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VORTEX SHEETS IN ELASTIC FLUIDS
Jilong Hu, PhD

University of Pittsburgh, 2017

The stability and existence of compressible vortex sheets is studied for two-dimensional
isentropic elastic flows. This problem has a free boundary with extra difficulties that the
boundary is characteristic and the Kreiss-Lopatinskii condition holds only in a weak sense. A
necessary and sufficient condition is obtained for the linear stability of the rectilinear vortex
sheets. More precisely, it is shown that, besides the stable supersonic zone, the elasticity
exerts an additional stable subsonic zone. Moreover we also obtain the linear stability of the
variable states and the local in time existence of the vortex sheets near the stable rectilinear
vortex sheets.

For the linear stability, we employ the Fourier transform and para-differential calculus to
perform the spectrum analysis. Since only the weak Kreiss-Lopatinskii condition holds, the
a priori estimates for the linearized system exhibit the loss of derivatives. Thus the existence

of vortex sheets is proved by a suitable variation of Nash-Moser iteration scheme.

Keywords: Vortex sheets, Elastodynamics, Contact discontinuities, Linear stability, Loss

of derivatives, Para-differential calculus, Nash-Moser iteration.
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1.0 INTRODUCTION

Vortex sheets are interfaces between two incompressible or compressible flows passing along
each other. They arise in a broad range of physical problems in fluid mechanics, aerodynam-
ics, oceanography and astrophysical plasma. Some typical examples include the sharp inter-
face between two parallel shear flows, and vortex flows where the vortices are concentrated
within a thin layer. In particular, for compressible flows, vortex sheets are fundamental waves
which play an important role in the study of general entropy solutions to multi-dimensional
hyperbolic systems of conservation laws. Analyzing the existence and stability of compress-
ible vortex sheets may shed light on the understanding of fluid dynamics and the behavior
of entropy solutions.

In this dissertation, we are concerned with the vortex sheets in the following two-

dimensional compressible inviscid flow in elastodynamics ([22, 27, 37]):

pr + div(pu) = 0, (1.0.1)
(pu); + div(pu ® u) + Vp = div(pFF '), (1.0.2)
F, + u- VF = VuF, (1.0.3)

where p stands for the density, u = (v,u) € R? the velocity, F = (Fj;) € M?*? the de-
formation gradient, and p the pressure with p = p(p) a smooth strictly increasing function
on (0,400). This model arises from the viscoelastic fluids with negligible viscosity, and
describes the features of both fluids and solids.

Before going into further discussions of the elastodynamical model, we would like to
first review some known results in the study of the compressible vortex sheets. For vortex

sheets in the compressible Euler flow, the study of stability in the linear regime dates back



to 1950’s by Miles [52, 53] and Fejer-Miles [23]. It is a classical result that, in two or three
spatial dimensions with Mach number M < \/5, the vortex sheets are violently unstable
(c.f. [53, 67]). These instabilities are the analogue of the Kelvin-Helmholtz instability for
incompressible fluids. For the theory of the incompressible vortex sheets, we refer the readers
to [2, 11, 35, 36, 45, 49, 69, 73, 77] and the references therein. In a series of papers, Artola-
Majda [3, 4, 5] investigated the interaction of the vortex sheets and highly oscillatory waves
in the two-dimensional compressible Euler flow, indicating the global-in-time nonlinear in-
stability of vortex sheets for Mach number M > /2. These instability results show that one
can not expect the global existence of the vortex sheets in multi-dimensional spaces. In the
pioneer works [20, 21], Coulombel and Secchi used a micro-local analysis and Nash-Moser
method to establish the linear and local-in-time nonlinear stability in two dimensions with
March number M > v/2. In their setup, the initial data is a small perturbation of a rectilin-
ear (i.e. piecewise constant) vortex sheet and their notion of linear stability is in a similar
sense to that of shock waves by Majda [46, 47] and Coulombel [16, 17]. Their results imply
the local-in-time existence of such vortex sheets. For two-dimensional non-isentropic Euler
flows, Morando-Trebeschi [54] obtained a weaker linear stability of the vortex sheets, that is,
there is some additional loss of derivatives in their estimates. Moreover, there have been a
lot of studies on the vortex sheets in the multi-dimensional steady flows; see [12, 15, 74, 76]

and the references therein.

In complex fluids, the situation becomes more complicated. Ruan-Wang-Weng-Zhu
[60] considered the linear stability of compressible vortex sheets in two-dimensional in-
viscid liquid-gas two-phase flows. They showed that the linear stability, compared with
the Euler flow, may be weaker when the Mach number satisfies a certain condition. For
the two-dimensional isentropic magnetohydrodynamics (MHD), Wang-Yu [75] showed that
the magnetic fields will lower the critical Mach number and exert a small subsonic zone
where some linear stability holds for the rectilinear current-vortex sheets. Moreover, for
the three-dimensional compressible MHD, Blokhin-Trakhinin [8], Trakhinin [70, 71, 72] and
Chen-Wang [13, 14] adopted a different symmetrization approach to obtain certain linear
and nonlinear stability, and the existence of the current-vortex sheets. The results of MHD

indicate the stabilization effects of the magnetic fields on the current-vortex sheets.



For the viscoelastic fluids, there have been extensive studies on various aspects from the
modeling and analysis point of view [22, 30, 38, 44, 55, 59], as well as on their applications
(25, 41, 79]. In the two important examples, namely, the shear flows and the vortex flows,
both numerical experiments and theoretical analysis indicate that the viscoelasticity plays a
stabilization role (see [6, 34, 39, 55] and the references therein). Moreover, vortex sheets in
viscoelastic fluids have also been discussed by Huilgol [33, 34], where the author considered
the Rayleigh problem in viscoelastic fluids and showed by constructing an example that
the unsteady shearing motions can lead to vortex sheets in some viscoelastic liquids. On
the other hand, Hu-Wang [32] showed the formation of singularity and the breakdown of
classical solutions to system (1.0.1)-(1.0.3) for certain initial data. These results motivate us
to investigate the stabilization effects of the elasticity on the vortex sheets in inviscid elastic
fluids. Specifically, we first derive the necessary and sufficient conditions for the linear
stability of rectilinear vortex sheets in a two-dimensional compressible isentropic inviscid
elastic fluid. Then we obtain the linear stability of the variable states and the existence of

the vortex sheets near some of the stable rectilinear vortex sheets.

As in the aforementioned works of the Euler flow, two-phase flow and MHD flow, a
common challenge of the vortex sheet problem is that the system has a free boundary, and
the free boundary is characteristic. The characteristic boundary leads to some loss of control
on the trace of the characteristic parts of the solutions [20, 42, 48]. Moreover, the Kreiss-
Lopatinskii condition does not hold uniformly, which implies some loss of the tangential
derivatives in the estimates of the solutions in terms of the sources on the right side of the

linearized problem [16, 17, 20].

In addition to the above difficulties, for the elastic flow, the appearance of the elasticity
leads to some extra difficulties. For the linear stability of rectilinear vortex sheets, the distri-
bution of the roots in the Lopatinskii determinant is more complicated. More precisely, the
non-differentiable points of the eigenvalues may coincide with the roots of the Lopatinskii
determinant, which does not happen for the Euler flow (c.f. [20]). In the standard arguments
[16, 20, 40], one needs to construct the Kreiss symmetrizer and work along with the Lopatin-
skii determinant at each point in the frequency space. At the non-differentiable points of

the eigenvalues, the usual Kreiss symmetrizer requires no loss of derivatives with respect to



the source term; but the degeneracy at the roots of the Lopatinskii determinant implies the
loss of the tangential derivatives, which leads to some serious obstacles to apply the Kreiss

symmetrizer argument.

To overcome this difficulty, we deal with this problem in a different way. More precisely,
instead of using Kreiss symmetrization to separate every single mode, we first perform an
upper triangularization of the system to separate only the outgoing modes from the system
at all points in the frequency space. Then we establish an exact estimate on the outgoing
modes from the equation, and use the L?-regularity of solutions to conclude that the outgoing
modes in the homogeneous system are zero. As a result, we only need to estimate the
incoming modes, which can be derived directly from the Lopantiskii determinant. Therefore
combining the estimates for the outgoing and incoming modes we achieve the linear stability
of the rectilinear vortex sheets. In conclusion, we find that with the added elasticity, a new
stability region can be generated in the subsonic zone, indicating the stabilization effect of
elasticity as expected. We also find that within the stable subsonic region there exist a class
of states where the stability of such states is weaker than the stability of other states in the
sense that there is an extra loss of tangential derivatives, due to the fact that the Lopatinskii
determinant exhibits higher order of degeneracy at such states. This is a new feature which
Euler flows do not possess. We further remark that our upper triangularization simply tells
us that the outgoing modes are all zero. Thus we can avoid the lengthy computation and
estimates for the outgoing modes when the Kreiss symmetrization is applied, and hence the

arguments are greatly simplified.

For the linear stability of the variable states near the stable rectilinear vortex sheets,
the main difficulty is that some of the roots in the Lopatinskii determinant coincide with
the singular points (poles) of the systems which is introduced by characteristic boundary.
Since the Lopatinskii determinant vanishes at some points in frequency space, it is necessary
to introduce a weight function on the boundary to characterize this degeneracy. In the
argument in deriving the energy estimate, one needs to extend this weight function into the
interior of the domain. In the standard approach [16, 20|, one needs to extend the weight
function in the frequency space along the bicharacteristic curves which originate from the

boundary. However, to guarantee the above argument can be developed, one expect that the



roots of Lopatinskii determinant do not coincide with the poles of the system. Because in
dealing with the poles, people need to construct a special symmetrizer along the poles in the
interior of the domain. To combine the special symmetrizer with the above weight function
argument in dealing with roots of Lopatinskii determinant, people need to guarantee that
poles in the interior of the domain are distributed along the bicharacteristic curves to keep
a uniform situation. However, the bicharacteristic curves of the system generally does not
propagate in the same way as the poles of the system into the interior of the domain. So the
above extension of weight function would leads to some discrepency in the argument which
cause some serious obstacles for us to apply this argument if some roots of the Lopatinskii

determinant coincide with the poles of the system on the boundary.

To overcome this difficulty, we consider a different approach in dealing with the roots
of Lopatinskii determinant. Instead of extending the weight function along the bicharac-
teristic curves, we consider the relation between the coefficients in the weight function and
background states. We observed that the coefficients of the weight function only depends
on the value of background states, not the positions in the physical domain. So we can
extend the weight function by using the value of background state. Indeed, the poles of the
system are also determined by an algebraic equation whose coefficients only depend on the
value of background states. This actually guarantees that the poles of the system agree with
the weight function we construct. Hence, we can combine the special symmetrizer with the
weight function we construct together through the upper triangularization method and yield

the expected estimates.

However, the complicated distribution of the roots in the Lopatinskii determinant as in
the linear stability of the rectilinear vortex sheets really cause serious obstacles in proving
the linear stability of the variable states near every stable rectilinear vortex sheets. Since
the variable states lead to the variable coefficient linear systems, one needs to utilize the
para-differential calculus to perform the spectrum analysis. However, the para-differential
calculus usually generates errors after each operations. These errors can not be controlled if
two roots of the Lopatinskii determinant coincide. Moreover, the eigenvalues of the system
is not compatible with the para-differential calculus at the non-differentiable points, since

the para-differential calculus requires the functions to keep a uniform homogeneity. So one



could only apply the standard Kreiss symmetrization method at these points, which may
require the non-differentiable points of the eigenvalues cannot coincide with the roots of the
Lopatinskii determinant and poles of the system. Therefore, we have to exclude the stable
rectilinear vortex sheets where the above situations happen in discussing the linear stability

of the variable states

For the existence of the vortex sheets, the appearance of the elasticity changed the
structure of the system in the Euler flow. The classical approach [13, 21, 72] is to apply
the Nash-Moser iterative scheme to compensate the loss of derivatives in the linear stability.
This requires one to derive the tame estimates on the high order derivatives of the solutions
to the linear system. In the Euler flow, one can obtains the tame estimates on the normal
derivatives through investigating the energy estimates of a vorticity type equation in Euler
flow. This equation is a transport type equation with source terms containing only lower
order derivatives of the unknowns than the terms in the transport structure. However, the
appearance of the elasticity leads to some serious obstacles on this method, because of the

interactions between the elasticity and the velocity.

To overcome this difficulty, instead of the standard Sobolev space, we use the anisotropic
Sobolev space as the space in which we look for the solution to the nonlinear system. Since
the weight function on normal derivatives and inhomogeneity in counting the orders of deriva-
tives, in the transport type equation, we can still close the energy estimates even the source
terms containing higher order derivatives than the terms in the transport structure. In fact,
this approach can be applied to general hyperbolic systems with characteristic boundary as
in [13, 26, 62, 63, 72].

The rest of the dissertation is organized as follows. In Chapter 2, we present some
preliminary information on functional spaces, para-differential calculus, nonlinear estimates
and Kreiss-Lopatinskii condition. In Chapter 3, we studied the linearized problem for the
governing dynamics of vortex sheets. Section 3.1 and Section 3.2 studied the stability of
the linearized system with constant coefficients and variable coefficients respectively. In
Section 3.3, we obtain the existence and tame estimate of the solutions to the linearized
system with the stability results obtained in previous two sections. In Chapter 4, we apply

the information from the linear analysis to show the nonlinear stability and local in time



existence of the solutions to the nonlinear governing equations of vortex sheets by Nash-

Moser iterative scheme.



2.0 PRELIMINARY

In this chapter, we introduce the some notations and mathematical tools needed in our linear

and nonlinear analysis.

2.1 FUNCTIONAL SPACES

In this dissertation, we consider the following spatial domain
Ri = {(xl,xQ) eR?: 5> 0}.
For the sake of our linear stability analysis, we define the domain {2 and its boundary w,
Q= {(t,xl,xg) eER?: 25 > 0}, w:={(t,r1,29) € Q: 29 =0}.

For the well-posedness of linear problem and nonlinear analysis, we consider the following

domain €7 and its spatial boundary wr
Qp = {(t,xl,xg) eER3: z3>0andt < T}, wr = {(t,r1,22) €Q: xo=0and t <T}.

On these domains, we introduce the following functional space. First we define the

Sobolev space with the weight on the time variable as in [20],
H(w) = {u(t,z1) € D'(R?) : e Mu(t,z1) € H*(w)},
for s € N, v > 1, equipped with the norms

||U'||H§(w) = ||€_7tU||Hs(w).



Similarly, we can define the space H;(wr) and its norm || - || s (w,)- We notice that the above

norm has the following equivalent form of definition by Fourier transform:

1 A
il = g 07+ KEVIRORdE, ¥ ue i),

where 4(€) is the Fourier transform of @ and @ := eu. We denote the above statement by
[ull sy = [[@]ls, where ~ is the equivalence relation of norms. Now we define the space

L*(Ry; H3(w)), equipped with the norm

%{»Sy(w) de.

—+00
2
ol g = [ o)
0

Again we have
2 2 oo
o2 (ars oy = M5, 22/0 150, z2)|3  dea.

Note that || - [lo,, is actually the usual norm on L*(w) and |||, , is the usual norm on L*(9).
Similarly, we can also define L*(Ry; H:(wr)) and its norm [l .2 gs (o)-
il

Next we introduce the anisotropic Sobolev space as in [1]. For all integer s > 0, v > 1

and multiindex a = (ag, ay, ag), we define
H(Qr) = {ult,z1,20) € D'(Qr) 1 e "0%05u(t, x1) € L*(Qr) for |af + 2k < s},

imposed with the norms

[l == Z IR e O 05w 2 g
la|+2k<r;r<s
where 0¢ := 0,007 (0(x2)02)™* with o being a fixed smooth weight function such that

0(0) =0 and o(z) = 1 if # > 1. For the convenience of proof, we point out the following

trace property and extension property in this anisotropic Sobolev space



Proposition 2.1.1. If s > 1 and u € HY"(Qp), then ul.,—o € H3 ' (wr) and

||U|z2:0| HE N wr) < C[U]smTv

where C' is some constant. Moreover if there is v € Hj(wT) for s > 0, then there is u €

H(Qr) such that u|z,—0 = v and

[Us1,9,7 < Clltt|zy=0] Hs(wr) s

where C' is some constant. The same result holds with ]Ri and R instead of Qr and wr.

We note that if v is fixed, the above space H27({)r) is equivalent to the classic anisotropic

space which has been widely studied in [56, 57, 58, 61, 63, 64, 65, 66, 68, 78]:
H(Qp) == {u(t, 1, 15) € D'(Qp) : 0%05u(t,z,) € L*(Qy) for |a| + 2k < s},
imposed with the norms
avr = S I070kullizan

la|+2k<s

Also it is straight forward to check that

[Wsyr = le ulsr

Similarly, we can define H¥(R?) and its norm [ ..
Finally we define
Wl’tan(QT) = {u(t,x1,22) € D/<QT> : Hu”L‘X’(QT) + Z ”aquLOO(QT) < oo},
la|=1

W?,tan(QT) — {u(t,xl,xz) c D’(QT) : ||u||W1,oo(QT) + Z ||a$u||wl,oo(QT) S 00}7

la|=1
with the norms
[ullwr gy = l[ullzo@e + Y 1006l 2@,
|a]=1

[ullwan oy = lullwros@r + > 10%ullwroc o).
|a|=1

respectively.
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For the convenience in the proof, we introduce the following differential operators,
V= (0;,01,05), V™ :=(0,,0,), VP :=(0;,01,00,),
and, for the multi-index 8 = (ap, a1, as, k), we denote

DP = 9200% (08,)2 8.

2.2 PARA-DIFFERENTIAL OPERATOR

In this section, we collect the main results of the para-differential operator in [9, 50, 51],
which is the main tool in dealing with the variable coefficient cases of linear analysis. In this

section a and 3 are both multi-indices in N2

Definition 2.2.1. A paradifferential symbol of degree m € R and regularity k (k € N) is a
function a(x,&,v) €: R? x R? x [0,00) — CV*¥ such that a is C* with respect to & and for

all o € N?, there exists a constant C, verifying

V(€7 108al &)llwroe(ez) < Cad™ 917(€) = Ca(r® + [€[7) 1D/,

We denote by I'}" the set of paradifferential symbols whose degree is m and regularity is
k and by 27" the subset of paradifferential symbols a € I'}* such that for a suitable ¢ € (0, 1)

one has

V(&7), SuppFea(-,&y) C{CER* (| < e+ €)'}

We note that the functions a in the symbol class ¥} are C* with respect to both z and &,

and
V(2,&7), 1020¢a(x,&,7)| < CopA™ 1o (¢),

This suggests that Va € X" belongs to Hormander’s class ST [29] and defines an operator
Op”(a) on the Schwartz’ class S as

Vue S, Op’(a)u(z) = ﬁ /}R2 e a(x, €, y)u(€)dE.

Now we introduce the order of a family of operators on Sobolev space.

11



Definition 2.2.2. A family of operators {P7} defined for v > 1 will be said of order < m

(m € R) if the operators P are uniformly bounded from H*™™ to H*® and
Vy>1, Yue H, [P ulls < C(s,m)|[ulsm,y-

With the above definition, we have
Theorem 2.2.1. Ifa € X7, the family {Op”(a)} is of order < m.

In order to define a family of order < m from the symbol class I'}', we consider the

following cut-off function to regularize the symbol by convolution.

Definition 2.2.3. Let ¥ : R? x R? x [1,00) — [0,00) be a C* function such that the

following estimates hold

V(C.E7), |0200(C,€,7)] < Caphlo1Pl(g),

Then W is an admissible cut-off function if there exist real numbers 0 < g1 < g9 < 1 such

that

@(Cagav) =1 if |C| < 51(72 + ’£|2)1/2’
Q(Cvfy’)/) =0 if |<| > 52(72 + ’£|2)1/2.

An simple example of the admissible cut-off function is the following: let x be a C*

function defined on R? x R such that

;

X&) < x(&es72) if 7§ 4+ 16112 > 7* + &/,
X&) =1 if (7F +16]%)"? < 1/2,

X(€7) =0 if ( + &)Y > 1.

Then we define ® := x(£/2,7v/2) — x(&, ) and

Wo(C,67) =D _ x(2277¢,0)@(277¢,27").

p>0

Here W, is an admissible cut-off function.

12



Now we assume W is an admissible cut-off function and K'Y is the inverse Fourier trans-

form of ¥ on ( variable. It is easy to verify that

v(&V)v ||a£aK‘I’('7€7’7)HL1(R2) < C«a/\—\am’(g)’

which allow us to obtain

Proposition 2.2.1. Let ¥ be an admissible cut-off function. The mapping

a — O';I,(l’,g,’}/) = - K‘I’('T - y,é,’y)(l(y,f,*y)dy

is continuous from T to X7 for all m. Moreover, if a € T, then a —o¥ € Ty ', In

particular, if ¥1 and Wy are two admissible cut-off functions and a € T'", then o2 —o¥2 €
-1

0
For an admissible cut-off function ¥, we can define the paradifferential operator T.**Y by

the formula
T30 = 0p1(o?).

If ¥, and ¥, are two admissible cut-off functions and a € I'f", it is easy to show that the
family {727 — T¥27} is of order < m — 1 from Proposition 2.2.1 and Theorem 2.2.1.

Moreover, we can obtain the following theorems in symbolic calculus.

Theorem 2.2.2. Let a € I and b € IV, Then ab € I ™ and the family
(T o T = Ty Yoo

is of order < m+m’ — 1 for all admissible cut-off function W.

Let a € I'T". Then the family
{(TF) = T2}

15 of order < m — 1 for all admissible cut-off function W.

Let a € T3 and b € T, Then ab € T and the family

W,y Yy ¥y __ ¥y
{T,77 o1, Top T—izjagjaawjb}vzl

13



is of order < m+m' — 2 for all admissible cut-off function W.

Let a € T')'. Then the family
* v, v,
(T =T — TZ3, 0 000 121

1s of order < m — 2 for all admissible cut-off function W.
Next we introduce the Garding’s inequality.

Theorem 2.2.3. Let a € T?™ and ¥ be an admissible cut-off function. Assume there exists

a constant ¢ > 0 such that
V(@,6,7), Ralz, &) = X1
Then there exists g > 1 such that
Yy >0, Yu€ H™,  R(TE 0 ) grm pm > g||u||3,w.

Here we have a microlocalized version of Gading’s inequality.

Theorem 2.2.4. Let a € T2, x € TV and ¥ be an admissible cut-off function. Assume

there exists X € T and a constant ¢ > 0 such that x > 0, xx = x and
V(2,6,7), X, &7Ra(x,&,79) > ez, x, AT (€)1
Then there exists vo > 1 and C' > 0 such that

. c
Vv >, Yue H™, %(TJP”YT;I”’YU,T;(I,”Y/U/>H—m7Hm > EHT;IWu]

En,'y - CHu”gn—l,'y'

We now consider the case of paraproducts, which are defined by the particular choice of
P, as cut-off function. From now on, we fixed the cut-off function ¥y and denote 7,707 by

T7. The followings are the important results about paraproducts.
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Theorem 2.2.5. Let a € WH°(R?), u € L*(R?), and v > 1. Then we ahve

C
llau — Tullo < ;HCLHWLoo(R?)HUHOa

a0~ T30, ullo < Cllallwrqs lulo

for a some constant C' which is independent of a, u and ~.

If a € W2 (R?), we have

C
= Tuly < =l

a1 — T30s,ull1y < Cllallwaeqe lull,

for a some constant C'" which is independent of a, u and ~.

At last, we point out that the above definitions and propositions of para-differential
calculus can be extended for the symbols a(xg, z1, To, £, 7) defined on  x R? x (0, 00) as in

[20] such that the mapping z2 — a(+, x2,-) is bounded in I'}*. Then we can define T as

Vu € C(Q), Ve >0, (TJu)(-,xe):=T)

a(azg)u('7 IQ)'

Similarly as in Theorem 2.2.5, for all @ € W%>°(Q) and all u € L*(2) we have

C
law = Tullo < Zllallwseo o,

a0y, u — T 0., ullo < Cllallwie@llullo, j=0,1.
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2.3 NONLINEAR ESTIMATES

In this section, we recall some nonlinear tame estimates in weighted Sobolev space H:(wr)
and anisotropic Sobolev space H;7(€2r). First we consider weighted Sobolev space H(wr)

as in [16, 17, 20].

Theorem 2.3.1 (Gagliardo-Nirenberg). Let s > 1 be an interger, v > 1 and T € R. There
is a constant C' which is independent of v and T' such that for all v € H3(wr) N L>=(wr) and
all multi-index o € N? with |a| < s, one has

_ 1o
feY 1-1 1
10l 20y < Cllull =i ull iy P

This results can be used to prove the following tame estimates for products of functions
in H3(wr).

Theorem 2.3.2. Let s > 1 be an integer, v > 1 and T € R. There is a constant C' which
is independent of v and T such that for all functions u,v € H3(wr) N L>(wr), the product

uv belongs to H>(wr) and satisfies the estimate

vl < € (Il on ol or) + Nollzson lullgon )

Moreover for all multi-indices a, 8 € N? such that || + |B] < s, one has

10000l 230y < C (ull e o ol or) + ol soe o Nl o) -

Further there is a tame estimate for composed functions

Theorem 2.3.3. Let s > 1 be an integer, v > 1 and T € R. Assume F is a C™ function
such that F(0) = 0. Then there is an increasing fucntion C(-) which is independent of v and
T such that for all w € H3(wr) N L>(wr), the composed function F(u) belongs to H:(wr)

and satisfies

£ (w)]

a3 wr) < C (lull o ) 1l ms o) -

At last we note the following embedding estimates in H(wr).
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Theorem 2.3.4. The following inequalities hold with a constant C' which is independent of
v>1

_ C
le™ ull 2o oy < ~lullizen Yu € Hi(wr),

le™ ullwrowr) < Cllull e VYu € Hj(wr).

Next we focus on the anisotropic Sobolev space HY(Q2r) in [13, 72]. We note that the
estimates in H?7 () are different for s to be odd and even. First we recall the estimates

when s is even.

Theorem 2.3.5 (Gagliardo-Nirenberg). Let s > 1 be an even interger, v > 1 and T € R.
There is a constant C which is independent of v and T such that for all u € HZY(Qr) N
L>=(Q7) and all multi-inder o € N* and k € N with |a| 4+ 2k < s, one has

” 1-1 1 1 Jo|+2k
1020 ull 20, < Cllull ey [l S

Similarly as in H?(wr), we have the following estimates for the products and composed

function.

Theorem 2.3.6. Let s > 1 be an even integer, v > 1 and T € R. Then for all functions
u,v € H27(Qp) N L®(Qr) and C* function F' of u, one has

[u]s 0 < C1 ([ull Lo @) [V)s .z + 0] oo (@) [Ws 1) -

[E ()]s < Col[[ull @) (1 + [u]syr)

where Cy 1s a constant and Cy is an increasing function. They are both independent of

and T'. Moreover if F(0) =0, one has

[F ()]s < Colllull o)) []s,7-

For the embedding theorem, we have
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Theorem 2.3.7. The following inequalities hold with a constant C' which is independent of
y=>1

lle ™" ull ooy < Clulaqr Yu € H(Qr),
<

C[U]G,W,T Yu < HE”Y(QT).

le™ ullwro ()

For the case when s is odd, we note that

Wenr < C | ulsorhr + Y [0%u)s 1 yr

|a|=1

Thus we have

Theorem 2.3.8. Let s > 1 be an odd integer, v > 1 and T € R. Then for all functions
w,v € H(Qp) N WH(Qr) and C™ function F of u, one has

[wo]oqr < Cr ([lullwrsn@n Wlsqr + Iollwren@p [Wsqr) -

[F<u)]s,%T < CQ(WLMR(QT)) (1+ [U]SK‘/,T) )

where Cy 1s a constant and Cy is an increasing function. They are both independent of

and T'. Moreover if F(0) =0, one has

[E ()]s < Col[lullwronr) [l s,

and

Theorem 2.3.9. The following inequalities hold with a constant C' which is independent of
v>1

||e_’yT’U¢”W1,tan(QT) S C[u]g),%T Yu € HE’PY(QT),

||€_7TU||W2,tan(QT) S C’[u]an VU - HZ’W(QT).
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2.4 KREISS-LOPATINSKII CONDITION AND KREISS SYSMETRIZER

The purpose of this section is to explain what is the Kreiss-Lopatinskii condition and why
it is important in our analysis. All the discussion in this section can be found in [7].
For this section, we forget the notations defined before and redefine its own notations.

First we assume

d
Li=0,+) A0,

a=1

be a hyperbolic operator, with A® being a n X n matrix, B is a constant real-valued ¢ x n
matrix and  be the half space in R? defined by x4 > 0. Denote the tangential variable
(1,22, ..., x4-1) by y. Then we can define a hyperbolic initial boundary value problem on

the half space as follows

Lu(x,t) = f(z,t), Tq,t >0,y € R (2.4.1)
Bu(y,0,t) = g(y, 1), t>0,yc R (2.4.2)
u(x,0) = ug(x), zq >0y € R (2.4.3)

For simplicity of the exhibition of the idea, we assume the boundary matrix A¢ to be invertible
which implies the problem is non-characteristic.
Assuming f(z,t) = 0 and applying the Laplace transform on time ¢ and Fourier transform
on tangential variable y to (2.4.1), we can obtain an ODE as
v

where U is the unknown after those transform on u and A(7,7) is a matrix-valued function
of Laplace variable 7 with respect to ¢t and Fourier variable n with respect to y. Moreover
we define the stable subspace of A(7,n) by E~(7,n). Then the Kreiss-Lopatinskii condition

can be stated as follows
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Definition 2.4.1 (KL). We say the hyperbolic IBVP (2.4.1)-(2.4.3) satisfies the Kreiss-

Lopatinskii condition if
E~(r,n) N KerB = {0},

for all n € R and R7 > 0.

We remark that the definition above guarantees the boundary conditions contain all the
information about the unknown on stable subspace of A(7,n) for the IBVP satisfies the
Kreiss-Lopatinskii condition. Thus we can obtain the energy estimate from (2.4.4).

Now we introduce a stronger condition than (KL).

Definition 2.4.2 (UKL). We say the hyperbolic IBVP (2.4.1)-(2.4.3) satisfies the uniform

Kreiss-Lopatinskii condition in the domain x4 > 0, ¢t > 0 if

(i) The number of independent boundary conditions in B equals
the number of positive eigenvalues of A%
(i) There is constant C' > 0, such that

V| <C|BV|, V¥neR“! VRr >0, VV € E(1,n).

Comparing (KL) and (UKL), we see there are some uniformness in the strength of the
control from boundary condition on the components of unknown in stable subspace of A(7,7)
for (UKL). Moreover we have the following theorem about the well-posedness of the IBVP
(2.4.1)-(2.4.3).

