metric norm with respect to the domain,
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Γ, of the nondestructive measurements. This type of optimization strategy to approximate
the solution of inverse characterization problems provides several benefits, including the capability to address a variety of physical processes/measurements, even simultaneously, and
providing quantitative results. However, there are also inherent challenges in addition to the
ubiquitous ill-posedness associated with inverse problems, most prevalent being the large
computational expense of this optimization approach. In many implementations the computational expense of the numerical approximation of the structural response (i.e., forward
problem) is substantial. In addition, many optimization algorithms require a large number of
objective functional evaluations to identify a suitable minimum. Therefore, the combination
of the forward problem expense and the number of functional evaluations required can lead
to this optimization approach to the inverse solution approximation becoming impractical.
Thus, considerable effort is often placed on improving this computational expense for this
type of optimization strategy for the solution of inverse problems in mechanics [10, 9, 32, 48].
Previous work of the authors [71] showed a simple yet effective approach to utilize multiobjective optimization rather than the standard single objective optimization (as shown in
Eqn. (2.3)) to substantially reduce the computational expense and improve the consistency of
the solution accuracy for inverse characterization of solid continua. The key to the approach
is as simple as dividing up the measurement components or spatial distribution into several
separate objective functionals to be minimized simultaneously, but separately, which could
be viewed as (e.g., for the case of dividing the spatial distribution of the measurements)


~ sim (~
~ exp (~x)kΓ1

kR
α, ~x) − R






~ sim (~
~ exp (~x)kΓ2
k R
α, ~x) − R
Minimize
,
(2.2)
..
α
~



.





k R
~ sim (~
~ exp (~x)kΓn
α, ~x) − R
where Γi is the ith subdivision of the domain of the response field measurements obtained
from nondestructive testing and n is the total number of subdivisions. Then, any preferred
multi-objective optimization algorithm can be employed to determine the Pareto front for
(2.2), which can be thought of as the set of all possible solutions to the inverse problem that
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have a lower value for at least one of the separate objective functionals in comparison to any
other solution estimate seen throughout the optimization process. The previous work of the
authors employed a controlled elitist multi-objective genetic algorithm (CEMGA) [16, 17]
to determine the Pareto front in the example cases considered therein. When the multiobjective optimization process is complete, a single solution estimate for the inverse problem
can be attained through some chosen final decision criteria, such as the minimum sum of all
objective functionals, e.g.,
Minimize
p
α
~ ∈{~
αi }i=1

n
X

~ sim (~
~ exp (~x)kΓ ,
kR
α, ~x) − R
j

(2.3)

j=1

where {~
αi }pi=1 is the set of p potential solutions identified as part of the Pareto front. Note
that there are many other “postprocessing” methods available to select the final solution
estimate from the Pareto front, with the basic equation above being a potentially suitable
heuristic choice in cases where the measurement quantities have similar magnitudes and
physical meaning, for example.
The primary feature of the multi-objective optimization that leads to improved inverse
solution capabilities is that substantial diversity of the solution estimates is maintained
throughout the search process by evolving a set of optima (i.e., the Pareto front) rather than
a single optimum throughout an iterative optimization process. By maintaining diversity,
the multi-objective optimization process is uniquely able to traverse the large parameter
search spaces that are typical of inverse characterization problems efficiently and consistently,
avoiding stalling and convergence to local minima. An additional benefit of the diversity
in the solution estimates provided by multi-objective optimization, which is particularly
relevant to the present work, is the resulting improvement in the ability to reveal the variety
of solutions that may exist for ill-posed (particularly non-unique) problems.
As a direct reason for non-uniqueness can be insufficiency of the parameterization of the
properties to be determined, the solution diversity provided by multi-objective optimization
can thus be assumed to be able to provide insight into the changes to the parameterization
necessary to subsequently produce more unique and accurate inverse solutions. As a simple
example of this potential from the previous study by the authors, Fig. 2.1 shows the Pareto
front solutions from a multi-objective optimization process to estimate the size and location
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of circular loss of material within a plate from numerically simulated NDT data (see [71] for
all details of this particular example problem).

Actual Solution
Pareto Front Solutions

Figure 2.1: Distribution of the Pareto front solution estimates from multi-objective optimization having assumed one region of material loss compared to the two “actual” regions
of material loss used to simulate the experimental measurements for a numerically simulated
nondestructive evaluation problem of damage characterization in a plate structure.

Of particular importance is that the NDT data was simulated for this example from a
computational analysis with two circular voids (i.e., the true/correct solution to the NDE
problem should be two circular voids), while the inverse characterization process was performed assuming that there was only one circular void. Naturally, none of the obtained
Pareto front solutions that are shown here minimized the total measurement error particularly well, implying that no “true” solution was found. However, the distribution of these
“best” possible solutions given the assumption of only one circular void shows distinct clusters surrounding the two actual voids used to simulate the NDE (i.e., the correct solution).
In other words, the set of Pareto front solutions obtained for this example problem quite
clearly provides intuitive evidence of how the parameterization (i.e., selection of the number
of voids to search for) could be improved towards achieving an accurate inverse solution estimate. Extending this concept, the present study focused on the development of a strategy
to improve solution capabilities for this and similar classes of inverse characterization prob38

lems utilizing this diversity provided by multi-objective optimization through a self-evolving
parameterization approach.

2.4

NONDESTRUCTIVE EVALUATION WITH SELF-EVOLVING
PARAMETERIZATION

To provide additional context, the following discussion will provide example scenarios based
upon the class of NDE problems relating to characterizing an unknown quantity of localized
changes in properties (e.g., damage or defect characterization). However, this approach
should be able to be similarly implemented for a variety of inverse characterization problems,
particularly those for which some property of the unknown field is known a priori to be
(semi-) localized in the parameter space. The overall structure of the optimization-type
NDE algorithm incorporating an adaptive self-evolving parameterization approach is shown
in Fig. 2.2.
The algorithm begins with some minimum parameterization of the inverse characterization problem (i.e., a parameterization of the unknown field of the inverse problem with
a minimum number of parameters to be determined subject to constraints of the system
and any a priori physical information). For a localized damage characterization problem,
this could imply first assuming that there is a single localized region of damage. The multiobjective optimization solution approach is then applied to determine the Pareto front of
potential solutions to the characterization problem (e.g., the set of potential damage locations and associated breadth and magnitude). Next, the self-evolving parameterization step
is employed, including an ad hoc hierarchical clustering algorithm to determine whether there
are any distinct clusters of Pareto front solutions in the parameter space (e.g., distinct spatial
groupings of damage locations, such as the two groupings shown in Fig. 2.1), and if so, then
how many clusters exist. Based upon the number of parameter clusters a decision criteria is
employed to expand the parameterization (e.g., based on the results shown in Fig. 2.1 assume the parameterization should allow for two damage locations). If no additional clusters
are found for a given iteration, then the algorithm is completed and the “best” possible char-
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Figure 2.2: Flowchart of the optimization-type NDE algorithm with adaptive self-evolving
parameterization.
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acterization solution is chosen from the current Pareto front. Otherwise, the multi-objective
optimization solution approach is applied again with the updated parameterization and the
process is repeated until the parameterization converges or a maximum number of iterations
have been performed. The hierarchical clustering algorithm and parameterization expansion
decision criteria comprising the self-evolving parameterization component of the algorithm
are elaborated upon in the following.
As stated, the core hypothesis of the self-evolving parameterization component of the
algorithm developed is that the distribution of solutions in the parameter space produced
through multi-objective optimization provides guidance as to whether a specific physical
parameter should be expanded. In the localized property characterization context, in which
the primary method to expand the parameterization could be to increase the number (n) of
basis functions with compact (or semi-compact) support used to define the property distribution along with their associated unknown parameters to be determined by the inversion,
the self-evolving parameterization component of the characterization algorithm could be
implemented as follows:
Given - The Pareto front of potential solutions to the inverse characterization problem (e.g.,
spatial coordinates of the centroid for each localized property change and any associated
parameters) subject to the current value of n (i.e., the number of compactly or quasicompactly supported basis functions used to define the localized change).
Step 1 - Identify the n+1 regions of localized property change whose centroids are separated
by the largest Euclidean distance from the entire Pareto set of solutions (noting that each
solution set could contain multiple localized property changes depending on the value of
n), referred to as the n + 1 “Parameterization Poles”.
Step 2 - Identify and average all regions of localized property changes that overlap with each
Parameterization Pole to produce the n + 1 “Cluster Means” of the localized property
changes.
Step 3 - Do any of the Cluster Means overlap?
Yes → STOP (do not update the parameterization further).
No → SET n = n + 1 and GO TO Step 1.
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2.5

EXAMPLES AND DISCUSSION

To examine the capability of the self-evolving parameterization approach utilizing multiobjective optimization for NDE to efficiently and accurately characterize localized property changes in solid continua several simulated examples of damage characterization within
structural steel plates (as could potentially be affected by erosion) were considered. More
specifically, the example NDE cases sought to characterize the size and location of circular
regions of material loss within the steel plates considered. This circular defect assumption
was used for simplicity and based on several other related NDE works by a variety of authors
that used a similar assumption [43, 20, 36, 7, 21, 40]. The material behavior for all cases
was defined as linear elastic with a Young’s modulus of 200 GP a, Poisson’s ratio of 0.3,
and density of 8000 kg/m3 , and all properties were assumed to remain as defined following
damage (i.e., the erosion damage being characterized in this simulated problem was assumed
to occur without any observable change to the properties of the remaining material in the
structure, and therefore only changed the structure’s geometry). In all cases the simulated
nondestructive tests consisted of applying a harmonic pressure to a portion of the structure at an excitation frequency of 20 Hz, and then measuring the resulting steady-state
harmonic displacement amplitudes at several discrete locations along the outer surface of
the structure. Vibration testing using direct frequency response measurements was chosen
based on its documented ability to provide substantial diagnostic information for a global
evaluation of a structure [11, 39, 3]. However, the overall inverse characterization approach
and corresponding benefits would be expected to yield similar results for alternate testing
approaches.
For both generating the experimental data and simulating the forward problem during
the inverse solution process the structures were assumed to behave linearly and be defined
by steady-state dynamic plane stress solid mechanics, and all analyses were performed using
the finite element method. Standard linear plane stress continuum elements were employed,
and the mesh sizes were ensured to be sufficiently small through mesh convergence to provide
accurate analysis for all cases considered. In addition, for all analyses the meshed domains
remained constant describing the geometry of a healthy structure (i.e., structure without
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damage), and the damage was modeled as total material loss within the specified regions by
reducing both the Young’s modulus and density to negligibly small values at all integration
points within the specified damage regions. This modeling procedure for the inverse simulations allowed the numerical analyses to be efficiently parameterized for the optimization
process. To add realism and to alleviate the inverse crime inherent in simulated experiments
Gaussian white noise was added to the simulated experimental measurements as
U expn = U exp (1 + kυ) ,

(2.4)

where U expn and U exp are the experimental displacement measurements with noise and without noise, respectively, k is the noise amplitude multiplier, and υ is a normally distributed
random variable with unit variance and zero mean. For the majority of cases examined here
(only the results discussed in Section 2.5.1.3 used a higher noise level) k was chosen as 0.01
to produce an approximate signal to noise ratio (SNR) of 40 dB, which was deemed to be a
sufficiently realistic value, calculated as
 2
1
SN R(dB) = 10log10
.
k

(2.5)

The inverse problems to determine the parameters defining the damage in the example
structures were cast in the form of the following multi-objective optimization problem, arbitrarily having selected to divide the displacement measurements into four groupings based
on measurement direction and spatial location,
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where α
~ is the vector containing the parameters of the unknown damage to be determined
exp
exp
exp
exp
in the inverse problem, U1j
, U2j
, U3j
and U4j
are the experimentally measured dissim
sim
sim
placement at the j th measurement location in the four groupings, and U1j
, U2j
, U3j
and
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sim
U4j
are the numerically simulated displacement at the j th measurement location in the four

groupings. Note that it would certainly be possible to utilize additional or alternate competing objectives than those discussed in the following, such as measurements of different
directional components and/or from alternate regions of the domain, and tests (not shown
here for brevity) have been completed with such variations with results consistent with those
presented herein. Beyond ensuring that the chosen measurement quantities were sensitive
to the parameters of the unknown damage to be determined, the selection and division of
the measurement data into the multiple objectives in the following case studies was entirely
arbitrary. For the inverse solution process the parameters of the unknown damage to be
determined were constrained such that all damage estimates were within the domain of the
structure and were non-overlapping.
A CEMGA ([16, 17]) was applied to solve the constrained optimization problems in
terms of the four objective functions outlined above for all examples considered. An initial
population of 80 individuals was utilized for all cases, as well as scattered crossover, adaptive
feasible mutation, and tournament selection. In all cases to ensure a fair comparison the
stopping criteria for the optimization was set as a maximum number of 40 generations (which
is equivalent to setting a maximum number of 3200 finite element analyses). To obtain a
single solution estimate from the Pareto front of solutions provided by the CEMGA at
completion of the inversion algorithm the Pareto front was postprocessed to select the one
solution estimate with the minimum l2 -norm of the four objective functions as

min γ12 (~
α) + γ22 (~
α) + γ32 (~
α) + γ42 (~
α) ,
α
~ ∈P

(2.7)

where P represents the set of Pareto front solution estimates obtained by the CEMGA.
Note that there have been alternate methods used in related works to select the final inverse
solution estimate for such results (e.g., [32]). However, since the measurement groupings
used for the examples herein are physically similar quantities to each other, the above choice
is somehow intuitively ideal, providing the optimal solution estimate in an average sense.
In addition, due to the stochastic nature of the optimization solution strategy, the inverse
problem solution procedure was repeated five times for all test cases to ensure that the
results presented were consistent, yet results of only one representative trial from each test
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Figure 2.3: Schematic of the damaged square plate structure for Example 1.

case will be presented here for brevity and simplicity since the results were found to be highly
consistent.

2.5.1

Example 1: Simulated Square Plate

The first set of example cases considered NDE of a simulated square steel plate to determine
the size and location of a varying number of damages throughout the plate. As shown in
Fig. 2.3, the plate was taken to be an arbitrarily thin 1 m × 1 m square section with the
bottom fixed to a rigid support.
The simulated NDT consisted of applying a 1 kN/m (factoring out the arbitrary thickness) harmonic excitation to the top surface of the plate and measuring the vertical and
horizontal displacements at 99 equally-spaced increments along the left and right surfaces,
as indicated in Fig. 2.3. The four objective functions for the multi-objective optimization
were simply defined by dividing the measurements with respect to the two sides and the
two directional components. In the following, three different damage scenarios are considered to explore the self-evolving NDE algorithm, which are primary distinguished by the
number of “actual” damage locations to be determined (with the implication that the diffi-
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culty of the NDE problem substantially increases with the number of damage locations to
be determined).

2.5.1.1

One Damage Region This first case with one damage region was tested to not

only examine the effectiveness for the simplest possible scenario, but to also show that the
adaptive approach will typically not “over-evolve” the parameterization to overestimate the
number of damaged regions provided that the algorithm begins with the minimum parameterization (e.g., parameterization for one damage region). Table 2.1 shows the actual values
for the unknown damage parameters (i.e., values used to simulate the experimental measurements) and the minimum and maximum values (i.e., constraints) considered reasonable
for each parameter for the inverse solution process.

Table 2.1: Actual (experimental) values for the unknown damage centroid horizontal and
vertical coordinates (ch and cv ) and radius (cr ), and the minimum and maximum values
considered for the optimization search process for the example square plate structure with
a single damage location.