Theorem 2.4.1. The IBVP (2.4.1)-(2.4.3) is well-posed in L* if and only if (UKL) holds.

Thus it is clear that Kreiss-Lopatinskii condition plays an important roles in the well-
posedness of the hyperbolic initial boundary value problems on half space. To guarantee
a priori estimates, it is necessary to verify the Kreiss-Lopatinskii condition. In our case,
we check the conditions and derive the a priori estimates from the Lopatinskii determinant
which is actually the projection of the boundary operator on the stable subspace of the cor-
responding ODE. Similarly if Lopatinskii determinant is invertible, the boundary conditions
provide enough information of the components of the unknown in the stable subspace of the

ODE.
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With the setup above, we can roughly explain the Kreiss symmetrization method, which
is an classical argument to obtain the a priori estimate from (2.4.4). We define the Kreiss
symmetrizer as a Hermitian matrix r such that » + CB*B and r.A are both positive definite

for some constant C' > 0. The positivity of r + CB*B and (2.4.2) imply
<U,rU > |ggeo + Clg|> > £|U|zy—0|?,

for some k > 0, where < -,- > is the Euclidean inner product. Therefore if one can further
choose 7 such that < U,rU > |,,—0 < 0, then Ul|,,—o can be controlled by g. To check
< U,rU > |4—0 < 0, we multiply the differential equations in (2.4.4) by r*U and integrate

with respect to x5 from 0 to oo to obtain

1 oo
—5 <U,rU > |4z,=0 = / < U,rAU > dx,.
0

Thus by the positivity of rA, we achieve the a priori estimate.
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3.0 LINEAR ANALYSIS

In this chapter, we will discuss the stability and existence results of a particular kind of
linear problem derived from the nonlinear system (1.0.1)-(1.0.3), which plays the key role in
the nonlinear analysis. We will first consider the linearization around a constant background
state. This allow us to determine the possible constant background states around which
there are stable variable background states. Then we show the well-posedness of the linear
problem corresponding to these variable background states. At last, we will further develop
the high order a priori tame estimates on the solutions of these linear problem.

Before the discussion of the linear analysis, we derive the governing equations of the
vortex sheets. We first reformulate the system (1.0.1)-(1.0.3) into a divergence form. Notice
that the intrinsic property div(pF ') = 0 holds at any time throughout the flow if it is satisfied
initially [31]. We can rewrite the system as the following form:

(
pt + div(pu) = 0,

(pu); + div(pu @ u) + Vp — div(pFF ") = 0, (3.0.1)

(PFj)e + div(pF; @ u —u @ pF;) =0,

\

where F; is the jth column of the deformation gradient F = (F;), 4,5 = 1, 2. In column-wise

components, the intrinsic property actually means

div(pF;) =0 for j =1,2. (3.0.2)

Consider U(t,x1,x2) = (p,u,F)(t,z1,22) to be a solution to the system (3.0.1) which is

smooth on each side of a smooth hypersurface I' = {z5 = ¢(t,21)}. We denote by v =
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(—01¢,1) a normal vector on I' and

Ut (t,x1,x2), when xy > ¢(t, 1),
U<t7xl7x2) =

U~ (t,z1,x9), when xy < ¢(t, 1),

where U* = (p*,u* F*). It follows that U satisfies the Rankine-Hugoniot conditions at

each point of I':

Bl — [pu-v] =0, (3.0.3a)
deplpu] — [(pu - v)u] — [plv + [pFF 'v] = 0, (3.0.3b)
OpplpF;] — [(w-v)pF;] + [(pF; - v)u] = 0, (3.0.3¢)
[oF; - v] = 0, (3.0.3d)

where [f] denotes the jump of the function f across the hypersuface I'. Here we have used
(3.0.2) to derive the last jump condition. Now, we denote m, = p(p; —u-v). By (3.0.3a),
we have [m, | = 0. Thus combining (3.0.3d) and (3.0.3c), we can obtain

my[F;] + (pF; - v)[u] = 0. (3.0.4)

Since we consider the contact discontinuity, we assume 0yp = ut - v = u~ - v. By (3.0.3a)
and (3.0.4), we obtain [p] =0, m, =0, [F;-v]| =0 and F; - v =0, for j = 1,2. Therefore for
a vortex sheet in the elastic flow, the jump conditions (3.0.3a)-(3.0.3d) become

+_ - +

— _ — + o _
=p, pr=u -v=1u -uandFj~y_Fj

v=0, j=1,2 onT. (3.0.5)
We now introduce the transformations ®*(¢, z1,x5) to straighten the free boundary I' as
follows. We first consider the class of functions ®(t,z1,22) such that inf{0,®} > 0 and
O(t,21,0) = p(t,xz1). Then we define

U;;Et = (pi,ui,Fi)(t,%l,l‘g) = (p,u,F)(t,x1,¢>(t,x1,:|:x2))
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for x5 > 0. For simplicity of notation, we drop the # index in the rest of the paper. Define
OE(t, 21, 19) = B(t, 11, +w5). With this change of variables, we can rewrite the equations

(1.0.1)-(1.0.3) in the following form:

L(U%, %) .= 0,U* + A (UF)o,U*
1 . s . . . (3.0.6)
X [A2(UF) — 0,21 — 01@F A3 (U*)] 8:,U* = 0,

_'_

for x5 > 0 with the fixed boundary x, = 0, where

v p 0 0 0 0 0
B 0 —F; 0 —Fy 0
0 0 v 0 - 0 —Fy
AU)=4U)=10 —-F; 0 v 0 0 0
0 0 —F; 0 v 0 0
0 —F, 0 0 0 v 0
0 0 —F, 0 0 0 v

and

U 0 p 0 0 0 0
0 u 0 —Fy 0 —Fy 0
Z0 u 0 —Fn 0 —Fy
AHU)=10 —F 0 u 0 0 0
0 0 —Fy 0 u 0 0
0 —Fyp O 0 0 u 0
0 0 —Fpy 0 0 0 u

24



Moreover, from (3.0.5), we obtain the boundary conditions at xo = 0:

(

(vt —v7)0p — (ut —u™) =0,

O +vTo1p —ut =0,

(Fyy = Fiy)owp — (Fyy — Fyy) =0,

B(Ulzs=0,¢) = { Ftdy1p — Ff; =0, (3.0.7)
(Fiy — Fi3)0ip — (I — Fyp) =0,

Flgalgp_FQngov

P —p =0,

where we note ®* = ¢ at x5 = 0.

3.1 CONSTANT COEFFICIENT CASE

3.1.1 Linearized system and stability results

To obtain the constant coefficient linear system, we linearize (3.0.6)-(3.0.7) around its recti-
linear solutions. Moreover, all the rectilinear solutions can be transformed under the Galilean

transformation and change of the scale of measurement to the following form:

p p
" !
0 0
Ut = Fr . U™ = FLol, OF(t, 2y, 1) = +ao, (3.1.1)
0 0
FYy F,
0 0

where the constants p, v", v, FTy, Fl,, FI, and Fl, satisfy

o'+l = Fl, + F}, = Fl, + Fly, =0and v" > 0, F]}, F{, # 0.
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Now we linearize the system (3.0.6)-(3.0.7) around the above constant states (3.1.1). Let
VE = (pt, 0t FE) = U — U* and $* = &* — &* be the small perturbations of the constant

solution, and consider the following linearized problem:
OVE + A (UF)0VE + Ay(UF)9,VE =0,
in x5 > 0, with the boundary condition at zo = 0:

(v" — ooy — (0t —u7) =0,
Y +v" o —aut =0,

(Fii = )0 — (F3 — Fyy) =0,
Flionp — Iy =0,
(Ff2_F112)al¢_(F2J5_F2_2) =0,
Fl,01 — F3 =0,

(5t — ) =0,

where 1 = (®* — &*)|,,_o = ¢ at 25 = 0. In short, we have

L'V =0, if 75 > 0,
(3.1.2)

B(V,4) =0, if =0,

where

v o (VT A (U 0 vt Ay(U) 0 %88
LV‘@<V>+< 0 m@»>&0*>+< 0 —Am?9®<V>’

(v" —v)o — (ut — )

at¢ + ’Ur61¢ - ut )
(Ffy — Fi)ow — (K5 — Fyy)
B(V,¢) = Fliow —Fy,
(Fly = Fly)01t — (Foh — F)
Fiydip — Fyf
(Pt —=p7)
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Next we symmetrize the system (3.1.2). Consider the following change of variables,

T 0 %
W = , (3.1.3)
0 T V-
where T is a matrix of the following form:
0 1 .0 0000
3 0 5 0000
2% 0 i 0000
=10 00 100 0f,

0 0 0 0100
0O 0 0 0010
0 0 0 0001

and ¢ = /p/(p) is the sound speed of the constant solution. For convenience, we denote the

components of the new variable by
W = (Wi, Wa, Wy, ..., Wia) T,

and the tangential, normal, characteristic and non-characteristic parts of W by

Wtan = (W17 W47 W67 W87 Wlla W13)T7
Wh = (W27W37W57W7aW97W107W127W14)T7 (3 1 4)
WC = <W17 W47 W57 W67 W77 W87 W117 W127 Wl37 W14>T7

WHC = (W27 W37 W97 WlO)T'

With the above change of variables, we multiply the system (3.1.2) by a symmetrizer
Ao = diag{1,2¢%,2¢*,1,1,1,1,1,2¢%,2¢%,1,1,1,1}.

Thus we can obtain the following equation

(

LW = .A[)atW + A181W + AQ@QW = 0, Ty > 0,

o1 (3.1.5)
BW™, ) = MW" +b =0, 29 =0,

Y

N\
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where

Ai 0 .
./41 = with
0 Al
ot =2 2  —F 0 —FY o0
-2 2c%m 0 0 —cF 0 —cF
? 0 2207 0 —cFl 0 —cFjf
A= —Ft o 0 w0 0 o |,
0 —cFt —cF 0 o 0 0
Fibo0 0 0 0 T 0
0 —cFl} —cF} 0 0 0 ™!

Ay = diag{0, —2¢*,2¢%,0,0,0,0,0,2¢*, —2¢*,0,0,0,0},

—c —c 0 0 ¢c ¢ 00 0 2"
—c —c 0 0O 0 0 0O 1 "
-1 1 0 0 1 -100 0 0
M=10 0 -1 0 0 0 10|, b=1]0 2F]
0 0 -1 0 0 0 00 0 F7,
0 0 0 —-10 0 01 0 2F7,
0 0 0 -1 0 0 00 0 I,

Now we can state our stability result as follows.

Theorem 3.1.1. (1) If the particular solution defined by (3.1.1) satisfies

() > 26 + (F)* + (1), o
((FL + (F)?) (¢ + (Fr)* + (Fp)) - (310)

()" < (FR)"+ (F)” and ()" 7 HEP+ERPre)
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then there is a positive constant C' such that for all v>1, W € HZ(R%) and ¢ € HZ(R?),
the following estimate holds:
2 n
YWz 119y + 1V |aa=ollZ2 m2) + 19113 o)
(3.1.7)

1 1 n

(2) If the particular solution defined by (3.1.1) satisfies

(Ur)Q _ ((F{1>2 + (Ff2)2) (202 + (Ff1)2 + (F{2)2> or
4((F11)?* + (F)* + ¢2) ’ (3.1.8)

(") = (F1,)* + (Fo)?,
then there is a positive constant C' such that for all v>1, W € H3(R%) and ¢ € H>(R?),
the following estimate holds:
YW Z2 9y + W Laaol|Z2 o) + 11911 ey
(3.1.9)

1 1 n
<C (@HEWHI%Q(H% + lIBW ImoW)”%%,(R%) |

(3) If the particular solution defined by (3.1.1) satisfies

(v")? = (F))? + (F,)* + 2%, (3.1.10)

then there is a positive constant C' such that for all v > 1, W € H}(R%) and ¢ € Hj(R?),
the following estimate holds:
2 n
YWV N z2ar) + W aa=0llZ2 g2y + 19115y g2
(3.1.11)

1 1 n

(4) If the particular solution defined by (3.1.1) satisfies

(F1)? + (F)? < (07)* < 26 + (F})” + (F1,)?, (3.1.12)

the constant vortex sheets (3.1.1) is linearly unstable, in the sense that the Lopatinskii con-
dition is violated.
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Remark 3.1.1. The above theorem gives all the situations (1)-(3) where the linear stability
holds. On the other hand, for the remaining situation (4), we can show that the linearized
problem is unstable due to the failure of the Lopatinskii condition. The details will be
discussed in Section 3.1.4. Therefore this theorem actually gives us a sufficient and necessary

condition on the stability of the linearized problem.

Remark 3.1.2. (i) From the second condition of (3.1.6) we observe that the elasticity term
F produces a stable subsonic region, and hence provides a stabilization effect on the vortex
sheets. It is easily seen that in absence of the elasticity F = 0, our results recover the stability
theory for the vortex sheets in the Euler flow.

(ii) Another feature of the elastic flow which is different from the case in the Euler flow,
can be inferred from the first condition in (3.1.8). It follows from (3.1.8) that there is a class
of states in the interior of the subsonic region where the stability holds in a weaker sense,
i.e. there is a two-order loss of derivatives in the estimates (3.1.9).

(iii) The second condition in (3.1.8) and the condition (3.1.10) give the transition states
across which the stability property changes. This property is similar to the Euler and MHD
flows (c.f. [19, 75]). At these two classes of states the stability holds in a weaker sense.

Now we sketch the idea of the proof of the main theorem. We follow the standard
argument (c.f. [20]) to first remove the source term from the equations, eliminate the wave
front ¢ from the resulting system, and then single out the non-characteristic part W™ of
the unknown W to arrive at a reduced system in the Fourier space of the form:

7

d;;Q/W\nC — 14/I/I7nc7
(3.1.13)

kB/M?m:|mg:0 = h?

where A is a 4 x 4 block diagonal matrix and ( is a 2 x 4 matrix (the explicit forms are
given in (3.1.36) and (3.1.33)). It turns out that all the desired estimates in Theorem 3.1.1
can be achieved by estimating /V[7“C|x2:0.

By counting the number of boundary conditions one can only hope to control at most

two components of /Wnc|$2:0. Thus in order to obtain the full estimate on /Wn°|x2:0 one has
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to utilize the differential equation in (3.1.13). The conventional way to do so is to use the
Kreiss symmetrization. Roughly speaking, this argument is to first find a 4 x 4 Hermitian
matrix r and a number C' > 0 such that » + C'8*3 and rA are both positive definite, where

[£* is the Hermitian transpose of 8. The positivity of r + C'5* implies
—_~ —_~ —~ 2
< W r W™ > |peo + CBP > & ‘W“ﬂmzo‘ , (3.1.14)

for some k > 0, where < -,- > is the Euclidean inner product in C*. Therefore if one can
further choose 7 such that < Whe, ripne > lzs—0 < 0, then /W“C]xzzg can be controlled by
h. To check < W™ ri¥/me > |zs=0 < 0, we multiply the differential equations in (3.1.13) by

W and integrate with respect to z5 from 0 to co to obtain
1 /\HC /\HC > AHC /\HC
—5 <W ,T’W > |g32:0 = / < W ,TAW > dxs. (3115)
0

Thus a sufficient condition for stability is that rA is positive definite. However at the non-
differetiable point of the eigenvalues of A, the usual symmetrizer r can not make r + C3*f3
positive definite for any C' > 0 when the Lopatinskii determinant is zero there, and hence
the Kreiss symmetrization method seems hard to apply. It turns out that this situation can

happen for the vortex sheets in elastodynamics. More precisely, if the particular solution

defined by (3.1.1) satisfies

((F)? + (Fp)* + ) (3.1.16)

1 =

(,UT')Q —

with ¢ < /3 ((F,)? + (F7,)?), some non-differentiable points of A will coincide with some
roots of the Lopatinskii determinant (c.f. Remark 3.1.5), and hence the Kreiss symmetriza-
tion cannot be applied directly. We will develop some new idea to overcome this difficulty
which we now describe as follows.

Our approach is to first perform an upper triangularization of A to obtain a closed
differential system of the two components of W which are not in the stable subspace of
A (we refer to these two components as outgoing modes and the other two components as
incoming modes). This way the differential system (3.1.13) is transformed to

a [ wmn G Win

— | = = —— ; 3.1.17
dl’Q W out 0 H Wout ( )
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where W and W are both two-dimensional vectors corresponding to the incoming and
outgoing modes of /Wnc, G and H are both 2 x 2 matrices. The closed differential system of
Wt i

d T17out T17out
— W = HW°*,

dl’g

This upper triangularization ensures that all the eigenvalues of H have positive real parts
(in fact for our case, H can actually be a diagonal matrix whose diagonal entries both have
positive real parts). Hence an exact estimates of W can be obtained; furthermore by
the L2-regularity of /Wnc, one has that Weu = 0 for 29 > 0. Therefore to obtain the full
estimates for W\nc|x2:0, it remains to estimate the other two components of /Wnc|x2:0, ie.
Wm\m:o, which are in the stable subspace of A. Instead of integrating the first two rows of

(3.1.17) to derive the estimates of /Wi”|z2:0, we only use the boundary conditions in (3.1.13).

In fact, from W"“ﬂmzo = 0, the boundary conditions are reduced to
PWim =h, at zs =0, (3.1.18)

where P is a 2 X 2 matrix whose determinant is exactly the Lopatinskii determinant. Thus,
if the Lopatinskii determinant is not zero, P is invertible and the matrix norm of P~! can
be estimated. Therefore Wi|,,_o = P~ h, and W"|,,_o is controlled by h. This together
with the fact that W“ﬂmzo = 0 lead to the estimates of /Wnc|x2:0 and hence complete the
proof of stability. We further point out that our new approach can be applied to other fluid
models including the Euler and MHD flows, which will be illustrated in the last section.

Before we conclude this section, we introduce the following change of unknowns in order

to simplify the notations in our proof of Theorem 3.1.1:

W = exp(—yt)W, ¢ = exp(—7t)y
with v > 1. Denote two new operators £ and B” by

LW = e LW =y AW + AgOW + AW + A0, W,

WZ‘F 8#%

B(W" ) = e "B(W", ) = MW" + b N
011
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We note that [le™"vl[, , and [le™"u]/s, are equivalent to the norms [|v[[2(zs) and [[ul/ms
’ v
respectively. Then we have the following equivalent formulation of Theorem 3.1.1. In the

rest of the paper, we aim to prove the following theorem.

Theorem 3.1.2. (1) If the particular solution defined by (3.1.1) satisfies (3.1.6), there is a
positive constant C' such that for all v >1, W € H*(R?) and Ve H?*(RY), the following

estimate holds

—~ 112 — 2 ~112
W, + 7 eamoll,, (121
T e (3.1.19)
<cC <—3H oW |+ = |8V aamo, ) ) -
Y 1y 7 1y

(2) If the particular solution defined by (3.1.1) satisfies (3.1.8) Then there is a positive
constant C such that for all v > 1, W € H3*(R%) and V€ H3*(RY), the following estimate
holds

1, + 71
7’y

R
Y

2 2
0 1y

o (%)HU’WH (3.1.20)

2 1 5 (i ~ 2

9 + ? H ( |x2=07¢)H27’y> :
(3) If the particular solution defined by (3.1.1) satisfies (3.1.10) Then there is a positive

constant C such that for all v > 1, W € H*(R%) and V€ H*(RY), the following estimate

holds

2 N 2 2
V‘HWH 0,y + HWH|$2:0‘ 0,y * Hw 1,y
L 1 — o (3.1.21)
<c(=|lew|. + =Bk .
- <,y7 3y + ,yﬁ ( | 2=0 2/}) 3y
(4) If the particular solution defined by (3.1.1) satisfies
(F1)* + (F1y)* < (07) < 26 + (F)))? + (F,)?, (3.1.22)

the constant vortex sheets (3.1.1) is linearly unstable, in the sense that the Lopatinskii con-

dition s violated.
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3.1.2 Decomposition of the system and elimination of the front

In this part, as a first step for the proof of Theorem 3.1.2 (and hence Theorem 3.1.1) we
perform some preliminary reductions and eliminate the front {bv from the linearized system.

Consider the following inhomogeneous differential system for W and {E on R3:

LW =¥, if 29 > 0,
(3.1.23)

BI(W" ) =g, ifzs=0,

where f and g are given sources.

3.1.2.1 Decomposition of the system Due to the linearity of the system (3.1.23), we
can decompose it into two subsystems as follows. First we consider the following problem

for V, with the homogeneous boundary conditions:

LV, =Ff, ifazg>0,
(3.1.24)

Ml‘/*n = O, if To = 0,

where

o o O

o = O O O O
- o O O O O

o o o o o O

o o o o o =

o o o o = O

o o O = O O
—

o o o o o o

From the classical hyperbolic theory [7], the boundary condition is strictly dissipative, and

thus (3.1.24) admits a solution satisfying following estimates:

C C

2 2 n 2

MValls < =Wl VR lea=ollz, < = NIFI,
g g

for any integer k > 0.
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Then we consider the second problem for the difference W = W — V.. In fact W satisfies
the following homogeneous differential equations with inhomogeneous boundary conditions:

LYW = 0, if 9 > 0,
(3.1.25)

BY(W™ ) =g:=¢g—MV" ifzy=0.
Remark 3.1.3. Here we are slightly abusing notations, since W was previously defined to
be the transformed perturbation of the rectilinear vortex sheets, c.f. (3.1.4). From now on

we will consider W as a solution to (3.1.25).

Multiplying the equations in system (3.1.25) by W and integrating, we have
2 n n
MWl < CIWVLaa=ollz < ClIIV™|as=oll5.
Thus it suffices to derive the following estimate on W:
n 2 2 C 2
W as=ollg + 1¥1l7, < Wllgllm (3.1.26)

to obtain all the estimates in Theorem 3.1.2, where k will be determined accordingly.
Now we perform the Fourier transform to system (3.1.25) with respect to tangential
variables (¢,z1) and denote the variables in the frequency space by (6,7). Let 7 = ~v + 4.

Then ﬁ/\, the Fourier transform of W, satisfies the following system:

—~

dWw
S 0, ifay >0,

b(, n)@+MW“ =g, if 25 =0,

(T Ao + inANW + Ay

where
21"
T+

n -
A3V

20F5m

iFion
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To utilize the homogeneity structure of the system, we define the hemisphere

¥={(r,n): |T|2 + (UT)an =1 and 7 > 0}

in the whole frequency space I := {(7,n7) : 7€ C, n € R, |7+ 7> £ 0, Rt > 0}. It is
easily seen that Il = {s- (7,n) : s >0, (1,n7) € £}. We will carry out our argument on the

hemisphere ¥ and use homogeneity property to extend it to the whole frequency space II.

3.1.2.2 Elimination of the front An important observation in the vortex sheet system
is that the wave front v is only involved in the boundary conditions. Thus we can estimate
the wave front by using the ellipticity of the boundary conditions of (3.1.27) in the sense of

the following lemma.

Lemma 3.1.1. There is a C* map @ : Il — GL7(C) which is homogeneous of degree 0,
such that

Q(,n)b(t,n) = 0 |, Vi(rn ell

where 0 is homogeneous of degree 1 and

min |0(7,n)| > 0.
Juin_ |6(r,n)]
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Proof. We only sketch the proof of the lemma. The idea is to consider the map

0 0 1 0 0 0 0
TH+w'n —2w'n 0 0 0 0 0
—2iv"ny T —dv'n 0 —2iF0yn —iFin —2iFTn —iFn

Q=1 -F} 0 0o o 0 0 0
—F7, 0 0 0 20" 0 0
—Fy, 0 0 0 0 " 0
—F7, 0 0 0 0 0 20"

on X and extend it by homogeneity of degree 0 to the whole frequency space. Then the

lemma can be proved by a direct computation. O

Now we multiply the boundary conditions in (3.1.27) from the left by ) and obtain the new
boundary conditions:

Qb+ QMW" = Qg, at x5 =0. (3.1.28)

With this choice of @), we have QM =

-1 1 0 0 1 -1 0 0
—c(t—iv"™y)  —c(T —iv'y) 0 0 e(t+1iv™n) ot +iv™n) 0 0
—c(T —3iw™y) —c(T —3iv™y) 3BiFn 3iFl,n  —2civ’n —2civ"n  —2iF[in —2iF]yn
cF]; cFT; —u" 0 —cF7; —cF7; " 0
cF; cF; —2v" 0 —cF7; —cF7; 0 0
cF7y cF7y 0 —v" —cFYy —cF7, 0 "
cF7, cF7y 0 —2v" —cFYy —cFly 0 0

on > which is homogeneous of degree 0. Denote the third row of the above matrix by /.

Hence the third equation of the new boundary conditions (3.1.28) is
O(r,n)p +L(0,n)W"| =0 = b"(8,7)g, on X.

Notice that ¢ and b* are homogeneous of degree 0. From the compactness of ¥ and continuity
of £ and b*, we know that they are bounded on II. By Lemma 3.1.1 and a direct integration

of the above equation, we have

111%, < CUW Lol + llgll5)- (3.1.29)
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Moreover, the last four equations in the new boundary conditions (3.1.28) are

cFy, cFf;, —u" 0 —cF]; —cFf} v 0
ckyy cFyy —=20" 0 —ckF]y —cff; 0 0|~ -
W |:c2:0 = an
cFyy cFly 0 —v" —clly, —cFly 0 "

for all (7,n) € II, where Q) is the matrix consisting of the last four rows of Q. Isolating the

third, forth, seventh and eighth columns of the left matrix in the above equations, we can

obtain
—v" 0 v 0 WE) F, F, —F —F]
%" 0 0 0 W, - Fl, F, —F —F | =.
L :Qg—c w |x2:07
00— 0 o | | Wy F1, FI, —Fl, —F7,
0 —2v" 0 0 WM 0 Fly Fly, —F, —Fj,
To=

on II. Since now the left matrix above is constant and invertible, we can obtain
e — _ _ 2
(Wg + W2+ W+ Wf4) leyeo < C (‘W‘lcleo‘ + |§|2> . (3.1.30)

Recall the definition of W™ in (3.1.3). We know from (3.1.30) that an estimate of ||Wnc|m2:0||%
leads to the estimate of H/V[?n\m:o 1§, and hence the estimate of |[1/||7 , from (3.1.29). Therefore
by (3.1.26) we know that it is sufficient to obtain the estimate of HWHC|12=0H[2)-

Now consider the first two rows in the new boundary conditions (3.1.28) at x = 0 and
the equations of (3.1.27) for x5 > 0. We arrived at the following system where the wave
front ¢ is eliminated:

(rAg + in AW + A4, (3.1.31)

dl‘g

BW™|sy—g = h, (3.1.32)

where h is the product of the first two rows of ) and g, and

~1 1 1 ~1
b= (3.1.33)

—c(r—iw'n) —c(r—iww'n) c(r+iww'n) c(r+iv'n)
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on X and is extended to all of IT by homogeneity of degree 0. Note that from the homogeneity

of ) we have the following bounds

n* < ClgP*, (3.1.34)

for some positive constant C' which is independent of (7, 7). The rest of this paper is devoted

to the estimate of ||IW™¢|,,_o||2 from the system (3.1.31)-(3.1.32).

3.1.3 Normal mode analysis

In this subsection, we consider the normal modes and want to separate the outgoing modes
from the system microlocally. This separation gives us the exact estimates on the outgoing

modes. Moreover we will show in Section 3.1.5 that these outgoing modes are all zero.

3.1.3.1 Normal modes To obtain an estimate of ||/VI7“|$2:0||(2), we are led to derive a
closed differential system of e, For this purpose, we single out the following ten algebraic

equations from (3.1.31):

(T + w’”n)Wl — Wy + ic*nWs — iF{ln/W4 — ingnWG =0,
- iF{an1 + (7 + mﬂ"n)/mi =0,

— icF{anQ — icF{an;), +(r+ ivrn)/l/% =0,

— iFfznwl + (T + iUTT])/WG =0,

— icF{anQ - icF{zn/Wg + (7 + ivrn)ﬁ/\7 =0,

(t+ ivln)wg — i02n/ﬂ79 + icQUWm — iFllanH — iFanwlg =0,
- iFllang; + (r+ ivln)/Wu =0,

— icFlnWy — icFLnWio + (7 + i) Wha = 0,

— iFlynWs + (1 + iv'n) Wi = 0,

- iCFllQn/WQ — iCF1l277/W710 + (7 + ivln)/Wm =0.
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Recall definition (3.1.4), we know that the above equations can be explicitly solved in terms

of TWne = (/Wg, /Wg, /Wg, /Wlo)T as the following:

— 2 4 —

W= e ey L~ )

Wi= iy +<<§1§2+<Ff2>2>n (¥, =T, = S50, 4 1)
W s (R P = S
— 2 ! —~ ~

s = (7' + ivln)zc"‘néE—F—il;lZ)Z Z)(Ff2)2) n? (Wg - Ww)7

Wi = <<§>?7+ e~ M), e = W+ T
o s (e T Wi 2+ W

Then using the differential equations in (3.1.31), we obtain the following differential equations

for TWne only:

d — —_~
—— W = AW™ 3.1.35
de’Q ’ ( )
where
n" —m" 0 0
m" —-n" 0 0
A= , (3.1.36)
0 0 —nt m!
0 0 -ml nl
and
2 + i)+ (FR)2 + (FE)?) n* (r + i)
nr,l = 2 — + 5 l l ,
elr =+ &) (r+ ivetn)? + (1) + (F)2) o
ol _ € (T + qv"n)n? B ((Flril)2 + (F{él)2> Uk
2 (1 + dvomin)? + <(Fﬂl)2 + (Ffél)2> n? 2¢(T + ivnin)

From the classical hyperbolic theory (see, for example, [7]), it follows that one of the
key issues in the estimates of H/WHCIIFOH(Q) is to bound the components of W™ on the stable
subspace of A. For this reason, we first derive the following lemma of Hersh-type [28] on
the explicit description of the stable subspace of A on X. The proof can be done by a direct

computation, and hence we omit it.
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Lemma 3.1.2. For (1,n) € ¥ and Rt > 0, the matriz A defined in (3.1.36) admits four
eigenvalues +w” and +w', where Rw™ and Rw' are negative. Moreover, the following disper-

ston relations hold:

(@) = (0 = ) = g [+ i) ((FL)? + (F) o) + o
, .9 (3.1.37)
(@1 = () = () = 5 [(7 + iv'n)? + ((Fa)? + (Fa)) o] + 02

The eigenvectors of w", —w", w! and —w' take the following forms respectively:

E" = (a",0",0,0)", E" = (a",c",0,0)7,
i (3.1.38)

El— = (anvblaal>—r7 Ei_ = (0,0,Cl,al)—r,
where

a"t =m"a”, b= (0" — e, = (4w )a,

o = (r+ivy) | (7 i)+ ((F2+ (Fi)?) n?)
Both w" and W' can be extended continuously to all points (7,m) € X such that RT = 0, so

can B and E'.. The two vectors E” and E' remain linearly independent for all (1,1) € X.

By the definition of A, (3.1.37) actually holds on II. Moreover, from (3.1.38), we can

see that A can not be smoothly diagonalized near the points (7,7) € 3 satisfying one of the

following: m™ =0, or w™ =0, or 7 = 440"y, or T =i (:I:v’” + /(F)? + (Fll2)2> n, because
E" and E, (or EL and E') become parallel at those points. In fact, (7,7) € X are poles

of A when 7 = iv'por 7 =i <j:vr + /(F1)? + (Fll2)2> n. Therefore instead of looking
for a diagonalization of A, we perform an upper triangularization of A, which we refer to as

separation of modes.

41



3.1.3.2 Separation of modes Since the eigenbasis of A may degenerate at some points
on X, we need to treat A microlocally. This means that for each point (79,79) € X, we
will separate the outgoing modes of A from the system (3.1.35) in some open neighborhood
VY C ¥ of that point (79, 10). Here we refer to the outgoing modes of A as all the components
of W™ which do not belong to the stable subspace of A. By using this separation, we can
show later in Section 3.1.5 that for every (79, 7m0) € X, these outgoing modes in fact vanish
in VN {(r,n) : ®7 > 0}. Thus from the compactness of ¥, we can extract a finite covering
{Vi}Y, of ¥ to show that the outgoing modes of A vanish in the entire SN {(7,7n) : N7 > 0}.

The following proposition guarantees that the separation of modes can always be achieved

for all points on .

Proposition 3.1.1. For w™ defined in Lemma 3.1.2, we have
(T + ivr’ln)w’”’l —c ((w’"’l)2 — 172) # 0
for all (1,m) € X.

Proof. The key idea of the proof is to examine the signs of the real and imaginary parts of
w™. For this purpose, we consider the general situation where (z + iy)? = p +iq for x, y, p,

q € R and z < 0. By a direct computation, we can express x and y in terms of p and ¢ as
PV VPP @ —p (3.1.39)

for all (p,q) € R*\{p < 0,q = 0}.

Next we apply the above relations to w™ at the point (7,7) € ¥ with ®7 > 0. Let
wht = 2™+ iynt and (W2 = ptt + ig™!, where 27!, y™! pnl ¢! € R. From the definition
(3.1.37) of w™ we know that 2™ < 0 and

72 = O+ vt + (B2 + (FI3)?) n?

Tl 2
= > + 12, (3.1.40)

296+
" = % (3.1.41)

With this setup it is easy to see from (3.1.39) that when (p™!, ¢"!) & {p < 0,¢ = 0} and

§ +v"!n # 0 the sign of y™ is opposite to the sign of § 4+ v"!n respectively. Here we recall
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the fact v = R7 > 0. On the other hand, when (p™!, ¢™!) € {p < 0,¢q = 0}, (3.1.39) fails to

hold. More precisely, those points correspond exactly to the case when
y=0, d+v"'np#0 and p"' <O.

Therefore they all lie on the boundary of ¥. By Lemma 3.1.2, the values of w™ at the
boundary of ¥ are defined as the continuous limits of the interior values of w™. This way, we
can still determine the signs of 2™ and ¢! by continuity. Thus by the continuous extension
of w™ along the path where the ratio of § and 7 is fixed, the sign of y™ is opposite to the
sign of d + v™!n respectively at those exceptional points (p™!, ¢™') € {p < 0,q = 0}. Hence

we conclude that

if 6 4 v™'n # 0, the sign of y™ is opposite to the sign of § + v™'n respectively.  (3.1.42)

Now we return to the proof of the proposition. We will only prove that (7 + iv"n)w" —
¢ ((w")? = n?) # 0. The case that ¢ ((w')* = n*) — (7 + iv'n)w' # 0 can be treated similarly.

Assume on the contrary that
(T +in)w” —c(W")?—n*) =0. (3.1.43)

If 7+ 4v"n = 0, the above equation becomes (w”)?> — n? = 0. Combining this with
(3.1.37), we obtain ((F]})*+ (F,)*)n* = 0, and hence n = 0, which in turn implies 7 = 0.
This contradicts the fact that (7,7) € 2.

Thus we can assume 7 4 iv"n # 0. From this it follows that

B (o N PR () S L4 oL

(T +1iv™n) c T+ 10"

(3.1.44)

If v (i.e. 1) is positive, it is easy to check that the real part of the right hand side of the
above formula is positive, which contradicts the definition that Rw™ < 0.

Thus we only need to check the situation when v = 0. In this case, we have 7+ 1w'n =
i(0 +v™n) # 0. By (3.1.44), we know that Rw" = 0, and therefore ¢" = 0 and p" < 0. We
further claim that p” # 0. Otherwise if p” = 0, from (3.1.37) and the fact that ¢" = 0 we
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have w” = 0. Then from (3.1.43) we must have n = 0. By (3.1.40) it follows that 6 = 0, and
hence 7 = i = 0, which contradicts the fact that (7,7) € X.

Therefore we only need to consider (7,7) € 3 when 7+iv"n # 0, v = 0 and p” < 0. This
immediately implies that 0 + v"n # 0. From (3.1.42) we know that the sign of " = Qw" is
opposite to that of § + v"n. However by (3.1.44) and the fact that ®7 = 0,

g — O vm)? = ((F1)* + (F1p)*)
c(d +vn) '

Since p" < 0, from (3.1.40) we know that (§ + v'n)? — ((F[,)* + (F{3)*)n* > 0. Thus the
sign of Jw" is the same as the sign of § + v"n, which is a contradiction. Hence we conclude
that (7 + iv'n)w” — c((w")? — n?) never vanishes in X, which completes the proof of the

proposition. ]

With this proposition, we can show that E"" do not vanish at any point on . Because
if £ =0, we have m™a™ = 0 and (n"! — w")a™ = 0. By a direct computation we have
that o™ # 0. Then m™'a™ = 0 implies that m™ = 0. From the definition of m™! it follows
that

Tl Tl
(7 + dv™in)n? ((Fu )2+ (F1 )2> n?

(rivrtm)? + ((FF) o+ (F)2) o 2 ienta)

N O

Together with (n"! — w")a™ = 0 and (3.1.37), we have
(7_ 4 ’iUT’ln>wr’l —c ((wr,l)Z . 772) — 07

which contradicts Proposition 3.1.1.

The non-degeneracy of E"! allows us to construct the following transformation matrix
T={E",F",E" F"
in a neighborhood of (79,1) € ¥ with

(0,1,0,0) T, if m"a” # 0 at (79, 10),
(1,0,0,0)7, if (n" —w")a” # 0 at (10, m0),

F" =
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and similarly,

(0,0,1,0)7, if mlal # 0 at (79, m0),

(0,0,0,1)T, if (n' —whal #0 at (19,m0)-

Obviously, from the above argument, for any point (79,7) € X, there is an open neighbor-

hood V of (19, 7m0) where T is continuously invertible. Then we can obtain

T1AT = ! (3.1.45)

o
o
EN
NN

o
o
o
|
E(\

on V where A is given in (3.1.36) and
1

)
O(T’l
Zr’l = mr,l

(nr,l _ wr,l)ar,l ’

if m™la™t £ 0 at (19,7m0),

T (nr’l _ wT’l)OéT’l 7§ 0 at (T07 770)

Remark 3.1.4. By the definition of m™!, n™ and a”, we know that 2™ may not be well
defined at the poles of A which are all located on the boundary of ¥. However, the estimates
of /I/I?n°|x2:0 only involves the interior points of ¥. Hence it sufficies to obtain a uniform

esitamtes of /I/I?“C]m:o in the interior of ¥, which corresponds to ¥ N {7 > 0}.

3.1.4 Lopatinskii determinant

In this section, we want to estimate the components of W“C|z2:0 in the stable subspace
of A through the boundary conditions, which requires us to investigate the invertibility of
the matrix S(E", E'). This can be done by computing det(3(E", E')), which is known
as the Lopatinskii determinant. By a direct computation, we can simplify the Lopatinskii

determinant to be

A =det(B(E",EL)) = ! (7 + iv"n) (T + iv'n) (1 + iv'n)w” — ¢ ((W")* —n?)) ( )
3.1.46

x (c((w")? =n*) = (r + iv'nw') (W — n?)(w" + '),
from which we see that the Lopatinskii determinant A can vanish at multiple places in ¥,

which indicates that one can not expect the uniform Lopatinskii condition to hold. In the

following lemma we detail the root distribution of A, which is important for later discussion.
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Lemma 3.1.3. The roots of the Lopatinskii determinant A are distributed in the following

ways.

Case 1. Ifv" > /22 + (F1))% + (F},)2, then all the roots are simple and on the boundary
of . The Lopatinskii condition holds. More precisely, the roots are (1,m) € ¥ such that
(1) T = Liv'n, or

(2) T=0, or
(3) T =£iVin,
where Vi = (v")? + (F1))? + (F3)* + ¢ — /et + 4 (( (Ffz) +¢) (v)?,
Case 2. If0 < v" < \/(F[))? + (F}y)?, but v" # \/ Fy) Fifﬁ))f(c;{z()fﬁj;;wﬁm, then

all roots are also simple and on the boundary of X. The Lopatinskii condition still holds.
More precisely, the roots are (T,m) € ¥ such that

(1) T = Liv'n, or

(2) T = +iVin.

T \2 T \2 c2 T )2 T )2
Case 3. Ifv" = \/((FH) Z((iﬁgl)Zf(Fggffc)Z;(Fm) ), then all roots are on the boundary of

Y. The Lopatinskii condition still holds. More precisely, the roots are (1,m) € ¥ such that
T = +iv"n (double roots).

Case 4. Ifv" = \/2¢® + (F}})? + (F},)?, then all roots are on the boundary of 3. The
Lopatinskii condition still holds. More precisely, the roots are (1,1) € ¥ such that

(1) T = £iv'™n (simple roots),

(2) T =0 (triple root).

Case 5. Ifv" = \/(F)? + (F},)2, then all roots are on the boundary of ¥. The Lopatin-
skii condition still holds. More precisely, the roots are (1,1) € X such that

(1) T = £iv"™n (simple roots),

(2) T =0 (double root).

Case 6. If \/(F1))? 4 (FI5)? < v" < /22 + (F)? + (F},)?, then some roots are in the

interior of X, and hence the Lopatinskii condition fails.
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Moreover for the roots above, if the degree of a root (1,m) € X, with T = ivn for some real
number 9, is k, then we have A = (7 — i9n)*h(r,n) for some continuous h(r,n) satisfying

h(7,n) # 0 near the root.

Remark 3.1.5. It is easily seen that if

(") =7 ((F1)* + (F,)* + ) (3.1.47)

o |

with ¢ < /3 ((F];)? + (F}5)?) (this corresponds to the second case of the Lemma 3.1.3), then

one of the non-differentiable points of A, namely 7 = i (—v’” + V(FI)2 4 (FL)2 + 02> n,
coincides with the root 7 = iv"n of the Lopatinskii determinant. As we have pointed out
in the Introduction, this is a new phenomenon which does not appear in the compressible

Euler flow.

Proof. The proof of the above lemma depends on a detailed analysis on each factor of the
Lopatinskii determinant. Firstly, the factors (7 + iv™'n)w™ — ¢ ((w™')? — n?) are exactly the
expression in Proposition 3.1.1. Thus we know they are never zero.

Secondly, we consider the factors 7 + ™5, Obviously 7 = —iv™!n) are the only simple
roots to T + vy = 0, respectively.

Thirdly, we assume that

W —n?=0. (3.1.48)

!'= —Z which means w"w' # 0, and hence w"w! —n* # 0. Moreover,

If n =0, we have w" = w
if § +v"ln = 0, for example § +v"n = 0, then from (3.1.37) w" is real and negative. However,
since 1 # 0, we know that § + v'n # 0, which implies Sw' # 0. Thus w”w' can not be a real
number, which violates (3.1.48). Therefore (3.1.48) can not happen for n = 0 or §+v"!n = 0.

This leads us to focus only on the points where n # 0 and § + v™'n # 0. Introduce the

following two variables,

w'r,l

V=— ol="o
i i

From (3.1.48) we have Q"Q! = —1, and hence (Q7)2(2')? = 1. By the (3.1.37) we know

(3.1.49)

() = L[V o) (F)? — (F)) - 1, (3.1.50)

C
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()2 = L[V 4+ oh)?2 — (FL)? — (FL)?] - 1. (3.1.51)

C

Hence we have
(V4072 = (F1})* = (F)?* = PV + o) = (F,)? = (Fly)* = ] = ¢,
which leads to the following equation for V2

VE=2 () 4 (F)? + (F,)? + &) V24 0™ =2 ((F)* + (F)* + &) (v')?

+ ((F1)? 4 (F)?)° + 28 ((FI)? + (F1,)%) = 0.

Using the quadratic formula, the two roots of the above equation are

VP = ()7 + () + (Fip)? + ¢ = Ve + 4 ((F1y)? + (Fp)? + ¢2) (v)2, (3.1.52)

Vi = ()2 + (F1)* 4+ (FL)? + /e + 4 ((F)2 4 (FL)2 + c2) (vr)2. (3.1.53)

We claim that the points (7,17) € ¥ with 7 = +il4n are not the roots of (3.1.48).
Without loss of generality, we can assume V5 is positive. By a direct computation, we have

Voo™t > /e + (F)?2 + (F1,)? and —Va+o™ < —/c® + (FI;)2 + (F},)%. Now, by (3.1.39),

(3.1.41) and (3.1.42), Sw™! have opposite signs to § +v"!n respectively. If 7 = iV4n, we have
v =Rr =0and § +v"'n = (Vo +v"!)n. Therefore w” and w! are purely imaginary, and

i = 3 R,
n
from which we deduce that
5 7l
sgn (Q") = —sgn (M) = —sgn (Vo + o) = —1.

Therefore Q"Q! # —1 and (3.1.48) is not satisfied. Similarly, we can show that (7,7) € &
with 7 = —iV4n are also not the roots of (3.1.48).

Now we focus on V2. Obviously, by (3.1.52), we have

V12 >0, if " > \/QC2 + (F{1)? + (F3)? or 0 <" < \/(Ffl)2 + (Fi3)%;
VP =0, if o' = /22 + (F[})? + (F}y)? or v" = /(Fy)? + (Fy)?:

VE <0, if \/2¢2 + (F))2 + (Fp)? > 0" > V/(F)2 + (F)>
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If /22 + (F1))% + (FJy)2 > o™ > /(F1)?+ (Fiy)?, by (3.1.49), we obtain that 7 =
+iVin are real. Thus § = 0, but n # 0 and R7 # 0. This implies that § + v™n # 0. By
(3.1.40) and (3.1.41), we know that p” = p! and ¢" = —¢' # 0. Using (3.1.39), we can have
2" = 2! and y" = —¢/, i.e. w" is the complex conjugate of w'. Then w”w' > 0, which implies
that 7 = £iVin are the roots of (3.1.48). This way we are able to find a root (7,7n) with
7 > 0, which violates the Lopatinskii condition, and hence the vortex sheets are unstable.
This proves Case 6 in the lemma.

For the rest cases we will consider V> > 0 and when taking the square root we always

use the positive branch, that is V; > 0.

If v > /2¢2 + (F1,)? + (F},)2, we have 7 = £iV47 is purely imaginary. Without loss of
generality, we only consider the case when 7 = iVin. Then 7 = 0, but § # 0 and n # 0.

By a direct computation, we can obtain

(Vi 0" > (F1)? + (Fl)2 + 2. (3.1.54)

Thus 6 +v"n = (Vi +v")n # 0. By (3.1.37) and (3.1.54), we have that (w”)2 are both real

Tl

and negative. This means w™! are purely imaginary, and from (3.1.42) the signs of Sw™! are

opposite to those of § + v™!n, respectively. Hence
sgn (wrwl) = —sgn (((5 +v'n)(0 + vln)) = —sgn ((VI + ") (V) + Ul)n2) =1.

Therefore w™w! > 0, and (7,7n) € ¥ with 7 = iV;n are roots of (3.1.48). The other case when

T = —iVin can be treated exactly the same way.

If " < \/(FJ))? + (F3)?, we also have that 7 = £iV}n is purely imaginary. Similarly as
before we only treat the case 7 = ¢Vin. Then 7 = 0, but § # 0 and n # 0. Now, we have

Vi o™ < V(F)? + (F1p)? + 2. (3.1.55)

By (3.1.37) and (3.1.55), we have (w’"’l)Q are both real and positive. Thus w™ are both real

and negative, which implies w"w! > 0. Hence (7,7) € ¥ with 7 = 4iV}n are roots of (3.1.48).

Then we want to show that under the condition v" > /2¢2 + (FJ;)2 + (FJ,)2 or 0 < v" <

V (FT)? + (FJ3)? the roots to (3.1.48) are simple. Since (3.1.48) does not admit a root at

n = 0, the points (7,7) € X satisfying w™ = 0 are not the roots of w'w! — n? = 0 From

49



(3.1.37), w™! are analytic near the points where w” do not vanish. We can differentiate

(3.1.50) and (3.1.51) with respect to V at V' =V} to obtain

er,l B V'l + Ur,l
v |,_y, Qrle?
Thus
d(Q Qb+ 1) (Vi) QD)2 + (Vi 4 o) ()2
av oy 2Qr Q! '

Plugging in (3.1.50) and (3.1.51), we obtain

A’ +1) _ 2V (V2 = () = (UF)? = (F1,)* = &)
av Vew, N A '
Using (3.1.52), we have
A +1
g £ 0.
av vew

Hence we have proved (7,7) € ¥ with 7 = +iVin are all simple roots of (3.1.48) provided
V" > /262 + (F7})2 + (F)2 or 0 < o™ < \/(F};)% + (FJ,)2. More precisely, near 7 = 4iVin,

we have w'w! — 0% = (1 £iVin)h*(r,n) for some continuous h*(r,n) # 0 respectively.
If v" = /22 + (F1,)? + (Fy)?%, we obtain 7 = +iVin = 0. In this case R7 = § = 0
but n # 0. By (3.1.40), we have p»' = —c?> < 0. Together with the fact that 7 = 0,

§ + vy = vhn # 0 and (3.1.42), we infer that w"! are purely imaginary and Sw™! have
opposite signs to v™n respectively. This implies w"w! > 0. Hence (7,71) € ¥ with 7 = 0 are
roots of (3.1.48).

If o = \/(F};)? + (F},)?, we also obtain 7 = £iVin = 0. Then R7 = = 0 but n # 0.
By (3.1.40) and (3.1.41), we have p"! = ¢ > 0 and ¢"' = 0. This implies w™ are both real

and negative. Thus ww! > 0. Hence (7,7) € ¥ with 7 = 0 are roots of (3.1.48).

Now we want to check the multiplicity of the root when 7 = 0 under the condition

V"= /2% + (F1;)2 + (F1,)2 or v" = \/(F};)? + (F7,)2. Similarly as in the previous case, we
obtain the following first derivative of Q" + 1:

dQ +1) 2V (V2 = (v")° = (F1)* = (F)* = &)
dV - C4Q1”Ql )
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Further differentiation yields the following second derivative:

P +1) 6V - ((v) + (F)* + (F)® + &)

@3 AQr Q)
L@V (VR )= () - (F)P = )”
CS(QrQl)IS
Thus
d(Q Qb +1 2 +1
@y +1) =0, (—:_) £ 0.
W v, GO

Hence (1,n) € ¥ with 7 = 0 are all double roots of (3.1.48) if v" = \/2¢® + (FJ;)? + (F},)? or

v" = \/(F};)? + (F7,)2. We can also conclude that w"w! —n* = 72h(7, 1) for some continuous
h(t,n) # 0 near 7 = 0.
Finally we are left to consider the last factor of (3.1.46)

W 4wt =0. (3.1.56)

It is obvious from the (3.1.37) that if 7 > 0 then Rw” < 0 and Rw' < 0, and hence
w" + w! # 0. Thus we focus on the case when R7 = 0. By (3.1.41), we have ¢"! = 0. From
(3.1.56) and using the definition (3.1.49), we have (27)* = (Q')?, which implies p" = p.
Using (3.1.40), we have

2076 = 2v'on.

This implies 67 = 0. If n = 0, we obtain § = 1. Thus p" = p! = —Ciz <0and6+v"'n=1>0.
From (3.1.42), we obtain Sw” = Jw! < 0, which contradicts (3.1.56). Hence it must be § = 0.

Since (7,7) € ¥, we have n = +=-. In this case,

. Fr2+Fr2+02_Ur2
poy = BT ERSE - @),

If (F7))? + (FI)% + ¢ — (v")? > 0, we obtain that w™ are both real and negative, which
contradicts (3.1.56). Otherwise if (F};)? + (F}3)? + ¢ — (v")? = 0, we have w"! = 0, which
means (0, £-) are roots of (3.1.56). On the other hand, this situation belongs to Case 6
which we have already concluded the emergence of the instability. Therefore in the sequel, we

only consider the case (F7,)?+ (FJ,)*+c® — (v")? < 0. In this case w™ are purely imaginary.
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Since RT = § = 0 and 1y = -, we have § + v"'n = —(8 + v'n) # 0. Again a use of (3.1.42)
implies that the signs of Sw™ are opposite to those of J + v"'n, which implies Sw” = —Sw'.
Hence w”™ 4+ w' = 0, and (0,+=-) € X are roots of (3.1.56).

Next we turn to the multiplicity of these roots. From (3.1.37) we know w” and w' can

not vanish simultaneously. Thus w” 4+ w' is analytic near these roots. From (3.1.49), (3.1.50)

and (3.1.51), we have
er,l B V +Ur,l

v Qrie2

This implies

dQ +Q) V4o N V + o
dV ey Q-

Since in this case w” = —w! # 0, we have Q" = —Q! #£ 0 at (0, :I:q%) At these roots, we have

dQr+Q) o oor
av B 26297“ 7 0.

Hence, (0, +-) are all simple roots to (3.1.56), if (F{;)* + (F{;)* + ¢ — (v")? < 0. Therefore
we have w” + w! = 7h(r,n) for some continuous h(7,7n) # 0 near 7 = 0.
To summarize, we have derived all possible roots (7,7) of the Lopatinskii determinant,

namely,

T=—iw"n, T==4iVin or T=0, (3.1.57)
where we have assumed that v > 0. In general, some of the roots may coincide, and we
have already discussed the possibility that V3 = 0 in the study of (3.1.48). Now we are left
to check whether v = Vi when V; > 0. By a direct computation, v" = V; if and only if

v \/ ((F7)? + (Fp)?) (26 + ()2 + (F)?)
H(F + (FLP + ) |

. (F11)2H(F13)? ) (262 4+(F)) 2+ (Fp)? v T
Obivously, \/( B 4<<?;1>)2(+<F;2>z$cz> B < V(FL)? + (F,)2

This way, we can identify the root distribution (3.1.57) with the six cases in the lemma:

V2> 0and V; #9v" = Case 1, Case 2,
VZ>0and V; =v" = Case 3,

V2 =0= Case 4, Case 5,
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VZ < 0= Case 6.
We now finish the proof of the lemma. O

With this lemma, we can obtain the following estimates on the stable subspace of A near

the roots of the Lopatinskii determinant.

Lemma 3.1.4. Let (19,19) € 0¥ be a root of the Lopatinskii determinant A. Then there is
a neighborhood V of (19,m0) which does not contain any other roots of A and a constant Ky,
such that, forV (t,n) €V andV Z~ € R?,

(1) Ifv" > /26 + (F))? + (Fp)%,

B(E", BNZ7)* > kov*| 27 2.

F1T2 CQJF(F 11)2+(F, 7“2)2)

(2) If 0 <" < \/(F[))? + (F)?, but v" # \/ - F{l (F{Q) +¢2) ’

BE", BNZ™|* > kov*| 27|

r [ (FD2HFR)?) (224 (F)*+(F)?) 2 2
(8) If v" = \/ (P P+ c?) < V(F)? + (Ffb)%

BE", BNZ™|* > kov'|Z7 2.

(4) If v" = \/2¢2 + (F[;)? + (F1y)?,

when 1o = v g,
IB(E", ENZ|* > koy*|Z7
when 179 = 0,

B ENZ P = ken| 2P

(5) If v" = \/(F}))? + (F1,)?,

when 1y = v,

B(E", ENZ™ > koy*| 27|
when 19 = 0,

B(E", ENZ™* > ko' |27 |7,
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Proof. We denote the elements in the Lopatinskii matrix by

—a" +b" al — b dy d
B(E", By _ [0 de
—c(t —iv'n)(a” +b") ot +iv'n)(al + ') doy  doy
Since every element of S(E'E') is continuous, we know that if there is an element of 3(E", E')

which is nonzero at (79, 10), then there is an open neighborhood V of (79, ) such that 8(EE')

can be transformed to a diagonal matrix in V), that is

10
PB(E",EL)Q = (3.1.58)
0 A
For some P, () continuously invertible in V. For example, if d;; # 0, then we have the

following identity

1/d 0 1 —d 1 0
fdu B(E", EY) P =
—do/dyy 1 0 dy 0 A

Now we claim that there is always an element in 3(E", E') which is not zero for all (7,7) in

Y. First we consider

dn = — [(r+iv ) + ((FR)? + (F)?) o] [(7 4+ ivrmer — e((@")? — )]

diy = — [(7 +'n)® + ((F1,)* + (F2)*) 0] [(7 + iv'p)w’ — e((W')? = n*)] .

From Proposition 3.1.1, (7 + iv"n)w” — c((w")? — n?) and (7 + w'n)w' — c((W')? — n?) are

never zero. Thus dy; only vanishes when 7 = —iv™n & i/(F};)2 + (Fy)%n , and dis only

vanishes when 7 = iv"n £ iy/(FJ;)2 + (Fly)?n. If diy = diz = 0, we can obtain 7 = 0 and
v" = \/(F};)?* + (F},)2. Since (1,m) € X, we have 1 # 0, which impiles that 74 iv"n # 0 and

w"! # 0. From the expression of da; and dys, we know that in this case dy; # 0 and day # 0.
Hence for any (79,79), there is an open neighborhood V of (79,79) such that 3(E", E') can
always be locally continuously transformed to diag{1, A}. Therefore by the continuity and
boundness of d;;, equation (3.1.58) implies that

B(EZ, EL)Z7 1 > skmin(1, |AP)| 27,

in V, where k > 0 depends on (79,79). From the fact that there are only finitely many roots
of A we know that V can be chosen so that it only contains one root of A, which is (79, 7).

Now combining the result in Lemma 3.1.3, we finish the proof. O
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Remark 3.1.6. For the points (7, 79) where the Lopatinskii determinant is not zero, by the
continuity of A, we can also obtain an open neighborhood V of (79, 70) in which A # 0 such

that
|B(E",E")Z7 | > kol Z7 P,

for all (1,m) € V and Z~ € R?, where Ky is a positive constant depending on (7o, 7)-

3.1.5 Energy estimates

Now we want to combine the argument in the previous two sections and obtain the energy
estimates. For a point (79,70) € %, shrinking the neighborhood if necessary, we obtain a
new neighborhood V of (79, 79) where we have the separation of modes of A (c.f. (3.1.45))
and the estimate of the Lopatinskii determinant (c.f. Lemma 3.1.4 and Remark 3.1.6).
We call such a point (79,79) a “generating point” of V. Notice that if A(7m,79) # 0 then
A # 0 at every point of V. Repeating this process for all points on ¥ forms a covering
of 3. Then by the compactness of the X, there is a finite subcovering {V;}X, of ¥ with
the corresponding generating points denoted by {(7;,7;)}Y.,. Obviously this subcovering
contains all the neighborhoods V of (79, 79) such that A(7y,19) = 0. Then we can construct
a partition of unity of ¥ according to this finite subcovering, i.e., we can find x; € C°(V;)
fori=1,---, N such that ix?: 1 on X.

Now we derive an enerl,g_{:y1 estimate in each conic zone II; = {(7,7n) : s- (1,n) € V;, for
some s > 0}. In each neighborhood V; of (7;,7;), we denote T; the transformation matrix

of the separation of modes in this neighborhood and extend y; and 7; by homogeneity of

degree 0 to the conic zone II;. Then we consider
7 = ;T W (3.1.59)

for all (7,n) € II;. The system that Z = (Zy, Zo, Z3,Z,) " satisfies now becomes

i _

Recalling Remark 3.1.4, we know that it suffices to obtain uniform estimates of Z for ®r > 0.

Therefore we only consider 7 > 0 below.
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From (3.1.45), the second and fourth equations are

dZ,

— = W7
d$2 w 42,
— = —wZ
de’Q W 4y,

for all (7,n) € II; with ®7 > 0. By (3.1.37) we have Rw"!(7,n) < 0 provided R7 > 0.
Moreover, since W(T, n,-) is in L? and T, ! is continuous and bounded from above in II;, we

know that Z(7,7,-) is also in L? for every (7,7n) € II;. Hence, the above ODEs implies that
Zy=0 and Zy=0, (3.1.60)

for all (r,n) € II; with 7 > 0.
Next for Z; and Z3, from (3.1.59) and (3.1.60) we have

Zy
Z3

W™ =T,Z = (E",E")

for all (7,7n) € II; with ®7 > 0. Then the boundary condition becomes

. Z
X = X o = G, B | , (3.1.61)
3
x2=0

for all (7,n) € II; with 87 > 0. In the above equation, det (6(EZ, El,)) is the Lopatinskii
determinant A. From Remark 3.1.6, if det (8(E", E')) is not zero at (7;,7;) we have

B(EL, EL)Z™1 > kil Z7 P,
(1,m) € V; and Z~ € R?, where r; is a positive constant depending on (7;,7;). Since 3 is
homogeneous of degree 0, we have

B(EZ, EDZ71* > ril 272,

for all (1,7) € II; and Z~ € R?. By (3.1.61), we have

2
Zy

Zs

xro=0

2
< i— |2 (3.1.62)
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for all (7,7n) € II; with ®7 > 0.
If (7;,m;) is a simple root of A, by Lemma 3.1.4, we have

B(EL, EL)Z7* 2 win?| 2P,
for all (1,m) € V; and Z~ € R2. Since 3 is homogeneous of degree 0, we have
(17 + ")) 1B(EZ, BL)Z7 P > wkin®| 2712,

for all (1,7) € II; and Z~ € R?. By (3.1.61), we have

2

Z\| | < el

p -~ ) |h[? (3.1.63)
3 (3

for all (r,n) € II; with 7 > 0.