Damage

Actual

Optimization

Optimization

Parameter

Value

Minimum

Maximum

ch

0.3

0.0

1.0

cv

0.7

0.0

1.0

cr

0.05

0.0

0.5

Two versions of the inverse solution process were completed for this example, the first
version starting the inverse solution process with the assumption of one damage region (i.e.,
3 unknown parameters), and the second starting the inverse solution process with the assumption of two damage regions (i.e., 6 unknown parameters), effectively using twice the
minimum parameterization for the problem in the second case. Fig. 2.4 shows representative
examples of the Pareto front solution estimates (i.e., the distribution of all damage estimations in the Pareto fronts) from a single iteration of the two versions of the inverse solution
process (i.e., without any evolution of the parameterization). In addition, Fig. 2.5 shows
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the measurement error for the four objectives (γ1 , γ2 , γ3 , and γ4 ) for the “best” individual
(based on the criteria in (2.7)) from each of the Pareto fronts shown from the single iteration
of the inverse solution process.
Of particular significance is that all damage estimates for the version that started with
a single damage parameterization can be seen to be relatively closely clustered around the
actual solution to the simulated inverse characterization problem, whereas there are three
distinct clusters of damage estimates in the solution set that started with a two damage
parameterization. The primary reason for the discrepancy between the results for the two
different starting parameterizations is that the optimization process is considerably more
challenging for the “over-parameterized” two damage parameterization case leading to the
inability to sufficiently minimize the measurement errors and identify an accurate solution
(Fig. 2.5), particularly in comparison to the single damage parameterization. Although
the two damage parameterization can represent any scenario that the single damage parameterization can, the increase in the number of inaccurate solutions in the search space
of the higher-dimensional parameterization substantially hinders the search process, which
highlights one of the core motivations of the adaptive algorithm presented to keep the parameterization at a minimum. In addition, these results further display the importance of
initializing the parameterization with the minimum physically meaningful number of parameters (e.g., begin the algorithm with a parameterization for a single damage region) in the
context of the adaptive algorithm, as the results shown in Fig. 2.4 would actually lead to
the parameterization being expanded further in the subsequent iteration to a three damage
parameterization and likely lead to the solution diverging, while the single damage parameterization converged after a single iteration and the “best” solution estimate from this one
iteration matched the actual solution nearly exactly (as shown in Fig. 2.6).
Simply put, there is no method to differentiate an insufficient error minimization caused
by under-parameterization versus over-parameterization, since the relatively high measurement error for the two damage case could be caused by insufficient optimization iterations or
insufficient parameterization, and therefore it is critically important to build up the solution
approximation from the minimum possible parameterization.
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Figure 2.4: Representative results of the Pareto front damage region solution estimates
obtained from multi-objective optimization (a) with the assumption of one damage region
and (b) with the assumption of two damage regions, along with the “best” individual from
each Pareto front, and compared to the actual (experimental) single damage region for the
simulated example square plate structure.
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Figure 2.5: Measurement error for the four objectives for the “best” individual in the Pareto
front damage region solution estimates obtained from multi-objective optimization with the
assumption of one damage region (One Damage Assumption) and with the assumption of two
damage regions (Two Damages Assumption) for the representative results for the simulated
example square plate structure with a single damage region.
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Figure 2.6: Final (“best”) solution estimate obtained from multi-objective optimization with
the assumption of one damage region compared to the actual (experimental) single damage
region for the simulated example square plate structure.

2.5.1.2

Two and Three Damage Regions Two additional cases were considered for

the simulated square plate example to further test the capabilities of the NDE algorithm
with self-evolving parameterization, a case with two actual damage regions in the simulated
experiment and a case with three actual damage regions in the simulated experiment. Tables
2.2 and 2.3 show the actual values for the unknown damage parameters (i.e., the parameter
values used to simulate the experimental measurements) for the two damage and three
damage cases, respectively, noting that the minimum and maximum values (i.e., constraints)
for each individual parameter were identical to those used previously for the one damage
case (as shown in Table 2.1).
Fig. 2.7 shows a representative example from the five trials of the inverse solution process
of the Pareto front solution estimates and Fig. 2.8 shows the corresponding measurement
error for the four objectives for the “best” individual from each of the Pareto fronts at each
solution iteration (as the parameterization evolved), and Fig. 2.9 shows the final solution
estimate from the converged algorithm for the example with two actual damage regions.
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Table 2.2: Actual (experimental) values for the unknown damage centroid horizontal and
vertical coordinates (ch and cv ) and radius (cr ) for each damage region for the example
square plate structure with two damage locations.

Damage Parameter

Region 1

Region 2

ch

0.5

0.8

cv

0.5

0.8

cr

0.05

0.025

Table 2.3: Actual (experimental) values for the unknown damage centroid horizontal and
vertical coordinates (ch and cv ) and radius (cr ) for each damage region for the example
square plate structure with three damage locations.

Damage Parameter

Region 1

Region 2

Region 3

ch

0.2

0.8

0.8

cv

0.5

0.8

0.2

cr

0.075

0.075

0.05
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Figure 2.7: Representative results of the Pareto front damage region solution estimates
obtained from the NDE algorithm with self-evolving parameterization after (a) the first
iteration with a single damage region parameterization and (b) the second iteration for
which the parameterization had been automatically updated to two damage regions, along
with the best individual from each Pareto front, and compared to the actual (experimental)
two damage regions for the simulated example square plate structure.
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Figure 2.8: Measurement error for the four objectives for the (best) individual in the Pareto
front damage region solution estimates obtained from the NDE algorithm with self-evolving
parameterization after the first iteration with a single damage region parameterization (One
Damage Assumption) and the second iteration for which the parameterization had been automatically updated to two damage regions (Two Damages Assumption) for the representative
results for the simulated example square plate structure with two damage regions.
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Figure 2.9: Final (best) solution estimate obtained from the NDE algorithm with selfevolving parameterization compared to the actual (experimental) two damage regions for
the simulated example square plate structure.

In addition, Fig. 2.10 shows a representative example of the Pareto front solution estimates and Fig. 2.11 shows the corresponding measurement error for the four objectives for
the “best” individual from each of the Pareto fronts at each solution iteration, and Fig. 2.12
shows the final solution estimate from the converged algorithm for the example with three
actual damage regions.
Both of the trials shown converged after only two iterations, with the measurement
error being substantially reduced after each iteration and the clustering results of the first
iteration (Figs. 14(a) and 10(a)) leading to an evolution of the parameterization to the
correct number of damage regions, even for the three damage case. All trials for the two
damage case similarly converged after two iterations, however, a portion of the trials for the
three damage case required three iterations to converge. For some trials of the three damage
case (not shown for brevity) the first iteration lead to an expansion of the parameterization
to two damage regions, the second iteration lead to an expansion of the parameterization to
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three damage regions, and finally convergence at three damage regions. The final solution
estimates for all trials of both test cases were similarly accurate as the examples shown, with
both the sizes and locations of the damage regions being relatively accurate, but noticeably
less accurate than the first example with a single actual damage region. This reduction in
accuracy is not unexpected, however, with the difficultly of the inverse problems increasing
substantially with the increase in the number of damage regions (i.e., increase in problem
complexity). Yet, the consistent identification of the exact number of damaged regions with
approximate sizes and locations is a significant accomplishment. One final note is that the
NDE process is sensitive to the (relative) size of the disturbances to be characterized, and the
process is progressively more likely to fail in identifying a damage region for the examples
discussed herein as that damage region becomes smaller. However, this sensitivity of the
solution capabilities to the magnitude of the change in the property to be determined is
a fundamental challenge to any NDT/NDE method, regardless of the solution algorithm
employed.

2.5.1.3

Robustness to Measurement Noise To examine the potential affects of ad-

ditional errors/noise in the measurement data on the NDE algorithm with self-evolving
parameterization, two additional higher noise levels of approximately 30 dB (i.e., k = 0.03)
and 25 dB (i.e., k = 0.06) SNR were considered for the example with two actual damage
regions in the simulated experiment (using the same damage parameters as were defined for
Section 2.5.1.2). Fig. 2.13 and 2.14 show representative examples from the five trials of the
inverse solution process of the Pareto front solution estimates corresponding to the measurement data with 30 dB and 25 dB SNR, respectively. In addition, Fig. 2.15 and 2.16 show the
corresponding measurement error for the four objectives for the “best” individual from each
of the Pareto fronts at each solution iteration (as the parameterization evolved) with the
two levels of measurement error. Even with the substantial increase in the level of Gaussian
white noise, both cases were able to converge after only two iterations and the measurement
errors were able to be minimized to relatively low levels. However, after the first iteration
the Pareto front solution distributions were noticeably more diverse (i.e., spread throughout
the potential solution space) as the level of noise increased. In addition, the overall accuracy
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Figure 2.10: Representative results of the Pareto front damage region solution estimates
obtained from the NDE algorithm with self-evolving parameterization after (a) the first
iteration with a single damage region parameterization and (b) the second iteration for
which the parameterization had been automatically updated to three damage regions, along
with the best individual from each Pareto front, and compared to the actual (experimental)
three damage regions for the simulated example square plate structure.
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Figure 2.11: Measurement error for the four objectives for the (best) individual in the Pareto
front damage region solution estimates obtained from the NDE algorithm with self-evolving
parameterization after the first iteration with a single damage region parameterization (One
Damage Assumption) and the second iteration for which the parameterization had been
automatically updated to three damage regions (Three Damages Assumption) for the representative results for the simulated example square plate structure with three damage regions.
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Figure 2.12: Final (best) solution estimate obtained from the NDE algorithm with selfevolving parameterization compared to the actual (experimental) three damage regions for
the simulated example square plate structure.

of the solution estimate degraded to some degree with the increase in noise, which is to be
expected. Overall, the NDE algorithm with self-evolving parameterization was found to be
relatively robust to potential noise in the measurement data.

2.5.2

Example 2: Simulated Trapezoidal Plate

The final set of tests were intended to somewhat examine the generalization of the NDE algorithm with self-evolving parameterization by considering a more irregularly shaped structure.
Thus, as shown in Fig. 2.17, an arbitrarily selected trapezoidal steel plate was analyzed to
again determine the size and location of a number of damages throughout the plate.
As before, the plate was taken to be arbitrarily thin, the left side fixed to a rigid support, and the simulated NDT consisted of applying a 1 kN/m (factoring out the arbitrary
thickness) harmonic excitation to the right (angled) surface of the plate and measuring the
vertical and horizontal displacements at 1 cm increments along the top and bottom surfaces,
as indicated in Fig. 2.17. The four objective functions for the multi-objective optimization
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Figure 2.13: Representative results of the Pareto front damage region solution estimates
obtained from the NDE algorithm with self-evolving parameterization after (a) the first
iteration with a single damage region parameterization and (b) the second iteration for which
the parameterization had been automatically updated to two damage regions, along with
the best individual from each Pareto front, and compared to the actual (experimental) two
damage regions for the simulated example square plate structure with 30 dB measurement
SNR.
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Figure 2.14: Representative results of the Pareto front damage region solution estimates
obtained from the NDE algorithm with self-evolving parameterization after (a) the first
iteration with a single damage region parameterization and (b) the second iteration for which
the parameterization had been automatically updated to two damage regions, along with
the best individual from each Pareto front, and compared to the actual (experimental) two
damage regions for the simulated example square plate structure with 25 dB measurement
SNR.
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Figure 2.15: Measurement error for the four objectives for the (best) individual in the Pareto
front damage region solution estimates obtained from the NDE algorithm with self-evolving
parameterization after the first iteration with a single damage region parameterization (One
Damage Assumption) and the second iteration for which the parameterization had been
automatically updated to two damage regions (Two Damages Assumption) for the representative results for the simulated example square plate structure with two damage regions
with 30 dB measurement SNR.
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Figure 2.16: Measurement error for the four objectives for the (best) individual in the Pareto
front damage region solution estimates obtained from the NDE algorithm with self-evolving
parameterization after the first iteration with a single damage region parameterization (One
Damage Assumption) and the second iteration for which the parameterization had been
automatically updated to two damage regions (Two Damages Assumption) for the representative results for the simulated example square plate structure with two damage regions
with 25 dB measurement SNR.
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Table 2.4: Actual (experimental) values for the unknown damage centroid horizontal and
vertical coordinates (ch and cv ) and radius (cr ) for each damage region for the example
trapezoidal plate structure with three damage locations.

Damage Parameter

Region 1

Region 2

Region 3

ch

0.3

0.3

0.5

cv

0.8

0.2

0.5

cr

0.05

0.05

0.075

were defined by dividing the measurements with respect to the top and bottom and the two
directional components.
A single three damage case was analyzed and Table 2.4 shows the actual values for
the unknown damage parameters used to simulate the experimental measurements. The
constraints for the parameters for the inverse solution process were such that the damage
centers were within the plate domain and the damage radii were between 0 m and 0.5 m.
Fig. 2.18 shows a representative example from the five trials of the inverse solution process
of the Pareto front solution estimates at each iteration of the adaptive algorithm, and Fig.
2.19 shows the final solution estimate from the converged algorithm for the trapezoidal plate
example.
Similarly to the previous two and three damage cases for the square plate, the majority
of the trials for this case converged after two iterations (as shown), with a minority requiring
three iterations, while all trials consistently determined the actual number of three damage
regions. In addition, there was again an observable reduction in accuracy in the estimation
of the damage locations and sizes for this relatively more challenging example case. Yet, the
ability of the adaptive inverse solution process to consistently and efficiently determine the
exact number of damage regions and provide relatively accurate estimations of the location
and size of these damages based solely on surface measurements is significant.
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Figure 2.17: Schematic of the damaged trapezoidal plate structure for Example 2.

2.6

CONCLUSIONS

An approach for nondestructive evaluation for material characterization of solid continua incorporating a self-evolving parameterization strategy within a multi-objective optimization
framework was presented. In general, the adaptive procedure shown utilizes the substantial
solution diversity that is uniquely provided by multi-objective optimization to iteratively
adapt the parameterization of the unknown field of the inverse problem to improve both
computational efficiency and solution accuracy. More specifically, the presentation was focused on problems relating to characterization of an unknown quantity of localized changes
in properties, such as those potentially caused by damage or degradation. In this context
and starting from the minimum physically-relevant parameterization (e.g., parameterization
of one damage location), the iterative solution process was shown to be capable of utilizing an ad hoc hierarchical clustering algorithm applied to the Pareto front results of a
multi-objective optimization procedure to sequentially build up the parameterization (e.g.,
add potential damage regions to the parameterization) to provide an accurate inverse solution approximation with the minimum dimensional parameterization. The capabilities of
the adaptive inverse characterization approach were displayed through a a series of tests
of two simulated damage characterization problems based on vibration testing using direct
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0.5

(a)

0.5

(b)

Figure 2.18: Representative results of the Pareto front damage region solution estimates
obtained from the NDE algorithm with self-evolving parameterization after (a) the first
iteration with a single damage region parameterization and (b) the second iteration for
which the parameterization had been automatically updated to three damage regions, along
with the best individual from each Pareto front, and compared to the actual (experimental)
three damage regions for the simulated example trapezoidal plate structure.
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0.5

Figure 2.19: Final (best) solution estimate obtained from the NDE algorithm with selfevolving parameterization compared to the actual (experimental) three damage regions for
the simulated example trapezoidal plate structure.

frequency response displacement measurements. Through the simulated test problems based
on the characterization of material loss within structural steel plates, the adaptive inverse
characterization approach was shown in all cases to efficiently determine the exact minimum
parameterization necessary to capture the material loss while also providing sufficiently accurate approximations of the size and locations for multiple regions of material loss utilizing
only surface response measurements and without any a priori knowledge of the number of
damage regions.
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3.0

A COMPUTATIONALLY EFFICIENT APPROACH FOR INVERSE

MATERIAL CHARACTERIZATION COMBINING GAPPY POD WITH
DIRECT INVERSION

3.1

ABSTRACT

An approach for computationally efficient inverse material characterization from partial-field
response measurements that combines the Gappy proper orthogonal decomposition (POD)
machine learning technique with a physics-based direct inversion strategy is presented and
evaluated. Gappy POD is used to derive a data reconstruction tool from a set of potential
system response fields that are generated from available a priori information regarding the
potential distribution of the unknown material properties. Then, the Gappy POD technique
is applied to reconstruct the full spatial distribution of the system response from whatever
portion of the response field has been measured with the chosen system testing method.
Lastly, a direct inversion strategy is presented that is derived from the equations governing
the system response (i.e., physics of the system), which utilizes the full-field response reconstructed by Gappy POD to produce an estimate of the spatial distribution of the unknown
material properties. The direct inversion technique is a particularly computationally efficient
inversion technique, requiring a cost equivalent to a single numerical analysis. Therefore,
the majority of the computational expense of the presented approach is the one-time potential response generation for the Gappy POD technique, which leads to an approach that
is substantially computationally efficient overall. Two numerically simulated examples are
shown in which the elastic modulus distribution was characterized based on partial-field displacement response measurements, both static and dynamic. The inversion procedure was
shown to have the capability to efficiently provide accurate estimates to material property
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distributions from partial-field response measurements. The direct inversion with Gappy
POD response estimation was also shown to be substantially tolerant to noise in comparison
to the direct inversion given measured full-field response. Lastly, a physical example regarding elastography of an arterial construct from ultrasound imaging response measurements
is shown to validate the practical applicability of the direct inversion approach with Gappy
POD response reconstruction.

3.2

INTRODUCTION

Inverse problems relating to the characterization of various material properties of a variety
of solids/structures and systems are of paramount importance in a wide range of science and
engineering fields. For instance, structures, from industrial to biological, could be evaluated
to determine their current state of health based upon their material properties, whether
mechanical, thermal, or electrical. Corresponding to this substantial interest in material
property characterization, a wide variety of inverse problem solution strategies have been
developed relating to a variety of applications, such as structural health monitoring and
nondestructive evaluation [32, 71] and biomechanical imaging [8, 10, 5, 48, 22], among other
applications [63, 26].
Since it is often not possible to find analytical solutions for inverse problems in practice,
due to problem ill-posedness and/or complexities in geometry and boundary conditions,
among other challenges, computational inverse characterization solution approximation approaches have become common. Overall, computational inverse characterization approaches,
which are typically based around some type of computational representation of the mechanics of the system of interest (e.g., finite element analysis), have been shown through several
studies [26, 5, 8] to provide generalized frameworks for treating and distinguishing between
various contributions to a system response, while providing physically meaningful solutions
that can be applied to predict future behaviors. However, there is as wide a variety of computational inverse problem approaches as there are applications, with each having different
strengths and weaknesses, and their effectiveness is significantly dependent upon the specifics
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of the application of interest. Moreover, the different computational approaches often differ
significantly in the tradeoff between computational efficiency and solution accuracy.
One general way that computational inverse problem solution approaches can be divided
is into those that use iterative optimization and those that are non-iterative/direct. Typically, the optimization-based approaches attempt to determine the unknown properties that
minimize the difference between the measured system response and the response predicted
by the computational representation of the mechanics of the system [71, 4, 23]. The optimization approaches can be divided further into those that use gradient-based optimization
(e.g., Newton’s method, conjugate gradient, etc.) and those that use non-gradient-based
optimization (e.g., random search, genetic algorithm, etc.) to minimize the response error.
Gradient-based optimization methods typically require substantially less iterations to converge to a solution approximation in comparison to non-gradient-based methods (i.e., are less
computationally expensive), but often become trapped in local minima (i.e., an inaccurate solution), while non-gradient-based (since they commonly include some stochastic component)
often have closer to global search capabilities. Alternatively, non-iterative methods attempt
to somehow directly relate the measured response to the unknown parameters [81, 51]. As
such, once set up, non-iterative methods are naturally almost negligible in computing cost
in comparison to the optimization-based approaches.
Non-iterative methods include machine learning approaches that use experimentally
and/or numerically generated datasets of potential inverse problems solution parameters
and the corresponding system responses to train a “surrogate” mapping (e.g., artificial neural network) to approximate the relationship between the system response (as inputs to the
mapping) and inverse unknowns (as outputs of the mapping) [77, 38]. Then, provided with a
measured system response, the surrogate mapping can estimate inverse solution parameters
in fractions of a second. Although relatively simple to implement, these machine learning
approaches completely exclude any knowledge of the mechanics of the system beyond what
can be naturally discerned from the dataset, and can have significant problems creating the
surrogate mapping at all, since the input-output relationship is often not one-to-one, leading
to substantial accuracy concerns in many cases. Alternatively, there are several different
approaches (referred to as “direct inversion” methods herein) that instead manipulate the
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equations governing the mechanics of the system (i.e., the forward boundary value problem)
to create a solution process similar to that of solving the forward problem itself (e.g., similar
in process to a finite element analysis to predict the deformation response of a solid given
geometry, material properties, and boundary conditions). Therefore, the direct inversion
methods provide a solution estimate based upon the measured response and the mechanics
assumed to govern the response of the system considered at a cost on the order of a single
numerical analysis of the forward problem.
Direct inversion approaches have seen considerable application in problems relating to
characterization of the distribution of elastic properties from mechanical testing. Furthermore, these approaches include those that solve for the material properties over the entire
(or almost the entire) domain at once (i.e., global methods), as well as those that break the
domain into subregions and determine the properties for each subdomain in sequence (i.e.,
local). Global methods typically use some variation of either the finite difference method
(FDM) or the finite element method (FEM) to create a system of equations based on the
forward boundary value problem to solve the node or element-based elastic modulus distribution everywhere in the domain. FDM approaches for global direct inversion include
the seminal work of Raghavan and Yagle [57] for simultaneously characterizing stiffness and
hydrostatic pressure distribution of tissue from strain measurements, as well as other subsequent similar approaches for characterization of relative elastic modulus [65] and relative
shear modulus [66] distributions. FEM approaches have shown some benefits over FDM
approaches for global direct inversion in that they can be cast in a way so as to only require
the gradient of displacement (i.e., a single derivative) rather than the divergence of strain
(i.e., two derivatives of displacement). In this way, FEM approaches can be more tolerant to
noise and other measurement errors than FDM approaches. Examples of FEM approaches
for global direct inversion include the work by Zhu et al. [81] for elasticity reconstruction
from displacement measurements and the work by Park and Maniatty [51] for shear modulus
reconstruction from measured steady-state dynamic displacement fields. The local methods
are often similar to the global methods, with several approaches similarly using principles
from FDM and FEM (although not all), with the fundamental difference being just how the
system is discretized/solved. Oliphant et al.[49, 50] presented a local approach that used
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polynomial fit of the measured dynamic displacement field and the strong form of the governing equation of motion to characterize the elasticity distribution in tissues, while Romano
et al. [61, 60] used a weak form FEM-type approach for element-by-element characterization
of the ratio between both Lamé constants and density from dynamic displacement measurements. One particularly unifying aspect of the direct inversion approaches is that the entire
(or nearly entire) spatial distribution (i.e., full-field) of the system response (e.g., displacement) must be measured/available to successfully characterize the unknown properties. Due
to this requirement, the use of direct inversion (particularly of mechanical properties) has
been mainly limited to biomechanical imaging applications (e.g., characterization of elastic
properties of tissues from medical imaging data), where full-field or nearly full-field deformation information is regularly available. An additional common challenge of direct inversion
approaches is their noise sensitivity. Most direct inversion approaches are not capable of
producing a useable solution estimate with any significant level of measurement noise, which
has resulted in several investigations into strategies for signal denoising prior to applying
direct inversion [51, 50].
This work presents an approach to utilize measurement data from only a portion of the
system domain (i.e., partial-field data) for direct inversion of material properties. In particular, the approach is presented in the context of characterizing the spatial distribution of
the elastic modulus of solids (i.e., elastography) provided with displacement response measurements over some portion of the solid domain. The core component of this approach is
the use of the Gappy proper orthogonal decomposition (POD) machine learning strategy
to build a data reconstruction tool that can predict the full-field response of a system from
the available partial-field measurements. This data reconstruction tool is built from a set
of potential solution fields that are generated based upon information known a priori about
the nature of the potential inverse problem solutions (e.g., arbitrarily generated approximate potential elastic modulus distributions). Once the full-field response reconstruction is
complete, the full-field response is applied in a finite element-type direct inversion strategy to estimate the unknown material property distribution everywhere in the domain at a
computational expense approximately equivalent to a single finite element analysis of the
system. In addition, the Gappy POD approach can also act as somewhat of a noise filter
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during the reconstruction process, thereby, providing an added benefit of reducing the effects
of measurement noise on the subsequent direct inversion solution procedure.
The following section presents the details of the Gappy POD approach to reconstruct
full-field data from partial-field measurements. Then, Section 3.4 shows the direct inversion
algorithm to calculate the spatial distribution of elastic modulus provided with the full-field
displacement response and the boundary conditions corresponding to the test method used
to produce the measurements (i.e., the constraints on the solid and the excitation used to
generate the displacement measurements). The complete direct inversion with Gappy POD
algorithm is summarized in Section 3.5. Section 3.6 presents two simulated case studies relating to characterization of localized elastic modulus distributions in solids to evaluate the
capabilities of the inverse characterization procedure, which are followed by an example utilizing (actual) experimentally obtained displacement measurements to evaluate the stiffness
distribution of an arterial construct to validate the “real-life” applicability of the approach.

3.3

GAPPY PROPER ORTHOGONAL DECOMPOSITION

Gappy POD is an extension of the traditional POD approach that was first developed and
presented by Everson and Sirovich [19] for the purpose of filling in missing information to
reconstruct marred photos. Subsequently, Gappy POD has shown substantial capabilities
to accurately reconstruct physical processes from partial-field measurement data, especially
for fluid flow problems [69, 67, 74, 78, 64], and has even been investigated for use in creating
surrogate mappings (as described in Section 3.2) to solve design-type inverse problems [67].
To discuss the Gappy POD process, it is first necessary to outline the standard POD
method. Given a set of n fields (referred to as “snapshots”), {~uk (~x)}nk=1 , POD can be
interpreted as an approach to determine the set of m orthogonal basis functions (i.e., modes),
n
om
~ i (~x)
φ
, that are optimal in some sense for representing each given field and, if the given
i=1

fields are representative, any similar field as:
~u (~x) ≈ ~u∗ (~x) =

m
X
i=1
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~ i (~x) ,
ai φ

(3.1)

where ~x is the spatial position vector and ai is the modal coefficient corresponding to the
~ i (~x)). More specifically, POD identifies the modes that minimize the average
ithe mode (φ
L2 -error between the given snapshots and the best approximation of the snapshots from the
modes (i.e., the projection of each snapshot onto the modes) as:
M inimize
k~u(~x) − ~u∗ (~x)k2L2 (Ω) ,
m
~
{φi (~x)}i=1
where h~ui =

1
n

Pn

uk .
k=1 ~

(3.2)

Based on this optimization problem and applying the method of

snapshots (see [2] for additional details), a maximum of n POD modes can be calculated
through the solution of the following eigenvalue problem:
n

1X
Ajk Ck = λCj ,
n k=1

(3.3)

where
Z

 
 
~
~uj ξ~ · ~uk ξ~ dξ,

Ajk =

(3.4)

Ω

and then the ith mode is given as:
~ i (~x) =
φ

n
X

1
λ(i) n

(i)

~uk (~x) Ck .

(3.5)

k=1

An important point is that only a portion (m << n) of the set of modes that can
be obtained is typically necessary to be retained for further use, whether it be for data
representation for pattern recognition purposes [76], reduced-basis model reduction [2], or
otherwise. As the associated eigenvalues from the solution of Eqn. (3.3) relate to the value
of each mode for the representation of the given dataset, a common heuristic is to retain the
number of modes such that the sum of the associated eigenvalues is some amount greater
than 99% of the sum of all n eigenvalues.
The Gappy POD process starts by following the above described standard POD procedure to obtain a set of orthogonal modes from a given set of snapshots. The point in which
Gappy POD diverges from standard POD is how those modes are utilized. If the full distribution (specifically, full spatial distribution for the cases herein) of a field is available, the
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modal coefficients (ai ) needed to reconstruct that field with the POD modes can be easily
obtained by projecting the modes onto the field as:
Z  
 
~ i ξ~ dξ.
~
ai =
~u ξ~ · φ

(3.6)

Ω

However, projection is no longer applicable to determine the values of the modal coefficients
to reconstruct the field if the entire spatial distribution is not available. Thus, the objective
of Gappy POD is to provide a means to reconstruct the full spatial distribution of a field
using the POD modes, but with only a partial spatial distribution of the field given. Defining
~uˆ (~x) as the given partial distribution of the field of interest such that ~uˆ (~x) is (incorrectly)
0 anywhere data is unavailable, then ~uˆ (~x) can be expressed in terms of the corresponding,
but unknown, full spatial distribution as:
~uˆ (~x) = β (~x, ~u) ~u (~x) ,

(3.7)

where β (~x, ~u) is a mask function that is defined as 0 where data is unavailable and 1 where
data is available. Assuming that the full spatial distribution can be approximated with the
POD modes as defined in Eqn. (3.1), an approximation of ~uˆ (~x) can be written in terms of
the POD modes as:
~uˆ∗ (~x) = β (~x, ~u)

m
X

~ i (~x) .
ai φ

(3.8)

i=1

Then, based upon a least-squares criteria, the optimal set of modal coefficients to reconstruct
the full spatial distribution of the field can be defined as that which minimizes an error
function of the form:
Z "
β (~x, ~u) ~u (~x) − β (~x, ~u)

ε=
Ω

m
X

#2
~ i (~x)
ai φ

d~x.

(3.9)

i=1

Lastly, applying the necessary condition for extrema of a function by setting the derivative
of the error function with respect to the modal coefficients to zero, the optimal set of modal
coefficients, {a}, to reconstruct the full spatial distribution of the field can be determined
from the solution of:
[M ]{a} = {f },
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(3.10)

where
Z

~ i (~x) · φ
~ j (~x) d~x.
β (~x, ~u) φ

(3.11)

~ i (~x) d~x.
β (~x, ~u) ~u(~x) · φ

(3.12)

Mij =
Ω

and
Z
fi =
Ω

3.4

DIRECT INVERSION OF ELASTIC MODULUS

As discussed, although potentially applicable to a variety of different physical systems, the
application of the present work is characterization of the elastic modulus distribution of a
solid from displacement measurements (full-field displacement response once Gappy POD has
been utilized). Furthermore, the following formulation is presented with respect to a steadystate dynamic testing procedure (as could be applicable to frequency response function-based
evaluation), but could easily be converted to a static problem by simply setting the excitation
frequency to zero. To provide a foundation for the formulation, the following presents the
standard forward problem (i.e., finite element formulation), as would be used to calculate
the steady-state harmonic displacement response of the solid given material properties and
boundary conditions (also, note that this forward problem was used to generate the snapshots
for the Gappy POD procedure), followed by the numerical direct inversion procedure (i.e.
inverse problem) to approximate the elastic modulus distribution.