If (7;,m;) is a double root of A, from Lemma 3.1.4, we have
B(E",E")Z™ > > k*1Z7 P,
for all (1,n) € V; and Z~ € R2. It follows from the homogeneity of 3 that
(I + (W)2n) |BE EDZ P 2 min'| 27

for all (1,7) € II; and Z~ € R?. By (3.1.61), we have

2
Z (7 + (v")n?)’

<7 . |?
Zs Ri7Y

(3.1.64)

for all (7,n) € II,.

Similarly if (7;,7;) is a triple root of A, we have
B(EZ, EL)Z7)* > kin®|1 27|,
for all (7,n7) € V; and Z~ € R?. Using homogeneity of 3, once again we have

(1712 + ")2?) |B(E", EL)Z 1 > kS| 27|,
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for all (7,n) € II; and Z~ € R?. By (3.1.61), we have

2
A 2 m)2,,2)3
1 SX?(‘T’ + (")) I

Zs KiY°

(3.1.65)

for all (7,n) € I1,.
Putting together (3.1.60), (3.1.62)-(3.1.65) we obtain the following estimate for Z in II;:

(72 4 (7))
’ ki

J
2
|Z|x2=0} S X ‘h‘|27 (3166)

where j = 0 corresponds to the case when 3(E", E') is invertible at (7;,7;), and j = 1,2,3

corresponds to the multiplicity of (7;,7;) as a root of A.

Now we proceed to the proof of Theorem 3.1.2.

Proof of Theorem 3.1.2. When (3.1.6) holds, from Lemma 3.1.3 we know either 5(E", E')
is invertible at (7;,7;) or (7, 7;) is a simple root of A. Then from (3.1.66) we can always

have
(7l + ()2
‘ FGNQ

for all (r,n) € II; with *7 >0 and all i =1,--- | N. From (3.1.59), we have

‘Z|rg=0|2gx ) |h|27

2 T
Y (LR Co s

— K
Ki?

Tvi—anc ) ’h’Q )

X;

x2=0

Using the boundedness of T; in II; and summing up the estimates over all the conic zones

{IL}Y,, we obtain

R (R GOk

’-)/2 ) |h|2

—
‘ wre

xro=0

for all (7,n) € II with 7 > 0. Then integrating the above inequality with respect to (9,7)

over R? and recalling (3.1.34) we have

—
HWnc

2 C
2
< gl

which implies (3.1.19).
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The other two cases can be treated the same way. For the sake of completeness we provide
the details. When (3.1.8) holds, Lemma 3.1.3 indicates that (7;,7;) may be a nonzero point,

simple root or double root of A. From (3.1.66) we always have

I (R /N
‘Z|m2:0| SX? A~ |h|27
Ri7Y
for all (7,n) € II; with *7 > 0 and all i = 1,--- , N. Thus from (3.1.59), we have

2 2 r\2,,2)2

—17g7nc
=W ; I
RiY

X

x9=0
Patching up the estimates over all the conic zones {II;}Y, we obtain

(1 @) e

2
<o

‘Wnc

for all (7,n) € I with R7 > 0. Integration in (§,7) over R? implies

—~
Hwnc

2
0

C
< Fllglliw

which proves (3.1.20).
The last case when (3.1.10) is satisfied, from Lemma 3.1.3 we know (7;,7;) may be a

nonzero point, simple root or triple root of A, and hence we have

3
2 _ (TP + )0 ) o
‘Z‘l‘g:o| S XZQ K 6 ’h’ ’
i
for all (r,n) € II; with *7 > 0 and all : = 1,--- | N. Converting into W\nc, we have
- 2 2 2,23
X12 Tl;lwnc S Xl2(|7—| + (Uﬁ) Ui ) |h|2 )
x2=0 Ri7Y
Therefore
2 2 2,,2)3
f‘)/

for all (7,n) € II with R7 > 0, which shows that

—2 _C. o
[, < shat.

proving estimate (3.1.21). Thus we finish the proof of our main theorem. O
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3.2 VARIABLE COEFFICIENT CASE

3.2.1 Linearization and main results

For the linear analysis in the variable coefficient case, our goal is to show the stability of
the linear system around the variable states which are near the stable constant states. To
obtain the expected estimate, we need to utilize the para-differential calculus to help us in
the spectrum analysis. However unlike Fourier transform in the constant coefficient case,
each operation in para-differential calculus generates some errors. This cause some serious
troubles in dealing with the loss of more than one order of derivatives. So in our linear
analysis for the variable coefficient case, we only focus on the case where there is only one
loss of derivative in the energy estimate. As we will see later, this case corresponding to the
variable states near some (not all) of the constant states in case (1) of Theorem 3.1.1.

First we denote the variable coefficient background states as

pr,l ﬁ p'r,l
UT,Z j:’lj /II}TJ
ur,l 0 ,ar,l
Ut=|F|=0"+0"=|+F, |+ | F ],
iy o (3.2.1)
F21 O F21
Fiy £+, 3
r,l Sl
F22 0 F22

(br’l(t, Xy, 272) = :l:[l?g -+ (i)r,l’

where U™ and ®" are states and changes of variable on each side of the vortex sheet
respectively. p > 0, v > 0, Fy; and Fj5 are constants. U™ and &' are functions which

represent the small perturbation around the constant states.

Remark 3.2.1. When the perturbations U and ™! are zero, the states reduce to the
rectilinear vortex sheets, and the linear stability around this kind of states has been discussed

in the previous section.
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Here we assume the following smallness condition on the perturbation of the background

states:

Ur,l c WZOO(Q)’ q')r,l c Wg,oo(Q)7

1T U lweeeq@ + (@7, @) [wsoe o) < K,

(3.2.2)

where K is a suitable positive constant, U™ and ®"! have compact support in the domain.

By the Rankine-Hugoniot condition, we require the perturbed states (3.2.1) satisfying the

following on x5 = 0:

;

(v =)o — (u —ul) = 0,

oo+ v 01 —u" =0,

(F{; — F1l1)8190 — (F5; — F211) =0,

F{101p — F2ll =0,

(Fi, _F112)81S0_ (F5y _F212) =0,

Flydip — F3, =0,

_pl:O7

(3.2.3)

where ¢ = ®"|,,—g = ®'|,,—0. To keep the constant rank of boundary matrix in the whole do-

main and have a simpler formulation, inspired by [20, 24], we assume the following conditions

on the perturbed states (3.2.

and

1) hold:

(

7‘7l T',l T',l —

Tvl T‘,l T7l —
\F1281(P _F22 —07

82(I)T 2 Ko and (92<I)l S —Ko,

for all (¢,z) € 2 and some positive constant .
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Now we linearize the differential equation (3.0.6) around the states (3.2.1). We denote
the perturbation (V*, U¥) of the states (U™, ®"!). Then the linearized equation is

1
atvi + Al(Ur,l)alvi + 5 (I)TZ(AQ(UM) o atq)r,l . alq)r,lAl(Ur,l))aQVi
2 b

Oy U+
(82(I)T,l)2

——[dA (UM VE — 9,0% — 9,02 A, (U™) — 8,0 dA, (U™)VE|o,U™ = ¥,

+ [dAl (U’"’Z)Vi]ﬁlU’"’l —

1
a(I)rl

(AQ(UT’Z) o 8tq)r,l . alq)r,lAl(Ur,l))a2Ur,l

for 9 > 0. We define the first order linear operator

L(U™, VorvE =
1
(‘92 Pl

OHVE + AUV + (Ax(U™) = 0,2 — 0,07 Ay (U™)) 0,V 7,

and introduce the Alinhac’s ‘good unknown’

\I/i

Ut _
=V 3,57

V:i:

U™,

I
oy
—H

Then we can rewrite the above equations to be

=+
D,

L(UT’Z, Vq)r,l)v:t + C(Ur’l, VUT,Z7 V@r,l)V:ﬁ: + 82 [L(Ur’l, V(I)T,Z)Ur,l] _ fr,l’

where
CU™, VU™, VoV =

[dA (UMY VE o U™ + [dA(UTHVE — 9,0 d A (U™ VE]9,U™.

82(I> ik
By the spirit of the previous work, we can neglect the zeroth order terms of U+ and only

consider the following differential equations:

L, V* = LU, verhv: + oUu™, vur!, verhvE = g, (3.2.6)
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Since U™ are in W2>(Q), we know the coefficients in L(U™, V®"!) are in W2°°(Q) and the
coefficients in C(U™, VU™, V") are in WH(Q).

Now we linearize the boundary conditions around the same perturbed states and obtain

(v" — 01 + (v — v ) — (U —uT) = g1,

Opp + 0" 01 + v —ut = gy,

pr—p =g

(Ffy — Fi)ow + (F — Fp)oip — (Fyy — Fyy) = ga,
F100¢ + Fiovp — F5) = gs,

(F1y — F1l2>81¢ + (Fly = Fip)oip — (Fyy — Fy) = g6,

Fl,010 + Fhove — Fyy = g,

at o = 0, where ¢ = U], = U™ |,,—0. We denote the above equations in the following

form:

bV + MV |py—0 = 9,

where V' = (V+a Vﬁ)Ta Vw = (at¢781¢)T7 g= (glag27g37g4795a96ag7)T7

e}

(0" = v)]ay=0

—_

V" | 2y—0
0
(Fl = Fly)lasco |
Filzs=0
(Ffy = Fo)les=0

F1r2|$2:0

o o o o o
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and

M(t,xy) :=
0 p =1 0 O O O O —-Gel 0O 0 0 0
0 dlp =1 0 O 0 0 O o o0 o0 o0 0 0
$1 0o o o0 o o0 o0 -1 0 0 0 0 0 O
0 0 0 e -1 0 0 O 0 0 —0ip 1 0 O
0 0 0 G -1 0 0 O o o0 o0 o0 0 0
0 0 0 0 0 e -1 0 0 0 0 0 =0 1
0 0 0 0 0 e -1 0 o 0 o0 o0 0 0
Also, by using Alinhac’s ‘good unknown’; we obtain
B0y = tvv+ a2V i =g (3.2.7)
DU /0, !

Hence our problem is reduced to consider the following linear problem:

L VE=frt x>0,
’ (3.2.8)

B’(V,@/)) =g, x3=0.

We notice that the boundary condition do not invloves the tangential components of V|,,—o.

Thus we define the components of V\mzo involved in the boundary condition by V“]m:o as

an:m:(] - (p+7 ut — 1-)—1-81(1)7"7 FQJ’i - FH@IQ)T, F2—§ - Fl—galq)r?

. . . . T
p — O By — FLOd By — F1581q>1> lsco-

Hence our main theorem in variable coefficient case is
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Theorem 3.2.1. If the particular solution defined by (3.2.1) satisfying one of the following
two conditions

(i) 0*>2c(p)” + Fiy + Fiy

(1) < FL+F%  but

— — 2
P24 R +F;2 . (VIR + P+ ) — VFE + Fh)
ot 2 g . ,
ﬁ#%+%+MF##®ﬁ@MMW+%+%)
4 ’ 4(FE + FL + c(p)?) ’

the perturbation Ut and ™ have compact support and K in (3.2.2) is small enough, there

are two constant Cy and o which are determined by the particular solution, such that for all

2
o)

U and ¢ and all v > o the follwing estiamte holds:

o[I¥ll

Where L'V = (LLV*, L)V ™) and B is defined as above.

1
) P

(V.v)]

[,

L2(H]) L2(R?)

0 ey < (

3.2.2 Reduction of the system

For the system (3.2.8), it is not difficult to find out a symmetrizer

Sr,l — diag{p/(pr,l)/pr,l’ pr,l’ pr,l’ 1’ 1’ 17 1}

We multiply (S™'V*)T to the interior equations of (3.2.8) and integrate by parts we have

the following lemma

Lemma 3.2.1. There are two positive constant C' and v; > 1 that for any v > ~,, we have

2

the following holds

o[

a

<C ( L ,ViH
L) y

-

L2 (R?)
respectively.
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With the help of this Lemma, our object is switched to only estimate V“|m2:0 and ¢
through the system (3.2.8). To achieve this we need to investigate this system into more
detail by using para-linearization. Before we do that, we need to transform the linear operator
L(U™, Vo) to make the boundary matrix

. 1
Ag’l =

= 5 (Aa(U™) = 0,87 — 0,97 A4 (U™)),
"

to be a constant diagonal matrix. This transformation can always be expected by observing
that Ag*l has a constant rank in the closure of the domian Ri. In particular, we consider the

following transformation matrix

0 (@@ (@) 0 0 0 0

1 —dgent g et 0 0 0 0
gort e —de) g 0 0 0

0 0 0 1 99 0 o |

0 0 0 g 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 gt 1

where (9,®"!) = \/1 + 9,®"*. This diagonalizes the boundary matrix A™ to be

~ 7,1 (I)T,l 7,0 (I)r,l
Tfl(Ur,l’V@r,l)Ag,lT(Uﬁl’V@r,l) _ dlag{O, C(p )<al >’ _C(IO )<61 >,0,0,0,0}.
82<I>’“’l (92<I>7“vl

Once multiplying above by the following matrix:

32 q)r,l B 82@”
(@) clpr) (@277

At = diag{1, 1,1,1,1},
C

we can make the boundary matrix to be a constant matrix. In particular, it will take the

following form:

I, = diag{0,1,1,0,0,0,0}
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With the above transformation matrix, the interior equations of (3.2.8) for the new

unknowns W* := T-1(U", VO HV* as
AP, WE 4 Ao WE 4+ La,WH + A CmIWE = Fr (3.2.9)
Where

A;’l :AE~),IT_1(U7~,17V(I)r,z)Al(Ur,l)T(Ur,z7V(I)r,l)7

Crt =T~ U™, Voo, T (U, VO ) + T-H U™, V) A (U™ T (U™, V&)
+ TN U, verh e, vurt, verh T (U, Vet
+ T YU, VO A9, T (U, Vo,

il :Ag’lT_l(UT’l, V(I)'r,l)fr,l'

To simplify the argument in obtaining the estimates in weighted Sobolev norm, we con-

sider the weighted unknown W* = e " W* and rewrite the (3.2.9) into
LW =y AFW* 4 AF QW 4 AVO T 1 Lo + Ay CHW* = e F,

where A;’l € W2>(Q) and C™ € WH>(Q). Similarly, considering the transformation T, we

rewrite the boundary condition of (3.2.8) as

OyU™ | Dy ®" - T(UT, Vo) 0

VY + M
OyU" 0y 0 T(U!, Vo)

Wleseo =g.  (3.2.10)

In terms of W = =W and 1) = e~ "1, we obtain

U /0@ \ ~ 0 0\ — .
¢+M W|x2:0:€ 797
O U /0, ®! 0o T

BY(W |4ym0, %) := ~vbotp + bV + M
where by is the first column of b. Obviously, we have b, M and T are all in W?>(Q), and

O,U" /0,7
0,U /8, ®!

¢
|

e Whe(Q).
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As we pointed out just before Theorem 3.2.1, the boundary condition BV(W|@:0, @Z) only
involves part of components of w. By examining the matrix coefficient in front of W in

B (W|m2:0, 1;), we denote the involved components by W™ and obtain

W = (W% Ws, an W%Wg, Wm,Wm, WM), (3.2.11)
which are actually the normal components of W on the vortex sheets. Thus we rewrite the

boundary condition as
BY(W"|1y=0,1) = e 'g.
Then by denoting F™! = e F! and § = e g, we rewrite the system (3.2.8) as

ﬁvlﬁi _ ﬁvr,l
" B (3.2.12)
B’Y<Wn|x2=07 w) = 27/

3.2.2.1 Para-linearization Similarly as in the constant coefficient case, the key idea
in proving Theorem 3.2.1 is to transform the variable coefficient linear system (3.2.12) into
an ODE. Instead of the Fourier transformation in constant coefficient case, we consider
the para-linearization to (3.2.12). Thus in the rest of this subsection, we derive the para-
linearized system of (3.2.12) and estimate the errors in replacing the system (3.2.12) by its
para-linearization.

To simplifed the notation, we will drop the tilde in the system in the rest of this section.

First, we consider the boundary conditions and denote

0 vt =
1 "
0 0
bo:= 10|, and by(t,z1) := | Fr, — F!, | (t,21,0), and b = 7bg + inb;.
0 F,
0 Ff, — Y,
0 i,



By the Theorem 2.2.5 in para-linearization, we have
Yoot + boOyp =17, ),
C
101019 — T, D1y < Cllballwzeo @z [9]l0 < ;Hlem
y . C
169 = Ty < Cllbllwroe @) llello < ;lllﬁHlm

177 ¥l < Clbllze@) [y < Clle g,

for some positive constant C'. Then we consider the coefficients of W™

Mdiag{T", T'YW = MW" =

*%(81@2 ,%(31@2 0 0 ;*<31%0>2 *%@1@2 0 0
5 (0p)® S (dp)® 0 0 0 0 0 0
(O1) (O1) 0 0 —(O1p)  —(0wp) 0 0 .
0 0 —(B1)? 0 0 0 (B10)2 0 W,
0 0 —(O1p)? 0 0 0 0 0
0 0 0 —{dp? 0 0 0 (9ip)?
0 0 0 —(01)? 0 0 0 0
and
n Y n C n C n
MW 2,—0 = Ty W™ [eo=0ll14 < ;HMHW?M(RQ)HW |zo=0ll0 < ;HW |z2=0[0;
where C' is some positive constant. Adding all the estimate above, we have
1
1BY (W |zy=0,¥) — T — TyW" |ay=ol1, < C (WHM + ﬂwn\xz:oﬂo) : (3.2.13)

Next we consider the interior differential equations.

2

|vagw — 1w

+oo
= [ A ) = T W )

1,y
< ClA e o W4 llg < W5
ADW — T}y, W

< Cfjw
Y

‘1, 0’

0’

Ao w1 w|| <ol

A CTWE = T W

< cfwll

17

69



Again we have

A pin AT A O

||z~ W poswE|| < cofwl, (3.2.14)
, .

The estimates (3.2.13) and (3.2.14) guarantee that if we can estimate the terms on the
right hand side, we can just use the para-linearized system in our following proof. We will
discuss this in details in the following subsections. Now we derive the specific expression of

the para-linearized system. First we need to eliminate the wave front v by observing that
[b(t @1, 0., > e(y* + 67 + 7).

So by Garding’s inequality (Theorem 2.2.3), we can obtain

2
Ly

RATY 0, ) 122y > 10

N O

for all v > 79, where 7 only depends on K. By basic properties of para-differential opera-

tors, we have T}., = (T;))*T, + R] where R is an operator of degree 1, which implies

11y < CIT Yo,

for all v > 79. By taking (3.2.13) into account, we have

[0l < CUTYY + Tyg W aa=o0llo + 1 TRV |zo=0ll0)

1 n n
< C(;IITM) + Ty W ea=oll15 + W |zo=0ll0)

1 1
< C@”BV(WHW) — T — Ty W" |ay=oll1y + ;HBV(WHW)HM + [[W"|2,=0ll0)

1
< C(§IIBV(W“,¢)H1,7 + [W*=0llo)

(3.2.15)

Then we want to identify the part of the boundary condition where the wave front 1 is not

involved. So we consider the following matrix:

H(tv Iy, 57 7, 7) =
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0 0 10 0 0 0
T+ —inl"—oY) 0 0 0 0 0
—(F, — FL) 0 0 o' =o' 0 0 0
—F7, 0 0 0 wv—d 0 o |
—(FI, — FL) 0 0 0 0 - 0
—FY, 0 0 0 0 0 v -2

for (7,m) € ¥ and is homogeneous of degree 0 with respect to (7,7). In particular I1b = 0,

and
IIM =
. <321<P> . <§190> 0 0 l —2<31<P> l —<25180> 00
_c <531TW> (r +ivl77) c <?ﬁ~¢> (T—l—ivln) 0 0o ¢ <‘2)1189> (1 +iv™n) _c (3/)1150> (r+iv™p) 0 0
* * —a 0 * * a O
* * —a 0 * * 0 0 ’
* * 0 -—a * * 0 a
* * 0 a * * 0 O

for (,7m) € ¥ and is homogeneous of degree 0 with respect to (7,7), where a = (9;¢)?(v" —
vl) and * are some nonzero elements whose exact expressions are not important. By the
condition in the theorem, we can easily obtain a # 0. So the last four row in IIM are
linearly independent, and we can expect the estimates of (W5, Wy, Wia, Wiy) " |4,—0 in terms
of W™¢|,,—0 := (Wa, Ws, Wy, Wig) " |s,=0. We denote the last four rows in I as II;. Then by

the exact expression of [IIM, we have
TH W za=0 = TAW™ |ayo + T (Ws, W, Wiz, Wia) T [4y—0

Where B is an invertible matrix in the whole domain and is homogeneous of degree 0. It is

easy to check that
|B(t,2,)|* > ¢,
for some constant ¢ > 0. By Garding’s inquality, we have

C
3:E<1—g*B(VV57 W77 W127 W14)T7 (W57 W77 Wl?a Wl4)T>|a}2:O Z §||<W57 W7a W127 W14)T|x2:0||37
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for all v > 7¢. This implies

(W5, We, Wig, Wig) T |a=ollo < CITEWs, We, Wia, Wi) T es=ollo
< CUITg, MW za=ollo + I TAW™|2=0l0)-

Similarly as the wave front ¢, we have

1T, W lza=ollo < 1T, B (W™, 90) = Ty, Tjg W™ an=0 — Tit, T, ¥ llo
+ T, B W™ )lo + W |zo=oll 1.5 + ¥ [lo

—_

n n 1 n n
< BT ) = Ty Wi lep=o = Tyl + ;IIB”(W sy + W as=0ll 1y + llllo0

=2

1 n 1 n
< [Pl + ;HBV(W )y + ;HW |22=0llo

2

So by taking v large enough, we have
W5, W2, Wiz, W) lascallo < CC 6 + B0V )l + (W lescallo). - (3:2:16)
Combining (3.2.15) and (3.2.16) together, we have
[(Ws, Wz, Wiz, Wia) "lea=ollo + [[¥]114 < C(%HBW(WH, D)y + W e2=0llo),

which suggests that we can obtain the estimate of (Ws, Wy, Wi, Wi4) " |s,=0 and ¢ through
the source terms and W™°|,,—o. To obtain the estimate W™"°|,,—¢, we need to utilize the other

part of the boundary conditions which we denote as
TIW" sy = G,

where

8= (1) (1) —(O1p) —(010)
(iw) (1 + iv'n) <<Zle0> (7 + iv'n) <<9p1s0> (1 +iv'ny) — (81<p> (7 + ") )

for (7,m) € ¥ and is homogeneous of degree 0 with respect to (7,7). The above matrix 3 is

from the first two rows of IIM and in the symbol class T9.
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as

Finally, with the help of the above estimates, we can define the para-linearized system

)
Ty vinarsaper W+ LOWT = T,
W~ + LW =F-, (3.2.17)

T'Y
TAf) +i77Al1 +A6C’l

| T3W Lm0 = G-

Moreover, our object is to derive the following estimate:

nc 1 ~ 112 1 ~
Iw moﬁsc%<$mFW7+;ﬂGﬁ0, (3.2.18)

where F = (F*, F~)T. To illustrate this, we show that (3.2.15), (3.2.16) and (3.2.18) imply
Theorem 3.2.1.

First, by the above disscussion, we have

H

n n 1 n
B (W™, ) = 7% — T3 Wl < C (uwnm L ’:c20||0) |

0’

TWE T W+ — Lo,W* < Cl|lw*
£r,l TAS,lerA;,lJrASJCT,l 202 1y H| |

Then

G = 1TV as=olli = 1T, W Lm0l 1y = [ TR¥ + T W™ lea=oll 1.

where 115 is the first two rows of II. So we have

1G1y < IT5, (T % + THW L)l + 1l + W Lyo o
< IBTW™ ) = T/ = Tia W aa=oll1y + BT W™ D)1y + [l + (W as=0llo

1 n n n
< 1Pl + ;HW Jea=0llo + [[W"|zo=ollo + 1 BT (W™, ¥) |-

Moreover,

7

=l +

)Fi — L W

+ +
L S lesv= i, el

So (3.2.18) implies

e 1 2 1 2 1 2 1 2
W™ L,oIf < Co (;HIﬁZVWHII,ﬁ$I1\W+\\|o+$IHE?W I+ =5 1l

73



1 n 2 1 n 2 1
+¥HBV(W S OIT A+ ;HW |oa=ollg + ;Hw

2
Ly |

Combining with (3.2.15) and (3.2.16), we have

1
IW?leamolls + 1015, < CSIEWHIL, + 5 IEW I, + —||Bv<wn,w>um

3H
1 1 1
Wl + Sl + 51 aaoll + —||¢||1v)>

<aCsllew I, + Sl I, + s ol + 5w« S

3H 3H 3H 3H

Then by Lemma 3.2.1, we obtain the Theorem 3.2.1. So the only thing left to prove is the

estimate (3.2.18) from the para-linearized system (3.2.17).

3.2.3 Microlocalization

From the previous subsection, we obtain a system of ODE in (3.2.17). We note that the
para-linearization is an analogue of the Fourier transform in the constant coefficient case.
To derive the estimate (3.2.18), we need to investigate at each frequency point (7,7) € II if
the boundary conditions in (3.2.17) give enough information on the incoming mode of the
ODE. As in the constant coefficient case, we want to estimate the rate of vanishing for the
Lopatinskii determinant near its roots.

In this subsection, we want to analyze and classify the situations which we will need
to deal with in the system (3.2.17) for each frequency point (7,7) € II. Specifically, we
need to identify those frequencies where the standard Kreiss symmetrizer method can not
be applied as in [16, 20]. To be specific, those frequency points are where the (3.2.17) can
not be reduced to only involving non-characteristic part of the unknown W"¢ and where the
Lopatinskii determinant vanishes. For simplicity in the argument, we only focus on the case
on the unit hemisphere ¥ = {(7,7) : |7]* + n* = 1 and R7 > 0} in the frequency space
II. Then we can extend the results to the whole frequency space Il by their appropriate

homogeneities.
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3.2.3.1 Poles In this part, we identify where the (3.2.17) can not be reduced to only
involving non-characteristic part of the unknown W"°. As in the constant coefficient case,
we call these points the poles of the system. For this purpose, we just formally consider
the first order symbols 7A; + inA} and TAL + inA} and boundary symbol 3 in (3.2.17). In
particular, we focus on the following differential system

(

(TA6 + Z?]A{)WJF + ]282W+ == O,
TAL 4+ inADYW ™ + LW~ =0, (3.2.19)
0

ﬁWnC|12=0 = 07

where Ag’l, A?l, I, and B are the matrices we specified in the previous subsection. We note
that I, is a diagonal matrix with only two elements in diagonal being 1 and others being
0. So there are two differential equations and five algebraic equations for W' and W~
respectively. This suggest that our system is characteristic. However, for most of the points
(1,m) in the frequency space, we can use the algebraic equations to reduce the system to
only involving differential equations, which is a non-characteristic system. To find out those
points, we consider the algebraic equations for W*. The algebraic equation for W~ can be

treated similarly.

<o 7 CT2 3 CT2 - Is - T
THWN Gany ey U 0 —inky, 0
—iF7n 0 0 T +iv'n 0 0 0
ic” FY, ic” FY, . + _
0 - pT”n prlln 0 T+ w'n 0 0 W* =0.
—iF{yn 0 0 0 0 T+ vy 0
0 S et 0 0 0 714y

It is obvious that, as in the constant coefficient case, if (7 +iv™n)((7 +iv"n)? + (F};> + FJ,*)
n*) # 0, we can uniquely determine Wy, Wy, W5, Ws, Wy from W,, W3. Then by using the
differential equations in (3.2.19), we can obtain the differential equations only involving s

and Wj, which are
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where

s

—m" 019"0,®" [1 0O
AT = lu +Z ! f 2 )
and
o DT i) 00 4 PR 0,07 (7 + ")
(01 97) 200107)er (7 +avrn)  2(0,97)3 (74 iv'n)? + (Fy 2 + Fi2)n?)’
m’ = _82(I)T(Ff12 + F*)n’ 0 @7 (1 + iv"n)n?

200097)cr (T +ivrm)  2(0,97)3 ((7’ +ivrn)2 + (FI2 + F{22)772) 7

Combining the discussion on equations for W=, we obtain that the points in frequency
space where we can not reduce the system into non-characteristic form are the points where
(T + iv"n) ((T +iv"in)? + (Fﬂl2 + Fféﬂ) 772> = 0. We call this kind of points the poles of
the system. We define the sets of poles as

Ty o= {(t ez, 7o) € B x 02 (i) (i) + (B 4 £ o) = 0).

Here for each fixed (¢,z1,22) € 2, there are six kinds of frequency in T,. Each one corre-
sponds to the root of one factor in the above definition. For the root of each factor in the
definition, fixing (t,z;) € R?, we can view it as a curve in in the frequency space parametrized
by x5 which originates from the boundary x5 = 0 and propagate into the interior of the do-

main x9 > 0.
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3.2.3.2 Roots of the Lopatinskii determinant Now we identify where the Lopatinskii
determinant vanishes. First we need to derive the Lopatinskii determinant. This require us to

find out the eigenvectors of A™ corresponding to the eigenvalue with negative real part. By a

01 D70, P"
(O @7)?

direct computation, we denote the eigenvalue of A™ with negative real part by w” +1

where

r r r 82(I)T2 r . T r r
WQZHQ_mQZWKal@ >2((T—|—ZU 77)2+(F112—|—F122)7’]2)+62 2}.

The corresponding eigenvector is
E" = , (3.2.20)

for (7,m) € ¥ and is homogeneous of degree 0 with respect to (7,7), where o = (7 +

iw'n) ((1+iv'n)? + (F),* + F,*)n?) on X. The case for W~ is similar. We obtain the

: ; iq gl g ;01910 P
eigenvalue of negative real part is w' + <181 <1>12>2 where

2 2 2 Dy ®! . 2 2 2
W=yt —m = 2 [(81<I>l)2 <(7’ +iv'n)? + (FL,™ + Fl, )7}2) + ¢ 7)2} .
(9, )t

The corresponding eigenvector is

Loyl

z alm
Bl = , (3.2.21)

ol — )
for (1,n) € ¥ and is homogeneous of degree 0 with respect to (7,7), where o = (7 +

iv'n) ((T +ivin)? 4 (FL2 + Fll22)172> on X. We note that by a similar computation in the
constant coefficient cases, the above eigenvalues and eigenvectors are all well-defined and
smooth on the whole space R? x II. So the Lopantiskii determinant is well-defined for all
the points in frequency space, which is

w“(o(5 7))

4.2 4 r !
cta , _ a whow
= —L(r +iv"n)(r +ivln) <T1l ww 4 772> (r - l)

P agay

xo=0

ab . r r oy .
X <a12c ((r +ivn)? + (F;* + F,*)n?) — (1 + v n)w > (3.2.22)
l
X <a2 ((T + iv'n)? + (Ffl2 + Fll22)n2) L (r ivln)wl> ,
aic
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for (1,n) € ¥ and is homogeneous of degree 0 with respect to (7,7), where a; = (01¢),
ag’l = 0y®"| =0, ¢ = " |y=0 = !|zy—0. The last equality for c is from the fact that ¢"! only
depends on the density p™! which is continuous at zo = 0 by (3.2.3).

By analyzing each factor in Lopatinskii determinant we can easily obtain that the last
two factors in (3.2.22) never equal zeros, and the first two factors corresponds to the roots
T = —iv"y respectively. Thus we only need to discuss the third and forth factors.

We note that all the coefficient in the factors of the Lopatinskii determinant are con-
inuous with respect to the background state Ul,,—o := (U |zy=0, U'|sy=0) and ®|,,—¢ =
(@7 | 2p=0, P!|2y—0), and those factors reduce to the corresponding factors in the constant co-
efficient case, see (3.1.46), if the perturbation in (3.2.1) is zero. By assuming K is sufficient
small and the continuity argument, we obtain the number of the roots in the third and
forth factors in (3.2.22) are the same as the number of roots in corresponding factors in the
constant coefficient case. Hence there are two roots of %w”wl + n? which we denote by
7 =14iVin and 7 = iV4n, and there is one root of ‘;’—; — Z’—;, which we denote as 7 = V3, if
0* > 2c(p)* + Fy + Py

We can verify that V1 (U|,,—0, V®|1y=0), Va(Ulzy=0, VP|er=0) and V3(U|zy=0, VP|z,—0) are
all real and continuously depends on the background state Ul,,—o and V®|,,—¢. Further,

all the roots above are simple if they don’t coincide. So the set of roots of Lopatinskii

determinant can be represented by the following set on the boundary of domian:
T = {(t,r1,7,7) ER*x X : R7 =0 and o = 0}, (3.2.23)

where 0 = (0 + V"] 2y—0m) (0 + V!]zy=0m)(§ — Vin)(§ — Van)(6 — Van) if 92 > 2¢(p)? + F2 + F2,
and o = (0 + "] py=01) (6 + 0| sy=0m) (§ — Vin) (6 — Van) if 92 < F2 + F2 on X. Here the set T?
and function ¢ can be naturally extended into the interior of physical domain where x5 > 0.
More precisely, we can define the coefficients in o for x5 > 0 by the continuous dependency

of Vi, V5 and V3 on the background state U and V®. We denote the extended set by 1.
T, = {(t, 21,22, 7,m) ER x L : R7 =0 and 0 = 0}.

Just like T, for fixed (¢,71) € R?, the root of each factor of o can be considered as a curve
in frequency space X parametrized by xs, which originates from the boundary zo = 0 and

propagates into the interior of the domain x5 > 0.
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Remark 3.2.2. In fact, there are one more kind of points we need to pay attention due
to the restraint of para-differential calculus. Those are the points where the eigenvalues w”
and w! vanish. When we deal with these points in deriving the energy estimates, we can not
perform the upper triangularization method for poles and roots of Lopatinskii determinant.
Because the upper triangularization method will introduce w” and w' as the symbol. But w”
and w! do not satisfy the requirements in the Definition 2.2.1 of the symbol class near the
points where w” = 0 and w' = 0 respectively. Hence we require the roots of the eigenvalues
w" and w' do not coincide with poles and roots of Lopatinskii determinant. Then we can
perform the classical Kreiss symmetrizer method to deal with the zeros of the eigenvalues,
which is the same way as in dealing with the points other than poles and roots of Lopatinskii

determinant.

In general from the definition of Y,, T, and w™!, the poles, the roots of Lopatinskii
determinant and the zeros of eigenvalues w”' may intersect with each other, which may cause
extreme difficulties in deriving the energy estimates through the symbolic cut-off functions
in the frequency space. Thus we prescribe conditions on the variable background states
(3.2.1) which guarantee that all these three types of points do not intersect with each other
in the whole domain Ri x Y. By the continuity of these three kinds of points with respect
to the background states, we only need to require that the poles, the roots of Lopatinskii
determinant and the zeros of eigenvalues w™ for the constant background states U in (3.2.1)
do not coincide with each other and K in (3.2.2) is small enough. Plus the requirement on the
constant background states such that the stability result only allows one loss of derivative,
we require U of (3.2.1) as in Theorem 3.2.1 to obtain the stability results. So we have the
following frequencies (7,7) on X such that the standard Kreiss symmetrizer method can not

be applied.

Case 1: 7= —iv"ly,

Case 2: 7= —1 (v” + \/m) uB

Case 3: 7=1iVin, 7 =1Von and

T =1iVan if * > 2¢(p)’ + F} + Fp.
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Here the first case corresponds to the frequencies which are both poles of the system and
roots of Lopatinskii determinant. The second case is only the poles of the system, and the
third one is only the roots of Lopatinskii determinant. For the rest points in frequency space,

we can always treat them by standard Kreiss symmetrizer method. This is our fourth case.

3.2.4 Estimate in each case

Now we want to derive the estimate for each case and eventually obtain the expected esti-
mate from the para-linearized system. From the discuss above, we have three isolated cases
where we can not apply Kreiss symmeterizer method. Each relation of 7 and 7 in one case
corresponds to a curve on ¥ with fixed (¢, z1). In previous section, we explained that we only
focus on the situation where all these curves do not intersect with others. So for each curve,
we can construct an open neighborhood around it. Up to shrink those open neighborhood,
we can guarantee that those neighborhood do no intersect with others and all do not contain
any point such that w” = 0 or w' = 0. We denote, on R? x ¥, the open neighborhood around

T=—w'nbyV

2% p1? p2?

around T = —i (vr —VFI?+ F{22) n by V2, around 7 = —i (vl + 4/ FL2 F{QQ) nby V3,

around 7 = —i (vl — 4/ Fll12 + Fll22) n by V;Lza around 7 = ¢Vin by V!, around 7 = iVyn by
V2 and around 7 = iV3n by V3.

around 7 = —ivly by V! | around 7 = —i (v’” + VL + FfQQ) n by V!

In the following argument we always consider 7 = ¢V3n is a root of Lopatinskii determi-
nant. For the background state (3.2.1) satisfying v < F3 + F?,, we can just drop the part

of argument about 7 = V3.

3.2.4.1 Case 1-poles and roots In this case, we consider the kind of frequencies which
are both poles and roots of Lopatinskii determinant. More precisely, we consider the fre-
quencies in V; and V]l,l. Without loss of generality, we just take VJ as an example. The
other can be treat exactly the same.

We note that V) only contains the poles of the equations for W* in (3.2.17), but not
contains the poles of the equations for W~ in (3.2.17). So the estimates of W~ can be

obtained in the exact the same way as the estimate of W in the Case 2. In this part we
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only details how to derive the estimate for WT.

To isolate the objective frequency, we introduce the smooth cut-off function y,, whose
range is the closed interval [0, 1]. In particular, on Ri x 3, support of x,, contained in Vj
and equals 1 on a smaller neighborhood of the curve satisfying 7 = —iv™. Then we extend
Xp: by homogeneity of degree 0 with respect to (7,7) into the whole space R? x II. As in
20], X;, is in the symbol class I') for any integer k. With this cut-off function, we define

Wpt =T W,

Xp1

From (3.2.17), we can obtain

LW, = 1,1}

+ Yy + _ Y +
D2, W + Txp1 F Txp1 TrAgﬂnAHAgCTW )

By para-differential calculus, we have
T Wy + Taper Wt + TYWT + LO,W, D =T0 F+ R W, (3.2.24)

where we denote A" := TA} + inAj and r is a symbol in the class 'Y whose support is
in the area where y,, € (0,1). To estimate Wpt, we need to consider the expression of
the differential equations in VJ . Moreover, we recall that w" is not in the symbol class r]
because the homogeneity of w™ near the point where w” = 0 does not satisfies the definition
of this symbol class. To get around this we consider two more cut-off functions y; and y»

in I'Y, such that both of their support are in

Vo Ry = {(t w0, 7o) € QI (82, 20,7/ 120/ [T]? +07) € V3,

X1 = 1 on the support of x,, and x2 = 1 on the support of x;. Now we multiply the symbol

X2 to the equation and obtain
T W + T ap e Wy + TIWT + 10,W, = RoF + R, W (3.2.25)

Here the support of the first order symbol y2.A" are contained in the support of x, which is a
subset of V) -Ry. So we actually exclude the part of the frequency where w" vanishes. Now
we can construct the transformation matrix to upper triangularize the first order symbol

x2A" on the support of y,. With the inspiration from the eigenvector E” of A" in previous
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subsection, we consider transformation matrix () which is homogeneous of degree 0 with

respect to (7,7) and takes the following form on V)

1 wr 0 0000
0 —a"(W+w) U5 0000
0 —a"m” U; 00 00
Q= |0 Wr 0 1000/,
0 wr 0 0100
0 wr 0 0010
0 wr 0 000 1

where the second and third rows of the second column is from the eigenvector E” and the
choice of /I/I?Z?" for i =1,4,5,6,7 is to garauntee that the second column of A"Qf to be zeros

expect for the second and third rows, that is

.
oy inc? inc? _q i _; T T W:l T
T+ Ble,  Bmeny inFy, 0 inF7, 0 —a"(p" +w")
—iFn 0 0 T+ iv'n 0 0 0 —a'm’
0 R L 0 ity 0 0 Wi =0
—iF{on 0 0 0 0 T+ 0 Wy
0  —flbn hhn 0 0 0 T4y W
w7

Note that we can solve the above equations for /V[Z»’" with ¢« = 1,4,5,6,7 at all points in
R? x II. Because all the terms in each equation above have factors of 7 + iw'n or (7 +
iv'n)? + (F7,2 + FI,))n?. Then by cancelling the common factors, we can obtain a linear
algebraic system which never degenerated at any point in R? x II. However I//V\[ defined in
this way is not homogeneous of degree 0, because w” degenerates near its zeros. We will
use x1Q); in following operations of the para-differential calculus, to exclude the frequencies
where w” degenerates. Moreover Us and Us are free to choose, given the matrix Qj invertible.

Here to make the following argument simpler, we take U = 1 and Us = 0 in this case. Thus

X1Q5 is in the symbol class T'9.
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To successively upper triangularize the first order operator A™ in V; - R, we construct

the symmetrizer R which is homogeneous of degree 0 and take the following form on V],

1 0 0 0 0 0 0
0 0 -1 0 0 0 0
Wy oetmt oDy Wy Wy W
Ry=| 0 o0 0 1 0 0 0|,
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

where ¢ equals the determinant of Q5. W7, Wi, W, W§ and WY is chosen to be homogeneous
of degree 0 and make third row of RjA"Qf to be zero except the second and third columns

in this row, that is

wr T T+ 'y —inFT; 0 —ink7, 0
a’m” nOe P p" 0 02 ®"p" FY} 0 N0 @ p" I,
I3 2c7 (01 P7)2 2¢r2(0; 0" 20’“2(81@’“2
_al(pr4w”) D ®Tp" 0 _ inda®"p" Fy 0 _in0a®"p" FY,
_¢& 2c7 (01 D7) 2¢72(0,®7) 2c72(0;97)
A —iFly T4y 0 0 0 =0.
Wy 0 0 T+ 0 0
Wg —iFlyn 0 0 T+ vy 0
w7 0 0 0 0 T+

Similarly as in x1Q}, x1 R can be easily verified that it is in the symbol class I'). With the

above choice of () and R, we can obtain our upper triangularized first order symbol

AT = RAATQy =

@1 —w" = % ‘ 0 i . 0 @1 0 @1

0 0 W RS0 0 0 0
—inFy; 0 0 T 4"y 0 0 0 )

0 0 01 0 T+ 'y 0 0
—inFY, 0 0 0 0 T+ 0

0 0 0, 0 0 0 T4+ 1wy

where ©; is some symbol in the class of I'}, whose detailed expression are not important.
Before we apply the transformation matrix @) and symmetrizer R{ to (3.2.17), It is

necessary to construct the matrix symbol Q" , and R", in I'[' to decouple the incoming

83



modes and outgoing mode in zero order terms. To be specific, we obtain the following

lemma

Lemma 3.2.2. With appropriate choice of Q" and R", in I'[', there is a symbol Dy =
(dij)7x7 in IV satisfying do sz = d3z2 = 0 and

R R TAT — ATQL, Qg+ (02Q5 7" = REALCT — [RT o AT + DoA™, Q)Q5 — Do,
18 a symbol in homogeneous of degree —1 and reqularity 1 on xo = 1. Moreover
R£1]2 = IQQT—lv

where [-, -] above is defined as

1 (0AOB 0AJB
[A, B] == 7 (%E + 8_778_551) ;

for any symbols A and B.

The proof of this Lemma is in the same spirit as the Lemma 5.5 in [20], we just omit the

proof here.

Remark 3.2.3. Actually the above lemma is also true for the neighborhoods V;l)l,

V;’ V1j72
for i = 1,2,3 and j = 1,2, 3,4, if we construct transformation matrices @, ", and sym-

metrizers R, k", in the same way as above.

Then we consider the new unknown

Zt=T" Wt

x1(Qp ' +Q,) P

and denote Q" = Q5 '+ Q", and R" = R} + R",. Then we can obtain

L,0oZ" = LT, oWt + 1T 5,0- Wyt + LT : W,

= LT

+ Y + Y
(82X1)QTWP1 + IQTXlazQ’"Wpl + Tx

1

In the last expression, we know Oyx1 only supports in the place where y; € (0,1) and by
definition this place is disjoint with the support x,,. By the asymptotic expansion of the

symbols, we obtain that

T’Y

(02x1

Wi =R W,
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Recalling (3.2.25) and utilizing the property of para-differential calculus, we can obtain

L, Z" = BT, o0 Wit = T, s Wi = T,

+ _ g +
[x1R",x2.A"] W TX1RTASCT Wm

+TIW* + RoF + R W+

= + + 'Y + + ¥ +
[2TX 32Q5~ 1Wp1 XlR""_ArW + T XlQ’ W XlQTW TX1RT XZAT]W
- TglRTASCTW; +TOYW* + RoF + R_1W+
=T + _ + n
B TXI(RflRoflgT*g"QﬂQo)Z T Z T I2TX 02Q5~ 1W TX1RTATCTW

— T W+ TIW™* + RoF + R.,W™

[x1R" X2 AT]—[x2 A7, x1Q"]

Then by the asymptotic expansion and the support of each cut-off function we can obtain
+_ + + + _ +
[0,2" = TXl(RflRoflﬁ""*g’"Qleo)Z T Z + IQTX 92Q5~ 1QoZ TXlRTASCTQSZ

_ + Y+ +
Tx1([RT,szT]—[mﬁT,QT})QgZ +T7WT + Ry F + R W

Then by using Lemma 3.2.2, we can obtain
Loy Zt =-T" . Z*+ T} Zt + T)W' + RyF + R W, (3.2.26)
X2 A" 0 r

By definition of Z7T, it is obvious that the support of the Fourier transform of Z* is in the

support of x,,. So the above equation can be rewrite into
LW Z T = —T%ZJr —i—TngJr +TOW* + RyF + R W, (3.2.27)
1 0

where 13/1 is the same as A" except replacing w” in each element by @", where @w" is a symbol
of degree 1 with regularity 2 which equals w” on the support of ys, and Zf?vo is an extension
of Dy with ds3 = d32 = 0 in the whole space. Moreover, by a direct computation, we can
easily obtain that w” > cA := c\/m in )V} . This suggests that we can choose the
extension @” such that @" > ¢A in the whole space. In the following context, for simplicity
of the expression, we will drop the tilde on @".

Then we are going to apply the appropriate symmetrizer to the (3.2.27) and obtain the

estimate. By the definition of B;, we note /D/l will degenerate near the pole we look into in
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this case. It weaken the estimate in characteristic part of the unknown, because at the pole
the leading terms in homogeneity is of degree 0 and we can not neglect the effect of the zero
order term. To overcome this difficulty, we consider different symmetrizers for each equation
in the system.

We denote Zt = (Zy,Zy, ..., Z7)" and start from the third equation in (3.2.27), which

corresponding to the outgoing mode of the system,

0 Z3="T"

_wT‘ +le

Z3+ T3, Zs + BizasTg Zi + T)W* + RyF + R.yWT,

o ®" D Py

T
where w" = D152

. For this equation, we consider the following two operators (7,))*T {17
and (T})*T} as symmetrizer, where o is defined on R x ¥ by (3.2.23) and extend the domain
to the whole frequency space R x II by homogeneity of degree 1. Thus o is in the symbol

class T's. We obtain

§R<TJ@223, TXTJZ;)) — %(T/’\YT(;YZ:% T;82Z3> - §R<TXTL;YZ3, T(;YT;er—l-iw’"Z?’)
+ R(TRT) Z3, T) TG Zs) + Lo sR(IRT) Z3, T)TE  Zi) (3.2.28)
+ R(TITI Zs, TYTOW ) + R(TVT) Zs, TYR_\W ) + R(TVTI Z3, T)F)

For the first term on the right, by the para-differential calculus, we have

o —wrtiw”

%<TXTC;Y23, TPYTA{ Z3> — %<TXTJZ?,, TZWFW TXTC;Y23> + §R<TXT;/Z3, R123>
A

By the way extending the w”, we have

§R¥ZC

for some positive ¢ only depends on the background state. By Garding’s inequality, we have
(IR Zs, T ar i TR Zs) 2 | TAT; Zs|[5 = | T Z5]13,
A
For the other terms on the right handside of (3.2.28), we have

1
R(TVT Z3, Ry Zs) < e||TT) Zs||g + EHZ?’H%,V
1
R(INT) 23, T) T3, Zs) < e|T{T) Zs|§ + g||Zg||i7

R(TIT Zs, TITY Zi) = RITT) Zs, Ty, T2 Z) + R(TLT) Zs, RoZs)
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1 1
< e|TiT) Zs |5 + g||TJZi||3 + g||Zz‘||<2)
1

R(TYT) Zs, TYTIW ™) < e||TT) Zs |G + EHT;YWJFH%,V

1
R(TZT) Zs, T)RA\W) < e|T{T) Zs|g + =W [5

£

1

R(TYT) Zs, TIF) < e||T{T) Zs[5 + g||FHiw

where € is a positive number small enough. To achieve the estimate, we need to deal with

the term with x4 derivative. We note

OoR(Zs, (T TIT Zs) = RO(T) Z, TYTI Zs) = R(T,, Z, TYT7) Z) ( |
3.2.29
+ R(T) Z, TITY, Zs) + R(TY) Zg, TYTI 05 Zs) + R(T7 0523, TYTY Zs) .

The last term on the right is what we want to estimate. For first three terms on the right

handside of (3.2.29), we have

1
R(T},, 25, TAT,) Zs) < || TAT7 Zs|l + EHZBH%,V

1
R(T) Z3, T Ty,  Zs) < el|TYT) Zs g + g||Zz||f,7

R(T Zy, TYT) 92 73) = R(ITYT) Zs, T3 05 23) + R(T Z3, RyT02.73).

For R(T)Zs, RyT)0sZ3) above, we can deal it in a similar way as R(T\T) Zs,T)0s73).
Adding (3.2.28) and (3.2.29) and integrating with respect to xq, we can obtain

1 1 )
TR Zslllg + RATY Zs, TIT) Zs) | armo < (C' + E)IHZ:J)HIf,7 + Yig23- (77 Zillls + 112 115)

1
+- (H!Trwﬂﬂiv + [l lls + H\FH\?,V)
By considering
R(T) Z3, T{T) Z3) | wy=0 = WTZ% 17 Zs, TZ% T Z3) | wy=0 + (1) Z3, RoT,) Z3)| 2y =0,

we obtain

1
NTRTI ZalIG + 1T T3 Zsleamolly S 11T Zaleamoll + (C+ DI ZIE, (3.2.30)
1 1 2
+ Seamaz (3205 + 1Z0IE) + = (W15, + (1w [l5 +FI,) -

87



For the second symmetrizer (T )*T), we have

828%<T123, TXZ3> = 2§R<TX23, TX@QZg)

= OR(T) Zs, TT" Z) + 2R(T} Zs, TTG, Zs) + 25120 sR(T 2, TITY, Z:)

w"+iw”

+ 2R(TY Z3, TITYW ™) + 2R(TY Z3, TY RAW ) + 2R(T Z5, T F)
By a similar argument as above, we have

1 1 1
2 2 2 2 2
125113 ., + 1 Zsloa=olly S ClZs I, + 25l + Bz s (CNIZiN , + —H1Zill5)
| ) ) 7 (3.2.31)
+ + 2
o (w5 + w15 + e, )

Then we consider the 1st, 4th and 6th equations of the system (3.2.27) which can be

denoted as
T (21, Za, Z6) " + T4, 23 + T, 27 + T)WT + RAWT = RyF,

where ©; is a 3 x 1 matrix symbol of degree 1 regularity 2, ®, is a 3 x 7 matrix symbol of
degree 0 regularity of 1 and a is a 3 x 3 matrix symbol of degree 1 regularity 2 taking the
following form
T+w'y —inF], —inFy,
a= | —ink], 7T+ 0

—inkY, 0 T+ww'n

We first apply the symbol f{—; € I'Y to the above equation, where a* is the adjoint matrix of

a, and obtain
T)Z; + 14, Z3 + ETgOZi +TIWT + RWT = RyF,

where j = 1,4,6 and a = (7 + iv"n) (( + iv"n)* + (F};* + F,*)n*) /A%, By the way we
construct the cut-off function, ((7 +iv™n)? + (F,* + Fi,*)n?) /A? is not zero on the support

of x2. So we can rewrite

a= (1= x2)a+ xa(r +iv'n) (r+iv'n)? + (F,* + FL,*)n?) /A%
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Because Z1 = T;{l(QoJrQ_nW;’ we have

T’Y

_ + +
D waZi = T o T W= RT) W

(1=x2)a™ x1QF ~ Xpo

The above is from the fact that the support of (1 — x2)a is disjoint with x;Q%’s. Since
o = 0 only at the points wherer 7 4+ iw"np = 0 in the support of xs, we have xo(7 +
wn) (1 +ivn)? + (F1* + FL2)n?) JA? = x200 X (7 + ic). Hence we obtain

T'Y

X2@0><(’Y+icr)Zj + Tg1 Z3 + ZT&OZZ + T:WJF + R,1W+ = ROF (3232)

For the above equation, we consider the symmetrizer (7)))*7)) and obtain

R(T) Z;, TIT” Z3) + (T 25, TITY, Zs) + SR(T) Z;, TITS. Z:)

7 50 T x200 X (y+io) o o
+R(T)Z;, T)TIW Y + R(T) Z;, TJR_ W) = R(T) Z;, T)F).
In the above equality, all the terms except the first one can easily be estimated as follows
W) Z;, T)TQ, Zs) = W(T) Z;, TS, T{T) Zs) + R(T) Z;, R Z3)
Y
1 1
< e 1725 + 5||TXTJZ3||3 + 5||Zglliw
§R<TJZJ‘, TVT’@}IO Zz> - %(TJZJ‘, TgOT'YZZ'> + §R<TJZJ‘, R(]Zz>

g o

< T2 + T2+ -2,
RT; 2, TTIW) < T2+ T W R,
RT 2, T3 RAW) < TIZ 1 + - IW I,
W2, T3F) < T2 05+ I FIR .

for the first term, we have

R(T?Z,;, T)T Z;)

J7 70 T X200 X (y+io)
=R(1)Z;, T;T)deon7+iaZj> + R(1T) Z;, TgOT;Zj> +R(T)Z;, RoZ;).

The last two terms above can be estimated as

1
R(T)Z;, RoZ;) < ev||T7) Z5]|5 + 5||Zj||g,
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R(T)Z;, T3, T) Z;) < C||T) Z]I3,

g

and the first one can be further write into

(T2 Z;, )T o T

7o T x200 " y+io

7)) = R(T)Z;, T o TOT, 0 Zi) + (T Z;, RoTC 10 7).

Jr Fx200" 0 T y+ioc Yy+io I

The last term above implies

R(T7 Z;, RyT

~y+io

Z5) = WT) Z;, RoT] Z;) + YT Z;, Ro T}, Z;)

< ANTZll5+ 77 24115 + CIITY Z3lle,

L
ey
and the first term leads to

R(TYZ;, T o TIT . Z5) = R(TIZ;, T o TITIZ;) + R(TDZ;, T o TITTZ,)

77 T x200" 0 T y+io Jr T x200 0 Ty X200~ 0 "o

= VR(T]Z;, T, 0, RoZ;) + RT3 25, T, 0, TIT2 Z;) + R(T1 25, T 0, T T Z;)

Jr*x200" 7y 0o )1 T x200 0" 0

= YR(T)Z;, T o RoZ) + R(T2Z;, T o T2, T2 Z;)

77 7 X200 7 x200 " ytict o
= YR(T7Z;, T),0,RoZ;) + WT7Z;, T o (rvioy Lo Z5) + V(LT Zj, Ro T3] Zj)

In the above equality, the first and the last terms can be estimate directly by Cauchy in-

equality. For the second terms, we have

R(T7 25, T o0 (yioy Lo Z3) = R(T7 25, 17,15 Z;) (3.2.33)
=WT172;, T;17Zy) + W17 Z;, 0, 10a 15 Z;),
where @ is an extension of xsa to the whole space with |Ra| > ¢y for some generic positive

¢ and in the last term

T I Zy =T TOTT 0T Wh=T17 T o, TITY W+ T& T3 T Wt

(x2a—1)a~o (x2—1)a" o = x1Q7 " Xpy (x2—1)a” x1Qj~ 0 ~ Xpy oa—1)a" Oo~ Xpy

+T)

+
(XQ*l)a g—lTQPQW + T,y

+
(Xzfl)éR_QT;pz wr.

Note that Oy and O_; only support on the support of y; which is disjoint with the support
of (x2 — 1)a. So it is easy to obtain

T 0T8T W =R, W,
T T TY WH=R_ W,

(a-Dat 0-11xp,
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T T ,TOT) WH=R_ WT,

(x2—1)a” x1Q7~ 7~ Xpy

Then we obtain

(xe—la~o

RT3 2, T s TI20) < NTI 2515+ —IW I (3:234)
Moreover, since |Ra| > ¢y, we have
W17 2, TT7 Z5)| > e T 25115 (3.2.35)
Combining (3.2.33), (3.2.34) and (3.2.35), we obtain

1 1 1
T3 Zle < —NZlls + CIT; Zjllo + 211216 + — (ITRT3 Zslls + 11 2113,
. 7 . 7 (3.2.36)
R T2 Z:5 + 1Z:15) + = ITWHIR, + Wl + 1113,

for 7 = 1,4,6. Similar as the outgoing mode Zs, we apply another symmetrizer T to (3.2.32)

and obtain

R(Z;, TIT

X2@0><('y+io’)Zj> + 8%<Zj7 TXT& Z3> + E§R<Z]’, TXT(;OZ»

+ R(Z;, TITIW ™Y + R(Z;, T{R_. W) = R(Z;, T\ F)
In the above equality, the first term

R(Z;, TIT

X200 X (y+io)

Zj) + R(Zj, RoT,

X200 X (y+io)

Zj)

Zj)

X200 X (y+io)

= R(T", Z;, T
A2

x200 % (y+io)

T, Zi) + R 23, Ry Zy) + W2 RoT o i)

For %(TZ% Z;, T)?z@oX(W viny T Z% Z;), similarly as we did above, we have

W7, 2,1, T7,Z) = W17, 2, T, Z3) + R 23, T a7 2,

179 T X200 % (y+io) 3 a (x2—1)a A%

and

(xe—1)a A%

1
2 2 +112
(T, 25 Tl )y %) < ClZilL, +allZll5, + QIIW [P

IR, 2, T, 2)] > el 211

91



Together with the estimate of other terms, which is straightforward, we just list here

R(Z;, RoT"

X200 X

) < ClZIE,

W7, RT3, %) < A2, + 120,
R(Z, TT8,20 < e Z1F,, + 12,
R(Z ITW) < 1206 + 1T W R,
R(Zj, TR AW*) < e9?| 22 + §||W+||3
W2, TF) < P12+ IR,

and obtain

1
2 2 2
WZili, < CllZll, + aHZ:ng,7
. . (3.2.37)
+ 5||Zi||2%,7 + 5—72(||T17w+||21),7 +WEIE+IFIE ),

for y = 1,4, 6, by taking € small enough.
For the fifth and seventh equation in (3.2.27), we have

T'Y

T+iv"n

Zi+ T3 Zs+ XT3, Zi + T)W* + R,W' = RyF,
where j = 5,7. We just follow the similar argument for Z; with j = 1,4, 6 and obtain

1 1 1
NI Zills < —1Z,1I6 + CNTF Zslls + 12515 + — (ITRT7 Zs 5 + 11 Zs]15 )
7 -, 7 (3.2.38)
u 77215 + 1Z:115) + = ITTWHIR, + WG+ 1F1E )

1
2 2 2
W2, < CNZI, + %13,
1 1 (3.2.39)
+ aHZZ-I@,7 + E(HTJWW?W +IWH +I1FIE ),
for j = 5,7. Note that the estimate for Z; where j = 1,4,5,6, 7 are the same. Now we come
to discuss the equation of incoming mode Z5 in (3.2.27)
0oy =T Zo + T4 Z1 + T4, Zs

(3.2.40)
+ 18,27+ T3, Z2 + L2315, Zi + TUWT + RLAW™T + F.
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We apply the two symmetrizers (77))*T7 T and 1 to (3.2.40). For (T))*T] T, we have
A A

(T 25, TYT]0020) = RAT] 2o, TYT] T i Zo) + RATY 20, TI TI TS, 7;)

+ RATY 20, TUTITE, Z0) + Lo sRUT) 20, TITITE Z0) + R(T) 2o, TYTITIWY)

+ R(T) Zo, TIT)RAW ™Y + R(T) Zy, TY T F)
A A
Similarly for outgoing modes, we have

OR(TY) 2o, T T) Zo) = R(TY, , Zo, T3 T Zo) + R(TY Zo, TY T, 7o)
A A A
F R(T 0y 20, TIT Zs) + (T Zo, T T 0575
A A

R(T Zo, TITIT.
A

w"+iw”

Zy) =R(T) Zy, T e T Zo) + R(T)) Z3, Ry Z5),
A
with the following estimate

R(T]