3.4.1

Forward Problem

Neglecting body forces and damping, assuming displacements and strains are small, and
assuming that the system variables vary harmonically in time at angular excitation frequency
ω, the steady-state dynamic governing equations describing the forward elasticity problem
(i.e., the strong form) can be given as:
∇ · σ(~x, ω) + ω 2 ρ(~x)~u(~x, ω) = ~0 on Ω,

(3.13)

σ(~x, ω) = C IV (~x) : ε(~x, ω),

(3.14)
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ε(~x, ω) =


1
∇~u(~x, ω) + (∇~u(~x, ω))T ,
2

(3.15)

σ(~x, ω) · ~n(~x) = T~ (~x, ω) on ΓT~ ,

(3.16)

~u(~x, ω) = ~u0 (~x, ω) on Γ~u ,

(3.17)

and

where ρ(~x) is the mass density, σ(~x, ω) is the Cauchy stress amplitude tensor, ~u(~x, ω) is the
displacement amplitude vector, Ω is the domain of the structure, ε(~x, ω) is the small strain
amplitude tensor, C IV (~x) is the 4th -order elasticity tensor, ~n(~x) is the unit outward normal
vector to the surface of the domain, T~ (~x, ω) and ΓT~ are the applied traction amplitude
vector and the portion of the domain surface where this traction is applied, respectively,
and ~u0 (~x, ω) and Γ~u are the applied displacement amplitude vector and the portion of the
domain surface where displacement is known, respectively.
Applying standard procedures for the weak form finite element method [59], the weak
form of this steady-state dynamic boundary value problem can be written as:
Z
Z
δε(~x) : σ(~x, ω) d~x − ρ(~x)ω 2 δ~u(~x) · ~u(~x, ω) d~x =
Ω
Ω
Z
δ~u(~x) · T~ (~x, ω) d~x,

(3.18)

ΓT~

where δ~u(~x) is the virtual displacement vector field (i.e., weight function or test function) and
δε(~x) is the associated virtual strain tensor. Further applying the standard finite element
procedure and converting to Voigt notation, the domain can be discretized into a collection
of elements, and the displacement and virtual displacement fields and their corresponding
strain vectors can be approximated as:
~u(~x, ω) ≈ [N~u (~x)]{~ue (ω)},

(3.19)

δ~u(~x) ≈ [N~u (~x)]{δ~ue },

(3.20)

{ε(~x, ω)} ≈ [B~u (~x)]{~ue (ω)},

(3.21)
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and
{δε(~x)} ≈ [B~u (~x)]{δ~ue },

(3.22)

where [N~u (~x)] is the standard matrix of shape functions for displacement interpolation and
[B~u (~x)] is the matrix of shape function spatial derivatives for strain interpolation. Substituting these field approximations into Eqn. (3.18), eliminating the arbitrary virtual response
field vector, and assembling individual element contributions, the final finite element equations are depicted as:
[K]{u} − [M ]{u} = {P },

(3.23)

where
X Z

[K] =

element

[M ] =

(3.24)

ρ(~x)ω 2 [N~u (~x)]T [N~u (~x)] d~x,

(3.25)

Ωe

X Z
Ωe

element

{P } =

[B~u (~x)]T [D][B~u (~x)] d~x,

X Z
element

[N~u (~x)]T T~ (~x, ω) d~x,

(3.26)

Γe~
T

and [D] is elasticity matrix, such that:
{σ(~x, ω)} = [D]{ε(~x, ω)}

(3.27)

The summation over elements refers to the assembly process.

3.4.2

Inverse Problem

With the objective of the inverse problem being characterization of the elastic modulus
distribution provided with the entire displacement field everywhere in the domain, the first
step in the inverse solution formulation is to separate the elastic modulus (E(~x)) from the
elasticity matrix as:
[D] = [DI ]E(~x),

(3.28)

where DI is now only a function of Poisson’s ratio (ν). Applying the same general weak
form procedure as was done previously for displacement, but now for the elastic modulus,
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the inverse problem weak form for the steady-state dynamic boundary value problem can be
written as:
Z

~ x) : σI (~x, ω)E(~x) d~x =
∇δ E(~

Ω

Z

~ x) · ~u(~x, ω) d~x+
ρ(~x)ω 2 δ E(~
Ω
Z
~ x) · T~ (~x, ω) d~x,
δ E(~

(3.29)

ΓT~

where
{σI (~x, ω)} = [DI ]{ε(~x, ω)},

(3.30)

~ is the virtual elastic modulus vector (matching the dimension of the displacement
and δ E
field, and therefore, the number of equilibrium equations, even though the modulus itself is
a scalar). Now discretizing the domain into finite elements to represent the elastic modulus
and again using Voigt notation where applicable, the elastic modulus and virtual elastic
modulus vector and their corresponding gradients can be approximated as:
E(~x) ≈ [NE (~x)]{E e },

(3.31)

~ x) ≈ [N ~ (~x)]{δ E
~ e },
δ E(~
δE

(3.32)

{∇E(~x)} ≈ [BE (~x)]{E e },

(3.33)

~ x)} ≈ [B ~ (~x)]{δ E
~ e },
{∇δ E(~
δE

(3.34)

and

where [NE (~x)] is now the matrix of shape functions for elastic modulus interpolation, [NδE~ (~x)]
is the expanded version (to match the dimensions of the displacement) of the matrix of shape
functions for elastic modulus interpolation, and [BE (~x)] and [BδE~ (~x)] are the respective matrices of these shape function spatial derivatives. Substituting these field approximations as
well as the previously-defined discretization of the given displacement field into Eqn. (3.29),
eliminating the arbitrary virtual elastic modulus field vector, and assembling individual element contributions, the final finite element equations for the direct inversion elastography
problem are depicted as:
[KI ]{E} = {PI } + [MI ]{u},
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(3.35)

where
[KI ] =

X Z
Ωe

element

[MI ] =

[BδE~ (~x)]T [DI ][B~u (~x)]{~ue }[NE (~x)] d~x,

X Z
element

Ωe

ρ(~x)ω 2 [NδE~ (~x)]T [N~u (~x)] d~x,

(3.36)

(3.37)

and
{PI } =

X Z
element

Γe~

[NδE~ (~x)]T T~ (~x, ω) d~x.

(3.38)

T

Since [KI ] is typically non-square and Eqn. (3.35) is typically an overdetermined system
([KI ] has dimensions 3N × N , where N is the number of nodes in the mesh if the same mesh
is used for both fields), the elastic modulus cannot be estimated by simply inverting [KI ].
Thus, as is common, a least-squares approach was used here to solve Eqn. (3.35) for {E}.
As such, the nodal values of elastic modulus can be determined as:
{E} = [KI ]T [KI ]

−1

[KI ]T ({PI } + [MI ]{u}) .

(3.39)

One final important point is that it is necessary to invalidate the equations corresponding to
the essential boundary conditions (i.e., known displacement values) prior to the solution of
Eqn. (3.39). Eliminating these equations is a common approach that is necessary to obtain
a well-behaved solution to the direct inversion problem. Thus, prior to solving Eqn. (3.39)
the rows in Eqn. (3.35) corresponding to nodes where essential boundary conditions are
present are set to zero, such that:
[KI ][i, :] = 0, if ~xi ∈ Γ~u ,

(3.40)

[MI ]{u}[i] = 0, if ~xi ∈ Γ~u ,

(3.41)

{PI }[i] = 0, if ~xi ∈ Γ~u .

(3.42)

and
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3.5

ALGORITHM FOR DIRECT INVERSION FROM PARTIAL-FIELD
MEASUREMENTS WITH GAPPY POD

The overall algorithm for direct inversion of a material property distribution from partialfield response measurements with Gappy POD can be summarized as follows:
Given: The geometry of the structure of interest, the boundary conditions and partialfield response measurements from a nondestructive testing procedure, and any available
material properties.
Find: The unknown material property distribution.
Step 1: Generate (e.g., randomly or through some other sampling procedure) a set of potential distributions for the unknown material property, using any information available
a priori relating to the likely nature of the unknown distribution, and use a forward
analysis procedure (e.g., Section 3.4.1) to produce the corresponding full-field structural
responses for each property distribution from the nondestructive testing conditions.
Step 2: Calculate the POD modes from the set of full-field structural responses (Eqn. (3.5)),
and select the modes (based on a user-defined criteria, such as the eigenvalue energy) to
be retained for Gappy POD field reconstruction.
Step 3: Reconstruct the full-field structural response from the given partial-field measurements with Gappy POD (Eqs. (3.10) and (3.1)).
Step 4: Calculate an estimate to the unknown material property distribution using the
direct inversion procedure (e.g., Section 3.4.2) with the reconstructed full-field structural
response and nondestructive test boundary conditions.
An additional note is that the vast majority of the computational expense resides in Steps
1 and 2 (i.e., generating the POD modes),which is only necessary to be completed one time
for a given problem (e.g., geometry, boundary conditions, parameterization, etc.). Then,
the remaining Steps 3 and 4 can be repeated as many times as is desired based on these
POD modes. Therefore, the same structure at different times in the structure’s life or
different, but similar structures could be evaluated to characterize their material property
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distributions without having to create new snapshots (i.e., without having to evaluate the
forward boundary value problem again), and therefore, with minimal computational expense.

3.6

EXAMPLES AND DISCUSSION

Three examples were considered and evaluated to examine the potential benefits and capabilities of using the direct inversion approach with Gappy POD to characterize the elastic
modulus distribution in solids from partial-field measurements. In all three cases, the partialfield measurements were assumed to be obtained from some type of nondestructive testing
in the linear range of the solid behavior. First, two numerical examples were considered in
which the “experiment” was simulated through finite element analysis, as described in Section 3.4.1, then a physical (i.e., “real life”) example was considered relating to elastography
of an arterial construct [18].
For all three examples, the finite element method was used to generate the snapshots
for the POD process. In addition, the criteria used to determine the number of modes (m)
out of the total number available (n) to use for data reconstruction with Gappy POD was
to select the mode with the highest associated eigenvalue (λ in Eqn. 3.3) as well as the
minimum number of the remaining modes, such that:
Pm (j)
λ
Pj=2
× 100% > 99.9%
n
(i)
i=2 λ

(3.43)

This criteria was determined to be sufficient to ensure that enough modes were retained
from POD for Gappy POD to produce accurate reconstructions, while excluding the modes
associated with low eigenvalues that can often cause the matrix [M ] in Eqn. 3.10 to be
ill-conditioned.

3.6.1

Numerically Simulated Examples

The two numerically simulated experiments were based upon characterization of elastic modulus distributions with circular inclusions (hard or soft), as shown schematically in Fig. 3.1.
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Figure 3.1: Schematic for the numerically simulated examples representing characterization
of an elastic modulus distribution with an inclusion.

The circular inclusion assumption was used for simplicity, but more importantly, it is based
on several other related characterization works for a variety of applications [20, 26, 37].
In addition, both examples used the plane stress assumption to reduce the computational expense. A Gaussian radial basis function (RBF) representation was chosen to define
the localized elastic modulus variations, which was based upon several other similar works
[14, 1, 13]. The RBF representation of elastic modulus distribution was defined as:
"

#
NI
2
X
(~x − ~ci )
E(~x) = E0 1 +
αi exp −
,
ri2
i=1

(3.44)

where E0 is the elastic modulus of the matrix material, αi is the relative change in elastic
modulus at the ith inclusion center, ~ci , is the location of the ith inclusion center, ri is the
breadth of the ith inclusion, and NI is the total number of inclusions. In addition, for the
inverse characterization process, it was assumed to be known a priori that the variation in
elastic modulus was similarly localized in nature (of course, with the size, amplitude, and
location of this variation to be estimated by characterizing the entire spatial distribution of
the elastic modulus with the direct inversion procedure). Therefore, the process to create the
POD modes used snapshots generated with this same RBF parameterization of the elastic
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modulus distribution. To add realism to the simulated experiments, for all trials Gaussian
white noise was also added to the simulated measurements as:
uexpn = uexp (1 + kυ) ,

(3.45)

where uexpn and uexp are the simulated experimental displacement measurements with noise
and without noise, respectively, k is the noise amplitude multiplier, and υ is a normally
distributed random variable with unit variance and zero mean.

3.6.1.1

Example 1: Simulated Soft Matrix with a Hard Inclusion - Static Test

The first example of a simulated soft matrix with a hard inclusion was intended to relate to
potential applications of tissue characterization (e.g., tumor characterization) from (quasi-)
static mechanical testing [22, 48]. A tissue block was modeled as a 50 mm × 50 mm square
domain with the bottom fixed to a rigid support. The entire material (matrix and inclusion)
was assumed to be known to be nearly incompressible, and a Poisson’s ratio of 0.49999 was
assigned. The simulated static test was implemented by applying a 0.2 N/mm (factoring out
the arbitrary thickness) excitation uniformly to the top surface of the tissue block. Then,
the static vertical displacement response to the loading was measured at 100 uniformly
spaced discrete locations, as shown in Fig. 3.2. 5% Gaussian white noise was added to the
measurements for this first example, which was deemed to be reasonable level of noise that
could be expected from similar tests (note that this level of noise is commensurate with
the highest levels of noise used in prior referenced works on direct inversion strategies with
full-field response measurements).
For the process of generating the snapshots for POD, the elastic modulus of the background material (i.e., matrix material) was assumed to be fixed at 15 kP a, which was based
on normal glandular breast tissue [81, 51]. Alternatively, the parameters defining the inclusion based on the RBF description were assumed to be variable. The specific parameter
values used to create the snapshots were chosen arbitrarily by uniformly sampling the space
of the four variable parameters (the two spatial coordinates, amplitude, and breadth). Three
values were chosen for each spatial coordinate of the inclusion center and two values were
chosen each for the amplitude and breadth of the inclusion, and one last scenario with no
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Measurement Point

Figure 3.2: Schematic of the vertical displacement sensor locations (red dots) for Example
1: Simulated Soft Matrix with a Hard Inclusion.

inclusion (i.e., homogeneous matrix material) was added, for a total of 37 parameter combinations used to create snapshots. Fig. 3.3 shows the nine location combinations of the
inclusion center used to generate the snapshots. The values of the other two parameters
used to create the parameter combinations were chosen based on an expectation of what the
lower and upper-end would be for the application, using 1 and 3 for the amplitude parameter
α (i.e., modulus at inclusion center of 30 kP a and 60 kP a) and 5 mm and 15 mm for the
breadth parameter r. To be clear, note that each of elastic modulus distribution realizations
used to create a snapshot contained only one inclusion (other than the homogeneous case,
which contained none). 15 out of the 37 total available POD modes were necessary to satisfy the criteria defined in Eqn. 3.43 and were retained for the Gappy POD reconstruction
process.
A 50 × 50 mesh of quadratic triangular elements was determined to be sufficient for
accurately analyzing the tissue deformation (i.e., solving the forward problem) for all possible
material property distributions. For simplicity, this same mesh was used to discretize the
elastic modulus distribution for the direct inversion procedure. However, to reduce the
dimensionality slightly the elastic modulus was described with linear triangular elements
rather than quadratic.
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0.2b 0.3b

Figure 3.3: Schematic of the nine inclusion centers used separately to generate the snapshots
for POD for the numerically simulated examples.

Results:
As an example of the appearance of the POD modes, Fig. 3.4 shows the distributions of
the components of the first two POD modes (i.e., the modes corresponding to the two highest
eigenvalues from the POD procedure). More importantly, Fig. 3.5 shows a representative example trial of a simulated displacement response field from a randomly generated parameter
set and including the 5% Gaussian white noise in comparison to the displacement response
field reconstructed from the 100 response measurements of that response field with the Gappy POD procedure. In general, the Gappy POD reconstruction of the displacement response
from partial-field measurements was found to be accurate, producing response distributions
that were nearly identical to the full simulated responses, with errors consistent with the
example shown, which had relative L2 and L∞ errors in the displacement reconstruction of
7.4% and 18.5%, respectively.
Fig. 3.6 shows a representative example of an elastic modulus distribution used to
generate simulated experimental measurements (i.e., target modulus distribution) and the
corresponding elastic modulus distribution estimated by the direct inversion procedure with
Gappy POD displacement reconstruction. There was a noticeable amount of error in the
modulus reconstruction, and the relative L2 and L∞ errors in the modulus estimation compared to the target distribution were 21% and 43%, respectively. However, the localization of
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Figure 3.7: Example of an elastic modulus distribution estimated with the direct inversion
approach applied directly to the full-field simulated experimental data with noise (i.e., without using Gappy POD) (color contours in units of P a) for Example 1: Simulated Soft Matrix
with a Hard Inclusion.

the modulus distribution was accurate, indicating a single harder region within the solid, and
the matrix modulus value and the maximum inclusion modulus value were nearly identical to
the target distribution. Again, it should be noted that the direct inversion process does not
restrict the distribution of the modulus to be localized, which emphasizes the significance of
having recovered the correct localization with the inversion procedure. Moreover, the accuracy of the modulus reconstruction was commensurate, if not qualitatively better, than in the
alternate previously referenced works in the literature on direct inversion techniques [81, 51],
with those approaches using full-field response measurements, rather than the partial-field
measurements used here. To further expand on the benefits of the direct inversion with Gappy POD, Fig. 3.7 shows the elastic modulus distribution estimated by the direct inversion
procedure with the original simulated full-field displacement with the added 5% Gaussian
white noise. Clearly, the direct inversion procedure applied to the noisy data was unable
to remotely come close to estimating the target elastic modulus distribution, indicating the
significance of the noise filtering capability of the Gappy POD field reconstruction prior to
direct inversion. Lastly, to show the generalization capabilities and robustness of the direct
inversion with Gappy POD procedure, five additional elastic modulus reconstruction trials
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Table 3.1: The mean and standard deviation of the relative L2 and L∞ errors with respect
to the reconstructed displacement and corresponding elastic modulus distribution estimate
for the five randomly generated trials of the direct inversion procedure with Gappy POD for
Example 1: Simulated Soft Matrix with a Hard Inclusion.