020

2, TIT3 %) < |3 2R + <112l

RT3 22, T}T, %) < <|T3 2601 + 2|

R(T3 002, T\ T3 Z2) = R(T] 170225, T 22) + RAT) 02, BT )
W) 25, Tl i T) Z0) < —|T] 20§

R(T) 25, Ro'%) < T3 2aJ3 + 12613

W5 2, TYTTTS, Z5) = W(T5 22, Ti Te, 15 25) + W(T5 Z2, RoZ;)
< T ZaI3 + 1T 218 + 21213

R(T) 2o, 1] TYT3, Z0) = R(TY 2, T) T8, T3 2o) + R(T) 2o, Rs L)
< AT 20 + 1T 2ol + 120

W2, TV T) TS, Zi) < ellT) Zs 13 + éHTgZin_M + énzillim
R(T) 2, TYTITIW) < S TIZ0 + W

R(T) 2, T TIR W) < T3 ZaJ3 4+ W

1
R(T; 23, T T3 F) < e T2 200 + - | FI
A
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This implies
2 ]- 2 1 2 2
T3 Zallo < RT3 22, TLT3 Z5) =0 + Z M Z2llo + < (T3 Z5llg + 112515)
+ LT 20, + 020 + S (WD ZAI2, + NZP (3.241)
c o “20l1-1 20ll=1,y z¢2,3€ o “illl=1,y il =1, cL.
1 2 2 2
= (2wl + w17, + IE;) -
At last we consider the symmetrizer 1 and obtain

0oR(Za, Zs) = 2R(Zs, 02 Za) = 20U Z2, T})r i Z2) + 20(Z2, TG, Z;) + 2025, TG, Z5)

+ 320 32R(Zs, T%0Z¢> + 2R(Zo, TIW ™Y + 2R(Zy, R_.\W T + 2R(Z,, F).
Also we have

A2

- 2§R<T’Yl ZQ, TZT_H-wr T’yl ZQ> + 2§R<T’yl ZQ, R71Z2> + 25}%<ZQ, R0Z2>-
A2 /A A2 A2 2
and
1
%<TX%Z2, R_125) < 5||Zz||2%,~, + EHZQHQ_%’,Y

R(Z2, RoZ2) < C|| Zs|5
The estimate of the rest terms are straightforward, and we obtain

1 1 1
2 2 2 2
122115 -, < [ Zalas=oll + (C + ) Zallg + = Z5l5 , + iz = ZllZ 1,
2 3 en e 3 ’ (3.2.42)
1 2 2 2 o
+ +
(w2, + W, +0Eiey,)

We consider (3.2.30), (3.2.31), (3.2.36), (3.2.37), (3.2.38), (3.2.39), (3.2.41) and (3.2.42)
and divided them by appropriate power of v to obatin

1 1 1 1.1

;H|T1TJZ3|||§ + ;HTX%TJZ?J:EF()H(% S ;HTJZ?)M:OHg +(C + 5)5
1 1 2 2

+ Zisaa (1172l + 1 Zillo) + (w15, + 1wl + 0., )

2
125l -

1 1 1
2 2 2 2 2
1Z51ls ., + | Zslas—olli, < CUIZSIIT,, + N Zsl%, + Bz (N ZillT, + alllzilllo)
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= (I, + w1 + e, )
MTIZI < NZI -+ CUTIZ + 20205 + = (RT3 Zall + Wl )
L5 (20 +1203) + = (Wl + v I + I,
PNZIE,, < CNZIE, + NI, + SN2,
= (I w1, + w1 + e, )
W7 Zallg < VR(T) 2o, TIT] Zo) o + g|||Z2|||g + g (T2 Z12 + 11211)
+ (I 22, + 120, ) + Seat (IT2Z12,, + 1212
+ (T wlls+ w17, + 1213
2 2
PNZR,, < A1 Zolascol + (€ 4 DPNZME+ DUZIE , + Sivas TUZE .,

2
(w2, 4 P, + I )

“1la
Then adding all the equations above together and taking v large enough, we can obtain

1 2 2 2 2 2 2
NTRT 265 + 2613, + T Z G + N2, + ANTI 2ol + 20201

1
+ ;HTX%TJZ?,\M:OH(% + 1 Zs|2s=0ll3 5 S /Y§R<T;{ZQ7T%T¢;YZQ>|$2:O + 7?1 Z2ler=oll3

_— o N1 o o 2 (3.2.43)
2zl = (W2, + Uz ) + 2 (W I, + I + e )
1
S PRI 22, TY T3 2 aamo 22| Zalaamollh - (T HIIT, + I+ R, ) -
Since, in our setting, v" # v', the point where 7 = —iv"n is not a pole of differential

equation for W~ in (3.2.17). So it can be treated in the same way as in Case 2. Here we

just give the estimate

1 2 2 2 2 2 2
ngXTJZlOmo +1Z0llls -, + 1175 25115, +AMZ5ME A, +AITF Zollo + ’72H|Z9H|%,7
1
+ ;HTZ%TJZmHFOH% + | Z10]22=0ll1,9 (3.2.44)

1
S RT3 20, T1T3 2o} asmo 9 N Zoleamollf + - (ITW I, + IS +IFIE,, )
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where Z~ = (Zy, Z19, ..., Z14) " = T;lQngpl W~ and @' is the transformation matrix for W~

which is defined in a similar way as ". In the above notation, Z3 and Zj, are outgoing

modes of the system and Z, and Zy are incoming modes. So we denote
Zin = (Z, Zg)T, and Zou: = (Z3, ZlO)T‘

At last, we need to use the boundary conditions in (3.2.17) to estimate || Z2|z,=0l|2, || Zo|zs=0l|2,

YR(T) Zo, T1T) Zo) | y—o and YR(T) Zo, T\ T} Zg) | ,—0. However, it is obvious that
A A

YR(T) Zs, T%T§Z2>|m2:0 ST Zalay=olly

VR(T 2o, LT Z9)2=0 S 115 Zoz=oll5-

So to estimate these boundary terms are exactly to estimate T) Z;,|z,—0 and Ziy|z,—0, which
is the same situation as in [20]. So by the same method there and utilize the boundary

conditions in (3.2.17), we obtain
72||Zm|x2:0||(2) + ||T;Zin|as2:0||g S/ HGH%,W + ||Zout|ﬂc2:0||i7 + ||Wnc|m2:0||(2)~ (3-2-45)
Moreover, from (3.2.31), we have

1
!wmmﬂmﬁsxﬁmzmﬁ+;WHMﬁmL+MWWﬁ+Ww@) (3.2.46)

Adding (3.2.43), (3.2.44), (3.2.45) and (3.2.46) together, we obtain
1 2 2 2 2 2
§|HTXTJZout|Ho 1 Zoutllls ,, + MW Zellg + V2N ZeN , + ANTT Zinll + 72||\Zm|!|2%,7
1
+ ;”TZ%T;ZOUAIQZOH(Q) + ||Zout|ﬂc2:0||1n/ + 72||Zin|:v2:0||g + ||TgZin|z2:0”(2) (3'2'47)
nc 1
SUGIE, + 1™ Lacolls + = (ITWIE , -+ W+ I )
where Z, = (Z1, Zy, Zs, Zs, Zz, Zs, Z11, Z12, Z13, Z1a) "
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3.2.4.2 Case 2-roots We want to estimate the part of W+ corresponding to V!, V? and
V3. Here we will just show the details for the differential equations of W™ in V!. For the
other neighborhoods V? and V? and unkown W™, we can obtain the estimate in exact the
same way. Now we consider the cut-off function x,; in I'? for any integer k, whose support
on R x ¥ is contained in the neighborhood V} and equals 1 in a smaller neighborhood of

the curve where 7 = ¢Vin and denote
— +
Wh = W
Similarly, as the previous case, we can obtain

T’Y

TagvinasWer + Ty Wop + TIWT + LW,y = T) F+ R W,

where 7 is in the class of T'{, bounded and supported only in the set where y,; € (0,1).
Then we take two cut-off functions y; and x» in the class I') for any integer k and both with
support in V,;. x; = 1 on the support of x,; and xo = 1 on the support of y;. Similarly, as
the previous case, after applying the cut-off symbol to the differential equation, we can find

the transform matrix @f and ", and symmetrizer R and R", such that
Ly Z' = =T 2 2"+ Th Z  + TIW" + ReF + R, W™,
2

where A" is the same as (3.2.26) in the Case 1, x,QF and x; R are invertible symbols in '),
Q" , and R", are symbols in I';* and Z7 is defined by

+ +
z _Txl(Q6‘1+Q’“_1)WTt’

just as the previous case. Then we do the same extension as the previous case for yo A" and

Dy, and obtain
L0, Z 1 = —T%Z* +T% ZY+TIW* + RyF + RWT, (3.2.48)
1 0

where, in D, " is a symbol in '} and w” > cA', and in D, ds3 = d3» = 0. Then

we consider each differential equation and construct appropriate symmetrizers to obtain the

97



expected estimate. Still we denote Z+ = (Z1, Zs, ..., Z;)T. For the third equation in (3.2.48),

we have

0o Z3=T"

_w’l’ _l'_lw’l‘

Z3+ T3, Zs + Biza 3T Zi + T)WT + RyF + RL,WT,

which is the same equation as the previous case. So we can still take (7))*T\ T} and (T )*T,

as symmetrizer. After the same argument, we can have

1
2
WTRTZ Zslly + 177 T3 Zslao=ollg S 175 Zslar=ollg + (C + g)H!Zzlllf,y

1 1
+ Sisaa (T35 +01Z:08) + 2 (T 11+ I+ I, )
and

1 Zsll13 ., + 1| Z5]ap=ol
5

7’YN

1
2 2
1o S CONZsII, + <1125,

1 1 1
+ B IZI , + NI + = (W, + w15+ e, )

Since in this case the root of Lopatinskii determinant does not coincide with any pole of the
differential equation, we can estimate Z; for j = 1,4,5,6,7 in the same strategy. In partic-
ular, we multiply the 1st, 4th, 5th, 6th and 7th equations in (3.2.48) by some appropriate

matrix symbol in T'Y and obtain
T)Z;+ T} Zs + ST, Zi + TIW* + RL,W* = RyF, (3.2.49)

where |Ra| > cA on the support of x3. So we can do the same extension argument of a as
in Case 1 and obtain a new symbol a such that |Ja| > ¢A. Then in this case, we consider

the symmetrizers (7))*T) and T}, and by a similar argument, we have

1772113 , < CllZliE,

1 2 1 2 1 YIA7+ |12 +112 2
+l1Zl, +22NZIG L + < (1T + W2, + 1R,
and

1 1 1 1
12308, < NZ3l3+ 1268, + S2IZI3 + = (IT2WH R + W2, + [ FIR)
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At last for the second equation in (3.2.48), which is corresponding to the incoming mode of
the system, we can still follow the previous argument and obtain
1 1
2 2 2 2
173 Zallo < RT3 25, TLT3 Z5) =0 + Z 1 Z2lllo + = (N7 25l + 1251l
1 2 2 1 2 2
= (I3 220 1 + N2 ) + Sz (122, + 2R
1 2 2 2
£ (w2, + 1Eg)
and
2 2 1 2 1 2 1 2
1Z2l3, < N Z2lea=ollo + (€ + ) Z2llly + ZWZi} , + BizzaZ N ZillZ s,
1 2 2 2
+ +
= (M, + W, + EIRy,)
Again, combining all the estimate above, dividing them by suitable power of v and taking ~y

large enough, we have
%IIITXTJZ:;III?) HZslls, + NTZZ5 L+ ANZE, + AT Zalls + AN 2l
+ T T3 Bloseall 4 1 Zalal, S YT 20, YT 2o (3.2.50)
+ 7211 Zasoll? +% (w7, + w11 + e,

Similarly, for Z~ = (Zg, Zy, ..., Z14) " = T;(Q6+Q51)T>Zrtw_’ we have

1 2
;|||TXTJZIO|”0 +1Zlls , + |||T<3Zj|||2%,V +ANZI , + T Zollo + 22 H 2ol
1
+ §HTZ%T(;YZN|I2:0H8 + | Z10)es=olli 5 S YR(T Z, T%TZZ9>|x2:0 (3.2.51)
1 2 2 2
1 Zlemolls + = (T + WG+ I, )

We note that just the same as the Case 1, the boundary terms in (3.2.17) can be used to
estimate YR(T) Zs, T;TJZQ) |2a=05 || Z2|zy=0 |2, YR(T) Zy, T%T;Zg”xz:() and || Zg|z,—0||3. So by
the same method in estimating 7)) Z;,, | ,—0 and Z;,|z,—0 and combining (3.2.50) and (3.2.51),

we have

1 2 2 2 2 2 2
;IIITXTJZoutH!o 1 Zoutllls , + N2 Zel , +ANZEN, + YNTD Zinlllg +* 1 Zinll5
1
+ §||TZ%TgZout|m2:0”3 + ||Zout|m2:0||1,'y + 72||Zm‘a:2:0||8 + ||TgZin|m2:0||g (3-2'52)
nc 1
SNGIE, + W Le=olls + 5 (IIITTWIII?W +[IWllg + IIIFIIIiv)

where Z, = (Z1, Zy, Zs, Zs, Zz, Zs, Z11, Z12, Z13, Z1a) "
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3.2.4.3 Case 3—poles Here we will discuss the case of the pole which is not a root of

|2

Lopatinskii determinant. That is the part of W¥* whose frequencies are in V} g

p2?

and V;‘Q. Since those frequencies are alway from the root of Lopatinskii determinant, the

V2

boundary conditions in (3.2.17) provide stronger control on the incoming modes on V, , V3 ,

D2
Vg’z and V;é than on the neighborhoods in previous two cases. So in this case, we only need
to construct one symmetrizer for each equation in the system. We take the neighborhood
V;2 as an example. This neighborhood contains the curve in frequency space such that
T = —1 (v’" +FI2 4 F{22> n which is a pole of the differential equations for W+ but
not for W~. So actually the equations of W~ can be reduced to non-characteristic case.
However, the strategy we discuss here works for both equations of W' and W™, only if the
neighborhood does not contain the points such that w” = 0 or w' = 0. We just show the
details for WT.

First we take cut-off functions x,,, x1 and x2 as the last pole case, pick the transform

matrix (Jf and@” ;, and symmetrizer R and R"; and do the appropriate adjustment of XQ;I’”

and Dy to obtain
L0, 7T = —T%ZJr + Tgv Z¥+TOW™' + Ry)F + R W™, (3.2.53)
1 0
where

+ _ 7 Y +
z _TX1(Q671+Q[1)TX172W ’

and the symbols in the equations are the same as previous two cases. For the third equation

0nZy =T Ty + T3 Zs + Siga 313, Zs + TIW* + RoF + R W™,

w”+iw”
we consider the symmetrizer (T} )*T/T} and obtain

RATYTN Z3, T\ 0o Zs) =R(TTY Z3, T\T” v (e Z3) + RATLTY Z3, T\ TS, Z3)

T R(TIT] 2, TUTS, Z5) + RUTYT] 2, TIT W)

+ R(TTY Z3, T{R AW ™) + R(T{T) Z3, T{ Ry F)
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Using the similar argument and taking € small enough, we have

1 1
1Zsll5., + ||Z3|:c2:0||23,7 S Zslen=oll} , + (g + O 25, + Ez‘;é2,32|||Zz‘|||?,7
1
= (MW, + Il + s )

For the 1st, 4th, 5th, 6th and 7th equations in (3.2.53) , we consider the symmetrizer (T} )*T} .

The argument are quite similar as the previous pole case. We can obtain

1 1 1
Nz, S ClIZl, + ;HZ?)H;W + E;IIZz’IIf,7 + W, + WG+ IFIE )
for j =1,4,5,6,7.
At last for the differential equation of the incoming mode Z,, we take the symmetrizer

T, use the similar strategy and obtain
2 < y 1 2 1 2 1 2
12213, S Y22, T Z2)za=0 + 1 Z2lly + ZWZ5l5, + Bz sl Zillo
1 2 2 2
= (Mzw il + w17, + 1Ews)

Combining the above estimates together, we can have

1 1
NZalIE, +ANZT, + A ZelIE, + 21 Zsleamoll,

1
SR T esmo (T I+ 1WA + 11 )

Similarly, for Z= = (Zs, Zy, ..., Z14) := T T W=, we have

x1Q'” Xp
1 2 2 2 1 2
N Z0ll, + WZIE, + N2, + = Zuolsmol}
1
<2 T esmo+ = (T2 I+ 119411 + 171 )

Therefore, we only need to estimate yR(Zs, T Z2)|z,—0 and YR(Zy, Ty Zg)|z,—0. We de-
note that those two terms can be controlled by || Zm|zy—ol|7,- The estimate of || Zi,|z,—ollT,
can be obtained through the boundary condition, using the fact that the Lopatinskii deter-

minant has a positive lower bound in the open neighborhood V;l. We obtained

1 Zinlas—oll3 o S NGIR o + 1 Zoutloa=oll1 + IW™[ay—oll5.
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Combining all together, we have

1 2
;H‘Zautmzy +7lZel

1
i'y + ’YH‘Zm”ﬁ,y + ;HZout|x2=0”2%ﬁ + ”Zin‘m:O”iy
, , 1 , , , (3.2.54)
S, + IV leacll 4 (T, + (1912 + 0FIE, )

where Zc = (Zh Z47 Z57 Z6> Z77 Z87 lea Z127 ZlS? Z14)T-

3.2.4.4 Case 4—other At the rest of the points, the Lopatinskii determinant does not
vanish and system can be reduced to the non-characteristic form. This is exactly the good
frequency case in [20]. By the same treatment as in those papers, we can construct the
Kreiss symmetrizer. In particular, starting from the original system (3.2.17), we consider
the cut-off symbol x.e =1 — Xp, — Xp» — Xot in ') for any integer k, where Y, is the sum of
all four cut-off functions x,, for the four neighborhood V]il, 1 =1,2,3,4, Xp, is the sum of the
two cut-off functions x,, for the two neighborhood V), and V2 . and X, is the sum of three
cut-off functions x,; for the three neighborhood V:, i = 1,2,3. Since all the neighborhood
above do not overlap, we obtain x,. is also a cut-off function which equals 0 near the root
of Lopatinskii determinant T, and poles of the system Y,. Then we can construct an open
neighborhood V,. which contains the support of x,. but do not contain a small neighborhood
of T, and T, and denote
Wro =T W*, and W, := (W5, W )"

By the same idea in [16, 20], we can eliminate all the components of W= in the kernal of
I; and obtain a differential equation in W7F :=T7 W7, The equation taking the following

form
RWrE =T W+ TgW™ + TYW + RoF + R, W, (3.2.55)

where A = diag{A", A’} and E is a symbol in I'). Same as before, r is a symbol in I'Y which
supports only in the place where y,. € (0,1). Combining with the boundary conditions in

(3.2.17), we can construct the Kreiss symmetrizer as in Proposition 3.1 [16]. By a standard
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argument [16, 20] for a boundary value problem on half space, we can obtain the following

estimate

2 nc
MWrellls, + W ]ea=oll3 ,
2 T 2 2 (3.2.56)
SHGIE, + I Lucoll + 5 (NFIE , + VI + WO )

3.2.5 Proof of the main theorem

Now we combine all the estimates in the above four cases. First we point out that the left

hand side of (3.2.47), (3.2.52), (3.2.54) and (3.2.56) dominate 7|||Wx,, }Hi + 2| W2 |, —oll2,

Xp1
2 2 2
PUIWallg + V2 NWEE Lea=ollgs 72 [[ W, g 72 IWES Lza=ollg and ¥ [[W,. g+ IWES |za=oll3

respectively. We note that

VW, s + UV Leamolld + V2 NWroally + V2 IWES Lea=ollf + 7 [ W, I

nc 2 nc R 2 nc
FPIWE Lea=ollg + VW Wselllg + Y IWRe lea=ollg = Y MWIIG + AW |2n=oll5

Xpo Xre

Adding all these equations and taking ~ large enough, we can absorb ||[W™|,,_o[|2 and
%|||W|||(2) into the terms on the left hand side of the sum of equations (3.2.47), (3.2.52),
(3.2.54) and (3.2.56). So the only thing left with us is to absorb %\HTQW”\?W into the terms
on the left hand side of the sum of equations (3.2.47), (3.2.52), (3.2.54) and (3.2.56). Follow
the same argument in [20, 16], we observe that the support of r in each case is contained in

the following set
{(t,z1,22,6,m) € RS x II; X, € (0,1) or Xy, € (0,1) or Xt € (0,1) or xre € (0,1)}.

Since Xp, + Xps + Xrt + Xre = 1, 7 = 0 if one of Xp,, Xp,, Xrt and X equals 1. Moreover o
only vanishes at some points in the set where x,, = 1 and x,; = 1. Thus ¢ has a positive

lower bound on the support of r and r can be decomposed into

Y, p1 QT 0 = rt QT O
T = Qpy Xpy + reXre T Ap, OX7 Xp1 T Qrt0X Xrts
0 Ql 0 Ql
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where a,,, e, ap, and a,; are some block diagonal symbol in the class T, x}* and x}* are

the corresponding cut-off functions x; in the Case 1 and Case 2 respectively. This suggests

that %H]T;’T/Vﬂﬁ7 can be absorbed by

13, W+ Al R+

o~ Xpy o~ Xrt

2 2
W]\l

Xp2

|

with + large enough. The above sum can also be dominated by the sum of the left hand
sides of equations (3.2.47), (3.2.52), (3.2.54) and (3.2.56) with 7 large enough. Therefore by
adding the equations (3.2.47), (3.2.52), (3.2.54) and (3.2.56), we obtain

nc 1 =112 L=
I ucall < o ({17 + o060, )

and finish the proof of Theorem 3.2.1.

3.3 LINEARIZED PROBLEM: EXISTENCE AND TAME ESTIMATE

3.3.1 Well-posedness of the linearized problem

In this subsection, we show the well-posedness of the linear system which we need in the
nonlinear analysis. First we clarify the details of the linear system we consider. For the
background states U™ and ®"! (3.2.1) defined in the previous section, We assume (3.2.2),
(3.2.3), (3.2.4), (3.2.5) and the compactness of the support of the perturbation U”! and &"*.
Starting from this section, we specify the compact support of U™ and ®"! as, for some fixed

T >0,

Supp(U™, &™) C {t € [-T,2T], 25 > 0,1/22 + 22 < 14 2\nax T}, (3.3.1)

where Apax is the largest characteristic speed of the system (1.0.1)-(1.0.3) on the constant

state U*. As in previous section, by standard method of linearization of the system, changing
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the unkown to Alinhac’s ‘good unknown’and neglecting the zero order derivatives of W, we

obtain

LLU™, v+ = fri 2y >0,
(3.3.2)

B.(V,¥) =g, xe = 0.
Where L, (U™, @) and B, are L, and B’ defined in (3.2.8) respectively. Then we formulate

the linear problem and its well-posedness result in the followng Theorem.

Theorem 3.3.1. Let T > 0, the stationary solution U™ satisfy the condition in Theorem
3.2.1, perturbations U™, & satisfy (3.3.1) and (3.2.2) and the perturbed states U™, &
satisfy (3.2.3) and (3.2.4). There are constants Ko > 0, v9 > 1 and Cy > 0 which do not
depend on T, such that if K < Ky in (3.2.2) and v > v, then for all f' € L*(Ry; H'(wr))
and g € H}(wr) which vanish for t < 0, there exists a unique (V,9) € L¥(Qr) x H'(wr)

vanishing for t < 0 and satisfying

LU erhv+ = fril, t<T, 29 >0,

B(V,¢) =g, t<T, zy=0.
In addition V € C([0,T7; L*(R%)) and we have the following inequality for all v > o and all
te0,T]:

eV |22y + VANV 2oy + IV an=oll 22 ®2) + 191 12 or)
< 0 (Sl Sl + ol )
With the result of linear stability (Theorem 3.2.1), the proof of this theorem is standard

and can be found in [18, 21], where the key part is to find out a dual problem of (3.3.2) and

verify that it also holds the a priori estimate with one loss of derivative. As as in [10, 21],

the dual problem is

(

]L:a(UT’la (I)?",l)*"/;i - f:’l fOT T > 0,
Nl‘./:k‘xgzo = 07
. (3.3.3)
i OUT [0y ®" i
div (l_)TMI‘/*|$2:O) — U710, MTMJ/*‘M:O =0,
00" /0,1

\
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where L (U™, ®"!)* is the adjoint operator of I (U™, &™) and

2 2 2 2
—ctOp —cOip ¢

N = 07 Y ’07 07 07 O’ O? Y ’07 07 070 r2=U>

! ( 2,082@,, 2p(92(I>r 2p62(I>l 2p82q)l | 2=0
0 0 0 0 00O 62p<1>l 0 0 0 0 0O
—% 0 0 0 0 0O —82’04)1 0 0 0 0 0O

-39 2 ) 2

0 2p82<i>f 2p02P, 0000 0 2p821:§l 2p02P; 0000
M, = 0 0 0 0 00O 0 0 0 0000
0 0 0 0 00O 0 0 0 00 0O
0 0 0 0000 0 0 0 0000
0 0 0 0 0 0O 0 0 0 00 0O

Since our system (3.3.2) is symmetrizable, we can easily verify the a priori estimate by the

same calculation as in the previous section.

3.3.2 Tame estimate

Since the estimate we obtained lose at least one order of tangential derivative in the linear
stability, we need to employ the Nash-Moser iterative scheme in the nonlinear analysis.
In this subsection, we derive the a priori tame estimate. To guarantee the argument, we

strengthen the smallness assumption on the perturbed background states as
U, ®)1047 < K. (3.3.4)

We note that [-]; 7 is the sth order norm of anisotropic Sobolev space H?({2y) and the

above condition implies (3.2.2) up to some trivial extension in time variable.

3.3.2.1 Tangential derivatives In this part, we want to derive the estimate on the

tangential derivatives and obtain

Proposition 3.3.1. Let s € N, s > 1, and T > 0. There are two constant Cy > 0 and
vs > 1 which does not depend on T, such that for the system (3.2.9)-(3.2.10) and all v > s,

the following a priori estimate satisfied

VINIW 23 @ry) + W™ 220l

Hs(wr) + ||90HH.57+1(LUT)

1 1 1 . .
< Cs {WHFHLQ(H?Y"'I((UT)) + ;||9||H§+1(wT) + WHWHWLM"(QT”KU? V(I’)HH;”(QT) (3.3.5)

Hﬁ“(wT)}

1 - . .
+ (W™ Les=oll Lo (wor) + ¥ llwroe(r)) [1(U, 8oU, V®) |yl
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Proof. To prove this a priori estimate, we consider the [th order the tangential derivative
DF = 97007, with multiindex 3 = (ap, a1,0,0), | = g + ;3 and 0 < [ < s, of the (3.2.9)

and obtain

A0, DPW + A1, DPW + 1,6,D°W + CD°W

+ Z cy [Dﬂ’AODﬁfﬁ’atW+ Dﬂ’AlDﬁ’ﬁ'&W] — DPF
=1,6'<8

Y o [DPADTFOW - DP A DT o] 4 Y ey [DTCDF W
WB)228'<h (B)>15'<8

where cg denotes a constant number only depends on 8 and 3’. We remark that all the W
terms on the left hand side of the above equation are of the derivative order [ and [+ 1, and
all the W terms on the right hand side of the equation are of the derivative order less that
[. Then by denoting the vector

WO = {0001 W, ag+ay =1},

we can combine all the [th order derivatives of the interior equations (3.2.9) into one system

as
AW + 40w 4 7o, 4 cw® = FO (3.3.6)

where Ap, A; and Z are block diagonal matrices with blocks to be Ay, A; and I, respectively,
F® denotes all the terms on the right of the above equation. For the boundary condition,

we also applied the [the order tangential derivatives to the boundary condition to obtain

bV DPep + by DP9p + MDPW™|,,—g = D’ g+

+ ) e [Dﬂ'Mij*ﬁ'W“ﬂmzo + DOy DP Py + DﬁlbﬁDﬁ”Blw] .
|8'[>1,8'<pB

Then combining all the derivatives of the boundary conditions, we have
BYYY + B 4 M Ome| = GO (3.3.7)
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Similarly as in [21], since the block diagonal structure of Ag, A; and Z, we can easily verify
that the new system have the same leading order derivatives as (3.2.9) and (3.2.10). Hence

it is straightforward to obtain that the the similar estimate as in Theorem 3.2.1, which is

VWOl 200y + WO ool 22 @) + 180 ] 112 )

L. Lo (3.3.8)
< CZ(W”F |21 wr)) + ;Hg [ 111 (wr))-

Now it is left to estimate F® and G which are the right hand side of (3.3.6) and (3.3.7).

First, we have

1D” Fll2(i3wry) < VD Flliziar) + IV D Fllrzr) < Il g

wr))?