Field

Relative L2 Error

Relative L∞ Error

Mean

Std. Dev.

Mean

Std. Dev.

Displacement

7.9%

0.3%

23.1%

4.7%

Elastic Modulus

17.3%

3.4%

41.6%

3.8%

were performed with randomly generated target localized elastic modulus distributions (similar to the representative example shown in Fig. 3.6 (a)), and the direct inversion technique
was applied with the Gappy POD displacement reconstruction from the simulated measurement data with noise for each trial. Table 3.1 shows the mean and standard deviation over
the five trials for the relative L2 and L∞ errors in the displacement reconstruction and the
elastic modulus estimation comparing the direct inversion with Gappy POD results to the
target simulated experimental cases. For all trials the Gappy POD with direct inversion
procedure was able to reconstruct the full-field displacement and then estimate the elastic
modulus distribution with an accuracy consistent with the representative example shown.
In particular, the capability of the Gappy POD with direct inversion procedure to correctly
localize and accurately estimate the magnitude of the elastic modulus distribution remained
consistent.

3.6.1.2

Example 2: Simulated Hard Matrix with Soft Inclusions - Steady-State

Dynamic Test The second example of a simulated hard matrix with soft inclusions was
considered to illustrate the potential applications of nondestructive evaluation of civil or
aerospace structures (e.g., characterizing damage in structural components as could be represented by a reduction in stiffness) from frequency response-based testing. A metal plate
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Measurement Point

Figure 3.8: Schematic of the horizontal and vertical displacement sensor locations (red dots)
for Example 2: Simulated Hard Matrix with Soft Inclusions.

was modeled as a 1 m × 1 m square section with the bottom fixed to a rigid support. The
entire material (matrix and inclusions) was again assumed to be known to be linear elastic,
with a known Poisson’s ratio of 0.3 and a known density of 2700 kg/m3 . The simulated steady-state dynamic test was implemented by applying an excitation with excitation
frequency of 20 Hz and amplitude of 1 kN/m (factoring out the arbitrary thickness) uniformly to the top surface of the plate. Then, the steady-state dynamic amplitude of the
horizontal and vertical displacement response to the loading was measured at 10 uniformly
spaced discrete locations on both the left and right surfaces, as shown in Fig. 3.8. For
this second simulated example, 1% Gaussian white noise was added to the measurements.
Testing (not shown here for brevity) showed a significant tradeoff between the level of noise
and the amount of measurement information in terms of the measurement accuracy. The
testing showed that the more measurement information (i.e., the more sensor locations) the
more tolerant the inverse solution procedure would be to measurement noise. Therefore, for
this second simulated example in which significantly less measurement information was used
than the first example, less measurement noise was added to ensure the simulated inverse
problems would be sufficiently accurately solvable.
The process of generating the snapshots for POD was almost identical to the first simulated example, with the elastic modulus of background material assumed to be fixed at
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69.0 GP a for this case, which was based upon aluminum. Again, 37 parameter combinations were used to create the snapshots. The same nine location combinations of the inclusion
center were used as the first example (Fig. 3.3), the two values of the amplitude parameter
used were −0.3 and −0.7 (i.e., modulus at the inclusion center of approximately 21 GP a
and 48 GP a), and the two values of the breadth parameter used were 0.1 m and 0.3 m.
Note that, as before, each snapshot material property distribution other than the homogeneous case contained only one inclusion. 13 out of the 37 total available POD modes were
necessary to satisfy the criteria defined in Eqn. 3.43 and were retained for the Gappy POD
reconstruction process. The same mesh configurations were used for the forward and inverse
problem as were used for the first simulated example, with the displacement mesh having
been verified to be sufficiently refined for accurately analyzing the plate deformation for all
possible material property distributions.

Single Inclusion Case - Results:
Fig. 3.9 shows a representative example of a target elastic modulus distribution with a single inclusion used to generate simulated experimental measurements and the corresponding
elastic modulus distribution estimated by the direct inversion with Gappy POD procedure.
The relative L2 and L∞ errors in the displacement reconstruction were 1.7% and 4.4%, respectively, while the relative L2 and L∞ errors in the modulus estimation compared to the
target distribution were 6.2% and 36%, respectively. The overall displacement reconstruction and modulus estimation were somewhat more accurate than the first example, most
likely due to the reduction in the added measurement noise. One of the most significant
observations is again that the localization of the inclusion and the matrix/inclusion modulus
magnitudes were highly accurate, and with using the measurement information from only
one fifth of the measurement locations as was used for the first example. To again show
the consistency of these characterization results, Table 3.2 shows the mean and standard
deviation over five randomly generated trials for the relative L2 and L∞ errors in the displacement reconstruction and the elastic modulus estimation comparing the direct inversion
with Gappy POD results to the target simulated experimental cases. As previously, the
results of the five random trials were consistent with the representative example shown.
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Figure 3.9: Representative single-inclusion example of (a) the elastic modulus distribution
used to simulate experimental measurements (i.e., the target modulus distribution) and (b)
the corresponding elastic modulus distribution estimated with the direct inversion approach
with Gappy POD full-field displacement reconstruction from the partial-field measurements
(color contours in units of P a) for Example 2: Simulated Hard Matrix with Soft Inclusions.
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Table 3.2: The mean and standard deviation of the relative L2 and L∞ errors with respect to
the reconstructed displacement and corresponding elastic modulus distribution estimate for
the five randomly generated trials with a single inclusion of the direct inversion procedure
with Gappy POD for Example 2: Simulated Hard Matrix with Soft Inclusions.

Field

Relative L2 Error

Relative L∞ Error

Mean

Std. Dev.

Mean

Std. Dev.

Displacement

1.6%

0.2%

4.3%

0.8%

Elastic Modulus

5.6%

0.6%

32.2%

6.2%

Two and Three Inclusion Case - Results:
To examine the capability of the inverse procedure to characterize more complicated
material property distributions, and particularly, to characterize distributions that are fundamentally different than the material property distributions used to generate the POD snapshots, trials were performed in which the target elastic modulus distribution had multiple
soft inclusions (even though all snapshots were generated from material property distributions with at most only one inclusion). This case further addresses the common inverse
characterization challenge of having a priori knowledge of variations being localized, but
not knowing the number of these localized variations (e.g., not knowing the number of tumors or the number of damage locations). Figs. 3.10 and 3.11 show examples of target
elastic modulus distributions with two and three inclusions, respectively, used to generate
simulated experimental measurements and the corresponding elastic modulus distributions
estimated by the direct inversion with Gappy POD procedure.

For the two-inclusion case

shown, the relative L2 and L∞ errors in the displacement reconstruction were 2.88% and
8.52%, respectively, and the relative L2 and L∞ errors in the modulus estimation compared
to the target distribution were 9.56% and 28.19%, respectively. For the three-inclusion case
shown, the relative L2 and L∞ errors in the displacement reconstruction were 2.73% and
8.25%, respectively, and the relative L2 and L∞ errors in the modulus estimation compared
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Figure 3.10: Representative two-inclusion example of (a) the elastic modulus distribution
used to simulate experimental measurements (i.e., the target modulus distribution) and (b)
the corresponding elastic modulus distribution estimated with the direct inversion approach
with Gappy POD full-field displacement reconstruction from the partial-field measurements
(color contours in units of P a) for Example 2: Simulated Hard Matrix with Soft Inclusions.
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Figure 3.11: Representative three-inclusion example of (a) the elastic modulus distribution
used to simulate experimental measurements (i.e., the target modulus distribution) and (b)
the corresponding elastic modulus distribution estimated with the direct inversion approach
with Gappy POD full-field displacement reconstruction from the partial-field measurements
(color contours in units of P a) for Example 2: Simulated Hard Matrix with Soft Inclusions.
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to the target distribution were 12.98% and 40.71%, respectively. Overall, the direct inversion
with Gappy POD continued to produce relatively accurate representations of the modulus
distribution, but the accuracy did degrade some amount as the number of inclusions in the
target distribution increased (i.e., as the target distribution become increasingly different
from the snapshot distributions). What is most impressive is that, although the estimations
of the modulus distributions are more dispersed than the target distributions, they were still
capable of clearly identifying the number of inclusions and accurately approximate the inclusion and matrix modulus magnitudes for both the two-inclusion and three-inclusion cases.
Moreover, it is worth stating again that all of these estimations (Figs. 3.9, 3.10, and 3.11)
were performed using the same set of snapshots, and therefore, all three inverse problems
were estimated at the combined expense of approximately 40 finite element analyses (i.e., 37
snapshots and 3 direct inversions).

3.6.2

Ultrasound Imaging Experiment: Elastography of an Arterial Construct

The final test case was intended to validate the “real-life” applicability of the approach for
direct material property inversion with Gappy POD full-field response reconstruction. This
test case considered an elastography problem regarding nondestructive and noninvasive characterization of the elasticity distribution of an engineered arterial construct from ultrasound
measurement of the vessel deformation due to the known internal pressure. Such nondestructive capabilities could be beneficial to monitoring the progression of engineered tissues in
bioreactor environments, providing accurate information with less variance between samples.
Successful translation of such technologies, especially with aids of Gappy POD for realistic
computational power, can result in significant savings in time and money for both noninvasive preclinical studies and clinical uses. The example followed a a nearly identical format as
the work shown in [18], with the exception of the inverse solution estimation procedure (the
prior work used a computationally expensive non-gradient-based optimization procedure).
For simplicity, the behavior of the artery for all analyses was assumed to obey the plane
strain condition, and the initial cross-sectional geometry of the artery was estimated from
ultrasound imaging, as shown in Fig. 3.12. Although clearly not a perfect cylinder, the ap-
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Figure 3.12: Schematic of the testing procedure used to estimate the cross-sectional elastic
modulus distribution for the arterial construct from ultrasound imaging.

proximate inner and outer radius of the artery were 2.5 mm and 3.0 mm, respectively. The
nondestructive and noninvasive test consisted of measuring the vertical displacement of the
artery cross-section due to the known internal pulse pressure of 692 P a using two-dimensional
ultrasound speckle tracking. The behavior of the artery for all analyses was assumed to be
quasi-static and linear elastic with respect to this test. In addition, to sufficiently support
the artery for the analyses, the vertical displacement of an approximately 2 mm long region
vertically centered on both the left and right sides of the outer surface and the horizontal
displacement of an approximately 3 mm long region centered horizontally on both the top
and bottom of the outer surface were assumed to be fixed. As was similarly used in [18],
only 15 discrete vertical displacement measurements in the approximately 0.4 mm × 0.6 mm
rectangular region shown in Fig. 3.12 were used as the partial-field measurements for the
inverse solution estimation process, as those measurements were considered the most reliable
with the largest signal-to-noise ratio.
The Poisson’s ratio of the entire artificial arterial construct material was assumed to
be constant as 0.3 for the analyses. Therefore, the objective of the inverse characterization
was again to determine the spatial distribution of the elastic modulus. However, rather
than assuming the distribution was localized (as was done with the RBFs in the previous
simulated examples), the stiffness of the artery was assumed to have a layered variation,
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which is a realistic expectation for this application. As such, to generate the snapshots
a two-layer description of the elastic modulus distribution was utilized. The two layers
were defined based on a dividing ellipse centered at the centroid of the artery with a vertical
radius and horizontal radius of 1.8 mm and 2.6 mm, respectively, and the modulus of the two
layers was assumed to be variable between 50 kP a and 450 kP a. In addition, all snapshots
were generated with the constraint that the inner layer (with modulus value Ein ) is stiffer
than the outer layer (with modulus value Eout ) (i.e., Eout < Ein ). Again, two layers were
chosen with the specified constraint to be consistent with the prior referenced work, which
accounted for the nonuniform cell growth in the construct with respect to the distance to
the lumen. The specific modulus values used to generate the snapshots were chosen as every
combination of the set [50, 150, 250, 350, 450] kP a satisfying the specified stiffness constraint,
which produced a total of 10 snapshots. 6 out of the 10 total available POD modes were
necessary to satisfy the criteria defined in Eqn. 3.43 and were retained for the Gappy POD
reconstruction process. A mesh of approximately 3100 quadratic triangular elements was
used to simulate the snapshots for POD, and similarly to the simulated examples, the same
mesh, but with linear triangular elements was used for the elastic modulus distribution
estimation.
Fig. 3.13 shows the vertical displacement response field reconstructed from the 15 response measurements with the Gappy POD procedure, and more importantly, the elastic
modulus distribution estimated by the direct inversion procedure. The estimated two-layer
elastic modulus distribution was consistent with the referenced previous study, with the inner
modulus of approximately 330 kP a considerably higher than the outer modulus of approximately 110 kP a. Furthermore, as stated in [18], the artery was tested destructively through
a tensile testing method following the imaging experiment, and the bulk (i.e., averaged)
elastic modulus of the artery was determined to be approximately 184 kP a. Therefore, the
approximate average modulus of the distribution estimated herein of 220 kP a was relatively
accurate in comparison to the destructive test (noting that the conditions for the two testing
procedure were substantially different). Overall, the consistency of the results of this last
example with the prior study confirm the “real-life” applicability of the approach for direct
material property inversion with Gappy POD full-field response reconstruction.
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Figure 3.13: (a) The vertical displacement distribution reconstructed from Gappy POD (color contours in units of m) and (b) the estimated cross-sectional elastic modulus distribution
from the direct inversion procedure for the arterial construct tested with ultrasound imaging
(color contours in units of P a).

3.7

CONCLUSIONS

An approach for inverse material characterization that combines Gappy proper orthogonal
decomposition with direct inversion for computationally efficient characterization with data
measurements from only a portion of the system domain was presented and analyzed. The
approach first uses the Gappy POD method to estimate the response field over the entire system domain from the available measurements along with any available a priori information
regarding the potential solution distribution. Then, the full-field response is utilized within
a physics-based direct inversion procedure to estimate the spatial distribution of the desired
unknown material property. Through numerically simulated example inverse problems based
on characterization of elastic modulus distributions with localized variations (e.g., materials
with hard or soft inclusions), the inverse procedure was shown to efficiently provide accurate
estimates to elastic modulus distributions from partial-field displacement measurements in
both static and dynamic problems. In particular, the expense of the inverse characterization procedure, including the generation of the POD modes, was equivalent to less than

100

40 standard finite element analyses for the simulated examples, and once the POD modes
were obtained (a one-time expense for a given system) the inversion is equivalent to a single
standard finite element analysis. In addition, the direct inversion with Gappy POD response
reconstruction was found to be substantially tolerant to noise in comparison to the direct
inversion given the full-field noisy response (i.e., without applying Gappy POD), and this
noise tolerance improved with the increase in the amount of measurement information available. The simulated examples also showed that the inversion procedure could characterize
material property distributions that were substantially more complex than the distributions
used to create the POD modes for the Gappy POD method (i.e., the inversion procedure
had significant extrapolation capabilities). Lastly, through a physical example regarding
elastography of an arterial construct from ultrasound imaging response measurements, the
direct inversion approach with Gappy POD response reconstruction was validated and the
practical applicability was confirmed.
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4.0

A GENERALIZED AND COMPUTATIONALLY EFFICIENT INVERSE

MATERIAL CHARACTERIZATION APPROACH COMBINING DIRECT
INVERSION SOLUTION INITIALIZATION WITH THE ADJOINT
METHOD

4.1

ABSTRACT

A computationally efficient gradient-based optimization approach for inverse material characterization from incomplete system response measurements that can utilize a generally
applicable parameterization (e.g., finite element-type parameterization) is presented and evaluated. The key to this inverse characterization algorithm is the use of a direct inversion
strategy with Gappy proper orthogonal decomposition (POD) response field estimation to
initialize the inverse solution estimate prior to gradient-based optimization. Gappy POD is
used to estimate the complete (i.e., all components over the entire spatial domain) system response field from incomplete (e.g., partial spatial distribution) measurements obtained from
some type of system testing along with some amount of a priori information regarding the
potential distribution of the unknown material property. The estimated complete system
response is used within a physics-based direct inversion procedure with a finite elementtype parameterization to estimate the spatial distribution of the desired unknown material
property with minimal computational expense. Then, this estimated spatial distribution of
the unknown material property is used to initialize a gradient-based optimization approach,
which uses the adjoint method for computationally efficient gradient calculations, to produce
the final estimate of the material property distribution. The three-step ((1) Gappy POD, (2)
direct inversion, and (3) gradient-based optimization) inverse characterization approach is
evaluated through simulated test problems based on the characterization of elastic modulus
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distributions with localized variations (e.g., inclusions) within simple structures. Overall,
this inverse characterization approach is shown to efficiently and consistently provide accurate inverse characterization estimates for material property distributions from incomplete
response field measurements. Moreover, the solution procedure is shown to be capable of
extrapolating significantly beyond the initial assumptions regarding the potential nature of
the unknown material property distribution.