1D gl r3or) < N9l i1 -

For other terms, we need first to fix x5, apply Theroem 2.3.2 and integrate with respect to

9. We take ||D5'A0D5*5/8tW||Lz(H% y with 8’| > 2 as an example.

(wr)

1D” Ao (2) D~ OW ()| 113 oy < € (VH)? Ao (2) W (2) [ -1

<C {HAO(QJ"Q)HW%OO(wT)HW(ZU2)||H5(WT) + ||A0(932)HH§+1(W)H@W(i’?z)HLOO(wT)} :

Since Ay is a O function of (U , V®) and [[(U", U")||lw2ec(ap) + (D7, ) |[wocoip <

U, ci)]l(]q,T < K, by integrating the above inequality with respect to x, we obtain

||D/8/AODB_B,8tW||L2(H}/(

wr))

< C(K) {HWHLQ(H}Y(UJT)) + HWHW“““(QT)H(U7 V(.P)HL?(HEle(wT))} ’

Similarly we can show

D% Ay DP=P 0y W || L2113 )
< COR){IW a2t oy + IV o |0, VO o |
D7 €D Wiy < CO) { W sy ony

HW @ | (U, VU, V&, VT8 | o g
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Combining the above three estimates, we have

IFO N2z or < COS) {IFN st oy + IW i oy

HIWllwr o) [ (U, VU, VO, VtanV@)HLQ(Hi“(wT))}
Similarly, for G, we can apply the same technique above to obtain

19 3 ery < CO) {1y + IV L=l + 1Lt

HIW Ly ol r) | (U laa=0, Vi 151 gy + [0 lwr00 o) [ (T, 02U Vd))lxzzollggﬂ(w)} :

At last, combining above with (3.3.8), multiplying the inequality by +*~!, summing over

[ =0,...,s, and choosing 7 large enough to absorb the terms |[W{| 2(#s wy)) s [[W"|zs=0]

and ||

Hs(wr)

HEH (wp) O the right hand side of the estimate by the corresponding terms on the

left hand side of the inequality, we obtain the result in this proposition. O

3.3.2.2 Weighted normal derivatives To obtain the estimate on the normal deriva-
tives in anisotropic Sobolev space, we first need estimate [0, W "°|;_; 5 7. So we rewrite (3.2.9)

as
Lo,W® = Frt — Aptg,w# — Allo,w* — AT i,
Since [, = diag{0,1,1,0,0,0,0}, we have
[0oW 1y < C{[Flsc1471 + [A0OW 52141 + [A10W 521410 + [AdCW 5141} -
Then by the Theorem 2.3.6 and Theorem 2.3.8, we have

[AOW 5150 < [AoW s o < C{I|Aollwrsan [Wlsyr + [Aofsy o [Wlwrean }
[A10iW]saqr < [AW]syr < C{l A [wrsan W]z + [Ad]sq r[[W|wies }
[ACW]so1 40 < CLILAC lwron [W]smn 5,7 4 [A0Clamr o [[W wrasan }-

Since we know Aj' and A}' are C* functions of (U™, V®™!). €™ is a C* function of

(U, VU™, Vot VY drh) which vanishes at origin. By assuming (3.3.4), we have

(400 -1 < € { W + [0, 98] Wy }
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AW 10 < C{IW o + [0, Vo | Wl }

[ACW 10 < C{ Wt + (Dot + (V8L ) IW vncon |
So in all we can obtain
[0 W™ s 1 yr <C {[F]s—lmT + Wlsor + [U, ‘i)]s+2mT||W||W1»tan} : (3.3.9)

Second we want to estimate the sth order derivatives in anisotropic Sobolev space with
some weight on z, derivative. First for the convenience of the proof, we multiply A;" to

(3.2.9) and rewrite this equation in terms of the new variable W := e *W. Hence we have
AW + OW + A AW + A L0, W + CW = A 'F, (3.3.10)

where F' = e "F. Now we consider D? with B = (o, a1, s, k), where we require ag > 1

and 1 < (B) < s. We apply D? to (3.3.10), multiply it by D?W and integrate to obtain

DWW, D°W) + (DPW,8,D°W) + (D°W, A3 4,8, D°W) + (D°W, Ay L9, D° W)
+ (DPW, D (CW)) + (DPW,[DP, A7  A1)osW)) + (D°W, [DP, A7 I,)0,W))
— (DPW, a0’ A7 1,000 0 (005) 2 O\ WY = (D°W, DPF),

where [DP,-] is the commutator. For the terms above, we have

VDWW, D°W) = y||D°W (|72,

(DA, 0,DW) = / 0, ((D"W)T DW) dde = | DT (T) s
RQ

(DPW, A5 4,0, DPTV) = / 31 (DPW)T Ay 1A1D5W> ddt
R2

1 B _
- §<D5W,01(Ao LA)DPW) < C(K) | DPW [ q

(DPW, D (CW)) < || DW 220, + [CW]2,, 1

< COR) { Wiz + W ysaon (1 4+ [0, 92,5, 1) }

(D°W,DPF) < ||D6W||%2(QT) + ||DBF||%2(QT)'
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Since ay # 0, we have DﬁW|x2:0 = 0. So we have

(DPW, A5 L8, DPW) = / 82 (DPW)T Ay 112D5W) drdt
RQ

1 B N
- §<D’BW,32(A0112)D5W> < C(K)|IDPW 2y
For the fifth term, we have

(DPW, an0’ Ay 1,070 07 (00)°> 05 1)
< IDPW[Z2(ap) + CUE)[[07°07 (005)™ 105 W™ 12y
< DWWz qy) + CUE) W™

where [0,W™°];_1 7 can be estimate by (3.3.9). Next we consider the terms involving com-

mutators.

(DPW,[D?, A7* Aoy W)
< DWW o + 3 109 (A7 A D W |2aiq, + > D7 (ATT AN,z

lo/|=1 (B")=2
< COR) { Wi+ W Rysson (1 + [0, V2012, 1)}
<D5W7 [Dﬁv A61[2]82W>

S ID Wlia@p + D 102 (A 1) D W [Fao,y + D (D7 (A L)W o
o<1 (8")=2

< (C(K) {[W];T + [aQWnCE—l,«,,T + W[ 0an (1 + [U, v(b]i-&-Z,%T)} )
So in all, we have

__ 1
NDW a0y + SID W (D)2 e
@) "2 gy (3.3.11)

< CENWIE 0+ W i (L4 [U, V25 7) + [Flsnr}-
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3.3.2.3 Unweighted normal derivatives In this part, we want to estimate the sth
order derivatives in anisotropic Sobolev space with no weight on x5 derivative. That is the

case where ay = 0 and k& > 1 in 3. Then we apply D? = 9% 0% to the (3.3.10) and obtain

tan

v(DPW, DPW) + (D°W,8,D°W) + (D°W, A7' 4,8, D°W) + (D°W, Ay Lo, D W)
+ (DWW, DP(CW)) + (DPW,[D?, A;' A1]o,W)) + (DPW, [DP, Ay 1,)0,W))
— (D°W,DPF),

Here we can use the same technique as in estimating the derivatives with weight on o

derivatives, except the fourth term.

(DPW, Ay 1,6, DPW)

e —~ —~ 1~ —~
= —/ Da ((DBW)TA(;lIQDﬁW) dxdt — §<D5W,82(A51[2)DBW>
—oo JR2

1 —~ . - —~
— _5/ (DPW)T A I, DPW | y—ody dt — 5<Dﬂw,32(,45112)1)5W>.
wr
Again, we know
1 — B — —~
§<D6W782(Aolf2)DBW> < C(K)|D"W |72y

We only left to estimate the integral on wr.

1 — —_— —_—
3 | (D AT DA, adanit < CUR)|D T apcal e
wT

C(K) |05 05~ (F — v AW — Agd W — AW — CW)syol 22y

tan

<C / / Bs|0% OEY(F — v AW — Agd,W — AW — CW) 2y dtdas.

We notice there are at most s + 1th order derivatives of anisotropic Sobolev space in the

above integral. So by apply the similar strategy as in previous case, we can obtain

__ 1
NDW a0y + SID W (T[22
@) "2 gy (3.3.12)

< CENWIE 0+ W i (L4 [U, V25 7) + [Flsnr}-
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3.3.2.4 All deriviatives Combining (3.3.5), (3.3.11) and (3.3.12) and the definition of

the anisotropic Sobolev space, we obtain the following theorem about the tame estimate.

Theorem 3.3.2. Let s € N and T > 0, the stationary solution U™ satisfy the condition
in. Theorem 3.2.1, perturbations U™, ®™ satisfy (3.3.1) and (3.3.4) and the perturbed states
Umt ®m satisfy (3.2.3) and (3.2.4). There are constants Ko > 0, 75 > 1 and Cs > 0 which
do not depend on T, such that if K < Ky in (3.3.4) and v > ~s, the following a priori

estimate satisfies

VAV s + V™
<c, {[f’",f]s+1w+ ol

H(wr) + 10 s o)
oy + (U7 o + g3t ) [0, Dssanr }

(3.3.13)

where VE and 1 satisfy the linear problem (3.3.2).

Proof. By adding (3.3.5), (3.3.11) and (3.3.12) together, we have

ﬁ[W]s;y,T + ||Wnc|x2:0| Hs(wr) + ||¢| Hf,+1(wT)
< C(E) {[Flusr iz + o]

1, .
+ (W™ ay—oll 2o (wr) + W llwre o)) 1T, 02U, Vo]

137 ) F AW llwrean (U, VO apa 5 p

Hi“(wT)}

To absorb ||W ||y, |[|[W"| 4,0/ Loo (wp) and ||th]|w1.ee(wyy on the right, we take s = 5 and

obtain

ﬁ[W]5,7,T+\|wncrm:o||H5 ory + 1950y < CO) {[Flonr + st

W lwren[U, VB]7 00 + = . (HW“\M oll oo wr) + W] lwree o)) |!U,82U,v<i>rx2:o|\Hs<wT>}-

Since ||W||wrtan < [W]5,7, and we assume HU,GQU, Vci)’$2=0”H$(wT) + [U, Vq"]m,T <
[07 Vd)ho,y,T < Ky, we have

VAW s+ IW ™ gzl 1300y + Il ey < CUR) { [Flosir + gl mgion) }

Putting together, we have for s > 5,

Hs(wr) + Y]

VAW ]y + 7 15 o) S CUO) {Flust e + 19 2

+ ((Flor + HgHHs(wT)) (10, Vlsanir + 1T, 0, Vlasoll g ) }
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< CU) {[Flosaie + l9ll g+t opy + ([Flonir + N9lsior) ) 10, @srar }

Since from (3.2.9), we know W=+ := T-'V* and F"' = AY'T~"f". Thus we obtain

V]sey € CO) (T llwsoss Wiz + [Tl W oo
< CUR) { Wl + W oo [0, V0§

IV |yl

sir) < CU) { Wl

Pl < COO) { e + |l [0, V8l

H(wr) T HWnC|fE2=0“L°°(wT)”U’ vtan(i)‘zz=0|

ny(wT)} )

Combining all above, we obtained (3.3.13) in the theorem. O

Remark 3.3.1. The estimates in Theorem 3.3.2 is an a priori estimates, in the sense that
given a smooth solution (3.3.13) holds. Morevoer by Theorem 3.3.1, if the sources terms
(f,g) are in L?(H(wr)) x H'(wr) and vanish in the past, the linearized problem (3.3.2) is
well-posed. Following the argument in [10], Theorem 3.3.1 can be extended such that given
sources terms (f, g) are in H*"7(Qp) x H:*'(wy) and vanish in the past, there is solution

(V,) € H3Y(Qp) x H: ! (wr) to the linearized problem (3.3.2). Thus (3.3.13) is satisfied

for this solution.
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4.0 NONLINEAR ANALYSIS

In this chapter, we will construct nontrivial solutions to the nonlinear system (3.0.6)-(3.0.7),
from the linear analysis we did in the previous chapter. First we will construct approximate
solutions from a particular class of initial datas. With these approximate solutions, we can
formulate an nonlinear problem with zero initial data. By iteratively solving the linearization
of these nonlinear problems as in Theorem 3.3.1 and updating the approximate solutions,
we can obtain a sequence of solutions. At last we show the sequence of solutions converge

to a solution to the nonlinear system (3.0.6)-(3.0.7).

4.1 MAIN RESULTS ON EXISTENCE AND NONLINEAR STABILITY

Before we go further into the discussion, we give the existence results as follows:
Theorem 4.1.1. Let T > 0, o € N with o > 15 and the stationary solution U™ satisfying
one of the following two conditions

(i) 0" >2c(p)* + Fy + i,

(i) v < FL+FL  but

_ _ _ _\2
(\/F121+F122+C(_)2_\/F121+F122>

7,éFn"’Fl% —27&
4 b
@27&F121+F122+C(,5)2 @27&(F121+F122)( +F121+F122)
4 ’ 4(F11+F12+C(P>)

Assume that the initial data (U5, o) have the form
Ut =U* + U,
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with Uy € H2*+157(Qr), ¢o € H20%1%(wr) and being compatible up to order o + 7 in the
sense of Definition 4.2.1 (see the next subsection). Assume also that (U, oF) have compact
support. Then there exists § > 0 such that if [Ug)ami1.. + ||@ol|gzmse < 0, then there exists a
solution U* = U* + U*, &+ = +a, + &F, ¢ satisfying (3.0.6), (3.0.7),

U:t|t:0 = Uéta S0|t:[) = Yo,
82<I>+ >k, 0P <k, \V/(t,l’l,l‘g) S [O,T] x R x R+,

on [0,T), where k is some suitable positive constant. This solution satisfies (U, %) €

Ho1((0,T) x R2) and p € H*((0,T) x R).

4.2 APPROXIMATE SOLUTION

4.2.1 Compatibility condition for the initial data

Let m € N. We will start from the initial data Ui = (pgi,vac,u(jf,Fﬁ7O,F2i170,F1i270,F2i270)T
such that USE = U* + Ugt, and ¢o. Our object is to prescribe necessary conditions on
the initial data for the existence of smooth solutions in nonlinear system. First we assume

U € H?"(R2) and ¢y € H*™"*(R) such that

Supp U;" € {;Eg >0,y/a3 4+ 23 < 1} ., Supp ¢ C [—1,1]. (4.2.1)

For the initial change of the variable & = x5 + <i>(jf, we can construct @?{ by extending
o to the whole spatial damain R? by Proposition 2.1.1 such that & = &; € H2"+3(R2),

ci)EHJJQ:O = ci)a|3ﬁ2:0 = ®o and

[¢0i]2m+3,* < Cllwoll zrzm+2w)- (4.2.2)

Up to multiplying the extension of @, by a suitable C'*° function with compact support, we

may additionally assume
. 1
Supp CIDS—L € {xg >0,4/22 + 22 <1+ ékmaxT} ) (4.2.3)
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Moreover, by taking m > 2 and ¢, small enough, we have

De®f > =, 0Py < —=. (4.2.4)

ol
ool 3

Now we are going to introduce the compatibility conditions on USE, (iD(j)E and 1. As in

the classic approach [13, 21], we define

atq.)j:‘t:() = —Ué@ﬁl%t + U(:)t,

GtUi|t:0 = —Al(Uét)alUét - ——T
Then we could iteratively define 9'U* |,y and 9!®*|,—y for I € N. We denote
Ul:t = aéU:t‘t:(), (I)l:t = ai(i)i’t:().

So as in [21], we could rewrite Uli and (ID;E into the following forms:

dF = F,_,(UE, 0,07, 0,07), (4.2.5)
Ut = G(UE, 0,0, 0,97), (4.2.6)
Ui = Hi(Uy, 105, 005, 0,95, 0,95), (4.2.7)

where F;_1, G; and H;_; are nonlinear functions of order < [—1, <[ and < [—1 respectively
in the sense of Definition 2 in [21]. Hence we could treat F;_;, G; and H;_; as parts of the
lth, | — 1th and [th order derivatives of some C* nonlinear functions respectively. By the

estimate in anisotropic Sobolev norm for C'* nonlinear functions, we obtain:

m m+1
> [Uam-syere + > _[Pilam-iy+ss < C ([Uo]2m+1,* + ||s0||H2m+2> : (4.2.8)

=1 =1

Moreover we have

. 1 .
Supp <I>fE € {xg >0,4/22+ a3 < 1+§)\maxT}, Supp UljE € {xz >0,4/22 + 23 < 1}

We introduce the definition of the compatibility condition of our initial data as follows:
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Definition 4.2.1. Let m € N with m > 2, Uy = (p5, v, ui, Fiio: Foio Fisor Faz) | such
that Uf = U* + U with U* € H>™1(R2) and p, € H?"2(R) satisfying (4.2.1). Moreover
dF = £, + OF constructed as above satisfy (4.2.2), (4.2.3) and (4.2.4) when ¢y sufficient
small. At last let

81¢§Fﬁ,0 - FZjiO = OJ alq')(TFlig,o - F2i270 =0 (429)

Then the initial data is compatible up to order m if the traces of the functions Uli,...,

Ur, &F,..., &F | which is defined as above satisfy

(D — D7) |ayeo =0 for 1 =0,1,2,....,m, j=0,1,....m —,

R = P )agmo =0for 1 =0,1,2,....om—1, j=0,1,....m—1—1,
and

. . d
/ 051 (B — &7 ) Pdry =2 < oo for j=0,1,....m+1,
R

2 T
+

y d _

/ 105" (p — ,051_)\261381ﬂ <oo forj=0,1,..m.
R2 T

2 2
4.2.2 Construction of an approximate solution

Now we are going to construct an approximate solution. To simplify the notation, we
denote the pair (IL(U*", &), L(U*, ®*7)) by L(U?, ®*). The properties of the approximate

solutions have been listed in the following lemma.

Lemma 4.2.1. For the intial data (Uo,(i)o,g00> given in Definition 4.2.1 with Uy and pq
sufficient small , there are some functions U®, ®* and ¢® such that U*—U = Ue e H™(Qr),
dUE T gy = dF € H'2(Qp) and * € H™ ' (wr) and such that

HL(U®, @Yo =0, forj=0,...m—1, (4.2.10)
9P 4 198, P — u® = 0, (4.2.11)
FL0,9% — F& =0, (4.2.12)
FL0,0% — F% =0, (4.2.13)
P = O |pymg = OV |1ym0, (4.2.14)
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B(U%g,—0, ©) = 0. (4.2.15)

Moreover,
(U ms1 e + [t + |0 mrmst gy < € ( Uolame1, + ||S00||H2m+2> ; (4.2.16)
V(1) €Q, B0 (t,x) > % o0 (1, ) < Z (4.2.17)
and the supports of these functions:
Supp (U“,(ﬁ“) C {t €[-T,T),xe > 0,4 /a3 +23 <1+ AmaxT} ,
(4.2.18)

Supp o* C{t € [-T,T),z1 € [-1 — Mpaa T, 1 + Anaa T} -
Proof. Since the compatibility condition, following the standard argument as in [21, 43, 72|,
we can choose (p, 0%, F%, F%) € H™(Qy), ®* € H"+?(Qy) such that

0 (p", 5%, By, Fy)emo = (py, 05, i g, Froy) € HAMITH(R2), for j=0,...,m
(D) |10 = (®,) € H2m=DT3(R2), for j=0,...,m+1,
and

(pa+ ot F1al+7 Fa+)|$2:0 - (pa_’ Da_7 Flal_’ F1(12_)|$2:07 ci)a+|902:0 = ci)a_|$2:0’

Up to multiply a Cg° fuention, (p% 0%, F%, F'%) satisfy (4.2.18). Next we define

P = Oy = B[, € HT(R?), (4:2.19)
Wt = 0,9 + v2 0, d* € H™H(Q), (4.2.20)
F = 9,0 + F40,9% € H™(Q), (4.2.21)
Fg = 0,0 + F%0,* € H™H(Q). (4.2.22)

Obviously ¢® and (%, F$,, F%) also satisfy (4.2.18). Moreover we can verify (4.2.11), (4.2.12),
(4.2.13), (4.2.14), (4.2.15). From the definition of ®; and (4.2.9), we have

8{(1’4“, F2al, F;2)|t:0 = (7:11]‘, Fgl,j, FQQ’J’) S Hf(m_j)—’_l(Ri), for j = O, ., (4223)

Combining with definition of U;, we obtain (4.2.10). At last (4.2.16) and (4.2.17) is following
by the continuity of the lifting operator in [72], Sobolev imbedding theorem and smallness
of the initial data. O
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At last, we use the approximate solution to reformulate the original problem into a

nonlinear problem with zero initial data. First we define

—L(U*, %), t>0
fo= . (4.2.24)

0, t<0

From the above Lemma, we have f* € H™ 1(Q7) and

Suppf® C {t €[0,T],m0 > 0,4/22 + 22 <1+ )\maxT} , (4.2.25)

Tt < & ([Dolamare + lpollonsz ) (4.2.26)

where £(+) is an increasing function vanishing at origin.
It is obvious that (U, ®) = (U* &%) + (V,¥) is a solution to the nonlinear system, if
V=Vt V"), U= (U ¥) satisfying the following equations

(’C(‘/a ) =1, in Qrp,

EWV,U) =0 ¥ + (v* +0)" V¥ —u+ v, ®* =0, in Qrp,

(Ffy + F11)00V — Fyy + F1,0,9° = 0, in Qrp,

(Ffy + Fi2)00¥ — Fyy + F120,9* = 0, in Qp, (4.2.27)
Um0 = ¥ |ey=0 =: ¥, on wr,

B(V|]zy=0,v) =0, on wr,
\(‘/7‘1’):07 for t <0,

where

LV, 0) :=L(U*+V,®" + ¥) — L(U", ),

B(Vl.’DQ:O’ 77Z}) = B(UalaCQ:O + V|x2:07 Qpa + ¢)
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4.3 DESCRIPTION OF THE ITERATIVE SCHEME

As we showed in the last section, with the approximate solution, we actually just need to
solve a nonlinear system with zero initial data. Now we illustrate how to solve this nonlinear

system.

4.3.1 The smoothing operators

Before we go into the details of iterative scheme, we introduce the smoothing operator we

need to use. As in [13, 21, 72|, we have

Proposition 4.3.1. There exists a family of smoothing operators {Sp}e>1 acting on the class

of functions in H: (1) and vanishing in the past such that

[Souls . < COP~ oy 1, o, >0,

[SGU - u]ﬁmT < Ceﬂ_a[u]amTa 0<B8<q,
d

[@Sgu]ﬁ,%T < Ceﬁ_a_l[u]amTv a,B8>0,

where C > 0 is a constant depending on « and 3, and (8 — )4 := maz (0, 3 —a). Moreover,
(i) if U = (ut,u™) satisfies u™ = u™ on wr, then Spu™ = Spu™ on wy, (i) the following

estimate holds:

1St = Spu™)ea—oll 5y < COPH [ (1™ — 1) ag—oll s ()

4.3.2 Iterative scheme

Now we are going to describe the iterative scheme for solving the nonlinear system (4.2.27).

We start from
Vo=0, ¥g=0, 9o =0.
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Then we want construct V11, ¥V, 41 and 9,1 from V,,, ¥,, and 1), for n > 0. This can be

done by considering
Vn+1 V + 5Vna \Iln-i-l \I]n + (5\117“ ¢n+1 = wn + 5770717

where we require

Forp = (FYy + So, F11,)0150, Vi, + Sp, F11,£01 D7, (43.1)

Foo . = (FYy + So, Fio,)0159, Vi, + Sp, Fio,01 D7,

for any positive integer k.

Specifically, we decompose

LVt Upit) = LV, U) = L(U 4 Vpyy, 8 4+ U, 1) — L(U 4V, & + 0,,)
=L (U*+V,,®*+¥,)(0V,,0V,) +e

where ¢/, is the quadratic error. Similarly, for the boundary operator we have

B((VTL-H) |x2:07 @Z)n-i-l) - B((Vn)leZOa ’an)
= B'((U" + Vo)laa=0, " + ¥n) ((0Vi)|za=0, 6%n) + &,

where €/, is the quadratic error. To solve the linear system, we expect the coefficients of

linear operator to be smooth and satisfy (3.2.4). So we would modify the system as follows

E(VnJrl; ‘I]nJrl)_L(Vn; \I]n>
= L(U" + Viyiy, ®* + Uy ) — L(U" + V,,, d° + T,,)

=L'(U* + Viy1/a, @ 4 S5, 9,,) (0V,, 09,,) + €, + €,

(
L'(U" 4 Vigay2, 4 + Wi1/2)(6V,,00,) + €, + € + e,
B((Vais1)laz=0, ¥ns+1) = B((Va) lap=0, ¥n)
B'(
B'(

B’ (U +Vn+1/4)‘zz 0, P + Sp, ¥ ‘I2 0)((5Vn)’x2=0>(5¢n) +é%+5z

=B (U + Vn+1/2)|ccz =0 90 + ¢n+1/2>((5vn)|x2:07 (W)n) + é;t + é;: + é;;/v
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where V;,11/2, Wpq1/2 and 9,412 are the qualified states whose details are included in the

last section and

+ + + + + + + +
Vn+1/4 = (80,90 S0,V » SGnUwSGnFn,m F5i SOnFm,na F22,n)

Moreover, we rewrite the system into the ”good unknown”:

&2 (U + Voy12) (432)
"82 ((I)a + \Ijn+1/2) ’ o

SV, =48V, — oW

and obtain

LVii1, V1) — LV, W) = LU + Viga)2, @4 4 Uppq/2)0V,

50
n O (U + V1 jo, B + U, ,
0(D* + U,y o) AL 4+ Va2, @ 4 Wi o)}

/ 2 n
+e,t+e,+e, +

B((Vn—H) |x2:07 ¢n+1) - B<<Vn) |172:07 ¢n)
=B,(U* + Vis1/2)|za=0, ¢ + ¢n+1/2)(5vn\x2:07 dbn) + €, +ér+er.

To guarantee the convergence, we require

;

]L/e(Ua + Vn+1/27 O + \Iln+1/2)6vn - fn in QT;
B/n+1/2(5vn|mgzoa 0tn) = Gn on wr,
6V, =0, &b, =0 for t <0,
\

for some f, and g, we will determine later. However because of (4.3.1), the above system

cannot holds in general. So we consider

£<Vn+1a \Ijn-‘rl) - ‘C(an \Pn) - Lé(Ua + Vn+1/27 o + an+1/2)Xn

—Lo(U* 4+ Vigay2, @ + W1 )0) Xy, + Lo(U® 4 Vigr 2, @ + Wiy 2)0V,,
ov,,

O IL(U® + Vo1, B+ U, ,
05(D* + U,y 2) AL 4 Va2, @ 4 Wi o)}

/ " n
+e,t+e,+e, +

B((Vis1)lza=0, Yns1) = B((Va)lzo=0, 1)

= BL((U" + Vis1/2)|a=0, 0" + Vnt1/2) (Xnles=0, Tn)
(Xnlea=0, Tn)
(

)
—BL((U* 4+ Vig1/2) |z=0, * + Vny1/2)
) Volzs=o, 0n) + €, + € + &

+ B;((U“ + Vn+1/2 |$2:07 90(1 + QﬁnJrl/Q)
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Here (X, z,) will be solved from

)
L, (U 4+ Vig1/2, @+ Wi12) Xy = far in Qr,
]B;+1/2(Xn|x2=07 Tn) = Gn on wr, (4.3.3)
Xn=0, 2,=0 for t < 0.

(

Then we choose (6V},, d1p,) which is close enough to (X, x,,) such that (4.3.1) holds. Specif-
ically we take (5Vn, 0y, equals (X, z,) except for the components 5F217n and 5F22,n

Now we specify the choice of f,, and g,. we shorten the notation as

e,
Do (P + Wpy1/2)

;L+1/2 = LL(U* + Vg2, @4 4+ Upi10),

Diy1/20Y,, OAL(U" 4 Vig1y2, @ + Wp10) )

]B;L+1/2 = B;((Ua + Vn+1/2>’$2=07 (pa + ¢n+1/2)7
en =€, + e+ e + Dyp1p0U, + 1L, 16V — Xo),
En = Ep + )+ e+ B, n(6Vi — X, 600y — @),

To correct the errors between linear and nonlinear system, we iterates as following. Assuming

we have
‘/0:07 \110207 ¢Ozoa
Jo:=Se, % g0:=0, Eu:=0, Eo =0,
‘/iv"')Vna qjl)"'v\II’rLa ¢1a"'7wn7
fl)"‘afn—h 915+, 9n—1,

€0y ..y €En—1, €0y -y En—_1.

Then we compute for n > 1

3‘
fay
3‘
—_

E, = e, FE,:= €k
0

B
Il
o
b
Il

Next we take the source terms f, and g, for (4.3.3) to satisfy

> fet So.EBn=S0.1% D gk + S0, B =0. (4.3.4)
k=0 k=0
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and solve the linear system
Next we need to construct dW,,, which allows us to compute V,, 1, ¥,,11 and ¢, ;. From

the boundary condition we know

a,%s@n -+ (Ua+ + U:+1/2)|x2:0815’¢n
Do (v + U$+1/2>’:v2=0 Oo(u™ + u:zr+1/2>’w2=0 } 51

+ {81(90a + Ynt1/2)

+ 01 (@ + Ynt12) (00 ) zamo — (00 ) |2om0 = G2,
3#51% + (Ua_ + U;+1/2)|x2:03151/1n

82 (’Ua_ + U;+1/2)’x2=0 a2 (ua_ + u;+1/2)’x2:o

+ {31(§0a + Ynt1/2)
+ 01 (" + ¢n+1/2)(513;)|x2:0 — (0%, )|29=0 = Gn2 — Gn,1,

where g, ; is the ith component in vector g,. We always expect expect the change of the
variables and the background states satisfying the eikonal equation, which is consistent with

the boundary condition. So it is natural to construct 6V, by solving

00y + (V" + o ) 0100

o (v + U++1/2) o (u™ + u++1/2)
+ 4 01 (" + Uy, - — - SU T 4.3.5
{ 1(90 v *1/2)32(@% + \Ij:+1/2> a2<q)a+ + \IJ;:H/Q) ( )
+ (@ + ns12)00, — 6ut = Rergno + by,
oW, + (V7 + v, p)0000,
DV + v, O Fu, )
+ S 01 (0" + Ynsry2) BT - SU (4.3.6)
{ Y Op(P2~ + \Ifn+1/2) Do (P~ + \Ijn+1/2)

+ al (Qpa + wn+1/2)51‘}; - 5“1; = RT(gn,Z - gn,l) + h;

Since the extension operator Ry is chosen arbitrary, we add h to correct the system. Now

we determine hE. First we decompose the second equation in (4.2.27) as

S(Vn—i—la \Ijn-‘,-l) - S(Vny \I/n) = gl(VnJrl/Za \I[n+l/2)(5Una 5\1[71) + é{n + é;; + é;—zl
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Similarly as the interior equations and boundary conditions, we denote

n—1

5 N N N r; N
éni=¢,+¢€,+¢e,, BE,= Ck-

(]

k=0

With the good unknown, we have

g/(vn+1/2> \Ijn+1/2)(5Una (5an) = 00, + (Ua + Un+1/2)815\1}n

Do (v + Vpy1/2) Oa(u® + Upy1/2)
¢ - 0w,
+ {81«0 + wn+1/2)62((1>a + \Ijn+1/2) aQ(q)a + \I/n+1/2)

+ 01(p" + Vny1/2) 00y — Oty

Then we have
g(vn—i—_i—h \Ij:—i-l) - g(vn+7 \I,’;z‘_) = RTgn,2 + h:; + éj{

Adding from 0 to n + 1 and keeping in mind £(VyH, UF) = 0, we have

E(VAL W) = R (z g> Y4B,
k=0 k=0

=Rr <B(Vn—:—1|a?2:07¢n+1)2 - En+1,2> + Z h + Bl
k=0

where B(V,!1]s,=0, ¥nt1)2 is the second component of the vector B(V,|;,=0, ¥nt1). Since

we need the eikonal equation £(V,',;, Ut ) and the boundary conditions B(V, ; |z,=0, ¥n+1)2

are consistent, we just need to assume
n
> b+ Sp,(Ef — RpEy2) =0
k=0
Similar, for A, , we have

> by + 8o, (Ey — RrEna + RrEyy) =0
k=0

We could check that the source term h,f vanish in the past and on the boundary of the

domain wy. With this choice of hE, we could solve the change of variables dU:.
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To end this step and start the next step in the iteration, we only need to estimate e, €,

and é,. These error terms can be computed from

(

‘C(Vn+17 \I]TL+1> - £<Vn7 \I[n) - fn —+ €n,

EVE LU )V —EVFUH) = Rpgno +ht +etf,
< (Vo Vo) ( ) TYn,2 (43.9)
g(vn_—&—h \IJ;—H) - E(Vn_7 \I’;) = RT(gnQ - gn71) + h; + é;,

B(Vn+1|fv2=07 wn+1> - B(Vn’m:()? z/)n) =0gn T En-

\

If we sum the above systems from n = 0 to N, we have

LVni1, Ynir) — fC=(Soy — 1) f*+ (I — Soy)En + en,

EVNi1, Vi) = ReB(Vy i lea=0, ¥ng1)2 + (1 — SQN)<EA1: - RTENJ) + &y — Rréng,

EVasn: Yair) = ReB(Vi i lesm0, ¥n1)2 + (I = So ) (B, — Re(Ene — Eny)) + éy
—Rr(énz2—€nn),

B(VN+1’w2=O7¢N+1) = (I - SGN)EN + éN'

Since Sy, — I and we expect (en,én,€nx) — 0 as N — 400, we can formally obtain
L(VN+1,Unt1) = [ B(Viilas=o, ¥n11) = 0 and E(Vy1, Unta) — 0 as N — +oo.
4.3.3 Basic estimates

In this subsection we present some necessary results in proving the convergence of the it-
erative scheme. First, we introduce the following estimates in the second derivative of the

system.

Proposition 4.3.2. Let s € N and T > 0. We assume the perturbations U and ® satisfying
[Ua Cb]7,'y,T S Ka

where K is a fived constant. Then ,for any v > 1 and (V', V"), (V" U") € Hj“(QT) we have

the following a priori estimates
LW, ®) V', W)z < CO) IV Wiz + [0, @a V', W }
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L0, @)V, W) (V" 9z < CU) {0, DlssznirlV, e[V, W10
VW 2V 0 N 4+ [V WtV 920

& (V! W)V Wi < COOAV Dot l¥ i + V] 19 st100

AV 100V s + [0V ]shr}

If (W' "),(W" ") € HS(wr) x HS™ (wr), we have

[B" (W, ") (W, ")

ttor) < CUS) LW s om 10 13

HIW k20 191

1 wpy T IW @ 19 | 53 @r) + (W | 2 gor) 1¥] H§+1(WT)} :

Here C(K) is some constants, only depending on K.

The proof of this proposition is a direct use of Theorem 2.3.2, Theorem 2.3.6 and Theorem
2.3.8 and embedding theorems. We omit the proof.
Second we want to derive a priori estimate dW,, which we constructed in (4.3.5) and

(4.3.6). We take (4.3.5) as an example and denote it in terms of 60, := ¢~ 78V, as following
VO, + 0,00, + a1010W,, + a0V, + aze "V, = e "Rygna +e "hi,

where a1 = v*+vp41/2, a2 and ag are smooth functions of V(®*+W, 14 /5) and V(U*+V,41/2).
For multi-index 3, we apply D” to the above equation, multiply it by vD” 5, and integrate

on )7 to obtain

VD8, DP6V,) + (D8, ,D°6V,) + v(D’8V,,, a10, D’5,,)
+ D8V, as D°8V,) + v(DP8W,, as D’ (e *6V,)) + (D?8W,,, [D?, ai]0,6W,,)
+ (D80, [D?, as]6V,) + (D5, [D”, asle "6V,)

— (DP§W,,, DPe " Rygn.) + (D60, DPe " h).

By a similar treatment as for the a priori tame estimate in linear system, we can easily

obtain, for s > 5 and v > 1 large enough,

o8 [5\Ijn]§,'y,T < O(K) {[5Vn]§'yT + [5\Dn]§,w,T[UCL + Vas1/2s " + \Ijn+1/2]§+2,'y,T

+[5Vn]§,%T[q)a + ‘Ijn+1/2]§+1,7,T + 1191 ?g;—l(w) + [h]i,%T}

128



Taking s = 5, using suitable embedding and estimate of 6V, , we have

NoWnlsr < CO) { [Flosr + N9 gry + (W2 } (4.3.10)
So combine with the a priori tame estimate we obtained before, we have

VAViJat + 0%l + 16905 oy < O { U lavrar + 19055 o)

o (4.3.11)
s+ (flonr + 19l msor + Blsar ) [0, srar )

4.4 CONVERGENCE OF THE ITERATIVE SCHEME

In this section, we want to show the convergence of the iterative scheme by prescribe some
statement on each step. Then we will show that the statement of one step is implied by
the statement of the previous step, which eventually leads to the completeness of our main
result.

Before we introduce the induction scheme, we define a sequence of parameters (6,) as

follows:

6)0, Qn = \/98"‘”.

Then we denote A, := 6,41 — 0,. It is obvious that the sequence (A,) is decreasing and

tends to zero. Moreover

VneN, — <A, <——.



4.4.1 Induction scheme

By takeing the initial data small enough, for any ¢ > 0, we can obtain

Ut + [ @i + |9 rmsr + [f 10 < 6. (4.4.1)

Here we can choose m large enough to guarantee the proof can be justified. Specifically, we
choose m = a + 3, where & is the parameter in the following inductive statement.

When we have solved the linear system for (6V,,_1,dV,,_1, 31, 1), we claim:

(

a) Yk=0,..,n—1,Vse[7,a]NN,

[0V, 05y + |00k

e < 80 IA
b)) Vk=0,...n—1Vse[l,a—2 NN,
[,C(Vk, \Ijk) - fa]s,ﬁ/,T S 259270[717

¢) Vk=0,..,n—1,Vs€[7,a] NN,

HB(Vk‘xQ:O, wk)”Hs(WT) S 592—04—1’

\

where d, a and & are parameters we will determine later. Right now, we only require a < a.
We want to show with the assumption, H,,_; implies H,. Then By showing H is true,
we can conclude H,, is true for all n. So in the following we assume H,_;, which gives us

the following lemma.

Lemma 4.4.1. If 0y is big enough and H,_, is true, then for every k = 0,1,...,n and for

every integer s € 7, &|,we have

[Vka \Ijk]s,'y,T + H%‘

gt <00 a s,
Vi, Oilsr + [[Yk | zer < dlog O, = s.

Moreover for every for every k = 0,1,....,n and for every integer s € [7,& + 5],we have

[Sek‘/k’ SQk\Ijk]s,'y,T S Céejgs_a)Jra a 7& S,
[S@k‘/k, Sek\Dk]s,y,T S 05 log Qk, o = S.

For every for every k =0,1,...,n and for every integer s € [7,a],we have

(1 = So)Viey (I = S, ) Wilsyr < COO"
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The proof of this lemma is base on the classical comparison between series and integrals,

and Proposition 4.3.1.

4.4.2 Quadratic errors

To obtain H,, from H,_;, we need to solve the linear system for the source term f,, and g,.

First we estimate e}, €, and é) for k =0,1,...,n — 1, where

e;{; = ‘C(Vk—&-l? qjk+l) - ‘C(V;m \Ijk) - E/(Vka g’k)(év;m 6\1116)7
€ = E Vg1, Uiqr) — E(Vi, Up) — E'(Vie, Vi) (0Vi, 0W),

€ = B(Vit1|zo=0, Yr41) = B(Viclwa=0s Vi) — B' (Vic|w=0s Vi) (6 Vie| y=0, O ).

We have the following lemma

Lemma 4.4.2. Let o > 8, 0 > 0 sufficiently small, and 0y sufficiently large. Then for

k=0,..,n—1 and for all integer s € [7,& — 2], the following estimate holds

(€ )o 0 < CO20 TN
(6 )sr < CO2O5T5722A,,

H3(or) < COOTA

€]
where Li(s) = maz{(s +2 —a); + 12 — 2, s + 7 — 2}
Proof. First we remark that
1
6;6 = / (1 — T)L”(Ua + Vk + T(Svk, (I)a + \I/k + Té\llk)((ﬂ/k, 6\11k)(5Vk, (5\I/k)d7'
0
From (4.4.1), Lemma 4.4.1 and H,_;, we have

sup [U® 4 Vj, 4+ 70V, @ + U, + TOV]7 1 < CO0.

T€[0,1]

So by taking ¢ small enough and Proposition 4.3.2, we have

ks < C {0+ Vi 70Vie, 0 4+ Wy + 7012, 7 0Vi 6042, 1

+2[0Vie, 0Ws)st2.4,7[0 Vi, 0Wk]747} -
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Since in Lemma 4.4.1 the estimates of V}, and ¥, take two different forms, we need to discuss

them separately. If s +2 # o« and s + 2 < & we have

[6;6]5’%:,1 S C {(5 + 69]is+2704)+ + 592+2—a—1Ak)529i2—2aAi + 252Ai92+7—2a}

<C {529](:»+27a)++11—2aAk n 52QZ+6—QO¢A} < CagAkeél(s),l
where Li(s) = max{(s +2 —a); + 12 — 2a,s5 + 7 — 2a}. For s + 2 = «, we have

leklsnr < C {(5 +dlogty + 56,;1Ak)620i2*20‘Ai + 252Ai9,‘:’*a}
S C {629;2—204Ak 4 529:—201A} S 052Ak9£1(a72)*1.

Similarly we can show the estimate of é}.. For €}, by Proposition 4.3.2 and , we have

€ 0r) < © {16Vilasmoll st 190 10y + 16Vilwamoll i o 156 g1

<C {[5Vk]s,v,T||5¢kHH§,(wT) + [5Vk]4,7,TH51/1kHH§+1(wT)}

S C {52A262+672a + 52Aiez+5f2a} S 0(52Ak9,§1(8)_1.

4.4.3 First substitution errors

Second, we estimate the first substitution error e}, €/ and €} for k =0,1,...,n — 1, where

€Ik/ = ,C/(‘/k, \I/k)(éVk, 5\I/k> — £/(S.9k‘/k, S@k\I/k)((SVk, (S‘Ifk),
é/k/ = 5’(Vk, \Ifk)((SVk, 5\I/k) — gl(Sngk, Sgk\Ifk)(5Vk, 5\Ifk),
é/k/; = B,(‘/;C|w2:07 wk)(é‘/]€|$2:07 5¢k’) - B,<Sekvk‘|x2:07 Sek\:[lk’|x2:0)(6‘/;€|w2:07 5¢k‘)

Similarly as in the previous subsection, we have

132



Lemma 4.4.3. Let a > 8, § > 0 sufficiently small, and 0y sufficiently large. Then for

k=0,..,n—1 and for all integer s € [7,& — 2], the following estimate holds

[eg]&T’Y < 0% L2(S Akn

[é/]g/]sT'y < 05203+7 2aA

H ~//

&l s ory < CO02O A,

where Ly(s) = maz{(s +2 — o)+ + 14 — 2a, s + 9 — 2a}.
Proof. As in the previous lemma, we can rewrite
e — /01 L/(U + Sg, Vi + 7(I — Sg. ) Vi, & + Sy U+ 7(I — Sg. )W)
(0Vi, 0W ) (I — Sp,,)0Vi, (I — Sy, )0V )dT.
Similarly as in previous Lemma, we have

sup [Ua —I— Sngk + 7'(] — S@k)v;g, (i)a —I— Sgk\Ifk + T(I — SQk)‘;[lk:]Z%T S 05
T7€[0,1]

Then we obtain

[eKlsar < C {10 + So,Vie+ 7(1 = S Vi, 8 + S0, We 71 = S0, )Wils2.0,7%
[0V, 074 0[(L — So, ) Vie, (I — So,)Vk]741 + [0Vi, W] 512,47

(1 = S5, )V, (I = So )Wkl yr + [(L = Sp,)Ve, (I = So,)Vk]s42,4,70[0Ve, 0Wkl74,7} -
Again from (4.4.1), Lemma 4.4.1, for s + 2 # « and s + 2 < &, we have

[eg]&%T < C {(5 + 591533+2—a)+ + 502+2—0&)52Ak8i3—2a + (52Ak92+8_2a + 52Ak92+8—2a}

< CFA00
where Ly(s) = max {(s +2 — a); + 14 — 2a, s + 9 — 2a}. For s + 2 = «, we have

[f]sr < C{(6+ 0log by, + 0)62 MB35~ + 62,00~ + 622,05}
< OO

Similarly as in previous Lemma, we can obtain the estimate of é; and €. O
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4.4.4 Estimate of the modified states

Before we estimate the second substitution error, we need to illustrate how our intermediate
states been constructed and estimate the deviation from the original states. Thus, in this

section we will show the following proposition,

Proposition 4.4.1. Let a > 8, There exist some functions Vii1/2, Vyy1/2 and 112 which
vanish in the past, such that U® + V12, % 4+ Wpi1/o and @ + Yny1/2 satisfy (3.2.4).

Moreover, these functions satisfy

\Ilfrjz:+1/2 = S0, U, Uny1/2 = So, Vo |0,

£ _ + + _ + + _ +
Unt1/2 = 50,V 5 F11,n+1/2 = 56, F11 0 F12,n+1/2 = 50, F'13 ;5
+ _ + _
Fo i = Foim Fonpiie = Pz

Vit12 = So, Valsqyr < Co0sT = fors e [7,a+ 5]

Proof. We want to construct the intermediate states V,, 112, Vpy1/2 and 9,419 to guarantee
(3.2.4) and Y4172 = \Il:+1/2|$2:0 = \I/;+1/2|$2:0. As in the statement of the proposition, we

define

+ + +
an+1/2 = Sen\IJTL7 wn+1/2 - Senan ‘12:0,
+ = + + _ + + _ +
Unt1/2 = S0,V Fll,n+1/2 - SenFan, F12,n+1/2 = SQHFHW,
+ _ t + ot
F217n+1/2 o F21,n7 F22,n+1/2 - F22,n‘
. N N
To achieve (3.2.4), we only need to construct p Jo and w7y . Thus we denote

= (Senpjz_ﬂmio - (Senp7'_1,)|-732:07
eh :=E(V,, U,),

and define the rest variables in the intermediate states as

1 n

pf+1/2 = Sp.0n F §RT517
+ I + a,t + + + at
Upt1/2 -= at\I[nJrl/Q + (v + vn+l/2)81\1}n+1/2 + Un+1/281q) :
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Then the rest of work for this lemma is to estimate the difference in the modification. First

we estimate €7 as follows

1on = P lza=oll 15wy < NPA—1 = Pt lea=o0ll 5 (wr) + 110001 = 0pn_1laa=0ll s wor)
S “B(Vn—1|m2:07 ¢n—1)|
< 05051,

H(wr) T CloVi-1lst141

for s € [8, ). From Proposition 4.3.1, we have

e8|z wry < COF 07 = P lan=oll o (r) < CO6;7,

for s € [a, &+ 5]. While for s € [7,a« — 1] we have

le7]

t3wr) < Cllon = pulaa=oll i (upy < €0,

So in all for s € [7, & + 5] we have
+ + 1 n n s—a
[an/z — 50, Pn lsy.r = §[RT51]8,%T < Clley HHi(wT) < €06,
Then we need to estimate w,11/2 — Sg,u,. Similarly as in [21], we rewrite

un+1/2 - Sﬁnun = Sgnf‘:g + [atv Sen]\lln + @[817 Sen]\lln
-+ [(i)a -+ Sgnvn)angn\I/n — S@n (Q.Ja + vn)ﬁl\lln] + (Sgnvnﬁlq)“) — S@n (vn81(I>“).

Then we need to estimate every terms on the right hand side of the above equation. We

note
ey =EWV 1, V1) + 0 (0V,—1) + (V" + vy21)010¥ 1 + 0v, 101 (P + W,,) — Oy g
By using H,,_1, we can obtain [e5]7,7 < nC065~* < C663~“. Hence
[S6,€5) s < O [e5]70 < COG,

for s € [7, @ +5]. Next we need to estimate the commutators. We take the third commutator

as an example. If s € [, & + 5] We have
(0 + S6,0n) 0156, Valsyr < [0 4 So,Vn]7.4,7[90, Ynlsi17 + [0 4 So,Vn]s4,7[5, nl7 .1
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S 0529781+17047
and

[Son (ija + Un)al\lln]s,y,T S Cef;a[(@a + Un>81‘;[1n]a,'y,T

< CO 0" + vnlr A r[Yalstrhr + [0 + Vnlsyr[Walr a7}

S 05292—044-1.
For s € [7,a — 1], we have

[(ba + SOnvn)alan \Dn - SGn (li}a + Un)alan]s;y,T S [(Un - Sﬁnvn)aISGn\Ijn}s,'y,T

+ [(0" 4+ Sp,vn) 01 (Y0, — Sp, V)] s,h7 + [(L — Sp, ) (0% + 0)01 W57
All the terms above can be treated similarly as before. So we have
[un+1/2 - Sﬁnun]sq,T S 0597814»170[7

Hence we finished the proof of this proposition. m

4.4.5 Second substitution errors

With the help of the last proposition, we can obtain the following estimate on the second

substitution errors €/, €/ and & for k =0,1,....n — 1, where
ko “k k y L9 ) 5

e = L'(So, Vi, S0, Vi) (0Vie, 09 ) — L' (Viey1 2, Vir1/2) 0V, 0Wy,),
é,k” = gl(SQka, Sgk\I/k)((FVk, 5\I/k) — 5/(Vk+1/2, \I/k+1/2)((5vk, 5\I/k),

&y = B'(So, Vilwa=0 S0, Vi |22=0) (0Vie|za=0, 00k) — B'(Vies1/2|29=0> Yt1/2) (0 Vi | zo=0, 0.

Lemma 4.4.4. Let o > 8, 6 > 0 sufficiently small, and 6y sufficiently large. Then for

k=0,..,n—1 and for all integer s € [7,& — 2], the following estimate holds
[ef]srq < CE0°F A,
where L3(s) = maz{(s +2 —a); + 16 — 2, s + 10 — 2a}, and &' = &' = 0.
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Proof. Similarly, we notice

1
ey = / LU + Virays + 7(S0. Vi = Virrya), @ + Wi o)
0

(5Vk, 5\I]k)(59k Vk - Vk+1/2, O)dT
From (4.4.1), Proposition 4.4.1 and Lemma 4.4.1, we have

Sl[lp][Ua + Viep1y2 + 7050, Vi — Viya2), 7 4 Uyi1/2l740 < CO.
T€[0,1

Thus

ey s < C {[Ua + Virry2 + 780, Vi — Vir1/2), @ + Upi 1ol sio 1 [0Viy SUL7 4 X
[S0, Vie = Vierr 2l 4 4 [0Vi, 0V s2.4, 0[50, Vie — Vi1 ol 741

+[90, Vi = Viep1/2lsr242(0Vi, 0Wk] 71} < 052Ak9£3(8)717

where L3(s) = max{(s + 2 — a); + 16 — 2a, s + 10 — 2a}.
For &/ and €}/, it is easy to check that &' = €’ = 0. We finished the proof of this

lemma. O]
4.4.6 Estimate of the left error terms
Now in our iterative scheme, we are left with the last error term to be estimated,
Dii1y20Ui, Ly jo(6Vi = Xa), Bl 0(0Vi — X, 60, — ).
To shorten our computation, we denote
Ry, = Oo{IL(U" + Viy1y2, % + Wy 1 /0) }

Since U® and ®* do not vanish in the past but V2 and ¥,/ vanish in the past, in
general, we can not expect Ry, vanishes in the past. However, since §W¥,, vanishes in the past,
we can still obtain that D, 1,20V}, vanishes in the past. Hence our existence result in the
linear system can still be applied, which require the source term vanishing in the past. In the
following, to accordance with this feature of D,,1 /0¥, we actually need to work on the part

of the domain Q7 with positive time variable. Since we still have the Gagliardo-Nirenberg
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inequality on the anisotropic Sobolev space with this domain, we will not distinguish the
norms of anisotropic Sobolev space on Qr and QFf = {(t,z) € Qp,¢t > 0}. Hence, We have

the following estimate

[Dk+1/26\pk]s,'y,T S O {[5\Ijk]s,’y,T||RkHWl,tan(Q;ﬁ) H (82((1)’1 + \Ijn+1/2))_1 le,tan(g;)
Wty % ([Relanir 102+ Wi 2) o,

HBullysionay [0+ W), )}
From above, it is important to estimate Rj which leads to the following lemma

Lemma 4.4.5. Let « > 8, & > a+ 3, 0 > 0 sufficiently small, and 0y sufficiently large.
Then for k =0,...,n — 1 and for all integer s € [7,& — 2|, the following estimate holds

(Rilsiry < CO(E70 + 677707,
Proof. We notice that
[Ri]syr = [L(U" 4+ Vig1y2, @ + Wog/2)]s24.7-
Then we rewrite

L(Ua + Vk+1/2, d° + \Ijk+1/2)

= L(U" 4 Vir1y2, ® + Wpyrpo) = LU + Vi, @ + ) + L(Vi,, Up) — [
If s+2<a-—2, from H,_;, we have
[L(Vie, W) — [sranr < 2005717
Then we notice

LU 4+ Vg2, @ 4+ Wip1y0) — LU + Vi, @ 4 Wy,

1

= / L'(U* + Vi + T(Vig12 = Vi), @ + Wi + 7(Wip1/2 — Vi) Virr2 — Vi, W1 g2 — Wi )dr
0

Moreover, as before, we have

sup [U® + Vi + 7(Vip1yz — Vi), @ + Ug + 7(Uppjo — Up)l7r < C6.

T€[0,1]
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So we can obtain

[L(U* + Viy2, @ + Wpia0) — LU + Vi, @ + Vp)] 527
< C{Vis12 = Vi, i1y — Uilsranyt + Vigi2 — Vi, Uig12 — Wiz ¥
[0 + Vit 7(Virajz = Vi), & + o+ 7 (W12 = Wi)lranr |

<6 {92—&—5—@ + 9](€s+4—a)++9—o¢}
Then we consider s = a — 2 and s = &@ — 3 and obtain

[Rk:]smT = [L(Ua + Vn+1/2a o + ‘I’n+1/2)]s+2mT < C[Ua + Vn+1/27 (i)a + ‘I’n+1/2]s+4,v,T
< C(SQZ+5_Q.
Hence we proved the above lemma. O
Now we are ready to estimate D,,;/20¥;. We remark that by Proposition 4.4.1, Lemma

4.4.1 and H,,_q, if we take § small enough, we have

02(P* + W,y /0)| >

N | —

Then from (4.4.5), we can obtain the following lemma

Lemma 4.4.6. Let o > 13, & > a+ 3, § > 0 sufficiently small, and 6y sufficiently large.
Then for k =0,...,n — 1 and for all integer s € [7,& — 2|, the following estimate holds

[Dy1/20Wk) sy < CE2ALOE

where Ly(s) = max{s + 13 — 2a, (s +4 — a)y + 16 — 2c, (s + 2 — )4 + 19 — 2a}.

The proof of this lemma follows from a direct computation.
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4.4.7 Proof of the inductive argument
We are ready to show H,, is implied from H,,_;. First we add the above three error together
and have the following estimate

Lemma 4.4.7. Let o > 13, 6 > 0 sufficiently small and 6y sufficiently large. Then for
k=0,..,n—1 and for all integer s € [7,& — 2], the following estimate holds

lex]sqr + el s wr) < 0(52Ak%4(3)717

[ék] sy, T S 052 Ak92+7_2a )

where Ly(s) is defined as above.
Then by summing ey, €, and é;, over k = 0,...,n — 1, we have

Lemma 4.4.8. Let « > 15, @ > a + 4, § > 0 sufficiently small and 0y sufficiently large.

Then the following estimate holds

[Enla—21 + ||En||H$—2(wT) < C6%0y,

[EAn]df2,'y,T S 052

To obtain the estimate of §V,, and 6W¥,, by (4.3.11), we need to estimate the source terms
fn, Gn, h¥ which are defined by (4.3.4), (4.3.7) and (4.3.8). We give the result in the following

lemma

Lemma 4.4.9. Let a« > 15, a@ > a+ 4, § > 0 sufficiently small and 0y sufficiently large.
Then for all integer s € [7,a + 1], the following estimate holds

[folsor < CAL {0 ([ asrr + 6°) + 2051}

[ gn H (wr) < C(SQAR(@Z_O‘_Q + 954(8)—1)’

and for all integer s € [7,a],the following estimate holds

Pnlsmr < CO2A,(0E4O-1 4 g-o-2).
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Proof. From definition of f,, g,, h, we decompose

fn = (S@n - Sen71>fa - (SQn - SGn,l)Enfl - Senen717
n = —(Sen - Sen_l)En—l - Senén—la
hi = (Se, — o, )(RrEn-12— E_}) + S, (Rrén-12 — é]_,).

h,, = (Se, — Sen,l)(RTEn—l,z - RTEn—m - E,Ll) + S, (Rrén-12 — Rr€n_11 — €,_1)-

By using the Lemma 4.3.1, Lemma 4.4.7, Lemma 4.4.8 and the equivalence of 6, ; and 6,

we can obtain the above results. O

Now we are able to prove the first statement of H,,. Specifically, we have the following

lemma:

Lemma 4.4.10. Let a > 15, 0 > 0 and [fu]at17/0 sufficiently small and 6y sufficiently

large. Then for all integer s € [7,a], the following estimate holds

[5Vn7 5\I/n]s,'y,T + ||57~/Jn|

Hs(wr) < 59;_(1_1An.

Proof. From the above analysis, we verified (4.3.3) satisfied the requirement we pose on our
linear system to guarantee the well-posedness and the tame estimates. Moreover by (4.3.2),

we obtain
[6VoJsmr < CloVa, 6Wlsr + [6Wn]5 0 [U° + Virgr/a, @+ Wogaolsraq - (4.4.2)
So from (4.3.10) and (4.3.11), we have

[5Vn]s,%T + [‘Njn]smT + ||51/’n|

HE (wr) < O(K) {[fN]s—i—lmT + ||g”|

+[hn]s,’y,T + <[fn]6,'y,T + ||gn||H§/(wT) + [hn]S,'y,T> [Ua + Vn+1/2> o + \Ijn+1/2]s+4,'y,T} .

H5 M (wr)

By (4.4.1), Lemma 4.4.1, Proposition 4.4.1, Lemma 4.4.9, we have

[6Vn]s;y,T + [(5‘I]n]s,'y,T + H(SwnHH,SY'FI(wT)
<C {An <92_a([fa]a+1,'y,T T 5297210—204) (5 + (597(18+4_a)+ + 592—&-5—&)

+A, (057N ([ fat1r + 02) 4 820E T
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So our object is to show the right hand side of above inequality is less that 605 1A, for

all s € [7,a]. Since a > 15, we have

Lys+1)<s—a, (s+4—a);+5—a<s—a—1,
s+10—-2a0<s—a—1, (s+4—a); +20—2a < s—a—1,

s+25—-3a<s—a-—1.

Thus we just need to take 0 and [f,]a+1+,7/0 small enough, and this lemma is proved. [

For the second statement of H,,, we have

Lemma 4.4.11. Let a > 15, 6 > 0 and [fu]at1,7/0 sufficiently small and 6y sufficiently

large. Then for all integer s € [7,& — 2], the following estimate holds
(L (Vs W,) = fsr < 2005797,
Proof. From (4.3.9), We decompose
LV, W) — f4= (S, , —1)f*+ (I -5

)Enfl + en—1.

n—1

First we estimate [(Sp, , — I)f%syr Ha+1<s<a-—2,

[(Sﬁnq - ]>Jm]smT < [Sf?nfl fa]s,%T + [fa]s,%T
< COZS o + [f a2 < COT N[ arr +6).

If7<s<a+1, we have
[(S6, s = D f s < COZSTH ot < OO arr.
For the last two terms above, we have

[([ - San_l)Enfl]s,'y,T S Cez:o}«ﬂ [Enfl]&fQ,'y,T S CHZ:(%Jerenfl S 0529270‘717

[entlsnr < CO0OTIA, < C320,)72 < €80,

Combining all terms together and taking § and [f,]a+1,,7/0 small enough, we obtained this

lemma. OJ
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For the third statement of H,,, we have

Lemma 4.4.12. Let o > 15, 0 > 0 sufficiently small and 0y sufficiently large. Then for all

integer s € [T,& — 2], the following estimate holds

HB(VH|962=07 wn)‘

H (wr) < 6975;0471'

Following the exactly the same argument as above, we decompose B(V,|z,—0,%n) =
(I — Sy, ,)En_1 + é,_, and estimate each term on the right hand side. Then the lemma is
followed with small enough 6 and [f,]at1.4.7/9-

The last step to complete the inductive scheme, we are only left to show Hy.

Lemma 4.4.13. if [f*]a41.7/0 sufficiently small, then the property Hy is true.

Proof. To show Hj is true, we consider (4.3.3) with n = 0. We recall that Vj = ¥y = ¢y = 0.
From the definition of the approximate solution, Lemma 4.2.1, and the construction of

intermediate states, Proposition 4.4.1, we have V;,, = ¥y/5 = 112 = 0. So (4.3.3) become

7

LL(U®, )6V = Sy, f* in Qr,
B;+1/2(6%|x2207 5w0) =0 on wr,

Vo =0, ihg=0 for t < 0,
\

Of course the above system satisfy all the condition we need in the well-posedness and the

tame estimates results. Moreover for the equations determines 0¥, we have

a2vai 82 ua-i—

Dy ot B O, Pat

0,005 + v 0,00 + {alcbai } SUE 4 9,0%0F — duT = 0,
So by (4.3.11), (4.3.10) and (4.4.1), we have

[0Vo, 0Wolsq. 1 + |0

#s(wr) < [Soost1r + [So0 S N6 (U, O sanrs

< OlSo0f o107 < OO [ f s

By taking [f%]a+1,4,7/0 sufficient small and noticing 6y is a fixed constant, we have

[5V0» 5\110]8,%T + ”¢0|

Hs(wr) S 8605 Ay,
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for all 7 < s < a. For the last two statements, we just point out that

;C(‘/E),\If0> _fa: _fa
B(Volas=0,%0) = B(U"|2=0, ¢") = 0

So the results follows by taking [f*]441,,7/d sufficient small. O

4.4.8 Proof of the main theorem

Finally, we are able to complete the proof of our main result. We fixed a > 15 and take
& =a+4 and m = @+ 3. From the Lemma 4.2.1 and (4.2.26), by taking [Uo]2m+1,* and
|| ©ol| grzm+2 sufficient small and satisfying the compatibility conditions up to order m, we can
construct an approximate solution U% = U + U® and ®** = +x, + ®**F such that (4.4.1)
satisfied with m = & 4 3 and all the requirements in Lemma 4.4.10 Lemma 4.4.11, Lemma
4.4.12 and Lemma 4.4.13. Hence we have H,, holds for all n € N. Adding all the increments
0V,, 0¥, and 01, and take s = a — 1 in H,,, we have

> Vi, 08 a1 + 10%nlli5 wr) < 6> 0,°A, < o0
neN neN

So the sequence (V,,) and (¥,,) converges in norms of H>~ () to some function V' and ¥,

and (1) converges in norms of HY(wr) to some function 1. Moreover passing the limit in
L(V,,,¥,,) and B(V,,|z,=0, ¥n) as n — 00, we obtain U = U*+V and & = &*+ WV is a solution

to the nonlinear system. The proof of our main theorem is completed.
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