4.2

INTRODUCTION

Computational methods for the solution of inverse problems (e.g., characterization, design,
etc.) in mechanics (e.g., relating to solid mechanics, heat transfer, etc.) are becoming
ever more popular in a variety of fields in science and engineering. In particular, applications in the characterization of material property distributions span interest areas from
civil engineering (e.g., structural damage characterization [72, 80]) to medicine (e.g., tissue
characterization for disease diagnosis [8, 46]), where quantitative estimation of a variety of
material parameters can provide critical information relating to the state of the system. A
common structure of quantitative inverse material characterization approaches is to couple a
numerical representation of the system forward problem (e.g., a finite element representation
of the system response given the material properties) with some type of optimization to estimate the material properties that lead to a “best match” between the response estimated by
the forward numerical representation and the available experimentally measured response.
Such computational methods to estimate inverse solutions provide quantitative solutions and
are generally applicable regardless of the physics of interest and response measurement type.
However, there are several significant challenges depending on the application of interest
as well, with a wide range of variations in the inverse solution method specifics. Common
differences include variations in the parameterization of the unknown material field, numerical analysis technique, and optimization approach, with each having significant tradeoffs in
terms of generalization of the applicability, solution accuracy, and computational efficiency.
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One way in which computational inverse solution strategies can be divided is into those
that are iterative and those that are non-iterative (i.e., direct). A common direct approach
is to relate the measured response to the unknown material property distribution parameters based on the manipulation of the forward boundary value problem and a least-squares
criteria, which creates a solution process similar to that of solving the forward problem itself
(e.g., similar in process to a finite element analysis to predict the deformation response of
a solid given geometry, material properties, and boundary conditions) [51, 81, 50]. Thus,
the solution estimate can be obtained at a cost on the order of a single numerical analysis
of the forward problem, even with a relatively generalized parameterization of the spatial
distribution of the unknown property (e.g., finite element-type parameterization). However,
one common challenge of the direct inversion approaches is that the entire (or nearly entire) spatial distribution (i.e., full-field) of the system response (e.g., displacement) must be
measured to successfully characterize a distribution of unknown material properties. In addition, direct approaches are often relatively noise sensitive, with solution quality degrading
relatively quickly with increasing levels of measurement noise.
Iterative optimization-based approaches are typically better equipped than direct methods to estimate inverse solutions provided with response measurements from only a portion
of the system domain (i.e., partial-field measurements) or otherwise incomplete measurement information (e.g., single directional components of displacement). Conceptually these
iterative approaches can be further divided into those that use use non-gradient-based optimization (e.g., random search, genetic algorithm, etc.) [9, 73] and those that use gradientbased optimization (e.g., Newton’s method, conjugate gradient, etc.) [46, 22]. Non-gradientbased methods often have more significant global search capabilities in comparison to the
gradient-based optimization approaches, which can become trapped in local minima (i.e.,
an inaccurate solution). However, non-gradient-based methods typically require substantially more iterations (i.e., computational time) to converge to a solution approximation than
gradient-based approaches, which can be prohibitive for many applications. Moreover, the
computational expense of non-gradient-based methods increases substantially with increasing number of unknown parameters (i.e. the curse of dimensionality), leading to the use of
simplified (i.e., less generally applicable) parameterizations of the unknown property field.
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In contrast, gradient-based methods are not only substantially more computationally efficient overall, but are also not as affected by the curse of dimensionality, particularly if using
an adjoint approach or something similar to calculate the gradients [26, 20, 48]. Therefore,
gradient-based methods are capable of converging to a solution estimate with relative computational efficiency, even with a generally applicable high-dimensional finite-element type
parameterization of the unknown material property field. Unfortunately, as stated, gradientbased methods are local in nature, and unless the initial estimate of the unknown property
field provided is relatively accurate, the final solution estimate is likely to be inaccurate.
Furthermore, limitations in the amount of measurement data and/or high-dimensional parameterizations of the unknown field often leads to complicated (non-convex) error surfaces
for the optimization, and while regularization approaches can somewhat relieve this challenge
[47, 46, 63], the importance of the initial estimate accuracy is increased significantly.
The present work investigates an approach to utilize information that is available a priori
regarding the nature of the unknown property distribution (e.g., that the distribution has
localized variations) to initialize a gradient based optimization procedure to achieve a unique
level of efficiency and accuracy to estimate generalized (i.e., arbitrarily shaped) distributions
of material properties from partial-field measurements without the need for regularization
or any kind of direct initial solution estimate. In particular, the approach is presented in the
context of characterizing the spatial distribution of the elastic modulus (i.e., elastography)
provided with displacement response measurements over some portion of the solid domain.
The approach utilizes the Gappy proper orthogonal decomposition (POD) machine learning
technique to build a data reconstruction tool based on the available a priori solution knowledge that can estimate the full-field response distribution given the available partial-field
measurements. The estimated full-field response is then applied within a direct inversion
strategy with a general finite element-type parameterization of the unknown field to produce
an initial estimate of the spatial distribution of the unknown material property over the entire
domain. Lastly, this initial estimate is refined with a gradient-based optimization strategy
using the adjoint method for computationally efficient gradient calculations to produce the
final estimate of the material property distribution.
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The following section presents the details of the inverse material characterization algorithm, including (1) the adjoint formulation for efficient gradient calculation within the
gradient-based optimization approach, (2) the direct inversion algorithm to estimate the
spatial distribution of elastic modulus provided with a full-field displacement response distribution and the boundary conditions corresponding to the test method used to produce
the measurements, and (3) the Gappy POD to reconstruct a full-field response estimate from
given partial-field measurements. Then, simulated examples relating to characterization of
localized elastic modulus distributions in solids are presented to examine the capabilities
of the generalized inverse characterization approach, which is followed by the concluding
remarks.

4.3

INVERSE MATERIAL CHARACTERIZATION ALGORITHM

As discussed, although potentially applicable to a variety of different physical systems, material properties, and testing methods, the inverse characterization approach is presented in
the specific context of characterization of the elastic modulus spatial distribution of a solid
from partial-field displacement measurements. In particular, for the following presentation,
it is assumed that some type of steady-state dynamic mechanical testing has been applied,
with the solid of interest excited to steady state at one or more excitation frequencies and
the resulting steady-state displacement amplitude measured at several locations throughout
the solid. Thus, neglecting body forces and damping, assuming displacements and strains
are small, and assuming that the system variables vary harmonically in time at angular excitation frequency ω, the steady-state dynamic governing equations describing the associated
forward elasticity problem (i.e., the strong form) can be given as:
∇ · σ(~x, ω) + ω 2 ρ(~x)~u(~x, ω) = ~0, ∀~x ∈ Ω,

(4.1)

σ(~x, ω) = C IV (~x) : ε(~x, ω),

(4.2)
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ε(~x, ω) =


1
∇~u(~x, ω) + (∇~u(~x, ω))T ,
2

(4.3)

σ(~x, ω) · ~n(~x) = T~ (~x, ω), ∀~x ∈ ΓT~ ,

(4.4)

~u(~x, ω) = ~u0 (~x, ω), ∀~x ∈ Γ~u ,

(4.5)

and

where ρ(~x) is the mass density, σ(~x, ω) is the Cauchy stress amplitude tensor, ~u(~x, ω) is the
displacement amplitude vector, Ω is the domain of the structure, ε(~x, ω) is the small strain
amplitude tensor, C IV (~x) is the 4th -order elasticity tensor, ~n(~x) is the unit outward normal
vector to the surface of the domain, T~ (~x, ω) and ΓT~ are the applied traction amplitude
vector and the portion of the domain surface where this traction is applied, respectively,
and ~u0 (~x, ω) and Γ~u are the applied displacement amplitude vector and the portion of the
domain surface where displacement is known, respectively. Note that the entire formulation
is applicable and easily converted to the static case by simply setting the momentum term
to zero.
The first step in setting up the optimization-based computational inverse solution procedure is to construct an appropriate objective functional. This objective functional should
somehow quantify the difference between the experimentally measured system response and
the corresponding response that is predicted by the numerical representation of the system
(i.e., solution to Eqns. (4.1)-(4.5)) given an estimate to the unknown material properties,
as (note that dependencies on ~x and ω should be inferred and were left off of the following
presentation for brevity):
f (~p) = ~u (~p) − ~uM

ΩM

,

(4.6)

where, for this example, ~uM would be the experimentally measured displacement amplitudes,
~u(~p) is the numerical simulated displacement amplitudes for a given estimate to the material
parameter vector, p~, and k·kΩM is some chosen suitable metric norm that combines the
contribution of all measurement locations and excitation frequencies to produce a scalar
measurement error. Then, all that is necessary is to apply a suitable optimization algorithm,
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to minimize the objective functional, f , with respect to the unknown material parameters,
subject to the constraint of the above boundary value problem (BVP) and any physical
bounds on the unknown parameters. There are several different gradient-based optimization
algorithms that can be (and have been in prior studies [75]) applied to minimize the objective
functional with respect to the unknown material parameters, and thereby, estimate the
inverse problem solution. For example, the standard interior point method was used for
the examples presented herein, which among other algorithmic details that can be found
in [70], uses the gradient to approximate the inverse of the Hessian with a BFGS method
[75] to update the solution estimate at each iteration. Therefore, much like many other
commonly used gradient-based optimization algorithms, the gradient is the main driver of the
optimization, and therefore, the most critical calculation within the optimization procedure.
By far the most challenging aspect (at least computationally) of calculating the gradient
of the objective functional presented above is the need to calculate the partial derivative of
the displacement response with respect to the material parameters (~p), with the relationship
between those two quantities being defined by the above BVP. As such, to maintain computational efficiency, the present work used the adjoint method for the gradient calculation
[63]. The adjoint method requires only two numerical solutions of BVPs to calculate the
necessary gradient, the given BVP and a corresponding adjoint BVP, with both having the
same approximate computational expense. Therefore, the adjoint method represents a substantial computational savings in comparison to alternate methods, such as finite difference
methods, which require at least N + 1 BVP solutions, or direct differentiation of the BVP,
which requires N BVP solutions, where N is the number of unknown parameters in the
optimization problem [46]. Particularly for generalized (e.g., finite element-type) parameterizations of the unknown property with large numbers of parameters to be determined, the
adjoint method, or something similar, is a necessity for practical applicability.
In brief (see the provided references for additional details), the adjoint method for the
type of elastography problem considered here begins by constructing a Lagrangian of the
form:


L (~u (~p) , ~γ , p~) = f (~p) + a (~u(~p), ~γ ; p~) − T~ , ~γ ,
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(4.7)

such that:
df
∂L ∂L ∂~u
dL
=
=
+
,
d~p
d~p
∂~p
∂~u ∂~p

(4.8)

where,
Z
a(~u(~p), ~γ ) =
Ω



1
1
T
T
IV
∇~γ + (∇~γ ) : C (~p) :
∇~u(~p) + (∇~u(~p)) d~x
2
2
Z
− ρω 2~γ · ~u(~p)d~x,

(4.9)

Ω



 Z
~
T , ~γ =

~γ · T~ d~x,

(4.10)

ΓT~

and ~γ is a Lagrange multiplier. To avoid the previously mentioned computationally expensive
component, without loss of generality, the multiplying term in the Lagrangian gradient
expansion can be set to zero to produce the adjoint BVP of the form:


1
T
IV
∇ · C (~p) :
∇~γ (~p) + (∇~γ (~p))
+ ω 2 ρ~γ (~p) = ~0, ∀~x ∈ Ω,
2

C

IV


df
1
T
∇~γ (~p) + (∇~γ (~p)) =
, ∀~x ∈ ΓT~ ,
(~p) :
2
d~u (~p)

(4.11)

(4.12)

and
~γ (~p) = ~0, ∀~x ∈ Γ~u .

(4.13)

Finally, using the solution of the original BVP (~u from Eqns. (4.1)-(4.5)) and the solution
of the adjoint BVP (~γ from Eqns. (4.11)-(4.13)) for a given set of material parameters, the
gradient of the objective functional for those material parameters can be calculated as:
∂L
∂a (~u, ~γ ; p~)
dL
=
=
.
d~p
∂~p
∂~p

(4.14)

As discussed in the Introduction, providing a sufficiently accurate initial guess for the
unknown material parameters is critical to ensuring an accurate final solution estimate using
the computational inverse characterization procedure with gradient-based optimization. The
importance of this initial guess is even further heightened when applying a generalized parameterization of the unknown field and when not using any kind of solution regularization
(as is the case in the above presentation). To overcome this challenge/limitation, the present
work uniquely uses a direct inversion strategy to estimate an initial guess for the unknown
material property distribution, which is detailed in the following.
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4.3.1

Direct Inversion for Material Property Distribution Estimation

Note that the following direct inversion formulation assumes that a complete displacement
response field is available or has been approximated from the response measured with the
given testing method. Then, the first step in the inverse solution formulation to estimate
the spatial distribution of the elastic modulus of a solid is to separate the elastic modulus
(E(~x)) from the elasticity matrix [D] (i.e., the Voigt notation version of C IV ) as:
[D] = [DI ]E(~x),

(4.15)

where [DI ] is now only a function of Poisson’s ratio (ν). Applying the same general Galerkin
weak form procedure as is typically done for the forward BVP [59] to approximate displacement, but now to approximate the elastic modulus, the inverse problem weak form for the
steady-state dynamic boundary value problem can be written as:
Z
Z
T
~ x) · ~u(~x, ω) d~x+
~
ρ(~x)ω 2 δ E(~
{∇δ E(~x)} {σI (~x, ω)}E(~x) d~x =
Ω
Ω
Z
~ x) · T~ (~x, ω) d~x,
δ E(~

(4.16)

ΓT~

where
{σI (~x, ω)} = [DI ]{ε(~x, ω)},

(4.17)

~ x) is the
{ε(~x, ω)} is the Voigt notation version of the small strain amplitude tensor, δ E(~
virtual elastic modulus vector (matching the dimension of the displacement field, and therefore, the number of equilibrium equations, even though the modulus itself is a scalar), and
~ x)} is the corresponding gradient in Voigt notation.
{∇δ E(~
Applying standard procedures of the finite element method to discretize the domain into
finite elements to represent the elastic modulus as well as the displacement (assuming that
the given full-field displacement response has been discretized as such), and again using
Voigt notation where applicable, the elastic modulus, the virtual elastic modulus vector, the
displacement vector, and their corresponding gradients can be approximated as:
E(~x) ≈ [NE (~x)]{E e },
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(4.18)

~ x) ≈ [N ~ (~x)]{δ E
~ e },
δ E(~
δE

(4.19)

~u(~x, ω) ≈ [N~u (~x)]{~ue (ω)},

(4.20)

{∇E(~x)} ≈ [BE (~x)]{E e },

(4.21)

~ x)} ≈ [B ~ (~x)]{δ E
~ e },
{∇δ E(~
δE

(4.22)

{ε(~x, ω)} ≈ [B~u (~x)]{~ue (ω)},

(4.23)

and

where [NE (~x)] is the matrix of shape functions for elastic modulus interpolation, [NδE~ (~x)] is
the expanded version (to match the dimensions of the displacement) of the matrix of shape
functions for elastic modulus interpolation, [N~u (~x)] is the standard matrix of shape functions
for displacement interpolation, and [BE (~x)], [BδE~ (~x)], and [B~u (~x)] are the respective matrices
of these shape function spatial derivatives. Substituting the discretization (Eqns. (4.18)(4.23)) into Eqn. (4.16), eliminating the arbitrary virtual elastic modulus field vector, and
assembling individual element contributions, the final finite element equations for the direct
inversion elastography problem can be depicted as:
[KI ]{E} = {PI } + [MI ]{u},

(4.24)

where
[KI ] =

X Z
element

[MI ] =

Ωe

[BδE~ (~x)]T [DI ][B~u (~x)]{~ue }[NE (~x)] d~x,

X Z
element

Ωe

ρ(~x)ω 2 [NδE~ (~x)]T [N~u (~x)] d~x,

(4.25)

(4.26)

and
{PI } =

X Z
element

Γe~
T

[NδE~ (~x)]T T~ (~x, ω) d~x.

(4.27)

Since [KI ] is typically non-square and Eqn. (4.24) is typically an overdetermined system
(e.g., [KI ] has dimensions 3N × N , where N is the number of nodes in the mesh if the
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same mesh is used for both displacement and elastic modulus), the elastic modulus cannot
be estimated by simply inverting [KI ]. Thus, as is common, a least-squares approach was
used here to solve Eqn. (4.24) for {E}. As such, the nodal values of elastic modulus can be
determined as:
{E} = [KI ]T [KI ]

−1

[KI ]T ({PI } + [MI ]{u}) .

(4.28)

One final important point is that it is necessary to invalidate the equations corresponding to
the essential boundary conditions in the forward BVP prior to the solution of Eqn. (4.28).
Eliminating these equations is a common approach that is necessary to obtain a well-behaved
solution to the direct inversion problem. Thus, prior to solving Eqn. (4.28) the rows in Eqn.
(4.24) corresponding to nodes where essential boundary conditions are present are set to
zero, such that:
[KI ][i, :] = 0, if ~xi ∈ Γ~u , for i = 1, 2, ..., N,

(4.29)

[MI ]{u}[i] = 0, if ~xi ∈ Γ~u , for i = 1, 2, ..., N,

(4.30)

{PI }[i] = 0, if ~xi ∈ Γ~u , for i = 1, 2, ..., N.

(4.31)

and

Again note that the above formulation requires the complete displacement response field
to be available, yet the intention of the overall inverse characterization procedure presented
herein is to be capable of utilizing only partial-field response measurements. As such, it is
necessary to have a means to estimate the full-field response from partial-field measurements
to use this direct inversion strategy. To address this need the following presents a machine
learning approach to create a tool based on information available a priori regarding the
expected nature of the full-field response distribution that can estimate a full-field response
from partial-field measurements.

4.3.2

Gappy Proper Orthogonal Decomposition

Gappy POD is an extension of the traditional POD approach that was first developed and
presented by Everson and Sirovich [19] for the purpose of filling in missing information to
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reconstruct marred photos. Subsequently, Gappy POD has shown substantial capabilities
to accurately reconstruct physical processes from partial-field measurement data, especially
for fluid flow problems [69, 67, 74, 78, 64].
The Gappy POD process begins with the standard POD method. Given a set of n
fields (referred to as “snapshots”), {~uk (~x)}nk=1 , POD can be interpreted as an approach
n
om
~
to determine the set of m orthogonal basis functions (i.e., modes), φi (~x)
, that are
i=1

optimal in the average L2 -error sense for representing each given field and, if the given fields
are representative, any similar field as:
∗

~u (~x) ≈ ~u (~x) =

m
X

~ i (~x) ,
ai φ

(4.32)

i=1

~ i (~x)). Then, the POD
where ai is the modal coefficient corresponding to the ithe mode (φ
optimization problem to define these modes can be written as:
k~u(~x) − ~u∗ (~x)k2L2 (Ω) ,
M inimize
m
~
φ
(~
x
)
{ i }i=1
where

(4.33)

n

1X
h~ui =
~uk ,
n k=1

(4.34)

and ~u∗ is the best approximation of the snapshots from the modes (i.e., the projection of each
snapshot onto the modes). Based on this optimization problem and applying the method
of snapshots (see [2] for additional details), a maximum of n POD modes can be calculated
through the solution of the following eigenvalue problem:
n

1X
Ajk Ck = λCj ,
n k=1

(4.35)

where
Z
~uj (~x) · ~uk (~x) d~x,

Ajk =

(4.36)

Ω

and then the ith mode is given as:
~ i (~x) =
φ

n
X

1
λ(i) n

k=1
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(i)

~uk (~x) Ck .

(4.37)

Gappy POD diverges from standard POD in how the modes are utilized. If the full
spatial distribution of a field is available, the modal coefficients (ai ) needed to reconstruct
that field with the POD modes can be easily obtained by projecting the modes onto the field
as:
Z
ai =

~ i (~x) d~x.
~u (~x) · φ

(4.38)

Ω

Alternatively, the objective of Gappy POD is to provide a means to reconstruct the full spatial distribution of a field using the POD modes, but with only a partial spatial distribution
of the field given. Defining ~uˆ (~x) as the given partial distribution of the field of interest such
that ~uˆ (~x) is (incorrectly) 0 anywhere data is unavailable, then ~uˆ (~x) can be expressed in
terms of the corresponding, but unknown, full spatial distribution as:
~uˆ (~x) = β (~x, ~u) ~u (~x) ,

(4.39)

where β (~x, ~u) is a mask function that is defined as 0 where data is unavailable and 1 where
data is available. Assuming that the full spatial distribution can be approximated with the
POD modes as defined in Eqn. (4.32), an approximation of ~uˆ (~x) can be written in terms of
the POD modes as:
~uˆ∗ (~x) = β (~x, ~u)

m
X

~ i (~x) .
ai φ

(4.40)

i=1

Then, based upon a least-squares criteria, the optimal set of modal coefficients to reconstruct
the full spatial distribution of the field can be defined as that which minimizes an error
function of the form:
Z "
β (~x, ~u) ~u (~x) − β (~x, ~u)

ε=
Ω

m
X

#2
~ i (~x)
ai φ

d~x.

(4.41)

i=1

Applying the necessary condition for extrema of a function by setting the derivative of
the error function with respect to the modal coefficients to zero, the optimal set of modal
coefficients, {a}, to reconstruct the full spatial distribution of the field can be determined
from the solution of:
[M ]{a} = {f },

(4.42)

~ i (~x) · φ
~ j (~x) d~x.
β (~x, ~u) φ

(4.43)

where
Z
Mij =
Ω
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and
Z
fi =

~ i (~x) d~x.
β (~x, ~u) ~u(~x) · φ

(4.44)

Ω

A last important implementation aspect for this Gappy POD approach is that only a portion
(m << n) of the set of modes that can be obtained with POD are typically necessary to
be retained for further use in the full-field estimation process. As the associated eigenvalues
from the solution of Eqn. (3.3) relate to the value of each mode for the representation of the
given dataset, typically some heuristic is used based on the relative sum of the associated
eigenvalues to determine the modes to retain for further use [67, 74].
One additional note is that the Gappy POD approach can also act as somewhat of a noise
filter during the reconstruction process, thereby providing an added benefit of reducing the
effects of measurement noise on the subsequent direct inversion solution procedure. However, any reconstructed full-field response is still only an approximation of the true full-field
response, with the accuracy of the response estimation and direct inversion solution estimate
significantly dependent upon the amount of measurement data (higher accuracy with more
data).

4.4

EXAMPLES AND DISCUSSION

Two sets of numerically simulated inverse characterization problems were considered to evaluate the potential benefits and capabilities of the gradient-based optimization approach
initialized with direct inversion from Gappy POD response approximation. Both example
sets involved characterization of an elastic modulus distribution with localized inclusions
(hard or soft) in plate structures from partial-field response measurements. Furthermore,
both inverse characterization problems were based upon some type of simulated nondestructive testing (dynamic or static) in the linear range of the solid behavior (such that the
governing equations shown in Section 4.3 apply), with an actuation force applied uniformly
to the top surface, the bottom surface fixed, and with the horizontal and vertical displacement response to the loading measured at 10 uniformly spaced discrete locations on both
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Excitation

Inclusion

Matrix Material

Measurement Point
Figure 4.1: Schematic for the numerically simulated examples representing characterization
of an elastic modulus distribution with an inclusion based on mechanical testing involving
the excitation and measurement points shown.

the left and right surfaces. Fig. 4.1 shows a schematic of the example cases, including the
boundary conditions and sensor locations.
The “experimental” nondestructive test measurements were simulated using the standard
finite element method. In addition, both examples used the plane stress assumption to reduce
the computational expense. To add realism to the simulated experiments, for all trials 1%
Gaussian white noise was also added to the simulated measurements as:
uexpn = uexp (1 + 0.01υ) ,

(4.45)

where uexpn and uexp are the simulated experimental displacement measurements with noise
and without noise, respectively, and υ is a normally distributed random variable with unit
variance and zero mean. Note that testing (not shown here for brevity) showed a significant
tradeoff between the level of noise and the amount of measurement information in terms
of the final solution accuracy. The testing showed that the more measurement information
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(i.e., the more sensor locations) the more tolerant the inverse solution procedure would be
to measurement noise.
It was assumed that a priori knowledge would be available that the elastic modulus distributions to be characterized in the examples would be localized (e.g., as could be expected
in applications of damage characterization of civil structures [45] or tumor characterization
of biological structures [48]). As such, the snapshot response fields used for the Gappy POD
procedure were generated using a Gaussian radial basis function (RBF) representation of
the elastic modulus (see [14, 1, 13] for other similar works utilizing a RBF representation to
define localized elastic modulus variations), as:



(~x − ~c)2
E(~x) = E0 1 + α · exp −
,
r2

(4.46)

where E0 is the elastic modulus of the matrix material, α is the relative change in elastic
modulus at the inclusion center, ~c, is the location of the inclusion center, and r is the breadth
of the inclusion. Note, as will be shown in the following example cases, although snapshots
were generated based upon single circular inclusion cases (defined by Eqn. (4.46)), the
approach presented is capable of being applied to substantially more complicated cases (e.g.,
multiple inclusions and/or irregularly shaped inclusions).
The finite element method was again used to generate all snapshots for the POD process.
In addition, the criteria used to determine the number of modes (m) out of the total number
available (n) to use for data reconstruction with Gappy POD was to select the mode with
the highest associated eigenvalue (λ in Eqn. 4.35) as well as the minimum number of the
remaining modes, such that:
Pm (j)
λ
Pj=2
× 100% > 99.9%
n
(i)
i=2 λ

(4.47)

This criteria was determined to be sufficient to ensure that enough modes were retained
from POD for Gappy POD to produce accurate reconstructions, while excluding the modes
associated with low eigenvalues that can often cause the matrix [M ] in Eqn. (4.42) to be
ill-conditioned.
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The specific objective function used for the gradient-based optimization procedure to
estimate the inverse solutions in both examples was the square of the l2 -error as:
f (~p) = k~u (~p) − ~uexpn k2l2 ,

(4.48)

In addition, the same finite element-type parameterization of the unknown elastic modulus
distribution was utilized for both the direct inversion and subsequent gradient-based optimization processes (note that all meshes, including both the forward and inverse problems,
were verified to be sufficiently refined for accurately analyzing all potential system responses
and material property distributions). As noted previously, the interior point optimization
method [70] was the specific gradient-based optimization algorithm chosen, with the adjoint
method utilized to calculate the necessary gradient at each iteration, to minimize the associated objective function and estimate the solution to the example inverse characterization
problems. The scientific analysis software MATLAB [? ] was used to implement the interior
point method, largely with default settings, including calculation of the Hessian with a dense
quasi-Newton approximation in which both Newton steps and conjugate gradient steps were
both allowed at each iteration. For all cases, the stopping criteria was set to 50 iterations,
which was sufficient for convergence.

4.4.1

Example 1: Steady-State Dynamic Test of Hard Matrix with Soft Inclusions

The first example consisted of a simulated 1 m × 1 m aluminum plate. The entire material
(matrix and inclusions) was assumed to be known to have a Poisson’s ratio of 0.3 and
a density of 2700 kg/m3 . The simulated steady-state dynamic test was implemented by
applying the harmonic excitation at a frequency of 20 Hz and amplitude of 1 kN/m (factoring
out the arbitrary thickness) uniformly to the top surface of the plate. This particular scenario
could be relevant to applications in nondestructive evaluation of civil or aerospace structures
(e.g., characterizing damage in structural components as could be represented by a reduction
in stiffness) from frequency response-based testing.
For the process of generating the snapshots for POD, the elastic modulus of the background material (i.e., matrix material) was assumed to be fixed at 69.0 GP a. Alternatively,
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Figure 4.2: Schematic of the nine inclusion centers used separately to generate the snapshots
for POD for the numerically simulated examples.

the parameters defining the inclusion based on the RBF description were assumed to be
variable. The specific parameter values used to create the snapshots were chosen arbitrarily
by uniformly sampling the space of the four variable parameters (the two spatial coordinates,
amplitude, and breadth). Three values were chosen for each spatial coordinate of the inclusion center and two values were chosen each for the amplitude and breadth of the inclusion,
and one last scenario with no inclusion (i.e., homogeneous matrix material) was added, for
a total of 37 parameter combinations used to create snapshots. Fig. 4.2 shows the nine
location combinations of the inclusion center used to generate the snapshots. The values of
the other two parameters used to create the parameter combinations were chosen based on
an expectation of what the lower and upper-end would be for the application, using −0.3
and −0.7 for the amplitude parameter α (i.e., modulus at soft inclusion center of 21 GP a
and 48 GP a) and 0.1 m and 0.3 m for the breadth parameter r. To be clear, again note
that each of elastic modulus distribution realizations used to create a snapshot contained
only one inclusion (other than the homogeneous case, which contained none). 13 out of the
37 total available POD modes were necessary to satisfy the criteria defined in Eqn. 4.47 and
were retained for the Gappy POD reconstruction process. Also note that to provide a fair
evaluation of the methods presented, none of the modulus distributions considered in the
test cases matched the modulus distributions used to generate the snapshots.
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4.4.1.1

Case 1 Results: Single Circular Inclusion First, the case of a single circular

inclusion within the simulated aluminum plate was examined. A preliminary analysis was
done to provide some direct perspective on the capability of the Gappy POD process to
estimate the full-field displacement response from the 20 measurement locations provided.
Fig. 4.3 shows a representative example of a full-field simulated response including the 1%
Gaussian white noise (i.e., the “true response”) for a randomly generated single-inclusion
elastic modulus distribution in comparison to the full-field displacement estimation from
the 20 measurements of this noisy simulated response with the Gappy POD procedure.
The relative L2 and L∞ errors over the entire domain of this displacement reconstruction
in contrast to the true displacement response are 1.8% and 5.0%, respectively. As such,
the analysis of the full-field response estimation procedure showed that the Gappy POD
approach could reconstruct such a displacement response from partial field measurements
with a relatively high level of accuracy.
Next, the complete inverse characterization procedure with Gappy POD response estimation, direct inversion, and gradient-based optimization was examined. Fig. 4.4 shows
a representative example of a randomly generated single-inclusion elastic modulus distribution used to simulate experimental measurements (i.e., the “target distribution”), the
corresponding elastic modulus distribution estimated by the direct inversion procedure with
Gappy POD full-field response estimation (i.e., the initial guess for the gradient based optimization), and the corresponding final elastic modulus distribution estimation from the
subsequent gradient-based optimization. In addition, to provide a baseline, Fig. 4.4 also
shows results from an attempt to estimate the elastic modulus distribution applying the
gradient-based optimization procedure with a homogeneous (i.e., no inclusion) elastic modulus distribution as the initial solution guess (as would be a natural selection without any
other information provided), rather than using the results of the direct inversion as the initial guess. It is clear that without the direct inversion-Gappy POD initialization procedure,
the gradient-based optimization is entirely ineffectual at providing an accurate estimation
of the inverse problem solution, not even qualitatively indicating the presence of an inclusion. Alternatively, the direct inversion with Gappy POD was capable of a significantly more
accurate estimation of the elastic modulus distribution, clearly identifying the presence of
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Table 4.1: The mean and standard deviation of the relative L2 and L∞ errors with respect to
the elastic modulus distribution estimated with the direct inversion approach and the elastic
modulus distribution estimated with the gradient-based optimization approach initialized
with the direct inversion result for the five randomly generated trials with a single circular
inclusion for the simulated aluminum plate example.

Approach
Direct Inversion
Gradient Optimization

Relative L2 Error

Relative L∞ Error

Mean

Std. Dev.

Mean

Std. Dev.

5.5%

1.2%

27.0%

7.4%

3.7%

1.1%

21.9%

7.2%

with Direct Inversion

an inclusion, but still with an erroneous prediction of dispersed softening throughout the
domain. Finally, the application of the gradient-based optimization to the results of the direct inversion was able to significantly “clean up” the approximation, considerably reducing
the dispersed softening in the solution estimation. Moreover, for this specific example, the
gradient-based optimization was able to improve the relative L2 -error in the elastic modulus
estimation by almost a factor of two, from a value of 6.4% after the direct inversion to a
final value of 3.6%. The relative L∞ -error was reduced less significantly, going from 23.5%
after direct inversion to a final value of 20.9%, but the L∞ -error is a less reliable prediction
of the solution quality for localized distributions such as these, since a relatively small shift
in the prediction of the inclusion location can result in a disproportionately high L∞ -error.
As a final test for this case, five trials of the inverse characterization procedure, each with
a different randomly generated single-inclusion elastic modulus distribution, were performed
to examine the consistency of the solution strategy. Table 4.1 shows the mean and standard
deviation over the five random trials of the relative L2 and L∞ errors corresponding to the
elastic modulus distributions estimated with only the direct inversion Gappy POD procedure
and with the complete approach including the subsequent gradient-based optimization.
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The results from these random trials were highly similar to the results from the representative example shown previously. The inverse procedure was consistently able to accurately
predict the elastic modulus distribution over all trials, and the gradient-based step was consistently able to significantly refine the estimation in comparison to the initial guess provided
by direct inversion with a relatively small increase in computational expense when using the
adjoint method for gradient calculations.

4.4.1.2

Case 2 Results: Two Circular Inclusions The second case considered two

circular inclusions within the simulated aluminum plate, and was intended to display the
capabilities of the inverse solution procedure for predicting more complicated material property distributions, and particularly distributions that are fundamentally different than those
used to simulate the snapshots. Furthermore, this case addresses a common inverse characterization challenge in which the property distribution may be known priori to be localized,
but the number of localizations (e.g., damage regions) is unknown.
Fig. 4.5 shows a representative example of a randomly generated two-inclusion elastic
modulus distribution used to simulate experimental measurements, the corresponding initial elastic modulus distribution estimation from only the direct inversion procedure (with
relative L2 and L∞ errors of 10.1% and 33.7%), and the corresponding final elastic modulus
distribution estimation from the subsequent gradient-based optimization (with relative L2
and L∞ errors of 8.8% and 33.6%). Similarly to the previous case, Table 4.2 additionally
shows the mean and standard deviation over five randomly generated two-inclusion elastic
modulus distribution trials of the relative L2 and L∞ errors corresponding to the elastic modulus distributions estimated with only the direct inversion Gappy POD procedure and with
the complete approach including the subsequent gradient-based optimization. Although this
case represented a considerably more challenging problem than the single-inclusion case, the
inverse characterization procedure was still able to accurately estimate the elastic modulus
distributions, clearly identifying two inclusion regions in all tests, even though the snapshot
set was built only from single-inclusion scenarios. Furthermore, the gradient-based optimization continued to successfully refine the initial approximation provided by direct inversion,
substantially reducing the erroneous dispersion seen in the initial estimates of the modulus
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Table 4.2: The mean and standard deviation of the relative L2 and L∞ errors with respect to
the elastic modulus distribution estimated with the direct inversion approach and the elastic
modulus distribution estimated with the gradient-based optimization approach initialized
with the direct inversion result for the five randomly generated trials with two circular
inclusions for the simulated aluminum plate example.

Approach
Direct Inversion
Gradient Optimization

Relative L2 Error

Relative L∞ Error

Mean

Std. Dev.

Mean

Std. Dev.

7.6%

1.4%

32.5%

6.7%

6.5%

1.4%

28.1%

6.5%

with Direct Inversion

distributions. However, the increase in complexity did lead to a reduction in the level of
solution improvement from the gradient-based optimization, which was only able to improve
the relative L2 -error of the solution estimation by approximately 10% − 15% for this case.

4.4.1.3

Case 3 Results: Single Irregular Inclusion The final case for the simulated

aluminum plate example explored the potential complexity of the material property distribution further by considering the presence of an irregularly shaped (i.e., non-circular) inclusion
within the domain. Again, Fig. 4.6 shows a representative example of an elastic modulus
distribution with a randomly selected irregularly shaped inclusion used to simulate experimental measurements, the corresponding initial elastic modulus distribution estimation from
only the direct inversion procedure, and the corresponding final elastic modulus distribution
estimation from the subsequent gradient-based optimization. Similar to the two inclusion
case, the inverse characterization procedure was still able to predict an accurate final estimate to the elastic modulus distribution, even though the full-field response estimation
toolset was built only from scenarios with perfectly circular inclusions and the target was
irregular. However, in contrast to the two inclusion case, the gradient-based optimization
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step in the process led to a more substantial improvement in the inverse solution accuracy
(closer to that of the single-inclusion case). In qualitative terms, the direct inversion solution
appears to indicate the presence of two relatively circular inclusions in the modulus distribution, while the gradient-based refinement correctly resolves only one irregularly shaped
inclusion. Moreover, the relative L2 and L∞ errors over the domain for the elastic modulus
estimation respectively improved from 8.2% and 47.1% for the initial direct inversion estimation to 5.8% and 36.3% following gradient based optimization (i.e., an improvement in
the relative L2 -error of approximately 30% and an improvement in the relative L∞ -error of
approximately 23%).

4.4.2

Example 2: Static Test of Soft Matrix with a Hard Inclusion

To explore a different physical system and potential application, the final example consisted
of a simulated 50 mm × 50 mm tissue block. The entire material (matrix and inclusion)
was assumed to be known to be nearly incompressible with a Poisson’s ratio of 0.49999.
For this example the simulated test was assumed to be static, with a 0.2 N/mm (factoring
out the arbitrary thickness) excitation applied uniformly to the top surface of the tissue
block. Note that the only difference in the formulation presented herein to convert to static
rather than steady-state dynamic is that the momentum terms are set to zero. This second
example scenario was intended to relate to potential applications of tissue characterization
(e.g., tumor characterization) from (quasi-) static mechanical testing [22, 48].
Overall, the POD snapshot generation process was almost identical to the previous simulated aluminum plate example. Again, 37 parameter combinations were used to create the
snapshots, and the same nine location combinations of a single circular RBF inclusion center
were used as the first example (Fig. 4.2). Alternatively, the elastic modulus of the matrix
(i.e., healthy) material was assumed to be fixed at 15 kP a, which was based on normal
glandular breast tissue [81, 51]. The two values of the amplitude parameter used were 1 and
3 (i.e., modulus at the hard inclusion center of approximately 30 kP a and 60 kP a), and the
two values of the breadth parameter used were 5 mm and 15 mm. Note that, as before,
each snapshot material property distribution other than the homogeneous case contained
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only one inclusion. 15 out of the 37 total available POD modes were necessary to satisfy the
criteria defined in Eqn. 4.47 and were retained for the Gappy POD reconstruction process.

4.4.2.1

Results: Single Irregular Inclusion One case involving a single irregularly

shaped inclusion was considered for the final simulated experiment with the statically tested
tissue block. Fig. 4.7 shows a representative example of an elastic modulus distribution
with a randomly selected irregularly shaped inclusion used to simulate experimental measurements, the corresponding initial elastic modulus distribution estimation from only the
direct inversion procedure (with relative L2 and L∞ errors of 21.8% and 53.5%), and the corresponding final elastic modulus distribution estimation from the subsequent gradient-based
optimization(with relative L2 and L∞ errors of 17.8% and 38.6%). Although a different
mechanical testing method was considered and the properties of the system examined were
substantially different, the inverse characterization results for this tissue block example were
consistent with those shown for the aluminum plate example. The initial direct inversion
estimation approximated the location of the inclusion relatively well, but the distribution
and magnitude had significant error. Moreover, similarly to the prior test case with an irregular inclusion, although less dramatic, the initial direct inversion results appear to estimate
two inclusions. The gradient-based optimization was then able to substantially improve the
estimation of the elastic modulus distribution, and indicating a single irregularly shaped
inclusion. One possible explanation for the slight increase in the overall solution error for
this case compared to the prior test case could be the increase in the range of the elastic
modulus magnitude for this tissue example. Yet, the final estimate of the elastic modulus
distribution is still clearly a qualitatively accurate estimate of the location, size, and shape of
the hard inclusion, which was produced at the relatively small computational cost of no more
than approximately 100 finite element analyses (neglecting the one-time cost of creating the
POD modes) without the need to provide a specific initial guess for the inverse solution or
complicated regularization in the optimization procedure.
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4.5

CONCLUSIONS

A gradient-based optimization approach for computationally efficient inverse material characterization from partial-field system response measurements capable of using a generally
applicable parameterization (e.g., finite element-type parameterization) was presented and
analyzed. The approach first builds a Gappy POD machine learning tool for full-field response estimation from the partial-field measurements using available a priori information
regarding the potential unknown material property distribution. Then, a physics-based direct inversion approach with a finite element-type parameterization uses the Gappy POD
estimated full-field response to produce a first estimate of the spatial distribution of the
unknown material property. Lastly, the direct inversion results of the material property
distribution are further refined with a gradient-based optimization strategy, which uses the
adjoint method to calculate the gradients efficiently, to produce the final estimate of the
material property distribution. Through numerically simulated example inverse problems
based on the characterization of elastic modulus distributions with localized variations in
simple structures, the inverse characterization approach was shown to efficiently estimate
spatial distributions of the elastic modulus with relatively high solution accuracy from limited partial-field displacement response measurements. Furthermore, the final gradient-based
optimization component was shown to be a necessary step in the characterization procedure
to provide substantial and physically significant improvement in the inverse solution estimation in comparison to the direct inversion estimate alone. In addition, the complete inverse
characterization approach was shown to have the capability to accurately predict material
property distributions that are significantly more complicated, and particularly those that
are potentially fundamentally different than the assumed material property distributions
used to create the Gappy POD component. For instance, the examples presented generated the Gappy POD response estimation tool assuming elastic modulus distributions with a
single perfectly circular inclusion. Yet, the inverse characterization approach was then capable of estimating elastic modulus fields with multiple inclusions and inclusions that were
irregularly shaped.
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5.0

CURRENT CAPABILITIES AND FUTURE DIRECTIONS

Computational inverse solution strategies consisting of compact parameterization approaches and hybrid compact-generalized (i.e., mesh-based) parameterization approaches have been
developed and validated for the characterization of localized variations of material properties in solids and structures. The proposed solution strategies are proven to be efficient
and accurate to characterize the localized variations of material properties through various
numerical and experimental examples according to different applications, such as crack identification and elasticity imaging. For the compact parameterization approaches, a strategy
using multi-objective optimization for inverse characterization of material loss (i.e., cracks or
erosion) in structural components was presented first. For this first component, the assumption is made that sufficient a priori information is available to restrict the parameterization
of the unknown field to a known number and shape of material loss regions (i.e., the inverse
problem is only required to identify size and location of these regions). Through simulated
test problems of damage characterization, the multi-objective optimization approach was
shown to provide increased solution estimate diversity during the search process, which results in a substantial improvement in the capabilities to traverse the optimization search
space to minimize the measurement error and produce accurate damage size and location
estimates in comparison with analogous single objective optimization approaches. An extension of this multi-objective approach was then presented that addresses problems for which
the quantity of localized changes in properties is unknown. Thus, a self-evolving parameterization algorithm was presented that utilizes the substantial diversity in the Pareto front of
potential solutions provided by the multi-objective optimization approach to build up the
parameterization iteratively with an ad hoc clustering algorithm, and thereby determine the
quantity, size, and location of localized changes in properties with minimal computational
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expense. Similarly as before, through simulated test problems based on characterization of
damage within plates, the solution strategy with self-evolving parameterization was shown
to provide an accurate and efficient process for the solution of inverse characterization of
localized property changes.
For hybrid compact-generalized parameterization approaches, the nature (i.e., shape) of
the property variation is no longer assumed to be known as precisely a priori, while still
some amount of the knowledge that the solution is localized in nature is used to balance
computational cost induced by the the generalized (mesh-based) parameterization. The initial approach established combines a machine learning data reconstruction strategy known
as Gappy proper orthogonal decomposition (POD) with a least-squares direct inversion approach to estimate material stiffness distributions in solids (i.e., to solve elastography problems). The direct inversion approach uses a generalized mesh-based parameterization of
the unknown field, but full-field response measurements (i.e., measurements everywhere in
the solid) are required, which are not available for most practical inverse characterization
problems. Therefore, the gappy POD technique first identifies the pattern of potential response fields of the solid through a collection of a priori forward numerical analyses of the
solid response with a specified compact parameterization and a corresponding collection of
arbitrarily generated parameter sets. Once the pattern is identified, the gappy POD technique is able to use the available partial-field measurement data to estimate the full-field
response of the solid to be used by the direct inversion. Through simulated test problems
relating to characterization of inclusions in solids, the direct inversion approach with gappy
POD was shown to provide highly efficient and relatively accurate inverse characterization
results for the prediction of Young’s modulus distributions from partial-field measurement
data. This direct inversion approach was further validated through an example problem
regarding characterization of the layered stiffness properties of an engineered vessel from
ultrasound measurements. Lastly, an extension of this hybrid approach was presented that
uses the characterization results provided by the previous direct inversion approach as the
initial estimate for a gradient-based optimization process to further refine/improve the inverse solution estimate. In addition, the adjoint method is used to calculate the gradient for
the optimization process with minimal computational expense to maintain the overall com-
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putational efficiency of the inverse solution process. Again, through simulated test problems
based on the characterization of localized, but arbitrarily shaped, inclusions within solids,
the three-step (gappy POD - direct inversion - gradient-based optimization) inverse characterization approach was shown to efficiently provide accurate and relatively unique inverse
characterization estimates for various types of inclusions regardless of inclusion geometry
and quantity.
For future directions of inverse characterization of material properties variation, two
important issues are necessary to be considered further. First, more accurate numerical
modeling should be established considering different physical problems. For instance, the
extended finite element method is well suited for modeling crack problems; for tissue characterization, viscoelastic constitutive models should be considered for higher fidelity modeling.
In addition, the uncertainty of boundary conditions is usually necessary to be considered,
especially for biological tissue modeling in vivo. Secondly, inclusions with more complex
geometry or distributions should be considered and quantified. Parameterization with the
assistance of cubic splines has been shown to be capable of identifying arbitrarily shaped
inclusion, although a priori information of inclusion quantity is still assumed. Mesh-based
parameterization also has shown great potential and capability to characterize any type of
material property variation, however the optimization algorithm is a great challenge due to
the large dimensionality of parameterization. Thus, it is important to optimize the sensor
placement to obtain more sensitive measurement information towards better inverse solutions. Moreover, adaptive parameterization refinement can be used to evolve the accuracy
of the inverse solutions for characterization from coarse to fine. In addition, mesh-based
parameterization can also be developed as an efficient and useful technique for fast inclusion
localization and identification, which has the similar benefit as the topological derivative or
source sensitive approaches. After the inclusion is localized, compact paramterization with
small dimensionality can be employed to obtain more accurate characterization solutions.
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